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Preface

This book is an introduction to many of the topics that an engineer needs to master in
order to successfully design experiments and measurement systems. In addition to de-
scriptions of common measurement systems, the book describes computerized data ac-
quisition systems, common statistical techniques, experimental uncertainty analysis, and
guidelines for planning and documenting experiments. It should be noted that this book
is introductory in nature. Many of the subjects covered in a chapter or a few pages here
are the subjects of complete books or major technical papers. Only the most common
measurement systems are included—there exist many others that are used in practice.
More comprehensive studies of available literature and consultation with product ven-
dors are appropriate when engaging in a significant real-world experimental program. It
is to be expected that the skills of the experimenter will be enhanced by more advanced
courses in experimental and measurement systems design and practical experience.

The design of an experimental or measurement system is inherently an interdis-
ciplinary activity. For example, the instrumentation and control system of a process
plant might require the skills of chemical engineers, mechanical engineers, electrical
engineers, and computer engineers. Similarly, the specification of the instrumentation
used to measure the earthquake response of a large structure will involve the skills of
civil, electrical, and computer engineers. Based on these facts, the topics presented in
this book have been selected to prepare engineering students and practicing engineers
of different disciplines to design experimental projects and measurement systems.

This third edition of the book involves a general updating of the material and the
enhancement of the coverage in a number of areas. Specific enhancements include the
following:

● Addition of Windowing in the section on Fourier Transforms
● Addition of exponential and log-normal distributions
● Confidence interval estimation for linear regression
● Over 100 new homework problems

Two additional persons made contributions to the Third Edition. Brian S.Thurow,Auburn
University, contributed in the area of general instrumentation and V. V. Krishnan, San
Francisco State University, contributed material in statistics.

The book first introduces the essential general characteristics of instruments,
electrical measurement systems, and computerized data acquisition systems.This intro-
duction gives the students a foundation for the laboratory associated with the course.
The theory of discretely sampled systems is introduced next.The book then moves into
statistics and experimental uncertainty analysis, which are both considered central to a
modern course in experimental methods. It is not anticipated that the remaining chap-
ters will necessarily be covered either in their entirety or in the presented sequence in
lectures—the instructor will select appropriate subjects. Descriptions and theory are
provided for a wide variety of measurement systems. There is an extensive discussion
of dynamic measurement systems with applications. Finally, guidance for planning ex-
periments, including scheduling, cost estimation, and outlines for project proposals and
reports, are presented in the last chapter.

ix



x Preface

There are some subjects included in the introductory chapters that are frequent-
ly of interest, but are often not considered vital for an introductory experimental meth-
ods course. These subjects include the material on circuits using operational amplifiers
(Sections 3.2.2, 3.2.5 and 3.2.6), details on various types of analog-to-digital converters
(Section 4.3.3), and the material on Fourier transforms (Section 5.3). Any or all of
these sections can be omitted without significant impact on the remainder of the text.

The book has been designed for a semester course of up to three lectures with one
laboratory per week. Depending on the time available, it is expected that only selected
topics will be covered. The material covered depends on the number of lectures per
week, the prior preparation of students in the area of statistics, and the scope of included
design project(s).The book can serve as a reference for subsequent laboratory courses.

Our introductory course in engineering experimentation is presented to all under-
graduate engineers in civil, electrical, and mechanical engineering. The one-semester
format includes two lectures per week and one three-hour laboratory. In our two-
lecture-per-week format, the course content is broken down as follows:

1. General aspects of measurement systems (2 lectures)
2. Electrical output measurement systems (2 lectures)
3. Computerized data acquisition systems (3 lectures)
4. Fourier analysis and the sampling rate theorem (4 lectures)
5. Statistical methods and uncertainty analysis (10 lectures)
6. Selected measurement devices (4 lectures)
7. Dynamic measurement systems (3 lectures)

Additional measurement systems and the material on planning and documenting ex-
periments are covered in the laboratory. The laboratory also includes an introduction
to computerized data acquisition systems and applicable software; basic measurements
such as temperature, pressure, and displacement; statistical analysis of data; the sam-
pling rate theorem; and a modest design project. A subsequent laboratory-only course
expands on the introductory course and includes a significant design project.

There is sufficient material for a one-semester, three-lecture-per-week course even
if the students have taken a prior course in statistics.Areas that can be covered in greater
detail include operational amplifiers, analog-to-digital converters, spectral analysis, un-
certainty analysis, measurement devices, dynamic measurements, and experiment design.
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Introduction

Experimentation is the backbone of modern physical science. In engineering, carefully
designed experiments are needed to conceive and verify theoretical concepts, develop
new methods and products, commission sophisticated new engineering systems, and
evaluate the performance and behavior of existing products. Experimentation and the
design of measurement systems are major engineering activities. In this chapter we
give an overview of the applications of experiments and measurement systems and
describe briefly how this book will prepare the reader for professional activities in
these areas.

1.1 APPLICATIONS OF ENGINEERING EXPERIMENTATION AND MEASUREMENT

Engineering measurement applications can broadly be broken into two categories.The
first of these is measurement in engineering experimentation, in which new information
is being sought, and the second is measurement in operational devices for monitoring
and control purposes.

1.1.1 Measurement in Engineering Experimentation

Engineering experimentation, which in a general sense involves using the measure-
ment process to seek new information, ranges in scope from experiments to establish
new concepts all the way to testing of existing products to determine maintenance
requirements. Such experimentation falls broadly into three categories:

1. Research experimentation
2. Development experimentation
3. Performance testing

The primary difference between research and development is that in the former, con-
cepts for new products or processes are being sought (often unsuccessfully), while in the
latter, known concepts are being used to establish potential commercial products.

Carbon-fiber composites represent a relatively recent example of the research
and development process. Carbon-fiber composites are now used commercially for
such diverse products as golf clubs and aircraft control surfaces. In the research phase,
methods were suggested and evaluated to produce carbon fibers in small quantities
and tests were performed to determine the physical properties of samples. The results

1
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2 Chapter 1 Introduction

of the research activities were so promising that many development activities were ini-
tiated. These activities included development of large-scale fiber manufacturing
processes and development of methods to fabricate fiber composite parts. Although
there are now many products using carbon fibers, developmental activities in this area
continue. The fuselage of the commercial airliner, Boeing 787, is constructed entirely
from carbon fiber material and this advance saved considerable weight, resulting in
improved efficiency, and is considered a major advance in aircraft technology.

Research experiments are frequently highly uncertain and often lead to dead
ends. The risk is high, either because the experiment itself may be unsuccessful or
because the experimental result may not be as wanted. Research experimentation is
usually performed in universities or special research organizations. On the other hand,
development programs usually have better defined goals than research programs and
frequently result in an operational product. Sometimes, however, the product will not
be deemed competitive and will never be produced in quantity. Development pro-
grams are usually performed by product manufacturers.

Although the instrumentation must function properly during the research or
development program, it may be delicate and require considerable attention. Special
measurement techniques may be created. Experimental measuring systems whose char-
acteristics are not completely defined may also be suitable for such testing programs.
The engineers and scientists performing such tests are generally sophisticated in the fine
points of the instruments and can compensate for deficiencies.

Performance testing is somewhat different from research and development exper-
imental activities. Performance testing is done on products that have been developed
and in many cases are already on the market. Performance testing may be carried out to
demonstrate applicability for a particular application, to assess reliability, or to deter-
mine product lifetime. This testing may be done either by the manufacturer, the sup-
plier, the customer, or an independent laboratory. As an example, a performance test
might be used to demonstrate that an electronic device which functions satisfactorily in
a stationary environment will also function in an aircraft application with high levels of
vibration.

Another type of performance testing is the periodic testing of operating devices
to determine needs for maintenance. Utilities normally perform this type of testing in
power plants to make sure that the efficiencies of large pumps, heat exchangers, and
other components are adequate. Poor performance will lead to maintenance actions.
Instruments may be in place for such tests, but they may need repair, and supplemen-
tary instruments may be required at the time of the tests. Commissioning of process
plants may also involve extensive but standardized testing to demonstrate confor-
mance to design specifications.

Measuring systems for performance testing are generally established devices with
well-defined characteristics.The systems need to be reliable, and significant interpretation
of ambiguities in the measured values should not be required since the people per-
forming the tests are often technicians.

Often, professional engineering organizations such as the American Society of
Mechanical Engineers (ASME), the Institute of Electrical and Electronic Engineers
(IEEE), and the International Society of Automation (ISA) have established detailed
procedures for performance testing.
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1.1.2 Measurement in Operational Systems

Many dynamic systems are instrumented for monitoring or control purposes. Such
systems range from simple furnaces for home heating to extremely complex jet aircraft.
One very sophisticated but everyday measurement and control system is the engine
control system of modern automobiles. These systems have sensors to measure vari-
ables such as airflow, engine speed, water temperature, and exhaust gas composition
and use a computer to determine the correct fuel flow rate. These engine control sys-
tems are very compact and are specially engineered for the particular application.

Elaborate measurement and control systems are needed in complex process
plants such as oil refineries, steam power plants, and sewage treatment facilities. Such
systems may have hundreds of sensors and use computers to collect and interpret the
data and control the process. This particular class of applications is so large that it is a
specialized field in its own right, called process control. While the complete measuring
systems for such applications are specifically engineered, the components are generally
modular and standardized.

Instrumentation for operating systems must be very durable and reliable. Sen-
sors that need to be calibrated very frequently would present major problems in
these applications. In many cases, the measuring systems have to be designed such
that by redundancy or other techniques, a failed component can be readily identified
so that the operating system can continue to operate correctly or at least be safely
shut down.

1.2 OBJECTIVE AND OVERVIEW

The objective of this book is to provide the reader with the skills necessary to perform
an engineering experiment systematically—from the definition of the experimental
need to the completion of the final report. A systematic approach includes careful
planning and analytical design of the experiment before it is constructed, demonstra-
tion of the validity of the test apparatus, analysis of the test results, and reporting of the
final results. The emphasis is on the design of the experiment and the analysis of the
results; however, guidance is given on other activities. Chapters 2 through 11 provide
the technical information necessary to design an experimental system and interpret the
results. This information is also applicable to the design of the measurement (but not
control) systems of process plants. Chapter 12 provides an overview of the overall
experimental design process and provides guidelines on planning, designing, schedul-
ing, and documenting experimental projects.

1.3 DIMENSIONS AND UNITS

The International System of Units (SI) is the most widely used unit system in the
world, due to its consistency and simplicity. However, in the United States and some
other countries, a unit system based on the old British unit system is still widely used.
Product specifications and data tables are frequently given in British units. For exam-
ple, the range of a pressure measurement device might be specified in pounds per



square inch (psi). To assist the reader in developing capabilities in both unit systems,
both SI and British units systems are used in example problems in this book.

The physical world is described with a set of dimensions. Length, mass, time,
and temperature are dimensions. When a numerical value is assigned to a dimension,
it must be done in a unit system. For example, we can describe the temperature
(dimension) of an ice–water mixture in either the SI unit system (0°C) or the British
unit system (32°F). International conferences have established a set of SI base units.
Table 1.1 lists the base SI units and the corresponding British units. There are two
additional base units, the candela for light intensity and the mole for the amount of a
substance, but these units are not used in this book. Each of these base units has a
corresponding standard such that all users of the unit can compare their results. Stan-
dards are discussed in Chapter 2.

Other engineering quantities, such as force and power, are related to the dimen-
sions of the base units through physical laws and definitions. The dimension of force is
defined by Newton’s second law:

(1.1)

where F is force, m is mass, and a is acceleration. is a proportionality constant, which
depends on the unit system. In the SI unit system, the unit of force is the newton (N)
and is defined as the force exerted on a 1-kg mass to generate an acceleration of 
In the SI system, has a value of unity. In the British unit system, the unit of force is
the pound force (lbf) and is defined as the force exerted on a 1-lb mass at the standard
gravitational acceleration of In this case, the value of has to be taken
as

In this book, in equations based on Newton’s second law, the constant is taken
to be unity and does not appear in the equations. All equations will produce a dimen-
sionally correct result if the SI system of units is used properly. Sometimes in the
British system, mass is specified using a unit called the slug, defined as 32.174 lbm.
When the slug is used to define mass, the constant is also unity. Unfortunately, the
slug is not a widely used unit, and most British-unit data tables and specifications use
lbm for the mass unit. Consequently, mass numbers supplied in lbm must be converted
by dividing by the constant 32.174 when using them in equations in this book. Another
characteristic of the British unit system is that two units are used for energy. In
mechanical systems, the unit of energy is the ft-lbf, while in thermal systems, it is the
Btu. The conversion factor is 1 Btu = 778 ft-lbf.

gc

gc

32.174 lbm-ft/lbf-sec2.
gc32.174 ft/sec2.

gc

1 m/s2.

gc

F =
m
gc
a
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TABLE 1.1 Base SI and British Units

Dimension SI unit British unit

Mass kilogram (kg) pound mass (lbm)
Length meter (m) foot (ft)
Time second (s) second (s)
Temperature Kelvin (K) Rankine degree (°R)
Electric current ampere (A) ampere (A)



When using any unit system, great care is required to make sure that the units are
consistent, particularly with British units. It is recommended that a units check be per-
formed for all calculations using British units.

1.4 CLOSURE

In engineering in general, one gains a lot of expertise from experience—doing things
and finding out what works and what does not. In experimental work this is even more
true. It is virtually impossible to document all of the many subtleties of performing an
engineering experiment. Quality engineering experimentation takes care, it takes time,
and it takes patience.

PROBLEMS

Use conversion factors to make the following changes of units (see inside front cover):

1.1 Force conversion:

(a) The weight of a person is 175 pounds. Convert this weight to newton.
(b) A magnetic force is measured at 1200 dyn. Convert this force to lbf and newtons.
(c) The force exerted on a spring is 10 newtons. Convert it to dyne and lbf.

1.2 Pressure conversion:

(a) The pressure in an automobile tire is 30 psig. Convert this pressure to bar and atm.
(b) A compressor is producing compressed air at 10 bars. Convert this pressure to psi,

atm, inches of mercury, and meters of water.
(c) Convert 50 cm of water pressure to bars, psi, and inches of mercury.

1.3 Energy conversion:

(a) The electrical energy use of a household is 750 kWh each month. Convert this energy
usage to Btu, kcalories, and joules.

(b) A gas water heater is using 50,000 Btu each day. Convert this energy use to joules,
kcal, and ft.lbf.

(c) It takes 250 kcal to heat a pot of water. Convert this energy use to Btu, calories, and
joules.

1.4 Power conversion:

(a) An automobile is rated at 150 hp. Convert this power to kW, ft.lbf/sec, and Btu/sec.
(b) A truck is rated at 400 kW. Convert this power to hp, ft.lbf/sec, and Btu/sec.
(c) A water heater is rated at 40,000 Btu/hr. Convert its rating to kW.

1.5 Temperature conversion:

(a) What is 50°F in degrees °C?
(b) What is 150°C in degrees °F?
(c) Water temperature is raised by 40°C. Convert this rise in temperature to degrees

Kelvin, Fahrenheit and Rankine.
(d) The change in air temperature is 30°F in a day. Convert this change in temperature to

Kelvin, Celsius and Rankine degrees.

Problems 5
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1.6 Volume conversion:

(a) Convert 4 gallons to liters, and 
(b) Convert 10 liters to gallons, and 
(c) Convert 5 ft3 to gallons, and liter.

1.7 The air gas constant is 53.34 ft.lbf/lbm.°R. Convert this constant to Btu/lbm.°R,
joules/kg.K, and kcal/kg.K.

1.8 The universal gas constant is 1.986 Btu/lb mole.°R. Convert this constant to kcal/kg
mole.K, ft.lbf//lb mole.°R, and joules/kg mole K.

1.9 The thermal conductivity of aluminum is 200 W/m.°C. Convert this value to Btu/hr.ft.°F
and kcal/sec.m.°C

1.10 The thermal conductivity of copper is 50 Btu/h.ft.°F. Convert this value to W/m.°C and
cal/sec.m.°C.

cm3

ft3.cm3

ft3.cm3
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Generalized measurement system.

2
CHAPTER

General Characteristics 
of Measurement 
Systems

A necessary part of planning an experiment is to determine the specifications for the
required measurement systems. The characteristics of many specific measuring devices
are detailed in Chapters 8 to 10. In this chapter, significant general characteristics of
measurement systems are described and definitions are provided for common descrip-
tive terms.

2.1 GENERALIZED MEASUREMENT SYSTEM

In any experiment the experimenter seeks to obtain numerical values for certain phys-
ical variables. These unknown variables are known as measurands. Examples of mea-
surands include temperature, velocity, and voltage.The measurement system senses the
measurand and produces a unique numerical value that describes the measurand. In
most cases, the measurement system can be viewed as consisting of three subsystems.
As shown in Figure 2.1, these three subsystems are the sensing element, the signal mod-
ification subsystem, and the recording or indicating device. The sensing element has a
significant physical characteristic that changes in response to changes in the measur-
and. The signal modification subsystem changes the output of the sensing element in
some way to make it more suitable for the indicating or recording device. If the user
simply reads the output and perhaps copies it to paper, the final device is an indicator.
If the output value is saved automatically in some way, the final device is a recorder. A
measurement system may have both an indicating device and a recording device. In
modern measurement systems, this final stage is often a computer, which can not only
display and record the data but can also manipulate the data mathematically.
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A simple example of a measurement system is a common mercury-in-glass ther-
mometer (Figure 2.2), which could be used to measure the temperature of water in a
container. In this device, the volume of the mercury in the bulb depends on the tem-
perature of the mercury. If the bulb has been in contact with the water for a sufficient
time, the mercury will have the same temperature as the surrounding fluid. Hence a
measurement of the volume of the mercury can be used to determine the temperature
of the water. Unfortunately, it is very difficult to measure the small change in volume of
the mercury. If the mercury had the shape of a sphere, the change in diameter would be
very small. Therefore, signal modification is required. For the thermometer, signal
modification is accomplished by connecting the bulb to the stem. The inside diameter
of the stem is very small relative to the diameter of the bulb, and although the change
in mercury volume is small, this small change in volume produces a large change in
length of the stem mercury column. Actually, the displacement of mercury in the stem
is proportional to the differential thermal expansion between the mercury and the
glass envelope. Finally, an indicating device is required. In the case of the thermometer,
this is accomplished with a scale that is either next to the glass stem or engraved on it
directly.

These three subsystems are quite obvious in most measuring devices. This is par-
ticularly true for modern measurement systems using electrical output-sensing devices,
in which the three subsystems are often physically separate devices. There are, how-
ever, some common measuring systems in which all three subsystems are difficult to
identify or the components are combined.

2.2 VALIDITY OF MEASUREMENT

It is very important to the experimenter that the output of a measurement system truly
states the actual value of the measurand. That is, the experimenter must be convinced
that the output of the measurement system is valid. Of course, no measurement system

Stem

Mercury

Scale

Bulb

10

0

FIGURE 2.2

Mercury-in-glass thermometer.
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is perfect—there will always be some deviation between the actual value of the mea-
surand and the measurement system output. This deviation must simply be small
enough that the output can be used for its intended purpose. Generally speaking, the
smaller the allowed deviation, the more expensive will be the measurement system.

2.2.1 Measurement Error and Related Definitions

Several standard terms are used to specify the validity of a measurement. The error of
a measurement is defined as the difference between the measured value and the true
value of the measurand:

Error in this technical usage does not imply that there is any mistake in the measure-
ment process, although mistakes can cause errors. Normally, the experimenter can
never really know the error of a measurement. If the true value of the measurand were
known, there would be no need to make the measurement (except in the process of
calibration, where measurements are made of measurands whose values are indepen-
dently known). What the experimenter can estimate, however, is the uncertainty inter-
val (or simply uncertainty) of the measurement. The uncertainty is an estimate (with
some level of confidence) of the limits of error in the measurement. For example, it
might be stated that with 95% confidence, the uncertainty of a voltage measurement is

volt. This means that the error will be greater than 1 V in less than 5% of the cases
where we have made such uncertainty predictions. Narrow uncertainty intervals are
usually achieved by using calibrated, high-quality measuring systems.

Errors in experiments generally fall into two categories: systematic errors (some-
times called fixed or bias errors) and random errors (sometimes called precision
errors). Although both types of error degrade the validity of the data, their causes are
different and different actions must be taken to minimize them.

Systematic errors are consistent, repeatable errors. For example, a measuring sys-
tem might give a consistent 10% high reading. In other cases, the output might be the
same absolute amount low for all readings. In general, if the same measuring system is
used in the same way more than once to measure the same value of the measurand, the
systematic error will be the same each time.

The first major source of systematic error is that resulting from calibration of the
measurement system. If the calibration process has some error, that error will be car-
ried into the measurement as a systematic error. Even the most exact calibration will
result in a residual systematic error. These are known as calibration errors. One very
common source of calibration systematic error is nonlinearity. Many modern systems
are treated as if they have a linear relationship between the input and the output, and
the actual nonlinearity of the system will cause errors.

The second major source of systematic error results from the use of a measuring
system in a particular application where the insertion of the measuring device alters the
measurand. For example, connecting a temperature-measuring device to a surface may in
fact change the local temperature of the surface. Such errors are known as loading errors.
As another example, consider placing a mercury-in-glass thermometer into a beaker of
water. If the beaker and the thermometer are initially at different temperatures, energy

;1

error = measured value - true value
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will be exchanged between them, and the measured temperature will be neither the ini-
tial water temperature nor the initial thermometer temperature (but usually closer to the
water temperature). The thermometer is an intrusive measurement device and produces
a significant loading error. Some measuring devices with negligible loading errors are
called nonintrusive. For example, devices are available that measure temperature by
sensing the infrared radiation emitted. Such a device would have a negligible effect on
the measured temperature and is said to be nonintrusive.

A third major systematic error results because the measuring system is affected
by variables other than the measurand. For example, a thermometer used to measure
the air temperature in a room will read too low, due to thermal radiation effects, if the
walls are cooler than the air.A related error is the spatial error. If the measurand varies
in a spatial region and yet a single measurement or a limited number of measurements
are used to determine the average value for the region, there will be a spatial error.

Systematic errors are often not obvious to the experimenter—the measuring sys-
tem will show clear and consistent changes in output following changes in the measur-
and, yet it will still have significant error. In setting up an experiment, considerable
time may be required to detect and minimize systematic errors. Systematic errors in
the measuring system may be detected and reduced by the process of calibration, dis-
cussed later. Some systematic errors caused by using the measuring system in a partic-
ular application may be reduced by analytical correction of the data for unwanted
effects.

Random errors are those caused by a lack of repeatability in the output of the mea-
suring system. The distinction between systematic and random errors is shown graphi-
cally in Figure 2.3. The scatter in the data represents random error, and the deviation
between the average of the readings and true value demonstrates the systematic error.
The random error in a single measurement can be estimated as the difference between
the single reading and the average of all readings of the same value of measurand:

which distinguishes the random error from the systematic error. The systematic error
can be estimated by using the following equation:

For these estimates of systematic and random errors to be reasonable, the number of
readings forming the average must be large enough to eliminate the effects of random
error in individual measurements on the average.

systematic error = average of readings - true value

random error = reading - average of readings

True value

Systematic error

Measurand

Range of
random error

Average of
measured values

FIGURE 2.3

Distinction between systematic
and random errors.
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Random errors can originate from the measuring system itself, from the experi-
mental system, or from the environment. Random errors are usually caused by uncon-
trolled variables in the measurement process. For example, the performance of an
amplifier may be slightly sensitive to its temperature. If we do not measure or control
the temperature, performance measurements may show a certain variability or scatter.
One very important environmental cause of random error is electrical noise. Experi-
ments and measuring systems normally operate in a sea of electric and magnetic fields
caused by sources such as building wiring and local radio stations. These electric and
magnetic background fields can affect readings by randomly altering voltages in mea-
suring systems and connecting wiring.

Random errors can often be minimized by eliminating uncontrolled variables or
properly shielding or grounding the measuring system. Remaining random errors may
be amenable to statistical analysis—for example, a large number of readings can be
averaged. Statistical analysis of data is discussed in detail in Chapter 6. Example 2.1
shows how to estimate the systematic and maximum random errors for a calibration test
of a voltmeter.

Example 2.1

In a calibration test, 10 measurements using a digital voltmeter have been made of the voltage of
a battery that is known to have a true voltage of 6.11 V. The readings are: 5.98, 6.05, 6.10, 6.06,
5.99, 5.96, 6.02, 6.09, 6.03, and 5.99 V. Estimate the systematic and maximum random errors
caused by the voltmeter.

Solution: First, determine the average of the 10 readings:

Then the estimate of the systematic error is computed as follows:

To estimate the maximum random error, we need to determine the reading that deviates the
most from the average reading.This is the reading of 5.96 V.The maximum precision error is thus

Comment: It should be noted that this simple statement of maximum random error may not
adequately describe random errors in a measuring system. For example, it may be based on a
single bad reading. Statistical methods described in Chapters 6 and 7 provide procedures to
determine random errors, which include all of the readings and also provide a basis to eliminate
certain bad data.

A measuring system is only designed to operate over a specified range of mea-
surands. The range of a measuring system describes the values of the measurand to
which that measuring system will respond properly—values of the measurand out-
side the range are not expected to produce useful output. For example, a voltmeter
may have a range of 0 to 10 V and would not give a correct response to measurands
of or 13 V. The span of a measuring system is the difference between the upper-5

maximum random error = 5.96 - 6.03 = -0.07 V

systematic error = average value - true value = 6.03 - 6.11 = -0.08 V

average V = 6.03
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and lower values of the range. For example, a voltmeter with a range of has a
span of 6 V.

Accuracy, defined as the closeness of agreement between a measured value and
the true value, is a common term used to specify uncertainty. Measuring device manu-
facturers frequently state a value for accuracy as part of the device specifications.
Although the term accuracy is generally used, it is really the inaccuracy that is speci-
fied. As commonly used, manufacturer specifications of accuracy describe residual
uncertainty that exists when a device has been properly adjusted and calibrated and is
used in a specified manner. Accuracy specifications generally include residual system-
atic and random errors in the measuring system itself. Accuracy might be given for
either a component of a measuring system (e.g., a sensor) or for a complete system and
is most often specified as a percentage of full-scale output. For example, if the output
of a device can range from 0 to 5 V, and the accuracy is stated as of full scale, the
uncertainty is regardless of the reading.The procedure to determine accuracy
is described in Section 2.2.2 and is based on information in ANSI/ISA (1979). If more
than one component is used in the measurement of a single measurand, a combined
uncertainty must be determined. Methods to estimate overall or total uncertainty are
described in Chapter 7.

As Figure 2.4 shows for a typical measuring device with an accuracy of of
full scale, at readings below full scale, the percent uncertainty in the reading will be
greater than 5%. At readings toward the lower end of the range, the percent uncer-
tainty might be completely unsatisfactory. This problem with high uncertainty at the
low end of the range is a major concern in selecting a measuring system. To minimize
uncertainty, the experimenter should select measuring systems such that important
readings will fall in the middle to upper portions of the range. For example, it would
adversely affect uncertainty if a 0-to-200°C thermometer were used to measure a room
temperature around 20°C. A 0 to 30°C thermometer would be far more appropriate.

There are other statements of accuracy, such as an accuracy stated as a percent of
reading. Manufacturers of high-quality measuring systems and components will nor-
mally give enough information about their products so that the experimenter can
determine the uncertainty in the measurement that is due to the measuring system
itself. The experimenter may have to enlarge the uncertainty interval to account for
other error sources that result from the specific application.
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Precision is another term frequently used to describe a measuring system or
component and characterizes the random error. A highly precise measuring system
will give the same value each time it is read, but it may not be very accurate—it may
simply give the same inaccurate answer each time the measurement is made. In gen-
eral, the accuracy of a measuring system cannot be any better than the measurement
constraints provided by the instrument precision (although it can be much worse).
Accuracy and precision are overall characteristics that describe the validity of mea-
surement. Each characteristic is determined by a number of specific sources of uncer-
tainty (errors).

In measuring devices, accuracy is often degraded by a phenomenon known as
hysteresis. As shown in Figure 2.5, for the same value of the measurand, different out-
put readings may be obtained if the measurand was increasing prior to taking the read-
ing than if the measurand was decreasing. Hysteresis is caused by such effects as
friction, mechanical flexure of internal parts, and electrical capacitance. Errors due to
hysteresis are known as hysteresis errors. If a measurement is repeated in exactly the
same manner, errors due to hysteresis would be repeatable and hence would be con-
sidered systematic errors. However, in common measuring processes, the experimenter
generally may not know if the measurand was increasing or decreasing when a mea-
surement was made. Hence, the effect of hysteresis will appear random. However,
when estimating total uncertainty, it is normally conservative to treat hysteresis errors
as a systematic error. Hysteresis error is usually a component of the instrument manu-
facturers’ specification of accuracy.

Another important characteristic of a measuring system is the resolution. If a
measurand is varied continuously, many measurement devices will show an output
that changes in discrete steps. This inability of the measurement system to follow
changes in the measurand exactly results in a resolution error. Resolution is usually
treated as a random error. Internal characteristics of a measuring system may limit
resolution. The sensing element itself may not produce a continuous output with a
smoothly varying measurand. A wirewound potentiometer (a position-sensing device,
discussed in Chapter 8) may have a step type of output. Many digital instruments con-
tain an analog-to-digital converter (discussed in Chapter 4), which places well-defined
limits on resolution. Most modern instruments have a digital output display, which
will result in a resolution error. If, for example, the digital output device has a reading
of 1.372, the reading resolution is simply a value of 1 in the last (least significant) digit.
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FIGURE 2.5

Effect of hysteresis on instrument reading.



14 Chapter 2 General Characteristics of Measurement Systems

If the device rounds off values, the resolution uncertainty will be in the least signifi-
cant digit.

In instruments in which the output is read by comparing a pointer to a scale, the
ability to resolve a value of the measurand is limited by a characteristic called the scale
readability. For example, the thermometer shown in Figure 2.2 has a tick mark every
degree. One might think that there may be a maximum uncertainty in reading the ther-
mometer of degree (reading to the nearest tick mark). However, the human eye can
visually interpolate in the interval between the tick marks—perhaps breaking the inter-
val into five parts.The error due to readability may thus be only degree. Regardless
of the spacing of the ticks, the human eye will find it difficult to discriminate differences
of less than 0.01 in. (Sweeney, 1953).The manufacturer of the measuring system may well
take the output resolution or readability into account in designing the device—the reso-
lution may, in fact, reflect the accuracy of the device. It is pointless to be able to resolve a
reading to an interval that is smaller than the uncertainty interval of the measurement.

Repeatability is the ability of a device to produce the same output reading when
the same measurand is applied using the same procedure. Inability to repeat a mea-
surement exactly, a random error known as repeatability error, is usually a component
of the manufacturers’ specification of instrument accuracy. It should be noted that hys-
teresis is not a cause of repeatability error—hysteresis is a separate error. The concept
of random error of a measurement is more general than measuring device repeatabil-
ity and may include variable factors in the measurement process not caused by the
measurement device, such as variation of uncontrolled parameters.

Although not a requirement for a measurement system, it is highly desirable that
it have a linear relationship between input and output, as shown in Figure 2.6. This
means that the change in output is proportional to the change in the value of the mea-
surand.A linear response is particularly useful since it simplifies the process of calibra-
tion, or checking that the instrument has low error. If it is known that the sensor is
basically linear and has good precision, only two points in the span need to be checked.
A highly nonlinear device must be calibrated at several points. Deviation from true lin-
earity when linearity is assumed is a systematic error called linearity error.

Linearity error is usually a component of the specification of accuracy. There are
a number of ways to determine a linearity specification, and these are presented in
ANSI/ISA (1979). In the method that determines terminal-based linearity, a line is
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drawn connecting the output values at the extreme ends of the span, as shown in
Figure 2.6. The linearity error is the maximum deviation between the straight line and
the device output. It is normally presented in the form of a percentage of range or a
percentage of span.

Measurement systems normally have a point in their range called the zero or null
point. For example, a weight scale should read zero pounds when there is no weight on
the platform. Most instruments have some kind of mechanism to adjust the zero, and
any error in zero adjustment will affect all measurements made using the device. If the
device does not have correct output at the zero point, it is said to have a zero offset, as
shown in Figure 2.6. Furthermore, if the zero offset is not accounted for in using the
device, the offset will result in a systematic error at all readings called a zero error. In
some cases the null point does not correspond to a zero value for either the measurand
or the output, but is simply a measurand value to which the device should initially be
adjusted. Manufacturers’ specifications of accuracy usually assume that the zero has
been adjusted properly. Manufacturers may also specify the maximum expected zero
error, often using the term zero balance. It is normal to check the zero prior to using a
device, and large changes in zero may indicate that the device has been damaged or is
malfunctioning.

An important characteristic of a measuring system is the sensitivity, defined as
the ratio of the change in magnitude of the output to the change in magnitude of the
measurand:

(2.1)

For a thermometer, this could be the change in the height of the mercury column in the
stem per degree of temperature change. In mechanical measuring devices, sensitivity is
an important and limiting characteristic. In systems with electrical output sensors, the
sensitivity can normally be increased using simple amplifiers. However, other limits,
such as signal-to-noise ratio, may then become important. In linear systems, the sensi-
tivity is constant throughout the range and is given the symbol K. Sensitivity is deter-
mined during the process of calibration, and an error in determining the actual
sensitivity results in a systematic error called sensitivity error, which affects all readings.
An error in sensitivity will affect the span, as shown in Figure 2.7. If the span is not as
specified, a span error will result.

Over a period of time, the output of a measuring system for a fixed measurand
may change even though all environmental factors remain constant. This undesirable
characteristic is known as drift. Many measuring systems are also sensitive to the envi-
ronmental temperature, a characteristic known as the thermal stability of the device.
Both drift and thermal stability can affect a number of characteristics of the measuring
system and cause additional errors in zero, linearity, hysteresis, and sensitivity. These
drift- and thermal-stability–caused errors are not usually included in manufacturers’
specifications of accuracy. However, manufacturers often give additional information
on drift and thermal stability of instruments, which can be used to estimate random
uncertainty.

sensitivity =
d1output2
d1input2 L

¢output
¢input
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Span error.

Example 2.2

An angular-velocity measuring device (tachometer) can measure the speed of a mechanical-
shaft in the range 0 to 5000 rpm. It has an accuracy of of full scale.You notice that when the
shaft speed is zero, the device has a reading of 200 rpm. What is the maximum error that you
might estimate in reading a shaft speed of 3500 rpm?

Solution: The accuracy specification indicates an uncertainty of .
Thus all readings have at least this uncertainty. However, there is a zero offset of 200 rpm. This
error is in addition to the accuracy uncertainty. Thus the reading might be as much as

high. The error estimate can be reduced if the zero is adjusted or if the
data are corrected (by subtracting 200 rpm from the reading). If it has been some time since the
instrument was calibrated, there might be an additional error in the sensitivity, but this cannot be
determined with the information given.

Comment: Accuracy is an uncertainty specification that usually combines unavoidable
systematic and random errors associated with using a measuring device. It typically includes
hysteresis, linearity, and repeatability error components. It usually does not include other errors,
such as zero, drift, and thermal stability. Errors of these types must be considered separately.

2.2.2 Calibration of Measurement Systems

At some point, all measurement systems should undergo calibration, a process in which
a set of measurements are made of measurand values that can be determined indepen-
dently. The readings can then be compared to the known “true” values and the errors
determined. The number of different values of measurand required for the calibration
process depends on the type of measurement system and the application. In some cali-
bration processes, the value of a measurand is known because it is a standard. In other
calibration processes, another measurement system of known accuracy can be used to
determine the value of the measurand. The use of standards is the more reliable
approach, but the latter approach is often more practical.

Standards for Calibration Standards of measurement have been important to
commerce for a very long time since it is important to the purchaser to know that the
weight or length of a purchase is accurate. The relatively recent expansion in science

250 + 200 = 450 rpm

;0.05 * 5000 = ;250 rpm

;5%
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dramatically increased the need for standards. International conferences have estab-
lished primary standards defining the units for seven physical variables.These units are
known as the International System (SI) base units (Table 2.1).

The standard for mass is the International Prototype Kilogram, which is a
platinum–iridium cylinder kept at the International Bureau of Weights and Mea-
sures in France.

The standard for time, the second, has been defined as: “the duration of
9,192,631,770 periods of the radiation corresponding to the transition between the two
hyperfine levels of the ground state of the cesium-133 atom” (Wildhack and Jennings,
1992). Although this may seem obscure, it is a standard reproducible in any properly
equipped laboratory.

The standard for length, the standard meter, is defined as “the length of the path
traveled by light in a vacuum during a time of 1/299,792,458 of a second” (Wildhack
and Jennings, 1992).

The standard for temperature is more complicated than for the other base units since
it must be specified over a wide range of values. The standard is known as the Interna-
tional Temperature Scale of 1990 (ITS-90) (Preston–Thomas, 1990). The measure of tem-
perature is the thermodynamic temperature, and the unit is the kelvin, defined as 1/273.16
of the thermodynamic temperature of the triple point of water, that temperature where
solid, liquid, and vapor phases of pure water exist together in thermal equilibrium. The
standard temperature scale extends from 0.65 K to the highest temperatures that can be
determined by measuring thermal radiation. While the details of the complete standard
are beyond the scope of the present book, in the range of greatest interest to engineer, the
standard is fairly straightforward. From the triple point of hydrogen, 13.8033 K, to the
freezing point of silver, 961.78 K, the scale is defined by means of a platinum resistance
thermometer (see Chapter 9), which is calibrated at a set of fixed points shown in 
Table 2.2.Above the freezing point of silver, the temperature standard is based on a rela-
tionship between the thermal radiation from an object at the measured temperature to
the thermal radiation from an object at the temperature of freezing silver, gold, or copper.
Guidelines for using the ITS-90 standard are given by Mangum and Furukawa (1990).

The standard for electric current, the ampere, is “that constant current which, if
maintained in two straight parallel conductors of infinite length and of negligible cir-
cular sections, and placed 1 meter apart in a vacuum would produce a force equal to

newton per meter of length” (Wildhack and Jennings, 1992).
The standard for the mole is “the amount of a substance of a system which con-

tains as many elementary entities as there are atoms in 0.012 kg of carbon-12” (Wild-
hack and Jennings, 1992).

2 * 10-7

TABLE 2.1 SI Base Units

Physical variable SI unit

Mass kg
Time second
Length meter
Temperature kelvin
Electric current ampere
Amount of a substance (mole) mole
Light intensity candela
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The standard for light intensity, the candela, is “the luminous intensity, in a given
direction, of a source that emits monochromatic radiation of frequency 
hertz and of which the radiant intensity in that direction is 1/683 watt per steradian”
(Wildhack and Jennings, 1992).

All the primary standards except mass can, in theory, be reproduced in any labo-
ratory having the proper equipment. They are called reproducible standards. Mass, the
only standard that has an exact physical location, is called a fixed standard1. Although
all primary standards except mass can, in principle, be reproduced in any laboratory,
this is usually not practical, and the primary standards are difficult to apply for every-
day calibration activities. As a result, it is normal to create secondary standards. These
standards must be traceable to the primary standards—that is, at some point, the sec-
ondary standard was compared either to a primary standard or to another secondary
standard that is traceable to a primary standard. Laboratories can have masses, accu-
rately sized pieces of metal called gage blocks, quartz crystal clocks, and other practical
secondary standards for calibration purposes.

The foregoing list of base primary standards does not include most of the com-
mon variables for which calibration is required (force and voltage are obvious exam-
ples). This is because standards for all other physical variables are derived from
variables having the base primary standards by using physical laws or scientific defini-
tions. The standard for force, for example, is defined by Newton’s second law,
Since primary standards have been established for mass, length, and time, the standard
for force can be computed. Laboratory secondary standards can also be created for
these other variables—a standard battery for voltage is an example. Standard names
and definitions are provided for virtually all derived units, and these are documented
in sources such as the International Organization for Standardization (ISO, 1979).

F = ma.

540 * 1012

TABLE 2.2 Fixed Points of International Temperature
Scale of 1990 (ITS-90)

Fixed pointa Temperature (K)

Triple point of hydrogen 13.8033
Triple point of neon 24.5561
Triple point of oxygen 54.3584
Triple point of argon 83.8058
Triple point of mercury 234.3156
Triple point of water 273.16
Melting point of gallium 302.9146
Freezing point of lanthanum 429.7485
Freezing point of tin 505.078
Freezing point of zinc 692.677
Freezing point of aluminum 933.473
Freezing point of silver 1234.93
Freezing point of gold 1337.33
Freezing point of copper 1357.77

Source: Preston–Thomas (1990).
Melting and freezing points are at a pressure of 101.325 Pa.a

1 Specialists in the field are currently working to develop a reproducible standard for mass to replace the
fixed standard.
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Some calibration processes are quite difficult, and it is not practical for all labo-
ratories to keep all necessary standards. Laboratories may purchase instruments that
have been calibrated by the manufacturers. If it is expected that the uncertainty of a
measuring device will change with time, it may have to be returned to the manufac-
turer (or another laboratory) periodically for calibration. Most laboratories can afford
to have some secondary working standards. For example, standards for mass and
length can be purchased at moderate cost and, with reasonable care, are very durable.

Static Calibration Process In the calibration of a measuring system, the system
is used to make measurements of known values of the measurand. Various values of
the measurand must be used to cover the intended range of use of the measurement
system. As mentioned, it is best that the values of the measurand be known because
they are standards, while from a practical standpoint, however, it is often easier to
determine the values of some measurands using another measuring system of known
accuracy. It is preferable that this second measuring system be based on simple
physical principles so that the experimenter will have confidence that it maintains its
accuracy. For example, a balance scale for measuring force is more likely to maintain its
accuracy than a scale that uses springs.

The first step in the calibration process is to take a set of data consisting of mea-
surement system output as a function of the measurand. A graphical presentation of
these data is known as the calibration curve.Although this curve can be used directly to
interpret the instrument output, in most cases the data are correlated using a mathe-
matical function (the process of curve fitting). In some cases, the calibration data will
be used to confirm an existing function.The correlating function may be a straight line,
a parabola, a higher-order polynomial, or a more complicated function.This function is
used to obtain values of the measurand from the measuring device output in the actual
experiment. Finally, an estimate should be made of the calibrated system’s contribution
to the overall experimental uncertainty. An estimate should be made of residual sys-
tematic error, and, depending on the expected use of the measurement system, it may
also be necessary to estimate the expected random error.

The document ANSI/ISA (1979) describes a standardized procedure for static
calibration that is used by many instrument manufacturers. In the first step of this pro-
cedure, the calibration data are taken by applying known values of the measurand to
the measuring system.The measurand values are incrementally increased from the low
end of the range to the top end of the range. The measurand values are then incremen-
tally reduced to the low end of the range. This process is repeated several times
(cycles).The procedure then describes how to determine specific values for such errors
as linearity, hysteresis, and repeatability as well as overall accuracy. In this procedure,
the accuracy statement effectively combines the errors due to nonlinearity, hysteresis,
and nonrepeatability. The term static indicates that the process is performed in a man-
ner in which time is not a factor—the measurand is changed slowly, and the device is
allowed to come to equilibrium prior to taking a reading.

The sequential calibration process just described does not, in general, duplicate
the actual measurement process. In a typical measurement situation, the experimenter
may not be able to determine if the measurand is increasing or decreasing prior to the
measurement. A calibration process in which the values of the measurands are ran-
domly selected is often used. With a random calibration, it may be difficult to separate
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hysteresis errors from repeatability errors, and hysteresis may have to be treated as
part of the random error. This limitation may not be important.

Example 2.3, based on information in ANSI/ISA (1979), is used to demonstrate
the static calibration process to determine instrument accuracy and other errors. This
process will not determine thermal stability and drift characteristics. Furthermore, it
will not account for errors associated with the application, such as spatial errors, nor
will it account for dynamic (time-varying) effects. Additional calibration procedures
may be required for specific experiments. As discussed in Chapter 7, the error charac-
teristics determined by the method shown in Example 2.3 are in a usable but not ideal
form for detailed uncertainty analysis.

Example 2.3 Calibration of a Weighing Scale

A low-cost, nominally 0 to 5-lb spring weighing scale [Figure E2.3(a)] has been calibrated by plac-
ing accurate weights on its platform.The values of the applied weights range from 0 to 5 lb in 0.5-
lb increments. The weights are applied in a sequential manner, starting at the lowest value,
increasing to the largest value (up data) and then decreasing to the lowest value (down data). Five
such cycles were performed, and the results of the measurements are presented in Table E2.3(a).
As suggested in ANSI/ISA (1979), several cycles were completed before the data recording
started.The data recording then started in the middle of the up portion of cycle 1 and ended in the
up portion of cycle 6, giving five complete cycles.

Fit a straight line to the data and determine the accuracy, hysteresis, and linearity errors.
Also, make estimates of the maximum systematic and random errors.

Solution: The data of Table E2.3(a), which have been plotted in Figure E2.3(b), fall into two
bands. The division into two bands is caused by hysteresis in the system—the lower band is for
increasing measurand and the upper band for decreasing measurand.

There are a number of methods used to determine a suitable straight-line fit to a set of
instrument data. A technique called the method of least squares (linear regression) will be
described in Chapter 6. At this point, it is convenient simply to “eyeball” a line through the data
to minimize the maximum deviations of the data from the line. This process will approximate a
least-squares linear fit. The resulting correlating equation takes the form

where R is the reading of the scale and W is the actual weight.Alternatively, we might have given
the equation in the form of the weight versus the reading 1W = 0.775R + 0.2902.

R = 1.290W - 0.374

W
FIGURE E2.3(a)

Spring scale.



2.2 Validity of Measurement 21

Sc
al

e
re

ad
in

g 
(l

b)

Best fit
line

0

7

True weight (lb)

6

5

4

3

2

1

0

�1
0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

FIGURE E2.3(b)

Plot of scale readings.

Although Figure E2.3(b) is suitable for determining the correlating function, to evaluate
the errors it is best to present the data in the form of what is called a deviation plot. For each mea-
sured value, the difference (deviation) between the measured value and the best-fit equation is
evaluated.These values are presented in Table E2.3(b).The last three columns of the table will be
discussed later. The deviation data are plotted in Figure E2.3(c). A deviation value of zero indi-
cates that a calibration data point has a value exactly as predicted by the correlating function.

TABLE E2.3(a) Scale Calibration Data

Scale reading

True weight (lb) Cycle 1 Cycle 2 Cycle 3 Cycle 4 Cycle 5 Cycle 6

0.5 0.2 0.08 0.17 0.19 0.11
1 0.7 0.78 0.64 0.61 0.7
1.5 1.18 1.26 1.25 1.24 1.23
2 1.81 1.93 1.81 1.93 1.88
2.5 2.62 2.49 2.46 2.46 2.58 2.53
3 3.15 3.18 3.24 3.28 3.13
3.5 3.9 3.84 3.86 3.97 3.96
4 4.59 4.71 4.61 4.6 4.6
4.5 5.41 5.35 5.49 5.46 5.39
5 6.24 6.27 6.1 6.24 6.16
4.5 5.71 5.74 5.78 5.87 5.82
4 4.96 5.11 5.08 5.03 5.03
3.5 4.22 4.34 4.21 4.22 4.24
3 3.57 3.64 3.66 3.55 3.67
2.5 2.98 2.86 2.98 2.98 2.94
2 2.22 2.23 2.26 2.29 2.26
1.5 1.57 1.7 1.69 1.63 1.57
1 1.07 1.07 1.11 1.16 1.11
0.5 0.52 0.61 0.61 0.61 0.45
0 0.02 0.08 0.08 -0.03 0.06
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TABLE E2.3(b) Scale Deviation Data

Deviation

True
weight (lb) Cycle 1 Cycle 2 Cycle 3 Cycle 4 Cycle 5 Cycle 6

Average of
cycles

Average
up–down

Repeat

0 0.41
0.5 -0.07 -0.19 -0.1 -0.08 -0.16 -0.12 0.085 0.12
1 -0.22 -0.14 -0.28 -0.31 -0.22 -0.23 -0.025 0.17
1.5 -0.38 -0.3 -0.31 -0.32 -0.33 -0.33 -0.13 0.08
2 -0.4 -0.28 -0.4 -0.28 -0.33 -0.34 -0.15 0.12
2.5 -0.23 -0.36 -0.39 -0.39 -0.27 -0.32 -0.35 -0.125 0.16
3 -0.35 -0.32 -0.26 -0.22 -0.37 -0.3 -0.09 0.15
3.5 -0.24 -0.3 -0.28 -0.17 -0.18 -0.23 -0.06 0.13
4 -0.2 -0.08 -0.18 -0.19 -0.19 -0.17 0.04 0.12
4.5 -0.02 -0.08 0.06 0.03 -0.04 -0.01 0.17 0.14
5 0.16 0.19 0.02 0.16 0.08 0.12 0.12 0.17
4.5 0.28 0.31 0.35 0.44 0.39 0.35 0.16
4 0.17 0.32 0.29 0.24 0.24 0.25 0.15
3.5 0.08 0.2 0.07 0.08 0.1 0.11 0.13
3 0.07 0.14 0.16 0.05 0.17 0.12 0.12
2.5 0.13 0.01 0.13 0.13 0.09 0.1 0.12
2 0.01 0.02 0.05 0.08 0.05 0.04 0.07
1.5 0.01 0.14 0.13 0.07 0.01 0.07 0.13
1 0.15 0.15 0.19 0.24 0.19 0.18 0.09
0.5 0.25 0.34 0.34 0.34 0.18 0.29 0.16
0 0.39 0.45 0.45 0.34 0.43 0.41 0.11
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FIGURE E2.3(c)

Plot of deviation data for scale calibration.
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Using Figure E2.3(c), we find that it is a simple matter to estimate the accuracy of this
weighting device. Two lines are drawn, parallel to the horizontal axis, such that all the data are
contained between the two lines. For this device, the accuracy limits are and 
Accuracy is frequently presented as a percent of output span. In this case, the output, as predicted
by the curve fit, varies from to giving a span of 
Accuracy then becomes and of the output span. It should be noted that accuracy
is a bounding error statement—it includes all residual errors that will occur when the instrument
is used with the given linear fit to the data. Accuracy does not include errors due to drift or ther-
mal-stability effects, which require additional calibration procedures.

To evaluate the nonlinearity of the data, it is necessary to average all the data taken for
each value of the weight. Not only are the values for all the cycles at a given weight averaged, but
the “up” and the “down” values are also averaged. These results are presented in the column
labeled “Average up–down” in Table E2.3(b). These data are plotted with the solid symbols in
Figure E2.3(d). A line has been drawn connecting the terminal points of the data, and the termi-
nal linearity can be evaluated as 0.44 lb, which is about 6.9% of output span. There are other
measures of linearity, as described in ANSI/ISA (1979) and Norton (1982).

The repeatability error is the maximum variability of successive measurements of the
same value of input approached from the same direction. The column of Table E2.3(b) labeled
“Repeat” is this variability for each of the test conditions.The maximum variation, 0.17 lb, occurs
at an “up” reading of 1 lb. This corresponds to 2.6% (or ) of output span.

ANSI/ISA (1979) indicates that the hysteresis error is evaluated as the maximum difference
between the “up” and the corresponding “down” reading for any of the calibration cycles. Evaluating
this difference for all the data in Table E2.3(b), the maximum difference is found to be 0.52 lb and
occurs in cycles 3 and 4 at 2.5 lb. This becomes 8.1% (or ) of output span. Technically, this is
not simply the hysteresis error but a combination of the hysteresis error plus another error called dead
band.These two errors are frequently combined (and often simply called hysteresis error).The inter-
ested reader can find a description of the distinction between these two errors in ANSI/ISA (1979).

;4.05%

;1.3%

-6.2%+7.0%
6.076 - 1-0.3742 = 6.45 lb.+6.076,-0.374

-0.40 lb.+0.45 lb
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Average deviation data for scale calibration.
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At this point, it is useful to estimate the total uncertainty due to systematic error and that
due to random error, a process not considered in ANSI/ISA (1979). Systematic error is the error
that can be expected if a large number of readings are taken of a particular value of the measur-
and using the same procedure and then averaged. Table E2.3(b) shows these results in the col-
umn labeled “Average of cycles,” and the data are plotted in Figure E2.3(d). Note that the “up”
and “down” values are treated as distinct data. An estimate of the maximum systematic error
would be the maximum deviations of these averaged calibration data. The resulting error limits
are and which become and of output span. Systematic errors
are discussed further in Chapter 7.

Statistical techniques provide the best approach to evaluating random uncertainty. How-
ever, an estimate of the random uncertainty is the repeatability error. The repeatability error
limits are (see above). Better techniques to evaluate the random error are developed in
Chapters 6 and 7. In addition, factors not considered in this calibration procedure (such as
uncontrolled changes in ambient temperature) can also contribute to random uncertainty.

Comments: The accuracy numbers determined by the process described above can be used to
estimate the maximum uncertainty in measurements made with the scale. The accuracy values

apply to the device output when a given weight is placed on the platform. Using
the correlating function, it is a simple matter not only to determine the weight corresponding to a
given output reading but also the uncertainty in that weight. It is left for the reader to show that
for a given reading, the uncertainty in the applied weight will be 

There are techniques by which the uncertainty in weight values determined with this scale
might be reduced. First, a nonlinear function such as a parabola might be used to curve-fit the
data. Second, the uncertainty interval can be made a function of the reading, resulting in a reduc-
tion in the uncertainty interval for some portions of the range. However, hysteresis is a major
cause of the poor accuracy, and this cannot be reduced by calibration procedures.

The type of calibration described in Example 2.2 is a static calibration. However,
many measuring systems are used in situations in which the measurand is changing
rapidly. For such situations, a static calibration is inadequate. If possible, the instrument
can be subjected to a dynamic calibration. Dynamic calibration is usually a more compli-
cated process and the procedure depends on the device being calibrated and often, the
specific application. In many cases, dynamic response is determined entirely by analysis.

2.3 DYNAMIC MEASUREMENTS

If a measurand is unchanging in time and if the measurement system instantaneously
shows an equilibrium response to the measurand, the measurement process is said to be
static. In the general case, however, when the measurand is changing in time and the mea-
suring system does not show instantaneous response, the measurement process is said to
be dynamic. For example, the use of an oral thermometer to measure a person’s body
temperature is a dynamic measurement since the measurement process must be contin-
ued for several minutes for the thermometer to come into equilibrium with body tem-
perature. In making dynamic measurements, the experimenter must account for the
dynamic characteristics of the measuring system, the dynamic interaction between the
measuring system and the test system, and the dynamic characteristics of the test system.

When a measurement is dynamic, there is usually an error introduced into the mea-
surement, and the experimenter must take actions to minimize this error. For example,

+0.35/-0.31 lb.

1+0.45/-0.40 lb2

;1.3%

-5.4%+6.4%-0.35 lb,+0.41 lb



2.3 Dynamic Measurements 25

consider the measurement of the temperature of the water in a beaker that is being
heated on a hot plate as shown in Figure 2.8(a). Considering the bulb of the thermome-
ter as a system [Figure 2.8(b)], we can apply the first law of thermodynamics. Since there
is no work term, we obtain

or

(2.2)

where Newton’s law of cooling has been used to estimate q, and
the symbols are defined as follows:

[q = hA1Tw - Tt2]
1Tw - Tt2 =

mc

hA

dTt
dt

q = hA1Tw - Tt2 = mc
dTt
dt

(b)

System
boundary

q � hA(T � Tt)

Thermometer bulb
as system

m

Thermometer

Water

Beaker

Hot plate

(a)

FIGURE 2.8

Dynamic temperature measurement.

A bulb surface area

Tw water temperature

Tt thermometer temperature

h heat transfer coefficient

m bulb mass

c bulb specific heat

dTt/dt time rate of change of the water temperature

There would be no error in the measurement if However, if the water is being
heated, is nonzero, so is nonzero and there exists an inherent dynamic
measurement error.The term mc/hA, called the time constant of the system, has dimen-
sions of time and is usually given the symbol To minimize the dynamic error for this
situation, should be made as small as is practical.t

t.

Tw - TtdTt/dt
Tw = Tt.
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The dynamic response of a measurement system can usually be placed into one
of three categories: zero order, first order, and second order. These categories are
based on the order of the differential equation needed to describe the dynamic
response. Ideal zero-order systems respond instantly to measurands, although no
instrument is truly zero order. However, the dynamic response of many instruments
approximate zero-order behavior when measuring slowly changing measurands. First-
order measurement systems show capacitance-type energy storage effects. Mechanical
analogs to capacitance are springs and devices that store thermal energy. The common
thermometer discussed above is an example of a first-order system. Second-order sys-
tems have inertial effects of inductance or accelerated mass as well as capacitance
energy storage. Common spring–mass systems are second order—the mechanical bath-
room scale is an example. Second-order systems include a characteristic called damp-
ing, which dissipates energy. Second-order systems with low damping are called
underdamped and can show oscillatory response. Highly damped second-order systems
are called overdamped and will not show oscillatory behavior. The level of damping
that divides these two modes of response is called critical damping.

There are specifications for the dynamic response of an instrument that can be
used to select an appropriate device.The two most common specifications characterize
the response of the measurement system to a step change in input (called transient
response) and the response to a range of sinusoidal inputs (called frequency response).
A step change in input to a measuring system is shown in Figure 2.9(a), and some typi-
cal system responses are shown in Figure 2.9(b). y is the change in the device output,
and is the equilibrium change in the output of the system, the output that will occur
after significant time has passed. Response A is typical of first-order and overdamped
second-order devices. Response B is typical of underdamped second-order systems.

First-order systems and overdamped second-order systems show an asymptotic
response. For first-order systems, this takes an exponential form:

(2.3)
y

ye
= 1 - e-t/t

ye
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FIGURE 2.9

Application of a step change in measurand; (a) time variation of measurand; (b) typical types of system
responses.



2.3 Dynamic Measurements 27

The time constant, thus determines the curve and is a useful numerical specification of
the transient response of the instrument. It is the time at which the response, has a
value of Overdamped second-order systems show a response which is
similar to, but somewhat more complicated than, that predicted by Eq. (2.3). As a result,
the concept of time constant is not exactly applicable to second-order systems. On the
other hand, response time is a more general term used to specify transient response and
can be used for first- and second-order systems. For example, a 95% response time is the
time at which has a value of 0.95. Another measure of transient response is the rise
time.This is usually the time that it takes to increase from 0.1 to 0.9.

For oscillatory responses [response B in Figure 2.9(b)], another term, called
settling time, is more useful. This is the time until the amplitude of the oscillations are
less than some fraction (e.g., 10%) of the equilibrium response.

Generally speaking, for minimal dynamic error, the appropriate measure of tran-
sient response (e.g., response time or settling time) should be small compared to the
expected time for the measurand to change in an experiment. If the measurand
changes in a time comparable to the transient response time, there will be a significant
dynamic measurement error.

Frequency response is another useful measure of dynamic response.The output of
the system is determined for a pure sine-wave input.This process is repeated for a range
of frequencies to produce a frequency-response curve such as that shown in Figure 2.10.
As shown in Figure 2.10, there is the range of sinusoidal input frequencies over which
the measuring system gives a constant ratio of output amplitude to input amplitude.
This range of frequencies is called the bandwidth of the device. If the device is used for
measurements outside the bandwidth, the ratio of output to input amplitudes will
change and significant systematic errors are likely to occur. Most input signals are not
sinusoidal and are rather complicated functions of time. It is often necessary to decom-
pose complicated waveforms into sinusoidal components, and these components can be
used to determine the required frequency response of the measuring system.

In measuring frequency response, it will usually be noted that there is a phase dif-
ference between the input and the output.This phase difference will usually depend on
the frequency and must be considered in many situations.

In some cases, the frequency response of a second-order system is specified
with a single number called the natural frequency. In the spring scale example, if a
weight is simply dropped on the platform, the device will oscillate for a period of
time at the natural frequency. In most cases, dynamic response will be degraded if the
measurand varies at a frequency greater than 0.2 to 0.4 times the natural frequency.
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System frequency response.



28 Chapter 2 General Characteristics of Measurement Systems

There are, however, some devices that operate correctly only at frequencies greater
than the natural frequency.

Manufacturers’ specifications of dynamic response are usually available and can
be used for many components of measuring systems. Unfortunately, for some sensing
elements and transducers, it is not possible for the manufacturer to supply all the
needed dynamic specifications. This is because the dynamic response of the transducer
depends not only on the characteristics of the transducer itself but also on the manner
in which the transducer is used. For example, the rise time of a thermometer used to
measure the temperature of a fluid depends on the properties and motion of the fluid
as well as the thermometer itself. Chapter 11 presents appropriate analytical
approaches for dynamic analysis of some common measuring systems.

2.4 CLOSURE

In this chapter, we have described the general characteristics of common measuring
devices. Common static errors have been described and guidance given on dynamic
instrument specifications.
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PROBLEMS

2.1 Identify the sensing element, signal-modification element, and indicator or recorder ele-
ment in the following measurement devices. You may need to research the principles of
operation to answer the questions.

(a) A mechanical automobile speedometer.
(b) An automobile fuel gage.
(c) A human body thermometer with a liquid crystal display.

2.2 You find a micrometer (a thickness-measuring device) of unknown origin and use it to
measure the diameter of a steel rod that is known to have a diameter of 0.5000 in. You use
the micrometer to make 10 independent measurements of the rod diameter, and the
results are 0.4821, 0.4824, 0.4821, 0.4821, 0.4820, 0.4822, 0.4821, 0.4822, 0.4820, and 0.4822.
Estimate the systematic error and the maximum random error in these measurements.

2.3 You attempt to determine the validity of a bathroom scale by repeatedly placing 20 lb of
accurate weights on it.Ten readings were obtained with values of 20.2, 20.2, 20.6, 20.0, 20.4,
20.2, 20.0, 20.6, 20.0, and 20.2 lb. Estimate the systematic error and the maximum random
error of the measurements.

2.4 Identify which of the following measurements are intrusive and which are nonintrusive.
Justify your answers.

(a) Measuring a person’s oral temperature with a thermometer.
(b) Measuring the speed of a bullet using high-speed photography.
(c) Determining the temperature of a furnace by an optical thermal-radiation device.
(d) Measuring the speed of an automobile with a radar gun.

2.5 Determine whether the following measurements are intrusive or nonintrusive. You may
need to research the details of the measurement process.

(a) Measuring amperage of current in a wire using clamp-on ammeter.
(b) Measuring flow of fluid in a pipe by installing an orifice meter in the pipe.
(c) Measuring composition of gases in an exhaust using a device which optically mea-

sures transmitted infrared radiation.
(d) Determining the surface temperature of a pipe using a thermometer that measures

the emitted infrared radiation.
(e) Rotational speed of a shaft indicated by a strobotachometer.

2.6 Determine if the following errors are of random or systematic type. Justify your response.

(a) A digital scale, that always shows 0.2 lb when no weight is applied.
(b) Vibration of the needle of an automobile speedometer.
(c) Consistent temperature difference between two sensors reading the air temperature

in the same room.
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2.7 Determine if the following errors are systematic or random. Justify your response.

(a) Effect of temperature on the circuitry of an electronic measurement device.
(b) Effect of parallax on the reading of a needle-type analog voltmeter.
(c) Effect of using an incorrect value of emissivity in the readings of an infrared ther-

mometer.

2.8 Determine if the following errors are systematic or random. Justify your response.

(a) Variation in a pressure transducer reading due to variation in ambient temperature.
(b) Noise induced into the output of an instrument due to magnetic fields in the sur-

roundings.
(c) Variation in the makeup of a drug due to a malfunction of a mixer in a drug mixing

tank.

2.9 Determine if the following uncertainties are systematic, random, or a combination that
needs further analysis.

(a) Variation in the yield of corn in a field; explain.
(b) Deterioration of asphalt/concrete in a highway; explain.
(c) Variation of height of the same type of trees in an orchard; explain.
(d) Variation in the drying time of concrete columns in construction of a highway;

explain.

2.10 Determine if the following variations are systematic, random, or a combination that needs
further analysis.

(a) Variation in the number of visits per day of a popular website (e.g. Yahoo) for a given
day of the week (e.g. Tuesday); explain.

(b) Variation in the rider-ship of a bus or train line in a given day of the week (e.g. Mon-
day); explain.

(c) Variation in the rider-ship of a bus or train line in different days of the week;
explain.

2.11 A digital device has a decimal indicator showing up to three significant figures. An equiv-
alent analog device has 1000 divisions over the span. Can we determine which instrument
is more accurate? Explain.

2.12 A velocity-measuring device can measure velocities in the range 0 to 50 m/s. What is the
span of this device?

2.13 What are the spans of the following pressure gages:

(a) The gage measures pressure from 5 psig vacuum to 50 psig.
(b) The gage measures pressure from 70 cm Hg vacuum to 200 kPa.
(c) The gage measures pressure from 10 kPa to 150 kPa.

2.14 You need to measure a pressure, which has a value between 60 kPa and 100 kPa. Four
pressure-measuring devices of comparable quality are available:

Device A, range 0–100 kPa
Device B, range 0–150 kPa
Device C, range 50–100 kPa
Device D, range 50–150 kPa

Which device would you choose? Explain your answer.
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2.15 A digital output voltmeter has an input range of 0 to 30 V and displays three significant
figures XX.X. The manufacturer claims an accuracy of of full scale. With a voltage
reading of 5 V, what are the percent uncertainties of the reading due to accuracy and
resolution?

2.16 Digital voltmeters often have a choice of ranges. The ranges indicated on a typical volt-
meter are 0–3, 0–30, 0–300, and 0–3000 AC volts. The output is represented with four sig-
nificant digits. Determine the following:

(a) Resolution uncertainty for each range (in V).
(b) If it has an accuracy of of full range for each range, determine the absolute

uncertainty of measurement in each case.
(c) Determine the relative (percent of reading) uncertainly if, for a measurement of 25

volts, the ranges 30, 300, or 3000 were used.

2.17 A bourdon gage (a mechanical device to measure gage pressure, the pressure relative to
atmospheric pressure), which has a range of 0 to 50 psi, reads psi when measuring
atmospheric pressure. It is claimed to have an accuracy of of full-scale reading.
What is the expected error in the measurement of 20 psi in psi and in percent of reading?
How can you reduce the error produced by this gage?

2.18 A voltmeter with a range of 0 to 100 V reads 2 V when the leads are shorted together. The
manufacturer claims an accuracy of of full scale. Estimate the maximum error when
reading a voltage of 80 V in both volts and as a percentage of reading. If the voltmeter is
adjusted so that the reading when the leads are shorted together is 0 V, estimate the maxi-
mum percent error when reading 80 V.

2.19 You have two temperature gages available to you. One measuring 100–500°C and the
other with a range of 100–1000°C. Each has an uncertainty of 2% of its span.To measure a
temperature of about 300°C, which of the two will you choose? Why?

2.20 A pressure sensing device has an electrical output and is approximately linear. When the
input is 100 kPa, the output is 5 mV and when the output is 1000 kPa, the output is 125 mV.
What is the sensitivity of this device?

2.21 A pressure sensing device has an electrical output and is approximately linear. When the
input is 10 psi, the output is 10 mV and when the input is 100 psi, the output is 150 mV.
What is the sensitivity of this device?

2.22 In a gas thermometer, following the perfect gas law pressure change is an
indication of temperature variation if the volume is constant. Determine if an increase in
initial filling pressure will change the sensitivity of the device.

2.23 Figure P2.23 shows the variation of the output of a sensor with respect to its input.

(a) How does the sensitivity of the sensor vary from A to C?
(b) Would you recommend using the device in the A–B or B–C range?

1PV = mRT2,

;4%

;0.2%
+0.5

;2%

;2%

O
ut

pu
t

Input

A

B
C

FIGURE P2.23



32 Chapter 2 General Characteristics of Measurement Systems

2.24 In a multirange instrument (such as a multirange voltmeter), how does sensitivity vary
with range? Explain.

2.25 In an analog output device, which has a voltage output, how can you increase the sensitiv-
ity of the device?

2.26 A common fluid-flow measuring device is called a venturi tube. (See Chapter 10.) For this
device, the fluid-flow rate, Q, is proportional to the square root of the measured pressure
drop, where C is approximately constant).

(a) Derive a relation for sensitivity of Q with respect to 
(b) Determine if the sensitivity increases or decreases with an increase in the pressure

drop.
(c) Would you recommend such a device for larger or smaller values of the pressure

drop?

2.27 A linear device converts an input force into an output displacement. The ideal sensitivity
of this device is 0.1 cm/N and the input span is 200 N. What will be the ideal output span?
What will the output span be if the actual sensitivity is 0.105 cm/N? What will the % error
in the output span be?

2.28 A static calibration is performed on a pressure-measuring device called a bourdon gage
with a nominal range of 0 to 100 psi.The results of this calibration are shown in Table P2.28.

(a) Plot the data and fit a straight line through them.
(b) Prepare a deviation plot and estimate the accuracy and repeatability errors, both as a

percentage of the output span.

¢P.

¢P, 1Q = C1¢P21/2

TABLE P2.28

Measured pressures

True pressure (psi) Cycle 1 Cycle 2 Cycle 3 Cycle 4 Cycle 5 1max. -min.2
20 20 19 20 20 19 1
40 39 40 39 39 39 1
60 59 58 59 58 60 2
80 80 80 79 79 80 1

100 101 100 100 101 102 2
80 84 83 84 84 84 1
60 63 63 63 62 62 1
40 43 42 43 43 44 2
20 24 24 24 24 24 0
0 5 4 4 6 4 2

2.29 A static calibration is performed on a bourdon gage pressure measuring device with a
nominal range of 0 to 1 MPa. The results of this calibration are shown in Table P2.29.

(a) Plot the data and fit a straight line through them.
(b) Using deviation plots, estimate the accuracy and repeatability errors, both as a per-

centage of the output span.
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TABLE P2.30

Measured Output (mV)

True force (N) Cycle 1 Cycle 2 Cycle 3 Cycle 4 Cycle 5 1max. -min.2
20 7.84 7.93 7.96 7.83 7.89 0.13
40 15.96 16.00 15.91 15.85 15.93 0.15
60 24.07 24.04 24.16 24.17 24.04 0.13
80 32.33 32.38 32.42 32.30 32.44 0.14

100 40.79 40.82 40.86 40.72 40.83 0.14
80 32.31 32.29 32.31 32.37 32.40 0.11
60 24.16 24.10 24.03 24.13 24.06 0.13
40 15.97 15.87 15.95 15.89 15.94 0.11
20 7.82 7.87 7.98 7.87 7.84 0.16
0 0.01 -0.02 0.08 0.05 -0.07 0.15

2.30 A force measuring device called a load cell has an electrical voltage output. A load cell
with a range of 0 to 100 N has a nominal full-scale output of 40 mV. By using accurate
weights, this load cell has been calibrated and the results are presented in Table P2.30.

(a) Plot the results and fit a straight line to the data. Find the formula for this straight line
in both the form (mV output) and the form 

(b) Compute the deviations between the data and the correlating straight line. Prepare a
deviation plot and determine the accuracy and repeatability of the load cell.

mV output = g1force2.force = f

TABLE P2.29

Measured pressures

True pressure (kPa) Cycle 1 Cycle 2 Cycle 3 Cycle 4 Cycle 5 1max.-min.2
200 192 191 194 193 192 3
400 391 389 391 392 393 4
600 596 597 597 593 596 4
800 807 806 805 803 805 4

1000 1022 1022 1021 1022 1020 3
800 816 814 816 816 817 3
600 606 603 603 603 604 3
400 399 403 402 401 403 4
200 203 201 202 200 205 5

0 10 12 9 11 10 3

2.31 What is the difference between static and dynamic calibration? What type of calibration
would you recommend for

(a) an oral thermometer,
(b) a pressure gage used in a water line, and
(c) a car speedometer? Explain your reasoning.

2.32 The time constant of a temperature-measuring device is 0.5 s. This device is used to mea-
sure the temperature of the air in a room that is changing at about 5°C/h. Do you consider
this to be a static or a dynamic measurement? Why?
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2.33 The time constant of a temperature-measuring device is 0.5 s. This device is used to mea-
sure the temperature of the air in a room that is changing at about 1°F/h. Do you consider
this to be a static or a dynamic measurement? Why?

2.34 Two thermometers, one larger than the other, are dipped in ice water from ambient tem-
perature. Which one will reach the equilibrium temperature faster? Why?

2.35 Explain the usefulness and appropriateness of the concepts of time constant, response
time, rise time, and settling time for

(a) zero-order,
(b) first-order,
(c) overdamped second-order, and
(d) underdamped second-order systems.

2.36 Answer the following questions:

(a) High-intensity discharge (HID) lamps come to full brightness in about 5–10 minutes.
A light meter, which can detect instant light level, is used to record the light output of
an HID lamp. Is this a static or dynamic measurement? Explain.

(b) The pressure inside a car cylinder cycles at 1500 times per minute at an engine speed
of 3000 rpm (revolutions per minute). Can a pressure transducer with a response time
of 2 seconds resolve the pressure variation? What value response time would you rec-
ommend? Explain your answers.

(c) A utility meter measures the power draw of a plant every 15 minutes. One of the high-
est consumers of power in the plant is a 100 kW heater that goes on for 4 minutes
every other 10-minute period.Will the meter accurately record the variation in power
consumption of this plant? Explain.

2.37 You have just purchased an old sports car.When the engine is idling at 1000 rpm, you press
on the throttle and change the rpm to 3000 rpm. You notice that the tachometer over-
shoots 3000 rpm and oscillates for a couple of seconds about 3000 rpm until it becomes
steady. Is this a zero-, first-, or second-order measuring system? What characteristic of the
tachometer might you change to eliminate the oscillations?

2.38 A thermometer, initially at a temperature of 20°C, is suddenly immersed in a tank of water
with a temperature of 80°C. The time constant of the thermometer is 2 s. What tempera-
ture will the thermometer read after 5 s?

2.39 A thermometer initially at a temperature of 75°F is suddenly immersed in a tank of water
with a temperature of 180°F. The time constant of the thermometer is 2 s. What tempera-
ture will the thermometer read after 4 s?

2.40 A thermometer, initially at a temperature of 20°C, is suddenly immersed into a tank of
water with a temperature of 80°C. The time constant of the thermometer is 4 s. What are
the values of the rise time and the 90% response time?

2.41 A thermometer, initially at a temperature of 75°F is suddenly immersed into a tank of
water with a temperature of 180°F. The time constant of the thermometer is 4 s. What are
the values of the rise time and the 90% response time?

2.42 A nominally linear electrical output force measuring device has the following manufac-
turer specifications:
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Input range 0–100 lbf

Full-scale output 30 mV

Linearity full scale;0.1%

Hysteresis full scale;0.08%

Repeatability full scale;0.03%

Zero balance full scale;2%

Temperature effect on:

Zero 0.002% full scale/°F

Span 0.002% of reading/°F

Input range 0-1000 N

Full-scale output 24 mV

Linearity full scale;0.1%

Hysteresis full scale;0.08%

Repeatability full scale;0.05%

Zero balance full scale;1%

Temperature effect on:

Zero 0.002% full scale/° C

Span 0.002% of reading/° C

The device is used in an environment where the ambient temperature is not controlled
and can vary between 50 and 95°F. For an input of 20 lbf:

(a) What will be the nominal output voltage?
(b) Estimate the uncertainty due to each of the error sources that can be determined

from the specifications. Express the uncertainties both in millivolts and as a percent-
age of reading. Do not attempt to combine the uncertainties.

2.43 A nominally linear electrical output force measuring device has the following manufac-
turer specifications:

The device is used in an environment where the ambient temperature is not controlled
and can vary between 10 and 35°C. For an input of 200 N:

(a) What will be the nominal output voltage?

(b) Estimate the uncertainty due to each of the error sources that can be determined
from the specifications. Express the uncertainties both in millivolts and as a percent-
age of reading. Do not attempt to combine the uncertainties.
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3
CHAPTER

Measurement Systems 
with Electrical Signals

Measuring systems that use electrical signals to transmit information between compo-
nents have substantial advantages over completely mechanical systems and consequently
are very widely used. In this chapter, we describe common aspects of electrical-signal
measuring systems.

3.1 ELECTRICAL SIGNAL MEASUREMENT SYSTEMS

Almost all modern engineering measurements can be made using sensing devices that
have an electrical output. This means that an electrical property of the device is caused
to change by the measurand, either directly or indirectly. Most commonly, the measur-
and causes a change in a resistance, capacitance, or voltage. In some cases, however, the
output of the sensor is a measurand-dependent current, frequency, or electric charge.
Electrical output sensing devices have several significant advantages over mechanical
devices:

1. Ease of transmitting the signal from measurement point to the data collection
point

2. Ease of amplifying, filtering, or otherwise modifying the signal
3. Ease of recording the signal

It should be noted, however, that completely mechanical devices are sometimes still
the most appropriate measuring systems.

As discussed in Chapter 2, the typical measuring system can be considered to
include three conceptual subsystems, although some thought is required to identify
them in many mechanical measuring devices. In electrical signal measuring systems, the
subsystems, shown in Figure 3.1, are readily identified and are frequently supplied as
separate components: the sensor/transducer stage, the signal conditioning stage, and a
recording/display/processing stage. These stages correspond directly to the systems
shown for a generalized measurement system shown in Figure 2.1.

Electrical output sensing devices are sometimes called sensors (or sensing ele-
ments) and sometimes called transducers. In formal terms, a transducer is defined as
a device that changes or converts information in the measurement process (signal
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Measurand Sensor/
transducer

Signal
conditioner

Recorder/
display/

processor

FIGURE 3.1

Stages in electrical signal measuring
system.

modification). A sensor is a device that produces an output in response to a measur-
and and is thus a transducer. Many electrical output transducers include two stages.
In one stage, the measurand causes a physical but nonelectrical change in a sensor.
The second stage then converts that physical change into an electrical signal. The
term transducer may also refer to devices that include certain signal conditioners.
Not only are the terms sensor and transducer often used interchangeably, but there
are other words used to name transducers for particular applications—the terms
gage, cell, pickup, and transmitter being common.

Electrical output transducers are available for almost any measurement. A par-
tial list includes transducers to measure displacement, linear velocity, angular velocity,
acceleration, force, pressure, temperature, heat flux, neutron flux, humidity, fluid flow
rate, light intensity, chemical characteristics, and chemical composition. If there is a
commercial demand for a transducer, it is likely that it is available.

Common sensors and transducers and many associated signal conditioning sys-
tems are discussed in Chapters 8 to 10. Certain signal conditioning systems such as
amplification and filtering are used with a variety of sensing elements and are dis-
cussed in this chapter.

In the simplest systems, the measurement system stage after the signal condi-
tioner may simply record the signal or print or display a numerical value of the mea-
surand. Common recording and display devices are discussed later in this chapter. In
the most sophisticated measurement systems, the final stage includes a computer,
which can not only record the data but also manage the data taking and perform sig-
nificant numerical manipulation of the data. These computerized data-acquisition sys-
tems are discussed in detail in Chapter 4.

While the three measurement system components shown in Figure 3.1 are by
far the most complicated, the characteristics of the interconnecting wiring can have
major adverse effects on the signal. Methods for transmitting electrical signals and
potential problems associated with signal transmission are discussed later in this
chapter.

3.2 SIGNAL CONDITIONERS

There are many possible functions of the signal-conditioning stage. The following are
the most common:

Amplification
Attenuation
Filtering (highpass, lowpass, bandpass, or bandstop)
Differentiation
Integration
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Amplifier

InputVi VoOutput

FIGURE 3.2

Generic voltage amplifier.

Linearization
Combining a measured signal with a reference signal
Converting a resistance to a voltage signal
Converting a current signal to a voltage signal
Converting a voltage signal to a current signal
Converting a frequency signal to a voltage signal

More than one signal-conditioning function, such as amplification and filtering,
can be performed on a signal. Some signal-conditioning functions may be performed
by circuits located in the transducer itself, but in many cases signal conditioning is also
performed in separate components that may provide user-controlled adjustments. Sig-
nal conditioners are important components of electrical signal measuring systems, and
they must be treated carefully since they are capable of introducing major errors into
the measuring process. They often must be calibrated, either alone or in combination
with a transducer. In the following sections we discuss signal conditioners to amplify,
attenuate, and filter signals. Also included are descriptions of circuits to integrate, dif-
ferentiate, and compare signals.

3.2.1 General Characteristics of Signal Amplification

Many transducers produce signals with low voltages—signals in the millivolt
range are common, and in some cases, signals are in the microvolt range. It is diffi-
cult to transmit such signals over wires of great length, and many processing sys-
tems require input voltages on the order of 1 to 10 V. The amplitude of such
signals can be increased using a device called an amplifier, shown as a block dia-
gram in Figure 3.2. The low-voltage signal, appears as a differential voltage on
the input side of the amplifier. On the output side of the amplifier appears a
higher voltage,

The degree of amplification is specified by a parameter called the gain, G:

(3.1)

Common instrumentation amplifiers usually have values of gain in the range 1 to
1000; however, higher gains can readily be achieved. The term gain is often used even

G =
Vo
Vi

Vo.

Vi,
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Amplifier frequency response.

for devices that attenuate a voltage and hence values of G can be less than
unity. Gain is more commonly stated using a logarithmic scale, and the result is
expressed in decibels (dB). For voltage gain, this takes the form

(3.2)

Using this formula, an amplifier with G of 10 would have a decibel gain, of 20 dB,
and an amplifier with a G of 1000 would have a decibel gain of 60. If a signal is attenu-
ated, that is, is less than the decibel gain will have a negative value.

Although increase in signal amplitude is the primary purpose of an amplifier, an
amplifier can affect the signal in a number of other ways. The most important of these
are frequency distortion, phase distortion, common-mode effects, and source loading.

While amplifiers are normally used with signals that include a range of frequen-
cies, most amplifiers do not have the same value of gain for all frequencies. For exam-
ple, an amplifier might have a gain of 20 dB at 10 kHz and a gain of only 5 dB at 100
kHz. Figure 3.3 shows the frequency response of an amplifier plotted as versus the
logarithm of the frequency.Typically, the gain will have a relatively constant value over
a wide range of frequencies; however, at extreme frequencies, the gain will be reduced
(attenuated). The range of frequencies with close to constant gain is known as the
bandwidth. The upper and lower frequencies defining the bandwidth, called the corner
or cutoff frequencies, are defined as the frequencies where the gain is reduced by 3 dB.
Most modern instrumentation amplifiers have constant gain at lower frequencies, even
to (direct current), so in Figure 3.3 is zero. However, all amplifiers have an
upper cutoff frequency.

An amplifier with a narrow bandwidth will change the shape of an input time-
varying signal by an effect known as frequency distortion. Figure 3.4 shows how a
square-wave signal is altered by an amplifier that attenuates high frequencies.

Although the gain of an amplifier will be relatively constant over the bandwidth,
another characteristic of the output signal, the phase angle, may change significantly. If

fc1f = 0

GdB

Vi,Vo

GdB,

GdB = 20 log10 G = 20 log10
Vo
Vi

1Vo 6 Vi2,
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Frequency distortion of a square wave due to
high-frequency attenuation.

the voltage input signal to the amplifier is expressed as

(3.3)

where f is the frequency and is the amplitude of the input sine wave, the output sig-
nal will be

(3.4)

where is called the phase angle. In most cases, is negative and the output waveform
will trail the input waveform as shown in Figure 3.5.The phase response of an amplifier
is usually presented in a plot of phase angle versus the logarithm of frequency as shown
in Figure 3.6. Figure 3.3, which shows the amplitude response, and Figure 3.6, which
shows the phase response, are together called the Bode diagrams of a dynamic system
such as an amplifier.

For pure sinusoidal waveforms, phase shift is usually not a problem. However, for
complicated periodic waveforms, it may result in a problem called phase distortion. In
Chapter 5 it is shown that complicated periodic waveforms can be represented by a
(usually infinite) series of sinusoidal terms with different frequencies (Fourier series).
If the phase angle varies with frequency, the amplifier can distort the shape of the
waveform. It can be shown that if the phase angle varies linearly with frequency, the
shape of the waveform will not be distorted and the waveform will only be delayed or
advanced in time. Phase distortion is demonstrated in Figure 3.7. Figure 3.7(a) shows

ff

Vo1t2 = GVmi sin12pft + f2

Vmi

Vi1t2 = Vmi sin 2pft
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Effect on signal of linear and nonlinear phase-angle
variation with frequency: (a) original signal; (b) phase
angle varies linearly with frequency; (c) phase angle
varies nonlinearly with frequency.
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FIGURE 3.8

Models for (a) source and (b) amplifier.
(Based on Franco, 2002.)

the original signal. Figure 3.7(b) shows the same signal after it has been passed through
a device that varies the phase angle linearly with respect to the frequency. As can be
seen, the signal is delayed relative to the original signal but has exactly the same shape.
Figure 3.7(c) shows the original signal after it has been passed through a device that
varies the signal in a highly nonlinear fashion. The shape of the signal is changed dra-
matically and shows significant phase distortion.

Another important characteristic of amplifiers is known as common-mode rejec-
tion ratio (CMRR). When different voltages are applied to the two input terminals
(Figure 3.2), the input is known as a differential-mode voltage. When the same voltage
(relative to ground) is applied to the two input terminals, the input is known as a
common-mode voltage. An ideal instrumentation amplifier will produce an output in
response to differential-mode voltages but will produce no output in response to
common-mode voltages. Real amplifiers will produce an output response to both
differential- and common-mode voltages, but the response to differential-mode voltages
will be much larger.The measure of the relative response to differential- and common-
mode voltages is described by common-mode rejection ratio, defined by

(3.5)

and is expressed in decibels. is the gain for a differential-mode voltage applied
between the input terminals, and is the gain for a common-mode voltage applied
to both terminals. Since signals of interest usually result in differential-mode input and
noise signals often result in common-mode input, high values of CMRR are desirable.
High-quality amplifiers often have a CMRR in excess of 100 dB.

Input loading and output loading are potential problems that can occur when
using an amplifier (and when using many other signal-conditioning devices). The
input voltage to an amplifier is generated by an input or source device such as a sen-
sor or another signal conditioning device. If the output voltage of the source device is
altered when it is connected to the amplifier, there exists a loading problem. A similar
problem occurs when the output of the amplifier is connected to another device—the
amplifier output voltage will be changed. To analyze these loading problems, it is pos-
sible to use rather simple models of the devices involved (Franco, 2002). As shown in
Figure 3.8(a), the source device can be modeled as a voltage generator in series
with a resistor This model does not represent what actually happens in the device,
only how the device will behave if someone makes connections to the terminals.

Rs.
Vs

Gcm

Gdiff

CMRR = 20 log10
Gdiff

Gcm
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Combined model of (a) input
source, (b) amplifier, and (c) output
load. (Based on Franco, 2002.)

Using the same approach, the input of an amplifier can be modeled as an input resis-
tance and the output as a voltage generator in series with an output resistance 
as shown in Figure 3.8(b).

If the source is not connected to the amplifier, the voltage at the source output
terminals will be This is because there will be no current flowing through and
consequently, there will be no voltage drop across When the source is connected to
the amplifier, the voltage at the source output terminals will no longer be As shown
in Figure 3.9, and form a complete circuit. Consequently, there will be a cur-
rent flowing through and a resulting voltage drop across The amplifier has
placed a load on the source device. As will be shown, to minimize loading effects at the
input and the output, an ideal amplifier (or other signal conditioner) should have a
very high value of input resistance and a very low value of output resistance 

When the amplifier is connected to the input source and the output load, the
complete system can be modeled as shown in Figure 3.9. To analyze this circuit, we will
first solve for the amplifier input voltage in terms of the source voltage The cur-
rent through the input loop is and hence is given by

(3.6)

Similarly, we can solve the output loop for to obtain

(3.7)

Substituting Eq. (3.6) into Eq. (3.7), we obtain

(3.8)

Ideally, we would like the voltage to be equal to the gain G times

(3.9)

It can be seen that if and Eq. (3.8) will approximate Eq. (3.9).
That is, there will be no loading effects. Thus the ideal amplifier (or signal conditioner)
has an infinite input resistance and a zero value of output resistance. For sinusoidal sig-
nals, this statement can be made general by requiring an infinite input impedance and
a zero output impedance.
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Example 3.1

A force-measuring transducer has an open-circuit output voltage of 95 mV and an output
impedance of To amplify the signal voltage, it is connected to an amplifier with a gain
of 10. Estimate the input loading error if the amplifier has an input impedance of

(a) or
(b) 1 MÆ.

4 kÆ

500 Æ.

Solution:

(a) The transducer can be modeled as a 95-mV voltage generator in series with a resis-
tor.When this is connected to the amplifier, the resulting circuit is as shown in Figure E3.1.
Solving for the current yields

The voltage across the amplifier input resistor is then

The loading error is thus 10.6 mV or 11% of the transducer unloaded output.
(b) Repeating the analysis replacing the resistor with a resistor, the error be-

comes 0.047 mV or 0.05%.

3.2.2 Amplifiers Using Operational Amplifiers

Practical signal amplifiers can be constructed using a common, low-cost, integrated-
circuit component called an operational amplifier, or simply an op-amp. An op-amp is
represented schematically by a triangular symbol as shown in Figure 3.10(a). The input
voltages ( and ) are applied to two input terminals (labeled “ ” and “ ”), and the
output voltage appears through a single output terminal. There are two power
supply terminals, labeled and There are also additional terminals (not shown)
that may be used for adjustment of certain characteristics.

Figure 3.10(b) shows the model of an op-amp consistent with the modeling used
for Figure 3.8(b). The arrangement shown in Figure 3.10(a) is known as the open-loop
configuration and is distinguished from the closed-loop configuration used in practical
amplifier circuits, discussed later.The resistance between the input terminals is very
high (approaching infinity), the output resistance is close to zero, and the op-amp1ro2

1rd2

V- .V+
1Vo2

+-VpVn

1-MÆ4-kÆ

V = RI = 4000 * 0.0211 * 10-3 = 84.4 mV

I =
V

R
=

0.095
500 + 4000

= 0.0211 mA

500-Æ
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FIGURE 3.11

Simple noninverting amplifier using an op-amp.

thus approaches an ideal amplifier from a loading standpoint. The amplifier has a very
high gain, denoted here by the symbol g, which ideally is infinite. The op-amp gain is
given by small g to distinguish it from G, the gain of amplifier circuits using the op-amp
as a component. The output of the op-amp in the open-loop configuration shown in
Figure 3.10(b) is given by

(3.10)

One op-amp design, identified by the number (or generically simply a
741), costs less than a cup of coffee and is very widely used. It serves as a model to
demonstrate the use of op-amps in a variety of circuits, although the circuits will also
show most of the same quantitative characteristics even if op-amps other than the

are substituted. The has an input impedance on the order of
an output impedance of about a gain g of about 200,000, and a CMRR

of 70 dB or higher. Other op-amps are available that have one or more superior or at
least different characteristics. To describe the characteristics of most circuits, it is not
necessary to understand the details of the op-amp internals. A large number of appli-
cations of op-amps are discussed in great detail in Franco (2002).

A simple amplifier using an op-amp, called a noninverting amplifier, is shown
schematically in Figure 3.11. The term noninverting means that the sign of the output
voltage relative to ground is the same as the input voltage. As is typical of op-amp
applications, this circuit shows a feedback loop in which the output is connected to one
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rdmA741CmA741C

mA741C

Vo = g1Vp - Vn2

�

�

�

�

Vn

Vp

V�

�

rd

(a) (b)

�

V�
Vo

�

�

Vn

�

�
Vp

�

�

�

�

Vo

�

�

V�

V�

ro
Vo

FIGURE 3.10

Operational amplifier symbol and simplified model.
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of the input terminals, resulting in what is called a closed-loop configuration. The struc-
ture of the feedback loop is used to determine the characteristics of op-amp-based
devices. In the noninverting amplifier, the feedback voltage is connected to the minus
input terminal and the signal input to the plus terminal. Referring to Figure 3.10(b),
the terminal voltage is then simply To obtain the voltage we will analyze
the circuit that includes and the ground. The current flow from point B into
the op-amp negative terminal will be small due to the high op-amp input impedance
and will be neglected. Analyzing the circuit, the current through resistor is

and the voltage is found to be

(3.11)

Substituting these input voltages ( and ) into Eq. (3.10), we obtain

(3.12)

Solving for we obtain

(3.13)

For the op-amp, g is very large and the second term in the denominator of Eq. (3.13) is
very large compared to 1. With this approximation and noting that the gain for the
amplifier is Eq. (3.13) can be solved to give

(3.14)

The gain is found to be a function only of the ratio and does not depend on the actual
resistor values. Values of and in the range to are typical. Resistances
above complicate circuit design because stray capacitance effects alter the impe-
dance. Low resistance values lead to high power consumption. In some circuits, beyond the
scope of this book, high resistance values and specialized op-amps are required.

It should be noted that if is high enough so that approaches the
power supply voltage, further increases in will not increase the output. This situation
is called output saturation. For the saturation will occur when the output is
about 2 V less than the power supply voltage. This means that saturation will occur
when the output is if the power supply is a typical 

As discussed by Franco (2002), the feedback loop increases the input impedance
and decreases the output impedance relative to the open-loop op-amp.The impedance
between the input terminals of the noninverting amplifier is very high. For the circuit
shown in Figure 3.11, this input impedance is on the order of hundreds of megaohms,
depending on the gain. This means that the amplifier will not appreciably load the
input device for most applications. The circuit also shows another major advantage of
op-amp amplifiers—a very low output impedance (on the order of ), which results
in the output voltage being relatively unaffected by connected devices.

1 Æ

;15 V.;13 V

mA741C,
Vi

Vo1= GVi2Vi

1 MÆ
1 MÆ1 kÆR2R1

R2/R1

G =
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=
R1 + R2

R1
= 1 +

R2

R1

G = Vo/Vi,

Vo =
gVi

1 + g[R1/1R1 + R22]

Vo,

Vo = g1Vp - Vn2 = gaVi - Vo R1

R1 + R2
b

VnVp
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R1

R1 + R2

Vn = VB = IR1 R1Vo /1R1 + R22,
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The gain computed from Eq. (3.14) is actually the gain that would be expected if
the input signal were a dc voltage or an ac voltage at a low frequency. Figure 3.12 shows
the frequency response of the amplifier in the form of a Bode plot. It indicates that the
gain is essentially constant from low frequency up to a cutoff frequency, The range
of frequencies between and is the bandwidth of this amplifier. Above the
gain starts to decrease, or roll off, and this roll-off occurs at a rate of 6 dB per octave.
Since an octave is a doubling of the frequency, this means that each time the frequency
doubles in the range above the gain will decrease by 6 dB from the value computed
by Eq. (3.14).Actually, the gain starts to decline at frequencies slightly below since 
is defined as the frequency at which the gain has declined by 3 dB.

This roll off in gain at high frequencies is an inherent characteristic of op-amps.
The cutoff frequency, depends on the low-frequency gain of the amplifier—the
higher the gain, the lower is This low-frequency gain–cutoff frequency relationship
is described by a parameter called the gain–bandwidth product (GBP). For most op-
amp-based amplifiers, the product of the low-frequency gain and the bandwidth is a
constant. Since the lower frequency limit of the bandwidth is zero, the upper cutoff fre-
quency can be evaluated from

(3.15)

A value of GPB is a characteristic of the op-amp itself and can be obtained from device
handbooks: the op-amp has a GBP of 1 MHz. The noninverting circuit in
Figure 3.11 has the same GBP as the op-amp itself, so, for example, a gain of 10 at low
frequencies will result in a bandwidth value of 100 kHz. Some more expensive op-amps
have higher values of GBP.

If it is desirable to have a high gain and a larger bandwidth, it is possible to cas-
cade two amplifiers; that is, the output of one amplifier is used as the input for the next.
Each amplifier has a lower gain, but the overall gain for the two stages is the same, and
the bandwidth will be much higher. Although the gain is constant over the bandwidth,
the phase angle between the input and the output, shows a strong variation with fre-
quency. For the noninverting amplifier in Figure 3.11, the phase-angle variation with
frequency is given by

(3.16)f = - tan-1 f

fc

f,

mA741C

fc =
GPB
G

fc.
fc,

fcfc

fc,

fc,fcf = 0
fc.

G
dB �6 dB/octave

Log frequency

fc

FIGURE 3.12

Frequency response of op-amp amplifier.
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FIGURE 3.13

Inverting op-amp amplifier.

At has a value of This means that the output trails the
input by one-eighth of a cycle. However, the variation of with f is very close to linear
from to and is approximately linear from to As a result,
signals that are within the bandwidth will be subject to only modest phase distortion.
However, if the time relationships of amplified signals from an experiment are to be
compared to signals that have not been amplified, the phase angle must be considered.

Example 3.2

Specify values of resistors and for a noninverting 741 op-amp amplifier with a gain of 10.
Find the cutoff frequency and the phase shift for a sinusoidal input voltage with a frequency of
10,000 Hz.

Solution: The gain is given by Eq. (3.14):

Selecting can be evaluated as Since the noninverting amplifier using the
741 op-amp has a gain–bandwidth product (GBP) of 1 MHz, the cutoff frequency is given by
Eq. (3.15):

The phase angle at 10 kHz is given by Eq. (3.16):

This means that the output trails the input by 5.7°, or about 1.6% of a cycle.

Another common op-amp circuit, called the inverting amplifier, is shown in
Figure 3.13. This circuit is called inverting because the output voltage, relative to
ground, is of sign opposite to the input voltage. Inverting amplifiers form the basis for
many other op-amp circuits, including filters, integrators, and differentiators (discussed
later in this chapter). Using analysis similar to that used for the noninverting amplifier,
it can be demonstrated that the gain for the inverting amplifier is given by

f = - tan-1 104

105
= -5.7°

fc =
GPB
G

=
106

10
= 100 kHz

90 kÆ.R1 = 10 kÆ, R2

G = 10 = 1 +
R2

R1

R2R1

f = fc.f = 0f = fc/2f = 0
f

-0.785 rad 1-45°2.f = fc, f
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True differential input instrument
amplifier. (From Franco, 2002.)

(3.17)

As with the noninverting amplifier, the gain depends on a resistance ratio rather than the
absolute resistance values and resistance values are usually in the range to 

The inverting amplifier has significantly different characteristics than the nonin-
verting amplifier. Whereas the noninverting amplifier has an input impedance of hun-
dreds of megohms, the inverting amplifier input impedance is about the same as 
which frequently is not much larger than This may present a loading problem
for some input devices.The output impedance of the inverting amplifier shares the low
output impedance characteristics of the noninverting amplifier—generally less than

The inverting amplifier also shows a reduction in gain (at 6 dB per octave) above
the cutoff frequency.The gain–bandpass product for the inverting amplifier is different
from that for the noninverting amplifier. According to Franco (2002), it can be com-
puted from

(3.18)

The phase response of the inverting amplifier is the same as that of the noninverting
amplifier, as determined by Eq. (3.16).

The amplifiers shown in Figures 3.11 and 3.13 should be satisfactory for some
purposes. However, they are not the best for many instrumentation applications.
Ambient electric and magnetic fields can induce noise in the connecting input signal
wires. Both amplifiers have a single-input signal connection, and electrical noise can
be induced in the input wire. Specialized instrumentation amplifiers, often using two
or more op-amps (e.g., Figure 3.14) have two ungrounded connections to the source
device (true differential input). In this case, electrical noise of the same magnitude
and phase is induced in both input wires. This is a common-mode signal. Properly

GBPinv =
R2

R1 + R2
 GBPnoninv

1 Æ.

100 kÆ.
R1,

1 MÆ.1 kÆ

G = -
R2

R1
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Attenuation using dividing network.

designed and constructed instrumentation amplifiers have a high common-mode
rejection ratio and hence can generate output that is largely free of input common-mode
noise.

Complete high-quality instrumentation amplifiers without a power supply can be
obtained on a single IC chip. Complete instrumentation amplifiers with a power supply
and adjustments features for gain and zero offset are readily available commercially.
Amplifiers are subject to errors as are other instrument components. They can have
nonlinearity errors, hysteresis errors, and thermal-stability errors. If the actual gain is
not as predicted, there will be a gain (sensitivity) error.

3.2.3 Signal Attenuation

In some cases a measurement will result in a voltage output with an amplitude higher
than the input range of the next component. The voltage must then be reduced to a
suitable level, a process known as attenuation. The simplest method is to use a voltage-
dividing network as shown in Figure 3.15. The resulting output voltage from this net-
work is

(3.19)

Dividing networks of this type have potential loading problems. First, it will place a
resistive load on the system that generates The resistive load might draw a signifi-
cant current, which will change from the value that it would have had if the net-
work had not been installed. This problem can be avoided by having the sum of
resistors and be very high compared to the output impedance of the system
generating Unfortunately, this means that the output resistance of the network,

will also be high, leading to a problem when the output load is connected. It may
be desirable to feed the voltage divider output into a high-input impedance amplifier
with unity gain to reduce output loading problems. The effect of loading is evaluated
in Example 3.3.

The use of large values of resistance in voltage dividers presents another problem
in addition to loading. At high signal frequencies, the impedance due to small amounts
of capacitance can be comparable to the divider resistances and can produce attenua-
tion that is frequency dependent.

R2,
Vi.

R2R1

Vi

Vi.

Vo = Vi
R2

R1 + R2
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Example 3.3

The voltage used to power a heater in an experiment is nominally 120 V. To record this voltage,
it must first be attenuated using a voltage divider. The attenuator reduces the voltage by a factor
of 15 and the sum of the resistors and is 

(a) Find and and the ideal voltage output (neglecting loading effects).
(b) If the source resistance is find the actual divider output and the resulting load-

ing error in 
(c) If the divider output is connected to a recorder that has an input impedance of

what will be the voltage output (input to the recorder) and the resulting load-
ing error?

Solution:

(a) Using Eq. (3.19), we have

The nominal output voltage is 
(b) The circuit of the complete system, including the source impedance, is shown in

Figure E3.3(a). Solving for the current in the loop gives

We can then evaluate the output voltage:

The error is thus 0.003 V or 0.04%.
(c) If we connect the divider output to a recorder with an input impedance of we will

have the circuit shown in Figure E3.3(b). and are resistors in parallel, which can RiR2

5000 Æ,

Vo = IR2 = 0.1199 * 66.7 = 7.997 V

I =
V

aR
=
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be combined to give a value of 65.8. Solving for the loop current, we obtain

This is a loading error of 0.10 V or 1.3%.

Comments: The primary loading problem was the rather low input impedance of the recorder.
In this case R2 could be adjusted slightly using a calibration process to eliminate the loading
error. Alternatively, an amplifier with a high input impedance, such as the noninverting type de-
scribed in Section 3.2.2 but with unity gain, could be placed between the divider and recorder to
eliminate the loading problem. The loading error could be reduced somewhat by reducing the
sum R1 + R2; however, this would raise the power dissipated in these resistors, which is already
about 14 W.

3.2.4 General Aspects of Signal Filtering

In many measuring situations, the signal is a complicated, time-varying voltage that can
be considered to be the sum of many sine waves of different frequencies and ampli-
tudes. (See Chapter 5.) It is often necessary to remove some of these frequencies by a
process called filtering. There are two very common situations in which filtering is
required. The first is the situation in which there is spurious noise (such as 60-Hz
power-line noise) imposed on the signal. The second occurs when a data acquisition
system samples the signal at discrete times (rather than continuously). In the latter
case, filtering is necessary to avoid a serious problem called aliasing. (See Chapter 5.)

A filter is a device by which a time-varying signal is modified intentionally,
depending on its frequency. Filters are normally broken into four types: lowpass, high-
pass, bandpass, and bandstop filters.The characteristics of these categories of filters are
shown in Figure 3.16. A lowpass filter allows low frequencies to pass without attenua-
tion but, starting at a frequency called the corner frequency, attenuates higher-
frequency components of the signal. The frequency band with approximately constant
gain between and is known as the passband. The significantly attenu-
ated frequency range is known as the stopband. The region between and the stop-
band is known as the transition band. A highpass filter allows high frequency to pass
but attenuates low frequencies. A bandpass filter attenuates signals at both high and
low frequencies but allows a range of frequencies to pass without attenuation. Finally,
a bandstop filter allows both high and low frequencies to pass but attenuates an inter-
mediate band of frequencies. If the band of stopped frequencies is very narrow, the
bandstop filter is called a notch filter.

Although a very large number of circuits function as filters, four classes of filters
are most widely used: Butterworth, Chebyshev, elliptic, and Bessel. Each filter class has
unique characteristics that makes it the most suitable for a particular application. Each
of these filter classes can have another characteristic, called order. For a particular fil-
ter class, the higher the order, the greater will be the attenuation of the signal in the

fc

fcf = 01Vo/Vi2
fc

Vo = IR = 0.1200 * 65.8 = 7.9 V

I =
V

aR
=

120
1 + 933.3 + 65.8

= 0.1200 A
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stopband. To demonstrate some of the general characteristics of filter class and order,
filters of the lowpass type are discussed in the following paragraphs.

Butterworth filters have the characteristic that they are maximally flat in the pass-
band.This means that the gain is essentially constant in the passband. For lowpass But-
terworth filters with unity dc gain, the gain as a function of frequency f and order n is
given by

(3.20)

where n is the order of the filter. This equation is plotted in Figure 3.17. For high fre-
quencies, the gain G becomes For a first-order filter this
means that each time the frequency doubles, the gain will be reduced by a factor of 2.
As Eq. (3.2) shows, a halving of the gain corresponds to a 6-dB attenuation. Since an
octave is a doubling (or halving) of the frequency, the roll-off for a first-order Butter-
worth filter is 6 dB/octave. In general, the roll-off in the stopband is 6n dB/octave,
which, for example, would become 48 dB per octave for 

While high-order Butterworth filters provide large values of roll-off at fre-
quencies in the stopband, in the transition region near the cutoff frequency the
gain does not have a very crisp change in slope. Chebyshev filters have a much
crisper change in slope but at the price of ripple in the passband gain, as shown in
Figure 3.18. The amount of passband ripple is controlled by details of the design,
and in the limit, Chebyshev filters with no passband ripple have the same frequency
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FIGURE 3.16

Categories of electrical filters: (a) lowpass; (b) highpass; (c) bandpass;
(d) bandstop.
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Gain of lowpass Chebyshev filters as a
function of order and frequency.

response as Butterworth filters. High-order Chebyshev filters are more satisfactory
than Butterworth designs for notch filters. Elliptic filters have a very crisp transition
between the passband and the stopband but allow ripples in the stopband as well as
the passband.

As with amplifiers, filters alter the phase of components of the signal as a func-
tion of frequency. For example, the phase-angle shift for an eighth-order Butterworth
filter is 360° at the cutoff frequency. For higher-order filters, this phase response can
introduce serious phase distortion. A class of filters called Bessel filters are often used
because they have a more nearly linear variation of phase angle with frequency in the
passband than that of higher-order filters of other classes. Figure 3.19 compares the
phase-angle variation for a fourth-order lowpass Bessel filter to a fourth-order But-
terworth filter. As can be seen, the Bessel filter shows a nearly linear variation of
phase angle within the passband The gain of lowpass Bessel filters is
shown in Figure 3.20. Comparing Figure 3.20 with Figure 3.17 shows that for a given
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Gain of lowpass Butterworth filters as
a function of order and frequency.
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filter order, Bessel filters have a lower roll-off rate (dB/octave) in the first two octaves
of the stopband than do Butterworth filters. After the first couple of octaves above 
the attenuation rate of Bessel filters becomes larger and approaches that of Butter-
worth filters.

In most cases, the instrumentation engineer will need to specify rather than
design a filter. Filters are commercially available and can be purchased by specifying
appropriate parameters. The engineer must specify the type (e.g., lowpass), class (e.g.,
Butterworth), the order (e.g., 8), and the corner frequency(ies). For Chebyshev and
elliptic filters, specifications must be given that describe the passband and/or stopband
ripple.

3.2.5 Butterworth Filters Using Operational Amplifiers

While passive filters can be constructed using simple circuits consisting of resistors,
capacitors, and inductors, for instrumentation applications, there are significant advan-
tages for active filters, the most common of which are based on op-amps. Op-amp filters
can be constructed without the use of inductors, which are often bulky and are the least
ideal of electronic components. Furthermore, op-amp filters, being based on amplifiers,
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do not cause the signal-amplitude losses associated with passive filters. Figure 3.21(a)
shows a simple op-amp circuit that functions as a lowpass filter.This filter circuit, which
produces a first-order Butterworth response, is a modification of the inverting ampli-
fier (Figure 3.13) in which a capacitor has been placed in parallel with The fre-
quency response of this circuit [shown in Figure 3.21(b)] is characterized by a constant
gain from low frequencies to the corner frequency and a roll-off in gain of 6 dB per
octave above the corner frequency.

To determine the frequency response, we will use ac circuit analysis to examine
the behavior of the circuit when a single-frequency sinusoidal signal is input.This input
signal takes the form where is the sine-wave amplitude and f is the fre-
quency. In deriving Eq. (3.17), the expression for the gain on an inverting amplifier, we
used resistances and in the feedback loop. If instead we had used complex
impedances and the resulting equation for gain G would have been

(3.21)

We can apply this equation to the filter in Figure 3.21(a). consists of C and in par-
allel. Since the impedance of a capacitor is the value of is found to be

(3.22)

is simply so the expression for G, Eq. (3.21), becomes

(3.23)

where the low-frequency gain is the same as that of the simple inverting
amplifier (without the presence of capacitor C). It should be noted that the gain G is
represented by a complex number.
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Lowpass Butterworth filter using op-amp: (a) op-amp circuit; (b) frequency response.
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If we take the absolute value of the terms in Eq. (3.23), we obtain the following
expression:

(3.24)

The corner frequency, for a Butterworth filter is defined as the frequency where the
magnitude of the gain is reduced 3 dB from its low-frequency value, Equation (3.2)
shows that 3 dB corresponds to a reduction in gain, G, by a fraction equal to 0.707. Sub-
stituting the value into Eq. (3.24) gives

(3.25)

This can be solved for the corner frequency 

(3.26)

It should be noted that the corner frequency for a lowpass filter computed by Eq. (3.26)
cannot be any higher than the cutoff frequency for the inverting amplifier itself.

Equation (3.24) can be used to determine the roll-off rate as frequency becomes
high relative to the corner frequency. At high frequencies, is large compared
to 1, and Eq. (3.25) reduces to

(3.27)

This shows that if the frequency is doubled (a change of 1 octave), the gain will be
reduced by a factor of 1/2. Based on Eq. (3.2), a reduction in gain G by 1/2 corresponds
to Thus the roll-off is 6 dB per octave.

Equations (3.23) and (3.26) can be combined to give an expression for gain in
terms of 

(3.28)

Equation (3.28) can be used to evaluate the phase angle of relative to The phase
of relative to is then the phase of 

(3.29)

While Eq. (3.16) has the same form as Eq. (3.29), Eq. (3.16) results from characteristics
of the op-amp itself, whereas Eq. (3.29) is a consequence of the capacitor in the feed-
back loop.

As noted earlier, the inverting amplifier has a fairly low input impedance, close to
However, if a higher input impedance is desired, an amplifier of the noninvertingR1.
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Bandpass filter using op-amp: (a) op-amp circuit; (b) frequency response.
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First-order Butterworth highpass filter using an op-amp: (a) op-amp circuit;
(b) frequency response.

type (or an instrumentation amplifier) can be cascaded with the filter amplifier (i.e.,
the signal is passed through the other amplifier before being input to the filter).

Figure 3.22 shows an op-amp circuit and frequency response for a first-order
high-pass Butterworth filter. The formula for the cutoff frequency, which can be
derived in a manner similar to that for the low-pass filter, is given by

(3.30)

It should also be noted that highpass filters using op-amps are in fact bandpass filters
since the filter amplifier also has a high-frequency cutoff.

Figure 3.23 shows an op-amp circuit and frequency response for a first-order But-
terworth bandpass filter.The upper and lower cutoff frequencies for the bandpass filter
are given by

(3.31)fc1 =
1

2pR1C1
fc2 =

1
2pR2C2

fc =
1

2pR1C
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Although useful for demonstrating the basic theory, the attenuation of first-order filters
is often insufficient and higher-order filters are required. Higher-order filters can be con-
structed by more complex circuitry and by cascading lower-order filters. Higher-order fil-
ter circuits have many more parameters that must be determined in the design process,
and consequently, the process is commonly performed using computer programs. John-
son (1976) and Franco (2002) discuss methods for designing higher-order filters.As men-
tioned earlier, filters meeting user specifications are available commercially.

Example 3.4

A transducer measuring pressure needs to respond to oscillations up to 3 Hz but is contaminated
by 60-Hz noise. Specify a first-order low-pass Butterworth filter to reduce the 60-Hz noise. How
much can the amplitude of the noise be reduced with this filter?

Solution: We are to specify the values of the components in Figure 3.21(a). We pick a corner
frequency of 3 Hz. Since no gain is required, we should set Pick We
can now use Eq. (3.30) to obtain the value of C:

Solving for C, we obtain Since each octave is a doubling of the frequency, we can
find the number of octaves between 3 and 60 Hz from

Solving for x, we obtain octaves. Since the attenuation is 6 dB per octave, the total atten-
uation is Equation (3.2) can be used to evaluate the actual voltage reduction:

Solving for we obtain 0.051. This means that the noise voltage has been reduced to
5.1% of its previous value. If this reduction is insufficient, it will be necessary to use a higher-
order filter.

Comment: Using this filter, signals at 3 Hz will be attenuated 3 dB, since 3 Hz is the cutoff
frequency.

3.2.6 Circuits for Integration, Differentiation, and Comparison

Circuits for integration, differentiation, and comparison are used in some measure-
ment applications and are presented here for reference. Integrator and comparator cir-
cuits are used in analog-to-digital converters (discussed in Chapter 4), and integrating
and differentiating circuits are often used for real-time data processing. For the inte-
grator circuit shown in Figure 3.24(a), the output voltage is the time integral of the
input voltage:

(3.32)Vo1t2 = -
1
RC L

t

0
Vi1t2 dt + Vo102

Vout/Vin,

-25.9 = 20 log10
Vout

Vin

4.3 * 6 = 25.9 dB.
x = 4.3

3 * 2x = 60

C = 5.3 mF.

3 =
1

2p10,000C

R1 = R2 = 10 kÆ.R2 = R1.
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Op-amp comparator: (a) circuit;
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Op-amp circuits for (a) integration and (b) differentiation.

For the differentiator circuit shown in Figure 3.24(b), the output voltage is the time
derivative of the input voltage:

(3.33)

Figure 3.25 shows a simple circuit for an open-loop op-amp voltage comparator. In this
circuit the input voltage is compared to a reference voltage If the input voltage is
greater than the reference voltage the output voltage is saturated at about
2 V less than the power supply positive voltage. If the input voltage is less than the ref-
erence voltage the output voltage will saturate at close to 2 V higher than
the negative power supply voltage.

3.3 INDICATING AND RECORDING DEVICES

3.3.1 Digital Voltmeters and Multimeters

In most cases the output of the signal conditioner is an analog voltage. If the user only
wishes to observe the voltage and the voltage is quasi-steady, a simple digital voltmeter

1Vi 6 Vref2,
1Vi 7 Vref2,

Vref.

Vo1t2 = -RC
dVi1t2
dt
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FIGURE 3.26

Digital multimeter with a digital voltmeter as a mode of operation.
(Courtesy of Triplett Corp.)

(DVM) is the best choice of indicating device. Figure 3.26 shows a typical hand-held
digital multimeter (DMM), which has a DVM as one of its functions. Modern digital
voltmeters have a very high input impedance (in the megohm range), so the voltage
measurement process will not usually affect the voltage being measured.An important
component of a digital voltmeter is an analog-to-digital (A/D) converter, which con-
verts the input analog voltage signal to a digital code that can be used to operate the
display. A/D converters are discussed in greater detail in Chapter 4. Relatively inex-
pensive digital voltmeters can have an accuracy of better than 1% of reading, and high-
quality voltmeters can be significantly better.

Digital multimeters can be used to display other types of input signals, such as
current or resistance or frequency. Some can even input and display signals that are
already in digital form. It is common in the process control industry to combine a digi-
tal voltmeter with a signal conditioner. In this case it is called a digital panel meter
(DPM). The DPM displays the conditioned signal to assist in adjusting the conditioner
while the signal is also transmitted to a central computer data acquisition and control
system.

3.3.2 Oscilloscopes

If the output of a sensor is varying rapidly, a digital voltmeter is not a suitable indicat-
ing device and an oscilloscope (scope) is more appropriate. Historically, oscilloscopes
have used analog circuitry and a Cathode Ray Tube (CRT), which is an accurately con-
structed version of the old television picture tube. CRT-based oscilloscopes are still
widely used in laboratories, but modern digital storage scopes with solid state displays
are now becoming the norm. Digital storage scopes are based on computer compo-
nents and are discussed in Chapter 4. Here, the older CRT scopes will be described. In
this device, pictured in Figure 3.27, the voltage output of the signal conditioner is used
to deflect the electron beam in the CRT. The CRT, which is shown schematically in
Figure 3.28, consists of a heated cathode that generates free electrons, an anode which
is used to accelerate an electron beam, two sets of deflection plates, and a front face
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Schematic view of cathode ray tube.

FIGURE 3.27

Cathode ray oscilloscope. (Courtesy of Tektronix, Inc.)

(screen), which is coated with phosphors. When voltages of suitable amplitude are
applied to the deflection plates, the electron beam will be deflected and hence will
cause the phosphors to glow at a particular position on the screen. The visible deflec-
tion is proportional to the input voltage.

A block diagram of the basic circuit elements used to control the CRT is shown in
Figure 3.29. Normally, the input voltage to be displayed is connected to the amplifier
that controls the vertical plate voltage. A sweep generator is connected to the amplifier
controlling the horizontal plate voltage.This sweep causes the beam to move repeatedly
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from left to right at a user controlled constant rate.The result is that the input voltage is
displayed as a function of time each time the beam sweeps across the screen. For peri-
odic input signals, it is possible to synchronize the horizontal sweep so that it starts at
the same point in input voltage cycle for each sweep. The displays from the repeating
sweeps then fall on top of each other and it is easier for the user to interpret the data on
the screen. It is also possible to use a trigger, which causes the horizontal amplifier to
sweep the screen only once.

Separate signal voltages can be connected to both the vertical and horizontal
amplifiers. In this case, one input voltage is plotted versus the other input voltage. This
approach is frequently useful if both input voltages have the same frequency and it is
desired to examine the phase relationship between them.

Analog CRT oscilloscopes can display very high frequency signals, (up to 100 MHz),
but the accuracy of the voltage reading is generally not as good as for digital volt-
meters. The thickness of the beam and other problems limit the accuracy to 1 to 2% in
most cases.

If only simple information is required, the experimenter can observe the results
on the screen and record them on paper. Cameras are also made, which attach to the
oscilloscope and make it possible to take a photograph of the screen. Video cameras
and video recorders can also be used to make a permanent record of the display.

3.3.3 Strip-Chart Recorders

In the past, one of the most common methods of recording time-varying voltages was
the strip-chart recorder, an example of which is shown in Figure 3.30. In these devices,
the input voltage is used to move a pen that writes on a strip of paper moving at a right
angle to the direction of pen motion while unwinding off a continuous roll. Some pens
use ink on ordinary paper, others use a heated tip resting on heat-sensitive paper. In
either case, a continuous trace of the input voltage is printed on the paper strip. Strip-
chart recorders can be accurate to about 0.5% of full scale and can record frequencies
up to a few hundred hertz. Although strip-chart recorders are still widely used, partic-
ularly in process control, computer data acquisition systems can often record time-
varying signals with greater versatility and are often lower in cost.
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3.3.4 Data Acquisition Systems

A data acquisition system is a device that records the inputs from one or more sensors.
A strip chart recorder is a form of data acquisition system but rather limited.There are
now sophisticated data acquisition systems based on computers that are readily avail-
able and have replaced most older devices. These systems are described in Chapter 4.

3.4 ELECTRICAL TRANSMISSION OF SIGNALS BETWEEN COMPONENTS

Although the three primary components of a measuring system—sensor, signal condi-
tioner, and indicator/recorder—are the most complex, the interconnecting wires can have
a significant (in some cases, dominant) effect on the quality of the signals.As a result, close
attention has to be given to this wiring. The primary methods of transmitting signals are
low-level analog voltage, high-level analog voltage, analog current loop, and digital code.

3.4.1 Low-Level Analog Voltage Signal Transmission

Low-level analog voltage signals (under 100 mV) are common in measuring systems
since there are a large number of sensors that have maximum output voltages in this
range. Maximum voltages of only 10 mV are frequent. It is difficult to transmit such volt-
ages over long distances because the wires tend to pick up electrical noise (interference).
Ambient electric and magnetic fields caused by power conductors and other electrical
equipment can induce voltages in the signal wires that distort the signal significantly.
While electrical noise is sometimes added to the signal due to direct electrical connec-
tions, it is more common for the noise to appear in the signal lines due to capacitance or
inductive coupling between the signal lines and noise sources (Figure 3.31).

Another common cause of electrical interference is the ground loop. Due to all
the electrical equipment around us, there exist significant current flows in the earth
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FIGURE 3.30

Strip-chart recorder.
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Signal ground wire

Current

Circuit

a b VbVa FIGURE 3.32

Source of ground loop.

itself. These currents cause voltage variations (normally time varying) in the earth,
which means that two separate connections to the earth ground are not, in general, at
the same voltage. Consequently, current is conducted by the doubly grounded conduc-
tor shown in Figure 3.32. It is not even necessary for a conductor to be physically con-
nected to the earth ground at more than one point; a second “connection” can be
formed from capacitance effects.

In general, these interference effects increase when the length of wiring increases.
However, it is difficult to give absolute limits on the length of the connecting wiring since
the problems depend on many factors, including the electrical characteristics of the trans-
ducer, the strength of electrical noise sources in the vicinity of the wiring, and the nature
of the transducer signal. If the signal is quasi-steady, much of the noise can be eliminated
by installing filter networks at the receiving end, and wires that are 10 to 20 ft long may
be satisfactory. In some cases, wires as short as 2 ft may give unacceptable noise levels.

Although minimizing noise signals is a significant subject in its own right [Morrison
(1986) is a complete book on the subject and Wolf (1983) offers a shorter discussion], sev-
eral guidelines should be followed to minimize the pickup of noise (Figure 3.33):

1. Use shielded wire for signal-wire connections. In a shielded wire, the two signal
wires are completely surrounded by a flexible metal shield, the latter normally
constructed of braided wire. This shield should be connected to ground at one
and only one point. Shielded wire effectively eliminates capacitive coupling to
surrounding noise sources. If one of the signal wires is already grounded, the
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Current
carrying
conductor

Alternating magnetic field

(Noise source)

FIGURE 3.31

Interference sources for signal
wiring.
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shield may serve as that conductor. Ground does not necessarily mean earth
ground. Experimental systems may have a ground point that is not connected to
earth ground. Ground is simply a common connection point that keeps grounded
components at the same potential. It should be noted that the ground lead avail-
able in power plugs is primarily for safety purposes and is not a good ground for
instrumentation. The power-plug ground may connect to the actual earth ground
a great distance from the experimental setup. In addition, power grounds usually
run in conduits parallel to power conductors, which induce noise voltages.

2. Keep the two signal wires very close to each other. It is preferable that the two signal
wires actually be twisted around each other (twisted-pair wires). This creates a bal-
anced condition in which both conductors are affected in the same way (common-
mode instead of differential-mode noise signals).The two conductors of power leads
should also be close together and twisted if possible to minimize the radiated mag-
netic fields.Avoid getting power and signal wires too close to each other.

3. If possible, use a single ground for the entire experimental setup. This is to mini-
mize problems with ground loops. Each shield should be connected to ground
with a single connection.

4. Amplify all signals with amplifiers with true differential inputs and a high common-
mode rejection ratio (CMRR).

5. Use high-quality power supplies. In some cases it may be better to use batteries
as power supplies for instruments instead of ac line-powered power supplies to
minimize power-line interference noise.

Power line
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Amplifier

Power line
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supply

Measurand
Transducer

Wire
shieldPower

supply

FIGURE 3.33

Grounding and shielding of system components.
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Current-loop signal transmission.

The experimenter should always check for noise signals in the instrumentation
prior to taking the data. One way to do this is to observe the results on the indicating or
recording device with a static measurand applied to the transducer. Any variation in
output with time represents noise. With improperly wired millivolt systems, it is not
unusual to find noise with a larger amplitude than the desired signal.

3.4.2 High-Level Analog Voltage Signal Transmission

Some transducers’ output voltages are higher than 100 mV, usually in the range 0 to 10 V.
These transducers are normally more expensive than low-level-output transducers, but
the signals are much less susceptible to interference.The reason they are more expensive
is that an instrumentation amplifier is normally included directly in the transducer.These
high-level signals can normally be transmitted for a distance of 30 to 100 ft without major
problems.

3.4.3 Current-Loop Analog Signal Transmission

In current-loop systems the output of the sensor is converted to a current rather than
a voltage at the location of the sensor. Over the range of the transducer, this current
will vary between 4 and 20 mA. A typical current-loop system shown in Figure 3.34
has significant advantages and is widely used in process applications such as power
plants and refineries. At the transducer, a device called a transmitter converts the sen-
sor output into a current. This current is then converted to a voltage at the receiving
end. The minimum current of 4 mA means that open circuits in the wiring are easy to
detect—a reading of 0 mA is possible only under open-circuit conditions. The current
signals are also much less susceptible than analog voltage signals to environmental
noise since the power associated with current signals is very large compared to most
analog voltage systems. In the latter, the impedance of the recorder/indicator is usu-
ally extremely high ( or more), and the current, and hence the power, are close
to zero. Current-loop signals can be transmitted for up to 2 miles without major degra-
dation due to noise. Long cable lengths will, however, constrain the upper-frequency
limit of the signals.

1 MÆ
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3.4.4 Digital Signal Transmission

Digital signal transmission is by far the most reliable method but often the most diffi-
cult and expensive to implement. In digital signal transmission, the information in the
transducer signal is converted to a series of voltage pulses, called bits, which transmit
the information in digital code. If the voltage of the pulse exceeds a certain level, the
pulse is “on”; if the voltage is below another level, the pulse is “off.” There is a band
between the two levels to avoid ambiguity. When such systems are designed properly,
the signals are almost immune to problems from environmental noise. Signals from
satellites visiting planets millions of miles away are transmitted successfully in digitally
coded radio waves. In these cases the background noise is very strong relative to the
radio signal, yet it is still possible to extract high-quality data. The subject of digital sig-
nal transmissions is covered in detail in Chapter 4.
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PROBLEMS

3.1 An amplifier produces an output of 5 V when the input is What are the gain G and
the decibel gain 

3.2 An amplifier has a gain of 60 dB. If the input voltage is 3 mV, what is the output voltage?
GdB?

5 mV.
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3.3 An amplifier has a programmable (user selectable) gain of 10, 100, or 500. What
is the gain in dB for each of these selections?

3.4 A pressure transducer has an output impedance of and is to be connected to an
amplifier. What must be the minimum input impedance of the amplifier to keep the load-
ing error less than 0.1%?

3.5 The output of a force transducer is 5 mV when measured with a DMM that has a 
input impedance.The output (for the same force) is 4.8 mV when connected to a filter with
a input impedance. What is the output impedance of the force transducer?

3.6 A noninverting amplifier like that shown in Figure 3.11 is to be constructed with a
op-amp. It is to have a gain of 100.

(a) Specify values for the two resistors.
(b) What will be the gain and phase angle at 10 kHz?

3.7 A noninverting amplifier like Figure 3.11 is to be constructed with a op-amp. It is
to have a gain of 100.

(a) Specify values for the two resistors.
(b) Sketch the Bode plots for this amplifier using specific numerical values.

3.8 A noninverting amplifier like Figure 3.11 is to be constructed with a op-amp. It is
to have a gain of 1000. Specify values for the two resistors.What will be the gain and phase
angle at 10 kHz?

3.9 An inverting amplifier like Figure 3.13 is to have a gain of 100 and an input
impedance of What will be the cutoff frequency and the values of and 

3.10 An inverting amplifier like Figure 3.13 is to have a gain of 10 and an input
impedance of What will be the cutoff frequency and the values of and 

3.11 Change in frequency is often measured in decades rather than octaves where a decade is
an increase in frequency by a factor of 10.

(a) How many octaves correspond to a decade?
(b) The roll-off for a first order Butterworth filter is 6 dB per octave. What will be the

roll-off in dB per decade?

3.12 Derive Eq. (3.17).
3.13 The output of a dc generator that produces a maximum voltage of 90 V is to be attenu-

ated to 10 V for input to a filter. Specify values of the resistors in an attenuation network
such that the loading error of the voltage at the output terminals of the generator is 0.1%.
The output impedance of the generator is and the filter has an input impedance of

3.14 A data acquisition system is to be used to measure the value of a maximum 120-V line
voltage. The maximum input voltage to the data acquisition system is 8 V and its input
impedance is The output impedance of the power line circuit is 

(a) Determine the value for resistor in Figure 3.15 if has a value of 
(b) Determine the power dissipated by the two resistors.
(c) Determine the loading error of the line voltage at the attenuator input.

3.15 How many octaves higher is a 7600-Hz sine wave than a 2100-Hz sine wave?
3.16 A lowpass Butterworth filter has a corner frequency of 1 kHz and a roll-off of 24 dB

per octave in the stopband. If the output amplitude of a 3-kHz sine wave is 0.10 V, what
will be the output amplitude of a 20-kHz sine wave if the input amplitudes are the
same?

100 kÆ.R1R2

0.5 Æ.1 MÆ.
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3.17 A recording device has a frequency response which shows that the output is down 2 dB at
200 Hz. If the actual input is 5.6 V at 200 Hz, what will be the expected error of the voltage
reading (in volts)?

3.18 A transducer measures a sinusoidal signal with an amplitude of and a frequency up
to 10 Hz. Superimposed on this signal is 60-Hz noise with an amplitude of 0.1 V. It is
desired to attenuate the 60-Hz signal to less than 10% of its value using a Butterworth fil-
ter. Select a filter order to perform this task if the corner frequency is 10 Hz.

3.19 A vibration transducer measures a sinusoidal signal with up to a 100-Hz frequency and an
amplitude of Superimposed on this signal is an additional signal with a frequency of
1000 Hz and an amplitude of 0.2 V. It is desired to attenuate the 1000-Hz signal to 1% of
its value using a Butterworth filter. Using a corner frequency of 100 Hz, select a filter
order to perform this task.

3.20 If the corner frequency of a lowpass filter is 1500 Hz, calculate the attenuation from the
bandpass gain at 3000 Hz for the following filters:

(a) A fourth-order Butterworth filter.
(b) A fourth-order Chebyshev filter with 2-dB ripple width.
(c) A fourth-order Bessel filter.

3.21 Specify the values for the resistors and capacitor for a first-order Butterworth lowpass op-
amp filter with a dc gain of unity, a corner frequency of 12 kHz, and a dc input impedance
of

3.22 How would you solve Problem 3.21 if the required input impedance were 
3.23 If a fourth-order Butterworth lowpass filter has a unity dc gain and a corner frequency of

1500 Hz, what will be the gain at 25 kHz?
3.24 An oscilloscope shows a vertical deflection of 4.3 divisions.The oscilloscope is set on a ver-

tical sensitivity of 2 V/div. What is the input voltage?
3.25 An oscilloscope has eight divisions in the vertical direction, and the vertical sensitivity is

set to 100 mV/div. What is the range of the oscilloscope on that scale?
3.26 An oscilloscope has vertical divisions that are 1 cm high, and the beam trace is 0.5 mm in

thickness. The vertical scale is set to 5 mV per division. What would you consider to be a
reasonable estimate of resolution of this device in mV?

10 MÆ?
1000 Æ.

;5 V.

;5 V
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4
CHAPTER

Computerized
Data-Acquisition Systems

Computers so facilitate the process of data acquisition that they are the appropriate
tool for a very broad spectrum of experiments. In this chapter we describe the basic
components and operation of computerized data-acquisition systems. Since some
readers might not be familiar with computer systems, a brief background is pro-
vided. An important related subject, sampling of time-varying signals, is covered in
Chapter 5.

4.1 INTRODUCTION

As in other aspects of technology, computers have had a major impact on the field of
data acquisition. Since the late 1950s, computers have been used to monitor, and in
many cases to control, the performance of large process plants such as refineries and
chemical plants and to acquire data in major testing programs such as the space pro-
gram. These systems were extremely expensive and required highly skilled personnel
to set them up. In the late 1960s, lower-cost computer data-acquisition systems became
available for smaller tests, but since they were still difficult to set up and program, their
use was limited. The appearance in the late 1970s of the simple and reliable Apple II
personal computer led to inexpensive and simple data-acquisition systems that could
readily be used for small experiments. Personal computer systems (mostly using the
Windows® operating system) are now so capable that they can be used for a significant
fraction of all engineering testing.

Computers significantly enhance the process of data acquisition, largely because
of their versatility and speed. Computers manage the acquisition of data from multiple
sensors (at high sampling rates if desired), save the data, manipulate and display the
data, and, if required, make use of the results to perform control functions. Figure 4.1
shows a block diagram of a typical computerized data-acquisition system (DAS or
DAQ) with eight channels for the input signals.Although most transducers produce an
analog voltage (at least after signal conditioning), some transducers produce digital
output. These signals do not pass through the analog multiplexer and analog-to-digital
converter but take a more direct path to the computer (possibly through a digital mul-
tiplexer). The computer may be used to control the process, either directly with digital
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signals or with analog signals from digital-to-analog converters. The functions of these
components will be discussed later in the chapter.

4.2 COMPUTER SYSTEMS

4.2.1 Computer Systems for Data Acquisition

The computer systems most commonly used for data acquisition in experiments are
personal computers using the Windows® operating system. Sampling rates of over
10 million samples per second are possible, and more than 3000 separate sensors can
be sampled (although not in the same system at the same time). Several major com-
panies supply software and hardware to make a personal computer into a data-
acquisition system, and some of the hardware is available in low-cost generic form.
Figure 4.2 shows a board designed to plug into an interior bus of a personal com-
puter and a shielded box for connecting the transducers used for the experiment.
This board not only permits reading the output of various transducers, but also has
outputs for control of the experiment if required. By carefully selecting suppliers, inte-
grating the systems and software can be seamless, making implementation straightfor-
ward. Hardware and software are also available for the Macintosh® personal
computer systems.

FIGURE 4.1

Computerized data-acquisition system.
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In some cases, the performance of personal computers is not sufficient, and
higher performance computers called workstations and servers are more suitable.
Data-acquisition hardware and software are readily available for these computers.
These higher performance systems often use operating systems such as Unix instead of
Windows®.

For monitoring and controlling many production systems, specialized embedded
computers are used. Probably the most common embedded computers are those used
for fuel control in modern automobiles. However, embedded computer systems are
used in a wide variety of devices from medical imaging equipment to assembly-line
robots.

4.2.2 Components of Computer Systems

Although some computers used in data acquisition are highly specialized (the engine-
control computer in an automobile, for example), the computers normally used are
quite standard and have the following components:

Central processing unit (CPU)
Program (software)
Random access memory (RAM)
Mass storage systems
Display
User input device (keyboard, mouse, etc.)
Printers and plotters

FIGURE 4.2

Data-acquisition board with eight analog
input channels and two analog output
channels also showing an analog signal
connection box. Manufactured by
National Instruments.
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Display

CPU and RAM

Mass storage
(disk drives)

Digital
input-output

(ports or expansion bus)

Printer

Keyboard FIGURE 4.3

Typical computer system.

Figure 4.3 is a block diagram of these components.
The central processing unit (CPU) controls all aspects of computer system opera-

tion and performs all of the arithmetic operations (multiplication, addition, etc.). The
CPU operations follow instructions contained in the user-provided program. The CPU
also follows instructions from the computer operating system programs and from built-
in programs.

Most personal computers have a single central processor, but may have similar
processors controlling certain peripheral devices, such as the display or keyboard.
However, since there is only one central processor, for the most part, computers exe-
cute instructions in a sequential manner. That is, only one instruction can be executed
at a time.

The program provides a set of instructions that cause a computer to perform a
specific function.The program is often known as software to distinguish it from the elec-
tronic and mechanical components of the computer, known as hardware. Software may
either be written by the user completely, or it may be commercial software in which the
user only specifies certain inputs. In some cases (and commonly in the data-acquisition
field), the user may combine his or her own programming and commercial software.

The random access memory is a subsystem of the computer that can store infor-
mation temporarily. In particular, it stores the program instructions and numerical data
when the computer is being operated. RAM is made up of purely electronic compo-
nents with no moving mechanical parts, and as a result, it can supply information to the
central processor at a very high rate (and store information at the same rate). The
information in RAM can readily be changed by the CPU. RAM is volatile, and all
stored information is lost when the computer power is interrupted. Consequently, pro-
grams and data are permanently stored in mass storage devices. (See next paragraph.)
There is normally another kind of memory in a computer, read-only memory (ROM),
used for permanent storage of information required by the computer to operate. The
user cannot normally modify information stored in ROM.

Mass storage devices are used to store large volumes of information, such as
numerical data and programs, in a permanent or semipermanent form. The most com-
mon mass storage device is the hard drive where information is stored in magnetic
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form on rotating metal discs. Solid-state drives (SSD, or Flash Drives) in which infor-
mation is stored on fixed semiconductors are now becoming common. However, man-
ufacturers have made the hard drive a moving target by continuously increasing
speed, reliability, and capacity.

Another technology is the optical disk storage device. The primary advantage of
these devices (which are based on the same technology as that used in audio compact
disks) is that they store very large volumes of data. Optical disks can be used to store
large databases such as library indices and encyclopedias. They can also serve as an
everyday medium for file storage.

The display (or monitor or screen) system usually uses a liquid crystal display
(LCD). The display shows the user a limited amount of information and is also used to
prompt the user for required input or actions.

The most common user input device is the keyboard.The user simply types required
information. However, a “mouse” or a similar device is often used to point to regions on
the screen to communicate with the computer. Some computers have what are known as
touch screens, in which the user can touch regions of the screen to communicate.

Usually, computers have some kind of printer in order to produce printed output
(hard copy). The method of printing depends on the quantity and quality of printing
required. Optical devices such as laser printers are common for all types of computers.
Moderately priced ink jet printers usually have the capability to print in color, which is
often desirable in experimental work.

Computers also have features that enable the user, optionally, to connect to other
devices. Inside the computer, it is possible to connect to the bus, a series of conductors
connecting the internal components of the computer. Outside the computer, there are
generally plug connections known as ports, which are connected to the bus internally.
The components that convert a computer to a computerized data-acquisition system
connect either directly to the bus or to one of the ports.

4.2.3 Representing Numbers in Computer Systems

While numbers used in the everyday world are normally represented in base 10 (deci-
mal), it is far more practical in computers to represent numbers in base 2 (binary).
Information in computers is stored in bistable devices called flip-flops, which can have
two possible states. One state is defined as “on” and is assigned a numerical value of 1,
and the other state is defined as “off” and is assigned a numerical value of 0.A series of
flip-flops are required to represent a number. For example, the binary number 1001,
which corresponds to the decimal number 9, can be represented in a computer using
four flip-flops. Each of these flip-flops represents a “bit” of the number. The leftmost
“1” in the binary number 1001 is the most significant bit (MSB). The rightmost “1” is
the least significant bit (LSB). It is common in computers to break long binary numbers
up into segments of 8 bits, which are known as bytes.

There is a one-to-one correspondence between binary numbers and decimal
numbers. For example, the 4-bit binary number above can be used to represent the pos-
itive decimal integers from 0 (represented by 0000) to 15 (represented by 1111).
Example 4.1 shows how to convert a binary number to decimal, and Example 4.2
shows how to convert a decimal number to binary.
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Example 4.1

Convert the 8-bit binary number 01011100 to decimal.

Solution: In moving from left to right, the bits represent and Hence
to get the decimal equivalent, we simply have to add the contributions of each bit.

Example 4.2

Find the 8-bit binary number with the same value as that of the decimal number 92.

Solution: This problem can be solved by a series of divisions by 2:

= 92

= 0 + 64 + 0 + 16 + 8 + 4 + 0 + 0

N10 = 01272 + 11262 + 01252 + 11242 + 11232 + 11222 + 01212 + 01202

20.27, 26, 25, 24, 23, 22, 21,

The answer is contained in the remainders. The top number is the least significant bit, and the
bottom number is the most significant bit. The answer is, thus, 1011100. However, we are asked
for an 8-bit number, so the most significant bit is 0 and the answer is

In Examples 4.1 and 4.2, binary numbers are used to represent positive decimal
integers. However, it is also necessary to represent negative numbers and floating-
point numbers (such as ). Special techniques are used to represent these
numbers.

Negative numbers are most commonly represented inside computers by a tech-
nique known as 2’s complement. As noted above, 4 bits can be used to represent the
decimal integers 0 to 15. These same 4 bits can alternatively be used to represent
numbers from to The positive numbers from 0 to 7 are represented by the
three least significant bits, ranging from 0000 to 0111. The negative numbers from 
to are represented by the binary numbers 1000 to 1111, respectively. For positive-1

-8
+7.-8

3.56 * 103

N2 = 01011100

Remainder
2l92
2l46 0
2l23 0
2l11 1
2l5 1
2l2 1
2l1 0

0 1
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numbers, the most significant bit is always 0, while it is always 1 for negative num-
bers. To convert a negative decimal integer to 2’s-complement binary, the following
procedure can be followed:

1. Convert the integer to binary as if it were positive.
2. Invert all of the bits—change 0’s to 1’s and 1’s to 0’s.
3. Add 1 LSB to the final result.

This process is demonstrated in Example 4.3. While 2’s complement may appear to be
an awkward method to represent negative numbers, computers can perform arithmetic
very efficiently using this numeric representation.

Floating-point numbers are handled by keeping separate track of the two parts of
the number, the mantissa and the exponent. Separate arithmetic operations are per-
formed on the two parts, similar to hand calculations.

Example 4.3

Convert the decimal integer to an 8-bit 2’s-complement binary number.

Solution: In Example 4.2 we converted to binary and the result was

01011100

Next we invert all the bits, to obtain

10100011

and then add 1 to obtain the final result, 10100100.

In most computerized data-acquisition-system applications, the user will not
actually need to use binary numbers.This is because the interface between the user and
the computer normally makes binary-to-decimal or decimal-to-binary conversions
automatically. When a user requests that a number stored in the computer be printed
out, the computer converts the internal binary number to decimal prior to printing.
Similarly, when a decimal number is typed on the keyboard, it is converted to binary
before it is stored in the computer. Although the DAS user will not frequently convert
bases between binary and decimal, it is necessary to be familiar with the binary number
system to understand the operation of some system components.

When computers communicate with the outside world through various input/out-
put ports, other binary codes are often used that differ from the internal code. One
common code used in computers is known as the American Code for Information
Interchange (ASCII). In this code, 8 bits are used to represent up to 256 characters.The
first 128 of these (0 to 127) are standardized, and ASCII codes 33 to 127 are shown in
Table 4.1. For example, the character lowercase k is represented by the binary number
01101011, which has the decimal value 107. Codes 0 to 32 are special control characters
and are not shown. While ASCII-coded data are used to transfer information, they are
not useful for arithmetic operations.

+92

-92
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TABLE 4.1 ASCII Characters

Decimal
code Character

Decimal
code Character

Decimal
code Character

Decimal
code Character

Decimal
code Character

33 ! 52 4 71 G 90 Z 109 m
34 ” 53 5 72 H 91 ƒ 110 n
35 # 54 6 73 I 92 111 o
36 $ 55 7 74 J 93 ƒ 112 p
37 % 56 8 75 K 94 ¿ 113 q
38 & 57 9 76 L 95 - 114 r
39 ’ 58 : 77 M 96 115 s
40 ( 59 ; 78 N 97 a 116 t

41 ) 60 6 79 O 98 b 117 u
42 * 61 = 80 P 99 c 118 v
43 + 62 # 81 Q 100 d 119 w
44 , 63 ? 82 R 101 e 120 x
45 - 64 (a) 83 S 102 f 121 y
46 . 65 A 84 T 103 g 122 z
47 / 66 B 85 U 104 h 123 5
48 0 67 C 86 V 105 i 124 ƒ
49 1 68 D 87 W 106 j 125 6
50 2 69 E 88 X 107 k 126 '
51 3 70 F 89 Y 108 l 127

4.3 DATA-ACQUISITION COMPONENTS

To make a computer into a data-acquisition system, several additional components are
required, as shown in Figure 4.1. Multiplexers and analog-to-digital converters are
almost always present and other components are added as required. If it is necessary to
take readings of several measurands at precisely the same time, simultaneous sample-
and-hold devices (or related systems) are required. If it is necessary to control the
experiment (or process), the computer must supply outputs in digital or analog form. If
the required control signal is analog (to control such components as valves and
heaters), the computer-system digital output must be processed through a digital-to-
analog converter.

4.3.1 Multiplexers

As mentioned above most computers perform instructions in a sequential manner.
Thus, the simplest method to take data is to read the outputs of the sensors sequen-
tially. In most cases the computer reads information from the various channels one at a
time using a device called a multiplexer (MUX). The MUX, as used in this application,
is essentially an electronic switch. The computer instructs the MUX to select a particu-
lar channel, and the data are read and processed. The computer then causes the MUX
to select another channel, and so forth. A mechanical analog to the DAS multiplexer is
shown in Figure 4.4. The switches in the multiplexers used in data-acquisition systems
are semiconductor devices.
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Signal inputs
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Ch. 1
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Signal output

FIGURE 4.4

Four-channel analog multiplexer
(channel 1 connected).

Although multiplexers are rather simple devices, they are subject to some errors.
One of these is crosstalk.Adjacent channels may interfere with the channel being read.
This error is normally a precision error. An additional error might occur if the output
signal voltage is not exactly the same as the input—that is, the multiplexer alters the
signal. The measure of this characteristic is known as transfer accuracy. In the most
common situation, an analog multiplexer is used to select analog signals from the con-
nected transducers and directly or indirectly connect these signals to the analog-to-dig-
ital converter. (See Section 4.4.2.) However, some transducers have a digital output
that can be input to the computer directly, bypassing the multiplexer and the analog-to-
digital converter.

4.3.2 Basics of Analog-to-Digital Converters

To explain the function of the A/D converter it is necessary to describe two distinct
methods by which electronic systems process numerical information: analog and digi-
tal. Many everyday electronic devices, such as radios and audio amplifiers, are basically
analog devices (although they may have some digital components)1. Modern comput-
ers, on the other hand, are digital devices. If we are trying to represent a value of 5 V in
an analog device, we could, for example, charge a capacitor to 5 V. In a digital device, 5
V will be represented by a digital code (a digital binary number such as 0101), which is
stored on bistable flip-flops.The actual digital coding scheme used to represent an ana-
log voltage is well defined in a particular situation, but is not universal.

Most transducers generate an analog output signal. For example, a tempera-
ture transducer might generate an output voltage that is proportional to the sensed

1Until recently, the television system was basically analog.The over-the-air signal was analog and most of the
processing in the set was also analog. Now, the over-the-air signal is digital (a string of off/on pulses) and
much of the internal processing is also digital.
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Bulb 1 Bulb 2

V 6 2.5 off off

2.5 … V 6 5.0 off on

5.0 … V 6 7.5 on off

7.5 … V on on

temperature. If the temperature were to be varied in a continuous manner, the
transducer output will show a continuous variation. There are possibly an infinite
number of possible output values. The analog-to-digital converter (A/D converter
or ADC) is the device required in data-acquisition systems to convert the analog
transducer signals into the digital code used by the computer.

The digital representation of the value of the transducer output is a code that is
related to the analog transducer output but does not describe the output exactly. For
example, we could connect the output of the transducer to a relay, which in turn oper-
ates a light bulb. If the voltage is less than or equal to 5 V, the bulb is off. If the trans-
ducer output voltage is greater than 5 V, the bulb is on. The on–off status of the light
bulb is a digital code that crudely represents the transducer output. Similarly, the out-
put of the transducer could be represented by two light bulbs. There are four possible
states for the pair of light bulbs:

With two light bulbs, the transducer output is now represented more accurately in dig-
ital form than with a single light bulb. These light bulb devices represent primitive
forms of analog-to-digital converters. The single-light-bulb device is a 1-bit A/D con-
verter, and the two-light-bulb device is a 2-bit A/D converter. A bit has two possible
states, on or off. Inside a computer, flip-flops instead of light bulbs are used to repre-
sent these states.

In general, the output of an analog-to-digital converter has possible values,
where N is the number of bits used to represent the digital output. The 1-bit device has
two possible output states, 0 and 1; and the 2-bit device has possible output
states (00, 01, 10, and 11 in binary representation). Computerized data-acquisition sys-
tems usually use A/D converters with at least 8 bits, where the number of possible
states is (which equals 256).The possible states are then represented by binary num-
bers with values between 00000000 and 11111111. An example of the output is
10000001. Since there is a direct conversion between binary (base 2) and decimal (base
10) numbers, this output of 10000001 could be stated as 129 in decimal. The actual
physical representation at the output of the A/D converter is, however, binary.

Although the circuitry of analog-to-digital converters can vary widely, from an
external performance viewpoint, they can normally be described by three primary char-
acteristics. The first of these is the number of bits used to represent the output. The
greater the number of bits, the greater the number of possible output states and the more
accurately the digital output will represent the analog input. The second characteristic is
the input range.The third characteristic is the conversion speed, which is the time it takes
to create a digital output after the device is instructed to make a conversion.

28

22 = 4

2N
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FIGURE 4.5

Ramp A/D converter process.

The input range of an A/D converter is the range of analog input voltages over
which the converter will produce a representative digital output. Input voltages out-
side the range will not produce a meaningful digital representation of the input. The
input range of A/D converters can be classified as unipolar or bipolar.A unipolar con-
verter can only respond to analog inputs with the same sign. Examples of the input
range are 0 to 5 V or 0 to Bipolar converters can convert both positive and
negative analog inputs, with or being typical input ranges. Many com-
puter data-acquisition systems offer the user the option of selecting a unipolar or
bipolar mode.

A conceptually simple type of A/D converter, called a unipolar single-slope inte-
grating converter, serves to demonstrate the A/D conversion process. In this device a
fixed reference voltage is used to charge an integrator at a constant rate. (See Section
3.2.6.) The integrator output voltage will then increase linearly with time. As shown in
Figure 4.5, a digital clock (counter) is started at the same time that the charging is
begun. The integrator output voltage is compared continuously with the analog input
voltage, using a comparator. (See Section 3.2.6.) When the integrator voltage exceeds
the analog input voltage, the digital clock is stopped. The count of the digital clock is
the digital output of the A/D converter. This process is simulated numerically in
Example 4.4.

A block diagram of a single-slope integrating converter is shown in Figure 4.6.
The FET (field-effect transistor) is used to zero the integrator at the start of the con-
version. Although they demonstrate the principle of A/D conversion in a simple man-
ner, ramp-type converters are not commonly used. Ramp converters are not as
accurate as other types and are relatively slow. The most common practical A/D con-
verters are discussed in the next section.

;10 V;5 V
-10 V.
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FIGURE 4.6

Single-slope integrating A/D converter circuit. (Based on Turner, 1988.)

Example 4.4

A 4-bit single-slope integrating A/D converter has an input range of 0 to 10 V. Compute the dig-
ital output for an analog input of 6.115.

Solution: The incremental voltage increase in each clock tick is

We must find the integrator voltage at the end of each clock tick and compare it to the input
voltage:

When the clock has counted to 10, the slope voltage exceeds the input voltage and the conver-
sion is complete. The output of the converter is the decimal number 10, which has the value 1010
when expressed in binary.

= 6.250 7 6.115 stop counter 0.625 * 10 0.625 * 5 = 3.125

= 5.625 0.625 * 9 0.625 * 4 = 2.500

= 5.000 0.625 * 8 0.625 * 3 = 1.875

= 4.375 0.625 * 7 0.625 * 2 = 1.250

= 3.750 0.625 * 6 0.625 * 1 = 0.625

Vref =
10 - 0

24 = 0.625
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TABLE 4.2 Common Binary Output Codes of A/D Converters

Form of binary output code

Input
voltage Vi

Offset
binary

Inverted
offset binary

2’s 
complement

Inverted
2’s complement

Vru 111 Á 11 000 Á 00 011 Á 11 100 Á 00
o o o o o
. 100 Á 00 011 Á 11 000 Á 00 111 Á 11
. 011 Á 11 100 Á 00 111 Á 11 000 Á 00
o o o o o
Vrl 000 Á 00 111 Á 11 100 Á 00 011 Á 11

There are a number of output codes that are used to represent the digital
output of A/D converters. The type of code used in the examples above is simply
called binary output. However, bipolar converters need to represent inputs with
both positive and negative signs. Bipolar converters most frequently use one of
two other common codes, 2’s-complement binary or offset binary. The output
binary number may increase with increasing input voltage or decrease with
increasing input. Table 4.2 shows the form of the binary numbers for these codes.

and represent the upper and lower values of the input range and is the
input voltage. Offset binary is just like simple binary except that for bipolar con-
verters, the output code of zero corresponds to the lower end of the input range
instead of an input of zero. 2’s complement starts with a binary number on at
the lower end of the range, has a value of zero in the center of the input range, and
rises to at the top end of the range. 2’s complement is the standard
method of representing negative numbers in digital computers and is the digital
converter output most easily utilized.

Figure 4.7 gives some formulas that can be used to estimate the output of
A/D converters. The exact operation of the converter may cause the output to dif-
fer by one bit. Examples 4.5 and 4.6 demonstrate the use of these formulas. If an
input voltage is outside the input range, the A/D converter is said to be saturated.
Although this is an error, it is really more of an experimental mistake and cannot
be estimated through error analysis. The experimenter must ensure that the device
is used within its range. When the experimenter evaluates the data, output values
corresponding to the bottom or top of the range should be viewed with suspicion.
Worse yet, if the input voltage has a very large magnitude, it might damage the
converter.

Analog-to-digital converters are subject to a number of errors. There are
three systematic errors to be considered: linearity, zero, and sensitivity (or gain)
errors. These errors are the same as for a general device, as described in Chapter 2
where the analog voltage is the input and the digital code is the output. A/D con-
verters are also subject to thermal-stability effects that can alter zero, sensitivity,
and linearity.

2N/2 - 1

2N/2

ViVrlVru
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Definitions of variables:

analog input voltage
upper value of input range
lower end of input range
number of bits
digital output

To find the output of a 2’s-complement A/D converter, given the input analog voltage, use

(A)

(B)

(C)

(D)

"int" indicates that the calculation should be rounded to the nearest integer. The maximum 

allowable positive output is (2N/2 � 1), and the maximum negative output is (�2N/2). If the 
computed output is outside these limits, the converter is saturated and the actual output will 
have the value of the nearest limit.

For an offset binary or simple binary converter, the output will be

Do � int
Vi � Vrl

Vru � Vrl

2N

2
�2N

Do � int
Vi � Vrl

Vru � Vrl
2N

and the output will range from 0 at the lower limit to 2N�1 at the upper limit.

To find the analog input, given the digital output, the following formula can be used for a
2’s-complement converter:

For binary or offset binary, the formula is

Vru � Vrl

2N
�VrlVi � Do �

2N

2

Vru � Vrl

2N �VrlVi � Do

Do

Vi

Vru
Vrl
N

FIGURE 4.7

Formulas to estimate A/D converter digital output.

Example 4.5

For the problem of Example 4.4, use Eq. (B) of Figure 4.7 to compute the digital output.

Solution: Since this is a simple binary device, Eq. (B) is applicable:

The output of 10 is the same as that obtained in Example 4.4.

Do = int ¢6.115 - 0
10 - 0

* 24≤ = int19.782 = 10
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Input Computed output Actual output

-11 (below range)-2253 -2048

-5 -1024 -1024
0 0 0

6.115 1252 1252

12 2458 (above average) 2047

Example 4.6

A 12-bit A/D converter with 2’s-complement output has an input range of to Find
the output codes when the input is 0, 6.115, and 12 V.

Solution: Substituting into Eq. (A) in Figure 4.7, the results are as follows:

-11, -5,
+10 V.-10

The value is below the input range, so the output is simply the lowest possible output state,
which is The value 12 is above the input range, so the output is the largest output state,
which is 2047 for a 12-bit converter. The experimenter should be suspicious of any result at the
limits of the range. For example, an analog input of would produce the same output as the

input in the table.

Since the output of an A/D converter changes in discrete steps (one LSB), there is a
resolution error (uncertainty), known as a quantizing error, which is treated as a (ran-
dom) error. This quantizing error is LSB. In input units, this translates to

(4.1)

Thus, changes in the input as large as this resolution may not show up as changes in
the digital output. For an 8-bit converter, the error is about of the input range,
and for a 12-bit converter it is about The user must select a converter with
suitable resolution to obtain acceptable accuracy. Example 4.7 demonstrates the use
of Eq. (4.1).

Example 4.7

A 12-bit A/D converter has an input range of to Find the resolution error of the con-
verter for the analog input.

Solution: Using Eq. (4.1) gives us

The resolution uncertainty of is the best that can be achieved.;0.00244 V

input resolution error = ;0.5B 10 - 1-102
212 R = ;0.00244

+10 V.-10

;0.01%.
;0.2%

input resolution error = ;0.5
Vru - Vrl

2N
 volts

;0.5

-11-V
-13 V

-2048.
-11
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Comment: If the input voltage were 0.1 V (which has a magnitude at the low end of the input
range), the quantization error would then represent of the reading, which is probably not
acceptable. The solution to this problem is to amplify the input (with some well-defined gain
such as 10) before the signal enters the converter.

If the input signal is varying rapidly, A/D converters will cause another error, due
to the converter aperture time, which is the time required to convert the input signal.
Since aperture time is always greater than zero, the input voltage will, in general,
change during the conversion process. The value of the input at the start of the conver-
sion can only be determined with some error, depending on the aperture time and the
rate at which the input signal is changing. To minimize this problem in computerized
data-acquisition systems, an additional component, called a sample-and-hold device, is
inserted between the multiplexer and the A/D converter in Figure 4.1. This device
reads the input value very rapidly and then holds a constant value for the input to the
A/D converter during the conversion time. For example, the conversion time is typi-
cally from 10 to for a successive-approximations converter (see Section 4.3.3),
but a sample-and-hold device can read the data in or less.

4.3.3 Practical Analog-to-Digital Converters

The most common type of A/D converter used in computerized data-acquisition sys-
tems, the successive-approximations converter, employs an interval-halving technique.
In this device a series of known analog voltages are created and compared to the analog
input voltage. In the first trial, a voltage interval of one-half the input span is compared
with the input voltage. This comparison determines whether the input voltage is in the
upper or lower half of the input range. If the input voltage is in the upper half of the
range, the most significant bit is set to 1; otherwise it is set to zero. This process is
repeated with an interval half the width of the interval used in the first trial to deter-
mine the second most significant bit, and so forth until the least-significant bit is deter-
mined. This process is shown graphically in Figure 4.8, and Example 4.8 shows a
numerical simulation. For an 8-bit converter, only eight comparisons are needed, and in
general, for an N-bit converter, only N comparisons have to be made. Hence the device
is very fast even for converters with large values of N (such as 16 or 18).A typical 12-bit
successive-approximations converter can complete a conversion in 10 to A block
diagram of a successive-approximations converter is shown in Figure 4.9. (The digital-
to-analog converter component, which creates an analog signal to compare with the
input signal, is described in the next section.)

Example 4.8

An 8-bit A/D unipolar successive-approximations converter has an input range of 0 to 5 V. An
analog voltage of 3.15 V is applied to the input. Find the analog output.

Solution: First, a reference voltage increment is created:

¢V =
input span

2N
=

5
28 = 0.01953

25 ms.

1.5 ms
25 ms

;2.5%
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FIGURE 4.8

Graphical description of the method of successive approximations for a 4-bit A/D converter.
Based on Franco (2002).

The numbers in parentheses are the decimal equivalents of the binary numbers. At the end of
the process, the output is 10100001, which is the same as 161 in decimal.

The fastest type of A/D converter is the parallel or flash A/D converter. With this
device the conversion process is completed in a single step. Conversion times can be as
fast as 10 ns. These converters essentially make all possible comparisons at once and
select the digital output that corresponds to the correct answer. A block diagram of a

Trial digital output 1Do2 Do * ¢V Pass/Fail Actual digital output

10000000 (128) 2.5 Pass 10000000 (128)

11000000 (192) 3.75 Fail 10000000 (128)

10100000 (160) 3.125 Pass 10100000 (160)

10110000 (176) 3.438 Fail 10100000 (160)

10101000 (168) 3.281 Fail 10100000 (160)

10100100 (164) 3.203 Fail 10100000 (160)

10100010 (162) 3.164 Fail 10100000 (160)

10100001 (161) 3.144 Fail 10100001 (161)



88 Chapter 4 Computerized Data-Acquisition Systems

Analog input
voltage

Compare

"0" or "1"

Reference
source

Clock

1

2Digital-to-
analog

converter

Control
logic

n

Output
register

1

2

n

Output

FIGURE 4.9

Block diagram of a successive-approximations A/D converter. Copyright 1990 Instrument
Society of America. From Computer-based Data Acquisition Systems by J. Taylor.
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flash converter is shown in Figure 4.10. Parallel converters require a large number of com-
ponents ( comparators, for example), but modern high-component-density chip
technology has made them practical. Parallel converters are commonly used for applica-
tions where 8-bit resolution is adequate.They are also available with 12-bit resolution but
at a higher cost.A variation of this parallel concept, the half-flash converter, is common in

2N - 1
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data-acquisition systems where high sampling rates and more than 8-bit resolution are
required. The half-flash converters use two flash converters and take two steps to com-
plete a conversion. Half-flash converters can complete a 12-bit conversion in about 100 ns.

A common A/D converter design used in digital voltmeters is the dual-slope inte-
grating converter. A block diagram is shown in Figure 4.11(a), and the operation is
shown graphically in Figure 4.11(b). In this device, the analog input voltage signal is
connected to an integrator for a fixed period of time This process results in a voltage
on the integrator. The analog input voltage is then disconnected from the integrator,
and a reference voltage of a polarity opposite to is connected to the integrator.A
counter is then used to measure the time it takes to reduce the integrator voltage to
zero. Mathematically, the time can be expressed as

(4.2)t1 = t0
Vi
Vr

t1

t1

ViVr

t0.
Vi

Input

Integrator

Clock

Digital output

(a)

(b)

Integrator
voltage

Time

Comparator

Control
logic

Counter

1 2 n

Reference

t0 t1

FIGURE 4.11

Block diagram of a dual-slope
integrating A/D converter: (a)
block diagram; (b) integration
process. Copyright 1990 Instru-
ment Society of America. From
Computer-based Data Acquisition
Systems by J. Taylor.
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Since and are fixed, the time is proportional to which is the counter out-
put and hence is in digital form, is a digital representation of the analog input voltage.
These devices are probably the most accurate type of A/D converter and have the
advantage that the input voltage is integrated over time, thus averaging out noise (such
as 60-Hz power-line interference). The conversion time is relatively slow, on the order
of 4 to 8 ms (sometimes slower), and the devices are only suitable for the slowest mea-
suring systems.

4.3.4 Digital-to-Analog Converters

While in some situations a data-acquisition system is used only to collect data, it is
common for the computer to use the acquired results to change some aspect of the
measured system. In process plants, this will be a control function. In experiments, it
may be a control or it may be a variation of some independent variable of the experi-
mental apparatus. For example, if we are determining the performance of a semicon-
ductor device as a function of temperature, the computer may acquire all relevant data,
then change the power of a heater to alter the temperature, monitor the temperature
until it has stabilized again, and then acquire more data.

Most devices used to control a system, such as solenoids, heaters, and valves, are
analog devices. These devices operate on the basis of an analog input voltage. To oper-
ate these devices under computer control, the computer digital signals must be con-
verted to analog signals. If the analog device is simply an on–off component, digitally
controlled relays can be used. If the analog device requires proportional control, then a
digital-to-analog converter (D/A converter or DAC) is required. As shown schemati-
cally in Figure 4.12, the various bits of the digital output signal are used to operate a set
of electronic switches. In Figure 4.12 there are four bits and four switches.The resulting
analog output voltage will be proportional to the digital input number. D/A converters
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FIGURE 4.12

Digital-to-analog converter.
(Based on Turner, 1988.)
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are specified like the A/D converter—the number of input bits, the analog output
range, and the conversion speed. As for A/D converters, a number of digital codes are
also used.

Generally, the output electrical power of a D/A converter is insufficient to
directly operate most control devices, such as proportional valves. Consequently, the
output of the converter will be used to operate an amplifier, which will in turn supply
the power for the activated control device.

4.3.5 Simultaneous Sample-and-Hold Subsystems

When a DAS uses a multiplexer, the individual channels are not read at precisely the
same time. If the input signals are changing slowly relative to the time it takes to com-
plete all the readings, this is not a problem. In some cases it is important that all chan-
nels (or a subset of the channels) be recorded at precisely the same time. To solve this
problem, the channels of interest can each be connected to a simultaneous sample-and-
hold subsystem. Figure 4.13 is a block diagram showing how a simultaneous sample-
and-hold module is added to the DAS of Figure 4.1. Each of the top four channels
connect to a sample-and-hold device. These sample-and-hold devices are instructed to
take a reading simultaneously. However, the data from these channels are not immedi-
ately processed. The computer subsequently reads each of the channels connected to
the sample-and-hold subsystem (using the multiplexer) and processes the data. Some
high-speed data-acquisition systems actually have an A/D converter for each channel
that must be read simultaneously. These systems are known as simultaneous sample-
and-convert systems.

Control for DAS devices
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Sensors
Signal

conditioners
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U
X

ComputerA/D
converter
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S/H
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FIGURE 4.13

Simultaneous sample and hold subsystem.
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4.4 CONFIGURATIONS OF DATA ACQUISITION SYSTEMS

While a generic data acquisition system generally has the components shown in Figure
4.1, there are many ways in which these components are packaged. There are differ-
ences in system size, performance, durability, and features. There are a large number of
companies marketing data-acquisition systems and components, and in most cases,
selection of equipment will involve significant research and discussions with supplier
representatives. Furthermore, since the field is advancing rapidly, new features will
appear frequently. The following general discussion is only intended as an overview.
The following configurations will be introduced here:

Internal single board plug-in systems
External systems
Virtual instruments
Digital storage oscilloscopes
Data loggers

4.4.1 Internal single board plug-in systems

The simplest and least expensive data-acquisition systems are those assembled on a
circuit board, which can be plugged into a personal computer in an internal bus. These
will plug into a peripheral component interconnect (PCI) slot (or similar slot) that is
typically built directly onto the motherboard of most desktop PCs and workstations.At
the minimum, these systems contain most of the components shown in Figure 4.1. A
common additional feature is an amplifier that is located between the multiplexer and
the A/D converter. This amplifier usually has programmable gain, in the 1–1000 range,
which can be set at a different value for each channel. Amplifiers shared by several
channels in this way result in considerable cost savings compared to individual ampli-
fiers for each channel. Figure 4.2 shows a typical board of this type. Additional acces-
sories include simultaneous sample-and-hold modules and clock/timers to
automatically take samples.

These plug-in board systems can have maximum specifications of 100–200 chan-
nels, sampling rates up to one million samples per second and resolutions up to 18 bits.
However, not all of these maximum figures can be obtained at the same time.The spec-
ified sampling rate is generally the total number of samples that can be taken in a sec-
ond and must be distributed among the sampled channels. The use of programmable
amplifiers also reduces maximum sampling rate. Since the amplifier requires a short
settling time each time it is connected to a new signal, the sampling rate is reduced. For
maximum sampling rate, each channel should have its own amplifier. Single board sys-
tems are the best choice for small experiments.

4.4.2 External Systems

More elaborate types of personal computer-based data-acquisition systems locate
data-acquisition components in separate modules that connect to the computer
through ports or adapters connected to the internal bus. These systems can normally
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handle much larger numbers of channels, numbers in the thousands being within rea-
son.These external components are usually connected to each other by specialized dig-
ital wiring systems discussed below.

Process control computers, used in such places as automated production lines,
chemical and petroleum process plants, and electric power plants are normally based
on computers with higher performance than personal computers. These systems can
acquire data from hundreds of sensors, perform real-time computations and control
the process. Process control applications often have harsh environments and demand
durable and reliable systems, so rugged construction and packaging is paramount.

4.4.3 Digital Connectivity

There are a large number of standard connections between digital devices and it is not
possible to review all of them here.A brief summary of the most common types of con-
nections is given below. The nature in which each of these standards transmits a digital
signal varies, but typically is based on sending pulses at a synchronized frequency or
clock. In this fashion, the voltage level might be read periodically (e.g. every 10 nsec for
a 100-MHz clock signal) with its value (high or low) constituting a single bit. The tech-
nical details of each standard define a large number of items including how the clock
signal is synchronized between the transmitter and receiver, rules for handshaking
between devices (making sure the devices are communicating), voltage levels, connec-
tion types, number of lines, etc. Modern standards allow for two-way communication,
backward compatibility and power delivery. Most components found in a data-acquisi-
tion system are typically offered in several formats, providing the user with a signifi-
cant amount of flexibility in system design.

The most direct way to connect a digital device to a PC is to use the previously
mentioned PCI slot, which is typically built directly onto the motherboard of most
desktop PCs and workstations. A standard PCI slot uses a 33-MHz clock to transmit a
32-bit signal in parallel yielding a data transfer rate of 1066 Mbits/sec or

These slots also provide DC power from the mother-
board to the device that is plugged in. Other variants on this basic architecture include
PCI-X (or PCI eXtended) and PCIe (or PCI Express), which improve upon the data
transfer rate and geometry of the PCI standard. The use of PCI slots provides a direct
connection between the device and the CPU and allows the device to exploit the PC’s
processing power. Direct connections also provide the highest possible data transfer
rate. These devices are limited, however, by the number of slots available on the moth-
erboard, the power available, and the relative immobility of the devices once they have
been installed on a particular computer. In addition, standard computer systems may
not be appropriate in industrial environments where excessive vibrations and temper-
ature changes can compromise performance. In this case, a dedicated platform such as
the PCI eXtensions for Instrumentation (PXI) may be called for. PXI runs on the same
technical standard as PCI, but is more rugged and has other improvements, making it
more suitable for use in demanding environments.

In addition to direct internal connections, many DAQ components are offered
with external connecting options via a cable using such standards as universal serial
bus (USB), IEEE1394 (i.e. firewire), Ethernet, RS-232, RS-422, and IEEE488 (GPIB).

133 MB/sec 18 bits = 1 byte2.
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From a data-acquisition point of view, the user is typically concerned with the speed
and length over which the data can be transferred from the external device to a com-
puter. Table 4.3 lists typical specifications for each standard. In many cases, the transfer
rate and cable length depend on other factors such as the type of cable and the pres-
ence of electromagnetic noise in the system. Repeaters and hubs can also be used to
extend the length. Recent advances in fiber-optic based communications have
increased these distances significantly. Each family of standards has a unique connec-
tor design that allows one to quickly identify the type of device being used and pre-
vents accidental connection to other types of connections. Many standards (e.g. USB
and Firewire) are backward compatible such that a device based on the old standard
can be connected to a device or computer designed using the more recent standard,
albeit with the speed limited to that of the old specification. In addition, most recent
standards have a provision for delivering DC power to the connected device, eliminat-
ing the need for an external power source for devices requiring relatively low power.

More recently, wireless connections between devices have become prevalent. The
most common standards found in home networks are IEEE802.11b and IEEE802.11g,
which allow devices to connect over a limited distance. In addition, cellular networks are
also allowing many devices to connect to a computer remotely via the Internet. The
length and speed of wireless connections depend greatly on the strength of signal
between the host and receiver and generally are significantly slower than their hardwired
counterpart. Wireless connections, however, allow for mobility such that a measurement
system is not confined to a single location. For example, a technician may be able to
travel to a remote site with a handheld device and upload the data to a central computer.

4.4.4 Virtual Instruments

The modular nature of digital data-acquisition devices gives an engineer a tremendous
amount of flexibility in the design of a measurement system. Various “off-the-shelf”

TABLE 4.3 Approximate Specifications for Common Digital Device Connections

Standard Typical Maximum Cable Length (m) Data Transfer Rate (Mbit/s) Year Introduced

PCI N/A 1064 1993

PCI-X N/A 8512 1998
RS-232 '20 0.020 1969
IEEE488 (GPIB) 20 8 1975

RS-422 (rev. B) 1200–12 0.1–10 (depends on cable length) 1994
USB 1.1 3 12 1998

USB 2.0 5 480 2000
USB 3.0 3 4,800 2008
IEEE 1394a 4.5 400 1995
IEEE 1394b 100 3200 2002
Ethernet 10BASE

100 m with twisted pair copper
with fiber based cables710,000 m

10 1990
Ethernet 100BASE 100 1995
Ethernet 1000BASE 1,000 1999
Ethernet 10GBASE 10,000 2003
Wi-Fi IEEE 802.11b Wireless

Up to 95 m (outdoors)
Up to 11 1999

Wi-Fi IEEE 802.11g Up to 54 2003
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components can be selected and integrated into a single measurement system using the
various connections listed in the previous section. For example, one may wish to mea-
sure the pressure and temperature of a fluid at several locations as it travels through a
large and complex piping system. A simple, but not very efficient, approach would be
to have separate sensors and displays located at each station with the values manually
checked periodically to ensure that things are operating smoothly. A more elegant and
useful approach, however, would to be combine all of the signals together and display
them on single screen. This is possible using commercial software packages such as
National Instruments LabVIEW, which allows one to create a custom “virtual instru-
ment” designed for a particular application. These types of commercial software pack-
ages have become extremely sophisticated, allowing the user to take data, display it in
real time, write the data to files, perform real-time data processing, conduct process
control and perform safety checks, just to name a few functions. Typically, the software
consists of a graphical user interface that allows the user to design a custom screen con-
sisting of various menus and icons connected to the various components in the system.
With Ethernet connections, these components can even be spread across several states
or countries. In the above scenario, the custom software may consist of an on-screen
schematic of the piping system with the current pressure and temperature displayed at
each measurement station. The interface may also allow for various settings to be
changed, such as the closing or opening of a valve, by simply clicking on a button
located near the valve in the schematic. The system may also be set up to take appro-
priate action, such as automatic shut down, in the event of a failure that might compro-
mise safety or cause property damage.

Virtual instruments are recognized in contrast to measurement hardware that
has a predefined function. For example, a digital multimeter uses an A/D converter and
a digital display to read and display a voltage level. Other functions, such as measuring
AC voltage amplitude are hard-wired into the device and new functions cannot be
added as needed. A computer with an A/D convertor and appropriate software can
also perform the same functions, but provide additional flexibility and customizability
by exploiting the capabilities of the computer to which it is attached. For example, one
could build a program to not only indicate the amplitude of the AC signal but also dis-
play the signal on the screen and indicate the frequency and phase at which it is oscil-
lating. It would also be possible to display multiple signals on a single screen or
perform mathematical operations on the signals.While this example would be straight-
forward to implement for even a lightly trained programmer, it would still take time
and resources to implement and may be an overkill for certain tasks. As such, the sys-
tem engineer must balance the function of the device with the cost.

4.4.5 Digital storage oscilloscopes

Digital storage oscilloscopes (DSOs) display the data in a similar fashion to analog
CRT scope; however, the signal is digitized using an analog-to-digital (A/D) converter
prior to being displayed on the screen. Figure 4.14 presents a block diagram of the
basic architecture of a DSO. The signal is first amplified and then digitized using a spe-
cial A/D convertor commonly referred to as a high-speed digitizer. High-speed digitiz-
ers are similar to conventional A/D circuits except that they emphasize speed, or
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Block diagram of a digital storage oscilloscope.

sampling rate, over precision. Digitizers are available with speeds in the GHz range
and typically have 8-bit precision.As the digitization occurs at speeds greater than that
at which the signal can be processed and displayed, the digital output is immediately
stored into memory. The stored signal is then sent to a microprocessor and a display
unit, such as an LCD screen. The inclusion of a microprocessor into the system archi-
tecture allows for the inclusion of advanced data processing and triggering algorithms
to be included as part of the function of the DSO. For example, the scope can also be
used to measure the signal frequency, amplitude, pulse width, and rise time, or set to
trigger on a particular type of event, just to name a few of the functions commonly
available. In addition, digital scopes are capable of acquiring and displaying multiple
signals simultaneously on the same screen.

Many DSOs, taking advantage of the digital nature of the device, are also outfit-
ted with components found in personal computers (e.g. hard drive, DVD-ROMs, etc.)
and include an operating system allowing for the instrument to be integrated into more
complex test environments and for the use of customized software. Similarly, high-
speed digitizers can be purchased separately and installed on a computer, allowing the
computer to function as an oscilloscope. Regardless of whether the scope is analog,
digital, or PC-based, there are a number of performance parameters that must be con-
sidered when selecting a scope for a particular measurement. The first is the
bandwidth, which is defined as the frequency at which a sinusoidal input is attenuated
by dB (i.e. the output is 70.7% of the input amplitude), and also the parameter best
correlated with the cost of the scope. The bandwidth takes into account the frequency
response of all elements of the oscilloscope prior to digitization (e.g. amplifier, connec-
tion circuitry, etc.) and is distinct from the sampling rate of the scope, which refers to
the rate at which the digitizer samples the signal and is typically much greater than the
bandwidth. Insufficient bandwidth can lead to distortion of the input signal, particu-
larly if the signal contains high frequencies and/or sharp edges, as is common in high-
speed digital signals. More details about the limitations associated with bandwidth and

-3
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sampling rate can be found in Chapter 5. Additional parameters of importance are the
record length, which is the number of points that can be acquired and stored for a given
waveform, and the waveform capture rate, which is a measure of how quickly succes-
sive waveforms can be read and captured by the scope.

4.4.6 Data loggers

Data loggers are used to collect and store data in the same way as data-acquisition sys-
tems but they are generally simpler and often specialized.A general purpose data logger
might be temporarily installed for a building air conditioning system in order to obtain
diagnostic performance data over a period of time (such as temperature, airflow, and fan
operation). Some buildings are permanently instrumented using data loggers to obtain
acceleration and other data if and when an earthquake occurs.The flight data recorder in
a commercial aircraft is a specialized data logger and provides important information
after accidents. Recent automobiles often include a data logger that records a small
amount of speed and other data just before and after an accident (may be part of the
airbag system).The following are some common characteristics of data loggers:

● A microprocessor and memory (often nonvolatile)
● A limited number of channels (4–8 being common)
● Low sampling rates (sometimes as low as 1 sample/second)
● Unmanned operation
● Durable packaging
● Battery or battery backup operation
● Limited or no display and no keyboard
● Connection to a personal computer for programming/setup and data download

Data loggers may have a wide variety of features such as wireless communications,
connection to the Internet, or high sampling rates over a short time span. Many sys-
tems are commercially available, so a suitable solution for a particular application
should be readily available.

4.5 SOFTWARE FOR DATA-ACQUISITION SYSTEMS

For a computerized data-acquisition system (with possible control functions) to per-
form satisfactorily, the system must be operated using suitable software. To take a data
sample, for example, the following instructions must be executed:

1. Instruct the multiplexer to select a channel.
2. Instruct the A/D converter to make a conversion.
3. Retrieve the result and store it in memory.

In most applications, other instructions are also required, such as setting amplifier gain
or causing a simultaneous sample-and-hold system to take data. The software required
depends on the application.
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4.5.1 Commercial Software Packages

In the process-control industry, sophisticated computer programs have been avail-
able for some time. Using selections from various menus, the operator can configure
the program for the particular application. These programs can be configured to
take data from transducers at the times requested, display the data on the screen,
and use the data to perform required control functions. These systems are often con-
figured by technicians rather than engineers or programmers, so it is important that
the software setup be straightforward. For complicated processing or control func-
tions, it is possible to include instructions programmed in a higher-level language
such as C.

There are a number of very sophisticated software packages now available for
personal computer–based data-acquisition systems.These packages are very capable—
they can take data, display it in real time, write the data to files for subsequent process-
ing by another program, and perform some control functions. The programs are
configured for a particular application using menus or icons. They may allow for the
incorporation of C program modules. These software packages are the best choice for
the majority of experimental situations.
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PROBLEMS

4.1 Convert the decimal number 147 to 8-bit simple binary.
4.2 Convert the decimal number 145 to 8-bit simple binary.
4.3 Convert the decimal number 1149 to 12-bit simple binary.
4.4 Convert the decimal number 872 to 12-bit simple binary.
4.5 Convert the numbers and to 2’s-complement 8-bit binary numbers.
4.6 Convert the numbers and to 2’s-complement 8-bit binary numbers.
4.7 Find the 12-bit 2’s-complement binary equivalent of the decimal number 891.
4.8 Find the 12-bit 2’s-complement binary equivalent of the decimal number 695.
4.9 The number 10010001 is an 8-bit 2’s-complement number. What is its decimal value?

4.10 The number 10010001 is an 8-bit 2’s-complement number. What is its decimal value?
4.11 How many bits are required for a digital device to represent the decimal number 27,541 in

simple binary? How many bits for 2’s-complement binary?
4.12 How many bits are required for a digital device to represent the decimal number 12,034 in

simple binary? How many bits for 2’s-complement binary?
4.13 How many bits are required to represent the number in 2’s-complement binary?
4.14 How many bits are required to represent the number in 2’s-complement binary?
4.15 A 12-bit A/D converter has an input range of and the output code is offset binary.

Find the output (in decimal) if the input is

(a) 4.2 V.
(b)
(c) 10.9 V.
(d)

4.16 A 12-bit A/D converter has an input range of and the output code is offset binary.
Find the output (in decimal) if the input is

(a) 2.4 V.
(b)
(c) 11.0 V.
(d)

4.17 An 8-bit A/D converter has an input range of 0 to 10 V and an output in simple binary.
Find the output (in decimal) if the input is

(a) 5.75 V.
(b)
(c) 11.5 V.
(d) 0 V.

4.18 An 8-bit A/D converter has an input range of 0 to 10 V and an output in simple binary.
Find the output (in decimal) if the input is

(a) 6.42 V.
(b)
(c) 12.00 V.
(d) 0 V.

-6.42 V.

-5.75 V.

-9.2 V.

-6.3 V.

;8 V,

-8.5 V.

-5.7 V.

;8 V,
-534
-756

-101+101
-121+121
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4.19 A 12-bit A/D converter has an input range of and an amplifier at the input with a
gain of 10. The output of the A/D converter is in 2’s-complement format. Find the output
of the A/D converter if the input to the amplifier is

(a) 1.5 V.
(b) 0.8 V.
(c)
(d)

4.20 A 12-bit A/D converter has an input range of and an amplifier at the input with a
gain of 10. The output of the A/D converter is in 2’s-complement format. Find the output
of the A/D converter if the input to the amplifier is

(a) 0.52 V.
(b) 1.3 V.
(c)
(d)

4.21 A 16-bit A/D converter has an input range of 0 to 5 V. Estimate the quantization error (as
a percent of reading) for an input of 1.36 V.

4.22 A 12-bit A/D converter has an input range of 0 to 5 V. Estimate the quantization error (as
a percent of reading) for an input of 2.45 V.

4.23 An A/D converter has an input range of If the input is 7.5 V, what is the quantiza-
tion error in volts and as a percent of input voltage if the converter has 8 bits, 12 bits, and
16 bits.

4.24 An A/D converter has an input range of If the input is 8.0 V, what is the quantiza-
tion error in volts and as a percent of input voltage if the converter has 8 bits, 12 bits, and
16 bits.

4.25 A 12-bit A/D converter has an input range of to Estimate the quantization error
(as a percentage of reading) for an input 

4.26 A 12-bit A/D converter has an input range of to Estimate the quantization error
(as a percentage of reading) for an input 

4.27 An A/D converter uses 12 bits and has an input range of An amplifier is connected
to the input and has selectable gains of 10, 100, and 1000. A time-varying signal from a
transducer varies between and and is input to the amplifier. Select the best
value for the gain to minimize the quantizing error.What will be the quantizing error (as a
percentage of the reading) when the transducer voltage is 3.75 mV? Could you attenuate
the signal before amplification to reduce the quantizing error?

4.28 A 12-bit A/D converter has an input range of and is connected to an input amplifier
with programmable gain of 1, 10, 100, or 500. The connected transducer has a maximum
output of 7.5 mV. Select the appropriate gain to minimize the quantization error, and com-
pute the quantization error as a percent of the maximum input voltage.

4.29 A 12-bit A/D converter has an input range of and is connected to an input amplifier
with programmable gain of 1, 10, 100, or 1000. The connected transducer has a maximum
output of 10 mV. Select the appropriate gain to minimize the quantization error, and com-
pute the quantization error as a percent of the maximum input voltage.

4.30 An 8-bit digital-to-analog converter has an output range of 0 to 5 V. Estimate the analog
voltage output if the input is simple binary and has the decimal value of 32.

;10 V

;10 V

-15 mV+15

;10 V.
-2.46.

+5 V.-5
-4.16 V.

+8 V.-8

;10 V.

;8 V.

-1.3 V.
-0.52 V.

;10 V

-0.8 V.
-1.5 V.

;10 V
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4.31 A 12-bit digital-to-analog converter has an output range of 0 to 10 V. Estimate the analog
voltage output if the input is simple binary and has the decimal value of 45.

4.32 A 3.29-V signal is input to a 12-bit successive approximations converter with an input
range of 0 to 10 V and simple binary output. Simulate the successive-approximations
process to determine the simple binary output.

4.33 Repeat Problem 4.8(a) using the successive-approximations simulation used in Example 4.8.
4.34 What are the errors that a digital data-acquisition system may introduce into a measure-

ment? Specify whether these errors are of bias or precision type.
4.35 Imagine that you want to purchase a digital data-acquisition system. List the questions

that you want to discuss with an application engineer working for a supplier.



Discrete Sampling and
Analysis of Time-Varying
Signals

Unlike analog recording systems, which can record signals continuously in time, digital
data-acquisition systems record signals at discrete times and record no information
about the signal in between these times. Unless proper precautions are taken, this dis-
crete sampling can cause the experimenter to reach incorrect conclusions about the
original analog signal. In this chapter we introduce restrictions that must be placed on
the signal and the discrete sampling rate. In addition, techniques are introduced to
determine the frequency components of time-varying signals (spectral analysis), which
can be used to specify and evaluate instruments and also determine the required sam-
pling rate and filtering.

5.1 SAMPLING-RATE THEOREM

When measurements are made of a time-varying signal (measurand) using a com-
puterized data-acquisition system, measurements are only made at a discrete set of
times, not continuously. For example, a reading (sample) may be taken every 0.1 s or
every second, and no information is taken for the time periods between the samples.
The experimenter is then left with the problem of deducing the actual measurand
behavior from selected samples. The rate at which measurements are made is known
as the sampling rate, and incorrect selection of the sampling rate can lead to mis-
leading results.

Figure 5.1 shows a sine wave with a frequency, of 10 Hz. We are going to
explore the output data of a discrete sampling system for which this continuous time-
dependent signal is an input. The important characteristic of the sampling system
here is its sampling rate (normally expressed in hertz). Figures 5.2 to 5.5 show the
sampled values for sampling rates of 5, 11, 18, and 20.1 samples per second. To infer
the form of the original signal, the sample data points have been connected with
straight-line segments.

In examining the data in Figure 5.2, with the sampling rate of 5 Hz, it is reason-
able to conclude that the sampled signal has a constant (dc) value. However, we know
that the sampled signal is, in fact, a sine wave.The amplitude of the sampled data is also

fm,
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10-Hz sine wave to be sampled.
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FIGURE 5.2

Results of sampling a 10-Hz sine
wave at a rate of 5 Hz.

misleading—it depends on when the first sample was taken. This behavior (a constant
value of the output) occurs if the wave is sampled at any rate that is an integer fraction
of the base frequency (e.g., etc.).

The data in Figure 5.3 appear to be a sine wave, as are the sampled data, but
only one cycle appears in the time that 10 cycles occurred for the sampled data. The
frequency, 1 Hz, is the difference between the sampled-data frequency, 10 Hz, and
the sampling rate, 11 Hz. The data in Figure 5.4, sampled at 18 Hz, also represent a
periodic wave. The apparent frequency is 8 Hz, the difference between the sam-
pling rate and the signal frequency, and is again incorrect relative to the input fre-
quency. These incorrect frequencies that appear in the output data are known as
aliases. Aliases are false frequencies that appear in the output data, that are simply
artifacts of the sampling process, and that do not in any manner occur in the origi-
nal data.

Figure 5.5, with a sampling rate of 20.1 Hz, can be interpreted as showing a fre-
quency of 10 Hz, the same as the original data. It turns out that for any sampling rate
greater than twice the lowest apparent frequency will be the same as the actualfm,

fm, fm/2, fm/3,fm
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Results for sampling a 10-Hz sine
wave at a rate of 18 Hz.
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Results for sampling a 10-Hz sine
wave at a rate of 20.1 Hz.
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Results of sampling a 10-Hz sine
wave at 11 Hz.

frequency. This restriction on the sampling rate is known as the sampling-rate theo-
rem. This theorem simply states that the sampling rate must be greater than twice the
highest-frequency component of the original signal in order to reconstruct the origi-
nal waveform correctly. In equation form this is expressed as

(5.1)fs 7 2fm
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Higher frequency aliases.

where is the signal frequency (or the maximum signal frequency if there is more
than one frequency in the signal) and is the sampling rate.The theorem also specifies
methods that can be used to reconstruct the original signal.The amplitude in Figure 5.5
is not correct, but this is not a major problem, as discussed in Section 5.4.

The sampling-rate theorem has a well-established theoretical basis.There is some
evidence that the concept dates back to the nineteenth-century mathematician
Augustin Cauchy (Marks, 1991). The theorem was formally introduced into modern
technology by Nyquist (1928) and Shannon (1948) and is fundamental to communica-
tion theory. The theorem is often known by the names of the latter two scientists. A
comprehensive but advanced discussion of the subject is given by Marks (1991). In the
design of an experiment, to eliminate alias frequencies in the data sampled, it is neces-
sary to determine a sampling rate and appropriate signal filtering. This process will be
discussed in some detail later in the chapter.

Even if the signal is correctly sampled (i.e., at a frequency greater than twice the
signal frequency), the data can be interpreted to be consistent with specific frequencies
that are higher than the signal frequency. For example, Figure 5.6 shows the same data
as in Figure 5.5: a 10-Hz signal sampled at 20.1 samples per second. The sampled data
are shown as the small squares. However, these data are not only consistent with a
10-Hz sine wave but in this case, the data are also consistent with 30.1 Hz. Actually,
there are an infinite number of higher frequencies that are consistent with the data. If,
however, the requirements of the sampling-rate theorem have been met (perhaps with
suitable filtering), there will be no frequencies less than half the sampling rate that are
consistent with the data except the correct signal frequency.The higher frequencies can
be eliminated from consideration since it is known that they don’t exist.

fs

fm
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Folding diagram.

In some cases, the requirements of the sampling-rate theorem may not have been
met, and it is desired to estimate the lowest alias frequency. The lowest is usually the
most obvious in the sampled data. A simple method to estimate alias frequencies
involves the folding diagram as shown in Figure 5.7 [Taylor (1990)]. This diagram
enables one to predict the alias frequencies based on a knowledge of the signal fre-
quency and the sampling rate. To use this diagram, it is necessary to compute a fre-
quency called the folding frequency. is half the sampling rate, The use of this
diagram is demonstrated in Example 5.1.

Example 5.1

Compute the lowest alias frequencies for the following cases:

(a)
(b) and
(c) and

Solution:

(a)
fm/fN = 80/50 = 1.6
fN = 100/2 = 50 Hz

fs = 250 Hz.fm = 100 Hz
fs = 60 Hz.fm = 100 Hz

fm = 80 Hz and fs = 100 Hz.

fs.fNfN
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Find on the folding diagram, draw a vertical line down to the intersection with line
AB, and read 0.4 on line AB. The lowest alias frequency can then be determined from

(a false frequency)

(b)

Finding 3.333 on the folding diagram and drawing the vertical line down to AB, we find
The lowest alias frequency is then

(a false frequency)

(c)

This falls on the line AB, so and which is the same as the sampled
frequency.

Comment: In part (a), the sampling frequency is between the signal frequency and the
minimum frequency for correct sampling. The lowest alias frequency is the difference between
the sampling frequency and the signal frequency.

In part (b), the sampling frequency is less than the signal frequency.The folding diagram is
the simplest method to determine the lowest alias frequency.

In part (c), the requirement of the sampling-rate theorem has been met, and the alias
frequency is in fact the signal frequency.

We will always find a lowest frequency using the folding diagram, whether it is a cor-
rect frequency or a false alias. To know that the frequency is correct, we must insure
that the sampling rate is at least twice the actual frequency, usually by using a filter to
remove any frequency higher than half the sampling rate.

5.2 SPECTRAL ANALYSIS OF TIME-VARYING SIGNALS

When a signal is a pure sine wave, determining the frequency is a simple process. How-
ever, the general time-varying signal does not have the form of a simple sine wave;
Figure 5.8 shows a typical example. As discussed below, complicated waveforms can be
considered to be constructed of the sum of a set of sine or cosine waves of different fre-
quencies. The process of determining these component frequencies is called spectral
analysis.

There are two times in an experimental program when it may be necessary to
perform spectral analysis on a waveform. The first time is in the planning stage and the
second is in the final analysis of the measured data. In planning experiments in which
the data vary with time, it is necessary to know, at least approximately, the frequency
characteristics of the measurand in order to specify the required frequency response of
the transducers and other instruments and to determine the sampling rate required.
While the actual signal from a planned experiment will not be known, data from simi-
lar experiments may be used to determine frequency specifications.

fa = 125 Hz,fa/fN = 0.8

fm/fN = 100/125 = 0.8
fN = 250/2 = 125 Hz

fa = 0.667 * 30 = 20 Hz

fa/fN = 0.667.

fm/fN = 100/30 = 3.333
fN = 60/2 = 30

fa = 1fa/fN2fN = 0.4 * 50 = 20 Hz

fm/fN
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Typical measured time-varying waveform.
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1000-Hz sawtooth waveform.

In many time-varying experiments, the frequency spectrum of a signal is one of
the primary results. In structural vibration experiments, for example, acceleration of
the vibrating body may be a complicated function resulting from various resonant fre-
quencies of the system. The measurement system is thus designed to respond properly
to the expected range of frequencies, and the resulting data are analyzed for the spe-
cific frequencies of interest.

To examine the methods of spectral analysis, we first look at a relatively simple
waveform, a simple 1000-Hz sawtooth wave as shown in Figure 5.9. At first, one might
think that this wave contains only a single frequency, 1000 Hz. However, it is much
more complicated, containing all frequencies that are an odd-integer multiple of 1000,
such as 1000, 3000, and 5000 Hz. The method used to determine these component fre-
quencies is known as Fourier-series analysis.

The lowest frequency, in the periodic wave shown in Figure 5.9, 1000 Hz, is
called the fundamental or the first harmonic frequency.The fundamental frequency has
period and angular frequency (Note: The angular frequency, wherev = 2pf,v0.T0

f0,
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) As discussed by Den Hartog (1956), Churchill (1987), and Kamen (1990),
any periodic function f (t) can be represented by the sum of a constant and a series of
sine and cosine waves. In symbolic form, this is written

(5.2)

The constant is simply the time average of the function over the period T. This can
be evaluated from

(5.3)

The constants can be evaluated from

(5.4)

and the constants can be evaluated from

(5.5)

Although it can be tedious, the constants and can be computed in a straightfor-
ward manner for any periodic function. Of course, Eq. (5.2) is an infinite series, so the
constants a and b can only be determined for a limited number of terms. Since f (t) can-
not, in general, be expressed in equation form, it is normal to evaluate Eqs. (5.3), (5.4),
and (5.5) by means of numerical methods.

The function f(t) is considered to be an even function if it has the property that
f(t) is considered to be an odd function if If f(t) is even,

it can be represented entirely with a series of cosine terms, which is known as a Fourier
cosine series. If f(t) is odd, it can be represented entirely with a series of sine terms,
which is known as a Fourier sine series. Many functions are neither even nor odd and
require both sine and cosine terms. If Eqs. (5.3) through (5.5) are applied to the saw-
tooth wave in Figure 5.9 (either using direct integration or a numerical method), it will
be found that all the a’s are zero (it is an odd function) and that the first seven b’s are

It is not surprising that the a’s are zero since the wave in Figure 5.9 looks much more
like a sine wave than a cosine wave. and are the amplitudes of the first,
third, fifth, and seventh harmonics of the function f(t). These have frequencies of 1000,
3000, 5000, and 7000 Hz, respectively. It is useful to present the amplitudes of the har-
monics on a plot of amplitude versus frequency as shown in Figure 5.10. As can be

b7b1, b3, b5,

b4 = 0.0000

b3 = -0.1801 b7 = -0.0331

b2 = 0.0000 b6 = 0.0000

b1 = 1.6211 b5 = 0.0648

f1t2 = -f1- t2.f1t2 = f1- t2.

bnan

bn =
2
TL

T

0
f1t2 sin nv0t dt

bn

an =
2
TL

T

0
f1t2 cos nv0t dt

an

a0 =
1
TL

T

0
f1t2 dt

a0

+ b1 sin v0t + b2 sin 2v0t + Á + bn sin nv0t

f1t2 = a0 + a1 cos v0t + a2 cos 2v0t + Á + an cos nv0t

f = 1/T.
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Amplitudes of harmonics for a sawtooth wave.
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Harmonics of sawtooth wave.

seen, harmonics beyond the fifth have a very low amplitude. Often, it is the energy con-
tent of a signal that is important, and since the energy is proportional to the amplitude
squared, the higher harmonics contribute very little energy.

Figure 5.11 shows the first and third harmonics and their sum compared with the
function f(t).As can be seen, the sum of the first and third harmonics does a fairly good
job of representing the sawtooth wave. The main problem is apparent as a rounding
near the peak—a problem that would be reduced if the higher harmonics (e.g., fifth,
seventh, etc.) were included. Fourier analysis of this type can be very useful in specify-
ing the frequency response of instruments. If, for example, the experimenter considers
the first-plus-third harmonics to be a satisfactory approximation to the sawtooth wave,
the sensing instrument need only have an upper frequency limit of 3000 Hz. If a better
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Sawtooth wave.

representation is required, the experimenter can examine the effects of higher har-
monics on the representation of the wave and then select a suitable transducer.

Example 5.2 demonstrates the process of determining Fourier components for
another function. The process of determining Fourier coefficients using numerical
methods is demonstrated in Section A.1, Appendix A.

Example 5.2

For the periodic function shown in Figure E5.1, find the amplitude of the first, second, and third
harmonic components.

Solution: The fundamental frequency for this wave is 10 Hz and the angular frequency,
is 62.83 rad/s.The first complete cycle of this function can be expressed in equation form as

Since the average value for the function is zero over one cycle, the coefficient will have a value
of zero. Also, by examination, we can conclude that it is an odd function and that the cosine
terms will be zero and only the sine terms will be required.

Using Eq. (5.5), the first harmonic coefficient can be computed from

This can be evaluated using standard methods to give a value of 1.9098. Similarly, the second and
third harmonics can be evaluated from

to give values of and 0.6366, respectively.-0.9549

b3 =
2

0.1
cL

0.05

0
60t sin13 * 62.83t2 dt + L

0.1

0.05
160t - 62 sin13 * 62.83t2 dt d

b2 =
2

0.1
cL

0.05

0
60t sin12 * 62.83t2 dt + L

0.1

0.05
160t - 62 sin12 * 62.83t2 dt d

b1 =
2

0.1
cL
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60t sin162.83t2 dt + L
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Duplicating a signal to make it
harmonic.

One problem associated with Fourier-series analysis is that it appears to only be
useful for periodic signals. In fact, this is not the case and there is no requirement that
f(t) be periodic to determine the Fourier coefficients for data sampled over a finite
time.We could force a general function of time to be periodic simply by duplicating the
function in time as shown in Figure 5.12 for the function in Figure 5.8. If we directly
apply Eqs. (5.3), (5.4), and (5.5) to a function taken over a time period T, the resulting
Fourier series will have an implicit fundamental angular frequency equal to 
However, if the resulting Fourier series were used to compute values of f(t) outside the
time interval 0–T, it would result in values that would not necessarily (and probably
would not) resemble the original signal. The analyst must be careful to select a large
enough value of T so that all wanted effects can be represented by the resulting Fourier
series. An alternative method of finding the spectral content of signals is that of the
Fourier transform, discussed next.

5.3 SPECTRAL ANALYSIS USING THE FOURIER TRANSFORM

Although a discussion of Fourier series is useful to introduce the concept that most
functions can be represented by the sum of a set of sine and cosine functions, the tech-
nique most commonly used to spectrally decompose functions is the Fourier transform.
The Fourier transform is a generalization of Fourier series. The Fourier transform can
be applied to any practical function, does not require that the function be periodic, and
for discrete data can be evaluated quickly using a modern computer technique called
the Fast Fourier Transform.

In presenting the Fourier transform, it is common to start with Fourier series, but
in a different form than Eq. (5.2). This form is called the complex exponential form. It
can be shown that sine and cosine functions can be represented in terms of complex
exponentials:

(5.6) sin x =
ejx - e-jx

2j

 cos x =
ejx + e-jx

2

2p/T.v0
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where These relationships can be used to transform Eq. (5.2) into a complex
exponential form of the Fourier series. [See basic references on signals, such as Kamen
(1990)] The resulting exponential form for the Fourier series can be stated as

(5.7)

where

(5.8)

Each coefficient, is, in general, a complex number with a real and an imaginary part.
In Section 5.2 we showed how a portion of a nonperiodic function can be repre-

sented by a Fourier series by assuming that the portion of duration T is repeated peri-
odically. The fundamental angular frequency, is determined by this selected portion
of the signal If a longer value of T is selected, the lowest frequency will
be reduced. This concept can be extended to make T approach infinity and the lowest
frequency approach zero. In this case, frequency becomes a continuous function. It is
this approach that leads to the concept of the Fourier transform.The Fourier transform
of a function f(t) is defined as

(5.9)

is a continuous, complex-valued function. Once a Fourier transform has been deter-
mined, the original function f(t) can be recovered from the inverse Fourier transform:

(5.10)

In experiments, a signal is measured only over a finite time period, and with computer-
ized data-acquisition systems, it is measured only at discrete times. Such a signal is not
well suited to analysis by the continuous Fourier transform. For data taken at discrete
times over a finite time interval, the discrete Fourier transform (DFT) has been
defined as

(5.11)

where N is the number of samples taken during a time period T. The increment of f,
is equal to 1/T, and the increment of time (the sampling period ) is equal to T/N.

The F’s are complex coefficients of a series of sinusoids with frequencies of
The amplitude of F for a given frequency represents

the relative contribution of that frequency to the original signal.
Only the coefficients for the sinusoids with frequencies between 0 and 

are used in the analysis of signal. The coefficients of the remaining frequencies provide
redundant information and have a special meaning, as discussed by Bracewell (2000).
The requirements of the Shannon sampling-rate theorem also prevent the use of any
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The function 2 sin 2p10t + sin 2p15t.

frequencies above The sampling rate is N/T, so the maximum allowable fre-
quency in the sampled signal will be less than one-half this value, or 

The original signal can also be recovered from the DFT using the inverse discrete
Fourier transform, given by

(5.12)

The F values from Eq. (5.11) can be evaluated by direct numerical integration. The
amount of computer time required is roughly proportional to For large values of
N, this can be prohibitive. A sophisticated algorithm called the Fast Fourier Transform
(FFT) has been developed to compute discrete Fourier transforms much more rapidly.
This algorithm requires a time proportional to to complete the computations,
much less than the time for direct integration.The only restriction is that the value of N
be a power of 2: for example, 128, 256, 512, and so on. Programs to perform fast Fourier
transforms are widely available and are included in major spreadsheet programs. The
fast Fourier transform algorithm is also built into devices called spectral analyzers,
which can discretize an analog signal and use the FFT to determine the frequencies.

It is useful to examine some of the characteristics of the discrete Fourier transform.
To do this, we will use as an example a function that has 10- and 15-Hz components:

(5.13)

This function is plotted in Figure 5.13. Since this function is composed of two sine
waves with frequencies of 10 and 15 Hz, we would expect to see large values of F at
these frequencies in the DFT analysis of the signal. If we discretize one second of the
signal into 128 samples and perform an FFT (we used a spreadsheet program as
demonstrated in Section A.2), the result will be as shown in Figure 5.14, which is a plot
of the magnitude of the DFT component, versus the frequency, As
expected, the magnitudes of F at and are dominant. However, there are
some adjacent frequencies showing appreciable magnitudes. In this case, these signifi-
cant magnitudes of F at frequencies not in the signal are due to the relatively small

f = 15f = 10
k ¢f.ƒF1k ¢f2 ƒ ,

f1t2 = 2 sin 2p10t + sin 2p15t

N log2N

N2.

f1n ¢t2 =
1
Na
N-1

k=0
F1k ¢f2ej12pk¢f21n¢t2 n = 0, 1, 2, Á ,N - 1

N/2T = N¢f/2.
1N/22¢f.



5.3 Spectral Analysis Using the Fourier Transform 115

600

500

400

300

200

100

5 10 15 20 25 30
Frequency (Hz)

�F
�

0

FIGURE 5.15

FFT of Eq. 5.11, N = 512, T = 1 s.

number of points used to discretize the signal. If we use the situation
improves significantly, as shown in Figure 5.15.

It can be noticed that the magnitude of for the 10 Hz is different in Figures
5.14 and 5.15 and does not equal the amplitude of the first term on the right side of
Eq. 5.13. This is a consequence of the definition of the discrete Fourier transform and
the FFT algorithm. To get the correct amplitude of the input sine wave, should be
multiplied by 2/N. In Figure 5.14, the value of for 10 Hz is 128. If we multiply this by
2/N we get the same as Eq. 5.13. Similarly for Figure 5.15, is 512
so the amplitude of the input sine wave is In many cases (finding a
natural frequency for example), only the relative amplitudes of the Fourier compo-
nents are important so this conversion step is not necessary.

512 * 2/512 = 2.
ƒF ƒ128 * 2/128 = 2,

ƒF ƒ
ƒF ƒ

ƒF ƒ

N = 512,
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FFT of Eq. (5.13),N = 128, T = 1 s.
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FFT of Eq. 5.14, N = 512, T = 1s.

It should be noted that the requirements of the Shannon sampling-rate theorem
are satisfied for the results shown in both Figures 5.14 and 5.15. For Figure 5.14, the
sampling rate is 128 samples per second, so the maximum frequency in the sample
should be less than 64-Hz. The actual maximum frequency is 15-Hz.

For the FFTs shown in Figures 5.14 and 5.15, the data sample contained integral
numbers of complete cycles of both component sinusoids. In general, the experimenter
will not know the spectral composition of the signal and will not be able to select a
sampling time T such that there will be an integral number of cycles of any frequency
in the signal. This complicates the process of Fourier decomposition. To demonstrate
this point, we will modify Eq. (5.13) by changing the lowest frequency from 10-Hz to
10.3333-Hz.

(5.14)

An FFT is then performed in a 1-s period with 512 samples. Although 15 complete
cycles of the 15-Hz components are sampled, 10.3333 cycles of the 10.3333-Hz compo-
nent are sampled. The results of the DFT are shown in Figure 5.16.

The first thing we notice is that the Fourier coefficient for 10.3333-Hz is distrib-
uted between 10 and 11-Hz with the magnitude of the 10-Hz component slightly higher
than at 11-Hz. It should be recognized that without a priori knowledge, the user would
not be able to deduce whether the signal had separate 10-Hz and 11-Hz components or
just a single component at 10.3333-Hz, as in this case.

An unexpected result is the fact that the entire spectrum (outside of 10, 11, and
15-Hz) has also been altered, yielding significant coefficients at frequencies not present
in the original signal. This effect is called leakage and is caused by the fact that there
are a non-integral number of cycles of the 10.3333-Hz sinusoid. Since one does not

f1t2 = 2 sin 2p10.3333t + sin 2p15t
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Hann windowing function 
(Eq. 5.15) for .N = 128

know the signal frequency in advance, this leakage effect will normally occur in a sam-
ple. The actual cause is that the sampled value of a particular frequency component at
the start of the sampling interval is different from the value at the end. A common
method to work around this problem is the use of a windowing function to attenuate
the signal at the beginning and the end of the sampling interval. A windowing function
is a waveform that is applied to the sampled data. A commonly used window function
is the Hann Function, which is defined as

(5.15)

The length of the window, N, is the same as the length of the sampled data. This equa-
tion is plotted in Figure 5.17. The sampled data is multiplied by this window function
producing a new set of data with smoother edges. Figure 5.18 shows the data used to
plot Fig. 5.16 both with and without the Hann window function applied to it. The Hann
function is superimposed on top of the data with the sinusoidal shape apparent. The
central portion of the signal is unaffected while the amplitude at the edges is gradually
reduced to create a smoother transition.

Figure 5.19 shows the distribution of Fourier coefficients for the windowed data.
Compared to Fig 5.16, the frequency content at 10 and 15 Hz is much more distinct;
however, the amplitude of the signal at these frequencies is clearly underestimated.
This should not come as a surprise as the windowing function clearly suppresses the
average amplitude of the original signal. This tradeoff between frequency resolution
and amplitude is inherent for all window types. Windows that present good resolution
in frequency but poor determination of amplitude are often referred to as being of
high resolution with low dynamic range. A variety of window functions and their char-
acteristics have been defined in the literature. Each type of window has its own unique
characteristics, with the proper choice depending on the application and preferences of
the user. Some common window functions are rectangular, Hamming, Hann, cosine,
Lanczos, Bartlett, triangular, Gauss, Bartlett-Hann, Blackman, Kaiser, Blackman-
Harris, and Blackman-Nutall. See Engelberg (2008), Lyons (2004), Oppenheim et. al.
(1999), and Smith (2003) for more information on the windowing process.

w1n2 =
1
2
¢1 - cosa 2pn

N - 1
b ≤



118 Chapter 5 Discrete Sampling and Analysis of Time-Varying Signals

A
m

pl
it

ud
e

2

3

1

0

�1

�2

0 0.2 0.4 0.6 0.8 1.0
Time (sec)

�3

A
m

pl
it

ud
e

2

3

1

0

�1

�2

�3
0 0.2 0.4 0.6 0.8 1.0

Time (sec)
(a) (b)

FIGURE 5.18

(a) Plot of Eq. 5.14 showing Hann Window function. (b) Modified data.
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FFT of data depicted in Fig. 5.18 with N = 512, T = 1 s.

An additional consideration in spectral analysis is the types of plots used to dis-
play the data. In the previous figures, a linear scale has been used both for the ampli-
tude and frequency. It is common, however, to plot one or both axes on a logarithmic
scale. In the case of amplitude, it is common to plot the spectral power density, which is
typically represented in units of decibels (dB).

The majority of signals encountered in practice will have record lengths much
longer than the examples presented here. Consider a microphone measurement
sampled at 40 kHz over a 10-s period of time. The record length in this case would



5.4 Selecting the Sampling Rate and Filtering 119

be 400,000 values. While it is possible to compute the DFT of a signal with
this is not always optimal and can give misleading results. In this case,

the apparent frequency resolution, of the FFT would be 0.1 Hz. As already seen,
spectral leakage is likely to limit the resolution to much higher values and it is
unlikely that this level of resolution would practically be needed. Rather, it is more
common to use methods such as Bartlett’s or Welch’s methods. In these methods,
the sampled signal is divided into equal length segments with a window function
applied to each segment. An FFT is then computed for each segment and then aver-
aged together to produce a single FFT for the entire signal. For example, if one were
to take the example above, it could be divided into approximately 390 segments
with 1024 values in each segment. The FFT of each segment would have a frequency
resolution 39.06 Hz, which would be sufficient for many applications. The major
advantage to this form of analysis is that any uncertainty in the Fourier coefficients
is reduced through the averaging of multiple FFT coefficients. This typically yields a
much smoother curve than a single FFT. In Bartlett’s method, there is no overlap
between segments while in Welch’s method, some overlap (typically 50%) is
allowed, thus taking more of the signal content into account. See Lyons (2004) and
Oppenheim, et. al. (1999) for more information on these more advanced windowing
functions.

5.4 SELECTING THE SAMPLING RATE AND FILTERING

5.4.1 Selecting the Sampling Rate

As shown in previous sections, a typical signal can be considered to be composed of a
set of sinusoids of different frequencies. In most cases the experimenter can deter-
mine the maximum signal frequency of interest, which we shall call However, the
signal frequently contains significant energy at frequencies higher than If the signal
is to be recorded with an analog device, such as an analog tape recorder, these higher
frequencies are usually of no concern. They will either be recorded accurately or
attenuated by the recording device. If, however, the signal is to be recorded only at
discrete values of time, the potential exists for the generation of false, alias signals in
the recording.

The sampling-rate theorem does not state that to avoid aliasing, the sampling rate
must be twice the maximum frequency of interest but that the sampling rate must be
greater than twice the maximum frequency in the signal, here denoted by As an
example, consider a signal that has Fourier sine components of 90, 180, 270, and 360 Hz.
If we are only interested in frequencies below 200 Hz, we might set the sampling rate at
400 Hz. In our sampled output, however, we will see frequencies of 130 Hz and 40 Hz,
which are aliases caused by the 270- and 360-Hz components of the signal. Section 5.1
provided a simple method to determine alias frequencies for a given signal frequency
and sampling rate.

If the sampling rate is denoted by the sampling rate theorem is formally stated as

(5.16)fs 7 2fm

fs,

fm.

fc.
fc.

¢f,
N = 400,000,
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If we set the sampling rate, to a value that is greater than twice we should not
only avoid aliasing but also be able to recover (at least theoretically) the original wave-
form. In the foregoing example, in which is 360 Hz, we would select a sampling rate,

greater than 720 Hz.†

If this sampling-rate restriction is met, the original waveform can be recovered
using the following formula called the cardinal series (Marks, 1991):

(5.17)

In this formula, f(t) is the reconstructed function. The first term after the summation,
represents the discretely sampled values of the function, n is an integer cor-

responding to each sample, and is the sampling period, One important charac-
teristic of this equation is that it assumes an infinite set of sampled data and is hence an
infinite series. Real sets of sampled data are finite. However, the series converges and
discrete samples in the vicinity of the time t contribute more than terms not in the
vicinity. Hence, the use of a finite number of samples can lead to an excellent recon-
struction of the original signal.

As an example, consider a function that is, a simple sine wave with
a frequency of 0.45 Hz and a peak amplitude of 1.0. It is sampled at a rate of 1 sample
per second and 700 samples are collected. Note that exceeds so this requirement
of the sampling-rate theorem is satisfied. A portion of the sampled data is shown in
Figure 5.20. The sampled data have been connected with straight-line segments and do
not appear to closely resemble the original sine wave. Using Eq. (5.17) and the 700 data
samples, the original curve has been reconstructed for the interval of time between 497
and 503 s, as shown by the heavy curve on Figure 5.20. The original sine wave has been
recovered from the data samples with a high degree of accuracy. Reconstructions with
small sample sizes or at the ends of the data samples will, in general, not be as good as
this example. Although Eq. (5.17) can be used to reconstruct data, other methods,
beyond the scope of the present text, are often used (Marks, 1991). In most cases, the
use of very high sampling rates can eliminate the need to use reconstruction methods
to recover the original signal.

2fm,fs

sin12p0.45t2,

1/fs.¢T
f1n ¢T2,

f1t2 =
1
p a

q

n=-q
f1n¢T2 sin[p1t/¢T - n2]

t/¢T - n

fs,
fm

fm,fs,

† Although it is normally desirable to select such a sampling rate, it is possible to relax this in some cases.The
requirement that is more stringent than is necessary to eliminate alias frequencies in the 
range. As we noted in Section 5.1, for sampling rates between a sampled frequency f and twice that frequen-
cy, the lowest alias frequency is the difference between f and the sampling rate. Assume that we have set the
sampling rate such that the minimum alias frequency has a value just equal to The highest frequency in
the signal that could cause aliasing is (All frequencies above have zero amplitude.) Then this alias fre-
quency, is the difference between and 

Solving, we obtain If this basis is used to select the sampling rate, there will be aliases in the
sampled signal with frequencies in the range but not in the range. Digital filtering techniques
using software can be used to eliminate these alias frequencies. If has a value of 200 Hz and has A value
of 400 Hz, we would select a sampling rate of 600 Hz, significantly lower than twice (800 Hz). For further
discussion, see Taylor (1990).

fm

fmfc

0–fcfc - fs
fs = fc + fm.

fa = fs - fm = fc

fm:fsfa,
fmfm.

fc.fa

0–fcfs 7 2fm
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0.45-Hz sine wave sampled 
at 1 sample per second.

5.4.2 Use of Filtering to Limit Sampling Rate

Many measurement systems effectively eliminate unwanted high frequencies at the
sensing stage. As discussed in Chapter 11, many temperature-measuring devices (first-
order systems) show a sharp drop in response as the frequency of the measurand
increases. Most other sensing devices will show an attenuated response if the frequency
is high enough. In many of these systems, the sampling rate can be made sufficiently
high to avoid aliasing effects.

As noted by Taylor (1990), a caution is in order here concerning the effect of sys-
tem noise on the measurement of low-frequency measurands. As an example, consider
a measuring device being used to measure a quasi-steady temperature. Since the data
are being taken with a computerized data-acquisition system, this temperature sensor
is sampled at 30 Hz, the same as for the other sensors. If 60-Hz power-line noise is
imposed on the signal, there will be an alias signal with a frequency of 0 Hz (dc)
appearing in the discrete data. (See Section A.3.) This alias can produce a substantial
error in the quasi-steady temperature measurement, even if the discrete data are time
averaged.

If the maximum signal frequency, is substantially higher than the maximum
frequency of interest, it may be impractical to set the sampling frequency at It
is then better to pass the input analog signal through a lowpass filter (called an
antialiasing filter). This filter can reduce the amplitude of the frequencies above to
values that will cause negligible aliasing. We will now have a new value of which is
still higher than but much lower than before the filter was inserted.

When we specify we need to define what is meant by an effectively zero
amplitude since filters can attenuate signals but will not reduce them to zero ampli-
tude. The question then arises as to what level of attenuation is adequate for practical
purposes. For systems using an analog-to-digital converter, this decision can be based
on the characteristics of the converter. For a given converter, there is an input voltage
below which the converter will produce an output that is the same as would be pro-
duced by a zero input voltage.

fm,
fc,

fm,
fc

2fm.fc,
fm,
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The required signal attenuation can be determined by computing a parameter of
the A/D converter called the dynamic range. For a converter with N bits, the dynamic
range is

(5.18)

For monopolar 8- and 12-bit converters, the dynamic ranges are 48 and 72 dB, respec-
tively. For bipolar converters N is reduced by one since one bit is effectively used to
represent the sign of the input. For 8- and 12-bit bipolar converters, the values of
dynamic range would be respectively 42 and 66 dB.

If we know that the amplitude of an input frequency component does not exceed
the input range of the A/D converter, and we then attenuate that signal component an
amount equal to the converter dynamic range, we can be sure that it will produce no
digital output. To select a filter, we need to define a corner frequency and an attenua-
tion rate. In most cases, we can select the corner frequency as the maximum frequency
of interest, We can then determine based on the filter attenuation rate
(dB/octave). Following Taylor (1990), we use the dynamic range to determine the
required sampling rate (or conversely, the required filtering for a given sampling rate).
The number of octaves required to attenuate a signal the number of decibels corres-
ponding to the dynamic range is

(5.19)

can then be evaluated from

(5.20)

Equation (5.16) is used to set the sampling rate at twice If the sampling rate so
determined is higher than practical, a higher filter attenuation rate must be specified.

This approach is bounding and assumes only that the voltage of the composite
signal (sum of all Fourier components) is scaled to be just within the A/D converter
input range. In most cases, the higher-frequency components of the signal that require
attenuation have amplitudes much lower than the composite signal and hence require
less attenuation. Using a more detailed analysis that takes account of the actual ampli-
tudes of the frequency components above it is usually possible to use a lower sam-
pling rate or a lesser filter attenuation rate.

Antialiasing filters often require substantial rates of attenuation. These rela-
tively high levels of attenuation present practical problems in actual systems. As dis-
cussed in Chapter 3, a first-order Butterworth filter attenuates at only 6 dB per octave
(an octave is a doubling of frequency) and eight octaves are required to attenuate a
signal 48 dB. As a result, higher-order filters are usually required—an eighth-order
Butterworth filter can attenuate a signal 48 dB in one octave. High-order filters have
other effects, however, such as large phase shifts in the passband. Since there is a
trade-off between filter order and sampling rate, a design compromise is typically
required. The process of specifying filtering and sampling rate is demonstrated in
Example 5.3.

fc,

fm.

fm = fc2Noct

fm

Noct =
dynamic range

filter attenuation rate 1dB/octave2

fmfc.

dynamic range = 20 log1012N2 dB
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Typical pressure–time plot.

Example 5.3

A computerized data-acquisition system is to be used to record the data from a pressure trans-
ducer connected to the combustion chamber of a spark ignition internal combustion engine run-
ning at 4000 rpm. The data-acquisition system has an 8-bit bipolar A/D converter and a maximum
sampling rate of 10,000 samples per second. Specify a suitable filter and the required sampling rate.

Solution: Since the actual form of the pressure versus time is not known in advance, this prob-
lem statement is, in fact, rather vague. To estimate the pressure–time characteristics, data from
another engine are used, as shown in Figure E5.3(a) (Obert, 1973). The time scale in this figure
has been scaled to correspond to 4000 rpm. The first step is to perform a Fourier spectral analy-
sis on these data. Since the data are not periodic, the data are mirrored and inverted about the
maximum time to create a periodic function as shown in Figure E5.3(b). The frequency of the
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first harmonic (the lowest-frequency component) is 32.9 Hz and the angular frequency, is
206.68 rad/s. Equation (5.5) was used to determine the first 20 terms of a Fourier sine series
using numerical methods. (See Appendix A.) Since the curve in Figure E5.3(b) is an odd func-
tion, only sine terms are required. The sum of these 20 Fourier components is presented on
Figure E5.3(b) with circular plot symbols. The agreement between the data and the Fourier
series is considered adequate. [Alternatively, the Fourier transform of the curve in Figure
E5.3(a) could have been computed and used to determine the maximum significant frequency.]
Since the twentieth harmonic has a frequency of 20 times the first harmonic, the highest fre-
quency of interest, in this problem is 658 Hz. We will select this frequency as the corner fre-
quency of the filter.

As the A/D converter is 8 bit and bipolar, it has a 42-dB dynamic range. We can use
this value as the required attenuation between and the frequency where the
voltage has been attenuated to effectively zero. We will use a fourth-order Butterworth fil-
ter, which attenuates the signal dB per octave. Since we require 42 dB, we can
use Eq. (5.19) to determine that this filter will attenuate the signal sufficiently in

octaves. As a result, will have a value of [Eq. (5.20)].
The minimum sampling rate can then be determined from Eq. (5.1):

4426 Hz is then the minimum sampling rate to avoid aliases and is within the capability of the DAS.

Comments: It might be desirable to increase the sampling rate and use a lower-order filter.
Filters have significant phase distortion within the filter bandpass, and this distortion would be
less if the filter order were lower. This selected filtering is quite conservative. The higher-
frequency Fourier components have amplitudes that are substantially smaller than the low-
frequency components.Their amplitude can be reduced to less than the A/D converter threshold
with lesser attenuation. It would thus be possible to use a lesser order of filter or a lower
sampling rate using a more detailed analysis.

Actually, the sampling constraints discussed above may be too stringent for some
applications. As discussed in Taylor (1990), if we allow the sampled signal to contain a
certain amount of distortion due to aliases, the sampling frequency can be reduced fur-
ther. This approach, which allows some distortion, should be undertaken only if the
experimenter has a good understanding of the analog signal and the experimental
requirements.
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PROBLEMS

Note: An asterisk denotes a spreadsheet problem.

5.1 A single cycle of a ramp function of voltage versus time has the form from
to 0.01 s. Using direct integration, evaluate the Fourier coefficients and

Could you have deduced the values of and without performing the integrations?
5.2 A single cycle of a ramp function of voltage versus time has the form from

to 0.02 s. Using direct integration, evaluate the Fourier coefficients 
and Could you have deduced the values of and without performing the inte-
grations?

5.3 A single cycle of a ramp function has the form from to Evaluate
the Fourier constants and by direct integration.

5.4 A single cycle of a ramp function has the form from to s. Evaluate
the Fourier constants and by direct integration.

5.5 For the ramp function described in Problem 5.1, evaluate the coefficients and
using a numerical method such as described in Section A.1. Use 100 equally spaced time

intervals.
5.6 For the ramp function described in Problem 5.5, evaluate the coefficients and

using a numerical method such as described in Section A.1. Use 100 equally spaced time
intervals.

5.7 A transient voltage has the form in the time interval 0–0.1 s. Specify a
periodic form of this function so that only sine terms will be required for a Fourier-series
approximation.

5.8 A transient voltage has the form in the time interval 0–0.2 s. Specify a
periodic form of this function so that only sine terms will be required for a Fourier-series
approximation.

v1t2 = 20t - 100t2

v1t2 = 20t - 200t2

b2

a0, a1, a2, b1,*

b2

a0, a1, a2, b1,*
b2a0 , a1 , a2 , b1 ,

t = 2t = 0v1t2 = 10t
b2a0, a1, a2, b1,

t = 1 s.t = 0v1t2 = 25t

a2a0 , a1 ,b2 .
a0 , a1 , a2 , b1 ,-0.02

v1t2 = 50t
a2a0, a1,b2.

a0, a1, a2, b1,-0.01
v1t2 = 100t
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5.9 A transient voltage has a value of 3.5 V from to and has a value of zero at
other times. Specify a periodic form of this function so that it can be represented entirely
with a Fourier cosine series.

5.10 A transient voltage has a value of 5 V from to s and has a value of zero at other
times. Specify a periodic form of this function so that it can be represented entirely with a
Fourier cosine series.

5.11 The function shown in Figure P5.7 can be represented by the Fourier cosine series

Using a spreadsheet program, compute the sum of and terms at subintervals
of 0.01 s over the interval 0 to 0.5 s. Plot this sum and compare it to the original function.

a3a0, a1, a2,

f1t2 = 0.2 +
2
p a

q

n=1

1-12n
n

 sin 0.2np cos 4npt

*

t = 2t = 0

t = 1.5 st = 0

*5.12 Using a spreadsheet program as shown in Section A.2, generate 128 values of the func-
tion between and Perform an FFT on the
results and find the magnitude of the coefficients (as produced by the FFT; they will be
complex). Plot the results versus frequency in a bar chart such as Figure 5.12. Interpret
the peaks observed.

*5.13 Using a spreadsheet program as shown in Section A.2, generate 128 values of the function
between and Perform an FFT on the

results and find the magnitude of the coefficients (as produced by the FFT, they will be
complex). Plot the results versus frequency in a bar chart such as Figure 5.14. Interpret the
peaks observed.

*5.14 Consider the function Using a spreadsheet program as shown in Sec-
tion A.2, generate 128 values between and Perform a FFT on the results,
evaluate the magnitude of the coefficients, and present the result in a bar graph such as
Figure 5.14. What is the meaning of the coefficient at 

*5.15 Using a spreadsheet program, generate 256 values of the equation

between and 1 second. In the next column, generate 256 values of the Hann win-
dow function (Eq. 5.15) and in a fourth column, generate the product of the second and
third columns. Plot the original function and the windowed function on the same graph.
Perform an FFT on the original results and take the steps to create a bar graph like
Figure 5.15. Perform an FFT on the windowed data and create another bar graph. Com-
pare the two bar graphs and discuss the difference.

t = 0

f1t2 = 3 sin12p16.7t2 + 2 cos12p33.4t2

f = 0?

t = 2 s.t = 0
f1t2 = 7.5 sin2 10pt.

t = 0.1 s.t = 0f1t2 = 3 cos 500pt + 5 cos 800pt

t = 1 s.t = 0f1t2 = 5 sin 10pt + 3 cos 40pt
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5.16 A function has the form and is sampled at a rate of 
30 samples per second. What false alias frequency(ies) would you expect in the discrete
data?

5.17 A function has the form and is sampled at a rate of 
50 samples per second. What false alias frequency(ies) would you expect in the discrete
data?

5.18 The function in Problem 5.16 is sampled at 5 samples per second. What false alias fre-
quencies would you expect in the discrete data?

5.19 What would be the minimum sampling rate to avoid false aliasing for the function in
Problem 5.16?

5.20 The function is sampled at 400 samples per second
starting at What false alias frequencies would you expect in the output?

5.21 The function is sampled at 200 samples per second
starting at s. What false alias frequencies would you expect in the output?

5.22 What would be the minimum sampling rate to avoid false frequencies in the sampled data
for the function in Problem 5.20?

*5.23 Using a spreadsheet program, plot the function of Problem 5.20 from to
0.1 s at 0.0025-s intervals. Connect the points with straight lines. Explain the shape of
the resulting plot.

5.24 A 3.5-kHz sine wave signal is sampled at 2 kHz. What would be the lowest expected alias
frequency?

5.25 A 5-kHz sine wave signal is sampled at 3 kHz. What would be the lowest expected alias
frequency?

5.26 A 1-kHz sine wave is sampled at 1.5 kHz. What is the lowest expected alias frequency?
5.27 A 3-kHz sine wave is sampled at 4 kHz. What is the lowest expected alias frequency?
5.28 What is the dynamic range of a 16-bit bipolar A/D converter?
5.29 What is the dynamic range of a 14-bit unipolar A/D converter?
5.30 For an experiment, is 10 kHz and the A/D converter is bipolar with 12 bits. If a second-

order Butterworth lowpass filter is used, what will be if the signal is attenuated to the
converter threshold?

5.31 In a vibration experiment, an acceleration-measuring device can measure frequencies up
to 3 kHz, but the maximum frequency of interest is 500 Hz. A data acquisition system is
available with a 12-bit bipolar A/D converter and a maximum sampling rate of 10,000
samples per second. Specify the corner frequency and order of a Butterworth antialiasing
filter for this application (attenuating the signal to the converter threshold) and the actual
minimum sampling rate.

5.32 In a time-varying pressure measurement, the maximum frequency of interest is 100 Hz,
but there are frequencies in the signal with significant energy up to 1000 Hz. A first-order
Butterworth filter is to be constructed to filter out the higher frequencies. If the A/D con-
verter has 8 bits and is bipolar, determine the minimum sampling rate for an attached
data-acquisition system.

fm

fc

t = 0.00025

t = 0.00025
f1t2 = 5 cos 100pt + 90 cos 500pt

t = 0.00025 s.
f1t2 = 3 cos 500pt + 5 cos 800pt

f1t2 = 6 sin 20pt + 5 cos 30pt

f1t2 = 5 sin 10pt + 3 cos 40pt
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6
CHAPTER

Statistical Analysis 
of Experimental Data

Measurement processes usually introduce a certain amount of variability or random-
ness into the results, and this randomness can affect the conclusions drawn from exper-
iments. In this chapter, we discuss important statistical methods that can be used to
plan experiments and interpret experimental data.

6.1 INTRODUCTION

Random features are observed in virtually all measurements. Even if the same measur-
ing system is used to measure a fixed measurand repeatedly, the results will not all have
the same value. This randomness can be caused by uncontrolled (or uncontrollable)
variables affecting the measurand or lack of precision in the measurement process. In
some cases, the randomness of the data so dominates the data that it is difficult to dis-
tinguish the sought-after trend. This is common in experiments in the social sciences
and sometimes occurs in engineering. In such cases, statistics may offer tools that can
identify trends from what appears to be a set of confused data. In engineering, the gen-
eral trends of the data are usually evident; however, statistical tools are often needed to
identify and generalize the characteristics of test data or determine bounds on the
uncertainty of the data.

The types of errors in measurement were discussed in Chapter 2 and are gener-
ally broken into two categories: systematic and random. Systematic errors are consis-
tent, repeatable errors that can often be minimized by calibration of the measurement
system. It is the random errors that are most amenable to the methods of statistical
analysis. Statistical concepts are not only useful for interpreting experimental data but
also for planning experiments, particularly those with a large number of independent
variables or parameters.

As an example of random behavior of experimental results, consider the mea-
surement of the temperature of hot gas flowing through a duct. Due to factors outside
the experimenter’s control, the temperature shows variability when measured over a
period of an hour. This is despite the fact that all instruments have been calibrated and
are operated properly. The temperature of the gas is then considered to be, in the
nomenclature of statistics, a random variable. Table 6.1 shows the results of a set of 60
measurements of air temperature in the duct. These temperature data are observed
values of a random variable. A typical problem associated with data such as these
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TABLE 6.1 Results of 60 Temperature
Measurements in a Duct

Number of readings Temperature (°C)

1 1089
1 1092
2 1094
4 1095
8 1098
9 1100

12 1104
4 1105
5 1107
5 1108
4 1110
3 1112
2 1115
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FIGURE 6.1

Histogram of temperature data.

would be to determine whether it is likely that the temperature might exceed certain
limits. Although these data show no temperatures less than 1089°C or greater than
1115°C, we might, for example, ask if there is a significant chance that the temperature
will ever exceed 1117°C or be less than 1085°C (either of which might affect the manu-
facturing process in some applications).The methods described later in the chapter will
enable us to answer this question.

To help us visualize the data, it is helpful to plot them in the form of a bar graph
as shown in Figure 6.1. A bar graph of this type used for statistical analysis is called a
histogram. To create this graph, we first arrange the data into groups, called bins, as
shown in Table 6.2. Each bin has the same width (range of temperature values). Figure
6.1 is then plotted such that the height of each bar is proportional to the number of
readings occurring in each bin (frequency of occurrence). Some comments should be
noted about the figure. First, there is a peak in the number of readings near the center
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TABLE 6.2 Temperature Measurements
Arranged into Bins

Bin (°C)
Number of 

measurements

1085 … T 6 1090 1
1090 … T 6 1095 3
1095 … T 6 1100 12
1100 … T 6 1105 21
1105 … T 6 1110 14
1110 … T 6 1115 7
1115 … T 6 1120 2

of the temperature range. Second, the number of readings at temperatures less than or
greater than the central value drops off rapidly. Finally, the “curve” is bell shaped, not
parabolic—the number of readings for bins away from the center, while small, is not
zero. These characteristics of the data in Table 6.1 are common, though not necessary,
properties of experimental results. Figure 6.2 shows some other forms of distributions
that may be found in engineering applications.

Some general guidelines apply to the construction of histograms. (See Rees,
1987.) It is customary to have from 5 to 15 bins. It is simplest if each of the bins has the
same width (difference between the smallest and largest values in the bin). There are
special rules if bins of unequal width are used. The bins should cover the entire range
of the data, with no gaps, but the bins should not overlap. In Figure 6.1, there are seven
bins and each bin has a width of 5°C. This example illustrates a random variable that
can vary continuously and can take any real value in a certain domain. Such a variable
is called a continuous random variable. Some experiments produce discrete (noncon-
tinuous) results, which are considered to be values of a discrete random variable.
Examples of discrete random variables are the outcome of tossing a die (which has the
only possible values of 1, 2, 3, 4, 5, or 6) and fail/no-fail products in a quality control
process.

To apply statistical analysis to experimental data, the data are usually character-
ized by determining parameters that specify the central tendency and the dispersion of
the data. The next step is to select a theoretical distribution function that is most suit-
able for explaining the behavior of the data. The theoretical function can then be used
to make predictions about various properties of the data.

6.2 GENERAL CONCEPTS AND DEFINITIONS

6.2.1 Definitions

Population. The population comprises the entire collection of objects,
measurements, observations, and so on whose properties are under consideration and
about which some generalizations are to be made. Examples of population are the
entire set of 60-W electric bulbs that have been produced in a production batch and
values of wind speed at a certain point over a defined period of time.
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FIGURE 6.2

Some shapes of distributions: (a) symmetric; (b) skewed; (c) J-shaped; (d) bimodal; (e) uniform.
(After Johnson, 1988.)

Sample. A sample is a representative subset of a population on which an
experiment is performed and numerical data are obtained. For example, 10 light bulbs
can be selected from a production batch of 10,000, or wind speed can be sampled once
each hour over a 24-h period. Different samples of the same population may be chosen
for experimentation.

Sample space. The set of all possible outcomes of an experiment is called the
sample space. For example, there are six possible outcomes in casting a fair die. If the
sample space is made of discrete values (such as the outcomes of casting a die or a coin,
acceptable and unacceptable products), it is a discrete sample space.A random variable
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of a discrete sample space is discrete. If a sample space is a continuum, we have a
continuous sample space and also continuous random variables. The sample space for
the temperature measurements of gases coming out of a furnace is continuous.

Random variable. Engineering experiments and any associated measurement
are influenced by many factors that cannot be totally controlled, and as a result, the
outcome of the measurement and the experiment are not unique. Two examples of such
experiments are the measurement of temperature of a hot gas flowing through a duct
and the life expectancy of light bulbs. The value of temperature is a function of many
factors, including the operation of the heating source, duct insulation and environment,
and, more important, the nature of the flow itself and the measurement device. In the
case of the bulb, variation in material properties, manufacturing process, and
measurement process can influence the measured life of the bulbs. In each of the
experiments mentioned, no matter how well we control the influencing parameters,
given enough time, if the experiment is repeated, there will be variations in the values of
the measured variables.The variables being measured (temperature and lifetime in these
cases) are considered random variables. Mathematically, a random variable is a
numerically valued function defined for the population. This means that, for every
possible experimental outcome (sample point), there is a corresponding numerical value.

A random variable can be continuous or discrete. The variables in the light bulb
and duct temperature examples are continuous random variables. In principle, they can
assume any real value. Other random variables, such as the outcome of tossing a die
and fail/no-fail of products in a quality control process, are discrete random variables.
Discrete random variables have a countable number of possible values.

Distribution function. A distribution function is a graphical or mathematical
relationship that is used to represent the values of the random variable.

Parameter. A parameter is a numerical attribute of the entire population. As an
example, the average value of a random variable in a population is a parameter for that
population.

Event. An event is the outcome of a random experiment.

Statistic. A statistic is a numerical attribute of the sample. For example, the
average value of a sample property is a statistic of the sample.

Probability. Probability is the chance of occurrence of an event in an
experiment.The probability is obtained by dividing the number of successful occurrences
by the total number of trials. For example, there is a 50% chance that the outcome of
tossing a coin will be heads.This concept is elaborated further in Section 6.3.

6.2.2 Measures of Central Tendency

The most common parameter used to describe the central tendency is the mean.This is
the everyday concept of average and for a sample is defined by

(6.1)x =
x1 + x2 + Á + xn

n
= a

n

i=1

xi
n
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where the ’s are the values of the sample data and n is the number of measurements.
For a population with a finite number of elements, N, with values the mean is
denoted by the symbol and is given by

(6.2)

For a population with an infinite number of elements, the mean can be obtained from
a more general definition presented later.

Two other common parameters describing central tendency are the median and
the mode. If the measurands are arranged in ascending or descending order, the
median is the value at the center of the set. If the set contains an even number of ele-
ments, the median is the average of the two central values.The mode is the value of the
variable that corresponds to the peak value of the probability of occurrence of the
event. In a discrete sample space, the mode can easily be identified as the most fre-
quently occurring value. In a continuous sample space, the mode is taken as the mid-
point of the data interval (bin) with the highest frequency. For some distributions (e.g.,
a uniform distribution), the mode may not exist at all; for other distributions (e.g., a
bimodal distribution), there may be more than one peak frequency and more than one
mode. When a distribution has more than one mode, the frequencies of occurrence of
each mode need not be the same. While it is common for the mean, median, and mode
to have close to the same value (although they will generally not have exactly the same
value), in some data sets they may have significantly different values.

6.2.3 Measures of Dispersion

Dispersion is the spread or variability of the data. For example, a set of measurements
ranging from 90 to 110 has a greater dispersion than a set of measurements ranging
from 95 to 105. The following quantities are the most common ones used for repre-
senting the extent of dispersion of random variables around their mean value:

The deviation of each measurement is defined as

(6.3)

The mean deviation is defined as

(6.4)

For a population with a finite number of elements, the population standard devi-
ation is defined as

(6.5)

As with the mean, for populations with an infinite number of elements, a more general
definition will be presented at a later point.

The sample standard deviation is defined as

(6.6)S = Ca
n

i=1

1xi - x22
1n - 12

s = Ca
N

i=1

1xi - m22
N

d = a
n

i=1

ƒdi ƒ
n

di = xi - x

m =
x1 + x2 + Á + xN

N
= a

N

i=1

xi
N

m

xi,
xi
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Mean

Median

Standard deviation

Variance

Mode = 1104°Cm

= 33.49°C2S2

= 5.79°CS

= 1104°Cxm

= 1103°Cx

The sample standard deviation is used when the data of a sample are used to estimate
the population standard deviation.

The variance is defined as

(6.7)

For the temperature measurements in Table 6.1, the preceding statistics have the
following values:

variance = es2 for the population
S2 for a sample

6.3 PROBABILITY

Probability is a numerical value expressing the likelihood of occurrence of an event
relative to all possibilities in a sample space. As an example, if two dice are tossed, the
probability of the event of two 1’s is 1/36, since there are 36 possible outcomes for two
dice and only one of these outcomes represents the event desired. If the desired event
occurs, the outcome is considered successful. The prediction of the probability of an
event is one purpose of statistical analysis. The probability of occurrence of an event A
is defined as the number of successful occurrences (m) divided by the total number of
possible outcomes (n) in a sample space, evaluated for 

(6.8)

The event may be represented by a continuous random variable x, in which case the
probability will be represented by P(x). For a discrete random variable the proba-
bility will be shown by 

The following are some standard properties associated with probability:

1. Probability is always a positive number with a maximum of 
2. If an event A is certain to occur,
3. If an event A is certain not to occur,
4. If event is the complement of event A (this means that if event A occurs, event

cannot occur), then

(6.9)

5. If the events A and B are mutually exclusive (i.e., the probability of simultaneous
occurrence of A and B is zero), then the probability of occurrence of event A or
event B is

(6.10)P1A or B2 = P1A2 + P1B2

P1A2 = 1 - P1A2
A

A

P1A2 = 0.
P1A2 = 1.

1: 0 … P1x or xi2 … 1.

P1xi2.
xi,

probability of event A =
m
n

n W 1:
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For example, in the case of tossing a fair die, the probability of having a 3 or a 6 is

6. If the events A and B are independent of each other (this means that their occur-
rences do not depend on each other), the probability that both A and B will occur
together is

(6.11)

As an example, consider an assembly of two pieces, A and B, in a machine, such as
a computer and a monitor. A and B are manufactured by two different compa-
nies. We are told that there is a 5% chance that A is defective and a 2% chance
that B is defective. The probability that both A and B are defective is then

7. The probability of occurrence of A or B or both, represented by (read
“the probability of A union B”), is

(6.12)

In the preceding example, the probability of having A or B or both be defective will be

6.3.1 Probability Distribution Functions

An important function of statistics is to use information from a sample to predict the
behavior of a population. For example, after testing a sample from a batch of light
bulbs for time to failure, we may want to know the probability that an additional bulb
selected from the batch will have a time to failure of less than a certain value. In our
duct temperature data in Table 6.1, we might ask the question,“What is the probability
that our next measurement will be between 1105 and 1110°C?” One approach would
be to use the sample data directly. This approach is called use of an empirical distribu-
tion. We can replot the data of Figure 6.1 in the form of relative frequency versus tem-
perature, as shown in Figure 6.3. Relative frequency is the number of samples in each
bin, divided by the total number of samples. Since the relative frequency of the bin for
1105 to 1110 is 0.23, we might estimate that the probability that an additional measure-
ment will fall in the selected bin is approximately 0.23. However, such an approach has
decided limitations. Due to the small sample size, the relative frequencies for the indi-
vidual bins are quite uncertain; hence, the estimates of probabilities are only approxi-
mate. This is particularly true for the bins with only one or two samples. Although,
intuitively, we expect some finite, small probability for temperatures less than 1085 or
greater than 1119, the use of the sample data directly would not result in reasonable
estimates of these probabilities.

For particular situations, experience has shown that the distribution of the ran-
dom variable follows certain mathematical functions. Sample data are used to compute
parameters in these mathematical functions, and then we use the mathematical func-
tions to predict properties of the parent population. For discrete random variables,

P1A ´ B2 = 0.05 + 0.02 - 0.001 = 0.069 or 6.9%

P1A ´ B2 = P1A2 + P1B2 - P1AB2
P1A ´ B2

P1AB2 = 0.05 * 0.02 = 0.001 or 0.1%

P1AB2 = P1A2P1B2

P13 or 62 =
1
6

+
1
6

=
1
3
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Relative frequencies of duct 
temperatures.

these functions are called probability mass functions. For continuous random variables,
the functions are called probability density functions. For most experimental situations,
the appropriate distribution function can be determined from experience. However, a
technique known as goodness of fit can be used to determine the suitability of a distri-
bution function for a given situation. This technique is presented in many statistical
texts, such as Harnett and Murphy (1975).

Probability Mass Function If a discrete random variable can have values
then the probability of occurrence of a particular value of is 

where P is the probability mass function for the variable x. As an example, consider a
single die that has six possible states, each with equal probability 1/6. Then 
for each value of As another example, consider a biased coin that has a probability
of heads of 2/3 and a probability of tails of 1/3. Considering heads to be and tails to
be the complete function P(x) is represented by and 

The sum of the probabilities of all possible values of x must be 1:

(6.13)

The mean of the population for a discrete random variable is given by

(6.14)

The quantity is also called the expected value of x, E(x). The variance of the popula-
tion is given by

(6.15)

Probability Density Function For a continuous random variable, a function
f(x), called a probability density function, is defined such that the probability of
occurrence of the random variable in an interval between and is given by

(6.16)P1xi … x … xi + dx2 = f1xi2 dx
xi + dxxi

s2 = a
N

i=1
1xi - m22P1xi2

m

m = a
N

i=1
xiP1xi2

a
n

i=1
P1xi2 = 1

P1x22 = 1/3.P1x12 = 2/3x2,
x1

xi.
P1xi2 = 1/6

P1xi2,xix1, x2, Á , xn,
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To evaluate the probability that x will occur in a finite interval from to 
this equation can be integrated to obtain

(6.17)

For a continuous random variable, the probability of x having a single unique value is
zero. If the limits of integration are extended to negative and positive infinity, we can
be sure that the measurement is in that range and the probability will be

The definition of f(x) now allows us to define the mean of a population with
probability density function f(x):

(6.18)

This is also the expected value of the random variable, E(x). The variance of the popu-
lation is given by

(6.19)

Example 6.1

The life of a given type of ball bearing can be characterized by a probability distribution function

f(x) is shown in Figure E6.1.

(a) Calculate the expected life of the bearings.
(b) If we pick a bearing at random from this batch, what is the probability that its life (x) will

be less than 20 h, greater than 20 h, and finally, exactly 20 h?

Solution:

(a) Using Eq. (6.18), we have

E1x2 = m = L
q

0
xf1x2 dx = L

q

10
x

200
x3 dx = -

200
x
`
10

q

= 20 h

f1x2 = c 0 x 6 10 h
200
x3 x Ú 10 h

s2 = L
q

-q
1x - m22f1x2 dx

m = L
q

-q
xf1x2 dx

P1-q … x … q2 = 1.

P1a … x … b2 = L
b

a
f1x2 dx

x = b,x = a

0.2

f(
x)

0 10 20 30 40
Lifetime (h) FIGURE E6.1
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(b) The probability that the lifetime is less than 20 h is given by

Also,

Cumulative Distribution Function The cumulative distribution function is
another method of presenting data for the distribution of a random variable. It is used
to determine the probability that a random variable has a value less than or equal to a
specified value. The cumulative distribution function for a continuous random variable

is defined as

(6.20)

For a discrete random variable, it is defined as

(6.21)

The next two relations follow from the definition of the cumulative distribution function:

(6.22)

The use of the cumulative distribution function is demonstrated in Example 6.2.

Example 6.2

Find the probability that the lifetime of one of the ball bearings in Example 6.1 will have a life-
time of

(a) less than 15 h and
(b) less than 20 h, using the cumulative distribution function.

Solution:

(a) Using Eq. (6.20), we obtain, for the cumulative distribution function,

This function is plotted in Figure E6.2. Either by substituting 15 into the equation or by
reading from the graph, we find that the probability that the lifetime is less than 15 h is 0.55.

(b) Similarly, the probability that the lifetime is less than 20 h is 0.75.

= 0 + L
x

10

200
x3 dx = 1 -

100
x2 for x 7 10

F1x2 = L
x

-q
f1x2 dx = L

x

-q
0 dx = 0 for x … 10

P1x 7 a2 = 1 - F1a2
P1a 6 x … b2 = F1b2 - F1a2

F1rv … xi2 = a
i

j=1
P1xj2

F1rv … x2 = F1x2 = L
x

-q
f1x2 dx = P1rv … x2

(rv)

P1x = 202 = 0
P1x Ú 202 = 1 - P1x … 202 = 0.25

P1x 6 202 = L
20

-q
f1x2 dx = L

10

-q
0 dx + L

20

10

200
x3 dx = 0.75
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6.3.2 Some Probability Distribution Functions with Engineering Applications

A number of distribution functions are used in engineering applications. In this sec-
tion, some of the most common are described briefly and their application is discussed.

Binomial Distribution The binomial distribution is a distribution which
describes discrete random variables that can have only two possible outcomes:
“success” and “failure.” This distribution has application in production quality control,
when the quality of a product is either acceptable or unacceptable. The following
conditions need to be satisfied for the binomial distribution to be applicable to a
certain experiment:

1. Each trial in the experiment can have only the two possible outcomes of success
or failure.

2. The probability of success remains constant throughout the experiment.This prob-
ability is denoted by p and is usually known or estimated for a given population.

3. The experiment consists of n independent trials.

The binomial distribution provides the probability (P) of finding exactly r suc-
cesses in a total of n trials and is expressed as

(6.23)

In this relation, r is an integer and is always less than or equal to n, and

(6.24)

is called n combination r, which is the number of ways that we can choose r items from
n items.

The expected number of successes in n trials for binomial distribution is

(6.25)m = np

an
r
b =

n!
r!1n - r2!

P1r2 = an
r
bpr11 - p2n- r

1
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The standard deviation of the binomial distribution is

(6.26)

In some engineering applications, one is interested in finding the probability that the
event will happen less than or equal to a certain number of times. If k is this number of
occurrences then

(6.27)

Example 6.3

A manufacturer of a brand of computer claims that his computers are reliable and that only 10%
of the computers require repairs within the warranty period. Determine the probability that in a
batch of 20 computers, 5 will require repair during the warranty period.

Solution: We can apply the binomial distribution because of the pass/fail outcome of the
process. Success will be defined as not needing repair within the warranty period. In this case,
based on the manufacturer’s tests, Other assumptions underlying the application of this
distribution are that all trials are independent and that the probabilities of success and failure
are the same for all computers. The problem amounts to determining the probability (P) of hav-
ing 15 successes (r) out of 20 machines (n). Using Eqs. (6.23) and (6.24) yields

The conclusion here is that there is a fairly small chance (3.2%) that there will be exactly 5 com-
puters out of a batch of 20 computers requiring repair.

Example 6.4

A light-bulb manufacturing company has discovered that, for a given batch, 10% of the light
bulbs are defective. If we buy four of these bulbs, what are the probabilities of finding that four,
three, two, one, and none of the bulbs are defective?

Solution: Again, we can use the binomial distribution. The number of trials is 4, and if we
define success as bulb failure, The probability of having four, three, two, one, and zero
defective light bulbs can be calculated by using Eq. (6.23). The probability of finding four defec-
tive bulbs is determined from

Note:

Similarly,

P1r = 22 = 0.0486

P1r = 32 = 0.0036

a4
4
b = a 4!

4!14 - 42! b = 1 since 0! = 1

= 0.0001

P1r = 42 = a4
4
b  0.1411 - 0.124-4

p = 0.1.

P = a20
15
b  0.91511 - 0.925 = 0.032

an
r
b = a20

15
b =

20!
15!120 - 152! = 15,504

p = 0.9.

P1r … k2 = a
k

i=0
P1r = i2 = a

k

i=0
an
i
bpi11 - p2n- i

1k … n2,

s = 1np11 - p2
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The total probability of all five possible outcomes is

Example 6.5

For the data of Example 6.4, calculate the probability of finding up to and including two defec-
tive light bulbs in the sample of four.

Solution: We use Eq. (6.27) for this purpose:

This means that the probability of finding two or fewer defective light bulbs in four is 99.63%.

Poisson Distribution The Poisson distribution is used to estimate the number of
random occurrences of an event in a specified interval of time or space if the average
number of occurrences is already known. For example, if it is known that, on average,
10 customers visit a bank per five-minute period during the lunch hour, the Poisson
distribution can be used to predict the probability that 8 customers will visit during a
particular five-minute period. The Poisson distribution can also be used for spatial
variations. For instance, if it is known that there are, on average, two defects per square
meter of printed circuit boards, the Poisson distribution can be used to predict the
probability that there will be four defects in a square meter of boards.

The following two assumptions underline the Poisson distribution:

1. The probability of occurrence of an event is the same for any two intervals of the
same length.

2. The probability of occurrence of an event is independent of the occurrence of
other events.

The probability of occurrence of x events is given by

(6.28)

where is the expected or mean number of occurrences during the interval of interest.
The expected value of x for the Poisson distribution, the same as the mean, is

given by

(6.29)

The standard deviation is given by

(6.30)s = 1l

E1x2 = m = l

m,
l

P1x2 =
e-llx

x!

= 0.9963

= 0.6561 + 0.2916 + 0.0486

P1r … 22 = P1r = 02 + P1r = 12 + P1r = 22

= 1.0000

P = P1r = 42 + P1r = 32 + P1r = 22 + P1r = 12 + P1r = 02

P1r = 02 = 0.6561

P1r = 12 = 0.2916
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In some cases, the goal is to find the probability that a certain number of events or fewer
will occur.To compute the probability that the number of occurrences is less than or equal
to k, the sum of the probability of k, events must be computed.This is given by

(6.31)

Example 6.6

In a binary data stream, it is known that there is an average of three errors per minute. Find the
probability that there are exactly zero errors during a one-minute period.

Solution: For this problem, is 3 and x is 0. Substituting into Eq. 6.28 yields

The probability that there are no errors in a one-minute interval is thus 0.050.

Example 6.7

In Example 6.6, what is the probability that there will be
(a) three or fewer errors.
(b) more than three errors.

Solution: First we need to compute the probability of 0, 1, 2, and 3 errors using Eq. 6.28:

Similarly,

Thus,

The probability that x is greater than 3 is then

Example 6.8

It has been found in welds joining pipes that there is an average of five defects per 10 linear
meters of weld (0.5 defects per meter). What is the probability that there will be

(a) a single defect in a weld that is 0.5 m long or
(b) more than one defect in a weld that is 0.5 m long.

P1x 7 32 = 1 - P1x … 32 = 1 - 0.647 = 0.353

P1x … 32 = 0.050 + 0.149 + 0.224 + 0.224 = 0.647

P102 = 0.050
P112 = 0.149
P122 = 0.224

P132 =
e-333

3!
= 0.224

P1x2 =
e-330

0!
= 0.050

l

P1x … k2 = a
k

i=0

e-lli

i!

k - 1 Á 0
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Solution: the average number of defects in 0.5 m, is Using Eq. 6.28, we
find that the probability of one defect is then

There is thus a probability of 0.194 that there would be a single defect.The probability that there
will be more than one defect is

P(0) can be computed from Eq. 6.28 as 0.778. The probability is

Thus, the probability of more than one defect is only 0.028.

Normal (Gaussian) Distribution The normal (or Gaussian) distribution function is a
simple distribution function that is useful for a large number of common problems involving
continuous random variables. The normal distribution has been shown to describe the
dispersion of the data for measurements in which the variation in the measured value is
due totally to random factors and occurrences of both positive and negative deviations are
equally probable.The equation for the normal probability density function is

(6.32)

In this equation, x is the random variable. The function has two parameters: the popu-
lation standard deviation, and the population mean, A plot of f(x) versus x for dif-
ferent values of and a fixed value of the mean is shown in Figure 6.4. As the figure
shows, the distribution is symmetric about the mean value, and the smaller the stan-
dard deviation, the higher is the peak value of f(x) at the mean.

According to the definition of the probability density function [Eq. (6.17)], for a
given population, the probability of having a single value of x between a lower limit of 

s

m.s,

f1x2 =
1

s12p
e-1x-m22/2s2

P1x 7 12 = 1 - 0.778 - 0.194 = 0.028

P1x 7 12 = 1 - P102 - P112

P112 =
e-0.250.251

1!
= 0.194

0.5 * 0.5 = 0.25.l,

1
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and an upper limit of is

(6.33)

Since f(x) is in the form of an error function, the preceding integral cannot be evalu-
ated analytically, and as a result, the integration must be performed numerically. To
simplify the numerical integration process, the integrand is usually modified with a
change of variable so that the numerically evaluated integral is general and useful for
all problems. A nondimensional variable z is defined as

(6.34)

It is now possible to define the function

(6.35)

which is called the standard normal density function. It represents the normal probabil-
ity density function for a random variable z with mean equal to zero and This
normalized function is plotted in Figure 6.5.

Taking the differential of Eq. (6.34), we have Equation (6.33) will
then transform to

(6.36)

The probability that x is between and is the same as the probability that the trans-
formed variable z is between and 

(6.37a)

The probability has a value equal to the crosshatched area shown on
Figure 6.5. The curve shown in the figure is symmetric with respect to the vertical axis
at which indicates that, with this distribution, the probabilities of positive and z = 0,

P1z1 … z … z22
P1x1 … x … x22 = P1z1 … z … z22 = Pax1 - m

s
…
x - m
s

…
x2 - m
s

b
z2:z1

x2x1

P1x1 … x … x22 = L
z2

z1

f1z2 dz

dx = s dz.

s = 1.m

f1z2 =
1
12p

e-z
2/2

z =
x - m
s

P1x1 … x … x22 = L
x2

x1

f1x2 dx = L
x2

x1

1
s12p

e-1x-m22/2s2
dx

x2x1

f(
z)
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z
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FIGURE 6.5

Standard normal distribution
function.
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negative deviations from are equal. Mathematically, this can be stated as

(6.37b)

As mentioned, the integral in Eq. (6.33) has two free parameters ( and ), and as a
practical matter, it would have to be integrated numerically for each application. On
the other hand, the integral in Eq. (6.36) has no free parameters. If in Eq. (6.36) is
chosen to be zero, it is practical to perform the integration numerically and tabulate
the results as a function of or simply z. The results of this integration are shown in
Table 6.3. Since the standard normal distribution function is symmetric about 
the table can then be used to predict the probability of occurrence of a random vari-
able anywhere in the range to if the population follows the basic characteris-
tics of a normal distribution. The table presents the value of the probability that the
random variable has a value between 0 and z for z values shown in the left column and
the top row. The top row serves as the second decimal point of the first column. The
process of using Table 6.3 to predict probabilities is demonstrated in Example 6.9.

Example 6.9

The results of a test that follows a normal distribution have a mean value of 10.0 and a standard
deviation of 1. Find the probability that a single reading is

(a) between 9 and 12.
(b) between 8 and 9.55.
(c) less or equal to 9.
(d) greater than 12.

Solution:

(a) Using Eq. (6.34), we have and We are
looking for the area under the standard normal distribution curve from to 
[Figure E6.9(a)]. This will be broken into two parts: from to 0 and from to

The area under the curve from to 0 is the same as the area from to
From Table 6.3, this value is 0.3413.The area from to is 0.4772.That is,

Hence,

(b) and We are looking for the area
between and [Figure E6.9(b)]. From Table 6.3, the area from 
to is 0.4772 and the area from to is 0.1736. The result we seek is
the difference between these two areas:

(c) and [Figure E6.9(c)]. From Table 6.3, we find that is
0.3413. We also know that is 0.5. Hence,

P1-q … z … -12 = 0.5 - 0.3413 = 0.1587 or 15.87%

P1-q … z … 02
P1-1 … z … 02z2 = -1z1 = -q

P1-2 … z … -0.452 = 0.4772 - 0.1736 = 0.3036 = 30.36%

z = 0z = -0.45z = 0
z = -2z = -0.45z = -2

z2 = 19.55 - 102/1 = -0.45.z1 = 18 - 102/1 = -2

P1-1 … z … 22 = 0.3413 + 0.4772 = 0.8185 or 81.85%

P1-1 … z … 02 = P10, 12 = 0.3413 and P10 … z … 22 = 0.4772

z = 2z = 0z = 1.
z = 0z = -1z = 2.
z = 0z = -1
z = 2z = -1

z2 = 112 - 102/1 = 2.z1 = 19 - 102/1 = -1

+q-q

z = 0,
z2,

z1

sm

P1-z1 … z … 02 = P10 … z … z12 =
P1-z1 … z … z12

2.0

z = 0



TABLE 6.3 Area Under the Normal Distribution From to zz = 0

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 .0000 .0040 .0080 .0120 .0160 .0199 .0239 .0279 .0319 .0359
0.1 .0398 .0438 .0478 .0517 .0557 .0596 .0636 .0675 .0714 .0753
0.2 .0793 .0832 .0871 .0910 .0948 .0987 .1026 .1064 .1103 .1141
0.3 .1179 .1217 .1255 .1293 .1331 .1368 .1406 .1443 .1480 .1517
0.4 .1554 .1591 .1628 .1664 .1700 .1736 .1772 .1808 .1844 .1879
0.5 .1915 .1950 .1985 .2019 .2054 .2088 .2123 .2157 .2190 .2224
0.6 .2257 .2291 .2324 .2357 .2389 .2422 .2454 .2486 .2517 .2549
0.7 .2580 .2611 .2642 .2673 .2704 .2734 .2764 .2794 .2823 .2852
0.8 .2881 .2910 .2939 .2967 .2995 .3023 .3051 .3078 .3106 .3133
0.9 .3159 .3186 .3212 .3238 .3264 .3289 .3315 .3340 .3365 .3389
1.0 .3413 .3438 .3461 .3485 .3508 .3531 .3554 .3577 .3599 .3621
1.1 .3643 .3665 .3686 .3708 .3729 .3749 .3770 .3790 .3810 .3830
1.2 .3849 .3869 .3888 .3907 .3925 .3944 .3962 .3980 .3997 .4015
1.3 .4032 .4049 .4066 .4082 .4099 .4115 .4131 .4147 .4162 .4177
1.4 .4192 .4207 .4222 .4236 .4251 .4265 .4279 .4292 .4306 .4319
1.5 .4332 .4345 .4357 .4370 .4382 .4394 .4406 .4418 .4429 .4441
1.6 .4452 .4463 .4474 .4484 .4495 .4505 .4515 .4525 .4535 .4545
1.7 .4554 .4564 .4573 .4582 .4591 .4599 .4608 .4616 .4625 .4633
1.8 .4641 .4649 .4656 .4664 .4671 .4678 .4686 .4693 .4699 .4706
1.9 .4713 .4719 .4726 .4732 .4738 .4744 .4750 .4756 .4761 .4767
2.0 .4772 .4778 .4783 .4788 .4793 .4798 .4803 .4808 .4812 .4817
2.1 .4821 .4826 .4830 .4834 .4838 .4842 .4846 .4850 .4854 .4857
2.2 .4861 .4864 .4868 .4871 .4875 .4878 .4881 .4884 .4887 .4890
2.3 .4893 .4896 .4898 .4901 .4904 .4906 .4909 .4911 .4913 .4916
2.4 .4918 .4920 .4922 .4925 .4927 .4929 .4931 .4932 .4934 .4936
2.5 .4938 .4940 .4941 .4943 .4945 .4946 .4948 .4949 .4951 .4952
2.6 .4953 .4955 .4956 .4957 .4959 .4960 .4961 .4962 .4963 .4964
2.7 .4965 .4966 .4967 .4968 .4969 .4970 .4971 .4972 .4973 .4974
2.8 .4974 .4975 .4976 .4977 .4977 .4978 .4979 .4979 .4980 .4981
2.9 .4981 .4982 .4982 .4983 .4984 .4984 .4985 .4985 .4986 .4986
3.0 .4987 .4987 .4987 .4988 .4988 .4989 .4989 .4989 .4990 .4990
3.1 .4990 .4991 .4991 .4991 .4992 .4992 .4992 .4992 .4993 .4993
3.2 .4993 .4993 .4994 .4994 .4994 .4994 .4994 .4995 .4995 .4995
3.3 .4995 .4995 .4995 .4996 .4996 .4996 .4996 .4996 .4996 .4997
3.4 .4997 .4997 .4997 .4997 .4997 .4997 .4997 .4997 .4997 .4998
3.5 .4998 .4998 .4998 .4998 .4998 .4998 .4998 .4998 .4998 .4998
3.6 .4998 .4998 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .4999
3.7 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .4999
3.8 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .4999
3.9 .5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000
4.0 .5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000
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(d) and We are seeking the area from to 
[Figure E6.9(d)]. From Table 6.3, the area from to is 0.4772. The area from

to is 0.5. The required probability is then the difference between these two
areas:

It is also of interest to determine the probability that a measurement will fall within
one or more standard deviations of the mean.The value for is evaluated
from Table 6.3. For the probability is 0.3413. Since we are looking for the
probability we seek is twice this value, or 0.6826 (68.26%). This means that if a mea-
surement is performed in an environment where the deviation from the mean value is
totally influenced by random variables, we can be 68.26% confident that it will fall
within one standard deviation from the mean. For the probability is 95.44%.This value
is close to 95%; hence, in practical usage, and 95% are often used interchangeably.2s

2s,

;1s,z = 1,
1s1z = 121s’s2

P12 … z … q2 = P10, q2 - P10, 22 = 0.5 - 0.4772 = 0.0228 or 2.28%

z = qz = 0
z = 2z = 0

z = qz = 2z2 = q .z1 = 112 - 102/1 = 2

(b)(a)

f(
z)

�3 �2 �1 0 1 2 3

z
z1 z2

�3 �2 �1 0 1 2 3

z
z1 z2

f(
z)

FIGURE E6.9(a, b)

(c) (d)

�3 �2 �1 0 1 2 3

z
z1 z2

f(
z)

z

�3 �2 �1 0 1 2 3
z1 z2

f(
z)

FIGURE E6.9(c, d)
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Table 6.4 shows the probability (confidence level) for different deviation limits (confi-
dence intervals).The concepts of confidence intervals and confidence level are discussed
in greater detail later in the chapter.

Example 6.10

In the mass production of engine blocks for a single-cylinder engine, the tolerance in the diame-
ter (D) of the cylinders is normally distributed. The average diameter of the cylinders, has
been measured to be 4.000 in. and the standard deviation is 0.002 in. What are the probabilities
of the following cases?

(a) A cylinder is measured with 
(b) A cylinder is measured with 
(c) A cylinder is measured with 
(d) If cylinders with a deviation from the mean diameter of greater than are rejected,

what percent of the blocks will be rejected?

Solution: The deviation in diameter in this case is where D is the diameter of the
cylinder and is the mean value for diameter. It has been established that the diameter is nor-
mally distributed, so we can use the standard normal distribution function and Table 6.3 to solve
this problem.

(a) From Table 6.3, for the area from
to is 0.3413. The area from to is 0.5. Then

(b) From Table 6.3, for the area from to
is 0.4938. The area from to is 0.5. Then

(c) and From Table
6.3, we obtain 0.4998 and 0.4332 for and 1.5, respectively. Then

(d) If the rejection criterion is the fraction of rejected blocks will be

1 - 2 * P10 … z … 22 = 1 - 2 * 0.4772 = 0.0456 or 4.56%

2s,

P1-3.5 … z … 1.52 = 0.4998 + 0.4332 = 0.933 or 93.3%

z = 3.5
z2 = 14.003 - 4.0002/0.002 = 1.5.z1 = 13.993 - 4.0002/0.002 = -3.5

P1z 7 2.52 = 0.5 - 0.4938 = 0.0062  or  0.62%

z = qz = 0z = 2.5
z = 0z = 2.5,z = 14.005 - 4.0002/0.002 = 2.5.

P1-q … z … 12 = 0.5 + 0.3413 = 0.8413  or  84.3%

z = 0z = -qz = 1z = 0
z = 1,z = 1D - m2/s = 14.002 - 4.0002/0.002 = 1.

m

d = D - m,

2s
3.993 … D … 4.003.
D Ú 4.005.
D … 4.002.

m,

TABLE 6.4 Confidence Intervals 
and Probabilities

Confidence
interval

Confidence
level (%)

;1s 68.26
;2s 95.44
;3s 99.74
;3.5s 99.96
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Distribution suitable for lognormal
analysis.

Standard Lognormal Distribution In some experimental situations, the
measured variable is restricted to positive values and the values of this variable are
usually small but can occasionally be very large. When plotted as histogram, these data
give rise to skewed distributions with very long upper tails as depicted in Figure 6.6.

Such variables can sometimes be efficiently described by a lognormal distribution. If
the experimental variable is X and we define a new variable, Y, such that 1, and if
Y is normally distributed, then the experimental variable X follows a lognormal distribution.

If the mean of X is m and its standard deviation is s, then Y is normally distrib-
uted with a mean and a standard deviation This distribution is
demonstrated in the following examples.

Example 6.11

If X follows a lognormal distribution with a mean and a standard deviation what
is the probability that the value of X will (a) lie between 50 and 100 (b) be greater than 1000?

If we define then Y is normally distributed with mean 
and a standard deviation 

(a)

Then

and

Then where z has the standard nor-
mal distribution. From the Table 6.3 for the standard normal distribution, we find that

(b)

Then

P11.699 6 z2 = 0.5 - 0.4553 = 0.0447

z1 = 16.9078 - 2.99572/2.3026 = 1.699

P11000 6 X2 = P1ln110002 6 Y2 = P16.9078 6 Y2
P10.398 6 z 6 0.6992 = 0.2577 - 0.1547 = 0.1030.

P13.9120 6 Y 6 4.60522 = P10.398 6 z 6 0.6992
z2 = 14.6025 - 2.99572/2.3026 = 0.699

z1 = 13.9120 - 2.99572/2.3026 = 0.398

P150 6 X 6 1002 = P1ln1502 6 Y 6 ln110022 = P13.9120 6 Y 6 4.60522
s = ln1102 = 2.3026.

m = ln1202 = 2.9957Y = ln1X2
s = 10,m = 20

s = ln1s2.m = ln1m2

Y = ln1X2

1Base 10 or natural logarithms can be used if consistent.
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Example 6.12

The waiting time, X, at a service counter in a workshop is approximated by a lognormal distribu-
tion. The data indicates that the waiting time has a mean value of 2.36 minutes with a standard
deviation of 1.84 minutes.What is the probability (a) that it will take at least 4 minutes of waiting
time at the counter, (b) that the waiting time will be between 2 and 3 minutes, and (c) the wait-
ing time will be less than 2 minutes?

will be normally distributed with a mean and standard
deviation

(a)

From Table 6.3, we find that 

(b)

We can convert it to the standard normal variable as From
Table 6.3 we find:

Therefore

(c) From Table 6.3,

Exponential Distribution The Poisson distribution described earlier in Section
6.3.2 is a discrete distribution that specifies the probability of the number of
occurrences of a randomly occurring event in a given interval of time. The exponential
distribution looks at the same underlying process but examines the duration of the
interval between successive occurrences of a randomly occurring event. Since the
interval between the events is a continuous variable, the exponential distribution is a
continuous distribution.

The exponential distribution is widely used to describe the probability of failure
of components that fail at a constant rate, regardless of their age. These components
fail because of causes that occur randomly rather than because of systematic wear. For
instance, electrical instruments used in engineering experimentation may often fail not
because they are old but because they are accidentally dropped or are exposed to high
voltage.An exponential distribution is useful in describing this kind of instrumentation
failure, and is used in Reliability Engineering for describing the probability of failure
of components that fail due to randomly occurring causes. The failure of a mechanical
component, on the other hand, is often due to wear caused by aging and should not be
modeled by exponential distribution.

The exponential distribution is sometimes described as a “memoryless distribu-
tion,” meaning that the likelihood that an event will occur between the present time,
and a future time, is not influenced by how much time has elapsed between the
starting time, and the present time . In other words, if the time to failure of a
component is described by this distribution, the time from the present that it will take
for the component to fail is independent of the present age of the component. For

t0t = 0,
t0 + T,

t0 ,

P1z 6 0.27162 = 0.5 - 0.1070 = 0.3930 = P(X 6 2)
P1X 6 22 = P1Y 6 ln1222 = P1Y 6 0.69312 = P1z 6 -0.27162.

P12 6 X 6 32 = 0.26P1-0.2716 6 z 6 0.39342 = 0.1070 + 0.1530 = 0.26.

P1-0.2716 6 z 6 0.39342.
P12 6 X 6 32 = P1ln122 6 Y 6 ln1322 = P10.6931 6 Y 6 1.09862

P1z 7 0.8652 = 0.5 - 0.3065 = 0.1935

P1X 7 42 = P1Y 7 ln1422 = P1Y 7 1.3862 = P1Z 7 0.8652
s = ln11.842 = 0.6098.

m = ln12.362 = 0.8587Y = ln1X2
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instance, if one models the length of life of an electrical instrument by this distribution,
it means that the likelihood that the instrument will fail in the next week is indepen-
dent of how old the instrument is at the present time.

The probability density function for the exponential distribution is given by

(6.38)

where is always greater than zero.
For this distribution, the mean and the standard deviation of x are equal to each

other and are given by and 
Since the probability of occurrence of an event in an interval is the integral of f(x)

in that interval, it can be shown that and that

Example 6.13

The length of life of light emitting diodes (LED) used in a digital instrument display panel is
described by an exponential distribution and it is known that the mean life of an LED is 2000
days. Find the probability that a given LED will fail (a) within 1000 days (b) between 1000 and
2000 days (c) will last at least 1500 days.

Solution: From the given data, so that 

(a) Since .

(b)

so that 

(c)

Since

Other Distribution Functions Several other types of probability distribution
functions are used in engineering experiments. Detailed discussion of all these
functions are beyond the scope of this book. In Table 6.5, we summarize briefly
important distributions that have significant applications in engineering. For details on
the subject, the reader is referred to more comprehensive texts on the subject, such as
Lipson and Sheth (1973) and Lapin (1990).

6.4 PARAMETER ESTIMATION

In most experiments, the sample size is small relative to the population, yet the princi-
pal intention of a statistical experiment is to estimate the parameters describing the
entire population. While there are many population parameters that can be estimated,

= 0.4724.P1x … a2 = 1 - e-la, P1x Ú 15002 = 1 - 11 - e-0.00051150022 = e-0.75

P1x Ú 15002 = 1 - P1x … 15002.
- 0.3679 = 0.2387.

0.6065e-0.5 - e-1.0 =e-0.0005120002 =e-0.0005110002 -P11000 … x … 20002 =

P1x1 … x … x22 = 1e-lx1 - e-lx22.
= 0.3935.

= 1 - 0.60651 - e-0.5e-0.0005110002 =P1x … 10002 = 1 -P1x … a2 = 1 - e-la

l = 1/2000 = 0.0005/day.m = 1/l = 2000,

P1x … a2 = 1 - e-la.
P1x1 … x … x22 = 1e-lx1 - e-lx22

s = 1/l.m = 1/l

l

f1x; 	2 = c le-lx x Ú 0.
0 ,

,
x 6 0.
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the most common estimated parameter is the population mean, In some cases, it is
also necessary to estimate the population standard deviation, An estimate of the
population mean, is the sample mean, [as defined by Eq. (6.1)], and an estimate of
the population standard deviation, is the sample standard deviation, S [as defined by
Eq. (6.6)]. However, simple estimation of values for these parameters is not sufficient.
Different samples from the same population will yield different values. Consequently,
it is also necessary to determine uncertainty intervals for the estimated parameters. In
the sections that follow, we discuss the determination of these uncertainty intervals. For
further details, see Walpole and Myers (1998).

6.4.1 Interval Estimation of the Population Mean

We wish to make an estimate of the population mean, which takes the form

(6.39)

where is an uncertainty and is the sample mean. The interval from to 
is called the confidence interval on the mean. However, the confidence interval
depends on a concept called the confidence level, sometimes called the degree of confi-
dence. The confidence level is the probability that the population mean will fall within
the specified interval:

(6.40)

We will have a higher confidence level that the mean will fall in a large interval than
that it will fall within a small interval. For example, we might state that the mean is

with a 95% confidence level or that the mean is with a 60% confidence11 ; 311 ; 5

confidence level = P1x - d … m … x + d2

x + dx - dxd

m = x ; d or x - d … m … x + d

s,
xm,

s.
m.

TABLE 6.5 Summary of Important Distributions in Engineering

Distribution Application
Binomial Used for quality control (rejection of defective products), failure–success, good–bad type 

of observation. This is a discrete distribution.
Poisson Used to predict the probability of occurrence of a specific number of events in a space or 

time interval if the mean number of occurrences is known.
Normal (Gaussian) Continuous, symmetrical, and most widely used distribution in experimental analysis in 

physical science. Used for explanation of random variables in engineering experiments,
such as gas molecule velocities, electrical power consumption of households, etc.

Student’s t Continuous, symmetrical, used for analysis of the variation of sample mean value for 
experimental data with sample size less than 30. For sample sizes greater than 30,
Student’s t approaches normal distribution.

x2 Continuous, nonsymmetrical, used for analysis of variance of samples in a population. For 
example, consistency of chemical reaction time is of prime importance in some industrial
processes and distribution is used for its analysis. This distribution is also used to 
determine goodness of fit of a distribution for a particular application.

x2

Weibull Continuous, nonsymmetrical, used for describing the life phenomena of parts 
and components of machines.

Exponential Continuous, nonsymmetrical, used for analysis of failure and reliability of components,
systems and assemblies.

Lognormal Continuous, nonsymmetrical, used for life and durability studies of parts and components.
Uniform Continuous, symmetrical, used for estimating the probabilities of random values generated 

by computer simulation.
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level. The confidence level is normally expressed in terms of a variable called the
level of significance:

(6.41)

is then the probability that the mean will fall outside the confidence interval.
The central limit theorem makes it possible to make an estimate of the confidence

interval with a suitable confidence level. Consider a population of the random variable x
with a mean value of and standard deviation From this population, we could take sev-
eral different samples, each of size n. Each of these samples would have a mean value 
but we would not expect each of these means to have the same value. In fact, the are
values of a random variable. The central limit theorem states that if n is sufficiently large,
the follow a normal distribution and the standard deviation of these means is given by

(6.42)

The population need not be normally distributed for means to be normally distributed
and for the standard deviation of the means to be given by Eq. (6.42). The standard
deviation of the mean is also called the standard error of the mean. For the central limit
theorem to apply, the sample size n must be large. In most cases, to be considered large,
n should exceed 30 (Harnett and Murphy, 1975; Lapin, 1990).

The following are important conclusions from the central limit theorem:

1. If the original population is normal, the distribution for the is normal.
2. If the original population is not normal and n is large the distribution

for the is normal.
3. If the original population is not normal and if the follow a normal

distribution only approximately.

If the sample size is large, we can use the central limit theorem directly to make
an estimate of the confidence interval. Since is normally distributed, we can use the
statistic as defined by

(6.43)

Using the standard normal distribution function and the standard normal distrib-
ution tables, we can estimate the confidence interval on z. is the population standard
deviation, which, in general, is not known. However, for large samples, the sample stan-
dard deviation, S, can be used as an approximation for 

The estimation of the confidence interval is shown graphically in Figure 6.7. If z
has a value of zero, this means that the estimate has a value that is exactly the popu-
lation mean, However, we only expect the true value of to lie somewhere in the
confidence interval, which is The probability that z lies in the confidence inter-
val, between and is the area under the curve between these two z values and
has the value The confidence level is this probability, The term is equala1 - a.1 - a.

za/2,-za/2

;za/2.
mm.

x

s.

s

z =
x - m
s

qx

x

xi’sn 6 30,
xi’s

1n 7 302,
xi’s

sxq =
s

1n

xi’s

xi’s
xi,

s.m

a

confidence level = 1 - a

a
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to the sum of the areas of the left- and right-hand tails in Figure 6.7.These concepts can
then be restated as

(6.44)

Substituting for z, we obtain

(6.45a)

This can be rearranged to give

(6.45b)

It can also be stated as

(6.46)

In some instances, we are more interested in knowing what our data predicts about the
maximum value that the mean can take at a given level of confidence, rather than in
knowing the interval within which the mean falls. Similarly, in other situations we may
be more interested in finding, at a given level of confidence, the minimum value that
the mean can take. Such questions are answered by one-sided confidence intervals
rather than the two-sided confidence intervals given in Eq. (6.46).

The one-sided confidence interval for the upper limit of the mean at a confidence
level of is given by This means that, based on the 

given data, the likelihood that is Note that for the

one-sided confidence interval we use rather than za/2 .za

11 - a2.-q 6 m … x + za
s

1n
-q … m 6 x + za

s

1n .11 - a2

m = x ; za/2
s

1n with confidence level 1 - a

P cx - za/2
s

1n … m … x + za/2
s

1n d = 1 - a

P c -za/2 …
x - m
s/1n … za/2 d = 1 - a

P[-za/2 … z … za/2] = 1 - a

f(
z)

z � 0

Confidence
interval

z /2
�z /2


Area �   /2
 Area �   /2


FIGURE 6.7

Concept of confidence interval of
the mean.
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Similarly, the one-sided confidence interval for the lower limit of the mean at a

confidence level of is given by As before this means

that the likelihood of the mean, being greater than is 

Example 6.14

We would like to determine the confidence interval of the mean of a batch of resistors made
using a certain process. Based on 36 readings, the average resistance is and the sample stan-
dard deviation is 

(a) Determine the 90% confidence interval of the mean resistance of the batch.
(b) Determine the one-sided confidence interval for the maximum value of the mean at a

confidence level of 90%. Determine the one-sided confidence interval for the minimum
value of the mean for the same confidence level.

Solution

(a) The desired confidence level is 90%, and Because the number of
samples is greater than 30, we can use the normal distribution and Eq. (6.41) to deter-
mine the confidence interval. Based on the nomenclature of Figure 6.7, we can deter-
mine the value of Since the area between and is 0.5, the area between

and is We can now use Table 6.3 with this value of probabil-
ity (area) to find the corresponding value of The value of is 1.645. Using the
sample standard deviation, S, as an approximation for the population standard deviation,

we can estimate the uncertainty interval on 

This indicates that the average resistance is expected to be with a confi-
dence level of 90%.

(b) Given that we use the procedure described above to find from Table

6.3 as We can now estimate the 90% confidence level for the upper limit of

as

This result is interpreted as equivalent to saying “the maximum value of the mean
resistance is expected to be no more than with a confidence level of 90%.”

Using a similar procedure, we can find the 90% confidence level for the minimum

value of the mean resistance as 

If the sample size is small the assumption that the population standard
deviation can be represented by the sample standard deviation may not be accurate.
Due to the uncertainty in the standard deviation, for the same confidence level, we

1n 6 302,

x - za
s

1n = 25 - 1.2816 *
0.5

236
= 24.8932 Æ.

25.1068 Æ

x + za
s

1n = 25 + 1.2816 *
0.5

236
= 25.1068 Æm

za = 1.2816.

z0.1 = zaa = 0.1,

25 ; 0.14 Æ

125 - 1.645 * 0.5/6 … m … 25 + 1.645 * 0.5/62 = 124.86 … m … 25.142Æ
1x - za/2S/1n … m … x + za/2S/1n2 =

m:s,

za/2za/2 .
0.5 - a/2 = 0.45.za/2z = 0

z = qz = 0za/2 .

a = 0.1.1 - a = 0.90

0.5 Æ.
25 Æ

11 - a2.¢x - za
s

1n ≤m,
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would expect the confidence interval to be wider. In case of small samples, a statistic
called Student’s t is used:

(6.47)

In this formula, is the sample mean, S is the sample standard deviation, and n is the
sample size. In contrast to the normal distribution that is independent of sample size,
there is a family of t-distribution functions that depend on the number of samples. The
functional form of the t-distribution function is given by (see Lipson and Sheth, 1973)

(6.48)

is a standard mathematical function known as a gamma function and can be
obtained from tables of mathematical functions, such as those of the U.S. Department of
Commerce (1964). v is a parameter known as the degrees of freedom. It is given by the
number of independent measurements minus the minimum number of measurements
that are theoretically necessary to estimate a statistical parameter. For the t-distribution,
one degree of freedom is used estimating the mean value of x so It is
unlikely that an engineer would actually use Eq. (6.48) to perform an analysis that uses
the t distribution. The function is built into spreadsheet and statistical analysis pro-
grams. For purposes of the present course, all required values can be obtained from a
single table.

Figure 6.8 [a plot of Eq. (6.48)] shows the Student’s t-distribution for different
values of degrees of freedom v. Like the normal distribution, these are symmetric
curves. As the number of samples increases, the t-distribution approaches the normal
distribution. For lesser values of v, the distribution is broader with a lower peak.

v = n - 1.

≠1x2

f1t, v2 =
≠av + 1

2
b

1np≠av
2
b a1 +

t2

v
b1v+12/2

x

t =
x - m
S/1n

0.4

0.2

0

f(
t)

–3 –2 –1 0 1 2 3
t

� �

� 5

� 1

FIGURE 6.8

Probability density function using
the Student’s t-distribution.
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The t-distribution can be used to estimate the confidence interval of a mean value
of a sample with a certain confidence level for small sample sizes (less than 30). The t-
distribution is used in much the same manner as the normal distribution, except that
the curve for the appropriate value of v is selected as shown in Figure 6.9. The proba-
bility that t falls between and is then This can be stated as

(6.49)

Substituting for t, we obtain

(6.50a)

This can be rearranged to give

(6.50b)

This equation can also be stated as

(6.51)

Since complete tables of the t-distribution would be quite voluminous, it is common to
present only a table of critical values, as shown in Table 6.6. Only the most common
values of t are used—those which correspond to common confidence levels. For exam-
ple, for a 95% confidence level, and Similarly, for a
99% confidence level, and a/2 = 0.005.a = 0.01

a/2 = 0.025.a = 1 - 0.95 = 0.05

m = x ; ta/2
S

1n with confidence level 1 - a

P cx - ta/2
S

1n … m … x + ta/2
S

1n d = 1 - a

P c - ta/2 …
x - m
S/1n … ta/2 d = 1 - a

P[- ta/2 … t … ta/2] = 1 - a

1 - a.ta/2- ta/2

f(
t)

t � 0

Confidence
interval

t /2
�t /2


Area �   /2
 Area �   /2


FIGURE 6.9

Confidence interval for the 
t-distribution.
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TABLE 6.6 Student’s t as a Function of and va

a/2

v 0.100 0.050 0.025 0.010 0.005

1 3.078 6.314 12.706 31.823 63.658
2 1.886 2.920 4.303 6.964 9.925

3 1.638 2.353 3.182 4.541 5.841

4 1.533 2.132 2.776 3.747 4.604

5 1.476 2.015 2.571 3.365 4.032

6 1.440 1.943 2.447 3.143 3.707

7 1.415 1.895 2.365 2.998 3.499

8 1.397 1.860 2.306 2.896 3.355

9 1.383 1.833 2.262 2.821 3.250

10 1.372 1.812 2.228 2.764 3.169

11 1.363 1.796 2.201 2.718 3.106

12 1.356 1.782 2.179 2.681 3.054

13 1.350 1.771 2.160 2.650 3.012

14 1.345 1.761 2.145 2.624 2.977

15 1.341 1.753 2.131 2.602 2.947

16 1.337 1.746 2.120 2.583 2.921

17 1.333 1.740 2.110 2.567 2.898

18 1.330 1.734 2.101 2.552 2.878

19 1.328 1.729 2.093 2.539 2.861

20 1.325 1.725 2.086 2.528 2.845

21 1.323 1.721 2.080 2.518 2.831

22 1.321 1.717 2.074 2.508 2.819

23 1.319 1.714 2.069 2.500 2.807

24 1.318 1.711 2.064 2.492 2.797

25 1.316 1.708 2.060 2.485 2.787

26 1.315 1.706 2.056 2.479 2.779

27 1.314 1.703 2.052 2.473 2.771

28 1.313 1.701 2.048 2.467 2.763

29 1.311 1.699 2.045 2.462 2.756

30 1.310 1.697 2.042 2.457 2.750

q 1.283 1.645 1.960 2.326 2.576

t � 0 t /2


Area �   /2
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Example 6.15

A manufacturer of VCR systems would like to estimate the mean failure time of a VCR brand
with 95% confidence. Six systems are tested to failure, and the following data (in hours of play-
ing time) are obtained: 1250, 1320, 1542, 1464, 1275, and 1383. Estimate the population mean and
the 95% confidence interval on the mean.

Solution: Because the sample size is small we should use the t-distribution to estimate
the confidence interval. But first we have to calculate the mean and standard deviation of the data.

A 95% confidence level corresponds to From Table 6.6 of the t-distribution, for
and From Eq. (6.51) the mean failure time will be

It should be noticed that if we were to increase the confidence level, the estimated interval will
also expand, and vice versa.

Example 6.16

In Example 6.15, to reduce the 95% confidence interval to from the VCR manu-
facturer decides to test more systems to failure. Determine how many more systems should be
tested.

Solution: Since we do not know the number of samples in advance, we cannot select the appro-
priate t-distribution curve. Hence, the solution process is one of converging trial and error. To
obtain a first estimate of the number of measurements n, we assume that so that we can
use the normal distribution.Then Eq. (6.46) can be applied, and the confidence interval becomes

so

For a 95% confidence level, Using the standard normal distribution, we find from
Table 6.3 that Using (from Example 6.15) as an estimate for we obtain
a first estimate of n:

n = a1.96 *
114
50
b2

= 20

s,S = 114z0.025 = 1.96.
a/2 = 0.025.

za/2
s

1n = 50 and n = aza/2
s

50
b2

.

x ; za/2
s

1n = x ; 50

n 7 30,

;120 h,;50 h

m = x ; ta/2
S

1n = 1372 ; 2.571 *
114
16

= 1372 ; 120 h

a/2 = 0.025, ta/2 = 2.571.v = n - 1 = 5
a = 0.05.

+
11464 - 137222 + 11275 - 137222 + 11383 - 137222

5
d1/2

= 114 h

S = 111250 - 137222 + 11320 - 137222 + 11542 - 137222
x =

1250 + 1320 + 1542 + 1464 + 1275 + 1383
6

= 1372 h

1n 6 302,
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Because we have to use the t-distribution instead of the standard normal distribution.
We can use for the next trial. For and from Table 6.6 we
obtain This value of t can be used with Eq. (6.51) to estimate a new value for n:

We can use this number as a trial value to get a new value of t and recalculate n, but the result
will be the same. Note that with the additional tests, the value of the sample mean, may also
change and may no longer have the value 1372 h.

6.4.2 Interval Estimation of the Population Variance

In many situations, the variability of the random variable is as important as its mean
value. The best estimate of the population variance, is the sample variance, As
with the population mean, it is also necessary to establish a confidence interval for the
estimated variance. For normally distributed populations, a statistic called (pro-
nounced “kye squared”) is used for the purpose of establishing a confidence interval.
Consider a random variable x with population mean value and standard deviation 
If we assume that is equal to Eq. (6.6) can be written

(6.52)

The random variable is defined as

(6.53)

Combining Eqs. (6.52) and (6.53), we obtain

(6.54)

That is, the variable relates the sample variance to the population variance. is a
random variable, and it has been shown that in the case of a normally distributed pop-
ulation its probability density function is given by

(6.55)

where is the number of degrees of freedom and is a gamma function, which can be
obtained from standard tables such as those of the U.S. Department of Commerce (1964).
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The number of degrees of freedom is the same as for the Student’s t-distribution: the num-
ber of samples minus 1. is plotted in Figure 6.10 for several values of the degrees of
freedom.

As with other probability density functions, the probability that the variable 
falls between any two values is equal to the area under the curve between those values
(as shown in Figure 6.11). In equation form, this is

(6.56)

where is the level of significance defined earlier and is equal to 
Substituting for from Eq. (6.54), we obtain

(6.57)

Since is always positive, this equation can be rearranged to give a confidence inter-
val on the population variance:

(6.58)

The critical values of used in this equation have been tabulated in Table 6.7. In Eq.
(6.58), is the total area of the two tails shown in Figure 6.11, so each tail has an area a/2.a
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TABLE 6.7 Critical Values of the Chi-Squared Distribution

Area of right hand tail and a/21 - a/2

vT 0.995 0.990 0.975 0.950 0.900 0.100 0.050 0.025 0.010 0.005
1 0.000039 0.000157 0.000982 0.003932 0.015791 2.706 3.841 5.024 6.635 7.879
2 0.0100 0.0201 0.0506 0.1026 0.2107 4.605 5.991 7.378 9.210 10.597
3 0.0717 0.1148 0.2158 0.3518 0.5844 6.251 7.815 9.348 11.345 12.838
4 0.2070 0.2971 0.4844 0.7107 1.0636 7.779 9.488 11.143 13.277 14.86
5 0.4118 0.5543 0.8312 1.1455 1.6103 9.236 11.070 12.832 15.086 16.750
6 0.6757 0.8721 1.2373 1.6354 2.2041 10.645 12.592 14.449 16.812 18.548
7 0.9893 1.2390 1.6899 2.1673 2.8331 12.017 14.067 16.013 18.475 20.278
8 1.3444 1.6465 2.1797 2.7326 3.4895 13.362 15.507 17.535 20.090 21.955
9 1.7349 2.0879 2.7004 3.3251 4.1682 14.684 16.919 19.023 21.666 23.589

10 2.1558 2.5582 3.2470 3.9403 4.8652 15.987 18.307 20.483 23.209 25.188
11 2.6032 3.0535 3.8157 4.5748 5.5778 17.275 19.675 21.920 24.725 26.757
12 3.0738 3.5706 4.4038 5.2260 6.3038 18.549 21.026 23.337 26.217 28.300
13 3.5650 4.1069 5.0087 5.8919 7.0415 19.812 22.362 24.736 27.688 29.819
14 4.0747 4.6604 5.6287 6.5706 7.7895 21.064 23.685 26.119 29.141 31.319
15 4.6009 5.2294 6.2621 7.2609 8.5468 22.307 24.996 27.488 30.578 32.801
16 5.1422 5.8122 6.9077 7.9616 9.3122 23.542 26.296 28.845 32.000 34.267
17 5.6973 6.4077 7.5642 8.6718 10.0852 24.769 27.587 30.191 33.409 35.718
18 6.2648 7.0149 8.2307 9.3904 10.8649 25.989 28.869 31.526 34.805 37.156
19 6.8439 7.6327 8.9065 10.1170 11.6509 27.204 30.144 32.852 36.191 38.582
20 7.4338 8.2604 9.5908 10.8508 12.4426 28.412 31.410 34.170 37.566 39.997
21 8.0336 8.8972 10.2829 11.5913 13.2396 29.615 32.671 35.479 38.932 41.401
22 8.6427 9.5425 10.9823 12.3380 14.0415 30.813 33.924 36.781 40.289 42.796
23 9.2604 10.1957 11.6885 13.0905 14.8480 32.007 35.172 38.076 41.638 44.181
24 9.8862 10.8563 12.4011 13.8484 15.6587 33.196 36.415 39.364 42.980 45.558
25 10.5196 11.5240 13.1197 14.6114 16.4734 34.382 37.652 40.646 44.314 46.928
26 11.1602 12.1982 13.8439 15.3792 17.2919 35.563 38.885 41.923 45.642 48.290
27 11.8077 12.8785 14.5734 16.1514 18.1139 36.741 40.113 43.195 46.963 49.645
28 12.4613 13.5647 15.3079 16.9279 18.9392 37.916 41.337 44.461 48.278 50.994
29 13.1211 14.2564 16.0471 17.7084 19.7677 39.087 42.557 45.722 49.588 52.335
30 13.7867 14.9535 16.7908 18.4927 20.5992 40.256 43.773 46.979 50.892 53.672
40 20.7066 22.1642 24.4331 26.5093 29.0505 51.805 55.758 59.342 63.691 66.766
50 27.9908 29.7067 32.3574 34.7642 37.6886 63.167 67.505 71.420 76.154 79.490
60 35.5344 37.4848 40.4817 43.1880 46.4589 74.397 79.082 83.298 88.379 91.952
70 43.2753 45.4417 48.7575 51.7393 55.3289 85.527 90.531 95.023 100.425 104.215
80 51.1719 53.5400 57.1532 60.3915 64.2778 96.578 101.879 106.629 112.329 116.321
90 59.1963 61.7540 65.6466 69.1260 73.2911 107.565 113.145 118.136 124.116 128.299

100 67.3275 70.0650 74.2219 77.9294 82.3581 118.498 124.342 129.561 135.807 140.170

Area �   /2


 2�

 f
(

2 )
�
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In Table 6.7, is the area of the right-hand tail only. For example, consider finding
the interval boundary values of for a 90% confidence level and In this case,

so the area of each tail is We look up the upper value
of in Table 6.7 under the column labeled 0.05 and obtain For the
lower value of the area of the right-hand tail is Looking under the
column labeled 0.95, we obtain Although the distribution and test
have been developed for data with normal distributions, they are often used satisfactorily
for populations with other distributions.

Example 6.17

To estimate the uniformity of the diameter of ball bearings in a production batch, a sample of 20
is chosen and carefully measured. The sample mean is 0.32500 in, and the sample standard devi-
ation is 0.00010 in. Obtain a 95% confidence interval for the standard deviation of the produc-
tion batch.

Solution: We will assume that the population is normal, and we have

Using Table 6.7 for and and yields

Using Equation 6.58, we can determine the interval for the standard deviation:

6.5 CRITERION FOR REJECTING QUESTIONABLE DATA POINTS

In some experiments, it happens that one or more measured values appear to be out of
line with the rest of the data. If some clear faults can be detected in measuring those
specific values, they should be discarded. But often the seemingly faulty data cannot be
traced to any specific problem.There exist a number of statistical methods for rejecting
these wild or outlier data points. The basis of these methods is to eliminate values that
have a low probability of occurrence. For example, data values that deviate from the
mean by more than two or more than three standard deviations might be rejected. It
has been found that so-called two-sigma or three-sigma rejection criteria normally
must be modified to account for the sample size. Furthermore, depending on how
strong the rejection criterion is, good data might be eliminated or bad data included.

The method recommended in the document Measurement Uncertainty (ASME,
1998) is the modified Thompson technique. In this method, if we have n measure-
ments that have a mean and standard deviation S, the data can be arranged in
ascending order The extreme values (the highest and lowest) are sus-
pected outliers. For these suspected points, the deviation is calculated as

(6.59)di = ƒxi - x ƒ

x1, x2, Á , xn.
x

t

120 - 120.00012/32.825 … s2 … 120 - 120.00012/8.907 or 0.000076 … s … 0.00015 in.

x2
19, 0.025 = 32.825 and x2

19, 0.975 = 8.907

1 - a/2 = 0.975a/2 = 0.025v = 19

v = n - 1 = 19 a = 1 - 0.95 = 0.05 a/2 = 0.025

x2x2
10, 0.95 = 3.9403.

1 - a/2 = 0.95.x2,
x2

10, 0.05 = 18.307.x2
a/2 = 0.05.a = 1 - 0.9 = 0.1,

v = 10.x2
a/2
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and the largest value is selected.The next step is to find a value of from a table (given here
as Table 6.8).The largest value of should be compared with the product of and the stan-
dard deviation, S. If the value of exceeds the data value can be rejected as an outlier.
According to this method, only one data value should be eliminated. The mean and stan-
dard deviation of the remaining data values should then be recomputed and the process
repeated.The process can be repeated until no more of the data can be eliminated.

It should be noted that eliminating an outlier is not an entirely positive event.
The outlier probably resulted from a problem with the measurement system. One com-
mon cause of outliers, human error in recording the data, is less common now that most
data are recorded automatically. Other methods for rejecting outlier data are pre-
sented by Lipson and Sheth (1973).A method to identify outliers in data sets
is presented later in this chapter.

Example 6.18

Nine voltage measurements in a circuit have produced the following values: 12.02, 12.05, 11.96,
11.99, 12.10, 12.03, 12.00, 11.95, 12.16 V. Determine whether any of the values can be rejected.

Solution: For the nine values, and We will use the Thompson test to
determine possible outliers.The largest and the smallest values are suspected to be outliers.We have

Using Table 6.8 for we find that Then Since
it exceeds and should be rejected. We can now recalculate S and to obtain 0.05

and 12.01, respectively. For and so none of the remaining data
points should be rejected.

St = 0.09,n = 8, t = 1.749
VStd1 = 0.13,

St = 0.07 * 1.77 = 0.12.t = 1.777.n = 9,

d2 = ƒVsmallest - V ƒ = ƒ11.95 - 12.03 ƒ = 0.08

d1 = ƒVlargest - V ƒ = ƒ12.16 - 12.03 ƒ = 0.13

tS = 0.07 V.V = 12.03 V

y = f1x2

tS,d

tdi

t

TABLE 6.8 Values of Thompson’s t

Sample size Sample size

n t n t

3 1.150 22 1.893
4 1.393 23 1.896
5 1.572 24 1.899
6 1.656 25 1.902
7 1.711 26 1.904
8 1.749 27 1.906
9 1.777 28 1.908

10 1.798 29 1.910
11 1.815 30 1.911
12 1.829 31 1.913
13 1.840 32 1.914
14 1.849 33 1.916
15 1.858 34 1.917
16 1.865 35 1.919
17 1.871 36 1.920
18 1.876 37 1.921
19 1.881 38 1.922
20 1.885 39 1.923
21 1.889 40 1.924

Source: ASME (1998).
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6.6 CORRELATION OF EXPERIMENTAL DATA

6.6.1 Correlation Coefficient

Scatter due to random errors is a common characteristic of virtually all measurements.
However, in some cases the scatter may be so large that it is difficult to detect a trend.
Consider an experiment in which an independent variable x is varied systematically
and the dependent variable y is then measured. We would like to determine whether
the value of y depends on the value of x. If the results appeared as in Figure 6.12(a), we
would immediately conclude that there is a strong relationship between y and x. On
the other hand, if the data appeared as shown in Figure 6.12(b), we would probably

(a)

x

y

(c)

x

(b)

x

y
y

FIGURE 6.12

Data showing variation in scatter
of the dependent variable, y.
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conclude that there is no functional relationship between y and x. If the data appeared
as shown in Figure 6.12(c), however, we might be uncertain. There appears to be a
trend of increasing y with increasing x, but the scatter is so great that the apparent
trend might be a consequence of pure chance. Fortunately, there exists a statistical
parameter called the correlation coefficient, which can be used to determine whether
an apparent trend is real or could simply be a consequence of pure chance.

The correlation coefficient, is a number whose magnitude can be used to
determine whether there in fact exists a functional relationship between two measured
variables x and y. For example, one would not expect even a weak correlation between
exam scores and the height of the student. On the other hand, we might expect a fairly
strong correlation between the total electric power consumption in a region and the
time of the day. If we have two variables, x and y, and our experiment yields a set of n
data pairs we can define the linear correlation coefficient

(6.60)

where

(6.61)

are the mean values of the x values and the y values obtained experimentally. The
resulting value of will lie in the range from to A value of would indicate
a perfectly linear relationship between the variables with a positive slope (i.e., increas-
ing x results in increasing y).A value of indicates a perfectly linear relationship with
negative slope (i.e., increasing x decreases y). A value of zero indicates that there is no
linear correlation between the variables. Even if there is no correlation, it is unlikely
that will be exactly zero. For any finite number of data pairs, pure chance means
that a nonzero correlation coefficient is likely. For a given sample size, statistical theory
can be used to determine whether a computed is significant or could be a conse-
quence of pure chance. Harnett and Murphy (1975) discuss the process of determining
whether a given correlation coefficient is significant, and Johnson (1988) also discusses
the issue.

For practical problems, this process can be simplified to the form of a single table.
Critical values for r have been established that can be compared with the computed

For two variables and n data pairs, the appropriate critical values of have
been computed and are presented in Table 6.9.† is a function of the number of sam-
ples and the level of significance, The values of r in this table are limiting values that a.

rt

r, rt,rxy.

rxy

rxy

-1

+1+1.-1rxy

x =
a
n

i=1
xi

n
y =

a
n

i=1
yi

n

rxy =
a
n

i=1
1xi - x21yi - y2

ca
n

i=1
1xi - x22a

n

i=1
1yi - y22 d

1/2

[1xi, yi2, i = 1, n],

rxy,

†This approach assumes that could be either positive or negative. If we know that can be only positive
or only negative, then the approach must be modified. See Johnson (1988).

rxyrxy
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might be expected by pure chance. For each value in the table, there is only a proba-
bility that an experimental value of will be larger by pure chance. Conversely, if
the experimental value exceeds the table value, we can expect that the experimental
value shows a real correlation with confidence level For common engineering
purposes, the confidence level is often taken as 95%, which corresponds to a value of 
of 0.05. For a given set of data, we obtain from the table and compare it with the
value of computed from the data. If we can presume that y does depend
on x in a nonrandom manner, and we can expect that a linear relationship will offer
some approximation of the true functional relationship. A value of less than 
implies that we cannot be confident that a linear functional relationship exists.

It is not necessary for the functional relationship actually to be linear for a signif-
icant correlation coefficient to be calculated. For example, a parabolic functional rela-
tionship that shows little data scatter will often show a large correlation coefficient. On
the other hand, some functional relationships (e.g., a multivalued circular function),
while very strong will result in a very low value of 

Two additional precautions to be aware of in using the correlation coefficient
should be mentioned. First, a single bad data point can have a strong effect on the value
of If possible, outliers should be eliminated before evaluating the coefficient. It is
also a mistake to conclude that a significant value of the correlation coefficient implies
rxy.

rxy.

rtrxy

ƒ rxy ƒ 7 rt,rxy

rt

a

1 - a.

rxya

rt

TABLE 6.9 Minimum Values of the Correlation Coefficient for
Significance Level a

a

n 0.20 0.10 0.05 0.02 0.01

3 0.951 0.988 0.997 1.000 1.000
4 0.800 0.900 0.950 0.980 0.990
5 0.687 0.805 0.878 0.934 0.959
6 0.608 0.729 0.811 0.882 0.917
7 0.551 0.669 0.754 0.833 0.875
8 0.507 0.621 0.707 0.789 0.834
9 0.472 0.582 0.666 0.750 0.798

10 0.443 0.549 0.632 0.715 0.765
11 0.419 0.521 0.602 0.685 0.735
12 0.398 0.497 0.576 0.658 0.708
13 0.380 0.476 0.553 0.634 0.684
14 0.365 0.458 0.532 0.612 0.661
15 0.351 0.441 0.514 0.592 0.641
16 0.338 0.426 0.497 0.574 0.623
17 0.327 0.412 0.482 0.558 0.606
18 0.317 0.400 0.468 0.543 0.590
19 0.308 0.389 0.456 0.529 0.575
20 0.299 0.378 0.444 0.516 0.561
25 0.265 0.337 0.396 0.462 0.505
30 0.241 0.306 0.361 0.423 0.463
35 0.222 0.283 0.334 0.392 0.430
40 0.207 0.264 0.312 0.367 0.403
45 0.195 0.248 0.294 0.346 0.380
50 0.184 0.235 0.279 0.328 0.361

100 0.129 0.166 0.197 0.233 0.257
200 0.091 0.116 0.138 0.163 0.180
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Ambient temperature (°F) 40 47 55 62 66 88

Lap time (s) 65.3 66.5 67.3 67.8 67 66.6

that a change in one variable causes the other variable to change. Causality should be
determined from other knowledge about the problem.

Example 6.19

It is thought that lap times for a race car depend on the ambient temperature.The following data
for the same car with the same driver were measured at different races:

L
ap

 ti
m

e 
(s

ec
)

70

68

66

64

62

60
30 40 50 60 70 80 90 100

Ambient temperature (  F)FIGURE E6.19

x y x - x 1x - x22 y - y 1y - y22 1x - x21y - y2
40 65.3 �19.67 386.78 �1.45 2.10 28.52

47 66.5 �12.67 160.44 �0.25 0.06 3.17

55 67.3 �4.67 21.78 0.55 0.30 -2.57
62 67.8 2.33 5.44 1.05 1.10 2.45

66 67 6.33 40.11 0.25 0.06 1.58

88 66.6 28.33 802.78 �0.15 0.02 -4.25

a = 358.00 a = 400.50 a = 1417.33 a = 3.66 a = 28.90

Does a linear relationship exist between these two variables?

Solution: First, we plot the data as shown in Figure E6.19. From the plot, it looks as though
there might exist a weak positive correlation between lap time and ambient temperature, but we
can compute the correlation coefficient to determine whether this correlation is real or might be
due to pure chance. We can determine this coefficient using Eq. (6.60). The following computa-
tion table is prepared:
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We can now compute the correlation coefficient, using Eq. (6.60):

For a 95% confidence level, For six pairs of data, from Table 6.9, we obtain
a value of of 0.811. Since is less than we conclude that the apparent trend in the data is
probably caused by pure chance.The calculation of is a feature of some spreadsheet programs.
The user needs only to input two columns of numbers and then call the appropriate function.

6.6.2 Least-Squares Linear Fit

It is a common requirement in experimentation to correlate experimental data by fit-
ting mathematical functions such as straight lines or exponentials through the data.
One of the most common functions used for this purpose is the straight line. Linear fits
are often appropriate for the data, and in other cases the data can be transformed to be
approximately linear. As shown in Figure 6.13, if we have n pairs of data we
seek to fit a straight line of the form

(6.62)

through the data. We would like to obtain values of the constants a and b. If we have
only two pairs of data, the solution is simple, since the points completely determine the
straight line. However, if there are more points, we want to determine a “best fit” to the
data. The experimenter can use a ruler and “eyeball” a straight line through the data,
and in some cases this is the best approach.

A more systematic and appropriate approach is to use the method of least
squares or linear regression to fit the data. Regression is a well-defined mathematical
formulation that is readily automated. Let us assume that the test data consist of data
pairs For each value of (which is assumed to be error free), we can predict a
value of according to the linear relationship For each value of we
then have an error

(6.63)ei = Yi - yi

xi,Y = ax + b.Yi

xi1xi, yi2.

Y = ax + b

1xi, yi2,

rxy

rt,rxyrt

a = 1 - 0.95 = 0.05.

rxy =
28.9

11417.33 * 3.6621/2 = 0.4013

x

y

ei

Value of Yi

Value of yi

FIGURE 6.13

Fitting a straight line through
data.
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and the square of the error is

(6.64)

The sum of the squared errors for all the data points is then

(6.65)

We now choose a and b to minimize E by differentiating E with respect to a and b and
setting the results to zero:

(6.66)

These two equations can be solved simultaneously for a and b:

(6.67a)

(6.67b)

The resulting line, is called the least-squares best fit to the data repre-
sented by 

When a linear regression analysis has been performed, it is desirable to deter-
mine how good the fit actually is. Some idea of this measure can be obtained by exam-
ining a plot, such as Figure 6.13, of the data and the best-fit line. However, it is desirable
to have a mathematical expression of how well the best-fit line represents the actual
data. A good measure of the adequacy of the regression model is called the coefficient
of determination, given by

(6.68)

In the second term on the right-hand side of Eq. (6.68), the numerator is the sum of the
square deviations of the data from the best fit.The denominator of this term is the sum
of the squares of the variation of the y data about the mean, which is the average of
the For a good fit, should be close to unity. That is, the best-fit line accounts for
most of the variation in the y data. For engineering data, will normally be quite high
(0.8–0.9 or higher), and a low value might indicate that there exists some important
variable that was not considered, but that is affecting the result.

r2
r2yi’s.

y,

r2 = 1 -
a 1axi + b - yi22

a 1yi - y22

1xi, yi2.
Y = ax + b,

b =
axi2ayi - aaxib aaxiyib

naxi2 - aaxib
2

a =
naxiyi - aaxib aayib
naxi2 - aaxib

2

0E
0b

= 0 = a21axi + b - yi2

0E
0a

= 0 = a21axi + b - yi2xi

E = a 1Yi - yi22 = a 1axi + b - yi22 wherea = a
n

i=1

ei
2 = 1Yi - yi22 = 1axi + b - yi22
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Another measure of how well the best-fit line represents the data is called the
standard error of estimate, given by

(6.69)

This is, effectively, the standard deviation of the differences between the data points
and the best-fit line, and it has the same units as y.

In some cases, a somewhat different form of linear regression is used in which the
line is forced to go through the origin This form is often employed to
calibrate instruments in which the zero offset can be adjusted to zero prior to making
measurements. This situation is shown in Figure 6.14. If a linear best fit of the form of
Eq. (6.62) is used, the best-fit line will not go through the origin. If the line is forced to
go through the origin, the fit is not quite as good, but the fitted curve will give the cor-
rect value when 

With the origin fixed at (0, 0), the fitted line will have the form

(6.70a)

The value of a is calculated from

(6.70b)

This form of the least-squares fit is a standard feature of common spreadsheet programs.

Example 6.20

The following table represents the output (volts) of a linear variable differential transformer
(LVDT; an electric output device used for measuring displacement) for five length inputs:

a =
a
n

i=1
xiyi

a
n

i=1
xi

2

Y = ax

x = 0.

1x = 0, y = 02.

Sy.x = Ca
1yi - Yi22
n - 2

16
14
12
10

y 8
6
4
2
0

0 2 4 6
x

8 10

Best fit

Forced origin

FIGURE 6.14

Least-squares line with forced origin.

L(cm) 0.00 0.50 1.00 1.50 2.00 2.50

V(V) 0.05 0.52 1.03 1.50 2.00 2.56

Determine the best linear fit to these data, draw the data on a (V, L) plot, and calculate the stan-
dard error of estimate as well as the coefficient of determination.
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xi xi
2 yi xiyi yi

2

0 0 0.05 0 0.0025

0.5 0.25 0.52 0.26 0.2704

1 1 1.03 1.03 1.0609

1.5 2.25 1.5 2.25 2.25

2 4 2 4 4.0

2.5 6.25 2.56 6.4 6.5536

axi = 7.5 axi2 = 13.75 ayi = 7.66 axiyi = 13.94 ayi2 = 14.137

Solution: To solve this problem, we substitute the data into Eq. (6.67). The following table
shows how the individual sums are computed:

Then,

and

The resulting best-fit line is then

where Y is the voltage and x is the displacement. The best-fit line, together with the data, is plot-
ted in Figure E6.20.

We can now compute the coefficient of determination and the standard error. Noting that

we compute the following table:y =
1
n ayi =

1
6
17.662 = 1.27666,

Y = 0.9977x + 0.0295

= 0.0295

b =
13.75 * 7.66 - 7.5 * 13.94

6 * 13.75 - 7.52

= 0.9977

a =
6 * 13.94 - 7.5 * 7.66

6 * 13.75 - 7.52

0 0.05 0.000419 1.504711
0.5 0.52 7.02E-05 0.572544
1 1.03 7.63E-06 0.060844
1.5 1.5 0.000681 0.049878
2 2 0.000623 0.523211
2.5 2.56 0.00131 1.646944

= 4.358133= 0.00311

a 1yi - y22a 1Yi - yi22

1yi - y221Yi - yi22yixi
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y � 0.997x � 0.0295

FIGURE E6.20

is thus

This is high, close to unity, and consistent with the plot of the results shown in Figure E6.20. The
standard error of the estimate is

Comment: Linear regression is a standard feature of statistical programs and most spreadsheet
programs. It is only necessary to input columns of the data, and the remaining calculations are
performed immediately.

A frequent application of a least-square fit of experimental data is the prediction of the value of
the dependent variable, y, for a given value of x. If we can easily obtain the expected
value of the dependent variable by substituting in the formula for our linear regression
line, However, it will be more informative if we can construct a confidence interval
for the resulting value of This confidence interval is often called a prediction interval. A two-
sided confidence interval can be generated for at using the following formula
[see Hayter (2002)]:

(6.71a)

Here, is the value obtained from Table 6.6 for the Student’s t- distribution corresponding
to and degrees of freedom and is the standard error given by Eq. (6.69).

Example 6.21

Using the information from Example 6.20 and taking a confidence level of 95%, find the value of
the voltage output and the confidence interval for a displacement (L) of 1.72 cm.

Sy.x1n - 22a/2
ta/2,n-2

y… = 1ax… + b2 ; Sy.xta/2,n-2C
n + 1
n

+
1x… - x22
axi2 - nx2

x = x…y…11 - a2
y….

y = ax + b.
x = x…y…
x = x…,

Sy.x = A
0.00311
6 - 2

= 0.0278

r2 = 1 - a
1Yi - yi22

a 1yi - y22 = 1 -
.00311

4.358133
= 0.999286

r2
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Solution: From results in the solution of Example 6.17, we find that
and

From Table 6.6,
Substituting into Eq. (6.71a)

with a 95% confidence level.

In many practical situations, we may be interested in constructing a linear model of the
relationship between the variables y and x, of the form In such cases, the
expected values of the parameters a and b can determined from Eqs. (6.67a) and
(6.67b). It is often useful to also estimate confidence intervals for these parameters in
order to get a sense of how reliable the model is.

The two-sided confidence interval for the slope parameter a is given by
Hayter (2002) as:

(6.71b)

while the two-sided confidence interval for the intercept parameter, b, is given
by Mason et al. (2003) as

(6.71c)

Example 6.22

Using the data from Example 6.20, find the 95% confidence intervals for the parameters a and b
where

Solution: From results in the solutions of Example 6.20 and 6.21, we note that 

The 95% confidence interval for the slope parameter, a, is

The 95% confidence interval for the intercept parameter, b, is

= 10.0295 ; 0.05592

b ; Sy.xta/2,n-2C
1
n

+
(axi)2

n21axi2 - nx22 = 0.0295 ; 0.0278 * 2.776A1
6

+ 7.52

62 * 4.375

a ;
Sy.xta/2,n-2

2axi2 - nx2
= ¢0.9977 ; ¢0.0278 * 2.776

24.375
≤ ≤ = 10.9977 ; 0.03602

axi2 - nx2 = 13.75 - 16 * 1.2522 = 4.375

axi2 = 13.75, n = 6, x = 1.25, Sy.x = 0.0278, ta/2,n-2 = t.025,4 = 2.776b = 0.0295,
a = 0.9977,

Y = ax + b.

b ; Sy.xta/2,n-2C
1
n

+
(axi)2

n21axi2 - nx22

11 - a2

a ;
Sy.xta/2,n-2

2axi2 - nx2

11 - a2

y = ax + b.

V = 1.744 ; 0.085

V = 0.9977 * 1.72 + 0.0295 ; 0.0278 * 2.776A6 + 1
6

+ 11.72 - 1.2522
13.75 - 6 * 1.252

t = 2.776v = 6 - 2 = 4.a / 2 = 0.025,a = 1 - 0.95 = 0.05;
Sy.x = 0.0278.a = 0.9977, b = 0.0295, x = axi/n = 7.5/6 = 1.25, axi2 = 13.75,
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There are some important considerations to bear in mind about the least-squares
method:

1. Variation in the data is assumed to be normally distributed and due to random
causes.

2. In deriving the relation we are assuming that random variation
exists in y values, while x values are error free.

3. Since the error has been minimized in the y direction, an erroneous conclusion
may be made if x is estimated based on a value for y. Linear regression of x in
terms of cannot simply be derived from 

6.6.3 Outliers in x–y Data Sets

In Section 6.5, the Thompson technique was presented as a method for eliminating
bad data when several measurements are made of a single variable. When a variable y
is measured as a function of an independent variable x, in most cases there is only one
value of y measured for each value of x. As a result, at each x there are insufficient
data to determine a meaningful standard deviation. One way to identify outliers is to
plot the data and the best-fit line as shown in Figure 6.15. A point such as A, which
shows a much larger deviation from the line than the other data, might be identified
as an outlier.

Montgomery et al. (1998) suggest a more sophisticated method of identifying
outliers in x–y data sets. The method involves computing the ratio of the residuals [
Eq. (6.63)] to the standard error of estimate [ Eq. (6.69)] and making a graph.
These ratios, called the standardized residuals, can be plotted as a function of the inde-
pendent variable, x, the dependent variable, y, or the time or sequence in which the x–y
pair was measured. Figure 6.16 shows a plot of the standardized residuals as a function
of x for the same data shown in Figure 6.15.

If we assume that the residuals are normally distributed, then we would expect
that 95% of the standardized residuals would be in the range (that is, within two
standard deviations from the best-fit line). We might consider data values with stan-
dardized residuals exceeding 2 to be outliers, since they only have a 5% chance of
occurring, due to simple randomness in the measurement. In the example, point A has
a value of and hence deviates from the best-fit line by three standard deviations.
Since it is not consistent with its neighbors, it is almost certainly an outlier.

-3,

;2

Sy.x,
ei,

t

Y = ax + b.y1X = cy + d2

Y = ax + b,

y

A

x

FIGURE 6.15

x–y data showing an outlier.
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Plot of standardized residuals.

However, there are several complications, and the process of determining out-
liers will require considerable judgment on the part of the experimenter.

The first problem occurs when the data set is relatively small. In this case, the
potential outlier itself has a major effect on the value of As a result, it is unlikely
that the standardized residual for this suspect data point will have a large value. The
Thompson test in Section 6.4.3 accounts for this effect by reducing the value of for
a small sample size. No similar guidance exists for the x–y outlier determination for
small samples in common statistics practice.

A second problem occurs when the data themselves are not linear. In this case,
correct data may result in high standardized residuals. Consider the non-linear data
plotted in Figure 6.17. The standardized residuals are plotted in Figure 6.18.

Although the magnitude of the normalized residual at the highest value of x is
greater than 2, this is not an outlier.The plot of the normalized residuals is smooth, and
these data simply reflect nonlinear behavior. Potential outliers at the extreme ends of
the data are likely real data. It is also possible that there is a change in the character of
the physical phenomenon represented at the high or low values of the independent
variable.
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Nonlinear data.
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Normalized residuals for nonlinear
data.
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In summary, outliers in x–y data sets cannot be determined by simple mechanistic
rules. The experimenter can make use of plots of the data and plots of the standardized
residuals, but ultimately, it is a judgment call as to whether to reject any data point. It may in
fact be necessary to consider the actual data-gathering process in order to make a decision.

Example 6.23

The following data were taken from a small water-turbine experiment:

Fit a least-squares straight line to these data, and determine whether any of the torque values
appear to be outliers.

Solution: We will use a spreadsheet program to fit the straight line. This is shown as
Figure E6.23(a).

Examining Figure E6.23(a), we find that the torque value at about 600 rpm appears to be
inconsistent with the other data and is probably an outlier.To confirm this, we can prepare a plot
of the standardized residuals. For these data, the best-fit equation is

and This information can be used to prepare the following table:Sy. x = 0.5758.

torque = 5.433 - 0.0044 rpm

rpm torque (N-m)

100 4.89

201 4.77

298 3.79

402 3.76

500 2.84

601 4.00

699 2.05

799 1.61

rpm torque
(measured)

torque
(predicted)

e/Sy.x

100 4.89 4.99 0.18

201 4.77 4.55 -0.38
298 3.79 4.12 0.58

402 3.76 3.66 -0.16
500 2.84 3.23 0.68

601 4.00 2.79 -2.10
699 2.05 2.36 0.53

799 1.61 1.92 0.54

The standardized residuals are plotted against the rpm in Figure E6.23(b).
Clearly, the torque value at 600 rpm has a high probability of being an outlier.The standard-

ized residual has a magnitude greater than 2. Furthermore, the standardized residual plot appears
random and shows no trend, so the high standard residual is not likely caused by nonlinearity.
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6.6.4 Linear Regression Using Data Transformation

Commonly, test data do not show an even approximately linear relationship between the
dependent and independent variables, and linear regression is not directly useful. In
some cases, however, the data can be transformed into a form that is linear, and a straight
line can then be fitted by linear regression. Examples of data relationships that can easily
be transformed to linear form are and In these relations, a and b are
constant values and x and y are variables. For example, we examine the equation

Taking the natural logarithms of each side, we obtain 
Since ln(a) is just a constant, we now have a form in which ln(y) is a linear function of x.

Example 6.24

In a compression process in a piston–cylinder device, air pressure and temperature are mea-
sured. Table E6.24 presents these data. Determine an explicit relation of the form for
the given data.

Solution: The data are plotted in Figure E6.24(a). As can be seen, the temperature–pressure
relationship is curved. In a compression process of this type, it is known from thermodynamics
that the temperature and the pressure are related by an equation of the form

where T is the absolute temperature, P is the absolute pressure, and n is a number, called the
polytropic exponent, that depends on the actual compression process. For this system of units,

If we take natural logarithms of both sides of the equation for we
obtain an equation of the form

ln1T2 = a ln1P2 + b

T/T0,Tabs = TF + 460.0.

T

T0
= ¢ P
P0
≤ n - 1
n

T = F1P2

ln1y2 = bx + ln1a2.y = aebx.

y = aebx.y = axb
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TABLE E6.24

Pressure (psia) Temperature (°F)

20.0 44.9
40.4 102.4
60.8 142.3
80.2 164.8

100.4 192.2
120.3 221.4
141.1 228.4
161.4 249.5
181.9 269.4
201.4 270.8
220.8 291.5
241.8 287.3
261.1 313.3
280.4 322.3
300.1 325.8
320.6 337.0
341.1 332.6
360.8 342.9
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where and b is another constant. In this form, ln(T) is a linear function of ln(P).
Natural logarithms of the pressure and absolute temperature have been plotted in Figure
E6.24(b). The data now appear to follow an approximate straight line. Using the method of least
squares, the equation of the best-fit straight line is

This is the functional form required; T is in °F and P is in psia.

6.6.5 Multiple and Polynomial Regression

Regression analysis is much more general than the methods presented so far. Best-fit
functions can be determined for situations with more than one independent variable
(multiple regression) or for polynomials of the independent variable (polynomial
regression). The calculations for these methods can be quite tedious, but they are stan-
dard features of statistical-analysis programs, and many features are available in com-
mon spreadsheet programs.

In multiple regression, we seek a function of the form

(6.72)

We can have several independent variables, At first, it would appear that the
dependent variable will be a linear function of each of the independent variables, but
in fact the method is more general, similar in concept to the transformation of vari-
ables demonstrated in Section 6.5.4. It is for this reason that rather than x is used in
Eq. (6.72). The can be independent variables, or they can be functions of the inde-
pendent variables.As an example, consider a situation with two independent variables,

and We could use three 

In this case, is the product of the two independent variables.
The theoretical basis is the same as for simple linear regression (Section 6.5.2).

For each data point, the error is

The sum of the squares of the errors is then

E is then minimized by partially differentiating with respect to each a and then setting
each resulting equation to zero.The set of equations can then be solved simultaneously
for values of the a’s.

E = a 1a0 + a1xN 1i + a2xN 2i + a3xN 3i + Á + akxN ki - yi22 where a = a
n

i=1

ei = Yi - yi = a0 + a1xN 1i + a2xN 2i + a3xN 3i + Á + akxN ki - yi

xN 3

xN 3 = x1x2

xN 2 = x2

xN 1 = x1

xN ’s:x2.x1

xN ’s
xN

xN 1 Á xN k.

Y = a0 + a1xN 1 + a2xN 2 + a3xN 3 + Á + akxN k

ln1T + 4602 = 0.1652 ln1P2 + 5.7222

a = 1n - 12/n
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T(K) m1 m2 m3 rmixt

300 0 1 0 879.6
320 0 0.5 0.5 870.6
340 0 0 1 863.6
360 0.5 0 0.5 846.4
380 0.5 0.25 0.25 830.8
400 0.5 0.5 0 819.1
420 1 0 0 796
440 1 0 0 778.2

One important aspect of multiple regression is that evaluating the adequacy of
the best fit is considerably more difficult than it is for simple linear regression. This is
because it may not be possible to generate suitable plots (since the function has three
or more dimensions) and because it is more difficult to interpret the statistical parame-
ters, such as the coefficient of determination [Consult texts such as Devore (1991)
and Montgomery (1998) for greater detail on interpreting multiple-regression results.]

Example 6.25

The following data represent the density of an oil mixture as a function of the temperature and
mass fraction of three different component oils:

1r22.

Find the coefficients for a multiple regression of the form

where is the mixture density, T is the temperature, and and are the mass frac-
tions of the component oils.

Solution: In an Excel® spreadsheet, the input table is as follows:

m3m1,m2,rmixt

rmixt = a0 + a1T + a2m1 + a3m2 + a4m3

After calling the regression function in the spreadsheet program, the following output is obtained:

T(K) m1 m2 m3 mixtr

300 0 1 0 879.6

320 0 0.5 0.5 870.6

340 0 0 1 863.6

360 0.5 0 0.5 846.4

380 0.5 0.25 0.25 830.8

400 0.5 0.5 0.25 819.1

420 1 0 0 796

440 1 0 0 778.2

Summary Output

Coefficients

Intercept 4636.991971
X Variable 1 -0.592043796
X Variable 2 -3592.60073
X Variable 3 -3578.259367
X Variable 4 -3570.666667
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x y

0 4.997
1 6.165
2 6.950
3 8.218
4 9.405
5 10.404
6 10.425
7 10.440
8 9.393
9 7.854

10 5.168

x x2 x3 y

0 0 0 4.997
1 1 1 6.165
2 4 8 6.95
3 9 27 8.218
4 16 64 9.405
5 25 125 10.404

“Intercept” is “X Variable 1” is “X Variable 2” is “X Variable 3” is and “X Variable
4” is Thus, the regression equation is

One should show great care in rounding the coefficients. The regression equation often involves
differences between large numbers and is hence very sensitive to the significant figures of the
coefficients.

Many physical relationships cannot be represented by a simple straight line, but
can be easily fit with a polynomial. Polynomial regression involves only a single inde-
pendent variable, but will involve terms with powers higher than unity. The form of a
polynomial regression equation is

(6.73)

where k, the exponent of the highest-order term, is the degree of the polynomial. Poly-
nomial regression can be performed in statistical programs by simply inputting the
data and the order of the polynomial desired. It can also be treated as a subset of mul-
tiple regression by making the in Eq. (6.72) be x, etc.

Example 6.26

Consider the following x-y data:

x2, x3,xN ’s

Y = a0 + a1x + a2x
2 + Á + akxk

rmixt = 4636.99 - 0.592044T - 3592.60m1 - 3578.26m2 - 3570.67m3

a4.
a3a2,a1,a0,

Perform a polynomial regression for a third-order polynomial on these data.

Solution: We will use the multiple-regression function in Excel®. The input field is
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Coefficients

Intercept 5.023965035

X Variable 1 0.836644911

X Variable 2 0.158657343

X Variable 3 -0.024113442

6 36 216 10.425
7 49 343 10.44
8 64 512 9.393
9 81 729 7.854
10 100 1000 5.168

Note that columns for and have been created, and these, together with x, will be used to
generate the regression model.

The spreadsheet output is as follows:

x3x2

Thus, the regression equation is

The regression curve and the data are shown in Figure E6.26.
In the Excel® spreadsheet program, a simpler approach is available.A polynomial-regression

feature is built into the plotting function. It is only necessary to plot the data, select the trendline
function, and specify the order of the polynomial.

Y = 5.02396 + 0.836645x + 0.158657x2 - 0.0241134x3

0 5
x

10 15
0

2

4

6y

8

10

12

FIGURE E6.26

Comment: The use of high-order polynomials to match data can sometimes have unforeseen
complications. Slight irregularities in the data can produce nonphysical wiggles in the best fit.
There is normally no problem with second-order fits, but third- or higher order polynomials may
produce unreasonable results. To ensure that this doesn’t happen, it is necessary to examine the
fit by comparing it with the data.
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6.7 LINEAR FUNCTIONS OF RANDOM VARIABLES

A variable that is a function of other random variables is itself a random variable. Con-
sider the simplest case, in which the variable y is a linear function of variables

(6.74)

Devore (1991) shows that if the x’s are independent of each other, the mean
value and standard deviation of y can be evaluated as

(6.75)

and

(6.76)

These equations are useful in evaluating tolerances in fabricated parts and other
applications.

Example 6.27

Consider a shaft in a bearing, as shown in Figure E6.27.The shaft diameter, is 25.400 mm, and
the bearing inside diameter, is 25.451 mm. The standard deviation of the shaft diameter is
0.008 mm, and the standard deviation of the bearing diameter is 0.010 mm. For satisfactory oper-
ation, the difference in diameters (clearance) between the bearings must be between 0.0381 mm
and 0.0635 mm. What fraction of the final assemblies will be unsatisfactory?

Solution: The difference in diameters, is a linear function of and 
Equations (6.75) and (6.76) can then be used to evaluate the mean and standard deviation of the
clearance:

The fraction of acceptable parts would equal the area under the standard normal distribution
function for

Using the same method as in Example 6.9, we find that the area under the curve is 0.67, so 67%
of the assemblies will be acceptable and 33% will be rejected.

z1 =
0.0381 - 0.051

0.013
= -0.99 z2 =

0.0635 - 0.051
0.013

= 0.096

s¢D = [.0102 + .0082]1/2 = 0.013 mm

m¢D = 25.451 - 25.400 = 0.051 mm

¢D = Db - Ds.Ds:Db¢D,

Db,
Ds,

sy = [1a1sx1
22 + 1a2sx2

22 Á 1ansxn22]1/2

my = a0 + a1mx1
+ a2mx2

Á + anmxn

y = a0 + a1x1 + a2x2 Á + anxn

x1, x2, Á xn:
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Comment: Such a high rejection rate would not be acceptable. There are two things that could
be done to reduce the rejection rate. The standard deviations of the dimensions of the parts
could be reduced by improving the manufacturing process. Alternatively, the parts could be
paired on a selective basis—large shafts mated with large bearings, small shafts with small
bearings.

6.8 APPLYING COMPUTER SOFTWARE FOR STATISTICAL ANALYSIS 
OF EXPERIMENTAL DATA

Statistical analysis and data presentation have become a necessary feature of many
engineering and business projects. Most modern spreadsheet programs contain some
statistical functions, and some spreadsheet programs contain extensive statistical capa-
bilities. The better programs contain not only calculations for the mean and the stan-
dard deviation, data sorting into bins, and histogram plotting, but also calculations of
linear-regression coefficients and correlation coefficients.They also have built-in tables
for the common distribution functions (normal, t-distribution, and chi-squared). There
are also several specialized software packages to perform customized statistical-analysis
tasks. The reader should check the field for available packages if major statistical
analysis is planned.

REFERENCES

[1] ANDERSON, DAVID R., SWEENEY, DENNIS J., AND WILLIAMS, THOMAS A. (1991).
Introduction to Statistics, Concepts and Applications, West Publishing Co, St. Paul, Minnesota.
[2] ASME (1998). Measurement Uncertainty, Part I, ASME PTC 19.1-1998.
[3] BLAISDELL, ERNEST A. (1998). Statistics in Practice, Saunders College, Fort Worth, Texas.
[4] CROW, E., DAVIS, F., AND MAXFIELD, M. (1960). Statistics Manual, Dover Publications, New
York.
[5] DEVORE, JAY L. (1991). Probability and Statistics for Engineering and the Sciences,
Brookes/Cole, Pacific Grove, California.
[6] DUNN, OLIVE JEAN, AND CLARK, VIRGINIA A. (1974). Applied Statistics: Analysis of Vari-
ance and Regression, John Wiley, New York.
[7] HARNETT D., AND MURPHY, J. (1975). Introductory Statistical Analysis, Addison-Wesley,
Reading, Massachusetts.
[8] HAYTOR, A.J. (2002) Probability and Statistics for Engineers and Scientists, 2d ed., Duxbury,
Pacific Grove, CA.
[9] JOHNSON, R. (1988). Elementary Statistics, PWS-Kent, Boston.
[10] LAPIN, L. (1990). Probability and Statistics for Modern Engineering, PWS-Kent, Boston.
[11] LIPSON, C., AND SHETH, N. (1973). Statistical Design and Analysis of Engineering Experi-
ments, McGraw-Hill, New York.
[12] MASON, R.L., GUNST, R.F., AND HESS, J.L. (2003) Statistical Design and Analysis of Experi-
ments with Applications to Engineering and Science, 2d ed., J.Wiley, New York.
[13] MONTGOMERY, DOUGLAS C., RUNGER, GEORGE C., AND HUBELE, NORMA F. (1998).
Engineering Statistics, John Wiley, New York.
[14] REES, D. (1987). Foundations of Statistics, Chapman and Hall, London and New York.



186 Chapter 6 Statistical Analysis of Experimental Data

Reading 1 2 3 4 5 6 7 8 9 10
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Reading 1 2 3 4 5 6 7 8 9 10 11 12

P (psi) 110 104 106 94 92 89 100 114 120 108 110 115

Reading 1 2 3 4 5 6 7 8 9 10 11 12
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PROBLEMS

Note: An asterisk denotes a spreadsheet problem.

6.1 A certain length measurement is made with the following results:

1…2

(a) Arrange the data into bins with width 2 mm.
(b) Draw a histogram of the data.

6.2 A certain length measurement is made with the following results:

(a) Arrange the data into bins with width 0.1 inch.
(b) Draw a histogram of the data.

6.3 The air pressure (in psi) at a point near the end of an air supply line is monitored every
hour in a 12-h period, and the following readings are obtained:

Draw a histogram of the data with a bin width of 5 psi.
6.4 The air pressure (in psi) at a point near the end of an air supply line is monitored every

hour in a 12-h period, and the following readings are obtained:

Draw a histogram of the data with a bin width of 0.2 bar.
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6.5 Calculate the standard deviation, mean, median, and mode of the values of the data in
Problem 6.1.

6.6 Calculate the standard deviation, mean, median, and mode of the values of the data in
Problem 6.2.

6.7 Calculate the standard deviation, mean, median, and mode of the values of the data in
Problem 6.3.

6.8 Calculate the standard deviation, mean, median, and mode of the values of the data in
Problem 6.4.

6.9 Calculate the probability of having a 6 and a 3 in tossing two fair dice.
6.10 Calculate the probability of having a 4 and a 2 in tossing two fair dice.
6.11 At a certain university, 15% of the electrical engineering students are women and 80% of

the electrical engineering students are undergraduates. What is the probability that an
electrical engineering student is an undergraduate woman?

6.12 At a certain university, 55% of the biology students are women and 85% of the biology
students are undergraduates. What is the probability that a biology student is an under-
graduate woman?

6.13 A distributor claims that the chance that any of the three major components of a com-
puter (CPU, monitor, and keyboard) is defective is 3%. Calculate the chance that all three
will be defective in a single computer.

6.14 The chance that any of the two components of a measurement system (transducer and
transmitter) is defective is 2%. Calculate the chance that both components in a measure-
ment system are defective.

6.15 In filling nominally 12-oz beer cans, the probability that a can has 12 or more ounces is
99%. If five cans are filled, what is the probability that all five will have 12 or more ounces.
What is the probability that all of the cans will have less than 12 ounces?

6.16 In filling nominally 8-oz drink cans, the probability that a can has 8 or more ounces is 98%.
If five cans are filled, what is the probability that all five will have 8 or more ounces? What
is the probability that all of the cans will have less than 8 ounces?

6.17 It has been found that the probability that a light bulb will last longer than 3000 hours is
90%. If a room contains six of these bulbs, what is the probability that all six will last
longer than 3000 hours?

6.18 It has been found that the probability that a light bulb will last longer than 3600 hours is
95%. If a room contains six of these bulbs, what is the probability that all six will last
longer than 3600 hours?

6.19 The probability that a certain electronic component will fail in less than 1000 hours is 0.2.
There are two of these components in an instrument. What is the probability that either
one or both will fail before 1000 hours?

6.20 Consider the following probability distribution function for a continuous random variable:

(a) Show that this function satisfies the requirements of a probability distribution
function.

(b) Calculate the expected (mean) value of x.
(c) Calculate the variance and the standard deviation of x.

= 0  elsewhere

f1x2 =
3x2

35
 -2 6 x 6 3
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6.21 Consider the following probability distribution function for a continuous random
variable:

(a) Show that this function satisfies the requirements of a probability distribution function.
(b) Calculate the expected (mean) value of x.
(c) Calculate the variance and the standard deviation of x.

6.22 In Problem 6.20, calculate the probability of the following cases:

(a)
(b)
(c)

6.23 In Problem 6.20, determine the cumulative distribution of the random variable x. Calcu-
late the numerical values of the cumulative distribution for 0, and 3. Interpret
your results.

6.24 An electronic production line yields 95% satisfactory parts. Assume that the quality of
each part is independent of the others. Four parts are tested. Determine the probability
that

(a) all parts tested are satisfactory.
(b) at least two parts are satisfactory.

6.25 In Example 6.3, what is the chance that at most two computers will fail in the warranty
period?

6.26 Repeat Example 6.3 for the case in which between two and five computers will fail in the
warranty period.

6.27 Repeat Problem 6.24 if six parts are tested and the other information is the same.
6.28 A utility company has determined that the probability of having one or more power fail-

ures is 5% in a given month. Assuming that each power failure is an independent event,
find the probability that

(a) there is no power failure during a three-month period.
(b) there is exactly one month involving power failure during the next four months.
(c) there is at least one power failure during the next five months.

6.29 A tire company has determined that its tires have a 1% premature rate of failure on the
road.The failure mechanisms seem not to be related to each other.What is the chance that
none of the 16 tires shipped to a retailer will have premature failure?

6.30 In the manufacturing of an electronic part, the probability of a part being defective is 5%.

(a) What are the probabilities that, in a batch of 100 parts,
• 2 will be defective?
• 5 will be defective?
• 10 will be defective?

(b) What should be the probability (p) of a part being defective if we do not want more
than 1 out of 10 parts to fail with a chance (probability) of 99% (i.e., the probability of 0
or 1 part failing is 99%)? This part of the problem may need a trial-and-error solution.

x = -2,

x = 2.
0 6 x … 1.
x … 0.

f1x2 =
x3

20
1 6 x 6 3
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6.31 In the manufacturing of an electronic part, the probability of a part being defective is 3%.

(a) What are the probabilities that, in a batch of 100 parts,
• 1 will be defective?
• 4 will be defective?
• 15 will be defective?

(b) What should be the probability (p) of a part being defective if we do not want more
than 1 out of 10 parts to fail with a chance (probability) of 99% (i.e., the probability
of 0 or 1 part failing is 99%)? This part of the problem may need a trial-and-error
solution.

6.32 An airplane has 175 seats. Because some ticketed passengers do not show up, the airline
sells 180 seats. The probability that a passenger will not show up is 5%. Find the probabil-
ity that more than 175 passengers will show up, causing a shortage of seats.

6.33 A manufacturer needs to make 50 products. The probability that the main component is
defective is 5%. If the manufacturer orders 55 components, what is the probability that
there are 50 or more good components so that all the products can be completed?

6.34 Automobiles visit an inspection station an average of 40 times in an eight-hour workday.
What is the probability that more than five automobiles will visit the inspection station in
a one-hour period?

6.35 Defects in a particular diode occur at a rate of 1 in 1000. What is the probability that a cir-
cuit board using four of the diodes contains a single defective diode?

6.36 It has been found that a particular computer system crashes, on average, once every three
days. What is the probability that the system will not crash at all during a five-day period?

6.37 A plastic material is used to cover the cabinets in a kitchen.The occurrence of a noticeable
surface flaw is 1 for of the material. A typical kitchen uses of the material.
What is the probability of one or more flaws in a typical kitchen?

6.38 In an office building, light bulbs fail at an average rate of two per day. The company that
replaces the bulbs will not do so unless at least three bulbs have been reported failed by
the end of the previous day.The company came yesterday.A bulb in your office fails today.
What is the probability that it will be replaced tomorrow?

6.39 In connecting overseas phone calls, there is an average of 5 failures in 100 calls.

(a) What is the probability that there will be 5 failures in 50 calls?
(b) What is the probability of having 5 or fewer failures in 50 calls?
(c) What is the probability of having more than 5 failures in 50 calls?

6.40 During the one-hour lunch period in the first five days of the month, a bank expects, on
average, 20 customers.What is the probability that, during the lunch period in the first five
days of the month, the bank

(a) will have 25 customers?
(b) will have between 20 and 25 (inclusive) customers?
(c) will have 10 or fewer customers?
(d) will have more than 10 customers?

6.41 In the manufacturing of circuit boards, multiple boards are manufactured on a single base
(e.g., metal sheet) and tested. Six units of one type of board are manufactured on a single
sheet. On average, there are 3 defects per sheet.What is the chance that one will encounter

(a) ten defects in a single sheet?

10 m250 m2
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A
B
C

D F X 6 Xav - 2 SX Ú Xav - 2 S
X Ú Xav - 1.5 SC-X Ú Xav - 1 SX Ú Xav - 0.5 SC+
X Ú XavB-X Ú Xav + 0.5 SX Ú Xav + 1 SB+

X Ú Xav + 1.5 SA-X Ú Xav + 2 S

(b) no defects in a single sheet?
(c) one defect in a single board?
(d) more than one defect in a single board?

6.42 In Problem 6.41, the manufacturer wants to reduce the probability of having one or more
defects per board to 1%. Calculate the required average value of defects per sheet 

6.43 A voltmeter is used to measure a known voltage of 100 V. Forty percent of the readings are
within 0.5 V of the mean value. Assuming a normal distribution for the error, estimate the
standard deviation for the voltmeter.What is the probability that a single reading will have
an error greater than 0.75 V?

6.44 A voltmeter is used to measure a known voltage of 110 V. Fifty percent of the readings are
within 0.5 V of 110 V. Assuming a normal distribution for the uncertainty, estimate the
standard deviation for the voltmeter.What is the probability that a single reading will have
an error greater than 1.0 V?

6.45 A certain length measurement is performed 100 times. The mean value is 6.832 m, and the
standard deviation is 1 cm. Assuming a normal distribution for the error in the measure-
ment, how many readings fall within

(a) 0.5 cm,
(b) 2 cm,
(c) 5 cm, and
(d) 0.1 cm of the mean value?

6.46 A certain length measurement is performed 40 times. The mean value is 7.75 m, and the
standard deviation is 1 cm. Assuming a normal distribution for the error in the measure-
ment, how many readings fall within

(a) 1 cm
(b) 2 cm
(c) 5 cm and
(d) 10 cm of the mean value?

6.47 Consider the following scores of a class of 15 students:
95, 86, 83, 79, 79, 78, 75, 70, 70, 68, 63, 63, 55, 55, 50

The scores (X) are out of 100 in descending order.

(a) Calculate the mean median and standard deviation (S) of the scores.
(b) Assign letter grades to the students on the basis of the following criteria:

1Xm2,1Xav2,

1l2.

(c) If the grade distribution were normal, with the same and S, how many students
would you expect to get A’s, B’s, C’s, D’s, and F’s? Compare your results with Part (b)
in a table.

6.48 The lighting department of a city has installed 2000 electric lamps with an average life of
10,000 h and a standard deviation of 500 h.

(a) After what period of lighting hours would we expect 10% of the lamps to fail?

Xav
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(b) How many lamps may be expected to fail between 7000 and 10,000 h?

6.49 On an assembly line that fills 8-ounce cans, a can will be rejected if its weight is less than
7.90 ounces. In a large sample, the mean and the standard deviation of the weight of a can
is measured to be 8.05 and 0.05 oz, respectively.

(a) Calculate the percentage of the cans that is expected to be rejected on the basis of the
given criterion.

(b) If the filling equipment is adjusted so that the average weight becomes 8.10 oz, but
the standard deviation remains 0.05 oz, calculate the rejection rate (% of cans being
rejected).

(c) If the filling equipment is adjusted so that the average weight remains 8.05 oz, but the
standard deviation is reduced to 0.03 oz, calculate the rejection rate.

6.50 In the production of a certain type of plastic part, the diameter of the part is expected to
be 5.00 mm with a standard deviation of 0.05 mm. If the part diameter deviates by more
than two standard deviations, it will be rejected.

(a) Calculate the probability of rejection of a part.
(b) In a sample of 20 parts, what are the probabilities that 2, 4, and 10 will be rejected?

6.51 In manufacturing steel shelves, the column pieces are cut automatically with a standard
deviation of 0.2 in. The average length is 7.25 ft. A variation in length of 0.3 in. can be tol-
erated. Calculate the percentage of the rejected columns. To reduce the rejection rate by
one-half, calculate the required standard deviation. The tolerance will remain the same.

6.52 In the mass production of a certain piece of a machine, the average length is 10.500 in. and
the standard deviation is 0.005 in. Calculate the probabilities for the following cases:

(a) The length of the piece is less than 10.520.
(b) The length of the piece is between 10.485 and 10.515.
(c) If the manufactured pieces with length deviations of more than 2.5 standard devia-

tions are rejected, what percentage of the products will be rejected?

6.53 In the mass production of a certain piece of a machine, the average length is 25.00 cm and
the standard deviation is 0.02 cm. Calculate the probabilities for the following cases:

(a) The length of the piece is less than 25.02 cm.
(b) The length of the piece is between 24.95 and 25.05 cm.
(c) If the manufactured pieces with length deviations of more than 2 standard deviations

are rejected, what percentage of the products will be rejected?

6.54 In a test measuring the life span of a certain brand of tire, 100 tires are tested. The results
showed an average lifetime of 50,000 miles, with a standard deviation of 5000 miles. One
hundred thousand of these tires have been sold and are on the road.

(a) After what mileage would you expect 10% of the tires to have worn out?
(b) How many tires are expected to wear out between 60,000 and 70,000 miles?
(c) How many tires are expected to have a life of less than 20,000 miles?
(d) What are your major assumptions in these calculations?

6.55 A particular brand of light bulbs is used in a large manufacturing plant. This brand is
known to have a normally distributed life with a mean of 3600 h and a standard deviation
of 160 h. After how many hours should all of the bulbs be simultaneously replaced to
ensure that no more than 10% of the bulbs fail while in use?
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6.56 A manufacturer of PVC plastic pipes measures the weight of ten 10-ft-long pipes to deter-
mine some statistical data for each production batch. The following data have been pro-
duced for the weight (in pounds) of a sample of 10 pipes:

6.75, 6.68, 6.70, 6.64, 6.69, 6.66, 6.77, 6.71, 6.62, 6.64
Calculate the mean and standard deviation for the sample, and estimate the standard devi-
ation of the mean value.

6.57 To determine the confidence interval on the mean weight of filled buttercups, 40 samples
are measured and found to have a mean value of 8 oz and a standard deviation of 0.2 oz.
Determine the confidence interval on the mean weight of buttercups with confidence lev-
els of 90%, 95%, and 99%.

6.58 In problem 6.57, if the sample size was 20 with the same statistics, determine the confi-
dence intervals on the mean of the weight of buttercups for the given confidence levels.

6.59 To estimate the average weight of a yogurt-cup batch, the weights, in ounces, of a sample
of 12 cups are determined to be as follows:

16.05, 16.14, 16.10, 16.04, 15.95, 16.08, 15.92, 16.02, 16.10, 15.90, 16.08, 16.12

(a) Calculate the mean and standard deviation of the sample, and estimate the standard
deviation of the mean.

(b) Determine the 95% confidence interval on the mean of the weight of the yogurt cup.

6.60 For the data in Problem 6.54, estimate the 95% confidence interval on the mean.
6.61 To estimate the failure rate of a brand of VCR, 10 systems are tested to failure. The aver-

age life and standard deviation are calculated to be 1500 h and 150 h, respectively.

(a) Estimate the 95% confidence interval on the mean of the life of these systems.
(b) How many of the systems should be tested to obtain a 95% confidence interval on the

mean of 50 h?

6.62 A batch of machine parts is considered acceptable if the average tensile strength exceeds
In a manufactured batch, 10 samples were tested and found to have an

average strength of with a standard deviation of 

(a) Determine whether, with a 99% confidence level, the manufacturer can state that the
product has an average strength exceeding 41.0 million 

(b) Supposing that 20 samples are tested and yield the same statistics, answer the ques-
tion in part (a).

6.63 To determine the efficiency of a batch of production of electric motors, 10 motors are
tested. The average efficiency of the sample is calculated to be 91.0%, and the standard
deviation of the sample is 0.8 percentage point.

(a) Determine a 95% confidence interval for the mean efficiency of the given batch of motors.
(b) If we want to cut the confidence interval to one-third, how many more motors should

be tested?

6.64 To determine the efficiency of a batch of production of electric motors, 8 motors are
tested. The average efficiency of the sample is calculated to be 88.5% and the standard
deviation of the sample is 0.5 percentage point.

(a) Determine a 95% confidence interval for the mean efficiency of the given batch of
motors.

(b) If we want to cut the confidence interval to one third, how many more motors should
be tested?

N/m2.

0.30 * 106 N/m2.41.25 * 106 N/m2,
41.0 * 106 N/m2.



Problems 193

6.65 A clothing manufacturer is setting up an experiment to obtain reliable (99% confidence
level) estimates of the mean height and mean sleeve length of a target population. On the
basis of previous studies, we can assume that the standard deviations are 2.44 in. for height
and 0.34 in. for sleeve length.The mean value of the height and length are 68 in. and 33 in.,
respectively. How many members of the target population should the manufacturer
include in his sample to arrive at the desired estimates for the confidence interval on the
mean height and hand length of 1 in. and 0.2 in., respectively’?

6.66 To have a reasonable estimate of emissions from a boiler, the exhaust is tested 15
times. The mean value of the emissions is 25 ppm (parts per million) and the standard
deviation is 3 ppm. Determine a 95% confidence interval for the standard deviation of the

emissions from the boiler.
6.67 The interval between successive arrivals of cars at a servicing facility follows an exponen-

tial distribution with a mean value of 8 minutes. What is the probability that

(a) two successive cars will arrive within 6 minutes of each other?
(b) the interval between arrival of two successive cars will be at least 15 minutes?
(c) that no more than 2 cars will arrive in a 10 minutes interval?

6.68 The mean time between failures (often called MTBF) of the battery of a particular brand
of computers is 450 hours. Assume that the time between failures is governed by an expo-
nential distribution. What is the probability that the battery will fail

(a) within 300 hours?
(b) will last at least 500 hours?
(c) will fail between 300 to 600 hours?

6.69 Experimental data obtained on the daily level of a given pollutant (measured in ppm) in
the effluent from an industrial plant shows that it follows a lognormal distribution with a
mean of 1.9031 and a standard deviation of 1.3010.

(a) What is the likelihood that the pollutant level will exceed 90 ppm on any given day?
(b) What is the likelihood that the pollutant level will be below 20 ppm on any given day?
(c) If the company cleans up the process and reduces the mean pollutant level to 40 ppm

per day with the same standard deviation as before, what is the likelihood of the pol-
lution level falling below 20 ppm on any given day?

6.70 The time taken to fix a “software bug” in a particular computer application follows a log-
normal distribution with a mean of 200 minutes and a standard deviation of 30 minutes.
What is the likelihood that the time taken to fix the next bug encountered will be

(a) at least 500 minutes?
(b) between 100 and 200 minutes?
(c) no more than 50 minutes?

6.71 Rivet holes are punched in steel beams. To ensure that the rivets will fit and that the joint
will have adequate strength, it is necessary to control the standard deviation of the diame-
ter, and measurements are made periodically.Ten measurements are made of nominally 1-
inch-diameter holes, and the standard deviation is found to be 0.002 inches. What is the
95% confidence interval on the standard deviation?

6.72 With eight tests, the standard deviation of the tensile strength of a steel alloy is found to be
5500 psi. Estimate the 99% uncertainty interval on the standard deviation.

6.73 In a certain circuit design, it is important that the standard deviation of the current be less
than 15 mA. In a test on 12 parts, the sample standard deviation is found to be 10 mA. Can
we be 99% confident that the standard deviation will not exceed 15 mA?

NOx

NOx
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A B

C RV

FIGURE P6.81

T(°C) 20 30 40 50 60 75 100

V(mV) 1.02 1.53 2.05 2.55 3.07 3.56 4.05

6.74 To avoid any high-speed imbalance in a rotating shaft, it needs to have a variance of its
diameter below The shaft diameter has been measured at 10 equally distrib-
uted locations, with a standard deviation of 0.01 mm.

(a) Determine the confidence interval on the variance of the diameter along the shaft
with a 95% confidence level.

(b) With a confidence level of 95%, is this shaft acceptable to the customer? (That is, is
the variance in diameter along the shaft below )

(c) Answer the questions in Parts (a) and (b) if five measurements are done and the same
standard deviation is calculated.

6.75 In Problem 6.74, if we want to increase the confidence level to 99%,

(a) determine the confidence interval on the variance of the diameter along the shaft,
based on 10 measurements with the same standard deviation.

(b) is the shaft acceptable to the customer? (That is, is the variance in diameter along the
shaft below )

6.76 In problem 6.75(b), it turns out that the customer cannot be assured of the shaft balance. (In
other words, the variance in diameter along the shaft is below ) As a result, it is
proposed that the number of measurements be increased to reduce the interval on the vari-
ance to an acceptable level.Assuming the same standard deviation, determine the number of
measurements needed to accomplish this aim. (A trial-and-error solution may be required.)

6.77 Apply the Thompson test to the data of Problem 6.1 to see if any of the data points can
be rejected.

6.78 Apply the Thompson test to the data of Problem 6.3 to see if any of the data points can
be rejected.

6.79 Thermocouples (temperature-sensing devices) are usually approximately linear devices in
a limited range of temperature. A manufacturer of a brand of thermocouple has obtained
the following data for a pair of thermocouple wires:

t

t

0.0004 mm2.

0.0004 mm2?

0.0004 mm2?

0.0004 mm2.

Determine the linear correlation coefficient between T and V.
6.80 For the data of Problem 6.79,

(a) determine the least-squares-fit line between T and V.
(b) plot the data on a linear graph paper, and show the experimental data points and the

least-squares-fit line.

6.81 Consider the circuit in Figure P6.81. The capacitor C is initially charged. At time 0, the
switch is connected from A to B and the voltage across the capacitor is measured. The fol-
lowing data are recorded by a data acquisition system:
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t(s) 0.0 0.1 0.2 0.3 0.4 0.5

V(V) 4.98 1.84 0.68 0.25 0.09 0.03

(a) Determine the linear correlation coefficient between t and V.
(b) Determine the linear correlation coefficient between t and ln(V).

*6.82 The following data were obtained in order to calibrate a linear load cell with a digital output:

Determine the following:

(a) Coefficients of linear regression.
(b) Coefficients of linear regression found by forcing the line through zero.
(c) Standard error of estimate.
(d) Coefficient of determination.
(e) Any data points that are outliers.

Plot the data points and the lines, using a computer plotting routine.
*6.83 The following measurements were obtained in the calibration of a pressure transducer:

Pounds 0 5 10 15 20 25 30

Reading -1.50 4.34 9.52 14.64 19.20 26.60 29.55

Voltage ¢P –H2O

0.31 1.96

0.65 4.20

0.75 4.90

0.85 5.48

0.91 5.91

1.12 7.30

1.19 7.73

1.38 9.00

1.52 9.90

(a) Determine the best-fit straight line.
(b) Find the coefficient of determination for the best fit.

6.84 For the thermocouple data of Problem 6.79, determine the best-fit line of the form,
where T is the temperature and V is the thermocouple voltage.

(a) Determine a two-sided 95% confidence interval for the parameters a and b.
(b) Predict the voltage when and estimate the two-sided prediction interval

with a confidence level of 95%.
(c) Estimate the upper limit of the voltage at with a confidence level of 95%.T = 70°C

T = 70°C

V = aT + b,
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(psi)¢P 0.05 0.07 0.09 0.12 0.15 0.17 0.19 0.21 0.23 0.25

Q (CFM) 2.00 2.35 2.70 3.12 3.50 3.72 3.85 4.10 4.35 4.45

rpm T (°C) Q (l/s)

2000 90 0.50

3000 90 0.85

4000 90 1.13

5000 90 1.31

6000 90 1.40

2000 120 0.50

3000 120 0.86

4000 120 1.15

5000 120 1.35

6000 120 1.46

6.85 Consider the experimentally obtained data for tensile strength of steel as a function of
temperature, shown in Problem 6.91 from 200°F to 600°F only.

(a) Fit the data using a linear regression model. Clearly identify the independent and
dependent variables.

(b) If the steel is used in an environment where the temperature is 670°C, construct a
90% confidence interval for the strength of the steel.

(c) Based on your linear regression model, determine the loss in the strength of steel for
each 100°C increase in temperature. Construct a 95% confidence interval for this
value.

(d) Based on the data, what would your estimate be of the minimum strength of the steel
at a temperature of 550°C at a confidence level of 95% (note that this is a single-sided
confidence interval)?

*6.86 For the data of Problem 6.81,

(a) determine the best-fit lines for V and ln(V) with respect to t.
(b) determine the standard error of estimate for both cases, and discuss your results.

*6.87 The following data points show the flow rate versus measured pressure drop of a liquid in
a venturi flowmeter:

Let plot Q as a function of and plot log(Q) as a function of
Observe the form of both curves, and determine the following quantities:

(a) Coefficients of linear regression.
(b) Standard error of estimate.
(c) Coefficient of determination.
(d) Any of the data points that are outliers.

Compare the results for both cases and comment on them.
*6.88 The following data are from the test for the flow rate of an engine oil pump as a function

of engine rpm:

log 1¢P2.
¢P,Q = Constant * 1¢P21/2,
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(a) Plot these data as two curves, one for each of the two temperatures.
(b) Find a suitable multiple regression model Consider terms of rpm, T,

and
(c) Using the regression formula, compute values of Q for each rpm and temperature.

Calculate the deviations from the measured values.

*6.89 The following data are from the test of a water-pumping windmill:

rpm * T.rpm2,
Q = f1rpm, T2.

(a) Plot these data.
(b) Fit a linear regression line to the data.
(c) Fit a second-degree polynomial to the data.

Which do you think is the better regression function?
*6.90 The following data are taken from the calibration of a fluid-velocity measuring device

called a hot-film anemometer:

(m/s)Vwind Q (l/s)

4 0.94

5 1.69

6 2.44

7 3.08

8 3.72

Voltage Velocity (f/s)

0.01 0.07

0.115 0.08

0.29 0.11

0.48 0.135

0.59 0.145

0.81 0.185

0.88 0.19

1.02 0.22

1.12 0.24

1.325 0.285

1.4 0.295

Perform a second-degree polynomial regression on the data 
*6.91 The following table shows high-quality data taken from an experiment to measure the ten-

sile strength of a steel as a function of temperature:

[Velocity = f1Voltage2].
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T (°F) s 1ksi2a
200 41.5

300 40.3

400 39.2

500 37.8

600 35

700 32.5

800 28.5

900 23

1000 16

1100 9.5

1200 6.5

1300 5

Thousand pounds per square incha

(a) Plot these data at 
(b) What do you expect would be the minimum degree of polynomial necessary to fit

these data? Explain.
(c) Find the coefficients for a fourth-degree fit to the data.

6.92 In a kitchen-cabinet shop, the cabinets and the shelves are manufactured separately. In a
particular cabinet model, the distance between the sides is 24 inches, with a standard devi-
ation of 0.06 inch. The length of the shelves can be cut with a standard deviation of 0.03
inch. What is the maximum length of each shelf such that 99% of the shelves will fit? (The
clearance is greater than zero.)

s = f1T2.



199

7
CHAPTER

Experimental Uncertainty
Analysis

Uncertainty analysis is a vital part of any experimental program or measurement sys-
tem design. Common sources of experimental uncertainty were defined in Chapters 2
through 4. In this chapter, methods are provided to combine uncertainties from all
sources to estimate the uncertainty of the final results of an experiment.

7.1 INTRODUCTION

Any experimental measurement will involve some level of uncertainty that may origi-
nate from causes such as inaccuracy in measurement equipment, random variation in
the quantities measured, and approximations in data—reduction relations. All these
uncertainties in individual measurements eventually translate into uncertainty in the
final results. This “propagation of uncertainty” is an important aspect of any engineer-
ing experiment. Uncertainty analysis is performed during the design stage of an exper-
iment to assist in the selection of measurement techniques and devices. It is also
performed after data have been gathered, in order to demonstrate the validity of the
results. Uncertainty analysis is a useful tool for identifying corrective actions while val-
idating and performing experiments. Basic aspects of uncertainty analysis will be pre-
sented in this chapter. For additional details, see ASME (1998), Taylor and Kuyatt
(1994), ISO (1993), Coleman and Steele (1989), and Taylor (1990).

7.2 PROPAGATION OF UNCERTAINTIES—GENERAL CONSIDERATIONS

Consider a test in which readings from a voltmeter and an ammeter are used to deter-
mine the power, We would like to state the results in the form 
where A is the numerical value of the power and is an estimated uncertainty. If the
voltmeter and ammeter readings have uncertainty intervals of and we need to
estimate the uncertainty in In the equation the uncertainties in the mea-
surands V and I propagate into the uncertainty of the result, P.

In most experiments, it is possible for the experimenter to estimate the uncer-
tainty of each of the measurands. Uncertainty estimates should take into account the
imprecision in the measurements (random uncertainty, sometimes called precision
uncertainty) and an estimated maximum fixed error (systematic uncertainty, sometimes

P = VI,wP.
wA,wV

wP

P = A ; wP,P = VI.
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called bias uncertainty). All uncertainty estimates should be made to the same confi-
dence level—95%, for example. This confidence level implies that 95% of the times an
uncertainty is estimated, the actual error will be less than the estimated uncertainty.
Generally, if a higher confidence level is required, say, 99%, the estimated uncertainty
will be larger.

In the general case, consider the result, R, to be a function of n measured vari-
ables that is,

(7.1)

We can relate a small change in R to small changes in the through the dif-
ferential equation

(7.2)

This equation is exact if the are infinitesimal; otherwise, it is an approximation. If R
is a calculated result based on measured then the values of the can be
replaced by the uncertainties in the variables, denoted by and can be replaced
by the uncertainty in the result, denoted by The partial derivative, is called
the sensitivity coefficient of result R with respect to variable 

Each of the terms on the right-hand side of Eq. (7.2) may be positive or negative,
and because we designate the w’s as a plus-or-minus range for the most probable
errors, Eq. (7.2) will not produce a realistic value for In principle, it would be pos-
sible for the terms to cancel out, leading to a zero value for the uncertainty in R. How-
ever, we can estimate the maximum uncertainty in R by forcing all terms on the
right-hand side of Eq. (7.2) to be positive. In mathematical form, this becomes

(7.3)

It is not very probable that all terms in Eq. (7.2) will become positive simultaneously or
that errors in the individual x’s will all be at the extreme value of the uncertainty inter-
val. Consequently, Eq. (7.3) will produce an unreasonably high estimate for A bet-
ter estimate for the uncertainty is given by

(7.4)

The conceptual basis for Eq. (7.4) is discussed in Coleman and Steel (1989) and Taylor
(1982). It is known as the root of the sum of the squares (RSS). When Eq. (7.4) is used,
the confidence level in the uncertainty in the result, R, will be the same as the confi-
dence levels of the uncertainties in the Hence, it is important that all uncertainties
used in Eq. (7.4) be evaluated at the same confidence level.

There is a significant restriction on the use of Eq. (7.4): Each of the measured
variables should be independent of each other. That is, an error in one variable must
not correlate with an error in another. If the variables are not independent, then the
formulation is slightly different. [See ASME (1998) and Coleman and Steele (1989).]
The use of Eqs. (7.3) and (7.4) is demonstrated in Example 7.1.

xi’s.

wR = aa
n

i=1
cwxi 0R0xi d

2b1/2

wR.

wR = a
n

i=1
`wxi 0R0xi `

wR.

xi.
0R>0xi,wR.

dRwxi’s,
dxi’sxi’s,

d’s

dR = dx1
0R
0x1

+ dx2
0R
0x2

+ Á + dxn
0R
0xn

= a
n

i=1
dxi

0R
0xi

xi’sdxi’sdR

R = f1x1, x2, Á xn2
x1, x2, Á , xn;
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If the result R is dependent only on the product of the measured variables—that is,

(7.5)

it can readily be shown that Eq. (7.4) takes the simpler form

(7.6)

This formula is easier to use, since the fractional uncertainty in the result, R, is directly
related to the fractional uncertainties in the individual measurements. Each of the expo-
nents, [in Eq. (7.5)] or coefficients [in Eq. (7.6)] can be positive or negative.

One important feature of Eqs. (7.4) and (7.6) is that, since the individual terms
are squared before they are added, the larger uncertainties tend to dominate the result.
In general, far more can be gained by reducing a single large error source than by
reducing several small error sources. Eq. (7.4) can also be used in the design phase of
an experiment to determine the required accuracy of instruments and other compo-
nents and the suitability of the experimental approach. Example 7.2 is a simple demon-
stration of the use of Eq. (7.4) in the design phase.

Example 7.1

To calculate the power consumption in a resistive electric circuit the voltage and cur-
rent have been measured and found to be

Calculate the maximum possible error [Eq. (7.3)] and also the best-estimate uncertainty [Eq. (7.4)]
in the computation of the power. Assume that the confidence levels for the uncertainties in V and
I are the same.

Solution: We are going to use Eqs. (7.3) and (7.4) to calculate the maximum uncertainty and
the best-estimate uncertainty in the power To do this, we have to calculate the partial
derivatives of P with respect to V and I:

Then,

Comment: The maximum uncertainty of 40 W is 4% of the power 
whereas the uncertainty estimate of 28.3 W is 2.8% of the power. The maximum error

estimate is too high in most circumstances.
1000 W2,

1P = VI = 100 * 10 =

wP = a a 0P
0V
wVb

2

+ a 0P
0I
wIb

2b1/2

= 1110 * 222 + 1100 * 0.22221/2 = 28.3 W

1wP2max = ` 0P0VwV ` + ` 0P0I wI ` = 10 * 2 + 100 * 0.2 = 40 W

0P
0V

= I = 10.0 A and 
0P
0i

= V = 100.0 V

1P = VI2.

I = 10 ; 0.2 A

V = 100 ; 2 V

1P = VI2,

a, b, Á ,N

wR
R

= e aaw1

x1
b2

+ abw2

x2
b2

+ Á + aNwn
xn
b2 f1/2

R = Cx1
ax2
bÁ xnN
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Example 7.2

Manometers are pressure-measuring devices that determine a pressure by measuring the height of
a column of fluid. We would like to achieve an accuracy of 0.1% of the maximum reading, 10 kPa.
This is to be done by using a type of manometer called a well manometer, which has an uncertainty
of 1/10 mm in reading the scale. Estimate the uncertainty that can be tolerated in the density of a
gage fluid, which has a nominal value of 

Solution: The relationship between the pressure and the measured column height for a
manometer is

where is the manometer fluid density, g is the acceleration due to gravity, and h is the height of
the column of fluid. It is assumed that the value of g is known to a much higher degree of accuracy
than the rest of the parameters.The value of h for the maximum pressure reading of this device is

The maximum uncertainty in pressure is 0.1% of 10 kPa, which is 10 Pa. Eq. (7.4) can be used to
estimate the uncertainty of the gage fluid density:

Substituting these values into the uncertainty equation yields

The maximum allowable uncertainty in the gage fluid density is 

7.3 CONSIDERATION OF SYSTEMATIC AND RANDOM COMPONENTS
OF UNCERTAINTY

In the early phases of the design of an experiment, it is often not practical to separate the
effects of systematic and random uncertainties. For example, manufacturer-specified
instrument accuracies inherently combine random and systematic uncertainties. Eq. (7.4)
will then be used with these combined uncertainties in measured variables to estimate

2.4
2500

= 0.1%.

wr = 2.4 kg/m3

100 = 14.00 * wr22 + 124525.0 * 0.0001022

wh = 0.0001 m

0P
0h

= rg = 2500.0 * 9.81 =
24525.0 kg

m2 - s2

0P
0r

= gh = 9.81 * 0.408 =
4.00 m2

s2

wP
2 = a 0P

0r
b2

wr
2 + a 0P

0h
b2

wh
2 = 110.022 = 100 Pa2

h =
P

1rg2 =
10,000

12500 * 9.812 = 0.408 m

r

P = rgh

2500 kg/m3.
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the uncertainty of the result. In more detailed uncertainty analyses, it is usually desirable
to keep separate track of the systematic uncertainty, denoted B, and the random uncer-
tainty, denoted P, associated with the measurement. Estimating random uncertainty
depends on the sample size. A systematic error does not vary during repeated readings
and is independent of the sample size. It is this distinction that makes it desirable to han-
dle the terms separately in uncertainty analysis.

The random uncertainty is estimated using the t-distribution, introduced in
Chapter 6. If the variable x is measured n times, then the standard deviation of the sam-
ple can be determined from

(7.7)

and the mean can be determined from

(7.8)

For a given confidence level (usually 95% for uncertainty analysis), a value of t can be
obtained from Table 6.6 for the degrees of freedom and the random
uncertainty in the mean of x is determined from

(7.9)

where is the estimate of the standard deviation of the mean.

It is not actually necessary for to be determined in the same tests that are used
to determine the final mean value of the variable x. In fact, it is common to obtain 
from auxiliary tests run prior to taking the final data. In other cases, is obtained by
combining standard deviations for various components of the measurement system
(elemental uncertainties), as discussed in Section 7.4. In case the mean value is
obtained from a different set of tests, the final value of the mean of x, denoted by 
is determined from M measurements of x and is given by

(7.10)

The random uncertainty in is given by

(7.11)

In Eq. (7.11), t is determined on the basis of the degrees of freedom, for the
tests used to determine and the desired confidence level. M in Eqs. (7.10) and (7.11)
is the number of samples used to obtain xfinal.

Sx

v = n - 1

Pxq final
= ; t

Sx
1M

xfinal

xfinal =
a
M

i=1
xi

M

xfinal

Sx

Sx

Sx

Sx
1n

Pxq = ; t
Sx
1n

1v = n - 12,

x =
a
n

i=1
xi

n

Sx = aa
n

i=1

1xi - x22
1n - 12 b

1/2
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It is common in very complicated tests to measure the final value of x only
once—that is, to take a single reading. In this case, in Eqs. 7.10 and 7.11, and the
random uncertainty in this single measurement is given by

(7.12)

Eq. (7.12) not only estimates the random uncertainty of x in a test in which a single
final measurement is made, but also estimates the random uncertainty in each individ-
ual measurement of x in the final tests if more than one value of x is measured.

Usually, is determined in tests with a large sample size In addition, a
confidence level of 95% is commonly used to determine the random uncertainty inter-
val. For these two conditions, the appropriate value of t is 2.0.A large sample size simpli-
fies an uncertainty analysis considerably, and for this reason, the ASME Standard
[ASME, (1998)] suggests the use of large sample sizes in most uncertainty analyses.
While ASME presents the theory for smaller samples it relegates most of that
material to appendices. This text will emphasize the simplified approach, but it provides
enough information and examples that the engineer can deal with small sample sizes.

the systematic uncertainty in the measured variable x, remains constant if the
test is repeated under the same conditions. Systematic uncertainties include those errors
which are known, but have not been eliminated through calibration, as well as other
fixed errors that can be estimated, but not eliminated from the measurement process.

While estimating systematic uncertainty involves considerable judgment, manu-
facturers’ specifications, calibration tests, comparisons with independent measurements,
and mathematical modeling can lead to rational values of this kind of uncertainty.

Unlike random uncertainty, which has a well-established statistical basis, if the
measurement conditions remain the same, the systematic uncertainty does not change
and does not lend itself to rigorous statistical analysis. According to ASME (1998), sys-
tematic uncertainty is the 95%-confidence-level estimate of the limits of a true system-
atic error. In the context of systematic uncertainty, a confidence level of 95% implies
that the actual error will be less than the estimate 95% of the time an estimate is made.
According to Taylor and Kuyatt (1994), other confidence levels may also be used for
estimating systematic uncertainty, but 95% is the recommended one. The term “cover-
age” has sometimes been used to mean “confidence level” for systematic uncertainty.

Systematic and random uncertainties need to be evaluated with the same confi-
dence level to be combined—usually the aforementioned 95% [ASME (1998) and ISO
(1993)].

Figure 7.1 shows graphically how systematic and random uncertainties affect a
measured result. In Figure 7.1(a), the bell curve is the frequency distribution, which
would be expected if a very large number of measurements were made. The curve
peaks at the population mean, which differs from the true value of x by the systematic
uncertainty, An individual reading, also deviates from the population mean and
has an uncertainty interval (i.e., the interval about the reading) of If the confi-
dence level is 95%, the value of the population mean should be within this inter-
val 95% of the times the measurement is made. Figure 7.1(b) shows the situation if the
measurement of x is made several times. The sample mean of these measurements,
also differs from the population mean and has an uncertainty interval of that is
narrower than the interval but that should include the population mean 95% of
the time that a sample is taken.

;Pxi,
;Pxq

x,

;Pxi
;Pxi.

xi,Bx.

Bx,

1n 6 302,

1n 7 302.Sx

Pxfinal
= tSx

M = 1
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Finally, systematic and random uncertainties are combined to obtain the total
uncertainty, using RSS. For the mean of x,

(7.13)

while for a single measurement of x,

(7.14)

is computed from Eq. (7.12) while is computed from Eq. (7.9) or Eq. (7.11). The
confidence level in the uncertainty, w, is the same as the confidence level for B and P.
Examples 7.3 and 7.4 show how the random uncertainty is evaluated, and Examples 7.5
and 7.6 show how the random and systematic uncertainties are combined to produce
estimates of the total errors in measurements.

Example 7.3

In a chemical-manufacturing plant, load cells are used to measure the mass of a chemical mix-
ture during a batch process. From 10 measurements, the average of the mass is measured to be
750 kg. From a large number of previous measurements, it is known that the standard deviation
of the measurements is 15 kg (which implies that for 95% confidence level). Assumingt = 2.0

PxqPx

Wx = 1Bx2 + Px221/2

Wxq = 1Bx2 + Pxq221/2
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PxPx FIGURE 7.1

Graphical display of random and systematic uncertainties.
(Based on W. Coleman and W. Steele, Experimental
Uncertainty Analysis for Engineers, Wiley, 1989. Reprinted
by permission of John Wiley and Sons, Inc.)
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that the load cells do not introduce any random uncertainty into the measurement, calculate for
95% confidence level

(a) the standard deviation and random uncertainty of each measurement.
(b) the standard deviation and random uncertainty of the mean value of the ten

measurements.

Solution: In this problem,

obtained from a large number of previous measurements, and

the number of measurements used for determining the average.

(a) For each (single) measurement, the standard deviation using Eq. (7.12) is

and the uncertainty of a single measurement is

(b) For the average value of the measurement, the standard deviation is

The random uncertainty of the mean value is

Example 7.4

In estimating the heating value of natural gas from a gas field, 10 samples are taken and the heat-
ing value of each sample is measured by a calorimeter.The measured values of the heating value,
in kJ/kg, are as follows:

48530, 48980, 50210, 49860, 48560, 49540, 49270, 48850, 49320, 48680

Assuming that the calorimeter itself does not introduce any random uncertainty into the mea-
surement, calculate (for 95% confidence level)

(a) the random uncertainty of each measurement.
(b) the random uncertainty of the mean of the measurements.
(c) the random uncertainty of the mean of the measurements, assuming that S was calcu-

lated on the basis of a large sample but has the same value as computed in
parts (a) and (b).

1n 7 302;

= 2 * 4.7 = 9.4 kg
Pxq = 2Sxq

= 4.7 kg

=
15
11021/2

Sxq =
Sx
1M21/2

x = 750 kg,

Px = tSx = 2Sx = 30 kg

Sx = 15 kg

M = 10,

Sx = 15 kg
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Solution: With being the heating value, the mean value is

The standard deviation of the sample is

(a) Using the Student’s t-distribution (Table 6.6) for a confidence level of 95% and degrees
of freedom of we find that 

From Eq. (7.12) the random uncertainty of each sample will be

(b) Since the random uncertainty of the mean value will be

(c) If we assume large n, but the same value of t will be 2.0, and the random uncertainty
of the mean will be

Example 7.5

The manufacturer’s specification for the calorimeter in Example 7.4 states that the device has an
accuracy of 1.5% of the full range from 0 to 100,000 kJ/kg. Estimate the total uncertainty of (a)
the mean value of the measurement in Example 7.4 and (b) a single measurement of heating
value of 49,500 kJ/kg, obtained later than the measurements in Example 7.4.

Solution: The available data are as follows:

Pxq =
tSx

n
1
2

=
2.0 * 566.3

101/2 = 358.2 kJ/kg

Sx,

Pxq =
tSx

n
1
2

=
2.26 * 566.3

101/2 = 404.7 kJ/kg

Sxq =
Sx
1n21/2,

Pi = tSx = 2.26 * 566.3 = 1280 kJ/kg

t = 2.26.10 - 1 = 9,

Sx = c©1xi - x2
2

1n - 12 d
1/2

= 566.3 kJ/kg

x =
©xi
n

= 49180 kJ/kg

xi

Mean value
Random uncertainty of the mean (95% confidence)
Random uncertainty of a single value
Systematic uncertainty (95% confidence

assumed)
Bx = 0.015 * 100000 = 1500 kJ/kg
Px = 1280 kJ/kg
Pxq = 404.7 kJ/kg
x = 49180 kJ/kg

We have assumed that the “accuracy” is entirely a systematic uncertainty. This point is discussed
in Section 7.8.

(a) The random uncertainty of the mean is 404.7 kJ/kg. According to Eq. (7.13), the total
uncertainty of measurement with a confidence level of 95% will be

which is 3.1% of the mean value.

wxq = 1Bx2 + Px2q21/2 = 115002 + 404.7221/2 = 1554 kJ/kg
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(b) The random uncertainty of a single measurement is 1280 kJ/kg. According to Eq. (7.14),
the uncertainty of a single measurement with 95% confidence will then be

which is 4.0% of the measured value.

It is not necessary that the systematic uncertainty interval be symmetric: The
uncertainty in the upward direction might be different from the uncertainty in the
downward direction. In such asymmetric cases, Eq. (7.13) must be applied twice—once
to obtain the total uncertainty in the positive direction and again to obtain the total
uncertainty in the negative direction.These asymmetric uncertainties must then be car-
ried through the remainder of the uncertainty analysis.

There are many situations in which a large systematic error results after the mea-
surement device is installed into a particular application. An example is the measure-
ment of the temperature of a hot gas when the gas is held in a cooler container.
Radiation heat transfer between the cooler container walls and the measurement sen-
sor will result in a measured value that is lower than the true gas temperature. Another
source of systematic error is the location of an instrument when it is supposed to repre-
sent a variable in a space. Nonuniformity of the variable in the intended space is consid-
ered spatial error and results in systematic uncertainty. An example of this type of
uncertainty occurs when a single thermometer measures the temperature in a box oven.
Dynamic errors can also introduce a large systematic error. In many cases, it is possible
to reduce this systematic error by analytically correcting the data. This correction
process can significantly reduce the magnitude of the systematic uncertainty but, since
the correction process is itself uncertain, the process cannot reduce the systematic error
to zero. The analytical reduction of a systematic error is demonstrated in Example 7.6.

Example 7.6

As shown in Figure E7.6, a temperature-measuring sensor is used to measure the temperature,
of a hot gas in a duct. The sensor reading, is 773 K, and the wall temperature, is 723 K.

The sensor is expected to have a lower reading than the gas temperature, because the sensor is
cooled by radiation heat transfer to the cooler duct wall. The following formula (derived in
Chapter 9) can be used to correct for the measurement error due to radiation:

In this equation, is the Stefan–Boltzmann constant, which has the value 
h is the heat-transfer coefficient between the gas and the temperature sensor; and is the emis-
sivity of the surface of the sensor. The temperatures must be in kelvin. The value of ise

e

5.669 * 10-8 W/m2-K;s

¢Tcorr = Tg - Ts =
e

h
s1Ts4 - Tw4 2

Tw,Ts,Tg,

wx = 1Bx2 + Px221/2 = 115002 + 1280221/2 = 1972 kJ/kg

Hot
gas flow, Tg

Convection q to sensor

T

Temperature sensor,
Ts

Radiation q to
cooler duct wall

Cool duct wallFIGURE E7.6
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and the value of h is The measured temperatures can be
assumed to have negligible uncertainties. The uncertainties are systematic. Determine

(a) the temperature correction and
(b) the uncertainty in the correction.

Solution:

(a) Substituting into the given formula, we obtain

(b) Eq. (7.6) can be used to estimate the uncertainties. Note that the positive uncertainty
interval is different from the negative uncertainty interval due to the asymmetrical un-
certainty in the emissivity. Using Eq. (7.6), we find that

Thus, our best estimate of the gas temperature is

7.4 SOURCES OF ELEMENTAL ERROR

In a typical measurement system, there are a large number of error sources. For exam-
ple, an A/D converter can contribute quantization errors, sensitivity errors, and linear-
ity errors. Each component in the chain can also contribute a number of different types
of error.These error sources are known as elemental error sources, and each can gener-
ate either a systematic or a random error. Normally, there will be several elemental
error sources in the measurement of each variable x, and the uncertainty in x will be a
combination of the uncertainties due to these sources.

In order to estimate the systematic uncertainty of the measurement system with
regard to a variable x, combining elemental uncertainties of the system components is
usually the most practical method. By contrast, with regard to the random uncertainty
of the measured variable x, there are three possible approaches to determining the
standard deviation,

(a) Run the entire test a sufficient number of times so that the standard deviation
can be obtained from the final test data. This was what was done in Example 7.4.

(b) Perform auxiliary tests on the system for each measured variable x, and use the
data thereby obtained to determine A test matrix for a particular experimentSx.

Sx:

Tg = 773 + 86 = 859 + 20/-26 K

w¢T
- = 0.30 * 86 = 26 K

w¢T
-

¢T
= c awe-

e
b2

+ awh
h
b2 d1/2

= c a 0.2
0.9
b2

+ a10
50
b2 d1/2

= 0.30

w¢T
+ = 0.23 * 86 = 20 K

w¢T
+

¢T
= c awe+

e
b2

+ awh
h
b2 d1/2

= c a 0.1
0.9
b2

+ a10
50
b2 d1/2

= 0.23

¢Tcorr =
se

h
1Ts4 - Tw4 2 =

5.669 * 10-8 * 0.9
50

17734 - 72342 = 86 K

50 ; 10 W/m2-K.0.9 + 10.1/-0.22,
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might involve a large number of runs, with certain parameters being varied
between the runs. For example, the test of an electric motor may involve varying
the shaft speed, input voltage, and ambient temperature. An auxiliary test for the
shaft speed might be performed for a single combination of speed, input voltage,
and ambient temperature. However, the measurement itself will be repeated
many times, so that can be determined.

(c) Combine elemental random uncertainties of the system components, as discussed
in this section.

The choice of approach will be determined by the specifics of the planned experiment.
For purposes of identifying and comparing measurement uncertainties, ASME

(1998) suggests grouping the elemental errors into five categories: calibration uncer-
tainties, data-acquisition uncertainties, data-reduction uncertainties, uncertainties due
to methods, and other uncertainties. Calibration uncertainties are uncertainties that
originate in the calibration process. While the process, of course, is performed to mini-
mize resulting systematic errors, some residual error will remain, resulting in calibra-
tion uncertainties. The causes include factors such as uncertainty in standards,
uncertainty in the calibration process, and randomness in the process. It is often conve-
nient to include known, but uncorrected, calibration uncertainties, such as hysteresis
and nonlinearity. For details on calibration uncertainties, see Taylor and Kuyatt (1994).
Data-acquisition uncertainties are uncertainties that arise when a specific measure-
ment is made. Among the errors produced are random variation of the measurand,
installation effects such as measurand loading, A/D conversion uncertainties, and
uncertainties in recording or indicating devices. Data-reduction uncertainties are
caused by a variety of errors and approximations that are used in the data-reduction
process. Interpolating, curve fitting, and differentiating data curves are examples of
analytical processes that introduce data-reduction uncertainties. Uncertainties due to
methods are those that originate from techniques or methods inherent in the measure-
ment process. Examples of these uncertainties are assumptions or constants in the cal-
culation routines, disturbance effects caused by instrumentation, spatial effects, and
uncertainties due to instability, nonrepeatability, and hysteresis of test processes. Since
elemental uncertainties are combined by using the square root of the sum of the
squares (RSS), it does not matter into which category an elemental error is placed.
Rather, the categories are primarily a bookkeeping and diagnostic tool. If one category
dominates the errors, then it is the category to which corrective action should be
applied first.

To obtain the systematic and random uncertainties of a measurement, elemental
systematic and random uncertainties must be combined. The process for doing so is
described schematically in Figure 7.2. The systematic uncertainties and the standard
deviations are each combined using RSS:

(7.15)

(7.16)Sx = ca
m

i=1
S2
i d

1/2

Bx = ca
k

i=1
Bi

2 d1/2

Sx
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In these equations, there are k elemental systematic uncertainties and m elemental
random uncertainties pertaining to the measured variable x.

The random uncertainty for a single measurement of variable x can then be
obtained from

(7.17)

and the random uncertainty in the mean can be obtained from

(7.18)

where t is the value of the Student’s t for the degrees of freedom v and the appropriate
level of confidence and M is the number of times the final value of x was measured.

In order to apply the t-distribution to the resulting value of S, it is necessary to
have a value for v, the degrees of freedom. If the sample sizes are greater than 30 for all
of the elemental random uncertainties that were combined by Eq. (7.16), then the t is
only a function of the confidence level. In some cases, the input elemental random
uncertainties are based on different samples with different sample sizes. If any of the
samples has a small size (less than 30), it is necessary to find a combined value of v.
ASME (1998) suggests the use of the Welch–Satterthwaite formula,

(7.19)vx =
ca
m

i=1
Si

2 d2

a
m

i=1
1Si4/vi2

Pxq =
tSx
1M

Px = tSx

Calibration
Uncertainties

Data-Acquisition
Uncertainties

Data-Reduction
Uncertainties

Bx
2 � �Bi

2

Uncertainties
Due to Methods

Other
Uncertainties

Elemental
Uncertainties

Variable x
Uncertainty
wx � (Bx

2 � tSx
2)1/2

k

i�1

Sx
2 � �Si

2
m

i�1

FIGURE 7.2

Sequence for calculating the uncertainty of a measured variable, x.
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where is the degrees of freedom of the individual elemental error (number of data
values in the sample, minus 1), m is the number of elemental random uncertainties
combined in Eq. (7.16), and is the value of the degrees of freedom for the variable x.
The process of combining elemental errors is demonstrated in Examples 7.7 and 7.8.

If, in an experiment, the intention is to repeat the final measurement of the vari-
able x a statistically significant number of times or to run an auxiliary test, the random
uncertainty can be obtained from the test data and need not be propagated as shown in
Figure 7.2. The systematic uncertainty, however, must still be derived from the elemen-
tal systematic uncertainties as shown here.

Example 7.7

In measuring the pressure in a chemical reaction tank, a high-quality pressure transducer is used.
The following data are available from the manufacturer of the transducer:

vx

vi

The systematic uncertainties and the standard deviations of the measurements are shown in the
following table:

Elemental Error Systematic Uncertainty (kPa) Standard Deviation (kPa)

Calibration 7.5 —
Hysteresis 3.0 —
Data Acquisition

Repeatability — 10
Transmission — 5.0
A/D Conversion — 3.0/2*

Data Reduction
Linearity 4.5 —

*For a large number of measurements, the uncertainty is twice the standard deviation.

Range
Sensitivity (full scale)
Linearity
Hysteresis ;0.10% FS

;0.15% FS
;0.25% FS
;3000 kPa

To determine the repeatability of the measured pressure, a large number of auxiliary tests at the
desired average pressure of 1500 kPa were run.The standard deviation of these measurements is
10.0 kPa. In a separate test of the data-transmission system, a large number of tests for the same
pressure input resulted in a standard deviation of 5.0 kPa. The A/D converter may produce a
random uncertainty of 3.0 kPa for a 95% confidence level.

(a) Calculate the random uncertainty of the pressure measurement.
(b) Calculate the systematic uncertainty of the pressure measurement.
(c) Calculate the total uncertainty of the pressure measurement.

Solution: First, we need to convert the uncertainties that are in percentage of full scale to
scaled values. The pressure-transducer uncertainties will be

Sensitivity
Linearity
Hysteresis = 10.10 * 30002/100 = 3.0 kPa;0.10% FS

= 10.15 * 30002/100 = 4.5 kPa;0.15% FS
= 10.25 * 30002/100 = 7.5 kPa;0.25% FS
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The standard deviation of the pressure measurement can be calculated from Eq. (7.16):

Because the number of measurements for determining uncertainty is large, the random uncer-
tainty of the pressure measurement will be

The systematic uncertainty of the pressure measurement can be calculated from Eq. (7.15):

The total uncertainty of the pressure measurement with 95% confidence can be calculated from
Eq. (7.14):

Example 7.8

In the control of a chemical process, temperature is measured by a sensor that, according to the
manufacturer, has a calibration uncertainty of In 20 measurements in a test of the temper-
ature sensor’s repeatability, an average value of 150°C with a standard deviation of 1.5°C was deter-
mined. It is estimated that there can be a spatial variation of and an installation effect of

In a separate test of the data-transmission system, it was determined that, for 10 measure-
ments, the standard deviation was 0.5°C. The control program uses a linear relation between tem-
perature and voltage, which can introduce an uncertainty of up to in the applicable range.

(a) Calculate the random uncertainty, the number of degrees of freedom, and the total
uncertainty of a single temperature measurement in this control process. Assume a
95% confidence level.

(b) Calculate the total uncertainty again, but assume that the combined standard devia-
tion computed in Part (a) was determined with large samples 

Solution:

(a) The systematic and random elemental uncertainties are identified in the following table,
with an assumed confidence level of 95% for the systematic uncertainties:

1n 7 302.

;1°C

;1°C.
;2°C

;0.5°C.

wx = 1Bx2 + Px221/2 = 122.62 + 9.2221/2 = 22.8 kPa

Bx = 17.52 + 4.52 + 3.0221/2 = 9.2 kPa

Px = tSx = 2 * 11.3 = 22.6 kPa

Sx = 1102 + 5.02 + 1.5221/2 = 11.3 kPa

Elemental Error B(°C) S(°C) v

Calibration 0.5 — —
Data Acquisition

Repeatability — 1.5 19
Spatial variation 2 — —
Installation 1 — —
Transmission — 0.5 9

Data Reduction
Linearity 1 — —

The only random uncertainties in this process originate from the data-acquisition category.
According to Eq. (7.16), the standard deviation of the temperature measurement will be

Sx = 11.52 + 0.5221/2 = 1.58°C
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From Eq. (7.19), the number of degrees of freedom will be

For 23 degrees of freedom and a 95% confidence level, the Student’s t-distribution
(Table 6.6) gives So the random uncertainty of each temperature measurement
will be

From Eq. (7.15), the systematic uncertainty in the temperature measurement will be

The total uncertainty of measurement with 95% confidence can be calculated from
Eq. (7.14):

(b) If a large number of measurements is used to determine all the elemental standard devi-
ations, t will have a value of 2.0, and the random uncertainty will be

The systematic uncertainty will be the same as in Part (a), namely, and the
total uncertainty of measurement will be

Comment: In this case, accounting for the small sample size of the elemental errors did not
change the uncertainty estimate significantly. This phenomenon is common: When there are
several elemental errors with small sample size and small v, the combined v will be much larger.
Here, one of the elemental S values had but the combined S had

7.5 UNCERTAINTY OF THE FINAL RESULTS FOR MULTIPLE-MEASUREMENT
EXPERIMENTS

As discussed in Section 7.2, values of individual measured variables are com-
bined to calculate a final result:

(7.20)

In some experimental situations, it is possible to repeat the test multiple times to deter-
mine M values of the result, The average value of R can then be computed,
and the scatter in the measurements can be used to estimate the standard deviation of,
and random uncertainty in, R. The mean of the results is given by

(7.21)

where there are M measurements of R.

R =
1
Ma
M

j=1
Rj

R1 Á RM.

R = R1x1, x2, Á xn2

x1, Á xn

v = 23.v = 9,

wx = 1Bx2 + Sx221/2 = 4.1°C

Bx = 2.5°C,

Px = tSx = 2 * 1.58 = 3.2°C

wx = 1Bx2 + Px221/2 = 12.52 + 3.3221/2 = 4.1°C

Bx = 10.52 + 22 + 12 + 1221/2 = 2.5°C

Px = tS = 2.07 * 1.58 = 3.3°C

t = 2.07.

v = 22.9 or approximately 23
v = [0.0 + 1.52 + 0.52]2/[0.0 + 1.54/19 + 0.54/9]
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The standard deviation of the result can be obtained from the formula

(7.22)

As discussed in Section 6.4.1, the random uncertainty of the result is

(7.23)

The value of t is obtained from Table 6.6 for the selected level of confidence (usually
95%) and the degrees of freedom,

In order to determine the systematic uncertainty of the result, the systematic
uncertainties of each of the measured variables must be determined. This is usually
done by combining elemental systematic uncertainties, as discussed in Section 7.4. The
systematic uncertainty of the result is then determined from a variant of Eq. (7.4):

(7.24)

Each partial derivative should be evaluated by using the average values of the
measured variables.

The combined systematic and random uncertainty (total uncertainty) estimate of
the mean value of R is then found from

(7.25)

A test is considered to be a multiple measurement when enough independent
data points are taken at each test condition to support a sound statistical determina-
tion of the random uncertainty. This means that the sample should represent the popu-
lation in the statistical sense. In order to make the sample truly representative, the test
should be replicated rather than simply repeated. Repeating a measurement in a short
period of time does not allow for such effects as instrument thermal stability and drift.
Replication, over a longer period of time, will better allow random effects to manifest
themselves.

In multiple-measurement experiments, the result is obtained as a mean of several
measurements and is hence less dependent on the random uncertainty inherent in indi-
vidual measurements. In addition, the random-uncertainty estimate is obtained from
the test results themselves and is often more reliable than an estimate obtained from
auxiliary tests or combination of elemental uncertainties.

Performance and product quality tests are practically always multiple-measurement
tests. Examples are measuring the life span of a certain brand of a tire, the life of a light
bulb, the performance of a certain brand of engine, and the performance of a power plant
upon its being commissioned. Jones (1991) and AGARD (1989) provide illustrations of
such applications. Examples 7.9 and 7.10 demonstrate uncertainty estimates for a multi-
ple-measurement experiment.

WR = 1BR2 + P2
Rq 21/2

10R/0xi2
BR = ea

n

i=1
aBi 0R0xi b

2 f1/2

1v = M - 12.

PR = tSR = t
SR
1M

SR = Da
M

j=1
1Rj - R22
M - 1

T1/2
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Example 7.9

In testing the power output of a large number of a certain brand of alternating-current motors, the
average output power is measured to be 3.75 kW, with a standard deviation of the mean 0.05 kW.
These results are obtained by measuring the rotational speed of the motor and its output torque
through where P is power in kW, is torque in N-m, and is angular speed in radians per
second, related to the rpm (N, revolutions per minute) through 

The following information is available regarding the measurement of torque and speed
based on the instrument’s characteristics:

v = 2pN/60.
vtP = tv,

Parameter Mean Value Systematic Uncertainty

N (rpm) 1760 3.0
(Newton-m) 20.3 0.3t

Calculate the total uncertainty in the measurement of the output power of the engine. Assume a
95% confidence level for the given systematic uncertainties.

Solution: We should propagate the systematic uncertainty of the given parameters (N and )
to the result (in this case, power) and then calculate the total uncertainty.
Using Eq. (7.24), we can estimate the systematic uncertainty of the result, P:

For a 95% confidence level, and considering a large number of measurements, the random
uncertainty in the measurement of the average power is

To obtain the total uncertainty in measurement of the mean value of power, we can use Eq. (7.25):

As a result, the average motor power is (with 95% confidence).

Example 7.10

The following relation is used to calculate the thermal efficiency of a natural-gas internal
combustion engine:

Here, P is the power output in kW, is the natural-gas mass flow rate in kg/s and HV is the
heating value of the natural gas in kJ/kg.

mf

h = P/1mf.HV2
1h2

P = 3.75 ; 0.12 kW

= 0.12 kW 1with 95% confidence2
wP = [BP

2 + PP2]1/2 = [0.062 + 0.102]1/2

= 2 * 0.05 = 0.10 kW

PP = 2SP

BP = 55.7 watts = 0.06 kW 1with 95% confidence2
BP = [1184.31 * 0.322 + 12.13 * 322]1/2

0P
0N

=
2pt
60

= 2 * 3.14 *
20.3
60

= 2.13 N-m/(sec-rpm)

0P
0t

=
2pN

60
= 2 * 3.14 *

1760
60

= 184.31 1/sec

BP = c a 0P
0t

* Btb
2

+ a 0P
0N

* BNb
2 d1/2

t
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To establish the mean (nominal) value for the efficiency of the engines from a production
batch, five engines were tested under similar conditions, and the following results were obtained:

Efficiency 31.0, 30.5, 30.8, 30.6, 30.2

The average values of and HV are 50 kW, 0.2 kg/minute, and 49,180 kJ/kg, respectively.
The systematic uncertainties have been evaluated as 0.2 kW, 0.003 kg/minute, and 1500 kJ/kg,
respectively.

Calculate the mean value and the uncertainty of the efficiency of this production batch for
a 95% confidence level.

Solution: First, we compute the average value of the efficiency:

Next, we estimate the systematic uncertainty, using Eq. (7.20):

Note that was divided by 60 in each occurrence to convert from kg/minute to kg/s.
The standard deviation of the efficiency is

The degrees of freedom are

For a 95% confidence level and the value of from Table 6.6. From Eq. (7.19)
the random uncertainty in the efficiency is then

Ph =
tS

M1/2 = 2.776 *
0.0030

51/2 = 0.0037

t = 2.776,v = 4,

v = M - 1 = 5 - 1 = 4

= 0.0030 1dimensionless2
Sh = L

[(0.310 - 0.306)2 + (0.305 - 0.306)2 + (0.308 - 0.306)2 +
(0.306 - 0.306)2 + (0.302 - 0.306)2]

(5 - 1) M
1/2

mf

Bh = 10.43 * 10-3 1dimensionless2
Bh = [10.0061 * 0.222 + a91.5 *

0.003
60
b2

+ 16.2 * 10-6 * 150022]1/2

0h
0HV

=
-P

mf * HV2 =
-50

a0.200
60

* 491802b
= 6.2 * 10-6 1

a kJ
kg
b

0h
0mf

=
-P

mf
2 * HV

=
-50

a0.2002

602 * 49180b
= -91.5

1

a kg

sec
b

0h
0P

=
1

mf * HV
=

1

a0.200
60

* 49180b
= 0.0061

1
kW

Bh = c a 0h
0P

* BPb
2

+ a 0h
0mf

* Bmfb
2

+ a 0h
0HV

* BHVb
2 d1/2

h =
10.310 + 0.305 + 0.308 + 0.306 + 0.3022

5
= 0.306

P,mf,
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With the foregoing values of and we can calculate the uncertainty of the mean value of the
efficiency:

The mean efficiency of the engine will be

Comments: As the result shows, the systematic uncertainty is dominant in this measurement,
and the multiple testing was of limited value.

7.6 UNCERTAINTY OF THE FINAL RESULT FOR SINGLE-MEASUREMENT
EXPERIMENTS

An experiment is considered to be a single-measurement experiment if, for each test
condition, it is run once or at most a few times. In single-measurement experiments, we
do not have a large enough number of test results to calculate the standard deviation of
the result reliably. In this type of test, the random uncertainty of each measured variable
is usually determined through a secondary source, such as manufacturers’ specifications
or auxiliary tests. In a single-measurement experiment, we are dealing with the uncer-
tainty of a single test result, rather than the uncertainty mean value of several test results.

A large number of engineering measurements and tests are categorized as single-
measurement. These include practically all measurements used for process monitoring
and control, such as measurements of the speed of your car, the exit temperature from
a boiler, your blood pressure and heartbeat, and complicated experiments in engineer-
ing research.

The systematic uncertainty, is obtained with the use of Eq. (7.24), the same as
for multiple-measurement experiments. In order to determine the random uncertainty
of the result, the standard deviation of each of the measured variables, must be
determined. This is usually done by running auxiliary tests, but it might be done by
combining elemental random uncertainties as discussed in Section 7.4. The standard
deviation of the result is given by

(7.26)

where the are the standard deviations of the individual measured variables. Each
partial derivative, is evaluated at the measured or nominal values of the 

and can now be combined into the total uncertainty in the final result,
given by

(7.27)

where t is the Student’s t-value. In order to determine t, it is necessary to know the
degrees of freedom of the standard deviation, If all the measured variables have v
values greater than 30, t is independent of v (and has a value of 2.0 for a 95% confi-
dence level). If for one or more measured variable is based on a small sample, theSx

SR.

wR = [BR
2 + 1tSR22]1/2

SRBR

xi’s.0R/0xi,
Si’s

SR = ea
n

i=1
aSi 0R0xi b

2 f1/2

Sx,

BR,

h = 130.6 ; 1.12%

= 0.0110

wh = [Bh
2 + Ph2]1/2 = [0.01042 + 0.00372]1/2

Ph,Bh
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appropriate value of v can be determined from another form of the Welch–Satterthwaite
formula (ASME, 1998):

(7.28)

Examples 7.11 and 7.12 demonstrate the calculation of the uncertainty in a single mea-
surement with several measured variables.

Example 7.11

The power output of one of the motors of Example 7.9 is measured in a single test by measuring
the motor’s torque and the rotational speed. The following information is available regarding
measurements of torque and speed based on instrument characteristics and a large number of
auxiliary measurements:

vR =
1SR2 22

a
n

i=1
a 1
vi
c a 0R

0xi
Sib

2 d2b

Parameter Value Systematic Uncertainty Standard Deviation

N (rpm) 1760 3.0 2.5
(Newton-m) 20.5 0.3 0.4t

Calculate the power of the engine and the total uncertainty in the measurement of output
power. Assume a 95% confidence level for the given systematic uncertainties.

Solution: The output power of the engine is

We should propagate the systematic and random uncertainties of the given parameters (N and )
to the result and then calculate the total uncertainty.

The systematic uncertainty of the result (power) will be the same as the value calculated in
Example 7.9, namely,

From Eq. (7.26), the standard deviation of the result (power) can be calculated on the basis of
the standard deviations of torque and rotational speed:

For a 95% confidence level and considering a large number of measurements, the random uncer-
tainty in a single measurement of power is

= 2 * 0.07 = 0.14 kW

PP = 2SP

SP = [1184.31 * 0.422 + 12.15 * 2.522]1/2 = 73.8 watts = 0.07 kW

0P
0N

=
2pt
60

= 2 * 3.14 *
20.5
60

= 2.15 newton-m

0P
0t

=
2pN

60
= 2 * 3.14 *

1760
60

= 184.31 1/sec

SP = c a 0P
0t

* Stb2

+ a 0P
0N

* SNb
2 d1/2

BP = 55.7 watts = 0.06 kW 1with 95% confidence2

t

= 3778 watts = 3.78 kW

P = t * a2pN
60
b = 20.5 * 2p *

1760
60
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To obtain the total uncertainty in measuring the power of the motor, we can use Eq. (7.27):

As a result, the single measurement of motor power is (with 95%confidence).

Example 7.12

The engine in Example 7.10 uses natural gas, for which the mean heating value and uncertainty
have been previously determined. The power (P) and the fuel mass flow rate were mea-
sured in a single test. The following information is available about the value, systematic uncer-
tainties, standard deviations, and associated number of degrees of freedom of the these variables:

1mf2

P = 3.78 ; 0.15 kW

= 0.15 kW 1with 95% confidence2
wP = [BP

2 + 12SP22]1/2 = [0.062 + 0.142]1/2

Calculate the total uncertainty in a single measurement of the efficiency of the engine for a 95%
confidence level.

Solution: The value of efficiency

The systematic uncertainty, was determined to be in Example 7.10.
Using the values of the partial derivatives computed in Example 7.10, we can determine

the standard deviation of the result from Eq. (7.26):

The number of degrees of freedom can be evaluated from Eq. (7.28):

v = 23

v =
12.10 * 10-324

c 10.0061 * 0.324
15

+ 0 +
16.2 * 10-6 * 167.624

9
d

v =
1S24

D a 0h0P * SPb
4

vP
+

a 0h
0mf

* Smfb
4

vmf
+
a 0h
0HV

* SHVb
4

vHV
T

Sh = 2.10 * 10-3

Sh = [10.0061 * 0.322 + 1022 + 16.2 * 10-6 * 167.622]1/2

Sh = c a 0h
0P

* SPb
2

+ a 0h
0mf

* Smfb
2

+ a 0h
0HV

* SHVb
2 d1/2

10.43 * 10-3Bh,

= 0.305 130.5%2

h = P/1mfHV2 =
50

a0.200 * 49180
60

b

Parameter x v

P (kW) 50 0.2 0.3 15
(kg/min) 0.200 0.003 — —

HV (kJ/kg) 49,180 1500 167.6 9
mf

SxBx



7.7 Step-by-Step Procedure for Uncertainty Analysis 221

This is the number of degrees of freedom of the standard deviation of Table 6.6 tells us that
the t value for the 95% confidence level is 2.074.

The total uncertainty of the result is obtained from Equation (7.27):

This corresponds to a 1.1-percentage-point uncertainty in the measurement of the efficiency of
the engine:

The uncertainty is essentially the same as for Example 7.10 because, for this situation, the sys-
tematic uncertainty dominates.

7.7 STEP-BY-STEP PROCEDURE FOR UNCERTAINTY ANALYSIS

Performing uncertainty analyses on tests can be complicated, requiring both documen-
tation and a highly systematic bookkeeping approach. The following is an abridged
step-by-step procedure for estimating the overall uncertainty of measurements as out-
lined by ASME (1998):

1. Define the measurement process. This step involves reviewing test objectives,
identifying all independent parameters and their nominal values, and defining the
functional relationship between the independent parameters and the test results. For
instance, in Example 7.12, the objective is to determine the nominal value, the random
and systematic uncertainties, and the overall uncertainty of the efficiency measure-
ment of a single engine. The functional relationship between the efficiency and the in-
dependently measured parameters (power, fuel mass flow rate, and heating value) are
clearly identified.

2. List all elemental error sources. This step includes making a complete and ex-
haustive list of all possible error sources for each measured parameter. To identify all
uncertainties and maintain clear bookkeeping, group the uncertainties into categories
based on their source: calibration, data acquisition, data reduction, methods, and other.
Example 7.8 illustrates this step.

3. Estimate the elemental errors. In this step, the systematic uncertainties and
standard deviations must be estimated. If data are available to estimate the standard de-
viation of a parameter, or if the error is known to be random in nature, then it should be
classified as random uncertainty; otherwise, classify it as systematic uncertainty. It is im-
portant to estimate all random uncertainties to the same confidence level and, for small
samples, to identify the number of degrees of freedom associated with each standard de-
viation. Table 7.1 can be used as a guideline. Examples 7.7 and 7.8 illustrate this step.

4. Calculate the systematic and random uncertainty for each measured variable.
Systematic uncertainties and standard deviations for the variables identified in Step 1 are
calculated at this step. The RSS formulation [Eqs. (7.15) and (7.16)] and the procedure

h = 130.5 ; 1.12% with a 95% level of confidence.

= [110.43 * 10-322 + 12.074 * 2.10 * 10-322]1/2 = 0.0113

wh = 1Bh2 + Ph221/2 = [Bh
2 + 1tSh22]1/2

h.
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outlined in Section 7.4 should be used. Data obtained in Step 3 are used in the calcula-
tions. Examples 7.7 and 7.8 illustrate this step.

5. Propagate the systematic uncertainties and standard deviations all the way to the
result(s). In this step, using the RSS relation, we propagate the systematic and ran-
dom uncertainties of the measured variables to the final test result(s). Care should be
taken so that the same confidence level is observed in all calculations. Procedures ex-
plained in Section 7.5 should be followed in this step. Examples 7.8 and 7.9 illustrate
this process.

6. Calculate the total uncertainty of the results. In this step, the RSS formula
[Eq. (7.25) or (7.27)] is used to combine the systematic and random uncertainties to ob-
tain the total uncertainty of the result(s). Examples 7.9 through 7.12 illustrate this step.

7.8 INTERPRETING MANUFACTURERS’ UNCERTAINTY DATA

The required inputs to an uncertainty analysis from each error source are values for
systematic uncertainty, standard deviation, and degrees of freedom of the standard
deviation. Unfortunately, although manufacturers do supply uncertainty information,
it is rarely in the desired form.

It is common for manufacturers to supply the uncertainty descriptor called
accuracy. As defined in ANSI/ISA (1979), accuracy is a number that usually includes
errors due to hysteresis, linearity, and repeatability, but assumes that the calibration is
still valid and that zero errors (offsets) have been adjusted to close to zero.When accu-
racy is reported, it is treated as systematic uncertainty. This approach is conservative
for two reasons: First, the accuracy probably has a level of confidence higher than 95%,
since it bounds errors determined during the calibration process (as described in

TABLE 7.1 Guidelines for assigning elemental
error

ERROR ERROR TYPE

accuracy systematic
common-mode volt systematic
hysteresis systematic
installation systematic
linearity systematic
loading systematic
noise random*
repeatability random*
resolution/scale/
quantization random*
spatial variation systematic
thermal stability

(gain, zero, etc.) random*

*Assume that the number of samples is greater than 30
unless specified otherwise.
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Chapter 2); second, in multiple-measurement experiments in which the random uncer-
tainty is based on the actual measurement, the repeatability error embedded in accu-
racy will show its effect twice—once in the systematic uncertainty estimate and again
in variations in measurement data used to determine the random uncertainty. When
manufacturers report accuracy, they sometimes also report other elemental errors,
such as thermal stability, that are not included in the accuracy and hence should be
treated as separate elemental errors.

In some cases, manufacturers do list systematic and random uncertainties sepa-
rately. For example, they may give a combined number for hysteresis and linearity and
a separate number for repeatability. Hysteresis and linearity, whether separate or in
combination, are considered to be systematic uncertainties. Repeatability, as defined in
ANSI/ISA (1979), is the maximum observed difference in readings and, as such, is a
bounding number rather than a 95% confidence estimate. As a result, combining the
manufacturer’s repeatability data with other statistically well-defined random elemen-
tal uncertainties is problematic. A possible approach is to assume that the manufac-
turer’s repeatability number is a 95% confidence random uncertainty based on a
sample size greater than 30.With these assumptions, a value for the standard deviation,
S, can be obtained by dividing the manufacturer’s repeatability numbers by 2, which is
the value of Student’s t for a 95% confidence level and a sample size greater than 30.
This same approach can be used for other random uncertainty data given by manufac-
turers without a defined statistical basis.

7.9 APPLYING UNCERTAINTY ANALYSIS IN DIGITAL DATA-ACQUISITION SYSTEMS

Computer-based data-acquisition systems have been the norm in process-control appli-
cations for many years, and since the late 1970’s they have become widespread in engi-
neering experimentation. The basic components of computer systems are described in
Chapter 4, and common aspects of electrical connections and signal conditioners are
described in Chapter 3.Taylor (1990) is a useful reference on all aspects of these systems.

In this section, we apply uncertainty analysis techniques described earlier in the
chapter to measurement systems that use electrical signal transducers and computer-
ized data-acquisition systems. As discussed before, we can identify the following com-
ponents in a generic measurement system using a digital data-acquisition system,

Sensor
Sensor Signal Conditioner
Amplifier
Filter
Multiplexer
Analog-to-digital (A/D) converter
Data reduction and analysis

Most of the errors associated with these components are discussed in Chapter 2,
3, and 4, although errors associated with some transducers and signal conditioners are
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not discussed until Chapters 8, 9, and 10. Taylor (1990) provides a useful worksheet, an
adaptation of which is shown in Figure 7.3. This worksheet lists the type of uncertainty
data that should be collected in order to perform a comprehensive error analysis of a
measurement by means of a computerized data-acquisition system.

One problem that appears when a set of sequential components is to be ana-
lyzed is that not all components have the same range and the associated errors are
usually quoted as a percent of full scale. One component will have the smallest range
and will limit the range of the entire system. For example, a transducer might have an
output range of whereas the next stage, a lowpass filter, has an input range
of The actual range of the filter, when used with the transducer, will be
only one-half of its maximum range. This arrangement requires some adjustment of
uncertainty data that is expressed as a percent of full scale. In this example, if the
stated linearity error of the filter is of full scale, this value will translate to

In that case, the error will be of the actual range of
the filter.

Example 7.13 illustrates uncertainty analysis applied to a force-measuring system.

;0.01/5 * 100 = ;0.2%;0.01 V.
;0.1%

;10 volts.
;5 volts,

SENSOR DIFFERENTIAL
AMPLIFIER

ACTIVE
FILTER

S/HPGAMPLXR ADC

RANGE ____ V
eo � ____ V

MFG ____ 
MODEL ____

GAIN � ____
eo � ____ V

MFG ____ 
MODEL ____

GAIN ACCURACY
b5.1 � ____

LINEARITY
b5.2 � ____

OFFSET
b5.3 � ____

NOISE
S5.1 � ____

GAIN STABILITY
S5.2 � ____

ZERO STABILITY
S5.3 � ____

B5 �
S5 �

MFG ____ 
MODEL ____

GAIN ACCURACY
b4.1 � ____

LINEARITY
b4.2 � ____

OFFSET
b4.3 � ____

NOISE
S4.1 � ____

GAIN STABILITY
S4.2 � ____

ZERO STABILITY
S4.3 � ____

CROSSTALK
S4.4 � ____

B4 �
S4 �

GAIN � ____
eo � ____ V

MFG ____ 
MODEL ____

GAIN ACCURACY
b3.1 � ____

LINEARITY
b3.2 � ____

OFFSET
b3.3 � ____

NOISE
S3.1 � ____

GAIN STABILITY
S3.2 � ____

ZERO STABILITY
S3.3 � ____

B3 �
S3 �

MFG ____ 
MODEL ____

GAIN ACCURACY
b2.1 � ____

LINEARITY
b2.2 � ____

OFFSET
b2.3 � ____

NOISE
S2.1 � ____

GAIN STABILITY
S2.2 � ____

ZERO STABILITY
S2.3 � ____

B2 �
S2 �

F.S. � ____ V
NO BITS � ____

MFG ____ 
MODEL ____

GAIN ACCURACY
b1.1 � ____

LINEARITY
b1.2 � ____

OFFSET
b1.3 � ____

NOISE
S1.1 � ____

GAIN STABILITY
S1.2 � ____

ZERO STABILITY
S1.3 � ____

QUANTIZATION
S1.4 � ____

B1 �
S1 �

eo

eCMV

eo

B7 �
S7 �

GAIN � ____
eo � ____ V

MFG ____ 
MODEL ____

CMV

CMV

GAIN ACCURACY
b6.1 � ____

LINEARITY
b6.2 � ____

OFFSET
b6.3 � ____

eCMV
b6.4 � ____

NOISE
S6.1 � ____

GAIN STABILITY
S6.2 � ____

ZERO STABILITY
S6.3 � ____

NORMAL MODE
S6.4 � ____

B6 �
S6 �

CMV ____ V

FIGURE 7.3

Worksheet for static error analysis of measurement using a computer data-acquisition system [adapted
from Taylor (1990)].
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Example 7.13

A 0–5 lb force transducer is connected to a computerized data-acquisition system (DAS). The
characteristics of the transducer are given in Figure E7.13.The data-acquisition components cor-
respond to those of Figure 4.1, with the addition of an amplifier between the MUX and the A/D
converter. The signal from the transducer passes first into the multiplexer, then to a programma-
ble gain amplifier, and next to the A/D converter. The signal conditioner shown in Figure 4.1 is
contained within the transducer, and the specifications are for the combined device. Since the
DAS combines the multiplexer, amplifier, and A/D converter, the following specifications are for
the combined device:

Number of bits: 12
Programmable gain:
Input range:
Gain error:
Linearity:
Thermal-stability errors zero and gain
CMRR error: 0.7 LSB/volt of common-mode voltage for 7 LSB/volt for

Estimate the uncertainty in a single measurement made by this force-measuring system for 95%
confidence level.

Solution: In order to use the DAS, it is necessary to select a value for the gain and the input
range. Since the transducer has an output of 2 mV/volt of the power supply and the power sup-
ply is 5 V, the maximum transducer output is 10 mV (and the minimum 0 V). We could select the
0–0.01-V range as the input range for the DAS; however, this choice would not allow any read-
ings for slight overloads of the transducer. As a result, we select the 0–0.1-V range, which corre-
sponds to a gain of 100.This means that when the transducer is at full scale, the DAS will be only

G = 1000
G = 100;

V 1 LSB,
;2 LSB
;2 LSB
;10, ;1, ;0.1, ;0.01, 0–10, 0–1, 0–0.1, 0–0.01 V

-1, 10, 100, 1000

SPECIFICATION:
Linearity and Hysteresis: �0.15% FS
Zero balance: �2% max.
Repeatability: �0.05% FS
Temp. effect on zero and span:
�0.005% FS/  F
Excitation voltage: 5 V dc
Signal output: 2 mV/V
Safe overload: 150% FS FIGURE E7.13
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at of full scale. This low ratio adversely affects the accuracy of the DAS, but is
necessary for the selected system.
In the analysis that follows, the errors associated with the transducer will be considered to be cal-
ibration errors and those associated with the DAS will be treated as data-acquisition errors.

CALIBRATION ERRORS

Systematic uncertainties. There is only one systematic uncertainty: the linearity and
hysteresis error of of full scale. This error translates to since the full-
scale output corresponds to 5 lb. A potential systematic uncertainty is due to the power supply,
since output is proportional to that voltage, but we may assume that this error is negligible
because the voltage is accurately adjusted.Another potential systematic uncertainty is due to the
zero offset, but again, we assume that it has been accurately adjusted so that the error is
negligible.

Random uncertainties. There are two random uncertainties: the repeatability error and
the thermal-stability error (the effect of temperature on zero and span). The repeatability error
is of full scale (or ). The effect of the temperature error on span and zero is

We will assume that the zero is adjusted and that only the temperature effect on
span needs to be considered. If we assume that the environmental temperature varies by 
then this span error becomes 

In estimating random uncertainty, the formulations use the standard deviation S, whereas the
numbers in the previous paragraphs correspond more closely to the random uncertainty. The
random uncertainty and the standard deviation are related by Eq. (7.17):

To obtain a value for the standard deviation, we can assume that the sample on which S is based
is larger than 30; hence, for a confidence level of 95%, Thus, we can estimate the standard
deviations as follows:

t = 2.

P = tS

;0.025% FS 1;0.00125 lb2.
;5°F,

;0.005% FS/°F.
;0.0025 lb;0.05%

B1 = ;0.0075 lb,;0.15%

0.01/0.1 = 10%

Repeatability
Temperature S2 = 0.00063 lb

S1 = 0.00125 lb

Linearity error
Gain error B3 = 2/204 * 100 = 0.49% FS = 0.049 lb

B2 = 2/204 * 100 = 0.98% FS = 0.049 lb

DATA-ACQUISITION ERRORS

The number of possible output states for the DAS is since the device has a 12-bit
A/D converter. The A/D converter is bipolar; thus, half the available states apply to the

range. This leaves only 2048 bits available for the 0–0.1-V range. Furthermore, when
the transducer is at full scale, its output will be only 0.010 V and the A/D will produce only 204
output states. As a result, all of the full-scale errors should be determined as percentages of 204,
not 4096.

Systematic uncertainties. The obvious systematic uncertainties are the linearity error and
the gain error:

-0.1–0-V

212 = 4096,
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Random uncertainties

The random uncertainties we have to consider for the DAS are the resolution (quantization
error, LSB) and the thermal-stability error. We should also consider noise in the signal,
which appears between the transducer and the DAS. We assume that this noise has a 1% effect
on the DAS output. Again, we have numbers for random uncertainty, not standard deviation, so
we divide our values by a t value of 2. The treatment of the quantization error in this manner is
decidedly an approximation, since that error is not a normally distributed random variable.
However, it is not likely to introduce a major error in the final uncertainty estimate.The thermal-
stability error is small enough to be neglected. Thus, we have the following uncertainties:

;0.5

The combined systematic and random uncertainties are

The uncertainty in the force can now be estimated.We have already assumed that the samples on
which the random errors are based are larger than 30, so we assume that The resulting
estimated uncertainty in a single reading obtained from this measurement system is then

Comments: The final uncertainty is 0.087 lb, which is 1.7% of the full-scale reading of 5 lb. Note
that the data-acquisition errors are the most significant. One major problem is that the A/D
converter in the DAS is operating over only 10% of its range.To allow for a slight increase in range
with this transducer, it might be possible to reduce the power supply voltage to 4.5 V and then use
an amplifier gain of 1000.This approach will substantially reduce the systematic uncertainty for the
DAS. Noise is the other big contributor to the final error. It might be possible to reduce the noise
level with better shielding or by using a filter between the transducer and the DAS.

7.10 ADDITIONAL CONSIDERATIONS FOR SINGLE-MEASUREMENT EXPERIMENTS

Moffat (1988) has a perspective on complicated multiparameter research experiments
that is worth noting. Such experiments often require taking very large quantities of data
over extended periods of time. It is then impractical to replicate all measurements a suf-
ficient number of times to estimate random uncertainty on the basis of the measure-
ments themselves. These experiments are single-measurement experiments by practical
necessity. With this type of experiment in mind, Moffat (1989) suggests three levels of
uncertainty estimation, which he calls zeroth order, the first order, and the Nth order.
His suggestions are not incompatible with the ASME (1998) approach, but outline an
alternative approach to uncertainty analysis that is suitable for single-measurement
research experiments.

wF = 1BF2 + tSF2 21/2 = [0.0702 + 12 * 0.02622]1/2 = 0.087 lb

t = 2.

SF = 10.001252 + 0.000632 + 0.00612 + 0.025221/2 = 0.026 lb

BF = 10.00752 + 0.0492 + 0.049221/2 = 0.070 lb

Quantization
Noise S4 = 1/2% = 0.025 lb

S3 = 10.5/22/204 * 100 = 0.122% FS = 0.0061 lb
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The zeroth-order uncertainty interval estimates the overall uncertainty arising
from the instrumentation itself. This estimate is usually based on instrument manufac-
turers’ specifications or previous experience and involves combining the elemental
uncertainties discussed in Section 7.4. Zeroth-order uncertainty analysis is used in the
design stage to evaluate the suitability of proposed instrumentation systems. For each
system, this uncertainty is the smallest that could be achieved with the proposed instru-
mentation. It does not account for many sources of variability in the experiment, such
as unsteadiness of the process. For a measured variable the zeroth-order uncertainty
estimate will be

(7.29)

where and are the estimates of the systematic and random uncertainties in the
instrumentation system.

The first-order uncertainty analysis estimates the scatter in the results of repeated
trials using the same equipment, procedures, and instrumentation, but with the process
running.The first-order uncertainty interval accounts for random uncertainty in the data,
but does not include any systematic uncertainty. It differs from the random-uncertainty
component of the zeroth-order uncertainty because the first-order estimate includes the
process variability and other variability resulting from the measurement procedure. As
an example, if a pump is used in an experiment in which the velocity of a fluid is mea-
sured, any random effects in the pump that influence the fluid flow will be a first-order
uncertainty. This type of uncertainty cannot be evaluated at the zeroth-order level. In
elaborate tests, the first-order uncertainty interval must be determined from an auxiliary
experiment, before the final data are taken.These tests are usually run during the shake-
down and debugging stages of the experiments. These variability measurements will be
made by taking multiple measurements at selected operating conditions and at selected
locations but will not cover the entire test matrix.These auxiliary tests result in estimates
for the first-order random uncertainty in 

The Nth-order uncertainty interval estimates the total uncertainty in the experi-
ment as it is run. Nth-order uncertainty estimates include the zeroth-order systematic-
uncertainty estimate, other sources of systematic uncertainties associated with the
experiment (e.g., loading uncertainty), and the random-uncertainty estimate deter-
mined from the first-order analysis, namely,

(7.30)

where is the RSS combination of the zeroth-order systematic uncertainty and
other systematic uncertainties associated with the experiment.

In the preceding paragraphs, we computed the uncertainty of a measured value.
To get the uncertainty in a result computed from a formula, it is better to compute the
systematic uncertainty and the standard deviation of the result, by means of Eqs.
(7.24) and (7.26) and then combine the two via Eq. (7.27). However, if the degrees-of-
freedom value is large (greater than 30) for all computed standard deviations, we can
use Eq. (7.4) to combine the uncertainties of the measured variables (the ) to
obtain the uncertainty of the result.

wi’s

SRBR

Bi,N

wi,N = 11Bi,N22 + Pi,12 21/2

xi.Pi,1,

Pi,0Bi,0

wi,0 = 11Bi,022 + 1Pi,02221/2

xi,
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The foregoing analysis is demonstrated in Example 7.14. For further details, see
Moffat (1988). Coleman and Steele (1988) provide additional examples.

Example 7.14

In the control of a process, it is necessary to measure the temperature of steam in a steam line. A
temperature measuring device called a thermocouple is used for this purpose. The temperature-
measurement system has been calibrated and found to have a systematic uncertainty of 0.5°C
and a random uncertainty of 0.4°C. With the steam-line conditions held as constant as possible,
several trial tests of the installed measuring system were run, and the data showed a
standard deviation of 1.0°C. A loading uncertainty in the steamline measurement is expected to
cause a systematic uncertainty of 1.0°C. No other measurement uncertainties are expected in
this system. Estimate the zeroth-, first-, and Nth-order uncertainties for 95% confidence level.

Solution:

ZEROTH-ORDER ANALYSIS: MEASUREMENT SYSTEM UNCERTAINTY

FIRST-ORDER ANALYSIS: SCATTER IN THE MEASURED DATA

This uncertainty is caused by scatter in the steam-line system tests For and a
95% confidence level, and

NTH-ORDER ANALYSIS: OVERALL MEASUREMENT UNCERTAINTY

Here we include all systematic uncertainties and the first-order random uncertainty. We then
have

The estimated measurement uncertainty is thus 

Comments:

1. Our analysis shows that, with the measuring system used, we cannot achieve an un-
certainty less than no matter how the thermocouple is installed or how
steady the process is.

2. The uncertainty in this measurement is caused primarily by unsteadiness and the in-
stallation loading effects of the steam line itself.

;0.64°C,

;2.3°C.

wN = 1BN2 + P1
221/2 = 11.122 + 2.0221/2 = 2.3°C

BN = 1B0
2 + BL221/2 = 10.52 + 1.0221/2 = 1.12°C

P1 = 2.0°C

BL = 1.0°C 1loading uncertainty2
B0 = 0.5°C

P1 = tS = 2 * 1 = 2.0°C

t = 2.0,
n 7 301S = 1°C2.

w0 = 10.52 + 0.4221/2 = 0.64°C

P0 = 0.4°C

B0 = 0.5°C

1n 7 302
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7.11 CLOSURE

This chapter presents a systematic method for evaluating uncertainty in measurements.
Prior to the analysis of uncertainty, the experimenter must closely examine the system
to ensure that components have a sufficient range and are compatible with each other.
The analysis described here cannot account for blunders in the measurement process.
Nothing can replace human carefulness and patience in an experimental project!
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PROBLEMS

Note: An E after a problem number indicates that it is similar to the preceding problem except
for the use of English units.

7.1 Two resistors, and are connected (a) in series and
(b) in parallel. Calculate the uncertainty in the resistance of the resultant circuits. What is
the maximum possible error in each case?

7.2 Orifice meters are used to measure the flow rate of a fluid. In an experiment, the flow
coefficient K of an orifice is found by collecting and weighing water flowing through the
orifice during a certain interval while the orifice is under a constant head. K is calculated
from the following formula:

K =
M

tAr12g¢h21/2

R2 = 50.0 ; 0.1 Æ,R1 = 100.0 ; 0.2 Æ
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The values of the parameters have been determined to be as follows, with 95% confidence:

Mass
Time
Density
Diameter (A is area)
Head ¢h = 366.0 ; 0.3 cm

d = 1.270 ; 0.0025 cm
r = 1000.0 ; 0.1% kg/m3

t = 600.0 ; 1 s
M = 393.00 ; 0.03 kg

Find the value of K, its uncertainty (with 95% confidence), and the maximum possible
error.

7.3 Orifice meters are used to measure the flow rate of a fluid. In an experiment, the flow
coefficient K of an orifice is found by collecting and weighing water flowing through the
orifice during a certain interval while the orifice is under a constant head. K is calculated
from the following formula:

The values of the parameters have been determined to be as follows, with 95% confidence:

K =
M

tAr12g¢h21/2

Mass
Time
Density
Diameter (A is area)
Head ¢h = 12.02 ; 0.01 ft

d = 0.500 ; 0.001 in.
r = 62.36 ; 0.1% lbm/ft3

t = 600.0 ; 1 s
M = 865.00 ; 0.05 lbm

Find the value of K, its uncertainty (with 95% confidence), and the maximum possible
error.

7.4 Variables and are related to three independent variables and by
the formulas

where are constants. For each case, derive the uncertainty of the result, in
terms of the uncertainties of individual variables (the ). Generalize your results to
take account of the effect of summation and multiplication on the propagation of errors.

7.5 A simple spring is used to measure force. The spring is considered to be linear, so that
where F is the force in newtons, k is the spring constant in newtons per centime-

ter, and x is the displacement in cm. If and calcu-
late the maximum possible error and the uncertainty of the measured force in absolute
(dimensional) and relative (%) terms.

7.6 A simple spring is used to measure force. The spring is considered to be linear, so that
where F is force in pounds, k is the spring constant in pounds per inch, and x is the

displacement in inches. If and calculate the maxi-
mum possible error and the uncertainty of the measured force in absolute (dimensional)
and relative (%) terms.

k = 20 ; 0.5 lbf/in.,x = 5 ; 0.5 in.
F = kx,

k = 700 ; 18 N/cm,x = 12.5 ; 1.25 cm
F = kx,

wx’s
wR,a, Á , i

R4 = f1x12g1x22h1x32i
R3 =

e1x121x22
x3

R2 = d1x121x221x32
R1 = ax1 + bx2 + cx3

x3x1, x2,R4R1, R2, R3,
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7.7 A simple spring is used to measure force. The spring is considered to be linear, so that
where F is the force in newtons. k is the spring constant in newtons per centime-

ter, and x is the displacement in cm. If and calcu-
late the maximum possible error and the uncertainty of the measured force in absolute
(dimensional) and relative (%) terms.

7.8 A mechanical speed control system works on the basis of centrifugal force, which is
related to angular velocity through the formula

where F is the force, m is the mass of the rotating weights, r is the radius of rotation, and 
is the angular velocity of the system. The following values are measured to determine

and Find the rotational
speed in rpm and its uncertainty. All measured values have a confidence level of 95%.

7.9 A mechanical speed control system works on the basis of centrifugal force, which is
related to angular velocity through the formula

where F is the force, m is the mass of the rotating weights, r is the radius of rotation, and 
is the angular velocity of the system. The following values are measured to determine

and Find the rotational
speed in rpm and its uncertainty. All measured values have a confidence level of 95%.

7.10 Young’s modulus of elasticity, E, relates the strain, in a solid to the applied stress,
F/A, through the relationship To determine E, a tensile machine is used,
and F, L, and A are measured. The uncertainties in each of these quantities are 0.5%,
1%, 5%, and 1.5%, respectively, with 95% confidence. Calculate the uncertainty in E in
percentage form. Which of these measurements has the greatest effect on the uncertainty
of E? How can we reduce that uncertainty by 50%?

7.11 The variation of resistance with temperature is expressed by the relationship
where is the resistance at the reference temperature and 

for the resistor material has been determined to be In the range 0 to
100°C, in which we are calibrating this resistor, temperature measurements have shown a
standard deviation of 0.1°C. The systematic uncertainty of the temperature-measurement
device is known to be 0.1°C. Calculate the percent uncertainty of R at a temperature of
25°C with a 95% confidence level. At 0°C, the resistance is 100.00 ohms.

7.12 One of the parameters that is used to evaluate the performance of an engine is its brake-
specific fuel consumption (bsfc), defined as

where, for a given engine, the parameters on the right-hand side of the equation are mea-
sured and found to be as follows:

bsfc =
m
#

fuel

2pNt

0.0048 ; 0.1%/°C.
aT0R0R = R0[1 + a1T - T02],

dL,
F/A = E1dL/L2.

dL/L,

F = 600 ; 0.2% N.v: r = 25 ; 0.02 mm. m = 120 ; 0.5 g.

v

F = mrv2

F = 500 ; 0.1% N.m = 100 ; 0.5 g,v: r = 20 ; 0.02 mm,

v

F = mrv2

k = 800 ; 16 N/cm,x = 20.0 ; 1.25 cm
F = kx,

Mass flow rate
Rotational speed
Torque  t = 150 N–m

N = 50 rev/s 13000 rpm2
m
#

fuel = 5.0 * 10-4 kg/s
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We can tolerate a total uncertainty of 1% in the measurement of bsfc.

(a) Calculate the rated bsfc.
(b) Determine the maximum tolerable uncertainty in each measurement. This will occur

when the uncertainties of the other measurements are negligible.
(c) For a total uncertainty of in bsfc, calculate the relative (%) uncertainty of the

measured parameters if all of them have the same relative uncertainty.
(d) Calculate the absolute value of the uncertainty in each of the measured parameters,

based on the results of part (c).

7.13 One of the parameters that is used to evaluate the performance of an engine is its brake-
specific fuel consumption (bsfc). defined as

where, for a given engine, the parameters on the right-hand side of the equation are mea-
sured and found to be as follows:

bsfc =
m
#

fuel

2pNt

;1%

We can tolerate a total uncertainty of 1.5% in the measurement of bsfc.

(a) Calculate the rated bsfc.
(b) Determine the maximum tolerable uncertainty in each measurement. This will occur

when the uncertainties of the other measurements are negligible.
(c) For a total uncertainty of in bsfc, calculate the relative (%) uncertainty of the

measured parameters if all of them have the same relative uncertainty.
(d) Calculate the absolute value of the uncertainty in each of the measured parameters,

based on the results of part (c).

7.14 In using a temperature probe, the following uncertainties were determined:

; .5%

Mass flow rate
Rotational speed (3000 rpm)
Torque N–mt = 75

N = 50 rev/s
m
#

fuel = 2.5 * 10-4 kg/s

Hysteresis
Linearization error of the reading
Repeatability
Resolution error
Zero offset ;0.1°C

;0.05°C
;0.2°C
;0.2%
;0.1°C

Determine the type of these errors (random or systematic) and the total uncertainty due
to these effects for a temperature reading of 120°C.

7.15 In using a temperature probe, the following uncertainties were determined:

Hysteresis
Linearization error of the reading
Repeatability
Resolution error
Zero offset ;0.1°C

;0.1°C
;0.1°C
;0.2%
;0.1°C



234 Chapter 7 Experimental Uncertainty Analysis

Determine the type of these errors (random or systematic) and the total uncertainty due
to these effects for a temperature reading of 100°C.

7.16 A digital scale is used to measure the mass of a product on a manufacturing line. The scale
has a range of 0–2 kg and uses a 12-bit A/D converter. In addition, it has an accuracy of 2%
of its reading. List the uncertainties and categorize them as systematic or random. Calcu-
late the uncertainty in a measurement of 1.25 kg by this instrument.

7.17 A digital scale is used to measure the mass of a product on a manufacturing line. The scale
has a range of 0–5 kg and uses a 12-bit A/D converter. In addition, it has an accuracy of 1%
of its reading. List the uncertainties and categorize them as systematic or random. Calcu-
late the uncertainty in a measurement of 3.20 kg by this instrument.

7.18 A digital-output pressure-measuring system has the following specifications:

Specify the types of these errors and calculate the uncertainty of pressure measurement
with this transducer. For a nominal pressure of 500 kPa, calculate the absolute and relative
uncertainties.

7.19 A digital-output pressure-measuring system has the following specifications:

Specify the types of these errors and calculate the uncertainty of pressure measurement
with this transducer. For a nominal pressure of 250 kPa, calculate the absolute and relative
uncertainties.

7.20 In a measurement of temperature (in °C) in a duct, the following readings were recorded:

248.0, 248.5, 249.6, 248.6, 248.2, 248.3, 248.2, 248.0, 247.5, 248.1

Calculate the average temperature, the standard deviation of the sample, and the random
uncertainty of the average value of the measurements. Assume a 95% confidence level.

7.21 A manufacturer of plastic pipes uses a scale with an accuracy of 1.5% of its range of 5 kg
to measure the mass of each pipe the company produces in order to calculate the uncer-
tainty in mass of the pipes. In one batch of 10 parts, the measurements are as follows:

1.93, 1.95, 1.96, 1.93, 1.95, 1.94, 1.96, 1.97, 1.92, 1.93 (kg)

Calculate

(a) the mean mass of the sample.
(b) the standard deviation of the sample and the standard deviation of the mean.
(c) the total uncertainty of the mass of a single product at a 95% confidence level.
(d) the total uncertainty of the average mass of the product at a 95% confidence level.

Range 0 to 1000 kPa
Accuracy of range
Resolution kPa
Temperature stability kPa (0 to 50°C);2

;1
;0.5%

Range 0 to 500 kPa
Accuracy of range
Resolution
Temperature stability (0 to 50°C);1 kPa

;1 kPa
;0.3%
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7.22 A manufacturer of plastic pipes uses a scale with an accuracy of 1.0% of its range of 10 lb
to measure the mass of each pipe the company produces in order to calculate the uncer-
tainty in mass of the pipes. In one batch of 10 parts, the measurements are as follows:

2.90, 2.95, 2.96, 2.92, 2.95, 2.94, 2.96, 2.97, 2.98, 2.91 (lb)

Calculate

(a) the mean mass of the sample.
(b) the standard deviation of the sample and the standard deviation of the mean.
(c) the total uncertainty of the mass of a single product at a 95% confidence level.
(d) the total uncertainty of the average mass of the product at a 95% confidence level.

7.23 In Problem 7.21, if the measurement is performed on, say, 50 pieces of pipe, and the same
mean and standard deviation are obtained, repeat parts (b), (c), and (d) of that problem.

7.24 In a cheese factory, 4.5-kg blocks of cheese are cut manually. For a large number of blocks,
the standard deviation of the cutting process is measured and found to be 0.10 kg.The mea-
surement was done with a scale with an accuracy of 1.5% of the full scale of 12 kg. Calculate
the total uncertainty of the weight of the blocks of cheese at a 95% confidence level.

7.25 The managers in the cheese factory of Problem 7.24 have decided to reduce the uncer-
tainty in the mass of cheese and reduce their labor as well by automating the cheese-
cutting line. They will use a 12-bit online digital scale with a calibration accuracy of 1%
of its reading and a range of 12 kg. Calculate the acceptable standard deviation of the
cheese blocks that will reduce the uncertainty in the mass of cheese blocks to 1.5% of
the mass of each block.

7.26 In a yogurt-filling line, the containers are filled with 1 kg of yogurt. The mass of the yogurt
is measured while the filling nozzle is open.The nozzle flow rate is 0.25 kg per second. Sev-
eral factors affect the flow rate, including the density and the viscosity of the yogurt,
which, combined, can introduce an uncertainty of about 1% of the flow, based on statisti-
cal analysis of the data. The dispensing time of the yogurt is controlled mechanically
through a cam system. The uncertainty in the time during which the nozzle is open was
established to be 0.1 sec in a calibration process.

(a) Calculate the filling time of each container.
(b) Categorize each of the foregoing uncertainties as systematic or random.
(c) Calculate the uncertainty in the mass of the filled yogurt containers.
(d) If the plant managers decide to reduce the uncertainty in the mass of the yogurt, on

what do you suggest they concentrate?

7.27 In a yogurt-filling line, the containers are filled with 2 pounds of yogurt. The weight of the
yogurt is measured while the filling nozzle is open. The nozzle flow rate is 0.5 pound per
second. Several factors affect the flow rate, including the density and the viscosity of the
yogurt, which, combined, can introduce an uncertainty of about 1% of the flow, based on
statistical analysis of the data.The dispensing time of the yogurt is controlled mechanically
through a cam system. The uncertainty in the time during which the nozzle is open was
established to be 0.1 sec in a calibration process.

(a) Calculate the filling time of each container.
(b) Categorize each of the foregoing uncertainties as systematic or random.
(c) Calculate the uncertainty in the weight of the filled yogurt containers.
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(d) If the plant managers decide to reduce the uncertainty in the weight of the yogurt, on
what do you suggest they concentrate?

7.28 To improve the accuracy of measuring the heating value of natural gas in Examples 7.4
and 7.5, a new calorimeter with the same range, but with an accuracy of 1% of the full
range, is used to make 15 measurements. The average heating value of natural gas is mea-
sured to be 49,200 kJ/kg, and the standard deviation is 450 kJ/kg. Calculate the total uncer-
tainties in the estimates of

(a) the mean heating value and
(b) a single measurement of the heating value.

7.29 The following information about a linear submersible depth pressure transmitter is avail-
able:

(a) What will be the nominal output of the device (in mA) at a depth of 15 m of water?
(b) Estimate the uncertainty due to each of the error sources that can be determined

from the specifications. Express the uncertainties in mA, in m and as a percent-
age of the reading.

(c) Calculate the total output uncertainty in mA, in m and as a percentage of the
output.

7.30 The following information about a linear submersible depth pressure transmitter is avail-
able:

H2O,

H2O,

Range 0–20 m 
Output 4–20 mA
Accuracy (including linearity, hysteresis, and repeatability) 0.2% Span
Zero balance 2% Span
Thermal effects 1.5% Span

H2O

(a) What will be the nominal output of the device (in mA) at a depth of 15 m of water?
(b) Estimate the uncertainty due to each of the error sources that can be determined

from the specifications. Express the uncertainties in mA, in m and as a percent-
age of the reading.

(c) Calculate the total output uncertainty in mA, in m and as a percentage of the
output.

7.31 The following information is from an instrument manufacturer’s catalog for a load cell:

H2O,

H2O,

Range 0–25 m 
Output 4–20 mA
Accuracy (including linearity, hysteresis, and repeatability) 0.1% Span
Zero balance 1.5% Span
Thermal effects 1.0% Span

H2O

Range (full scale, FS) 0–500 N
Operating temperature to 120°C
Signal output 3 mV/V excitation voltage, nominal
Excitation voltage 10 volts DC
Linearity Span;0.1%

-50
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The device is operated in an environment where the temperature range is 10–40°C.

(a) For an unamplified output of 20 mV, what is the applied load (assuming that the
device is linear)?

(b) Estimate the uncertainty due to each of the error sources that can be determined
from the specifications. Express the uncertainties in mV, in N, and as percentage of
the reading at 20 mV.

(c) Calculate the total output uncertainty in mV, in N, and as a percentage of the output.

7.32 The following information is from an instrument manufacturer’s catalog for a positive-
displacement flowmeter for high-viscosity fluids:

(a) Estimate the uncertainty due to each of the error sources that can be determined
from the specifications for readings of 2 and 10 lpm.

(b) What are the total uncertainties in the measured flow rates of 2 and 10 lpm?

7.33 The following information is from an instrument manufacturer’s catalog for a positive-
displacement flowmeter for high-viscosity fluids:

Hysteresis Span
Repeatability Span
Temperature effect 0.002% Span/°C (20°C reference)

;0.03%
;0.08%

Maximum capacity 10 lpm (liters per min)
Turndown ratio*
Accuracy of flow rate
Repeatability of flow rate

*The turndown ratio is the ratio of the maximum to the minimum value of the measurand
that the instrument can be used to measure.

;1%
;6%
10 : 1

Maximum capacity 20 lpm (liters per min)
Turndown ratio*
Accuracy of flow rate
Repeatability of flow rate

*The turndown ratio is the ratio of the maximum to the minimum value of the measurand
that the instrument can be used to measure.

;1%
;5%
10 : 1

(a) Estimate the uncertainty due to each of the error sources that can be determined
from the specifications for readings of 5 and 15 lpm.

(b) What are the total uncertainties in the measured flow rates of 5 and 15 lpm?

7.34 In a calibration process, it has been determined that a thermocouple is accurate to 
with 95% confidence. To determine the total uncertainty of temperature measurement in
a vessel, a sample of 15 measurements was taken.The average temperature is 250.0°C, and
the standard deviation of the measurements is calculated to be 0.2°C.

(a) Calculate the random uncertainty and the total uncertainty of the average tempera-
ture at a 95% confidence level.

(b) Calculate the random uncertainty and the total uncertainty of a single reading of the
temperature at a 95% confidence level.

(c) If another thermocouple, which is accurate to 0.1°C is used, will it significantly affect
the total uncertainty of temperature measurement?

;0.2°C
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7.35 In Example 7.6, if the temperature reading is 600°C and the wall temperature is 545°C, cal-
culate the temperature correction and the uncertainty in the correction.All other parame-
ters remain the same.

7.36 Strain is to be measured remotely in a structure by means of a strain gage. To estimate the
total uncertainty in the measurement of strain, the strain gage and the transmission line
are tested separately. Ten measurements of the strain gage output under the same loading
produce a standard deviation of 0.5 mV in an average output of 80 mV. Fifteen measure-
ments of the transmitted voltage produced a standard deviation of 1 mV. Determine the
random uncertainty of the voltage measurement of strain produced by the strain gage at a
95% confidence level.

7.37 Strain is to be measured remotely in a structure by means of a strain gage. To estimate the
total uncertainty in the measurement of strain, the strain gage and the transmission line
are tested separately. Ten measurements of the strain gage output under the same loading
produce a standard deviation of 0.8 mV in an average output of 100 mV. Ten measure-
ments of the transmitted voltage produced a standard deviation of 1 mV. Determine the
random uncertainty of the voltage measurement of strain produced by the strain gage at a
95% confidence level.

7.38 The pressure-measuring system of Problem 7.18 is used to measure the pressure in a com-
pressed air line. To determine the uncertainty in the nominal pressure of 800 kPa, 15 mea-
surements were made, yielding a standard deviation of 5 kPa. Determine the total
uncertainty of each pressure measurement in the line at a 95% confidence level.

7.39 In Problem 7.38, suppose that you make over 30 measurements and still obtain the same
standard deviation for the pressure in the line. Will the uncertainty in each measurement
of the pressure change? Why? Discuss your results.

7.40 In measuring the power of a three-phase electrical motor running a pump, the following
data were obtained (based on one-phase current measurement):

For a three-phase motor, the power (P) is related to the voltage (V), current (I), and power
factor (PF) by the formula

(a) Calculate the mean, the standard deviation, and the random uncertainty of each para-
meter (V, I, PF, and P) at a 95% confidence level.

(b) Calculate the mean value of the power and the random uncertainty of the mean
power at a 95% confidence level.

(c) If all the measured parameters have an accuracy of 1% of the reading of the measur-
ing device, calculate the systematic uncertainty in the power measurement at a 95%
confidence level.

(d) Calculate the total uncertainty in the power measurement at a 95% confidence level.

7.41 In Example 7.8, to improve the accuracy of the temperature measurements, a temperature
sensor with a better degree of repeatability is to be used. For the new probe, which has an
accuracy of a standard deviation of 0.5°C was obtained in 15 measurements. Fur-
ther tests performed on data transmission resulted in a standard deviation of 0.3°C in a

;0.2°C,

P = V * I * PF13

V (volts) 460 459 458 460 461 462 460 459
I (amps) 30.2 31.3 30.4 32.0 31.7 30.7 30.8 31.2
PF 0.78 0.80 0.79 0.82 0.81 0.77 0.78 0.80
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total of 30 tests. Calculate the systematic and random uncertainties and the total uncer-
tainty in the temperature measurement. Perform the calculations at a 95% confidence
level.

7.42 In measuring the flow rate of diesel fuel into a test engine, a graduated burette is used.The
burette has a resolution of A technician measuring time with a stopwatch produced
measurements with an uncertainty of approximately Discuss the type of these
errors, and determine the uncertainty in the volumetric flow rate of fuel (
where and ) if the volume measured is 100 cc and the time is 25 s.
What other errors may be involved in this process?

7.43 As detailed in an instrument catalog, a power quality analyzer has the following specifications:

t = timeV = volume
Q = ¢V/¢t,

;0.3 s.
;1 cc.

Voltage (V): 600 V (rms) range, accuracy of reading
Current (I): 1–1000 A, of reading
Power factor (PF): of reading;2%

;1%
;1%

Using the formula 

(a) Calculate the uncertainty in power measurement as a percentage of reading due to the
measurement device for measured values of 460 V, 36 amp, and a power factor of 0.81.

(b) In logging data with a high sampling rate, the calculated standard deviations of the
readings are 3.00 V, 2.00 A, and 0.03 for the power factor, while the mean values are
460 V, 35.00 A, and 0.81 for the power factor. Determine the random and systematic
uncertainty of the measurements.

(c) What is the total uncertainty in the power measurement at a 95% confidence level?

7.44 As detailed in an instrument catalog, a power quality analyzer has the following specifica-
tions:

P = V * I * PF13,

Voltage (V): 600 V (rms) range, accuracy of reading
Current (I): 1–500A, of reading
Power factor (PF): of reading
Using the formula P = V * I * PF23,

;1%
;1%

;1%

(a) Calculate the uncertainty in power measurement as a percentage of reading due to
the measurement device for measured values of 460 V, 50.0 amp, and a power factor
of 0.81.

(b) In logging data with a high sampling rate, the calculated standard deviations of the
readings are 3.00 V, 1.00 A, and 0.03 for the power factor, while the mean values are
460 V. 49.50 A, and 0.80 for the power factor. Determine the random and systematic
uncertainty of the measurements.

(c) What is the total uncertainty in the power measurement at a 95% confidence level?

7.45 A pressure transducer with the following specifications (taken from an instrument cata-
log) is used for measuring water-pressure discharge from a pump:

Range 0–700 kPa
Accuracy

Linearity 0.5% of span
Hysteresis 0.1% of span
Repeatability 0.1% of span
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(a) Calculate the total accuracy of the transducer in measuring the fluid pressure at 60°F.
(b) The same transducer is used to measure water pressure.The standard deviation of the

measurement is 0.50 psi, with a mean value of 80.00 psi. Calculate the total uncer-
tainty in measuring pressure with this transducer, assuming 95% confidence. Is the
uncertainty due more to the accuracy of the transducer or the fluctuation of the fluid
pressure?

(c) The signal from the transducer is transmitted to a 12-bit DAS with a range of 200 psi.
Does the quantization error have any significant effect on the uncertainty of the final
result?

(d) If the noise induced in the transmission signal is estimated to of the value of the
signal, is the signal-transmission error significant in the uncertainty of the final result?

7.47 One of the methods for measuring the power (P) of rotating machinery is to measure the
rotational speed (with a magnetic pickup, for example) and the rotational shaft torque (with
a shaft torque meter, for example) and then calculate the power transmitted through the
shaft. The formula for power is where is the torque, is the rota-
tional speed in radians per second, and N is the number of revolutions per second. From the
measurement of the power of a small engine, the following information is available:

As per the manufacturers’ information, the accuracy of the torque meter is N-m and
the accuracy of the rotational speed-meter is rpm. The values of the measured torque;5

;0.7

v1=  2pN2tP = t * v,

;2%

(a) Calculate the total uncertainty of the transducer in measuring the fluid pressure at 15°C.
(b) The same transducer is used to measure water pressure. The standard deviation of the

measurement is 3.5 kPa, with a mean value of 550 kPa. Calculate the total uncertainty in
measuring pressure with this transducer, assuming 95% confidence. Is the uncertainty
due more to the accuracy of the transducer or the fluctuation of the fluid pressure?

(c) The signal from the transducer is transmitted to a 12-bit DAS with a range of 1400
kPa. Does the quantization error have any significant effect on the uncertainty of the
final result?

(d) If the noise induced in the transmission signal is estimated to of the value of the
signal, is the signal-transmission error significant in the uncertainty of the final result?

7.46 A pressure transducer with the following specifications (taken from an instrument cata-
log) is used for measuring water-pressure discharge from a pump:

;2%

Range 0–100 psi
Accuracy

Linearity 0.5% of span
Hysteresis 0.1% of span
Repeatability 0.1% of span
Stability 0.3% of span
Temperature error (reference temperature, 70°F)
On zero 0.022% of span/°F
On span 0.016% of span/°F

Stability 0.3% of span
Temperature error (reference temperature, 20°C)
On zero 0.04% of span/°C
On span 0.03% of span/°C
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and rotational speed are 165 N-m and 3000 rpm, respectively. In repeating the speed and
torque measurements, it is found that the standard deviations of these measurements are
4 N-m and 5 rpm, respectively.

(a) Calculate the power of the engine.
(b) If the number of samples used for calculating the standard deviations of the torque

and speed are 10 and 20, respectively, calculate the standard deviation of the power.
(c) Calculate the random and systematic uncertainty of the power.
(d) Calculate the total uncertainty of each power measurement at a 95% confidence

level.

7.48 In Problem 7.47, if the same standard deviations are obtained for torque and rotational
speed through a large number of measurements,

(a) calculate the power of the engine.
(b) calculate the standard deviation of the power.
(c) calculate the random and systematic uncertainty of the power.
(d) calculate the total uncertainty of each power measurement at a 95% confidence level.

7.49 In Problem 7.47, with the same instruments, 10 independent measurements of the engine
power are performed. The average and standard deviation of the power are calculated to
be 51.5 kW and 0.75 kW, respectively.

(a) Calculate the systematic and random uncertainty of the power measurement at a
95% confidence level.

(b) Calculate the total uncertainty of the power measurement at a 95% confidence level.

7.50 To measure the efficiency of a pump, the parameters in the following formula are usu-
ally measured and applied: In this formula, is the pump’s efficiency, Q
is the volumetric flow rate of the pump, is the pressure differential between the
inlet and outlet of the pump, and W is the power input into the pump.
The following equipment is used:

¢P
hh = Q¢P/W.

Differential pressure gage Range 0–1200 kPa
Accuracy of span (includes linearity, hysteresis,

and repeatability)
Stability of span

Flowmeter Range 1200 lpm (liters per minute)
Accuracy of reading;1.5%

;0.2%

;0.2%

The power is measured through the input of an electrical motor (with specified efficiency),
with an expected accuracy of 0.07 kW.

In repeating the measurements, the average values of the pressure differential, flow
rate, and power are found to be 700 kPa, 340 lpm, and 5 kW, respectively.The standard devi-
ations of 10 kPa, 5.6 lpm, and 0.15 kW are calculated for the respective parameters. If the
number of measurements made to calculate the mean values and standard deviations is 15,

(a) calculate the efficiency of the pump.
(b) calculate the standard deviation of the efficiency of the pump.
(c) calculate the random and systematic uncertainty of the efficiency of the pump.
(d) calculate the total uncertainty of the efficiency of the pump at a 95% confidence level.
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7.51 To measure the efficiency of a pump, the parameters in the following formula are usually
measured and applied: In this formula, is the pump’s efficiency, Q is the
volumetric flow rate of the pump, is the pressure differential between the inlet and
outlet of the pump, and W is the power input into the pump.
The following equipment is used:

¢P
hh = Q¢P/W.

The power is measured through the input of an electrical motor (with specified efficiency),
with an expected accuracy of 0.10 horsepower.

In repeating the measurements, the average values of the pressure differential, flow
rate, and power are found to be 100.0 psi, and 6.50 horsepower, respectively.
The standard deviations of 1.5 psi, and 0.20 hp are calculated for the respective
parameters. If the number of measurements made to calculate the mean values and stan-
dard deviations is 15,

(a) calculate the efficiency of the pump.
(b) calculate the standard deviation of the efficiency of the pump.
(c) calculate the random and systematic uncertainty of the efficiency of the pump.
(d) calculate the total uncertainty of the efficiency of the pump at a 95% confidence level.

7.52 In Problem 7.51, if the same standard deviations and mean values are obtained through a
large number of measurements,

(a) calculate the efficiency of the pump.
(b) calculate the standard deviation of the measurements of pump efficiency.
(c) calculate the random and systematic uncertainty of the measurements of pump effi-

ciency at a 95% confidence level.
(d) calculate the total uncertainty of the efficiency of the pump at a 95% confidence level.

7.53 For the pump experiment of Problems 7.51 and 7.52, with the same instruments, a large num-
ber of independent measurements of the efficiency of the pump is performed.The mean and
standard deviation of the efficiency are determined to be 0.82 and 0.01, respectively.

(a) Calculate the systematic and random uncertainties of the measurements.
(b) Calculate the total uncertainties of the measurements at a 95% confidence level.

7.54 In Example 7.10, 10 engines are tested, and the average value of 30.8% with a standard
deviation of 0.25 is obtained for the efficiency of the engine. Calculate the uncertainty of
the average efficiency of the engines that are produced.

7.55 The drag coefficient measured in model testing is often used to estimate the drag of actual
systems (e.g., airplanes, cars, and ships). The drag force F is related to the drag coefficient

density velocity V, and frontal area A via the formula

CD =
F

0.5rV2A

r,CD,

0.2 ft3/min,
12.0 ft3/min,

Differential pressure gage Range 0–170 psi
Accuracy of span (includes linearity,

hysteresis, and repeatability)
Stability of span

Flowmeter Range
Accuracy of reading;1.5%

40 ft3/min
;0.2%

;0.2%
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In a test of a bus model, the following information was obtained:

Another factor that has been determined to affect the measurement is the data-transmission
error for force, which has been measured to have a standard deviation of 0.01 kN (10 sam-
ples). Determine the drag coefficient and the total uncertainty in its measurement at a 95%
confidence level. Explain your assumptions.

7.56 In Example 7.12, a new natural-gas supplier is chosen. Fifteen tests of the heating value of
the natural gas produced an average value of 47,500 kJ/kg, with a standard deviation of
300 kJ/kg. Twenty new tests of the engine produced an average power of 48.5 kW, with a
standard deviation of 0.2 kW. All other parameters of the test remained the same. Calcu-
late the total uncertainty in the measurement of the efficiency of the engine.

7.57 Use the DAS of Example 7.13 for a pressure transducer with the following specifications:

r = 1.18 kg/m3, with a spatial variation of ;0.01 kg/m3

uncertainty of ;0.2 m/s
V = 30.0 m/s, average of 20 tests with a standard deviation of 0.5 m/s and a calibration

uncertainty of ;0.05 kN
F = 1.70 kN, average of 20 tests with a standard deviation of 0.05 kN and a calibration
A = 3000 ; 50 cm2

Range 0 to 2000 kPa
Output 0 to 5 V
Linearity and hysteresis (combined) FS
Repeatability FS
Thermal span uncertainty ;0.003%FS/°C

;0.03%
;0.25%

The temperature is uncertain to Select the DAS input range that gives the best
accuracy. Estimate the uncertainty of a pressure measurement made with this system.

7.58 In Example 7.14, a reevaluation of the data and test equipment showed a loading error of
2.5°C (instead of 1.0°C) and steam-line temperature scatter with a standard deviation of
2.0°C. Estimate the zeroth-, first-, and Nth-order uncertainty limits.

7.59 What is the difference between a single-measurement test and a multiple-measurement
test? Discuss the advantages and disadvantages of each, together with an example.

;10°C.
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8
CHAPTER

Measurement
of Solid-Mechanical
Quantities

In this chapter we provide the technical basis for common systems to measure the motion
of solid-body systems and determine applied forces.Where applicable, appropriate signal
conditioners are described. The most common devices for such measurements are
included, but it should be noted that many other devices are used in engineering practice.

8.1 MEASURING STRAIN

When a force is applied to a structure, the components of the structure change slightly
in their dimensions and are said to be strained. Devices to measure these small changes
in dimensions are called strain gages.

8.1.1 Electrical Resistance Strain Gage

The electrical resistance strain gage is an extremely common device used to measure
strain in structures and also as a sensing element in a wide variety of transducers, includ-
ing those used to measure force, acceleration, and pressure. Electrical-resistance strain
gages and associated signal conditioners are simple, inexpensive, and quite reliable. To
understand the function of a strain gage, we examine the measurement of strain in a sim-
ple structure. Figure 8.1 shows a situation in which a supported beam is bent by applying
a lateral force.With this type of loading, the beam will become longer on the bottom sur-
face and shorter on the top surface.Attached to the beam using two standoffs is a wire of
length l, which functions as a simple strain gage. When the beam is loaded, this wire is
stretched and its length becomes The ratio is known as the strain and is usu-
ally given the symbol For this simple loading case, the strain in the wire is approxi-
mately the same as the strain in the lower surface of the beam.The stretching of the wire
will cause its electrical resistance to change so that the wire is a detector of strain.

Strain has units of inches per inch or millimeters per millimeter and hence is dimen-
sionless. In most structures the values of strain are usually very small; for example, a low-
strength steel will yield (take a permanent deformation) at a strain of only about 0.0014.As
a result it is common to talk about strain in units of microstrain Microstrain is the
actual strain multiplied by Thus, a strain of is an actual strain of 0.0014.1400 mstrain106.

1mstrain2.

P.
dl/ll + dl.
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Beam
Thin wire

Force

l �   l�l

FIGURE 8.1

A simple strain gage.

In the engineering design process, it is often necessary to determine the stresses
in a structure experimentally to demonstrate that the structure is sound. It is difficult to
measure the stress directly, but a strain gage can be used to measure the strain, and
then the material properties can be used to determine the stress. For elastic materials
stressed in a single direction (uniaxial stress), the strain is related to the stress by
Hooke’s law,

(8.1)

where is the normal stress and E is a property of the material called the modulus of
elasticity (also called Young’s modulus).The equation is somewhat more complicated if
the material is stressed in more than one direction, and this subject is addressed later.

For a wire to function as a strain gage, we must determine the relationship
between the strain and the change in resistance. The resistance of a wire such as that
shown in Figure 8.1 is given by

(8.2)

where R is the resistance, is a property of the wire material called the resistivity, L is
the wire length, and A is the cross-sectional area of the wire. This equation can be log-
arithmically differentiated to obtain

(8.3)

This result can readily be obtained by taking logarithms of both sides of Eq. (8.2), sep-
arating the terms, and then differentiating each term.

Equation (8.3) relates a small change in resistance to changes in resistivity,
length, and cross-sectional area. The term dL/L is the axial strain, The term dA/A
can be evaluated further. The area is given by

(8.4)

This equation can also be logarithmically differentiated to obtain

(8.5)
dA

A
= 2
dD
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4
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The change in diameter divided by the diameter, dD/D, is known as the transverse
strain Solid mechanics provides the following relationship between the axial and the
transverse strain:

(8.6)

Here, v is a property of the material known as Poisson’s ratio; the minus sign indicates
that as the wire becomes longer, the transverse dimension decreases.

Equations (8.3), (8.5), and (8.6) can be combined to obtain

(8.7)

Equation (8.7) is a relationship between the change in resistance of the wire, strain, and
the change in resistivity of the wire. At this point, it is useful to define the strain gage
factor, S:

(8.8)

Combining Eqs. (8.7) and (8.8), we obtain

(8.9)

If the temperature is held constant, it turns out that the change in resistivity is approx-
imately proportional to the strain. This being true, we can see by examining Eq. (8.9)
that the gage factor is approximately a constant. Unfortunately, the gage factor is sen-
sitive to temperature.

Although some strain gages are constructed in the form of straight wires, it is
more common to etch them from thin foil metal sheets that are bonded to a plastic
backing, as shown in Figure 8.2. This backing can, in turn, be glued to the structure for
which it is desired to measure the strain. The dimensions of strain gages vary, but can
be as small as 0.2 mm. Gage factors, which depend on the metal, are usually about 2.0
but can be as high as 6.0. Strains as high as can be measured routinely, and
strains as high as (20% elongation) can be measured with special gages
(Norton, 1982).

While metallic foil strain gages are widely used, strain gages can also be constructed
from semiconductor materials. Semiconductor strain gages, which are commonly used as

200,000 mP
40,000 mP

S = 1 + 2v +
dr/r
Pa

S =
dR/R
Pa

dR

R
=
dr

r
+ Pa11 + 2v2

Pt = -vPa

Pt.

Direction of
strain

Plastic backing

Cut foil

Soldering pads for
connecting wires

FIGURE 8.2

Foil strain gage.
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sensing elements in pressure and acceleration transducers, have the advantage of a higher
gage factor than foil gages, 125 being common. However, they are not as ductile and nor-
mally can measure strains only as high as about (Norton, 1982).

In many situations, the surface of a structure is stressed simultaneously in more
than one direction, leading to a situation called biaxial stress. If a structure is loaded in
a single direction, there exists a transverse strain [as predicted by Eq. (8.6)] but no
transverse stress.This effect is included when manufacturers determine gage factors. In
biaxial stress, however, there is a transverse strain that results from the transverse
stress.This transverse strain will affect the strain gage output and can be described with
a transverse gage factor, Similar to Eq. (8.8), which defines the axial gage factor,
is defined by

(8.10)

Manufacturers measure a factor, called the transverse sensitivity, which is supplied
to the user. This is defined as

(8.11)

Values of are normally quite small, less than 0.01 being possible. For a single gage,
Budynas (1977) provides the following formula for the error in axial strain due to an
applied transverse strain:

(8.12)

In this equation, is the true axial strain and is the strain that measurement would
predict if the transverse strain were neglected. For and 
the error in axial strain is 2.3%. Transverse sensitivity effects are commonly neglected
in strain experiments.

Although slightly sensitive to transverse strain, for practical purposes, a single
strain gage can measure the strain only in a single direction. To define the state of
strain on a surface, it is necessary to specify two orthogonal linear strains and 
and a third strain called the shear strain, the change in angle between two origi-
nally orthogonal lines when the solid is strained. These strains can be determined by
three suitably placed strain gages in an arrangement called a strain rosette. Figure
8.3 shows the two most common arrangements of these three gages: the rectangular
rosette and equiangular rosette. In the rectangular rosette, the gages are placed at
angles of 0°, 45°, and 90°. In the equiangular rosette, they are arranged at 0°, 60°,
and 120°. Each of these gages measures the linear strain in the direction of the axis
of the gage.

According to Popov (1976), if the plane strain field at a point on a solid can be
described by values of and the linear strain in a direction to the x-axis can
be represented by

(8.13)Pu = Px cos2 u + Py sin2 u + gxy sin u cos u

ugxy,Px, Py,

gxy,
PyPx

Pt/Pa = 2,Kt = 0.01, v = 0.3,
PNaPa

PNa - Pa
Pa

=
Kt

1 - vKt
av +

Pt
Pa
b

Kt

Kt =
St
Sa

Kt,

St =
dR/R
Pt

StSt.

3000 mP
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FIGURE 8.3

Orientation of strain gages in common rosettes: (a) rectangular; (b) equiangular.

This equation can be applied to each of the strain gages in a rosette, resulting in three
simultaneous equations:

(8.14)

The rosette provides measurements of and and we seek values of and
For the rectangular rosette, the solution is

(8.15)

For the equiangular rosette, the solution is

(8.16)

Methods to evaluate the maximum normal and shear stresses from these strain values
are included in Hetenyi (1960) and most mechanics of materials textbooks, such as
Popov (1976).

Experimenters do not normally construct strain rosettes using three individual
strain gages. Instead, manufacturers supply rosettes with three gages already bonded to
single plastic backing, as shown in Figure 8.4.

gxy =
2
13
1P60° + P120°2

Py =
2P60° + 2P120° - P0°

3

Px = P0°

gxy = 2P45° - 1P0° + P90°2
Py = P90°

Px = P0°

gxy.
Px, Py,Pu3

,Pu1
, Pu2

,

Pu3
= Px cos2 u3 + Py sin2 u3 + gxy sin u3 cos u3

Pu2
= Px cos2 u2 + Py sin2 u2 + gxy sin u2 cos u2

Pu1
= Px cos2 u1 + Py sin2 u1 + gxy sin u1 cos u1



8.1 Measuring Strain 249

FIGURE 8.4

Strain-gage rosette.

8.1.2 Strain Gage Signal Conditioning

As mentioned, a strain of is actually quite large, and for a gage factor of
2.1, the change in resistance, is only about 0.003 (0.3%). In addition, it is often
necessary to measure accurately much smaller values of strain. Consequently, simply
measuring the gage resistance before and after applying the load will not work very
well since the change in resistance may well be on the order of the resolution of the
measuring device.What is needed is a device that will measure the change in resistance
rather than the resistance itself.

A simple circuit that performs this function, called the Wheatstone bridge, is
shown in Figure 8.5. If all four resistors in Figure 8.5 have the same value (this restric-
tion will be relaxed shortly), by symmetry, the voltage at points B and D must be the
same, so must be zero.The bridge is then said to be balanced.This is the starting con-
dition, before the strain gage is strained. As changes from its initial value, the
bridge becomes unbalanced and will change. If another resistor in the bridge is
adjusted, the bridge can be brought back into balance. For example, if is adjusted
such that the value of will be the same as the strained resistance of the strain
gage. In older strain-gage measuring devices, the bridge was balanced by varying a
bridge resistor manually. The value of the variable resistor could be determined by the
mechanical position of the variable resistor. (See the potentiometer described in
Section 8.2.) In modern strain gage indicators, the bridge is balanced automatically
using electronics. For use with modern computer data-acquisition systems, it is usually
not convenient to balance the bridge. As demonstrated momentarily, the bridge is
allowed to become unbalanced and the output voltage can be used to determine the
gage resistance. If the bridge is initially balanced, the output voltage, is proportional
to the change in gage resistance.

V0

R2V0 = 0,
R2

V0

R3R3,
V0

dR/R,
1400 mstrain

Vs V0

A

B

C

D

R1 R2

R4
R3

(strain gage)

�

� � �

FIGURE 8.5

Constant-voltage Wheatstone bridge.
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Using Ohm’s law, the current flows through branches ABC and ADC in Figure
8.5 are

(8.17)

Using Ohm’s law again, the voltage drop across is and the voltage
drop across is Then or

(8.18)

Creating a common denominator, this becomes

(8.19)

Before a strain is applied, the initial resistance of the strain gage is We are free to
select values for all other bridge resistors, and we choose these so that the bridge is ini-
tially balanced. For the bridge to be initially in balance (i.e., ), Eq. (8.19)
requires that

(8.20)

Now, for the situation where the strain gage is strained, we set in
Eq. (8.19), where is the resistance change due to strain. Using Eq. (8.20), Eq. (8.19)
then becomes

(8.21)

In the denominator, is usually small compared with and can be neglected.
Neglecting the in the denominator of Eq. (8.21) makes a linear function of 
Combining Eq. (8.21) with Eqs. (8.8) and (8.20) (and noting that we make the approx-
imation that ), we obtain the following equation relating the strain to the
output voltage:

(8.22)

This analysis is what is known as a quarter-bridge circuit. This means that there is a sin-
gle strain gage and three fixed resistors. This arrangement is common when many
strain gages are applied to a structure.

For Eq. (8.22) to be valid, it has been assumed that the bridge was initially in bal-
ance before a strain was applied to the strain gage. Unfortunately, it is not always practi-
cal to obtain resistors and strain gages that have exactly the correct values: they each
have uncertainties on the order of 0.1%. This means that may have a nonzero value,

even before the strain is applied. Although in some systems, it is possible to adjust a
resistor to bring the bridge into initial balance, not all systems include such an adjustment
mechanism. If cannot be adjusted to zero, its value should be subtracted from theVoi

Voi,
Vo

Pa =
Vo1R2 + R3i22
VsSR2R3i

¢R = dR

¢R3.Vo¢R3

R3i¢R3

Vo =
VsR1¢R3

1R2 + R3i + ¢R321R1 + R42

¢R3

R3 = R3i + ¢R3

R3iR1 - R4R2 = 0

Vo = 0

R3i.

Vo = Vs
R3R1 + R3R4 - R4R2 - R3R4

1R2 + R321R1 + R42 = Vs
R3R1 - R4R2

1R2 + R321R1 + R42

Vo =
R3Vs
R2 + R3

-
R4Vs
R1 + R4

Vo = VD - VB,IADCR3.R3, VD - VC,
IABCR4,R4, VB - VC,

IABC =
Vs

R1 + R4
 IADC =

Vs
R2 + R3
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actual readings before the voltage is substituted into Eq. (8.22). If is very large, actions
should be taken to alter a bridge resistor since assumptions underlying Eq. (8.22) will
become invalid, resulting in measurement error.

Sometimes it is possible to use strain gages for the other bridge resistors. The use
of more strain gages increases the sensitivity of the circuit—a larger change in voltage
output for a given strain. If we assume that each of the bridge resistors shows a varia-
tion neglecting higher-order terms, Eq. (8.19) can be expanded to obtain

(8.23)

where and are unstrained gage resistances. [See Dally (1993).] For exam-
ple, if is another strain gage, identical to which is placed in a location such that it
has the same strain as the output of the bridge will be double that obtained from
Eq. (8.21) for a single gage.

Many loading situations have a symmetry such that there are regions with the
same strain but opposite sign—symmetrical regions of tension and compression.This is
often the case when strain gages are used as sensors in transducers. In such a situation,
we can make and be compressive gages and and be tensile gages. The
resulting bridge is now a full bridge and has an output that is four times the output of a
quarter bridge for the same strain.

Including more than one gage in the bridge provides another benefit: temperature
compensation. The resistivity of most metals is a fairly strong function of the tempera-
ture, and the resistivity affects the gage factor S. Furthermore, there is a differential
thermal expansion between the strain gage and the structure to which it is attached.
Consequently, a change in temperature of an installed strain gage produces an appar-
ent strain in the absence of any real structural load. Figure 8.6 shows the temperature-
induced change in gage factor and the apparent strain for a typical foil strain gage. The
total change in resistance is caused by the two effects, the actual strain and the appar-
ent strain caused by temperature effects

(8.24)

In an experiment, then, a change in temperature might be confused with a change in
strain. For example, a strain gage attached to an airplane structure will show major
temperature changes when the airplane flies at high altitudes. This problem can be
solved if we place two strain gages on the structure of interest and connect them into
the bridge as and (Figure 8.5). Let the structure remain unstrained but allow the
temperature to change.The resistance of and will change the same amount in the
same direction. As a result, the voltage at point D will not change—the temperature
effects cancel out.The same conclusion will be reached using Eq. (8.23). In the simplest
application of this concept, gage is the active gage and gage is attached to the
same structure but in a region at the same temperature that will not be subject to
strain. In this way the strain can be measured, but any temperature effects will cancel
out.The gage at is known as a dummy or compensating gage. Gage can also be an
active gage if it can be placed in a location with strain of the same magnitude but oppo-
site sign to that of gage the situation in many transducers.R3,

R2R2

R2R3

R3R2

R3R2

¢Rtotal = ¢Rstrain + ¢Rtemperature

R4R2R3R1

R3,
R3,R1

R4R1, R2, R3,

Vo =
VsR2R3

1R2 + R322 a
¢R3
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+

¢R1
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Typical temperature effects on strain gage.

The strain gage shown in the Wheatstone bridge schematic (Figure 8.5) is located
on the test apparatus and connected to the bridge with lead wires. Lead wires can be a
problem since they may have significant resistance compared to the resistance of the
gage. Lead-wire resistance may be on the order of 1 to compared to a typical gage
resistance of This lead-wire resistance can initially unbalance the bridge and
cause some error if not accounted for. If a compensating gage is used, lead wires of
identical length and diameter can be used for the active and compensating gages. The
lead wire effect will be minimized. If there is no compensating gage, additional resis-
tance can be included in another leg of the bridge to produce initial balance.

It is common to instrument a structure with a large number of strain gages and
to monitor these gages with a multichannel data-acquisition system. At first, it might
seem desirable to use a single power supply with three fixed resistors and simply
switch the various strain gages into the bridge, as shown in Figure 8.7. Although this
arrangement appears to be economical, it has some serious shortcomings. First, there
is current flowing through the switches, and the switch contact resistances will cause
voltage drops that will be interpreted erroneously as strain. Second, there is some
energy dissipated in a strain gage (on the order of 0.02 W), and this heats the strain
gage slightly. The temperature will not come to a steady value if the gage is being
switched in and out of the circuit. Finally, this arrangement is not compatible with the
switching system provided by the multiplexer on microcomputer data-acquisition sys-
tems. (See Figure 4.4.)

One satisfactory approach is to have a separate bridge for each test gage.The out-
put terminals of each bridge are connected to the input channels of the DAS. Only a sin-
gle power supply is required, so there is some economy for multiple channels. Another
switching approach is shown in Figure 8.8. In this arrangement, all the strain gages share

120 Æ.
4 Æ
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FIGURE 8.7

Multiple strain gages: switching within bridge.

R2

VoB
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R1

R4
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Vsupply
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FIGURE 8.8

Multiple strain gages: switching outside of bridge.

a common power supply and two of the fixed resistors. Each active gage is paired with a
single fixed resistor (which could also be a compensating or active gage), and this pair is
connected permanently to the common fixed resistors and the power supply. In this
arrangement the bridge is always complete, and switching is required only to measure
the output voltages.The measurement of the output voltage draws negligible current, so
the contact resistances have insignificant effects on the measured voltages.

Example 8.1

A single strain gage has a nominal resistance of and a gage factor of 2.06. For a quarter
bridge with fixed resistors, what will be the voltage output with a strain of for
a supply voltage of 3 V?

Solution: Substituting into Eq. (8.22), we obtain

Solving yields

Vout = 1.544 mV

1000 * 10-6 =
Vout1120 + 12022

3 * 2.06 * 120 * 120

1000 mstrain120-Æ
120 Æ
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Example 8.2

For a quarter bridge using resistors, how much must the resistance of the single strain
gage change before the linearization assumed in Eq. (8.22) results in a 5% error?

Solution: We can evaluate this effect using Eq. (8.21). The nonlinearity results from the 
term in the denominator. For a linear assumption, Eq. (8.21) becomes

Dividing this equation into Eq. (8.21), we obtain

Solving for the result is or 10% of For a gage factor of 2, this corresponds to a
strain of approximately (5% elongation). This strain would be beyond the yield
point of most metals.

8.2 MEASURING DISPLACEMENT

The most common devices for measuring linear and angular displacement are dis-
cussed here. Fiber-optic displacement sensors are discussed in Section 9.4.3.

8.2.1 Potentiometer

The linear potentiometer is a device in which the resistance varies as a function of the
position of a slider, as shown in Figure 8.9. With the supply voltage as shown, the out-
put voltage will vary between zero and the supply voltage. The potentiometer is a vari-
able voltage divider. Potentiometers are actually very common in everyday experience.
Angular potentiometers, as shown in Figure 8.10, are used in common devices such as
radios and televisions as volume and tone controls. For the linear potentiometer, the
output is a simple linear function of the slider position:

(8.25)Vo =
x

L
Vs

50,000 mstrain
R3.12.6 Æ,¢R3,

Vout,nonlin

Vout,lin
=

R2 + R3i

R2 + R3i + ¢R3
=

120 + 120
120 + 120 + ¢R3

= 0.95

Vout,lin =
VsR1¢R3

1R2 + R321R1 + R42

¢R3

120-Æ

Slider

Vs L

x VoFIGURE 8.9

Linear potentiometer.
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FIGURE 8.10

Angular potentiometer.

It should be noted that the device measuring must have a high impedance to main-
tain a linear response and avoid a loading error. (See Section 3.2.3.) Linear poten-
tiometers can be used to measure displacements as small as 0.1 to 0.2 in. up to
displacements of more than 1 ft. Angular potentiometers can be designed to measure
angular displacements of 3500° (multiple rotations). Potentiometers are quite inexpen-
sive, are readily available, and require no special signal conditioning. Both linear and
rotary potentiometers can be constructed to have a nonlinear relationship between
displacement and output voltage for specialized applications.

The resistive element of a potentiometer can be constructed from materials such
as carbon-impregnated plastics, but in instruments it is frequently constructed by
tightly winding a fine wire around an insulating form. As a result, the resistance
changes in discrete steps as the slider moves from wire to wire, with consequent limits
on the resolution of the device.The wire-wound devices with the best resolution use on
the order of 2000 wires per inch, to give a resolution of 0.0005 in. Potentiometers do
have significant limitations. Because of the sliding contact, they are subject to wear and
may have lifetimes of only a few million cycles. Furthermore, the output tends to be
somewhat electrically noisy since the slider–resistor contact point has some resistance,
and this can affect the output in a somewhat random manner. This effect often
becomes worse with the age of the device due to contamination of the contact surface.

8.2.2 Linear and Rotary Variable Differential Transformers

Variable differential transformers are devices used to measure displacement by modify-
ing the spatial distribution of an alternating magnetic field. They are used to measure
displacements directly and as the sensing element in a number of transducers, which
create a displacement in response to the measurand.A linear variable differential trans-
former (LVDT), shown schematically in Figure 8.11, has a single primary coil and two
secondary coils. An oscillating excitation voltage, generally between 50 Hz and 25 kHz,
is applied to the primary coil. The current flowing through the primary coil creates an
alternating magnetic field, which induces alternating voltages in coils B and C.The core,
made of a ferromagnetic material, tends to concentrate the magnetic field in its vicinity,
and as a result, if it is closer to one of the secondary coils, the voltage in that coil will be
higher. In Figure 8.11, the voltage generated in coil C will be higher than that generated
in coil B since the core is displaced downward. The two coils are connected electrically

Vo
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FIGURE 8.11

Schematic LVDT.

as shown in Figure 8.11, and consequently, the two voltages from coils B and C oppose
each other. If the core is centered between the two secondary coils and the voltages in
coils B and C are the same, the net output voltage will be zero (or at a minimum). If
the core is not centered, there will be a net output voltage, as shown in Figure 8.12. Two
points should be noted. First, the output, being an ac rms voltage, is always positive and
gives no obvious information about the direction in which the core has been displaced
from the centered position. This is a problem that can be solved with appropriate signal
conditioners, as discussed shortly. Second, the voltage versus displacement is linear up
to a certain point, but beyond that point, the voltage response becomes quite nonlinear.
Practical LVDTs operate in the linear region.

LVDTs are constructed as shown in Figure 8.13. Both primary and secondary
coils are wrapped around a hollow, nonmagnetic bobbin, and the core slides inside the
bobbin. LVDTs are often supplied with compatible signal conditioners and power sup-
plies. They are reliable and durable displacement-measuring devices. There is no sur-
face contact, so there is negligible wear and they are not affected by moderate levels of
surface contamination. They are available in ranges from a few thousandths of an inch
up to several inches. In principle, they can be made to any size, but since the physical

V2

Output
ac rms volts

0
Core displacement from centered position

Linear range

FIGURE 8.12

LVDT sensor output.
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FIGURE 8.13

LVDT cross section.

length is about three times the range, they are not the method of choice for measuring
larger displacements. The resolution can be very good—on the order of microinches in
the best cases.Variable differential transformers are also constructed to measure angu-
lar displacements, as shown in Figure 8.14. The rotating core is shaped such that the
output voltage is linear with angular displacement over a range of up to 

LVDTs have some limitations for dynamic measurements. They are not normally
suitable for frequencies greater than 1/10 the excitation frequency, and the mass of the
core may introduce a significant mechanical loading error in dynamic devices.

Signal Conditioning The output signal from the LVDT sensor actually does give
information about the direction in which the core is displaced. Figure 8.15 shows what
the actual LVDT output looks like as a function of time. Figure 8.15(a) shows the
primary voltage, the voltages in coils B and C, and the output voltage (the sum of coil B
and coil C voltage) for a situation in which the core is closer to coil B (above the centered
position in Figure 8.11). Remember that the manner in which the two secondary coils are
connected, as shown in Figure 8.11, effectively inverts the voltage of coil C relative to coil
B. Figure 8.15(b) is similar to 8.15(a) except that the core is below the centered position,
closer to coil C. In Figure 8.15(a), the output voltage has the same phase as the primary

;40°.
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FIGURE 8.14

Rotary variable differential transformer: (a) schematic; (b) simplified construction. [(b) Based on
Herceg, 1976.]
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voltage, but in Figure 8.15(b), the output voltage is 180° out of phase with the primary
voltage. By sensing the phase of the output voltage relative to the primary voltage, the
signal conditioner can determine the direction of the core displacement. The signal
conditioner outputs a dc voltage for which the magnitude is proportional to the
displacement and the sign indicates the direction of the displacement. A block diagram
for an LVDT measuring system (sensor plus signal conditioner) is shown in Figure 8.16.
The linear portion of the signal conditioner output is shown in Figure 8.17.

8.2.3 Capacitive Displacement Sensor

Capacitive displacement sensors are most appropriate for measuring very small dis-
placements (0.00001 to 0.01 in.), although larger ranges are sometimes appropriate.
These devices are based on the principle that the capacitance of a capacitor is a func-
tion of the distance between the plates and the area of the plates; that is,

(8.26)

where K is the dielectric coefficient of the substance between the plates ( for
air), is the permittivity of a vacuum with a value of A is the
overlapping plate area, and d is the distance between the plates. If A has units of 
and d is in meters, C will have units of farads.

m2
8.85 * 10-12 C2/N-m2,H 0
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LVDT system block diagram.
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As shown in Figure 8.18, there are two ways of using a capacitive transducer for
displacement measurements. In Figure 8.18(a), one plate is moved so that the distance,
d, between the plates varies. Alternatively [Figure 8.18(b)], one of the plates can be
moved parallel to the other plate so that the overlapping area varies. In the first case,
the capacitance is a nonlinear function of the displacement, whereas in the second, the
capacitance is approximately a linear function of the displacement. Since the output of
the capacitive sensor is not a voltage, signal conditioning is required. An ac-powered
Wheatstone bridge as shown in Figure 8.19 can be used for this purpose. If the refer-
ence capacitor has the same value as the initial sensor capacitor and the two resistors
are the same, the voltage output will be a function of the change in capacitance. Com-
mercial signal conditioners are readily available for capacitance measurement.

Example 8.3

A capacitor for displacement measurement consists of two disks 25 mm in diameter. What will
the capacitance be if the distance between them is

(a) 0.025 mm,
(b) 0.05 mm, and
(c) 0.10 mm?

Solution:

(a) Using Eq. (8.26), for 0.025-mm separation we obtain

Solving, we get or a small capacitance.
(b, c) The values for spacings of 0.05 and 0.10 mm are and 

respectively.
0.4345 * 10-4 mF,0.869 * 10-4

1.738 * 10-4 mF,C = 1.738 * 10-10 F

C = 8.85 * 10-12
p10.02522/4

0.000025
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8.2.4 Digital Encoders

Digital encoders are devices that convert a displacement directly into a digital signal.
Figure 8.20 is a device for measuring angular position. In this example the disk has 16
sectors and each sector is divided into four bands. Each band in each sector is either
opaque or transparent (a window). A radial array of four light sources shines on one
side of the disk, and an array of four photodetectors is located on the other side. At
each of the 16 sectors, the combination of windows is unique, so the photodetectors
respond with a 4-bit digital code indicating the angular position. Similar devices can
also be used to measure linear position. Since the output of each of the photodetectors
is either on or off, the signal is in digital form. In a typical device, the light sources are
light-emitting diodes (LEDs) and the detectors are photoresistive elements. Photore-
sistive elements are semiconductor devices that show a sharp change in resistance
when illuminated. Encoders have a well-defined resolution, which depends on the
number of bits used to represent each position. A 4-bit device has only 16 possible
positions. A larger number of bits is used in typical commercial devices. A more com-
plete discussion of encoders is given by Woolvert (1977) and Doebelin (1990).

8.3 MEASURING LINEAR VELOCITY

8.3.1 Linear Velocity Transducer

The linear velocity transducer (LVT) is an inductive device suitable for measuring the
velocity of components in machines.As shown in Figure 8.21, velocity is measured by dri-
ving a permanent-magnet core past a fixed coil. As the north pole of the magnet
approaches the coil, the magnetic flux lines will cut across the coils and generate a voltage
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Angular digital encoder: (a) binary shaft encoder; (b) side view. (Based on
Turner, 1988.)
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that is proportional to the velocity. However, the number of flux lines cutting the coil will
vary with position, and hence the output voltage is a function of both velocity and posi-
tion. In fact, when the magnet is centered with respect to the coil, the flux lines due to the
negative pole will also induce a voltage in the coil of opposite polarity to that induced by
the north pole, and the net output will be zero.To avoid this problem, two coils are used,
as shown in Figure 8.22. The south pole induces a voltage primarily in winding 1 and the
north pole induces a voltage primarily in winding 2. By connecting the coils with oppos-
ing polarity, a voltage proportional to velocity is generated and this voltage is relatively
independent of position over a limited range. An LVT is constructed much like an
LVDT—the coils are wrapped around a hollow bobbin and the core slides inside the
bobbin. For a typical LVT 7 in. long, the output will be proportional to the velocity and
independent of position for displacements that are within in. of the centered position.
As with LVDTs, the mass of the core may place a significant load on the system mea-
sured. If this becomes a problem, doppler radar, described below, may be more suitable
for velocity measurement.

8.3.2 Doppler Radar Velocity Measurement

If a beam of radio waves is directed at a moving object, the frequency of radiation
reflected from the object will be altered. A device taking advantage of this effect is
shown schematically in Figure 8.23. For the situation shown, the change in frequency of

;1

S N

Permanent
magnet

Vo

FIGURE 8.21

Linear velocity transducer.

South
pole

North
polePermanent-magnet core

Winding 1 Winding 2

dc output voltage

FIGURE 8.22

Two-winding linear velocity
transducer (LVT). (Based
on Herceg, 1976.).



8.3 Measuring Linear Velocity 263

radiation directed at the moving object is given by

(8.27)

where is the wavelength of the incident radio waves. For most engineering applica-
tions, the radar beam places essentially no load on the measured system. Doppler radar
velocity-measuring devices are readily available commercially. They are used by police
to measure vehicle velocities, and they are often used to measure velocities in sports.
Doppler velocity measurements can also be made using laser-generated light beams.
Devices that use the Doppler effect with laser light, called laser-Doppler velocimeters,
are commonly used to measure fluid velocities and are described in Chapter 10.

Example 8.4

An automobile is moving directly toward a Doppler radar unit that uses a frequency of 10,000
MHz. What will be the change in frequency if the automobile is moving at 30 m/s?

Solution: The frequency and wavelength of radio waves are related by

where c is the velocity of light and has a value of Thus the radar wavelength is
Using Eq. (8.27), the frequency shift is then

8.3.3 Velocity Determination Using Displacement and Acceleration Sensors

Displacement and acceleration transducers provide data that can be used to determine
velocity. If displacement data are available in the form x(t), the velocity can be
obtained by differentiating these data:

(8.28)V =
dx1t2
dt

fD = 2 * 30 *
1

0.03
= 2000 Hz

3 * 108/10,000 * 106 = 0.03 m.
3 * 108 m/s.

fl = c

l

fD =
2V cos u
l
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object
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V

�

FIGURE 8.23

Doppler velocity measurement.
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This approach has some problems, however.The displacement data may have a discon-
tinuous first derivative, particularly if potentiometric sensors are used. This will pro-
duce spikes in the velocity, which are artifacts of the differentiation process. If
acceleration data are available in the form a(t), then, by integration, the velocity can be
estimated as

(8.29)

where is the velocity at an initial time If the acceleration data are of high quality,
this integration process of determining velocity should be quite reliable. Integration
and differentiation of signals can be performed mathematically on the test data or by
using appropriate signal-conditioning circuits. (See Chapter 3.)

Example 8.5

An object is moving along steadily at a velocity of 88 m/s. A braking system is applied, and the
following acceleration data are obtained from an accelerometer:

t0.V0

V1t2 = V0 + L
t

t0

a1t2 dt

Estimate the velocity at 6 s.

Solution: Since the acceleration does not vary much in the interval 0 to 6 s, we can obtain an
approximate answer using an average acceleration. This value is 0.9375 g or 

Using Eq. (8.29), the velocity is

Alternatively, we could have integrated the data point by point using the trapezoidal rule. Elec-
tronic circuits using op-amps can also be used to integrate the data.

8.4 MEASURING ANGULAR VELOCITY

Many common machines have rotating shafts in which it is necessary to measure the
angular velocity, commonly referred to as the shaft speed. There are several types of
devices that perform this function, and they are generically called tachometers.

8.4.1 Electric Generator Tachometers

In this approach, a small dc electric generator is attached to the end of the shaft. The
output of the generator will be a voltage that is a function of the shaft angular velocity.
The voltage can be connected directly to a voltmeter to give an inexpensive direct
readout, or the output can be connected to a data-acquisition system. Alternatively, an

V162 = 88 + L
6

0
-9.19dt = 32.9 m/s

9.19 m/s2.
0.9375 * 9.8 =

Time (s) 0 2 4 6 8 10 12

Acceleration (g) 0 0-0.92-0.93-0.92-0.95-0.95
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alternating-current generator can be used. In this case, although it is also possible to
measure the voltage, it is generally preferable to measure the frequency of the output
voltage using standard frequency measuring instruments.

8.4.2 Magnetic Pickup

A simple and reliable device for measuring the angular velocity is the magnetic pickup,
sometimes called the variable reluctance pickup. This device is sketched in Figure 8.24.
A small permanent magnet is wrapped with a coil of insulated wire and then contained
in a metal case. The permanent magnet causes a magnetic field to form in the region
around the magnet that passes through the coil. If a piece of iron or other magnetic
material is brought near one pole of the magnet, it distorts the magnetic field (changes
the reluctance), causing a voltage pulse to be generated in the coil. When the magnetic
material is removed, there is another voltage pulse of opposite sign. If the pickup is
placed on a rotating gear, a continuous string of pulses will be generated such as shown
in Figure 8.25. The frequency of these pulses is proportional to angular velocity. With a
suitable shape of the gear teeth, the output wave can be made to appear sinusoidal.

The output of the transducer can be processed in two ways.The transducer can be
connected to a pulse counter that repeatedly counts the number of pulses in a fixed
period of time (1 s, for example) and provides a digital result, which can be input to a
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Magnetic pickup for angular velocity measurement.

FIGURE 8.25

Pulsed output of magnetic-pickup transducer.
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computer directly. Alternatively, the transducer can be connected to a frequency-to-
voltage converter circuit, which results in a dc voltage that is proportional to the angu-
lar velocity. In most applications, a special gear is attached to the shaft. However, it is
possible to obtain satisfactory performance with common gears or even hexagonal
nuts on the shaft. Since magnetic pickups are relatively inexpensive and very reliable,
they are an excellent choice for permanently installed systems. The magnetic pickup is
used in the distributor of many modern automobiles with electronic ignition to mea-
sure engine shaft speed and to time the spark. Magnetic pickups are also used as wheel
angular speed sensors for automotive antilock braking systems.

Example 8.6

Each time a tooth of a toothed wheel passes a magnetic pickup, a single positive pulse will be
generated. If a counter indicates the number of pulses for 1 s, how many teeth must the toothed
wheel have to give a readout in revolutions per minute?

Solution: Consider the toothed wheel with n teeth to be turning at N revolutions per minute or
N/60 revolutions per second. We want the pickup to generate N counts per second. The counts
per second will then be

Solving for n, we obtain 60 teeth. The counter will give a readout every second but will read
directly in rpm.

8.4.3 Stroboscopic Tachometer

A common laboratory device for measuring shaft speed is the stroboscopic tachometer,
shown schematically in Figure 8.26.This device produces flashing light at a user-controlled
frequency.This light is shined on the shaft or pulley, which has a mark at one circumferen-
tial position. The flashing frequency of the light is adjusted so that the mark on the shaft
appears stationary.These devices normally read out directly in revolutions per minute and
are very accurate since the flashing frequency is quartz-crystal controlled on modern

count = N = 1pulses/rev2 * 1rev/s2 = n * N/60
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Stroboscopic tachometer.
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units. One problem is that the mark will appear to stand still not only when the shaft is
moving at the strobe frequency but also at integer fractions of the strobe frequencies.With
proper procedure, it is possible to match the frequencies correctly. These devices depend
on operator adjustment and are not well suited for remote operation.

8.4.4 Photoelectric Tachometer

There are a number of systems that use photodetectors to measure angular velocity;
one such system is shown in Figure 8.27. A light beam shines through a perforated disk
onto a photodetector. The detector produces a pulsed output as the disk rotates. An
alternative design has reflective tape attached to the disk, with the light sources and
the photodetector being combined into a single unit. In either case the pulsed signal is
input into a counter that counts pulses over a fixed period of time to produce a digital
value for angular velocity. One problem with photodetectors of this type is that over
time, oil and other contamination from the machine may cover the various optical sur-
faces, leading to inaccurate output or no output at all.

8.5 MEASURING ACCELERATION AND VIBRATION

Acceleration measurement is very common in engineering experimentation—vibration
and impact testing being major applications.

8.5.1 Piezoelectric Accelerometers

Piezoelectric Sensing Element Certain materials, when deformed, are capable
of generating an electric charge. The best known of these is the quartz crystal. This
property of generating an electric charge when deformed makes piezoelectric
materials useful sensors in several common types of transducers. Figure 8.28(a) shows
a piezoelectric material under compression. The faces have been coated with a
conducting material such as silver. When the load is applied, electrons move to one of
the conducting faces and away from the other, which results in a charge being stored by
the inherent capacitance of the piezoelectric material itself. For the arrangement

Light
source

Photo-
detector

FIGURE 8.27

Photoelectric tachometer.
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shown in Figure 8.28(a), called the longitudinal effect, the charge generated is given by
Kail and Mahr (1984) as

(8.30)

where F is the applied force and d is the piezoelectric coefficient of the material. d
depends on the piezoelectric material and its crystal orientation relative to the force, F.
For a typical quartz element, d has a value of Although Eq. (8.30)
shows the output to be proportional to the applied force, it can also be viewed as being
proportional to the displacement. As with other materials, the piezoelectric element is
slightly flexible, and the imposition of a force will produce a small, proportional dis-
placement.

The configuration shown in Figure 8.28(b) is called the transverse effect, and the
charge generated is again given by Kail and Mahr (1984):

(8.31)

If the ratio of the dimensions, b/a, is greater than 1 (the usual case), the transverse
effect will produce a greater charge than the longitudinal effect. With either loading,
the charge is proportional to the applied force.The charge will result in a voltage; how-
ever, this voltage depends not only on the capacitance of the piezoelectric element but
also on the capacitances of the lead wires and the signal-conditioner input.

Since the piezoelectric element generates a charge when loaded, this charge must
be sensed in a manner that does not dissipate the charge.This is normally performed with
a device called a charge amplifier, a typical configuration being shown in Figure 8.29.
is very high, so this circuit draws very low current and produces a voltage output that is
proportional to the charge. It should also be noted that the capacitance of the lead wire
from the transducer to the amplifier is important and affects calibration. Normally, the
charge amplifier will be located close to the transducer. Charge amplifiers are normally
supplied by the manufacturer of the piezoelectric transducer, and in some cases the
amplifier is incorporated into the body of the transducer.

R1

Q = F * d *
b
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Piezoelectric sensors: (a) longitudinal effect; (b) transverse effect.
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Although piezoelectric sensors are capable of measuring quasi-static forces, they
cannot measure completely static forces since the charge will decay with time. This
decay is often accelerated by the signal conditioner. Consequently, in many common
applications, transducers using piezoelectric sensors have a lower limit on frequency
response and are not suitable for steady or quasi-steady measurands. The primary
advantage of piezoelectric sensors is their ability to respond to high-frequency measur-
ands. As discussed in Chapter 11, many transducers behave like second-order
spring–mass systems and have natural frequencies, as do other second-order systems.
When making time-varying measurements, it is normally necessary to have a trans-
ducer that has a natural frequency much higher than the highest frequency in the mea-
surand. Most piezoelectric materials are very stiff and have a high modulus of
elasticity. Quartz has a modulus of elasticity of about 85 GPa, which can be compared
to concrete (35 GPa) and steel (200 GPa). Since a high spring constant (relative to
mass) leads to a high natural frequency, transducers using piezoelectric sensors usually
have very high natural frequencies† compared to sensors using strain gages or LVDTs.

Accelerometers Using Piezoelectric Sensing Elements An accelerometer using
a piezoelectric material as the sensing element is shown schematically in Figure 8.30. It
consists of a housing, a mass called the seismic mass, and a piezoelectric sensing
element, which typically uses the longitudinal piezoelectric effect. An initial force
between the mass and sensor is obtained with a preloading spring sleeve. As the
housing of the accelerometer is subject to an acceleration, the force exerted by the
mass on the quartz crystal is altered. This generates a charge on the crystal, which can
be sensed with a charge amplifier. Piezoelectric accelerometers are available in many
ranges up to (g is the acceleration of gravity, ). Quartz crystal
accelerometers can have very high values of natural frequency, 125 kHz being possible,
which results in the ability to measure frequencies as high as 25 kHz. In most
applications the charge amplifier causes a lower-frequency limit, on the order of 100
Hz. Piezoelectric accelerometers (when combined with the appropriate signal
conditioner) are relatively expensive.

9.8 m/s2;1000g,
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Charge amplifier for piezoelectric sensor.

†It is this resonant frequency characteristic that is utilized when quartz crystals are used in clocks. An oscil-
lating voltage is applied to the crystal, causing it to vibrate at its natural frequency. Since these crystals can be
made to very accurate dimensions, the natural frequency is very well defined and hence provides excellent
control of the clock speed.
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8.5.2 Strain-Gage Accelerometers

An alternative type of accelerometer uses strain gages as the sensing elements. One
type is shown in Figure 8.31. As the base is accelerated, the force accelerating the mass
is transmitted through the cantilever beam. The bending of this beam is sensed with
strain gages, which are normally of the semiconductor type, to maximize sensitivity. A
Wheatstone bridge is formed with four active gages, two on the top of the beam and two
on the bottom.A damping fluid may fill the housing to damp oscillations.They are avail-
able in ranges up to Strain gage accelerometers will respond properly to a
steady acceleration. However, they normally have a low natural frequency and usually
have usable upper frequency limits of a few hundred hertz. Some have upper frequency
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limits as high as 1 to 2 kHz, but this is considerably lower than the limit for piezoelectric
transducers. Strain-gage accelerometers are significantly less expensive than piezoelec-
tric accelerometers. There are other sensors that can be used for accelerometers—the
motion of the mass can be sensed with potentiometers, LVDTs, or capacitive sensors.
These devices are usually used for fairly low frequencies.

8.5.3 Servo Accelerometer

Another type of accelerometer is the servo accelerometer, shown schematically in
Figure 8.32. In this device acceleration causes the pendulous mass to move slightly.This
motion is sensed, and, using a feedback network, a voltage is generated that drives the
torque motor, causing the pendulous mass to move back close to its initial position.The
required torque is proportional to the acceleration. The voltage used to drive the
torque motor is thus a measure of the acceleration. Servo accelerometers are very
accurate and are frequently used in aircraft navigation systems and satellite control
systems. They can be obtained for linear acceleration ranges up to and can also
be used to measure angular acceleration. They are used primarily for steady and low
frequencies since they have low natural frequencies, usually less than 200 Hz.

8.5.4 Vibrometer

An instrument that is used to measure ground motion in earthquakes and sometimes
to measure vibration in machines is the vibrometer, shown in Figure 8.33.Although the
basic components are the same as in piezoelectric and strain-gage accelerometers, the
mode of operation is different. The spring is actually quite soft, and as the housing
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Vibrometer.

moves, the mass remains approximately stationary. The relative motion, y, is large and
is sensed with a potentiometer or LVDT. These devices are used to measure vibrations
with frequencies that are high relative to the natural frequency of the spring–mass sys-
tem, which is often less than 1 Hz. Although acceleration and displacement are related
mathematically, the vibrometer effectively measures the displacement of the base
rather than the acceleration. Thus, these devices are most sensitive to vibrations with
moderate frequencies and fairly large displacement amplitudes. High-frequency vibra-
tions usually have relatively small values of displacement amplitude and are better
measured with accelerometers.

8.6 MEASURING FORCE

8.6.1 Load Cells

Virtually any simple metal structure will deform when subjected to a force, and as long
as the resulting stresses are below the material yield stress, the deflection and
resulting strains will be linear functions of the applied force:

(8.32)

(8.33)

In these equations, the C’s are constants determined from analysis or calibration. The
most common force-measuring devices are strain-gage load cells.A wide variety of sim-
ple structures are used for this purpose; two common designs are shown in Figure 8.34.
Figure 8.34(a) shows a cantilever beam instrumented with four strain gages—two on
the top and two on the bottom.These four gages form the Wheatstone bridge and offer
effective temperature compensation. The output of the bridge will be four times the
output of an individual gage. (See Section 8.1.2.)

The hollow-cylinder load cell [Figure 8.34(b)] also uses four strain gages and is also
temperature compensated. As the cylinder is compressed, it not only becomes slightly
shorter but also becomes slightly larger in diameter.As a result, two of the gages measure

F = C2P

F = C1d

1P2 1d2
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the axial compression; the other two are mounted transversely and measure the tensile
diametral strain. Since the transverse strain is only Poisson’s ratio times the axial strain,
the output is less than four times the output of a single axial strain gage. For a value of
Poisson’s ratio of 0.3, the output will be about 2.6 times the output of a single axial strain
gage. Commercial load cells are available with ranges from ounces up to several hundred
thousand pounds. Due to their simple design, any range can be readily manufactured.

Unlike accelerometers, it is not useful to specify the frequency response of com-
mercial load cells. This is because the mass and flexibility of the instrumented system
control the dynamic response. Furthermore, an installed load cell will add flexibility to
the system and also affect the dynamic response. If the flexibility of strain-gage load
cells is too high, load cells using piezoelectric sensors, which are much stiffer (see
Section 8.5), are commercially available.

Example 8.7

A hollow-cylinder load cell of the type shown in Figure 8.34 (b) has an outside diameter of 1 in.
and a wall thickness of 0.040 in. It is made of aluminum with a modulus of elasticity of

and Poisson’s ratio of 0.3.What axial force is necessary to produce an axial stress
of 20,000 psi? What will be the electrical output with this force if we have four active gages, each
with a nominal resistance and a gage factor of 2.06, and a 10-V power supply?

Solution: The axial stress is simply the force over the cross-sectional area:

This is a uniaxial stress situation, so we can use Eq. (8.1) to compute the axial strain. The axial
strain is then Based on Eq. (8.6), the trans-
verse strain is then Referring to Figure 8.5, we will use the two-0.3 * -2000 = 600 mstrain.

Pa = s/E = -20,000/10 * 106 = -2000 mstrain.
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axial gages in positions and and the two transverse gages in positions and For each
axial strain gage, the change in resistance can be obtained from Eq. (8.8). For gage the change
in resistance is

Using the same method, and 
These values can be substituted in Eq. (8.23):

8.6.2 Proving Rings

When calibrating small force-measuring devices, it is usually possible to use a set of
accurate weights. This is not practical for larger forces, 50,000 lb for example. A useful
device for these larger forces is the proving ring (Figure 8.35), which is a simple metal
ring distorted by a transverse load. Due to the simple geometry, proving rings can be
manufactured accurately and the force–deflection relationship determined from analy-
sis. Based on Roark and Young (1989), for a thin ring loaded as shown in Figure 8.35,
the relationship between the vertical deflection and the force F is given by

(8.34)

where E is the modulus of elasticity, I is the moment of inertia of the cross section of
the ring, and R is the radius from the ring center to the centroid of the ring cross sec-
tion. Thick rings require a more complicated formulation.
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Proving ring for force measurement.
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8.7 MEASURING ROTATING SHAFT TORQUE

It is frequently necessary to measure the torque and power associated with rotating
machines, such as pumps, turbines, electric motors, electric generators, and internal-
combustion engines. To obtain power, it is necessary to measure shaft speed and shaft
torque. Shaft speed measurement was discussed earlier in this chapter. In this section
we discuss the measurement of the torque applied to rotating shafts.

The most versatile device for determining the shaft torque of rotating machines is
the electric-motoring dynamometer, shown in Figure 8.36. This dynamometer can be
used either to power an energy-absorbing device such as a pump (motoring mode) or
to absorb power from an energy-producing device such as an engine. In the absorption
mode, the dynamometer functions as an electric generator, and the absorbed energy is
dissipated in a connected resistor bank. In the powering mode, the dynamometer func-
tions as an electric motor, and the supplied energy is obtained from a dc power supply.

As shown in Figure 8.36, a dc electric motor/generator is mounted in bearings
into a support cradle. The motor would be free to turn relative to the cradle if it were
not for the torque arm, which attaches to the cradle through a force-measuring device.
Hence any torque applied to the motor/generator shaft produces a reaction in the
motor/generator body that can be sensed by multiplying the force in the force-sensing
device by the moment arm to the motor/generator axis. The motor/generator itself is
constructed in the same manner as other dc machines.

The main disadvantage of electric-motoring dynamometers is that they are phys-
ically large in size and quite expensive when the rated power is high.When only energy
absorption is required, the eddy-current dynamometer is often preferable. It is rela-
tively compact even for power levels of 1000 hp or more. As shown in Figure 8.37, the
eddy-current dynamometer physically resembles the electric-motoring dynamometer.
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Electric-motoring dynamometer.
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Eddy-current dynamometer.

Instead of generating an electric current that is transferred to a resistor bank, the elec-
tric current circulates in the iron in the rotor and the internal magnetic structure, where
it is dissipated. These internal currents are known as eddy currents. The rotor has a set
of radial lobes (somewhat like a gear). In the stationary portion of the device a dc-pow-
ered coil creates a magnetic field that passes through the stationary stator structure
and through the lobes of the rotor. As the rotor turns, the reluctance of the magnetic
circuit changes, causing the magnetic field to fluctuate. These fluctuating fields gener-
ate currents within the rotor and stator, which dissipate due to electrical resistance.The
dissipated energy is carried away with cooling water. In smaller units, only the strator is
cooled. In larger units, water also flows over the rotor.

The magnetic field produces a drag on the rotor, which results in a torque being
applied to the dynamometer body, which is resisted by the torque arm. The magnitude
of the torque can be controlled by varying the dc current flow through the electric coil.
The fact that eddy-current dynamometers cannot supply power to the tested device
has become a major disadvantage in recent years as exhaust emissions have become a
major concern. In parts of the engine emissions testing process, the vehicle is coasting
and the engine is actually absorbing power. If this mode is not of concern, eddy-current
dynamometers are probably the best choice for testing moderate and high-horsepower
internal-combustion engines.

Two other types of absorption dynamometers are frequently used. One is the
prony brake, which dissipates energy with mechanical friction. One design resembles
an automotive disk brake. Prony brakes are usually limited to a few horsepower and
are not as stable as eddy-current dynamometers in controlling shaft speed. The other
common absorption dynamometer is the hydraulic dynamometer or water brake. In
this device a rotor with vanes is used to churn water, which flows through a chamber.
The water is heated in the process. Hydraulic dynamometers are less expensive than
eddy-current dynamometers and can absorb substantial power. They are, however, less
capable than eddy-current dynamometers in providing stable speed control.
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If other devices can be used to supply or absorb power, shaft torque can be mea-
sured with shaft torque meters. One relatively simple device is shown in Figure 8.38.
The input and output shafts are connected with a torsional spring such that there is a
relative angular displacement between the input and output shafts. This displacement
is displayed on a scale on two parts of the housing, which are connected to the input
and output shafts, respectively. Since the entire device is rotating, it is necessary to use
a stroboscope to read the scale. The main disadvantage of this device is that it cannot
be read remotely.

A shaft torquemeter that can be read remotely is shown in Figure 8.39. In this
device the input and output shafts are connected with a cylinder in torsion. Strain
gages that produce output in response to the torque are attached to the cylinder. The
signal is transmitted to the stationary housing through slip rings and brushes.
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PROBLEMS

8.1 A strip of cast iron is 8 in. long and has a cross section of 1.0 by 1/16 in. It is subjected to an
axial load of 1000 lb.Two strain gages are attached to the surface, one in the axial direction
and one in the transverse direction. The axial gage indicates a strain of and
the transverse gage indicates a strain of (compression). Estimate the modu-
lus of elasticity and Poisson’s ratio for this material.

8.2 A strain gage has a nominal resistance of and a gage factor of 2.09. If it is used in a
quarter bridge with the other resistors being and with a supply voltage of 2 V, what
will be the strain if is 12.5 mV?

8.3 A strain gage has a nominal resistance of and a gage factor of 2.00. It is used in a
quarter bridge, with the other resistors being The power supply voltage is 3 V. If the
active gage is subjected to a strain of what will be the bridge output voltage?

8.4 Two strain gages with a nominal resistance of (each) and a gage factor of 2.10 are used
in a half-bridge (resistors and in Figure 8.5), with other unstrained gage resistors being

The supply voltage is 5 V. Calculate the microstrain if the output voltage is 20 mV.
8.5 In Problem 8.4, the bridge is balanced at 20°C. Calculate the error in the reading of the

output (both voltage and strain) if the temperature of the strained gages decreases to
while the temperature of the unstrained resistors remains unchanged. The appar-

ent resistance of these strain gages changes 0.5%/°C. How can we eliminate this error?
Neglect the change in S.

8.6 In Problem 8.4, suppose the four lead wires connecting the strained gages to the bridge
have a resistance of each. Calculate the error in reading the output (both voltage and
strain) due to the connecting wires. How can we eliminate this error?

8.7 Three legs of a Wheatstone bridge have resistances of and the fourth leg has a resis-
tance of The power supply is 3 V.Determine the output voltage and the loading error
produced by measuring the output with a voltmeter having an input impedance of 

8.8 Three legs of a Wheatstone bridge have resistances of and the fourth leg has a
resistance of The power supply is 5 V. Determine the output voltage and the
loading error produced by measuring the output with a voltmeter having an input imped-
ance of 50 kÆ.

120.20 Æ.
120.00 Æ,

50 kÆ.
119.11 Æ.

120.00 Æ,

2 Æ

-40°C

120 Æ.
R3R1

120 Æ
2500 mstrain,

120 Æ.
120 Æ

Vo

120 Æ
120 Æ

-286 mstrain
1143 mstrain
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8.9 An electrical resistance strain gage has a gage factor of 2 and a resistance of If this
gage is connected to lead wires with a combined resistance of what will be the effec-
tive gage factor for the combined system?

8.10 An electrical resistance strain gage has a gage factor of 2.10 and a resistance of If
this gage is connected to lead wires with a combined resistance of what will be the
effective gage factor for the combined system?

8.11 A strip of high-strength steel has a length of 30 cm and a cross section of 1 mm by 20 mm.
The modulus of elasticity is 200 GPa, and Poisson’s ratio is 0.27. It is subjected to an axial
load of 15,000 N, and it is instrumented with two axial strain gages, with and a
gage factor of 2.10. These two gages are connected into opposite legs of a Wheatstone
bridge ( and in Figure 8.5). The two fixed resistors are also and the supply
voltage is 2.5 V. The bridge is adjusted to zero-voltage output before the load is applied.
Find the output of the bridge with the load applied.

8.12 In measuring the strains applied to a symmetrical I-beam, a full bridge is used. Two strain
gages are attached to the upper flange and two to the lower flange at the same axial sec-
tion. The nominal resistance of each gage is the gage factor of each is 2.00, and the
supply voltage is 10 V.

(a) Calculate the strains in the upper and lower flanges if the beam is subjected to a
bending load and the bridge output voltage is 60 mV.

(b) If the temperature of the gages changes (by the same amount), will the temperature
change introduce any error in the results? Why?

8.13 In measuring the strains applied to a symmetrical I-beam, a full bridge is used. Two strain
gages are attached to the upper flange and two to the lower flange at the same axial sec-
tion. The nominal resistance of each gage is the gage factor of each is 2.05, and the
supply voltage is 5 V.

(a) Calculate the strains in the upper and lower flanges if the beam is subjected to a
bending load and the bridge output voltage is 40 mV.

(b) If the temperature of the gages change (by the same amount), will the temperature
change introduce any error in the results? Why?

(c) Can the same configuration of the strain gages be used to measure strain due to an
axial force on the beam? Why?

8.14 Four strain gages are attached to a cantilevered beam and are used to measure a load F as
shown in Figure P8.14. Sketch a Wheatstone bridge, and show how the four gages are
located to give maximum output.

120 Æ,

1.20 Æ,

120 Æ,R3R1

R = 120 Æ

5 Æ,
120 Æ.

10 Æ,
120 Æ.

Gages c & d

FGages a & b

�

FIGURE P8.14

8.15 The metal strip in Problem 8.11 is instrumented with four of the same types of strain gages.
Two gages are located axially and correspond to and in Figure 8.5. The other two
gages are located transversely and correspond to and in Figure 8.5. What will be the
bridge output with the same axial load as in Problem 8.4?

R4R2

R3R1
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8.16 In Problem 8.2, the systematic uncertainty in the variables are

Estimate the systematic uncertainty in the measured strain assuming that the bridge is bal-
anced before taking the reading.

8.17 In Figure 8.5, assume that is an unstrained temperature-compensating gage that shows
a variation and that is an active gage of the same type that shows a
variation The subscript i indicates the unstrained value at the
reference temperature, and the subscripts t and s indicate the temperature and strain
effects, respectively.Assuming that the temperature variations are the same,
show that Eq. (8.22) is still valid.

8.18 An installed strain gage has the temperature characteristics shown in Figure 8.6, a nominal
resistance of and a nominal gage factor of 2.05. It is installed in a quarter-bridge
arrangement with a 3-V power supply and the bridge is adjusted to provide a zero output.The
system to which the gage is attached is heated to 300°C without any stress applied at 20ºC.

(a) What will be the bridge output?
(b) If the structure is now strained to a value of with the temperature at

300°C, what will be the bridge output?

8.19 A strain gage is carefully matched with three fixed-bridge resistors, each having a resis-
tance of The gage factor is 2.05, and the bridge supply voltage is 3.00 V. The strain
gage is installed on a structure and connected to the bridge with a pair of 15 m leads with
a resistance of 

(a) What will be the apparent strain before application of the load?
(b) If the structure is then strained to what will be the bridge output

voltage?

8.20 A strain gage is carefully matched with three fixed-bridge resistors, each having a resis-
tance of The gage factor is 2.00, and the bridge supply voltage is 3.00 V. The strain
gage is installed on a structure and connected to the bridge with a pair of 40-ft leads with
a resistance of 

(a) What will be the apparent strain before application of the load?
(b) If the structure is then strained to what will be the bridge output voltage?

8.21 For the system described in Problem 8.2, what amount of strain will cause the nonlinearity
error to be 1%?

8.22 What are the potential sources of error in measuring strain with strain gages? How can
these errors be minimized?

8.23 If the random uncertainties in the supply and output voltages in a quarter-bridge mea-
surement of strain are 0.1% and 0.3%, respectively, determine the random uncertainty of
the measured strain. Assume that the resistors are measured accurately.

8.24 Consider a linear potentiometer in which the resistor has a value of and
the input voltage is 90 V (independent of any loading). If the output is connected to a load
of prepare a plot of versus x/L. Is it a straight line?Vo5000 Æ,

1000 Æ1R1 + R22

1000 mstrain,

0.026 Æ/ft.

120 Æ.

800 mstrain,

0.10 Æ/m.

120 Æ.

500 mstrain

360 Æ,

¢R3t = ¢R2t,

R3 = R3i + ¢R3t + ¢R3s.
R3R2 = R2i + ¢R2t

R2

Strain-gage resistance
Strain-gage factor
Bridge resistors
Supply voltage
Output voltage ;0.3%

;0.2%
;0.1%
;0.5%
;0.15%
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8.25 In Problem 8.24, what will be the power dissipated in the potentiometer when the slider is
at the center of its travel? What might you do to reduce the power dissipation, and what
might be the consequences?

8.26 An angular potentiometer has a resistance range of for an input rotation of 300
degrees. The output-voltage measuring device has an input impedance (take it as resis-
tance) of The supply voltage is 5 V.

(a) Derive the equation for calculating the systematic error (i.e., drop in voltage) due to
low impedance of the output measurement device.

(b) At what angle, does the maximum error occur?

8.27 The following data have been taken for the calibration of an LVDT. Using a least-squares
fit, calculate the calibration constant (V/in.) for a linear calibration curve and the maxi-
mum error.

10 kÆ.

0–500 Æ

8.28 The following data have been taken for the calibration of an LVDT. Using a least-squares
fit, calculate the calibration constant (V/in.) for a linear calibration curve, the maximum
error, and the mean deviation of the measurements.

8.29 A capacitive sensor consists of two parallel 1-cm-square plates separated by a distance of
0.2 mm.

(a) Find the capacitance in pF.
(b) If the plates are displaced in a normal direction, find the sensitivity in pF/mm.
(c) If the plates are displaced in a parallel direction, estimate the sensitivity in pF/mm.

8.30 Consider the two types of capacitive displacement sensors discussed in Section 8.2.3.

(a) Which of the two configurations provides a linear relation between the input and the
output of the sensor?

(b) Derive the formula for sensitivity of output (capacitance, in farads) with respect to
distance between the capacitor plates [Fig. 8.18(a)]. How can this sensitivity be
increased?

(c) Derive the formula for sensitivity of output (capacitance, farads) with respect to over-
lapping area of the capacitor plates [Fig. 8.18(b)]. How can this sensitivity be
increased?

8.31 Repeat Problem 8.29 if the plates are 0.5 cm square and are separated by 0.1 mm.
8.32 An angular digital encoder has 8 bits in each sector. What is the angular resolution?
8.33 An accelerometer has produced the following results for the acceleration of an object.

Find the velocity of the object at 30 s if its initial velocity is zero. What distance will it
travel in the period shown?

Displacement (cm) 0.00 1.25 2.50 3.75 5.00

Output (V) 0.10 0.65 1.32 1.95 2.70

Displacement (in.) 0.00 0.50 1.00 1.50 2.00

Output (V) 0.15 0.63 1.30 1.92 2.65

Time (s) 0 5 10 15 20 25 30

Acceleration 5 5.5 6.1 6.7 7.5 8.5 9.61m/s22
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8.34 A policeman standing on the side of a road measures the speed of a car moving at 120
km/hr with a Doppler radar gun.The Doppler frequency is 10,000 MHz.The measurement
of speed is based on a straight-line assumption, while the actual angle of measurement is
close to 10 degrees. Calculate the error in the apparent speed of the car.

8.35 A magnetic pickup is used to detect the shaft speed of a turbocharger.A standard hexago-
nal nut is used to excite the pickup. If the shaft is turning 50,000 rpm, how many positive
pulses will be created per second? By what number should the number of counts in a sec-
ond be multiplied to produce a result in rpm?

8.36 A magnetic pickup is used to detect the shaft speed of a turbocharger.A standard hexago-
nal nut is used to excite the pickup. If the shaft is turning 100 revolutions per second, how
many positive pulses will be created per second? By what number should the number of
counts in a second be multiplied to produce a result in rpm?

8.37 To measure the speed of a variable-speed motor, a hexagonal sleeve is fitted on its shaft to
drive a magnetic pickup. The output on an oscilloscope screen shows 20 positive peaks in
four divisions. The scope setting is 0.5 s/div. Calculate the shaft speed in rpm.

8.38 A magnetic pickup is excited by the rotation of a gear with 12 teeth on the shaft. The shaft
rotates at 3000 rpm. How many cycles per second do you expect to be displayed by an
oscilloscope that is used to indicate the signal?

8.39 A magnetic pickup is excited by the rotation of a gear with 12 teeth on the shaft. The posi-
tion of the teeth can be off by degrees. Calculate the uncertainty in the speed of the
shaft at 300 rpm if we measure the period of individual cycles.

8.40 A magnetic pickup is excited by the rotation of a gear with 6 teeth on the shaft. The posi-
tion of the teeth can be off by degrees. Calculate the uncertainty in the speed of the
shaft at 200 rpm if we measure the period of individual cycles.

8.41 A strobotachometer (strobe) is shined at a disk rotating at 3000 rpm. The disk has a single
circumferential mark for speed measurements.

(a) How many marks will you see if the strobe flashing rate is 3000 per minute?
(b) Repeat part (a) for flashing rates of 1000, 1500, 6000, and 9000 flashes/min.

8.42 Suggest a procedure for obtaining the correct rpm value when using a stroboscopic
tachometer.

8.43 In a photoelectric tachometer, 24 equally spaced reflectors have been placed on a disk.
Calculate the rpm of the disk if 600 cycles per second are detected.

8.44 An aluminum cylindrical strain-gage load cell [Figure 8.34(b)] is to be specified to mea-
sure a force of 100,000 lb.The maximum stress in the metal is to be 20,000 psi, the modulus
of elasticity is and Poisson’s ratio is 0.33. What must be the wall thickness of
a 6-in.-OD cylinder. If it is instrumented with four active strain gages (two axial, two trans-
verse) with and the power supply is 10 V, what will be the output at
maximum load?

8.45 An aluminum cylindrical strain-gage load cell [Figure 8.34(b)] is to be specified to mea-
sure a force of 400,000 N. The maximum stress in the metal is to be 100,000 kPa, the mod-
ulus of elasticity is kPa, and Poisson’s ratio is 0.33. What must be the wall
thickness of a 15 cm OD cylinder. If it is instrumented with four active strain gages (two
axial, two transverse) with and the power supply of 10 V, what will be
the output at maximum load?

8.46 If the strain gages in Problem 8.44 have the temperature characteristics shown in Figure
8.6, what will the change in output be for a 180°C increase in the temperature of the load
cell (initially at 20°C)?

S = 2.1, R = 400 Æ,

6.55 * 107

S = 2.1, R = 350 Æ,

9.5 * 106 psi,

;0.2

;0.5
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8.47 The following data are available from the calibration of a strain-gage load cell:

If the power supply is 6 V, determine the calibration constant in mV/N-V (i.e., mV/N per
power supply volt). If the voltage of the power supply is doubled, what is the input load for
an output of 1.50 mV?

8.48 The following data are available from the calibration of a strain-gage load cell:

Load (N) 0.00 10.00 25.00 50.00 100.00

V (mV) 0.12 0.27 0.53 1.100.00

Load (lb) 0.00 2.00 5.00 10.00 20.00

V (mV) 0.10 0.26 0.53 1.05-0.02

If the power supply is 6 V, determine the calibration constant in mV/lb-V (i.e., mV/lb per
power-supply volt). If the voltage of the power supply is doubled, what is the input load for
an output of 1.50 mV?

8.49 A steel proving ring has a radius R of 4 in. and a moment of inertia I of The
modulus of elasticity of the steel is Find the deflection for a load of 300 lb.

8.50 An internal-combustion engine is driving an electric dynamometer.The torque arm length
is 0.5 m (from the axis) and the force is 200 N. A tachometer indicates that the shaft speed
is 3490 rpm. What are the engine torque and power output?

8.51 An internal-combustion engine is driving an electric dynamometer.The torque arm length
is 0.6 m (from the axis) and the force is 240 N. A tachometer indicates that the shaft speed
is 3620 rpm. What are the engine torque and power output?

8.52 An electric motor is tested on an electric dynamometer. The torque arm 15 in (from the
axis) and the force is 200 lbf.The speed of the motor is measured at 1760 rpm.What are the
engine torque in ft. lbf and motor power in hp?

8.53 A hydraulic dynamometer is used to measure the power of a small motor. The speed and
torque are measured to be 2000 rpm and 20 N-m, respectively. Calculate the amount of
mechanical energy that dissipates into the water in one hour.

8.54 An automotive engine is estimated to produce a maximum of 600 N-m of torque and can
operate at up to 5500 rpm. Select a suitable power specification for a dynamometer to test
this engine.

8.55 An automotive engine is estimated to produce a maximum of 450 ft.lbf of torque and can
operate at up to 5000 rpm. Select a suitable power specification for a dynamometer to test
this engine.

8.56 Why are eddy-current dynamometers not used for accurate simulation of driving cycles of
automobile internal-combustion engines? What type of dynamometer would you recom-
mend for this type of application?

d29 * 106 psi.
0.0045 in4.



284

9
Measuring Pressure,
Temperature,
and Humidity

In this chapter, we provide the technical basis for common systems used to measure
pressure, temperature, and humidity. The most common devices for measurements are
included, but it should be noted that other devices are also used in engineering prac-
tice. Also included in this chapter is an introduction to the technology of fiber-optic
measurement systems, which includes sensors for pressure and temperature as well as
other measurands.

9.1 MEASURING PRESSURE

Pressure is measured in three different forms: absolute pressure, gage pressure, and dif-
ferential pressure. Absolute pressure is that used in thermodynamics to determine the
state of a substance. Gage pressure is the pressure relative to the local ambient air
pressure. Differential pressure is simply the difference in pressure at two points in a
system. Devices are available to measure pressures directly in each form. Although
some devices measure absolute pressure directly, it is common to make two measure-
ments with two devices—one to determine the ambient absolute pressure and a second
to determine the gage pressure. The absolute pressure is then

(9.1)

In the English unit system, absolute, gage, and differential pressures are normally stated
in units of pounds per square inch in the form psia, psig, and psid, respectively. In the SI
unit system, pressure is expressed in pascals (or kilopascals) with the word absolute,
gage, or differential addended. One pascal is a pressure of 1 newton per square meter.

9.1.1 Traditional Pressure-Measuring Devices

Three traditional pressure-measuring devices that have no electrical output are still
widely used and deserve mention. The manometer and the bourdon gage are used
because they enable a pressure to be read very quickly (and reliably), and the third
device, the dead-weight tester, is valuable for use in the calibration of other pressure-
measuring devices. None is suitable for dynamic measurements.

pabs = pgage + pambient

CHAPTER
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FIGURE 9.1

U-tube manometer.

Manometers The simplest manometer is the U-tube manometer, shown in
Figure 9.1. It consists of a U-shaped transparent glass or plastic tube partially filled
with a liquid. The sensing lines of the pressures to be sensed are connected to the tops
of the tubes. The device is used readily for measuring either differential or gage
pressure for either liquids or gases. If the fluid being sensed is a liquid, then the
manometer fluid must be both denser than the sensed fluid and be immiscible with it.
The fluids should also have different colors so the interface (meniscus) is readily
visible. The pressure difference at the top of the manometer can be computed from

(9.2)

where is the difference in the levels of the two interfaces (given by the symbol R),
is the manometer liquid density, is the density of the sensed fluid, and g is the

acceleration of gravity. For gases, is very small relative to and can be neglected,
giving

While pressure has units of psi or Pa, it is common to express pressure as a height of
a fluid column. If a pressure is divided by the result has the unit of height. For example,
in the English unit system, if we use the density of water, the pressure can be expressed as
feet of water or inches of water.Atmospheric absolute pressures are usually expressed this
way—30 in. or 760 mm of mercury, for example. When a pressure is expressed as the
height of a fluid column, it is also necessary to know the temperature of the fluid since this
affects the density. For example, the density of water varies 0.75% between 10 and 40°C. It
is common to use the density of water at or It is also com-
mon to specify the density of a fluid using the term specific gravity, S, which is the ratio of
the fluid density to the density of water at a specified temperature (usually 4°C).

Manometers are normally accurate devices even without calibration. The main
factors affecting accuracy are the scale and density of the manometer fluid. Scales can

62.43 lbm/ft3.4°C, 1000 kg/m3

rg,

¢P = Rgrm.
rmrs

rsrm

¢h

¢P = P1 - P2 = ¢hg1rm - rs2 = Rg1rm - rs2
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Well-type manometer.

be constructed accurately, and they maintain their accuracy with time. Fluid densities
are also well known and can be readily checked.Thermal expansion will affect both the
scale and the fluid density, but analytical corrections can be made to eliminate errors.

U-tube manometers are rather inconvenient since it is necessary to read the loca-
tions of the two interfaces. A common variation, a well-type manometer, is shown in
Figure 9.2. In this configuration, the cross-sectional area of the well is very large rela-
tive to the area of the transparent tube, and when a pressure is applied, the change in
surface elevation of the well is extremely small compared to the elevation change in
the tube.As a result, only one reading is required.These devices have an adjustment, so
the reading is zero when there is no pressure differential applied. In using well
manometers for gases, Eq. (9.2) can be used directly since For liquids, the
applicable formula is more complicated since the well port and the column port are not
at the same elevation. For liquid applications, the user should follow manometer analy-
sis as given in White (1999).

Manometers can be used for a rather limited range of pressures. The most dense
fluid normally available is mercury, with a density 13.6 times that of water. For a device
height of 10 ft (a ladder is required to read it), the maximum pressure difference is
about 4 atm. With other fluids, such as light oils, differential pressures as low as 0.5 in.
of water can be measured with a resolution of the order of 

For somewhat lower pressure differentials, a manometer called an inclined
manometer (Figure 9.3) has increased sensitivity and will improve accuracy due to
improved resolution. These can be used to measure small differential pressures as low
as 0.1 in. of water column.The slanting tube makes a small change in fluid height cause
a large displacement in the direction of the transparent tube. For gases,

(9.3)¢P = ¢h rg = R sin u rg

;0.02 in.

rs L 0.
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Inclined manometer.

where R is the reading and is the angle between the manometer tube and the hori-
zontal direction. An oil with density lower than water is generally used. In most cases,
the scale on the manometer is stretched so that readings are in the appropriate pres-
sure units. As for the vertical well manometer, the formula is more complicated if the
sensed fluid is a liquid. The reader may refer to White (1999) for details.

Most laboratories also contain a barometer for determining absolute atmos-
pheric pressure (Figure 9.4). This device is essentially a well-type manometer in which
one leg is evacuated so that the pressure on that leg is mercury vapor pressure. While
barometers read directly in inches (or mm) of mercury, a small temperature correction
has to be made to account for the vapor pressure of mercury and differential thermal
expansion of the mercury and the measuring scale.

There are a number of other variations of manometers, which can be used for
higher or lower pressures than discussed here. For higher pressures, nonmanometric
devices such as pressure transducers (discussed later) are usually preferable to mano-
metric devices. A variety of devices called micromanometers are used for low pres-
sures. For vacuum (very low) pressures, a manometric device called a McLeod gage is
often used. (See Section 9.1.3.)

Example 9.1

A gas-pressure difference of 125 kPa is applied to the legs of a U-tube manometer.The manome-
ter contains mercury with a specific gravity of 13.6. Determine the reading of the manometer.

Solution: Using Eq. (9.2), with we obtain

= 0.938 m

R =
¢P
rmg

=
¢P

Srwaterg
=

125,000

13.6 * 1000 * 9.8

rs = 0,

u
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Mercury barometer.

Example 9.2

A pressure is given as 58 psi. What is this pressure expressed as inches of mercury 
and feet of water?

Solution: Using Eq. (9.2) with yields

For inches of mercury, this becomes

Similarly, for feet of water, we have

Comment: Note that we had to make two unit conversions in this problem. First, we converted
psi to and then we had to introduce to convert the lbm in the density.gclbf/ft2

¢h =
58

lbf
in2 144

in2

ft2 32.17
lbm - ft

lbf - sec2

62.43
lbf
ft3 32.17

ft
sec2

= 133.8 ft H2O

¢h =
58

lbf
in.2

144
in2

ft2 32.17
lbm - ft

lbf - sec2

13.6 * 62.43
lbm
ft3 32.17

ft
sec2

= 9.84 ft Hg = 118.0 in Hg

¢h =
¢P
rg

rs = 0

1S = 13.62
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Example 9.3

A gas pressure is applied to the well port of a well-type manometer. The column port is open to
atmosphere and the manometer fluid has a specific gravity of 2.0. If the reading is 47.5 cm, find
the applied pressure.

Solution: Using Eq. (9.2), we obtain

Example 9.4

It is desired to design an inclined manometer to measure a gas pressure between 0 to 3 in. of
water column with a resolution of 0.01 in.The manometer fluid is water, and it is possible to read
the sloping scale to a resolution of 0.05 in. What should be the angle and how long must the
inclined tube be?

Solution: The angle can be determined from the resolution requirement; 0.01 in. vertically cor-
responds to 0.05 on the slanting tube. Hence Since the total rise is 3
in. in the length of the tube,

Bourdon Gage A very common pressure-measuring device, the Bourdon gage,
is shown in Figure 9.5. It is a simple device for obtaining rapid readings of fluid
pressures. The basic principle of operation is that a curved, flattened tube (Bourdon
tube) will attempt to straighten out when subjected to internal pressure.The end of the
tube is connected with a linkage to a rotary dial indicator. Relatively inexpensive
Bourdon gages can be obtained to measure a wide range of pressures from low
vacuums up to 1500 atmospheres or more. The less expensive devices are not normally
highly accurate—uncertainties of up to 5% of full scale are common. The accuracy of
the more expensive gages can be quite good—on the order of 0.5% of full scale.
Bourdon tubes are sometimes used as remote pressure-sensing devices. The deflection
of the tube is sensed with an LVDT or potentiometer, which transmits an electrical
signal to the data-acquisition location.

Dead-Weight Tester The dead-weight tester, shown schematically in Figure 9.6,
is a device that is often used to calibrate other pressure-measuring devices at moderate
to high pressures. The pressure-measuring device to be calibrated senses the pressure
of oil contained in a chamber. A piston–cylinder arrangement is attached to the top of
the chamber, and weights can be placed on the piston. A separate screw and piston can
be used to adjust the volume of the chamber so that the weighted piston is in the
middle of its possible movement range. The fluid pressure is then the weight of the
piston–weight assembly divided by the piston area. The device is very accurate since
the piston area and the value of the weight can be determined very accurately. There
will be a slight clearance between the piston and the cylinder, and in some cases

sin u = 3/L, L = 15 in.
sin u = 0.01/0.05, u = 11.5°.

u,

P1 = 9.31 kPa
P1 - P2 = P1 - 0 = Rgrm = 0.475 * 9.8 * 2.0 * 1000
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corrections should be made for the fluid flowing in this gap. Some dead-weight testers
use gases such as nitrogen as the working fluid; hence, they are cleaner to operate and
avoid oil contamination of the tested device.

9.1.2 Pressure Transducers

A very common and relatively inexpensive device used to measure fluid pressure is the
diaphragm strain-gage pressure transducer, sketched in Figure 9.7. The test pressure is
applied to one side of the diaphragm, a reference pressure to the other side, and the
deflection of the diaphragm is sensed with strain gages. In the most common design, the
reference pressure is atmospheric, so the transducer measures gage pressure. In some
cases the reference side of the transducer is sealed and evacuated so that the transducer
measures absolute pressure. Finally, both sides of the transducer can be connected to
different test pressures so that the measurement is of differential pressure. Transducers
for these three applications have slightly different construction details.

In the past, the diaphragm was usually made of metal, and foil strain gages were
used. More recently, it has become common to make the diaphragm of a semiconduc-
tor material (usually silicon) with semiconductor strain gages formed into the
diaphragm. This is a less expensive construction technique, and since semiconductor
gages have high gage factors, the sensitivity is improved. The silicon is subject to corro-
sion by some fluids, and as a result it is common to include an additional corrosion-
resistant metal diaphragm with the regions between the two diaphragms filled with a
fluid. Normally, the Wheatstone-bridge signal conditioner is built into the transducer
(all branches of the bridge are active gages), and the strain gages are connected to give
temperature compensation, as discussed in Section 8.1.2. Most strain-gage pressure
transducers produce a dc output in the millivolt range, but some include internal ampli-
fiers and have outputs in the range 0 to 5 or 0 to 10 V. The higher-voltage output units
are less susceptible to environmental electrical noise.

Pressures can also be sensed with LVDT devices. Figure 9.8 shows an arrange-
ment with a flexible chamber called a capsule and an LVDT to sense the displacement.
This design is more expensive than those using strain-gage sensors but may be more
durable in an application requiring a long lifetime. Many heavy-duty pressure trans-
ducers used in the process control industry use LVDT sensors.As with LVDTs, the out-
put is a dc voltage with a range on the order of 0 to 5 or 0 to 10 V. In the process
industries, the voltage output will usually be converted to a 4- to 20-mA current for sig-
nal transmission.
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Capacitive pressure transducer.

Capacitive sensors are sometimes used in pressure transducers and are particu-
larly useful for very low pressures (as low as 0.1 Pa) since capacitive sensors can detect
extremely small deflections. A sketch of a capacitance pressure transducer is shown in
Figure 9.9.

Measuring pressures that are varying rapidly in time presents a number of tech-
nical problems. The fluid and the diaphragm (or other displacing element) form a
second-order dynamic system. As discussed in Chapter 11, if the diaphragm (or other
displacing element) is very flexible, the natural frequency will be low and the trans-
ducer output will be misleading for high-frequency pressure variations. Transducers
used for high-frequency pressure measurements, such as the combustion process in
an internal combustion engine, usually use a piezoelectric sensing element, as dis-
cussed in Chapter 8.

A schematic of a piezoelectric transducer is shown in Figure 9.10. These trans-
ducers generally use transverse-effect piezoelectric sensing elements.The piezoelectric
material is very stiff, and the transducers have a high natural frequency in many appli-
cations. Piezoelectric pressure transducers can have natural frequencies up to 150 kHz
and are usable up to about 30 kHz.

The geometry of piezoelectric transducers is different from the transducers dis-
cussed earlier—the diaphragm is of the flush-mounted type, and when the transducer
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10-6 torr10-3

10-3 torr

is installed, it comes into direct contact with the fluid in the pipe or chamber. The rea-
sons for this are twofold. If a cavity were included as in the other transducers, it might
significantly alter the measurand, due to loading. Furthermore, the natural frequency
would be reduced and the ability to respond to transients would be impaired. As dis-
cussed in Chapter 11, sensing lines affect natural frequency, making the determination
of natural frequency application dependent. Other types of pressure transducers are
also available with flush mounting, but this is often for use in dirty fluids, in which the
cavity might become plugged or difficult to clean.

9.1.3 Measuring a Vacuum

The need to measure very low absolute pressures (vacuums) exists both in the labora-
tory and in manufacturing. The freeze-drying of food is performed in a vacuum envi-
ronment, and many operations in the manufacture of computer chips are completed in
a vacuum.Vacuum absolute pressures are measured in units of torr.This unit is defined
as 1/760 of the standard atmosphere. Since the standard atmosphere is 760 mm of mer-
cury, 1 torr is 1 mmHg. Norton (1982) gives the following definitions for ranges of vac-
uum pressures:

Pressure-measuring devices described previously can be used for low and medium vac-
uum measurement. Manometers, Bourdon gages, and similar gages that use a bellows
instead of a bourdon tube and capacitive diaphragm transducers can measure vacuums
to Specialized capacitive diaphragm transducers can measure vacuums as
low as [Norton (1982)]. In this section, three specialized vacuum-measuring
devices are discussed: the McLeod gage, thermal-conductivity gages, and ionization
gages. The first is a mechanical gage useful for calibration, and the last two provide
electrical outputs.

10-5 torr
10-3 torr.
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McLeod vacuum gage. (Based on Van Atta, 1965.)

McLeod Gage The principle of operation is to compress a large volume of low-
pressure gas into a much smaller volume and then measure that pressure. A sketch of
one variation of McLeod gage is shown in Figure 9.11. Initially, the gage is connected to
the vacuum source with the mercury below point A, as shown in Figure 9.11(a).The large
chamber with volume V is filled entirely with low-pressure gas. Next, the plunger is
pushed downward until the mercury rises to level in capillary tube 2 Figure 9.11(b)]. In
the mode of operation shown here, the level of is the same as the top of capillary
tube 1. The gas originally contained in volume V has been compressed into the capillary
tube 1 and has a volume and pressure given by

(9.4)

and

(9.5)

where a is the cross-sectional area of the capillary tubes. Since we will determine the
pressure in torr, the units of the h’s are mmHg. In the range that McLeod gages are
used, the vacuum pressure, is usually negligible compared with 1h2 - h12.Pvac,

P¿ = Pvac + 1h2 - h12

V¿ = a1h2 - h12

h2

h2
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Pirani thermal-conductivity vacuum gage: (a) sensing chamber; (b) bridge circuit.

The ideal gas law relates the conditions before and after compression:

(9.6)

If the system comes into thermal equilibrium after compression, the initial and final
temperatures will be the same. Combining Eqs. (9.4) through (9.6), we obtain

(9.7)

That is, the sensed pressure is equal to the height difference squared times a constant k.
The scale can be marked to read directly in units of torr.

McLeod gages are available to measure vacuums in the range to 
They must only be used with dry gases that will not condense when compressed into
the capillary tube. McLeod gages are somewhat inconvenient to use and are useful pri-
marily for calibrating other vacuum-measuring devices.

Thermal-Conductivity Vacuum Sensors These devices are based on the fact
that the thermal conductivity of gases at low pressures is a function of the pressure.
Although these devices do not normally sense vacuums as low as the McLeod gage,
they provide an electrical output and are simple to use. A thermal-conductivity sensor
called a Pirani gage is sketched in Figure 9.12(a). A heated filament is located at the
center of a chamber connected to the vacuum source. The heat transfer from the
filament to the wall is given by

(9.8)

where is the filament temperature, is the chamber wall temperature, and C is a
coefficient that depends on the gas in the chamber, the wall temperature, the geometry
of the chamber, and the filament surface area. The vacuum pressure must be low

TwTf

q = C1Tf - Tw2Pvac

10-6 torr.10-3

Pvac =
1h2 - h12a1h2 - h12

V
= k1h2 - h122

PvacV

T
=
P¿V¿
T
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Ionization vacuum-gage circuit. (Based on
Van Atta, 1965.)

enough for the mean free path of the gas to be large compared to the dimensions of the
chamber. Details on the theoretical basis for Eq. (9.8) are given in Van Atta (1965).

One method of using a Pirani gage is shown in Figure 9.12(b), where it is placed
into a Wheatstone bridge.As the pressure decreases, the temperature difference between
the filament and the wall will increase, increasing the resistance of the filament.The out-
put of the bridge, which is a function of the sensor resistance, is thus a measure of the gas
pressure. Since the heat transfer is also a function of the ambient temperature, a sealed
reference chamber is included in the bridge for compensation. There are several designs
of thermal-conductivity gages that are usable to pressures as low as 

Ionization Vacuum Gages This sensor is based on the principle that as
energetic electrons pass through a gas, they will ionize some of the gas molecules. The
number of ions generated depends on the density of the gas and hence its pressure. An
ionization gage is shown schematically in Figure 9.13. The sensor physically resembles
the vacuum tube known as a triode, although the mode of operation is different. The
cathode is a heated filament, and the circuit creates an electron current between the
cathode and the grid. The electrons will ionize some of the gas molecules, creating
positive ions and more electrons.The electrons will be attracted to the grid but the ions
will be attracted to the plate, which is maintained at a negative voltage (unlike the
triode, where the plate is maintained at a positive voltage). The ion current and the
plate current are measured separately. The pressure can then be obtained from

(9.9)

where is the plate (ion) current, is the grid (electron) current, and s is a constant
for a given circuit. Ionization gages cannot be used at pressures greater than 
since the filament will deteriorate. However, they can measure pressures as low as

A variation of the gage described here, the Bayard–Alpert gage, can measure
pressures as low as 10-12 torr.
10-7 torr.

10-3 torr
i-i+

Pvac =
i+
si-

10-3 torr.
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9.2 MEASURING TEMPERATURE

Two traditional electric output devices for measuring temperature—thermocouples
and resistance temperature detectors (RTDs)—are still widely used, but a number of
semiconductor devices are finding applications at moderate temperatures. Traditional
mechanical measurement devices still have some applications. Noncontact devices
called radiation thermometers have traditionally been used for high temperatures but
are now widely used for lower temperatures also.

9.2.1 Thermocouples

If any two metals are connected together, as shown in Figure 9.14, a voltage is devel-
oped that is a function of the temperature of the junction. This junction of two metals
used as a temperature sensor is called a thermocouple. The voltage is generated by a
thermoelectric phenomenon called the Seebeck effect (named after Thomas Seebeck
who discovered it in 1821). It was later found that the Seebeck voltage is the sum of
two voltage effects: the Peltier effect, generated at the junction, and the Thompson
effect, which results from the temperature gradient in the wires. The general simplicity
of thermocouples has led to their very wide use as temperature-measuring sensors.

There are, however, a number of complications in their use:

1. The voltage measurement must be made with no current flow.
2. Connections to voltage-measuring devices result in additional junctions.
3. Voltage depends on the composition of metals used in the wires.

To be used for temperature measurement, there must be no current flow through the
wires and the junction. This is because current flow will not only result in resistive
losses but will also affect the thermoelectric voltages. Meeting this requirement is not a
problem today since electronic voltmeters and data-acquisition systems with very high
input impedance are readily available. Input impedance is usually greater than 
and the current draw is negligible. In the very recent past, it was necessary to use delicate
and expensive devices called balancing potentiometers for the thermocouple voltage-
measuring function.

The second complication concerns the fact that there are actually three junctions
shown in Figure 9.14. Besides the sensing junction, there are two more junctions where

1 MÆ,



298 Chapter 9 Measuring Pressure, Temperature, and Humidity

(a) (b)

Reference
junction

Metal B
wire

Metal A

Sensing
junction

Copper

DVM

Metal A
wire

Both junctions
at reference
temperature

Reference
junctions

Metal B
wire

Sensing
junction

Copper

DVM

Metal A
wire

FIGURE 9.15

Thermocouple with reference junction.

the thermocouple wires connect to the DVM. The voltage reading is thus a function of
three temperatures (the sensing junction and the junctions at the DVM terminals), two
of which are of no interest at all.The solution to this problem is shown in Figure 9.15(a).
Two thermocouple junctions are used, the second being called a reference junction. The
reference junction is held at a fixed, known temperature, most commonly the tempera-
ture of a mixture of pure water and pure water ice at 1 atm (0°C). Electronic devices are
available that electrically simulate an ice reference junction without the actual need for
ice. There are still two junctions at the DVM terminals, but each of these junctions con-
sists of the same two materials, and if the two terminals can be held at the same temper-
ature, the terminal voltages will cancel out. The two terminals can be held at the same
temperature by placing them both in the same thermally insulated box or by mechani-
cally connecting them with a thermally conducting but electrically insulating structure.
With the known reference junction temperature, the measured voltage is a unique func-
tion of the materials of the thermocouple wires and the temperature of the sensing junc-
tion. The circuit shown in Figure 9.15(b) is electrically equivalent to Figure 9.15(a) and
will produce the same voltage at the DVM.

Finally, the voltage generated depends strongly on the composition of the wires
used to form the thermocouple. This problem has been solved by restricting the mate-
rials used to construct thermocouples. When wires and wire pairs are manufactured
according to standards established by the National Institute of Standards and Technol-
ogy (NIST) (formerly called the National Bureau of Standards), standard calibration
curves can be used to determine the temperature based on the measured voltage. Since
the voltage output is generally a nonlinear function of temperature, tables, graphs, or
polynomial curve fits are required to interpret voltage data. Table 9.1 lists common
thermocouple pairs. Chromel is an alloy of nickel and chromium, alumel is an alloy of
nickel and aluminum, and constantan is an alloy of nickel and copper. Each pair has
been assigned a letter, used by all manufacturers, designating the type. There is also a
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TABLE 9.1 Characteristics of Standard Thermocouples

Type Materials
Lead-wire

color

Operating
range
(°C)

Approximate
sensitivity
(mV/°C)

T Copper/constantan Blue to 400-250 0.052
E Chromel/constantan Purple to 1000-270 0.076
J Iron/constantan Black to 760-210 0.050
K Chromel/alumel Yellow to 1372-270 0.039
R Platinum/platinum–13% rhodium Green to 1768-50 0.011
S Platinum/platinum–10% rhodium Green to 1768-50 0.012
C Tungsten, 5% rhenium/tungsten, 26% rhenium White, red trace 0 to 2320 0.020
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FIGURE 9.16

Output of some common thermocouples.

standard color for the lead-wire outer insulation and all the connectors for each type.
For example, the color for type K thermocouples is yellow. The final column lists the
approximate sensitivity of the pair in millivolts of output per Celsius degree of sensed
temperature.

Figure 9.16 shows the calibration curves for several thermocouples when the ref-
erence junction is held at 0°C. Table 9.2 lists voltages (in mV) as a function of temper-
ature for the most common thermocouple pairs.This table is quite abbreviated—tables
in typical use list the temperature for increments of 1 degree. Complete tables for most
thermocouples can be found in a publication of a major thermocouple supplier, The
Temperature Handbook, by Omega Engineering.

Manufacturers carefully control the composition of their wires and test them to
make sure that they have the correct electrical properties so that the standard calibra-
tion tables can be used. Generally, it is acceptable to mix components of thermocouple
systems of the same type purchased at different times from different sources. Deter-
mining junction temperature can in some cases be quite accurate, uncertain to less than

Accuracy of thermocouples depends on the type of the thermocouple, the
quality grade of the thermocouple (manufacturers supply different quality grades),
and the temperature range. The actual measurement process may introduce a number
of other errors (discussed later in this chapter).

;0.2°C.
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TABLE 9.2 Millivolt Output of Common Thermocouples (Reference Junction at 0°C)

Thermocouple type

Temperature
(°C) T E J K R S

-250 -6.181 -9.719 -6.404
-200 -5.603 -8.824 -7.890 -5.891
-150 -4.648 -7.279 -6.499 -4.912
-100 -3.378 -5.237 -4.632 -3.553
-50 -1.819 -2.787 -2.431 -1.889

0 0.000 0.000 0.000 0.000 0.000 0.000
20 0.789 1.192 1.019 0.798 0.111 0.113
40 1.611 2.419 2.058 1.611 0.232 0.235
60 2.467 3.683 3.115 2.436 0.363 0.365
80 3.357 4.983 4.186 3.266 0.501 0.502

100 4.277 6.317 5.268 4.095 0.647 0.645
120 5.227 7.683 6.359 4.919 0.800 0.795
140 6.204 9.078 7.457 5.733 0.959 0.950
160 7.207 10.501 8.560 6.539 1.124 1.109
180 8.235 11.949 9.667 7.338 1.294 1.273
200 9.286 13.419 10.777 8.137 1.468 1.440
220 10.360 14.909 11.887 8.938 1.647 1.611
240 11.456 16.417 12.998 9.745 1.830 1.785
260 12.572 17.942 14.108 10.560 2.017 1.962
280 13.707 19.481 15.217 11.381 2.207 2.141
300 14.860 21.033 16.325 12.207 2.400 2.323
350 17.816 24.961 19.089 14.292 2.896 2.786
400 20.869 28.943 21.846 16.395 3.407 3.260
450 32.960 24.607 18.513 3.933 3.743
500 36.999 27.388 20.640 4.471 4.234
600 45.085 33.096 24.902 5.582 5.237
700 53.110 39.130 29.218 6.741 6.274
800 61.022 33.277 7.949 7.345
900 68.873 37.325 9.203 8.448

1000 76.358 41.269 10.503 9.585
1100 45.108 11.846 10.754
1200 48.828 13.224 11.947
1300 52.398 14.624 13.155
1400 16.035 14.368
1500 17.445 15.576
1600 18.842 16.771
1700 20.215 17.942

There are a number of factors that must be considered in selecting thermocou-
ples for a given application:

Sensitivity (voltage change per degree temperature change)
Linearity of output
Stability and corrosion resistance
Temperature range
Cost
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Type R and type S thermocouples are very expensive and are not very sensitive; how-
ever, they are satisfactory at high temperatures (up to 1768°C) and are resistant to a
number of corrosive chemicals. Type C thermocouples are usable to very high temper-
atures but are relatively expensive and cannot be used in an oxidizing environment.
Type T thermocouples are inexpensive and very sensitive but corrode rapidly at tem-
peratures over 400°C.Type K thermocouples are popular for general use since they are
moderately priced, reasonably corrosion resistant, and usable at temperatures up to
1372°C. They also have a relatively linear output, which means that for applications in
which accuracy requirements are not too severe, the temperature can be computed by
assuming a linear relationship between temperature and voltage.

Thermocouples can be purchased in a number of forms. It is possible to purchase
wires and form a thermocouple junction by welding together (in some cases, soldering
or mechanically connecting) the ends of the wires. Wire can also be purchased with the
junction already formed by the manufacturer.A wide variety of fabricated thermocou-
ple probes can be purchased for various applications. One of the most common config-
urations is to place the wires and junction and ceramic insulation (generally, MgO)
inside a stainless steel or inconel sheath as shown in Figure 9.17. The sheath protects
the thermocouple wires from damage or chemical contamination.

Manufacturers also supply lead wire to connect the sensing probe to the voltage-
measuring device. This lead wire usually consists of two conductors contained in a
plastic sheath. In most cases, the lead wires are made of the same materials as the
thermocouples themselves (e.g., the lead wire for an iron–constantan (type J) thermo-
couple will contain one iron conductor and one constantan conductor). If the lead
wire is constructed of the same materials as those used for junctions, it is possible to
form junctions from lead wires. However, the composition of lead wire is often not as
carefully controlled in quality as the composition of wires sold for junctions; hence, it
may be less accurate. For most thermocouple pairs made of expensive metals such as
platinum (e.g., type S) and for certain other types, the lead wires are made of lower-
cost but electrically compatible materials. These are called compensating lead wires.
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Four series thermocouples forming a thermopile.

When compensating lead wires are used, it is not possible to construct sensing junc-
tions from lead wire.

Junctions made directly from wire can be very small. Wires can be purchased in
diameters as small as 0.0005 in., and the welded junctions, which are spherical in shape,
have a diameter only about three times the wire diameter. A small junction has excel-
lent spatial resolution (i.e., the location of the measured temperature can be known
accurately). These small junctions also have excellent transient response (the ability to
measure rapidly changing temperatures accurately). When good spatial resolution or
good transient response is required, a thermocouple is to be preferred over other com-
mon temperature sensors.

In some cases several thermocouples are connected in series in a device called a
thermopile, as shown in Figure 9.18. When arranged in this manner, the voltage output
to the display device is n times the voltage of a single junction, where n is the number
of thermocouples in series. This increases the sensitivity of the system. In addition, it
provides a method to average several thermocouples, which are distributed in a spatial
region. Thermopiles are also used in some applications as a power source. An example
exists in some gas furnaces where a thermopile is used as the power source to control a
solenoid-operated gas-shutoff valve.

When a single thermocouple is used, one of the circuits shown in Figure 9.15 is gen-
erally used. However, for data-acquisition systems, a simpler arrangement is normally
used as shown in Figure 9.19. Each of the thermocouples is connected to a channel of the
DAS in an insulated, constant-temperature connection box. The thermocouples then
effectively measure the temperature difference between the measurands and the box. In
Figure 9.19 one channel is reserved for the reference junction. Software is then used to
evaluate the correct voltage by subtracting the reference voltage from the voltage read
from the individual channels. (Note: the reference voltage will normally be negative.)
Another alternative is to use a different kind of temperature sensor, such as a semicon-
ductor device (discussed later) to measure the temperature of the connection box. A
voltage for the same thermocouple material corresponding to the temperature of the
junction box relative to 0°C is computed and added to the readings for each channel.
Further details on thermocouples and their application can be found in Benedict (1984).



9.2 Measuring Temperature 303

TC1 CH0

To DAS

Reference
junction

CH1

CH2

CH3

CH4

CH5

TC2

TC3

TC4

TC5

FIGURE 9.19

Thermocouple connections with data-acquisition
systems.

Example 9.5

A type R thermocouple system with an ice reference has an output of 9.1 mV. What is the tem-
perature of the sensing junction?

Solution: In Table 9.2, 7.949 mV corresponds to 800°C and 9.203 mV corresponds to 900°C.
Linear interpolation gives a temperature of 891.8°C for 9.1 mV. Using a more complete set of
tables would give a temperature of 892.1°C.

Example 9.6

A set of two type K thermocouple junctions [Figure E9.6(a)] measures a voltage difference of
30.1 mV. The cooler junction is independently known to have a temperature of 300°C. What is
the temperature difference between the two junctions?

Solution: This setup uses a circuit that does not include a standard reference junction. If we
enter Table 9.2 with 30.100 mV, we will obtain a temperature difference of 721.7. However, this
is not quite correct since the thermocouple calibration is nonlinear. Instead, we should note that
the circuit in Figure E9.6(a) is equivalent to the circuit shown in Figure E9.6(b). Two reference
junctions have been inserted, but each contributes the same voltage with opposite sign.The com-
plete circuit is then two separate standard circuits connected so as to measure the difference of
the output voltages. That is,

From Table 9.2, for a standard circuit at for the thermocouple at
the higher temperature, is then From the table we find that the
higher temperature is 1027.0°C.The difference is then Incorrect use of the
tables leads to a 5.3°C error in this case.

Comment: It should be noted that due to nonlinearity in the tables, we cannot accurately
evaluate a temperature difference from a voltage difference without independently knowing the
temperature of one of the junctions.

1027 - 300 = 727°C.
12.207 + 30.100 = 42.307 mV.

300°C, VT2 = 12.207 mV. VT1,

Vout = VT1 - VT2 = 30.1 mV
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9.2.2 Resistance-Temperature Detectors

A normal characteristic of metals is that the electrical resistance is a function of the
metal temperature. Thus a length of metal wire combined with a resistance-measuring
device is a temperature-measuring system. Temperature sensors based on the temper-
ature effect on metal resistance are known as resistance-temperature detectors
(RTDs). RTDs are used by the International Temperature Scale for interpolation pur-
poses. (See Chapter 2.) Compared to thermocouples, platinum RTDs are more accu-
rate (to in some laboratory measurements) and have an output response
that is more linear. They can be used to measure temperature directly, not relatively, as
with thermocouples. They also tend to be more stable; that is, the characteristics are
less likely to change over time due to chemical or other effects. On the other hand,
RTD probes are generally physically larger than thermocouples, resulting in poorer
spatial resolution and slower transient response.

The most common RTD sensors are constructed from platinum, although other
metals, including nickel or nickel alloys, can be used. For platinum, the resistance tem-
perature relationship is given by the Calendar–Van Dusen equation, namely,

(9.10)

where and are constants that are dependent on the purity of the platinum and
are determined by calibration. T is the temperature in Celsius degrees. The dominant
constant is which has a value of either 0.003921/°C for the so-called U.S. calibration
curve, or 0.003851/°C for the “European” calibration curve. For the U.S. calibration
curve, and for and for Sensors are readily
available corresponding to either curve. Table 9.3, which is based on a more elaborate
higher-order polynomial [slight improvement over Eq. (9.10)], presents an abbreviated
list of resistance values versus temperature for the U.S. calibration curve.

There are a large number of configurations of RTD sensing elements. Figure 9.20
shows a coiled platinum wire sensor and a thin-film sensor. In the coiled wire sensor,

T 6 0.b = 0.11T 7 0b = 0d = 1.49

a,

da, b,

RT = R051 + a[T - d10.01T - 1210.01T2 - b10.01T - 1210.01T23]6

;0.001°C
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TABLE 9.3 Platinum RTD: R Versus T (U.S. Calibration)a

T (°C) R1Æ2 T (°C) R1Æ2 T (°C) R1Æ2
-100 59.57 100 139.16 300 213.92
-90 63.68 110 143.01 310 217.54
-80 67.78 120 146.85 320 221.14
-70 71.85 130 150.68 330 224.74
-60 75.91 140 154.49 340 228.32
-50 79.96 150 158.29 350 231.89
-40 83.99 160 162.08 360 235.44
-30 88.01 170 165.86 370 238.99
-20 92.02 180 169.63 380 242.52
-10 96.01 190 173.39 390 246.05

0 100.00 200 177.13 400 249.56
10 103.97 210 180.86
20 107.93 220 184.58
30 111.87 230 188.29
40 115.81 240 191.99
50 119.73 250 195.67
60 123.64 260 199.35
70 127.54 270 203.01
80 131.42 280 206.66
90 135.30 290 210.30

at 0°C.aR = 100 Æ

Lead
wires

Platinum
wire

Ceramic
encapsulation

(a)

1 cm

Platinum
film

Substrate

(b)

FIGURE 9.20

Resistance temperature detectors: (a) platinum wire; (b) thin film.
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FIGURE 9.21

Wheatstone bridge circuits for RTD: (a) two-wire; (b) three-wire.

the platinum is wound around a bobbin and the entire assembly is then coated in a
ceramic or sealed in a glass envelope. The outer coating prevents damage or contami-
nation. In the thin-film design, platinum is plated on a ceramic substrate and then
coated with ceramic or glass. The thin-film design is a newer technology and is gaining
favor due to its lower cost. It is important in the design of RTD probes to minimize
strain on the platinum due to thermal expansion since strain also causes changes in
resistance. Design details minimize strain.

As with strain gages, the Wheatstone bridge is an appropriate circuit to measure
the resistance change for an RTD. Figure 9.21(a) shows a Wheatstone bridge as it
might be used to measure the resistance of an RTD. Unlike Figure 8.5 for a strain gage,
Figure 9.21(a) includes resistance for the lead wires. For strain gages, the lead wire
resistance is usually constant during an experiment and has little effect on strain mea-
surement. For RTDs, at least a portion of each lead wire will be close to the region
where the temperature is being measured, so the lead wire resistance will also change.
If is measured as shown, the lead-wire resistances are in the same arm of the bridge
as the RTD and the change in lead-wire resistance will simply add to the resistance
change of the RTD. The circuit of Figure 9.21(a) will be adequate if the resistance of
the lead wires is low and great accuracy is not required. Neglecting the lead-wire resis-
tances and assuming that circuit analysis yields the following formula for the
RTD resistance:

(9.11)

It must be noted that the change in the resistance of RTDs is very large compared to
strain gages, and the linearization possible for strain gages is not possible for RTD cir-
cuits.As a result, Eq. (9.11) shows a nonlinear relationship between the measured volt-
age and the RTD resistance.

An alternative circuit called a three-wire RTD bridge is shown in Figure 9.21(b),
where an additional wire C has been added. With this circuit, is in the same arm
of the bridge as and is in the same arm as the RTD. If the lead wires are of
the same material, have the same diameter and length, and follow the same routing
(not difficult to achieve), the changes in lead wire resistance will have a very small

Rlead BR2,
Rlead A

RRTD = R2

Vsupply - 2Vo
Vsupply + 2Vo

R1 = R4,

Vout
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Four-wire RTD circuits.

effect on This is the same principle that is involved in using a compensating gage to
cancel out temperature effects in strain-gage circuits. There is no current through

so this resistance has no effect. For this circuit, including the lead wire resis-
tances (with ), the RTD resistance is given by

(9.12)

The second term in this equation is usually small, but to obtain the best results, the ini-
tial value of the lead resistances should be determined.The fact that (all leads are
assumed to have the same resistance) has an effect on the measurement is a conse-
quence of operating the bridge in the unbalanced mode. It is possible to operate the
bridge in a balanced mode in which the resistor is adjusted such that is zero. In
this case, and the lead resistances will not affect the result. Unfortunately,
it is difficult to use data acquisition systems with the balanced mode. For very high
accuracy measurements, however, the balancing mode is preferable.

Figure 9.22 presents two more circuits used to determine the resistance of an
RTD. In Figure 9.22(a), the voltage drop across the RTD is sensed with two leads that
carry no current and hence have no voltage drop. For this circuit the resistance is a lin-
ear function of the measured voltage and is given by

(9.13)

In this circuit is proportional to the resistance of the RTD rather than the change in
resistance as is the case with Wheatstone-bridge circuits. Figure 9.22(b) uses four current-
carrying leads following the same path to the RTD.Two of the leads plus the RTD are in
leg A–D, and the other two leads plus are in the D–C leg. As with the three-wire
bridge, the changes in lead resistance compensate and have a negligible effect on The
formula to evaluate the RTD resistance is

(9.14)RRTD = R3

Vsupply - 2Vo
Vsupply + 2Vo

- Rlead
8Vo

Vsupply + 2Vo

Vo.
R3

Vo

RRTD = VoI

RRTD = R2

VoR2

Rlead

RRTD = R2

Vsupply - 2Vo
Vsupply + 2Vo

- Rlead
4Vo

Vsupply + 2Vo

R1 = R4

Rlead C,

Vo.
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As with the three-wire bridge, the nominal lead resistances should be known for accu-
rate measurements in the unbalanced mode of operation.

Since a current flows through RTDs when they are placed in a resistance-
measurement circuit, power dissipates; hence, the RTD is self-heating. This is not nor-
mally a problem when measuring liquid temperatures, but it may produce an error in
measuring gas temperatures. This self-heating effect can be estimated by using two dif-
ferent supply voltages while measuring a static temperature. Any difference in resis-
tance indicates a potential self-heating problem. Self-heating can be minimized by using
low-power supply voltages; however, the output of the sensing circuit will be reduced.

As mentioned, RTD probes have the potential of very high accuracy 
but in actual engineering measurements, accuracy will usually be significantly
degraded. Uncertainties in bridge resistors and voltage-measuring devices will limit
accuracy.As discussed later in this chapter, there are a number of significant errors that
affect temperature measurements, particularly for hot gases. Additional information
on RTD measurement systems can be found in Benedict (1984).

Example 9.7

An RTD probe has a resistance of at 0°C. The Callendar–Van Dusen constants are
and for What will be the resistance at 350°C?

Solution: Substituting into Eq. (9.10) yields

This is a substantial change in resistance—much larger than observed in strain measurements.
Alternatively, we could use Table 9.3 and obtain 

9.2.3 Thermistor and Integrated-Circuit Temperature Sensors

As with the RTD, the thermistor is a device that has a temperature-dependent resis-
tance. However, the thermistor, a semiconductor device, shows a much larger change in
resistance with respect to temperature than the RTD. The change in resistance with
temperature of the thermistor is very large, on the order of 4% per degree Celsius. It is
possible to construct thermistors that have a resistance-versus-temperature character-
istic with either a positive or a negative slope. However, the most common thermistor
devices have a negative slope; that is, increasing temperature causes a decrease in resis-
tance, the opposite of RTDs.They are highly nonlinear, showing a logarithmic relation-
ship between resistance and temperature:

(9.15)

As semiconductor devices, thermistors are restricted to relatively low temperatures—
many are restricted to 100°C and are generally not available to measure temperatures

1
T

= A + B ln R + C1lnR23

R = 231.89 Æ.

= 232.08 Æ
-0.010.01 * 350 - 1210.01 * 35023]6

RT = 10051 + 0.00392[350 - 1.4910.01 * 350 - 1210.01 * 3502

T 7 0°C.b = 0a = 0.00392, d = 1.49,
100 Æ

1;0.001°C2,
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Linearization circuit for thermistor.

over 300°C. While probes can be as small as 0.10 in. in diameter, they are still large
compared to the smallest thermocouples and have inferior spatial resolution and tran-
sient response. Thermistor sensors can be quite accurate, on the order of but
many are much less accurate.

Thermistors are often used in commercial moderate temperature-measuring
devices. Thermistor-based temperature-measuring systems can be very simple, as in
Figure 9.23, which shows a circuit frequently used in automobiles to measure engine-
water temperature. The current flow through the thermistor is measured with a simple
analog mechanical meter. Nonlinearity can be handled by having a nonlinear scale on
the meter dial. Thermistors are used in electronic circuits, where they are used to com-
pensate for circuit temperature dependency.Another thermistor application is in simple
temperature controllers. For example, thermistor-based circuits can be used to activate
relays to prevent overheating in many common devices, such as VCRs. Thermistors are
not widely used by either the process industry or in normal engineering experiments
since RTDs and thermocouples usually have significant advantages.

As mentioned, the resistance of a thermistor is highly nonlinear. When inserted
into a circuit, however, a fairly linear response can readily be achieved. For example, a
typical thermistor shows a highly nonlinear resistance variation with temperature, as in
Figure 9.24(b). However, the voltage-divider circuit shown in Figure 9.24(a), which
includes the thermistor, has an approximately linear output, as shown in Figure 9.24(b).
In Figure 9.24(b) both resistance and voltage are normalized by the values at 25°C.

;0.1°C,
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Liquid-in-glass thermometer.

Integrated-circuit temperature transducers, which combine several components
on a single chip, have a variety of special characteristics that make them useful for some
applications. Some circuits provide a high-level (range 0 to 5 V) voltage output that is a
linear function of temperature. Others create a current that is a linear function of tem-
perature. These chips generally have the same temperature-range limitations as ther-
mistors and are larger, giving them poor transient response and poor spatial resolution.
One common application is measuring temperature in the connection boxes used when
thermocouples are connected to a data-acquisition system. (See Section 9.2.1.)

9.2.4 Mechanical Temperature-Sensing Devices

Liquid-in-Glass Thermometer Probably the best known of temperature-
measuring devices is the liquid-in-glass thermometer as shown in Figure 9.25.The most
common liquid is mercury, but alcohol and other organic liquids are also used,
depending on the temperature range. Liquid-in-glass thermometers are useful when a
ready indication of temperature is required. They are also rather simple devices and
are likely to maintain accuracy over long periods of time (many years). Consequently,
they are useful for calibrating other temperature-measuring devices. The user should
be cautious that the liquid column is continuous (no gaps in the column) and that the
glass envelope is free of cracks. The accuracy of liquid-in-glass thermometers can be
quite good. Measurement uncertainty depends on the range, but uncertainties in the

are quite possible. High-accuracy thermometers are of the total-immersion
type. This means that the thermometer is immersed into the fluid from the bulb to the
upper end of the liquid column in the stem.

Bimetallic-Strip Temperature Sensors These devices are based on the differential
thermal expansion of two different metals that have been bonded together as shown in
Figure 9.26(a). As the device is heated or cooled, it will bend, producing a deflection of
the end. Figure 9.26(b) and (c) show alternative geometries of these devices. Bimetal
devices have been widely used as the sensing element in simple temperature-control
systems.They have the advantage that they can do sufficient work to perform mechanical

;0.2C
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Bimetallic strip devices. [(b) and (c) Based on
Doebelin, 1990.]
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Pressure thermometer.

functions, such as operating a switch or controlling a valve. Household furnaces are
frequently controlled with bimetallic sensors. They are sometimes used for temperature
measurement; for example, domestic oven thermometers are often of this type. They are
not normally used for accurate temperature measurement.

Pressure Thermometers A pressure thermometer, such as the one shown in
Figure 9.27, consists of a bulb, a capillary tube, and a pressure-sensing device such as a
bourdon gage. The capillary is of variable length and serves to locate the pressure
indicator in a suitable location. The system may be filled with a liquid, a gas, or a
combination of vapor and liquid. When filled with a gas, the gage is measuring the
pressure of an effectively constant-volume gas, so pressure is proportional to bulb
temperature.With a liquid, sensing is due to the differential thermal expansion between
the liquid and the bulb. In both cases the temperature of the capillary might have a
slight effect on the reading. In a vapor–liquid system, the gage is reading the vapor
pressure of the liquid. These liquid–vapor devices are nonlinear since vapor pressure is
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usually a very nonlinear function of temperature, but they are insensitive to the
temperature of the capillary. Pressure thermometers are used in simple temperature-
control systems in such devices as ovens. At one time they were widely used as engine-
water temperature-measuring systems in automobiles, but this function has been taken
over by thermistor systems.

9.2.5 Radiation Thermometers (Pyrometers)

Contact temperature measurements are very difficult at high temperatures since the
measurement device will either melt or oxidize. As a result, noncontact devices were
developed.These devices, called radiation thermometers, measure temperature by sens-
ing the thermally generated electromagnetic radiation emitted from a body. The term
pyrometer is used to name high temperature thermometers (including some contact
devices) but is usually applied to noncontact devices. Radiation thermometers can also
be used at lower temperatures as a nonintrusive alternative to contact methods.

Any body emits electromagnetic radiation continuously, and the power and
wavelength distribution of this radiation are functions of the temperature of the body.
An ideal radiating body is called a blackbody, and no body at a given temperature can
thermally radiate more. The total power radiated by a blackbody, in watts per
square meter of surface, is given by the Stefan–Boltzmann law:

(9.16)

where T is the absolute temperature in kelvin and is the Stefan–Boltzmann constant,
The distribution of this radiation with wavelength is described

with the variable called the monochromatic emissive power. The monochromatic
emissive power represents the power in a narrow band of wavelengths, and is a
function of wavelength. The expression for is

(9.17)

where is the wavelength, and 
Figure 9.28, which plots Eq. (9.17), shows several interesting points:

1. The wavelength of the maximum monochromatic emissive power decreases with
increasing temperature.

2. The total radiation (area under each curve) increases significantly with temperature.
3. At low temperatures, there is very little radiation in the visible range but at

higher temperatures the radiation in this range is significant.

There are then several possible measurement devices that can be used to deter-
mine the temperature of the source:

(a) Narrow-band devices that measure the radiation in a limited band of wave-
lengths.

(b) Wide-band devices that measure the radiation in a wide range of wavelengths.
(c) Ratio devices that measure the radiation intensity in more than one narrowband

(usually two bands).

C2 = 1.4387 * 104mm-K.C1 = 3.743 * 108 W-mm4/m2l

Ebl =
C1l
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FIGURE 9.28

Blackbody monochromatic emissive power.

One characteristic of the variation in spectral distribution is that the power emitted
in the visible spectrum (0.35 to ) depends strongly on the temperature. This fact
forms the basis for one of the older designs of pyrometers, the disappearing-filament
optical pyrometer (a type of narrow-band thermometer) shown schematically in
Figure 9.29. This device resembles a telescope but has a red filter in the optics and an
incandescent light bulb. The user points the pyrometer at a hot source and adjusts the
current flow through the light bulb until the filament appears to disappear, indicating
that the filament is at the same temperature as the source. By measuring the current
and using a calibration that gives filament temperature versus current, the source tem-
perature can be estimated.

More modern radiation thermometers have a radiation sensor that produces
an electrical output as shown schematically in Figure 9.30. If there is no color filter,
then the device is a wide-band thermometer and the sensor is usually a tempera-
ture-sensing device (which measures its own temperature). The greater the radia-
tion, the higher will be the temperature of the sensor. Thermopiles (series
thermocouples) are usually used and in recent years, semiconductor thermopiles
have become common due to their sensitivity, fast time response and low cost. Semi-
conductor sensors are used in the handheld, so-called “laser thermometers” that are
now widely available [see Schieferdecker, et al (1995)]. These semiconductor sen-
sors are so sensitive that they can be used for temperatures as low as If there
is a color filter in the radiation path, the device is a narrow-band thermometer and
the sensor is usually a light sensor in which a resistance or electron charge depends
on the incident radiation.

-50°C.

0.75 mm
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(a) Disappearing-filament optical pyrometer; (b) appearance to observer.
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Schematic of a radiation thermometer.
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Field of view for radiation thermometer.

Unfortunately, most bodies do not radiate as blackbodies. Real bodies only radi-
ate a fraction, called the emissivity, of the radiation of a blackbody. The emissivity is
defined as

(9.18)

where E is the emissive power per square meter of the real body. can vary from low
values such as 0.018 for some shiny metals (e.g., gold) to 0.98 for some heavily oxidized
surfaces. Variations in emissivity will affect the results obtained from wideband and
narrowband pyrometers. If the emissivity of the surface can be estimated, then it is pos-
sible to adjust for emissivity either using a table of correction factors or a control on
the device. Another alternative is to measure the radiant energy at two different wave-
lengths and take the ratio, which is also a function of temperature and less dependent
on emissivity. Even this type of device will be inaccurate in some cases, since for most
materials, the emissivity varies with wavelength.

Radiation thermometers are available to measure temperatures up to 4000°C
and sometimes higher and some designs can measure temperatures as low as 
The dynamic response depends on the sensor with response times (usually the time to
reach 98% of final reading) ranging from a fraction of a second to 2 seconds. Accord-
ing to Benedict (1984), radiation thermometers can achieve uncertainties of at
1064.43°C (the gold point), at 2000°C and at 4000°C. The hand-held laser
thermometers have a typical uncertainty of 1–3% of reading.

An important characteristic of radiation thermometers is the field of view. As
shown in Figure 9.31, the radiation thermometer measures radiation that originates in
an area on the target surface called the spot. The farther the thermometer is from the
target, the larger will be that area. If the spot is larger than the surface of interest, then
the reading will not be accurate. Radiation thermometers have a specification for dis-
tance D to spot diameter S. For inexpensive units, this may be only 6 to 1 whereas it
might be 50 to 1 for a more expensive unit. High-end hand-held temperature ther-
mometers sometimes use a laser to trace a circle that corresponds to the spot but many
units will only mark the center of the spot and the user has to estimate the spot size. It
should be noted that the laser has nothing to do with the temperature measurement
and is only used as an aid in pointing the device.

9.2.6 Common Temperature-Measurement Errors

There are three important systematic temperature-measurement errors that are generic
and deserve special mention: conduction errors, radiation errors, and recovery errors. It

;40°C;6°C
;4°C

-50°C.
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is important to note that a temperature sensor responds to the temperature of the sen-
sor itself, which is not necessarily the temperature of interest. In the cases of the errors
discussed earlier, the sensor itself can show excellent accuracy when calibrated but will
show major errors when used to make a measurement.

Surface-Temperature Conduction Errors Figure 9.32 shows a surface to which a
thermocouple has been attached. Assuming that the surface is warmer than the
surrounding air, heat will be conducted from the surface along the wires. The wires will,
in turn, conduct heat to the surrounding air; the thermocouple lead wires act as cooling
fins.This heat-conduction process cools the point on the surface where the thermocouple
is attached and produces a significant measurement error. The temperature at the
measurement point is that which results when a balance exists between the heat
transferred from the fin to the surrounding fluid (usually air) and the heat conducted to
the fin through the surface. To understand this surface-cooling process, it is helpful to
examine the equations used to describe the heat transfer from fins. Using the
nomenclature shown in Figure 9.33, a standard formula for computing the heat loss from
a long fin is (Holman, 2002)

(9.19)q = 1hPkA 1T0 - Tq2
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Conduction error source in gas
temperature measurement.

Substituting for the perimeter P and the cross-sectional area A for a circular fin, this
becomes

(9.20)

To minimize heat transfer along the fin and hence the error in temperature measure-
ment, we should keep the thermocouple wire small in diameter and use a material with
a low thermal conductivity. It should be noted that as the diameter of the thermocou-
ple wire decreases, the heat transfer coefficient increases moderately but not suffi-
ciently to counteract the advantage of the smaller diameter.

The analysis required to estimate the actual temperature error is beyond the
scope of this book. Hennecke and Sparrow (1970) present a method to estimate the
conduction error in surface measurements. An alternative approach is to set up a
three-dimensional heat-transfer model using a finite-element conduction heat-transfer
program. In either case, estimates of conduction errors will be approximate at best.
Heat-transfer coefficients can only be determined approximately, and insulated sensor
wiring is difficult to model.

Conduction Errors in Gas-Temperature Probes Another kind of conduction
error occurs when a thermocouple or similar temperature probe is used to measure a
gas temperature, as shown in Figure 9.34. In the situation shown, the sensor approaches
an equilibrium temperature based on the various modes of heat transfer to it. These
heat transfer modes are convection from the gas, radiation to the duct walls, and
conduction along the sensor support to the duct wall. Radiation effects are discussed
separately in the next section. At least approximately, the probe including the sensor
can be approximated as a fin, as shown in Figure 9.33. For surface temperature
measurement, we were concerned with how the fin affected the attachment point
temperature. Here we are interested in how the base affects the temperature at the
other end of the fin. Holman (2002) gives the following formula for the temperature
distribution along a finite-length fin:

(9.21)
T - Tq
To - Tq

=
cosh[m1L - x2]

coshmL
m = A

hP

kA

q = B
hkp2D3

4
1T0 - Tq2
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where x is the distance from the fin base and L is the fin length. At the end, and
so

(9.22)

To minimize the conduction error, we want to approach This will occur if cosh
mL (and hence mL) is a maximum. For a fin of circular cross section, mL becomes

(9.23)

To maximize mL, we want large h, large L, small D, and small k. Convective heat-transfer
theory shows that h increases as diameter decreases, so decreasing the diameter has
the additional advantage of increasing h. Because values of h are much larger in liq-
uids, this type of conduction error is not likely to be a problem in liquid temperature
measurement.

The actual structure of thermocouple probes is often complicated (see Figure
9.17, for example), and the analysis is more complicated than the simple fin theory
above. (Finite-element thermal analysis is appropriate.) However, fin theory can be
used for a simple probe geometry and as an approximation for more complex situa-
tions. The following example demonstrates the application of this approach.

Example 9.8

A thermocouple used to measure the temperature of a gas flow is constructed of two bare wires,
as shown in Figure E9.8.The wires are 1.3 mm in diameter and 2 cm long. One wire has a thermal
conductivity of 19.2 W/m-K and the other a conductivity of 29.8 W/m-K. The heat-transfer coeffi-
cient between the gas and each wire is The thermocouple reads 375 K and the wall
of the duct is at 320 K. Estimate the conduction error in the measurement of the gas temperature.

Solution: We will treat the probe as two wires with the higher thermal conductivity. (This will
slightly overestimate the error.) Using Eq. (9.23), we obtain

Substituting into Eq. (9.21), we obtain

Solving, The sensor, which reads 275 K, has an error of 1.5 K.Tq = 376.5 K.

T - Tq
To - Tq

=
1

cosh 4.311
= 0.0268 =

375 - Tq
320 - Tq

mL = A
4 * 200

29.8 * 0.0013
 0.03 = 4.311

200 W/m2-K.

mL = A
4h
kD
L

Tq.Ts

Ts - Tq
To - Tq

=
1

coshmL

T = the sensor temperature Ts,
x = L
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Radiation error source.
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Reducing radiation error using
a radiation shield.

Comment: We could significantly reduce this error by making the wires longer and/or smaller
in diameter.

Radiation Errors Radiation errors are normally a problem in measuring hot
gas temperatures as shown in Figure 9.35. In this case heat flows into the thermocouple
junction by convective heat transfer from the gas but flows out due to radiation heat
transfer to the cooler duct walls. The convective heat transfer is given by

(9.24)

where h is the heat transfer coefficient and A is the junction surface area.The radiation
heat transfer from the junction to the duct wall is given by

(9.25)

where is a property of the junction surface called the emissivity, is the duct wall
temperature and is the Stefan–Boltzmann constant, Com-
bining these equations, we obtain

(9.26)

Ideally, should equal so represents the measurement error. To mini-
mize it is necessary to minimize and maximize h. Shiny surfaces on the junc-
tion will minimize The heat-transfer coefficient for the junction will increase if the
diameter is decreased. Unfortunately, in hot gas environments, most thermocouple
materials corrode fairly rapidly, and with small diameters, have a short lifetime. Hence
there is a trade-off between radiation error and durability.

A technique to reduce radiation errors is to install one or more tubular radiation
shields as shown in Figure 9.36. The shield will reach a temperature intermediate

P.
PTgas - Ts

Tgas - TsTs,Tgas

Tgas - Ts =
P
h
s1Ts4 - Tw4 2

5.669 * 10-8 W/m2-°K4.s

TwP

q = PAs1Ts4 - Tw4 2

q = hA1Tgas - Ts2
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between the gas temperature and the wall temperature. The thermocouple effectively
radiates to a hotter surface and hence has a smaller radiation error. Commercial
probes using this principle are available.

Example 9.9

A thermocouple is used to measure the temperature of a gas flowing through a duct. The ther-
mocouple gives a reading of 900°C and the wall is found to have a temperature 600°C. The emis-
sivity of the thermocouple sheath is estimated to be 0.1, and the heat-transfer coefficient is
estimated to be Estimate the radiation error in the thermocouple reading.

Solution: Substituting into Eq. (9.26) yields

This error, 93°C, indicates how difficult it is to obtain an accurate measurement of hot gases with
insertion probes. If we insert a radiation shield and that shield has a temperature of 800°C, the
error would be reduced to 40°C, still a substantial error.

Recovery Errors Another temperature-measurement error is known as a
recovery error. This is most commonly associated with gas flows at high velocities and
hence high Mach numbers (the Mach number is the ratio of the gas velocity to the
speed of sound in that same gas). The thermodynamic temperature or static
temperature of a gas is that which would be measured by an instrument moving with
the velocity of the gas. However, a high-velocity gas has considerable kinetic energy,
and if the gas is slowed down, its temperature will increase. Due to viscous effects, the
fluid at the surface of a sensor in a gas stream will be slowed to zero velocity. This will
increase the temperature of the junction to a temperature higher than the static
temperature of the flowing fluid. If there is no other heat transfer to the junction
surface, it will reach a temperature called the adiabatic wall temperature. This
temperature is given by (Shapiro, 1953),

(9.27)

where R is the recovery factor, V is the gas velocity, and is the constant-pressure spe-
cific heat of the gas.The recovery factor, which depends on the fluid, the Mach number,
and the orientation and shape of the probe, varies between 0.68 and 0.86 (Moffat,
1962). Further information on temperature-measurement errors can be found in Bene-
dict (1984).

cp

Taw = Tstatic + R
V2

2cp

= 93°C

=
0.1
80

5.669 * 10-8[1900 + 27324 - 1600 + 27324]
Tgas - Ts =

P
h
s1Ts4 - Tw4 2

80 W/m2-K.
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Example 9.10

In a centrifugal air compressor test, a thermocouple probe reads 325°C and the air velocity is 160
m/s. The recovery factor is 0.86 and the gas specific heat is 1055 J/kg-K. Estimate the static tem-
perature of the air.

Solution: Solving Eq. (9.58) for we obtain

Comment: This example estimates the static temperature based on a measurement of This
effect is large in this example but will be even greater in higher-velocity situations (actually,
higher-Mach-number situations). In many cases the gas is also very hot and there will be
significant radiation errors as well. Measuring gas temperature in high-velocity hot gases is often
rather difficult.

9.3 MEASURING HUMIDITY

Humidity is a measure of the amount of water vapor in air. Water vapor in air affects
the density, and humidity measurement is necessary to determine the performance of
many systems. The characteristics of air–water vapor mixtures are discussed in most
thermodynamics texts, such as that of Van Wylen, et al. (1994). Humidity can be speci-
fied by a number of parameters, the two most common being the humidity ratio and
the relative humidity.The humidity ratio is defined as the ratio of the water vapor mass
to the mass of dry air in the mixture:

(9.28)

The relative humidity is defined as the ratio of the mass of water vapor in a volume at a
given temperature and pressure to the mass of water vapor in the same volume at the
same temperature and total pressure if the water vapor is saturated (i.e., the maximum
possible water vapor is present):

(9.29)

The vapor content of the air–water vapor mixture is completely defined by determin-
ing either the humidity ratio or the relative humidity. There are a number of devices
that can be used to determine humidity.

9.3.1 Hygrometric Devices

Certain hygroscopic materials change properties depending on the moisture content,
which in turn depends on the humidity. Human hair, some animal membranes, and cer-
tain plastics show a dimensional change in response to humidity. The humidity can be

f = a actual water vapor mass
saturated water vapor mass

b
constant T and P

v =
mass water vapor

mass of dry air

Taw.

Ts = Taw - R
V2

2cp
= 325 - 0.86

1602

2 * 1055
= 325 - 10.4 = 314.6°C

Ts,
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FIGURE 9.37

Sling psychrometer.

determined by sensing this dimensional change. This principle is used for the humidity
gage in inexpensive mechanical home weather stations, although these devices are
rarely very accurate. Nevertheless, hygrometric devices suitable for laboratory use can
be constructed. Some sense the displacement with strain gages or other electrical out-
put devices and can be used for remote sensing. Certain materials show a change in
resistance in response to changes in humidity and also can be used for remote-sensing
applications. A common probe that is sensitive to a wide range of humidities is based
on a moisture-sensitive polymer film, which forms the dielectric of a capacitor. The
capacitance is a function of humidity. At present, capacitance humidity sensors are
probably the most widely used hygrometric devices.

9.3.2 Dew-Point Devices

If a sample of air is cooled at constant pressure to a temperature called the dew-point
temperature, the moisture in the air will start to condense. This temperature, plus the
initial temperature, can be used to determine the amount of vapor in the air.

9.3.3 Psychrometric Devices

If the bulb of a thermometer measuring an air temperature is surrounded with a wick
wetted with water, it will measure a temperature lower than the true air temperature.
Evaporation of the water in the wick will cool the bulb.This is the basis of the sling psy-
chrometer, shown in Figure 9.37. One thermometer measures the true air temperature
called the dry-bulb temperature, and the thermometer with the wet wick measures the
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Psychrometric chart.

wet-bulb temperature. If the device is used properly, these two temperatures can be
used to determine the air humidity.

The temperature of the wet bulb is dependent on several heat-transfer processes.
The sought-after effect is convective heat and mass transfer between the wet wick and
the surrounding air. Unfortunately, there is also conduction heat transfer along the stem
and radiation heat transfer to the surroundings. If the air velocity relative to the wick is on
the order of 5 m/s, it has been observed that the wet-bulb temperature will be very close
to a temperature called the adiabatic saturation temperature. This air velocity is achieved
with the sling psychrometer by causing the housing to swing around the handle in a cir-
cular motion. It should be noted that the adiabatic saturation temperature is not the same
as the dew-point temperature. The dry-bulb temperature can be used, together with the
adiabatic saturation temperature, to determine the air humidity. A convenient way to do
this is to use a graph called a psychrometric chart, shown in Figure 9.38. Figure 9.38 is
valid for an atmospheric pressure of 1 atm. More detailed psychrometric charts for both
British and SI units are contained in Appendix B. A complete set of charts that includes
the effects of altitude, is available from the American Society of Heating, Refrigerating,
and Air Conditioning Engineers (ASHRAE). Wet- and dry-bulb temperatures can also
be sensed with stationary thermocouples or other temperature sensors. In this case, a fan
or blower is required to produce the required air velocity.

Example 9.11

A sling psychrometer measures a dry-bulb temperature of 33°C and a wet-bulb temperature of
21°C. What are the relative humidity and the humidity ratio?

Solution: Using Figure B.1, we find that the relative humidity is approximately 34% and the
humidity ratio is 0.0108 kg water/kg air.
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9.4 FIBER-OPTIC DEVICES

Fiber-optics systems are more a method of signal transmission than a sensing technol-
ogy, but two of the more important sensing applications are temperature and pressure
measurement. Fundamentals of operating fiber optics and fiber-optic sensors are intro-
duced briefly in this section. For more detail the reader may refer to detailed refer-
ences, including Allan (1973), Krohn (2000), Hentschel (1989), Grattan and Meggit
(2000), and Lopez–Higuera (2002).

9.4.1 Optical Fiber

An optical fiber is basically a guidance system for light and is usually cylindrical in
shape. If a light beam enters from one end face of the cylinder, a significant portion of
energy of the beam is trapped within the cylinder and is guided through it and emerges
from the other end. Guidance is achieved through multiple reflections at the cylinder
walls. Internal reflection of a light ray is based on Snell’s law in optics. If a light beam in
a transparent medium strikes the surface of another transparent medium, a portion of
the light will be reflected and the remainder may be transmitted (refracted) into the
second medium. Referring to Figure 9.39, the direction of the refracted wave is gov-
erned by Snell’s law,

(9.30)

where n is the refractive index of the medium, the ratio of the speed of light in a vac-
uum to the speed of light in a transparent material, and is the angle of the light beam
with the normal to the deflection surface. For the case that light is passed from a higher
n medium into a medium with a lower n (such as the water–air interface), beyond a
certain angle of incidence the light ray will not penetrate the medium with lower n and
will be entirely reflected into the higher n medium. The minimum angle resulting in
this total reflection is called the critical angle of reflection and is derived from Eq.
(9.30) by setting equal to 90°:

(9.31)

A light ray will be completely reflected from the interface at all angles of incidence
greater than uc.

sin uc =
n2

n1

u2

u

n1 sin u1 = n2 sin u2
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Ray transmission through an optical fiber.

Basically, the optical fiber is a cylinder of transparent dielectric material sur-
rounded by another dielectric material, called cladding, with a lower refractive index.
In practice, a third protective layer is also required. (See Figure 9.40.) Figure 9.41,
which shows the ray diagram of an optical fiber, indicates that the rays that enter the
fiber beyond the acceptance angle may not be fully transmitted through the fiber and
will eventually be lost.

Optical fibers have extensive application in telecommunication and computer
networking, but their application as sensing devices is not that widespread yet. Apply-
ing fiber-optic–based sensors is an emerging technology and is expected to grow in the
near future. Optical sensing and signal transmission have several potential advantages
over conventional electric output transducers and electric signal transmission. Major
advantages are as follows:

1. Nonelectric (optical fibers are immune to electromagnetic and radio-frequency
interference).

2. Explosion proof.
3. High accuracy.
4. Small size (both fibers and the attached sensors can be very small in size, applica-

ble to small spaces with minimum loading and interference effect).
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Two types of fiber-optic sensors: (a) extrinsic; (b) intrinsic.

5. High capacity and signal purity.
6. Can be easily interfaced with data-communication systems.
7. Multiplexing capability (numerous signals can be carried simultaneously, allow-

ing a single fiber to monitor multiple points along its length or to monitor several
different parameters).

According to Krohn (2000), most physical properties can be sensed with fiber-
optic sensors. Light intensity, displacement (position), pressure, temperature, strain,
flow, magnetic and electrical fields, chemical composition, and vibration are among the
measurands for which fiber-optic sensors have been developed. In the sections that fol-
low, basic principles and some typical fiber-optic sensors are introduced.

9.4.2 General Characteristics of Fiber-Optic Sensors

Fiber-optic sensors can be divided into two general categories, intrinsic and extrinsic.
In intrinsic sensors, the fiber itself performs the measurement, while in extrinsic sensors
a coating or a device at the fiber tip performs the measurement. Figure 9.42 shows
schematic diagrams of these two types of sensors. Depending on the sensed property of
light, fiber-optic sensors are also divided into phase-modulated sensors and intensity-
modulated sensors. Phase-modulated sensors compare the phase of light in a sensing
fiber to a reference fiber in a device called an interferometer. Phase difference can be
measured with extreme sensitivity. In intensity-modulated sensors the perturbation
causes a change in received light intensity, which is a function of the phenomenon
being measured (measurand). Intensity-modulated sensors are simpler, more eco-
nomical, and more widespread in application, so the discussion here is limited to this
type. What will follow here is a brief introduction of these sensors for some mechani-
cal measurements.
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Reflective fiber-optic response curve for displacement measurement. (After Krohn, 2000.)
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Fiber-optic displacement transducer with lens: (a) configuration; (b) response curve. (After Krohn, 1992.)

9.4.3 Fiber-Optic Displacement Sensors

Two concepts that are widely used in fiber-optic sensors are reflective and microbend-
ing concepts. Both concepts sense displacement but can be used for other measure-
ments if the measurand can be made to produce a displacement. Figure 9.43 shows the
basic concept of a reflective-displacement sensor. In a reflective sensor a pair or two
bundles of fibers are used. One bundle is used for transmitting the light to a reflecting
target while the other collects (traps) the reflected light and transmits it to a detector.
Any motion or displacement of the reflecting target can affect the reflected light that is
being transmitted to the detector. The intensity of the reflected light captured depends
on the distance of the reflecting target from the optic probe. A typical response curve
is also shown. Following the basics of geometric optics, the behavior of this response
curve can be interpreted and used in measuring displacement. Plain reflective dis-
placement sensors have a limited dynamic range of about 0.2 in. This can be improved
by using a lens system (shown schematically in Figure 9.44) to 5 or more inches
(Krohn, 2000). Disadvantages of this type of sensor are that they are sensitive to the
orientation of the reflective surface and to the contamination of the reflective surface.
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(a) Microbending fiber-optic sensor; (b) output. (Based on Krohn, 2000.)

Microbending is another attractive and widely used technology in fiber-optic sen-
sors. If a fiber is bent as shown in Figure 9.45(a), a portion of the trapped light is lost
through the wall of the fiber. The amount of the received light at the detector com-
pared to the light source is a measure of the physical property influencing the bend.As
Figure 9.45(b) shows, microbending can be used to measure displacement (or strain).

9.4.4 Fiber-Optic Temperature Sensors

Several fiber-optic sensing concepts have been used in measuring temperature. These
include reflective, microbending, intrinsic, and other intensity- and phase-modulated
concepts. Some of the more common sensors are described briefly here. In one type of
reflective sensor shown in Figure 9.46, the displacement of a bimetallic element is used
as an indication of temperature variation. The response curve of such a sensor, taken
from Krohn (2000), is also shown. These types of sensors are used both as thermal
switches and analog sensors.

According to Krohn (2000), active sensing materials such as liquid crystals, semi-
conductor materials, materials that fluoresce, and other materials that can change spec-
tral response can be placed in the optical path of a temperature probe to enhance the
sensing effect.A fiber-optic sensor using fluorescent material to emit light as a function
of temperature is shown in Figure 9.47. The fiber tip is coated with a phosphor layer
and encapsulated. An incoming ultraviolet (UV) light excites the phosphor, which
emits light in the visible spectrum. The visible light is carried back to the electro-optic
interface via the same fiber.The incoming and outgoing light beams are separated by a
beam splitter, and their intensity is measured. The intensity ratio of the two beams is a
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Sensor tip of a fluorescent sensor.
(From Krohn, 2000.)

direct function of the temperature of the phosphor. According to Krohn (2000), the
operating range of this type of sensor is to above 250°C with accuracy of better
than 1°C. Because of the small size of these sensors, they can have superior response
time to many conventional methods of temperature measurement. Small fluorescent
temperature-measurement devices can have an accuracy of and a response
time as low as 25 ms. The concept of microbending is also used for temperature mea-
surement. Using thermal expansion of a component structure, the sensor can measure
the temperature by altering the fiber bend radius with temperature. This affects the
amplitude of the transmitted light.

As discussed in Chapter 8, all materials emit thermal radiation as a function of their
temperature and surface properties. The radiated light from a surface (which represents
the surface temperature) can be collected and measured by a fiber-optic sensor called a
blackbody fiber-optic sensor. Blackbody fiber-optic sensors use silica or sapphire fibers,
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(a) Reflective fiber-optic temperature transducer using a bimetallic sensor; (b) typical output
curve for such a device. (Based on Krohn, 2000.)



330 Chapter 9 Measuring Pressure, Temperature, and Humidity

Transmitting fiber Receiving fiber

Shutter

Diaphragm

Sensed pressure

FIGURE 9.48

Transmissive fiber optic pressure
sensor. (Based on Krohn, 2000.)

Light source

To detector

Sensed
pressure

Diaphragm
FIGURE 9.49

Reflective fiber optic pressure sensor using
a diaphragm. (Based on Krohn, 2000.)

with the fiber tip coated with precious metal for light collection. These sensors can have
a range of 500 to 2000°C. Fiber-optics–based sensors that operate on an interferometric
principle, using mirrors on the end of a single-mode fiber, have been reported to operate
in the range of to 1050°C [Lee, et al. (1988)].

9.4.5 Fiber Optic Pressure Sensors

Several fiber optic concepts have been used in design of fiber optic pressure sensors
which have demonstrated high accuracy. Figure 9.48 shows a fiber optic pressure sen-
sor that modulates the light intensity transmitted through a fiber by movement of a
shutter. The shutter is moved by a diaphragm which senses the pressure. Other forms
of transmissive pressure sensors are discussed by Krohn (2000). The reflective concept
has also been used in design of fiber optic pressure sensors. Figure 9.49 shows the
application of the concept in a diaphragm pressure transducer. The change in the posi-
tion of the diaphragm changes the amount of light that is reflected into the receiving
fiber as an indication of the sensed pressure.

-200°C
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9.4.6 Other Fiber-Optic Sensors

Fiber-optic-type sensors have found applications in practically every field [see
LopezHiguera, (2002)], including measuring strain and temperature in complex struc-
tures [Measures, (2001)]; biomedical, chemical, and environmental sensing [Gratten
and Meggitt, (1999)]; and measuring electrical current and voltage. Details of the prin-
ciples and technology behind these various sensors are beyond the scope of this book.
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PROBLEMS

9.1 A gas pressure of 150,000 Pa (gage) is applied to one leg of a U-tube manometer, which
contains a fluid with density of The other leg is open to atmosphere. What is
the manometer reading?

9.2 A gas pressure difference is applied to the legs of a U-tube manometer filled with a liquid
with The manometer reading is 28.6 cm. Find the pressure difference in kPa.

9.3 A gas pressure difference is applied to the legs of a mercury-filled U-tube
manometer. The manometer reading is 45.3 in. Find the pressure difference in psid.

9.4 Convert the pressure 5.1 psi into units of inches of mercury and feet of water.

9.5 Convert the pressure 65 kPa into units of millimeters of mercury and meters of water.

9.6 Determine the following conversion factors:

(a) The factor to multiply mm of Hg to get Pa 
(b) The factor to multiply inches of to get psi.
(c) The factor to multiply Pa to get m of 

9.7 A vacuum pressure (below atmospheric) is applied to the column port of a well-type
manometer. The well port is open to the atmosphere. The fluid is mercury If
the reading R is 130 mm, what is the applied pressure relative to atmospheric pressure?

9.8 A vacuum pressure (below atmospheric) is applied to the column port of a well-type
manometer. The well port is open to the atmosphere. The fluid is mercury If
the reading R is 25.0 in, what is the applied pressure relative to atmospheric pressure?

9.9 A well-type inclined manometer has a gas pressure difference of 7.5 cm of water column
applied to its ports (higher pressure to well). If the manometer is at an angle of 7.5° and
contains a fluid with a density of what is the reading R?

9.10 A well-type inclined manometer has a gas pressure difference of 3 in. of water column
applied to its ports (higher pressure to well). If the manometer is at an angle of 7° and con-
tains a fluid with a density of what is the reading R?

9.11 An inclined manometer is used to measure the differential gas pressure across an orifice.
The angle is 30° and the fluid used in the manometer has a specific gravity of 0.8. Calculate
the sensitivity (cm length/Pa) and the resolution of the manometer (in Pa) if 0.5 mm
(length) can be resolved with a naked eye.

9.12 In Problem 9.11, calculate the length of the tube for measuring a maximum pressure of 10
cm of water.

9.13 Determine the gas pressure exerted on the reservoir of an inclined manometer ( in Fig.
9.3) if it has a 15-degree angle, uses a fluid with specific gravity of 0.7, and reads 10.2 cm.

P1

50 lbm/ft3,

0.8 g/cm3,

1S = 13.62.

1S = 13.62.
H2O.

H2O
1SHg = 13.62.

1S = 13.62
S = 1.5.

2000 kg/m3.
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FIGURE P9.21

9.14 Determine the systematic error as a percentage of the reading if the actual angle of an
inclined manometer is 15.5 degrees while it is considered 15.0 degrees.

9.15 The scale of a mercury barometer is made of aluminum, which has a linear coefficient of
thermal expansion of Mercury has a volume coefficient of expansion of

If the reading of 760 mm is correct at 20°C, what will be the reading
at 35°C if no correction is made for temperature? Assume that the zero is properly
adjusted.

9.16 The scale of a mercury barometer is made of aluminum, which has a linear coefficient of
thermal expansion of Mercury has a volume coefficient of expansion of

If the reading of 760 mm is correct at 20°C, what will be the reading
at 15°C if no correction is made for temperature? Assume that the zero is properly
adjusted.

9.17 An R-type thermocouple with a 0°C reference junction reads 2.5 mV. What is the temper-
ature?

9.18 An R-type thermocouple with a 32°F reference junction reads 3.7 mV. What is the tem-
perature?

9.19 A type S thermocouple with an ice reference has an output of 4.005 mV. What is the tem-
perature of the hot junction?

9.20 Consider the standard chromel–alumel thermocouple circuit shown in the Figure P9.20

(a) Find the voltage measured by the DVM.
(b) If the DVM measures 17.51 mV, what would the temperature be?T1

1.82 * 10-4 m3/m3-K.
23 * 10-6 m/m-K.

1.82 * 10-4 m3/m3-K.
23 * 10-6 m/m-K.

9.21 Prepare a table in 20°C increments between 0°C and 200°C for the output voltage of the
thermocouple circuit as a function of The reference junction is boiling water at 100°C.T1.

9.22 A type E thermocouple is placed in an oven and connected to a computer data-acquisition
system. The junction box temperature is independently measured to be 30°C. The thermo-
couple voltage is found to be 37.0 mV. What is the temperature of the oven?

9.23 A type R thermocouple is placed in an oven and connected to a computer data-acquisition
system. The junction box temperature is independently measured to be 20°C. The thermo-
couple voltage is found to be 4.20 mV. What is the temperature of the oven?

9.24 A J-type thermocouple with an ice-reference junction showed a reading of 22 mV. After
the experiment, it was found that the actual temperature of the reference junction is 4°C
instead of 0°C. Calculate the actual value of the measured temperature.
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9.25 A K-type thermocouple with an ice-reference junction showed a reading of 24 mV. After
the experiment, it was found that the actual temperature of the reference junction is 5°C
instead of 0°C. Calculate the actual value of the measured temperature.

9.26 A set of readings with a K-type thermocouple have been performed using a reference
junction that has been assumed to be at 0°C. After careful inspection, because the
ice–water mixture did not really make a slush, the reference junction has been determined
to be at 1°C. Calculate the systematic error in this measurement.

9.27 An RTD is connected into a Wheatstone bridge of the type shown in Figure 9.21(b). The
other bridge resistors have values of The supply voltage is 3 V and the bridge out-
put voltage is 

(a) Evaluate the RTD resistance neglecting the effect of lead wires.
(b) If the lead-wire resistance of is considered, what is the RTD resistance?
(c) What is the error in resistance due to neglecting the lead-wire resistance?
(d) If the RTD follows the curve of Table 9.3, what is the error in temperature?

9.28 A platinum RTD with U.S. calibration has a resistance of at 0°C. What is the resis-
tance at 375°C?

9.29 A nominally RTD (0°C) following Table 9.3 is inserted into a bridge like Figure
9.21(b). is adjusted to account for the initial lead resistances and give a zero-voltage
output at 0°C. The supply voltage is 2 V. What will be the voltage output at 390°C if

(a) the lead-wire resistance is neglected?
(b) the lead-wire resistance is 

9.30 The RTD of Problem 9.29 is inserted into a three-wire bridge like Figure 9.21(b). The ini-
tial lead resistance is and the supply voltage is 2 V. What will the voltage output be at
a temperature of 60°C? What will the output voltage be if the lead-wire resistance is
assumed to be zero?

9.31 Argon is used in a pressure thermometer. The volume of the thermometer
bulb is 0.1 L. The thermometer is filled with gas to 110 kPa (abs) at 20°C. What is the sen-
sitivity (variation of pressure with respect to temperature) of this temperature sensor?
Explain your assumptions clearly.

9.32 In Problem 9.31, if the temperature rises to 120°C, calculate the pressure of the gas in the
thermometer.

9.33 Assuming that the bulb in Problem 9.31 is made of copper in spherical form, which readily
expands with increasing temperature, calculate the error in the pressure reading if this
expansion is not accounted for. Is this a systematic or a random error? The coefficient of
linear thermal expansion for copper is 

9.34 Helium is used in a pressure thermometer. The volume of the thermometer bulb is 0.05 L.
The thermometer is filled with gas to 110 kPa (abs) at 20°C. Calculate the pressure of the
gas if the temperature is raised to 120°C. State your assumptions clearly.

9.35 Helium is used in a pressure thermometer. The volume of the thermometer bulb is 
The thermometer is filled with gas to 15 psi (abs) at 60°F. Calculate the pressure of the gas
if the temperature is raised to 250°F. State your assumptions clearly.

9.36 Helium is used in a pressure thermometer. The volume of the thermometer bulb is 0.0.05
L. The bulb is made of stainless steel with a thermal expansion coefficient of

The thermometer is filled with gas to 100 kPa (abs) at 20°C. Calculate
the systematic error in temperature due to neglecting the expansion of the bulb caused by
the temperature rise at 150°C.

12 * 10-6 m/m-K.

3 in3.

16.5 * 10-6 m/m-K.

1M = 39.942

2 Æ

2 Æ?

R2

100-Æ

100 Æ

1 Æ

-0.5 V.
100 Æ.
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9.37 A thermocouple is used to measure the temperature of a hot gas in a duct. The thermo-
couple reads 800°C and the duct wall has a temperature of 700°C. If the thermocouple
junction emissivity is 0.3 and the heat-transfer coefficient is estimate the
measurement error due to radiation.

9.38 A thermocouple is used to measure the temperature of a hot gas in a duct. The thermo-
couple reads 1000°F and the duct wall has a temperature of 900°F. If the thermocouple
junction emissivity is 0.75 and the heat-transfer coefficient is estimate the
measurement error due to radiation.

9.39 Calculate the actual temperature of exhaust gas from a diesel engine if the measuring
thermocouple reads 500°C and the exhaust pipe is 350°C. The emissivity of the thermo-
couple is 0.7 and the convective heat-transfer coefficient of the flow over the thermocou-
ple is 

9.40 Calculate the actual temperature of exhaust gas from a diesel engine if the measuring
thermocouple reads 900°F and the exhaust pipe is 800°F.The emissivity of the thermocou-
ple is 0.75 and the convective heat-transfer coefficient of the flow over the thermocouple
is

9.41 In Problem 9.39 a shield is used to reduce the error. If the shield temperature is about
460°C, calculate the error in the output temperature. The gas temperature remains the
same.

9.42 A thermometer is used to measure the temperature of a gas flow through a pipe. The gas
temperature is read at 500°C and the duct temperature is measured to be 350°C. The ther-
mometer is cylindrical with a diameter of 1 mm and an intrusion length of 1 cm. It can be
assumed that the conductivity of the thermometer material is the same as stainless steel,
about 20 W/m-K. The emissivity of the thermometer tip is 0.2. The convective heat-transfer
coefficient between the thermometer and the gas is estimated to be Estimate
the error in reading the gas temperature. Calculate the actual gas temperature.

9.43 In Problem 9.39, the measured reading of the gas temperature and the reading of the wall
temperature are considered very accurate, but the emissivity of the thermocouple is uncer-
tain to and the heat-transfer coefficient is uncertain to Estimate the temper-
ature correction for radiation and the uncertainty in that correction.

9.44 Calculate the error in reading the temperature of a gas moving at 250 m/s. The recovery
factor is 0.8 and the specific heat at constant pressure of the gas is 1.2 kJ/kg-K.

9.45 Calculate the air velocity that may cause 1% recovery error in measuring static tempera-
ture of air flow at 25°C. Take the recovery factor to be 0.75.

9.46 A sling psychrometer gives dry-bulb and wet-bulb readings of 80°F. What is the relative
humidity?

9.47 For Problem 9.46, what would be the mass of water in 1 kg of an air–vapor mixture?
9.48 A sling psychrometer has a dry-bulb reading of 30°C and a wet-bulb reading of 15°C. Find

the relative humidity and the humidity ratio.
9.49 If a sling psychrometer gives a dry-bulb temperature of 25°C and a wet-bulb temperature

of 22°C, what are the relative humidity and the humidity ratio?
9.50 An electronic temperature detector gives a dry-bulb temperature of 75°F and a wet-bulb

temperature of 55°F for ambient air. What are the relative humidity and humidity ratio of
air?

;15%.;0.1

100 W/m2-K.

150 Btu/h-ft2 °F.

200 W/m2-C.

150 Btu/h-ft2 °F

200 W/m2-C,
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10
CHAPTER

Measuring Fluid Flow
Rate, Fluid Velocity,
Fluid Level, and
Combustion Pollutants

In this chapter, we describe the most common methods for measuring fluid flow rate,
fluid velocity, and liquid level. Also discussed are devices used to measure the pollu-
tants in the exhaust flows from combustion processes.

10.1 SYSTEMS FOR MEASURING FLUID FLOW RATE

In engineering experiments and in process plants, people often need to know the quan-
tity of a fluid flowing through a conduit. The fluid may be either a gas or a liquid, and
the information is normally needed on a time-rate basis (e.g., mass flow rate in kg/s or
volume flow rate in ). Because fluid-flow-rate measurements are so common and
because there are so many different applications, a large number of distinctly different
fluid flow measurement devices (flowmeters) have been developed. Although we
describe the most common flowmeters in this chapter, the user should consult appro-
priate references or vendors before applying the devices.

10.1.1 Pressure Differential Devices

Technical Basis The Bernoulli equation accurately describes the flow of an
incompressible fluid inside a duct or pipe if frictional and other losses are negligible.
For two axial locations (sections) in a duct, labeled 1 and 2 in Figure 10.1, the Bernoulli
equation takes the form

(10.1)

where V is the fluid velocity, P is the fluid pressure, z is the elevation of the location in the
pipe relative to a specified reference elevation (datum), is the fluid density, and g is the
acceleration of gravity. The velocities at two axial locations in the duct with different

r

V1
2

2
+
P1

r
+ gz1 =

V2
2

2
+
P2

r
+ gz2

m3/s
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Duct wall

Flow

P1

A1

V1

z1

P2

A2

V2

z2

FIGURE 10.1

Flow in a duct with area change.

areas are related through the conservation of mass equation,

(10.2)

where A is the duct cross-sectional area and is the fluid mass flow rate (e.g., kg/s).
For an incompressible fluid, the density is a constant and Eq. (10.2) is usually written in
the form

(10.3)

where Q is the volume flow rate (e.g., ). Equations (10.1) and (10.3) can be com-
bined to obtain an expression for the velocity at section 2:

(10.4)

Substituting into Eq. (10.3) yields the equation for the flow rate:

(10.5)

Equation (10.5) is the theoretical basis for a class of flowmeters in which the flow rate
is determined from the pressure change caused by variation in the area of a conduit.
These flowmeters—the venturi tube, the flow nozzle, and the orifice meter—are
described in the following sections. The devices are collectively called head meters
because they depend on the change in head which has units of length.
Their theory and application are presented in detail in the publication Fluid Meters
prepared by the American Society of Mechanical Engineers (ASME, 1971). ASME
Standard MFC-3M-1989 (ASME, 1989) presents the standardized characteristics of
head meters. Another useful reference is Miller (1989).

Venturi Tube The venturi tube, shown schematically in Figure 10.2, is probably
the most expensive of the common flowmeters based on Eq. (10.5), but it has the
lowest energy losses. As Figure 10.2 shows, the area of the pipe contracts from the
initial pipe area to the minimum area (called the throat). The area then
gradually increases to the initial pipe area, If the venturi is oriented horizontally,A1.

A2A1

1P/rg + z2,

Q =
A2

41 - 1A2/A122B
2[1P1 + grz12 - 1P2 + grz22]

r

V2 =
1

41 - 1A2/A122B
2[1P1 + grz12 - 1P2 + grz22]

r

m3/s

V1A1 = V2A2 = Q

m
#

r1V1A1 = r2V2A2 = m#
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Inlet
pipe

Entrance
cone Throat

Flow

Direction

Diffuser

Pressure transducer

Pressure-
sensing lines

P1

A1 � A
Dia. D1 � D

P2, A2 � a
Dia. D2 � d

FIGURE 10.2

Flowmeter using venturi tube.

the elevation terms and are the same and cancel out. If the sensing lines are filled
with the same fluid at the same density as is contained in the pipe, the pressure
transducer measures the difference in the term at the upstream section and
at the minimum area. That is, regardless of the
flowmeter’s orientation. If a manometer is used to measure the pressure difference, the
analysis is slightly more complicated and the reader should consult fluid mechanics
texts such as White (1999).

The volume flow rate for a venturi tube is given by

(10.6)

This equation is identical to Eq. (10.5), except that the right-hand side has been multi-
plied by C.The factor C, called the discharge coefficient, is used to account for nonideal
effects.† C is a function of the diameter ratio, and a parameter
called the Reynolds number, which is defined as

(10.7)

where is the fluid viscosity. The Reynolds number is a dimensionless parameter, and
its value is independent of the unit system.

It is possible to obtain values for the discharge coefficient by calibrating the venturi
tube. However, if the venturi tube is constructed to a standardized geometric shape, the
performance will be standardized and it is possible to use discharge coefficients available
in the literature. Table 10.1 gives values of the discharge coefficient C for venturi tubes
constructed according to the ASME geometric specification (Figure 10.3) with three dif-
ferent construction methods for the entrance cone.All have a smooth throat.

m

Re =
rVD

m

b = D2/D1 = d/D,

Q =
CA2

41 - 1A2/A122B
2[1P1 + grz12 - 1P2 + grz22]

r

¢Ptrans = 1P + grz21 - 1P + grz22,
1P + grz2

z2z1

†In some cases, a coefficient K, called the flow coefficient, is used instead of the discharge coefficient. The
flow coefficient is defined as

K =
C

41 - 1A2/A122
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TABLE 10.1 Discharge Coefficients for Venturi Tubes

Rough-Cast Entrance Cone and Machined Entrance Cone
Rough-Welded Sheet-Metal Cone

Source: ASME (1989).

2 * 105 … Re … 2 * 1062 * 105 … *Re … 2 * 106

0.3 … b … 0.750.3 … b … 0.75
2 in. … D … 10 in.4 in. … D … 48 in.
C = 0.995 ; 1.0%C = 0.984 ; 1.0%

In general, the discharge coefficient will decrease at values of Reynolds numbers
lower than the ranges given in Table 10.1 but will change little at higher values. For
properly constructed venturi tubes within the ranges in Table 10.1, the flow coefficient
is accurate to 1.0% without calibration. This characteristic of good accuracy without
calibration, shared with other ASME head meters, is a major advantage and is particu-
larly important in large sizes, where it is often very difficult to perform accurate cali-
brations. Smaller meters, below the size ranges of Table 10.1, may require calibration.

Head meters are often used to determine the flow rate of compressible fluids
(gases). It is common to express the compressible fluid flow rate as the mass flow rate,

rather than the volume flow rate often used with liquids. In compressible flow, the
density is a function of the pressure and temperature and will change as the fluid
moves through the flowmeter. Since Eq. (10.4) is based on incompressible flow analy-
sis, it is necessary to correct it for mildly compressed flows. In this case, an equation for
the mass flow rate is

(10.8)

The elevation (z) terms in Eq. (10.6) are usually insignificant in compressible flow, so
they have been deleted in Eq. (10.8). The term Y in Eq. (10.8) is called the expansion
factor and compensates for the fluid density change between section 1 and section 2. Y
is a function of the flowing gas and the ratios and Note that the density
under the radical sign is which is consistent with the ASME definition of Y. The
venturi tube expression for Y given in ASME (1989) is

(10.9)

where is the gas specific heat ratio and The expression
is valid for r greater than 0.75. The ASME uncertainty on Y for venturi tubes is given
by For example, for and 
the uncertainty on Y will be 

Venturi tubes are simple, reliable devices, which often do not require calibration
and have relatively low insertion losses (pressure losses caused by the flowmeter). For
minimum pressure loss, the diffuser angle, should be closer to 7° than 15°. On the
other hand, venturi tubes are normally quite expensive to construct. Venturi tubes are

a2,

;0.72%.
1P1 - P22/P1 = 0.1,b = 0.65; [4 + 100b8][1P1 - P22/P1]%.

b = D2/D1 = d/D.r = P2/P1g

Y = ar2/g g

g - 1
1 - r1g-12/g

1 - r
1 - b4

1 - b4 r2/g b
1/2

r1,
P2/P1.A2/A1

m
# = r2V2A2 =

CYA2

41 - 1A2/A122
22r11P1 - P22

m
#
,
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D R1
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z x
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(min. of two)

Throat
pressure tap
(min. of two)

Divergent outlet

Li Lt

�

Li � D or Li � (D/4 � 250 mm (10 in.))
z � D/2 (�0.0 D, � D/4), minimum of 2 taps
Lt � d/3
x � 0.5 d � 0.02 d, minimum of two taps
4 mm (5/32 in.) �    �10 mm (25/64 in.) and � 0.1D or 0.13 d� �

1
 2


�d

R3






R1 � 1.375 D � 20%
R2 � 3.625 d � 0.125 d
5d � R3 � 15 d
   1 � 21  � 1
7 �   2 � 15

FIGURE 10.3

Dimensional specifications of venturi tube. (Based on ASME, 1989.)
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not suitable for flows in which material tends to collect on the walls, since the calibra-
tion will be changed significantly.

A given venturi tube can be used over a rather limited range of flow rates. Exam-
ining Eq. (10.6) one can see that the pressure difference is proportional to the square of
the flow rate.This means that a venturi designed for an appropriate pressure difference
at the upper end of the flow range will have a very low pressure difference at the lower
end of the flow range. For example, a venturi tube with a pressure change of 1 psi at
maximum flow will have a pressure change of only 0.01 psi at 10% of maximum flow.
This characteristic is shared with the flow nozzle and the orifice meter discussed later.

Example 10.1

A venturi tube, fabricated with a machined entrance cone according to ASME specifications, is
inserted in a 4-in.-ID pipe and has a throat diameter of 3 in. If the flowing fluid is 60°F water, the
pressure-sensing lines are filled with water, and the pressure transducer reads 4 psi, what is the
water flow rate?

Solution: From Table B.2 in Appendix B, for 60°F water, and
To find the solution, we will use Eq. (10.6). Note that For

a machined inlet cone, Table 10.1 gives We will check the Reynolds number later. We
have

Note that all inch units have been converted to feet and we had to divide the density by to
obtain consistent units. Further note that the pressure transducer in Figure 10.2 actually measures
the change in not simply the change in pressure. The velocity of the fluid in the pipe is

and the Reynolds number is then

The venturi is thus operating within the range of data in Table 10.1.

Example 10.2

If the diameters of the maximum and minimum areas of Example 10.1 are uncertain by 
in. and the pressure difference is uncertain by what will the systematic uncertainty be
in the flow measurement?

;0.05 psi,
;0.002

Re =
rVD

m
=
162.34/32.172 * 16.5 * 4/12

2.71/132.17 * 36002 = 455,000

V =
Q

A
=

1.44
p14/1222/4 = 16.5 ft/sec

P + grz,

gc

= 1.44 ft3/sec

=
0.995p13/1222/4
41 - 13/424 B

214 * 1442
62.34/32.17

Q =
CA2

41 - 1A2/A122B
2¢P
r

C = 0.995.
A2/A1 = 1D2/D122.m =2.71 lbm/hr-ft.
r = 62.34 lbm/ft3
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Solution: We will estimate the uncertainty using Eq. (7.4).Thus, we need the partial derivatives
of Q with respect to and the pressure change. Uncertainties in g and will be con-
sidered negligible. These derivatives are obtained using Eq. (10.6):

The uncertainties in the variables are

From Eq. (7.4), the systematic uncertainty in Q is

The flow rate in Example 10.1 is 

Comment: The uncertainty is dominated by the discharge coefficient and the pressure-difference
terms, with the dimensional terms having small contributions. Computing the derivatives is clearly
algebraically complicated. It is often easier simply to insert the original formula into a spreadsheet
program and determine the derivatives numerically. For example, the pipe diameter could be
increased 0.1% and the change in flow rate evaluated. is then 

Example 10.3

A horizontal venturi meter constructed of welded sheet metal is to be installed into a 60-cm-ID
welded steel pipe. The flowing fluid is water at 40°C. The maximum flow rate is and
the maximum allowable pressure drop is 20 kPa. Determine the throat area.

0.563 m3/s

¢Q/¢D1.0Q/0D1

1.44 ; 0.019 ft3/sec.

wQ = 0.019 ft3/sec

wQ = [44.187 * 10-8 + 7.87 * 10-6 + 2.07 * 10-4 + 8.1 * 10-5]1/2

+ 11.447 * 0.0099522 + 10.00125 * 7.222]1/2

wQ = [13.99 * 1.666 * 10-422 + 116.84 * 1.666 * 10-422
wQ = c a 0Q

0D1
wD1
b2

+ a 0Q
0D2
wD2
b2

+ a 0Q
0C
wCb

2

+ a 0Q
0¢P

w¢Pb
2 d1/2

w¢P = 0.05 * 144 = 7.2 lbf/ft2

wC = 0.00995 11% of 0.995, as per Table 10.12
wD2 =

0.002
12

= 1.666 * 10-4 ft

wD1 =
0.002

12
= 1.666 * 10-4 ft

0Q
0¢P

=
C1pD2

2/42
41 - 1D2/D424

11/222/r

22 * ¢P/r
= 0.00125 1ft3/sec2/1lb/ft22

0Q
0C

=
pD2

2/4

41 - 1D2/D424B
2 * ¢P
r

= 1.447 ft3/sec

0Q
0D2

= Cap
4
b 2D2

[1 - 1D2/D124]1/2 +
21D2/D124D2

[1 - 1D2/D124]3/2B
2 * ¢P
r

= 16.84 ft3/sec-ft

0Q
0D1

= Cap
4
b -21D2/D125D2

[1 - 1D2/D124]3/2B
2 * ¢P
r

= -3.99 ft3/sec-ft

r¢P,C, D1, D2,
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Solution: The properties of the water can be obtained from Table B.2: and
At this point we do not know or Re, but we will assume that the

value of C in Table 10.1, 0.984, is valid. The upstream pipe area is We
will use Eq. (10.6) to obtain the throat area:

Solving for we obtain which corresponds to a diameter of 33 cm. This results in a 
value of which is within the range of the data in Table 10.1. The pipe fluid velocity
is The Reynolds number is then

which is within the range of Table 10.1. If Re had been larger, it is unlikely that the flow coeffi-
cient would change significantly.

Comment: The greater simplicity of SI units is demonstrated when comparing Example 10.3 to
Example 10.1.

Flow Nozzle The flow nozzle, shown in Figure 10.4, is similar to the venturi
except that after the fluid passes through the minimum flow area, the flow area expands
suddenly to the pipe area. This results in much larger fluid energy losses. As with the
venturi tube, flow nozzles are constructed to dimensional standards. The ASME has

Re =
rVD

m
=

992.2 * 2.00 * 0.6
0.656 * 10-3 = 1.82 * 106

Q/A = 0.565/0.2827 = 2.00 m/s.
33/60 = 0.55,

b0.086 m2,A2,

0.563 =
0.984A2

41 - 1A2/0.282722B
2120,0002

992.2

Q =
CA2

41 - 1A2/A122B
2¢P
r

p0.62/4 = 0.2827 m2.A1

bm = 0.656 * 10-3 N-s/m2.
r = 992.2 kg/m3

P1

Throat
taps

Pipe wall
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Flow

Nozzle
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A1

Flange

FIGURE 10.4

Flow nozzle.
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Detail nozzle
outlet

High    nozzle
0.50 �    � 0.80
r1 � D/2
r2 � (D � d)/2
L1 � 0.6 d or � D/3
2t � D � (d � 6 mm [0.25 in.])
3 mm [0.13 in.] � t2 � 0.15 D

�
�

�
�

Low    nozzle
0.20 �    � 0.50
r1 � d
0.63 d  � r2 � 0.67 d
0.6 d � L1 � 0.75 d
3 mm [0.13 in.] � t � 12 mm [0.5 in.]
3 mm [0.13 in.] � t2 � 0.15 D

D � Upstream pipe inside diameter

L1r1

r2

d

t

t2

r2

d

t

L1r1

t/2

t

d10

45

FIGURE 10.5

Dimensional specifications for ASME long-radius flow nozzles. (Based on ASME, 1989.)

designated standard geometry for long-radius nozzles, as shown in Figure 10.5.
Equation (10.6) for venturi tubes is also applicable to flow nozzles.Values and formulas
for discharge coefficients, C, are given in ASME (1989) and can be used if calibration is
not possible. As shown in Figure 10.4, there are two possible locations for the pressure
measurements. For pipe wall taps, the upstream tap should be one pipe diameter
upstream from the nozzle-inlet plane. The downstream tap should be 0.5 pipe diameter
from the nozzle-inlet plane but not farther downstream than the nozzle-outlet plane.
For long-radius flow nozzles with pipe wall taps, the discharge coefficient can be
computed from

(10.10)

where the pipe diameter D is in inches and is the Reynolds number based on the
pipe inside diameter. The applicable range of pipe diameters is 2 to 30 in., the range of
the Reynolds number is from to and the range of is from 0.2 to 0.8.ASME
gives a tolerance on the discharge coefficient of For nozzles using throat taps, the
reader is referred to ASME (1989). Flow nozzles can also be used for the flow of gases,
and Eqs. (10.8) and (10.9) are applicable.The tolerance on Y is ; [21P2 - P12/P1]%.

;2%.
b6 * 106,104

ReD

C = 0.9975 - 0.00653 a106b

ReD
b0.5
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There is a special case for flow nozzles that deserves particular mention. This is
the critical flow nozzle for measuring mass flow rate in gases, including steam. If the
pressure downstream of the nozzle throat is sufficiently low, then the velocity in the
minimum area of the nozzle will become equal to the local speed of sound. In this case,
the flow is said to be choked (critical), and further reductions in the downstream pres-
sure will not affect the mass flow rate. For ideal gases, the absolute pressure where this
occurs is given by

(10.11)

where is the specific heat ratio of the gas.The 0 subscript denotes total conditions, the
value of absolute pressure (and temperature) at an upstream location where the veloc-
ity is zero. As a practical matter, if the pipe area upstream of the nozzle is greater than
five times the nozzle area, the upstream fluid pressure will be within 1% of the total
pressure. For most gases, the critical pressure is on the order of one-half the total pres-
sure. If the surrounding pressure on the downstream side of the nozzle is less than 
the pressure at the nozzle throat will be not the lower backpressure.

The critical flow rate for an ideal gas can be determined from the equation
(Shapiro, 1953)

(10.12)

where R is the gas constant for the flowing gas and is the total temperature.The flow
rate computed by this equation is the maximum; frictional effects will reduce the flow
rate slightly and the result should be multiplied by a discharge coefficient. Although
discharge coefficients are high for critical flow nozzles (on the order of 0.99 for high
Reynolds numbers), ASME (1971) suggests that critical flow nozzles be individually
calibrated. Many common engineering gases, such as steam and refrigerants, show sig-
nificant real-gas behavior. Real-gas behavior means that they deviate significantly
from ideal-gas behavior. The approach for real gases, such as steam, is given in ASME
(1971). The major advantage of the critical flow nozzle is that only upstream fluid con-
ditions need to be measured. The major disadvantage is that they cause a significant
pressure loss.

Example 10.4

A flow nozzle is to be inserted in a 2-in.-diameter pipe to measure an airflow of
up to 2 lbm/sec. Upstream of the nozzle, the air pressure is 150 psia and the temperature is 300°F.

for air is 1.4. Pipe wall taps are to be used, and the maximum pressure drop across the nozzle is
to be 5 psi. Determine a suitable minimum area for the nozzle.

Solution: The properties of air can be obtained from Table B.4. The
density at 14.7 psia is so at 150 psi, We
will solve this problem by solving Eq. (10.8) for To do this, we need C and Y, which require

which in turn, requires the final answer We can, however, solve the problem iteratively.WeA2.b,
A2.
r = 0.052211150/14.72 = 0.533 lbm/ft3.0.05221 lbm/ft3,

m = 0.05748 lbm/hr-ft.

g

1ID = 2.067 in.2

T0

m
# =

A2P0

2T0B
g

R
a 2
g + 1

b1g+12/1g-12

Pcrit,
Pcrit,

g

Pcrit =
P0

[1g + 12/2]g/1g-12
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will first assume that and estimate compute C and Y, and then reevaluate 
Computing to be we can substitute into Eq. (10.8):

Solving, we obtain which corresponds to a nozzle minimum diameter of 1.43 in.
Noting that and we obtain Y from Eq.
(10.9):

We obtain C from Eq. (10.10).To find C, we need to compute the Reynolds number based on the
pipe diameter. The velocity at section 1 is The
Reynolds number is then

Using Eq. (10.10) for C yields

Using Eq. (10.8) again gives us

Solving for we obtain or 

Comment: In this problem the pressure drop is small (5 psi relative to an inlet pressure of 150
psi), yet the expansion factor has a value of 0.974, an effect of more than 2%.

Example 10.5

A critical flow nozzle has been proposed for measuring airflow into a chamber designed to oper-
ate between 1 and 3 atm (absolute) pressure. Compressed air at 690 kPa (gage) and ambient
temperature (20°C) are available for this application. The system needs approximately 0.1 kg/s
of air. For air, and 

(a) Is a critical flow nozzle appropriate for this application?
(b) If applicable, calculate the throat area of the nozzle.
(c) What measurements are necessary to accurately calculate the flow?
(d) How will the flow vary with changes in chamber pressure?

R = 287 J/kg-K.g = 1.4

d = 1.46 in.A2 = 0.0116 ft2A2,

2
32.17

=
0.992 * 0.974 * A2

21 - 1A2/0.023322B2 *
0.533
32.17

* 15 * 1442

C = 0.9975 - 0.00653 a106 *
0.692

925,800
b0.5

= 0.992

ReD =
rVD

m
=

0.533/32.17 * 161 * 2.067/12
0.05748/132.17 * 36002 = 925,800

V1 = m# /r1A1 = 2/10.533 * 0.02332 = 161 ft/sec.

Y = c0.9672/1.4a 1.4
1.4 - 1

b a 1 - 0.96711.4-1/1.42
1 - 0.967

b a 1 - 0.6924

1 - 0.6924 0.9672/1.4 b d
1/2

= 0.974

b = d/D = 1.43/2.067 = 0.692,r = 145/150 = 0.967
A2 = 0.0112 ft2,

2
32.17

=
1 * 1 * A2

41 - 1A2/0.02332222 * 10.533/32.17215 * 1442

m
# =

CYA2

21 - 1A2/A12222r11P1 - P22
0.0233 ft2,A1

A2.A2,Y = 1,C = 1
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Solution:

(a) We have to check whether the flow across the nozzle will remain choked as the pressure
varies from 1 to 3 atm. We have

We must compare this value with the critical ratio obtained from Eq. (10.11). For air

Because the flow will be choked and a critical flow nozzle will be
appropriate.

(b) To calculate the throat area of the nozzle, we will use Eq. (10.12):

(c) To measure the flow accurately, the nozzle should be calibrated. For subsequent mea-
surements, upstream temperature and pressure should be measured. To make sure that
the flow is choked, downstream pressure should also be measured for each operational
condition.

(d) As long as the flow is choked in the nozzle, it will not depend on the chamber pressure.To
change the flow rate, upstream pressure (and possibly temperature) should be changed. If
upstream pressure is changed, one should make sure that the flow remains critical.

Example 10.6

In Example 10.5 calculate the flow rate in standard cubic meters per minute (SCMM) of airflow.

Solution: To convert the flow rate into standard conditions (usually defined as 1 atm, 20°C), we
have to divide the mass flow rate of air by the density of air at standard condition We will
use the perfect gas relation for this purpose,

SCMM =
m
#

r0
=

60 * 0.1
1.20

= 50 SCMM

= 1.20 kg/m3

r0 =
P

RT
=

101,325 1Pa2
287 1J/kg-K2 * 293 1K2

1r02.

A2 = 5.36 * 10-5 m2 = 0.536 cm2 diameter = 8.3 mm

0.1 = aA2 * 7.8 *
101,325

2931/2 b c a 1.4
287
b 2

11.4 + 1211.4+12/11.4-12 d
1/2

m
# =

A2P0

T0
1/2 c gR

2

1g + 121g+12/1g-12 d
1/2

Pc/Ps … Pcrit/P0,

Pcrit

P0
=

1

[11.4 + 12/2]1.4/11.4-12 = 0.528

1g = 1.42,

 Maximum chamber-to-line pressure ratio =
Pc
Ps

=
3

6.8 + 1
= 0.38

Supply pressure =
690

101.3
= 6.8 atm 1gage2
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FIGURE 10.6

(a) Orifice meter system; (b) description of square-edged orifice.

(a) (b)

(c)

FIGURE 10.7

Location of orifice meter pressure taps: (a) flange taps; (b) taps; (c) corner taps.D–1
2D

Orifice Meter The orifice meter, shown in Figure 10.6(a), is one of the most
popular differential pressure devices because it is simple to install and relatively
inexpensive. Fluid energy losses are significantly larger than in venturi tubes.As Figure
10.6(a) shows, the minimum fluid flow area does not occur at the orifice plate but at a
location farther downstream. This minimum flow area is called the vena contracta. The
orifice meter described in ASME (1989) is the square-edged orifice type, shown in
Figure 10.6(b). The orifice is a circular hole cut into a thin plate. The hole is then
chamfered at the downstream face to leave a thin edge.The thin edge and the inlet face
should form a sharp 90°angle. The plate is then bolted between the flanges at a pipe
joint. There are three standard locations for the pressure taps, as shown in Figure 10.7.
For flange taps, the pressure-sensing holes should be located 1 in. upstream and 1 in.
downstream of the faces of the orifice plate. For D–1/2D taps, the taps are located one
pipe diameter upstream and 1/2 pipe diameter downstream of the orifice plate. Corner
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taps sense the pressures at the upstream and downstream intersections of the pipe wall
and the orifice plate. Since the location of the pressure taps is independent of the
orifice-plate diameter, orifice plates of different diameter can be interchanged.

The flow rate through orifice plates is also computed with the use of Eq. (10.6).
ASME (1989) gives formulas for the discharge coefficients for each of the pressure-tap
locations shown in Figure 10.7. For corner taps, the formula is

(10.13)

It is recommended that the diameter ratio, be limited to the range of 0.2 to 0.7. Tol-
erances on the discharge coefficient for pipe diameters between 2 and 36 in. depend on
the pipe Reynolds number and For Reynolds numbers greater than 10,000, the
uncertainty is for between 0.2 and 0.6 and for between 0.6 and 0.75.
For Reynolds numbers between 2000 and 10,000, the uncertainty is For
Reynolds numbers greater than 10,000 and the uncertainty is 
ASME (1989) gives formulas for the discharge coefficients of other pressure-tap loca-
tions. ASME (1971) also gives guidance for constructing orifice meters for pipes
smaller than 2 in.

For orifice meters with compressible flows, Eq. (10.8) is applicable directly. The
expression for the expansion factor Y of orifice meters is given by

(10.14)

This is valid for The uncertainty on Y for orifice meters is given by
For example, if the uncertainty will be 0.4%.

Orifice meters are less likely than venturi tubes or flow nozzles to be affected by
fluids that contaminate the pipe or conduit walls. Deposits are less likely to form on the
lip of the orifice plate than they are on the walls of venturi tubes and nozzles. However,
orifice meters are more likely to be affected by abrasive fluids, which can erode the lip
of the orifice plate and affect accuracy.

Example 10.7

A sharp-edge orifice with corner taps is to be used to measure water flow rate in a horizontal
2-in. pipe (2.067 in. ID). The maximum flow is expected to be about 7 cfm (cubic feet per
minute). Determine the diameter of the orifice if a maximum pressure difference of about 2
psi is acceptable.

Solution: We will use Eqs. (10.6) and (10.13) for this purpose. First we have to determine the
Reynolds number in the pipe. Using Table B.2, we find that and that

The pipe area is The fluid velocity
in the pipe is

V =
Q

A
=

7/60
0.0233

= 5.00 ft/sec

A1 = p * 2.0672/14 * 1442 = 0.0233 ft2.m = 2.71 lbm/hr-ft.
r = 62.34 lbm/ft3

1P1 - P22/P1 = 0.1,[41P1 - P22/P1]%.
P2/P1 Ú 0.75.

Y = 1 - 10.410 + 0.35b42P1 - P2

P1g

;0.65%.b = 0.65,
;10.6 + b2%.

b;b%b;0.6%
b.

b,

C = 0.5959 + 0.0312b2.1 - 0.184b8 +
91.71b2.5

ReD
0.75
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According to Eq. (10.7),

The diameter of the orifice (d) must be determined by using Eq. (10.6) in a trial-and-error
process because the discharge coefficient, C, is a function of which is initially
unknown. We will assume that and find d. We have

Since the pipe is horizontal, and we obtain

This gives Substituting into Eq. (10.13), Using Eq. (10.6)
again, the final orifice diameter is 1.35 in.

Practical Considerations in the Installation of Venturi Tube, Flow Nozzle, and
Orifice Flow Meters The preceding material provides information on the geometry
of head-type flowmeters and interpretation of the test data. In installing such a meter,
consideration must be given to the upstream and downstream piping geometry and the
design and number of the pressure taps. There are requirements on the length of
straight pipe upstream and downstream of the meter, which depend on the type of the
meter and the diameter ratio There are several methods to construct the pressure
taps and restrictions on the tap diameters. Miller (1989) has an extensive discussion of
these practical matters. ASME (1989) is also useful for practical installation
considerations.

Laminar Flowmeter One of the disadvantages of the devices we have
described, which are based on the Bernoulli equation, is that the pressure drop is
proportional to the flow squared. This means that a device designed for a reasonable
pressure drop at the maximum flow will have a very low pressure drop at low flows.
The flow in small-diameter (0.030 in., for example) tubes at moderate velocities will be
in a flow regime known as laminar flow (with a Reynolds number based on a diameter
less than about 2300). In larger tubes or at high velocities, the flow regime is known as

1b2.

C = 0.615.b = 1.35/2.067 = 0.653.

A2 = 0.01 ft2 d = 1.35 in.

7/60 =
0.6 * A2

B1 + a A2

0.0233
b2B

212 * 1442
162.34/32.172

z1 = z2,

Q =
CA2

B1 - aA2

A1
b2B

2[1P1 + grz12 - 1P2 + grz22]
r

C = 0.60
b = d/D,

= 69,000

=
162.34/32.172 * 5.00 * 12/122

2.71/132.17 * 36002

Re =
rVD

m
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FIGURE 10.8

Laminar flowmeter.

turbulent. For laminar flow of a fluid in a horizontal tube, the flow rate as a function of
pressure drop can be computed from the following formula—White (1999):

(10.15)

where D is the pipe diameter, is the pressure at the upstream end, is the pressure
at the downstream end, L is the pipe length, and is the fluid viscosity.The flow in this
case is proportional to the pressure drop to the first power. A single small-diameter
tube is, however, not suitable for measuring large flow rates. This problem is solved
with a device known as a laminar flowmeter that uses a large number of small-diameter
tubes in parallel, as shown in Figure 10.8. If a flowmeter of this type is designed for a
pressure drop of 1 psi at maximum flow, it will have a pressure drop of 0.1 psi at 10% of
maximum flow, 10 times what it would be for an orifice meter.Thus laminar flowmeters
have a much wider range of measurable flows than devices based on the Bernoulli
equation. Laminar flow can also be achieved in small passages of noncircular section or
porous media, which are less expensive to construct than are small tubes.

Laminar flowmeters do have some disadvantages. They normally have to be cali-
brated after their manufacture, since small tolerance errors will have a major effect on
performance. In addition, they can only be used with clean fluids since small amounts
of contamination on the tube walls will significantly alter the flow–pressure-drop rela-
tionship. They are most commonly used with clean gases.

Example 10.8

A laminar flowmeter is constructed with 5000 tubes, each 1.5 mm in inside diameter and 30 cm long.
For a pressure difference along the tubes of 1 kPa, what will be the flow rate of atmospheric air?

m

P2P1

Q =
pD41P1 - P22

128 mL
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Sketch of rotameter.

Solution: From Table B.2, at 1 atm, 20°C, and For a
single tube we can use Eq. (10.15):

For 5000 tubes, the flow rate is Since this device depends on
the flow being laminar, we should check the Reynolds number:

The Reynolds number is less than 2300; hence, the flow is laminar. This flowmeter is suitable for
measuring the airflow of a small automobile engine.

10.1.2 Variable-Area Flowmeters

This class of flowmeters consists of devices in which the flow area of the meter varies
with flow rate and the value of the flow rate is determined by sensing the position of
the component causing the area change. The most common of these devices used in
experimentation or process control is known as the rotameter. Rotameters can be used
for both liquids and gases.

Rotameter This device is shown schematically in Figure 10.9(a). The
transparent tube, with its axis aligned vertically, contains a small weighted object called
a float, which is often a sphere but can have other shapes. The fluid flowing over the

Re =
rVD

m
=

1.2 * 16.35 * 0.0015

1.811 * 10-5
= 1625

V =
Q

A
=

2.89 * 10-5

p0.00152/4
= 16.35 m/s

5000 * 2.89 * 10-5 = 0.145 m3/s.

Q =
p * 0.00154 * 1000

128 * 1.811 * 10-5 * 0.30
= 2.89 * 10-5 m3/s

m = 1.811 * 10-5 N-s/m2.r = 1.20 kg/m3
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float creates a drag force, which together with the buoyant force, exactly balances the
weight of the float [Figure 10.9(b)]. The float moves to a flow-rate-dependent vertical
position to maintain this equilibrium, and the position of the float can be measured
with an attached scale. Expressed mathematically, the force balance is

(10.16)

where is the drag force caused by the upward-moving fluid, is the buoyant force
acting on the float, and is the weight of the float. The buoyant force is equal to the
weight of the displaced fluid:

(10.17)

where is the float volume, is the density of the flowing fluid, and g is the acceler-
ation of gravity. The weight is given by

(10.18)

where is the density of the float. It is customary to describe the drag force in terms
of a drag coefficient

(10.19)

where is the drag coefficient, is the frontal area of the float (in the direction of
the flow), and is a reference fluid velocity. In this case we use the velocity in the
annular area between the float and the tapered tube, as Substituting the force
terms into Eq. (10.16), we obtain

(10.20)

Solving for we obtain

(10.21)

For gases, so Eq. (10.21) can be written

(10.22)

The float can be designed such that is approximately independent of the float posi-
tion, and consequently the right-hand sides of Eqs. (10.21) and (10.22) (and hence )
are essentially constant. Since the volume flow rate is

(10.23)

and is constant, the flow rate is proportional to the annular area, It is possible to
design the rotameter so that the annular area is a linear function of the float vertical
position y. Hence, a measure of the float vertical position is a linear function of the flow
rate. In some rotameters, the scale will read as a percentage of full scale; in others, the

Aa.Va

Q = VaAa

Va

CD

Va = c 2V—grb
CDAfrrf

d1/2

rF V rb,

Va = c2V—g1rb - rf2
CDAfrrf

d1/2

Va,

CDAfrrfVa
2

2
+ V—rfg = V—rbg

Vref.
Va,Vref

AfrCD

FD =
CDAfrrfV

2
ref

2

rb

FW = V—rbg

rfV—

FB = V—rfg

FW

FBFD

FD + FB = FW
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scale will read directly in units such as “standard liters per second” of the flowing fluid.
The reading depends on the composition of the flowing fluid and its properties (pres-
sure, temperature, and viscosity). Various correlations are available from the manufac-
turer of a given flowmeter in order to convert the reading into mass flow rate or
volume flow rate.

Although it is possible to use devices that sense float position, most rotameters
are not used for remote sensing of flow but are instead read visually and used to check
or adjust the fluid flow rate. In fact, many rotameters have a built-in flow control valve.
Rotameters have the advantages of being easy to read, having a low pressure drop, and
having a scale that is linear with flow. Most rotameters must be mounted with the axis
vertical, but there are rotameters that can be installed in any orientation and that use a
spring instead of the weight of the float to counter the fluid drag force. While it is not
common to have a sensor for remote sensing of flow rate with rotameters, it is common
in the process industries to have a sensing switch that will trip an alarm if the flow
exceeds some system limit.

The accuracy of the higher-quality rotameters can be better than of full
scale, but many are used to give a general indication of flow and are accurate only to
the order of Rotameters are usually calibrated to produce the best accuracy for
a particular application. To avoid a new calibration, a rotameter can sometimes be cal-
ibrated for one fluid and used to measure the flow of another fluid or the same fluid at
another temperature or pressure. Manufacturers can supply sophisticated analysis to
permit such change of application. A simpler method to permit use with another fluid,
based on Eqs. (10.21), (10.22), and (10.23), is demonstrated in Examples 10.9 and 10.10.
This simpler approach adversely affects accuracy. According to Omega Engineering
(1993), the resulting accuracy may not be better than 

Example 10.9

A rotameter that has a stainless-steel float has been calibrated for water. It is desired
to use it for measuring the flow rate of kerosene Calculate the conversion factor for
the readings that are in L/min of water.

Solution: Using Eq. (10.21) and (10.23), for the same reading on the rotameter (the same value
of ), the ratio of flow rates will be

Considering that the specific gravity of kerosene and stainless steel are 0.82 and 7.9, respectively,
we have

This means that if the scale reading is multiplied by a conversion factor of 1.12, the device will
give the kerosene flow rate.

= 1.12

Qk
Qw

= a7.9 - 0.82
7.9 - 1.0

b1/2a 1
0.82
b1/2

Qk
Qw

=
Va,k
Va, w

= a rb - rk
rb - rw

b1/2arw
rk
b1/2

Aa

1S = 0.822.
1S = 7.92

;10%.

;10%.

;2%
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Example 10.10

A rotameter is calibrated for air at standard conditions (20°C, 1 atm). It is going to be used to
measure the flow of methane at 25°C, 2 atm. Calculate the conversion factor for this application.
The molecular weights of air and methane are 29 and 16, respectively.

Solution: We will use Eq. (10.22) to estimate the conversion factor:

Using the perfect gas law, where M and are the molecular weight and univer-
sal gas constant, respectively. The equation for the flow ratio becomes

Thus, volume flow rate readings should be multiplied by 0.96 if the fluid is the higher-pressure
methane.

Comment: There is an inherent approximation in the above analysis—the equality of the drag
coefficients The Reynolds number depends on the fluid viscosity and velocity, and the drag
coefficient may show some dependence on the Reynolds number. Due to the temperature
dependence of viscosity, the accuracy of rotameters will deteriorate slightly with changes in
temperature.

10.1.3 Turbine Flowmeters

Turbine flowmeters may be used to measure the flow rate of clean liquids. In these
devices (Figure 10.10), the fluid turns a turbine wheel or propeller that is supported in
the fluid stream.The turbine wheel is either made of a magnetic material or has a mag-
netic material embedded in the tips. The turbine rotates, and each time a tip passes the
magnetic pickup, an electrical pulse is generated. The output signal is a frequency that
is proportional to the flow rate. Turbine flowmeters of this type are simple and hold
their calibration very well. They can normally be used with high confidence using only
the manufacturer’s calibration. Accuracies as good as of reading are readily
available. The linearity of output tends to drop off at low flows, and most become less
accurate at flows less than 5 to 10% of maximum rated flow.

Since the magnetic pickup creates a slight drag on the turbine wheel, alternative
sensing techniques are sometimes used. For transparent fluids, having the turbine
blades intercept a light beam transmitted to a photocell is one alternative. Since the
flowing liquid serves as a lubricant for the bearing, these flowmeters are not suitable
for fluids that contain abrasive particles or contaminate the various surfaces. These
flowmeters do generate a small pressure drop in the flowing fluid. A variation of the

;1/2%

1CD2.

= 0.96

= c a 1
2
b a29

16
b a298

293
b d1/2

Qm
Qa

= a Pa
Pm

Ma
Mm

Tm
Ta
b1/2

Rr = PM/1RT2,

Qm
Qa

=
Va,m
Va, a

= a ra
rm
b1/2
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Paddle-wheel flowmeter.

turbine meter, called the paddle-wheel flowmeter, is shown in Figure 10.11. In this
device the fluid drives a small paddle wheel that is located on the side of the pipe. This
flowmeter has negligible pressure loss and is relatively inexpensive.

10.1.4 Mass Flowmeters

Thermal Mass Flowmeter The thermal mass flowmeter, shown schematically in
Figure 10.12, can be used to measure mass flow rates of clean gases. The flow is split
into two portions, most of it going through the main tube and a small fraction going
through the sensing tube.The flow through the sensing tube and through the main tube
obstruction are laminar flow. Consequently, the ratio of the sensing mass flow to main
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flow

Flow guide vanes
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wheel

BearingFIGURE 10.10

Turbine flowmeter.
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mass flow is independent of flow rate.An electric heater is attached to the sensing tube
and serves to heat the flowing fluid. The temperatures upstream and downstream of
the heaters are measured with resistance temperature sensors. An energy balance on
the bypass flow gives the following relationship:

(10.24)

where is the gas mass flow rate, is the constant-pressure specific heat, and and
are the upstream and downstream temperatures.The heater is controlled such that q

is constant, regardless of the flow. Solving for gives

(10.25)

For most gases, the specific heat is known and is only a weak function of temperature.
Hence, measuring the temperature change can help determine the mass flow rate. A
signal conditioner converts the temperature sensor outputs to a linear voltage propor-
tional to mass flow rate. Accuracy can be better than In practice, the two resis-
tance temperature sensors may also function as the heating elements. Although the
power requirements are higher, some thermal mass flowmeters heat the entire conduit
flow. It is also possible to use the method for liquids.

Example 10.11

It is proposed to heat the entire flow going through a 1-cm-ID pipe. The flowing fluid is air with
a specific heat of 1.0057 kJ/kg-C. The mass flow rate is 0.003 kg/s. If the heat transferred to the
pipe is 10 W, what will the temperature change of the gas be?

;1%.
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Coriolis mass flowmeter: (a) schematic of single tube; (b) practical implementation.

Solution: Using Eq. (10.25), we obtain

This temperature difference is measurable, but there may be accuracy problems. We could use a
higher power to produce a larger temperature difference. Heating only a bypass flow is a prefer-
able approach.

Coriolis Mass Flowmeter The Coriolis force is a force that occurs when
dynamic problems are analyzed within a rotating reference frame. Useful flowmeters
based on this effect are now widely used in the process industries. Consider a fluid
flowing through the U-shaped tube shown in Figure 10.13(a). The tube is cantilevered
out from a rigidly supported base. An electromechanical driver is used to vibrate the
free end of the tube at its natural frequency in the y direction. The amplitude of this
vibration will be largest at the end of the cantilever and zero at the base. Consider an
instant in time when the tube is moving in the direction. The fluid moving through
the tube away from the base will not only have a component of velocity in the x
direction but also in the direction, and the magnitude of this y component will
increase with distance from the base. As a fluid particle moves along the tube, it is thus
accelerating in the direction. This acceleration is caused by a Coriolis force in the

direction applied by the tube wall.The resultant reaction on the tube wall is a force,
F in the direction. For the fluid returning to the base, the y component of fluid
velocity is decreasing in the flow direction. This results in a Coriolis force on the tube
wall in the direction. These two forces twist the U-shaped tube about the x-axis.
When the tube vibration velocity is upward, the force directions are reversed and the
tube is twisted in the opposite direction. Sensors measure this oscillatory twisting
motion, which depends on the mass flow rate.
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Practical Coriolis flowmeters use two tubes, as shown in Figure 10.13(b), but the
exact shape of the tube varies widely (they are not necessarily U-shaped). The two
tubes are vibrated 180°out of phase. Sensors detect the relative twisting motion of the
two tubes, and signal conditioning produces an output proportional to flow. Coriolis
flowmeters can accurately measure mass flow for a wide range of fluids, including
gases, liquids, slurries, and two-phase (gas–liquid) mixtures. For calibrated devices, the
accuracy can be very good, on the order of of the reading. Because the tubes
are vibrated at their natural frequency, Coriolis flowmeter can also be used to measure
fluid density.This is because the natural frequency of vibration depends not only on the
mass of the tube but also on the mass of fluid inside the tube.

10.1.5 Positive-Displacement Flowmeters

In positive-displacement flowmeters the flow causes a periodic movement of the internal
components of the flowmeter, and this movement can be detected and used to determine
the flow rate. Domestic natural-gas and water meters are of the positive-displacement
type. In the latter applications, the mechanical motion of the meter internal components
is used to drive a mechanical counter that is read by the utility. There are many types of
positive-displacement meters. A whole class of positive-displacement meters are the
gear-type meters.Two intermeshing gears contained inside a housing are forced to rotate
by the flowing fluid. One variation of this type of flowmeter, shown in Figure 10.14, uses
two two-lobed rotors. The design is geometrically similar to the common roots air
blower.The shaft of one of the rotors can be used to drive a clockwork type of counter in
order to obtain a reading.Alternatively, the rotation of the output shaft can be measured
with a magnetic pickup or other pulse-generating device, and the pulses can be converted
to flow at a remote location.

10.1.6 Other Methods of Flow Measurement

Although we have covered the most common methods for measuring flow in conduits,
flow measurement is so common that many different methods have been devised. A
number of other methods are listed here for completeness.

;0.2%
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Vortex shedding flowmeter.

Magnetic Flowmeter The magnetic flowmeter is based on the principle that a
voltage is generated in an electrically conducting fluid if it moves through a magnetic
field. It is not necessary for any components to protrude away from the pipe wall into
the fluid, so this principle is useful for measuring flows of conducting liquids that are
corrosive or that contain abrasive particles and are not well suited to other
measurement techniques. The method will not work for pure water or most organic
liquids that have low electrical conductivity.

Drag Flowmeter In this flowmeter, a vane is inserted into the flow with the
blunt face normal to the flow. As a result, the fluid applies a drag force on the vane,
which is sensed and used as a measure of the flow.

Elbow Flowmeter As a fluid flows around a bend in a pipe, it creates a static
pressure difference between the inside turn radius and the outside turn radius. The
pressure difference can be related to the average velocity and hence the flow in the
pipe.This type of flowmeter is simple to incorporate—pressure taps can be installed on
an existing elbow. The pressure drop is usually smaller than in other differential-type
flowmeters. In-place calibration is normally required.

Vortex Shedding Flowmeter If a cylinder or other suitably shaped prismatic object
is placed into and normal to the velocity of a flowing fluid, a series of alternating vortices
will be shed from the trailing side over a wide range of fluid velocity (Figure 10.15). The
frequency at which these vortices are shed is described by a dimensionless parameter
called the Strouhal number:

(10.26)

where f is the frequency of the vortex shedding, D is the diameter of the cylinder, and
V is the fluid velocity. In general, the Strouhal number is a function of the Reynolds
number [Eq. (10.7)]. However, for cylinders with Reynolds numbers based on the fluid
velocity and the cylinder diameter in the range 500 to 100,000, the Strouhal number has
an almost constant value in the range 0.2–0.21 [Roshko (1954) and Jones (1968)].
Hence, measuring the vortex frequency is a measure of the fluid velocity:

(10.27)V =
fD

St

St =
fD

V



10.1 Systems for Measuring Fluid Flow Rate 361

Transducer 2

Transducer 1

�
Fluid velocity, V

d

FIGURE 10.16

Transit-time ultrasonic flowmeter.

The flowrate can then be determined from Calibrating the specific design
will be required. For shapes other than cylinders, the Strouhal number will have dif-
ferent values.At very low or high Reynolds numbers, the vortex shedding process may
not occur.

There are several methods of detecting the vortex shedding frequency. One
method is to place a velocity sensor in the wake and measure the output frequency
rather than the magnitude. Another method is based on the fact that the vortex shed-
ding process produces oscillating lateral forces on the cylinder. These forces can be
sensed with a piezoelectric force-measuring device located where the cylinder is
attached to the pipe wall. Since they have no moving parts, vortex flowmeters can be
used in chemically harsh environments.Accuracies can be better than of reading.
Readings can be quite linear from 10% to 100% of maximum flow.

Example 10.12

Air at 1 atm flows past a 5-mm-diameter cylinder at a velocity of 30 m/s. Estimate the frequency
of the vortices behind the cylinder.

Solution: From Table B.3 at 1 atm pressure and 20°C, and
Using Eq. (10.27) and assuming that the Strouhal number is 0.21, we

have

The Reynolds number is

which is within the range that St is approximately 0.21.

Ultrasonic Flowmeter Ultrasonic flowmeters determine the fluid velocity by
passing high-frequency sound waves through the fluid.An important class of ultrasonic
flowmeters are called ultrasonic transit-time flowmeters (Figure 10.16). A sound pulse

Re =
1.2 * 30 * 0.005

1.811 * 10-5
= 9939

f = St # V
D

=
0.21 * 30

0.005
= 1260 Hz

m = 1.811 *10-5 kg/m-s.
r = 1.20 kg/m3
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is first transmitted from transducer 1 to transducer 2. The transit time is given by

(10.28)

where C is the sonic velocity in the fluid. Next, a sound pulse is transmitted from trans-
ducer 2 to transducer 1. The transit time for this path is

(10.29)

Equations (10.28) and (10.29) can be combined to obtain

(10.30)

By measuring the two transit times, the fluid velocity can be measured independent of
the fluid sonic velocity. Since the fluid velocity is not uniform over the duct cross sec-
tion, the measured velocity must be corrected to obtain accurate flow rates. Ultrasonic
flowmeters are primarily used for liquid flow rates. Accuracies can be as good as 
of flow rate.

One particularly useful type of ultrasonic flowmeter is the portable clamp-on
type. This type is simply clamped onto the outside of a pipe and can be used to deter-
mine the flow rate. Since the ultrasonic beam also passes through the pipe wall, cor-
recting for the pipe wall thickness and material is required.

Ultrasonic flowmeters that make use of the Doppler shift on sound waves are
also available. The principle is the same as that for Doppler radar, as discussed in
Chapter 8, except that sound waves are used instead of radio waves. The ultrasonic
sound is reflected from particles and bubbles in the flowing liquid.A detailed summary
of ultrasonic flowmeter concepts is provided by Sanderson and Hemp (1981).

Example 10.13

An ultrasonic transit-time flowmeter is used to measure the velocity of water flowing through a
10-cm-ID pipe.The water velocity is 2 m/s, and the sonic velocity in the water is 1498 m/s.The ori-
entation of the sensors, is 30°. Compute the transit times in each direction and the difference
in the transit times.

Solution: From Eqs. (10.28) and (10.29), and the
difference is These times are short, particularly the time difference, and difficult to
measure. Sophisticated techniques, such as multiple reflections of the pulses, are required to
make these systems function satisfactorily.

Flowmeters Using Fluid Velocity Sensors In the next section, a number of
devices are described that measure fluid velocity at a single location in a fluid flow
field. Virtually all of these devices can be incorporated into a flowmeter. In a conduit,
the velocity is not uniform, but varies with radial position, as shown in Figure 10.17. If

0.309 ms.
T1,2 = 133.6658898 ms, T2,1 = 133.3571553 ms,

u,

;1%
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T1,2 * T2,1
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2V sin u cos u
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sin u1C + V cos u2
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sin u1C + V cos u2
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Hot-wire air mass flowmeter.

the shape of the distribution is known, measuring velocity at a single radial location
determines the velocity everywhere. With a known velocity distribution, the average
velocity can be determined by integrating. The exact relationship between the average
and the measured velocity depends on the flow regime and duct cross-sectional shape,
but can be estimated with reasonable accuracy in most cases. Velocity profiles for
circular ducts are available in Shames (1992).

One common type of flowmeter using a velocity sensor that deserves mention is
the hot-wire mass airflow meter. Many modern automobiles with computer-controlled
fuel-injection systems use this device to measure engine airflow. (See Fig. 10.18.) The
heated wire is actually a hot-wire anemometer velocity sensor (discussed in greater
detail later in this chapter). The resistive wire is heated by passing a current through it.
If the wire temperature is held constant, more heat will be transferred from the wire to
the air at high air velocities than at low air velocities. Higher heat transfer requires a
higher current in the wire to maintain the same temperature.Thus, the wire current is a
measure of the air velocity, which can be used to determine the flowrate. Actually, the
heat transferred depends on the product of density and velocity, Hence, this device
measures the mass flow rate of the gas.

10.1.7 Calibrating Flowmeters

Liquid flowmeters are generally fairly easy to calibrate. Liquid that has flowed through
the flowmeter can be collected in a container over a measured period of time. The col-
lected liquid can then be weighed or, if the container is of a simple geometry, the vol-
ume can be measured. Gas flowmeters are more difficult to calibrate. For fairly low

1m# = rVA2 rV.
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Volumetric gas measurement.

flow rates, there is a particular type of positive-displacement meter called a wet test
meter, described by the ASME (1971). This device consists of a set of chambers in a
rotating drum and uses water as a seal. If the chambers are constructed accurately and
the water level is correct, this type of flowmeter is very accurate. A flowmeter can then
be calibrated by passing the same flow through both the wet test meter and the
flowmeter being calibrated.

In another approach for low gas flows, the flow that has passed through the
flowmeter can be collected for a measured period of time in a graduated cylinder that
has been filled with water and inverted in another container of water, as shown in
Figure 10.19. After the collected gas has come into equilibrium with the water, the vol-
ume can be measured. Correction will be necessary to account for water vapor that has
mixed with the gas. This process can be scaled up until the collected volume is a few
liters but may be impractical for larger volumes.

For higher flow rates, one possible method is to perform a partial blowdown of a
compressed tank of gas and use thermodynamics to compute the mass flow. The flow
should be controlled with a valve to maintain a constant flow during the blowdown. If
the gas is in equilibrium with the tank and surroundings before and after the blowdown,
the tank volume and initial and final pressures can be used to compute the mass lost.
The inlet conditions to the flowmeter may change during the blowdown, and it may be
desirable to measure the flowmeter conditions continuously during the blowdown.

10.2 SYSTEMS FOR MEASURING FLUID VELOCITY

In Section 10.1, devices for measuring the total flow rate in a duct were presented. In
this section a number of devices that can be used to measure the velocity at a point in
a flow field are presented.

10.2.1 Pitot-Static Probe

The pitot-static probe, shown in Figure 10.20, is a very common device used to measure
fluid velocity in both liquid and gas flows.A pitot-static probe normally protrudes from
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Pitot-static velocity probe.

the leading edge of aircraft wings in order to measure airspeed. The probe is placed in
the flow with the axis parallel to the flow. There are two pressure-sensing locations on
the probe, the total pressure port 1 and the static pressure port(s) 2. The flow that
approaches the total pressure port stops completely, so the velocity is zero. The flow
that passes the static pressure port has approximately the same velocity as the velocity
without the probe present.The Bernoulli equation [Eq. (10.1)] can be applied between
sections 1 and 2. With this results in the following equation for 

(10.31)

The constant C, which is close to 1, accounts for the fact that the velocity at section 2 is
slightly higher than it would be if the probe were not present since the probe obstructs
the flow. C is determined by calibration but can generally be obtained from the probe
manufacturer. Eq. (10.31) is valid for flowing liquids and gases at low velocities. For
gases, z is usually negligible. Nevertheless, the pressure transducer will effectively mea-
sure the change in if the sensing lines are completely filled with the flowing
fluid. For liquid flow using manometers for pressure measurement, the analysis is
somewhat more complicated and the reader should consult a text on basic fluid
mechanics, such as White (1999).

The pitot probe is similar to the pitot-static probe except that the static pressure
is not measured by the probe but is sensed separately, usually at the duct wall. Pitot
probes can be smaller in size and are used when better spatial resolution is needed in
velocity measurement, such as the measurements needed to determine the velocity
profiles in regions near boundaries.

One problem with pitot-static and pitot probes is that the axis of the probe must
be oriented parallel to the flow. If the misalignment is more than 5°, an error results
and this error is substantial if the misalignment is more than 15°. If possible, the probe

1P + grz2

V2 = CB
2[1P1 + grz12 - 1P2 + grz22]

r

V2:V1 = 0,
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should be rotated to give a maximum pressure differential during the velocity mea-
surement to establish that the probe is properly aligned. There are a number of com-
mercially available variations of the pitot-static probe, such as the Kiel probe, which
are less sensitive to misalignment.

Example 10.14

Atmospheric air flows past a pitot-static probe, which shows a pressure difference of 2 in. of
water column. Find the air velocity.

Solution: From Table B.2 the density of 70°F water is From Table B.4 the density
of air is We will use Eq. (10.31) and assume that the constant C is 1.0. First we
must convert the pressure units of water column to force/unit area units:

Substituting into Eq. (10.31) gives

10.2.2 Hot-Wire and Hot-Film Anemometers

The hot-wire anemometer is a rather sophisticated, but well-established, fluid-velocity-
measuring device which is based on the fact that the convective heat transfer from a
small-diameter heated wire is a function of the fluid velocity.This type of velocity-mea-
surement system is discussed in detail in Lomas (1986). A typical hot-wire probe is
shown in Figure 10.21. The physical size of the probe is quite small, and the wire itself
is on the order of 0.04 in. long with a diameter as small as 0.0002 in.This means that the
probe does a minimum to disturb the flow that it is intended to measure.

V = 1B
2 * 10.4

0.0749/32.17
= 94.5 ft/s

¢P = rg ¢h =
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In a hot-wire anemometer, the heat-transfer situation can be viewed as a cylinder
in crossflow (i.e., the flow direction is normal to the cylinder axis). The heat transfer
from a hot-wire anemometer is known as King’s law:

(10.32)

where q is the heat transfer rate, is the wire surface temperature, is the fluid tem-
perature, and and are constants that depend on the fluid and the wire diameter.
The Reynolds number is based on the wire diameter and is defined by

(10.33)

where U is the fluid velocity, D is the wire diameter, and and are the fluid density
and viscosity, respectively.

The electrical power into the wire, which is approximately equal to the convec-
tive heat transfer from the wire (neglecting radiation and conduction), is given by

(10.34)

where V is the voltage across the sensor and R is the sensor resistance. Combining Eqs.
(10.32), (10.33), and (10.34), we obtain the expression:

(10.35)

where and are constants. It is possible to operate the hot-wire sensor such that its
temperature is held constant. Since the sensor resistance is a function of the sensor
temperature, the resistance will also be constant. Holding temperature and resistance
constant, Eq. (10.32) indicates that the voltage across the sensor wire, V, will only be a
function of the fluid velocity, U.

A hot-wire sensor operated in this manner is known as a constant-temperature
hot-wire anemometer.A simplified schematic for such a system is shown in Figure 10.22.
In this circuit the feedback amplifier automatically keeps the Wheatstone bridge in bal-
ance by adjusting the driving voltage. The driving voltage is then the output, which is a
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Constant-current hot-wire anemometer circuit.

function of velocity. A simpler hot-wire circuit is called a constant-current hot-wire
anemometer (Figure 10.23). In this circuit the current through the wire is held constant
and the resistance of the wire depends on the fluid velocity. The current is held constant
by placing the probe in series with a much larger resistance The voltage
drop across the sensor is the output signal.

One of the most important applications of hot-wire anemometers is the measure-
ment of fluid turbulence, and the simple constant-current circuit is deficient in this
regard. Even for probes with the smallest-diameter wires, the response to frequencies
over a few hundred hertz will be significantly attenuated. Electronic compensation can
extend the frequency response to about 100 kHz. Compensation circuits increase the
circuit output as a function of frequency to counteract the high-frequency roll-off of
the uncompensated circuit. The compensation circuits, however, require sensitive
adjustments for each probe and each flow. On the other hand, constant-temperature
circuits can have linear response up to frequencies of 400 kHz and are simpler to use.
The constant-temperature anemometer is much more common.

Hot-wire sensors are much more sensitive to velocities that are transverse to the
sensor wire axis than they are to velocities that are parallel to the wire axis. As a result,
a probe can be used to determine the direction of a velocity by rotating the probe to
find the peak velocity.This directional sensitivity can also be used in special probes hav-
ing three orthogonal sensing wires. These three-axis probes can be used to determine
the three components of velocity at a point simultaneously. Since turbulence is inher-
ently three-dimensional, these probes have been widely used in turbulence research.

The hot-wire anemometer is suited only for measuring velocities in very clean
fluids. Particles in a dirty fluid will break or contaminate the probe. An alternative
based on the same principles is the hot-film probe. In this design, a thin layer of a metal
(on the order of 0.0002 in.) is plated onto an insulating ceramic substrate. The size of
the sensing element is larger and much more durable than the hot wire and may be
used in liquids and dirty gases. Whereas hot-wire probes are used primarily in research
laboratories, hot-film probes are practical for everyday use—hot-film probes are used
routinely to measure air velocities in air-conditioning ducts.

10.2.3 Fluid Velocity Measurement Using the Laser-Doppler Effect

The laser-Doppler velocimeter (LDV), also called a laser Doppler anemometer (LDA), is
a well-developed nonintrusive method for measuring fluid velocity. It is a sophisticated,

1Rs W Rp2.
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expensive approach, but is widely used for fluid mechanics research (including turbu-
lence measurements) and high-technology product development. This method of fluid
measurement was first introduced by Yeh and Cummins (1964). In Chapter 8, we
applied the Doppler effect with radio waves to solid-body velocity measurement. In this
section, we discuss the measurement of fluid velocity with the use of the Doppler effect
for laser-generated light waves.

Doppler Effect When a sound or electromagnetic signal of a given frequency is
emitted by a moving body, the apparent frequency to a stationary observer is different
from the emitted frequency. This frequency change, known as the Doppler shift, is
named after an Austrian physicist, Christian Johann Doppler (1803–1853), who first
studied the phenomenon. An example of this frequency change is the difference
between the pitch (frequency) of a train horn when it approaches and when it moves
away from a stationary observer. When the source of sound is moving toward an
observer, the pitch of the sound is higher than when they are both stationary.

Laser-Doppler velocimeters are not used to measure the velocity of fluids
directly but rather the velocity of small particles that move along with the fluid. In gen-
eral principle, velocity measurement using an LDV is the same as solid-body measure-
ment using radar. However, the frequency of laser-produced electromagnetic radiation
is much higher than the frequency of radio waves. Since the wavelength, of an elec-
tromagnetic wave is related to the frequency by

(10.36)

where c is the speed of light, the wavelength of laser light is much shorter than radio
waves. This means that laser light waves can be reflected (scattered) from very small
particles. Due to viscous effects, very small particles will move at essentially the same
velocity as the fluid, so measuring particle velocity is equivalent to measuring fluid
velocity. For successful LDV measurements, the fluid should contain small particles,
usually on the order of with a concentration of about to scattering

(Durst et al., 1981). This can be accomplished by having particles that may
already exist in the fluid (in water this is often the case) or by seeding the fluid with
particles in the appropriate diameter and concentration range.

As with radar Doppler devices, Eq. (8.27) for the frequency shift gives

(10.37)

where V is the particle velocity, is the angle between the laser beam and the particle-
velocity vector, and is the frequency of the light. The velocity of fluids, even in the
case of supersonic gases, is much lower than the speed of light, c, so as Eq. (10.37)
shows, the Doppler frequency will be very small compared to the light frequency.

Dual-Beam Laser Velocimeter A number of optical systems have been used to
detect the Doppler frequency caused by the moving particles. The system that is
currently the most popular is called the dual-beam laser velocimeter. As shown in
Figure 10.24, the output of a laser is split into two beams. The lens focuses these two
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beams at the point at which they cross in the flow. The focal point is the location in the
flow for which the velocity will be determined. Where the two beams intersect, they
interfere with each other, producing a fringe pattern, which consists of alternating light
and dark bands as shown in Figure 10.25. This figure is a section through the flow,
which is parallel to the flow and perpendicular to the bisector of the angle between the
two beams.A particle that passes through this region will alternately pass through light
and dark fringes. When in the light regions, the particle will scatter light, which can be
collected by the lens system and detected by the photodetector.

The interference pattern can be explained by the principle of superposition of
oscillations representing two electromagnetic fields. If the angle between the two
wavefronts (beams) is the fringe spacing will be

(10.38)

If a particle with a speed V passes through the fringe pattern, it will produce pulses of
scattered light as it passes through the bright bands. The frequency of these pulses will
then be

(10.39)

Since this equation indicates that this frequency is the same as the
Doppler frequency given by Eq. (10.37). The pulsations are sensed by the photodetec-
tor. The output of the photodetector can then be processed to determine its frequency
content, and Eq. (10.39) is used to determine the velocity.

u = 90° - f,

f =
V

¢x
=

2V sin f
l

¢x =
l

2 sin f

2f,
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Float-type level systems.

The laser-Doppler velocimeter is a well-developed technology that is now rou-
tinely used for detailed measurement of space and time resolution of velocity fields.
LDV has the advantage of being nonintrusive (no physical probe is introduced into the
flow), meaning that there is no probe interference with the flow. It has a linear
response, does not need calibration, and can be used for measuring flow in different
directions. It is used for a very wide range of velocities, from slow moving to hypersonic
flows. Details of the principles and applications of LDV systems can be found in Durst
et al. (1981) and Drain (1980).

10.3 MEASURING FLUID LEVEL

There is a frequent need in the process industry to measure or control the level of liq-
uid in tanks. Consequently, a wide variety of devices has been devised to measure liq-
uid level, the more common of which are described here.

10.3.1 Buoyancy Devices

Figure 10.26(a) shows a float-type level-measuring device that is widely used in auto-
mobiles and trucks to measure the level of the fuel in the fuel tank. The float, which
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Differential pressure level-measuring system.

remains on the surface of the fluid, is attached to a pivoted arm that turns a rotary
potentiometer. The angular position of the arm is a nonlinear function of the fluid
level; however, the windings in the potentiometer are sometimes designed in a com-
pensating nonlinear arrangement.Alternatively, the readout device may have a nonlin-
ear scale. While the device shown in Figure 10.26(a) works well in vehicular fuel tanks,
which have a large fluid surface area relative to the tank height, tanks in the process
industry are often high relative to the diameter.The float-cable device, shown in Figure
10.26(b), works better in this situation. The float is attached with a cable to a spring-
loaded drum such that as the fluid level changes, the drum winds up the cable. The
drum is then connected to a rotary potentiometer.

Figure 10.26(c) shows another device that depends on buoyant force. The dis-
placer is attached to the top of the tank through a force transducer. The measured ver-
tical force is the difference between the downward weight force and the upward
buoyant force. The buoyant force is and the submerged volume depends
on the fluid level. In Figure 10.26(d), the displacer is supported by a spring. Its vertical
position is measured with an LVDT transducer. The key feature of this design is that
the motion of the displacer is much less than the motion of the fluid surface.

10.3.2 Differential-Pressure Devices

The difference between the pressure at the surface of a static liquid and the pressure
below the surface at a depth h is given by the formula

(10.40)

where is the fluid density and h is the vertical distance between the fluid surface and
the pressure measurement point. Thus, if the density is known, a measurement of the
differential pressure determines the liquid depth, h. Figure 10.27 shows a configuration
that can be used to determine the fluid level with this technique. Since the air or fluid
vapor above the liquid has a very small density, the upper sensing line pressure is the
same as the surface pressure. The actual h determined in this way is the depth of the
pressure transducer below the fluid surface. Since the vertical position of the transducer
relative to the bottom of the tank is fixed and known, the actual level can be readily

r

¢P = rgh

rfg V—submerged
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determined. One problem with this approach is that the upper sensing line may become
filled with condensate or other liquid, resulting in an erroneous reading. If the top of the
tank is vented to the atmosphere, the upper sensing line can be eliminated so that the
low-pressure side of the pressure transducer is vented directly to atmosphere. Alterna-
tively, the upper sensing line can be deliberately filled with liquid. This will affect the
transducer reading by subtracting a constant value. If the fluid contains particles or pre-
cipitates out solids, it is possible for the sensing line to become blocked over time. To
overcome this problem, special transducers are available in which the diaphragm covers
a hole in the tank wall (surface-mounted transducer), eliminating the lower sensing line.

Example 10.15

A differential-pressure device is used to determine the level of water in a pressure vessel (Figure
10.27). The water in the tank has a density of The pressure transducer is attached
very close to the vessel. The upper sensing line rises a vertical distance of 15 ft and is filled with
cooler water with a density of The pressure transducer reads 2.73 psi with the upper
sensing line side showing the higher pressure. Determine the height of the water surface above
the transducer.

Solution: The pressure difference that the transducer sees is the difference of the upper and
lower sensing line pressures.

The upper sensing line pressure is

where is the pressure of the vapor on top of the liquid in the tank.
The lower sensing line pressure is

The pressure transducer reads the difference between these two pressures:

Solving for we have

10.3.3 Capacitance Devices

If a metal rod is inserted from the top of a tank as shown in Figure 10.28, the rod and the
tank wall will form a capacitor. The rod is normally insulated to maintain a high resis-
tance between the rod and the liquid. The capacitance value depends not only on the
geometry of the rod and the tank but is also proportional to the dielectric coefficient of
the fluid in the tank. Air or vapor will have a dielectric constant close to unity, but liq-
uids will have a much higher dielectric coefficient, in the range 2 to 100 (depending on

h2 = 8.83 ft

h2,

¢P = 2.73 * 144 = Pv + 927.0 - Pv - 60.47 * h2

P2 = Pv + r2gh2 = Pv +
60.47
32.17

* 32.17 * h2

Pv

P1 = Pv + r1gh1 = Pv + a 61.8
32.17

b * 32.17 * 15 = Pv + 927.0 lbf/ft2

61.8 lbm/ft3.

60.47 lbm/ft3.



374 Chapter 10 Measuring Fluids and Combustion Pollutants

Tank

Capacitance

Probe

FIGURE 10.28
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Ultrasonic fluid level system.

the liquid). Hence, the value of the capacitance is a strong function of the level of the
fluid in the tank.With suitable signal conditioning (see Figure 8.19), this capacitance can
be converted to a voltage that is a function of level.

10.3.4 Conductance Devices

This device consists of two vertical, electrically isolated, electrical conductors inserted
into the tank. If the liquid is electrically conductive, the resistance between the two
conductors will be a function of the level. This resistance can be converted to a voltage
using a Wheatstone-bridge circuit.This type of device will normally not work with insu-
lating liquids such as hydrocarbons.

10.3.5 Ultrasonic Devices

This device uses the same principle as the sonar devices used by ships to locate the bot-
tom of a channel. A high-frequency sound pulse is directed downward toward the sur-
face of the fluid, where it is reflected and directed back toward the receiver as shown in
Figure 10.29. The distance traveled is related to the time t for the pulse to travel the
path from the transmitter to the receiver; that is,

(10.41)L =
ct

2
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Tank weighing method for fluid level.

where c is the speed of sound and L is one-half of the path traveled by the sound. Mea-
suring the time then determines L.

Ultrasonic level sensors are very useful for corrosive liquids since the sensor does
not contact the liquid directly.They can also be used to measure the level of solids such
as powders. One disadvantage of this device is that the speed of sound is a function of
the chemical composition and temperature of the vapor. Thus, the device requires cali-
bration and temperature correction and may be unreliable if the vapor composition is
variable.

Example 10.16

An ultrasonic level system is located 5 m above a liquid in a tank.The fluid above the liquid is air
with a sonic velocity of 412 m/s. How much time elapses between the sending of an ultrasonic
pulse and its reception by the receiver?

Solution: We use Eq. (10.41):

10.3.6 Weight Methods

In some cases it is possible to support the tank with load cells and hence measure the
weight of the tank and the tank contents. One possible support method is shown in
Figure 10.30. A significant disadvantage of this method is that the pipes carrying flows
to and from the tank must be flexible where they attach to the tank, a constraint that is
not always practical.

10.4 MEASURING AIR POLLUTION SPECIES

In recent years significant attention has been paid to the air pollutants generated by
combustion systems such as internal-combustion engines and fossil-fuel power plants.
As a result, there has been significant development of engineering instrumentation for
measuring the various air pollution species produced by combustion systems. In this
section, we review some of the more important instruments for measuring gas species.

t =
2L
c

= 2 *
5

412
= 0.0243 s



376 Chapter 10 Measuring Fluids and Combustion Pollutants

The composition of a gas mixture is usually measured in terms of volumetric frac-
tions of its components. In all air-pollution and exhaust-gas measurements, gases are
treated as ideal (perfect), implying that they follow the ideal gas equation of state, or

(10.42)

In this equation, P, and T are absolute pressure, volume, and absolute temperature;
n is the number of moles of the gas and is the universal gas constant. For a mixture of
gases we can define the concepts of partial volume, partial pressure, and mole fraction.
The volume of a gas mixture is considered to be made up of the sums of the volumes of
each component, at the mixture temperature and pressure. Thus, is the partial
volume of component i. Similarly, the total pressure of the mixture is considered to be
the sum of the partial pressures, of each component species. is the pressure of the
component when it alone is at the temperature and volume of the mixture. The mole
fraction of each component species is the ratio of the number of moles of that compo-
nent, divided by the total number of moles of the gas mixture. For an ideal gas, it can
be shown that

(10.43)

This equation shows that the volumetric fraction of the component species is the same
as the species mole fraction and the ratio of partial pressure of the species to the total
gas pressure. For details on the properties of ideal gas mixtures, you may refer to any
text in thermodynamics, such as that of Van Wylen, et al. (1994).

Gas concentrations are usually quoted in volumetric percent, which is the same
as mole percent. At low concentration levels (e.g., the case of atmospheric concentra-
tions of carbon monoxide, CO and oxides of nitrogen, ), concentration units of
parts per million (ppm) or parts per billion (ppb) are used. These refer simply to the
number of molecules per million (or billion) molecules of gas mixture. The conversion
is performed as

There are numerous chemicals that are potential air pollutants, and various mea-
surement devices are available for their measurement. Measuring air pollutants is done
in either batch (grab sample) or continuous form. Long-term and continuous monitor-
ing of gas composition is usually done by continuous analyzers. The devices to be dis-
cussed here briefly are those used for continuous measurement of the most common
types of air pollutants, such as carbon monoxide, carbon dioxide, oxides of nitrogen,
sulfur dioxide, volatile organic compounds, and ozone. Details of the measurement of
various chemical compounds can be found in Lodge (1989).

10.4.1 Nondispersive Infrared Detectors

Nondispersive infrared (NDIR) detectors are used to measure CO, and The
method works on the basis of infrared radiation absorption by a sample gas in a speci-
fied range of infrared frequencies. The principle behind the operation of these systems

SO2.CO2,

1% = 104 ppm = 107 ppb

NOx

Vi
V

=
Pi
P

=
ni
n

ni,

PiPi,

V—iVi,

R
V—,

PV— = nRT
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Schematic diagram of a typical NDIR gas analysis system.
(Based on Wark and Warner, 1981.)

is Beer’s law in radiation, which governs the absorption of radiation by a solute in a
nonabsorbing solvent (for gases the compound of interest is the solute and the carrier
gas is the solvent). Beer’s law is expressed as

(10.44)

where I is the transmitted radiation, is the incident radiation, K is the absorption
coefficient, C is the molar concentration, and l is the path length. For more details on
Beer’s law, consult texts on radiation, such as Hottel and Sarofim (1967).As Eq. (10.44)
shows, for a known incident radiation, the transmitted radiation will depend on the
concentration of the compound of interest in the mixture. The difference of the inci-
dent and transmitted radiation is usually measured by passing identical light beams
through the sample gas and also a reference path as shown in Figure 10.31. In this sys-
tem, two identical infrared beams are generated, which pass through a chopper and
then through the sample or comparison cell.The sample gas is passed through the sam-
ple cell, which absorbs the infrared radiation in a certain bandwidth. Essential to the
NDIR system is a dehumidifier (usually not supplied with the system) to remove the
moisture from the gas to minimize the interference effect of water vapor.

Infrared detectors are common and accurate devices for measuring CO, and
The principles of operation and the technology for NDIR systems used for these

gases are the same. The reference cell will be different depending on the type of gas to
be analyzed. For most commercial exhaust and ambient gas analyzers, the minimum
detectable concentration ranges from 0.1 to 0.4 ppm. NDIR measurement devices
should be calibrated regularly according to the manufacturer’s specifications.

SO2.
CO2,

I0

I = I0e-KCl



378 Chapter 10 Measuring Fluids and Combustion Pollutants

Vent

Sample

Reaction chamber
Optical filter

Photomultiplier tube
Lighttight housing

Titrant gas:
O3 for NOx analyzers,

Ethylene for O3 analyzers

Power supply,
amplifier,

and readout

FIGURE 10.32

Schematic of a chemiluminescent measurement device. (Based on Lodge, 1989.)

10.4.2 Chemiluminescent Analyzers

Chemiluminescent analyzers are a common and accurate method for measuring oxides
of nitrogen, NO and and ozone, Chemiluminescence is defined as the pro-
duction of visible or infrared radiation by the reaction of two gaseous species to form
an excited species product that decays to its electronic ground state by emitting light at
a specific frequency.The emitted light is then measured to determine the concentration
of the desired gas species. To produce the chemiluminescent effect, a titrant† gas is
needed to combine with the measured gas and produce the excited species, which in
turn will emit light in a known wavelength. The titrant gas for measuring NO is ozone,
and the titrant for measuring ozone is ethylene. The basic reactions that produce the
chemiluminescent effect for measuring NO are

(10.45)

represents the excited state of In these reactions the amount of light emit-
ted is proportional to the concentration of NO, and ozone is the reacting agent for pro-
ducing this reaction. Figure 10.32 shows the schematic for a chemiluminescent
measurement system. To measure a thermal catalytic converter is used to reduce

to NO, and then the concentration of NO is measured as outlined previously. For
air pollution and exhaust measurements, one is usually interested in the total concen-
tration of NO and which is called 

Chemiluminescent analyzers are accurate devices with high linearity and sensi-
tivity. Commercially available chemiluminescent analyzers are used to measure

from less than one ppm for air-monitoring applications to several hundred ppm
for exhaust-gas analysis. Figure 10.33 shows the flow diagram for a commercial chemi-
luminescent analyzer. Like any other gas analysis equipment, chemiluminescent
analyzers should be calibrated regularly with a calibration gas.

NOx

NOx
NOx

NOx.NO2,

NO2

NO2,

NO2.NO2
*

NO*
2 = NO2 + light

 O3 + NO = NO*
2 + O2

O3.NO2,

†A titrant is a known amount of a reactant that combines with the measured gas (or solute) and fully con-
verts it to a third chemical whose properties can be measured.
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Schematic flow diagram of a chemiluminescent analyzer.NOx

10.4.3 Flame Ionization Detectors

The flame ionization detector (FID) is used to measure total hydrocarbons and other
organic compounds (e.g., aldehydes and alcohols). Carbon atoms bound to oxygen,
nitrogen, or halogens produce reduced or no response by an FID. The flame ionization
detector works on the principle that flames produce ions as the fuel burns with oxygen.
The flame is produced by burning hydrogen (or a mixture of hydrogen and an inert
gas) with high-purity air. Hydrogen flames produce very few ions compared to hydro-
carbon fuels. Introducing even traces of organic matter into such a flame produces a
large amount of ionization. The charged particles in the flame are collected at two ter-
minals, resulting in a small flow of current that is measured. The response of the detec-
tor is roughly proportional to the combustible carbon content of the sample gas.

The flame ionization detector is applicable to a wide range of compounds and is
highly sensitive, reasonably stable, moderately insensitive to flow and temperature,
rugged, and reliable. Common gases in ambient air and exhaust stacks (e.g., Ar, CO,

and ) do not interfere with the measurement of organic com-
pounds by a flame ionization detector. A schematic diagram of a flame ionization
detector is shown in Figure 10.34.

The flame ionization detector has the widest linear range of any gas detector in com-
mon use. Its linear dynamic range is about six to seven orders of magnitude. This wide
range allows its application to ambient air for detecting organic compounds with concen-
trations as low as 0.001 ppm to measuring unburned hydrocarbons in the exhaust of inter-
nal combustion engines, which can be in the thousands of ppm. Generally, accuracy of an
FID is of full scale on the scale 0 to 20 ppm. Flame ionization detectors should be
regularly (daily) calibrated for proper accuracy. They are zeroed with hydrocarbon-free
air or nitrogen (specifically prepared as a zero gas for this type of application) and cali-
brated with span gases (usually methane) in the range of 25 to several hundred ppm.
Because the instrument is linear, zero and span gas are sufficient for calibration.

;1%

SO2CO2, H2O, NOx,
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Schematic of flame ionization detector.
(Based on Wark and Warner, 1981.)

10.4.4 Other Gas-Analysis Devices

Due to air quality regulations worldwide, numerous other types of air-pollutant gas-
analysis devices have been developed. These devices are mostly semiconductor or
chemical-cell based. They are often portable, and they are used extensively to analyze
the exhaust gases of boilers, furnaces, ovens, and automobile engines. Such devices usu-
ally have a limited range, accuracy, and application, but they are generally less expen-
sive than the devices previously described.

10.4.5 General Considerations about Sampling and Measuring Pollutant Gases

The most important consideration in any sampling of gaseous pollutants is that the
sample should remain unaltered to the analysis point. Alteration can happen because
of leaks, absorption, desorption, condensation, chemical reaction, addition, and other
effects. These effects can alter the chemical components of the gas between the sam-
pling point and the point(s) of analysis and can interfere with the measurement. Proper
precautions should be taken to eliminate these effects. One should use chemically inert
sample lines (such as glass, Teflon, or stainless steel, depending on the application),
stainless-steel fittings, and stainless-steel diaphragm vacuum pumps. Care should be
taken to avoid lubricants or sealant in the sampling system. Figure 10.35 shows a typi-
cal system for the continuous sampling of gaseous pollutants from an exhaust stack. It
is important that a representative sample be withdrawn from the tested system. A
water trap is required for measuring CO and but it is not necessary for measuring

and unburned hydrocarbons.NOx
CO2,
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Example 10.17

In the exhaust of an automobile, the concentrations of CO, and oxides of nitrogen have
been measured on a dry basis and found to be as follows:

CO2,

Sampling
probe

Filter

Water
trap

Flowmeter

Gas
analyzer

Vacuum
pump

FIGURE 10.35

Typical sampling configuration for exhaust-gas measurement.

Calculate the partial pressure of each of these gases in the dry mixture. The pressure in the
exhaust is 101 kPa (1 atm).

Solution: Using Eq. (10.43) yields
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PROBLEMS

10.1 A machined entrance cone venturi tube is to be installed into a 15-cm (ID) pipe, which
transports a maximum flow of 16 liters/sec.What should be the throat diameter of the ven-
turi to produce a maximum pressure difference of 30 kPa? The fluid is water at 25°C.

10.2 A machined entrance cone venturi tube is to be installed into a nominal-6-in. pipe, which
transports a maximum flow of 0.6 cfs What should be the throat diameter of the
venturi to produce a maximum pressure difference of 5 psi? The actual diameter of the
pipe is 6.065 in. The fluid is water at 80°F.

10.3 A machined entrance cone venturi tube that has been fabricated according to ASME stan-
dards is fit to a 5.25-cm-ID water pipe.The minimum diameter is 3 cm. If the pressure drop
across the venturi is 14 kPa, calculate the water flow rate.

1ft3/sec2.
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10.4 Estimate the uncertainty of flow measurement in Problem 10.2 if the uncertainty in dis-
charge coefficient and pressure measurement are estimated to be 1% and 1.5%, respec-
tively. The uncertainties in other parameters are considered to be negligible.

10.5 A machined entrance cone venturi is to be used to measure the airflow rate in a 10-cm-ID
pipe.The minimum area of the meter is 7.5 cm.The pressure drop across the venturi is 10 kPa.
Calculate the volumetric flow [in standard cubic meter per minute (SCMM)] and mass flow
rate (kg/min) of air.The condition of air upstream of the venturi is 700 kPa and 25°C.

10.6 A machined entrance cone venturi is to be used to measure the airflow rate in a 4-in-ID
pipe. The minimum area of the meter is 3 in. The pressure drop across the venturi is 1 psi.
Calculate the volumetric flow [in standard cubic feet per minute (SCFM)] and mass flow
rate (lbm/min) of air. The condition of air upstream of the venturi is 100 psia and 70°F.

10.7 A critical flow nozzle with a throat diameter of 5 mm is used to measure the flow of air.Air
pressure and temperature upstream of the nozzle are 7 atm (gage) and 20°C. Calculate the
mass flow rate and the volumetric flow rate (in SCMM) of air.At what maximum pressure
downstream of the nozzle will this calculation be acceptable?

10.8 A critical flow nozzle with a throat diameter of 0.3 in. is used to measure the flow of air.
Air pressure and temperature upstream of the nozzle are 7 atm (gage) and 70°F. Calculate
the mass flow rate and the volumetric flow rate (in SCFM) of air. At what maximum pres-
sure downstream of the nozzle will this calculation be acceptable?

10.9 A critical flow nozzle with throat diameter of 2 mm is used to measure hydrogen flow rate
to an atmospheric pressure burner. The pressure of hydrogen can be regulated. The
upstream temperature is 20°C. The supply pipe diameter has a 1 cm inside diameter.
Assume that the discharge coefficient is 1.0. For hydrogen the specific heat ratio is 1.40.

(a) Calculate the minimum pressure upstream of the nozzle for the flow to remain criti-
cal in the nozzle.

(b) Calculate the mass flow rate and the volumetric flow (in SCMM) of hydrogen if the
pressure upstream of the nozzle is 3 atm (gage). Assume that the discharge coeffi-
cient, C, is unity.

10.10 A critical flow nozzle is to be used to measure the airflow rate into a variable pressure
chamber. The air in the line is at 8 atm, 20°C.

(a) Determine the chamber pressure above which the critical flow nozzle cannot be used
accurately for airflow measurement.

(b) Determine the diameter of the nozzle for a flow rate of 100 standard cubic meters per
minute.

(c) Calculate the mass flow rate of air for this condition. Assume that the discharge coef-
ficient, C, is unity.

10.11 A critical flow nozzle is used to measure the mass flow rate of air
The pipe diameter is 3 cm and the nozzle diameter is 1 cm. The

pressure downstream of the nozzle is 100 kPa (abs) and the pressure in the pipe upstream
of the nozzle is 500 kPa (abs). The upstream temperature is 400 K. Estimate the mass flow
rate assuming that the discharge coefficient, C, is unity.

10.12 A critical flow nozzle is used to measure the mass flow rate of air 
The pipe diameter is 1 in. and the nozzle diameter is 0.3 in.The pres-

sure downstream of the nozzle is 14.70 psi (abs) and the pressure in the pipe upstream of the
nozzle is 70 psi (abs).The upstream temperature is 250°F. Estimate the mass flow rate, assum-
ing that the discharge coefficient C is unity.

R = 53.34 Btu/lbm-R2.
1g = 1.4,

1g = 1.4, R =287 J/kg-K2.
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10.13 An orifice meter is to be installed in a 25.5-cm-ID pipe that flows at a maximum water
flow rate of Using corner taps, determine the diameter of the orifice to give a
maximum pressure drop of 65 kPa. What will be the pressure drop if the flow rate is

10.14 An orifice meter with corner taps in a nominal 4-in.-diameter pipe (actual diameter 4.026 in.)
is used to measure the flow rate of air.The diameter of the orifice is 2 in.At the upstream sec-
tion, the temperature is 100°F and the pressure is 150 psia.The pressure difference across the
orifice is 6 psi. Estimate the mass flow rate of the air. for air is 1.4.

10.15 A square-edged orifice meter with corner taps is used to measure water flow in a 25.5-cm-
ID pipe. The diameter of the orifice is 15 cm. Calculate the water flow rate if the pressure
drop across the orifice is 14 kPa. The water temperature is 10°C.

10.16 What will be the water flow rate in Problem 10.15 if a flow nozzle with the same minimum
area and the same pressure drop is used?

10.17 A square-edged orifice with corner taps is to be used to measure the water flow rate in a
4-in.-diameter pipe (actual diameter 4.026 in.). Find the diameter of the orifice for a water
flow rate of 15 cfm and a pressure drop of 2 psi.

10.18 A square-edged orifice meter is used to measure the airflow rate in a 4-in.-diameter pipe
(actual diameter 4.026 in.) with corner pressure taps. The pressure drop across the orifice
is 1 psi and the diameter of the orifice is 3 in. Calculate the mass and volumetric (in
SCFM) flow rate of air both with and without considering the compressibility effect. The
line pressure and temperature are 7 atm (gage) and 70°F.

10.19 We would like to choose a pressure transducer to measure pressure across a machined
entrance cone venturi tube that measures 20°C water flow rate in a 10-cm pipe. The of
the venturi is 0.7.The flow range is 1 to Estimate the range of the pressure trans-
ducer.

10.20 Repeat Problem 10.19 if the venturi is to be used for airflow measurement in the range 20
to 60 standard cubic meter of air per minute. The pipe air is at 7 atm, 20°C.

10.21 You are asked to choose a flowmeter to measure the flow of hot water from a boiler. The
three flowmeters to consider are the nozzle, orifice plate, and venturi tube, all with the
same value of Compare (rank) the following differential-pressure flowmeters installed
in a 5-cm (2-inch) pipe in terms of size (length of the insertion into the line), pressure drop
across the meter, overall pressure loss, accuracy, and cost.Assume that the same differential-
pressure transducer can be used for all meters.

10.22 Based on ASME specifications, determine the size of a square-edged orifice meter (orifice
size) for measuring water flow in a 5-cm (ID) pipe for a pressure drop not to exceed 40 kPa.
The maximum average velocity inside the pipe is not expected to exceed 3 m/sec. Explain
all your assumptions. For the chosen orifice, answer the following questions:

(a) What is the maximum flow that can be measured with the chosen orifice?
(b) What is the expected pressure drop at of the maximum flow?
(c) If the range of the pressure-differential meter for reasonable accuracy is 0.5–3 kPa,

determine the turndown ratio (ratio of maximum to minimum value of the flowrate)
of the selected size.

10.23 Repeat Problem 10.22 for a nozzle flowmeter.
10.24 Repeat Problem 10.22 for a machined entrance cone venturi flowmeter.
10.25 A 2.00-cm square-edge orifice is to be installed in a 5-cm (ID) pipe to measure water flow

rates in the range of 100 to 300 liters per minute. Allowing for the possibility that the flow

1�2

b.

3 m3/min.
b

g

0.007 m3/s?

0.090 m3/s.
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may go up to 50% above the range upper limit (considered safety factor of 50%), deter-
mine the range of a differential-pressure transducer to be used for this application.

10.26 A 1 in. square-edge orifice is to be installed in a 3 in. (ID) pipe to measure water flow rates
in the range of 10 to 30 cubic feet per minute. Allowing for the possibility that the flow
may go up to 50% above the range upper limit (considered safety factor of 50%), deter-
mine the range of a differential-pressure transducer to be used for this application.

10.27 Determine the nozzle size of a critical flow nozzle to measure a maximum airflow of
0.1 kg/sec of air at 25°C to 300°C and 1000 kPa absolute in a 5-cm pipe. Answer the fol-
lowing questions about the chosen nozzle:

(a) Where will you need to install the pressure and temperature instruments?
(b) If the upstream pressure varies between 400 to 1000 kPa, what is the maximum pressure

downstream of the nozzle for the flow to remain critical?
(c) Calculate the mass flow rate of air and its volumetric flow rate (in SCMS, standard

cubic meter per second) if the air temperature and pressure are 150°C and 500 kPa.

10.28 Repeat Problem 10.27 for carbon dioxide, using and 
10.29 Based on ASME specifications, determine the nozzle size of a regular (not critical),

nozzle flowmeter needed to measure a maximum airflow of 0.1 kg/sec of air for a 25°C to
300°C temperature range and 1000 kPa in a 5-cm line. The pressure drop should not
exceed 40 kPa (corresponding to the maximum flow rate). Where will you need to mea-
sure the pressure and temperature? For the chosen nozzle, calculate the mass flow rate of
air if the air temperature and pressure in the pipe are 150°C and 500 kPa, respectively and
the measured pressure drop is 20 kPa.

10.30 A rotameter that has been calibrated to measure airflow at 20°C, 1 atm, is going to be used
to measure airflow at 20°C, 5 atm. Estimate the flow correction factor for this application.

10.31 Estimate the flow correction factor for the rotameter of Problem 10.30 if the air is at
5 atm, 200°C.

10.32 A rotameter that has been calibrated for air at standard conditions (20°C, 1 atm) is to be
used to measure a propane flow at the same conditions: Estimate the flow correction fac-
tor. Propane is and has a molecular weight of 44.1.

10.33 The rotameter of Problem 10.32 is to be used to measure carbon dioxide at 20°C, 5 atm
(gage). Estimate the flow correction factor. Carbon dioxide is and has a molecular
weight of 44.

10.34 A rotameter with a stainless-steel float has been calibrated to read the water
flow rate. The rotameter is going to be used to measure fuel oil with a specific gravity of
0.84. Calculate the correction factor for the flow. What might be the sources of error in
using this rotameter to measure fuel-oil flow rate?

10.35 The stainless-steel float in a rotameter has been changed to a metal with a spe-
cific gravity of 4. The geometry of the new float is the same as before. The rotameter has
been calibrated with water for the stainless-steel float. Calculate the percent change in the
range and the correction factor for the flow using the new float.

10.36 A thermal mass flowmeter has been calibrated for air at 25°C and 20 kPa. It is used to
measure the flow of carbon dioxide under the same conditions. The meter indicates
10 g/sec. Calculate the actual flow rate of carbon dioxide. The specific heats of air and car-
bon dioxide are 1.004 and 0.842 kJ/kg-K, respectively.

10.37 A 2-cm-diameter cylinder is placed in a 15°C water flow. If the frequency of oscillations of
the vortices behind the cylinder is 65 Hz, estimate the velocity of the water.

1S = 7.82

1S = 7.82
CO2

C3H8

low-b
g = 1.289.R = 188.9 J/kg-K
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10.38 A 3-mm-diameter cylinder is placed normal to the flow in a 10-cm-diameter pipe. The fre-
quency of vortices shed behind the cylinder is 1400 Hz. Estimate the flow rate of air in

The air is at 1 atmosphere pressure and 400 K.
10.39 The radial velocity distribution in a circular pipe of radius in laminar flow is given by

where is the centerline velocity. If and are measured, develop expressions for the
average velocity and the volume flow rate, Q.

10.40 A pitot-static probe is used to measure the velocity of air. If the air velocity is 10 m/s, what
will be the measured by a connected pressure transducer? The measured density of
the air is Assume that C is unity.

10.41 A pitot-static probe is used to measure the velocity of air. If the air velocity is 100 ft/s, what
will be the measured by a connected pressure transducer in inches of water? The mea-
sured density of the air is Assume that C is unity.

10.42 A pitot-static probe is used to measure the velocity of air. The air density is and
the reading of a pressure transducer is 5 kPa.What is the air velocity? Assume that 

10.43 A pitot-static probe is used to measure the velocity of air. The air density is 
and the reading of a pressure transducer is 0.5 psi. What is the air velocity? Assume that

10.44 A pitot-static probe is used to measure the velocity of 15°C water. If the reading of the
connected pressure transducer is 20 cm of water, what is the water velocity?

10.45 A pilot-static probe is used to measure the velocity of 60°F water. If the reading of the
connected pressure transducer is 10 in. of water what is the water velocity in ft/sec?

10.46 A differential pressure system is used to measure the level of the liquid in a tank.The sens-
ing line to the top of the tank is filled with cold water having a density of When
the level is at the bottom of the tank, the transducer reads kPa (upper sensing line
connection at a higher pressure than the lower sensing line connection). What is the level
in the tank (relative to the tank bottom) when the transducer reads kPa if the fluid in
the tank has a density of 

10.47 The level of a fluid in a tank is measured with an ultrasonic sensor. If the sound velocity of
the vapor in the tank is 1500 ft/sec and the distance from the transmitter to the surface is
5 ft, what will be the transit time for the ultrasonic pulse?

978 kg/m3?
-10

-58.8
990 kg/m3.

C = 1.

0.075 lbm/ft3

C = 1.
1.0 kg/m3,

0.075 lbm/ft3.
¢P

1.1 kg/m3.
¢P

roVclVcl

V

Vcl
=
ro

2 - r2

ro
2

ro

m3/s.
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11
CHAPTER

Dynamic Behavior
of Measurement
Systems

The general concept of the dynamic response of measuring systems was introduced in
Chapter 2. In this chapter the mathematical basis for measuring dynamic response is
presented and applied to important sensors and transducers.

11.1 ORDER OF A DYNAMIC MEASUREMENT SYSTEM

For static measurements, the mathematical relationship between the measurand
(input) and the measurement-system output can be described with algebraic equa-
tions. For example, for a linear device, the input–output relationship can be given by

(11.1)

where y is the measurement-system output, x is the value of the measurand, and K is
the instrument static sensitivity. For time-varying measurements, however, the mathe-
matical relationship between the measurand and the output must be described with a
differential equation. The equation describing the behavior of an instrument with a
time-varying input is derived by applying the appropriate basic physical principles
(such as conservation of energy, Newton’s second law of motion, or Ohm’s law) to the
instrument as it interacts with its environment. In general, the input–output relation-
ship of a linear measurement system can be expressed in the form of an ordinary dif-
ferential equation (ODE):

(11.2)

In this equation, n is the order of the system, x is the input signal (forcing function), y is
the output signal, and are constant coefficients that depend on the characteris-
tics of the measurement system. x and y are, in general, both functions of time, x(t) and
y(t). Most measuring devices can be described using Eq. (11.2) with n values of 0, 1, or
2. In the following sections, some important dynamic characteristics of measurement
systems are discussed. A more detailed presentation is given by Doebelin (1990).

a0
Á an

an
dny

dtn
+ an-1

dn-1y

dtn-1 + Á + a1
dy

dt
+ a0y = bx

y = Kx
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FIGURE 11.1

Linear potentiometer, zero-order system.

11.2 ZERO-ORDER MEASUREMENT SYSTEMS

If Eq. (11.2) reduces to

(11.3)

Although x varies dynamically, y responds proportionally and the measurement
process is essentially a static measurement. This is the ideal measurement process. No
system is truly of order zero, but many systems approximate this behavior in some
modes of their operation.

Consider the simple displacement potentiometer shown in Figure 11.1. In this
system a fixed voltage E is applied to a resistor with length L.The instrument is used to
measure displacement and generate an output voltage, e, which is proportional to the
position, x, of the slider. The output can be related to the input by applying Ohm’s law
to give

(11.4)

For a wide range of operation, the output e is unaffected by the nature of the time
variation of x and shows zero-order behavior. However, if x varies extremely
rapidly, inductive, capacitance, and flexural effects may invalidate Eq. (11.4), and
the system can no longer be described as zero order. Strain-gage sensors can be con-
sidered as zero-order systems for most of their range of operation. However, many
transducers using strain-gage sensors, such as pressure transducers, are in fact second-
order systems.

11.3 FIRST-ORDER MEASUREMENT SYSTEMS

First-order systems contain only a single mode of energy storage. The simple R–C cir-
cuit is a first-order electrical system. The most common first-order measurement sys-
tems are thermal systems such as temperature-measuring devices, which include
thermal capacitance and resistance to heat flow. These show first-order behavior over
most ranges of operation. First-order analysis can also be used for some operational
modes of mechanical systems that include friction and springs, but in which the iner-
tial effects of mass can be neglected. (Certain applications of pressure transducers are
examples.)

e = E
x

L

a0y = bx

n = 0,
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11.3.1 Basic Equations

For Eq. (11.2) becomes

(11.5)

This equation can be rewritten in the form

(11.6)

K is the static sensitivity, and which has units of time, is called the time constant.† The
time constant, is determined by the physical characteristics of the measuring system.
If the time-derivative term were to be neglected, the system would show static behav-
ior and y would have the ideal response value, Kx. However, the existence of the time-
derivative term introduces a dynamic measurement error.

The solution of Eq. (11.6) is the sum of two parts. One part is called the general
solution and is determined by the system itself and is independent of the forcing func-
tion x. The general solution is obtained by solving Eq. (11.6) assuming that the right-
hand side, Kx, is zero. The other part of the solution, called the particular solution, is
dependent on the input forcing function, x, and is a solution to the complete Eq. (11.6).
In the following sections, the time responses of first-order systems to step, ramp, and
sinusoidal inputs are discussed.

11.3.2 Step Input

Consider a situation in which both the input and output to the device are both zero
until time At as shown in Figure 11.2(a), the input x suddenly rises to a
value If the device were ideal (zero order), it would produce the output 
which is independent of time. For the actual first-order device, we seek the time varia-
tion of the device output, y. The general solution to Eq. (11.6) is

(11.7)

where C is a constant to be determined. The particular solution is

(11.8)

The complete solution to this problem is the sum of the general and particular solu-
tions and is given by

(11.9a)y = Kx011 - e-t/t2

ypart = Kx0

ygen = Ce-t/t

ye = Kx0,x0.
t = 0,t = 0.

t,
t,

t
dy

dt
+ y = Kx

a1
dy

dt
+ a0y = bx

n = 1,

†In evaluating an instrument, the static sensitivity will have units of the physical output divided by the units
of the input. For example, a thermocouple output is in millivolts, and the instrument sensitivity will be in
units such as mV/°C.When the instrument is used, however, the instrument output will be converted to mea-
surand units with a calibration function. Thus, as used, the thermocouple will have a sensitivity with units of
(output degrees)/(input degrees) and the static sensitivity will effectively be unity. Dynamic measurement
errors may be evaluated in either the physical output units of the instrument or in the units after the calibra-
tion function has been applied.
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FIGURE 11.2

Response of a first-order measurement system
to a step change in input: (a) forcing function;
(b) system output.

where the constant C has been eliminated using the initial condition that when
The validity of Eq. (11.9a) can be demonstrated by substituting it into Eq. (11.6)

and noting that it also satisfies the initial condition.
Figure 11.2(b) shows the variation of the output y with respect to the time t. At
the output has reached 63.3% of its final value, and at it has reached

98.2% of its final value. Since the larger the time constant of a first-order system, the
longer it will take the output to approach its final value, the system should have a small
time constant if rapid response is desired.

In many cases, the output does not have an initial value of zero. In this case, Eq.
(11.9a) can be viewed as showing the change in output for a change in input. If the ini-
tial value of y is and the equilibrium value (a long time after the step change) is ,
then Eq. (11.9a) will take the form

(11.9b)

This is the form usually used to evaluate measurement devices.

11.3.3 Ramp Input

In this case both y and x are zero at time As shown in Figure 11.3(a), starting at
the forcing function x takes the form

(11.10)x = At

t = 0,
t = 0.

y - yi
ye - yi

= 11 - e-t/t2

yeyi

t = 4tt = t

t = 0.
y = 0
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Response of a first-order system to a ramp input:
(a) forcing function; (b) output response.

where A is the slope of the ramp. The ideal, zero-order response would then be
As in the case of the step input, Eq. (11.6) is the applicable differential equa-

tion and Eq. (11.7) is the general solution (which is independent of the forcing func-
tion). The particular solution for the case of the ramp input is

(11.11)

The solution is the sum of general and particular solutions, and evaluating C using the
initial condition that when we obtain the solution

(11.12a)

Again, this result can be verified by substituting it into the differential equation and
noting that it satisfies the initial condition. Figure 11.3(b), a sketch of Eq. (11.12a),
shows that there will be an error in the output with respect to the input. After a few
time constants have elapsed, the error is the difference between the output value and
the ideal output value one time constant earlier. Thus the error will be minimized by
using devices with small values of the time constant.

In most cases, y will not be zero at time zero. If is the initial value of y at
the input ramp would be and then Eq. (11.12a) can be expressed as

(11.12b)

This form is more general and is the form typically used.

y = yi + KA1te-t/t + t - t2
x = At + yi

t = 0,yi

y = KA1te-t/t + t - t2
t = 0,y = 0

ypart = KA1t - t2

ye =KAt.
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11.3.4 Sinusoidal Input

The third input function considered for the first-order system is the continuing sinu-
soidal input. In this case we take the forcing function to have the form

(11.13)

For an ideal, zero-order system the output would be As with the step
and ramp inputs, the solution can be viewed as the sum of the general and particular
solutions. However, in the case of sinusoidal input, it is the continuing response that is
of greatest interest, and the transient caused by the initial application of the forcing
function can be neglected. The continuing response corresponds to the particular solu-
tion, which is given by

(11.14)

where is the phase angle between the forcing function and the output response. is
given by

(11.15)

Figure 11.4(a) presents the ratio of the actual amplitude of y to the ideal amplitude,
versus the nondimensionalized angular frequency, For the continuing response

given, the initial input and output conditions do not matter. Figure 11.4(b) presents the
phase angle.These figures show that if the product of the time constant and the forcing-
function angular frequency approaches zero, the amplitude of the output will approach
the ideal case and the phase angle will approach zero. Otherwise, the output magnitude
and phase will have a systematic error with respect to the actual input.

This analysis considers the response to a sinusoidal input of a single frequency.As
discussed in Chapter 5, periodic inputs of any general form can be broken down into a
series of single-frequency sine and cosine functions using Fourier analysis. The
response of the system to these individual Fourier components can then be analyzed
using the previous results. The foregoing discussion applies to the dynamic behavior of
any system that can be modeled by a time-dependent first-order ordinary differential
equation. Further details on the solution can be found in Doebelin (1990).

11.3.5 Thermocouple as a First-Order System

Thermocouples are a very common first-order system and serve to demonstrate the
application of first-order dynamic analysis. As shown in Section 2.3, the time constant
for a thermometer is given by

(11.16)

This formula is also applicable to other temperature-measuring devices, such as ther-
mocouples and resistance temperature detectors. To obtain a small time constant, it is
necessary to have a high surface area relative to the mass. Since temperature sensors
usually have relatively simple geometry (usually, cylinders or spheres), this means that

t =
mc

hA

vt.Kx0,

f = - tan-1 vt

ff

y =
Kx0

21 + v2t2
 sin1vt + f2

ye = Kx0 sin vt.

x = x0 sin vt
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FIGURE 11.4

(a) Amplitude and (b) phase response of a first-order
system to a sinusoidal input.

the sensor should be very small. It is also helpful that the heat transfer coefficient h
increases as the size decreases. In Chapter 9 it was shown that for thermocouples, small
size is also desirable to minimize conduction and radiation errors. Unfortunately, small
temperature sensors are vulnerable to damage from impact, vibration, and corrosion.

Thermocouples, described in Chapter 9, have a wide range of applications in indus-
try and research. For fast, dynamic response and in research projects, it is best to use ther-
mocouples with bare junctions similar to that shown in Figure 11.5(a). Such bare-junction
thermocouples are very vulnerable to damage and corrosion and also present installation
problems. As a result, it is common to use thermocouples encased in a metal sheath for
mechanical protection [Figure 11.5(b)]. The additional mass of the metal sheath and the
insulation increases the heat storage capacity of the instrument, increases its time con-
stant, and consequently, slows its response. In some industrial applications the shielded
thermocouple is located in a fluid-filled well for further durability and mechanical and
chemical protection [Figure 11.5(c)], further slowing its response. Such thermocouples
might have time constants on the order of minutes. Further details on the transient
response of thermocouples and methods for determining and reducing thermocouple
time constants are presented in Benedict (1984).The following examples show some typi-
cal applications of first-order analysis applied to thermocouples.
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FIGURE 11.5

Common applications of thermocouples: (a) bare junction; (b) sheathed thermocouple;
(c) thermowell.

Example 11.1

A Pt–Pt/13%Rd (type R) bare-junction thermocouple has an approximately spherical junction
with a diameter of 0.3 mm. It is used to measure the temperature of gases in a combustion tun-
nel. When the flame is ignited, it produces an approximate step increase of the gas temperature
of 900 K. The average heat-transfer coefficient† on the surface of the thermocouple is

The gas temperature before ignition is 300 K.

(a) Find the time constant of the thermocouple.
(b) After how much time and how many time constants will the measurement error be less

than 1% of the final temperature change?
(c) If the same thermocouple is used in an aqueous environment in which the heat transfer

coefficient is what will be the thermocouple time constant?
(d) Plot the thermocouple response versus time for both cases.

Solution: For a step change in input temperature, this first-order system is described by Eq.
(11.9). We will take the junction properties to be those of platinum. From Table B.5, the proper-
ties of platinum are and c = 134 J/kg-°C.r = 21,450 kg/m3

6000 W/m2-°C,

500 W/m2-°C.

†To calculate the time constant, we need to calculate the heat transfer coefficient. Holman (2002) presents a
comprehensive set of theoretical and empirical formulas that can be used in such applications. For flow over
spheres, the nondimensionalized heat transfer coefficient can be expressed in terms of the Reynolds number

as

In this equation, h is the heat-transfer coefficient, D is the sphere diameter, and k, and Pr are, re-
spectively, the density, thermal conductivity, dynamic viscosity, and Prandtl number of the fluid. Fluid prop-
erties (except the two viscosities shown) are evaluated at the film temperature, which is the average
temperature of the fluid and heat-transfer surface (w).1q2

m,r,

hD

k
= 2 + 10.4Re1/2 + 0.06Re2/32Pr0.4amq

mw
b1/4

1Re = UqDr/m2
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Thermocouple response to gas and aqueous
environments.

(a) From Eq. (11.16) the time constant will be

(b) We seek the time when the left side of Eq. (11.9b) has a value of 0.99 (error of 0.01):

Solving, we obtain which corresponds to 4.6 time constants.
(c) For the aqueous environment, the time constant will be

Due to the much higher heat-transfer coefficient in the liquid phase compared with the
gas phase, this time constant is an order of magnitude smaller than the time constant for
the gas phase.

(d) The actual input and the time response of the thermocouple are shown in Figure E11.1.

Comment: Certain assumptions were made in this analysis. It was assumed that the shape of
the junction was spherical and that the radiation and conduction effects of connecting wires
could be neglected.

Example 11.2

In a special test for determining the performance of a heat exchanger, an electric heater pro-
duces a temperature variation in an airflow that can be approximated with a 1-Hz sine wave.The

t =
mc

hA
=
rV—c

hA
= B21,450 * ¢p * 0.00033

6
≤ R *

134
6000 * p * 0.00032 = 0.024 s

t = 1.32 s,

T - Ti
Tf - Ti

= 0.99 = 1 - e-t/0.287

t =
mc

hA
=
rV—c

hA
= B21,450 * ¢p * 0.00033

6
≤ R *

134
500 * p * 0.00032 = 0.287 s
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air temperature is measured downstream of the heater with a thermocouple that has a time con-
stant of 0.2 s. The maximum and minimum temperature values measured by the thermocouple
are 120° and 100°C, respectively.

(a) Determine the equation for the measured variation of temperature.
(b) Determine the actual variation in the air temperature.
(c) Draw the actual and the indicated temperature as a function of time.

Solution:
(a) To determine the equation for the measured temperature variation, we need to deter-

mine the amplitude of the oscillation and the mean temperature:

The time variation of the indicated temperature is then

(b) The amplitude response and the phase response of the thermocouple are determined
through Eqs. (11.14) and (11.15). Both the input and output of this measuring system are
measured in units of temperature, and consequently, the ideal output amplitude,
would have the same value as the input amplitude, Hence, the static sensitivity, K,
equals 1. In this case the amplitude of the output, y, is A, and we seek the input am-
plitude. Using Eq. (11.14), the output amplitude can be obtained in terms of the input
amplitude:

Solving gives

Using Eq. (11.15), the phase angle of the measured temperature with respect to the actu-
al temperature will be

The actual variation in air temperature is then given by

(c) The actual and indicated temperature variations are shown in Figure E11.2.

Tact = 110 + 16.1 sin12pt + 0.8992

f = - tan-1 vt = - tan-112p * 1 * 0.22 = -51.5° = -0.899 rad

x0 = 16.1°C

10 =
1x0

[1 + 12p * 122 * 0.22]1/2

A =
Kx0

11 + v2t221/2

x0,
x0.

ye,

T = Tav + A sin 2pft or T = 110 + 10 sin 2pt°C

Tav =
Tmax + Tmin

2
=

120 + 100
2

= 110°C

A =
Tmax - Tmin

2
=

120 - 100
2

= 10°C and
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Variation of actual and measured
(thermocouple) temperatures.

11.4 SECOND-ORDER MEASUREMENT SYSTEMS

Second-order behavior governs spring–mass mechanical systems as well as capacitance–
inductance electrical systems. Load cells, pressure transducers, and accelerometers are
second-order systems.

11.4.1 Basic Equations

For second-order measurement systems, the value of n in Eq. (11.2) is 2. This results in
a general equation of the form

(11.17)

It is common practice to divide Eq. (11.17) by and to make the following definitions:

(11.18)

(11.19)

(11.20)

K is the static sensitivity. the undamped natural frequency, is the angular frequency
at which the system would oscillate if there were no damping is the
damping ratio. Using these definitions, Eq. (11.17) becomes

(11.21)

For a system described by this equation, the ideal response (response in the absence of
dynamic effects) would be ye = Kx.

1

vn
2

d2y

dt2
+

2z
vn

dy

dt
+ y = Kx

z1a1 = 02.vn,

z =
a1

21a0a221/2

vn = aa0

a2
b1/2

K =
b
a0

a0

a2
d2y

dt2
+ a1

dy

dt
+ a0y = bx
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FIGURE 11.6

Spring–mass–damper system.

Consider the spring–mass–damper system shown in Figure 11.6. There are three
forces acting on the mass, the spring force ky, the damping force that is proportional to
the velocity, and the applied time-varying input force, F(t). Combining these
forces using Newton’s second law we obtain

(11.22)

which is the same form as Eq. (11.17). Comparing this equation to Eq. (11.17) and not-
ing the definitions of Eqs. (11.18) to (11.20), we can conclude that

(11.23)

(11.24)

(11.25)

The applied force F(t) is the forcing function x, and the output y is the mass displacement.
Although many second-order systems may not have the components illustrated

in Figure 11.6 in a distinct form, the basic effects of these components are present. For
example, a single structural element may contain mass and also function as a spring.
The solutions to second-order equations can be generalized using the nomenclature
used in Eq. (11.21). The following sections summarize the response of a second-order
system to step and sinusoidal inputs. More detailed solution methods and other solu-
tions can be found in Doebelin (1990) and Thomson (1981).

11.4.2 Step Input

As with the first-order system, we will take the initial value of y to be zero and let the
forcing function change from to at An ideal, zero-order systemt = 0.x = x0x = 0

z =
l

21km21/2

vn = a k
m
b1/2

K =
1
k

m
d2y

dt2
+ l
dy

dt
+ ky = F1t2

[gF = m1d2y/dt22],
l1dy/dt2,
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Response of second-order system to a step input.

would show a step change in output from zero to a value The solution
depends on the value of the damping ratio, The solutions are given by

(11.26)

(11.27)

(11.28)

where

These equations are plotted in Figure 11.7. If the system will show oscillatory
behavior and is said to be underdamped. If the system will show an asymptotic
response without overshoot and is said to be overdamped. The condition is the
dividing line between these two responses and is known as critical damping. Overall,
dynamic effects are a minimum with a damping ratio of about 0.7—there is a fast
response, but the overshoot is less than 5%.

Beside the damping ratio, the other important characteristic of second-order sys-
tems affecting transient response is the undamped natural frequency, Except for
the case of zero damping ratio, the output will approximate the ideal value, after
some initial period of time.This initial period of time depends on the natural frequency
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vn.
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and the damping ratio. For the optimum damping (0.7) an approximate steady state
is reached when the nondimensional time, has a value of about 6. This means that
if we wish to measure a step change in the measurand, we should allow the instrument
a settling time of about 

Although second-order instruments are usually evaluated in terms of the
undamped natural frequency, this frequency is the frequency of free oscillations
only when there is no damping By examining Eq. (11.28), we see that the
actual frequency of the oscillation is also known as the ringing frequency.

Eqs. (11.26) through (11.28) apply to a situation in which the output y has an ini-
tial value of zero. In the general case, the output will have an initial value, In this
case, the left-hand side of Eqs. (11.26) through (11.28) can be replaced by

where and is the change in the input.

11.4.3 Sinusoidal Input

In this case, a forcing function is applied that has a sinusoidal variation with time:

(11.29)

For an ideal system without dynamic effects, the output would be The
actual response of a second-order system to a sinusoidal input has a damped portion
that dies out and a long-term continuing part, which, respectively, correspond to the
general and the particular solutions of the second-order ODE. It is usually the contin-
uing part of the solution that is of significance and that is used to estimate the fre-
quency response of the system. The actual continuing response of the second-order
system to a sinusoidal input is given by

(11.30)

where the phase angle is

(11.31)

Plots of the amplitude and phase response of second-order systems in terms of the
dimensionless frequency of the input and the damping ratio are shown in Figure 11.8.

Any deviation of the amplitude ratio, from unity indicates a dynamic
measurement error. Figure 11.8(a) shows that the amplitude response will show large
deviations from the ideal response unless the input frequency is small relative to the
system natural frequency.The widest frequency response occurs with a damping ratio
of 0.7—at frequencies less than about 30% of the natural frequency, the amplitude
response is close to the ideal value (with less than 1.5% difference). However, many
important second-order measurement systems have very low damping, and the
dynamic error may be unacceptable at frequencies over 10 to 20% of the natural fre-
quency. Regardless of the damping ratio, Figure 11.8(b) shows that the phase is

y/Kx0,

f = - tan-1 2zv/vn
1 - v2/vn

2

y

Kx0
=

1

[11 - v2/vn
222 + 12zv/vn22]1/2 sin1vt + f2

ye = Kx0 sin vt.

x = x0 sin vt

x0ye = yi + Kx01y - yi2/ye - yi2,
y/ye,

yi.

vn21 - z2,
1z = 02.

vn,

6/vn.

vnt,
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(a) Amplitude and (b) phase response of a second-
order system to a sinusoidal input.

shifted at any frequency and the magnitude of the phase angle increases with the fre-
quency ratio.

In this section we have discussed the response of linear instruments to a single
sine wave. As with first-order systems, Fourier analysis (see Chapter 5) can be used to
decompose complex waveforms into component sine and cosine waves, which can then
be evaluated using the results presented here.

11.4.4 Force Transducer (Load Cell) as a Second-Order System

Systems instrumented with load cells are second-order systems, and as discussed in
Section 11.4.3, the load cell will produce accurate force measurements only when the
system’s natural frequency is high relative to the frequency of the forcing function.
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Thus, for accurate dynamic measurements, the natural frequency must be determined.
A load cell itself is a second-order system—the moving components have some mass,
and the flexibility of the sensing element will function as a spring.The flexibility is usu-
ally specified with the term compliance, which is the displacement per unit of applied
force (e.g., mm/N) or stiffness (or spring constant), which is the force per unit of dis-
placement (e.g., N/mm). Using the mass, spring constant, and Eq. (11.24), it would thus
be possible to compute a natural frequency of the load cell itself.

Unfortunately, the load-cell natural frequency is not usually particularly useful.
Load cells are usually connected to the force-exerting system directly or through some
linking mechanism. The dynamic system then consists of the load cell itself and the
attached structure. In most cases the attached structure will contribute most of the
mass and at least some of the system compliance.Thus, to determine the dynamic mea-
surement response, the complete system must be analyzed. Although time consuming,
such analysis can usually be performed using dynamic finite-element programs, which
include the mass and stiffness of both the structure and the load cell.

In some cases the structure has a large mass, but is also very stiff. For such situa-
tions, the load cell provides most of the system compliance, the attached structure sup-
plies most of the mass, and the system natural frequency can be readily estimated using
Eq. (11.24). The main controllable variable affecting natural frequency is the load-cell
compliance, which should be low for high natural frequency. Values of compliance are
either supplied directly by the manufacturer for a given load cell or can be calculated
from other data supplied. For example, the displacement at maximum load may be pro-
vided. Assuming that the device is linear, the compliance is simply the maximum dis-
placement divided by the maximum load.

Load cells using piezoelectric sensing elements usually have lower compliance
than load cells using strain-gage sensing elements. Unfortunately, piezoelectric load
cells are more expensive than strain-gage load cells, and consequently, the latter are
more common. The compliance of strain-gage load cells usually depends on the range
of the load cell (being lower for larger ranges). Since compliance depends on range, to
reduce compliance it is often possible to use a load cell with a range that is much larger
than that required based on simple force considerations. For example, consider a situa-
tion in which the maximum load is expected to be 1000 lb. If the compliance of a 1000-
lb load cell is too high, it might be possible to use a 10,000-lb load cell, which could
have a compliance only 10% as high. If this is done, the larger-capacity load cell will
probably have to be calibrated individually to produce acceptable accuracy, and a
lower signal-to-noise ratio in the output must be accepted.

As discussed in Section 11.4.3, measurements with acceptable dynamic error
can be achieved only at frequencies that are a fraction of the natural frequency, and
this fraction depends on the damping ratio, being highest for a damping ratio of
about 0.7. Unfortunately, for most load-cell installations the damping ratio of the sys-
tem is very small. For high-quality piezoelectric load cells, the damping ratio of the
cell itself is in the range 0.01 to 0.05. For strain-gage load cells the damping ratio may
be slightly larger, but it is still small. Based on Eq. (11.30) with a damping ratio of
zero, Table 11.1 presents the errors in measured amplitude as a function of forcing
frequency. The error will be substantial at frequencies larger than 10 to 20% of the
natural frequency.
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TABLE 11.1 Amplitude Errors for Second-
Order Systems with Zero Damping Ratio

Amplitude Error (%)

0.10
0.20
0.30
0.50

The plus sign indicates that the reading is higher
than the ideal value.

a

+33
+10
+4
+1

av/vn

Example 11.3

A load cell is sought for monitoring the off-balance bearing load of a small motor. The load cell
will be installed directly under the bearing at one end of the shaft. The motor is operated in the
range 1500 to 6000 rpm and has a mass of 10 kg. Check to see if a low damping ratio load cell
with a range of 0 to 200 N and a full-scale deflection of 0.1 mm is appropriate for this dynamic
application.

Solution: We are going to use Eq. (11.30) (plotted in Figure 11.8) in this application. The stiff-
ness (spring constant) of this transducer is

Considering that the motor will be supported by two bearings, the effective mass for each bear-
ing will be 5 kg. The mass of the moving part of the transducer will be neglected. Using Eq.
(11.24), the natural frequency of the motor/bearing system will be

and the maximum forcing frequency will be

The ratio of the forcing frequency to the natural frequency is then

According to Figure 11.8(a), at low damping ratios applying this transducer will result in mea-
sured force amplitudes far larger than the actual force amplitude. Consequently, the recom-
mended load cell will not be appropriate for this type of measurement.

Example 11.4

For the system of Example 11.3, assuming a damping ratio of about 0.1, determine the appropri-
ate load-cell compliance that will permit measuring the force amplitude within 1% of the actual
applied force amplitude.

vmax

vn
= 1

vmax = 2pN =
2p * 6000

60
= 628 rad/s

vn = a k
m
b1/2

= a 2 * 106

5
b1/2

= 632 rad/s

k =
Fmax

¢x
=

200
0.1 * 10-3 = 2 * 106 N/m
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Solution: We want the amplitude of Eq. (11.30) to be less than 1.01. That is,

Solving this equation for results in

With the maximum forcing frequency of 628 rad/s,

With this value of and the supported mass of 5 kg, the approximate spring constant of the
transducer can be determined from Eq. (11.24):

The compliance of the force transducer is the inverse of the spring constant,

Comment: In this case we presumed that the amplitude of the response was larger than ideal
[amplitude ]. This is true for damping ratios less than about 0.7 and less than 1.
For damping ratios larger than 0.7, the response amplitude will be smaller than the ideal
[amplitude ].

11.4.5 Pressure-Measurement Devices as Second-Order Systems

A pressure-measurement transducer is another common system that shows second-
order behavior. In pressure transducers, there is some mass associated with the moving
parts and compliance associated with the sensing element. Thus, it is possible to deter-
mine a natural frequency for the measurement system that might be used to determine
suitability for a given application. Unfortunately, there are many situations in which
the dynamic characteristics are significantly affected by the fluid as well as other parts
of the measurement system.

Figure 11.9 shows a chamber (e.g., pipe or pressure vessel) in which we seek to
measure the time-varying pressure. Ideally, we would install a flush-mounted pressure
transducer, such that the diaphragm of the transducer essentially forms a portion of the
chamber wall. Even if a flush-mounted transducer is used, it is not necessarily true that
the pressure on the diaphragm is the same as the pressure that would exist if the trans-
ducer were not present.This is because motion of the transducer diaphragm can locally
affect the chamber pressure. This effect, called a fluid–structure interaction, is primarily
a problem with liquids. Nevertheless, the flush-mounted approach will give the best
measurement that can be achieved.

Assuming that fluid–structure interactions can be neglected, the pressure trans-
ducer, being a second-order system, will show dynamic effects if the chamber pressure

1y/Kx0 6 12
v/vn1y/Kx0 7 12

0.91 min./lb.

k = mvn2 = 5 * 62802 = 1.97 * 108 N/m = 1.1 lb/min.

vn

vn =
628
0.1

= 6280 rad/s

v

vn
= 0.1

v/vn

1.01 =
1

[11 - v2/vn
222 + 12 * 0.1 * v/vn22]1/2

y

Kx0
=

1
[1 - v2/vn

222 + 12zv/vn22]1/2 = 1.01
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Pressure transducer installations.

varies rapidly enough.As with other second-order measurement devices, dynamic errors
will be minimized if the frequency of the pressure variations is small compared to the
natural frequency of the pressure transducer. Pressure transducers with the highest nat-
ural frequency use piezoelectric sensors.This type of sensor is very stiff and the displace-
ment of the diaphragm will be very small. Piezoelectric pressure transducers are
available with natural frequencies as high as 150 kHz.These devices have very low damp-
ing ratios, and Table 11.1 can be used to determine the maximum usable frequency as a
function of the acceptable error. Flush-mounted piezoelectric pressure transducers are
used for high-frequency applications such as the measurement of combustion-chamber
pressure in internal-combustion engines. Further details on piezoelectric pressure trans-
ducers are available in Kail and Mahr (1984).

There are a number of practical considerations that often dictate that the pres-
sure transducer be installed in a remote location and be connected to the chamber
using a length of pipe or tubing called a sensing line. (See Figure 11.9.) Remote loca-
tion may be required so that the transducer is in a location accessible for servicing or
because the region next to the chamber is environmentally hostile (e.g., very hot). If
the chamber pressure is essentially static or changes very slowly, the remote transducer
and the flush-mounted transducer will both accurately measure the chamber pressure.
On the other hand, if the chamber pressure shows a rapid time variation, the flush-
mounted transducer will usually provide a much more accurate representation of the
chamber pressure. (Of course, if the pressure variation is rapid enough, neither trans-
ducer may give acceptable accuracy.) While the response of the flush-mounted trans-
ducer will be limited primarily by the dynamic characteristics of the transducer itself,
the response of the remote sensor will be severely limited by the dynamic characteris-
tics of the fluid in the sensing line and the dynamic interactions between the sensing-
line fluid and the transducer.

Figure 11.10 shows a simple model of a sensing-line–pressure-transducer system.
The sensing line and the sensor housing are considered essentially rigid. The
diaphragm is modeled as a piston with a restoring spring. The transducer piston and
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spring form a spring–mass system that shows second-order behavior. The natural fre-
quency of many designs of transducers will normally be high since the effective moving
mass of the transducer is usually very small and the spring is very stiff (particularly for
piezoelectric transducers). However, when the transducer is connected to the measure-
ment location through a sensing line, the measuring-system natural frequency will be
reduced significantly.

There are several effects that degrade the frequency response of remote pressure
transducers:

1. The sensing line functions as an organ pipe with a resonant frequency of its own.
Depending on the fluid and the length of the sensing line, this resonant frequency
may be much lower than that of the transducer.

2. The fluid in the sensing line and transducer has an appreciable mass compared to
the effective mass of the transducer piston, particularly for liquids. This mass
increases the mass of the spring–mass system, reducing the natural frequency.

3. For the transducer to show an output, the piston must move a distance and the
volume of the transducer chamber will increase. For this to happen, the fluid must
flow through the sensing line, which may be a small-diameter tube with apprecia-
ble pressure drop. This is a first-order dynamic effect. This effect is not usually
significant in systems designed for good dynamic response. In some cases it is a
desired effect—sensing-line friction will damp out unwanted pressure fluctuation
due to such effects as turbulence. This is common in process measurements.

In the following sections we examine the dynamic characteristics of sensing lines and
the combined sensing-line–transducer for both gas- and liquid-filled systems. Doebelin
(1990) is a useful reference for more details on this subject.

Dynamic Effects in Sensing Lines If, for the moment, we examine only the sensing
line (which is itself a second-order dynamic system) and ignore the effects of the
transducer, we have the configuration shown in Figure 11.11.Acoustically, this is the same
situation as an organ pipe, closed at one end.As demonstrated in most basic physics texts,
this pipe has a lowest natural frequency (fundamental frequency) given by

(11.32)fn =
vn

2p
=
C

4L

Piston (diaphragm)

Sensing line
volume, Vs

Pc

ds

Transducer chamber
volume, Vt

Restoring
spring,
constant k

Displacement sensorL

FIGURE 11.10

Model of pressure transducer–sensing
line system.
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Sensing-line system as an organ pipe.

where C is the sonic velocity (speed of sound) of the fluid in the pipe and L is the pipe
length. For the fluid, the sonic velocity is determined from

(11.33)

where is the fluid density and B is the fluid bulk modulus, which has units of pressure
(e.g., psi, Pa). For liquids, Eq. (11.33) is used directly to compute C. For example, water
at 25°C has and the resulting value of C is 1492 m/s. For
an ideal gas, the sonic velocity is computed from

(11.34)

where is the specific-heat ratio, R is the constant, and T is the gas absolute tempera-
ture. For air at 25°C (298 K), and the resulting value of C has
a value of 346 m/s.

Using Eqs. (11.33) and (11.34) for a sensing line, the line resonant fre-
quency will be on the order of 173 Hz for air and 749 Hz for water. The sensing-line
natural frequency will place limits on measurable forcing frequencies in the same man-
ner as other second-order systems. Actually, the C used in Eq. (11.32) should be the
wavespeed of the system. Wavespeed is the velocity at which a low-amplitude pressure
pulse will travel down the pipe. Although not taken into consideration here, this
wavespeed will not necessarily be the same as the fluid sonic velocity. In general, the
pipe wall has some flexibility and, particularly for liquids, this serves to make the
wavespeed less than the sonic velocity. For thick metal pipes, this effect is not large, but
for thin metal pipes or plastic pipes, this effect may be significant. The effect of pipe
walls on wavespeed is discussed in detail by Wylie, et al. (1993).

The fluid in the sensing line interacts with the fluid contained in the transducer
and also with the spring–piston system of the sensing element. These effects serve to
reduce the natural frequency further. Various investigators have considered them, and
the results are summarized shortly.Although the basic principles are the same for both,
the analyses for gas systems and liquid systems have been treated separately. This is
because the appropriate modeling assumptions are somewhat different.

Sensing-Line Effects in Gas-Filled Systems In a gas-filled system, the gas in the
transducer chamber behaves as a spring that is acted on by the sensing-line-fluid mass. In
most cases, this gas spring is much softer than the spring effect associated with the sensing
piston, and as a result it is acceptable to ignore the effects of the sensing piston. The

1
2-m-long

g = 1.4, R = 287 J/kg-K,
g

C = 1gRT
B = 2.22 GPa, r = 997 kg/m3,

r

C = A
B
r
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sensing-line fluid, together with the compressible fluid in the chamber (Figure 11.12), can
be modeled as a second-order system. Hougen, et al. (1963) have determined the
following expressions for the natural frequency and damping ratio for such a system:

(11.35)

(11.36)

In these equations, is the transducer-chamber volume and is the volume of the
sensing line. The factor is the fluid resistance offered by the sensing-line wall. This
resistance is not well understood for oscillatory flows such as exist in sensing lines. It is
common practice to use the value for steady, laminar flow in tubes, which is given by

(11.37)

where is the fluid viscosity.
Examining Equation (11.35), it can be seen that the natural frequency will be

highest for large values of and low values of L—requirements that can be met with a
short, large-diameter sensing line.With pressure transducers used for dynamic measure-
ments, it is likely that the damping ratio of the overall system will be low, close to zero.
The results shown in Table 11.1 should be approximately applicable for estimating
dynamic measurement error, even for strain-gage pressure transducers. If the damping
ratio is larger, Eq. (11.30) can be used to estimate the dynamic measurement error.

It is also worth noting that if the term in Eq. (11.35) is taken to be zero, the result-
ing system is the same as the organ pipe of Figure 11.12. However, the predicted natural
frequency is 0.225C/L, slightly less than the value 0.25C/L predicted by Eq. (11.32). This
is a consequence of the modeling assumptions used for Eq. (11.35) and is not usually sig-
nificant.This point is addressed further in the discussion of liquid-filled systems.

Example 11.5

A diaphragm-type pressure transducer (with a chamber diameter of 1 cm and length of 0.5 cm)
is connected to a pressurized air line by rigid tubing that is 5 cm long and 0.2 cm in diameter.The

Vt
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m

Rl =
32 m
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z =
RlL
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C

2pL20.5 + Vt/Vs

Sensing-line
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volume, Vs

Pc

ds

Transducer-chamber
volume, Vt

L

FIGURE 11.12

Model of gas-filled pressure-transducer–sensing-line system.
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initial pressure and temperature of the line are 10 atm and 25°C. Determine the natural fre-
quency and damping ratio of the sensing-line–transducer system. Determine the approximate
time lag for sensing a step change in pressure to within 99% of the true value.

Solution: We assume that the pressure change is small compared with the line pressure so that
the formulation introduced in this section can be applied to the problem. This also implies that
we can use the initial pressure and temperature to determine fluid properties. For more accurate
calculations, average temperature and pressure should be used. From Table B.3, R (the gas con-
stant for air) is 287 J/kg-K and (the specific heat ratio) is 1.4.At 298 K (25°C) and 10 atm, the
density is and the viscosity, is 

We will solve this problem using Eqs. (11.35) and (11.36). The volumes are as follows:

The speed of sound in air is

Substituting the proper values in Eqs. (11.35), (11.36), and (11.37) yields

Because Eq. (11.28) will be used to determine the response to a step. For this low damp-
ing, the response will oscillate.The response will be within 1% of the ideal value when the ampli-
tude of the oscillating term in Eq. (11.30) has a value of 0.01:

Solving for t, we obtain 

Comment: The value of the damping ratio, is very low, although the exact value is uncertain
since the value of is highly uncertain. Consequently, the 1% settling time result is also
uncertain.

Rl

z,

t = 0.75 s.

e-zvn
t

1 - z2 =
e-1.53*10-3*2*p*635t

1 - 11.53 * 10-322 = 0.01

z V 1,

= 1.53 * 10-3

z =
144 * 0.0510.5 + 2.520.5

12 * 11.8 * 3462

Rl =
32 * 1.8 * 10-5

0.0022 = 144

= 635 Hz

fn =
C

2pL11/2 + Vt/Vs21/2 =
346

2p0.0510.5 + 2.5021/2

C = 1gRT21/2 = 11.4 * 287 * 29821/2 = 346 m/s

Vt
Vs

= 2.50

Transducer: Vt = Ltapdt
2

4
b = 0.005ap * 1 * 0.012

4
b = 3.93 * 10-7 m3

Sensing line: Vs = aL = L
pd2

4
= 0.05ap * 0.0022

4
b = 1.57 * 10-7 m3

1.8 * 10-5 kg/m-s.m,11.8 kg/m3,
r,g
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Example 11.6

The transducer of Example 11.5 is to be used to measure pressure fluctuations in a compressed
air line. The fluctuations have a frequency of 100 Hz and an amplitude of 1 psi. Estimate the
error in the measurement of the unsteady pressure using this transducer.

Solution: We will assume that the fluctuations can be approximated with a harmonic function.
Equation (11.30) provides the amplitude ratio of the output versus the input for a second-order
system, which is the model for our application. Substituting for the parameters in Eq. (11.30) will
result in

This result shows that the amplitude of the output signal will be about 2.5% higher than the
ideal output pressure. Since the damping ratio is so low, we could have obtained this result from
Table 11.1.

Sensing-Line Effects in Liquid-Filled Systems In liquid-filled systems the
compressibility of the fluid is much smaller than for gases (although not negligible),
and the springlike characteristics of the sensing element become significant. It is first
necessary to define the concept of compliance for a pressure transducer. This is the
change in volume of a system in response to an imposed pressure change:

(11.38)

There is a compliance associated with the transducer spring–piston shown in Figure
11.10. There is also a compliance associated with the fluid volume in the trans-
ducer and the fluid volume in the sensing line 

It is possible to construct a very simple spring–mass second-order model of the
combination sensing-line-and-transducer system. The mass (m) consists of the column
of fluid contained in the sensing line. Using the nomenclature of Figure 11.10, the mass
is given by

(11.39)

where is the fluid density. The restoring spring results from the compliance of the
transducer diaphragm. As the column of fluid moves into the transducer cavity, there
will be an increase in the cavity pressure, resulting in a force on the end of the fluid

r

m =
rLpds

2

4

1Vs2.
1Vt2

Cv =
¢V
¢P

= 1.025

= c a1 -
6282

39892 b
2

+
12 * 1.53 * 10-3 * 628

39892 d-1/2

amplitudea y
Kx0
b = c a1 -

v2

vn
2 b

2

+ a2zv

vn
b2 d-1/2

vn = 2pfn = 2 * p * 635 = 3989 rad/s

v = 2pf = 2 * 3.14 * 100 = 628 rad/s
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column. The effective spring constant resulting from this restoring force can be
demonstrated to be

(11.40)

Since the natural angular frequency, is given by [Eq. (11.24)], the natural fre-
quency is given by

(11.41)

This model is only approximate. Anderson and Englund (1971) note that there are
actually three contributions to the system compliance—the transducer spring–piston,
the transducer fluid volume, and the fluid in the sensing line—and suggest that these
contributions be combined as

(11.42)

where B is the fluid bulk modulus, is the transducer mechanical compliance, is
the transducer fluid volume, and is the effective sensing-line volume, given by

(11.43)

With some algebraic manipulation, Eq. (11.41) for the natural frequency can now be
evaluated as

(11.44)

where C is the fluid sonic velocity. [See Eq. (11.33).] In Eq. (11.43) Anderson and Englund
chose the fraction of sensing-line volume, in order to force Eq. (11.44) to agree with
Eq. (11.32) when the transducer is rigid and has zero volume ( and are each zero).
Anderson and Englund also note that the damping ratio of the system is given by

(11.45)

but observe that is very small for practical liquid-filled sensing systems.
Examining Eq. (11.44), it can be concluded that the natural frequency will be

highest when L is short and the sensing line volume is large relative to the transducer
volume. The latter requirement is met with a large-diameter sensing line, the same
requirement as for the gas-filled systems. Unlike gas systems, where the mechanical
compliance, has a negligible effect, is significant for liquid systems. Unfortu-
nately, manufacturers rarely supply compliance values. Anderson and Englund (1971)
give some typical values for strain-gage pressure transducers that may be useful. It
may, however, be necessary to determine the compliance experimentally.

Anderson and Englund devote considerable attention to a major problem with the
dynamic response of liquid-filled systems, the problem of gas bubbles. Small gas bubbles

CvtCvt,

z

z =
32m

pds
3A
pLCv
r

VtCvt

4/p2,

fn =
C

4LA
Vse

BCvt + Vt + Vse

Vse =
4

p2Vs

Vse

VtCvt

Cv = Cvt +
Vt
B

+
Vse
B

fn =
1

2pB
pds

2

4rLCv

1vn/2p2
1k/mvn,

k =
p2ds

4

16Cv
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are highly compressible and can dramatically increase the compliance of a liquid-filled
system, thus reducing the natural frequency. It is necessary to remove all gas from the
sensing-line–transducer system when installing it initially. Since many liquids have dis-
solved gases, it may be necessary periodically to remove bubbles that are formed from
gases coming out of solution.

Example 11.7

A pressure transducer is to be used to measure pressure transients in a water line.The sensing line
is 0.5 cm in diameter and 10 cm long. The transducer volume is and the manufacturer
specifies the change in volume of the transducer to be for the 150 psi range. The water
temperature is 20°C. Determine the natural frequency and the damping ratio of this pressure-
measurement system.

Solution: The properties of water can be evaluated at 20°C from Table B.1.
and GPa. The following variables must be computed:

The natural frequency is obtained from Eq. (11.44):

The damping ratio is determined from Eq. (11.45):

The damping ratio is very low; hence, Table 11.1 can be used to determine an acceptable upper
limit on the frequency of pressures to be measured.

= 0.97 * 10-4

z =
32 * 1.005 * 10-3

p * 0.0053 ap * 0.1 * 4.52 * 10-15

998.2
b1/2

= 1048 Hz

=
1484

4 * 0.1
a 7.96 * 10-7

2.20 * 109 * 2.91 * 10-15 + 2.8 * 10-6 + 7.96 * 10-7
b0.5

fn =
C

4L
c Vse
1BCvt + Vt + Vse2 d

0.5

= 4.53 * 10-15 m5/N

Cv = Cvt +
Vt
B

+
Vse
B

= 2.90 * 10-15 +
2.8 * 10-6

2.20 * 109 +
7.96 * 10-7

2.20 * 109

Vse = a 4
p2 bVs = a 4

p2 b1.96 * 10-6 = 7.96 * 10-7 m3

Vs = 0.1 * p *
0.0052

4
= 1.96 * 10-6 m3

= 2.90 * 10-15 m5/N

Cvt =
¢volume

¢P
=

0.003 * 10-6

1150/14.72 * 101,325

C = aB
r
b0.5

= a2.20 * 109

998.2
b0.5

= 1484 m/s

B = 2.20m = 1.005 * 10-3 kg/m-s,
r = 998.2 kg/m3,

0.003 cm3
2.8 cm3,
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FIGURE 11.13

Basic mechanical model for an accelerometer: (a) schematic
diagram; (b) free-body diagram.

11.4.6 Second-Order Systems for Acceleration and Vibration

While the material on second-order systems in Section 11.4 can be applied directly to
force-measuring devices such as load cells and pressure transducers, it requires inter-
pretation for application to systems for measuring vibration and acceleration. This is
because the input to systems described by Eq. (11.22) is a time-varying force, whereas
the input (measurand) for acceleration is a time-varying acceleration or displacement.
As a result, the mathematical model described in Section 11.4.1 must be reexamined.

A model for a linear accelerometer is shown in Figure 11.13(a). It consists of a
mass (m) contained within a rigid housing.The mass is connected to the housing with a
spring that has constant k. The mass can move relative to the housing, and the relative
displacement, y, is measured with a displacement-measuring device. When there is rel-
ative motion, there is a damping force given by dy/dt. The input to the system is s(t),
the base displacement, and the output is y, the relative motion between the accelerom-
eter’s mass and the base.

To find the relation between s (or its derivatives) and y, we apply Newton’s sec-
ond law of motion to the free-body diagram of the mass [Figure 11.13(b)]. If we take z
to be the absolute displacement of the mass m, then

(11.46)

Newton’s second law gives

(11.47)

Upon substituting for z in terms of s and y, we obtain

(11.48)m
d2y

dt2
+ l
dy

dt
+ ky = -m

d2s

dt2

m
d2z

dt2
+ l
dy

dt
+ ky = 0

z = s + y

l
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This equation then has the same form as Eq. (11.17), the general second-order equa-
tion, with the forcing function being the base acceleration (the second derivative of the
base displacement).

In Chapter 8, two basic types of acceleration-measuring devices were introduced.
The first type, consisting of piezoelectric, strain-gage, and servo accelerometers, is used
to measure accelerations having frequencies that are much lower than the device nat-
ural frequency. When operated in the usable frequency range, the sensing mass has
about the same acceleration as the input acceleration.The second type, the vibrometer,
has a very low natural frequency and is used to measure displacements and accelera-
tions with frequencies higher than the device natural frequency. In the vibrometer, the
mass remains approximately stationary while the base moves. Equation (11.48) can be
used to analyze both types. The subject is discussed here briefly. For more details, see
the books by Thomson (1983) and Doebelin (1990).

In the case of accelerometers, it is best to view the acceleration,
as the forcing function. Rewriting Eq. (11.48) in this form, we obtain

(11.49)

This equation can also be compared with Eq. (11.17), the general equation for a second-
order system:

(11.17)

These two equations have the same form with and
The definitions of natural frequency, and the damping ratio, are the

same as given by Eqs. (11.24) and (11.25). The static sensitivity, K, will have the value
The response of an ideal accelerometer would be

(11.50)

That is, the ideal output response is proportional to the input acceleration. The results
of Section 11.4.2 for step inputs and the results of Section 11.4.3 for sinusoidal inputs
are directly applicable to accelerometers.

For the step input (the sudden input of a constant acceleration ), the response
is described by Eqs. (11.26) through (11.28) and the response is shown graphically in
Figure 11.7. The damping ratio, for piezoelectric accelerometers is very small, being
in the range of 0.01 to 0.05. Figure 11.7 shows that for such low values of the damping
ratio, there will be significant oscillations in the output. It is possible to damp the out-
put electronically. Strain-gage accelerometers often have damping close to the ideal
value of 0.7 and will not show significant oscillations. On the other hand, they have a
relatively low natural frequency, so the response times will be fairly large.

For a continuing sinusoidal input (of the form ), the response is
described by Eqs. (11.30) and (11.31), and the amplitude and phase responses are
shown graphically in Figures 11.8(a) and 11.8(b). For piezoelectric accelerometers with

a0 sin vt

z,

a0

ye = Ka1t2 = -
m

k
a1t2

-m/k.

z,vn,b = -m.
a1t2 = x, a2 = m, a1 = l, a0 = k,

a2
d2y

dt2
+ a1

dy

dt
+ a0y = bx

m
d2y

dt2
+ l
dy

dt
+ ky = -ma1t2

a1t2 = d2s1t2/dt2,
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the low values of damping, the amplitude will show significant dynamic error if the
forcing frequency is greater than about 0.1–0.2 times the natural frequency. However,
piezoelectric accelerometers can have very high values of natural frequency (up to 150
kHz) and consequently can be used to measure forcing frequencies up to 30 kHz. Table
11.1 can be used to estimate the dynamic amplitude error as a function of frequency
ratio for piezoelectric accelerometers. Strain-gage accelerometers have higher values
of damping ratio and consequently can have acceptable amplitude errors at higher
fractions of the natural frequencies—up to 0.4. However, the natural frequency of
strain-gage accelerometers is much lower (usually less than 1 kHz), so they are usually
not useful for forcing frequencies in excess of a few hundred hertz.

The natural frequency of a strain-gage accelerometer depends on the range of
accelerations that it can measure.The higher the acceleration range, the higher the nat-
ural frequency. For example, one type of strain-gage accelerometer has a natural fre-
quency of 500 Hz for a range of and a natural frequency of 4 kHz for a range

(g represents the acceleration of gravity, ). This results in a trade-off
between optimum selection of range and acceptable natural frequency.

For the low-natural-frequency vibrometer, the input can be viewed as a displace-
ment, s(t). We apply a sinusoidal input to the base having the form

(11.51)

Substituting this into Eq. (11.48), we obtain

(11.52)

This equation has the same form as Eq. (11.17),

with The static sensitivity [Eq. (11.18)] can be written as

(11.53)

where

The solution for a sinusoidal input, Eq. (11.30), is applicable. Using the K given by Eq.
(11.53) and noting that Eq. (11.30) for this application becomes

(11.54)

where the phase angle is the same as that given by Eq. (11.31).

y

s0
=

1v/vn22
[11 - v2/vn

222 + 12zv/vn22]1/2 sin1vt + f2

x0 = s0,

vn = ¢a0

a2
≤1/2

= ¢ k
m
≤1/2

K =
b
a0

=
mv2

k
= a v
vn
b2

x = s1t2.
a2
d2y

dt2
+ a1

dy

dt
+ a0y = bx1t2

m
d2y

dt2
+ l
dy

dt
+ ky = -m

d21s0 sin vt2
dt2

= mv2s1t2

s1t2 = s0 sin vt

9.8 m/s2;1000g
;10g
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FIGURE 11.14

Amplitude response of a vibrometer to a
harmonic input.

Figure 11.14, which is a plot of Eq. (11.54), shows that at frequencies a few times
higher than the natural frequency of the transducer, the output displacement y has an
amplitude close to that of the base displacement. In this situation the mass remains
essentially stationary while the base moves. These devices are used to measure time-
varying displacements at frequencies that are high relative to the natural frequency, the
opposite of most second-order measurement devices. This device is the type used to
measure ground motion in earthquakes.

Example 11.8

A high-quality strain-gage accelerometer is used to measure the acceleration of a vehicle. The
acceleration of the vehicle suddenly changes from zero to a constant value. The natural fre-
quency of the accelerometer is 1 kHz, and its damping ratio is 0.5. If the accelerometer shows an
acceleration of after 0.5 s from the start, estimate the error in measuring the acceleration
of the vehicle.

Solution: We will assume that the error in the output is only due to the dynamic behavior of
the system. For a step change in input, Eq. (11.28) describes the response for this problem. The
device is underdamped and will show oscillatory behavior.To estimate the error, we evaluate the
amplitude of the oscillatory term in Eq. (11.28):

This amplitude of the oscillation shows that, for all practical purposes, the output will be the
same as the equilibrium value at 

Example 11.9

Consider an accelerometer with natural frequency of 500 Hz and damping ratio of 0.7. Determine
the input vibration frequency above which there will be an amplitude distortion greater than 1%.

t = 0.5 s.

= 0

e-zvnt

11 - z221/2 =
e-0.5*2000p*0.5

11 - 0.5221/2

vn = 2pfn = 2p1000 = 2000p

10 m/s2
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TABLE 11.2 Common Accelerometers and Applications

Sensor Type (kHz) Range (g) Application

Resistive potentiometer 0.5–0.8 Low-frequency vibration
Strain gage 0.6–0.8 General purpose
Differential transformer 0.6–0.7 General purpose
Piezoelectric Wide range
Servo feedback 0.6–0.9 High accuracy;5060.2

;100,000L0.016150
;70061
;100061
;5060.1

zvn

Solution: Following Eq. (11.30) and Figure 11.8, we have

Solving this equation, the limiting frequency is given by

and the limiting input frequency is then Below this frequency the ampli-
tude distortion will be less than 1%.

Comment: Depending on the value of the damping ratio, the amplitude error may be positive
or negative relative to the equilibrium value. For example, for the error is always
positive below the natural frequency. In this case, the equation

would have no solution for a frequency less than the natural frequency. The right-hand side
should be 1.01 for determining the maximum frequency for a 1% error. The dividing line
between curves that always decrease with increasing and those that show a positive peak is
a damping ratio of about 0.7.

Table 11.2 lists some common accelerometer types, a range for their natural fre-
quency, and their damping ratio. Typical applications for these instruments are also
presented.

v/vn

1
[11 - v2/vn

222 + 12zv/vn22]1/2 = 0.99

z = 0.25,

0.4 * 500 = 200 Hz.

v

vn
= 0.40

1
[11 - v2/vn

222 + 12zv/vn22]1/2 = 0.99

11.5 CLOSURE

We have briefly discussed the response of some common instruments to time-varying
inputs.All instruments except those of zero order will produce some dynamic error.This
error should be taken into consideration at the time of selection or design of the mea-
surement system and in the final analysis of the results. In the examples and discussions
in this section we have dealt only with the dynamic behavior of the mechanical compo-
nents of the transducers. We have not discussed the dynamic behavior of the signal-
transmission and signal-conditioning components of the measurement systems. In
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certain high- and low-frequency ranges, these external effects may be significant. The
subject is beyond the scope of this book.The interested reader should consult advanced
texts, such as Doebelin (1990), and consult the manufacturers of the equipment.

REFERENCES

[1] ANDERSON, R., AND ENGLUND, D. (1971). Liquid-Filled Transient Pressure Measuring Sys-
tems: A Method for Determining Frequency Response, NASA TN D-6603, Dec.
[2] BENEDICT, R. (1984). Fundamentals of Temperature, Pressure and Flow Measurement,
Wiley, New York.
[3] DOEBELIN, E. O. (1990). Measurement Systems, McGraw-Hill, New York.
[4] DORF, R. C. (1989). Introduction to Electric Circuits, Wiley, New York.
[5] HOLMAN, J. P. (2002). Heat Transfer, McGraw-Hill, New York.
[6] HOUGEN, J., MARTIN, O., AND WALSH, R. (1963). Dynamics of pneumatic transmission lines,
Control Engineering, Sept., pp. 114–117.
[7] KAIL, R., AND MAHR, W. (1984). Piezoelectric Measuring Instruments and Their Applica-
tions, Kistler Instrument Corp., Amherst, NY.
[8] THOMSON, W. T. (1981). Theory of Vibration with Applications, 2d ed., Prentice Hall, Engle-
wood Cliffs, NJ.
[9] WYLIE, E., STREETER, V., AND SUO, L. (1993). Fluid Transients in Systems, Prentice Hall,
Englewood Cliffs, NJ.

PROBLEMS

11.1 If the thermocouple of Example 11.1 is used to measure the temperature of air that
increases at a rate of 10°C/s,

(a) determine the time after which the thermocouple will follow the gas temperature
steadily (slope is within 1% of the ideal value).

(b) calculate the continuing error in the temperature measurement after this time.

11.2 Determine the time that temperature measuring devices (such as a thermocouple) will
reach 98% of their final value when exposed to a step change in temperature if they have
time constants of 0.1, 1, and 10 s.

11.3 If the temperature-measuring devices of Problem 11.2 are exposed to a fluid with sinu-
soidal temperature variation of 0.1 Hz, determine the ratio of the response amplitude to
the input amplitude and the phase lag for each case.

11.4 Which of the devices of Problem 11.2 will you recommend for measuring the temperature
in an air-conditioning control system of a building that has a temperature variation of
0.5°C/min? Why?

11.5 Which of the devices of Problem 11.2 will you recommend for measuring the temperature
in an oven control system that has a temperature variation 10°F/min?

11.6 A commercial thermocouple that has an effective spherical junction diameter of 2 mm is
intended to be used for some transient measurements. You may assume that the thermo-
couple material has properties similar to those of copper. Estimate the time constants of
this thermocouple for gaseous and liquid environments that have convective heat-transfer
coefficients of and respectively.3,000 W/m2-°C,100 W/m2-°C
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Time (s) 0.1 0.5 1 2 3

Temperature (°C) 16.7 8.1 3.3 0.6 0.1

11.7 A commercial thermocouple that has an effective spherical junction diameter of 1/16 in. is
intended to be used for some transient measurements. You may assume that the thermo-
couple material has properties similar to those of copper. Estimate the time constants of
this thermocouple for gaseous and liquid environments that have convective heat-transfer
coefficients of and respectively.

11.8 A chromel–alumel thermocouple junction, which can be approximated with a sphere, has
an effective diameter of 1 mm. It is used to measure the temperature of a gas flow with an
effective heat-transfer coefficient of 

(a) Determine the time constant of this thermocouple.
(b) If the gas temperature suddenly increases by 100°C, how long will it take the thermo-

couple to attain a temperature rise within 1% of the gas temperature rise?
(c) Find the answer to the previous questions if the diameter of the bead is doubled.

(Assume that the heat-transfer coefficient remains the same.)

11.9 A chromel–alumel thermocouple junction, which can be approximated with a sphere, has
an effective diameter of 1/16 in. It is used to measure the temperature of a gas flow with an
effective heat-transfer coefficient of 

(a) Determine the time constant of this thermocouple.
(b) If the gas temperature suddenly increases by 100°F, how long will it take for the ther-

mocouple to attain a temperature rise within 1% of the gas temperature rise?
(c) Find the answer to the previous questions if the diameter of the bead is doubled.

(Assume that the heat-transfer coefficient remains the same.)

11.10 The following set of data are produced by a temperature-measuring device (first order)
that is suddenly immersed into a mixture of ice and liquid water. Initially, the device is in
ambient air (20°C). Determine the time constant of this temperature-measuring device.

50 Btu/h.ft2. F.

500 W/m2-°C.

500 Btu/h.ft2.F50 Btu/h ft2.F

11.11 Two copper–constantan thermocouples with 1- and 2-mm diameters are dipped into boil-
ing water from ambient (20°C). The heat-transfer coefficient to the thermocouples is

Determine the output from each thermocouple in 1, 5, and 10 s. Estimate
the time beyond which they will read the same temperature (within 0.1°C). Assume the
properties of copper–constantan to be the same as those of copper, and assume that the
junction is spherical.

11.12 Two copper–constantan thermocouples with 1/32 and 1/16 in diameters are dipped into ice
water from ambient (75°F). The heat-transfer coefficient to the thermocouples is

Determine the output from each thermocouple in 1, 5 and 10 s. Estimate
the time beyond which they will read the same temperature (within 0.1 F). Assume the
properties of copper–constantan to be the same as those of copper and assume that the
junction is spherical.

11.13 A thermometer with a time constant of 10 s is used to measure the temperature of a fluid
that is heated by steam. The temperature rise can be approximated with a ramp of
10°C/min. Determine the time delay in the measurement indicated and the instantaneous
error in the temperature reading.

1,500 Btu/h.ft2F.

3000 W/m2°C.
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11.14 Air is heated by an electric heater. The air temperature output (in °C), as measured by a
thermocouple, can be approximated with

The time constant of the thermocouple is approximately 5 s.

(a) Determine the average, maximum, and minimum measured temperatures.
(b) Estimate the actual air temperature as a function of time.

11.15 Air is heated by an electric heater. The air temperature output (in °F), as measured by a
thermocouple, can be approximated with 

The time constant of the thermocouple is approximately 5 s.

(a) Determine the average maximum and minimum measured temperatures.
(b) Estimate the actual air temperature as a function of time.

11.16 The following equation describes the behavior of a second-order system:

Determine the natural frequency and the damping ratio of the system. Convert it to stan-
dard form as shown in Eq. (11.21), and find the equilibrium response (response of the sys-
tem in the absence of the dynamic effect) of the system.

11.17 Repeat Problem 11.16 for the equation

11.18 In Problems 11.16 and 11.17, calculate the amplitude response and the phase response
of the system.

11.19 A mass–spring–damping system has the following characteristics:
and Calculate the natural frequency and the damping ratio of this system. Is
the system overdamped or underdamped?

11.20 A force transducer with stiffness of is used to measure a dynamic force.The effec-
tive mass of the connected parts is 2 kg.

(a) Calculate the natural frequency of the force-measuring system.
(b) Assume that the effective damping ratio is 0.1. If a harmonic force with a frequency of

25 Hz is measured with this system, calculate the approximate error in the amplitude
and the phase lag of the measurement.

11.21 A piezoelectric force transducer has a stiffness of The mass under the dynamic
load is 250 kg. Calculate the frequency under which the system produces a reading within
0.5% of the low-frequency response of the transducer. (This is what is used instead of a
static response for piezoelectric transducers.) Take the damping ratio to be 0.07.

11.22 A piezoelectric force transducer has a stiffness of The mass under the dynamic
load is 50 lb. Calculate the frequency under which the system produces a reading within
0.5% of the low-frequency response of the transducer. (This is what is used instead of a
static response for piezoelectric transducers.) Take the damping ratio to be 0.05.

11.23 A strain gage load cell has the range 0 to 2500 N and a maximum deflection of 0.250 mm. Cal-
culate the compliance and the stiffness of the transducer. If the effective mass of the loading

5 lbf/min.

1 N/mm.

106 N/m

k = 10 N/cm.
m = 20g, l = 5 N-s/m,

1f2
1y/ye2

d2y

dt2
+

2dy

dt
+ 100y = 50 sin 50t

5d2y

dt2
+
dy

dt
+ 1000y = x1t2 x1t2 = 25 for t Ú 0

T = 300 + 15 cos 1.5t

T = 200 + 10 cos 0.5t
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structure is 10 kg calculate the undamped natural frequency of the measuring system. If the
system is suddenly brought under a load of 500 N calculate the time after which the response
of the system will be within 0.5% of the static response. Assume the damping ratio to be 0.1.

11.24 A strain-gage load cell has the range 0 to 500 lb and a maximum deflection of 0.010 in. Calcu-
late the compliance and the stiffness of the transducer. If the effective mass of the loading
structure is 20 lb, calculate the undamped natural frequency of the measuring system. If the
system is suddenly brought under a load of 100 lbf, calculate the time after which the response
of the system will be within 0.5% of the static response. Assume the damping ratio to be 0.1.

11.25 A diaphragm pressure transducer, which has a chamber volume of is connected to a
pressurized, natural-gas line by rigid tubing. The length of the tube is 20 cm, and its
diameter is 0.5 cm. The transducer is used to detect sudden changes in pressure. The con-
ditions in the line are 10 atm and 25°C. Calculate the settling time until the indicated pres-
sure change is 90% of the actual pressure change. Methane is a perfect gas with molecular
weight 16 and viscosity of and its ratio of specific heat is 1.3.

11.26 In Problem 11.25, calculate the settling time if the line carries compressed air instead of
natural gas (under similar conditions).

11.27 Consider a flush-mounted pressure transducer with a natural frequency of 10 kHz and a
damping ratio of 0.1. What is the maximum frequency (less than transducer natural fre-
quency) of a detected sinusoidal pressure fluctuation with less than 1% error in the ampli-
tude measurement?

11.28 In Problem 11.25, what is the maximum frequency of a detected sinusoidal pressure fluc-
tuation with less than 1% error in the amplitude measurement?

11.29 Calculate the natural frequency and the damping ratio of a pressure transducer used to
measure the pressure fluctuations in a water line. The water temperature is 10°C. The cav-
ity of the transducer has a volume of and its compliance is The
connecting tube is 15 cm long and 0.5 cm in diameter.

11.30 The arrangement of Problem 11.29 is used to measure the pressure fluctuations with 10 Hz
frequency. Calculate the error introduced in the measured pressure amplitude.

11.31 If the pressure-measurement arrangement of Problem 11.29 is used for detecting sudden
changes in pressure of a water line, calculate the settling time until the response of the
transducer is 95% of the imposed pressure change.

11.32 In Problem 11.29, if the uncertainty in measurement of the transducer compliance is 25%,
calculate the uncertainty in the calculation of the natural frequency. Other parameters in
the equation for calculating natural frequency of the measurement system can be deter-
mined with much higher accuracy.

11.33 A pressure transducer is used to measure pressure transients in a water line. The connecting
line is 0.5 cm in diameter and 25 cm long. The transducer volume is and the manu-
facturer specifies the change in volume of the transducer to be for the 150 psi
range. Determine the natural frequency and the damping ratio of this pressure-measurement
system. Compare your results with those of Example 11.7.

11.34 Redo Example 11.7 for the case that the water temperature is 100°C. Compare your
results with those of Example 11.7.

11.35 Consider an accelerometer with natural frequency of 800 Hz and damping ratio of 0.6.
Determine the vibration frequency above which it will cause an amplitude distortion
greater than 0.5%.

11.36 Consider A piezoelectric accelerometer that has A natural frequency of 10 kHz and a
damping ratio of 0.02. Determine the amplitude distortion in measurement of vibration
with a frequency of 1500 Hz.

0.003 cm3
2.8 cm3,

3 * 10-5 cm3/psi.2 cm3,

1.15 * 10-5 kg/m-s,

1CH42
2 cm3,
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12
CHAPTER

Guidelines for Planning
and Documenting
Experiments

In this chapter we provide guidelines for designing and documenting experimental
programs.

12.1 OVERVIEW OF AN EXPERIMENTAL PROGRAM

The best outcome of an experimental program will be achieved when a systematic
approach is taken. The experimental process is a special case of the design process, a
subject that has been studied and documented extensively. Although different studies
have different names for the various activities, terms the steps or phases for an experi-
mental program are generally as follows:

1. Problem definition.
2. Experiment design.
3. Experiment construction and development.
4. Data gathering.
5. Analysis of data.
6. Interpreting results and reporting.

12.1.1 Problem Definition

When an engineering experimental program is initiated, it can be assumed that a tech-
nical need was established and that nonexperimental approaches were determined to
be inadequate or inappropriate. However, the required output of the experimental pro-
gram may be poorly defined. Consider a test to evaluate the performance of a complex
engineered system. A low-cost, success-oriented testing program could be undertaken
to demonstrate adequate performance using a limited number of tests and minimal
instrumentation. On the other hand, a more conservative testing program could be
selected, using many instruments on subsystems, to determine the source if poor perfor-
mance occurs. There is thus a trade-off between a high-risk, low-cost approach and a
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safe, high-cost approach. Decisions of this type should be taken with great care—but
they frequently are made with little thought. Engineers frequently spend insufficient
time defining the problem, and they initiate the design process without even being
aware that they have eliminated many better options.

12.1.2 Experiment Design

This step is a major portion of any experimental program and may include the follow-
ing major components:

1. Searching for information (usually, a literature survey).
2. Determining the experimental approach.
3. Determining time schedule and costs.
4. Determining the analytical model(s) used to analyze the data.
5. Specifying the measured variables.
6. Selecting instruments.
7. Estimating experimental uncertainties.
8. Determining the test matrix (values of the independent variables to be tested).
9. Performing a mechanical design of the test rig.

10. Specifying the test procedure.

These components of the design process are usually interactive. For example, an exper-
imental approach might have to be abandoned or modified significantly if the uncer-
tainty analysis results in unacceptable accuracy.

If possible, several experimental approaches should be conceived at the outset,
analyzed, and at some point, the best approach selected. Initial brainstorming sessions
are productive in this regard and should include qualified persons who will not take
part in later aspects of the program. In most test programs, the design phase is per-
formed in two parts: a preliminary design and then a final design. The preliminary
design phase is a scoping type of study, including cost estimates, and results in a docu-
ment called a proposal. This proposal is reviewed by the project’s sponsoring organiza-
tion, which normally controls the funding for the project. It might be another
component of the same organization, an outside corporation, or a government agency.
The sponsoring organization may have proposals prepared by several testing groups
and select only one group to complete the experimental program.

12.1.3 Experiment Construction and Development

This phase is probably the most expensive portion of the program.The required equip-
ment is procured, and the rig is constructed. A series of shakedown tests are run to
establish the adequacy of the instrumentation and the approach. The results of these
shakedown tests will usually result in modifications to the equipment or the experi-
mental approach. In some cases pilot tests are performed. These are tests on subsets or
scale models of the final test rig. Pilot tests are performed to determine the validity of
the approach prior to major expenditures on the final test rig.
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12.1.4 Data Gathering

Once the test rig has been constructed and debugged, the test data can be gathered fol-
lowing the specified test matrix.

12.1.5 Data Analysis

In most test programs, data analysis is performed using computer programs developed
during the design phase (the analytical model). At least some of the data analysis is
performed while the data gathering is in progress to check the validity of the data.With
computerized data-acquisition systems, preliminary data analysis is often almost
immediate. In many experiments, the data analysis will continue well after the testing is
complete. New theories may be developed, and alternative data computations may be
performed.

12.1.6 Interpreting Data and Reporting

After the data have been analyzed, the experimenter must interpret the data. Logical
reasons should be developed to explain the trends of the data, and reasons must be
found to explain anomalous data. Comparison and validation may be performed with
results from previous or similar experiments. The data should be used to respond to all
the project objectives. When interpretation has been completed, the results must be
documented in a final report that transmits the results to the sponsoring organization.

12.2 COMMON ACTIVITIES IN EXPERIMENTAL PROJECTS

Most aspects of an experimental program depend on the particular program; however,
there are a number of techniques that are general and may be used in many programs:

1. Dimensional analysis and determining the test rig scale.
2. Uncertainty analysis.
3. Shakedown tests.
4. Determining the test matrix and test sequence.
5. Scheduling and cost estimation.
6. Design review.
7. Reporting.

These techniques are discussed in greater detail in the sections that follow.

12.2.1 Dimensional Analysis and Determining the Test Rig Scale

A very powerful technique available in experimental work, called dimensional analysis,
permits a reduction in the number of variables to be considered in an experiment, sim-
plifies the presentation of results, and provides a reliable method to design scale-model
tests. Dimensional analysis is the process by which the dimensional variables describing
a physical problem can be combined to form a set of dimensionless parameters. In



12.2 Common Activities in Experimental Projects 425

Chapter 10 we introduced the Reynolds number, a dimensionless parameter used to
design pressure-differential flowmeters. The Reynolds number is defined as

where is a fluid density, V is a fluid velocity, L is a length scale, and is a fluid viscos-
ity. While all the component variables in the Reynolds number have dimensions and
have values that depend on the unit system, the Reynolds number itself is dimensionless
and is independent of the unit system. Another well-known dimensionless parameter is
the Mach number, which is used in aerodynamics and other compressible-fluid flows.
The Mach number is the ratio of the local fluid velocity to the local speed of sound.

For any particular problem, a complete set of dimensionless parameters can be
determined by standard techniques, even if the actual equations governing the prob-
lem are not known. The only requirement for forming a complete set of dimensionless
parameters is that the set of relevant dimensional parameters be complete. E. Buck-
ingham, in the early part of the twentieth century, promoted dimensional analysis and
presented a theorem that demonstrates key features of this technique. This is the
Buckingham theorem, where the symbol (the uppercase Greek letter pi) is the
symbol used to represent a dimensionless parameter.The theorem is presented in most
introductory fluid-mechanics texts. The following presentation is based on the presen-
tation in Streeter and Wylie (1985).

If there are m dimensional variables describing a physical phenomenon—
(e.g., density, velocity, and length), then there exists a functional relation-

ship between these variables:

This simply means that if our list of variables is complete and relevant, there exists a
solution in nature to the problem. If there are n dimensions contained in this set of
dimensional variables (e.g., length, mass, and time), then there exists a set of 
dimensionless variables describing the same physical problem.
These dimensionless parameters are related by another functional relationship:

Neither of the functions f and F are necessarily mathematical functions and may sim-
ply represent the relationships that can only be determined from experiments. It
should be noted that in some cases, n is less than the number of dimensions. (See
Shames, 1992.)†
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†This occurs when some of the dimensions in a problem always occur in a fixed relationship to each other.
For example, consider the deflection of a spring, where F is the force, is the deflection, and k is the
spring constant. In a mass–length–time set of dimensions (M-L-T), F has dimensions of k has di-
mensions of and has dimensions of L. There are three dimensions. However, M occurs only in the
form hence, there are really only two dimensions in the problem, L and As a result, m is 3 and n
is 2, leading to a single dimensionless parameter, ß = F/kd.
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There are two important consequences of this theorem. First, a physical problem
can be functionally described using a suitable set of dimensionless parameters. Sec-
ond, the set of dimensionless variables has fewer members than the set of dimensional
variables.

There are several techniques that can be used to determine a set of dimensionless
parameters from the dimensional variables. One approach, called the method of repeat-
ing variables, is presented in fluid mechanics texts such as that of Streeter and Wylie
(1985). The resulting set of dimensionless parameters describing a physical problem is
not unique; there are usually alternative sets, but some are preferable for practical and
historical reasons. As an example, consider the problem of the pressure drop for the
laminar flow of a fluid through a horizontal tube. Using dimensional variables, this
problem can be expressed as

where is the pressure drop, V is the fluid velocity, D is the pipe diameter, L is the
pipe length, and and are the fluid density and viscosity, respectively. There are six
dimensional variables, and since in this case there are three dimensions, length, mass,
and time, the theorem tells us that we can alternatively describe the problem with
three dimensionless parameters. This would take the form

The most common set of dimensionless parameters used in this problem are the
Reynolds number (Re), the friction factor (f) and the length-to-diameter ratio:

To see how these parameters can be used, consider a test in which the length-to-diameter
ratio is held constant and we seek the variation of the friction factor versus the Reynolds
number.We can vary the Reynolds number by changing either the velocity, the diameter,
the density, or the viscosity—and it does not matter which variable is varied. We can
effectively evaluate the effect of varying viscosity simply by varying the fluid velocity
during the test.This versatility greatly simplifies the design of the experiment. Data from
the experiment can be applied to most common fluids—for example, water, air, or mer-
cury—and pipes of any diameter.

One key consequence of nondimensionalizing a problem is that the number of vari-
ables is reduced. In the laminar flow example, the number of variables is reduced from six
to three. This greatly simplifies not only the testing (fewer tests need be performed), but
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also the presentation of the results. In the example, a complete set of data can be pre-
sented on a single graph. We can use the Reynolds number as the horizontal axis and the
friction factor as the vertical axis. The length-to-diameter ratio can be a parameter label-
ing separate curves.† In dimensional form, with six variables, a large number of graphs
would be required. Since the use of dimensionless parameters compacts the presentation
of results, they are also often used for graphical presentations of the results of nonexperi-
mental analysis. Figure 11.8 shows the results for a second-order dynamic system in
dimensionless form.

Dimensionless parameters can also be used to determine an appropriate scale for
a test by a technique known as similitude. We usually talk about similitude in terms of
the prototype (the real device) and the model (the device to be tested). The concept of
similitude is usually stated in two parts: geometric similitude and dynamic similitude.
The prototype and the model are said to be geometrically similar if all the correspond-
ing dimensions have the same ratio. For example, if the length of the model is 1/10 that
of the prototype, the width of the model must be 1/10 the width of the prototype.

The prototype and the model will be dynamically similar if the corresponding
dimensionless parameters have the same values for the prototype and the model. In
our laminar-pipe-flow example above, we will have dynamic similitude if

In this pipe friction case, if we make two of the three applicable dimensionless para-
meters the same, the third, the friction factor, will automatically be the same since it is
functionally related to the Reynolds number and the length-to-diameter ratio. Con-
sider a 1/10-scale model laminar-pipe-flow test. Both the model diameter and length
will be 1/10 the corresponding sizes of the prototype. Using the same fluid (same den-
sity and viscosity), similarity of the Reynolds number requires that the model velocity
be 10 times the prototype velocity.

In the laminar-pipe-flow example we were able to specify an exact scale-model
test. Exact scale-model tests are possible in many problems involving fluid mechanics,
aerodynamics, and dynamics. Unfortunately, it is not always possible to design scale-
model tests using available fluids and materials.A common example of this is the scale-
model testing of the fluid drag on ships. In this case the dimensionless parameters are
the drag coefficient, the Reynolds number, and another parameter called the Froude
number. It turns out to be impossible to scale both the Reynolds number and the
Froude number at the same time using common fluids. In this case, testing is performed
by scaling the test with the Froude number and using analysis to account for the
Reynolds-number effect. There are many situations in which scale-model tests involve
significant compromises, and scale-model tests are sometimes impractical. Neverthe-
less, scale-model testing has significant economic advantages, and the experimenter
should give it consideration.

Lp

Dp
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rpVpDp
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=
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†The standard solution for laminar pipe flow does not include the L/D effect because it is for infinite L/D.
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12.2.2 Uncertainty Analysis

Uncertainty analysis will be a significant component of virtually any engineering exper-
iment. It is usually performed in two separated stages: in the design phase and later in
the data analysis phase.The actual techniques are discussed in detail in Chapter 7. In the
design phase, uncertainty analysis is an integral part of specifying the instrumentation.
The instrumentation must have sufficient accuracy so that when the data are finally ana-
lyzed, the results will be useful for the intended purpose. The analysis should include
instrument systematic and random errors and estimates of various loading and installa-
tion errors. Unfortunately, some sources of random error will be unknown in the design
phase and can be obtained only from the tests themselves (or shakedown or auxiliary
tests). At the time that this preliminary uncertainty analysis is performed, it will be nec-
essary to have at least a preliminary version of the analytical model (procedure) that
will be used to analyze the test data.

When the testing has been completed, it will be necessary to perform a final
uncertainty analysis. At this time, there should be additional information on random
errors based on the test data. Some parts of the test matrix may be replicated (i.e., per-
formed several times, but not at the same time), giving additional information on ran-
dom errors. Instrument calibrations may reduce systematic error limits, and there may
be information to reduce previous estimates of various loading and installation errors.
In some cases, test experience may cause an increase in uncertainty intervals if a previ-
ously unknown phenomenon is identified.

12.2.3 Shakedown Tests

One major characteristic of experimental programs is that the unexpected occurs. A
satisfactory uncertainty analysis and high-quality instruments will not guarantee that
the results will be acceptable. Unforeseen fluid and thermal leaks, errors in wiring and
plumbing, and other unanticipated problems will usually appear. Successful experi-
mental programs require attention to details and persistence by the experimenters. To
assure the quality of an experiment, it is common to perform special tests and mea-
surements with the purpose of ensuring that the experiment satisfies the basic require-
ments.These measurements, usually called shakedown tests, depend on the experiment;
however, there are several procedures that are widely used. It is often necessary to
install supplementary instrumentation for these tests.

Testing Instrumentation in a Static Mode When the test rig is not operating, it is
often possible to know from independent means what the readings of certain
instruments should be. For example, temperature-measuring devices should measure a
known temperature (such as ambient), and it is often possible to determine the
expected readings of other instruments, such as pressure gages and force transducers.

Testing Special Cases In many cases, tests can be performed and the results
compared to analysis or preexisting data sources. For example, steady-state readings
may be made on a rig intended for transient measurements. In other cases, selected
subsets of the independent variables may result in situations with known outcomes. For
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example, in an experiment designed to determine certain properties of a new material,
another material with established properties might be tested.

Overall Balance Checks It is often possible to use a general physical principle
to perform an overall check on the validity of an experiment. In thermal experiments,
energy will be conserved. With adequate instrumentation, it is often possible to mea-
sure all energy flows. Deviations from true conservation might indicate a significant
error in the measurements. Other overall balance check possibilities include force bal-
ances, conservation of mass and conservation of momentum, conservation of atomic
species, and Kirchhoff’s law. Overall balance checks can be performed not only in the
shakedown phase but also in the data-taking phase as continuing monitors of correct
performance.

12.2.4 Test Matrix and Test Sequence

Test Matrix An experiment seeks to determine the relationship between one or
more dependent variables, called responses, and a set of independent variables, often
called factors. The experimenter normally specifies and sets values for the factors, and
the experiment then determines the response. If there is only a single independent
variable, the experiment is a one-factor experiment; two independent variables make a
two-factor experiment; and so on. The set of combinations of factors for a given
experiment is known as the test matrix, and the test matrix is usually determined at
least partially before the start of testing. For single-factor experiments, determining the
test matrix is usually fairly straightforward. It is necessary to specify the values of the
factor to be tested (both range and spacing), the order in which the tests will be
performed, and the number of replications of each test. The expected form of the test
results and the method used to analyze the data can affect these decisions.

Replicating a test condition differs from repeating the test condition. In simple
repetition, the test condition may be set up, the data taken, and then the process
repeated immediately. In replication, the test condition will be repeated at a different,
later time possibly using different instruments. Replication is preferable to repetition
in providing a basis to estimate the random error of the measurements. It should be
noted that if there is large random error in a single-factor experiment, it is not really a
single-factor experiment; there certainly exist one or more uncontrolled extraneous
factors that affect the response significantly.

Each factor will be varied over some range from a minimum value to a maximum
value.The spacing of values of the factor within this range deserves some attention. For
a narrow range of the factor (say, values from 2 to 3), it might be reasonable to space
the values of the factor uniformly within the range. For wide ranges of the factor (say, 1
to 1000), the response data will probably be presented versus the logarithm of the fac-
tor. In this case it is probably best to space the values of the factors in uniform incre-
ments of the logarithm of the factor.

For two or more factors, determining the test matrix is more complicated and
there are more alternatives. Here, we discuss two- and three-factor experiments; how-
ever, the methods are essentially the same for larger numbers of factors. Consider first
a two-factor experiment where the response R is a function of the factors X and Y.
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TABLE 12.1 Conventional Test Matrix

Y Values

X Values

x x x x x
x x x
x x x x x
x x x
x x x x xX5

x*x*X4

X3

x*x*X2

X1

Y5Y4Y3Y2Y1

R
es

po
ns

e

X values

Y5

Y4

Y3

Y2

Y1FIGURE 12.1

Results of conventional test matrix.

First we need to determine suitable ranges for X and Y; then we can set up a test matrix
as shown in Table 12.1 (for five values of each factor).With this matrix, we will perform
25 test runs. It will be necessary to replicate one or more test conditions to demonstrate
repeatability of the test. If the random error is high, it may be necessary to replicate
each test condition one or more times to obtain usable results.

The results of this experiment can then be plotted as shown in Figure 12.1, and
curves can be fitted to the data or a correlating function can be determined. When one
examines Figure 12.1, it is apparent that the shape of the constant Y curves are all sim-
ilar. Consequently, some of the data may be unnecessary, and it may not be necessary
to make measurements for all positions in the test matrix shown in Table 12.1. We
might confidently eliminate some of the test conditions, shown by the circled points in
Figure 12.1 and values with asterisks in Table 12.1.

The type of test matrix shown in Table 12.1 is likely, with high confidence, to
uncover the complete response over the selected range of the factors in most engineer-
ing experiments. For example, consider the measurement of the quasi-steady pressure
rise of a hydraulic centrifugal pump as a function of flow rate and shaft speed. The
measurements in this experiment have low random error (which minimizes replica-
tion), and the measurements at each test condition can be completed rapidly. However,
with the test matrix shown in Table 12.1, there are rather a large number of test condi-
tions (even if a few conditions are eliminated, as we have noted), and this number will
increase if many replications are required and will increase rapidly if the number of
factors is increased. In our example, if a third factor with five values is included, the test
matrix will increase from 25 test conditions to 125. This approach may not be practical
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TABLE 12.2 One-Factor-at-a-Time Test Matrix

Y Values

X Values

x
x

x x x x x
x
xX5

X4

X3

X2

X1

Y5Y4Y3Y2Y1

for many tests. For example, consider the test of a solid rocket booster to determine the
effects of fuel type, chamber pressure, and nozzle geometry. There will be a high cost
per test, and since there may be a high random error, replications may be required. In
such cases, other approaches should be considered.

One possibility is the one-factor-at-a-time test matrix. The response of some
processes can be characterized by one of the following functional forms:

In each case, the function governing the response to factor X is completely indepen-
dent of the function determining the response to factor Y. That is, the factors do not
interact. If the experimenter has reason to believe that the process follows one of these
functional forms, a simpler test matrix can be specified as shown in Table 12.2.The data
from the row can be used to determine G(Y), and the data from the column can
be used to determine F(X).With this test matrix, there are only 9 test conditions rather
than 25, and the number of test conditions would increase to only 13 if a third factor
were included. The main disadvantage of the one-factor-at-a-time approach is that it
will not permit the evaluation of interactions between factors or even determine the
existence of interactions.

Modern statistical techniques offer other options for the analysis of test data,
and the determination of the test matrix. There are two situations where statistical
techniques are clearly the best choice: situations with a large number of factors and
situations in which the precision of the measurements is poor (high random error).
Manufacturing-process and product-lifetime tests often have high random error and
are best analyzed with statistical tests. Even if a conventional test matrix such as Table
12.1 is used, statistical methods can reduce the uncertainty. However, statistical meth-
ods often make it possible to obtain useful results with a smaller number of test con-
ditions. For example, consider the matrix shown in Table 12.3 for three factors and five
values of each factor. This type of matrix, sometimes called a Latin square, has the
same number of values of each factor but has only 25 test conditions. Even with repli-
cation, the total number of test conditions will be less than if we extended the matrix
of Table 12.1 to three factors, which would result in 125 conditions. It would be diffi-
cult to reduce the data resulting from the Table 12.3 to create a graph such as Figure
12.1 using nonstatistical techniques; however, it is possible to use available statistical

Y3X3

R = F1X2 + G1Y2
R = F1X2G1Y2
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TABLE 12.3 Latin Square Test Matrix

Y Values

X Values

Z4Z3Z2Z1Z5X5

Z3Z2Z1Z5Z4X4

Z2Z1Z5Z4Z3X3

Z1Z5Z4Z3Z2X2

Z5Z4Z3Z2Z1X1

Y5Y4Y3Y2Y1

methods. One statistical method that can be used is multiple regression, introduced in
Chapter 6. This method can produce a functional presentation of the results if the fac-
tors are continuous variables. Another method is analysis of variance (ANOVA),
which can be used to analyze not only situations in which the factors are continuous
variables, but also cases where the factors are not continuous. Evaluating the perfor-
mance of a set of multistep manufacturing processes is an example of an experiment
in which the factors are not continuous. ANOVA and other statistical methods are
available as commercial software packages. Advanced statistical methods are beyond
the scope of this book but are discussed widely elsewhere (e.g., Hicks, 1982; Mont-
gomery, 1991; Ghosh, 1990; and Mason, 1989). In general, statistical techniques can
either reduce the size of the test matrix, improve the precision of the results, or both.

Test Sequence Considerable attention must also be placed on the sequence in
which the various test conditions are applied. It is best if the various runs are completed
in a random order. There are aspects of the measurement process that can change over
the course of completing a test matrix, and if the data are taken sequentially, these
effects may appear as artificial trends in the response. This can occur even if we control
the experiment carefully. Changes that can occur in the measurement process include
thermal drift of instruments, deterioration in instruments and the tested device, and
inadvertent changes in the technique of the experimenter. If, on the other hand, test
conditions are applied in a random order, there will be scatter in the data but no
artificial trends.

There are some experiments where a random ordering of the runs is not possi-
ble or is not desirable. In transient (time-varying) experiments, the data must be
taken in a time-sequenced manner. In tests to destruction such as materials-strength
tests, the data must be taken sequentially since the test sample changes during the
test and the sequence of these changes is the desired response. In Chapter 2, a proce-
dure for calibrating an instrument was presented in which the runs were taken
sequentially. Sequential testing was necessary in this case to separate the effects of
hysteresis. In that particular case, the disadvantages of sequential testing were par-
tially mitigated by replicating the experiment several times. There are also situations
in which random ordering of the runs would be prohibitively expensive. Consider a
test of a nuclear reactor in which the pressure-vessel pressure and the power level
are factors. Since it takes several hours to change vessel pressure (a process that also
shortens the pressure-vessel life), it would be necessary to complete all power-level
variations before changing the vessel pressure.
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If completely random testing is practical, the sequence of runs can be determined
by assigning a random number to each test condition and then sequencing the runs
according to the values of the random numbers. Random-number generators are avail-
able in common spreadsheet programs. A question occurs as to sequencing runs if the
complete test matrix is to be replicated. It is recommended that all test conditions from
all replications be randomized. This means that two or more runs at one test condition
might be completed before the first run of another test condition.

12.2.5 Scheduling and Cost Estimation

Scheduling and cost estimation are vital parts of any experimental program. For major
projects in large corporations, these activities are performed primarily by planning spe-
cialists using sophisticated computer programs. Two of these methods, known by the
acronyms CPM (critical-path method) and PERT (program evaluation and review
technique), are discussed by Wiest (1979). For smaller projects, engineers will perform
the scheduling and cost-estimation activities themselves.A readily available scheduling
program is Microsoft® Project.While the general principles of scheduling and cost esti-
mation are the same for large and small projects, the material presented here is ori-
ented toward small projects. Useful references on scheduling include those of Ruskin
(1982) and Gibbings (1986).

Scheduling The first step in determining a project schedule is to define a set of
tasks. A task is a well-defined activity of small enough effort that the engineer can
visualize the work involved and make a reasonable estimate of the amount of effort
required. Past experience is extremely important in determining tasks and the effort
involved.Tasks should be quite specific and should not include activities of different types.
For example, a task titled “Design of Experiment” is far too general, whereas “Perform
Uncertainty Analysis” might be quite manageable. A task should have well-defined
objectives, inputs, and outputs. For each task, several attributes must be determined—the
qualifications of the person(s) performing the work, the effort necessary to perform the
task, the duration (calendar time) required to complete the task, and the destination tasks
[subsequent task(s) which use the outputs].

People with a variety of professional skills work in engineering organizations.
There are engineers, engineering assistants, draftspersons, technicians, computer pro-
grammers, coordinators, technical writers, and persons with other skills. For each task it
is necessary to determine which skills are required. In some cases, particularly in small
organizations, it may be necessary to select particular individuals. In large organizations,
the actual person will frequently be selected only when the required work is initiated.

Effort is the amount of work that must be done to complete the task. It is usually
measured in units of labor-hours. A labor-hour is the work performed by one person
working for 1 hour. Normally, a person performs 40 hours of work per week or 1900 to
2000 hours per year. For example, five people working full time on a task for 4 weeks
will provide 800 labor-hours of effort. The required number of labor-hours must be
determined for each skill type required for the task.

The required duration (calendar time) between the start of the task and the end
of the task must be determined. If one engineer can complete the task in 40 hours, the
minimum duration is 1 week. However, if that same engineer can only work half-time
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on the task, the duration for the task is 2 weeks. The duration for a task can often be
reduced by assigning more individuals to the task. However, the more people that are
involved in a task, the less efficient their performance will be. Twice as many people
cannot usually complete a task in one-half the duration for a single person.

Finally, the destination task(s) must be determined for each task. The output of
one task will supply input to one or more other tasks. Specifying of the destination
tasks is necessary to determine the sequence in which tasks are performed. As an
example, a set of tasks has been prepared for a project to test a small steam-to-air heat
exchanger for a client. A proposal has been completed, and the tasks represent the
work required to finish the project. The list of tasks is presented in Table 12.4.

The next step is to prepare a chart called an activities network, as shown in
Figure 12.2. In this chart each of the tasks is represented by an arrow, and the arrows
are connected so that each task points to a junction connecting to the next task in
sequence. The network will frequently branch since a task may supply inputs to more
than one subsequent task. In the example, task B provides input directly to tasks C and
D and E. This branching can become quite extensive in large projects. In Figure 12.2,
junctions c and e (and also junctions m and l) are connected by an arrow with a dotted
line. The arrows with dotted lines represent dummy activities. A dummy activity has
zero duration and zero effort and is used as a convenience to clarify the activities net-
work. Without dummy activities, arrows for different activities might overlap. Task P,
project management, is a continuing task and is not shown on the activities network.

Underneath each task arrow in Figure 12.2 is a number that indicates the dura-
tion (in weeks) for each task. It is now possible to determine the duration of the entire
project. It is simply necessary to add up the duration values for each of the sequential
tasks. For parallel branches, the duration is the duration of the longest path. For exam-
ple, the duration from junctions b to f is that of the b–d–e–f path, 3.0 weeks. The path
that controls the total project time is called the critical path. The critical path has a
duration of 19 weeks in this example and is indicated with heavy lines in Figure 12.2.
Changes in duration of any tasks on the critical path will change the duration of the
complete project. These tasks are those that must be monitored most closely by the
project manager.

It is common to present the tasks on another chart—a bar chart called a Gantt
chart. For our example, this is presented in Figure 12.3. The tasks are listed in rows, and
calendar time is listed in the columns.A bar is drawn between the starting time and the
finishing time for each task.This chart provides the project manager with a concise pic-
ture of the progression of the project.

Cost Estimation The task descriptions provide the basis to determine salary
costs. For estimation purposes, it is often assumed that all people with a given title have
the same salary, which is the average of all such persons with that title in the
organization. Thus we can add up the hours of each job title, multiply by the applicable
hourly rate, and determine the direct salary costs. In our example the total hours and
costs for each category are shown in Table 12.5.

The direct salary cost is only part of the total costs.To this must be added the cost
of employee benefits and organization overhead. Benefits include vacations and holi-
days, health benefits, and social security and other payroll taxes. These normally are
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TABLE 12.4 Tasks for Heat Exchanger Project

Task
ID Title Objective

Effort
(labor-hours)

Duration
(weeks)

Destination
Tasks

A Determination of
experimental approach

Evaluate possible configurations
of rig and select best

Sr. Engr. 40
Jr. Engr. 60
Engr. Assist. 30

2 B

B Specification of
instrumentation

Identify in-house or commercially
available instrumentation and
determine actual characteristics

Sr. Engr. 10
Jr. Engr. 30

2 C, D, E

C Instrument uncertainty
analysis

Estimate uncertainty intervals for
each of the measurements for
the given application

Sr. Engr. 10
Jr. Engr. 20

1 G

D Design drafting of
test rig

Prepare drawings of test rig
used for fabrication

Sr. Engr. 10 2 H

E Determination of
test matrix

Specify values of independent
variables to be used in
test program

Sr. Engr. 20 1 F, G

F Preparation of
data-reduction program

Prepare computer program
to reduce test data

Sr. Engr. 10
Jr. Engr. 40

1 G, H

G Preliminary results
uncertainty analysis

Extend uncertainty analysis to
uncertainty intervals for
final results

Sr. Engr. 20 1 H

H Design review Present experiment design to
senior engineering staff and
management; closure of
open items

Sr. Engr. 40
Jr. Engr. 30

1 I

I Procurement of materials
and instrumentation

Allow time for materials to be
ordered and delivered to test site

None 3 J

J Construction of test rig Assemble test rig and install
instrumentation

Jr. Engr. 40
Sr. Tech. 80
Jr. Tech. 80

2 K

K Shakedown tests Demonstrate validity of rig,
fix problems

Sr. Engr. 10
Jr. Engr. 40
Sr. Tech. 40
Jr. Tech. 40

1 L, N

L Final tests Collect all data corresponding to
test matrix

Jr. Engr. 40
Sr. Tech. 40
Jr. Tech. 40

1 M

M Data reduction and final
uncertainty analysis

Compute results from data;
prepare plots and tables

Sr. Engr. 10
Jr. Engr. 40

1 N

N Preliminary preparation
of report

Start writing final report Sr. Engr. 10
Jr. Engr. 30
Engr. Asst. 10

1 O

O Final preparation
of report

Write final report; interpret results Sr. Engr. 30
Jr. Engr. 50
Engr. Asst. 30

3 End

P Program management Coordinate project Sr. Engr. 60
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Activities network for heat-exchanger project.
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Gantt chart for heat-exchanger project.

treated as a percent of direct salary. A typical number might be 30% of direct salaries.
Overhead costs are other costs of business that are not charged directly to the contract.
These costs include costs of buildings, furnishings, and equipment and the salaries of
higher managers and support personnel, such as payroll, purchasing, and maintenance
staff. Proposals are often prepared at no direct cost to the client and are charged to
overhead. Overhead rates vary considerably between organizations, but a rate of 100%
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TABLE 12.5 Direct Labor Costs

Title Hours Cost per hour Cost

Senior engineer 260 $40 $10,400
Junior engineer 420 25 10,500
Senior technician 160 25 4,000
Junior technician 160 15 2,400
Engineering assistant 70 15 1,050

$28,350

Direct costs $28,350

Benefits (30%) 8,505

Overhead (100%) 28,350

$65,205

for an engineering experimental organization, such as we have here, is in the normal
range. We can now arrive at the total personnel cost:

Next, the cost of equipment purchased specifically for this project must be added. For
this project, the equipment charges are $100,205. The total cost of labor and materials
is then $100,205. To this total cost is added a fee (profit) for the organization: 10% is a
common fee. The final total cost that will be proposed to the client is thus $110,225.

12.2.6 Design Review

A simple yet effective tool that can be used in any design project as a quality-assurance
technique is the design review. In a design review, the design team makes a presenta-
tion to a group of engineers (called the committee) who are competent in the subject
area but are not working directly on the project. The committee is usually made up of
senior engineers and technically competent engineering managers. One of these com-
mittee members is appointed chairman. A committee is formed to review specific
material, and the review may not cover all aspects of a project.

In the first step, the design team prepares written material and submits it to each
member of the review team. At a subsequent time, a meeting between the committee
and the design team is scheduled. In this meeting, which may last from a few hours to
several days, the design team makes a formal oral presentation of the material to be
reviewed. During this meeting the committee members can ask questions and make
informal comments on the subject material. After the meeting, the committee meets as
a group and discusses the presentation. They will establish two lists, recommendations
and open items. The list of recommendations is simply a list of comments about the
reviewed material that the design team should consider but which the design team is
free to ignore. The list of open items is more important. Open items are issues that if
not resolved might jeopardize the success of the test program. The committee chair-
man documents the recommendations and open items in a letter to the design team.
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The open items are issues to which the design team is compelled to respond and
satisfy the concerns of the committee. The design team must then show why the open
item is not a concern or alter the design to mitigate the concern. These actions will be
documented in a letter to the committee chairman. If the chairman considers the clo-
sure of the open items to be satisfactory, after consulting with the other committee
members, the chairman will write a letter to the design team leader stating that the
design review is closed. Occasionally, an open item is of such major significance that
the review process cannot be closed in a reasonable period of time. In this case the
review will be terminated without closure. A new review will be scheduled at a later
date to give the design team sufficient time to correct the problem.

The expectation of a review motivates the design team to perform quality work
and identify problems that can be rectified before the review. During the review, com-
petent engineers on the committee will frequently identify significant problems in the
project which design team members have overlooked.The result is a test program with
substantially reduced risk of major delays or failure.

12.2.7 Documenting Experimental Activities

Documentation is an important aspect of any engineering experimental program.
Before the activity starts, there will be some kind of proposal or planning document in
which the objectives are stated, the scope of the project is identified, an experimental
approach is suggested, and preliminary estimates are made of the costs and schedule.
During the course of the experimental program, there will be a series of progress
reports. When the experiment and the analysis of the data have been completed, there
will be a final report.

The actual level of documentation will, of course, depend on the complexity and
duration of the experimental program. In some routine testing programs, the docu-
mentation may involve little more than filling out some forms. In most research and
development programs, the three documentation components—proposal, progress
reporting, and final reporting—will each be significant efforts with the greatest error in
the proposal and final reporting.

There are really no universally correct ways to perform any of the documentation
tasks. Many organizations have standardized formats for reports, and members of the
organization are required to use those formats. In this chapter, we describe some com-
mon formats for each stage of reporting that can be used if there are no other specific
requirements. Other reporting approaches usually differ in details rather than general
concepts presented here.

Formal Report of an Experimental Program The document completed at the
end of a major engineering activity (or at the completion of major milestones) is
generally a formal report. The formal report is usually very complete and has a rather
well-defined (formal) structure. Formal reports are used for many different
engineering activities, many of which have no experimental activities, and hence there
are many variations of the format. In this section we discuss a common format for
writing formal reports for experimental programs.
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In writing a technical report, it is wise to keep in mind the purposes that the
report is to serve. The most common purposes are

1. to communicate to others the results and conclusions drawn from the laboratory
or field work.

2. to create a permanent record of laboratory or field work that may be used at a
later time in connection with other work.

The formal report consists of the following sections:

1. Title page
2. Abstract
3. Table of contents
4. Summary
5. Introduction
6. Apparatus and test procedure
7. Results
8. Discussion
9. Conclusions and recommendations

10. References
11. Appendices

Title Page. The title page should contain the test title, the date of the report,
and the names of the author and coauthors. Other information that may appear on the
title page includes the name of the organization that performed the project, the
sponsoring organization, and the report and contract number if such numbers exist. If
there is room on the title page for the complete abstract, it may also be placed there.

Abstract. The abstract is a very brief, stand-alone summary of the material pre-
sented in the report. The abstract contains only enough information about the work
being reported to enable someone who is searching for information to determine
quickly the applicability of the report to his or her problem.Try to think what informa-
tion you would want if you were performing a library search. The abstract should nor-
mally not be longer than 100 to 200 words. While the abstract should refer only to
material described in the report, it should never directly reference material in the
report. It should never say something such as “is shown in Figure 15.” There should be
no graphs, tables, or pictures in the abstract, since these cannot readily be stored in
most computer data-retrieval systems.

The abstract should start with a statement of what was done or what the objective
of the experiment was. In one sentence or so, it should then describe how the results
were obtained. That is, there should be some description of the experimental approach
and apparatus and any unusual instrumentation. Then, some key results should be
stated. For example, “A performance test was performed on a Fulmer model C-15A
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rotary air compressor. Instrumentation was provided to measure shaft speed, airflow
rate, and air inlet and outlet pressures and temperatures.The required shaft power was
measured with an electric-motoring dynamometer. The highest efficiency was
observed to be 65% at a shaft speed of 600 rpm. At this condition, the airflow was 10
scfm and the shaft power was 2.7 hp.”

Table of Contents. This is simply a list of the sections of the report and the page
numbers where they can be located. A minor point can be noted here: In books, the
title that appears at the top of the table of contents is most commonly “Contents,” not
“Table of Contents.” Reports sometimes also have separate pages listing all the figures
and all the tables that appear in the report.

Summary (or Executive Summary). Like an abstract, the summary (often
called the executive summary) presents an overview of the complete report. The sum-
mary is normally longer and more complete than an abstract and may, if necessary,
include graphs and tables. While an abstract is used by the reader to determine
whether or not to read the report, the summary will normally be read by persons who
are interested in the work described. The summary states the objectives, describes
briefly the techniques used, and states the most important results and conclusions. It is
not a good practice to refer to figures and tables that appear later in the main portions
of the report since it is awkward for the reader to search through the report for infor-
mation. If figures and tables are used, it is best to duplicate them in the summary sec-
tion of the report. Another reason for duplicating figures and tables is that the
summary is sometimes copied as a separate document and distributed without the
remainder of the report.

The summary lays down the framework of the remainder of the report and
makes it easier to follow. If, however, the reader is not using the results directly, the
summary may be the only portion of the report read. Such people might include higher
management and persons in an organization not directly connected with the subject.
The length of the summary depends on the size of the experimental program. For a
short program such as an undergraduate student report, the summary might be as short
as one or two pages. For a large program involving thousands of labor-hours, the sum-
mary could be tens of pages long (and the report itself could be presented in several
volumes).

Introduction. The purpose of the introduction is to prepare the reader for the
body of the report by giving clear statements of the background and objectives of the
project. The following items are often components of a good introduction:

1. The objectives should be clearly stated, and information should be provided to
convince the reader that the work is valuable.

2. A review of applicable literature may be included. If the review is extensive, it
may be included as a separate section of the report following the introduction.

3. The limits (scope) of the work should be outlined here (what will be tested and
what will not be tested).
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Figure 10 Beam stress vs. time
Table 3 Stresses at strain gages 1–20

4. If the test was performed to verify an existing theory, or if an unusual method was
used to analyze the data, the theory is often discussed in the introduction. If a the-
ory was developed on the basis of the test results, it is better presented in the dis-
cussion section of the report. It is acceptable to present existing theory as a
separate section of the report, following the introduction.

5. The outline of the presentation in the remainder of the report might be dis-
cussed, particularly if it is different from normal practice.

Apparatus and procedure. The apparatus should be described both in words
and in sketches or pictures. Block diagrams should be provided that show all (or
primary) sensor locations. Photographs of the apparatus are normally included.
Detailed engineering drawings may be referenced here but should be included in an
appendix. A list of the instrumentation should be included directly or referenced here
and placed in an appendix. The list should include the manufacturer, model number,
and serial number of each instrument used. If the test procedure is simple, it can be
included here. If the test procedure is lengthy, it should be referenced here and
included in an appendix.

Results. The primary results from the test should be included here in graphical
or tabular form. A short text should be included to state what results are included and
on which graph or table they are included. Each table and each figure should be
assigned a unique number.The number normally appears adjacent to the title, as in the
following example:

If the numerical results are not too extensive, they should be presented in tabular
form. Somewhat more extensive tabular results might be referenced and placed into an
appendix. Only include results that are of direct interest to the reader, and do not
include intermediate calculations. With computerized data-acquisition systems, huge
quantities of data can be obtained, and it may not be practical to present them in tabu-
lar form at all. In this case, only summary types of numerical results (e.g., averages,
minimums, and maximums) can be tabulated.

The format of the graphical results is important. Figure 12.4 represents an accept-
able graph prepared using a spreadsheet computer program.The following notes apply
to graphs:

1. With the exception of a page number, nothing should be written within 1/2 inch
of the top, bottom, and one side of the page or within 1 inch of the side of the
page that will be bound (the left-hand side when the pages are printed on one
side).

2. The graph should be placed in the report so that it can be read in the same direc-
tion as a written page or can be read by rotating the report 90° clockwise from
that orientation.



442 Chapter 12 Guidelines for Planning and Documenting Experiments

250

200

150

100

0 1 2 3 4 5 6
Time (h)

Test 1

Test 2

Jones
prediction

T
em

pe
ra

tu
re

 (
 C

)

FIGURE 12.4

Temperature at center of casting.

3. Discrete data points should be plotted as points surrounded by a plot symbol
such as a circle or a square. If there are a large number of points so that the plot
symbols overlap (such as might exist for time-varying data taken with a comput-
erized data-acquisition system), it is better to eliminate the plot symbols and con-
nect the data points with straight lines.

4. Continuous theoretical predictions or correlations should be presented as lines
or curves, and it is recommended that they not be plotted as discrete points. If no
theory is presented or if the theory agrees poorly with the data, it is common to
draw a best-fit curve through the data points. If the data show a trend (such as
rainfall versus month of the year) and the y-axis data are not functionally related
to the x-axis, theoretical and best-fits curves are not meaningful. In this case it is
common to connect the individual data points with a series of straight-line seg-
ments. Bar graphs are also appropriate in presenting trend data.

5. There should be a legend identifying different types of data points, as on the
example.

6. The graph should have a title (caption).This can be at either the top or bottom of
the graph or on the grid portion of the graph. The title location should be the
same for all figures in a given report.

7. All curves should be drawn smoothly, either with computerized functions or with
french curves.

Discussion. This is a major part of the report and will vary in scope, length, and
complexity according to the nature of the investigation. Basically, the discussion
evaluates the results, interprets them, and investigates their significance. It is the bridge
that leads the reader from the results to the conclusions. It is possible to integrate the
discussion and results sections into a single section. The discussion commonly includes
the following items:

1. A statement about each result presented, including its significance and how it
relates to the project objectives.

2. A discussion of any results that are unexpected.
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3. A discussion of the causes of experimental uncertainties.
4. A comparison of results with theories or preexisting experimental results.
5. Personal opinions to explain results.
6. If applicable, a description and a comparison of data of any new theory devel-

oped on the basis of the test data.

Conclusions and Recommendations. There should always be specific conclu-
sions and recommendations that answer the objectives of the experiment or explain
why the objectives were not met. No new results should be presented in this section of
the report. This section can include a listing of the main results. Recommendations for
future work or methods to improve the experiment can be included in this section of
the report.

References. A listing of documents mentioned in other portions of the report
should be presented in a consistent form that includes the document title, author(s)’
names, name of publisher, publication date, and other relevant information to allow the
reader to locate the original document.

Appendices. Material that is placed in appendices is normally of interest to
some but not necessarily all readers. If it is of interest to most readers, it should go in
the main body of the report. Some material is placed in appendices to provide a per-
manent record. The following may be included in the appendices:

1. Original laboratory data sheets.
2. Sample calculations.
3. Test procedure, if not included in the body of the report.
4. Detailed drawings of the test facility.
5. Information of interest to some readers but not central to the report.
6. Manufacturers’ instrument specifications.

In student reports, the laboratory data sheets should be included in the report. In pro-
fessional practice, these items are usually kept as records separate from the report.

Technical Memorandum The technical memorandum, sometimes called a letter
report, is a much less formal method of transmitting information than the formal report.
It is also a very common method for transmitting information within an organization. It
is frequently not a permanent record, and the original may be destroyed within a few
months or years of issuance. Some of the more common uses are

1. Reporting intermediate results of a project (progress reports).
2. Reporting final results in a preliminary form prior to the issuance of a formal

report.
3. Reporting the results of studies or evaluations for which a permanent record is

not required.
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As with other types of documentation, a suitable format may be specified by your
organization. The format suggested below is one that is commonly used.

The technical memorandum will usually have a header section like the following:

DATE:

TO:

FROM:

SUBJECT:

REFERENCES:

Normally, the author signs his or her name next to the typed name. The references are
related documents referred to in the memo.

The text of the letter will contain the information you are transmitting. The exact
contents depend on the situation and may depend on letters or reports transmitted
previously. Generally, the letter should contain at least the following:

1. Purpose of the memo.
2. Results to be conveyed.
3. Significance of the results.

In most cases the text will be continuous, broken up only into paragraphs, without sub-
headings (although subheadings are useful in long letters). Materials that are not
included in the text are called attachments. Attachments are normally sequenced as
Attachment A, Attachment B, and so on, and are so referenced in the body of the let-
ter. The formats for graphs, figures, and tables are similar to those for a formal report,
but these items may be of lesser quality in a memorandum. For example, neat freehand
drawings or graphs may be acceptable, and tables may be direct printouts from data-
acquisition systems. In longer memoranda (more than two pages), it is usually a good
idea to start with a short summary, one or two paragraphs long. This summary should
clearly state the purpose of the memo and the most important conclusions.

Proposals In many cases the sponsoring organization requesting a proposal will
specify the desired format. If the sponsoring organization is within the same company,
the proposal process may be quite informal: sketches, costs, and schedules presented in
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an oral presentation. Proposals to outside sponsoring organizations are normally more
formal and have at least some common characteristics. The following format is only
one of many possible ones:

1. Title page
2. Abstract
3. Table of contents
4. Introduction and background
5. Description of the proposed project, method of approach, and work scope
6. Task descriptions, schedule, and costs
7. Personnel and capabilities
8. References
9. Appendices

The objective of the proposal is to convince the sponsoring organization that the pro-
poser is uniquely capable of performing the project with acceptable costs.

The comments given above regarding the title page, abstract, table of contents,
references, and appendices for a final report also apply to a proposal. The remaining
sections are different and are discussed in the following pages.

Introduction and Background. In this section the author discusses the
background leading to the proposed experimental program. In a proposal this section
will frequently be much more extensive than in a final report since the experimenter is
seeking to convince the funding agency of his or her competence in the field of the
proposal. The general outline of the remainder of the report is presented here.

Description of the Proposed Project, Method of the Approach, and Work
Scope. This section is the heart of the proposal. In at least preliminary form, the
author will describe the general approach to the experiment, the apparatus and instru-
mentation, and the test procedure. In addition, it is important to discuss what will be
done with the data. How will they be manipulated? How will they be presented? Will
some attempt be made to correlate the data or establish a new theory? When the
reader has completed this section, he or she should have a good understanding of what
is going to be done. In this section of the proposal, the proposer shows that he or she
knows the methodology to solve the problem and understands the scope and limita-
tions of the problem and the proposed work.

Task Descriptions, Schedule, and Costs. This section should include a com-
plete set of tasks, required effort, schedule, and costs.

Personnel and Capabilities. It is important to the customer to have confidence
that the proposing organization and its personnel are competent to perform the pro-
posed work. The customer will normally want to know something about the key per-
sonnel who will perform the work in the proposed experimental program. The key
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personnel will be listed in this section, together with relevant experience. Résumés of
the key personnel will usually be included in an appendix.

This section may also include discussions of the capabilities of the organization
itself. Relevant facilities and relevant prior projects may be described.

12.3 CLOSURE

The material in this chapter is presented only as a framework for planning and docu-
menting experiments. Organizations and individuals often develop their own methods
and styles, which are effective and should be respected.
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Answers to Selected
Problems

CHAPTER 1

1.2 (a) 206.8 kPa, 2.04 atm (b) 145.04 psi, 9.87 atm, 295.32 in Hg, 101.96 m 
(c) 0.049 bar, 0.71 psi, 1.45 in Hg

1.7
1.10

CHAPTER 2

2.2 Systematic max. random 
2.12 50 m/s
2.18 with offset, max. error 6 V (high), w/o offset, max. error 
2.27 20 cm, 21 cm, 5%
2.30 accuracy (depends on line

fit), repeat 
2.39 75.1 °C

CHAPTER 3

3.1 120 dB
3.6

3.13
3.15 1.86 octaves
3.20 (a) (b) (c)

CHAPTER 4

4.1 10010011
4.5 01111001, 10000111

4.11 15 bits, 16 for 2’s complement
4.15 (a) 3123 (b) 589 (c) 4095 (d) 0
4.25
4.32 010101000011 (1347 dec.)

CHAPTER 5

5.1
5.16 falias = 10 Hz

b1 = 0.6366, b2 = -0.3183, a0 = a1 = a2 = 0

;0.048%

-14 dB-34 dB,-24 dB,

R1 = 8879 Æ, R2 = 1124 Æ
fc = 10 kHz, c = -45°

;0.08 mV
+0.35 - 0.20 mVmVout = -0.27 + 0.408 force,

;4 V

error = 0.0003 in.error = -0.0179 in.,

86.52 W/m.°C, 20.67 cal/sec.m.°C
0.06854 Btu/lbm.°R, 286.95 J/kg.K, 68.55 cal/kg.K

H2O
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5.19 40 Hz
5.28 90.3 dB

CHAPTER 6

6.5 and 49.3 cm
6.9 0.056 (5.6%)

6.13 (0.0027%)
6.22 (a) 0.2286 (b) 0.0286 (c) 0
6.24 (a) 0.8145 (b) 0.9995
6.34
6.36
6.39 (a) 0.0668 (b) 0.958 (c) 0.042
6.45 (a) 38 readings (b) 95 readings (c) 100 readings (d) 8 readings
6.55 replace at 3395 hours
6.60
6.63 20 more
6.65 40 persons (height controls)
6.66
6.67 (a) 0.5276 (b) 0.1534 (c) 0.3554
6.69 (a) 0.4866 (b) 0.3292 (c) 0.2498
6.77 no data rejected
6.79 0.9804
6.81 (a) (b)
6.84 (a) (b) (c) 3.7085

CHAPTER 7

7.1 series, parallel,

7.2
7.3
7.8

7.20
7.24
7.34 (a) (b)
7.36
7.55

CHAPTER 8

8.1
8.3 3.75 mV

8.15 12.5 mV
8.20 (a) 8667 (b) 14.4 mVmstrain

E = 14 * 106 psi, v = 0.25

CD = 10.67 ; 1.03
Px = 2.3 mV

Pi = 0.43°C, wi = 0.5°CPxq = 0.11°C, wxq = 0.23°C
w = 0.027 kg
Pi = 1.2°C Pxq = 0.4°C
wv = ;1.3 rad/s
K = 0.601 ; 0.003 1wKmax = 0.0042
K = 0.0610 ; 0.003 1wKmax = 0.0042wRmax = ;0.07 Æ

wR = ;0.05 Æ,wR = ;0.22 Æ, wRmax = ;0.3 Æ,

0.4587 ; 1.19860.0390 ; 0.0091
rxy = -0.99984rxy = -0.848

2.20 6 s 6 4.73

m = 91.0 ; 0.57,
m = 50,000 ; 980 miles

P102 = 0.189
P1752 = 0.384

2.7 * 10-5

x = 49.6 cm, med = 49.55 cm, S = 0.5 cm, mode = 49.2



8.29 (a) 4.43 pF (b) (c)
8.37 100 rpm
8.44 29.4 mV
8.50 100 N-m, 36.5 kW

CHAPTER 9

9.1 7.65 m
9.4 10.38 in Hg, 11.76 ft 
9.7 17.3 kPa

9.11 0.0255 cm/Pa, 1.96 Pa
9.19 476.7 °C
9.24 406.5 °C
9.27 (a) (b) (c) 0.5% (d) 2.7°C
9.31 375.4 Pa/K
9.39 541 K
9.44 20.8 °C
9.48 dry air

CHAPTER 10

10.2 2.01 in.
10.4 1.25%
10.7

10.13
10.19
10.30
10.34
10.40 55 Pa
10.46 5.09 m

CHAPTER 11

11.1 (a) 1.32 sec (b)
11.3

11.6
11.10
11.13
11.16
11.20
11.24 982.4 rad/sec, 54 msec
11.27 1 kHz
11.33
11.35 589 Hz

fn = 626 Hz, z = 1.6 * 10-4

y/Kx0 = 1.05, f = -2.7°
vn = 14.1 rad/sec, z = 0.007
10 sec, -1.67°C
t = 0.55 sec
tgas = 11.45 sec, tliq. = 0.38 sec
t = 10, y/ye = 0.157, f = -1.41 rad

f = 0.56 rad,t = 1, y/ye = 0.847,t = 0.1, y/ye = 0.998, f = -0.063 rad,
¢T = 2.86°C

Qoil/Qwater = 1.10
Q5 atm/Q1 atm = 0.45
7.2 - 65 kPA
A2 = 0.01273 m2
m
# = 0.038 kg/s, Q = 1.9 SCMM

f = 17%, v = 4.6 g/kg

201 Æ200 Æ

H2O

-0.443 pF/mm-22.1 pF/mm

Answers to Selected Problems 449
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Computational Methods 
for Chapter 5

A.1 EVALUATING FOURIER-SERIES COEFFICIENTS USING A SPREADSHEET PROGRAM

Example 5.1 evaluated Fourier coefficients using direct integration. However, general ex-
perimental time-varying functions are not readily described with mathematical functions,
and it is necessary to evaluate the coefficients numerically. Special programs are available
to do this, but standard spreadsheet programs can readily be used.A solution to Example
5.1 has been set up in Table A.1 in the form of a spreadsheet. In column A, the time of one
cycle has been discretized into 20 equal intervals. Column B is then a computation of f(t).
Columns C, D, and E contain corresponding values of and

respectively. The coefficients and are computed by applying the
trapezoidal rule to integrate the data in columns C, D, and E.The trapezoidal rule, in gen-
eral terms for a function g(t) with equally spaced values of time from to is given by

where n is the number of intervals. This equation can be used to compute a value of
the integral in Eq. (5.2). Noting that the period, T, is 0.1 s, coefficient can then be
computed from

The resulting value for is 1.8941. Coefficients and are and 0.58885,
respectively. These differ slightly from the exact values computed in Example 5.1
( and ). Part of the cause of the discrepancy is
that the discretization resulted in inexact values of f(t) between and 
f(t) actually has two values at and but only the value was included
here. The approximation would be better if the function were discretized into finer in-
crements. If the time interval were halved, the coefficients and would improve
to 1.9059, and 0.6248. Alternatively, two values could be included at 
but then the integration would have to account for unequal time intervals.

Another factor that affects the values of the coefficients is aliasing. There are 20
samples in 0.1 s, giving a sampling rate of 200 Hz. This means that the maximum fre-
quency in the signal that will not cause an alias will be 100 Hz. The ramp function of
Example 5.1 actually has component frequencies from 100 Hz up to infinity, which will
result in alias frequencies. The frequency components higher than 100 Hz have lower
amplitudes than those less than 100 Hz. the coefficient for 110 Hz, the lowest fre-
quency that will cause an alias, has a value of 0.173. A higher sampling rate will reduce
the effects of the alias frequencies, but for this function, there will always be errors due
to the alias frequencies. In an actual experiment, however, the signal should be filtered
so that alias-causing frequencies have been eliminated.

a11,

t = 0.05,-0.9471,
b3b1, b2,

+3-3,t = 0.05, +3
t = 0.055.t = 0.05

b3 = 0.6366b2 = -0.9549,b1 = 1.9098,

-0.9234b3b2b1

b1 = a 2
0.1
b a 0.1 - 0

2 * 20
b1C5 + 2 * SUM1C6 . . C242 + C252

b1

L
b

a
g1t2 dt =

b - a
2n

[g1t02 + 2g1t12 + Á + 2g1tn-12 + g1tn2]
tn,t0

b3b1, b2,f1t2 sin 3vt,
f1t2 sin 2vt,f1t2 sin vt,

APPENDIX
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TABLE A.1 Evaluating Fourier Series Coefficients Using a Spreadsheet Program

A B C D E

1 Computing Fourier-Series Coefficients
2
3 Time f(t) f(t) sin tv f(t) sin 2 tv f(t) sin 3 tv
4 (sec)
5 0 0 0 0 0
6 0.005 0.3 0.092702 0.176331 0.2427
7 0.01 0.6 0.352662 0.570627 0.570644
8 0.015 0.9 0.728101 0.855966 0.278187
9 0.02 1.2 1.141254 0.705414 -0.70523

10 0.025 1.5 1.5 0.000139 -1.5
11 0.03 1.8 1.711933 -1.05785 -1.05826
12 0.035 2.1 1.699016 -1.99713 0.648547
13 0.04 2.4 1.410829 -2.28265 2.282371
14 0.045 2.7 0.83456 -1.58738 2.184743
15 0.05 3 0.000278 -0.00056 0.000834
16 0.055 -2.7 0.834084 -1.58657 2.183861
17 0.06 -2.4 1.410469 -2.28237 2.282783
18 0.065 -2.1 1.698787 -1.99737 0.649657
19 0.07 -1.8 1.71183 -1.05839 -1.05745
20 0.075 -1.5 1.5 -0.00042 -1.5
21 0.08 -1.2 1.141323 0.705054 -0.70577
22 0.085 -0.9 0.728199 0.855863 0.277711
23 0.09 -0.6 0.352752 0.570696 0.570541
24 0.095 -0.3 0.092755 0.176421 0.242798
25 0.1 1.17E-15 -2.2E-19 -4.3E-19 -6.5E-19
26 B1 = B2 = B3 =
27 1.894099 -0.92339 0.58885

A.2 EVALUATING THE FAST FOURIER TRANSFORM USING 
A SPREADSHEET PROGRAM

Major spreadsheet programs include the capability to evaluate the fast Fourier trans-
form (FFT) of sets of time-varying data. A spreadsheet program was used to generate
Figure 5.12, which is the result of a FFT performed on the function

using 128 samples over a period, T, of 1 s (Table A.2). Columns A and B of the table
represent the time and the values of the function.The FFT function was then called for
the function values in column B, rows 6 through 132, and the results are printed in col-
umn E, rows 6 through 132. The first 65 of these values of F correspond to frequencies
from 0 to Since and the frequencies range
from 0 to These frequencies have been calculated and are presented
in column D. The values of F are complex numbers, meaning that each frequency com-
ponent has both a magnitude and a phase. The magnitudes of the F’s have been calcu-
lated, and these values are presented as in column G. It is these magnitude values,

that have been plotted versus f in Figure 5.12.

REFERENCE

[1] TAYLOR, J. (1990). Computer-Based Data Acquisition Systems, Instrument Society of America,
Research Triangle Park, NC.

ƒF ƒ ,
ƒF ƒ

1128/221 = 64 Hz.
T = 1 s, ¢f = 1/T = 1/1 = 1 Hz1N/22¢f.

f1t2 = 2 sin 2p10t + sin 2p15t



TABLE A.2 Evaluating Fourier transform using a spreadsheet program
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TABLE B.1 Properties of Saturated Water, SI Units

Temperature
(°C)

Density,
r 1kg/m32

Viscosity,

1N-s/m22
m * 103

Specific
heat, c

(kJ/kg-K)

Thermal
Conductivity,
k (W/m-K)

Prandtl
Number, Pr

Bulk
Modulus, B

* 10-7 1N/m22
0 999.9 1.792 4.194 0.56 13.3 204

10 999.7 1.308 4.202 0.58 9.4 211

20 998.2 1.005 4.190 0.60 7.0 220

30 995.7 0.801 4.179 0.62 5.4 223

40 992.2 0.656 4.177 0.63 4.3 227

50 988.1 0.549 4.178 0.65 3.5 230

60 983.2 0.469 4.183 0.66 3.0 228

70 977.8 0.406 4.187 0.66 2.6 225

80 971.8 0.357 4.197 0.67 2.24 221

90 965.3 0.317 4.206 0.68 1.98 216
100 958.4 0.284 4.233 0.68 1.75 207

Source: Based on V. Streeter and E. Wylie, Fluid Mechanics, McGraw-Hill, New York, 1985; and J. Sucec, Heat Transfer, Wm. C. Brown,
Dubuque, IA, 1985.

Selected Properties 
of Substances



TABLE B.3 Properties of Dry Air at One Atmosphere Pressure, SI Unitsa

Temperature
(°K)

Density,
1kg/m32

r

Viscosity,

1N-s/m22
m * 105

Specific
Heat,

(kJ/kg-K)
cp

Thermal
Conductivity, k

(W/m-k)
Prandtl

Number, Pr

100 3.6010 0.6924 1.0266 0.009246 0.770

150 2.3675 1.0283 1.0099 0.013735 0.753

200 1.7684 1.3289 1.0061 0.01809 0.739

250 1.4128 1.5990 1.0053 0.02227 0.722

300 1.1774 1.846 1.0057 0.02624 0.708

350 0.9980 2.075 1.0090 0.03003 0.697

400 0.8826 2.286 1.0140 0.03365 0.689

450 0.7833 2.484 1.0207 0.03707 0.683

500 0.7048 2.671 1.0295 0.04038 0.680

550 0.6423 2.848 1.0392 0.04360 0.680
600 0.5879 3.018 1.0551 0.04659 0.680

Source: Based on J.P. Holman, Heat Transfer, McGraw-Hill, New York, 1990.

Gas constant specific heat molecular and Pr are not strongly pressure
dependent and may be used over a wide range of pressures.The density is proportional to pressure and may be corrected by multiplying
by the factor P/101,325.0, where P is the absolute pressure in pascal.

weight = 28.97. m, k, cp,ratio = 1.400;R = 287.0 J/kg-K;a
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TABLE B.2 Properties of Saturated Water, British Units

Temperature
(°F)

Density,
1lbm/ft32

r Viscosity,
(lbm/hr-ft)

m

Specific
Heat, c

(Btu/lbm-°F)

Thermal
Conductivity, k
(Btu/hr-ft-°F)

Prandtl
Number, Pr

Bulk
Modulus, B

* 10-3 1lbf/in22
32 62.42 4.33 1.009 0.327 13.37 293

40 62.42 3.75 1.005 0.332 11.36 294

60 62.34 2.71 1.000 0.344 7.88 311

80 62.17 2.08 0.998 0.355 5.85 322

100 61.99 1.65 0.997 0.364 4.52 327

120 61.73 1.36 0.997 0.372 3.65 333

140 61.39 1.14 0.998 0.378 3.01 330

160 61.01 0.97 1.000 0.384 2.53 326

180 60.57 0.84 1.002 0.389 2.16 313

200 60.13 0.74 1.004 0.392 1.90 308
210 59.88 0.69 1.005 0.393 1.76 301

Source: Based on V. Streeter and E. Wylie, Fluid Mechanics, McGraw-Hill, New York, 1985; and A. Chapman, Heat Transfer, Macmillan,
New York, 1967.



TABLE B.4 Properties of Dry Air at One Atmosphere Pressure, British Unitsa

Temperature
(°F)

Density,
1lbm/ft32

r Viscosity,
(lbm/hr-ft)m

Specific
Heat,

(Btu/lbm-°F)
cp

Thermal
Conductivity, k
(Btu/hr-ft-°F)

Prandtl
Number, Pr

-100 0.11028 0.03214 0.2405 0.01045 0.739

-60 0.09924 0.03513 0.2404 0.01153 0.733

-20 0.09021 0.3800 0.2403 0.01260 0.725

20 0.08269 0.04075 0.2403 0.01364 0.718

60 0.07633 0.04339 0.2404 0.01466 0.712

100 0.07087 0.04594 0.2406 0.01566 0.706

140 0.06614 0.04839 0.2409 0.01664 0.700

180 0.06201 0.05077 0.2403 0.01759 0.696

220 0.05836 0.05308 0.2418 0.01853 0.693

260 0.05512 0.05531 0.2424 0.01945 0.689

300 0.05221 0.05748 0.2431 0.02034 0.687

340 0.04960 0.05959 0.2439 0.02122 0.685

380 0.04724 0.06165 0.2447 0.02208 0.683
420 0.04509 0.06366 0.2457 0.02293 0.682

Source: Based on A. Chapman, Heat Transfer, Macmillan, New York, 1967.

Gas constant specific heat molecular and Pr are not strongly pressure
dependent and may be used over a wide range of pressures. The density is proportional to pressure and may be corrected by multiply-
ing by the factor P/14.7, where P is the absolute pressure in psia.

weight = 28.97. m, k, cp,ratio = 1.400;R = 53.34 ft-lbf/lbm-°R;a

TABLE B.5 Selected Properties of Thermocouple Metals

Material
Density
1kg/m32

Thermal
Conductivity, (W/m-K) 

(at 100°C)

a
Specific

Heat
(J/kg-K)

Alumel 8,600 30 526

Constantan 8,920 21 395

Chromel 8,730 19 450

Copper 8,930 377 385

Iron 7,870 68 447

Platinum 21,450 72 134

Platinum/13% rhodium 19,610 37 —

Platinum/10% rhodium 19,970 38 —

Source: Based on data from D. McGee, Principles and Methods of Temperature Measurement, Wiley,
New York, 1988.

For estimation purposes only. Thermal conductivity is a fairly strong function of temperature.a
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FIGURE B.1 Psychrometric chart, SI units. Reprinted by permission from Carrier Corp., Syracuse, NY.



FIGURE B.2 Psychrometric chart, British units. Reprinted by permission from Carrier Corp., Syracuse, NY.
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Glossary

Accelerometer Device used to measure the acceleration of a solid body.
Accuracy Closeness of the reading of an instrument to the actual quantity being measured.
Usually expressed as of full-scale output or reading. In instrumentation, usually in-
cludes only those errors caused by hysteresis, nonlinearity, and nonrepeatability.
Active Filter Electronic filter that combines passive elements, such as resistors and capacitors,
with active elements, such as operational amplifiers.
Alias Frequency False frequency component that appears in the recorded signal when a signal is
sampled at a frequency less than twice the maximum frequency in the signal.
Analog Multiplexer (MUX) Electronic switching device that can be used to connect any one
of a set of inputs to a single output.
Analog-to-Digital (A/D) Conversion Process whereby an analog input signal is changed into a
digital code.
Anemometer Instrument for measuring or indicating the velocity of an airflow. Sometimes
used in place of a velocimeter in the general sense.
ANOVA (Analysis of Variance) Statistical technique for correlating test data.
Aperture Time Time required for an A/D converter to convert an input voltage or for a 
sample-and-hold device to capture a voltage. Since the input voltage may change during the
aperture time, a measurement error may result.
ASCII (American Standard Code for Information Interchange) Standard method of encoding
alphanumeric characters into 7 or 8 binary bits.
Assembly Language Machine-oriented computer language in which mnemonics represent
each instruction.
Attenuation Reduction in signal amplitude that may be frequency dependent.
Bandpass Filter Filter that allows a selected range of frequencies to pass but attenuates fre-
quencies outside the range selected.
Bandwidth Range of frequencies over which a system will operate with close-to-constant gain.
Bias Error See Systematic Error.
Binary Base-2 numbering system in which the only allowable digits are “0” and “1.”
Bipolar Signal that includes both positive and negative values.
Bit Smallest unit of binary information. A bit will have a value of “1” or “0.” Bit stands for
“binary digit.” Eight bits make up a byte.
Bourdon Gage Very common pressure measurement device, which works on the basis of 
deformation of a curved and flattened tube when the pressure inside the tube changes.
Bus Set of conductors inside a computer used to communicate between computer components.
The bus may include connectors, which can be used to install accessory cards such as data-
acquisition systems.
Byte Binary number consisting of 8 binary bits.
Calibration Test during which known measurand values are applied to the measurement 
device under specified conditions and the corresponding output readings are recorded.
Calibration Curve Graph representing calibration data.
Calibration Cycle A set of data consisting of the instrument output versus the known input values.
Central Processing Unit (CPU) Portion of the computer that controls its operation and per-
forms arithmetic and other data-manipulation operations.
Cladding Material surrounding an optical fiber that causes the light rays to be reflected inside
the fiber due to its smaller refractive index.
Common-Mode Rejection Ratio (CMRR) Ratio of a device’s differential voltage gain to 
common-mode voltage gain, usually expressed in decibels. Devices with high CMRR values are
usually better able to reject noise signals.

;percentage
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Comparator Circuit that compares two input voltage values and produces one of two possible
output voltages, which identifies greater input value.
Compensation Application of specific materials or devices to counteract and alleviate a known
error.
Compliance In structures, the deformation of an elastic medium per unit of exerted force. It is
the inverse of stiffness. Also used in pressure transducers to define the change in chamber vol-
ume per unit of applied pressure.
Confidence Interval Estimated interval containing a population parameter.
Confidence Level Probability that a random variable x lies in a specified interval. The same as
degree of confidence.
Confidence Limits Two values that define the confidence interval.
Continuous Random Variable Random variable that can attain any value continuously in
some specified interval.
Conversion Time In a data-acquisition system, the time required for an analog-to-digital con-
verter to generate a digital output from an analog input or the time for a digital-to-analog con-
verter to determine an analog output from a digital input.
Coriolis Force Apparent force that occurs when the motion of a body is studied in a rotating
reference frame.
Correlation Coefficient, r Measure of how well a curve fits a set of data. A value of 1 indicates
perfect relationship, and a value of 0 indicates no relationship.
Counter Hardware circuit for counting pulses.
Crosstalk Undesirable phenomenon in which the signal on one path interferes with other sig-
nals on other paths.
Current Loop Method of transmitting signals over wires in the form of a modulated current
rather than voltage. Current-loop systems are less sensitive to noise pickup than voltage systems,
and they are used to transmit data over long distances.
Damping Ratio Parameter used to define the damping characteristics of second-order linear
dynamic systems.
Data Acquisition Actual capture of information from real-world sources such as sensors and
transducers.
Data-Acquisition Board Data-acquisition system incorporated on printed circuit board that is
compatible, electrically and mechanically, with a particular computer system.
Data-Acquisition System (DAS) Automated system that takes data from measurement de-
vices, processes them, then stores or records the data.
Dead-Weight Tester Device, usually used for calibration purposes, that measures pressure by
applying weights to a piston of known area.
Decibel (dB) Logarithmic measure of the ratio of two signal levels.
Degree of Confidence See Confidence Level.
Degrees of Freedom Number of independent measurements available for estimating a sample
statistic. The degrees of freedom are reduced by one for each previously calculated statistic used
to calculate a new statistic.
Density Function, f(x) Function which yields the probability that the continuous random vari-
able takes on any one of its permissible values.
Digital Data Information in the form of a signal with discrete possible values. Digital data are
usually represented using binary code.
Digital Encoder Device that converts linear or angular displacement directly into a digital signal.
Digital Oscilloscope An oscilloscope capable of converting analog data inputs to digital form and
storing and replaying the data.
Digital-to-Analog (D/A) Conversion Process whereby a digital value or code is changed into
an analog signal. The electronic system performing the conversion is called a converter.
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Dimensional Analysis Process of combining the variables into nondimensional groupings for
the purpose of data presentation or scale-model testing.
Discrete Random Variable Random variable that can have values only from a definite number
of discrete values.
Disk Drive Computer peripheral device that stores information by altering the magnetic prop-
erties of the surface of a rotating disk.
Display Device with a computer or instrument that visually presents data to the user.
Distortion Usually undesirable artifact of processing a signal by such devices as amplifiers and
filters.
Doppler Effect Change in the frequency of a wave when generated by or reflected from a
moving object. May apply to sound or electromagnetic waves.
Drift Change in output of a measurement device over a set period of time due to several fac-
tors such as temperature or deterioration of components.
Dry-Bulb Temperature Temperature of a gas as measured with a temperature sensor. See also
Wet-Bulb Temperature.
Dynamic Calibration Calibration process in which a known time variation of input is applied
to a device and the output is recorded versus time.
Dynamic Measurement Measurement in which the measurement system input varies with time
or the measurement system output depends on time.
Dynamic Range Ratio of the largest possible output of a data converter to the smallest output
it can resolve.
Dynamometer In the most common usage, a device that is used to measure the torque of
rotating shafts.
Electromagnetic Interference Unwanted background noise generated in a measurement 
system by interference sources such as radio waves.
Elemental Error Individual source of measurement error.
Error Difference between the value indicated by the measurement system and the true value
of the measurand being sensed.
Excitation External application of electrical power to a transducer for normal operation.
Expansion Board Plug-in circuit board that increases the capabilities of a computer. A data-
acquisition board is one example.
Expansion Slot Actual space provided within a computer system for individual expansion board.
Flash A/D Converter Extremely fast A/D conversion technique in which an array of 
comparators perform the conversion in a single cycle. N equals the number of bits used to repre-
sent the converter output.
Floating-Point Numbers Real numbers that contain decimal parts or are written in scientific
notation.
Flow Nozzle Device that measures fluid flow rate based on the principle of the Bernoulli equa-
tion applied to an area change in a conduit.
Frequency Output Output of a transducer in the form of frequency that varies as a function of
applied measurand.
Frequency Response Variation of the output of a device with respect to the frequency of the
input signal.
Full Bridge Wheatstone-bridge configuration utilizing four active elements or strain gages.
Full Scale Specified maximum input value of a measurement system.
Gage Factor Measure of the ratio of the relative change of resistance to the relative change in
strain applied to a strain gage.
Gage Pressure Difference between absolute pressure and ambient pressure.
Gain Ratio between the output and the input of an electronic device such as an amplifier.
Frequently expressed in a logarithmic form in decibels (dB).
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Gain Error Error that results if the gain of a device is not as specified or expected.
Gantt Chart Type of bar chart used in project scheduling.
General-Purpose Interface Bus (GPIB) Standard bus used for the interface and control of
programmable instruments. Also called the IEEE488 bus.
Half Bridge Wheatstone bridge with two active elements or strain gages.
Hardware Physically visible parts of a computer, such as CPU, disk drives, and so on.
Head Pressure in a fluid system expressed in terms of the vertical height of a fluid column.
High-Level Language Programming language that simplifies the creation of computer codes,
such as BASIC, C, Pascal, or FORTRAN.
High-Pass Filter Signal filter that attenuates low-frequency signal components.
Histogram Graphical representation of a frequency distribution by a series of rectangles,
where the width of the rectangle represents the range of a variable and the height represents the
frequency of occurrence.
Humidity Ratio Ratio of mass of water vapor to the mass of dry air in a given volume of
moist air.
Hysteresis Difference in output of the measurement system when the measurand is 
approached from higher and lower values.
Input Impedance Impedance measured across the input terminals of an electrical device.
Often frequency dependent.
Input/Output (I/O) Channels Channels used for transferring data into and out of a computer
system. I/O channels include communication ports, operator interface devices, and data-
acquisition and control channels.
Instrumentation Amplifier Specialized amplifier with high input impedance and high CMRR.
Integrated Circuit (IC) Semiconductor circuit element that contains multiple, interconnected
circuits.
Integrating A/D Converter A/D conversion technique in which the analog input voltage is 
integrated over time.
Interface Means by which electronic devices are connected and interact with each other.
Ionization Vacuum Gage Device that measures vacuum pressures by creating ions of the gas
and measuring a current flow of the ions.
Laminar Flowmeter Device used to measure fluid flow rate based on the pressure drop of lam-
inar flow through small passages.
Leakage (Fourier Transform) Apparent false frequencies caused by effects at the beginning
and end of the data sample.
Least Significant Bit (LSB) Rightmost digit in a binary number.
Least-Squares Line Line fitted to a series of test data points such that the sum of the squares of
deviations of the data points from the line is a minimum.
Linear Measurement System Measurement system whose behavior can be described by an 
ordinary time-dependent linear differential equation.
Linearity Closeness to which a calibration curve approximates a specified straight line. Linear-
ity error is expressed as the maximum deviation of any portion of the calibration curve (average
of upscale and downscale values) from a specified straight line.
Linearity Error See Linearity.
Linear Variable Differential Transformer (LVDT) Device used to measure linear displace-
ment by modifying and sensing the spatial distribution of an alternating magnetic field.
Load Impedance Impedance applied to the output terminals of a device by the connected 
external circuitry.
Loading Error Measurement error caused when the use of a measurement device changes the
value of the measurement.
Lowpass Filter Signal filter that attenuates high-frequency signal components.
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Machine Language Instructions written in binary code, which can be executed directly by a
computer. The structure of the code depends on the computer.
Manometer Device used to measure pressure by measuring the height of a column of liquid.
Mass Storage Device such as hard disk or tape drive used to store large amounts of computer data.
McLeod Gage Manometric device used to measure vacuum pressures.
Mean of a Population, Population parameter obtained from Eqs. (6.18) and (6.14) for 
continuous and discrete random variables, respectively.
Mean of a Sample, Value calculated by dividing the sum of measured values by their total
number. Also called the average.
Measurand Physical quantity, property, or condition that is measured.
Median of a Population Value of the random variable, x, at which the cumulative distribution
function f(x) is 0.5.
Median of a Sample Number in the middle, when all the observations are ranked in their order
of magnitude.
Microbending Bending of an optical fiber, which results in attenuation of light intensity passed
through the fiber. It is used as a sensing method in fiber-optic sensors.
Mode of a Population Value of x corresponding to the peak value of the probability of occur-
rence of any given continuous or discrete distribution.
Mode of a Sample Value of x corresponding to the maximum frequency on the distribution
curve, or the highest probability in the case of a discrete random variable.
Monitor Display screen used with a computer system.
Most Significant Bit (MSB) Leftmost bit of a binary number.
Multiplexer (MUX) See Analog Multiplexer.
Natural Frequency Frequency of free (not forced) oscillations of the sensing element of a fully
assembled measurement system.
Noise Undesirable electrical interference causing degradation of a signal from sources such as
electric machinery, ac power lines, and radio-frequency transmitters.
Nonintrusive Measurement Measurement that causes negligible loading error. Usually true for
techniques that do not require use of a physical probe for measurement.

Oxides of nitrogen. A term usually used to indicate the sum of oxides of nitrogen (pri-
marily nitric oxide, NO, and nitrogen dioxide, ) in exhaust gases.
Nyquist Frequency In sampling a continuous signal at discrete times, the Nyquist frequency is
one-half the sampling frequency and represents the maximum signal frequency that can be sam-
pled without aliasing.
Nyquist Theorem See Sampling Rate Theorem.
Operational Amplifier Electronic amplifier with a high input impedance, low output imped-
ance, and a very high low-frequency gain.
Order of Measurement System Order of the differential equation representing the dynamic
behavior of the system.
Orifice Meter Device that measures fluid flow rate based on the principle of the Bernoulli
equation applied to an area change in a conduit.
Output Impedance Impedance as measured on the output terminals of a device such as a
transducer or amplifier.
Parallel A/D Converter See Flash A/D Converter.
Parameter Numerical value defining some property of a population.
Parts per Million (ppm) Number of particles per million particles. Often used in air pollution
terminology.
PCI Bus Peripheral Component Interconnect—an internal computer bus connection for
peripheral devices.
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Phase Angle Change in phase of an output with respect to a sinusoidal input.
Piezoelectric Property of certain materials (such as quartz) that generate electric charge when
deformed, and vice versa.
Piezoresistive Property of certain materials that change resistance when deformed.
Pirani Vacuum Gage Device used to determine vacuum pressures by sensing the gas thermal
conductivity.
Pitot-Static Probe Device used to measure fluid velocity based on the principle of the
Bernoulli equation.
Poisson’s Ratio Negative of the ratio of the lateral strain to the axial strain.
Population Entire collection of items from which a sample is drawn for test purposes.
Potentiometer Device in which the resistance varies as a function of linear or angular displace-
ment.
Precision Error See Random Error.
Probability Distribution Function Function representing the frequency of occurrence of a ran-
dom variable versus the value of the variable.
Probability of Occurrence Number of successful occurrences divided by the total number of
trials.
Process Control Field in which instruments and computers are used to monitor and control 
industrial processes.
Proving Ring Simple ring of metal that can be used to determine force by measuring the 
diametrical deformation.
Psychrometric Chart Chart from which the properties of moist air can be determined. It repre-
sents the relationship between dry-bulb temperature, wet-bulb temperature, humidity, and other
properties of moist air.
Pyrometer Device that measures temperature by measuring thermal radiation (usually, high-
temperature values such as in a furnace environment).
Random Access Memory (RAM) Semiconductor devices in a computer that can store digital
data in a retrievable form. Data can be written to a particular location without having to 
sequence through previous locations. RAM is volatile, so all data are lost when the power is 
discontinued.
Random Variable Variable that can assume any real value in a certain domain.
Range Measurand values, which a measurement device is intended to measure, specified by
the upper and lower limits.
Random Error Same as precision error, a nonrepeatable error due to unknown or uncontrol-
lable factors influencing the measurement.
Reference Junction Means of compensating for ambient temperature variations and standard-
izing the readout of thermocouple circuits.
Refractive Index Ratio of the speed of light in a vacuum to the speed of light in a transparent
medium.
Regression Analysis Method for establishing an explicit mathematical relationship between a
dependent variable and one or more independent variable(s).
Relative Humidity Ratio of actual water vapor mass to the saturated water vapor mass at a
given temperature and volume.
Repeatability Instrument’s ability to produce the same output repeatedly under identical
conditions.
Replication Process of repeated independent observations made under identical test conditions.
Resolution Smallest detectable change in a measurement.
Resolution Error Error due to imperfect resolution. Usually taken as one-half of the resolution.
Resonant Frequency Input frequency at which a device responds with maximum output amplitude.
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Response Time Length of the time required for the output of a measurement system to reach
a specified percentage of its final value in response to a step change in the measurand.
Ringing Frequency Frequency of an input producing maximum measurement system output
corresponding to the damped natural frequency of an underdamped system.
RS-232 Digital communication standard for connecting modems, terminals, printers, and other
digital devices.
Sample Random selection of items from a population, usually made for evaluating the charac-
teristics of the population.
Sample-and-Hold Device (S/H) Circuit used to acquire and store an analog voltage rapidly
and accurately for use by other devices.
Sampling Rate Rate at which a signal is sampled (read) by a digital data-acquisition system.
Expressed in Hz.
Sampling Rate Theorem Theorem which states that if a continuous signal is sampled with at
least twice the frequency of its highest-frequency component, it can be fully recovered from the
sampled data.
Seebeck Effect Principle that describes how a low-level voltage is formed in a circuit by the
junctions of two dissimilar metals when the junctions are held at different temperatures. It is the
basis for the operation of thermocouples.
Sensing Element Part of the transducer that reacts directly in response to the measurand.
Sensitivity Ratio of change in the output to the change in the input of a measurement device.
Sensor Device that produces an electrical output that corresponds to a physical input (temper-
ature, pressure, light, etc.).
Settling Time Time period elapsed from the application of a step input into a measurement 
device to the time that the output enters and remains within a specified error band around its
final value.
Shielded Cable Transmitting line that has a protective foil or other sheathing around it to
guard against electromagnetic interference.
Shielding Protective covering that isolates a circuit or an electrical transmitting line from 
unwanted electromagnetic or radio-frequency interference.
Signal Conditioner Device that modifies an electrical signal to make it more acceptable as an
input to other devices.
Signal-to-Noise Ratio Ratio of signal level to noise level. Often expressed as a logarithmic
ratio in decibels (dB).
Simultaneous Sample/Hold Data-acquisition subsystem in which several sample-and-hold 
circuits sample multiple analog channels simultaneously. Each channel requires one sample-and-
hold device.
Software Computer programs, operating systems, high-level languages, and so on, that are held
in some type of storage medium and are loaded into RAM for execution when needed.
Span Algebraic difference between the upper and lower range limits of the input or output of
a measurement device.
Spatial Error Measurement error that occurs when a measurand (such as temperature) varies
in a spatial region and an attempt is made to represent that variation with measurement in a lim-
ited number of locations.
Spectral Analysis Process of determining the component frequencies of a signal.
Stability Ability of a measurement device to maintain a constant output when a constant input
is applied.
Standard Deviation of a Population, Square root of the variance of the population.
Standard Deviation of a Sample Square root of the variance of a sample; a measure of the scat-
ter of test data about the mean.
Static Measurement Measurement of a measurand that does not vary with time or to which the
measurement device has an instantaneous response.
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Static Sensitivity Ratio of the output to the input of a measurement system under static loading.
Statistic Numerical attribute of a sample.
Stiffness Force required to deform an elastic medium a unit of length. It is the inverse of
compliance.
Strain Ratio of the change in length due to application of a stress to the initial unstressed
length.
Strain Gage Sensor that converts a strain into an electrical signal.The most common type caus-
es a change in resistance. Used as a sensor in pressure, force, and other measuring systems.
Strain-Gage Rosette Three suitably arranged (usually in or angles) strain gages for
measuring biaxial strains on a surface.
Successive Approximation A/D Converter A/D converter that uses an interval halving method
to determine each bit of the digital output.
Systematic Error Repeatable error in a measurement that does not vary with replication. The
same as bias error. It is estimated by the difference between the true value and average of a large
number of readings.
Tachometer Device for measuring the angular velocity of shafts.
Thermistor Semiconductor temperature sensor that exhibits a large change in resistance 
resulting from a small change in temperature.
Thermocouple Temperature sensor consisting of the junction of two dissimilar metals.The out-
put voltage produced is a function of the difference in temperature between the hot and cold
junctions of the two metals.
Time Constant Usually used for first-order dynamic systems. It is a characteristic time of a sys-
tem indicating how fast the system will reach a steady state when subjected to a step change in
input. It is defined as the time that the output change reaches 63.2% of its final value.
Transducer Device that converts physical parameters such as temperature, pressure, motion,
and so on, into an electrical output.
Uncertainty Estimation of error in a measurement or in a result, usually determined with a
certain level of confidence (often 95%).
Undamped Natural Frequency Angular frequency at which a system will oscillate in the 
absence of damping.
Unipolar Signal that includes values of only one sign (e.g., always positive or always negative).
USB Universal Serial Bus Port A connection on personal computers for digital communica-
tion with peripheral devices such as printers and scanners.
Variance of a Population, Defined for a random variable x by Eqs. (6.5) and (6.7) for 
discrete random variables, and Eq. (6.19) for continuous random variables.
Variance of a Sample, Sum of squares of the differences between each observation and the
sample mean divided by the sample size minus 1 [Eqs. (6.6) and (6.7)].
Venturi Tube Device that measures fluid flow rate based on the principle of the Bernoulli
equation applied to an area change in a conduit.
Wet-Bulb Temperature Temperature of an air-temperature-measuring sensor that is covered
with a wet wick and moved at a significant velocity (over 3 m/s) relative to the air. Together with
the dry-bulb temperature, used to determine humidity from a psychrometric chart.
Wheatstone Bridge Network of four resistances, a voltage source, and a voltmeter used to
measure the change in resistance of a sensor. Sometimes includes capacitors and is used to mea-
sure the change in capacitance of a sensor.
Windowing A method of modifying a measured data sample to minimize the effects of leakage.
Young’s Modulus Ratio of the normal stress to the strain in a material.
Zero Drift Change in the zero or null setting of an instrument over time.
Zero Offset Deviation of the output of a device at the zero or null point from the correct value.
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Index
A

Absolute pressure, 178, 284–285, 291,
293, 345, 376

Acceleration measurement:
piezoelectric accelerometer,

267–270, 414–415
servo accelerometer, 271
strain gage accelerometer,

270–271, 414–417
vibrometer, 271–272, 414–416

Accelerometer, 264, 267–273, 397,
413–417

Accuracy, 12–16, 19–20, 22–24, 222
transfer, 79

Activities network, 434, 436
Adiabatic saturation temperature, 323
Adiabatic wall temperature, 320
Air pollutant measurements,

352–358
carbon dioxide and carbon

monoxide, 376
chemiluminescent analyzers,

378–379
flame ionization detectors, 379–380
hydrocarbons, 379–380
nondispersive infrared detectors,

376–377
oxides of nitrogen, 376
ozone, 376–378
sulfur dioxide, 376

Alias frequency, 52, 106–107,
119–122,

Amplifier, 38
charge, 268
instrumentation, 38–39, 42, 49–50,

58, 67
inverting, 48–49, 56–57
noninverting, 45–49, 52
operational, 44–45, 55, 88

Amplitude response, 40, 400, 416
Analog multiplexer, 71–72, 79
Analog-to-digital conversion, 79–91

dual slope integrating, 89
dynamic range, 117, 122
flash or parallel, 87
quantization error, 85, 209
single-slope integrating 

converter, 81
successive approximation, 86–88

Analysis of variance (ANOVA), 432
Anemometer:

hot film, 366–368
hot wire, 366–368

Angular velocity measurement, 265
generator tachometer, 264–265
magnetic pickup, 265–266
photoelectric tachometer, 267
stroboscopic tachometer, 266–267

Antialiasing filter, 121–122
Aperture time, 86
ASCII, 77–78
Asymmetric uncertainties, 208
Attenuation, 37, 40, 50, 52–53, 55, 59,

121–122, 124
Axial strain, 245, 247, 273–274

B

Balancing potentiometers, 297
Bandwidth, 27, 39, 47–48, 96, 377
Bar graph, 129
Bias errors, 9
Bias uncertainty, 200
Biaxial stress, 247
Bin, 129–130, 136
Binary numbers, 75–77, 80, 83, 87
Bipolar, 81–83, 122–124, 226
Blackbody fiber-optic sensors, 329
Blackbody radiation, 312–313, 315
Bourdon gage, 284, 289–290, 293, 311

C

C language, 98
Calendar-Van Dusen equation, 304
Calibration:

curve, 19, 298–299, 304
cycle, 23
dynamic, 24
error, 9–10, 226
static, 19–20, 24
uncertainties, 210–212, 222

Calorimeter, 206–207
Capacitive transducer, 260
Carbon dioxide/carbon monoxide, 376
Cathode ray tube (CRT), 61–62
Central limit theorem, 153
Central processing unit (CPU),

73–74
Central tendency, 130, 132–133
Charge amplifier, 268–269
Chemiluminescent analyzer, 378
Cladding, optical fiber, 325
Coefficient of determination,

170–172, 181
Common mode rejection ratio, 42, 50
Common-mode voltage, 42, 225
Comparator, 59–60, 81–82, 88–89
Compensating gage, 251–252, 307
Compensating lead wires, 301–302
Compensation, 251, 272, 291, 296, 368
Compliance, 402–404, 410–412
Confidence interval, 148, 152–157,

159–161, 163, 173–174
Confidence level, 148, 152–157, 159,

161, 163, 167, 169, 173–174

Constant-current hot-wire
anemometer, 368

Continuous random variable, 130,
132, 134, 136–138, 143

Continuous sample space, 132–133
Conversion time, 86–87, 90
Coriolis mass flowmeter, 358
Corner frequency, 52, 55–57, 59
Correlation coefficient, 165–169
Cost estimation, 424, 433–437
Counter, 81–82, 89–90, 150, 265–267,

354, 359
Coverage, 204
Critical damping, 26, 399
Critical path, 433–434
Crosstalk, 79, 224
Current loop, 64, 67

D

Damping ratio, 397, 399–400,
402–403, 408–412, 414–417

Data-acquisition system (DAS), 71–72,
75, 77–78, 90, 93, 97, 102, 121, 123,
223, 225, 252, 264, 310, 442

Data-acquisition uncertainties,
210–211

Data-reduction uncertainties,
210–211

Dead weight tester, 284, 289–290
Decibel, 39
Degree of confidence, 152
Degrees of freedom, 156, 160–161, 173,

203, 211–215, 217–218, 220–222
Density function, 136–137, 143–144,

151, 156, 160
Design review, 424, 435, 437–438
Deviation, 133, 149

mean, 133
Dew-point devices, 322
Differential-mode voltage, 42
Differential pressure, 284, 291, 348,

372–373
Digital connectivity, 93–95
Digital data, 94, 102, 223–226
Digital data-acquisition systems, 102,

223–227
Digital encoders, 261
Digital oscilloscope, 95–97
Digital to analog converter, 72, 90–91
Digital voltmeter, 11, 60–61, 63, 89
Dimensional analysis, 424–427
Dimensions, 4–5, 25, 181, 185, 244,

268–269, 296, 425–427
Discharge coefficient, 338–339, 342,

344–345, 349–350
Discrete random variable, 130, 132,

134–136, 138–139
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Discrete sample space, 131–133
Disk drive, 74
Dispersion of data, 133–134 
Displacement measurement, 260, 327

digital encoder, 261
fiber optic sensors, 324–331
LVDT, 255–259
potentiometer, 254–255

Distortion, 39–40, 42, 48, 54, 96, 124,
416–417

Distribution function:132
binomial, 139–140, 152
chi-squared, 161–162, 185
continuous, 150
cumulative, 138
discrete, 150, 152
exponential, 150–151
Gaussian (normal), 143–148
Lognormal, 149–150
Poisson, 141–142
student’s t, 152, 156, 158, 161, 211,

218, 223
uniform, 133, 152
Weibull, 152

Documentation, 221, 438–446
Doppler

anemometer, 368
effect, 263, 369
radar, 262–263, 362, 369
shift, 362, 369
velocimeter, 263, 368–371

Drag flowmeter, 360
Drift, 15–16, 20, 23, 215, 432
Dual-beam laser velocimeter, 369–371
Dummy strain gage, 251
Dynamic calibration, 24, 33
Dynamic error, 25, 27, 208, 400, 402,

405, 415, 417
Dynamic measurement, 24–28, 257,

284, 387, 389, 400, 402, 408
Dynamic range, 117, 122, 124,

327, 379
Dynamometer, 253–254, 415

eddy current, 275–276
electric motoring, 275, 440
hydraulic, 276
prony brake, 276

E

Eddy current dynamometer, 275–276
Elbow flowmeter, 360
Electric generator tachometers,

264–265
Elemental error sources, 209, 221
Elemental errors, 210, 212, 214,

221, 223
Elemental uncertainties, 203,

209–211, 213, 215, 223, 228
Emissivity, 208–209, 315, 319–320
Empirical distribution, 135

Error:
bias, 9, 200
calibration, 9–10, 226
data acquisition, 226–227
elemental, 209–212, 221–223
gain, 83, 226
hysteresis, 50, 210, 222–223, 226, 432
linearity, 14–15, 8, 209, 224, 226
loading, 9–10, 52, 255, 257
measurement, 9–16, 15–321, 389,

400, 408
precision, , 9, 209
quantization, 208
random, 9–10, 13–16, 165, 209, 227,

428–431
repeatability, 14, 20, 23–24, 223, 226
resolution, 13, 85
sensitivity, 15, 50, 209
spatial, 10, 20, 208
systematic, 9–10, 13–15, 19, 24, 27,

83, 203–204, 208, 210, 392, 428
zero, 15, 222

Event, 132
Expansion factor, 339, 346, 349
Expected value, 136– 137, 141,

173–174
Extrinsic fiber-optic sensors, 326

F

Feedback loop, 45–46, 56–57
Fiber optic

devices, 324–331
displacement sensors, 327–328
measurement systems, 284
pressure sensors, 330
temperature sensors, 328–330

Filter
active, 55
antialiasing, 121–122
bandpass, 52–53, 58
bandstop, 38, 52
Bessel, 54–55
Butterworth, 52–59
Chebyshev, 52–55
elliptic, 52, 54–55
highpass, 52–53, 58
lowpass, 52–57, 121, 224
notch, 52, 54
passive, 55–56

Filtering, 36, 38, 52–55, 102, 105,
119–124

First order system, 26, 390–394, 398
Flame ionization detector, 379–380
Floating point numbers, 77
Flow measurement

calibrating flowmeters, 363–364
coriolis mass flowmeter, 358–359
critical flow nozzle, 345
drag flowmeter, 360
elbow flowmeter, 360

flow nozzle, 337, 341, 343–345
laminar flowmeter, 350–351
magnetic flowmeter, 360
mass flowmeter, 356–359
orifice meter, 337, 341, 348–350
paddle-wheel flowmeter, 356
positive displacement 

flowmeters, 359
rotameter, 352–354
thermal mass flowmeter, 356–357
turbine flowmeter, 355–356
ultrasonic flowmeter, 361–362
venturi tube, 337–341, 343–344,

348, 350
vortex shedding flowmeter,

360–361
Flow nozzle, 337, 341, 343–345, 347, 350
Fluid level measurement, 371–375
Fluid velocity measurement, 313,

337–339, 341–347
hot-film anemometer, 366–368
hot-wire anemometer, 366–368
laser Doppler velocimeter, 368–371
pitot-static probe, 364–366

Fluid velocity sensors, flowmeters
using, 362–363

Force measurement, 272–274, 401
load cell, 272–273
proving rings, 274

Fourier series, 40, 108, 450–451
cosine, 109
sine, 109

Fourier transform, 112–119
discrete, 113–115
fast, 112, 114, 451
inverse, 113

Frequency distortion, 39–40
Frequency response, 26–27, 39, 47,

56, 58, 96, 107, 110, 269, 273,
368, 400, 406

Froude number, 427
Fundamental frequency, 108,

111, 406

G

Gage factor, 246–247, 249,
251–254, 273

Gage fluid, 202
Gage pressure, 284–285, 291,

408, 411
Gain, 39, 54–55, 225–226
Gain-bandwidth product (GBP),

47–48
Gantt chart, 434, 436
Gaussian (normal) distribution 

function, 143–145
General Purpose Interface Bus

(GPIB), 93
Generalized measurement system,

7–8, 37
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H

Head (fluid pressure), 337
Head meters, 337, 339
High level computer language, 98
Histogram, 129–130, 149, 185
Hooke’s law, 245
Hot film anemometer, 366–368
Hot wire anemometer, 363, 366–368
Hot-wire mass airflow meter, 363
Humidity

dew-point devices, 322
humidity ratio, 321
hygrometic devices, 321–322
measuring, 321–323
psychrometric devices, 322–323
relative, 321

Hydraulic dynamometer, 276
Hydrocarbons, 374, 379–380
Hysteresis, 13, 212, 223, 225

I

Impedance, 43–46, 49–52, 56–57, 61,
67, 255, 297

Inclined manometer, 286–287, 289
Infrared thermometer, 274, 289,

292–293
Input loading, 42, 44
Integrated circuit temperature trans-

ducers, 310
Intensity-modulated sensors, 326
Interferometer, 326
International System of Units (SI),

4–5
International Temperature Scale

(ITS-90), 17–18
Intrinsic fiber-optic sensors, 303
Intrusive measurement, 10
Ionization gage, 293, 296

K

Kiel probe, 366
King’s law, 367

L

Laminar flowmeter, 350–351
Laser Doppler anemometer 

(LDA), 368
Laser-Doppler velocimeter (LDV),

263, 368–371
Latin square, 431–432
Leakage, FFT, 116
Least significant bit (LSB), 75–76, 86
Least-squares best fit, 169–175
Level of significance, 153, 161, 166
Light intensity, 4, 17–18, 37, 326,

328, 330

Linear regression, 20, 169–175
Linear variable differential trans-

former (LVDT), 71, 255–159,
272, 289, 291–292, 371–372

Linear velocity measurement,
261–264

Linearity, 14, 212–213, 225–226, 300
Load cell, 275–276, 375
Loading errors, 9–10

M

Mach number, 320–321, 425
Magnetic flowmeter, 360
Magnetic pickup, 240, 265–266,

355–356, 359
Manometer, 284–287

inclined, 286
U-tube, 285–286
well-type, 286

Mass flowmeter, 356–359
Mass storage, 73–74
McLeod gage, 287, 293–295
Mean, 132, 136–137, 141, 143–144,

147, 151, 153, 203, 215, 228
population, 136, 143, 152–160,

204–205
sample, 136, 152, 156, 204–205

Mean deviation, 133
Measurand, 7, 10, 13, 37, 66–67
Median, 134
Microbending, 328
Mode, 134, 428
Modulus of elasticity, 245, 269, 273–274
Mole, 17, 376
Monochromatic emissive power,

312–313
Most significant bit (MSB), 75–77, 86
Motoring dynamometer, 275, 440
Multiple measurement experiments,

214–218
Multiple regression, 180–182, 432
Multiplexer, 71–72, 78–79, 86, 91–92,

223, 225, 252

N

Natural frequency, 27–28, 115,
269–270, 272, 292–293, 358–359,
397, 399–412, 414–417

Noise, 11, 15, 42, 49–50, 52, 59, 64–68,
90, 94, 121, 222, 224, 227, 291, 402

Nondispersive infrared 
detectors, 376

Nonintrusive measuring devices,
10, 368

Noninverting amplifier, 45–49
Normal distribution function,

143–145, 148, 153, 184
Nth order uncertainty analysis,

228–229

O

Octave, 47, 49, 53, 55–59, 122, 124
Operational amplifier, 44–48,

55–59, 88
Optical fiber, 324–326
Optical pyrometer, 312–314
Orifice meter, 337, 341, 348–349, 351
Oscilloscope, 61–63

Digital, 95–97
Outlier, 163–164, 167, 175–178
Output impedance, 43, 45–46, 49–50
Output loading, 42, 50
Output saturation, 46
Overdamped system, 26, 399
Oxides of nitrogen (NOx), 376, 378, 381
Ozone measurement, 378

P

Paddle-wheel flowmeter, 356
Parameter estimation, 151–163

population mean, 152–158
population variance, 160–163

Parts per million (ppm), 376
Passband, 52–55, 122
PCI bus, 93–95
Peltier effect, 297
Performance testing, 1–3
Phase angle, 39–42, 47–48, 54–55, 57,

392–393, 396, 400–401, 415
Phase distortion, 39–40, 42, 48,

54, 124
Phase-modulated sensors, 326
Phase response, 40, 49, 54, 393, 396,

400–401, 414
Phase shift, 40, 48, 122
Photoconductive sensor, 290
Photoelectric tachometer, 267
Piezoelectric accelerometer, 267,

269–271, 414–415
Piezoelectric effect:

longitudinal, 268
transverse, 268, 292

Piezoelectric transducer, 268, 271,
292, 406

Pirani gage, 295–296
Pitot-static probe, 364–366
Poisson distribution, 141–143
Poisson’s ratio, 246, 273
Pollutants, 336–381
Polynomial regression, 180–183
Population, 130–132
Population parameter, 151
Positive-displacement

flowmeter, 359
Potentiometer, 13, 254–255, 271–272,

289, 297, 371–372, 388, 417
Precision errors, 9
Precision uncertainty, 199
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Pressure:
absolute, 284–285, 291, 345, 376,

454–455
differential, 284, 286, 291, 372–373
gage, 284–285, 311, 428
static, 360, 365

Pressure measurement:
Bourdon gage, 284, 289
fiber optic sensors, 326–331
manometer, 284–287
piezoelectric transducer, 268, 271,

292, 406
Pressure taps, 348–350, 360, 380
Pressure thermometer, 311–312
Pressure transducer, 123, 212, 287,

291–293
Probability, 122, 124–139
Probability density function, 136–138
Probability distribution functions,

135–138
Probability mass function, 135–136
Process control, 3, 61, 63, 93, 95, 98,

223, 291, 352
Project scheduling, 3, 433–434
Prony brake dynamometer, 276
Propagation of uncertainty, 199
Proving ring, 274
Psychrometric chart, 323
Pyrometer, 289–292

disappearing-filament optical
pyrometer, 313–314

narrowband, 315
ratio, 315
wideband, 315

Q

Quantization uncertainty, 209, 222,
224, 227

Quarter-bridge circuit, 250

R

Radiation shield, 319–320
Radiation thermometer, 312–315
Random access memory (RAM),

73–74
Random errors, 9–12, 16, 20, 128,

165, 227, 428,
Random uncertainty, 15, 24, 199,

203–209, 211–2179, 221, 223,
226–229

Random variable, 128, 130–132,
134–137, 143–144, 147, 149,
152-153, 160, 184–185, 227

continuous, 130, 132, 134,
136–138, 143

discrete, 130, 132, 134–136, 138–139
linear functions of, 184–185

Range of a measuring system, 11

Ratio pyrometer, 292
Recovery errors, 315, 320–321
Recovery factor, 321
Reference junction, 298–300, 302–303
Reflective sensor, 327–328
Refractive index, 324–325
Regression analysis, 170, 180
Relative humidity, 321, 323
Repeatability, 10, 14, 16, 19–20,

23–24, 210, 212–213, 222–223,
225–226, 430

Replication, 215, 429–431, 433
Reporting, 3, 423–424, 438, 443
Resistance temperature detector

(RTD), 297, 304–308, 392
Resistivity, 245–246, 251
Resolution, 13–14, 88–89, 222, 227,

255, 257, 261, 286, 289
Resonant frequency, 269, 406–407
Response time, 27, 315, 329, 414
Reynolds number, 338–339, 341, 343,

344–346, 349–350, 352, 355,
360–361, 367, 394, 425–427

Ringing frequency, 400
Rise time, 27–28, 96
Root of the sum of the squares

(RSS), 200, 210
Rotameter, 352–354

S

Sample, 91, 131–132
Sample-and-hold device, 91
Sample space, 131–132

continuous, 132
discrete, 131

Sampling rate71–72, 89, 92, 96–97,
102–107, 113, 116, 119–124

Sampling-rate theorem, 102–106
Saturation, 46, 323
Second-order system, 26–27, 269,

397, 401–403
Seebeck effect, 297
Seismic mass, 269
Sensing element, 7, 13, 28, 37, 244,

247, 255, 265, 269–270, 292, 304,
310, 368, 402, 404, 407, 410

Sensing line, 285, 293, 338, 341, 365,
372–373

Sensitivity, 15–16, 50, 83, 200, 209,
212, 247, 251, 270, 286, 291,
299–300, 313, 326, 368, 378, 387,
389, 396–397, 414–415

Sensitivity error, 15, 50, 209
Servo accelerometer, 271, 414
Settling time, 27, 92, 400, 409
Shaft speed, 16, 210, 264, 266,

275–276, 430, 440
Shaft torque measurement, 275–277

See also Dynamometer

Shakedown tests, 423–424, 428–429, 435
Shear strain, 247
Shielding, 11, 66, 227
Shields, 319
Signal conditioner, 37–60, 72, 91, 223,

225, 244, 256, 259–260, 268–269
Signal-to-noise ratio, 15, 402
Similitude, 427
Simultaneous sample-and-hold 

system, 97
Single-measurement experiment,

218–221
Single sample measurement, 10
Software, 72–74, 95–98, 120, 185,

302, 432
Sonic velocity, 362, 407, 411
Span, 16
Spatial error, 10, 208
Specific gravity, 285, 287, 289, 354
Spectral analysis, 102, 107–119, 123
Stability, 15–16, 20, 23, 83, 215, 222–227
Standard deviation:

population, 133–134, 143,
152–153, 155

sample, 133–134, 152, 155–156
Standard error of estimate, 171, 175
Standard error of the mean, 153
Standard normal density 

function, 144
Standards, 4, 16–19, 93–94, 210,

298, 343
Static calibration, 19–20
Static measurement, 388
Static pressure, 360, 365
Static sensitivity, 387–389, 396–397,

414–415
Statistic, 132, 153, 156, 162
Stefan-Boltzmann law, 312
Stiffness, 402–403
Stopband, 52–55
Strain gage accelerometer, 270, 415
Strain-gage factor, 246
Strain-gage load cells, 272–273, 402
Strain-gage rosette, 249
Strain gage signal conditioning,

249–253
Stress, 245, 247–248, 272, 441

biaxial, 247
uniaxial, 245

Stroboscopic tachometer, 266–267
Strouhal number, 360–361
Student’s t-distribution, 156, 161, 173,

207, 214
Successive-approximation

converter, 86
Sulfur dioxide, 376
Systematic errors, 9–10, 13, 24, 27, 83,

128, 210
Systematic uncertainty, 199, 203–204,

207, 209, 212–223, 226–229,
341–342
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T

t-distribution, 156–157, 161, 185,
203, 211

Tachometer, 16, 264–267
Technical memorandum, 443–446
Temperature:

absolute, 178, 180, 312, 376, 407
dry-bulb, 322–323
wet-bulb, 323

Temperature compensation, 251,
272, 291

Temperature measurement,
297–321

common errors, 315–320
fiber optic sensors, 328–330
infrared thermometers, 289–293
liquid in glass, 310
mechanical devices, 310–312
pressure thermometer, 311–312
pyrometer, 312–315
quasi-steady, 121
Radiation, 312–315
resistance temperature detectors

(RTDs), 304–308
thermistors, 308–310
thermocouples, 297–304

Test matrix, 209, 228, 423–424,
429–432

Thermal mass flowmeter, 356–357
Thermal stability, 15–16, 50, 83, 215,

222–223, 226
Thermistor, 308–310
Thermocouple, 297–304, 392–394, 455
Thermopile, 302, 313
Thompson effect, 297
Time constant, 25, 27, 389–393, 395
Torque, shaft, 275–277
Total uncertainty, 12–13, 205, 208,

215, 218, 222
Transfer accuracy, 79
Transient response, 26–27, 302, 304,

309–310, 393, 399
Transmitter, 37, 67
Transverse sensitivity, 247

Transverse strain, 246–247, 273
Turbine flowmeter, 355–356
Twisted-pair wires, 66

U

U-tube manometer, 285–286
Ultrasonic flowmeter, 361–362
Uncertainties due to methods,

210–211
Uncertainty, 85, 119, 128, 152, 155, 163

asymmetric, 208
bias, 200
first-order, 228–229
Nth order, 228–229
precision, 199
propagation of, 199–201
quantization, 209, 222, 224, 227
random, 202–208, 210, 227
systematic, 202–208, 226
total, 12–13, 24, 205, 208, 215, 218,

222, 228
zeroth order, 227–229

Uncertainty analysis, 20, 199-230,
423–424, 428

digital data-acquisition systems,
223–226

Uncertainty interval, 9, 12, 14, 24, 152,
199–200, 204, 208, 228, 428, 435

Undamped natural frequency, 397,
399–400

Underdamped system, 26, 399
Uniaxial stress, 254
Unipolar, 81
Unit systems, 4–5, 284–285, 338, 425,

453–457

V

Vacuum measurement:
diaphragm, 293
ionization gage, 296
McLeod gage, 294–295
Pirani gage, 295–296

Variance:
population, 160–163
sample, 160

Velocity measurement:
fluid, 364–371
solid body, 369

Vena contracta, 348
Venturi tube, 337–341, 343–344,

348, 350
Vibrometer, 271–272, 414–416
Voltage measurement, 9, 61, 297
Volumetric flow rate, 217, 220,

359, 361
Vortex-shedding flowmeter, 360

W

Water brake, 276
Wavelength, 263, 312–313, 315,

369, 378
Welch-Satterthwaite formula,

211, 219
Well-type manometer, 286–287
Wet-bulb temperature, 323
Wet test meter, 364
Wheatstone bridge, 249, 252, 260, 270,

272, 291, 296, 306–307, 367, 374
full, 251
quarter, 250–251

Windowing, 117–119

Y

Young’s modulus, 245

Z

Zero offset, 14–15, 50, 171, 226
Zero order system, 26, 388, 392, 398
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