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PREFACE

Target Audience

Mechanical Vibrations plays an important role in engineering and is considered to
be one of the most fundamental applied subjects in the engineering discipline. This
book is designed primarily for the use of degree-level students of mechanical engi-
neering as well as students who are preparing for AMIE and various other com-
petitive examinations. It will also benefit postgraduate students to some extent as it
contains advanced topics like random and transient vibrations. The book will also
prove helpful to practicing design engineers in their day-to-day work and thus be a
welcome addition to design offices and provide useful addition to their libraries.

Prerequisites for this Course

We have endeavoured to present the subject in a simple and rational way. In prepa-
ration of this book, we have taken advantage of the vast experience gained in the
course of our work during the past thirty years. It has been our aim to show the basic
principles underlying mechanical vibration by means of typical examples. Empirical
formulae have been used only when it is not practical to use mathematical analysis.
According to our experience, a sound knowledge of mechanics of materials is very
essential to take up the study of mechanical vibrations and design for vibration. It
is expected that the students using this book have completed a course in applied
mathematics.

Rationale for Writing this Book

The main objective of writing this book has been to give a clear understanding of
the concepts underlying Mechanical Vibrations. We have endeavoured to teach the
subject on a scientific basis, to maintain the physical perceptions in the various deri-
vations and to give short comprehending solutions to a variety of complex problems.
The parameters kept in mind while writing the book are coverage of contents to
suit the syllabi of various Indian universities, prerequisite knowledge of the users
of this book, lucidity of writing, clarity of thoughts and diagrams, and a variety
of solved and unsolved numerical problems including problems from competitive
examinations.
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This book is specifically concerned with the fundamentals of vibration analysis for
mechanical engineers, structural engineers, mining engineers, production engineers,
maintenance engineers, etc.

Vibration is omnipresent, ranging from the fluttering of aeroplane wings to sweet
musical tunes of flutes to the beats of modern-day percussion instruments. The sub-
ject of vibration has close interface with other subjects like finite element analysis,
instrumentation and rotor dynamics. We have presented random vibration and tran-
sient vibration in this book. In future editions, nonlinear vibrations, random vibration
and transient vibration will be discussed in great detail. We also wish to add a chapter
on rotor dynamics in the next edition.

Despite the importance and relevance of the subject, it is observed that the subject
has not been given its justified importance in the undergraduate engineering course
curriculum of Indian technical institutes. In most cases, the subject has been cam-
ouflaged in the broader outlines of theory of machines or has been set aside for
advanced reading in the postgraduate section. We feel that the subject should be a
separate one in the undergraduate level, where fundamentals of physics of vibrations
should be taught with great care and with sufficient mathematical exposure.

A significant amount of advances emerged over the last thirty years or so. It would be
an impossible task to attempt to cover all this material in a textbook aimed at provid-
ing the reader with a fundamental basis for vibration analysis. This book is, there-
fore, only concerned with some of the more important fundamental considerations
required for a systematic approach to mechanical vibration, the main emphasis being
the practical approach.

This book serves as a preparatory textbook to take up challenging research work
in instrumentation to measure vibrations. This book will also serve as reference to
practicing engineers.

Chapter Organization

This textbook embodies eleven self-contained chapters, each of which is summarized
here. SI units have been adopted throughout the textbook.

* Chapter I introduces the basic terms and parameters related to mechanical
vibration. Also, analytical and numerical methods for harmonic analysis have
been added.

* Chapter 2 introduces the reader to the free vibration of an undamped single-
degree-freedom system and some practical applications. Students should focus
on this chapter as understanding later concepts depends on understanding this
chapter well.

* Chapter 3 introduces us to free vibration of a damped single-degree-freedom
system. The primary aspects of this chapter are to determine the damped
natural frequency and rate of decay of vibrations.

* Chapter 4 introduces us to the study of forced vibrations in single degree of
freedom. In this chapter, various forms of damping are also discussed.
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Chapter 5 deals with various instruments to measure the vibrations. Critical
speed of shaft without and with damping has been added.

* In Chapter 6, two-degree-freedom systems are discussed in great detail. It
also contains nonharmonic behaviour of two masses and their solutions.

* As the number of degrees of freedom increases, it becomes very tedious to
solve the equations of motion and to determine the natural frequencies and
mode shapes. The natural frequencies and mode shapes can be determined
easily and quickly with the help of numerical methods. Chapter 7 deals with
many such multi-degree-freedom systems using exact analysis.

* Chapter 8 complements Chapter 7 and is about the interaction of multi-degree-
freedom system using numerical methods.

* Chapter 9 introduces the vibration of continuous or distributed system such
as beams, rods, cables, plates, etc. A continuous system is equivalent to an
infinite element of masses concentrated at different points and, hence, it is an
infinite-degree-freedom system.

* In Chapter 10, transient vibration is taken up which is the vibration caused
by an impulsively acting force or moment on a system.

* Chapter 11 finally introduces random vibration in brief.

Each chapter begins with the fundamental concepts and related theory and takes the
reader to logical conclusion of the physical meaning of the systems at the end. We
have endeavoured to maintain continuity of thoughts and concepts between chap-
ters. Each chapter has a concise and comprehensive treatment of topics with strong
emphasis on fundamental concepts. A number of theoretical questions and unsolved
exercises are given for practice to widen the horizon of comprehension of the topic.

Apart from all these, each chapter contains Objective-type Questions to prepare the
student in a better way to face the challenges of competitive examination. Chapters 9
to 11 involve specialist topics more suited to postgraduate courses.

The material has been arranged in an order beneficial to most students and teach-
ers. The text contains many illustrative examples and a number of problems to be
worked out by the students. Important tables are included to enhance the scope of
the subject.

Salient Features

* Complete and comprehensive coverage of Mechanical Vibrations with pres-
entation of basic theory in simple and readily understandable form

* Balanced presentation of mathematical and concept approaches

 Separate chapters on Exact Analysis and Numerical Methods of Multi-Degree-
Freedom Systems

* Dedicated discussion on Single-Degree-Freedom Systems: Undamped Free,
Damped Free and Forced Vibration

* Comprehensive coverage of Vibrations of Continuous Systems, Transient and
Random Vibrations
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* Introduction at the beginning of each chapter sums up the aim and contents
of the chapter
» Simple diagrams given for easy visualisation of the explanations
* Large number of solved problems and unsolved problems picked up from
examinations of various Indian technical institutes and universities
* Each chapter contains typical objective-type questions useful for students
appearing in competitive examinations
* Pedagogy:
* Solved Examples : 180
* Numerical Problems : 137
* Review Questions : 115
* Multiple Choice Questions : 120

How to use the Book

* For Instructors—The first six chapters constitute a reasonable introduction to
mechanical vibration, and they could be a satisfactory basis for a one-semester
course. The book is laid out allowing one week for each chapter through 3,
and two weeks each for the chapters 3 to 6. Chapters 3 to 6 bring the student
through free and forced vibration, forced and undamped vibration and, into a
discussion of systems with two degrees of freedom. The rest of the book can
be used at the postgraduate level.

We have found that five problems a week is an ample assignment. Certain
problems can be assigned to students as take-home assignments to solve using
C or MATLAB.

* For Students—Mathematics is intimately concerned with the study of vibra-
tion. In order to study the characteristics of vibration of any system, you have
to resort to understanding the physical meaning and modelling of the system
and write the characteristic differential equation of motion, which essentially
represents the dynamic behaviour of the system. To solve vibration problems
by numerical methods, knowledge of matrix algebra is essential. Knowledge of
complex numbers, trigonometry and Fourier series is also very much essential
to derive full benefit from this textbook.

» Secondary readers are postgraduate students. If the secondary readers are
exposed to fundamentals of vibration in their undergraduate study, they can
start from Chapter 6 on measurement of vibration. They will also find chapters
on random vibration and transient vibration very useful.

Web Supplements

There are a number of supplementary resources available on Attp.//www.mhhe.com/
gowda/mvli, and updated from time to time to support this book.

For Instructors:

¢ Solution Manual
* PPTs
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For Students:
* 1 Sample Chapter
* 2 Model Question Papers
* Web links for further reading
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FUNDAMENTALS OF
VIBRATIONS

INTRODUCTION

Vibration is a ubiquitous phenomenon. It may occur due to earthquakes or tremors,
resonance effects on bridges, taking-off or landing of aeroplanes, starting of an auto-
mobile engine, burning of fuel for space-launch vehicles and operations of machines
with moving, rotating or reciprocating parts operated without suitable foundations.

Speech is caused by vibrations of the vocal chord, tongue and lips. Vision requires
the vibration of eyelids, walking requires oscillation of legs, breathing requires vibra-
tion of lungs and life requires vibration of the heart.

One can observe small vibration dampers on high-voltage transmission lines near
towers or rubber pads separating, home appliances. Stones on which rails are laid
are padded with wooden sleepers to decrease the impact of vibration due to train
motion.

Is the presence of vibrations desirable or undesirable?

It has many desirable effects in the following applications:
1. Musical instruments like flute, harmonium, tabor (tabla), violin, veena, etc.
2. Agitators used in concrete setting.
3. Horns and sirens, etc.

It has many undesirable effects in the following applications: machine tools, auto-

mobiles, bridges, dams, buildings as it produces noise or sound, excessive stress,
unbalanced forces in rotating and reciprocating parts, etc.

Vibration analysis has a vital role to play in society for improving living conditions
and ensuring smooth functioning of industrial equipments, minimising the losses due
to unwanted vibrations. This can be made possible only through a clear understand-
ing and proper study of vibrations.

Systems possessing mass and elasticity are capable of having relative motion.

DEFINITIONS
« If the motion of such a system repeats itself in a given interval of time, it
is known as vibration.
¢ Any motion which repeats itself after an interval of time is known as
vibration (periodic motion).
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¢ The to-and-fro motion of a body about a mean position is known as vibra-
tion.

Example Classical spring mass system, simple pendulum, cantilever beam, as
shown in Fig. 1.1.

The study of vibrations is very important in engineering. In general, vibration is a
wasted form of energy and unwanted in many cases. Vibration generates unwanted
noise, breaking parts of machinery, causes dry friction between matching surfaces,
develops unbalanced forces and excessive stress in machine parts. Because of large
vibrations, proper readings of (accuracy) instruments cannot be taken and also it is
too dangerous for human beings. Vibration can be minimised by removing the causes
of vibration, resting the machinery on proper types of isolators, and using dampers,
shock absorbers, springs, rubber, etc.

(a) Spring mass system  (b) Simple pendulum (c) Centilever beam

Fig. 1.2 Objects undergoing vibration

AIM OF VIBRATION ANALYSIS

The main consideration of vibration analysis is to find the natural frequency of vibra-
tion, which is one of the characteristic frequencies of vibration of a body when it is
under free vibration. We need to see that the structure is excited by frequencies far
away from the natural frequencies, if necessary, to limit the amplitude of vibration. If
the excitation frequency is very near the natural frequency, the amplitude of vibration
will be excessively large which readily leads to failure due to resonance.

LIMITS OF VIBRATION ANALYSIS

Generally, elastic analysis of vibration problems are considered and hence the first
limit on displacements, strains, and loads is that the maximum stress developed
should not exceed the proportionality limit stress. Hence, the displacements are to
be small. Similarly, if the displacements are not small (finite or large), the equations
involved become nonlinear and solutions become complicated. To avoid such dif-
ficulties and to readily obtain simpler solutions, the restrictions are again that the
displacements be small.



Fundamentals of Vibrations 3

IMPORTANT DEFINITIONS IN VIBRATION
ANALYSIS

1. Inertia The property of a body (either in rest or in motion) by which it
continues to be in its present state unless acted upon by an external force.

2. Displacement (x) The change in position of an object in a particular direc-
tion by application of an external force.

3. Disturbance Any action which destroys the static equilibrium of a vibrating
system may be called a disturbance to that system.

4. Restoring force The displaced body does not stay in the new position,
because of the restoring force which is provided either by gravity or by elas-
ticity or by both.

5. Undamped vibration If vibrations take place in the absence of a damping
force then the vibration is known as undamped vibration.

6. Damping 1t is the resistance offered to the motion of the vibratory body.

7. Damped vibration If energy is lost or dissipated during oscillation, the
vibration is known as damped vibration.

8. Periodic motion Motion which repeats itself after equal intervals of
time.

Periodic motion can be represented as shown in Fig. 1.2. Vibration is periodic and
any of its properties like displacement
‘x’ can be conveniently represented by a | =t
periodic function varying with time. Such 1%
functions are the trigonometric functions '
sin 0, cos O, tan 0. The functions sin 6
or cos 6 are very much convenient in aun
vibration analysis. The expression for ~— | s x = Xcos 0
the displacement ‘x” measured from the
static equilibrium position in a to-and-fro
motion can be generated by considering
a vector X of modulus ‘X revolving at a |
constant angular velocity‘®’ and consid-
ering its resolved component about the
direction of motion. Hence, x = X cos 6
about the horizontal axis, and x = X sin 6 about the vertical axis. In a vector revolving

with angular velocity ‘@’, the angle ‘0’ is given by 0= wt.

Fig. 1.2 Representation of periodic motion

If ‘r’is measured as zero when @’ is zero, ot = 27ft or @ = 21tf,

where = Linear frequency. Hence, x = X cos 6 or x = X cos wt,

x=Xsin0 or x = X sinwt or x = X sin (wz + ¢). If ‘¥ is measured arbitrarily, the
angle ‘¢’ is known as phase angle. The simplest type of periodic motion is harmonic
motion or Simple Harmonic Motion (SHM).
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Example Sine wave and cosine wave are shown in Fig. 1.3.

XA X = Amplitude
x X
E ___________________
o}
% 0 »0
§ 3
& Sine wave
0O |«—— 1 Cycle

Fig. 1.3 Sine wave

9. Amplitude (X) The maximum displacement from the mean position of the
vibrating body, (X) is shown in Fig. 1.3.

10. Cycle 1t is the motion completed during one time period.
11. Time period or periodic time (7) 1t is the time required for a particle to

. - - _ 2z
complete one cycle, ie. s=v X £,2T=® X T,0r T= o seconds,

where s = distance travelled = 27, v = velocity = @ and ¢ = time in seconds
as shown in Fig. 1.4,

12. Frequency (f) 1t is the number of cycles per
unit time or seconds. Frequency is the reciprocal
of time period,

ie. f=%=21—ﬂ=2—a;cpsoer.
)
Or o =2nfrad/s '

) Fig. 1.4 Representation
13. Natural frequency (@,) It is the frequency of of periodic time

free vibration without damping denoted by ‘®,’.

14. Fundamental mode of vibration 1t is the
mode having lowest natural frequency of a vibrating system.

15. Damped natural frequency (w,) 1t is the frequency of the system having
free vibration with friction denoted by ‘w,’.

16. Resonance When the frequency of the external excitation (force) equals
the natural frequency of a system, the amplitude of vibration will increase
without bound and is governed only by the amount of damping present in the
system. At resonance the amplitude of vibration becomes too large.

17. Phase difference (¢) It is the angle between two rotating vectors
representing simple harmonic motion of the same frequency. Let the first
vector be x; = X, sin (@?) and second vector x, = X, sin(@t + ¢); then the
term ‘¢’ is called phase difference.

1.4 THE BASICCOMPONENTS OF A MECHANICAL
VIBRATING SYSTEM

The main components of vibrating systems are mass(m) damper(c) and spring(k).
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A\

% ¢ = damper

These components are represented in Fig. 1.5.

The mass of the vibrating system provides inertia

force, the damper provides the resisting force K= sSPring
and the spring provides the restoring force. The
constant coefficients m, ¢ and k represent the
system parameters. These parameters are known
as mechanical components of the system. They are
generally passive elements. The active element of  Fig. 1.5  Basic components of a
the mechanical system is the exciting forces. They vibrating system

will have their associated mechanical impedances.

x = displacement

Mass, or inertia element (m)
The mass or inertia element is assumed to be rigid body. During vibration, the veloc-
ity of mass changes. Hence, kinetic energy can be gained or lost. The work done on

the mass will be stored in the form of kinetic energy = % my? = 51 mx

(Translation system) or % WE (pure rotational system)

2

In practical cases, for simple analysis, we replace several masses by a single equiva-
lent mass.

Case (i) Translation masses connected by a rigid bar

Let the masses ‘m’;, ‘m’,, ‘m’ be attached to the rigid bar at locations (1), (2), (3)
respectively as shown in Fig. 1.6(a). The equivalent mass ‘m,,’ be assumed to be
located at “/;” as shown in Fig 1.6(c) and FBD is as shown in Fig. 1.6(b).

Let the displacement of masses 1, 2 and 3 be x,, x, and x; respectively, and hence the
velocities will be x,, x, and x5 respectively.

Let the velocity of masses m, and m; (i.e. x, and x5 respectively) be expressed in
terms of velocity of mass m, (i.e. x,).

< / >
<I—/z—s> FBD
D ] el
] —
4;/2—> ’\\\l
< i > X X,
X.
(a) (b) ’
Meq
2] = i
—\;\—::‘1:‘\ Xeq
—— [ ———> T

(©

Fig. 1.6 Combination of masses
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From similar triangular properties, we can write

L L § h . LY. . . L L
XX, X2 ll Xpy Xy = 1_1 x,. Similarly, x5 = ll Xpy X3 = 11 Xy

And the velocity for equivalent mass x.q = ¥,

The kinetic energy of equivalent mass is equal to the sum of kinetic energies of indi-
vidual masses.

1 a1
(KE),q = (KE), + (KE), + (KE); = 5 meq k= ymilty

) ) 122.2 132.2 122 13
=Meg Xy =myxytm; l_l xytmy Z xl,ormeq=m1+mzl— +m3l
1 1

The equivalent mass can be placed anywhere on the rigid bar, but the magnitude
changes everywhere.

.2

a1
my X5 + 5 my X3

2

Case (ii) Translational and rotational masses coupled together

Let a mass having translational velocity ‘x,’
be coupled to another mass having mass
moment of inertia ‘J° having rotational
velocity ‘6’ as in a rack.

Pinion

Mass moment

Shaft of inertia J,

The pinion arrangement is shown in
Fig. 1.6(d). These two masses can be com-
bined as either a single equivalent transla-
tional mass ‘m,’ or a single equivalent rota-
tional mass Jeq

A X
Equivalent translational mass; kinetic Masls, m Relck
energy of two masses . . )
1 ., Fig. 1.6 (d) Translational and rotational
For mass 1, KE = 5 mx masses
1 N2
For mass 2, KE = ) Jo.0
1 ) 1 ~2
KE = Mty Jo 0
Kineti £ equival _1 2 . _
inetic energy of equivalent mass = 5 mq Xeg, SinCE Xeq = X
Kinetic energy of equivalent mass is equal to the sum of KE of individual masses.
1 1
Emeqxil 5 mx*+ — JOG OF Mg oX = mx +J002

From the geometry of the figure, x = Ré,

On differentiating, x=RO

2 J

. . X 0

m x2+mx2+J—,m +tm+—
« 0 gy e R’
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This is the translational equivalent mass.

Case (iii) Equivalent rotational mass

KE of equivalent mass = (KE), + (KE),, % Joq 0= % mx*+ %Jo 62

x=R6,x=R, and éeq= 0, Jq 6%=mR* 9> +J 6>

1.3 SPRING ELEMENT (K)

Whenever there is relative motion between the two ends of a spring, a force called
spring force or restoring force is developed. The spring force ‘F” is directly propor-
tional to the amount of deformation, i.e. F & x or F = kx

where k = Stiffness of spring or spring constant

The spring stiffness ‘4’ in the spring force required to cause a unit deformation of the
spring k = F/x N/mm. (See Sec. 2.4, Chapter-2).

DAMPER

Damping is the resistance offered to the motion of a vibrating body. Damping occurs
as a result of system vibrations in a fluid. Hydraulic dashpots and shock absorbers
are systems which can be represented by viscous damping. Most mechanical systems
themselves have damping which is quiet complex. They can be represented by an
equivalent viscous damping. In viscous damping, the damping resistance is propor-
tional to the relative velocity between piston and cylinder (cx) where ‘¢’ is the damp-
ing coefficient. The importance of viscous damping is that it affords an easy analysis
of the damping element (c).

The vibrational energy is generally con-

. Connecting rod
verted into heat or sound. Hence, the i .

displacement during vibration gradually o;

reduces. The mechanism by which vibra- Viscous fluid
tional energy is gradually converted into Piston 2| Slearance
heat or sound is known as damping, as

shown in Fig. 1.7. A damper is assumed to  Cylinder T

have neither mass nor elasticity. To deter-

mine causes of damping in a practical sys-

tem, damping is modelled as one or more

of the following types: Fig. 1.7 Damper
1. Viscous damping

Dashpot

Coulomb damping or dry friction damping
Structural damping or solid or hysterisis or material damping
Slip or Interfacial damping

e

Proportional damping. (See Sec. 3.3.1, Chapter-3).
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TYPES OF VIBRATIONS

Vibration in a system can be classified as follows.
1. Free vibration, or natural vibration (w,)

When no external force acts on a body after giving it an initial displacement then the
body is said to be under free or natural vibration (no external force and no damping)
as shown in Fig. 1.8.

Based on movement of the particles of the body, the free vibrations are also classified
into three important types as follows.

>
[
o X
k & ¥ N
S lo T 2n 37 4r 51
&
x B Time (t) —>

Fig. 1.8 Free vibration

(@) Rectilinear, or longitudinal vibration When the particles of a body or shaft
moves parallel to the axis of the body or shaft then the vibrations are known
as longitudinal vibration [Fig. 1.9(a)].

(b) Lateral, or transverse vibration When the particles of a body or system
move approximately perpendicular to the axis of the body or system then the
vibrations are known as lateral or transverse vibration [Fig. 1.9(b)].

(c) Torsional vibration When the particles of the body or system move in a
circular about its axis of the body or system then the vibration is known as
torsional vibration [Fig. 1.9(c)].

m |y
x / >
IF = F,sinot
X
(a) Longitudinal (b) Transverse (c) Torsional  (d) Forced
vibration vibration vibration vibration

Fig. 1.9 Types of vibrations
2. Forced vibration

When the body vibrates under the influence of an external force (F = F, sin @t or
F = F, cos of) then the body is said to be under forced vibrations (damping and
external force are present) as shown in Fig. 1.9(d).
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Table 1.1 Difference between rectilinear and torsional vibrations

Rectilinear system Fig. 1.9(a) Torsional system Fig. 1.9(c)

1. Mass (m) kg 1. Mass MI (J) kg -m?
. Stiffness (k) N/m

N
N

. Torsional stiffness (k;) N-m/rad

. Damping coefficient (c) N-m/s . Torsional damping coefficient (c;) N-m/rad/s

. Inertia force (mx) . Inertia torque (Té)

. Restoring force (kx) . Restoring torque (k,0)

|| [w
|| [w

. Damping force (cx) . Damping torque (cté)

Table 1.2 Difference between free and forced vibrations

Free vibration Fig. 1.9(a) Forced vibration Fig. 1.9(d)

1. Free vibration takes place without the 1. Forced vibration takes place with the
application of external force. application of external force.

2. The frequency with which the system is 2. The frequency with which the system is
vibrating is called natural frequency. vibrating is called forced frequency.

3. The natural frequency is a property of a system 3. There can be any number of forced
and it is constant for a particular system. frequencies for a particular system.

3. Damped vibration When there is a reduction in the amplitude over every cycle
of vibration of a vibrating body, it is said to be under damped or transient vibration
(damping force is present and no external force) as shown in Fig. 1.10.

<>

Y

0 T 2r 3r 4r 51

Displacement x

Time (t) —>

Fig. 1.20 Damped vibration

Note: The inertia force and elastic force are always present in all the cases.

4. Linear vibration 1f all the basic components of a vibratory system behave lin-
early, the resulting vibration is known as linear vibration. The differential equations
that govern a linear vibratory system are linear. If the vibration is linear the principles
of superposition hold and mathematical techniques of analysis are well developed.

Example Spring-mass and damper system

5. Nonlinear vibration 1If any of the basic components of a vibratory system
behave nonlinearly, the resulting vibration is known as nonlinear vibration. The dif-
ferential equations that govern a nonlinear vibratory system are nonlinear. If the
vibration is nonlinear the principles of superposition don’t hold good.

6. Deterministic vibration If the magnitude of excitation on a vibratory sys-
tem is known at any given time, the resulting vibration is known as deterministic
vibration.
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7. Nondeterministic vibration, or random vibration If the magnitude of
excitation acting on a vibratory system at any given time can’t be predicted, the
resulting vibration is known as nondeterministic vibration or random vibration.

Example Road roughness, wind velocity and ground motion during earthquakes.

DEGREES OF FREEDOM

The number of independent coordinates in a system required to describe the motion
of a system at any instant is called degrees of freedom.

A body with a certain mass and elastically supported can undergo a maximum of
three translations in the coordinate directions, i.e. three mutual directions (x, y and
z) and three rotations about the coordinate directions(®,, @, and @,). Hence, it can
have six independent motions in general. Therefore, six coordinates are required
to describe the position of a body as it moves in general. Hence, ‘the number of
independent coordinates in a system to describe the motion of a system at any
instant is called its degrees of freedom’, i.c. how many mass or masses will be there
in a system? Each mass will have its own natural frequency (®,). Some systems,
especially those involving continuous elastic members, have an infinite number of
degrees of freedom as shown in Fig. 1.11(h).

Example

(a) Single-degree-freedom system One independent coordinate is required
to describe the motion of the system and it will have one natural frequency,
as in Fig. 1.11(a), (b).

(b) Two degree-freedom system Two independent coordinates, in a system

are required to describe the motion and it will have two natural frequencies
as in Fig. 1.11(c), (d).

=
D

(a) (b)

() () ()
A
1('3)

Fig. 1.11 Degrees of freedom
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Fig.1.112  Contd.

(c) Discrete or multidegree-freedom system An ‘n’ degree-freedom system
will have ‘n’ natural frequencies as in Fig. 1.11(e), (f). (g).

(d) Distributed mass or continuous-degree freedom system In general,
the number of degrees of a freedom system can be stated as the number of
mass or masses in the system and number of possible types of motion of each
mass or masses, as in Fig. 1.11(h).

1.10 HARMONIC MOTION AND ITS PROPERTIES

Periodic motions may be harmonic or nonharmonic. In fact, a harmonic motion is the
simplest form of periodic motion. The motion represented by the circular functions,
sine or cosine, is a harmonic motion. All harmonic motions are periodic, but not
all periodic motions are harmonic.

It has been found by Fourier that any periodic motion may be converted into harmonic
motions in the form of a series consisting of sine and cosines having frequencies
which are multiples of the frequency of a given motion. The harmonic motion having
the same frequency as that of the given periodic motion is called the fundamental
harmonic. The harmonic motion having a frequency twice that of the fundamental is
called the ‘second harmonic’, and so on.

Let x = X sin ¢ represent a harmonic motion as shown graphically in Fig. 1.12 in
which the motion (x) is obtained by the projection of a rotating vector ‘X’ on the
vertical diameter. If projection on the horizontal diameter is considered, the motion
becomes x; = X cos @t, which is also a harmonic as it moves around a circle with
constant angular speed ‘@’ rad/s as shown in Fig. 1.12.

1.10.1 Graphical Representation of Harmonic Motion

Since the circular function repeats itself in ‘27’ radians, a cycle is complete when

2 . L.
©t=27, or 7=-, ..l.1a, where 7=Time period in seconds
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— Ay et e A — e e —> ot
<«—— 1 Cycle
Fig. 1.122 Graphical representation of harmonic motion
Therefore, by definition,  f= =2 1.1b
erefore, by de on, Ry
The velocity and acceleration at any time are given by,
Velocity = % =x= X cos ®t = ®X sin (Ot + m/2) .12
. d2x .. . 2 .
Acceleration =—> =¥ = — @® X sin 0f = ©> X sin (0t + 7) .13

ar

Equations 1.1 and 1.2 show that in harmonic motion, the velocity and acceleration
are also harmonics having the same frequency as that of the displacement(x) but
leading the displacement by 90° (7/2) and 180° (7) respectively. Also the magnitudes
of velocity and acceleration are respectively represented by @ and @’ times that of the
displacement magnitude. This is shown graphically in Fig. 1.12.

1.10.2 Displacement (x), Velocity (x) and Acceleration (x) in
Harmonic Motion

Equation 1.3 can also be written as

& x .
= =@ Xsin 0t =—’x .14
dr
i.e. acceleration ¥=—@xorx+a@x=0
y
X X
—x X
X
-y

Fig. 1.13 Relative positions of displacement, velocity and acceleration
in harmonic motion
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Therefore, it can be said that in harmonic motion, acceleration is proportional to
displacement and is always directed to the origin [as —ve sign appears in the above
equation 1.4]. This property of a harmonic motion is used sometimes to define it.

Equation 1.4 can be expressed in a most general form:
d2x 2
—+w
ar

which is called the ‘differential equation of motion’. Equation 1.5 has been derived

by assuming a harmonic motion. Conversely, it can be said that for a system govern-

ing Eq. 1.5, the motion of the system must be harmonic.

x=0o0rx+ @x=0 .15

1.10.3 Examples of Simple Harmonic Motion
1. Linear Piston, slider-crank mechanism, liquid in U-tube, spring-mass
system, etc.
2. Angular
(a) The to-and-fro motion of a simple pendulum is simple harmonic for small
amplitudes.

(b) When a rigid body capable of rotating freely about a horizontal axis
through it is displaced through on a small angle and let go, the body
executes simple harmonic motion.

(¢c) The oscillations of a magnet suspended in a magnetic field are simple
harmonic.

(d) When a wire fixed at the top end and loaded at the lower end is given a
small twist at lower end and released, the torsional oscillations are found
to be simple harmonic.

1.11 SIMPLE HARMONIC MOTION (SHM)

Consider the simplest equation of a vibrational motion as x = X sin @t ...1.6

as shown in Fig. 1.14, where ‘x’ is the displacement at time ‘# seconds and
X = Amplitude, ® = Angular velocity in rad/s.

. . dx .
The velocity at time ‘7’ seconds = it Xo cos wt LT
. C e Px .. .
The acceleration at time ‘7’ seconds = d_12 =% = —Xa’ sin @t or ..1.8
.o - a)zx

37-T—<->a)t

«—— 1 Cycle —>»

Fig. 1.14 Linear vibration of spring-mass system with a graph
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¥ =-o’Xsinwt, ¥=-a’x, ¥x+a&’x=0 .19
For above example, in case of simple-spring mass system
mx+kx =0 or3€+%x=0, a)2=% a)=\/%rad/s ..1.10

Such a vibration where the acceleration is directly proportional to the displacement
and is directed towards the mean position (—ve sign gives the direction towards the
mean position) is called simple harmonic motion (SHM).

x = X cos wtis another example.

1.11.1  Solution of Differential Equation of a Body Executing
Simple Harmonic Motion

For a particle executing simple harmonic motion, the differential equation of motion
is given by ¥ + @’ x =0 11

The solution of differential equation is given by,
x =A sin @t + B cos @t L2

where ‘4’ and ‘B’ are arbitrary constants which are to be determined from initial
conditions.

Taking the initial conditions, x =xp,att=0 ...(i) and x=x,, at =0 ...(i1)
Substituting the values of Eq. (i) in Eq. 1.12, we get
xo=Asin (wx 0)+ Bcos (wx0),x,=B
Differentiating Eq. 1.12 w. . t. time ‘7,
x=Awcos wt— Bwsin ot 113

Substituting the values of Eq. (ii) in Eq. 1.13, we get

Xg=Awcos (0 * 0)— Bwsin (@ x 0), xo= Aw, A =x—(3
Substituting the values of ‘4’ and ‘B’ in Eq. 1.12, we get
X
X = sin @1+ x, Cos Wt
This is the complete solution of the differential equation
x =A sin ot + B cos ot
where A =Xcos¢ ...(ili)), B=Xsing ...(iv)

Squaring Eqgs. (iii) and (iv) and adding, we get
A?+ B? = X? (cos’¢ + sin’¢)
A2+B=x> . x=NA+ B
The solution of the differential equation ¥ + @® x = 0 can also be given by

x =Xsin (ot + @) ..1.14
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where ‘X" and ‘¢’ are two arbitrary constants which are to be determined by imposing
initial conditions.

1.112.2 Alternate Method to Determine the Complete Solution
of Simple Harmonic Motions

We have, acceleration ¥=—-0’x

ie. ¥+ax=0 115

The general solution of Eq. 1.11 can also be written as

x =Xsin(wt+ ¢) ..1.16

Here ‘X" and ‘¢’ are the two arbitrary constants to be determined from the initial
conditions.

The equation 1.16 can be expressed as x = X sin @f cos ¢ + X cos @f sin ¢
x =sin @t (X cos @) + cos ot (X sin @), x = X sin @t cos ¢ + X cos @t sin ¢
x =4 sin ¢+ B cos ot
where A=Xcos ¢ ..(1i) B=Xsin ¢ ...(i1)
Squaring Eqgs. (i) and (ii) and adding, we get
A%+ B* = X* (cos’¢ + sin’¢)
L+B=x . X=\a+ B

Dividing Eq. (ii) by Eq. (i), tan ¢ = % - ¢—tan"! (%)

1.11.3 Addition of two Simple Harmonic Motions
There are two methods for addition of two simple harmonic motions.
1. Analytical method 2. Graphical method

1. Analytical method When we add two harmonic motions of same frequen-
cies, the resulting motion is also a harmonic motion.

Consider two harmonic motions of amplitudes ‘X’ and ‘X,’ having same frequencies
and phase difference ‘¢’ and are given by

x, =X, sin wt, x, = X, sin (0t + ¢)
The addition of these two SHMs is given as
x =x+x, =X, sin o+ X, sin (w0t + ¢)
Expand the term, X, sin (w7 + ¢)

=X, sin @t cos ¢ + X, cos @t sin¢

x =X, sin ot + X, sin ®tcos P + X, cos wtsin¢
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x =sin @t(X; + X, cos §) + X, cos @t sing 117
Substituting X, +X,cos ¢ =Xcos 0 ..(i)
X,sin ¢ =Xsin @ ..(ii) in Eq. 1.17, we get
x=Xsin ot cosO+ X cos @tsinf .. x=Xsin(0t+ 6)

Hence, the resultant is also a simple harmonic motion of amplitude ‘X and phase
angle 6.

2. Graphical method, or vectors method The graphical representation of the
two vectors and resultant vector is represented as shown in Fig. 1.15.

The value of ‘X is given by
Xsin 0=X,sing, Xcos 6=X,+X,cos ¢ ..1.18
Squaring and adding the equation 1.18, we have

A

Fig. 1.25 Graphical representation of the two vectors in simple harmonic motions

X (sin® ¢ + cos®¢) = (X, sin9)* + (X, + X, cos 9)*

X =\(X, + X, cos ¢)> + (X, sin ¢)?

X=X+ X2 cos> ¢+ X2 sin® 9+ 2 X, X, cos §, X = \X*+ X2 + 2X, X, cos ¢

h I h i .. 0 X, sin ¢
The resultant phase difference is given by tan 0= m

X, sin ¢ )

a1
0=tan (X1+chos¢

1.11.4 Difference between Periodic Motion and
Harmonic Motion

A periodic motion is that which repeats itself at equal intervals of time called the
time period. Periodic motion may be harmonic or nonharmonic.



Fundamentals of Vibrations 17

In fact, a harmonic motion is the simplest form of periodic motion. The motion rep-
resented by the circular functions, sine or cosine, is a harmonic motion.

In harmonic motion, the particle under consideration moves such that its accelera-
tion is always proportional to its displacement and is always directed towards a fixed
point.

All harmonic motion is periodic, but not all periodic motion is harmonic.

1.11 THE BEATS PHENOMENON

The addition of two harmonic motions of the same frequency is a harmonic motion.
But when the frequencies are different, the resultant motion is nonharmonic. A spe-
cial case occurs when the frequencies of the two motions to be added together are
very near to each other.

Let us consider two harmonic motions given by x; = a sin ®,f and x, = b sin @,t, as
shown in Fig. 1.16(a).

When two harmonic motions, with frequencies close to one another, are added, the
resulting motion exhibits a phenomenon known as beats. This is not a simple har-
monic motion but similar.

Let us consider two waves of the same amplitude ‘X" and slightly different frequen-
cies as shown in Fig. 1.16(b) given by x, = X cos @f and x, = X cos (@ + )t where
‘6 is a small quantity. The addition of these two motions gives

x =x,+x,=X[cos wt+cos (w+ ) 1]

* cosA+cosB =2 cos(A + g) cos(A —g)

x=2 X[cos (%M) tcos(g)t] =2Xcos (%) cos (a)+ g)t

The equation is shown graphically in Fig. 1.16(a).

. . . . [
The resulting motion ‘X represents cosine wave with frequency (a) + S)= and

with varying amplitude 2X cos %

A

Y

(@)

Fig. 1.16 Beats phenomenon
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(b)
Fig.1.16 Contd.

The frequency ‘6’ at which the amplitude builds up and dies down between ‘0° and
‘2X” is known as beat frequency .

Beat phenomenon is found in machines, structures and electric powerhouses. In
machines, the beat phenomenon occurs when the frequency is close to the natural
frequency of the system.

EXAMPLE 1.2

Add the following harmonic motions analytically and check the solution
graphically.
x; =3 sin (wt + 30°), x, = 4 cos (0wt + 10°).
Solution Let ‘x’ be the resultant motion of x; and x, .. x=x; +x,
x =3 sin (wt+ 30°) + 4 cos (wt + 10°)

In the given harmonic motion, the frequency is same (i.e. @?) for both x, and x,
Therefore, the resultant motion can also be written as x = 4 sin (wt + 6)

A'sin (@t + 6) = 3 sin (o1 + 30°) + 4 cos (w7 + 10°)

Expanding the equation, we have

A sin @7 cos 0+ 4 cos @7 sin =13 sin @t cos 30 + 3 cos @7 sin 30°
+ 4 cos @t cos 10° — 4 sin wt sin 10°

Rearranging above terms,

sin wt (4 cos 0) + cos wt (4 sin 6) = 1.904 sin wt + 5.44 cos wt
By equating the corresponding coefficients of cos @t and sin @? on both the sides,

Acos@=1904 ..(a) AsinB=5.44..(b)

Now squaring and adding the equations (a) and (b), we have

A% cos?0 + 42 sin?0 = (1.904) + (5.44)2

A*(cos’0 + sin6) = (1.904)% + (5.44)°
A*=33208 .. 4=5763
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Dividing Eq. (b) by Eq. (a), we have
5.44

tan 6 = m s 0=70.712

x =15.763 sin (wt+ 70.712°)

y4 (A=58

100°
71°

30°
o wot” X

Fig. p-1.1  Graphical representation of the two vectors in simple harmonic motions

Graphical method is as shown in Fig. p-1.1, x; = 3 sin (w7 + 30°)
x, =4 cos (wt+ 10°) = 4 sin (w1 + 10 + 90°) = 4 sin (w7 + 100°)
x = 5.8 sin (@t + 71°) which agrees closely with the analytical results.

EXAMPLE 1.2

A harmonic motion is given by x(f) = 10 sin (307 — 7/3)mm, where ‘¢’ is in seconds
and phase angle in radians. Determine (i) frequency and period of motion, and
(ii) maximum displacement, velocity and acceleration.

Solution The given harmonic motion is x(#) = 10 sin (307 — 7/3) ..(d)
Let the harmonic motions be in the form x = 4 sin (@f — ¢) ...(b)

where ‘¢’ is in seconds, 4 = Maximum displacement in mm, @ = Frequency in rad/s
and ¢ = Phase angle in radians

Comparing the equations (a) and (b), 4 = 10 mm, w = 30 rad/s, ¢ = n/3 = 60°
For the maximum velocity, differentiate Eq. (b) w.r.t. time ‘#
x=Asin (0t — ) ..(c), x= w4 =30x 10 =300 mm/s’
And for the maximum acceleration, again differentiate Eq. (b) w.r.t. time ‘¥’
% =— @’4 = (-30)* x 10 = 900 mm/s>

. . 2r 2m
Time period =% 30 0.21 second



20 Mechanical Vibrations

EXAMPLE 1.3
A body is subjected to two harmonic motions:

x; =15 sin (a)t+ %),x2 =8 cos (a)t + g).What harmonic motion should be given

to the body to bring it to equilibrium?
Solution Let us consider x5 = 4 sin (w? + ¢) be the extra harmonic motion given to

bring it to equilibrium position, i.e. x; + x, + x;=0

x;=15sin (a)t+ g) or 15 sin (wz+ 30°), x, = 8 cos (a)t+ g) or § cos (@t + 60°) and

x3=A sin (0t + @)
Now, 15 sin (@f + 30°) + 8 cos (wt + 60°) + 4 sin (wt+ ¢) =0
Expanding the above terms:

15 sin wt cos 30° + 15 cos wt sin 30° + 8 (cos @t cos 60° — sin w? sin 60°) +
A(sin @t cos ¢+ cos¢ sin wf) =0

15 sin wt(?) + 15 cos a)t(%) + 8(cos a)t(%) —sin wt(?)) + A (sin oz cos ¢ +

3 .
cos wtsin ¢) =0.7 sinwtxg+22—3cos wt+ A sin wfcos ¢+ A cos wtsin =0

sin wt(¥+A cos ¢) + cos wt(A sin ¢+%) =0
sin wt (4 cos ¢+ 6.06) + cos wt (Asin ¢+ 11.5) =0
Acosp=—6.06 ..(a), Asing=-—115 ..(b)
Dividing Eq. (b) by Eq. (a), we have

Asing _115
Acos¢ —6.06
Now squaring and adding the Eqs. (a) and (b), we have

A% (cos® ¢+ sin® §) = (6.06)*+ (11.5)%, 42=169 .. 4=+169 = 13.

tan ¢ = 1.894 = 62° 17’ or 180° + 62°=242°.

<. the equilibrium of harmonic motion x, = 13 sin (@t + 242°-17).

EXAMPLE 1.4

A harmonic motion is given by the equation x =5 sin (47 + ¢). Find its two com-
ponents: one that leads it by 30° and the other that lags it by 80°.

Solution Let x; and x, be the required components.
Resolve the vectors along x; and a direction at right angles to x;, as shown in
Fig. p-1.4.
X, —Xx,8in 20° =5 cos 80° ...(a), x,cos20°=5 cos 10°
5 x0.9848
x2 = 0'9397 = 5.24.
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From Eq. (a), x;=15.245sin20° + 5 cos 80°
=1.79+0.87 =2.66, x, = 2.66
X, =2.66 sin (4t + ¢ — 80°), x, = 6.24 sin (41 + ¢ + 30°)
Y A
7 B
;;.v“
ey
| 5
ety g
80° X, wt
Fig. p-1.4 Graphical representation of the two vectors in simple harmonic motions
EXAMPLE 1.5
Find the amplitude of the sum of the two harmonic motions
x; =3 cos (2¢+ 1°); x, =4 cos (2¢ + 1.5°).
Solution Let x =X sin (wt+ 6) be the resultant of the two harmonic motions.
- X=X +xy,x=3cos (2t+ 1°)+ 4 cos (2 + 1.5°)
Expanding the above terms,
x=3cos 2t cos 1°—3sin 2¢- sin 1°
+ 4 cos 2t - cos 1.5° — 4 sin 2¢ - sin 1.5°
Rearranging above terms,
x=3cos2t(3 cos 1°—4 cos 1.5°)
—sin 2¢ (3 sin 1° + 4 sin 1.5°)
x = cos 2t (x sin 6) — sin 27 (x cos 6)
Equating the coefficient of sin wf and cos wr =0
xsin 8= 3 cos 1° +4 cos 1.5° ...(a)
xcos 0= 3sin 1° + 4sin 1.5° ...(b)
x sin 6= 6. 998 ...(c)
x cos 8=0.157 (d)

Squaring and adding Egs. (¢) and (d),
x? (cos? 0+ sin” 6) = 6.998% + 0.1572, x> = 48.99, x = 6.99

x sin @ _6.998 _6.998
xcos O 0.157 0.157

0=288°71"x=6.99 sin (w7 + 88°)

Dividing Eq. (¢) by Eq. (d), tan 6 s 0=4458°,
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EXAMPLE 1.6

A particle is under the influence of two harmonic motions, y; = 0.03 sin
(14¢ + 68.8°) and y, = 0.02 sin (107 + 59.6°). Determine the resulting amplitude
and phase angle.

Solution  Let the resulting amplitude is
X =a’+aj +2a,a,cos (§, - ¢,)
=0.032+0.022+ 2 x 0.03 x 0.02 x cos (68.8 — 59.6°), X =0.05

The phase angle of the resulting motion

aysin ¢, +a,sing, (.03 sin 68.8° + 0.02 sin 59.6°
tan 0= = S -~ =65.12°
a,cos @, +a,cos ¢, 0.03cos 68.8°+0.02 cos 59.6

EXAMPLE 1.7

Show that the resultant motion of the three harmonic motions given below is
zero.

x; = A sin wt,x, = A sin (wt+ 27/3),x; = A sin (0t + 47/3)
Solution x, = Asin ot, x, = A sin (0t + 27/3), or x, = A sin (@t + 120°)
x3= A sin (@t +4n/3), or x3 = A sin (@t + 240°)
The resultant harmonic motion is given by x = x, + x, + x;
x = Asin wt+ A sin (@t + 120°) + 4 sin (0t + 240°)
Expanding the above terms,
= A sin ot + A4 sin @t cos 120° + 4 cos @t sin 120°
+4 sin w1 cos 240° + 4 cos ot sin 240
x= Asin wt—0.5 4 sin ot + 0.866 4 cos ot
—0.5 4 sin wt—0.866 A cos wt =0
Hence, the resultant motion of the three harmonic motions is zero.

EXAMPLE 1.8

Split up the harmonic motion x = 20 sin (@t + 71/6) into two harmonic motions,
one having a phase angle of zero and other having a phase angle of 50°.

Solution x =20 sin (ot + 71/6) = 20 sin (vt + 30°)
Let x, =X, sin (ot + 0) = X, sin @t and x, = X, sin (@t + 50°)
x=xtx,

20 sin (@? + 30°) = X, sin @7+ X, sin (@7 + 50°)
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Expanding the above terms and equating the coefficients of sin w7 and cos wt, we
get

20 sin w1 cos 30° + 20 cos @t sin 30° = X, sin ¢
+ X, sin @t cos 50° + X, cos w1 sin 50°
X, =8.93,X,=13.055
x1 = 8.93 sin w¢, x, = 13.055 sin (0t + 50°).

EXAMPLE 1.9

The displacement of a vibrating body is given by 5 sin(31.415¢ + 7/4).

Draw the variation of displacement for one cycle of vibration and also deter-
mine the displacement of the body after 0.11 second.

Solution The given equation of motion, x = 5 sin (31.415¢ + 7/4)
The general solution is x = X sin (@t + ¢). Here, ® = 31.415 rad/s.
Also, w=2nxfor31.415=2xf .. @=>5 cyc/s.

Also the time period 7=1/f=1/5=0.2s.

By equation of motion, x = 5 sin (31.415¢ + 7/4)

At =0, x=3.53. t=0.025 x=5. t=0.05, x=3.53.
t=0.075 x=0. t=0.1, x=-353 ¢=0.125, x=-15.
t=0.15, x=-353. t=0.175, =x=0. t=0.2, x=3.53,

Displacement of the body after 0.11 second, x = 5 sin (31.415¢ + 7/4), x = — 4.45.

Displacement versus time graph for one complete cycle of vibration is shown in
Fig. p-1.9.

} } r } } } > Time
0 0.025 0.05 0.0750.1 0.125 0.15 0/175 0.2

Displacement
o

1 Cycle

|
[}
|
Y

Fig. p-1.9 Displacement versus time graph

Note: If the function is cosine then the curve starts from the negative sign below the
mean line.

1.13 HARMONICANALYSIS—FOURIER’S SERIES

In actual experiments on vibrating systems, a plot is made of the vibration the system
is undergoing. Such a plot is generally periodic. This periodic function needs to be
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analysed for knowing the characteristics of the vibration under study. Analysing this
function in terms of its harmonics is called ‘harmonic analysis.’

The French mathematician and physicist. Jacques Fourier (1768—1830) was the first
to use a certain series in his work, now called the Fourier series. Fourier has shown
that any periodic function can be represented by a series of sines and cosines. It is
this work of Fourier which helps in analysing the experimentally obtained vibrations
and plots analytically.

If x(¥) is a periodic function with time period ‘7’ then it is represented by the Fourier
series as

x(H)=ag+a;,coswt+a,cos2 wt+ascos3wr+ ... ..

b, sin wt+ b, sin 2wt + by sin 3w+ ... ...

x(f)=ay+ X [a,cosnwt+ b, sin nwf] ..1.19

n=1
where @ = 271/7 is the fundamental or first harmonic frequency.
The term (a, cos @t + b, sin w?) is the fundamental or first harmonic.
The term (a, cos 2wt + b, sin 2f) is the second harmonic, and so on.

The various coefficients a, a, ... b, b, ... of the individual sine waves and the constant
a, is called the Fourier constant and can be determined analytically or numerically
when x(7) is given.

. %o . . . .
Note: To write 5 instead of ‘a,’ is a conventional device to be able to get more

symmetric formulae for the coefficient.

1. To determine a, Integrate both sides of Eq. 1.19 over any interval of time
T=2n/®. Now according to the above formula, all the integrals on the right-hand side
(RHS) of the equation are zero except the one containing ‘a,,

T T T 7

ie. Jx@dt=](ag)dt = (@ap)t|, [ x@dt=ayr
0 0 0 0

Since 7=2m®,

r 2

gla

2r 4]
x()dt=ay—> . ag=7~_]) x(H)dt ..1.20
fra-f a2

2. To determine a,, Multiply both sides of Eq. 1.19 by ‘cos nwr’ and integrate

over any interval of time 7= %r Then all the integrals on the right-hand side (RHS)

are zero except the one containing ‘a,,,

n 2” 27t
()
+
ic. a,=]x(t)cosnard- Ja,, cos? (n wf)-dt = an[M] dt
0
27t

G, sin2noiPre g o
2 [ e ]0 @y OF @ = Jx(t) cos (nwf) dt 121
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3.Todetermine b, Multiply both the sides of Eq. 1.19 by ‘sin new?* and integrate
over any interval of time 7= %r Then all the integrals on the right-hand side (RHS)
are zero except the one containing ‘b,’,
27
[0
ie. b, =2 [ x(t)-sin (no1) dt 122
0

Substituting the values of ay, a,and b, in Eq. 1.19, we get

x(f) = ay+ X [a, cos nwt+ b, sin n 0f] ..1.23

n=1
Note: In case of even function if x (¥) = x (—7), ‘ay’and ‘a,’ will be present and b, =0,
i.e. symmetric.

If x(f)=—x(—1), only ‘b,’will be present and a,= a, = 0, is called the odd function,
i.e. unsymmetric.

EXAMPLE 1.10
Determine the Fourier series for the curve as shown in Fig. p-1.10(a).

Fig. p-1.20 Sawtooth curve
Solution The time taken by the vector to rotate through 27 radians is called time
period (7). So the above motion can be represented as shown in Fig. p-1.10(b).

2r 27
=ﬁ Ora)=7

The equation for straight line ‘4B’ is given by y = mx + ¢, (Er) t+0

0 < x < 1, c =0 since it starts from origin.

The Fourier series is represented by the equation for the above motion as
x(f)=ap+a,cos wt+a,cos2 wt+ ...

bysinwt+b,sin2 wt+ ...

x(f)= ag+ X (a,cosn @t+b,sinn f) (0]
n=1
2 2
o o

To determine a, The equation for a, = %J x(H) dtor ay = J (%)t dt
0 0
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E T T t2 2
T (E), 4=L.E _E|r _E|T|_E
_zﬂi(r)tdt e 12[2 ao 12[2] > (@)

. Y. . . .
Note: To write > instead of a, is a conventional device to be able to get more sym-
metric formulae for the coefficient.

2z
, . [0
To determine a, The equation for a, = EJ x(f) cos nwt dt.
0

Substituting the values of ‘@’ and x(¥),
27

T
Et) 21 E
a,,—T—ﬂ0 (7 cosna)tdtora,,—?‘([ 7 [ cos not dt

2E tsinnan' cos n wt]”
TT

:2_E Ts1nna)r+cosnw1' _fo+ 1

T nw (nw)? (nw)?

. 2m 2r

2E TSlnnTT COSnTT 1

=== + -
2 2 2

T " 2_177 (nw) (nw)
?[ oy (nw)?|
a,=0 ..(b)

27

To determine b, The equation for b, = %J x(?) sin not. dt.
0
Substituting the values of ‘@’ and x(t),

IJ( )tsma)ntdt

Ay +1

wn - o n?

Pl

_ l(ﬁ { _ cos wnt sin a)nt}“)

Fourier series representation of the series is x(f) = n Z g Sin not
n—
_E (— ) . 27r)
=2 +\ "Z_‘,l sin| =) nt
b n = 0 (C)

For even function, b, = 0, and for odd function, a, =0 and g, =0
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Substituting the values of a,, a, and b, in Eq. (I), the Fourier representation of
harmonic motion of the given curve is

x(f) = g - (%) Zl‘, %sin not

EXAMPLE 1.11
Determine the Fourier series for the curve shown in Fig. p-1.11(a).

x(t) 4 x(t) &
EnN
D ______A _______________ D A
§ ' 5 § i
%) I ! it |
I : >t : >t
0 T 2r  3m 4= 0 ™ 2r 3r  4rm
c c
e—TF—
(a) (b)

Fig. p-1.11  Representation of periodic motion of a triangular curve

. . 2
Solution The time period ‘7’ is (OC) one complete cycle T = Eﬂ second or the

frequency o = 277r rad/s.

The equation for the straight line ‘O4°, y =mx+ ¢, x() = (5/m) t+0,c =0

Since start from origin, Fig. p-1.11(a), x()= (%) t0<x<nm
The equation for the straight line ‘AC’°, y = (-5/m)t+ (5 + 5) is shown in Fig. p-1.11(b),
twice the slope, i.e. (E4+AC)=(5+5)

x(t) = (-5/m) t + 10, slope is —ve, since it is measured in clockwise direction from
adjacent side (base).

=5
x(H) = (F)H 10, r<x<2m.
The Fourier series is represented by the following equation for the above motion:
x(f)= ay+a,cos Ot +a,cos2 or+ ...
b;sin wt+ b,ysin2 wt+ ... or

x()=ay+tX (a,cosnwt+b,sinnwr) (D
n=1

T
. [0}
To determine a, The equation for a, = E‘[ x(¢) dt
0
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T 2z
=—J x(t)dt—z—{J x(dt+ | x(t)- dt}

=2ﬂ{jf( )tdt+j( )t dt} a,,=2—a; ﬂ{g}:—%{g}iﬂJr[lOt]in]

0

R L e

|

107 4
2 %270

[S5m— 157+ 20x] = =%=2.5 ...(a)

1
2w x 2
To determine a, The equation for
® T w27r/w
a,= E.([ x(f) cos not. dt = E-([ x(f) cos n wt. dt

n

olf(s Tis
=7 {(ﬁ) tcosn (Dt+;[ {—Et+ 10} cosn wt‘
w 5{ sinnt 1. cos nt}” —5{ sin nt nt}zﬂ {sinnt}“]
=—|={t =22 =y +cos—; +10
T\ n n2 o T n n2 0 n 0
ol5 . sin nT = COS N 1 5 COS NT COS NTT
:Eﬁ{”cos n T3 _0__2}_5{0+ 2 2 }]
n n n n
_ Q'g{cosnﬂ L} i{i cosmr}]
T g2 2] '\ 2 2
_@[5Scosnr 5 5 icosnﬂ]zl 5 5 5 5
T .ﬂ' n2 ﬂn2 7rn2 n n2 r ﬂn2 ﬂn2 ﬂn2 ﬂn2
20

a,= - ..(b)if n—odd
n

n
a,=0, ifniseven.

To determine b, The equation for

2r
T Junidd

b,= %‘!x(t) sin nwt. dt = %£ x(f) sin not. dt

T
o 5) ( 5 ) .
ﬂj ( tcos nwt+\——-t+ 10 sin not. dt
. T 5
=_ cosnt+smnt Jr_5 t+cosnt s1nnt cosnt}ft
n Jo T nom

T n -0-x 2 n

cos n7r 5 2nw cos nw 1 cosnt\27
I
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If n is odd,
o[5/my 5( 2n =& 1 1 1[5 10 5 10 10
:E[E(ﬁ)‘ﬁ(‘?‘ﬁ)_10(%*5)]’=ﬁ[ﬁ+7_ﬁ_7_7 =0
If n is even,
5 107r Sz 10 10

- = —=0 ...(c)
SR

Substltutlng the values of ay, a, and b, in Eq. (a), the Fourier representation of har-
monic motion of a given curve is

=2+ =

n— lﬂ'l’l

EXAMPLE 1.22
Find the Fourier series for the curve as shown in Fig. p-1.12(a).

cos notif ‘n’ is odd, and x(¥) = ; if ‘n’ is even.

x (t) A

___________ D L
10
v >t
0
[€— 0.3 s —>I« »<—0.3s >
02s
[«—1 Cycle —><«—27 —>
T= E
w
(a)
X(l‘)“
D (0.3, 10)
10
¢ (0.3,0)
>t
(0,0)0 A
«— 0.3 s —>I« »><«—0.3s >
02s
[«—1 Cycle —><«—27 —>
T= ﬁ
w

(b)
Fig. p-1.122 Representation of periodic motion
Solution In Fig. p.1.12(a), one complete cycle =

T=0A+A4B=0B,7=03+02=05s

2
Butw=Torw—E—47rrad/s

[In Fig. 1.12(b), OD is a straight line. The equation of a straight line is given by

(=2 - (222 - (27 - (05-9)
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20 = (13 0<x<03,x (9= 0 03<x<05]

The straight line ‘OD’ is given by the equation y = mx + ¢, x (f) = (10/0.3) t+ 0, c =0,
since it starts from origin.

x(%) =%=@ when0<x<0.3

x(f) =£—2=00.3SxS0.5

The Fourier series is represented by the equation for the above motion as
x(f)= ag+a; cos wt+a,cos2 wt+

b, sin wt+ bysin 2 wt + -

or x(t) = ay+ X (a, cos wt+ b, sin n 1) (D
n=1
T

. [0
To determine a, The equation for a, = _27r-[ x(9) dt
0

Put  =4rrads, x(t)=@and limits 0<x<0.3
o _4n IOOt) (100)(12)3
- J"(’)d (3'”” 22\ 3 1\2)o
2
(1 [03 9] o
ay=3=32=15 .(a)

To write ay/2 instead of a, is a conventional device to be able to get more symmetric
formulae for the coefficients.

o
To determine a, The equation for a, = % J x(f) cos n wt. dt

0

i 03
47rj ( 100z ) cos (4rnt)dt = 400 [tsin4r nt | cos 4 nt
3 3 4zn (@mny?
_400[0.3sin4 zn ><0.3+cos47rn><0.3_ 1
3 4mn (4mny? (4mny?

a - 10 sm; 1.27n 4 5 €08 2 72rn 25 _
n (77:2 n®)  3(47n)

a,= 77(,)1 sin(1.2 n) + {cos (1.2 zn)-1} ...(b)

ﬂz 2
L
To determine b, The equation for b, = — J x(?) sin nwt. dt
0
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03
4r 1000z 400 [t cos 4w nt  sin 47nt]03
= 7}[ ( 3 ) sin (4rnt)dt = 3 amn + (47rn)2
400 03 cos (4mn x 0.3) N sin (4zn x 0.3)
3T 4rn (4xn)’
= 7131 cos (1.2 wn) + 8.33 5 sin (1.27n) (©)
n?

Substituting the values of a,, a, and b, in Eq. (I), the Fourier representation of
harmonic motion of a given curve is

x(H) = %Jr"Z:‘,l {7131 sin(1.27n) + :;3 S(cos 1.2mn— 1)} cos 4nnt

10
+3Y —cos127rn+—s1n127rn}sin47rnt
n=1 { n ﬂzn

EXAMPLE 1.13
Determine the Fourier series for the curve shown in Fig. p-1.13(a).
Solution The one complete cycle, (OC + CE) = 2mis shown in Fig. p.1.13(b).
.. time period or periodic time 7= 27, The frequency

_2m_2m

T o 1 rad/s
The straight line ‘OB’ (forward direction +ve) is given by the equation y =mx + ¢
x()=(A/m2) t+ 0= 2A/m)t. ¢ =0, since it starts from origin.

x(t) = (#)t, 0<x<m2
The straight line ‘BC’ (reverse direction —ve) is given by the equation
y=mx+c, x(t) = (-A/n/2) t + (A + A), c = twice the slope (FB + BC) = (4 + A) as
shown in Fig. P.1.13(b). x(¥) = ( 2A) t+(24) =( 2A) t+24, 12<x<m.
The Fourier series is represented by the following equation for the above motion.

x(f)=ag+a;cos wt+a,cos2 wt+ -

b,sin wt+b,sin2 wt+ - or

x()=ay+ 2 (a,cosn @t+b,sinn o) (D
n=1 .
To determine a, The equation for g, = zﬂj x(f) dt
0
n
o 2
() =2 x@ydt+] x@)adt
27 g w2
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FA x (1) FA x(t)
B
e . A :
i \C sw2 E/ . \C 32 E/ .
0 w2 n\/&z 3 t' 0 w2 o« E 2 3 ¢
D L . b
(a) (b)

Fig. p-1.13 Representation of periodic motion

Substituting the values of ‘@’ and x(¥),

"3 “{’5 o 7 5, oz,

2A 2 24 [ n? 712} 71']
R R ARl

4 24 3712} E]
a4 ,,{ s ) v4(3)
l[ﬂ_er ]=l A7r—3A7r+4A7r] 1 2A7r]
4
A
a0=5 (a)

21
w

. . w
To determine a, The equation for a, = J x(f) cos nwt. dt
0

Substituting the values of ‘@’and x(?),

2 T
a =%£ (27A)tcosn(2)tdt+J { (ZA)t+2A}cos2nt.dt

n

NI

ale

. E _ .
24 : sin 2nt 4 cos 2nt )5 + 24 t'sm 2nt cos 2nt)”™ 2A{ sin 2nt }”
T 2n 4n? T 2n 4n? 2 2n )Z

an? an? T

=Q[2_A cosnw 1 }_Z_A{L_cosnﬂ}]
an? 4n?

_ [Acosmr A +Acosn7r]__[ ()]
20’ 2mn® 2mn®  2rm 27n?
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_T2xAx4 44 ...(b), where n = odd. If ‘n’ is even, a, = 0.

21 n? n’

2o
To determine b, The equation for b, =—- J x(?). sin n wt. dt.
0

Substituting the values of ‘@’ and x(¥),

n
2
b =QJ (2A)t s1nnwt+J ( 2A)t+2As1nna)t dt
n ﬂo p!
2
_w[24 t_cosn2t+sin2nt e
T 2n an* Jo
H n
+—2A —tcosZnt+31nnt v 4 {—cosnt}”]
T 2n 4n® ) an 2n )2
:Q[Z_A —_ﬂ‘cosmr}_Z_A{—_ﬂXLJrg‘cosmr} 2A{ 1 cosnﬂ}]
2n T2 2n 2 2n 2n 2n
@24 Acosng A Acosnm A cosmr _
bn—E{F— osn, 4 _ACOSNE A4 }b -0 ©)

Substituting the values of a, a, and b, in Eq. (I), the Fourier representation of har-
monic motion of a given curve is

x(H)== + Z _24A2 cos nwt for ‘n’ = odd, and x(¥) = 4 for ‘n’ is even.
4 n 4

1.14 WORK DONE BY HARMONIC MOTION

The work done by a harmonic force on a harmonic motion of the same frequency is
a practical requirement in vibration study.

Let a harmonic force F' = F; sin @t be acting on a vibrating body having SHM
x =Xsin(wt - ¢)
The work done by the harmonic force during a small displacement dx is F. dx

dx
or F. I dt ..1.24
-. for work done in one complete cycle (7), integrating the Eq. 1.14 between limits
‘0’ to ‘7" we have,

Workdone—J Fedx= j Fjdt 125



34  Mechanical Vibrations

Substituting the values of ‘F” and ‘x” in Eq. 1.25,

T
Work done = [FO sin wt% [X sin (@1 — ¢)] |a
. :

T

= [ [Fy sin ot X cos (0t - ¢)]dt
0

~FyX o] {sin ot cos(wt - ¢)}dt
0

T

Work done = FOXwJ {sin @t - cos Wt cos ¢+ sin W¢- sin Wt - sin P}dt
0

T

= FOX(DJ {sin @1 - cos @t - cos ¢ + sin® @1 - sin P}dt
0

¢ (sin2 ot (1 -cos2w?)
- FyXo| {S"‘zw -cos¢+fsin¢}dt

T

= FOX(DJ {sin @7 - cos @t - cos ¢ + sin® wz. + sin P} dr
0

‘ in2 wt (I1-cos2w- 1)
~FyXo | {%-cos ¢+fsin¢}dt

cos ¢(—cos 2wt) +(sin ¢) (t—sin 2wt)}:

Work done = F|, wX{ 2 o ) 2o

- cos ¢ sin ¢ sin 2 ot ]
—FOXa)[ 10 {-cos2 wt+1}+ 5 {1— 2o —0}

®=nXF,sin ¢ 126

If $ =0, in Eq. 1.26 then work done will be zero. It means force and displacement
should not be in-phase to get the work done.

cos sin
=F0Xa)x[4—w¢{ cosZw%r+l} L4 %—sinZw-%—O]
sin ¢ 27r sing 27
—FOXa)[ 1}] > 0]’—F0Xa)[0 Y

Work done = Fj, X sin ¢, work done = 7 F) X sin ¢.

Thus, it is only that component of the force in phase with the velocity (¥, sin @)
which does the work. The component in phase with displacement does no work in
harmonic motion.

The maximum work (7 F, X) is done when ¢ = 90°, that is when the force is leading
the displacement by an angle of 7/2.
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If the force is lagging the displacement then work is done on the force by the
system.

If it is required to find the work done during a fraction of a cycle then actual integra-
tion should be carried out within the given time limits.

1.15 REPRESENTING HARMONIC MOTION IN
COMPLEX FORM

Consider two lines X' OX, Y' OY at right angles to each other. Let all the real numbers
be represented by points on the line X' OX called the real axis, positive real numbers
being along ‘OX and negative ones along OX'. Let the point ‘L’ on ‘OX’ represent the
real number ‘x’ shown in Fig. 1.17(a). Since the multiplication of a real number by ‘i’
is equivalent to the rotation of its direction through a right angle, therefore, let all the
imaginary numbers be represented by points on the line YOY! called the imaginary
axis M, the positive ones along ‘OY” and negative along ‘OY'. Let the point ‘M’ on the
‘0Y represent the imaginary number ‘iy’. Complete the rectangle OLPM. Then the
point whose Cartesian coordinates are (x, y) uniquely represents the complex number
z =x + iy on the complex plane z.

AY X = iox
Imaginary axis
P(z=x+1iy) iax
-------------- . xX=re
r Ey
by 9 5 N
< > X

o f x LX) Real axis

Yy

Fig. 1.27 Representing harmonic motion in complex form

If (r, 6) be the polar coordinates of ‘P’ then ‘7’ is the modulus of ‘z” and ‘@ is
its amplitude. Let ‘v’ represent complex number v = x + iy, where i = V-1 and ‘x’
and ‘y’ denote the real and imaginary components of ‘z’ respectively as shown in
Fig. 1.17(a).

Letv= \]x2 +y? be the modulus of complex number and it is also equal to the mag-
nitude of the vector. If the vector makes an angle ‘@’ with the x-axis then 6 = tan™
(y/x). It is also the angle that the vector makes with the x-axis. Therefore, the vector
can also be written as v=r (cos 0+ i sin 6) = re'® by Euler’s formula.

For a particle if ‘7’ is the amplitude and ‘@’ is its circular frequency then,
Displacement  x =7 (cos @t + i sin @) = re'®’ ..1.27
Differentiating Eq. 1.27 w.r.t. time ‘¢,

Velocity x =@r(—sin Wt +icos wf) =i wr(cos wt+isinwf) ..128

ior ¢ =i wx known as velocity vector
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Differentiating Eq. 1.27 w.r.t. time ‘¢’ once again,

Acceleration x = i@ r(— sin @t + i cos @f) = i* @° r (cos @t + i sin w1) = i* &’ r &
=— @’ x ...(1.29) known as acceleration vector.

From Fig. 1.17 (b), it is seen that velocity vector leads the displacement vector by 90°
and the acceleration vector leads the velocity vector by 90°. It can be seen that the
multiplication of a complex number by ‘i’ is equivalent to rotation of the correspond-
ing vector by 90°.

EXAMPLE. 1.14
Represent the following complex numbers in exponential form.

()-2+id (i)-2-id (ii)-3+j4 (iv)3+j4

Solution
@ r=Ve2)?+ 4 =\20 =25

6 =tan™! _12 =~ 63.43° =~ 1.107 rad, 6= tan™' _4_2 _2y5 1107
i) r=VA+ 16 =20 =25

6 = tan™' _4—2=—63.43° =~ 1.107 rad, - 2 — i4 = 25 ™17

(iii) Let V=-3+j4,=rcos ¢ +jrsin ¢ =r (cos ¢ +j sin ¢) = rel®
-3 =rcosf..(a) 4=rsinfh...(b)
Squaring and adding Eq. (a) and Eq. (b),
(-3)>+16 =r* cos? 0+ P sin® 9,25 =12, r=5
Dividing Eq. (b) by Eq. (a),

rsin _ 4 -4, _1(—_4)2_ . o 0927
7 cos 0 _3,tan0 3,0 tan~ |3 0927 . V=5e¢
(iv) Let V=3+j4
Put 3=rcos0..(a) 4=rsin0..(b)

V=rcos @+ rsin 6,=r(cos 0+ sin 6), V=re'®
From Eq. (a) and (b), 3 =7 cos 6,4 =rsin 0.
Squaring and adding the above equations,
9+ 16 = #* cos® @+ #* sin® 6, 25 = * (cos” 0+ sin” 6)
#* =25 because cos’> 0+ sin® 0=1,r=5

rsinezi 4, —l(i):
" cos 0 3,’LanG 3,0 tan 0.927

3
y = 5 /0927

Dividing Eq. (b) by Eq. (a),
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EXAMPLE 1.15

Represent the following complex numbers in rectangular form.

@5 (i)17eP™
Solution (@) V=75 e o1 being the angle in radians.
=5[cos 0.1 +;sin 0.1]1=5[0.925 + 7 0.099] or V" =4.97 + j 0.49.
(ii) ¥ = 17 €7>™, 3.74 being the angle in radians.

= 17[cos 3.74° —j sin 3.74°] = 17 [(-0.820) —j (—4.559)] or V' =—14.08
+79.50

REVIEW QUESTIONS

(1) What is vibration? Explain clearly the different types of vibrations: linear vibration,
nonlinear vibration, deterministic vibration, nondeterministic vibration or random
vibration.

(2) Define natural frequency. Why is it important to determine the natural frequency of a
vibrating system?

(3) Define the following terms: free, undamped, damped, and forced vibration; resonance;
phase difference; periodic motion; time period; amplitude and degrees of freedom.

(4) Explain clearly the rectilinear or longitudinal vibration, lateral or transverse vibrations
and torsional vibrations.

(5) Distinguish between the
(i) Free vibration and forced vibration
(i) Undamped vibrations and damped vibrations
(iii) Rectilinear system and torsional system
(iv) Deterministic vibration and nondeterministic vibration.

(6) What is harmonic analysis? Suggest two methods for finding the time derivative of a
harmonic motion.

(7) Explain simple harmonic motion and beat phenomenon.

(8) Distinguish between periodic motion and harmonic motion.

(9) Explain work done by harmonic force on a harmonic motion.
(10) Write notes on (i) Causes of vibration (ii) Effects of vibration.

(11) Explain the various elements of a vibratory system. Compare the system parameters
of a rectilinear and torsional system.

PROBLEMS FOR PRACTICE

(1) Add the following harmonic motions analytically and check the solution graphically.

x, =15 sin (wt+ g), x, = 8cos (wt+ g)
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Ans. x =12 sin (@t + 7i/3).

(2) Add the following harmonic motions analytically and check the solution graphically.
x, =2 cos (wt+0.5), x, =5 sin (ot + 1.0).

Ans. x = 6.2 sin (0t +1.28°), x = 6.2 sin (ot + 73.6°).

(3) Add the following harmonic motions analytically and check the solution graphically.
x, =2 sin (@t + 60°), x, = — 3cos (w? + 120°) and express the sum in the form x = X sin
(@t + ¢). Check the solution graphically.

Ans. x = 4.84 sin (@t + 42°), x = 6.2 sin (@t + 73.6°).

(4) A body is subjected to harmonic motions x; = 10 sin (@¢ + 30°) and x, =5 cos (@¢
+ 60°). What harmonic motion should be given to the body to bring it to equilib-
rium?

Ans. x = 8.66 sin (@t + 240°).

(5) Split up the harmonic motion x = 8 cos (w¢ + 7/4) into two harmonic motions, one
of them having a phase angle of zero and the other having a phase angle of 60°.

Ans. 3.77cos wt, 6.53 cos (wt + n/3).

(6) The equation of motion of a single-degree-freedom undamped system is given by
x =5 sin 2rt + nw/4), where ‘x’ is in cm and ‘7 is in seconds. Draw the variation of
displacement for one cycle of vibration and also determine the displacement after a
lapse of 0.1 second.

(7) A body describes simultaneously two motions: x; = 3 sin 40¢, x, = 4 sin 41¢. What
is the maximum and minimum amplitude of combined solution and what is the beat
frequency?

Ans. 7,1 and 1/27.

(8) A harmonic displacement is given by x(#) = 6 sin (207 + 7/3) mm, where ¢ is in seconds
and phase angle in radians. Determine (i) frequency and period of motion, and (ii) the
maximum displacement, velocity and acceleration.

Ans. (i) 20 rad/s, 0.314 s (ii) 120 m/s, 2400 mm?/s.

(9) A harmonic displacement is given by x = 12.5 sin (15 z¢ + 60°) where #is in seconds.
x is measured in cm and phase angle in radians. Determine (i) frequency and period
of motion, (ii) the maximum displacement, velocity and acceleration, and (iii) the
displacement, velocity and acceleration at = 0.2 s and #=0.25 s.

Ans. (i) Frequency f= 7.5 cps, period 7= 0.133.
(ii) Displacement X = 1.25 cm, velocity = 0.6 m/s and acceleration = 27.8 m/s%.
(iii) At =02 X = 1.08 cm, velocity = 0.3 m/s and acceleration = 24.05m/s?
At t = 025 X = —-1.21 cm, velocity = — 0.1525 m/s and acceleration = 26.8
m/s%.
(10) An instrument has a natural frequency of 8 Hz. It can withstand a maximum accelera-
tion of 10 m/s>. Determine (i) frequency, (ii) amplitude, and (iii) maximum velocity.
Ans. (i) 50.3 rad/s. (i) 0.0032 m. (iii) 0.15 m/s.

(11) Show that the Fourier series expansion for the function x(#) defined in the finite interval
—n<t<abyx()=0[-n<t<0], x(¢) =sin ¢ [0 < ¢ < 7l is given by

1
+—sin ¢t

1 22 (cos2nrm
(o 1) 2

XO=7-47Z 1

n=1
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(12) Develop the Fourier series for the curve shown in Fig. p.p.-1.12.

y
A
A
[a\)
£ c
Y >
x X >t
I
v40-15 ><O1s N2
< L -
Fig. p. p-1.12

Ans. The Fourier representation of harmonic motion of a given curve is

© 4 4= 1
xH=X Esin 10 nnt=;2 2 sin 107nt.

n=1 n=1

(13) Determine the Fourier series for the part of the sine wave curve as shown in

Fig. p.p-1.13.
2E, A4E, E
Ans. x(f) = — —— ( ) cos 100 nrt.
T T n=1 4n2 -1

x(1)
A

Part of sine wave

o
> 0.1s [«

Fig. p.p 1.13
(14) In a certain periodic motion, the period time 7= 0.1 s is given by
(x) =200£0<¢<0.05, (x) =-200¢+20, 0.05<¢<0.1

Determine the Fourier series.
40 40
Ans. x(f)=5-— [cos 207t — (—) cos 60 a)t] as @ = 207.
n? 977
(15) Represent the following complex numbers in exponential form.
i)3-j4 (ii))—-3-j4

Ans. (i) Se—J0,026, (Or 56.15,358) (ii) 5 eJ4,068‘
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OBJECTIVE-TYPE QUESTIONS
(1) The interval of time taken by a vibrat- (a) damped vibration

@

3

“

®)

(6

ing body to complete a cycle is called

(a) frequency  (b) amplitude

(c) period

(d) none of the above

Resonance is a phenomenon when the

frequency of the external exciting force

is

(a) twice the natural frequency of the

system

(b) half the natural frequency of the

system

(c) same as the natural frequency of

the system

(d) none of the above

Periodic motion is a phenomenon of

(a) the to-and-fro motion of a body
about a mean position

(b) motion which repeats itself after
equal interval of time

(c) the interval of time taken by a
vibrating body

(d) none of the above

The harmonic motion is

(a) sine wave  (b) cos wave

(c) sine wave. cos wave. tan wave

(d) the simplest type of periodic
motion

Beats phenomenon is

(a) this is not a simple harmonic

motions but similar

two harmonic motions with fre-

quencies closed to one another

(b)
(c) circular function repeating itself in
2m radians

(d) none of the above

When there is a reduction in the ampli-
tude over every cycle of vibration of a
vibrating body, it is said to be

Q)

@8

~

®

(b) free vibration
(c) forced vibration
(d) undamped vibration

When the particles of a body or system
move approximately perpendicular to
the axis of the body then the vibration
is said to be

(a) longitudinal vibrations

(b) undamped vibrations

(c) torsional vibrations

(d) lateral or transverse vibrations

If all the basic components of a vibra-
tory system behave linearly, the result-
ing vibration is known as

(a) nonlinear vibration
(b) deterministic vibration
(c) linear vibration

(d) random vibration

In analysis of Fourier’s series, ‘a,” and
‘a,’ will be present and b, =0 if

(a) in case of even function if x(f) =
x(-1)

in case of even function if x(¢)
== x(-1)

if x(f) = —x (- ¢ and if x(¢) =
x(—1)

none of the above

(b)
©
(@

(10) A body is subjected to two har-

monic motions x, = 15 sin (@t + 7/6)
superposed on a body. Which harmonic
motion should bring the body to equi-
librium?

(a) x =8.66 sin (wt + 240°)

(b) x=-8.66 sin (wt + 240°)

(¢) x=20.2 sin (@t + 220°)

(d) x=-20.2 sin (ot + 220°)

Answers
M c @c 3 b 4d () a (6) a
(7 d 8) ¢ ) a (10) d



UNDAMPED FREE
VIBRATION OF
SINGLE-DEGREE-OF-
FREEDOM SYSTEMS

1.14 INTRODUCTION

When an elastic system is disturbed from its equilibrium by an impressed force, the
system starts vibrating. If the impressed force remains absent during the resulting
vibration, the system is said to have free vibration.
The system in such a case vibrates at its natural frequency. In course of time, the
vibration dies down due to energy dissipation by the motion itself. The natural
frequency of a system and rate of decay of its motion are the two interesting aspects
of vibration study. If damping of the system is negligible (only spring mass) then
only the determination of natural frequency remains to be done.
Note: In case of undamped free vibrations, there will be two forces acting on a
system, i.e. inertia force and spring force (elastic forces).
In solving vibration problems using equilibrium method, the steps are involved as
follows.

1. Study the physical system.

2. Take a displaced position of the mass or masses.

3. Assume a direction (+ve or —ve) for the displacement.

4. Draw the free-body diagram (See Sec. 2.12. Note for FBD) indicating the

forces acting in various directions.
5. Apply Newton’s second law of motion, i.e. XF = ma.

1.14 ANALYSIS OF VIBRATION PROBLEMS

The analysis of vibration problem involves the following steps.
1. Formulation of the physical problem into mathematical model.

2. Writing down the equation of motion. This could be done by the first principles
of dynamics. Both equilibrium methods and energy methods can be employed.
The choice depends upon the convenience of the resulting analysis.

3. Writing down the solutions for the equations of motion and determining the
constants occurring in the solution by using the initial conditions.
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METHODS OF ANALYSIS

The methods of analysis of vibration problems are as follows.
(1) Equilibrium method (2) Energy method (3) Rayleigh’s method
1. Equilibrivm method
The equilibrium method is once again subdivided into two methods:
(a) Newton’s second law of motion (b) D’Alembert’s principle
(a) Applying Newton’s second law of motion The equation of motion is just
another form of Newton’s second law of motion. By Newton’s second law of
motion,
Sum of forces = Mass x Acceleration.
The algebraic sum of forces is equal to the mass into acceleration, i.e. XF = ma.

Or XF = mx (Restoring force) = (Inertia force) and M = I, 6, i.e. the algebraic sum
of moments is equal to the mass moment of inertia into angular acceleration.

(b) Applying D’Alembert’s principle D’Alembert’s principle states that “a body
which is not in static equilibrium by virtue of some displacement can be brought to
static equilibrium by introducing on it the inertia force which is equal to mass times
the acceleration of the body and acts through the centre of gravity (CG) of the body
but in the opposite direction to the acceleration” (displacement).

In this method for equilibrium, the algebraic sum of forces and moments acting on
it must be equated to zero. The forces arc Inertia force, the spring force (restoring
force) damping force and the external force,

ie. XF =0and M =0.
2. Energy method
The energy method states that the sum of the kinetic energy and potential energy is

constant in a conservative system,
ie., PE+ KE = Constant

. . d
Differentiating both sides with respect to time ‘7, i.e. % [PE + KE] = o (constant)

The resulting equation is the equation of motion.

Energy may be defined as capacity to do work. It exists in many forms, i.e. mechani-
cal, electrical, chemical, heat, light, etc.

Though there are many types of mechanical energy, the following two types are
important: (a) Potential energy (b) Kinetic energy.

(a) Potential Energy (PE) It is the energy possessed by a body, for doing work, by
virtue of its position, for example,

(i) A body raised to some height above the ground level possesses some potential
energy, (PE) because it can do some work by falling on the earth’s surface.

(ii) Compressed air also possesses potential energy, because it can do some work
in expanding to the volume it would occupy at atmospheric pressure. A com-
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pressed spring also possesses potential energy because it can do some work
in recovering its original shape.

Now consider a body of mass (m) raised through a height () above the datum level.
We know that work done in raising the body = Weight x Distance = mgh

This work (mgh) is stored in the body as potential energy. A little consideration will
show that the body while coming down to its original level, is capable of doing work
equal to mgh.

(b) Kinetic Energy (KE) It is the energy possessed by a body, for doing work,
by virtue of its mass and velocity of motion. Now consider a body which has been
brought to rest by a uniform retardation due to the applied force.
Let

m = Mass of the body

u = Initial velocity of the body

F = Force applied on the body to bring it to rest

a = Constant retardation

s = Distance travelled by the body before coming to rest

Since the body is brought to rest, therefore, its final velocity,

v =0 and work done, W = Force x Distance = F X s .21

Now substituting value of ¥ =m x a in Eq. 2.1,

W=mas .22
v =u?~2as .- (minus sign due to retardation)
2
2as=u... (v =0, initial velocity) or as = >

Now substituting the value of (as) in Eq. 2.2 and replacing work done with kinetic

energy, s

mu
KE = 2
Note: In most of cases, the initial velocity is taken as ‘v’ (instead of u). Therefore,
. . WlV2
kinetic energy, KE = -

3. Rayleigh’s method In this method, “the maximum kinetic energy at the mean
position is equal to the maximum potential energy at the extreme position and which
is equal to the total energy of the system”, i.e. (KE),,,, at mean position = (PE),,, at
extreme position = Total energy of the system.

The resulting equation is the equation of motion which will readily yield the natural
frequency of the system.

Let us consider that motion of a vibrating body to be simple harmonic motion of
x=Xsin ot

. . dx . . .
The velocity at time ‘2’ seconds, ik X o, cos w, t and maximum amplitude,
Xnax = X-
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The maximum kinetic energy at the mean position,

S S D S S § 2
KE o MV = 5 Mgy 2ma)ﬁX

The maximum potential energy at the extreme position, PE = %sz

As we know that (KE), .., = (PE) .«

1 2_ 1,0, =\/E
2mcu'z,,X 5 KX o 0, =\ rad/s

SPRING ELEMENT

Whenever there is relative motion between the two ends of a spring, a force is devel-
oped called, spring force or restoring force. The spring force ‘F” is directly propor-
tional to the amount of deformation shown in Fig. 2.1,

ie. FaxorF=kx.

where & = Stiffness of spring constant in N/m or N/mm.

The spring stiffness ‘%’ in the spring force is received to cause a unit deformation of
the spring, i.e. k= F/x.

Work done in deforming a spring is equal to the strain or potential energy in the
spring.

Energy stored, i.e. strain energy (SE) = PE
PE = 1/2 Fx, SE or PE = 1/2 kxx = 1/2 kx*

. . __Force F . _
Spring stlﬂ’ness,k—gl)eﬂection y - F=kx

. Potential energy = Area shaded = 1/2 x kx x x, PE = 1/2 kx’.

A
% Normal spring
§ L
[0]
o
o]
b kx
D
£
S
w v "
Deflection x

Fig. 2.1 Strain energy in a spring

SPRINGS IN SERIES

Let us consider a spring in series as shown in Fig. 2.2(a). We know that the spring
stiffness k = Force/Unit deflection, i.e. k£ = F/x.

But force F = Mass x Acceleration

Let ‘x’ be the displacement given to mass ‘m’.
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eq

(b)

Fig. 2.2 Springs-mass system in series

Then the spring ‘k,” will move by ‘x,” distance, and spring ‘k,” will move by ‘x,’
distance.

mg mg mg mg
kl =x—1 and k2=x—2 S X =k—landx2 k2
. mg mg
But total displacement, x = x; + x,, but kog = —~ . x= o
eq
mg _mg mg 1 1 1 kk,
—+—sr—=—+_ork,

k. k k kK kR T Tk,

eq eq

Then the given spring mass system will be reduced to as shown in Fig. 2.2(b). In
general, when the springs are in series, the equivalent spring stiffness is given by the
equation as follows.

ifk,=ky=hky =k, =k,

in this case, k., = k/4.

SPRINGS IN PARALLEL

Let us consider a spring in parallel, as shown in Fig. 2.3(a). Let ‘x’ be the displace-
ment given to mass ‘m’. Then both the springs will move by ‘x’ distance.

Total weight = Weight shared by spring k, + Weight shared by spring &,
mg = kyx + kx, but for equivalent system, k., = mg/x . mg = keq x
keqx = kx + kyx or keg=ky + k.

When the springs are in parallel, the equivalent springs
stiffness is reduced to as shown in Fig. 2.3(b).

S keq= kl + k2

In general, when the springs are in parallel, the equiva-
lent spring stiffness is given by the equation as follows: (b)

keq = kl + k2 + k3 + k4 + veey if kl k2 k3 k4 k mn Fig. 2.3 Spring-mass

this case, k., = 4k. system in parallel
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INCLINED SPRING

Let us consider a spring inclined at an angle ‘¢’ as shown in Fig. 2.4.

By applying a load ‘P’ in the direction of ‘x’, the axial component of ‘P’ in the direc-
tion of the spring, which is inclined at an angle ‘@’ to x-direction, is F' = P cos «.

Stretching of the spring & = F_Pcosa

k k X
Component of this deflection in the x-direction is
o
m

Pcos o Pcos’ a
5 =% L0 @
* k k O) O]
Equivalent spring constant is Fig. 2.4 Inclined spring-mass
k,= P_ sz =ksec’a. system
6, Pcos’a
ﬁ LAWS OF A SIMPLE PENDULUM

The following laws of a pendulum are important from the subject point of view:

1. Law of isochronism’s It states “the time period (7) of a simple pendulum does
not depend on its amplitude of vibrations and remains the same provided the angular
amplitude () does not exceed 4°.”

2. Law of mass 1t states, “the time period (7) of a simple pendulum does not
depend upon the mass of the body suspended at the free end of the string.”

3. Law of length 1t states, “the time period (7) of a simple pendulum is propor-
tional to the square root of the length (v7) where / is the length of the string.”

4. Law of gravity It states, “the time period (7) of a simple pendulum is inversely
proportional to /g, where ‘g’ is the acceleration due to gravity.”

Note: The above laws of a simple pendulum are true from the equation of the time
period, i.e.7=27 \/gz

NEWTON'S LAWS OF MOTION

The following are the three Newton’s laws of motion

1. Newton’s first law of motion states, “every body continues in its state of rest
or of uniform motion, in a straight line, unless it is acted upon by some
external force”.

2. Newton’s second law of motion states, “the rate of change of momentum is
directly proportional to the impressed force, and takes place in the same
direction in which the force acts”, i.e. ZF = ma.

3. Newton’s third law of motion states, “to every action, there is always an
equal and opposite reaction.”
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a NEWTON'S LAWS OF MOTION OF ROTATION

The following are the three Newton’s laws’ of motion of rotation:

1. Newton’s first law of motion of rotation states, “every body continues in its
state of rest or of uniform motion of rotation about an axis, unless it is
acted upon by some external torque”.

2. Newton’s second law of motion of rotation states that “the rate of change of
angular momentum of a body is directly proportional to the impressed
torque, and takes place in the same direction in which the torque acts”
IT=1,6.

3. Newton’s third law of motion of rotation states, “to every torque, there is
always an equal and opposite torque.”

ﬂ LAW OF CONSERVATION OF ENERGY

It states that “the energy can neither be created nor destroyed, though it can
be transformed from one form into any of the forms, in which the energy can
exist.”

1. In an electrical heater, the electrical energy is converted into heat energy.
2. In an electrical bulb, the electrical energy is converted into light energy.
3. In a dynamo, the mechanical energy is converted into electrical energy.

DERIVATION OF DIFFERENTIAL EQUATION
OF A CLASSICAL SPRING-MASS SYSTEM AND
ITS NATURAL FREQUENCY

Now let us consider a classical spring mass system. The system of Fig. 2.5(a) is in
equilibrium, due to its static equilibrium condition because the mass and gravita-
tional force (mg) will act vertically in the downward direction at the centre of mass,
whereas the same amount of static force (k) (where ‘&’ is static deflection and ‘%,
the spring force or spring stiffness) will act vertically in the upward direction as
shown in Fig. 2.5(b), i.e. mg = k6 and corresponding free-body diagram (FBD) is Fig.
2.5(c). Now give linear displacement(x) to the mass ‘m’ assuming the light spring in

k k :._m_.:
. ? k(x+ )
%) H
[m] ¥ ¥ 7 %
[m]s} [m] T ox kX m:
mg Tm

Fig. 2.5 Undamped classical spring-mass system with free-body diagram
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Fig. 2.5(d) (either to the upward or downward direction). A fterwards, write down the
free-body diagram (FBD) of the mass or masses.

The free-body diagram indicates [Fig. 2.5(¢)] what are the force or forces, moment or
moments acting in various directions in a displaced position, taking the equilibrium
position as reference point. Now apply any one method for deriving the differential
equation of motion.

Now, in this case applying Newton’s method, we solve the above problem.
By Newton’s method, ZF = ma, (restoring force) = (inertia force).
From FBD of Fig. 2.5(c), k (x + 8) — mg = —mX, or kx + k6 — mg = —mX.
But from free-body diagram of Fig. 2.5(c),
k6-mg=0 . hkx=—miormx+kx=0
This is the differential equation of motion for a spring-mass undamped system.

mx + kx = 0, divided by ‘m’ throughout. .. x + % x=0 .23
Comparing Eq. 2.3 with the SHM, @’ = %
Since the vibrations are natural,
D=0,
natural angular acceleration, @ =~ or w, \/7 rad/s.
But from SHM, x = X sin wr, differentlatmg w.r.t. time ‘¢’ twice.

x=X o cos o, i=— @’ Xsinwt,x + @’ x=0 .24
Slnce x=Xsin wt, comparing Egs. 2.3 and 2.4to Eq. 1.5 (* See Sec.10.2 Chapter 1),

(D =ﬁora),,= \Jﬁ

-, natural angular acceleration, @? = % or w, = \/g rad/s.
Nt ey £y~ £y A E o
atural frequency f,, 7 Ry . > Vm Hz or cps.

. . _1 _ m
The time period 7= 7 orT 277\/; s.

Note: We have mg = kd or . \/7 \f rad /s

Note: A free-body diagram (FBD) is a sketch or a drawing of a portion or a
part or a component isolated from the total system or mechanism. The forces
or moments acting on the portion are also indicated. The portion taken for
free-body diagram (FBD) should also be in equilibrium if the system is also in
equilibrium.
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SOLUTION OF DIFFERENTIAL EQUATION
DERIVED FOR A CLASSICAL SPRING-MASS
SYSTEM

Consider the simplest equation of a vibrational motion as x = X sin ot .25
as shown in Fig. 2.6, where ‘x’ is the displacement at time ‘7’ s,

and X = Amplitude, ® = Angular velocity in rad/s.

. . dx .
The velocity at time ‘¢’ seconds, it X o cos wt ..2.6

. . dx .. .
The acceleration at time ‘¢’ seconds, it —X o’ sin ot 2.7

—- >t
T

[«—— 1 Cycle —>

Fig. 2.6. Linear vibration of undamped spring-mass system with a graph

¥ =— 0’X sin @t = — @’x, since x = X sin ®f, i.e. ¥ + @*x =0 .28

For the above example in Fig. 2.6,

; .k k k \/?
mx+kx=00rx+ﬁx=0,a)2=morletw2,,=ﬁ.'.a),,= mradis 2.9

Suchavibration where the acceleration is directly proportional to the displacement and
is directed towards the mean position (—ve sign gives the direction towards the mean
position) is called a simple harmonic motion (SHM).

x =X cos @t is another example.
2.13.1 Solution of Differential Equation of a Body Executing
Simple Harmonic Motion

For a particle executing simple harmonic motion, the differential equation of motion
is given by

¥t+tafx=0 ..2.10
The solution of the differential equation is given by
x=Asin ot+ B cos ot 211

where ‘4’ and ‘B’ are arbitrary constants which are to be determined from initial
conditions.

Taking the initial conditions x =xyatt=0...(a), x=xyatt=0 ..(b)
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Substituting the values of Eq. (a) in Eq. 2.11, we get
xo =A sin(w x 0) + B cos (0 x 0), x,=B
Differentiating Eq. 2.11 w.r.t. time ‘7,
x=A ®cos t—B ®sin ot 212
Substituting the values of Eq. (b) in Eq. 2.12, we get
%o =4 @cos (&% 0) - B @sin (& % 0), x, = A®, 4 =72

Substituting the values of ‘4’ and ‘B’ in Eq. 2.11, we get
X

x= 50 sin Wt + x, cos @t. This is the complete solution of the differential equation
x =4 sin ot + B cos ot
where, A=Xcos¢ ..a B=Xsing ..(b)

Squaring Egs. (a) and (b) and adding, we get
A%+ B? = X* (cos” ¢ + sin’ ¢)
2B =X x=-N2+B
The solution of the differential equation X + ®? x = 0 can also be given by

x=Xsin(wt+ @) ..2.13

where ‘X" and ‘¢’ are two arbitrary constants which are to be determined by imposing
initial conditions.

2.13.2 Alternate Method to Determine the Complete Solution
of Simple Harmonic Motions

We have, acceleration ¥ =—a’x,

ie. X +a’x=0 214

The general solution of Eq. 2.11 can also be written as
x =Xsin(wt+ @) ..2.15

Here ‘X” and ‘¢’ are the two arbitrary constants to be determined from the initial
conditions.

The equation 2.15 can be expressed as x = X sin @f cos ¢ + X cos @f sin ¢

x = sin @t (X cos @) + cos wt (X sin @), x = X sin @t cos ¢ + X cos @t sin ¢
x =Asin ot+ B cos ot
where, A =Xcos ¢ ..(1) B=Xsin ¢ ...(ii)
Squaring Eqgs. (i) and (ii) and adding, we get
A%+ B? = X* (cos’¢ + sin’¢)
A2+B =X . x=a2+ B
B

Dividing Eq. (ii) by Eq. (), tan 9= - 9=tan”"(£)
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EXAMPLE 2.2

Determine the differential equation of a classical spring-mass system and its
natural frequency by using (i) D’Alembert’s principle, (ii) energy method, and
(iii) Rayleigh’s method as shown in Fig. p-2.1(a).

......

Fig. p-2.12  Classical spring-mass system with free-body diagram
Solution
(i) D’Alembert’s Principle Fig. p-2.1(a).

Neglecting the initial tension in the spring after putting the mass, the FBD of the
system as shown in Fig. p-2.1.1.

kx
spring force = kx, Inertia force = mx mx

m X + kx = 0. This is the equation of motion. T v ¢ ¢
X X X

. mx+kx=0. mg

Divided by ‘m’ throughout, Fig. p-2.2.1  FBD of Fig.
.k p-2.1
x+ 5, x=0.

Comparing with the SHM,
0’= % or o, = \/% rad/s

, 1 \/?
f,, = Natural frequency, f, = o Hz, f,= op \m Hz or cps.

(i) Energy method 10 _
F F & Normal spring
. . orce < >
- = h
Spring stiffness & Deflection X %
o
. F=kx S K
- Potential energy = Area shaded = 1/2 x kx x x &
PE = 1/2 kx’ & : )
By energy method in Fig. p-2.1.2, Deflection x
PE + KE = Constant. Fig. p—2.12.2  Strain energy in
. 1., spring
PE for the given system = 5 kx
. 1 5, 1 o,
KE for the given system = Hymvi=5mx
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LI IR S O
..ka+2mx Constant

Differentiating both sides w.r.t. time ‘7,

% [% k* + %m 3&2] = % (Constant), %kafc + % 2mxx =0
kxx+mxx=0, [mx+hk]x=0,x#0
mx+kx=0
This is the equation of motion. Divided by ‘m’ throughout, x + % x=0

Comparing with the SHM, w, = \/g rad/s

o, 1 \/?
Natural frequency f,, = o 5= 25 \m cpsor Hz
(iii) Rayleigh’s method
By Rayleigh’s method (Fig. p-2.1.3),

(KE)max = (PE)max = Total energy of the system

PE,_ -1 C))

max 2
1 .
KEmax = Em(x)rznax
By SHM, x = x sin @t,
x=wxcos O, At wt=0, &, 27, ...

X ¢ 2r
0 wt

Fig. p-2.12.3 Sine wave

x will be maximum .. x,_, = wx
(KE), .\ = % m(wx)? ...(b)
From Egs. (a) and (b), % ke = % ma’ x*
k=m® . ©*=km,orw, = \j% rad/s.

wll
Natural frequency f, = o

= z—lﬂ Vk/m cps or Hz.

EXAMPLE 2.2

Find the natural frequency of a spring-mass system considering the weight of
the spring as shown in Fig. p-2.2.
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Solution Let us consider a spring-mass system as shown in Fig. p-2.2(a). Let ‘m’
be the mass of the spring. Let ‘4’ be the spring stiffness and ‘/’ be the length of the
spring.

Consider an elemental length ‘dx’ at a distance ‘X’ from the fixed end and let ‘W
be the weight of the spring/unit length. Let ‘4 be the static deflection of the small
elemental length ‘dx’ and ‘y’ be the static deflection of the entire length of the spring
‘I’ as shown in FBD Fig. p-2.2(b).

mass of the small elemental length ‘dx’ of the spring = W/g. dx.
From similar triangles in Fig. p-2.2(b),

6_x o x
¥y~ ..5—ly

Total KE = KE of mass + KE of spring.
To find KE of spring

We have KE of an elemental length dx can be
written as

*,V ‘—>— y—|<—

1w

_ 2
KE =5 g &0 (@ (b)
1wix\2 , Fig. p-2.2 Spring-mass system
KE ;= g (7) yodx (@) with effect of mass

is the KE of the small elemental length ‘dx’.

KE of the entire length ‘7’ of the spring is given by integrating Eq. (a) between
the limits O to /.

1 !
. 1w/x\2 ., lwx (5 1w 2[x31
KE of spring = | = |5 dx==5- X dx=-—y|%
pring ing)y 2gfy£ 227 13k
1w .2[13
=—-—y|=-0
2g12y 3
o~ LW 2 pp 1 o
KEofspr1ng—2[3g]y,PE 2ky.
By energy method

_Mfwi] n 1 d _
TotalKE—z[g]y +2my, dt[KE-I—PE] 0

o dfl wil o 1 o)
y..dtz{m+3g}y+2ky] 0
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Since w = Weight of the spring/unit length, w/ = Weight of the spring.

Let w,—wi . (m+ 2 y+hky=0.y+ g =0
et w,=wl .. 3gy Sy 3mg+wsy
This is in the form of SHM.
3kg
2 _
W, = 3mg + w, rad/s
3kg
, = mrad/s

wll
Natural frequency f, = o

1 3kg H
f"_27r Img tw, Z Or Cps.

EXAMPLE 2.3

Determine the natural frequency of a simple pendulum, as shown in Fig. p-2.3(a)
if the mass of the rod is not negligible by using (i) energy method, and (ii)
Newton’s method.

Solution Let ‘m’ be the mass of the bob and ‘m,’ be the mass of the rod.
(i) By Energy Method

We know that PE + KE = Constant, % [PE + KE]=0.

For small angular displacement of the pendulum,
KE = £ mv? or KE = %10 6% . KE = KE of mass + KE of rod

2
2 2
P l[l 2].2. =[3ml-l-m,]].2
KE 2m104r23m,1 6° .. KE R — 7]
3mP + m? < .
KE = 6 0°, PE = PE of mass + PE of rod = mgh + m,gh’,

where 4! =%—%cos 0

PE =mgl (1 —cos 6) + %m,gl(l —cos 6) .. PE= [mgl+ lm,gl] (1—cos 6)

2 2
i l ) {3ml +mJ}.zl_
7 (mgl+2m,gl (1-cos 6) + 6 0°(=0

3mP+ml| ..
6 260 =0

(mgl+ %mrgl) (0 + sin 6 x é) +
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Fig. p-2.3 Simple pendulum
(mg+%m,g)lsin0x 6 + [m12+%m,]2]éé =0
For small angles of ‘@, sin 6= tan 8= 0
(mg+%m,g)10 0 +(m+%mr) 296=0

lé[(m*—lm,)lé +(m+%mr)g0]=0,lé 20

3
1Y 1 e gm)e
(m+§mr)10 +(m+5mr)g0=0, and 6 + T 0=0
(m +—mr)l
3
W, = rad/s

_1

Natural frequency f, = 27:’ ") Hz or cps
m+5m.)

(ii) By Newton’s method We know that ZF = ma, and =M, =1, 6 .
For the given system, ZM,, = I, 6
where I, = MI of mass about ‘O’ (bob) + MI of rod about ‘O’
=MP + Em,lz, Iy= [m + %m,]lz,
—mg LsinOm, g(%) sin 6= [m + %m,]l2 6

[m +%mr]lzé + mgl sin 0+%mrglsin 6=0
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For small angles of ‘0", sin 0= 0 .. [m + % m,]l2 6 +[ m+ % m,] gl6=0

l[(m+lmr)lé +(m+lmr)g0]=0, 1#0

3 2
1
1\, 1 ) (’" +5’”*)g
. (m+§m,)10 +(m+5mr)g0=0 0 =- T 0
(m +§m,)l
wll =
®, 1 gmrym)
Natural frequency, ]:1=E ]:1=E — Hzorcps

frim

EXAMPLE 2.4

Let us consider a simple pendulum as shown in Fig. p-2.4(a). At any instant,
if the mass ‘m’ is displaced through an angle ‘@, then find the frequency of
oscillation and time period.

(i) Newton’s method FBD

IM=1,0,i.c. algebraic sum of external moment TS}
about ‘O’ in the direction of angular accelera-
tion = Mass moment inertia of the system about
‘0’ x angular acceleration. /

. —mgl'sin =1, 6, but I, = mP

- —mgl sin @ = mI* 6, but for small angles of

displacement, sin 8~ tan 6= 6. m) X — @
Nt L
.. . o
mP6O+mglo -0 +§0=0 @) ~—(b)

This is the equation of motion.

But for SHM, 6 = 4 sin o1, 0 = 4 o cos wt,
0 =—w? 4 sin ot

Fig. p-2.4 Simple pendulum

=’ 6,0 +0*0=0 .. o =gl w”=\j§rad/s

wﬂ . .
Natural frequency f, =5 - f,= 2_17: \E Hz, Time period 7= 2—(3 =2mg/l s

(i) D’ Alembert’s principle

By this, XF =0 or ZM =0, i.e. algebraic sum of forces or moment equal to zero.
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moment of inertia = I, 6
Gravitational force due to mass = —mglsin 6
for XM =0, -1, 6 —mg I'sin =0 in Fig. p-2.4.1(a)

Since sin 0 ~ tan 8~ @ and I, = mF,
mP 6 +mglo=0,6 + (g7)0 = 0. Comparing with the SHM, @, = \g rad/s.

@, . . 2
Natural frequency f, = 5= .. f, = 1. cps. Time period 7= 2 2nllg s
2 2n V1 o

Inertia force

(a) (b)
Fig. p-2.4.2  Simple pendulum

(iii) Energy method
By energy method, KE + PE = Constant.

d
— (KE+PE)=0

_1 5 D RS T R
KE =5 m?orKE=21,0> . KE=51,0

PE = mgh in Fig. p-2.4.1(b) where h=1-—1/cos 6
PE =mg (1—Icos 6) .'.%[%Ioéz+mg(l—lcos0) =0
%10295 + mg(0 + Isin ) é]=0,10éé +mglsin@ =0, (I, 6 +mglsin)d =0

Since @ # 0,
I, 6 +mglsin 6=0
For small angles of 6, sin @~ tan 6= 6, and I, = m/*
me §+mg10-0,8 +(%)o-0
Comparing with the SHM,

o, = \]% rad/s, time period 7= z—a’f =2m\lig s
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Natural frequency f, = o,/2r .. ﬁ \E Hz.

EXAMPLE 2.5
A compound pendulum is a rigid body of mass ‘m’ pivoted at ‘O’. The point
of the pivot is at a distance ‘d’ from the centre of gravity ‘G’ as shown in Fig.
p-2.5(a) and it is free to rotate about its axis ‘O’. Determine the frequency of
oscillation of this pendulum.

Fig. p-2.5 Compound pendulum
Solution For small angular displacement ‘0’ of the compound pendulum in Fig.
p-2.5(a), the FBD is as shown in Fig. p-2.5(b).
Now apply Newton’s second law of motion, I, 6 =ZTor I, 6 =—mgdsin 0

For small angular displacement, sin 6 =
mgd 0
Iy

1,6 +mgd0=0,0 +

mgd
Comparing this equation with the SHM, o = w, = \/Ii rad/s
0

o] 1 |mgd

n

natural frequency f, = a2V Hz
0

tim riod1'=l=27r i
e pe 7 \fmgds

But for simple pendulum, 7 = 27r\j§7 s

EXAMPLE 2.6

The tension ‘7" of the string as shown in Fig. p-2.6(a) can be assumed constant
for small displacements. Determine the natural frequency of the vertical vibra-
tion of the string and also show that the period of vibration is greatest when

a=b.
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Solution Assumptions: (i) Weight of /T

the mass is not a factor as the system is in \r

equilibrium. (i) Tension in the inextensible |, _ |, a s
strings does not change appreciably for small ST

displacement of mass. i

'g
- X ;- ~<.
From FBD, Fig. p-.2.6(b), the restoring force 19‘ ﬁln\ ¥ f 8
is T'sin 0, + T'sin 6,.

— b ;i: a >
X x 1, 1) .
=T (E"’Z):Tx 5"’3 ,if 6, and 0, are very Fig. p- 2.6 Tension string with mass
small.
th . L e 1 1 oL, T(1 1y
e equation of motion is m x = —Tx 7+Z axtol gt x=0

Comparing this equation with the SHM,

zzl(l l) : :,fT("”’)
o = a+b S, m ab rad/s

1 T(a+b) ) . 1 m ab
fn_z_n' m ab rads, time penodf—?—2ﬂ T(a"'b)s'

ab
atb
[if ‘m’ and ‘T are fixed], therefore time period (7) is maximum when a = b.

The quantity is maximum only when a = b as (a + D) is constant

EXAMPLE 2.7

A uniform plate of sides /> and mass ‘m’ is suspended from the midpoint of one
of the sides as shown in Fig. p-2.7(a). Find out its frequency of vibration.

Solution At any instant if the square plate is displaced by an angle ‘0’ then ‘mg’ will
act vertically in the downward direction at the centre of the square plate, i.e. 1/2 of
the length as shown in FBD of Fig. p-2.7(b).

Now apply newton’s second law of motion,

I, 6 =—Restoring torque = — mg (%) sin 6

If <@’ is very small, sin 6= 0

.. mgll
o ===~
oL il
X & )
\\\ :9‘\
v: ) . /Jf
m
(@ ®

Fig. p-2.7 Square plate
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mP

Moment of inertia of square plate about centre of gravity (CG) ‘G’ is I; = 6

1) mli*> ml*> 2mP+3mP 5,
But 1, IG+m(2 6 + 4 1 —12ml
.. mglo
I, 6 = Restoring torque, 15—2 ml* 6 %

5 o mglo 5 . . 6 , 6g _\j@
SmE G+ —=0,216+g0-0,0 +5 0-0,0} ~ < 0, |3, rads

@, 1 ,[6g
Natural frequency f, = 5> or f AL Hz or cps

EXAMPLE 2.8
If a semicircular isotropic disc of radius ‘> and mass ‘m’ is pivoted freely about
its centre as shown in Fig, p-2.8(a), determine the natural frequency of oscilla-
tion for small displacement.

0 447

r

G

(a)
Fig. p-2.8 Semicircular plate

Solution Let ‘@ be the small angular displacement given to the homogeneous disc
in counter clockwise direction, the FBD is as shown in Fig. p-2.8(b). The restoring
torque is due to the tangential component of the weight of the disc acting vertically

N . . 4r
downward direction at centre of gravity ‘G’ equal to the at a distance R = 3z

Applying Newton’s second law of motion, M, =1, 6 =mg R sin 6
If <@’ is vary small, sin 8= @and

L B L. A V. Arg 1 aryg -
R—3ﬂ 1,6 mg(3ﬂ)0,100 +mg(3ﬂ)0 0,1,= 2mr 0 m(3ﬂ)0 0,

2
mr

—0 +mg§0 0, —0 +g3—0 0
4g

3|, . 8 B ’Sg
—2 0,0 —%0 @, = 3mrad/s

@, 1,3
Natural frequency f,,=E S S = 27 3 Hz or cps

-
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EXAMPLE 2.9
Determine the equivalent stiffness for the system as shown in Fig. p-2.9(a).
A B
k k
3k k k 2k
m
2k 2 R
(a)
3k 3k k 3k k 2k
AWAW—AWW—WAH m

&K
(0

Fig. p-2.9 Springs in series and parallel with mass

Solution The springs ‘4’ and ‘B’ are in parallel and it will be reduced to Fig.
p-2.9(b). In Fig. p-2.9(b), the LHS of mass of the springs are in series and also the
RHS of the mass of springs are in series. The equivalent spring stiffness on LHS of
mass, as follows.

1 1,1, 1. 1 _1+1+3+1_6 2
ko 3k 3k k 3k 3k 3k k
kegr= g is the equivalent spring stiffness on LHS of mass ‘m’.

Similarly, the equivalent spring stiffness on RHS of the mass is also
1 1. 1 3 2k

k2K 2k RT3

keq R

The above system now reduces to k,,, and k,,, which are in series; hence the total
equivalent stiffness of the above spring system

k. 2k _3k+4k Tk
kg = kg1t kg =t 5= k=g ko= 118 N/m.

EXAMPLE 2.10

Find the stiffness of the system at the point of force of application. The mass 1-2
is free to have rectilinear and angular motion as shown in Fig. p-2.10(a).

Solution Force ‘F,,” at ‘O’ is equivalent to force Fyl,/({; + 1) and Fyl,/(I; + 1,) at

points ‘1’ and 2’ respectively. These forces give corresponding deflections at the two
Fol, 6= Fol,

(I +ky 2 (4 k)

ends in Fig. p-2.10(b) as &, =

Fo(k P+ ky22)

From these, the deflection at point ‘O’ can be obtained as 6 = 5
(I + L) Kk,
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FBD

Fig. p-2.120 Massless parallel spring

Fo (h+ L) kiky
Hence the stiffness at the point ‘0’ is kg=—(—=——7————
6 Kl+kb
It may be noted that a point mass ‘m,’ attached at the point ‘O’ will give a natural
ko

frequency of the system as @, = g

This is dependent upon the position of the mass m,,.

EXAMPLE 2.11
Determine the equivalent stiffness of the system as shown in Fig, p-2.11(a).

< 2m >

k,=3x 10° N/m

E=210x 10° N/m®
/=38x10 " m’

2 % 10° N/m ky=2x10° N/m
700 kg
3x10° N/m ky=3x10° N/m

(a) (b)
Fig. p-2.11  Cantilever beam and attached spring mass at the end

Solution Let ‘& be the static deflection of the cantilever beam at the free end due
to the force ‘F’

_FP F . F
5—3E1,weknowthatk— 5or5— 3

The stiffness of the cantilever beam is given by the equation k = 31—151 N/mm.

9 -5
ky =%= 3210 1023X 38> 107 _ 5 9925 x 108 N/m = 3 x 10° N/m
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The system now reduces to Fig. p- 2.11(b), that is,
1 1 N 1 1 1 1

A S S A

eq eq

6
1 I _ 243, _6x10°

1
_|._ =
kg 3x10° 2x10° 6x10° 5

6. 6.3 s 6x10°43x10°  7.5x10°
o ko =5} 1004 3 X10%, &, = s theg=—5
EXAMPLE 2.12

A simply supported beam has a concentrated load acting on the midspan as
shown in Fig, p-2.12(a). If the mass of the beam is negligible compared to the
mass acting, determine the natural frequency of the system.

/m

skoy=1.5x 10° N/m.

S o |m=”
S
S N KT/
(a) (b)

Fig. p-2.122 Simply supported beam with load at midpoint

Solution Due to the mass at the centre of the span, let a force ‘P’ be acting at the
same point.

For a simply supported beam with a concentrated load ‘P’ acting at the centre, as
shown in Fig. p-2.12(b), the deflection () of the beam is given by
3

6= 43E] where / = Length of the beam, £ = Young’s modulus of the material of the
beam, / = Moment of inertia of the section of the beam.
From the definition of spring stiffness, & = P__ P _48E N/m.
6 ( PP ) P
48EI

The system now reduces to a simple spring-mass system and hence the natural fre-
quency is given by

w, = \/g rad/s.

EXAMPLE 2.13
Determine the natural frequency for the system as shown in Fig. p-2.13(a).

Solution Let ‘0’ be the small angular displacement given to the mass ‘m’; then the
FBD of the system is as shown in Fig. p-2.13(b)

Applying D’Alembert’s principle, taking moment Mo = 0, we have

I6 =—kaBaorlf +kaOa=0
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2
But L=mP,mP @ +ka* 0= oe+kiew \’kilzrad/s
m

1, |kd®
Natural frequency, f, = oy lcps or Hz.

FBD
/é‘ A ka @
k °“y
7,0 @ I ®
——a ——> [ A~ >
o m ~‘~“~~/‘“\
< / > s >§0
(a) (b)

Fig. p-2.123 System for Example 2.13

EXAMPLE 2.14

A rigid weightless rod is restrained to oscillate in a vertical plane as shown in
Fig. p-2.14(a). Determine the natural frequency of the mass ‘m’.

Solution Let ‘0’ be the small angular displacement given to the mass ‘m’; then the
FBD of the system is as shown in Fig. p-2. 14(b).

g3/4 [—><1/4 |
kl/i4 6
Iy 9

a

Fig. p-2.14 Rigid weightless rod

Applying Newton’s second law of motion,

o 7 kP
EMO—IOG oo 4 04_100 100+160 0

_ 3 )2 9, . _9MP 9k12 k_12
where IO—MX(4I =M x 161 s Iy = 16 S0 +-—-0-0,
9M 6+ k6= 0. This is the equation of motion.

6 + Y 0 0, o, \’ rad/s.

@, 1

Natural frequency f,, = oy S = 27 Vour Hz or cps.
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EXAMPLE 2.15

A stiff weightless horizontal bar of length ‘L’ is pivoted at one end and carries
a mass ‘m’ at its other end as shown in Fig. p-2.15. It is held by an inextensible
string of length /. If the mass ‘m’ is vibrated in a N

plane perpendicular to that of the paper, find the X&T&
natural frequency of the system.

/
Solution In the static equilibrium position, the tension e l

‘T” in the string is given by

m

mgL N

mgL=TaorT=T | —

Consider an angular displacement ‘@’ of the mass in a  Fig. p-2.15 Stiff weightless
plane perpendicular to that of the paper. horizontal bar

Let it result in angular displacement of ‘@’ in the string.
ab

Then ab=lo - o 1

The equation of motion is

I, 6 =— (Ta sin o) = —Ta o; if o is very small, sin o = ot

mgL . 0 +Ta
Buty- mL?and T— o= - m1?§ - 1“8, 22990
17 2 1
. Ta a , Ta mgLg ag 1 [ag
- + — — = K = = = K = —A— .
0 21 60=0 o, 2 w2l LI rad/s .. f, AT

EXAMPLE 2.16

Determine the equation of motion for the following system as shown in Fig.
p-2.16(a) and find the natural frequency of the system.

(a) (b)

Fig. p-2.26 U-tube manometer

Solution Let ‘I’ be the total length of water present in the U-tube manometer. Let
‘x” be the small displacement given to the liquid in the manometer in the downward
direction as shown in Fig. p-2.16(b).

Weight

Volume

We know that density of the liquid (p) =

Mass x Acceleration due to gravity

Area x Length
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mxg o, pdl
P=x1 . mass of liquid ‘m’ = g
(i) Energy method
a _ _1 2_l(p_Al).-z
dt(KE+PE)—0,whereKE—2mv—2 g |x

Length = / because the complete water in the U-tube is moved for a displacement

.0

X

Al
KE = ) (p )x p = Specific density, 4 = Area, Volume (v) =4 x I

PE = Weight of the water displaced from mean position x Length (displacement)

pAx N
~PE=mgh .. PE=mgx,PE=TgXx ~. PE = pAx”~

Al Al
. p x? + pAx® 0,1 p xxXx+ pA2x. x =0, pAx lx+2x
dt 2 P 2 p p

=pAx #0

2
glx + 2x = 0. This is the equation of motion x + (Tg)x =0

Comparing with the SHM, we have

I o 1P,
w, = o /s, natural frequency f, = m f= T

(ii) Newton’s method From Newton’s second law of motion,

XF = ma, i.e. Restoring force = Inertia force.
mx=2XF, mx = — (pA2x)g, or (pADx = — (pA2x)g, (pADx + (pA2g)x =0

2
Ix +2gx =0, or55+7gx=o,w2=7

2
Natural frequency @ = @, = \jg rad/s.

EXAMPLE 2.17
A solid wooden cylinder of radius ‘s’ is partially immersed in a bath of distilled
water as shown in Fig. p-2.17. The cylinder is slightly depressed and released.
Find the natural frequency of oscillation of the cylinder if it stays upright all
the time. What will the frequency be if salt water of specific gravity 1.2 is used
instead of distilled water?

Solution Let ‘x’ be the displacement of the cylinder and ‘p’ be the specific gravity
of water.

Weight Mass x Gravity

Volume  Area x Length

We know that density (p) =
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Density x Area x Length

.~ Mass = : —> mass of the cylinder, m =
Acceleration due to gravity y ’

pxﬂrth]
g

Let ‘s’ be the specific gravity of wood.
prrth
g N

m=

(i) Energy method

1, [pmzhs]
d(KE+PE) 0, KE = M=o ¥

PE = Weight of water displaced x Displacement

pﬂrzx Fig. p-2.17 Water bath with solid
PE = —5— xgx,PE.= prrx? wooden cylinder
nr*hs
% (%p g )X |-
prrhs 2g
g XX+ 2pmx x = 0 x+2x 0, x+Ex 0.

Comparing this equation with the SHM,

w=\j§ d/s. Natural fr =L\/§H r
.~ \ 75 12d/s. Natural frequency 1 27 |75 HZOrcps.

(ii) Newton’s method

¥F = ma = m X, mass of the wooden cylinder along with the acceleration will con-
tribute the disturbing force.

Weight of the water displaced will give the restoring force.

hs 2gx
X+ 2pmix =0, x+2x 0, x+i=0

mx +XF=0 .. P
hs

g

2 1 \jﬁ o -
or w, = \jh—t radss, f, = 27 Vs Hz, we know that specific gravity of distilled

water = 1. If the salt water is used having spe- t
k, 6 x
cific gravity of 1.2 then f, = s Hz

Therefore, the frequency is increased.

EXAMPLE 2.18
Determine the natural frequency of vibration
of the torsion pendulum as shown in Fig.
p-2.18 with following dimensions. Length

of the shaft / = 100 cm, diameter of the rod — 16
d = 50 mm, diameter of the rotor D = 0.3 m, 6

mass of the rotor m =3 kg, modulus of rigidity  gjg, p-2.18 Torsional pendulum
G=8.4x10"N/m’.
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Solution 1= 100 ¢cm = 1000 mm, d = 50 mm, D = 0.3 m, G = 8.4 x 10'° N/m?,
m=3kg

GI
We know from torsional equation I_ G_O r_=r
I 1 6 I
T Glp
- torsional spring stiffness k, = A where I, = Polar moment of inertia,
_nd
32
k nd G k= (0.05)"x 8.4 107 k,=51541.75 N-m/
EEY TR 32x1 T 75 N-m/rad,

Applying Newton’s second law, k,0=—18 .. 16 + k0 =0 ...(a)
This is the equation of motion,

where 7= Mass moment of inertia of the rotor about its centre

1= m2—r2 where » = radius of gyration

(D)2
m X 2
3x(0.15
7= 22 s I= (2 )a1=0.03375kg-m2

From Eq. (a), 6=—+ . @, \j7 rad/s, f, =

1 [51541.75
Ju= zﬂ\fm 196.68 Hz
EXAMPLE 2.19

Determine the natural frequency for the following system as shown in Fig.
p-2.19(a).

FBD

(a) (b)
Fig. p-2.29 Circular cylinder

Solution Let ‘@ be the angular displacement for the corresponding linear distance
x’ as shown in Fig. p-2.19(b) of FBD.

x =6, 5c=ré, ¥=r0
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Applying Newton’s second law of motion,
EM, =10 . kxr=—10 . 1,0 +kr6r=0

But I,=172 mr? + mr* = 32mr? %mr2 0 +k6r’=0

This is the equation of motion.

5o 2o o 2
6= 3m 6, w,= Im rad/s

wn
Natural frequency f,,=E f,,=ﬁ 32—mHz or cps.
Energy method
KE=114§2=1(é 2)é2 KE=1(§ rz)éz
207 T2 ") 22"
Lo Lop  d -
PE = kx’, PE 2kr02..dt[KE+PE] 0
ilé 29 12.2]= (é ) 2 .=
L\ 2m )67+ 20202 | =0, (3 m)r?66 + k06 -0
3 i +re=0 - g -2k =1f£
2m0+k0—0..0— Im 0, w, 3mrad/s.
@, 1 |2k
Natural frequency f,,=E f,,=E 3—mHz or cps.

EXAMPLE 2.20

A circular cylinder of mass ‘M’ and radius ‘R’ is connected by a spring of stiff-
ness ‘k’ as shown in Fig. p-2.20(a). If it is free to roll on the rough surface which is
horizontal without slipping, find its natural frequency. What will happen to fre-
quency if the system is placed on an inclined plane as shown in Fig, p-2.20(b)?

(a) (b)
Fig. p-2.20 Circular cylinder in horizontal and inclined plane

Solution Let ‘0’ be the angular displacement for the corresponding linear distance
‘x” as shown in Fig. p-2.20(b) of FBD. For the cylinder, applying Newton’s second
law of motion,
M x = — kx + F where ‘F’ is the frictional force
1

But I, 6 = —FR or(i MRZ) (

)=—FR [-x=RO], 0=x/R, 6 =%, F=—%M3c'

i

R
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M56+kx+leé=0,or3é+(£)x=0,w =\’%rad/s.
2 3m " \3m

Natural frequency f, = z—lﬂ \’32—:‘ cps.

If the cylinder is placed on an inclined plane as shown in Fig. p-2.20(b) then also, the
free-body diagram of the cylinder remains unchanged and as such there will not be
any change in the natural frequency of the system.

EXAMPLE 2.21
Determine the natural frequency of oscillations for the homogeneous cylinder as
shown in Fig. p-2.21(a) by using energy method.

FBD 4
i
k(r+a)o \\9:

k(r+a)6

/>

(@]
(a) (b)

Fig. p-2.21  Homogeneous solid cylinder restrained by two springs

Solution Let ‘@ be the angular displacement for the corresponding linear distance
x’ as shown in Fig. p-2.21(b) of FBD.

Energy method
d 1 ~2
KE + PE = Constant -, (KE + PE)=0. . KE=1,6
_3 _1 (é ) 32
But 10—2mr2,KE—2 2er0

E-1 5 2k(r+ a)’¢, PE= 1 5 [2k(r + ay’]6?

%[;( )0 + [2k(r+a)202]] —mr 6 +2k(r+a)*0 =0
—4k(r + a) 4k(r + a) 4k(r + a)’
0, =\————rad/s.
3m 3mr
, 4k(r + a)
Natural frequency f, = o fn= 27r 3—r2 Hz or cps.

EXAMPLE 2.22

A homogeneous cylinder of mass ‘m’ is suspended by a spring ‘4> N/m and an
inextensible chord as shown in Fig. p-2.22(a). Determine the natural frequency
of the cylinder.
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FBD

kro

(a)
Fig. p-2.22 Homogeneous solid cylinder suspended by a spring

Solution Let ‘0’ be the small angular displacement given to the pulley in counter-
clockwise direction. Then the FBD is as shown in Fig. p-2.22(b). Point ‘O’ is the
fixed one.

Applying Newton’s second law of motion,

M, =16 - —2kr2r=10,

But Iy = 1/2 mr* + mr* = 32ms?, (%m)rzé +4kr*0=0
P s % . _ %
0——3_m0 o 0——3m0 S, \’3mrad/s

2

@, 1 8k
. Natural frequency f, = o S = 37 V3m Hz or cps.

Energy method KE = %Ioéz, but [, = (% mr2) =5 [ 2mr2]02 PE = k(2r0)2
_1 .4 0 4 1( )'z 142 ]:
2[4kr202] . [KE+PE]=0 — |3 2mr2 ] +24kr02 0

3 . o a4k, s 8k
5m0+4k0—0..0—3m0 ’] _3m0

2
w,= \’& rad/s
3m
1

wll
. Natural frequency f, = o = 7 f k Hz or cps

EXAMPLE 2.23

The cylinder of mass ‘m’ and radius ‘7’ rolls without slipping on a circular sur-
face of radius ‘R’ as shown in Fig, p-2.23(a). Determine the frequency of oscil-
lation when the cylinder is displaced slightly from its equilibrium position. Use
energy method.

Solution At any instant for the small angular displacement ‘0’ to the cylinder of
mass ‘m’ as shown in Fig. p-2.23(a). Then the FBD is as shown in Fig. p-2.23(b).
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Energy method
d
(KE + PE)system = ConStant’ E [KE + PE] = Oa KEsystem = (KE)Rot + (KE)Translation

(@)

Fig. p-2.23 Cylinder rolls without slipping on a circular surface
When the rolling cylinder is at the mean position, the point ‘P will coincide
with ‘P’
-~ Arc PR=Arc RP' .. RO=r¢
For small angles of 0, sin = 6 L CS=R-rO - 0C'=R-r
Translation velocity = (R — ) 8, Rotational velocity = (§ — 9)

1 : 1 1 .o
KEqysiem =5 MR~ 1)’ 671+ 5 [, =5 mr’($ - 0)°

_1 20, Im .
KE =3 m(R—r 6%+5 - 0)
KE = mgh,

PE=mg (R—r)[1—cos 0]
h=0C-0S, h=R-r)—-(R-r)cosB, h=R-r)[1-cos 0]
PE = mg(R —r) [1 —cos 0]

%%m(R—r)zéz+%rrl2—r2(¢—é)2+mg(R—r)(l—cosG) )
% %m(R—r)zé2+%"l2—r2(§é—é)2+mg(R—r)(l—cos0)]=0
% %m(R—r)z 62 +imr2(§— 1) 6%+ mg(R - r)(1-cos) | = 0
mR-r)>08 +%(Rr_2r)2 66 +mg(R—r)(0+sin) 6 =0

mR -+’ (R-1’]8 + mg(R-r0=0
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%m(R—r)z ] +mg(R—r)0=0,%(R—r) 6 +g6=0

This is the equation of motion.

.. -2g 2g
6 = 3R-7) 0, w,= \’3(R 9 rad/s.
w, 1, 28
Natural frequency f, = " fn= > \3 ®R-7 Hz or cps.

EXAMPLE 2.24

Determine the equivalent mass (m,,) and equiv-
alent spring stiffness (k) for the system as
shown in Fig. p-2.24 where ‘x’ the downward
displacement of the block measured from the
system. Equilibrium position is used as the gen-
eralised coordinate.

Solution The equivalent spring stiffness of ‘&’
and 2k’ k., = 3k.

The mass ‘m’ and pulley of mass moment of inertia  Fig. p-2.24 Pulley with attached
is ‘I’ spring-mass

.. the equivalent mass
I 1

m, =m+—2’but1=—Mr2
4

4 2
where M = Mass of the pulley. .. m,=m+ é =m+ A;—:z Somg=mt 1‘2—/[

EXAMPLE 2.25

Determine the natural frequency for the following system as shown in Fig.
p-2.25(a).

FBD

& kr (6 + 00; T
# lm xXlX

kré, m

(a) (b) (©

mg

Fig. p-2.25 Pulley with attached spring-mass

Solution Let ‘6, be the initial static displacement. Let ‘x’ be the small linear dis-
placement given to the mass ‘m’ and ‘@’ be the angular displacement of the pulley,
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for the displacement ‘x’ as shown in Fig. p-2.25(b) and mass ‘m’ and pulley ‘M’ as
shown in Fig. p-2.25(c).

(i) Newton’s method Newton’s second law of motion for mass ‘m’, XF = m x.

mg—-T=mx . -T=mx-mg or T=mg—mXx
Forpulley M, =Mo=10 .. kr((0+8,).r—Tr=—1I0 inFig. p-2.25(c).
k* 0+ k* 0, —(mg—m¥)r=—10

But at equilibrium, mgr = kr*0, .. k*@+mri=—I,0, 1,0 +mr* 0 +k*0=0.

2

6+ k?0=0 since [, ="

Ul =+ m? 2

2

[g—l-km]é L kO=0

, ’ 2k
rad/s S0, =\~ rad/s
2 m (M +2m)
Natural frequency f, = : - L 2k Hz or cps
+ m 2r V(M +2m)

(ii) Energy method KE of the system = KE of mass ‘m’ + KE of the pulley ‘M’

1 5 1 .5 1 1 M7
5 mXX +2100 =5m 2y

This is the equation of motion.
ko

m 0%+ g2 KE—2[ ]r2é2

—lkx2 PE= Lire - E[KE+PE]=

Lo o]

Az—/[+m]rzéé + k20 0=0,[Z‘2—/[+m]é +k0=0

This is the equation of motion,

k 2
— rad/s
2
Natural fr ncy, f,=— - f, Lk s = L LHzorc
equency, f, =50 “hi=ag (A_4+m) " on \J( M+ 2m) ps.
2

EXAMPLE 2.26

Determine the equivalent torsional stiffness of the system as shown in Fig.
p-2.26.
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Solution G,= G, =G, =40 x 10° N /m?

(1) n=5cm
2) r,=8cm
(B) ;=4cm
/; = 60 mm, /, = 80 mm, /3 = 50 mm
1 2 3
0 6
<—604—>'<—780:\,: 50->] ki ke ) K
Y
—— |
(a) (b)

Fig. p-2.26 Equivalent torsional system

Let ‘k,’, ‘k,,” and ‘k,3’ be the torsional stiffnesses of springs 1, 2 and 3 respectively.

61, 40x10°x7 x3g'14 6
ky = L - 0E =0.6545 x 10° N-m/rad
40 x 10° x %2'164
ky = 03 =3.217 x 10° N-m/rad
7 % 0.08*

40 x 10° x
ks = 05

The system now reduces to Fig. p-2.26(b). The springs ‘k,” ‘k,” and k3’ are in
series.

32 3517 x 10° N-m/rad

1 1.1 1 1 1
= —+—> = 5 + 6’
keqg —kn ko ke 0.6545x 10° 3217 x 10
+
gL 1 3217706545 0542  10° Nmirad.
3217 x 10° Kequ 2.1x10
kreq= Krequ T i3 = 0.542 x 10° +3.217 x 10°, k,.q = 0.864 x 10° Nm/rad.

REVIEW QUESTIONS

(1) Explain (i) Newton’s method, (ii) Energy method, (iii) Rayleigh’s method, and
(iv) D’ Alembert’s principle to determine the natural frequency of a system.

(2) Find the natural frequency of a spring-mass system considering the weight of the
spring.

(3) Determine the natural frequency of a simple pendulum, if the mass of the rod is not
negligible
(i) By Energy method (ii) By Newton’s method
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(4) Determine the natural frequency of vibrations of a compound pendulum which is rela-
tively pivoted at a distance ‘d’ from its centre of mass, taking the mass as ‘m’.

PROBLEMS FOR PRACTICE

(1) Calculate the length of a simple pendulum whose time period of oscillation is 2 s.

g =9.81 m/s%.

Ans. 1 m.
(2) Find the natural frequency of the compound pendulum shown in Fig. p.p-2.2.

Hz.

4 mgr .y 1 mgr
ns. @, = rad/s. f, = =—
I+ mr? 2z I+ mr?

(3) Find the equivalent spring stiffness and natural frequency for the following system as

shown in Fig. p.p-2.3.

Fig. p.p-2.2 Fig. p.p-2.3

ko= k3kel _ E d/
Ans. eq—k3+kela),,—\Jm rad/s.

(4) Determine the natural frequency for the system shown in Fig. p.p-2.4. The bar is hori-

zontal, so that the gravity has no influence.

Ans. @, = \’E rad/s.
6m

kT
Je——a——B A
I I I 0% I >
m i m m fo
k k

Fig. p.p-2.4 Fig. p.p-2.5



Undamped Free Vibration of Single-Degree-of-Freedom Systems 77

(5) Determine the natural frequency for the system shown in Fig. p.p.2.5, assuming that
the bar should be weightless and rigid.

kykya?
Ans. @, =\——— - rad/s.
m(ka” + k,l%)

(6) If the mass of the pulleys shown in Fig. p.p.2.6 is small and the chord is inextensible,
show that the natural frequency of vibration of the system is given by

(7) Determine the natural frequency for the system shown in Fig. p.p-2.7. Neglecting the
mass of the pulley, m = 15 kg, k; = 8 x 10°N/m, ky=16x 10°N/m.

4 —\]Eq ds. =Lk aon
ns. @, = \7r ra s.fﬂ—2n_ m(dk, + k) z. f, =29 Hz.

NN

Fig. p.p-2.6 Fig. p.p-2.7

(8) A wheel and axle assembly of M/ is inclined from the vertical by an angle ‘@ shown
in Fig. p.p-2.8. Determine the frequency of oscillation due to a small unbalance weight
‘w’ at a distance ‘d’ from the axle.

Ans. f, = ﬁ wd slm 0 Hz.

Small

weight (W)

! Moment of

Sl inertia of disc (/) n

2m><«— 4m —>

Z
Fig. p.p-2.8 Fig. p.p-2.9
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(9) An acrobat weighing 50 kg walks on a tightrope as shown in Fig. p.p-2.9. If the natural
frequency of the vibration in the given position in the vertical direction is 10 cycles/
min, determine the tension in the rope.

(10) The end of a shaft with a heavy disc of moment of inertia ‘I’ are built in as shown in
Fig. p.p-2.10. Determine the natural frequency of torsional vibration of the disc.

DG, + 1) v
Ans. @, = Tllzlra S.

v 7 *
80 mm 50 mm
d v L3
t —200 mm—> 500 mm
¢ s = l—> /=100 N/sec”
Fig. p.p-2.10 Fig. p.p-2.12

(11) Determine the natural frequency for torsional vibration of the system as shown in
Fig. p.p-2.11. ——

S |
Ans. @, = T rad/s. i

(12) A laboratory has got a set-up as shown in Fig.
p-p- 2.12 meant for finding out the modulus of
rigidity ‘G’ of a thin wire carrying a cylindrical
rod at its end, the other being fixed. By giving
torsional vibration, the time period ‘7’ is noted
down. Deduce an expression for ‘G’.

8n MI 2 b}
Ans. G=—-—; (4L° + 3D").
32 o )
(13) A pipe of length ‘7’ is the length between two

tanks and cross-sectional area ‘a,’ connects two Fig. p.p-2.12

tanks of cross-sectional area @, and a, as shown
in Fig. p.p-2.13. Show that the period of motion for small oscillations of the fluid be-

hay(a, + ay) + la,a,

tween two tanks is given by 7= \] > where ‘A’ is the height of the

ga(a; + ay)
fluid in the tanks above the level of the connecting pipe.

(14) Determine the natural frequency of the system as shown in Fig. p.p-2.14 where MI of
the mass ‘m’ about ‘O’ is I,

— mg o B ka® — mgb
Ans. @, ra s. f, = 2” 271_ cps or Hz.

(15) Determine the natural frequency for the followmg system as shown in Fig. p.p-2.15.
Assume the chord is an inextensible one, if mass ‘m’ is displaced slightly and
released.
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m
b
k
e |
o
< / »>
Fig. p.p-2.14 Fig. p.p-2.15

(16) Determine the natural frequency of oscillations for the homogeneous cylinder shown
in Fig. p.p-2.16 by Newton’s method.

4k(r + a)’ 4k(r + a)’
Ans. @, = \ k(—z) rad/s. f,, - L \k(—z) Hz or cps.
3mr 2 3mr

Fig. p.p-2.16 Fig. p.p-2.17

(17) A circular disc of 5 kg mass and 100 mm radius is held by a spring of 200 N/m constant
at a distance of 50 mm from the centre and rolls on a smooth horizontal plane as shown
in Fig. p.p- 2.17. Find the frequency of the system by energy method.

2
rta
i ?] rad/s. @, =7.75 rad/s, where J = m2_r2

(18) A circular disc of 5 kg mass and 100 mm radius is held by a spring stiffness of 20000
N/mm at its centre. The disc rolls without slipping on a smooth horizontal surface.
Determine the frequency of oscillation.

Ans. 5.2 rad/s.

(19) A circular cylinder of 0.5 kg mass and 100 mm radius rolls
without slipping on a cylindrical concave surface of 2 m radius.
Determine the frequency of oscillation.

Ans. 0.3 Hz.

(20) Find the natural frequency for the system as shown in Fig.
p-p- 2.20 by (i) energy method, and (ii) Newton’s method.

2(ky +hy) 1 20k +ky)
Ans. @, =\—,— radls, f, = o \JT Hz.

Fig. p.p-2.20
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OBJECTIVE-TYPE QUESTIONS

1. In a spring-mass system, the static

deflection caused by mass ‘m’ the
spring of stiffness ‘k’is ‘&’. The natural
frequency of free longitudinal vibration
of the system will be given by

_ Lk
(a) f;z - 21 \mg Hz

O) f= e 12
© 1= 573 He

@ f= 5 112

. In a spring-mass system, the static

deflection caused by mass ‘m’ of the
spring of stiffness ‘k’is ‘&. The time
period of free longitudinal vibration of
the system is given by

() r=2n$§$

(b) r=2nd§§
1 €

(c) T=E\j%s

(d) both (a) and (b)

. Two springs of stiffness &, and %, are

connected in series and mass ‘m’ is
attached to it The natural frequency of
the longitudinal vibration will be given

by

1 |kt k)
(@) fn - E mklkz

b 1| kth
®) fi=2, mHZ

k, +k
© f= Bl

k +k
d) fnzﬁ (lm 2) Hz

. The natural frequency of a system is a

function of

(a) the spring-mass system
(b) mass of the system

(c) stiffness of the spring
(d) none of the above

. In the spring-mass system, if the mass

of the system is doubled with spring
stiffness halved, the natural frequency
of vibration

(a) remains unchanged
(b) is doubled

(c) is halved

(d) is quadrupled

. In the spring-mass system the mass ‘m’

and spring stiffness ‘k’ is taken to very
high altitude, the natural frequency of
vibrations

(a) increases
(b) remains unchanged
(c) decreases

(d) may increase or decrease depend-
ing upon the value of the spring-
mass system

. The equation of motion for free-vibra-

tions of spring-mass system without
damping is given by

(@2+%+%=0
) ¥+ K Fsin o
© F+%x-0

(d) 5é+%x=F0+coswt

. The natural frequency of free torsional

vibration of a shaft is given by

1R
ﬁ_z”J; =2 VT

. A mass of ‘M’ is attached to a spring

whose upper end is fixed. The mass and
stiffness of the spring are ‘m” and ‘k’
respectively. The natural frequency of
the spring-mass system would be
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3

_ 1 k !
@ Ju= 57 VB2 (©) keq = 37 N/mm
13
3k (d) keq = o7 N/'mm
®) £, = " \’m Yy Hz " 48EI
12. The degrees of freedom of a simple
©) f,= 2+kM cps pendulum is given by
- (@ 2 (b) 6
@ f,= 2,,\],,,+2M cps ©o @1 |
10. 1 . ¢ o, 13. Equivalent spring stiffness of a helical
. In a spring-mass system of mass ‘m . d ial load is given b
and stiffness ‘k’, the ends of the spring Spring u ;rEag:ia oac s gven by
are surely fixed and the mass is attached (@) k= T N/mm
to intermediate point of the spring. The GD*
natural frequency of longitudinal vibra- (d) ke = > N/mm
tion of the system
(a) is maximum when the mass is (©) ke E—AN/mm
attached to the midpoint of the EA
spring (d) ke = P N/mm
(b) decrease as the distance from the all
bottom end where mass is attached 14. The static deflection of the cantilever
decreases beam when the mass acting at one end
(c) decrease as the distance from the is given by tl;e equation 5
top end where mass is attached () 6= _Fr (b) 6=2— FI
decreases 192E1 3El
(d) is minimum when the mass is ) 8 = FP (d) none of these
attached to the midpoint of the max  48E]
spring 15. The equivalent mass (M) attached at
11. In a cantilever beam with load acting at end of spring of mass ‘m’ is given by
end point, the spring’s stiffness is given =M+ m/3
by (@) Mg =M+023m
3EI m
(@) k= 1—3 N/mm (b) meg=3M+ 3
m
() kg = E Nymm (©) meq =M+ 3~
) m
(d) meq=5M+ 3
Answers
1Hd @d ©R @ a () c (6) b
c a a
7) 8) b 9 b 10) d 11 12
13) b (149 b 15) ¢



FREE-VIBRATION OF
SINGLE-DEGREE-
FREEDOM SYSTEM
WITH DAMPING

INTRODUCTION

Damping is the resistance offered to the motion of a vibrating body. The resistance
may be applied by a liquid or solid, internally or externally. All physical systems are
associated with one or the other types of damping. In some cases, the amount of
damping may be small and in some other cases it may be large. When vibrations take
place in the presence of a damping, the amplitude of vibration gradually becomes
small, and finally it ceases. The rate at which the amplitude decays depends on the
type and amount of damping in the system. The primary aspects of damped free
vibrations are (i) damped natural frequency and (ii) rate of decay of vibrations.

In case of free vibration with viscous damping, when a system has got viscous
damping then (damping force) comes into consideration, and the general steps for
analysing such systems remain same. The steps are the following:

1. Take a displaced position of the mass system.

2. Draw the free-body diagram (FBD) of the system—it indicates the forces
acting in various direction.

3. Apply Newton’s second law of motion for the equilibrium of the free body.

METHODS OF VIBRATION DAMPING

f

Y

energy dissipation. A system
having positive damping is
called a ‘dissipative’ system’.
In such systems, the amplitude
of vibration decreases with
respect to time ‘#’ as shown ,
in Fig. 3.1(a). Whereas in a TO /
‘regenerative’ system having a : \/ -
negative damping, the ampli- Re?f\'}:rgg‘r;epfggs;em Time —»

tude of vibration increases with

respect to time ‘7’ as shown in

Damping is associated with T

Dissipative system Time —»
(+ Ve damping)

(a)

(b)

Fig. 3.1(b). Fig. 3.1 Dissipative and regenerative damping system
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COMPONENTS OF AVIBRATING SYSTEM

The main components of a vibrating system are (i) mass (m), (ii) spring (k), and
(iii) damper (c).

N\\V

% c = damper

These components are represented as shown in
Fig. 3.2(a) and three forces comes into consider-

ation. They are Spring k

1. The mass of the vibrating system provides
inertia force (mx) (See Sec.1.5, Chapter 1)

2. Spring provides the restoring force (kx)

(See Sec. 2.4, Chapter 2) x = displacement
3. Damper provides the resisting force (cx)  Fig.3.2(a) Componentsof a
(See Sec. 1.7, Chapter 1) vibrating system

3.3.1 Different types of Damping
1. Viscous damping
2. Coulomb damping or dry friction damping
3. Structural damping or solid or hysterisis or material damping
4. Slip or interfacial damping
5. Proportional damping

1. Viscous damping

This is the most commonly used damping mechanism in vibration analyses. When
a mechanical system vibrates in a fluid medium such as water, oil, gas at moderate
speeds, it experiences a resisting force called viscous damping. The resisting force
‘F” is proportional to the velocity ‘v’ or F' = —cv where ‘c’ is a constant and ‘v’ is
the velocity, i.e. v = x; therefore, F = —c x, —ve sign indicates the resisting force is
opposite to the direction of motion. In this case, the amount of energy depends on
many factors such as shape and size of vibrating body, viscosity of fluid, velocity of
vibrating body, frequency of vibration, etc. Viscous damping is very common. It also
occurs in fluid film around a journal in a bearing, fluid flow through an orifice, fluid
flowing on sliding surfaces, moving instruments immersed in oil and in many other
instruments. There will be two important types of viscous dampers commonly used
as fluid dashpot, and eddy current damping. Now we will discuss these two types of
viscous dampers as follows:

(a) Fluid dashpot  Fluid dashpot is one of i Connecting rod
the most important components of a vibrat-
ing systems. It consists of a piston—cylinder
arrangement and the piston moves to and Piston_w:
fro or in reciprocating motion full of vis-  cyjinder
cous fluid as shown in Fig. 3.2(b).

Viscous fluid

=
y - Clearance
/

f

When the piston moves in a reciprocating
motion, forces are experienced due to the Fig. 3.2(b) Fluid dashpot
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drag of fluid, the pressure of the fluid that flows through on either side of the clear-
ance of the piston and the damping resistance due the pressure difference on the two
sides of the piston. This pressure difference is based on the restriction to the fluid
flow due to the piston movement.

Out of these three types of damping, it can be observed that the pressure of the fluid
that flows through on cither side of the clearance of the piston and cylinder is very
small; therefore, the first two components of the damping are ignored and the total
resulting damping is fully based on the third component of the damping coefficient
‘c’ and is given by an approximate expression as follows:

c=—f]—— .31

where ¢ = Viscous damping coefficient
e = Clearance between cylinder and the piston
a, = Cross-sectional area of the flat side of the piston
I = Length of the piston
d,, = Mean diameter of the cylinder and piston
All these parameters are as shown in Fig. 3.2.

Some assumptions are made while deriving Eq. 3.1. The piston-rod diameter is small
as compared to the piston diameter. A perfect fluid is used in the damping medium,
the laminar flow being expected in the clearance between the cylinder and the piston.
The cylinder and the piston being concentric, orifice effect on sharp edges may be
ignorable.

(b) Eddy-current damping Eddy-current damping is based on the principle of
generation of eddy currents which provide the damping. Let us consider a nonferrous
conducting rectangular plate or rod being moved in a direction normal to the lines of
magnetic flux which is produced by a permanent magnet as shown in Fig. 3.3. Then
as the plate or rod moves, current is induced in the plate and this current is propor-
tional to the velocity of the plate with an assumption that the magnetic flux and the
dimension of the plate remains constant. This current is in the form of an eddy cur-
rent that sets up a magnetic field in a direction opposing the original magnetic field
that causes them. This provides a resistance to the motion of the plate in the mag-
netic field. The resisting force produced by this flux field from eddy currents is also
proportional to the velocity of the plate.

This is a mechanical type of viscous IMovement of the plate
damping. Mechanical type of viscous

damping is used in vibrometers and also >

some other vibration control systems, North pole | > South pole
etc. The magnetic field can be set up by >

means of a permanent magnet or a coil Plate

Fig. 3.3 Eddy-current damping
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wound on a magnetic core by flowing current through it and the flow direction of the
magnetic flux as shown in Fig. 3.3.

3.3.2 Dampers are in Series and Parallel

1. Dampers are in series Let us consider dampers c,, ¢, c;...are in series
as shown in Fig. 3.4(a). When the dampers are in series, the equivalent damping
coefficient (c.y) is given by

. . . ezt ezt eiey
Then the equivalent damping (c.,) system will be reduced to ceq = ——(c oo

€162C3
—
Cy g Ceq
Z
%@[ %L U
1
(a)c_q_?"'? F (b) Coq=CoC3 + €G3 + C1C,

€1 G C

Fig. 3.4 Dampers are in series

This equivalent damping system can be as shown in Fig. 3.4(b).

In general, when the dampers are in series the equivalent damping system is given
as follows.
1 1 1 1 1

catgtatat

2. Dampers are in parallel Let us con-
sider dampers c;, ¢, c5... are in parallel as
shown in Fig. 3.4(c). When the dampers are o3 & e
in parallel, the equivalent damping coefficient
(Ceq) 1s given by c.q =y + ¢+ c3.

Then the equivalent damping (c,) system will © (@)
be reduced to c., = ¢; + ¢, + c;. This equiva- Fig. 3.4 Dampers are in parallel
lent damping system can be as shown in Fig.

3.4(d).
In general, when the dampers are in parallel, the equivalent damping system is given
as follows.

Cq=Crteytezteyt

3. Dampers are in series and parallel Let us consider dampers ¢, ¢, ... are
in parallel and c; is in series as shown in Fig. 3.4(e). When the dampers ¢, ¢, are in
parallel, the equivalent damper (c.q,) is given by c.q; = ¢; + ¢,. Then the dampers will
be reduced to as shown in Fig. 3.4(f).
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X
2 Cs 2 Ceq
U] (@

Fig. 3.4 Dampers are in series and parallel

In Fig. 3.4(f), c.q; and c; are in series. Then equivalent damper (c.g,) is given by

c,tece
1 1+1 1 3

eql 1 atete

- -
ceq2 Ceql 3 ¢

eq2 Ceql€3 Ceq2  c3(c;t0y)

Then the dampers will be reduced to as shown in Fig. 3.4(g).

3.3.3 Dampers and Springs are in Parallel and Series

1. Springs and dampers are in parallel Let us consider springs k,, k,, k; ...
masses m,, m,, ms .....are in series and dampers c,, c, ¢; ...masses m,, m,, m; are in
series, springs ky, k,, ks ...masses m,, m,, m; and dampers c, ¢, c; ...masses m,, m,,
ms are in parallel as shown in Fig. 3.5(a).

Then the equivalent spring—mass and the equivalent damper—mass system will be
reduced to as shown in Fig. 3.5(c) 3.5(d) respectively.

1 1. 1.1 1 1 1.1.1 1
=t =ttt — =ttt
ky ki Ky Ky k) Cq C1 G Cn

(c) (d)
Fig. 3.5 Springs and dampers are in parallel

2. Springs and dampers are in series

Let us consider springs k,, k,, k; ...are in series and dampers c, and ¢, are in
series, as shown in Fig. 3.5(c). Then the equivalent springs are in series is given by

k.k

keq = ki + i iz and the equivalent damper when they are in series is given by
2 T K3

Ceq = €1 T ;. Then the free-body diagram of the system is as shown in Fig. 3.5(d).

Then the equivalent system is as shown in Fig. 3.5(e).
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X
KX [ kok/(k, + k)
<« —

FBD m
P <.
c,X Q 2 C < CoX
(c) Spring and dampers are in (d) Free-body diagram (FBD)
series and parallel
X
Keq
Ceq m
Q0O

Fig. 3.5 (Contd.) Simplified spring-mass and dampers system

SOLUTIONS OF FREE VIBRATION WITH
DAMPING (VISCOUS DAMPING) IN A
SINGLE-DEGREE-FREEDOM SYSTEM

Let us consider a classical spring-mass-dashpot system as shown in Fig. 3.6(a). Let
‘m’ be the mass of the body, ‘k’ be the spring stiffness of the spring and ‘c’ be the
damping coefficient. The damping resistance at any instant is equal to ¢ x where xis
the relative velocity between the piston and the cylinder of the dashpot. For viscous
damped system, the damped force F, is proportional to the velocity v, i.e.

F ov, Fy=cvor F;=cx. The springs and dashpot are in parallel.

NN

mx
L kx T cx
@ c = damper T T FBD
m

Spring k

X = displacement

(a) (b)
Fig. 3.6 Spring-mass-dashpot system with free-body diagram

Let at any instant the system be displaced through a distance ‘x’ from the equilibrium
(mean) position as shown in Fig. 3.6(a). Then different forces are acting on the system
as shown in free-body diagram (FBD) of Fig. 3.6(b). The spring force ‘kx’ acting in
the upward direction and the damping force c x acting in the upward direction.
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Note: In case of free vibrations with damping, there will be three forces acting
on a system, i.e., spring force, damping force and inertia force (See Eq. 3.2.).

Now apply Newton’s second law of motion,

YF=m.a, mx=—-cx—kx

ormx +cx+kx=0 .32
Equation 3.2 is called the governing equation of motion.

This is the fundamental homogeneous differential equation of motion of a single-
degree-freedom-system having damped vibration of order two. The solution of this
differential equation of motion is as follows. Assuming that the solution is

x= Xy .33

where ‘X’ is the amplitude, ‘e’ is the base of the natural logarithms, s’ is the constant
to be determined and ‘¢’ is the time in seconds. Differentiating Eq. 3.3 with respect
to time ‘¢’ twice, we have

dx . dx .. 2

—=x=s5X,-¢&", ——=xX=5"X, "

dt 0" ar 0
Substituting these values in Eq. 3.2,
m(s® Xpe) + c(sXye™) + kXy e = 0, (ms® + es + k)X, e = 0 as X,-¢” # 0,
(ms®+ s + k) = 0 is the characteristic equation. The above equation is quadratic and

—c+\Nc?— dAmk

hence the two values of ‘s’ can be found as s, , = B P— .34

—c 2 Amk

Spa=5
P2 2m T Nam®  am?

sl,s2=ﬁi\”%]2—% 3.5

The general solution for the motion of mass ‘m’ is therefore given by

x=A4," + 4,
For critical damping in Eq. 3.4, the quantity under the radical sign should be zero,
ie.

c*—dmk =0, or c = c,= 2\Nmk

or from Eq. 3.5 the quantity under the radical sign should be zero, i.e.

c1? k
on] o
Note: Spring-mass dashpot system can also be written in several ways, based on

the different applications as shown in Fig. 3.7(a), (c), (¢) and (g) and respective
free-body diagram (FBD) in Fig. 3.7(b), (d), (f) and(h).

C. 12 k Cc 12
ﬂ] = [ﬂ] = a)i c,=2mw,orc, = 2Nkm
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X X FBD
L m L m
i i kx
k c kx l cx FBD
mx .
CcX
mx
(a) (b) (d)
FBD
X X
<
c m kx m  le—mik
<]
O O cX
(e) ®
mx
1 1 1y DAl
b2 ez t 1 13
FLe =
3 X FBD
(¢ (h)
Fig. 3.7 Spring-mass dashpot system with free-body diagram (FBD)
GENERALISED DIFFERENTIAL EQUATION OF
THE SYSTEM
We know the equation mx + cx + kx =0 ...3.6
Divide Eq. 3.6 by ‘m’ throughout,
§+%2+%x=0 .37

since

E
@, = m

The term % is multiply and divided by ‘c.’

c,.c ENmk

c c . .
m=om m’ Where .= & (damping ratio)
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28vm Nk 2&Vk c
=———=——=280, . =20
Substituting these values in Eq. 3.6, we have
¥+280,x+ 0l x=0 3.8
The solution of this equation is given by,
assuming that x = Ae” .39

Differentiating the Eq. 3.9 with respect time twice,
x = Ase”, ¥ = As%e"
Substituting these values in Eq. 3.8, we get

. As*e + 28w, Ase™ + wf Ae” =0, (s + 28 @, s + @) Ae =0, as A.e” # 0.

sPH2Eats+ wt=0 ..3.10

is the auxiliary equation.

The above equation is quadratic and hence the two values can be found out as follows.

\4Ew? — 40

S5, = 28w, + 5 o it can also be written in terms of damping factor ‘&’

Spp=—Cw, + 0, \E- 1 .31

~ x=¢"" and x = " are the solutions of Eq. 3.6.
The general solution can be written as

x=A4," + 4, et 3012
where ‘4,’ and ‘4,’are arbitrary constants to be evaluated from initial conditions.

Substituting the values of ‘s, and ‘s,’ in Eq. 3.12,

x:Ale[—Zéwﬁ%‘E—l]f+Aze[—2§w,.—wn‘]?—1]f .3.13

—c c k
we get x=Aelm’ (5)2_”_']'+A ,e 20 V(za) '"] ..3.14
x=e;Tc"t] [AleJ(ﬁ)z_ét‘FAze_ J(ﬁ)z_"k't] ..3.15

—ct
The first term in Eq. 3.15 e2mn is simply an exponential decaying function of time.
The behaviour of the terms within the parenthesis depends on whether the numerical
value within the square root is positive, zero or negative.

1. When the damping term (=— ? is larger than ﬁ, the exponents of the equation
ping m

2m

are real numbers and no oscillations are possible. Hence, we refer this case as over-
damped condition.
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c

2, k .
2m) is less than ;, the exponents of the above equation

2. When the damping term (

L Y %—( )
becomes imaginary numbers, i.c. e 2m/

This is similar to ' = sin 8+ i cos 0

& ol =il [E (2] o]+ seos{ {5 - (5 )

Hence, the terms of the equation within the parenthesis are oscillatory.

Hence, this condition is referred as an underdamped conditions.

3. The limiting case between the oscillatory and non-oscillatory motion is got

k c \2 . . .
when 7, = (ﬁ) and this results in the value under the square root to zero. This case

is referred as the critically damped condition.

Mathematically, critical damping means that value of ‘c’ which makes the radical in

2
_k or k_ a),,z, ¢, =2ma, = 2\Nkm

. cC
the expression of 5| , m| ~mOTm

The ratio of (%) to [i]z indicates the degree of dampness provided in the system

and its square root is known as damping factor ‘€’,ie. &=

DAMPING RATIO (&)

It is defined as the ratio of actual damping coefficient(c) to the critical damping
coefficient (c,),

Actual damping coefficient n 14
e : = re ‘c’ i mpin
Critical damping coefficient ¢, Where ¢ s actual damping

i.e. Damping ratio &=

c
2m

n

coefficient, ‘c_’ is critical damping coefficient and § = 7= orc =2méw,.
c

The damping factor is the measure of the relative amount of damping in the existing
system with that necessary for the critical damped system. The damping coefficient
is a constant depending upon the mass and stiffness of the system and is independent
of the actual amount of damping.

There will be four cases for damping ratio ‘£’ which are as follows:
Case (i) If ¢ = 0 or £ = 0, the system is called no damping (undamped system).
Case (ii) If ¢ < ¢, or £ < 1, the system is called an underdamped system.

Case (iii) If ¢ = ¢, or £ = 1, the system is called a critical damped system.
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Case (iv) If ¢ > ¢, or & > 1, the system is called an overdamped system.
Case (i) No damping (undamped system £=0) The roots of the charac-
teristics equation (3.11) are s, , = - S, + o, \]7
Now E=0
The roots of the equation are from Eq. 3.11, 5 ,=+ o N-1 5, ,=+ Jo,

. the solution is 4,e"" + A,e", x = 4,&’%" + A,e

x =Asin @,t+ B cos @,t

To find constant ‘4’ and ‘4,’ using initial conditions.
Att=0,x(0)=x, - B=xpx(0)=0,x=Aw,cos ®t—Bw,sinwt 0=A41.0,
L A=0.
Case (ij) Underdamping system (£ < 1) The roots of the characteristic

equation 3.11 are 5, , = 6w, + o, \/52 -1

Ae” ot

Fig. 3.8 No damping

Now for underdamping system & < 1, the roots of the equation are from Eq. 3.6,
& — 1 will be negative.

V& - 1=CD( - VED V- &),
The radical becomes imaginary and can be written as
1- 52’ sl, 27 _éwn ij(D" Jl - 52 [Wherej = ‘J(_l)]

51, = Ew, + jo,, where @, = @,(\1 - &) damped natural frequency.

The general solution is given by
x=A,&"+ 4,6, ie. x= Ale(—é‘ff‘“—éz)wnt +Aze(—§+Nl—§2)wnt

The above solution can also be written as

e m et (g BN g i E)
x = e S0 (c sm[(\fl - 52 "t] + ¢, cos [(\fl - 52)(0”1])
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i.e. ‘c;’ and ‘c,’ are arbitrary constants to be determined from initial conditions.
Due to the presence of sine and cosine terms in the above equation, the motion of the
system is oscillatory with a damped natural frequency (@)

The solution can also be represented as

x=Xe 0! [sin{ (\]1 - 52 } + ¢]
It is noted that the above equation is periodic whose amplitude decreases with time.
This is the general nature of damped free oscillations. The characteristics of such
underdamped system of motion are (i) motion is periodic, (ii) amplitude decreases
with time, and (iii) the frequency and hence the time period of oscillations depend
on the damping constant (c or &). Higher the damping constant, smaller will be the
frequency and larger will be the time period as shown in Fig. 3.8.

Case (iii) Critical damping system (& =1)
The roots of the characteristics Eq. 3.11 are 5, , = -, + ), \](052 -1
Now since & = 1, the two values of s’ are 5, , = — Ew, + @, NE -

Since the ‘&’ value is one, critical damping (\f&z -1 ) term tends to zero.
Hence 5, 5, =— @,

The general form of solution for such a case of
repeated roots is given by, X

x =4, + 4,e™
x = A, + A, x =% (4, + 4)

where ‘4,’and ‘4,’ are arbitrary constants which
are evaluated from the initial conditions. As the
differential equation is a two-degree equation, — > ot
the resulting solution is inadequate and there- Fig.3.9 Critical damping
fore not general. However, the assumption s =

te ' satisfies the equation and results in a general expression for ‘x’ as follows:
x=e *“"[A,+ A,t]. This is shown in Fig. 3.9 for 4, = 0. From Fig. 3.9, it is observed

that the motion is periodic.

Importance of critical damping The main importance of the critical damping
condition is that it forms a method of measuring the relative amount of damping in
a particular system. It is uncommon in practice since it is difficult to maintain the
exact relationship required of the passive elements to produce it. Physically, critical
damping (c.) means that amount of damping which will make the vibrating system
stop during the least possible time.

The damping factor (&) for the critical case will carry the subscript c; and the ratio of
the actual amount of damping ‘c’ to the critical amount of damping ‘c_’ is a measure
on a dimensionless basis of the relative amount of damping in the system. This ratio
will be designated as ‘£’. With critical damping (cC/2m)2 = k/m, and the term under
the radical of equations 3.11 equals zero so that

s =8,=s=—cJ/2m.
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Case (iv) Overdamping system (£ > 1) The general solution is given by,
x =4, + A,

x= Ale[‘é Vgt Aze[‘ &g - 1]os where ‘4,” and ‘4, are arbitrary constants
to be determined from the initial conditions. Since the power of ‘e’ is negative in
both terms of the above equation,
both decreases exponentially with the .- (
. Al e Ae
time ‘¢ and therefore ‘x’ decreases / !

as ‘t increases, and it becomes zero
as ‘¢’ tends to oo. The system comes
to equilibrium position nearly in an T

22
—EHET-1) ot

X

Y

exponential manner. Theoretically, the — w,t
system will take infinite time to come L

to the equilibrium position once it is \

displaced from its original position as A 4, et

shown in Fig. 3.10.

Note: In critical damping and over- Fig. 3.20 Overdamping
damping cases, there is no oscillations,
since they are aperiodic.

LOGARITHMIC DECREMENT(5)

It is an yardstick to measure the amount of damping present in an underdamping case
only. (i.e. £ < 1). Also, it is one of the easy ways to determine the amount of damping
present in a system. It is ‘defined as the natural logarithmic ratio of any two succes-
sive amplitudes on the same side of the mean line.” The ratio of any two successive
amplitudes is always constant in a free vibration and also it is one of the practical
ways of finding out the damping of a system and is denoted by ‘&’.

The main importance of logarithmic decrement is the vibration plot is obtained
experimentally and after measuring amplitudes, damping is determined using stan-
dard equations.

In Fig. 3.11 at the point of tendency, the amplitudes are approximately given by
x=Xe 54

... XO Xl X2 ‘X;I—l
By definition, § = Inl X, =In| X, =In X, = 0=In| X

n

x=Xe .3.16
when ¢ =1, x = X,. Therefore, from Eq. 3.16, X, = (xe & ),
when 7= '+ 7, x = X;. Therefore, from Eq. 3.16, X, = Xe 4 (4 + 1)

N 27 2r
where 7 = Periodic time = ——

wdzwnql_gz
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x=Xe "
(&

Xo /Xe £ in (a)t+l,u)

\/\/

Fig. 3.11 Logarithmic decrement

PRl
By definition, Xl

Substituting the values of X;and X,, we have

Xe_éa’nt ! B Xe_éw"t ! B 1 B ga) . B
6= ln(X —§w(t'+r)) - ln( Lo, —éwr) - ln( —5‘0,,1) = ("), 5= fo,tin e
e n Xe " e n e

27 ), 27
5=¢w,r sinceaslne=1 =27, 5 218w, g

[6 =27& if £ << 1 (underdamping case)]

..3.17

27 2z
Also from the equation, 6= \]iéz’ ie \1-&= é
1—
Squaring both sides,
47:252

1-&=

§ -8 =4rg, § =4’ + 8, & = Lldn+ &1

B S
Vo &

From these equations, we can determine the &’ value.

..3.18

If the system takes place in ‘»’ number of cycles then by definition of logarithmic

Xo X X1
decrement, 6=1In|~- X, =In| — X, =..=In Tn .
Xo
6= ln( )
X

Taking log on both sides,

Xo\_ s (X)) s (Kr)_ s (Ko} (%) (K1), X,
Er v |=e€, =e’or e X
X, ¢ \x, X, x,) \x) " \x,)” X,
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X
=ePxe®xePx - x e ptimes . — =€
X'l
Taking log on both sides,
[ 2) = noine, 1n(20)=nox 1, s ne=1, §= Lm0
“In| ) =ndlne, In{5-J=nox1, sinceaslne=1, =5, 1n X, ..3.19

EXAMPLE 3.1

A mass of 0.907 kg is attached to the end of a spring with a stiffness of 7 N/cm.
Determine the critical damping coefficient.

Solution m =0.907 kg, k=7 N/cm =700 N/m.

The critical damping coefficient is given by the equation

c.= 2\Nmk = 20.907 x 700 = 50.394 N-s/m.

EXAMPLE 3.2

A damped vibration record of a spring-mass-dashpot system shows the following
data: Amplitude on second cycle = 12 mm, Amplitude on third cycle = 10.5 mm,
Spring constant k£ = 7840 N/m, Mass of the spring =2 kg.

Determine the damping constant assuming it to be viscous damping,
Solution x,=12 mm, x; = 10.5 mm, £ = 7840 N/m = 7.84 N/mm, m =2 kg, c =

The logarithmic decrement is given by the equation

5= loge( ) 1oge(105) 5=0.1335

Damping factor is given by the equation

& 01335
Va2 + & ar? +0.13352

Critical damping coefficient is given by the equation

£=0.0212.

c.=2\Nmk =22 x 7.84, ¢, = 7.92 N-s/m.

or ¢, =250.43 N-s/m

Damping constant ¢ = € x ¢, =0.0212 x 7.92 = 0.1678 or 0.0212 x 250.43,
¢ =5.309 N-s/m.

EXAMPLE 3.3

A mass of 1 kg is to be supported by a spring having a stiffness of 9800 N/m. The
damping coefficient is 5.9 N-s/m. Determine the frequency of the system. Find
the logarithmic decrement and also the amplitude of the 3 cycles if the initial
displacement is 0.3 cm.
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Solution m = 1kg, k= 9800 N/m, ¢ = 5.9 N-s/m, x, = 0.3 cm= 0.003 m.

The natural frequency is given by the equation @, \/7 9800 > @, = 98.99 rad/s.
wﬂ .
The frequency is given by the equation /= —— 982195 = 15.76 cyc/s or Hz.

The damping coefficient is given by the equation ¢, = 2Vmk = 197.99 N-s/m.

The damping factor is given by the equation £ = ci = % =0.0298.
The logarithmic decrement is given by the equation
2z
5 2mx 00298 oo
\11 —Z2  \1-0298
X X “2
We have (x_(:) =’ X = (;. 0. 003 =0.0025 m
&l & L
c=59 @ k=9800
X1 0.0025
Xy=—= =0.0021 m
25 01
%2 0.0021
*3= o N 0.00171 m Fig. p-3.3 Spring-mass damper

EXAMPLE 3.4

A mass of 20 kg is suspended from a spring of stiffness 39240N/m. A dashpot is
fitted and it is found that the amplitude of vibration diminished from its initial
value of 25 mm to 6.25 mm in two complete oscillations. Find the resistance
offered by the dashpot at a velocity of 0.3 m/s and the frequency of damped
vibration. Compare this value with frequency of free vibration.

Solution m =20kg, k=39240 N/m, x, =25 mm, x, = 6.25 mm, n =2,
velocity (x) v=0.3 m/s.

X,
We know that & = % loge(x—(:) L ge( 62255) 0.69

27é

\1-&
) 0.69

- = - £=0.11 < 1 (Underdampi
> é \l4772+ 52 \14772+(069)2 é <1 (Underdamping)

But damping factor

E= c=c&=2mk, E=2 %

Also the logarithmic decrement is given by the equation, § =

20
981

Force of resistance F = cx = 194.9 x 0.30, F = 58.46 N or F = 5.96 kg

% 39240 x 0.11, ¢ = 194.9 N-s/m
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o,= \/7rad/s, = 3922(;‘ 0 =4429rad /s

The frequency of damped vibration

;= o\1-E =442941-(0.11)*, 0, = 44.02 rad/s

=1 - & =41-(0.11)> = 0.994 has to be less than one always (underdamping).

EXAMPLE 3.5

A machine of 20 kg mass is mounted on a spring and dashpot as shown in Fig.
p-3.5.The total spring stiffness is 10 N/mm and the total damping is 0.15 N/mm/s.
If the system is initially at rest and a velocity of 100 mm/s is imparted to the
mass, then determine

(i) displacement and velocity of mass as a function of time, and (ii) displacement
and velocity at time equal to one second.

X

’—b

c m

Q. Q

Fig. p-3.5 Spring-mass damper system
Solution m =20 kg, k=10 N/mm = 10,000 N/m, ¢ = 0.15 N/mm/s = 150 N-s/m,
v =100 mm/s = 0.1 m/s
Motion of a system with initial displacement and an initial velocity.
(i) Displacement and velocity of mass as a function of time

Undamped natural frequency of the system is given by the equation

w,= \/7 ad/s = 10000 =22.36rad/s

Damping factor &= c% = 2”5(0 ~ 5 x 2(}5><022.36 =0.1677

Damped frequency @, = o1 — & = 22.36V1 - 0.1677% = 22.043 rad/s

Now Ew, = 0.1677 x 22.36 = 3.75

Displacement x = e 5% [ 4, cos wyt + 4, sin 1]

Displacement x = e[ 4, cos 22.043¢+ A, sin 22.043¢]
Velocity ~3.75 e >[4, cos 22.043¢ + 4, sin 22.0431]

+ 22.043e-3~75'[—A1 sin 22.043¢ + 4, cos 22.043¢]
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When t=0;x=x0=0, 0=4,+0, . 4,=0
When 7= 0, x=x¢,=0.1m/s, i.e. 0.1=0+22.043[0 + 4,],
A2=%=4.5366 x 1073

Substituting the values of ‘4’; and ‘4’, in displacement and velocity equation,
Displacement x =4.5366 x 107> ¢ ~>"* sin 22.043¢
Velocity x=-3.75x &> x 45366 x 107> x sin 22.043¢

+22.043¢ 7 x 45366 x 107> x cos 22.043t

x=e>""[0.1 cos 22.043¢ — 0.017 sin 22.043f]
(ii) Displacement and velocity at time equal to one second, i.e. =1
Displacement x = 4.5366 x 107> x e >7*! x 5in (22.043 x 1)=4 x 10 > m
Velocity x = e >">"1[0.1 cos (22.043 x 1) — 0.017 sin (22.043 x 1)]
=2.03 x 107> m/s.

EXAMPLE 3.6

In a simple spring-mass-damper system, the mass is 20 kg, spring constant is
10 kg/cm and the damping coefficient has a value of 0.15 kg-s/cm and the system
is initially at rest. When a velocity of 10 cm/s is given to it, determine the subse-
quent displacement and velocity of the mass.

Solution m=20kg, k=10x9.81x 100 =9810 N/m,
¢=0.15kg-s/cm = 0.15 x 9.81 x 100 = 147.15 N-s/m,

v =10 cm/s = 10/100 = 0.1 m/s

Initial conditions: (i) When £ =0, x = 0 (ii) When 7= 0, x = 0.1 m/s.

We have c,=2\mk = 2\’% x 9810 = 885.88 N-s/m.

But &= c£ = % =0.16 < 1 (underdamping system)
Hence, x=e 5 [4 sin w,t + B cos w, t] ...(a)
w,= \/7r d/s = 98—1 =22.15 rad/s

Damped natural frequency, @, = ®,\1 — E=22.151-(0.16), w,;=21.86rad/s

= e 1% 215 [ 4 5in 21.86 + B cos 21.861]

Using initial conditions, (i) att=0x=0 .. 0=¢ ®122150[4in 2186 x 0+ B
c0s 21.86 x 0]
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0=e"[4sin0°+Bcos0°] ..B=0
x =e >[4 x 21.86 + cos 21.86f] + A sin 21.86¢ + (-3.513)e>>1¥

Again using initial condition, (ii) at 7= 0,x = 0.1 m/s

_ 0 . __ 01 _
0.1=e"[4x21.86+0] .. 31.80° A4 =0.0046
Substituting the values of 4 = 0.0046, B =0 in Eq. (a).
Hence x=10.0046 e > x 5in 21.86 ¢

What will be the displacement after # = 1 second?
x = ¢ 01662214711 00457 sin 21.839°] = 0.0017 =1 rad = 7 =~ 180°

EXAMPLE 3.7

The mass of the spring-mass-dashpot system is given an initial velocity (from the
equilibrium position) of 4 w, where ‘®’,, is the undamped natural frequency of
the system. Find the equation of motion for the system when (i) £=0.2, (ii) £ =1,
and (iii) £ = 2.

Solution (i) When & = 0.2 < 1 is an underdamping system.

For underdamping system, x = de~">*" sin(0.96 @,f+ ¢), 1= 0, x = xo = A sin ¢
x=-020,4e %% sin(N0.96 ot + ¢) + 4e”***" 0.96 w, cos (V0.96 w,t+ ¢).
t=0,x=-020,4 sin ¢ +V0.96 ®,4 cos ¢

0.96
02’

i: 1 — - X _ -0.2w,t - 0~ql
%o sing 102A=102x, 5 =102 sin (V0.96 w,+78°28").

o tan ¢= ¢ =78°28!, sin ¢ =~0.92

(ii) When § = 1, it is a critical damping system.
For a critical damping system,

x=A+BYe ® t=0xy=A,x=—w,A+B)e " +Be ™ t=0x=0

=-wA+B

A =Xy B= 0y x,, xio = (1+ o,He
Motion is still not periodic but decreasing exponentially.
(iii) When & = 2, & > 1 is an overdamping system.
For overdamping system, x = 4e~ 2" 4 g2
Apply Boundary Conditions at =0, x=x,=4A+B .. A+ B =x,

i = (2 +3)w, 4¢P 4 (2 +B)w, B2

t=0 x=0=(2+\3)w,4+(-2- B)w,B
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(243 o 2443 ) _ 23

or —(_2+\/§)B,A—xO—B..0 —x0+B(1+_2+\/§) - 0+—2+\/§B’
x(-2++3) 2443 \[-2+3)
R ( 2+JJ( z@’)‘“‘lﬂwx“

Motion is not periodic but decreasing exponentially.

EXAMPLE 3.8

A vibrating system consists of a mass of 50 kg, a spring of 30 kN/m stiffness of a
damper. The damping provided is only 20% of the critical value.

Determine (i) the damping factor, (ii) the critical damping coefficient, (iii) the
natural frequency of damped vibrations, (iv) logarithmic decrement, and (v) the
ratio of two consecutive amplitude.

Solution m =50kg, k=30 kN/m = 30000 N/m, ¢ = 0.2c,.

CC
(i) The damping factor £ = - = —— = 0.2 < | (underdamping)

(ii) The critical damping coefficient, c, = 2Ymk = 2450 x 30000 = 2450 N-s/m
= 2.4 N-s/mm

(iii) The natural frequency of damped vibrations,

o1-2. o \/7 300 =245 radls .. w;=24.5V1-02% =24 rad/s

2r
(iv) Logarithmic decrement, § = : _27x02 =128

V-2 1-02

(v) Also the ratio of two consecutive amplitude,

X, I W Y _Lzs(x")_
0= loge( n+l) ( Xp+1 )_e h (xl1+l)_e P\ Xy +1 =3.6

EXAMPLE 3.9

The disc of a torsional pendulum has a momentum of inertia of 600 kg-cm” and
immersed in a viscous fluid. The brass shaft attached to it is of 10 cm diameter
and 40 cm long. When the pendulum is vibrating, the observed amplitudes on the
same side of the rest portion for successive cycles are 9°, 6° and 4°. Determine

(i) logarithmic decrement ‘&, (ii) damping torque at unit velocity, and (iii) the
periodic time of vibrations. Assume for the brass shaft G = 4.4 x 10'°N/m” What
would the frequency be if the disc is removed from the viscous fluid.

Solution (i) The logarithmic decrement ‘§” in case of torsional system is given by
the equation

6, 0 0,
6=1log, =log,| — ! = log, =log,| = 9 = log, 6 =log,(1.5) = 0.405
o, 0, 0y 6 4
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Also, the logarithmic decrement
278 8 0.405

= = ~ 0.064
Te" et ’

N4r + 0.405
(i) Now damping torque at unit velocity is the torsional damping coefficient ‘c’ of
the system given by

E=cle,orc=Ec,, c,=2Nmk or kI, - c=2.&[kI
=10cm =0.1 m, /=40 cm = 0.4 m, I = 600 kg-cm? = 0.6 kg m?.

.. torsional stiffness of the shaft is given by the equation.

5=

Gl
k= =S Za - T = GOl or TI0- k= Gl
4.41x10" _

k= -3  0.1)* = 1.08 x 10° N-m/rad.

04

¢=0.0645 x 2 x V1.08 x 10° x 0.06 ¢ = 32.8 N-m/rad.

This is the damping torque at unit velocity.

(iii) The periodic time of vibration is given by the equation 7= 2—(3 = %
2 ‘/ {1 08 x 10°
=— = 4240 rad/s,
@, J 1- 52 0.06

27

~ 4240VT - 0.0645

The frequency when the disc is removed from the viscous fluid is the natural fre-

wll
quency of the system and is given by @, =27 f, or f, = [ % =675 Hz or cps.

=0.0015s.

EXAMPLE 3.10

In a single-degree damped vibrating system, a suspended mass of 8 kg makes
30 oscillations in 18 seconds. The amplitude decreases to 0.25 of the initial value
after 5 oscillations. Determine (i) the stiffness of the springs, (ii) the logarithmic
decrement, (iii) the damping factor, and (iv) the damping coefficient.

Solution m =8 kg, Number of oscillations is 30 in 18 s
.. time taken for one oscillation = 30/18 = 1.67 Hz
We know that @, =27 x f=2m x 1.67 = 10.47 rad/s.

(i) The stiffness of the springs, w, = \/% = \lg =10.47
~ k=28.77 N/m or 0.877 N/mm.

Xo Xy Xy X3 Xg o Xo X; Xy X3 Xy (Xg)S
XXX —m=m— === o2

Xo\ (¥o\Us 1\ el Xo
(xl) (xs) (025) “132 -6 l"ge(x_s)‘

Xo
We know that ( X )
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(ii) The logarithmic decrement, 6 = loge(l 32),6=0.278

27é
\/7’ 0.27 8—F V1-E=226E 1-E=510828
(iii) The damping factor £ = 0.0442 < 1 (underdamping).
(iv) The damping coefficient ¢ =2m w, £ =2 x 8 x 10.47 x (0.0442 = 7.4 N-s/m.

ENERGY DISSIPATED PERCYCLE IS
PROPORTIONALTO THE FREQUENCY AND
SQUARE OF AMPLITUDE IN CASE OF VISCOUS
DAMPING

We have the damping force in case of viscous damping is given by the equation

F=—cx. Control position

Since this viscous damping force always resists the ;

motion, this will be positive, when velocity (x) is X _’:<_X_’
negative and this will be negative when velocity (x) |<_ S

is positive. This is shown in Fig. 3.12. Therefore, the X —>+ve i~
energy dissipated (ED) per cycle is given by * X Q) Q

Fig. 3.22 Energy dissipated in
Energy dissipated = 2 J cx dx ...3.20 viscous damping
X

Assuming that the motion is periodic and x = X sin @t and x = % = —mX cos wtor
dx =—wX cos ot dt
Substituting these values in Eq. 3.20,

X
we get, ED =2 [ ¢ (- @X cos 1) (- X cos wi)dt.
-X

2n

sin 2 (@1) 127
=2 % coX? [ cos? ot d(of) = coX?| (01) + sin2 (@)
n

=caX? [1] = c ow X*
2 In

. energy dissipated/cycle o , where ¢, 7, X°, are constant and also energy dissipated/
2
cycle < X~

Energy dissipated by a damping force proportional to the square of
the velocity From Fig. 3.12 and discussion, F = c(x)

Here, energy dissipated/cycle =2 J c(@* X* cos® o) (wX cos wi)dt
2 ) 372

3 d(wt 3
~2 [ ct? X* (cos’ ) —5 = ~2c0? X> x 2| ca(o1) d(wi)
V4 n

3/
=_4ca)2X3[%sin((Dt)+LSin3(wt)] 40(0 X3[ —+_] 8 a)2X3
n

12
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3.9 COULOMB DAMPING, OR DRY FRICTION
DAMPING

In this type of damping, the damping force is constant in magnitude but opposite in
direction to that of the motion of the vibrating bodies.

It is caused by friction between the surfaces that are dry or having insufficient lubri-
cation. as shown in Fig. 3.13(a) and FBD of Fig. 3.13(b). When a body slides on
a dry surface, the force of resistance between the surfaces or the frictional force
is proportional to the normal load. This damping is called Coulomb damping and
the relation for force is (F), F @ Ry or F = 4 Ry Sgn. (x) where Ry = Normal load,
1 = Coefficient of kinetic friction in Fig. 3.13(c) as normal load verses friction. It is
effective only in the final stage of the damped free vibration when the other types of
damping are ignorable.

E kx AF
X «—
k ] o
m mX P

FBD
(a) (b) (c)

Fig. 3.23 Coulomb damping

1. Frequency of damped oscillations Let us consider spring-mass system,
capable of sliding on a dry surface as shown in Fig. 3.14(a) and ‘i’ is the coefficient
of dry friction between the two surfaces. Now we will discuss the following three
states of a body in case of a Coulomb damping as follows.

When a mass is at rest, the spring is unstretched and no friction force ‘F” acts on the
body or either moves to leftwards direction or moves towards right direction are the
three possible states of a body.

X X X
kx F=0 kx — <_F X 4—_’:,

(a) Mass at equilibrium (b) Mass is moving towards ~ (¢) Mass is moving towards
position right left

Fig. 3.14 Coulomb damping

1. When a mass is at equilibrium or in rest position as shown in Fig. 3.14(a),
the equation of a motion is given as, mx + kx = 0.

2. When a mass moves towards right direction as shown in Fig. 3.14(b), the
equation of a motion is given as, mx + kx + F = 0.
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3. When a mass moves towards leftwards direction as shown in Fig. 3.14(c), the
equation of a motion is given as, mx + kx — F = 0.

In the above cases, let us consider that the mass moves towards the leftwards direction
and the equation can be rewritten as mx + kx = F and divided by ‘m’ throughout.

gt 321
The solution of Eq. 3.21 can be written as
k . \/? F
x=A4cos \/;t+Bs1n ﬁ”’; ..3.22

As we know that ®,= \jg rad/s.

Now applying boundary condition x = xjat r=0and x =0 at = 0, we get

A= (xo — E) and B =0. Substitute the values of ‘4’ and ‘B’ in Eq. 3.22, we get

k
x= () cos \/%H*% 323

The equation 3.23 is the solution for only half the cycle. When time ¢ = %, half the
cycle is complete as shown in Fig. 3.23(c). In this half cycle, the displacement can be
determined by Eq. 3.23.

o n
By substituting 7 = ~and cos 7= -1, we get

|y F Foo_ F\E, . _ 2F
x—(xo—k)cosﬂ+k, x —(xo—k)+k x —(xo— k) ..3.24

The equation (3.24) is the amplitude for left extreme position of the mass and it
T . 2F

clearly shows that the initial displacement ‘x,’ is reduced by an amount E On the

other hand, in the next half cycle when a mass moves towards, the right extreme posi-

. L . 2F
tion of the initial displacement ‘x,’ is reduced by an amount VE Now we understand

in one complete cycle, the amplitude reduced by the total amount of 47F

This can be represented by means of a graph as shown in Fig. 3.15. Now it is clearly
understood in case of Coulomb damping that the natural frequency of the system
remains unchanged.

2. Rate of decay of oscillations Referring Fig. 3.15 also shows the rate of
amplitude decay of vibration with Coulomb damping. The rate of amplitude decay
can be explained briefly as follows. It can be seen from the figure, when a body
moves from point ‘1’ to point ‘3’ through point ‘2°, the motion is a part of a simple
harmonic motion about point ‘2°. Suppose when we consider the motion in equilib-
rium position, i.e., x =0, it means moving from ‘1’ to ‘3’ the body has lost an amount
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—(X,
SHM SHM <° k>
€ x— Flk=0»<x+ F/k [«

=0

Fig. 3.15 Amplitude decay in Coulomb damping

of amplitude equal to 27F This is the half of the simple harmonic motion or half a

cycle. Similarly, there is another loss of amplitude of an amount equal to ZTF about

the equilibrium position in the next half of Connecting rod

the cycle in Fig. 3.16. Thus the amount of ¢

amplitude loss in one complete cycle (Fig. ]

AF ,
k Piston

This is same as that of the above equation

3.24 in the energy point of view.

Viscous fluid

1-2-3-4-5) equals

Clearance

Cylinder

Difference between viscous damping and
Coulomb damping is shown in Table 3.1

Dashpot
Fig. 3.16 Viscous damping

Table 3.1 Main difference between Viscous Damping and Coulomb damping

Viscous damping (Fig. 3.16)

Coulomb damping (Fig. 3.13)

In case of viscous damping the damping,
resistance is directly proportional to the
relative velocity.

In case of Coulomb damping, the damping
resistance is constant for the entire velocity
range.

Viscous damping occurs as a result of
fluid friction.

Coulomb damping occurs when two parts
work against each other which are dried
and unlubricated.

In case of viscous damping, the ratio of two
consecutive amplitudes is constant and the
envelop of maximum of displacement time
plot is an exponential curve.

In case of coulomb damping, the difference
between any two consecutive amplitudes is
same and the envelope of the maximum of
the displacement time plot is a straight line.

In case of viscous damping, the body once
disturbed from the equilibrium position
finally comes to rest in equilibrium position.

In case of coulomb damping, the body may
finally come to rest in equilibrium position.
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F

Fig. 3.27 Coulomb damping

STRUCTURAL DAMPING, ORSOLID DAMPING,
ORHYSTERISIS DAMPING OR MATERIAL
DAMPING

Hysterisis damping is an important type of damping since it occurs in all vibrating
systems subjected to elastic restoring forces. This type of damping is due to the inter-
nal friction of the molecules of elastic materials as shown in Fig. 3.18. Stress—strain
graphs are different types of damping for loading and unloading.

Stress (force)
A Area = energy
lost per cycle

/ S .
N $ /
& v

N

» (displacement) e > X

Strain

— X>e— X —>

Hysteresis loop

Fig. 3.28 Structural damping

When such a material is subjected cyclic reversal of loading, a hysterisis loop appears
on the stress—strain plot as shown in Fig. 3.18(a). The area of the thin loop is indicat-
ing the energy dissipated per unit volume/cycle. This means that more work is done
on the system while straining it than what is recovered during its relaxation. This type
of damping is called hysterisis damping. The size of the loop depends upon the mate-
rial of the vibrating body, frequency and amount of dynamic stress.

Thus the enclosed area in the hysterisis loop is the energy loss per cycle loading.
This can be expressed as E = Fdx ...3.25

From experiment, it was observed that the energy loss per cycle is proportional to the
stiffness of the material and the square of the displacement amplitude ‘X”. Also, it is
independent of frequency. Therefore, the energy loss is given by the expression

E = mAkX’ 326
where kA = Shape, size and property of the material
A = Property of the material
X = Amplitude of vibration
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In most of the cases, point ‘4’ is very small and motion is nearly simple harmonic as
that of the equation (3.26) may be used to obtain an equivalent damping coefficient.

Assuming that the motion is simple harmonic as

x=Xsin (o, + @) ..3.27
We know that the force exerted by the viscous damping is cx = cX o, cos (w,t + @)
2 2

[0} (0]

. energy loss per cycle E = J cxtdt= J cw? X* cos’ (ot + @)dt = mw, cX* ..3.28
0 0

By equating equations (3.26) and (3.28), the equivalent damping coefficient is

_ Mk

n

WNkm ..3.29

C

. k . - .
Since w, = \/;’ the value of structural damping coefficient ‘A’ may be determined

experimentally by means of using logarithmic decrement same as that of viscous
damping.

The energy equation for half cycle between any two successive amplitudes is indi-
cated in Fig. 3.19 in points ‘2’ and ‘4’ of the curve.

x (1[4

< 2
T 4
X )l(\ )
: P\ |/ :
X1|5 ‘T‘__ %
3 Time —»>

Fig.3.19 Energy equation for half cycle

A
kX2 mAX? w3 kX2 x: 1+
— - - —=— le.=— = ..3.30
2 4 4 2 X2 1 A
2
This is for half cycle.
A
xis o
Similarly, for next half cycle —- = ..3.31
X2 7
2 122
2
Xl 1+ %l
.. ratio of successive amplitude 72 = - A ..3.32
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But the value of ‘A’ is very small in some materials, so the equation (3.32) can be
written as

X A
/\72 =1+ 7 ..3.33
By definition of logarithmic decrement,
Xy ﬂl)
5—lnz—ln(l+7 =7A. ..3.34
EQUIVALENTVISCOUS DAMPING
In the same manner let us discuss the equivalent viscous damping.
C,
The equivalent damping factor &, = ;
Substituting the values of c¢, = % and c =2m ®,, we get
A 7l A
o 2ma, 2mw3’ eq= ) ..3.35
Also we know that
Cea™ J ’ %= g l=2—5 ..3.36
Ven?+ &

Jeny?+ & V@n)? + &

The amplitude decay is found to be exponential in nature. When force (F) is plotted
versus displacement (x) then a closed loop is formed as shown in Fig. 3.18(b). The
area of the loop indicates the energy dissipated by the damper in one complete cycle
of motion. This can given by the equation E = 7AkX>.

SLIP DAMPING, OR INTERFACIAL DAMPING

Slip damping, or interfacial damping occur where energy is dissipated due to rub-
bing of parts, backlash, etc. Consider a cantilever bar ‘x’ on which another bar ‘y’
is placed. The two bars are pressed together by means of a number of C-clamps to
provide a pressure ‘p’ between the two contact surfaces of bars ‘x” and ‘y’ as shown
in Fig. 3.20(a).

Now when the system vibrates in the vertical plane as shown, notice the continuous
slip between the two surfaces shown exaggerated in Fig. 3.20(b).

The energy dissipated per cycle based up on the coefficient of friction, the pressure
between the two plates and by the means of amplitude is shown in Fig. 3.20(c). At
less pressure, there is larger slip but no energy is dissipated in friction because of less
pressure and therefore there is no energy loss.

At very high pressure, there is essentially no slip and hence no energy loss. There is
an optimum value of pressure for which the energy dissipated is maximum. This is
different for different amplitudes of vibration. Larger the energy dissipation, larger is
the effective damping in the system.
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VUL
TTTTTETTTTTTI | Larger amplitude

—

Smaller amplitude

77,
=
b I’
I‘l -IL_QI‘ x
Slip damping

(b) Pressure —»

(c)
Mechanism of slip damping. Variation of effective slip damping
with contact pressure

Fig. 3.20 Slip damping

EXAMPLE 3.11

Write down the differential equation of motion for the following system shown
in Fig. p-3.11(a) and find an expression for (i) critical damping coefficient, and
(ii) damped natural frequency.

Solution For an angular downward displacement ‘0’ for the mass ‘m’, the FBD
is shown in Fig. p-3.11(b). The force in the spring is k (4a x ) and the dashpot is
c(3a0)

From Newton’s second law of motion, 1,0 = =T

mQa)’ 6 =—c(3ax 0)3a —k(4a x 6)4a

«——2a—>{¢a »<«a «——2a—>|<¢a
/ (SRR R N
E R
N
s
(a) (b)
% FBD
4a0 7~ 5‘9 X
) A
€339 4 40

(c)
Fig. p-3.121  Spring-mass damper

4m a*6 + 9ca’@ + 16ka’0=0or 6 + %%é MPLE (@)
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®,= \/g= 2\]%rad/s

The solution of the Eq. (a) is assuming that 8 = &*
Differentiating with respect to time.
0=2¢",0 =se", 6 = 52"

Substituting these values in Eq. (a),

m

s+ (2)“ (ﬁ) =0 ..(b)

4m m

52 + (f—’;) se” + (ﬂ)eﬂ =0 &"#0

-9¢ 9 \2 (16k
an V) ()
S1,27 2

e (Ifey(16k)
127 gm " Na\dm) ~\'dm
—9c 81c 4k
S127 gyt (64m)‘(ﬁ)
The critical damping coefficient is given by (the radical sign must be zero)

9¢\2 4k , (256 km? 16 c c
(53] =7,cc=( 8im )ﬂf(?)m’é%—fls
—km

9

4k 81c? 4k 81c%k
®; = oN1-&, wd:\/;\jl_256km’wd:\/7_64km’

2
w; = % - gicm rad/s.

EXAMPLE 3.12

The simple pendulum is pivoted at the point ‘O’ as shown in Fig, p-3.12(a). If the
mass of the rod is small, determine the damped natural frequency of the pendu-
lum for small oscillations.

Solution  For an angular displacement ‘6’ for the weight ‘mg’, the FBD is shown in
Fig. p-3.12(b).
The equation of motion is given by
1,6 = —c(b x é)b —k(a x B)a —mgl sin 0 if ‘0’ is small sin 0= 0
Ioé =—c(bx é)b —k(a x 6)a —mgl 0, since I, = ml” then,

mio = —cb* @ — ka®0—mgl 6, mi*6 =—cb® @ — (ka® + mgl)®
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n§+m+
iéjwﬁ

SR
5

M 1
\ mg

(a) M () ©

Fig. p-3.122 Spring-mass damper

. . . ob? . [ka®+ mgl
mP@ + cb® @ + (ka®+ mgh)0=0 .‘.0+b0+(7g)0=0

—cb? 2 (ka®+ mgl
The solution of this equation is s, , = cb S+ \/( cb 2) - ( > g )
T 2ml 2 ml ml
The damped natural frequency @, = Radical with negative sign

Ika2+mgl cb? \?
= 2\ rad/s.

wy

EXAMPLE 3.13
Write the differential equation of motion for the system shown in Fig. p-3.13(a).
Determine the natural frequency of damped vibration. Neglecting the mass of

the rod holding the spring-mass and dashpot.

Bl ,
b 1 \9«/

VVVV g II' _>
% k N ka6
_’I’I

| c cbé
m

-

l<

Fig. p-3.23 Spring-mass damper
Solution  For an angular displacement ‘0’of the weight ‘mg’, the FBD as shown in

Fig. p-3.13(b) ) . )
XM=0,10 =-Z2T, 1,0 =—k(a x @)a—c(bx 0)b—mglsin O

1,6 +k(ax @) a+c(bx é)b+mglsin0=0
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If ‘@ is very small, sin 0= 6, and [, =
mPO + cb*@ + ka*0+ mglo=0, mP + cb* + (ka® + mgh0=0
Divided by m/ throughout, we have
2 2
] +(Cb )0 +(ki+%)0=0

mP mi>  ml

Undamped natural frequency,

2 m
w,= ka” +—g rad/s
" 2 ml

ml

Damped natural frequency of vibration

, 2
(Dd=a)d\Jl—§2 = (%‘}'%)\Jl—éz rad/s.

EXAMPLE 3.14

A system as shown in Fig. p-3.14 consists of a
massless spring of scale ‘4’ and massless piston in
a dashpot of damping coefficient ‘c’. The piston
is displaced a distance ‘x,” and released. For this
ideal case, derive an expression for the motion of
the piston. Discuss the result.

Solution When mass ‘m’ is negligibly small, there
remains only a spring and a damper system, i.e the
point of interest is to know the motion of the massless
damper piston.

Fig. p-3.124 Spring-massless
damper

The differential equation is mx +cx +kx =0

When a mass ‘m’ is negligibly small, i.e. m = 0, the above equation becomes

ex thkx=0orc fl +kx, ¢ Z’— = —kx divided by ‘kx’ throughout — k Ci =—dt.

Integrating with respect to time ‘#’, we get f = _7 (log x + constant)

—kt
Asatt=0,x=x, .. constant=-logx, ..1= ? log ) orx= Xpec.

EXAMPLE 3.15

A gun barrel weighing 600 kg has a recoil spring of 30000 kg/m stiffness. If the
barrel recoils 1.2 m on firing, determine (i) the initial velocity of the barrel, (ii)
the critical damping coefficient of a dashpot engaged at the end of the recoil
stroke, and (iii) the time required for the barrel to return to a position 5 cm from
its position.
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Solution m =600 kg, k=30000kg/mx =12 m

If ‘v’ is the initial recoil velocity then,

1, 1,600 5 1 2
(1)2mv 2kx 2 X081 <V 230000><1.2

recoil velocity v = x = 27.35 m/s.

30000 600
(i) c, = 2Vmk = 2\’ 100~ ogq — 27-05 kg-s/m.

(iii) The general expression for displacement in a critically damped case is given by

3 k 981
x=(4,+ e, o= \/; - \,30000 X cogr  @n=222r1adls

At the instant the dashpot is engaged, the boundary conditions are x=1.2 m =120 cm
att=0,x=0att=0.

The solution under such condition is given by

= 120(1 + @, He ', herex=5cm .. 5=120(1 + 22.2f)e *>*
Or ™ =24+53281,222t=1og,24,1=0.143 5.

EXAMPLE 3.16

The barrel of large guns on firing recoil against a spring. At the end of recoil,
dampers are engaged to bring the barrel to its original position ready for next
firing within the minimum possible time. The barrel weighs 800 kg and the
recoil distance is 1.5 m. The gun shots are weighing 15 kg at 1.6 km/s. Find out
the proper spring constant and damping coefficient of the dashpot.

Solution If ‘v’ is the initial velocity with which the barrel recoils then from the
principles of conservation of momentum.

15x 1.6 x 100 =800 x v .. v=30m/s.

During the recoil, the damper is inactive and therefore the initial kinetic energy

of the barrel must get absorbed in the spring as elastic energy, i.e. % m? = ; ki
1 800 > 1
2% 981 x 30" = k(1.5)

. spring constant £ = 32600 kg/m or 326 kg/cm.

We know that damping coefficient of the dashpot ¢, = 2m @, = 2\mk = 2\’32(1) 326
=32.6 kg-s/cm.

EXAMPLE 3.17

Between the solid mass of 10 kg and the floor are kept two isolators, natural
rubber and felt in series. The natural rubber slab has a stiffness of 3000 N/m
and an equivalent damping coefficient of 100 N-s/m. The felt slab has a stiff-
ness of 12000 N/m and an equivalent viscous damping coefficient of 330 N-s/m.
Determine the undamped and the damped natural frequencies of the system in
vertical direction. Neglect the mass of the isolators.
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Solution m = 10 kg, Stiffness of natural rubber £, = 3000 N/m and
Stiffness of felt slab k.= 12000 N/m.
The springs ‘4’ and ‘24’ are in series.

Let k., = Equivalent stiffness of rubber and felt

1 1 1 1 1
=t = ————f =
ke K Kk 3000 12000 fea T 2400 N
Equivalent damping coefficient of rubber Fig. p-3.17 Spring-mass
= 100 N'S/m. damper
Equivalent viscous damping coefficient of felt
¢y =330 N-s/m.
Let c.q = Equivalent damping coefficient of rubber and felt.
This can be shown in Fig. p-3.17.
1 1 1 1 1
Tq c, cf 100 330 =77 Ns/m.
1’ eq ’240 @, 155
0 =155 ad/s, fH= o om 2.47 Hz

-

2keqm
=L:ou{z o, =15.5\1—(0.3)> = 15 rad/s
2Z400x 10 AT ’ ’
;15
4= 2—71_ E—24HZ

EXMAPLE 3.18

For the horizontal frictionless surface, the spring-mass-damper system is shown
in Fig. p-3.18(a). Determine (i) undamped natural frequency, (ii) damped natu-
ral frequency, (iii) logarithmic decrement. (iv) If the mass is initially at rest and
is given a velocity of 0.1 m/s then calculate the amplitude of vibration after 5
oscillations.

Solution = 10000 N/m, m = 20 kg, ¢ = 150 N-s/m.
. k 10,000
@) ~\m =\ — 2236 radss.
(ll) wd:wn( Jl _62)
X
" v
| X
c m Frictionless — :
surface  7,/4 U
@ @ » Td

(a)

(b)

Fig. p-3.18 Spring-mass damper are in horizontal position
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£=5, ¢, =2 mo,=2(20) (22.36) = 894.42 N.s/m

150

E= 50445~ 0.1671 < 1 (underdamped)

;= 22.045 rad/s

2 27(0.167
(iif) 5o 2T 270161 s

W 0.9859

Initial conditions: (iv)x =10 cm/s att=0,x=0att=0

Response of the system:

x(f)= e %' (4 cos w,t + B sin w,1), Ew, = (0.167) x (22.36) = 3.734

x(f) = e > (4 cos 22.045¢ + B sin 22.045¢)

x(f) = 3.734 ¢ 3% (4 cos 22.045¢ + B sin 22.045¢)

+e 3% (_4 5in 22.045¢ + B cos 22.0451)
From the equation, 4 =0
From the equation,
10 =—3.734(0 + 0) + 22.045 (0 + B), 22.045 B=10 .. B=0.4536.

2z 2 2rxm

O=75% 0, " 2 045 0.285s .. time for one oscillation = 0.285 s.
T, 7
From Fig. 3.18(b), x, occurs at f’ ?" - @ - 0.07125.

o X, = e ¥ O02) ) 4536 [5in(22.045 x 0.07125)] = (0.7664) (0.4536)

=0.3476 cm
xl_ . xl_ 55 . _‘xl _ 0.3476 _ _3 _ _5
Inx—6—55, ..x—6—e ..x6—§—m—1.69><10 cm=1.69 x 10~ m.
EXAMPLE 3.19

A weight of 300 N is resting on 2 springs of 3000 N/m stiffness each and a dash-
pot of damping coefficient 150 N-s/m as shown in Fig. p- 3.19. If an initial veloc-
ity of 10 cm/s is given to the mass at its equilibrium position, what will be the
displacement from the equilibrium position at the end of first second and derive
the formula used.

Solution m = % = % =30.58 kg, k,q = k; + k, = 6000 N/m, v, = 10 cm/s at £ =0,

xy=0att=0,c=150 N-s/m.
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k=3000 N/m k=3000 N/m

Fig. p-3.19 Two spring-mass-damper

To determine whether the system is overdamped, critically damped or underdamped,
we determine the value of <&’

c 150
c.= 2\jmkeq, =2+30.58 x 6000 = 856.7 N-s/m, & = C. 3567 0.175<1

Hence, the system is underdamped; the general solution of an underdamped system

is given by
x=e 5 {A sin (a),,\]l - ézt) + B cos (a),,\Jl - ézt)}

When ‘4’ and ‘B’ are arbitrary constants and it is to be evaluated from the initial
condition as given below.

%=0att=0,vy=01m/satt=0,0=1[4(0)+B(1)] B=0

To apply the second initial condition, differentiate the general solution w.r.t. time.
‘;’t‘ = e %\1-&[Acos 0,(\1- Bayt) + dsin\1-& w,1(- Ew,e (1~ 8y)]
—e %1 -, |Bsin a)\jl—ézwt + B cos\1 - Ew f(-Ew,e ")
(1-8) <

0.1 =114 @1 - 1)+ 0] +[0+0]-Ew,, 0.1=1L4 o1-E1)+01],
_ 01 0.1
oN1-& 141 (0.175)

o\1- & =141 - (0.175)? = 13.78 rad/s.
Substituting the values of arbitrary constant ‘4’ and ‘B’ in a general solution, we get
complete solution as x = e @11 [0.0075 sin(13.78 #)]
Substituting =15, x,= 1 = e >**[0.0075 sin (13.78)], = 5.86 x 10™* m,
x,=1=0.586 mm.

=0.0075,

EXAMPLE 3.20

An automobile can be modeled as a mass placed on 4 shock absorbers, each
consisting of a spring and a damper such that each spring is equally loaded.
Determine the stiffness, damping constant of each shock absorber, so that the
natural frequency is 2 Hz and the system is critically damped. The mass of the
vehicle is 200 kg.

Solution m=200kg. f,=2Hz,k=?,c=7?
Let ‘&’ be the spring stiffness of each spring and ‘c’ be the damping coefficient of

each dashpot, k., = 4k. Similarly the equivalent damping coefficient c., = 4c.
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k k k
1 4|t 1 eq 21 ¢4 -
f"_—zﬂ\/—, 2_—27[\;200, @*=, 5% 00" k= 3158273 Nm.

o Fea 3158273
4 4

=7895.68 N/m

For the system
C=Ceq=2mw, @,=27f, . Ceq=2x200x2xmx2=5026.55N-s/m.

-. the damping coefficient of each dashpot, ¢ = 2~ 1256.63 N-s/m. See
Fig. p-3.20(a),(b) and (c).

m = 200 kg

(a) (b) (©

Fig. p-3.20 Automobile with shock absorber

REVIEW QUESTIONS

(1) Explain different types of damping with a sketch.

(2) Set up differential equation for a spring-mass-damper system and obtain the complete
solution for the underdamped condition.

(3) Discuss the response of (i) underdamped, (ii) critically damped, and (iii) overdamped
systems using respective response equations and curves.
Show that the mass of an overdamped system will never pass through the equilibrium
position if it is given (i) an initial displacement only, (ii) an initial velocity only.

(4) Explain the difference between Viscous damping and Coulomb damping.
Discuss the various types of damping conditions.

(5) Develop an expression for logarithmic decrement & in terms of displacements ‘x,’and
‘x,+ which are ‘n’ cycles apart on a plot of displacement versus time. or

(6) Define logarithmic decrement and show that logarithmic decrement ‘& is given by
X,
6= % loge(x—:), where x, = Amplitude of the zeroth oscillation,

x, = Amplitude of the »" oscillation, » = Number of oscillation

(7) For free vibrations of an underdamped spring-mass-damper system, show that logarithmic

27é
decrement 6 =
5 V¢

iz &

> where ‘&’ is the damping ratio, and hence from there show that
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(8) Explain (i) damped natural frequency (®,), (ii) logarithmic decrement ‘&, (iii) critical
damping coefficient (c,) and (iv) Importance of critical damping.
(9) Set up the differential equation for a spring-mass-damper system and obtain the complete
solution for the underdamped condition.
(10) Derive an expression for oscillatory motion of a spring-mass-damper system given the
initial conditions as x =x,at =0 and x =0 at £ = 0.
(11) For a viscous damper, show that energy dissipated/cycle is proportional to square of the
amplitude of the harmonic motion.
(12) Define logarithmic decrement and show that logarithmic decrement ‘& is given by

X,
6= %loge(x—:), where x, = Amplitude of the zeroth oscillation,

x, = Amplitude of the n” oscillation, » = Number of oscillation.

(13) Prove from the first principles that with viscous damping the amplitudes of successive
oscillations are geometrical progressions in case of free vibration.

PROBLEMS FOR PRACTICE

(1) An underdamped shock absorber is to be designed for an automobile. It is required
that the initial amplitude be reduced to 1/16™ in one complete cycle. The mass of the
automobile is 200 kg and damped period of vibration is 1.0 s. Determine the necessary
stiffness and damping constants of the shock absorber.

Ans. 8 = 2.77, £ —0.404, w, = 6.86 rad/s, c, = 2744 N-s/m, ¢ = 1107.75 N-s/m,
k=9411.92 N/m.

(2) Set up the differential equation of motion for the system shown in Fig. p.p-3.2
and determine (i) natural frequency of the system, (ii) critical damping coefficient,
(iii) damping ratio, and (iv) damped natural frequency.

*1*23

N

2/ c
Py
/
v/

Fig. p.p-3.2

(3) A spring-mass-damper system consists of a spring of 343 N/m stiffness. The mass is
3.43 kg. The mass is displaced 20 mm beyond the equilibrium position and released.
Find the equation of motion for the system if the damping coefficient of the dashpot is
13.72 N-s/m.

(4) A spring-mass-damper system is having a mass of 10 kg and a spring of such stiffness
which causes a static deflection of 5 mm. The amplitude of vibration reduces to 1/4 the
initial value in 10 oscillations. Determine (i) logarithmic decrement, (ii) actual damping
present in the system and (iii) damped natural frequency.

(5) A machine weighs 18 kg and is supported on springs and dashpot. The total stiffness
of the springs is 12 N/mm and damping is 0.2 N/mm/s. The system is initially at rest
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and a velocity of 120 mm/s is imparted to the mass. Determine (i) the displacement and
velocity of mass as a function of time. (ii) The displacement and velocity after 0.4 s.

Ans. Displacement x = 4.76¢ > x sin 2521, velocity = e >>*[120 cos 25.2¢ — 26.4 sin 25.24],
Displacement = 0.0905 mm, velocity = 12.3 mm.

(6) In a single-degree-damped vibrating system, a suspended mass of 18 kg makes
15 oscillations in 13 seconds. The amplitude decreases to 0.25 of the initial value after
5 oscillations.
Determine (i) stiffness of the spring, (ii) logarithmic decrement, (iii) damping factor,
and (iv) damping coefficient.
Ans. §=02772, £=0.044, k = 947.96 N/m, ¢ = 11.52 N-s/m.

(7) A vibrating system is defined by the following parameters: m = 3 kg, k = 100 N/m,
¢ =3N-s/m.

Determine (i) damping factor, (ii) natural frequency of damped vibration, (iii) logarithmic
decrement, (iv) ratio of successive amplitudes, and (v) the number of cycles after which
the original amplitude is reduced to 20%.

Ans. €= 0.0866, @, = 5.77 rad/s, w; = 5.75 rad/s, 6 = 0.55, x,/x, = 1.73, n = 2.96 cycles.

(8) A damped vibration record of a spring-mass dashpot system shows the following

dates:
Amplitude at end of o cycle =9 mm. Amplitude at end of 31 cycle = 6 mm. Amplitude
at end of 4™ cycle = 4 mm. Stiffness of the spring is 80 N/cm, weight = 20 N. Determine
(i) logarithmic decrement, (ii) damping factor at unit velocity, and (iii) periodic time
of vibration.

Ans. §=0.405, £=0.0644, ¢c = 16.44 N-s/m, 7,= 0.1 s.

(9) The amplitude of a spring-mass-damper system is observed to decrease to 25% of the
initial value after five consecutive cycles of motion. Determine damping coefficient ‘¢’
of the system if the stiffness of the spring £ = 2000 N/m and mass ‘m’ = 4.5 kg.

(10) The following data are given for a spring-mass-damper system. m = 5 kg, £ = 15000
N/m, ¢ = 117 N-s/m. Determine (i) undamped natural frequency, (ii) critical damping
coefficient, (iii) damping factor, (iv) damped natural frequency vibration, and (v) loga-
rithmic decrement.

(11) In a single-degree-damped vibrating system, a suspended mass of 20 kg makes 20 oscil-
lations in 10 seconds. The amplitude decreases to 0.25 of the initial value after 5 seconds.
Determine
(i) stiffness of the spring, and (ii) logarithmic decrement.

(12) A body of 5 kg, mass, stiffness of the spring 1960 N/m and a 1.96 N-s/m damping coef-
ficient is a velocity of 1 m/s. Determine the ratio of amplitude reduced after 5 cycles.

Ans. xylxs = 1.4.

OBJECTIVE-TYPE QUESTIONS

(1) The energy dissipated per cycle de- (a) viscous damping
pends upon the coefficient of friction (b) Coulomb damping
in case of (c) structural damping

(d) slip damping
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The damping force is constant in mag-
nitude but opposite in direction to that
of the motion of vibrating bodies in
case of

(a) viscous damping

(b) Coulomb damping

(c) structural damping

(d) slip damping

The governing equation of motion of
free vibration of the spring-mass sys-
tem with viscous damping is given by
the equatiop

.oex | kx .
@) x+ 4y + 5= Fysin ot

(b) ¥ ++2 g
© i+

(d) x++ % = F, cos ot

In case of critical damping, the damp-
ing factor ‘&’ value is

(@ £=0 () &<1

(© &=1 d &>1

The general nature of damped free
oscillations whose amplitude decreases
with time is

(a)
(b)
(©)
(d
The natural logarithmic of ratio of any

two successive amplitudes on the same
side of the mean line is known as

no damping system
underdamped system
critical damped system
overdamped system

(a) damping factor

(b) critical damping coefficient

(¢) logarithmic decrement

(d) overdamping system

In case of underdamped system, if x,
and x, are the successive amplitudes
on the same side of the mean position,
then logarithmic decrement is given
by

®

®

121

X3 X1
(a) log 3 (b) log 3

X X

(c) log. % (d) log, % -

In a single-degree-damped vibrating
system a suspended mass of 1 kg, stiff-
ness of the spring 100 N/mm, damping
coefficient 2 N-s/m, the amplitude after
3 cycles in terms of initial amplitude
is

X1 X1

(a) x—3 =6.6 (b) x—2 =6.6
X2 *o

(C) x—3 =6.6 (d) x—3 =6.6

The damped natural frequency in case
of underdamped system is given by the
equation

@ g-1-¢
®) o= oN1-¢&
© o= 1-¢
@ o,=\1-&

(10) The characteristics of underdamped

system of motion are
(@
(b)
©
(d)

amplitude increases with time
amplitude decreases with time
amplitude is constant with time
none of the above

(11) In damped free-vibration system,

(a) the spring force vector acts in the
direction opposite the displace-
ment

(b) the damping force vector acts in

the direction opposite the veloc-

ity

the inertia force vector acts in the

direction opposite the accelera-

tion

©

all the above statements are true

@

Answers
1Hd @b 3¢ @) c ()b 6)c
Mnd 8)d © b (10) b and



FORCED VIBRATION
OF SINGLE-DEGREE-
FREEDOM SYSTEM

INTRODUCTION

In free vibration, the oscillation dies down in course of time due to energy dissipa-
tion by damping. However, if there be an external source of energy, vibration can be
maintained at constant amplitude or the rate of dying down may be slowed down.

Vibrations that take place under the excitation of external forces are called
forced vibrations. When a system is subjected to harmonic excitation, it is forced to
vibrate at the same frequency as that of excitation. When any of the excitation fre-
quency coincides with one of the natural frequencies of a system, resonance occurs
under this condition during which large amplitudes of vibrations are observed. To
avoid resonance, external frequency (operating speed) may be changed or the prop-
erties of the system may be altered to change the natural frequency. In some cases,
sufficient amount of damping may be provided to avoid larger amplitudes during
resonance. Thus the problems of forced vibration are very important in mechanical
design, e.g. internal combustion engines, air compressors, machine tools, turbines,
rotating and reciprocating systems, automobiles, electrical motors, etc.

In general, the system when acted upon by external forces has a transient state but
very soon it becomes steady and the system vibrates with the frequency of the exter-
nal sources. Systems having forced vibrations are very common in engineering. In
case of forced damped vibration there will be an additional impressed force involved
in engineering practice. They are

(i) periodic or harmonic forcing function,
(ii) impulsive or shock type of forcing function, and
(iii) random type of forcing function.
The periodic functions are further classified as
(a) harmonic, and (b) nonharmonic.

Impulsive or shock type of forcing function is common and they lead to transient
vibration, e.g. dropping or sudden application of weights.

Random type of forcing function occurs in earthquake, blasts or explosions, excita-
tion, acoustics, etc.
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FORCED VIBRATION DUETO HARMONIC
EXCITATION

kx cx
) b s
F = F,sin ot
F = F, sin ot X m x

(a) (b)
Fig. 4.1 Spring-mass-dashpot system under forced vibration

Let us consider a classical spring-mass-dashpot system excited by a sinusoidal forc-
ing function F'= Fsin @t as shown in Fig. 4.1(a) where ‘F” is the amplitude and ‘@’
is the angular frequency. Let ‘£’ be the spring stiffness of the spring, ‘m’ be the mass
of the body and ‘c’ be the damping coefficient. Let at any instant the system be dis-
placed through a distance ‘x’ from the equilibrium position as shown in Fig. 4.1(a).
The body has at the instant a velocity ‘x’ at the instant in the upward direction, i.e.
the direction of positive of ‘x’ where the external force (F' = F;sin w?) is acting on the
system. The forces acting are as shown in the free-body diagram Fig. 4.1(b).

The damping resistance at any instant is equal to cx.

Note: In case of forced vibrations, there will be four forces acting on a system,
i.e. spring force, damping force, inertia force and impressed force or external
force. (See Eq. 4.4).

Now applying Newton’s second law of motion to mass ‘m’, i.e. LF = mx
—kx—cx+F=mX, mx+cx+kx=Fgsin ot 4.1

This is a linear differential equation of motion, which is a second-order nonhomoge-
neous differential equation of a single-degree freedom system having free vibration
with damping. The complete solution of this equation has two components, viz. com-
plimentary function x_ (CF) and particular integral or function x, (PI),

Le. x=x.tx,
1. Complimentary function 'x,’ (See Sec. 3.6, Chapter 3)

This can be obtained by equating the left-hand side of Eq. 4.1 to zero. That means
there is no forcing function (' = F,sin w?) on the system. This is also called transient
response because it will eventually die out.

The resulting equation is mx + cx + kx = 0.

This equation is a linear, fundamental homogeneous second-order differential equa-
tion of motion of a single-degree-of-freedom system having free vibration with
damping.
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. c. k c _c¢ ¢ 2ma,
x+—x+—x=0. Hereﬁ:c_'mcz 25 "’m n
where £ = Damping ratio £ =— Usmg these values in above equation, we have
x+2éw, x+a)2x 0 .42
Let x=Ae", x = Ase* = sx, ¥ = A 5%¢" = 5°x

Using these values in Eq. 4.2,
S x+28w,sx+ 0x=0,(*+2Ew, s+ @d)x=0,as x#0
s x+ 28w, + 0> =0

This is a quadratic equation of ‘s’ and there will be two roots for‘s’

_25(0" + u(zéwn)z - 4(0121

Si,27 )
sl, 27 _éwn + U(éwn)z - (Dﬁ
Sl’2=(0"(—§:b 452_1) ...43

When & < 1, (underdamping) in Eq. 4.3, the solution is

Syt

x =4, + 4,e or x = %% (¢, cos Wt + ¢, sin @ f
1 1 Lt Cy 4

5, =—&w, + i @y where ;= @, {1- & orx = Ye > sin (w,t + ¥)
c
2
where Y= cf+c§ Y =tan (1)

when & = 1 (critical damping), the solution is x = (¢, + c,)e ',

When & > 1, (overdamping), the solution is
x= 4"+ e = 0, (-E£VE - 1),

2. Particularintegral or solution 'xp’(steady-state component) Letx
= X sin (w1-¢), be the particular solution (because the forcing function is a sinusoidal,
the particular integral should also be sinusoidal) where ‘X’ is the constant amplitude of
vibration of the system and ‘¢’ is the angle (phase difference) by which the displace-
ment vector lags the force vector and ‘@’ is the angular frequency.

x = X sin (ot — ¢). Differentiating with respect to time ‘¢’ twice,
% = @X cos(0f - §) = stin(wt_ ¢+§)
¥ = —@’X sin (wt—9¢)
Substituting these values in Eq. 4.1, we get
m X sin @1~ @)1+ c[ X sin (01— ¢+ T)| + kX sin (@1 - ) = Fy sin 1
mX @ sin (@7 — ¢ + m)] + ch)sin(a)t— ¢+§) + kX sin (0f - §) — Fy sin a)t=(‘)t4

Inertia force + Damping force + Spring force — Impressed force =0



Forced Vibration of Single-Degree-Freedom System 125

From the above equation we absorbed that
* The term mX &’ sin (¢ — ¢ + m) is the inertia force
¢ The term cX @ sin (a)t -0+ g) is the damping force
* The term kX sin (@? — ¢) is the spring force
+ The term Fsin @t is harmonic excitation force (impressed Force)

These forces can be vectorially represented as follows:

+y
(wt— ¢ + 7/2)
Fo
¢ kx
- Y A 2
(wt— ¢+ m) - 7 Q(wt—rp) mo x
-Xx = +X Fy A cox
B\\ca)x
2
mao x \
ot C | kx
_y oxo A ‘l(wt—q)) o
a) Vector polygon diagram b) Force polygon
(a) polyg g polyg

Fig. 4.2 Vector representation of forces on the system having forced vibration

From vector diagram Fig. 4.2(a), we can observe that
(a) Spring force is always opposite to the displacement
(b) Damping force lags the displacement by 90°

(c) Inertia force is out of phase with the displacement (180°)

In Fig. 4.2(b), force polygon from the right-angled triangle ABC
AB* = BC* + AC?, where AB=F,, BC=_c wX, AC = (kX — ma’X)
F¢=(cX )+ (kX — mXa?y, FE=X*(k—ma?)+ (cw)*]
R

2 =
X (k— mw?)? + (cw)?

2
FO

(k— ma?y? + (cw)?

The steady state amplitude X = \)’

P Fy _ Fy

g el T o
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Dividing the right-hand side numerator and denominator by ‘£’, we get

Fo
x= k .45

m_ o> 2 c 2
(-7 + (o)
The static deflection ‘X’ due to the harmonic force is given by
Fy m_ 1 c¢c ¢ ©C 2Nmk 26 o 26
A= e kT g T—zé\f o, ("o,
Using these values in Eq. 4.5,
¥+28w,x+@lx=0 .. (Eq.42)
X

st

X
X= X"

fg-ear

(0] . .
Let r =—— where ‘r’ is the frequency ratio.

1
V(1 =) + 2&r?

wn
Once again from force diagram Fig. 4.2(b) in the right-angled triangle ABC,
an ¢ = BC_ cdXo
AC kX mXa®
tan ¢ = )
k—ma? k(l _l)
o

[“(«4 |

2ér [ 2¢r 6
tan ¢ = or ¢ = tan .. 4
’ (1-7) ¢ 1-7
Considering the underdamped case (€ < 1), the complete solution is given by
x=x,tx
e p

x =X, % sin (0t + W) + X sin (01 — ¢)

where X= Ko ¢=tan™! 2—&]
(1= + Q&) 1-7

o, = o1 -& where X, = 7().

3. Procedure to draw vector diagram and force polygon

mX o sin (0t — ¢ + 1) + ch)sm(a)t— o+ ”) + kX sin (@f — ¢) — F, sin ot =0
........ (See Eq. 4.4)

(a) Vector diagram Draw the ordinate ‘—xox” and ‘—yoy’ as shown in Fig. 4.2(a).
From point ‘0’, draw an inclined line ‘F)’ at an angle of ‘sin @?’ to a suitable scale
indicating impressed force (F, sin ot = 0) from reference line ‘Ox’. Similarly, from
the same point ‘O’ draw an inclined line kX at an angle of sin (w? — ¢) with suitable
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scale indicating spring force [£X sin (@f — @)]. On an inclined line [sin (w? — ¢)],
measure an angle of 90° ((7/2) in the clockwise direction. With a suitable scale draw
a line equal to (c@X) indicating damping force [cX ® sin (wf — ¢ + 90°)] as shown
in Fig. 4.2(a). A spring force (kX) is always opposite to the displacement, i.e. maw*X
at an angle of (wf — ¢ + 7) from a suitable scale indicating inertia force [mX ®? sin
(ot — ¢ + m)]. See Eq. 4.4.

(b) Force polygon Draw the ordinates ‘Ax’ and ‘Ay’ as shown in Fig. 4.2(b). From
point ‘4’, draw a parallel line ‘4B’ parallel to ‘OF,,’ in Fig. 4.2(a) with suitable scale.
Again from point ‘4’, draw a parallel line ‘4D’ in Fig. 4.2(a) parallel to O — kx with a
suitable scale. From point ‘D’, draw a parallel line ‘DE’ parallel to ‘O — CX®’ in Fig.
4.2(a) with a suitable scale. From point ‘E’, draw a parallel line ‘EF’ in Fig. 4.2(a)
parallel to the ‘O — m@’X’, with a suitable scale as shown in Fig. 4.2(b).

MAGNIFICATION FACTOR (MF)

Magnification factor (MF) is defined as the ratio of steady—state amplitude to the
zero frequency deflection (static deflection due to harmonic force),

X 1

i.e. Magnification factor, MF = Xi’ Y. .. 4.7
s X (1 -2+ 2Er?
o 26r
The phase lag, ¢ = tan 1 .. 4.8
where r= wﬂ

Dimensionless plots of magnification factor (MF) versus frequency
ratio 'r’ and phase lag '¢’ versus frequency ratio 'r’ for different
values of damping factor 'Z’.

Magnification factor and phase lag ‘¢’ are the functions of ‘&’ and frequency ratio

"

Case (i) When r =0, (at zero frequency) in Eq. 4.7, Eq. 4.8 becomes
X 1
Xy (NT=0)%+0
which is the definition of zero frequency deflection and
¢ =tan"! (0), 9= 0.
.. the amplitude ratio or magnification factor is independent of the damping
ratio ‘&’.

=lorX=2X,

Case (ii) When =1 (resonance, i.e. ® = @,) in Eq. 4.7, Eq. 4.8 becomes

X 1 1 —1 25" —1
T A 00) = 9()°.
Xe Jo+e? 26 ( r ) tan (=)
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The amplitude ratio or magnification factor depends on damping ratio ‘& atresonance.
As the value of ‘&’ decreases, magnification factor increases and the converse is true,
but at £ = 0, i.e. for undamped system, the value of magnification factor = .

Case (i) When »>>1, and 7> >>>1
1 1 1
—<<<lor—=0and =0
e 7 r

*. equations 4.7 and 4.8 become

X 1 1 25’"
- = d ¢g=tan’|————
Xst L 2 an Vzi—l
‘j'z(ﬂ‘l)”zg) (7Y
%= 1 and t])=tan’l i—f: R

o) e

MF = Xi ~0and ¢ = tan"'[-0] = 180°

st

The dimensionless plots of magnification factor (MF) versus frequency ratio(r)
and phase lag (¢) versus frequency ratio(r) for different values of damping factor
are shown in Fig. 4.3(a). These curves reveal a lot of interesting and useful informa-
tion regarding the behaviour of the system to sinusoidal excitation.

Curves of Fig. 4.3(a) are also known as frequency-response curves, since they give
the response of the system to various frequencies. It is seen from these curves that the
response of a particular system at any particular frequency is lower for higher value
of damping and lies below those for lower values of damping. At zero frequency the
magnification factor is unity and is independent of the damping, i.e. X = X,,, which
itself is the definition of zero frequency deflection. At very high frequency, the mag-
nification factor tends to zero or the amplitude of vibration becomes very small. At
resonance (@ = ®,), the amplitude of vibration becomes excessive for small damping
and decreases with increase in damping. For zero damping at resonance, the ampli-
tude is infinite theoretically. Practically, however the system may go into destruction
much before that or the amplitude may be limited because of other factors.

The phase angle also varies from zero at low frequencies to 180° at very high frequen-
cies. It is 90° at resonance and is independent of damping. Over a small frequency
range containing the resonance point, the variation of phase angle is more abrupt
for lower values of damping than for higher values. The more abrupt the change in
phase angle about resonance, sharper is the peak in the frequency response curve.
For zero damping, the phase lag suddenly changes from zero to 180° at resonance.
The corresponding zero damping frequency-response curve is also infinitely sharp
at resonance.

Let us now study the phenomenon of Fig. 4.3(b) by means of the vector diagram and
gain some more insight into what is happening in the system. With reference vector
diagram at very low frequency (o is very small), the inertia term ‘m@’x’ becomes
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\\\4—0
=3
5 0.05
K 0.10
S |
o 0.15
§2 i
o / 0.25
T
=
g, 03 L0.375
<€
T 1.0
0 1 2 3 4 5

— Frequency ratio r= w/w,

(a) Magnification factor versus frequency ratio for different amount of damping.

180 |
§ &=05 = 0.1
o —
S E-=o0375 — |
=120
£
[} =1.0
7
c
©
& 60
£
o

0 1 2 3 4 5

— Frequency ratio r= w/w,

(b) Frequency ratio versus phase angle
Fig. 4.3

negligibly small and damping term ‘cwX’ is also small. This gives rise to small value
of ‘¢’ as shown in Fig. 4.3(b).

The impressed force ‘F|)’ is almost equal and opposite to the spring force ‘4x’ under
these conditions. Thus, for very low frequencies, the phase angle tends to zero and
the impressed force wholly balances the spring force. With increase in the frequency,
the damping force vector (cwX) grows larger. Angle ‘¢’ has also to increase so that
component of ‘F,,” perpendicular to x-direction may balance the increasing damping
force. The inertia force vector grows much more rapidly with increase in frequency
because of the factor ‘@™ in its expression. If we continue to increase the frequency,
a time comes when the spring force and inertia force vectors are equal and opposite

as shown in the figure and this condition is kx = ma’x or ® = m = 0, This is the
resonance condition of the system and the vector diagram becomes rectangular. The
impressed force completely balances the damping force and ¢ = 90°.
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Fo  Xe X
. c@X = F, or amplitude at resonance is Xr = = ®\ 2 » since at resonance
0= @,. 25((0 ) g
XY
YT > 5 at very high frequency, the inertia vector becomes very large and the
st

damping force, the spring force vectors are negligibly small. Angle ‘¢’ tends to 180°
and the impressed force is wholly utilised to balance the inertia force as shown in
Fig. 4.3(b).

EXAMPLE 4.1
Show that the peak amplitude takes place at a frequency ratio

™

=41-2&

Solution The amplitude ratio is given by the equation

X
\/ r2) + (2&r)

For ‘X’ to be maximum °X,,” should be minimum, i.e. denominator of right-hand side

Lle

> where r = ——

should be minimum. For minimum a [denominator] = 0,

<o Arraer]-o
< Wa=»2+egr]-o.

20-) (0-21)+ Q€N 2E=0,(FP - 1) r+28r=0
Po1+28=0,P=1-28,r=1-8
-~ frequency ratio » = wﬂ =41-2&

.. the peak amplitude will occr at this frequency ratio.

EXAMPLE 4.2

A spring-mass system is excited by a force F sin @t. At resonance, the amplitude
of vibration was found to be 1.2 cm while at frequency 0.8 times the resonant
frequency, amplitude was measured to be 0.8 cm. Estimate the damping ratio
of the system.

Solution Given condition: At resonance,

r=1,o=1lor®=w,X=12em=0012m

At 0=08 w,
= 0.8 cm = 0.008 m. The magnification factor is given by the equation
X 1
= X_ = > > (a)
s (=) + (280

Ble

where r satr=1,x=12
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Substituting these values in Eq. (a), we get

1.2 1 1
== .. (b)
Xo Ja-172+ e 2%
At r=08,x=0.8
Substituting these values in Eq. (b) we get
08 _ 1 , 08 _ 1 ©
X 108+ (2Ex 087 Ko 0.13+2568

Dividing Eq. (b) by Eq. (c), we have

12 V0.13+2.56& , 01342568
s s U=
: @9 4¢’

6.4482=0.13, &=0.02

s 98 =0.13 +2.56&

. damping ratio & = 0.142. < 1, (underdamping).

EXAMPLE 4.3

A machine part weighing 5 kg vibrates in a viscous medium. Determine the
damping coefficient when a harmonic force of 36 N results in 15 mm resonant
amplitude with a period of 0.32 s.

Solution m=5kg, Fy=36 N, X=15mm=0.015m. 7,=0.32s.

Atresonance, W = ®,, i.e.r=1 (given condition)

The amplitude ratio is given by .. (@
\/ 17> +(2§r)
o F
where Ly and X, = T
atr=1,in Eq. (a)
X 1 Xy o 36
we have X, 2& $=ox "2’ ¢ 2k0015 - ()
. _oap—Ll_2m _ _2m Lk _2m
Given 7,=032= 7o, since @, = 27/T, , 032 m =032
w (o) k=303 4
" 032 k=5 032 1927.66 N/m

Using these values in Eq. (b), we get damping ratio

36 B
&= 2 x 1927.66 x 0.015 $6=0.62
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But E=—"= ¢ ooc=Ex2\mk.

€ 2Nmk

Damping coefficient,

c=2x0.62 x\5x1927.66, c=121.74 N-s/m.

EXAMPLE 4.4

A mass of 10 kg is suspended by a spring having a stiffness of 10000 N/m. The
viscous damping causes the amplitude to decrease to one—tenth of the initial
value in four complete oscillations. If a periodic force of 150cos50¢ is applied to
the mass in vertical direction, find the amplitude of the forced vibrations. What

is its value at resonance?

Solution m = 10 kg, k = 10000 N/m, F = 150 cos 501, F, =

1

Xo
107 x, = 10, amplitude ratio is given by

X4~
X _

Xo (1—r2)2+(2§r)2

where r = mﬂ, for the given system
\/7 1000 =31.62 rad/s

. o 50
- frequency ratio r === 3162

r=1.58.

X
Logarithmic decrement (0) is given by 6=/, ( xo)‘

_4 5=t ﬁ)__
For four cycles, n =4 .. 5—4 1, (x4 =7 1,10

2né S

6=10.576.

0.576

But 6=

Damping ratio £ =10.091<1

N ore” i+ & 4 + (0.576)

Fo 150

For zero frequency deflection, X, = —> X, =

=0.015m, »=1.58.

ks 10000

Using all these values in Eq. (a), we get
0.015

X=

[1 - (1.58)*F + (2 x 0.091 x 1.58)
Amplitude of the forced vibration, X = 9.8 mm

Atresonance, W=, ie.r=1.

Using these value in Eq. (a), we get
X_1 . X 0015

X, 28 7287 2x0.091

» X=10.0098 m =9.8 mm.

=0.08242 m, X = 82.42 mm.

150 N, @ = 50 rad/s

...(a)
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EXAMPLE 4.5

A periodic torque having a maximum value of 0.588 N-m at a frequency cor-
responding to 4 rad/s is impressed upon a flywheel suspended from a wire. The
wheel has a moment of inertia of 0.12 kg-m” and the wire has a stiffness of
1.176 N-m/ rad. The viscous dashpot applies a damping couple of 0.39 N-m at an
angular velocity of 1 rad/s. Calculate

(i) Maximum angular displacement from the rest position

(ii) The maximum couple applied to the dashpot

(iii) The angle by which the angular displacement lags the torque
Solution T,=0.588 N-m, @ =4 rad/s, J = 0.12 kg-m?, kt = 1.176 N-m/ rad,

T=Tysin wt, T=0.588 sin ot

Damping torque T, =0.382 N-m at 1 rad/s, F;=c x c = F;/x,c,= T,;/x
¢,=T,;/0=0.392/1=10.392 N-m-s/ rad.

X

F=F, sin ot

Linear system Rotational system

Fig. p-4.5 Flywheel system

Fy

The amplitude is given by equation for linear system X = ,
(k- maP)* + (cw)?
Ty

\(k, —Ja?) + (c,00)*
_ 0.588

V(1.176 — 0.12 x 4%)% + (0.392 x 4)
The maximum damping couple of the dashpot = cwf
=0.382 x4 x0.34=

0.53 N-m. 0
Phase angle at resonance is given by ¢ = tan”' 5
k,—Jw

For torsional system 6=

0 » 0=0.34 rad

¢ — tan! — 392 %4 or ¢=1154°
(1.76 —0.12 x 4% o

EXAMPLE 4.6

The damped natural frequency of a system as obtained from a free-vibration
test is 10 Hz. During the forced vibration test with constant vibrating force on
the same system, the maximum amplitude is found to be at 9.5 Hz. Find the
damping factor for the system and the natural frequency of the system.
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Solution f;=10Hz, f=95Hz, w,=2nrf,
But w,=o\1-&
o, =220 @) fmerz s w=27x95 ..(b)
\1-&
Dividing Eq. (b) by Eq. (a), o = 22’; . 913 x\1-&,2=0951-&  .(0)

The amplitude ratio is given by ..(d)

X _ 1
Koo -+ &y

Amplitude ‘X will be maximum when ‘X, is minimum or denominator of RHS is
minimum.

For maximum % —[Na -2+ @&?] =0, 20 -7 (21 +208) 2H=0
P-1D)+28=0, P=1-28r=\1-28, org=\1-2& ()

From Eq. (c) and Eq. (e), the LHS are equal; therefore RHS are

0.95V1 - & =1-2,0.903 (1- &)= 1-2£0.903 - 0.9038 — 1 +2E =0

_ 0.098
1.098

Damping factor &= 0.30 < 1, (underdamping).

1.098£% =0.098, &

From Eq. (a), the natural frequency,

[0
o, =210 —6587radis, f=—2=938T 11048k
\J1-(0.3) 2r 27

EXAMPLE 4.7

A weight of 60 N suspended by a spring of stiffness 1.2 k N/m is forced to vibrate
by a harmonic force of 10 N. Assuming viscous damping of 0.086 k N-s/m,
Determine

(i) The resonant frequency
(ii) Amplitude at resonance
(iii) Phase angle at resonance
(iv) Frequency corresponding to peak amplitude
(v) Peak amplitude
Solution w=60N, m=60/9.81kg, k= 1200 N/m, ¢ = 86 N-s/m, F,= 10 N.

(i) At resonance, ® = @,

. resonance frequency = @, = \/% = \’% ~ @, =14.01 rad/s.
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...(a)

(ii) Amplitude ratio is given by % -
t

1
Va-r7 + @&’
X _1

Atresonance r=1lorw=w, .. o E
st

To find damping ratio ‘&

c _ 86 _
’ 2mW,,’§_2X 60 1401’5‘0'5
981 < 14

X 1 _ _ _5_ 10 R
Xst_zxo.s—l,X—Xs,,whereXS,— X ——1200—8.33X 10" mm.

Damping ratio &= ci

. amplitude at resonance, X = 8.33 x 103> m, X=8.33 mm.

2&r
1-7

(iii) The phase angle is given by ¢ = tan™'

Atresonance r=1.
¢ =tan! oo, p=90°.
(iv) Peak amplitude will occur at » = \fl —2& (given)

[0)
P
. \V1-28, w,= o128, 14011 -2 x 0.52.

Frequency at peak amplitude, @, = 9.91 rad/s.

(v) To find peak amplitude, r = \]1 —28,r= V1-2x05% r=071
Substituting these values in Eq. (a), we get
X 1 B 8.33x10°°
X, NI 07122+ 2% 05 %0717 (107122 + 2% 05 x 071
X=9.62x 107> m, X =9.62 mm.

EXAMPLE 4.8

A mass attached to a spring of 580 N/m stiffness has a viscous damping device.
When the mass was displaced and released, the period of vibrations was found to
be 1.8 s and the ratio of consutive amplitudes was 4.2:1. Determine the amplitude
and phase angle of vibrations when a force F =20 cos 37 acts on the system.

Solution
Xo X X
k=580 N/m, t,= 1.8s, XX X 42, F=20cos3t, Fy=20and @w=3.

Wy 2r 2

=In (;c—(:) =1n(42), 6= 1.435.

w,= = = »0=1
V1-& t\1-8  1.8V1-02236

4
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2m 4ne?
5= : »(1.435)* = : »£=02236, ®,=3.58 radss, re2o 3 g4
V1-& 1-& ®, 358

The amplitude of vibration is given by ))((

_ 1
s (1= + Q&)

s X,, = Fo/k =20/580

X 1
Xt AJ(1-3.58%2+ (2 x 2236 x 3.58)2
S X=0072m=7.2 mm

Phase angle is given by ¢ = tan‘l(z—gr) = tan‘l(2 x 0.2236 3‘58), ¢=51.53°
1- 1-3.58
ROTATING AND RECIPROCATING UNBALANCE

2 .
mew sin wt

Unbalance in reciprocat-
ing machinery is a com-
mon source of vibration.
Consider a machine of
mass ‘m’ mounted on a
foundation of stiffness ‘&’
and damping coefficient
‘c’ as shown in Fig. 4.4(a)
The unbalance is repre-

2
mew
P

2
->-mew cos wt
2 .
Mx mew sin ot

I

— x.
—> x:
<

sented by the reciprocating

mass ‘m’ having cranked l i
small rotation ‘e’ and con- = kx ox
necting rod length ‘. Let @ ®)

‘@’ be the angular velocity Fig. 4.4 Rotating unbalance

of the crank. Let ‘x’ be the
displacement of non reciprocating mass ‘M-m’ at any instant of time ‘#’. The dis-
placement of reciprocating mass ‘m’ from static equilibrium position is given by x +

esin @+ % sin2 wt+ ...
Applying D’ Alembert’s principle or Newton’s second law of motion to mass ‘M’
SF=M5% .. cx+ke—mea’ sin ot=—M% M5+ cx+ kx =mea’ sin of ..4.9
or let me®?® = F,
M5 + cx + kx = F, sin ot ..4.10

This is a second-order nonhomogeneous differential equation of motion, whose solu-
tion is given by

xX=xtx,
where x. = Complementary function (transient response)

x, = Particular integral (steady-state response already discussed in Article 4.2,
case ‘ii’)
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2
mew

7

2
mew cos wt

.o 2 .
MX  mew sin wt

i

\\} kx cx

(a) (b)

Fig. 4.5 Reciprocating unbalance

Considering the steady-state response or to find the particular integral ‘x,’,
let x, =x=Xsin (0 — §).
where ‘X’ is the amplitude of vibration of the system, ‘¢’ is the angle by which the
displacement vector lags the force vector, and ‘@’ is the angular frequency in rad/s.
i=wXcos (0 )= ®Xsin (a)t— o+ g) i =— o Xsin (f - 9).
Substituting these value in Eq. (4.9),
M- X sin (ot — ¢)] + c[a)Xsin (wr—¢+ g)] + KX sin (1 — ¢) = F, sin o1

Rearranging the above term we have,

M X sin (ot — 9+ 1)+ ch)sin(a)t— ¢+§) + KX sin (@7 — ¢) — Fy sin @t =0
From the above equation, we absorbed that
Inertia force + Damping force + Spring force — Impressed force = 0
The term mX o sin (wf — ¢ + 7) is the inertia force.
The term cXw sin (0t — ¢ + 7/2) is the damping force.
The term X sin (@t — ¢) is spring force.
The term Fsin @? is harmonic excitation force (impressed force).

These forces can be vectorially represented as follows.
From the force polygon, 0—é =F,, AB - caX, a =kX - Mo’ X
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In force polygon, from right-angled triangle O4B,
OB? = 04>+ AB* .. F* = (kX — M’ X)* + (cX)?

+y
(wt— ¢ + 7/2)
Fo
?  kx
(ot— ¢+ m) YA 2
90° (t=9) Mo x
-x = + X F, A cw X
B co X
Mes'x \\
ot A kX
¢
=y o o =9 > X
(a) Vector polygon (b) Force polygon

Fig. 4.6 Force and vector polygon
F? F,

0
y X = ’
(k— Ma?)* + (cw)? (k- Ma?)* + (cw)

Fo' =X [(k - Ma?)’ + (co)’] X =

But F, = mea’.

me@* me@*

2o Gof] Yoo

Dividing the right-hand side by both numerator and denominator by ‘k’, we get

mewz

me
We have P
Dividing and multiplying by ‘M’, we have M r e
ko, M_ 1 _. . .
But M OnOr = wﬁ Divide and multiply by c,
me m e me m e C M 1 c ¢ 2Mo 20, 28
—=—— ——=—.—x— —=—and =+ =& =
ko M g2 k M g2 % k @ k S k @ @
me (o)
M\O, 2
" X= e Letr—gy g~ e Al
L el " 1- +(2
- ) () Ve
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c
AB cxm cw ko 28r

And tanp=—1= = = =

PT08 o koM 1M 2 17

k
-1 28r
¢ = tan ] 412
1-#

. . MX [0)
Discussion on “ne Versus o

n

Case (i) When r=0in Eq.4.11

Mx

e = 0, which is independent of the damping ratio “&’.

Case (ii) When r =1 (Resonance, i.e. ® = ®,) in Eq. 4.11

Mx 1 Mx 1
S5 =———3 —— = —> which depends on the damping ratio ‘&, at
me i (25)2 me 26
Mx
§= 0’ me = oo,
; datd ; io=0 Mx _
i.e. at resonance and at damping ratio = 0, 7,5 = oo.
2 3.0 \\\:/ 3 ‘
2
225 £=0.10
E |
[0]
%20 £=025
< /
1.5
X
/ s 0'3%\§§
10 e =—= ————|
E=050 | ——— |
oF Né=1.0c
0
1.0 2.0 3.0 4.0 5.0
_ Frequency ratio r = w/w,

FIG. 4.7 Amplitude ratio versus frequency ratio
Case (iii) When r>>1(0>> m,),ie. #* >>> 1

T

% %
Mx _ » Mx » . Mx

T AT T AR T

0 from Eq. 4.11
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The phase angle ‘¢’ versus frequency ratio ‘7’ plot is similar to the ‘¢’ versus fre-
quency ratio ‘7’ plot of magnification factor.

Table 4.1 Differences between rotating and reciprocating unbalance

Rotating Unbalance. (Figure 4.4) Reciprocating Unbalance. (Figure 4.5)

In case of rotating unbalance, mass of In case of reciprocating unbalance, reciprocating
the rotating element is to be considered. element is to be considered.

In case of rotating unbalance, the In case of reciprocating unbalance, the eccentricity
eccentricity ‘e’ which is the distance ‘e’ is the crank radius and crank radius, e = crank
between the centre of rotation and length/2.

centre of gravity is considered.

EXAMPLE 4.9

A single cylinder vertical petrol engine of 300 kg total mass is mounted upon
a steel chassis frame and causes a vertical static deflection of 2 mm. The recip-
rocating parts of the engine of 20 kg mass and moves through a vertical stroke
of 0.15 m with simple harmonic motion. A dashpot is provided whose damping
resistance is directly proportional to the velocity and amounts to 1500 N-s/m.
Considering the steady state of vibration is reached, determine

(i) The amplitude of forced vibrations when the driving shaft of the engine

rotates at 480 rev/min

(ii) The speed of the driving shaft at which resonance will occur
Solution M=300kg, m=20kg, 6=2mm=2x 10" m,
¢ = 1500 N-s/m,

Stroke (s) = 0.15 m, eccentricity e = % = Ozi =0.075m

(i) For reciprocating unbalance is given by

MX_ P (a) where » = wﬂ

mea-Arr ey "

We know that under static deflection due to weight,

VNI =\jg=4’&
ké Mg,M 5 S @, 5 2)(10_3’

Natural frequency o, = 70.04 rad/s

_27x 480
60

r=0.72

Forcing frequency w = 2N rad/s , ® » 0= 167 rad/s

60
f tio.r= 2 — 16
equency ratio, r ®, 70,04

Damping ratio &= c£ =5 ]l;a)

1500

= 2% 300 x 70,047 &~ 0036 <1
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Using all these values in Eq. (a), we get
mer 20 x 0.075 x (0.72)°

S (1-PP+ (2§r)2’X 300\(1 — (0.72))2 + (2 x 0.036 x 0.72)%
X=535x10"m
X=535mm
(i) At resonance, ® = @,
2N _ o 609 60 70.04
60 27 27

». N=668.83 rev/min, speed of the shaft at which resonance occurs.

EXAMPLE 4.10

A vertical single-stage air compressor having a mass of 500 kg is mounted on
spring having stiffness of 1.96 x 10° N/m and a dashpot with damping factor of
0.2. The reciprocating unbalanced mass is 20 kg. The stroke is 0.2 m. Determine
(i) the dynamic amplitude of vertical motion, and (ii) the phase difference between
the motion and exiting force if the compressor is operated at 200 rev/min.

Solution k= 1.96 x 10° N/m, M = 500 kg, & = 0.2, m = 20 kg, stroke = 0.2 m.

Stroke Q =0.1m, N =200 rev/min.

196x105 27N _ 2 x 7 x 200
\F \/ so0 198 radls, 0= <0 =20.93 rad/s

© 2093 _
“w, 198 106
The dynamic amplitude is given by
X _ r X 1.06°
me 2 2. 20x0.1 2,2 2
= N1 -+ Q& 1-1.06%%+ (2% 02 x 1.06
V=Pt BEL A Y+ ( )
X=001m

Phase angle is given by

¢=tan_1( 25r )=tan-‘(2 x 0.2 x 1.06)
1-7 1-1.06>

EXAMPLE 4.11

A single-cylinder engine has an out-of-balance force of 500 N at an engine speed
of 300 rev/min. The complete mass of the engine is 200 kg and it is carried on
a set of springs of total stiffness 30000 N/m. Find the amplitude of the steady
motion of the mass and the maximum oscillating force transmitted to the foun-
dation. If a viscous damper is provided in between the mass and the foundation,
the damping force is 10 N at a velocity of 0.01 m/s. Find the amplitude of forced
damped oscillation of the mass and its angle of lag with disturbing force.

- ¢=105.9°.
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Solution mea” =500 N, M =200 kg, N = 300 rev/min, k = 30000 N/m,

Assuming & = 0 (damping is not given) for rotating unbalance the equation is given
by

. MX ” o
D) e AP oy ...(a) where r = ,

Since speed is given

2N 2mx300 ., _500_500
0= 60 0= 0 10z rad/s .. me= o = o me = 0.507.
The natural frequency is given by @, = \jz — /30000 rad/s .. @,=12.25 rad/s.
"M 200 "
o fr tior=2-10% > s7andE=0
. frequency ratio r o, 1225 r=2.57 an .
200X (57

Using these values in Eq. (a), we get = )
0307 \[1- @57 +0
e (2.57)* x 0.507

200(1 - 2.57)%)

Neglecting the —ve sign, amplitude X = 2.987 mm.

F, 1+ Q&

The transmissibility ratio is given by 7R = —- ...(b)

Fo - PY+ @&
Fy\1+ Q&r)? R
= » where F, = me®”.

V(1 -2+ &)

+
poo 00 e 500 gen,

V1-@5TP+0 ' a-@57)

.. force transmitted to the foundation F,=-89.21 N

X=-2.987 x 10> mm

Neglect negative sign, F, = 89.21 N.

(ii) If viscous damper is provided then viscous force F = cx,

Given F=10N x=0.01 m/s.
__10 _
c=001 1000 N-s/m.
Damping coefficient ¢ = 1000 N-s/m
c c 1000
Damping ratio =—= > = > =02
ping ST T 200300000 °
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From Eq. (a),
mer? 0.507(2.57)*

MX = s X= » X =0.00294
M\(1 - 7*)* + 2&r)? 200V(1 - 2.57%) + (2 x 0.2 x 2.57)°

Amplitude of forced viscous damping oscillation, X = 2.94 mm, and the phase lag
is given by

2&
o= tan_ll
1 1-257%

: ] ¢= tan“[2M ] ¢ = —10°23" or, ¢ = 180° — 10°23%

¢=169°37".

EXAMPLE 4.12

A 75 kg machine is mounted on springs of stiffness k = 11.76 x 10° N /m with
damping of £ = 0.2. A 2 kg piston within the machine has reciprocating motion
with a stroke of 0.08 m and a speed of 3000 rev/min. Assuming the motion of
the piston is harmonic motion, determine the amplitude of vibration of the
machine.

Solution M =75kg, k=11.76 x 10> N /m, £= 0.2, m = 2 kg, stroke = 0.08 m,

Stroke 0. 08 27N _ 2% % 3000 _
2~ 0.04m 0 = o 31443

S
o, -\ - \f“%Xm — 125.21 rad/s

The transmissibility ratio is given by

N = 3000 rev/min, e =
rad/s.

MX P 2.52

Tp=75= s Tp= - > Tp=1.46.
Bome Ja-22+&7? © J1-2552+@2x02x257
The amplitude of vibration T, = %‘f =X= W, X=124x10%m
EXAMPLE 4.13

A 40 kg fan has a rotating unbalance of 0.1 kg-m magnitude. The fan is mounted
on the beam as shown in Fig. p-4.13. The beam has been specially treated to add
viscous damping, As the speed of the fan is varied, it is noted that its maximum
steady-state amplitude is 20.3 mm. What is the fan’s steady-state amplitude
when it operates at 1000 rev/min? Take E = 200 x 10° N/m?,

I=13 x 10" m* m e = 0.1 kg-m, ® = 1000 rev/min.
O

< 1.2m >

Fig. p-4.13 Rotating fan
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MmXpax  (40)(0.0203)
mee 0.1 B

Solution The maximum values of 4 is 4,,, =

The damping ratio is determined using equation

L gnn-—1 . e-0o06

281 - €2 281 -2
3(200 x 10%) (1.3 x 107°
The beam stiffness is given by k= 3L_b;1 = ( (1)2()3 )

=451 % 10° N/m

5
and the system’s natural frequency is @, = \/%7= \4514—310 =106.2 rad/s

o (1000)(27:)(6—10)

The frequency ratio is r =~ = 062 0.986

A

max

mye
The steady-state amplitude is calculated by X = 70 A(0.986, 0.0617)

0.1 (0.986)
=02 . X=19.48 mm.
40 \[1 - (0.986)2 + [2(0.0617)(0.86)2
4.5 FORCED VIBRATION DUETO EXCITATION OF
THE SUPPORT MOTION

In most of locomotives and vehicles, the wheels are mounted on a base or support
for the systems. These wheels can move vertically up and down on the surface of the
base or support on the surface during the moving of the vehicle. In the motion of
these vehicles or body of the wheels and base or support, there is a relative motion
between the support motion, relative to the wheels and the wheels are having motion
relative to the road surface.

In case of support motion, the amplitude of the motion depends upon the speed of the
vehicle and the nature of the road surface. The vibration measuring instruments are
designed on the support motion approach. In a vibratory system where the support
is put to excitation, (i) absolute motion, and (ii) relative motion become most impor-
tant. Such systems are supported to have a spring-mass-damper system of a single
degree of freedom with a moving support or base as shown in Fig. 4.8.

1. Absolute motion (motion transmissibility) Absolute motion of a mass
means its motion with respect to the coordinate system attached to the earth as shown
in Fig. 4.8(a). The absolute displacement of support is y = Y sin wf[sinusoidal motion
Fig. 4.8(b)] and the absolute displacement of the mass ‘m’ from its equilibrium posi-
tion is ‘x’. The displacement of the mass ‘m’ relative to the support is ‘z’.
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m X
.
—> ot kix=y) c(x-y)
(b) (c)

Fig. 4.8 Support motion
The net elongation of the spring is (x — y) and the relative motion between the two
ends of the damper is (x — ). Thenz = (x — y) and z = (x — y).

Let us consider a spring-mass-damper system subjected to the support motion as
shown in Fig. 4.8(a). Due to the support motion, let ‘x’ be the absolute motion of the
system at any instant of time and respective FBD is as shown in Fig. 4.8(c).

Now apply Newton’s second law of motion to mass ‘m’ LF = mx
mx=—c(x—y)—k(x—-y),mx +cx+hkx=cy+ky ..4.13
Since y = Ysin ot, y = @Y cos ot
Substituting these values in Eq. 4.13, we get
mx + cx + kx = c®Y cos @t + kY sin @t, mx + cx + kx = Y(cw cos @t + k sin ®7)
Multiplying and dividing by right-hand side by i+ (cw)? and simplifying, we get

W + (cw)? | ———sin o+ —L cos o \/f%
\/k2 + (cw)? \ I+ (cw)? oo X

,fé’
= WK+ (cw)® {sin o cos & + cos @I sin &} b
k
= 2 1
WK+ (ca)” sin (i + @) Fig. 4.9 Absolute motion
m¥+cx+hkx=Y k2+(cw)2 sin (ot + ) .. 4.14
and phase angle is given by tan . = —— or o =tan" [25 ] ..4.15

Equation 4.15 can be compared to a system excited by an external harmonic force,
Fy
Nk — me?? + (cw)®
where F, = Y\]k2 + (cw)* from last equation
Wt ed? X VE + (cw)?
U= ma? + (cay "y k- ma?) + (cw)?

Equation 4.16 can be expressed in nondimensional form by dividing numerator and
denominator by ‘k’.

the steady-state amplitude X =

...4.16
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o \2 \2
X 1+ 25(0 F, x 1+(2§5”)
Y w272 w TR____7= \272 W \2 417

0
(@) T+ ea) (@) T+ (sa)
and tanﬁ=%orﬁ=tan’l[2§wﬂ] or it can be written as = tan"[2&#]
where 7 = wﬂ frequency ratio and
Ha,)
.. 1 @, _1 0]

phase lag is given by (¢ — ) =tan” [—————|—tan [25(5)] ..4.18

Figure 4.10(a) shows the plots of amplitude ratio )—Y(against frequency ratio wﬂ for

n

various values of damping factor and Fig. 4.10(b) shows the plots of phase angle

(o — PB) against the frequency ratio o for various values of damping factor. From
the figure, it is seen that "

0) when£<\/f,)—(>l (i) Whenwﬂ>\/f,)—y(<
(iii) when —=\2,% X (iv) when wﬂ =1, % = oo

2. Relative motion In Absolute motion, we assumed that the displacement of the
mass ‘m’ relative to the support is ‘z’

2 3.0 e
2
S 25 0.10
[0}
-5 .y 0.25 0.15
a
AR
15 ‘
0.375
/ e
1.0 * ——] %E
0.50 {//”’
05 £=10
0

1.0 2.0 3.0 4.0 5.0

——» Frequency ratio r= w/a,

Fig. 4.10(a) Amplitude ratio verses frequency ratio



Forced Vibration of Single-Degree-Freedom System 147

§ 1807 2= 0.25 \y;——_—_:
5 =0.25~ |
8 150 s S —
2 120 /$>( £=10
£ =05
o ¢
o g0
©
Q
& 60
L
= )
T 30
0 1 2 3 4 5

—— Frequency ratio r= e/w,

Fig. 4.10(b) Phase angle versus frequency ratio

Then this can be written as
z=(x-y), z=@-y), z=@G-Y)
Substituting these valves in Eq. 4.14 and simplifying, we get
mz + cz + kz = —my ..4.19
We have y=Ysinwt, y=Yocoswt .. j=- Yo sinot
Hence Eq. 4.19 can be written as
mz + ¢z + kz=ma’ y sin ot ..4.20

Eq. 4.20 is in the same form of rotating and reciprocating unbalance Eq. 4.10

(o)

Therefore, the steady-state relative amplitude is
o,
wll Z
ory = ..4.21

T ReaT T @I e sy

where — is called relative displacement transmissibility

Y
()
2,
and phase angle is given by ¢ = tan™! T I E .. 4.22
[ (a)]
ENERGY DISSIPATED BY DAMPING

During forced vibration with viscous damping, energy is continuously absorbed by
the damper so that power must be supplied to maintaining steady-state condition. So
there is a need to evaluate the magnitude of power required and to see how it changes
with the variables.

Work done by the force ‘F” during an interval of time when the body moves through
a displacement ‘dx’ is given by dw = F dx.
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Y

3.0

e \\&

1.0 2.0 3.0 4.0
— olo,

(a)

® 180[F=01 4 —_—
o .
S 502202 \% — |
©
> 120 el
c &=
s =03
2 90
©
2 60
)
T 30
0 1 2 3 4 5
—— Frequency ratio r= w/w,
(b)
Fig. 4.1 (a) Magnification factor versus frequency ratio (b) Phase angle versus frequency
ratio
d . . .
=F 7); x dt. Over a period of one cycle displacement, ‘@’ varies from 0 to 27.
' . 2
Therefore, ‘¢’ varies from 0 to g
wo
work done per cycle is given by w = J F. @ dt but x = X sin (@t — @)
0
dx .
ar =Xw cos (0t — @), and F = F,, sin ot
2w
w=] (F,sin of)Xo cos (o1 — ¢))dt .. 423,
0

w=rF,%sin¢
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where X = Amplitude of vibratory motion
Fy, = Amplitude of vibrating force
¢ = Phase angle by which the motion lags the force

The maximum work is absorbed when the face angle ¢ is 90° and when wﬂ =1 and
sin ¢ = sin 90° = 1.

Therefore, work done per cycle or energy dissipated per cycle = w(cw X) X.

Energy dissipated per cycle = 7 co X°. ..4.24
FORCED VIBRATION WITH COULOMB DAMPING

As we know from Chapter 3, Sec. 3.3.1, Case (b) on different types of damping,
Coulomb damping or dry friction damping is caused by friction between the sur-
faces that are dry or having insufficient lubrica-
tion. When a body slides on a dry surface, the
force of resistance between the surfaces or the
frictional force is proportional to the normal load.
This damping is called Coulomb damping and is
shown in Fig. 4.12.

F, sin ot

Fig. 4.122 Coulomb damping

When a single-degree-of-freedom system under Coulomb damping or dry friction
damping is subjected to a harmonic force of ‘F|, sin ¢’ the differential equation of a
motion is written as

In Eq. 4.25, the sign of friction force (+ URy) is positive, when the body moves from
left to right and it is vice versa as we know. In small values of Coulomb damping, the
exact solution for small damping force is small so that the motion is continuous. On
the other hand, in case of high value of Coulomb damping force, the motion does not
remain continuous. Also, if dry friction force is small compared to harmonic force,
an approximate solution is necessary. By determining an equivalent viscous damp-
ing ‘c.y’ in case of forced vibration with Coulomb damping, the means of energy
absorbed per cycle is same in both the cases.

Let ‘X” be the amplitude of steady-state vibration and ‘F” be the constant frictional
force. Then the energy absorbed per cycle is 4FX. For the similar amplitude of vibra-
tion, the energy absorbed per cycle for the case of equivalent viscous damping from
Eq.424is

energy dissipated per cycle = 7 co X* = T Ceq oX* since ¢ = Ceq

4F

ceq = m .. 426

Therefore, equating the two equations, 4FX = T ¢, 0X, =

We have known that in case of viscous damping the steady-state amplitude is given
by Eq. 4.5 in Sec. 4.2.
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FO
k.

=g o)+ (eof

Substituting for ‘c’ the value of equivalent viscous damping as obtained in Eq. 4.26
we get,

FO
k.

L

. k .
Putting &, = mn and solving for ‘X, we have

4F 2

X —41_(”%) 427
Fik o2 ...4.27(a)
QN

,

n

. . .. 4F F r
The amplitude will have a real value if 7, <lor 7, < 4 ...4.27(b)

In some cases the friction force ‘F” is very small and therefore Eq. 4.27 is suitable. As

>E]

friction force increases, this equation becomes approximate only till when [F 4
0

and Eq. 4.27 ceases to hold good.

Now we can seen that at resonance i.e. ® = ®,, the amplitude becomes infinity when
friction damping is present in the system. This can be explained based on considering
energy input or energy dissipated. The energy input per cycle is proportional to the
amplitude of the system and the energy dissipated per cycle by Coulomb damping is
also proportional to the amplitude 4FX. Thus, if the friction damping force is small,
the energy dissipated per cycle is always less than the input energy and hence, the
amplitude increase without limit. Also we know that the energy dissipated in case
of viscous damping is proportional to the square of the amplitude, i.e. 7 cwX? or
even if the damping is very small, increase in amplitude makes the energy dissipated
increase the amplitude with rapidly and a stage comes when the input and absorbed
energies are equal.

EXAMPLE 4.14

A spring—mass system in horizontal position subject to dry friction damping has
the mass of the system as 3.75, and spring stiffness as 7550 N/m. The coefficient
of friction between the mass and horizontal plane is assumed as a 0.21, sub-
jected to a sinusoidal force function of 19.7 N amplitute and 4.95 Hz frequency.
Determine the amplitude of the mass and equivalent viscous damping.
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Solution  Spring stiffness k = 7550 N/m coefficient of friction £ =0.21,

mg=3.75x9.81=36.88 N, F= img=7.73 N, Fy = 19.7 N, f= 4.95 Hz, 0= 2nf =
2 x mx4.95=311,

7550 w 311
\/7 375 =45 rad/s, ®, " 45 =07
Substituting all these values in Eq. 4.27(a),
(a7
1-|—
X nF

Fok 1_(g)2

,

n

B (4 x1.73 )2
X _ nx19.7
19.7/7550 1-(0.7)%

- amplitude X=0.0042 m

Amplitude of the mass

Equivalent viscous damping ¢, = 774(5\’ = 341 ><1 1'1)300 o Cea 79 N-s/m.

4.8 FORCED VIBRATION WITH COULOMB DAMPING
AND VISCOUS DAMPING

Sometimes, there is a combination of damping consisting of viscous damping
coefficient ‘c;,” and Coulomb damping force ‘F” in parallel combination. Then the
equivalent damping coefficient in such situation, an addition of viscous damping
coefficient and the equivalent damping coefficient is given by Eq. 4.26 in Sec. 4.7,
4F
= + —

Cq =1t oy ..4.28
We know that in case of viscous damping, the steady-state amplitude is given by Eq.
4.5 in Sec. 4.2.

FO
& k

mepeey T

Substituting the values of c. in place of ‘¢’

..4.29

7
\j [ L AF w
ank
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Squaring Eq. 4.29 on both side and solving, then rewriting the equation as follows:

T T e 7

By solving the above quadratic equation for ‘X”, we get the amplitude of vibration of
both the systems.

=0 ..4.30

Case (i) In the above equation, if there is no viscous damping, i.e. ¢, = 0 then we
get the amplitude

_0
X= k ..4.31

-5 o ()

Case (i) In the above equation if there is no coulomb damping, i.e. F =0 then we
get the amplitude

Fy

7
T
L3

And the phase angle is obtained by substituting the values of c. in place of ‘c’; we
have

..4.32

AR
1
6= tan™! % L3 433
1 (a)
EXAMPLE 4.15

A mass of 6 kg suspended by a spring of stiffness 1180 N/m is forced to vibrate by
the harmonic force of 10 N. Assuming viscous damping coefficient of 85 N-s/m,
determine the resonant frequency, amplitude of resonance, phase angle at reso-
nance, a frequency corresponding to the peak amplitude, peak-amplitude and
the phase angle-to-peak amplitude.

Solution m = 6kg, k= 1180 N/m, F,= 10 N and ¢ = 85 N-s/m.

(i) Resonant frequency o, = \j; = \’% = 14.023 rad/s

114023 _
= 5@ =y = 2232 He.
(ii) At resonance, we know e _ 1o X, = L
’ Xy 26 T kx2xE
c 85
=—=—T"—=0.505
d € 241180 x 6
X, =0 ¥ 000839 m.

es 1180 x 2 x 0.505
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o 28r ) _ tan_l(z x 0.505 x 1)

(iii) Phase angle at resonance » = wﬂ" =1, ¢=tan ( - A
= tan"!(e0) = 90°.

EXAMPLE 4.16

A 45 kg piston is supported by a spring of modulus &4 = 35 k N/m. A dashpot of
damping coefficient ¢ = 1250 N-s/m acts in parallel with the spring. A fluctuat-
ing pressure P = 4000 sin 30 7 in Pa acts on the piston, whose top surface area is
50 x 10~ m”. Determine the steady-state maximum displacement and maximum
force transmitted to the base.

Solution The natural frequency and damping ratio are,

35 x 10° 1250
\F \f 45 =279rad/s, &= me 3 xasx 279~ 0498

=4000 N

ERD R
1

()
®=30.5 = 7.9

Ix

(a) (b)

Fig. p-4.26 Spring system

Fy
The steady-state amplitude is X = o 0.00528 m
(e 7] }
(or 5.28 mm).
262 2 x 0.498 x 23709
. _ 1 n _ -1 i
The phase angle is ¢ = tan — o |t 30
1~(a) 1-(575)

= 1.716 radians
The maximum value of force transmitted is F, ., = \(k X)? + (caX)?

= X VI2 + 2 = 0.00528V350002 + 12502 x 30> =271 N
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EXAMPLE 4.17

A weight of 55 N suspended by a spring stiffness of 1.1 k N/m is forced to vibrate
by a harmonic force of 9 N. Assuming viscous damping coefficient ¢ = 77 N
S/m, determine: (i) the amplitude at resonance, (ii) frequency corresponding
to peak amplitude, (iii) peak amplitude, and (iv) phase angle corresponding to
peak amplitude.

Solution W=55N,m= W/g=55/9.81=5.61kg,
k=1100N/m, Fy=9N, c=77 N- s/m.
The frequency ratio w/w, = r, at resonance r = 1; 0 = @,
Wk ’1100 _
= \/;— S6l 14 rad/s
c c 77

Also, S " ma, 266114 040

FO
k.

A eey

BB (9
v - Kk _ & _\1oo)
o Jeep 26 2(0490)

(ii) Phase angle at resonance is given by the equation

= -1 —zgr = -1 = o = 1
tan tan~ oo ¢ = 90° = 1.57 radians.
2

(I-r)

(iii) Frequency corresponding to peak amplitude is given by the equation

(i) The amplitude is given by the equation X

At resonance, » = 1.

=8.339 x 10> m.

w ea.
oot = e 1= 28 =1 - 2004907, @, = 10.09 rad’s.
X,
(iv) Peak amplitude is given by X, = k= 1?f9 ~ 0.7207.
0 V1P + (28n)
Xooate = 1100 =9.57 x 10~ m.
V(1 - 0.7207%) + (2(0.49)(0.7207))>
(v) Phase angle corresponding to peak amplitude is given by
2&r 2(0.49)(0.72
¢ = tan™! : 5> ¢=tan™' ¥(2) = 55.75° = 0.973 radians.
1-72 1-0.72
4.8 FORCED VIBRATIONWITH STRUCTURAL

DAMPING ORHYSTERESIS DAMPING

As we learnt in Sec. 3.3.1, Chapter 3, case (c), different types of damping, struc-
tural damping occurs in all vibrating systems subjected to elastic restoring forces.
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This type of damping is due to the internal
friction of the molecules of elastic materials. i
Stress-strain graphs are different for loading

and unloading, the energy dissipated within .

the material itself. When such a material is i m  |—>Fysin ot
subjected to cyclic reversal of loading, a 4§P

hysterisis loop appears on the stress-strain Q__Q

plot.

) ) Fig. 4.13 Spring-mass-damper system
Let us consider a single-degree-of-freedom in horizontal position

system with structural damping subject to a
harmonic force of ‘F sin wt’ as shown in Fig. 4.13. Then the differential equation of

. . .k .
a motion of mass can be derived as mx + 15 X+ kx = F, sin ot ..4.34

where (lé)x indicates the damping force. This damping force is a function of forc-

ing frequency ‘@’.
In most of the structural elements “the energy dissipated per cycle is proportional to
the square of the amplitude (X) and independent of frequency () over a wide range”.
That means energy dissipated per cycle = X ..4.35
In case of structural damping, ‘c.,’ is the equivalent viscous damping, as we know in
Sec. 4.6, Eq. 4.24.

Energy dissipated per cycle = Tcowo X>= e, 0 X’ since c=c
gy p per ¢y eq eq

BX* =g X orc,, = wﬂﬂ 436
In equivalent viscous damping, the energy dissipated by the damper in one complete
cycle of motion can given by case (¢), Sec. 3.3.1. Energy loss/cycle

E = nAkX? ..437
From Eq. 4.35 and Eq. 4.37, BX? = nAkX? .. A= % or B =mkA ..4.38

Substituting the ‘A’ value in the differential equation of a motion of the system under
forced vibration subjected to structural damping, we get

mx + (%))'c-l~kx=F0 sin ot ..4.39

where A = (%) is known as the structural damping factor or loss factor.

The steady-state solution of Eq. 4.34 given as the steady-state amplitude for system
when subject to structural damping or hysteresis damping, given by Eq. 4.5.

Fy

e (e

= .(Eq. 45)
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X= ..4.40

Put W, =

From Eq. 4.36, .= wﬂﬂ
Substituting the value of f = kA, we get

_ kA
e W

c s o= KA 441

Substituting the value of ceqa)F= kA in Eq. 4.40, we get
0

X- k 4.42(a)
- (27 + 2
(@)
X L ...4.42(b)
F, w\2\2 .,
+ @)+
[l
As we know that the phase angle ‘¢’ is given by tan ¢ = ——, —
1-— o
k
Cog®
By substituting the values of ‘c.’ in place of ‘c’, we have ¢ = tan™' ka) 5
(o)
_ g ] A
But we know c,,@=kA .. ¢=tan —ou 4.43
1-(a)
If the harmonic excitation is assumed to be in the form of complex Fe'®,
msi + Ak 34 ko= Fy sin o 444
mx +l§)'c+kx=Feiw' ..4.45

So the response of ‘x in the above equation is also a harmonic function having the
factor &',

Therefore, x is given by i @ x and Eq. 4.45 will be as follows:

mx + k(1 +id) x + kx = Fe'™ ...4.46
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where k(1 + iA) is known as complex damping (complex stiffness). Then the steady-
state solution of above Eq. 4.44 is as follows:

it
F ..4.47
k‘ 1-{— 2y il

Equation 4.43 and Eq. 4.44 are plotted in Fig. 4.14(a) for various values of amplitude
and ‘A’ and phase angle versus frequency ratio respectively.

5.0
4.0 +
t o]
™
S
L
R 2.0 1
1.0 +
0 f f f f
1.0 2.0 3.0 4.0 5.0
— Frequency ratio r= e/,
@
A=0
VA
¢
T A=0.2
A=0.5
/2 A= 1.0
0 + + +
1.0 2.0 3.0 4.0 5.0

— Frequency ratio r= w/w,
(b)

Fig. 4.14 (a) Amplitude ratio versus frequency ratio (b) Phase angle versus frequency ratio
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EXAMPLE 4.18

A block of 35 kg mass is connected to a support through a spring of 1.4 x 10° N/m
stiffness in parallel with a dashpot of damping coefficient 1.8 x 10* N-s/m. The
support is given a harmonic displacement of 10 mm amplitude at a frequency
of 35 Hz. What is the steady-state amplitude of the absolute displacement of the
block?

Solution  m = 35 kg, spring stiffness k = 1.4 x 10° N/m,

damping coefFicient ¢ = 1.8 x 10> N-s/m, /=35 Hz, ¥ = 10 mm.

0, =VE or @, ~ {4210
n mO n 35

=200 rad/s,

w=2rf=2x gx35=219.8 rad/s

¢ ¢ 18x10° o 2198
e " 2mw 2x35x200 U2 1@ " 50 MO

V(1 + 28 1o NAF2X01295T)
N+ A2 e VI LI+ @2 x0.0129% L1y

X=29.4 mm.

4.2 VIBRATION ISOLATION AND FORCE
TRANSMISSIBILITY

When an unbalanced machine is mounted on the foundation, the vibration of the
machine will be transmitted to the foundation. In order to minimise the transmission
of forces to the foundation, machines are often mounted on springs and dampers
as shown in the Fig. 4.15(a) The vibratory force transmitted to the foundation is by
springs and dampers because these are the only connections. At any instant give a
displacement ‘x’ to the mass ‘m’, and the FBD is as shown in Fig. 4.15(b).

Applying Newton’s second law of motion to mass ‘m’, £F = mx.

Fo sin th

F=F,sinot

|

cx kx

(b)

Fig. 4.15 Vibration isolation and transmissibility



Forced Vibration of Single-Degree-Freedom System 159

F—cx—kx=mx mx+cx+hkx=F,sin ot ..4.48
Since F =Fsin ot
this is a second-order nonhomogeneous differential equation of motion.
The solution is
xX=xtx,
Complementary function (already discussed in Sec. 4.2 case ‘a’)

where  x,

x, = Particular integral (steady state response already discussed in Sec.
4.2 case ‘D)

Considering the steady-state response or to find the particular integral ‘x,’

Letx,=x=Xsin (wf—¢) [.Fis the external force which is a sinusoidal one]
T

: +a)t—¢), i=— o Xsin (@t — 9)

3= wXcos (0f — @) = a)Xsin(

Substituting these value in Eq. 4.13,

m[-a? X sin (ot — ¢)] + c[stin (5+ar- ¢)] + kX sin (o — ¢) = F, sin ot
Rearranging the terms,
Fy sin @f — kX sin (@t — 9) — cXo sin (a)t— o+ g) +me? Xsin (0t —¢)=0 ..4.49

These forces can be vectorially represented as shown in Fig. 4.16(a),

kx

Fig. 4.26 Force and vector polygon
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AC=F,=J(kX)* + (cXw)* But OA = Fy, AB = kX, BC = CaxX, CO = mXo?

The force transmitted to the foundation denoted by ‘F,’ by joining ‘AC” is the vecto-
rial sum of the spring force and the damping force and it is shown in the Fig. 4.16(b)
force polygon.

The transmissibility ratio or transmissibility is defined as the ratio of the force trans-
mitted to the foundation ‘F,” through elastic supports to the force transmitted to the
foundation through rigid supports ‘F,’ (exiting force) (See How to Draw the Vector
and Force Polygon.)

F,
. transmissibility TR = —
Fy

From right-angled triangle OAD in Fig. 4.16(b),
04% = AD* + DO* = (4B — BD)* + BC?
o> = (kX — mX@?)? + (cXw)%, Fy? = X [(k— ma*)* + (cw)?]
Fy Fy
- 2 2 X= 32 2
(k- ma*y? + (cow) (k- ma?)* + (co)
FO

kJ[ (1% o) (ko))

and

But

2 )
and let —=r.
wll o,’ n

=3

§~|

<
k

W1 -2 + 2&r)
Fo = kX\[(1 - A% + 2&)° 451

..4.50

From triangle ABC in Fig. 4.16(c),

= (kX)2 + (cXw)?, F? = k2x2[1+ ]F kX1 + & 452
From Eq. 4.49 and Eq. 4.50,

F kX\fl 2
TR =— = te 453
Fo tx[(1- 7+ 2697

F, 1+ Q&0?
VI(1 - 22+ (2r°

2&r

17

..4.54

The phase angle ¢ = tan™!
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2
¢ =tan! i] ...4.55
17
and tan o = cxﬁw’ o= tan"'(2&r).
.. -1 28r -1
The angle of lag is givenas a (¢ — &) .. tan 2l tan— (2&r) ...4.56

The equations 4.54 and 4.55 indicate the transmissibility and phase lag of transmitted
force from the impressed force and can be plotted as shown in Fig. 4.17(a) and (b) for
various values of damping factors.

F

. . t (0}
1. Discussion on —-Versus ——.
FO wll

4.0

3.0

n
o

Transmissibility F/Fy —

jury
o

1.0 2.0 3.0
— Frequency ratio r= w/w),
I | | | |
0 1.0 2 2.0 3.0
Stiffness Damping Mass controlled
controlled| controlled
ol ®, —>

(a) Transmissibility versus frequency ration for various amount of damping factors
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180

150 _ﬂ
T 120 £=0.25

\
T E=0
|
S 9
o ~ o
2 §=0.8
© -
[0)]
n
(0]
T 60
&=1
§=2
30
=0
o 5
1.0 2.0 3.0

— Frequency ration r = w/w,

Fig. 4.27(b) Phase angle frequency ratio for various amount of damping factors
F, 1+ (2&r?
Case (i) Whenr=o0inEq. 4.54 T .
0 AL+ 28

= 1, which is independent of the damping ratio ‘&

Ft Ft
Fy 1+0 Fp
Case (ii) When r=1 (Resonance, i.e. = @,) in Eq. 4.54

F, 1+ (2&r?

Fo i A7+ @&y

F, \1+@E 1+’ of
Fo Jireey @& R

. . . t
i.e. at resonance and at damping ratio = 0, o
0

Force transmitted to the foundation with elastic supports = o, F, can be brought down
to nominal value by introducing damping into the system.

Case (iii) Whenr>>1(®>> w,)in Eq. 4.57
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F, 1+ (2&r?

Foo Ja-»y+ &y

ic. Pe>>1 - r—lz <<<1,ic. /P =0and Ur=0
- rz(é + (2r)2) - #(%Jr (25)2)
" A e
F,

2
—=7§for§<< 1,&~0and & ~0.

Fo 1+ g7
FI FI
-~ for §<<1,F—0z0,for§>>lfozl
2. How to draw vector diagram and force polygon

Fy sin @ — kX sin (@ — ¢) — cXa sin (a)t— o+ g) + me? X sin (@f — ¢) = 0
.(Eq. 4.49)

(a) Vector diagram Draw an ordinate ‘—xox’ and ‘—yoy’ as shown in Fig. 4.17(a).
From point ‘o’ draw an inclined line ‘F;’ at an angle of sin @t to a suitable scale, from
reference line ‘ox’ indicating impressed force(F, sin @f). Again from point ‘o’ draw
an inclined line m@?X at an angle of sin (f — ¢) with suitable scale from reference
line ox, indicating inertia force [ma’ X sin (@t — ¢)]. On an inclined line, 0 — ma’x sin
(ot — @), measure an angle 90° (7/2) in the clockwise direction. Draw a line equal to
(cXw) indicating damping force with suitable [cX® sin (wf — ¢ + 90°)] scale as shown
in Fig. 4.17(a). A spring force (—kX) is always opposite to the displacement, i.e. ma’x
at an angle of (¢ — @) produce in the opposite direction with suitable scale indicating
the spring force [£X sin (wf — ¢)] (see Eq. 4.49).

(b) Force polygon Draw a horizontal line and mark a point ‘O’ on the line. From
point ‘O’, draw a parallel line ‘OA’ parallel to the ‘OF,, in Fig. 4.17(a) with suitable
scale. From point ‘4’, draw a parallel line ‘4B’ parallel to ‘O — kX with a suitable
scale. From point ‘B’, draw a parallel line ‘BC’ parallel to ‘O — CX@’ with suit-
able scale. From point ‘C’ draw a parallel line ‘CO’ parallel to ‘O — m@’X’. From
point ‘O’, draw a parallel line ‘OD’ parallel to ‘BC’, angle ‘4BC’ = 90° as shown in
Fig. 4.17(b). It is clear that the spring force is perpendicular to damping force and
damping force is perpendicular to inertia force. Join ‘AC” representing F, as shown
in Fig. 4.17(c).
From vector diagram, we can observe that the

(a) spring force is always opposite to the displacement

(b) damping force lags the displacement by 90°

(c) inertia force is in phase with the displacement
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In Fig. 4.17(b), forced diagram from the right-angled triangle OAB
04% = OB* + BA?, where OA = Fy, CD = OB = cXw,
BA = kX — mXa?, Fy? = X*[(k — ma?)? + (co)?].
SPECIAL CASE, WHEN r=~2

Damping is useful in isolating forces only when the frequency ratio is less

than V2.
F, 1+ &>
"Fo [(1-PP+ Q&Y
CF A1+egy _v1+8§2_1
Fo a2 +emy \1+82
This is independent of £’

From Eq. 4.19

putr=\/§

F, ®
For all the values ‘£, all the curves will pass through Ft = lwhen r=+2 = o
0 n
«—&=0

T 3.0

&O

=

220

5

8

£

2 ‘

S 1.0 =

. £=0 707 N E=1

E \% -----------
0
1.0 2 20 3.0 4.0

— Frequency ratio r= w/a),

Fig. 4.18 Frequency ratio versus transmissibility

From the above plot, it is clear that the force transmitted to the foundation through
the elastic supports is greater than the force transmitted through rigid supports for
all values of » < 2.

F
In the region » < 2, Ft value can be reduced only by increasing damping ratio ‘£’

0

i.e. by providing dampers.
But for all values of ‘£’ in the region » > +2, the force transmitted to the foundation
through clastic supports is less than the force transmitted through rigid supports.

Thus vibration isolation is possible only in the range of > 2.
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These fact leads us to the conclusion that
(i) To provide vibration isolation when frequency ratio is less than V2, dampers
are necessary

(ii) To provide vibration isolation when frequency ratio ‘#’ is greater than V2,
dampers need not be provided (or should have a less value)

EXAMPLE 4.19

A machine weighing 750 N is mounted on springs of 1200 k N/m stiffness with an
assumed damping factor of £ = 0.2. A piston within the machine weighing 20 N
has a reciprocating motion with a stroke of 0.075 m and a speed of 3000 rev/min.
Assuming the motion of the piston to be a harmonic, determine (i) the amplitude
of motion of the machine, (ii) Its phase angle with respect to the exciting force,
(iii) the transmissibility and the force transmitted to the foundation, (iv) the
phase angle of the transmitted force with respect to the exciting force, and (v)
has vibration isolation achieved, if so how?

Solution  Refer Fig. p-4.19. W="750 N

. M=W/g=7645kg, w=20N

som=w/g=2.04kg.

N=3000 rev/min, £ = 0.2, Stroke = 0.075 m

. e=0.075/2=0.0375m, k= 1200 k N/m = 12 x 10° N/m.

(i) The amplitude of motion of the machine is given by

Mx_ r » X = mer” ...(a), where r=——

me AR e M1 AP+ @&

The forcing frequency w = 26%\[ = % = 1007 rad/s

5
The natural frequency @, = \/% - \/ li < 4150 = 125.28 rad/s

The frequency ratio » = wﬂ _ 112(;0;8

Sl

»r=2.51

Using all these values in Eq. (a),

2.04 x 0.0375 x (2.5) 1 R
X= ><7645,X=1.17><10 m, X=1.17 mm.
V[1- (0.7 + (@2 x 02 x2.51)> 76

(ii) The phase angle ‘¢’ w.r.t. the exciting force is given by

~10°43!

1-(2.571)
or ¢ =180° - 10° 43, ¢ = 169°16

—1[2><02><251
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(iii) The transmissibility ratio is given by

F, 1+ & V1 +@2x02x251)

Fo Ja-m?2+@&? Ja-@250)»)2+@2x02x2.51)
TR = 0.263 or 26.3%
Force transmitted to the foundation F, = F; x TR, where F,, = mear.
20

9.81
(iv) The phase angle of the transmitted force to the exciting force,

TR

F,= mea” x TR, = ——~ x 0.0375 x (1007)* x 0.263, F, = 1984.48 N.

Fig. p-4.19 Phase angle

cxQ

o & tan”! (2&r).

i.e. ¢ — o, where = tan”!

a=tan' [2x 0.2 x251], 0=45°, ¢ — = 169°16 — 45°6, ¢ — o= 124°106.

(v) Since the value of frequency ratio ‘»’ = 2.51 is greater than V2, vibration isola-
tion is achieved and also only 26.3% of vibrating force ‘F’ is transmitted to the
foundation.

EXAMPLE 4.20

Determine the power required to vibrate a spring—mass-damper system with an
amplitude of 15 mm and at a frequency of 100 Hz. The system has a damping
factor of 0.05 and a damped natural frequency of 22 Hz. The mass of the system
is 0.5 kg.

Solution X =15mm x 10~ m, f= 100 Hz, £ =0.05, f,= 22 Hz, m = 0.5 kg,

0=27f, 0=21x 100 =200 wradls, f;=f,\1-Eor f,= Ji 55 055 bz,

V1-&
,=27f, =21 % 22.055 = 138.576 rad/s, c=2mw, E=2x 0.5 x 138.576 x 0.05 or
¢ =6.928 N-s/m, F; = cawX = 6.928 x 2007 (15 x 107) = 65.3026 N, T, = cX’
=0.9795 N-m.

_2aN . 60w .. 60 x200%
P— 60’N_ 27T’N_ 271.
27NT, P:27r>< 6000 x 0.9795

60 60

= 6000 rev/min.

The power is given by P = =615.5 watts
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EXAMPLE 4.21

A reciprocating pump of 200 kg is driven through a belt by an electric motor at
3000 rev/min. The pump is mounted on isolators with total stiffness of 5 M N/m
and damping of 3.125 kN-s/m. Determine the vibrating amplitude of the pump
at the running speed due to fundamental harmonic force of excitation, 1 kN.
Also determine the maximum vibratory amplitude when the pump is switched
‘ON’ and the motor speed passes through resonant condition.

Solution m =200kg, N=3000rev/s, k=5 MN/m =5 x 10° N/mm,
¢ =3.125 kN-s/m = 3.125 x 1000 N-s/mm. F,= 1 kN = 1000 N

k_,[5x10°
Natural frequency @, =\, = 200 158.11 rad/s

¢ _3.125x1000 _3.125 x 1000

Damping factor &= —- = =0.049.
e 2¥km V5% 10° x 200
The frequency ratio » = wﬂ w= 26%\7 = w =314 rad/s,
_o_ ﬂ =1.987 !
@, 158.11 U
Dynamic amplitude of the reciprocating pump is given by
F, 10000
- 6
- k - 5210 = 6.769 x 107° m or
VA -2+ &) (1 - 1.987% + (2 x 0.49 x 1.987)>
X=0.067 mm.
F, 10000
k 5x10° 5
Atresonance ¥ =1, X=X, =—=—"—""—" X,=2.04x10"m
ceonanee 7 2E 2x0069
or X, =2.04 mm.
MOTION ISOLATION (BASE EXCITATION)

As we know that earlier, vibrations are an undesirable phenomenon and hence they
must be either eliminated or reduced. Vibration leads to excessive amplitude, stresses
in parts of shafts, poles, chimneys, machineries, towers and even transmission line
cables; complete elimination is impossible but their effect can be reduced. This can
be done by proper choices of spring, proper balancing of mass and dashpot arrange-
ments either to increase the natural frequency or to reduce the transmission of dis-
placements and forces to the supports.

There are two basic requirements for vibration isolation.

(i) There should be no rigid contact between the vibrating unit such as shafts,
machines, chimneys and the base. Rigid contact leads to higher transmission
which is undesirable.

(i) It is necessary to ensure that the isolation device remains together during
operation, even if it fails. It is required to maintain the machinery in the safe
position with respect to the support.
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(b) ()

Fig. 4.19 Vibration isolation

Now at any instant, give a displacement to the system as shown in Fig. 4.

fr 17

—> ot kly-x) e(y-x)

19(a).

The equation of motion of the system with ‘y’ as the independent coordinate of mass
‘m’ and ‘x’ as the independent coordinate for the support, and applying Newton’s

second law of motion to mass ‘m’ is
ky—x)+e(y—-x)=-my, myp+cy+hky—cx—kx=0.
my +cy+ky=cx+kx

Since we have assumed ‘x’ as sinusoidal, let x = X sin w¢

. . V3
x =Xwcos ot=X® sin (E + a)t).

Using these values in Eq. 4.57, we have
my+cy+ky =cXo sin(§+a)t)+szina)t

. right-hand side = k X sin @+ cXe sin (g + a)t)

Representing right-hand side vectorially,

cX
kx
w,t
T}
(a) Vector polygon (b) Force polygon

Fig. 4.20 Force and vector polygon
Let ‘F’ be the resultant vector in Fig. 4.20(b).
F2 = (kX)* + (cXo)?

(cXw)? 28

P =(kX)2+[1+ 0 I=(m2[1+(%m)2]where%=5”.

...4.57

...4.58
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F = (kXY

2w\ )
1+ o ) | let the frequency ratio ;- =r.

F? = (kX)* [1+ 2Er%), Fo=kX\1+ (&)

_cXo c DAY I L
Andtana)t—ﬁ—%a), tana)t—2§a)", s oot =tan" (2&r)

right-hand side will reduce to = F, sin ar.
Therefore, Eq. 4.58 becomes
my + cy + ky = F,, sin @t ..4.59

This is a second-order nonhomogeneous differential equation of motion, whose solu-
tion is given by

Y=Yty
where y.= Complementary function (transient response)

¥, = Particular integral (steady-state response already discussed in Article
4.2, case ‘b’)

Considering the steady-state response we find the particular integral ‘y,’
H A 1
To determine 'y,

Let y, =y =ysin (@t —¢), y =ywcos (0t - $) = yosin (g-l- wt— ¢).
y =y’ sin (0t — ¢) Using these values in Eq. 4.59,

“mya® sin (@1 — ¢) + ¢y @ sin (§+ ot — ¢) + ky sin (@1 — @) = Fy sin o.

Rearranging the above terms,
mye? X sin (@f — ¢+ m) + ch)sin(a)t— ¢+§) + kX sin (@f — §) — Fy sin @t =0
..4.60
These forces can be vectorially represented as follows:
In Fig. 4.21(b), from right-angled triangle O4B

OB? = AO* + AB*, OB=Fy, OA=ky —my &*, AB=cy @
Fy = (ky - mya?) + (cyw)’ 0rF§=(ky)2[(l—%wz)2+(%w)2] . 461
28

where = = % % = and a)ﬂ,, = r. Using these values in Eq. 4.61, we have

; w ’ n
Fo= ()’ [(1 =)+ 2&r)"]

F.k
Fy=ty\[1- PP+ &)y = =

=P+ @&y
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+y
(wt— ¢+ m2)
T Fo
(ot—¢+m) Py hx 4 :
90° & (0t = ¢) may
-X +X E A cow X
/5 °%/B\
: \Cw X
mo'y \
ot A kx
(ot = 9)
—y X w o '& .y
(a) Vector polygon (b) Force polygon

Fig. 4.21  Force and vector polygon
Case (i) Atr=0, )Z(= 1

Using these value of ‘Fy’,

X+ @8y

V1 +Qén?
= 0 = .
Y- ey V(1 -2 + &)

Y _
"X
y 2%)° y
Case (ii) Atr=0(resonance),)—(= 1+ 2 at§=0)—(=oo~

Case (iii) Forr>>1, j{, =0.

Special Case Atr=12, )Z(= 1 (Independent of &).

For motion isolation, y/X — 0

3
E=0/||£=0
2
LT t-05
X £20.707
1 ¢=1 .
: [ ¢=0.70
i ", ¢=05
0 : \t§=o
1 V2 o2 3 4

Fig. 4.22 Frequency ratio
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From the above plot Fig. 4.22, it is clear that the displacement of the mass () is
greater than the displacement of the base for all values of r <2,
In this region » < V2, ‘y/x’ can be reduced by introducing damping into the system
(i.e. by increasing ‘£).
But for all values of » < V2, y is always less than ‘X°. Thus motion isolation is only
possible in the region 7 > V2. From these facts, it can be concluded that

(i) To provide motion isolation when the frequency ratio is less than V2, dampers

are necessary

(i) To provide motion isolation when the frequency ratio is greater than V2,
dampers need not be provided (or should have less value).

EXAMPLE 4.22

The body of car has a mass of 1500 kg and is mounted on 4 equal springs, which
deflect through 225 mm under the weight of the body. The total damping coef-
ficient of 4 shock absorbers is 4.6 N at a velocity of 1 cm/s. The car is placed
with all four wheels on the platform which is moved up and down at resonance
speed with amplitude of 25 mm. Find the amplitude of the car body on its spring
assuming the centre gravity of the car to be at the centre of the wheel base.

X=25cm=0.025m

/N
£/ °

—> ot

Platform Platform

(a) (b) ()

Fig. p-4.22 Car-spring system

Solution w=Mg=1500kg, A,=0.225m, F;=4.6 N,v=0.01 m/s,

o= o, (resonance)

y 1+ Q&Y

. @

. for base excitation is given by X~ , where » = o
(1 - r2)2 + (257‘)2 n
egeq e keq g
For equilibrium, k., A, = Mg .. i A_s,
_ |8 _.[981 _
S0, = \’Aﬂ Vo225 6.60 rad/s.
Mg 1500

And @A " 0205~ 6666.67 N/m.

st
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k
The each spring stiffness, £ = % = 666‘?67 =1666.67 N/m
. Fq_ 46
For viscous damper, F; = c.v .. Ceq =, = 001 460 N-s/m, c., =460 N-s/m.
Ceq  Ceq 460

Damping ratio £ = —— = (.23 at resonance » = 1 (given)
C

¢ 2Maw, 2x 1500 x 6.60
y NI+ 002541+ (2 x0.23)
“x 28 YT 2x023

EXAMPLE 4.23

A machine of 1000 kg mass is acted upon by an external force of 2450 N at
a frequency of 1500 rev/min. To reduce the effect, vibration isolators of rub-
ber having static deflection of 2 mm under the machine load and on estimated
damping factor 0.2 are used. Determine

=5.98 x 102m, y = 59.8 mm.

(i) force transmitted to the foundation, (ii) amplitude of vibration of machine,
and (iii) the phase lag.

Solution M = 1000 kg, F\y =2450 N, N = 1500 rev/min.

o =27TN=2><7T>< 1500
60 60

§=2mm=2x107,£=02,F,=2,X=2,¢="?

=157.07 rad/s,

(i) The force transmitted to the foundation is given by F, = \j(kX)2 + (ca)X)Z,

_[8_[981 _ _ o _157.07 _
a),,—\j; —\,2“0_3 70.03 rad/sr = g =~ 02 = 2.242.

The transmissibility ratio is given by

F,  \1+@&)? V1 +(2 %02 x2242)

TR == = =0.334
0 N1 -+ QEN (1-2242%7 + (2 x 0.2 x 2.242)
FI‘
TR = Ft F,=Fyx TR, F, =2450 x 0.334=819.6 N
0
(i) The steady state amplitude is given by
FO
X- k . mg = k& k= 4.96 x 10°N /m.
W \2\2 w\\2
-(@)) + (s (@)
2450
6
X-= 4.9 10 ,m,,=\/g,x= 122 % 10*m.

V{1- 22422+ (2 x 0.2 x 2.24)
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2¢ér
(iii) Phase angle is given by ¢ = tan_l{ I : 2 },

o=tan'[2702%224) _ 15571180 - ¢=167.4°
1-(2.24)

MOTION TRANSMISSIBILITY

173

‘We know that the forced vibration due to excitation of the support. In case of absolute

motion the dimensionless form of equation is

2& w)\?
X_ T+ w,
y (1.) 22 250)2
- (e
4.0
«—E&=0
£=0.125
3.0
/ =025
2.0

Transmissibility F/F, ——

e
o

£=0.125
0 1.0 2.0 3.0
— Frequency ratio r= w/w,
I | | | |
0 1.0 2 2.0 3.0
Stiffness Damping Mass controlled
controlled|  controlled

o/ w0, —»
(a) Motion transmissibility versus frequency ratio for various amount of damping

..4.62



174  Mechanical Vibrations

=0
180 3
150 w
T 120 £=0.251
\
T F=p
|
< 90
o - e —
2 £=05 .-
m %
[
[2]
©
£ 60
&=1
§=2
30
=0
0 ¢
1.0 20 e

— Frequency ratio r = w/w,
(b)
Fig. 4.23 Phase angle versus frequency ratio for various amount of damping

‘Motion transmissibility’ and the phase angle is phase lag of the absolute motion of
the body from the exciting motion. Ratio for various amount of damping is as shown
in Fig. 4.23(a) and (b) and the phase lag is given by

[*(a)

@ P el ey
(@)
will give the ratio of absolute amplitude of the mass to the base excitation

amplitudes.
The above two equations are similar to the equations 4.17 and 4.18 in Sec. 4.5 and

is given by . — 25% 2
Ol (@ Reay

ﬂ

()

- tan-‘[zg(a,ﬂn)] 463

...(Eq. 4.17)

Phase lag is given by (0t — f) = tan™ - tan_l[2§ (a,ﬂ)] .(Eq. 4.18)
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The respective plots show transmissibility versus frequency ratio for various amount
of damping, also phase angle versus frequency ratio.

EXAMPLE 4.24

A machine of 500 kg mass is acted upon by an external force of 2000 N at a fre-
quency of 1500 rev/min. To reduce the effects of vibration, an isolator of rubber
having a static deflection of 2 mm under the machine load and an estimated
damping factor £ = 0.2 are used.

Determine (i) the force transmitted to the foundation, and (ii) the amplitude of
vibration of machine.

Solution m =500 kg, F,=2000 N, N = 1500 rev/min, §=2 mm, £ =0.2.

o= 27rN_2ﬂx 1500 _ 157.1 rad’s, wnz\/%z\j§= % =70 rad/s.

60 60
. o 157.1
The frequency ratio » = ®, 10 23,
The transmissibility ratio is given by
F.
Ty = F—T: =0.33, Fpp = Ty ¥ Fy = 0.33 x 2000 = 645.7 N.
X,
V(1 -2 + &
F,
Xo==
FO FO
T T F,
X-= k - k — 02398 x 7"
VA -2+ Q2E2 J(1-23)%+(2x02x2.3)?

Y L. N . S

() w,= \j;, 70 500° k=2450 N/mm
F, 02398 x F, . o

(i1) X % k =2450 N/mm, the amplitude of vibration is X = 0.2398

2000) B
(—2450 =0.196 mm.

4.14 COMMERCIALVIBRATION ISOLATION

MATERIALS

There are many types of commercial isolators used practically to isolate vibrations.
The main requirements of isolators are as follows:
(i) There should be no solid connection between the unit and the supporting
structure through which sound may be conducted.
(ii) There should be provision to hold the isolator together when damping materi-
als fails. The common materials used for vibration isolation are rubber, cork,
felt, metal springs, etc.
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1. Rubber Many commercial isolators are made up of rubber and are generally
loaded in shear rather than in compression, to ensure greater flexibility. The stress in
rubber is generally kept low. The properties vary widely with the load, the tempera-
ture, the shape of the piece and the impressed frequency. For higher temperature, the
stress must be reduced to avoid excessive creep and deterioration. Rubber is gener-
ally not satisfactory for temperatures above 125 to 150°C.

Oil and gasoline attack rubber, and isolators made of it cannot be used in the pressure
of these fluids. Rubber has low transmissibility and low modulus of elasticity. This
makes it particularly good for light loads and high-frequency oscillation.

2. Cork Cork is generally used in compression or compression and shear. It is not
perfectly elastic, being more flexible at high loads and its properties change with
the frequency. In this context, it is similar to rubber. Generally, it is placed beneath a
large concrete block to obtain good results.

3. Felt TFelt is used in the form of small compression pads, which are placed under
concrete or steel bases. It has a high damping factor and this is particularly satisfac-
tory for low-frequency ratios, i.e. below V2.

4. Metal springs Helical springs have very little damping. There is more damp-
ing with leaf springs, because of friction between the leaves. But in either type, the
damping is commonly considered to be negligible. They have a high sound transmis-
sibility. This may be reduced by mounting the springs on pads of felt, cork or rubber.
Metal springs are not affected by the presence of oil or water and they are quiet con-
sistent in their properties. Metal springs are particularly satisfactory for frequency
ratios, grater than V2, since damping factor £’ is close to zero. For a frequency ratio
less than V2, this is not suitable.

REVIEW QUESTIONS

(1) Derive the solution (both complementary ‘x,’ and particular integral ‘x,’) for a differential
equation of an underdamped single-degree-freedom system with harmonic excitation.

(2) Derive an expression for the magnification factor and discuss its variation with frequency
ratio.

(3) Derive an expression for the transmissibility and transmitted force for a spring-mass-
damper system subjected to external excitation.

(4) For a spring-mass-damper system subjected to a harmonic force ‘F,, sin w?’, sketch the
plot of magnification factor v/s frequency ratio for different amounts of damping and
describe the characteristics of the curves.

(5) The mass of spring-mass-damper system is excited by a harmonic excitation ‘F, sin @r’.
Derive an expression for magnification factor or amplitude ratio of forced vibration.

(6) Define the ‘transmissibility’. Derive the expression for ‘motion transmissibility’.

(7) What is transmissibility? At what frequency ratio is damping useful in isolating
forces.

(8) What is magnification factor? Derive an expression for the same and discuss its variation
with frequency ratio.
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(9) Derive an expression for the transmissibility ratio and the phase angle for the transmitted
force.

(10) Prove that damping is useful in isolating forces only when the frequency ratio is less
than V2.

(11) Explain the term ‘vibration Isolation” and ‘transmissibility ratio’. Show that the vibration
Isolation is possible only when the frequency ratio is more then V2.
(12) Show that for a spring-mass-damper system, the peak amplitude occurs at a frequency

ratio () given by the expression, » = wﬂ = \/1 — 28, when the system is excited by a
harmonic force. "

(13) Explain why a constant force on the vibrating mass has no effect on the steady-state
vibration.

(14) How does the force transmitted to the base change as the speed of the machine increases?
Explain.

(15) Explain the following with proper equations and graphs: (i) Magnification factor (ii)
Transmissibility ratio (iii) Rotating and reciprocating unbalance (iv) Motion isolation
(base excitation).

(16) What are the materials used in vibration isolation? Explain the vibration isolation ma-
terials.

(17) Write notes on commercial isolator materials.

PROBLEMS FOR PRACTICE

(1) A block of 35 kg mass is connected to a support through a spring of stiffness 1.4 x 10°
N/m in paralle]l with a dashpot of 1.8 x 10> N-s /m damping coefficient. The support is
given a harmonic displacement of 10 mm amplitude at a frequency of 35 Hz. What is
the steady-state amplitude of the absolute displacement of the block?

Ans. o, =200 rad/s, & =0.129, X = 29.4 mm.

(2) A machine of 110 kg mass is mounted on elastic foundation of spring stiffness £ =2
x 10 N/m when operating at 150 rad/s. The machine is subjected to harmonic force
of 1500 N. The steady-state amplitude of the machine is measured as 1.9 mm. What is
the damping ratio of the foundation?

Ans. o, = 134.8 rad/s, MF = 2.53, r = 1.113, £ = 0.142.

(3) An electric motor of 40 kg mass is running at 50 rev/min. The motor is supported on
a spring of 7 kN/m and a dashpot which offers a resistance of 500 N at 0.25 m/s. The
unbalance of the rotor is equivalent to a mass of 1 kg located 4 cm from the axis of
rotation. Knowing that the motor is constrained to move vertically, determine (i) damp-
ing factor (ii) amplitude of vibration, and (iii) phase angle.

Ans. £=1.89, Amplitude of vibration, X = 7.476 x 10~ m. Phase angle ¢ = —45.6°.

(4) A machine of 500 kg mass is supported on spring of 10® N/m stiffness. If the machine
has a rotating unbalance of 0.25 kg-m, determine (i) the force transmitted to the floor
at 1200 rev/min, and (ii) the dynamic amplitude at this speed.

(5) When a free-vibration test is run on the system of Fig. p.p-4.5 as shown, the ratio of
amplitudes on successive cycles is 2.5 to 1. Determine the response of the machine due
to a rotating unbalance of 0.25 kg-m magnitude. When the machine operates at 2000
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rev/min and the damping is assumed to be viscous, take £ = 200 X 10°N/m?%, 1 =4.5 x
107 m*.

Ans. k=527 x 10® N/m, ®, =250.3 rad/s, §=0.916, £ =0.144, X = 7.02 mm.

125 kg

22

0.8 m tI

A

Fig. p.p-4.5 Cantilever beam with mass on free end

(6) A machine of 110 kg mass is mounted on elastic foundation of stiffness k = 2 x 10°
N/m. When operating at 150 rad/s, the machine is subjected to harmonic force of 150 N.
The steady-state amplitude of the machine is measured as 1.9 mm. What is the damping
ratio of the foundation?

Ans. o, =138.8 rad/s, MF = 2.53, £ = 0.142 < 1 (underdamping).

(7) The damped natural frequency is 9.78 cps. During forced vibration of 9.57 cps, peak
amplitude was observed. Determine damping ratio and natural frequency of the sys-
tem.

Ans. £=0.1<1 @, =9.5 cps.

(8) A vibrating 150 kg mass is supported on spring stiffness of 2M N/m and has a rotating
unbalance of 600 N. If the damping factor is 0.3, determine (i) the amplitude of vibra-
tions, and (ii) the transmissibility at an operating speed of 1500 rev/min.

Ans. X =2.54 x 10 m, T, = 1.09.

(9) A periodic torque of 0.57 N-m amplitude of 3.99 rad/s frequency is acting up a flywheel
suspended to oscillate in rotary motion. The MI of the flywheel is 0.1 kg m?, the spring
stiffness is 1 Nm/rad, damping coefficient is 0.389 Ns/m. Determine (i) maximum an-
gular displacement, (ii) maximum couple applied to the dashpot, and (iii) phase angle
by which the angular displacement lags the torque.

Ans. (i) 0= .4 rad (ii)) Maximum torsional moment of dashpot = 0.6 N-m, ¢ = —69.5°.

(10) A body of 75 kg mass is suspended by a spring which deflects by 2 cm under the self-
weight of the body. It is having a damper with damping ratio of 0.25.1t is distributed
by a periodic force of amplitude 700 N and frequency which is 0.8 times the natural
frequency of the system. Determine the amplitude, damping coefficient, damped natural
frequency and the phase angle.

Ans. ¢, = 830.5 N-s/m., @, = 17.72, 0, = 21.5 rad/s. ¢ = 63.5° x = 1.293 x 10 m.

OBJECTIVE-TYPE QUESTIONS

1. In a forced damped vibration system

(a) the spring force vector lags behind (c) the inertia force vector is in phase
the displacement vector by 180° with the displacement vector

(b) the damping force vector lags (d) all the above statements are true
behind the displacement vector by 2. In a forced damped vibration system,
90° the excitation force lags behind the

displacement vector by
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1
@ o= tan_l( ca? ) @
k- ma? (b) 2
(c) V2
(b) ¢= tan_l( ma’ ) (d) none of the above
k- ca? 6. Damping is beneficial only when
_ ) )
(c) ¢=tan ‘(k “"wz) @ 5 =1 ®) 5 <1
—m n n
) )
e © 5> @5 <V
(d) ¢=tan T 7. For forced damped vibration system,
-

. In a forced damped vibration system
the impressed force lags behind the
displacement vector by

@ ¢=tan’( ]

—r

the vibration isolation is possible only
when

(0] (0]
@ o = ®) g <1

© o >V2 (@ g <2

£ 8. In vibration isolation system if wﬁ > 1
ia n
(b) ¢= tan’l(—) then the phase difference between the
-7 transmitted force and the disturbing
- 2&r force is
(©) ¢=tan | —3 (a) 0° (b) 180°
26 (c) 90° (d) 145°
d ¢= (ﬁ) 9. The ratio of the maximum displacement

. For damping factor 7= 0 and frequency

ratio - > 2, the transmissibility is

n

@ ®-(175)

of the forced vibration to the deflection
due to the static force is defined as

(a) damping factor
(b) Magnification factor
(c) Logarithmic decrement

() TR =( 1 ) 10. In a vibration isolation system if wﬁ
1 ; ” > 1, and less then V2 then for all values
(0 TR= ( 2 ) of the damping factor the transmissibil-
g S ity will be
(d TR= ( 1 r2) (a) greater then unity
o (b) equal to zero
. The transmissibility is same for all .
. (c) equal to unity
values of damping factors at frequency )
ratio W@ of (d) less then unity
Answers
M|md ) ¢ 3) ¢ @b ) ¢ 6) ¢
™ c ® b 9 b (10) a



VIBRATION MEASUR-
ING INSTRUMENTS
(SEISMIC
INSTRUMENTS)

INTRODUCTION

The most important characteristics of vibrating systems are its displacement, veloc-
ity and acceleration. The instruments used to measure these characteristic parameters
are known as vibration measuring instruments. These instruments are usually the
forced damped systems with small amount of damping or zero damping with sup-
port motion. They have mass and elastic springs. Basically, there are three types of
vibration-measuring instruments, they are

(i) measuring the displacement, (ii) velocity and, (iii) acceleration.

Many measuring instruments consists of
spring-mass—damper system as shown in
Fig. 5.1.

A device measuring the displacement of the
mass relative to the casing. The mass is con-
strained to move along a given axis. The dis- x Vibrating body
placement of the mass relative to the casing 4

is generally measured electrically. Damping

may be provided by a viscous fluid inside the ~ Fig. 5.2 Spring-mass—damper system
casing.

SEISMICINSTRUMENTS

Casing
"

Seismic mass

These are the vibration-measuring instruments. Seismic instruments are essentially
vibratory systems consisting of the support of the base and mass with spring attached
as shown in Fig. 5.1. The support or the base is attached to the body whose motion
is to be measured. The relative motion between the maximum and the base, recorded
by a rotating drum or some other devices inside the system, will indicate the motion
of the body.

VIBROMETER

It is a device used for measuring the vibration characteristics of machine parts. It is
designed for low natural frequency. It is used to measure any of the vibration charac-
teristics and for large values of frequency ratio ‘7’
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An accelerometer is used to measure acceleration because its natural frequency is
high compared to that of vibration to be measured. Seismographs are used for record-
ing earthquake vibration. In this system, a desired amount of damping is introduced.
The relative motion between the seismic mass and the casing is utilised to measure
or to find the quantity which we desired.

The simplified form of Fig. 5.1 is as shown in Fig. 5.2(a).

my

|

. I IPU&

K(y=x) c (- > ot
(a) )  FBD (©)

|

Fig. 5.2 Seismic instruments
Applying Newton’s second law of motion to mass ‘m’ in Fig. 5.2(a), the FBD is as
shown in Fig. 5.2 (b). ZF = mx.
Lety>x

kG—x)+c@p—x)=-my .51

Lety-x,=z,y-x=z,y—-x=% y=z+ X, where z = Relative amplitudes
Substituting these values in Eq. 5.1,
kz+cz=—-m@EZ+ Xx)

mz+cz+kz =—mx .52
Since we have assumed ‘x’ as a simple harmonic motion as shown in Fig. 5.2(c),
let x=Xsin ot, ¥ = —Xa’ sin ot
Substituting these values in Eq. 5.2,

mz + cz + kz = mXa’ sin ot .53

[-. RHS of Eq. 5.3 is sinusoidal]

This is a second-order nonhomogeneous differential equation of motion, whose solu-
tion is given by

z=2z,%z,
where z,= Complementary function (transient response)

z, = Particular integral (steady-state response already discussed in Article
4.2, case ‘b’). Considering the steady-state response, we find the par-
ticular integral ‘z,’.
H H |} 4
To find particular integral 'z,
Let z,=Zsin(wt - ¢)

" z=Zsin (@7 - ), 7 = Zw cos(arf — ) = Zo sin [§+wt—¢],2=—2w2 sin

(@1 9)
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Substituting these values in Eq. 5.3,

— mze’ sin (0t — ¢) + czw sin (§+ wt— ¢) + kz sin (@1 — ¢) = mXa’ sin ot

Rearranging the terms,

mX@’ sin ot — kz sin(@1 — ¢) — czo sin (§+ wt— ¢) + mza? sin (@1 — ¢) =0 ..5.4

These forces can be vectorially represented as shown in Fig. 5.3.

(a) (b)

Fig. 5.3 Force and vector polygon
From triangle OA4D in Fig. 5.3(b),

04%= AD* + DO?, 04 = mXa?, AD = (kz — mz &*)?, DO = (cz &®)

(mez)z =[kz - mze®* + (cza))2 .55
Let F, = mXc?, then Eq. 5.5, F2 = (kz)z[( -t (] w)Z] 5.6
where %= i, % o, and let a)ﬂn = r (frequency ratio)
where m_1

ko o?
Substituting these values in Eq. 5.6,

k
F2=(kzy’[(1 -+ 28], F,=ke N1 - PV + 2Er7, Z= £
. N -2+ 280°
ma°. X
= k 1) EZL,ZZ rz 5 7
Va-Aeee? koo X Ja-272 ey o
And ph: le ¢=tan"! 2r ]
nd phase angle ¢ = tan 2

F lot = 9
requency plot = X versus o,
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4.0

T 3.0

> £=0.2

)

g3 20

& \k\\ Vibrometer zone

= 1.0 | (It is used in very
Accelero meter zone 7| ’(_ 10 low frequency ratio)
(it is used in very £=1
low frequency ratio) 0 |

1.0 {2 20 3.0 4.0

— Frequency radio r = w/w,

Fig. 5.4 Frequency plot% versus a)ﬂ (frequency ratio)
n

From the frequency plot of Fig. 5.4, the following points can be noted.

1. The higher frequency ratio, the amplitude ratio Z, is almost equal to unity.

Then relative amplitude ‘Z” and the support amplitude ‘X are equal.

2. When % =1, Z = X means that the mass of the instrument will have no dis-
placement (absolute displacement).
3. For higher frequency ratio, the damping ratio will not have any effect.

5.3.1 Vibrometer or Seismometer

Vibrometer (instrument with low natural frequency) is an instrument used to measure
the displacement of a vibrating body. The natural frequency ®, of the vibrometer is
very small as compared to that of the vibration (forcing frequency) to be measured.

2

p
From Eq. 5.7, <=

X a-ry+ e
Let wﬂzr, 0,<< @, r>>>1, P> ] Lz<<<1 or lz~0

" ¥ ¥
Substituting these values in Eq. 5.7,

z 2 Z

X 2, 4402 or x~ L

VA2 - 12+ A284?

Let Z = X or Zat Amplitude, Zox displacement

The relative motion ‘Z’ of the mass will be a measure of the amplitude of the vibrat-
ing body.

The condition for vibrometer is that . > 1
n
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This is possible only when ‘®,’ is small, i.e. if the spring stiffness is made very small,
‘w,” will be small. Some amount of damping may be introduced to the vibrometer to
minimise steady-state vibrations. The relative amplitude is equal to the amplitude of
vibrating body for every value of damping ratio. This is as shown in Fig. 5.4.

The main disadvantages of a seismometer is its large size, because it is an instru-
ment with low natural frequency. Thus the seismic mass remains stationary while
the frame moves with the vibrating body. This instrument is mainly used to measure
velocity and acceleration by incorporating differentiators.

5.3.2 Velocity—-Measuring Instruments or Velocity Pick-ups

In Sec. 5.3, we know that the relative motion ‘z’ could be measured by means of a
secondary strain-sensing transducer. However, in case of a velocity-sensing second-
ary transducer of the type of a magnet rigidly fixed to the seismic mass moving in a
coil fixed to the frame, the resulting output voltage at the two ends of coil is propor-
tional to the relative velocity. The output voltage is also proportional to that based
on which the lines of magnetic force are cut, given by expression V' = ®@Lv, where
V' =Volts, @ = Magnetic flux density, L = Length of the conductor and v = Velocity of
the conductor. The relative velocity is equal to the input velocity of the vibrating sys-
tem at greater values of frequency ratio (a)ﬂ) By these, the system or the instrument

behaves like a velocity pick-up and everything else said in regard to the vibrometer
holds good as a velocity pick-up.

5.3.3 Accelerometer (Instrument with High Natural Frequency)

An accelerometer is an instrument which is constructed and used like a vibrometer.
Accelerometer measures the acceleration of the body with which it is in contact. The
natural frequency of accelerometer is very high as compared to that of the vibration
to be measured.

2

Let us consider Eq. 5.7, i.e. 2 = ! (5.7
(- + &)
) Z_(oy _(@y
Assuming o, << 1, we have, ¥ ( a)") F,orZ= (a),,) XF 5.8

where ‘F” is a factor which remains constant for the useful range of the
accelerometer.

Here, F= 1 .59

(1 -+ Q&

In the equation, @’Y is the acceleration of the vibrating body. It is clearly seen that

the acceleration }3 multiplied by the factor Lip] To keep the value of factor f= 1, for
higher range of - & should be high. Then fﬂz itude ‘Z’ becomes proportional to the

amplitude of acceleration to be measured,
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i.e. Zou(@” X) or Zov acceleration where @, is constant and /= 1.

From Eq. (5.9), the following plot can be drawn. Figure 5.5 shows the response of
the accelerometer

o
It is seen that for & = (.7, there is complete linearity of acceleration for . <0.25.

n

0 0.5 1.0
— Frequency ratio r= w/w),

Fig. 5.5 Response curve

Since the natural frequency of the accelerometer is high, so it is very light in con-
struction. Using integration circuits, one can get the display of velocity and dis-
placement, Because of very light construction, the same instrument can be used to
measure acceleration, velocity and displacement. An accelerometer is widely used as
a vibration measuring device.

Z ”

v T for a system ‘w,’ is constant
% (— - 1)2 +0

2

/%,oc o, Z< 0*X
For simple harmonic motion, x = X sin @, ¥ =— X @’ sin ®f or ¥ o« X’

Z = X, Z < Acceleration
Thus, the relative motion ‘Z’ of the mass will be a measure of acceleration of the
vibrating body. The condition for an accelerometer is that % <<1,
This is possible only when ‘®,’ is high. If the spring stiffness is made very high, ‘®,’
will be high.

5.3.4 Principle and Difference between Vibrometer and
Accelerometer

1. Vibrometer, or seismometer 1fr>1lie. 0,<<w, )—Z(approaches unity for
all values of &. i.e. in that case Z=X
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Or the relative motion of the seismic mass with respect to the frame is then equal to
the displacement which is to be measured. (Place the base on the machine element
vibration which you want to measure). Such an instrument is called a vibrometer. As
it can be made low by smaller value of ‘£’, i.e. softer spring or higher value of ‘m’ or
heavier seismic mass. One disadvantage of a seismometer is its large size because it
is an instrument with low natural frequency. Thus, the seismic mass remains station-
ary while the frame moves with the vibrating body. These instruments can be used to
measure velocity and acceleration by incorporating differentiators.

2. Accelerometer 1fr<<1,ie. ®,>> o, the denominator becomes nearly unity

2 .
for all values of &, and therefore, % == ﬁ orZ= @’ X _ Accleration of base

o; o, o;

n n n

kd

i.e. the relative motion of the seismic mass with respect to the base on multiplication
by a)ﬁ gives the acceleration of the base. Such an instrument is called an accelerom-

eter. It can be made very large either by having a harder spring or lighter seismic
mass.

It is, therefore, evident that the only difference in a vibrometer and an accelerometer
is in the natural frequency. In the former it is very small, whereas in the later it is very
high. The principle and construction remain the same.

The denominator ! approaches unity when » << 1. This factor is
V(A - 22 + Q&7

called the accelerometer error because its tending to unity depends on both ¢’ and ‘&’
and if this is not very near unity then acceleration measured from an accelerometer
will not be exact. Since the natural frequency of the accelerometer is high, so it is very
light in construction. Using integration circuits, one can get the display of velocity
and displacement. Becasue of very light construction and the same instrument can
used to measure acceleration, velocity and displacment. Accelerometer is widely
used as vibration measuring device.

EXAMPLE 5.1

A mass of 50 kg suspended from a spring produces a static deflection of 0.017 m
and when in motion, it experiences a viscous damping force with a value of 250 N
at a velocity of 0.3 m/s. Calculate the periodic time of damped vibration. If the
mass is then subjected to a periodic disturbing force having a maximum value of
200 N and making 2¢ps, find the amplitude of the ultimate motion.
Solution m =50 kg, static deflection (6)=0.017 m,
F=250N, x=0.3m/s,
At static deflection, k6 = mg.
k_8& ., _8"_ 50
m-g k= 5 9.81 x 0.017
g o = 9.81
& " 10.017°

=28852.94 N/m

.. natural frequency w, = ®, =24.02 rad/s.
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The damped natural frequency is @, = @, {1 — &.
To find damping coefficient ‘&,

¢c ¢  FIx _250/0.3

S Tmw, 2mw, ¥ 2xs0x2400° 035

®,=24.02\1—(0.35)%, @, = 22.5 rad/s.

s 2r_ 27, _
Periodic time tp—@—m ..tp—0.28 S.

Since the mass is subjected to forced vibration, the amplitude ratio is given by

X
\/ 1—r2) + (2&r)?

2x2x;

24.02

Fy 200 3
and &,—7—m—6.93><10

amplitude of the ultimate motion is given by

where r =

r=2x

=833 x1072x 27 =0.523, r=0.523

-3
. 6.93 x 10 m =852x103m = 8.52 mm.

[1-(0.5232] + (2 x 0.35 x 0.523)?

EXAMPLE 5.2

A refrigerator unit weighing 30 kgf is to be supported by three springs of stiff-
ness ‘k> each. If the unit operates at 580 rev/min, what should be the value of
spring constant ‘%’ if only 10% of the shaking force of the unit is to be transmit-
ted to the supporting structure?

F,
Solution m =30kg, N=>580 rev/min, 10% of F, = F,, = =0.1

24 FO
e F [ 148
. transmissibility ratio is given by o .
o Wa—rpreay
Since damping is not given, assume £=0 .- i S - where r = @
9 .o FO N (1 _ rz) (D"
%=0.1,—1+r2= ! 10+1, r=V11,r=3.32, - —332
—(1-7 0.1
®,= (332)"" x ®, where & = 26L(‘;V = % — 60.74 rad/s,
60.74
0= 3357 O =18.29 rad/s.

’keq keq
But 0,= 7 = 1829 - 5-=334.69,

n
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k =334.69 x 30, keq 10040.57 N/m,
keq
3
. each spring stiffness £ = 3346.86 N/m.

Since there are three springs, k£ =

EXAMPLE 5.3

The springs of an automobile trailer are compressed 0.1 m under its own weight.
Determine the critical speed when the trailer is traveling over a road with a pro-
file approximated by a sine wave of 0.08 m amplitude and wavelength of 14 m.
What will be the amplitude of vibration at 60 km/hour?

Solution 6=0.1m,y=0.08 m, /=14 m, v =60 km/h = 60000/3600 = 16.667 m/s

We have mg=k8 or ﬁ 5 ( \j? 981 =9.905 rad/s,
o, =2nxf, or f,=0.634 cycles/s.
i . 114 _22.07 x 3600 _
Critical velocity V,, = 7 0.6383 22.07 m/s, V,, 1000 79.5 km/h
1 14 _2n_om
f"_V_16.667 =0.84s, 0= 77084 =7.5 rad/s
x_ \1+eey o _95
- 5 2wherer=5=®=0.76
V(1 =22+ &) no 7
Damping is not given, so assume
V1+@2 %0 x 7P
E=0.T,= s~ ( " om;
08 Ja-r?+@x0xn?
x=0.186 m.
EXAMPLE 5.4

A vehicle has a mass of 490 kg and the total spring constant of its suspension sys-
tem is 58800 N/m. The profile of the road may be approximated to a sine wave of
40 mm amplitude and wavelength
4 m. Determine (i) critical speed
of the vehicle, (ii) the amplitude of
the steady state motion of the mass
when the vehicle is driven at criti-
cal speed and & = 0.5, and (iii) the
amplitude of steady state motion of
mass when the vehicle is driven at
57 km/h and damping factor = 0.5. Fig. p-5.4 Vehicle-road system

Road profile

< 4m >
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Solution m =490 kg, k= 58800 N/m, w, = \/mz = \’% =10.95 rad/s.

v

(i) Critical speed of the vehicle A=v }, A= oV
(22)
2nv 2mv
A= o SoW= T
At critical speed, ® = @, = 10.95 rad/s, % =10.95

s V=6.973 m/s, V'=25.106 km/h (Critical speed).

x  \1+&y

(i) wﬂ”= 1,E=05,Y=40x 103 m, % =

YoJa-A+ ey

0_3\/m ( )+ (287
V1
X=5657x10">m.

2wy zg(sw 1000
(iif) o= "4\ 73600

X=40x1

) - 24.87 radls, 2 =227, X~ 40 x 10

1+ [2(0.5)2.27)) )
i \j(l - 2.272)2 +2(0.5) (2.27)]2 =20.96 x 10> m.

EXAMPLE 5.5

If a loaded automobile of 900 kg mass is running at 100 km/h over a rough road
whose surface waves varies sinusoidally with 5 m/cycle and amplitude of 0.15 m,
determine the amplitude ratio of the automobile when it is loaded and empty. It
weighs 230 kg when it is empty, and the damping factor is 0.5 when it is loaded.

Solution  M,sageq = 900 kg, v =100 km/h, X = 0.15 m, M., = 230 kg,
gloaded =05.
. 100 x 100 _
Velocity = 73600 27.78 m/s

To find the forcing frequency ‘@’, considering the velocity of car, In 1s the distance
moved is 27.78 m.

In ‘7’ s, the distance moved is 5 m/cycle; see Fig. p-5.5.

__5
©= 5775 =0.18s
(ot _ 2 2m
But v=(52) =%+ 0=g1g 3491 nads.

o y 1+ Q&)
Motion isolation is given by X \]r“—gz
(1-22+ 280
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ri 5mCycle @——

Fig. p-5.5 Vehicle on rough road

Let @, be the natural frequency of the automobile when empty,
,, be the natural frequency of the automobile when loaded.

® = k wln _ loaded
= \/_’ Iy .
Memty M loaded (02" empty

Let ‘r,’ be the frequency ratio when empty, ‘r,’ be the frequency ratio when loaded.

@ o0y ’ empty ’23 15.17
s wln’ 27 (02" r2 wln loaded 900 30.0 300

r = 15.17, 7, = 30

Assuming & = 0 for empty automobile,

Yempty _ 1 a
X 3
A-r)
Yloaded _ Jl + (257‘ 2)2 b

X a2+ ey
Dividing Eq. (a) by Eq. (b),

Pioaded _ 1+ 2 x (112 \1+@2x0.57900) (1 -230)’
Yempy A -r2+ 282D (1-900+ (2 x 0.5)% (900)
~0.505.

EXAMPLE 5.6

A vibrometer with a natural frequency of 2 Hz and with negligible damping is
attached to a vibrating system which performs a harmonic motion. Assuming
the difference between the maximum and minimum recorded values as 0.6 mm,
determine the amplitude of motion of the vibrating system when its frequency
is (i) 20 Hz, and (ii) 4 Hz.

Solution  f,=2 Hz, £ =0 (negligible damping) .. Z=0.3 mm, see Fig. p-5.6
2

(i) For vibrometer = Z_ satE=0

z 7
X a-ry+ ey X ANa-sy
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A
o\

—> ot

2Z=0.6 mm

z

Fig. p-5.6  Vibromater graph

o @ S 200
The frequency ratio r = ®," 1 2 10, =10
ZNA-A? 0341 -10)?
Amplitude of the vibrating system, X = 5 = 102 >
4
X=0297x10"m
(ii) Given f=4Hz; .. r= % =2
0.3y(1-2%? ,
X= T =0.225 mm = 0.225 x 10™" m.
EXAMPLE 5.7

191

A device used to measure torsional acceleration consists of a ring having a
moment of inertia of 0.049 kg-m” connected to a shaft by a spiral spring having
a scale of 0.98 N-s/rad and a viscous damper having a constant of 0.11 N-m-s/
rad.When the shaft vibrates with a frequency of 15 cpm, the relative amplitude
between the ring and the shaft is found to be 2° What is the maximum accelera-

tion of the shaft?
Solution Moment of inertia of ring J = 0.049 kg-m?,
Spring scale or stiffness £, = 0.98 N-s/rad

Damping constant ¢, = 0.11 N-m-s/rad, Frequency f= 15 cpm, Relative Amplitude

2
6, =2°=0.0349 radians. We have o= 67(7{’ w=27x % 15/60 = ni/2 rad/s

o, 098 7radss -t = O s
" \J Y0.049 T 77 G 2k 2V0.98x0.049

Relative amplitude 8, = 2° = 0.0349 radians.

The frequency ratio r = wﬂ = ﬁ =0.352
D\,
0, (w) 0.0349 (0352)°

5 \j(1 (&) + [ 26 wﬂ]z 0 (1-0352) +[2 %025 x 0.352]
0, = 0.253 radians.

Maximum acceleration of the shaft = 0,= (/2)* x 0.253 = 0.62 rad/s’
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EXAMPLE 5.8

A commercial type vibration pick-up (vibrometer) has a natural frequency
of 4.75 cps and a damping factor £ = 0.65. What is the lowest frequency that
(beyond which the amplitude) can be measured with 2% error?

Solution  f,=4.75 cps, &= 0.65

z__ P
KAa-A ey

For a seismic instrument,

2% error in amplitude is /%, =1.02

Z=102X

1.02= r » 1.02 [\](1 —-A)+ (2§r)2] =7,

V(1 =2+ 2&r)?

Squaring on both sides and simplifying,
1.04(1- 7 + 287 =%, 1.04L1 + #* - 2721+ 2 x 0.651 = #*

1.04+1.04 74 -2.08 72—/ +1.69/4=0, 0047-0392+1.04=0

0.39 +(0.39)>— 4 x 0.04 x 1.04
This is a quadratic equation in 7%, .. r*= \j( ) - - ) )

2 x 0.04
#* = imaginary. Therefore rearranging, )Z(= 098,Z2=0.98 X
0.98= - 2096 = [(1-7 + @2 x 0.65] = (%)

-2+ ey

0.96 { (1+ 7 =2/ + 1.69 #*} = (+*?,
0.96+0.96 7~ 1.92 2+ 1.62 =7+ 0r 0.04 #* + 030 - 0.96 =0

This is a quadratic in equation in r°.

o030+ V(0.30)2 + 4 x 0.96 x 0.04 20304049
2 % 0.04 2% 0.04
Considering +ve sign, #*= W =242, r=156
But r=w£=]£ %= 156, =156 x 475 =7.39 cps

Lowest frequency /= 7.39 cps.

EXAMPLE 5.9

A commercial type vibration pick-up has a natural frequency of 5.75 cps and a
damping factor £ = 0.65. What is the lowest frequency beyond which the ampli-
tude can be measured with (i) 1% error, and (ii) 2% error?
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Solution  f,=5.75 cps, &= 0.65,

(i) 1% error — Reading of instrument _100+1 _101 _ Lo]-Z— 100 — 1
° Actual reading 100 100 Y 100
2

=P+ @&y

Since 1% error is shown by the instrument then Z —1.010r0.99.

=0.99.

<IN

y
4
1.01 = a . 1.0201 = 4 >
V(1 =2 + & (1-2r) + 77+ (2% 0.65 x 1)
4
1.0201 = r » 1.0201 —2.0402 /2 + 1.0201 #* + 1.724 # =/

1-272+/*+1.697
#-15737+50.75=0

This is in the form of quadratic equation of 2.

15.73 £ 6.667

’iz T T

z/y = 1.01 at frequency ratio » = 3.35 and at 2.12;
in between these two values, z/y will be > 1.01.

(i) Therefore, the lowest frequency beyond which the amplitude can measure
within 1% error.

» =11.19 or 4.532, r=3.350r 2.12

L o335, L 335 . p-1924m

7 '5.75
(ii) With 2% error, ; = r . 2% error§ ~ 1.02 or 0.98.
(-2 +28?
2

1.02=

VA =2+ (2% 0.65 x r)?
Squaring on both sides,

r4

1.0404 = Z » 1.0404 — 2.0808 /7 + 1.0404 #* + 1.76 /* = #*
1-27+7+1697°

0.0404 #* — 0323 #* + 1.0404 = 0, this is in the form of a quadratic equation.

- ¥#=0.323 + ... since the roots are imaginary. Therefore, take z/y = 0.98

7‘4

0.9804 = Z »0.9804 — 1.921/% + 0.9604 * + 1.5906 r* = r*
1-27+7+1.69 7

#* — 8.338 1 +24.25 = 0, this is in the form of a quadratic equation.

=834+ ... since the roots are imaginary.

_ _ S S e
P=244,r 1.56,f" 1.56, 5%z = 1.56. . f=8.97 Hz.
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FREQUENCY-MEASURING INSTRUMENTS

Usually frequencies of vibration of structural components are measured by two types
of instruments: (a) Fullartors tachometer, and (b) Frahm’s tachometer. Most of these
frequency-measuring instruments are of the mechanical type and the working of
these instruments are based on the principal of resonance. At resonance, the ampli-
tude of vibration is found to be maximum and then the forced frequency is equal to
the natural frequency, i.e. ¥ = @,

5.4.1 Fullartor’s Tachometer

The construction of a Fullartor’s tachometer is as shown in Fig. 5.6 and it consists of
a single reed. The reed is made up of a thin metallic strip, acting as a cantilever with
a small mass attached at one of its ends. The length Screw

of the cantilever strip can be adjusted by operating Feckhaniam
a screw mechanism. The reed is brought in contact 3
with the vibrating body to find its frequencies of
vibration and the length of the reed is varied till ;45
resonance occurs and the frequencies at resonance
of the reed is read on the scale provided with it. The
natural frequency (f,) of the reed is given by

_ 1 ’3EI
Ju= 2 \pm12 Hz,

where E =Young’s modulus of the material
L = length of the reed
I = Moment of inertia of the cross-section of the reed
M = Mass per unit length of the reed.

Reed and
strip

Fig. 5.6 Fullartor’s tachometer

5.4.2 Frahm’sTachometer

Frahm’s tachometer, also called multi-reed tachometer, is as shown in Fig. 5.7. It
consists of a series of reeds carrying small masses at their free ends and each reed
has a different natural frequency (f,) of vibration marked in series. When it is brought
in contact with the vibrating body, one of the reeds resonates and its resonating

D Reeds

~

)
)
o
[
o
o
o
o

Nut and
bolt

Vibrating body

Fig. 5.7 Frahm’s tachometer
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frequency is the frequency of vibrating of the body. Hence, the frequency of the
vibrating body can be found from the known frequency of the vibrating reed.

Let ‘m’ be the mass attached to each reed, ‘£’ is the modulus of elasticity of the reed
material and ‘L’ is the length of each reed.

We know that the static deflection k6 = mg, or k = mg/é.
where ‘&’ is the stiffness of the reed material. The static deflection of the cantilever

. o mgl® D}
beam when the mass acting at one end is givenby 6= — 1= T

3EI
b = Width of the reed and D = Depth of the reed.
: :L\jzzi,’% L\jg e 1 [3EL
. natural frequency f, 22 Vm =27\ ms” 2 Vs . 27\, Hz.

5.5 CRITICAL SPEED, OR WHIRLING SPEED, OR
WHIPPING SPEED OF THE SHAFT

Critical speed occurs when the speed of the rotation of the shaft is equal to the natural
frequency of lateral vibration of the shaft. Whirling is defined as the rotation of the
plane made by the bent shaft and the line of centre of bearings.

‘Critical speed of a rotating shaft is the speed at which the shaft starts to vibrate
violently in the transverse direction.” It is very dangerous to continue to run the shaft
at its critical speed as the amplitude of vibrations will build up to such a level that
the system may break down. This phenomenon results from the following reasons:
mass unbalance, gyroscopic forces, fluid friction in bearings, hysteresis damping in
the shaft, etc.

1. Critical speed of a light shaft having a single rotor—without
damping

Consider a light shaft carrying a rotor, rotating about the axis of rotation at a uniform
speed of ‘@’ rad/s, as shown in Fig. 5.8(a). Let ‘G’ be the centre of gravity of the disc,
‘0’ be the geometric centre of the disc, ‘m’ be the mass of the disc, ‘e’ be the eccen-
tricity by which centre of gravity ‘G’ is shifted from the axis of rotation and ‘%,” be
the stiffness of the shaft in the lateral direction, and ‘y’ be the deflection of the shaft
due to centrifugal force as shown in Fig. 5.8(b).

Assumptions

(a) Shaft is light and flexible. (b) Friction at shaft centre is very small.

(c) Gravity effect is negligible. (d) Damping due to air is neglected.
Under the above assumptions the rotor is being acted upon by only two forces, namely
the

(i) Centrifugal force m (y + ) @ acting in outward direction through the centre

of gravity ‘G’, and
(ii) Restoring force of the shaft (k.y).
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(b)
Fig. 5.8 Critical speed of a light shaft having a single rotor—without damping

For equilibrium, therefore, it is necessary that these two forces must be collinear,
equal in magnitude and opposite in direction.

In Fig. 5.8(b), for equilibrium, Restoring force = Centrifugal force.
ky=m(y+e) o’ ma)zy—ky+ma)2e=0, (mwz—k)y+ma)2e=0, ma)2e=y(k—ma)2)

or

y ma?
5= ..5.10(a
¢ k-ma? @)
Dividing the right-hand side numerator and denominator by ‘%’ we get,
ma?
Y|k
)
11—
i k
The circular frequency wﬁ =m
(o)
y o, 0] y 7‘2
S=——"—— Letr=—- 5= ..5.10(b
- (1_(%)2) etr=yg e~ 2 (b)
Condition for critical speed is that @ = @, (Resonance)
. y 1y
r=11nEq.5.10(b). E—l_laz—oo,y=oo
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Case (i) If a)ﬂ <1, the rotor is rotating with its heavy side out, Fig. 5.8(c).

Case (ii) If a)ﬂ > 1, the rotor is rotating with its heavy side in, Fig. 5.8(d).

Fig. 5.8 Phase relationships without damping

2. Critical speed of a light shaft having a single rotor—with
damping
When damping is present in the form of air resistance, the analysis becomes slightly
more involved. Now three forces act on the rotor: they are
(a) Centrifugal force at ‘G’ due to mass of the rotor (ma @)
where a = Distance between centre of rotation(O) to the centre of
gravity(G).
(b) Restoring force due to spring stiffness (ky)
(c) Damping force(cy w) in a direction opposite to the velocity.

Due to these forces, the points O, O' and ‘G’ no longer lie in straight line. These
forces are shown in Fig. 5.9(c).

Let ‘G be the centre of gravity of the disc, ‘O'” be the geometric centre of the
rotor, ‘m’ be the mass of the rotor, ‘e’ be the eccentricity of ‘G’ from ‘0", ¢’ be the
deflection of shaft due to mw?a, and ‘k’ be the stiffness of the shaft due to lateral
vibrations.
0G=a, /GO 0"'=0a, ZGO'B= ¢, mw*a = Centrifugal force
ky = Spring force or restoring force, cyw = Damping force due to damping coeffi-
cient ‘c’. From the geometry of Fig. 5.9(c), we have
asina=esinpanda cos x=y+ecos @

Considering the forces acting on the rotor, ZV'=0and ZH =0
. ky=ma’acos o, cy®w=mae’asina
Using the values of @ cos o and a sin ¢

ky=ma’ (y + e cos ¢) ..5.11(a)

cy 0=ma’ esin ¢ ..5.11(b)

Equation 5.11(a) can be written as

ky=ma)2y+ma)2e cos @, ma’e cos ¢+ky—ma)2y ..5.11(c)

Squaring and adding equation 5.11(b) and equation 5.11(c), we have

(ma’e)’ [cos” ¢ + sin® §] = (ky — m@’y)’ + (cy w)’
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(ma’e)’ = y*[(k— me?) + (cw)’], male = y\(k — ma?): + (cw)’,
Z _ ma’

wl-Fel(cof

Fig.5.9 Critical speed of a light shaft having a single rotor—with damping
Dividing both numerator and denominator of the right-hand side by ‘k’, we get

" o2
\f[ o (o)

C 25 33 1 1
% = Where ‘&’ is the damping ratio.

n

( )2

o, o Y 7
= , let =rg=

[1-(2Pf ey -7 &)

and phase angle ‘¢’ is given by dividing Eq. 5.11(b) by Eq. 5.11(c).
c
sing oy o co  k @

cas¢ ky — may’ ¢=k—m(02_1_%(g2

We have wz

®|‘<

..5.11(d)

26r
1-7

¢=tan! ..5.11(e)
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here 7= 2
where (D"

Case (i) When << ®, ¢ =0 (heavy side out)

Case (i) When 0 < @, 0 < ¢ <90° (heavy side out)
Case (iiij) When 0= @, ¢ = 90° (resonance system break)
Case (iv) When 0> @, 90° < ¢ < 180° (heavy side in)
Case (v) When 0>> w, ¢ =180° (heavy side in)

These cases are as shown in Fig. 5.9(d) and Fig. 5.9(e).

Fig. 5.9 Phase relationships with damping

EXAMPLE 5.10

A rotor of 10 kg mass is mounted midway on a 2 cm diameter, the horizontal
shaft supported at the ends by two bearings. The bearing span is 80 cm, because
of certain manufacturing defect, the centre of gravity of the disc is 0.01 mm away
from the geometric centre of the rotor. If the system rotates at 3000 rev/min,
determine the amplitude of the steady-state vibration and the dynamic force
transmitted to the bearing.

Take E =2 x 10° kgf/cm?.
Solution m=10kg,d=0.02m,/=0.8m, e=0.01 x 10°>m, N = 3000 rev/min.,
E=2x10%*flcm®=2 x 9.81 x 10'°N/m?

Assuming the shaft is simply supported, the maximum deflection () is given by

we w_48El W, . . 48 End*
= — is spring stiffness, k = PYYE

“WEP 5 p s

2

k_ 48 x 2 x 9.81 x 10! x 7 x [0.02]*
64 x (0.8)°

Natural frequency, o, = \/% = \’% o, =120.19 rad/s

27N _ 27 x 3000
60 60

» k=144464.17 N/m

Forcing frequency = @ = o, =314.16 rad/s
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Assuming damping is not present, i.e. £ = 0. Then amplitude is given by equation

y_ 7 _ . 31416

e~ 2 where r = o, is a frequency ratio, .. r= 120.19° r=2.61.
0.01x 10> x(2.61)’

. amplitude y = er’ = @61 ), y=-117x10"m

1-72 1-(2.6)
Neglect the —ve sign, y = 1.17 x 107
Since the shaft is horizontal, dynamic load on the bearings is due to the deflection ‘y’
as well as the load due to mass of rotor.

Dynamic load on bearings = ky = 144464.17 x 1.17 x 107°=1.69N

mg+ky 10x9.81+1.69
2 2
1.69

Dynamic load on each bearing = " 0.85N.

Note: (i) If the shaft is placed horizontally, the dynamic load transmitted F; = F, +
weight of rotor F; = F, + mg.

(ii) If the shaft is placed vertically then F; = F,, F, = Force transmitted.

=4990 N

Total load on each bearing =

EXAMPLE 5.11

A rotor of weight 50 N is supported in bearings 400 mm apart. The diameter of
the shaft is 20 mm. Due to manufacturing errors, the centre of gravity of disc is
0.1 mm away from the midpoint where the shaft is introduced. The shaft rotates
4500 rev/min. Determine the critical speed, maximum amplitude of steady state
vibration and the bending stress induced, considering weight of the shaft. The
shaft is horizontally supported and the support conditions may be assumed
to be simply supported. Assume the density of the shaft as 8900 kg/m>. Take
E=1.96 x 10" N/m’.

Solution Mass of shaft/unit length m, = p x v = §900 x g(ZO x 1073 x 1,

m,=2.796 weight/unit length of shaft, W, =m_x g, =2.796 x 9.81, W, = 27.428 N/m
N = 4500 rev/min E = 1.96 x 10'! N/m?

w, = Weight of shaft/unit length

50N
o ¥
“\\“~~_‘_ J ___—""’Asmax
DRI T
[— 400 mm ——— >

Fig. p-5.11  Rotor system

Let 0, be the static deflection of shaft under concentrated load # = 50 N at the mid
span of the shaft, which is simply supported as shown in Fig. p-5.11.

_wl e 50 x 0.4°
48 EI !

8 =433x10°m

0.02)*

11
48x196x10 x7x a
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Let ‘3, be the deflection of the beam due to its weight ‘.’ For a simply supported
beam under udl as shown in figure, the deflection

5 W sx21.408x04°
2 384E] (0.02)*
384 x1.96 x 10" x 7 <

The total deflection of the shaft due to weight of rotor and weight of shaft,

=5.94x10°m

§=8,+8,=433x10°+594%x10°=4923x10"m

g 9.81
Natural frequency of the system, w, = \F =A——————— =446.35 rad/s.
qreney ot sy 5 Vaozzx10°

®,* 60 44635 x 60
2 2

Critical speed of system, N, = =4262.32 rev/min.

y 2

¢ -7
Frequency ratio, » = wﬂ = % =1.0557

2

y 4
For undamped system, - = r<l)=
pedsystem ¢ =2 (= D=5

(r>1)

Y 10557
n 37 2
0.1x107% 1.0557°—1

Whe . steady-state amplitude, y = 9.72 x 10 *m

Maximum bending stress (G,,,,)> Cmax = Mmax X %
Fo*x1
4
Foo = F,+ weight of rotor = k, + 50 = 1.238 x 10%x 9.72 x 10™* + 50

=1253x10°N
1253 x 10> x 0.4
- . 3
O~ 410_3) 20 = 127630 % 10°, NI,
X

64

Mmax =

for simply supported beam.

EXAMPLE 5.12

A rotor having a mass of 9.5 kg is mounted on a 12 mm horizontal steel shaft
(E = 1.96 x 10" N/m?) midway between bearings that are 0.6 m apart. The CG
of the disc is 6 mm from its geometric centre. If the damping factor is 0.1 and
the shaft rotates at 690 rev/min, determine the maximum stress in the shaft and
compare it with the dead load stress in the shaft. Also find the power required to
drive the shaft at this speed.

Solution m=9.5kg,d=12mm, E=1.96x 10" N/m? /=0.6m, e=6 mm, £=0.1,
N =690 rev/min, 0,,, =?, P=7?
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9.5 kg

T‘ 06m ‘T

Fig. p.5.12 Rotor system

_ 27N _ 27w x 690 _
=60~ 60 72.26 rad/s

The static deflection ‘& for simply supported beam load at midway is given by
5o FL>
48E1
F_, _48EI 48x196x10" 7
6 L 0.6)° 60

- 4‘9%3 = 68.3 rad/s, ¢, = 2\mk = 2V44.33 x 9.5 = 1298 N-s/m

12* = 44.33 N/mm

e
I
NES

r=wﬂ=%=1.oss

Wehave &=o orc=&c, . c=0.1x1298=129.8N-s/m
y_

We know that ; = r s oy = er’
V(1 = )% + &) [ - (1.058)*F + (2 x 0.1 x 1.058?)

ory=26.16 mm.

F,=ky\1+ (&)* = 44.33 x 26.16 1 + (2 x 0.1 x 1.058%) = 1185.5 N.

Fra=F,;+mg=11853+95x981=12785N, F,;,,=mg=95x98=932N
d
My |FL 2

_8FL_ 0.8841 F x 1278.5

1 4 6_7ftxd4 nd®

6, = 1130 MPa, 6, = 0.8841 x 93.2 = 82.4 MPa

Power P=Tw,T=cwy=129.8 x 72.6 x 26.16,
P=129.8x 7226 x 26.16 x 72.26, P = 463 watts.

EXAMPLE 5.13

A 1.2 meter long vertical steel shaft of 22 mm diameter supported by two bear-
ings at its ends carries a disc of 25 kg mass at its midspan. The eccentricity of the
centre of gravity of the disc from the centre of the rotor is 0.20 mm. The modu-
lus of elasticity for the shaft material is 200 GPa and the permissible stress is
80 N/m’. Determine (i) the critical speed of the shaft, and (ii) the range of speeds
over which it is unsafe to run the shaft. Neglect the mass of the shaft.
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Solution Long bearings indicate that the shaft is with the fixed ends.

. . . WL wL?
Bending moment and deflection at the midspan are M = 3 and 6= 192 EI

Moment of inertia of the section of the shaft is / = 6_7; d*= 6_72
WL _ 25x9.81 x 1200°
192 EI 192 x 2 x 10° x 11499

x 22* = 11499 mm*

Static deflection at the midspan of the shaft is § =
=0.96 mm.

Natural frequency of transverse vibration , = \]g = L_} =101.09 rad/s
5 Y0.96 x 10

27N, 60, 60x101.9

The critical speed @, = 60 N, 7 . 973 rev/min.
. . .M O
The bending moment equation is T M =83.63 N-m

Therefore, maximum permissible bending moment is 83.63 N-m.

X 12
e 8363, F, = 557.53N.

Bending moment at the midspan is M = 3

096 x 10> _ &
25 x 981  557.53’

By linear proportion, deflection due to load F,,, is

8,=2.182x10>m

-3
The relation for the dynamic deflection is + 2.182 103 = r ,
02x1072 1-7

r,=0.96 and r, = 1.05
0.96 < % < 1.05, N, = 1.05 x 965.3 = 1013.6 rev/min,
Nin = 0.96 x 965.3 = 926.7 rev/min.

EXAMPLE 5.14

A disc of 4 kg mass is mounted midway between bearings which may be assumed
to be simply supports. The bearing span is 0.5m. The shaft is 10 mm in diameter
and is horizontal. The CG of the disk is displaced by 2 mm from the geometric
centre. The damping ratio is 0.065. If the shaft rotates 250 rev/min, determine
the critical speed assuming £ = 196 GPa and the amplitude of vibration.

Solution d=10cm, m=4kg,[=0.5m,CG =2 mm, £=0.065, N =250 rev/min.

mgl’ 4x981x05°

= =1.0621 x 10> m
BEL 48 % 196 x 10° x 6l4x 0.014

Static deflection & =

mg  4x938l

Stiffness k= —— 22
d 1.0621x1073

=36945.12 N/m
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Critical speed N, = 04985 _ 0.4985 =15.3 Hz=917.8 rev/min
V& 1.0621x107°
-3
Amplitude e 2x107 3% 10 m.

N\ 917,82
(W) -1 (250) -1
EXAMPLE 5.15

A vertical shaft 12.5 mm in diameter rotates in long bearings and a disc of 10 kg
mass is attached to the midspan of the shaft. The span of the shaft between the
bearings is 0.9 m. The mass centre of the disc is 0.25 mm away from the geomet-
ric axis. If the stress in the shaft is not to exceed 10.3 x 10’ N/m?, determine the
range of speed within which it is unsafe to run the shaft. Determine the critical
speed of the shaft. Neglect the mass of the shaft and the damping in the system.
Assume E =2 x 10" N/m?,

Given: d=12.5x 10> m, m=10kg, e=0.25 x 10> m,
long bearings E = 2 x 10" N/m?

3
Note: For long bearings, the deflection, 6 = #IEI and bending moment M = ﬂ-

8

Considering the mass of the rotor, static deflection

s_ WP . w 192E 192 md’
12E" 6  p 64 x P
o 3x2x 10" x wx (125 x 1073
.. spring stiffness k = 3 =63126.78 N/m
0.9
. natural frequency @, = \/g = \’%878 =79.45 rad/s.
27N,
At critical speed, ® = @, .. 60 79.45,N, = W =75.69 rev/min.

Let w, be the dynamic load on bearings.
Since the stress in the shaft is given by 6= 10.3 x 10" N/m?,

1
W~
. .. M o d 8] _©c
from bending equation T-y-"7 -3
ond'x8 ond 103x107(125x107)’ x
Wa d 4 2x009 =175.56 N.

641 x 5
But dynamic load transmitted to bearings, w, = ky.

w
. deflection 4 - 175'568 1 y=278x10">m

YTk T 631267



Vibration Measuring Instruments (Seismic Instruments) 205

2 2
We know that A r at§=OZ=r—wherer=£

¢ Na -2+ eEy e L(1-A) o,

For finding out the range of speed, ® = @, and @, = ®,,

+ -3 ,\2 w,\2 IAY
278>10° 1 (% 1 _io00-() —1i009( )=1:l:0.09
0.25 x 10 (ﬁ)

17)
Taking positive sign, (l)—1+009 N, = Ne =m=72672r /min
g positive sign, |~ 1T 100 1.044 72 rev .
Ny 758.69
Taking negative sign, (—) =1-0.09, N, = — =795.3 rev/min.
g negative sign, | - 2~ 001 eV,

Hence, the range of speed is 726.72 rev/min to 795.3 rev/min, within which it is
dangerous to run.

3. Critical speed of a shaft having more than one disc or rotor

Consider a shaft carrying two rotors of masses ‘m,’ and ‘m,’ rotating about the axis
of rotation at an angular velocity of ‘@’ rad/s, as shown in Fig. 5.10(a).

Let ‘y,” and ‘y,” be the deflections of the two rotors from the centre line of the
bearings.

Let ‘F.;” and ‘F_," be the centrifugal forces on these two rotors as shown in
Fig. 5.10(b).

Let ‘e,” and ‘e,’ be the eccentricities of these two rotors displaced from the geometric
centres. Then the centrifugal forces ‘F,,” and ‘F,,’ are given by the equations

_ 2
Fy=ma'(y, +e)
_ 2
Fo=mya'(y, +e)
In above equations we have shown that e; and e, are along the same directions as

that of y, and y, or otherwise e; and e, can be treated as a vectors with respect to y,
and y,.

..5.12(a)

By applying the influence coefficients method, write the deflections of the two rotors
as follows:

For rotor one, o =anlfy tapkl, 5.12(b)

And for rotor two, Yy =anF  taynF,
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Fig. 5.120 Critical speed of a shaft having more than one rotor

Substituting the values of F,; and F, in Eq. 5.12(b), we get

yi=ay mla)z(yl+e1)+a12 my wz(Vz+eZ)'} 5.12(c)

Y=y my O +e) +aymy, @ +ey).
By using these equations we can determine the deflections of the two rotors ‘y,;” and
‘y,” and is more important than these values of the critical speeds. That means it is
clearly understood that at the critical speeds, the deflections of the two rotors y; and
¥, will be too much. Since we can ignore the values of eccentricities ‘e;” and ‘e,’,
compare with that of the deflections of the two rotors ‘y,” and ‘y,’ respectively. Then
the above equations 5.12(c) can be written as

ay my @y, + aymy 0y, —y,= 001 (ay m®y) y, + (ay me’—1)y,=0
5.12(d)

ay my @y —y, +tapm @'y, =0o0r (a,m @~ 1)y, +(a,my ) y,= 0}

The solution of the above equations

(ay, my & —1) (ay, my @) _

0 512
(ay my ) (ay my @ — 1) (e

(@, my @ 1) (ay, my @ —1) —(ay, m; @) (a1, my @) =0
ayy Ay, mm, o' - ayy My o’ —ay; my o - Ay Ayy MM, o' +1=0
The above equation can be rearranged as
(@yy ymymy— ay, aymymy) (6°) — (ay, my+ ayymy) @+ 1=0 -5.12(f)
This in the form of quadric equation of ‘@”.

y:l:\/yz—4x)

> .5.12(g)

o
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where x = (ayy @y mmy—ay, ammy) & and y = — (ay, my+ ayymy) =0

2 >
~ (apmytaym)* @y, + ayym)? —4(@y a5m my—aya ,mmy)o

2
(0]
2@y @y My — Ay gy ,) 0

(ayapmmy —az a mm,) 5.12(h)

In Eq. 5.12(h), the positive value gives the second critical speed and the negative

value gives the first critical speed. These critical speeds can also be calculated by

using Rayleigh’s method by means of determining the natural frequency of lateral
vibration of the shaft.

In case the shaft has more than two rotors, the solution becomes more complicated
and in such cases we are more interested in lower critical speed. The solutions can
easily obtained by means of Rayleigh’s method considering the mass of shaft also.

SECONDARY CRITICAL SPEED

In Section 5.5, critical speed of a light shaft having a single rotor without damp-
ing — with damping and more than one disc or rotor are the main critical speeds of a
shaft resulting from the centrifugal forces of the unbalanced masses. A good amount
of vibration has been observed at half the critical speed. These effects will differ in
two positions i.e. in horizontal and vertical shaft. These effects have been noticed in
horizontal shaft only, whereas in case of vertical shafts these effects have been found
totally absent. This is because gravity must be one of the important reasons of it. The
importance and severity of the critical speed is called a ‘secondary critical speed’
but this is less than that of the primary or main critical speed. This can be described
as follows.

Let us consider a rotating shaft without vibration, as shown in Fig. 5.11. In this case,
the geometric centre ‘C” of the rotor coincides with ‘O’, the point where the bearing
centre line intersects the plane of the rotor.

Let ‘G’ be the centre of gravity of the rotor or disc at a distance of ‘7’ from the geo-
metric centre ‘C’ or ‘O’. Let ‘m’ be the mass of the shaft and ‘/” be the mass moment
of inertia of the rotor about its geometric axis. Let ‘@’ be the angular speed of the
shaft as shown in Fig. 5.11. Now let us consider a shaft rotating in anticlockwise
direction, the torque on the rotor due to the gravitational force ‘mg’ accelerates the
shaft when the point ‘G’ lies on the left of ‘C” and retards the shaft when the point ‘G’
lies on the right of ‘C’, and magnitude of this torque is ‘mgr cos wr’.
Due to variation of this torque, mgr cos ¢, the angular acceleration of the shaft is
mg . . . . (M8
(T )r cos wt. Hence the tangential acceleration of point ‘G’ is (T)r2 cos wt. From
ng
this tangential acceleration, there must be an equivalent force (T) #* cos ot. The

component of this tangential force acting along the vertical direction will be cos w?

2 2

2 2 . 1ME ,
7 7 cos a)t—2 7" [1+cos2 wf] ..5.13

as greater. Then vertical force =
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In Eq. 5.13, the first portion of the force is a con-

stant, also taken up as a little bit of a additional

deflection of the shaft. The latter variable part has ‘d

a frequency 2 w. If the shaft is running on half

of its critical speed, there is a variation in verti- '
cal force which occurs at the natural frequency “’\A

where a larger amount of vibration occurs. mg

Fig 5.11  Secondary critical speed

CRITICAL SPEED OF A LIGHT CANTILEVER
SHAFTWITH A LARGE HEAVY ROTORAT ITS
END

In a light shaft having two end supports and a central rotor or disc, the system has
been shown to have only one critical speed. Even if the rotor is not in midposition,
the mass of the rotor is assumed to be concentrated, and the system will have only one
critical speed. On the other hand if the rotor has mass as well as moment of inertia
and is not in mid-position then the system will have two critical speeds. The example
given is of a light cantilever shaft having a rotor which has a mass as well as moment
of inertia. Here, the critical speed is numerically equal to the natural frequency of
lateral vibration and is determined by considering the light cantilever shaft as an
example.

Let us consider a light cantilever beam with a large heavy rotor at its free end and
the beam so as to be displaced from the equilibrium position as shown in Fig. 5.12.
After given initial displacement () to the system, we consider two parameters of the
system as mass of the rotor and moment of inertia of the beam.

Let m = Mass of the rotor, m #* = Moment of inertia of the rotor about an axis pass-
ing through the centre of gravity(CG) of the rotor and perpendicular to the
plane of the paper.

yand y = Displacement and acceleration of the centre of gravity(CG) of the rotor.

Oand 6 = Angular displacement and angular acceleration of the centre of gravity of
the rotor.

I= Length of the beam, £ = Modulus of elasticity of the material of the
beam.

I = Moment of inertia of the section of the beam about the neutral axis.

a;; = Deflection of the centre of gravity(CG) of the rotor per unity force acting
3

.. N
on it in the lateral direction = 3EL

a,, = Deflection of the centre of gravity(CG) of the rotor per unit moment act-
ing on it equal to the slope at the free end of the beam per unit force acting
2

on it in a lateral direction = -
2EI
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Fig. 5.12 Critical speed of a light cantilever shaft with a large heavy rotor at its end

a,, = Slope at the free end of the beam per unit moment acting on the centre of

gravity of the rotor in the plane of the paper = ELI

Here, we consider two types of forces, inertia force and inertia torque, on the rotor
after it is displaced from the equilibrium position as shown in Fig. 5.12 along with
their direction as follows:

The Inertia force = — my
The principle mode of vibration of the system is
y=ysin 0t j=—yo’

the Inertia force = ma’y

The inertia torque = — mr*0

The principle mode of vibration of the system is

6=0sin wtand § = &0

the inertia torque = m @’ 0

where ‘@’ is natural frequency of vibration of the system.

Then determining the deflection and rotation of the rotor or disc in the plane of paper

is given y =a,, mw’y +a;, m *@’0 (for deflection)

and 0 = ay, m’y + ay, m* @@  (for rotation).

Substituting the values of a,; a,, a,; and a,, neglecting the ‘y’ and ‘0’ in above two

3 2
equations simply and let G = @ \;n_él and C= 31—2

We get CG*—4(C+ 1)G*+4=0

This will give the two natural frequencies as G2, = [(C+ 1) £ {(C+ 1)’ — C|
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Figure 5.13 is a plot of the above equation and shows the vibration of the two natural
2

. . . 3 .. . . .
frequencies of the system with the change in C= 7; it is noticed that ‘7’ is the radius

of gyration of the rotor about an axis passing through its centre of gravity(CG) and
perpendicular to the axis of the rotor. It may be seen that there will be two conditions,
when C = 0, for the concentrated mass and C = o, the rotor having large radius of
gyration.

5.0
I 4.0+
3.0+
G} G,
G 20+
1.0
G1
| | | | | |

,,2
Fig. 5.13 Vibration of the two natural frequencies with the change in C = 3[—2

REVIEW QUESTIONS

(1) What is the importance of vibration measurement? List out the vibration-measuring
instrument.

(2) Derive an expression for the relative motion of the ‘seismic’ mass of a seismic instru-
ment and indicate how it can be used to measure displacement and acceleration of a
vibrating body.

(3) Explain the ‘seismic’ instrument and how it will be used to measure displacement and
acceleration.

(4) Sketch the dimensionless amplitude versus frequency curves of a vibration—measuring
instrument. Explain in what region it can be used as an accelerometer.

(5) Sketch the basic elements constituting a ‘seismic instrument’ and explain mathemati-
cally how it can be utilised to indicate the displacement and acceleration of a vibrating
body.

(6) Explain with a neat the sketch working principle of vibrometers with their range of
frequency of operation.

(7) Explain with a neat sketch the working principle of the accelerometer. Discuss the ef-
fects of amplitude distortion in such an instrument.
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(8) Discuss the basic principle on which vibration-measuring instruments are designed.
What are their practical limitations?

(9) What are the principle of the vibrometer and accelerometer? What is the difference

between these two?

(10) How do you differentiate a displacement pick-up, velocity pick-up and acceleration
pick-up?

(11) Write short notes on whirling of shaft.

(12) Derive an expression for the critical speed of a light shaft having a single disc without
damping.

(13) Derive an expression for the critical speed of a light shaft having a single disc with
damping.

(14) Prove that the_critical speed or whirling speed for a rotating shaft is same as the fre-
quency of natural transverse vibration.

(15) What do you understand by ‘critical speed’ of shafts? Why does it occur?

PROBLEMS FOR PRACTICE

(1) A car has a vertical natural frequency of 13.9 cpm. This car is driven along a road whose
deviation varies approximately as sinusoidal. The distance between peak to trough is
10 cm and distance between two peaks is 30 m as shown in Fig. p.p-5.1. Assuming
the car has a single-degree-of freedom system having a damping ratio of 0.2 for shock
absorber, what is the amplitude of vibration of the car at a speed of 50 km/h?

Ans. y =2.06 cm.

< 30m >

Fig. p.p-5.12 Wavelength or distance between successive peaks or trough

(2) A commercial type vibration pick-up (vibrometer) has a natural frequency of 6 cps and
a damping factor & = 0.6. Calculate the relative displacement amplitude if the instrument
is subject to a motion x = 0.08 sin 20z.

Ans. Relative amplitude = 0.023 m.

(3) An undamped vibration pick-up having a natural frequency of 1 Hz is used to measure
a harmonic vibration of 4 Hz. If the amplitude recorded is 0.52 mm, what is the correct
amplitude?

Ans. Correct amplitude X = 0.488 mm.

(4) It is desired to measure the maximum acceleration of a machine part which vibrates

violently with a frequency of 700 cpm. An accelerometer with negligible damping is
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Ans.

®)

Ans.

6

Ans.
0

Ans.

®

®

Ans.

(10)

Ans.
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attached to it, the total travel of the indicator arm is 0.82 cm. If the accelerometer has a
mass of 0.5 kg and spring of stiffness 18000 N/m, what is (i) the maximum amplitude
of vibration, (ii) the maximum velocity of vibration, and (iii) the maximum accelera-
tion?

(i) X = 4.57 x 1072 m (ii) maximum velocity = 3.35 m/s (iii) maximum acceleration
=245.61 m/s.

A vibrometrer is to measure amplitude at a lowest frequency of 10 cps with an accuracy
of at least 1.5%. The seismic mass is to be about 1 kg. What is the spring stiffness of
the spring? How much should be the damping in the system? Take & = 0.3.

71.04 N/m.

The distance between the bearings in a freely supported shaft of 50 mm diameter is
1.5 m. It carries a single concentrated load of 50 N at its centre. Determine its critical
speed if the shaft material has a density of 10 g/cc, take E =2 x 10" N/m.

Nc = 2004 rev/min.

A single rotor weighing 100 N is mounted midway between the bearings on a steel shaft
of 10 mm diameter. The bearing span is 0.4 m. It is known that the centre of gravity of
the rotor is 0.25 mm from its geometric centre. If the system rotates at 1000 rev/min
and the damping ratio is estimated to be 0.05, determine (i) the amplitude of vibration,
(ii) the dynamic load transmitted to bearings, and (iii) maximum stress induced in the
shaft, when the shaft is supported vertically.

Neglect the weight of the shaft; assume the shaft to be simply supported and take
E =196 x 10" N/m*.

Amplitude of vibration, y = 6.89 x 10™* m (ii) Dynamic load F, ;= 50.1 N (iii) Maximum
stress induced (6,,,) = 51.02 x 10° N/m?.

A rotor has an eccentricity of 12 mm. It is mounted on a shaft and bearing system
whose stiffness is 3.2 x 10° N/m and has damping ratio of 0.07. What is the amplitude
of whirling when the rotor operates at 1000 rev/min? Also find the critical speed of the
shaft.

A turbo supercharge rotor weighs 8.6 kgf and is keyed to the centre of a 2.12 cm di-
ameter steel shaft mounted on two bearings 33.8 cm apart. Determine

(i) critical speed of shaft (ii) amplitude of vibration of rotor at a speed 2675 rev/min.
if the eccentricity is 0.0012 cm, and (iii) vibratory force transmitted to the bearings at
this speed.

(i) Critical speed of the shaft N, = 5112.60 rev/min. (ii) Amplitude of vibration
y =4.45 x 107® m (iii)Vibratory force transmitted (ky) = 10.97 N.

A rotor of a small high-speed steam turbine weighing 7.0 N is mounted at the midpoint
of a steel shaft of 7.5 mm diameter, supported in self-aligning bearings over a span of
40 cm. Owing to slight manufacturing inaccuracy, the centre of gravity of the disc is
0.0125 cm from the centre of the disc. Determine (i) critical speed of the shaft, and
(ii) the dynamic force transmitted to each bearing if the turbine rotates at 3500 rev/min.
Take E = 2.0 x 107 N/cm?. Neglect the weight of the shaft.

(i) N, = 2768.44 rev/min. (i) Dynamic load on each bearing 10.35. Total load on each
bearing = 13.64 N.
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OBJECTIVE-TYPE QUESTIONS

(1) An accelerometer is used to measure
acceleration

(a) because of its natural frequency is
high compared to that of vibration
to be measured

(b) because of its natural frequency is
low compared to that of vibration
to be measured

(c) because of its natural frequency
is peak value compared to that of
vibration to be measured

(d) all of the above

Rotating shafts tend to vibrate violently

in transverse directions at certain speed.

This speed is called

2

~

(a) whirling speed
(b) whipping speed
(c) critical speed

(d) all of the above

(3) The critical speed of the shaft carrying
a mass m at the centre of the span is
given by

® o,k
® o1

(c) both (a) and (b)
@ o,=1g

(4) The whirling speed of a rotating shaft
carrying a mass m at the centre is

(a) equal to natural frequency of trans-
verse vibration of the system

(b) more or less depending upon the
stiffness of the shaft

(c) more than the natural frequency
of transverse vibration of the sys-
tem

(d) less than the natural frequency of

transverse vibration of the sys-
tem

(5) The following relationship holds for
whirling of shafts:

y 1 _ er?
(a) e_(l_rz) (b)y (rz_l)
__e y_
© s O

(6) For shaft speed less than the critical
speed, the phase difference between
displacement and centrifugal force is

(a) 45° (b) 90°
(c) 0° (d) 180°
(7) For shaft speed more than critical speed,

the phase difference between displace-
ment and centrifugal force is

(a) 0° (b) 45°
(c) 180° (d) 90°
(8) Natural frequency of transverse vibra-

tion of a shaft carrying load at the

centre of the span is
5.63
a =——Hz
( ) -f;l VE

_ a7
(b) -f;l - S Hz

© f=5

4.4987
d) f,=—=Hz
@ f=—5 He

(9) Accelerometer is an instrument which
is used to measure

(a) high natural frequency
(b) low natural frequency
(c) low and high natural frequency
(d) none of these
(10) For a shaft having two discs, the critical
speed is
(a) one
(b) two
(c) more than one
(d) none of these
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Answers
(1) a @d (3)c 4) a (5) d (6) c
@ c ®)d ©) a (10) b



TWO-DEGREE-
FREEDOM SYSTEMS

INTRODUCTION

Systems that require two independent coordinates to specify the system configura-
tion at any instant are called ‘two-degree-freedom systems’. In such a system there
are two masses which have two equations of motion, treated as coupled differential
equations. Each mass will have its own natural frequency. Sometimes nonharmonic
motion of the masses makes the system more complicated for solving problems.

==

01 2
Q ~

Ky kiz :| @
Jy Jy
n (m

(d) (e)

Fig. 6.1 Two-degree-freedom systems

Example In a spring-mass system, k, — m, and k, — m, are shown in Fig. 6.1(a)
and Fig. 6.1(b). if the masses ‘m;” and ‘m,’ are constrained to move vertically or
horizontally (linear displacements), two independent coordinates ‘x,” and ‘x,’ are
necessary to specify their positions at any instant. ‘k;” and ‘k,’ are stiffnesses of the
spring. Therefore, the given system is a two-degree-freedom system. Other examples
are double pendulum and two-rotor system as shown in Fig. 6.1(c), (d), (e).

In Fig. 6.1(c), two masses of a simple pendulum are coupled together by means of
a spring ‘k’. Similarly, a shaft of torsional stiffness ‘k,” [Fig. 6.1(d)] has two rotors
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which can have angular displacements ‘0,” and ‘0,” independent of each other. In
Fig. 6.1(e), two masses ‘m,’ and ‘m,’ of a simple pendulum are constrained to move
vertically. Thus, it is a two-degree-freedom system.

In general, the number of degrees of a freedom system can be stated as the number
of mass or masses in a system and multiplied by number of possible types of motion
of each mass or masses.

PRINCIPAL MODE OF VIBRATION, OR NORMAL
MODE OF VIBRATION

There are two equations of motion for a two-degree-freedom system, one for each
mass. As a result, there are two natural frequencies, for a two-degree-freedom system.
The natural frequencies are found by solving the frequency equation of an undamped
system or the characteristic equation of a damped system.

When the masses of a system are oscillating in such a manner that they reach maxi-
mum amplitudes simultaneously and pass their equilibrium points simultancously or
all the moving parts of the system are oscillating in the same frequency and phase,
such a mode of vibration is called principal mode of vibration, or normal mode
of vibration.

If at the principal mode of vibration, the amplitude of one of the masses is considered
equal to unity, the mode of vibration is then called ‘normal mode of vibration’, i.c.
the amplitude ratio, X,/X; = Principal mode of vibration, if X; = 1(unity). Then the
amplitude ratio, X,/1 = Normal mode of vibration.

In case of two-degrees-freedom system, masses will vibrate in two different modes
called ‘principal modes’. If masses ‘m;’ and ‘m,’ shown in Fig. 6.1(a) are vibrating
in phase, such a mode of vibration is called first principal mode. When the masses
‘m,;’ and ‘m,’ are vibrating in the opposite phase, such a mode of vibration is called
second principal mode of vibration.

X,

—2=Prini 1 mod nd&=L=N rmal mod
X, cipal mode, and X, ormal mode.

X,

X,
In first principal mode, - or - is positive, X; T and X, T
XX

X,

X,
In first principal mode, - or 5 is negative, X; ! and X, T
X X

5.6 ORTHOGONALITY PRINCIPLE

The principal modes or normal modes of vibration for systems having two or more
degrees of freedom are orthogonal. This is known as orthogonality principle.

This is an important property while finding the natural frequencies.
For a two-degree-freedom system, orthogonality principle can be written as
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where 4,, B, and 4,, B, are the amplitudes of first and second modes of vibration.

EXAMPLE 6.1

Determine the natural frequencies for the following system as shown in
Fig. p-6.1(a) and determine the ratio of amplitudes and locates the nodes for
each mode of vibration and draw the mode shapes. Given, m, = m, k, = 2k,
my=2m, k,=k.

FBD Ky,

¥ ¥x, | %
(Ml
ky (x; = xy)

ky (x; = xy)
¥ Yx, %
A [TV

(b)

Fig. p-6.1  Two-degree linear spring-mass system

Solution Now at any instant, give displacement ‘x,’ to the mass ‘m;’and ‘x,’ to the
mass ‘m,’ to Fig. p-6.1(a). The FBD is as shown in Fig. p-6.1(b).

Applying Newton’s second law of motion to mass ‘m,’, assuming that x, > x,
XF =ma
ky Oy —x)) —kyxy =my %,
myx,+kx; —k, (x,—x) =0
my Xy kyxy — kyey +hpxy =0
my X+ (ky k) x, —kyxy, =0
But the given values of m, =m, k, =2k, k,=k.
mx; + 2k + k) x; —kxy =0, mx; + 3kx; —kx, =0 ...6.1
This is the differential equation of motion of the mass ‘m,’.
Again apply Newton’s second law of motion to the mass ‘m,’.
XF =ma
—ky (ry—x;) =my %,
myXythy (y—xp) =0
myXy+hkyxy—kyxy =0
But the given values of k| =2k, m,=2m, k,=k
2mx, + kx, —kx; =0 .. 6.2

This is the differential equation of motion of the mass ‘m,’.
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Assume that the motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies. Let one of these components be,

x, =A sin ot x, = B sin ot
x; = @A cos wt x, = @B cos ot
¥ =-@* Asinwt X,=-a” Bsin ot
Using the values of x,, x, and X, in Eq. 6.1, we get
m(—Aw” sin ®1) + 3kA sin o — kB sin ot =0
~ma’ A sin ot + 3 kA sin wt = kB sin ot
A sin ot 3k — m@?) = kB sin ot, A (3k —ma?) = kB

. . 4 k
The amplitude ratio .. B m ..6.3
Again using the values of x,, x, and X, in Eq. 6.2, we get
2m(—@” B sin @f) + k(B sin ®1) — k(4 sin @1) =0
~2ma’ B sin ot + kB sin @t = kA sin ot

B sin wt (k — 2ma@?) = kA sin wt, B(k — 2ma?) = k4

The amplitude ratio, g k= ima)z ...6.4
From equations 6.3 and 6.4,
k_k-me’
3k — mo’ k

Bk —ma?) (k- 2ma)2) =i
3K - 2ma? x 3k — ma*k + 2m*@t = K2, 2mPe* — Tkma?® + 2K2 =0

s Tk 5 B
(D—E(D‘l‘;—o

This is a quadratic equation in @? where roots are given by

3 (7_k)2 4
2m om] 2
wz m ,(02 7k
o — 7k 49k2—16k2 f33k2
16m
) 574k 5, Tk _ Tk 574k
4m:l: iy Pln = g 5 TAKAm, 05, =k =

@ =0315 % o2 3185 5, o,,=0.56 L3 rad/s, ,,=1.78 LINGYA
1n m “2n m m m

where ®,, and w,, are the first and second natural frequencies respectively.
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To draw the mode shapes

(i) First mode shape. From Eq. 6.3

4__ kK
B 3k—ma?
At o = ?, = 02315 % %= k .
3k—mx0.315 -
A0
B 269 e atA=1,B=26 [Fig. p-6.1(c)]
(ii) Second mode shape. From Eq. 6.4, % = %
At o=, =385 0
At 4=1
k
A _k-2mx31855 637k
B k X
A
B =537
A =-537 B [Fig. p-6.1(d)]
1 N
’ /
B A Node
(c) Same phase (d) Out of phase

Fig. p-6.1  Mode shape
In the first mode of Fig. p-6.1(c) the full spring moves to the right side of the mean
line as it is ‘same phase’.

Whereas in the second mode of Fig. p-6.1(d), the second spring crosses the mean
line as it is ‘out of phase’. The crossed point is called ‘node’ point, i.e. there is no
displacement at that point.

Note: (i) Node is a point in a vibrating system which doesn’t experience any
displacements.

(ii) As number of modes (degree) increases, number of nodes also increases.

EXAMPLE 6.2
Find the natural frequency of the system as shown in Fig. p-6.2(a).

Solution Now at any instant give displacement ‘x,’ to the mass ‘2m’and ‘x,’ to the
mass ‘m’ to Fig. p-6.2(a). The FBD is as shown in Fig. p-6.2(b).
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(a) (b)
Fig. p-6.2 Two-degree linear spring-mass system
Applying Newton’s second law of motion to mass ‘2m’, assuming that x, > x,;
SF =ma,2mx, + 3kx, —kx, =0 ...6.5(a)
Newton’s second law of motion to mass ‘m’, mx, + kx, —kx; =0 ...6.5(b)

Assuming that the motion is periodic and is composed of harmonic motions of vari-
ous amplitudes and frequencies, let one of these components be,

x, = A sin ot x, = B sin ot
x; = @A cos wt x, = @B cos 0t

Using the values of x,, x, and ¥, in Eq. 6.5 and again using the values of x,, x, and

X, in Eq. 6.5(a) and rearranging, we have 3k — 2m @” A — kB = 0, —kA + (k — ma?)
B=0.

The determents of the coefficient of ‘4’ and ‘B’ are

3k-2me® -k |_ 2 o
r k_me]—O,(3k—2ma))(k—ma))—k2—0,
2m*e* —5km @ +2 K =0
Sk+\(GK’ 16K sg+3k &
mov = = =—or2k
4 4 2
ket -k o (g):3k—2mwf,,=
mw%n 2 or wln m’ Wy, m and mode shape 4/, X

2k B
ma);n = 2k9 ay,, = \j;, and mode shape (Z)l =_1

EXAMPLE 6.3

Determine the natural frequency and normal modes for the system as shown in
Fig. p-6.3(a). Draw the mode shape and locate the node.

B

Solution Let us at any instant give a vertical displacement ‘x,’ to the first mass ‘m
and ‘x,’ be the second mass as shown in Fig. p-6.3(a). Then the FBD is as shown in
Fig. p-6.3(b). Now apply Newton’s second law of motion to ‘m’ (rectilinear motion).
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k kX1
Mass 1
X (1) 2 k (%, = ;)
2k 2 k (%, = %,)
Mass 2
X, (1)
kX,
k

(a) (b)

Fig. p-6.3 Two-degree linear spring-mass system

From Newton’s second law of motion, XF = ma

mjél+kx1+2k(x1—x2)=0 ...6.6
This is the differential equation of motion for the mass (1)
m562+2k(x2—x1)+kx2 =0 ...6.7

This is the differential equation of motion for the mass (2)

Assuming that the motion is periodic and is composed of harmonic motions of varies
amplitudes and frequencies, let one of these components be,

x, =X, sin ot x, =X, sin ot

x; = 0 X, cos ot X, = 0 X, cos Ot

¥, =-@* X, sinwt ¥, =-X,sin ot
Using these values in Eq. 6.6 and Eq. 6.7, we have
[—ma)zx1 + kyx, + 2k (x; —x,)] sin wt =0,
[-ma*x, + 2k (x, — x;) kx, + ] sin @t =0

sin ot #0
Bk—m®) x,—-2kx, =0,  (3k—me®) x,—2kx, =0 .68
X, X,
The determinant of the coefficient | (3k — ma?) =2k |=0,

(-2k)  Bk-maP)
Bk —ma?) Bk —ma?) — (~2k) (-2k) =0
9K — 3kma* — 3 kma® + m*@* — 4k* =0
9% — 6kma® + m*0* — 42 =0 m*@* - 6kma® + 5K = 0 divided by m?
6k [ 6K\ k)2
m * \j(ﬁ) —4x 5(%)

2

o () o+ () =0, ol
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3k 3k\2 k2 3k k k
o, ~ () s(x), @, eyo( L) - s(x

3k k 3k k k 5k
O = 2w B 2 O =g &=
[N —\j;rad/s, a)2=\/irad/s

X1 -2k 2k 2k

From Eq. 6.8, (X_z) = Bk mwz) = O o +1
1 3k—m><m

5k

2k 2k T x Xy

To draw the mode shapes

X

Takex;, =1, x,=1, x,=-1, x,,=-1

(xl) :(31‘_”‘“’%) (3k—mxﬁ)_—2k: u_ o, e
2

The first-mode and second-mode shapes are as shown in Fig. p-6.3(c) and

Fig. p-6.3(d).

(c) (d) First mode (e) Second mode

Fig. p-6.3 Mode shape

EXAMPLE 6.4

Determine the equation of motion and the natural frequencies of the two-de-
gree-freedom system shown in Fig. p-6.4(a). Determine the displacements ‘x;’

and ‘x,’ in terms of natural frequencies.

Solution Now at any instant give linear displacement ‘x,’ to the mass ‘m,’and ‘x,’
to the mass ‘m,’ to Fig. p-6.4(a). The FBD is as shown in Fig. p-6.4(b).

Now applying Newton’s second law of motion to mass ‘m,’, assuming that x, > x,

XF=mx —Take+ve, < Take -ve

—kyxy k(= xp) =my X, my X+ kxy —ky (6 —x) =0
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FBD

—> X, — X,

— X, — X,
m, m,

kixq (o= X) KX =X) —>m &,
(a) (b)
Fig. p-6.4 Two-degree linear spring-mass system
my Xy + kxy—kyxe, +kxy =0, my X+ (b + ky)xy —kyx, =0 ..6.9

This is a differential equation of motion of mass ‘m,’.
Applying Newton’s second law of motion to mass ‘m,’~F = mXx,
—ky(xy = x1) = my Xy, my Xy + ky (= x1) = 0, my Xy + kyxy — ke = 0

This is a differential equation of motion of mass ‘m,’.

..6.10

Assuming that the motion is periodic and is composed of harmonic motions of vari-

ous amplitudes and frequencies, let one of these components be,
x, = A sin wt x, = Bsin wt
X, = —Aa’ sin ot X, =—Ba’ sin ot
Using the value of x|, x, and ¥, in Eq. 6.9,
m(—~Aw® sin wf)+ (k, + ky) A sin @t — k, B sin 0t =0
—m@* A+ (ke + k) A—kyB=0,4 [(k; + k) —m,0’] =k, B
The amplitude ratio, 4_ L
Bk + ky) — m?
Using the values of x|, x, and X, in Eq. 6.10,
m(— @’ B sin @?) + k, (B sin @1) — k, (4 sin wf) =0
—my@* B+kyB—kyA=0, B(ky—my )=k, A

2
. A kp-mw
The amplitude ratio, B i,
From equations 6.11 and 6.12,
k, k, — m,w*

kit hk)—m 0 k, ’(kl_mzwz)[(kl“”kz)—mla)z]:k;
1t k) —my

ey (ky + k) —my ey @ — my (ky + k) @ + mymy @' — K3 = 0

m im0 — m k,@? — mok @ — mok, 3 + kik, + ki - ki =0

k k k kik
4 2 9 1 2 2 12
Il e e |
my m m mym,
4 kl+k2+ﬁ ) kb _
Lom my o Tmmy

..6.11

..6.12
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This is a quadratic equation in @?, whose roots are given by

ki+tk k ki+k, k k\k
1 2+_2]i\l( 1T 2) 152
, L ™M m, my my mmy
@ - 2
[k, +k, & ki+ky, &k kk
Pl T2 T N DYl e S 152
| 2m, 2m2_ 2m,  2m,) MM
7 [k, + k, k2 ki +tky Kk \* kk,
| 2m,  2my) Y\ 2m, Jr2_m2 - mymy’
[k, +k, k] ki+tky k\* kk
T 7 P T Y 7 P B s ,
2 2my 2m,) 2m;  2my) MMy

Hence the general solutions x, and x, are given by,
xl = Al Sin (Dlnt + A2 Sin wznt, x2 = Bl Sin (Dl"t + Bz Sin (02"1,‘

where 4, 4, and B, B, are constants and are evaluated by four initial conditions:
XI(O), XI(O), x2(0)7 XZ(O)
EXAMPLE 6.5

Determine the natural frequency and the amplitude ratios for the system as
shown in Fig. p-6.5(a). If the mass ‘m,’ is displaced 1 m from its static equilib-
rium position and released, determine the resulting displacements ‘x,’ and “x,’.

Givenm,=m,=m,k, =k,=k;=k.
FBD
—> X, — X,
—> X, —> X, k3X2
Sm b olm —
k' ==k (=) k-x) —=
myX, myX,

(b)
Fig. p-6.5 Two-degree linear spring-mass system

Solution Now at any instant give linear displacement ‘x,’ to the mass ‘m,’and ‘x,’
to the mass ‘m,’ to Fig. p-6.5(a). The FBD is as shown in Fig. p-6.5(b).



Two-Degree-Freedom Systems 225

Now applying Newton’s second law of motion to mass ‘m,’ assuming that x, > x,

by = xp) = kyxy = my Xy, my Xy kyxy — ke +kpx =0

my X+ (ky+ k) x —kxy, =0

Given m =m,k =k,=k

mx, +2kx, —kx, =0 ..6.13
This is the differential equation of motion for the mass ‘m,’.
Again applying Newton's second law of motion to the mass ‘m,’,

—ky(xy —xy) —ksxy =my X, my Xyt kyxy +hyxy —kyx; =0

myxy+ (ky+ k) x,—kyx; =0

Given my,=m, ky=ky=k

mx, +2kx,—kx; =0 ...6.14
This is the differential equation of motion for the mass ‘m,’.
Assuming that the motion is periodic and is composed of harmonic motions of
various amplitudes and frequencies, let one of these components be,

x,=Acos wt, x,=Bcoswt % =—A®&" coswt ¥%,=-Ba* coswt

Using the values of x,, x,, ¥, in Eq. 6.13,

m(~A4 & cos ®1) + 2kA cos wt — kB cos w1 =0

AQk - ma’) = Bk

. . A k

The amplitude ratio B m ...6.15
Using the values of x|, x, and X, in Eq. 6.14,

m(~B cos o) w* + 2kB cos o1 — kA cos wt =0, B (2k — ma®) = kA

2
The amplitude ratio % = Zk_me ...6.16
From equations 6.15 and 6.16,
k 2k — mo? ~
- ; 2k — ma?)* = K
2k — ma k ( )
2 4 4 4k 5 3k2
4K — dmke’ + m*@* = K, m* @’ — dmka? + 38 =0, ' — - @ + =5 =0
m
2
4k ( ﬁ) _4x3K
m m m2
This is the quadratic equation in @?, where * = 3

2k ’4k2 38 2%k
o’ = mE\ T T mEm V43
m m
, 2k
m

2%k
o= m
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k

a)%" = m
3k

a’%" = W

oy, = \jg rad/s, W, = 1.73 \j% rad/s

where ®,, and ,, are the first and second natural frequencies respectively.

This resulting displacements ‘x;” and ‘x,’ are given by

x, =4, cos @t + A, cos w,,t ..6.17
Xy =B, cos @,,t+ B, cos w,,t ..6.18
Given xy=1matt=0
x,=0atr=0
Differentiating equations 6.17 and 6.18 with respect to time ‘¢,
-4, 0, sin ®,t+ (-4, 0,, sin @,,1) ..6.19
.kz = _Bl (01" Sin (Dlnt + (—B2 (02" Sin (02"1) ...6.20
k s 2k
From E 615, — At =m),=,
4 B 2k ma? m
4, k 4,
—=——— =1ord,=B
B B 1 1
U 2k-m f !
3k Ak
2_ 2 =% 22 _
At OO B, 2k-3k )
A2 = —B2

Using the initial conditions in equations 6.17, 6.18, 6.19 and 6.20,
A,+4,=1, B, +B,=0, 4,-4,=0, 24,=1
1

B2=—_

Al=_’ Blz_a A2_+ 2

1
2’
Thus, the motions of the masses are given by

o Leos (VE )+ Leos 17352ty Leos ()L eos173E1)

EXAMPLE 6.6

Find the natural frequency of oscillation of the double pendulum as shown
Fig. p-6.6(a) where m, =m,=m, and [, =, = I. Draw the mode shapes and locate
the nodes for each mode of vibration.

Solution Now at any instant give an angular displacement to the bobs in Fig. p-6.6(a)
in the horizontal position.
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Let ‘0,” and ‘0, be the angular displacements of masses ‘m,” and ‘m,’ respectively
from vertical equilibrium positions ‘x,” and ‘x,’. Then the FBD is as shown in
Fig. p-6.6(b).

T, cos 6,

7 AANNNR
N

6, %, X
— —

(3)

(a) (b) (c)
Fig. p-6.6 Double pendulum

Now applying Newton’s second law of motion to the mass ‘m,’ (considering only
horizontal forces),

—T,sin 6, + T,sin 6, =mx,
mx,+ T, sin @, —T,sin 6, =0
But considering masses ‘m,’ and ‘m,’,

v =0

T,cos 6, =m,g, T,cos0,=T,cos0,+mg
For small angles of 8, and 6,, cos 6, = 1 and cos 6, = 1
Ty=myg, T\=T,+mg T =(m+myg
For the geometry of Fig. p-6.6(b),

. Xy . Xy =X
sin 6; =— and sin 0, =
I L
. Xy mg mg
myxy +(m +m2)gl——7x2+7x1 =0
1
3m m
mx, +—gxl——gx2=0 ..6.21

Iy
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Applying Newton’s second law of motion to the mass m, (considering only horizon-
tal force),
—T,sin 6, = myx,
Xy —X .. mg mg

1
= + — J——
5 0, mx, TR ..6.22

myX, + myg =
Assuming that motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies, let one of these components be,
x, = A sin ot X, = B sin wt
X, =A@’ sin ot %, =—Ba” sin ot
Using these values x,, x,, X, in Eq. 6.21,

3m m 3m m
m (—Aw?) +TgA—TgB=0, A(Tg—mw2)=—gB

A mg
Yl U— ..6.23
B (3mg - mlwz)

Using the values of x|, x, and X, in Eq. 6.22,

mg mg (mg 2) mg me

2 —_— - — = _—
m(—Ba))+lB lA 0, B ] m@ ]

4 mg—mla?

B- mg ..6.24
From equations 6.23 and 6.24,
mg mg — mlw?
3mg — mlw’ mg

(Bmg - mla)z) (mg — mlwz) = (mg)2
3(mg)* — 3m’gla? — m*gla? + (mle?) = (mg)*
m*Po* — 4m*gla? + 2m*g® = 0

4 2
Po' - 4gle® +2¢* =0, w“-Tg o+ 2(?) =0

This is a quadratic equation in .

4 4 2

—gi(g)m()
, 1 l l
a):

Tl

!
g 28 [8
I

V2 T

(D%" = % (2 - \/5) w%n = % (\/7 + 2)
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of, =059 % @l =341 %
@, =0.77 \jg rad/s oowd, =1.85 \E rad/s

To draw the mode shapes

(i) First mode shape At & = wf” =0.59 % in Eq. 6.23
4__ me

B 3mg — miaf
g g g

A = = =
B 3g—mla)2 3g—l>< 0’59% 3g_0-59g
4

_— » ie.4=1, B=241

B 241
y 2_ 2 3415, 4 &
(ii) Second mode shape At @ wﬁn 341 I’ B 3g_34lg
4 1 . _ _
304l ie.A=1,B=-041

The first-mode and second-mode shapes are as shown in Fig. p-6.6(d) and
Fig. p-6.6(e).

24
W777774
A=1
A=1
A
Node
B =—0.41
B=241
(d) Same phase (e) Out phase

Fig. p-6.6 Mode shapes

EXAMPLE 6.7

Determine the two natural frequencies and the corresponding mode shapes of
the system shown in Fig. p-6.7(a).

Solution Let at any instant give an angular displacement ‘0, to the mass ‘m’ and
‘6,” to the mass ‘2m’ from the vertical position and ‘x,” and ‘x,” from the vertical
equilibrium position to the mass ‘m’ and ‘2m’ respectively in Fig. p-6.7(a). The FBD
is as shown in Fig. p-6.7(b).
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¢ X5

(a) (b)
Fig. p-6.7 Double pendulum

Now applying Newton’s second law of motion to the mass ‘m’, assuming that
Xy > Xy,

X Xy X X1 Xy =X

7,sm 02= T, 01:—, GZ:T

If ‘6, and 0, are very small, sin 8, = 0, and sin 0, = 0,

sin 0, =

T,cos 6, =2mg, T,cosO =mg+T,cos0,
T, =2mg T, =3mg, mx,=T,sin6,— T, sin 6,
11mg 2mgx,

mx, +Tx1— 3 ...6.25
. . 9x2 9Xl
x, =—T'sin 6y x2=?—7=0 ...6.26
x; =X, sin 0t, x, = X, sin @t
29X2
Equations 6.25 and 6.26 become ( a)z)X
48) P 9 (9 ) _
Frequency equation &* — @ ( 7 + P 0, - 3l X+ 3 o’ X,=0,
518\( =1.932 \f(wu) =2 2++3) ..6.27
(Xz) 0.196,-10.19 ...6.28

EXAMPLE 6.8

Find the natural frequencies of the system shown in Fig. p-6.8(a). Also deter-
mine the ratio of amplitudes and locate the nodes for each mode of vibration.

Draw the mode shapes also.

Solution Now at any instant give displacement ‘y,” to the mass ‘m’ and ‘y,’ to
another mass ‘m’ in vertical position to Fig. p-6.8(a). Then the FBD is as shown in
Fig. p-6.8(b).

Now apply Newton’s second law of motion to the mass ‘m’ assuming that y, > y,.
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Tsin @ m¥,
mj/1T
Tsin a Tsin B
Tsin 6

Fig. p-6.8 System for Example 6.8
Applying Newton’s second law of motion to the mass (1),
XF=mx, Tsin ¢— T'sin 0=-my,,
my,+ Tsina—Tsin =0
From the geometry of the FBD in Fig. p-6.8(b),

y Y Ya—y
sina=71asinﬁ=72andsin0= 271

21
.. Y1 (yz—yl) . BTN b4
+T—— = + T -+ T—=
my, Tl T 21 0, my, Tl 21 T21 0,
. (T T T,
mi+ (74 g =02 =0
. 3 T
Myt Ty v, = 0 .6.29

This is the differential equation of motion of the mass (1).
Applying Newton’s second law of motion to the mass (2),
YF=mx, Tsin @+ Tsin B=—-my,, my,+ Tsin f+ Tsin =0

. Y2 (V2= W . 3Ty T
my2+T7+T( 21 )-0,my2+T—2—lyl—0 ...6.30

This is the differential equation of motion of the mass (2).

Assume that motion is periodic and is composed of harmonic motions of various

amplitudes and frequencies. Let one of these components be,
¥y, = A4 sin wt ¥, = B sin wt

¥, = —Aw” sin ot ¥, = —B&’ sin 0t
Using the values of y,, y, and y, in Eq. 6.29,

_AQ s 3_T-_Z'=[3_T_]=£
m(—Aw sma)t)+21Asma)t 2lBsma)t 0,4 2l ma’ BZl



232  Mechanical Vibrations

The amplitude ratio 4___ T ...6.31

B 37-2mie®
Using the values of y|, y,, ¥, in Eq. 6.30,

m(-Ba’ sin o1) + %B sin wt—z—];A sin wt=0

3T 2]_ T
B[zl‘”‘“’ =45

_ 2
The amplitude ratio % = W ...6.32
From equations 631 and 632, — = 37— 2mia?
37— 2mlw T
2 2 37+T
o 3T -2mla?)? = T2, 3T - 2mle* =+ T, 2mla =3T+ T, o = ]
_2r_r | _ \jf . _4r _2T
w%"_ 2ml ml O ml rad/s .- w%" 2ml  ml
LW, = 1.41\]z rad/s
ml
To draw the mode shapes
—w? =L 2 o _2T.

At o =t 7inEq. 631 at & @3, _inEq. 6.32,

4 _ T T _ T .

2
B 3r-2mie® 37 _opix 2L 37_gmix L
ml ml

. i A_ T _
ie. A=1,B=1, B 3T_4T 1, ie.A=1, 1

The first-mode and second-mode shapes are as shown in Fig. p-6.8(c) and
Fig. p-6.8(d).

_ _ Node l— | —>
A=1 B=1 a m

B=1
— | —rle—— 2| ———>j— | —>| %1—/ > 2/ >

(c) Same phase (d) out of phase

Fig. p-6.8 Mode shape

EXAMPLE 6.9

Determine the natural frequencies for the system shown in Fig. p-6.9(a).

Solution Let at any instant give an angular displacement ‘6,” to the mass ‘m’ and
0, to the mass ‘m’ from the vertical position to Fig. p-6.9(a). The FBD is as shown
in Fig. p-6.9(b).
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FBD

(a)
Fig. p-6.9 Double coupled pendulum

Now apply Newton’s second law of motion to mass ‘m’ assuming that 6, > 6,.
Applying Newton’s second law of motion to the mass (1),
M, = 1,0, ka (8, — 6,) a — mgl sin 0, = 1,0 ,, if O is very small, sin 0~ 6
1,0 | + mgl 6, — ka* (6,— 6,) =0
But Iy= mP, mP*6 | + mgl 0, + ka*0, — ka6, =0
mP | + (ka* + mgl)0, — ka6, =0 ..6.33
This is the differential equation of motion for the mass (1).

Apply Newton’s second law of motion to mass (2), —ka (8, — 6,) a —mglsin 0,=16 ,,
if O is very small, sin 6= 6

Ioéz + ka2 (02 — 01) = mg102
But I, = ml
mi0 , + ka*0, + mglf, — ka6, = 0, m* 6 , + (ka*> + mgl) 0, — ka’0, =0 ..6.34

Assume that motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies. Let one of these components be,

6, = 4 sin ot 6, = B sin wt
6,--Ae’sinwt 0 ,=— Bo’ sin ot
Using these value of 8, 6,, and 8 | in Eq. 6.33, we have
mlP® (- A’ sin w?) + (ka* + mgl) A sin ot — ka® B sin ot =0
A[(ka® + mgl) — mP@?] = ka®B

2
The amplitude ratio 4_ 5 ka >
B [(ka® + mgl) - mPw?]

..6.35

Using these values of 6,, 6,, and 6 , in Eq. 6.34, we have
ml* (-Ba’ sin w1) + (ka® + mgl) B sin @t — ka* A sin wt =0
Bl(ka® + mgl) — mPPe?] = ka*4
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. . B ka®
The amplitude ratio .. — = 5 > ...6.36
A [(ka®+ mgl) — ml o]

From equations 6.35 and 6.36, [(ka2 + mgl) — mlza)z]2 = [kaz]2

(ka* + mgl) — mP@’ = + kd®, mlP® = (ka* + mgl) + ka*
g
ka® + mgl + ka* ka® + mgl — ka® ka® + mgl + ka* , &
(02= 2 » Wy, = 2 ’wgn:—z’ wln=7
ml ml ml

2ka® + mgl ’Zkaz +mgl
0, = \jg rad/s, w5, = —zg, W,, = —2g rad/s.
) ml ml

EXAMPLE 6.10

Two uniform slender rods weighing w, = 131.4 N and
w, = 65.7 N are suspended at their upper ends and
are connected by a spring of stiffness 876 N/m as
shown in Fig. p-6.10. Compute the natural frequen-
cies of the system.

Solution ~Assume that at any instant during the vibra- 19 P-6.20  Uniform rods
tory motion the bars make angles ‘6,” and ‘8,” where 6, > 0,. The compressive force
in the spring is 876 k (8, — 0,). The mass moment of inertia are

ML, (1314)x 1.8
1" 3  3x98l

MLy (65.7) % 0.9°
3 3x981

=14.47 kg-m? I, = = 1.81 kg-m?

Assume that both bars swing in the same direction and using the Newton’s second
law of motion for the moments about the hinges,

1,0, =—w,x09x 0, — k(6 - 6,) x 0.9 ..6.37
LO,=—w,x09x%60,—k(6,—6,)x0.9 ...6.38
Assume the solution in the form of 8, = 4 sin wt and 0, = B sin wt.
We have 6 | = —A@” sin wtand 6 , = —Ba? sin o,
Substituting these values into equations 6.37 and 6.38, we get

09W,+081k—1a*)A—(081k)B =0
—(0.81k) A+ (0.45W,+081 k-1, @) B =0
Substituting the values of W,, W,, k|, I,, we have
(827.82-14.47 0¥ 4 -709.5B =0 ..6.39
~709.56 A+ (739.13 - 1.81 w*) B =0 ...6.40
from which we get, @* — 465.6 & + 4152.48 =0

After solving the above quadratic equation, we get frequencies

o; =3.02 and w, = 21.37 rad/s.
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EXAMPLE 6.11

Figure. p-6.11 shows two equal pendulums free to rotate about the Y-Y axis. A
rubber hose of torsional stiffness k, N-mm/rad couples together these pendu-
lums. Find out the two natural frequencies and motion how the two principal
modes may be started.

(@) (b)

Fig. p-6.11  Two equal pendulums

Solution Let “0,” and ‘60,’ be the angular displacements of the pendulum of mass (1)
and mass (2). Applying Newton’s second law of motion for mass (1) and mass (2),

ml? 0, =—k (6, - 6,) — mglh, ..6.41
is the differential equation for the mass (1).
ml 0, =k (6,— 6,) — mglé, ..6.42

is the differential equation for the mass (2).

Assume that motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies. Let one of these components be,

6,=-4a’sin ot 6, = -Ba’ sin 0t

Using the values of 6,, 6,, 6, and 8 , in equations 6.41 and 6.42,
m12 él + kt (01 - 02) + mglel = 0, m12 éz - kt (01 - 02) + mg102 =0

(k,+ mgl—mP &) 4, = kA,, kA, = (k,+ mgl—mP* &) 4,
T litude rati 4, k, dal Ay k,+ mgl—mP o
¢ amplitude ratio, ——=—————-— and also, —=———F ——
P Ay K+ mgl—mP o 4, k,

From these two above equations the frequency is obtained as

k k
k,+ mgl—mi® @ — k, wz=§+—’2(1i1),orw12=\’§+—‘(1i1)
I mr ’ I mpP

2k
W, = \g rad/s, ,= %+ m_l; rad/s
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4, k, I
- .z 1, when @, = 7 rad/s
2k, + mgl—ml 7
with same direction and equal distance and leave to vibrate.
1 k, g 2k
Also—— = = -1, when @, = |\ + —; > giving equal and
A4, I mP

g 2k
+ —-mP |+ —
k, + mgl — ml (l 12)

opposite angular displacements to the bobs.

EXAMPLE 6.12

Determine the natural frequency for the system shown in Fig, p-6.12(a) and
draw the mode shapes and locate the node for each mode of vibration. Given
L=LI=2I, kt =kt,kt,=kt

I1 61 /2 62
‘/—\ S

[ ki (6, = 0)

ki (6, = 9)

Fig. p-6.12 System for Example 6.12

Solution Let us compare at any instant ‘0,” and ‘0,’ be the angular displacement of
flywheels ‘1,’and ‘I, respectively. Let ‘k,’ is the torsional stiffness of the connecting
shaft of flywheel ‘/,”and ‘J,’, then the FBD as shown in Fig. p-6.12(b).

Applying Newton’s second law of motion to disc (/,), let 8, > 0,
SM=10,kt, (6, 6,)—kt,0,=1,6 1,0, + k1,0, — kt, (6,— 6,)=0
10| + 2kt0, — kt@, + kt0, = 0, 10, + 3kt0, — kt6, = 0 ..6.43
This is a differential equation of motion to the disc (Z;).
Applying Newton’s second law of motion to the disc (Z,),
EM=10, —kt,(0,—0)=L0, .. LO,+kt,0,—kt,0,=0
210 5+ k16, — k16, = 0 ..6.44
This is a differential equation of motion to the disc (Z,).

Assume that motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies.
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Let one of these components be,
0, = 4, sin 0f, 0, = 4, sin ot
6, =—4,0"sin 0t, 0,=—-4,0" sin ot
Substituting these values in equations 6.43 and 6.44, we get
I (~A@?) sin ot + 3kt A sin @t — kt B sin @t =0

Ak
Amplitude ratio — ...6.45
P B 34— Ia?

21 (-Ba@’ sin o1) + kt B sin @t — A kt sin ot =0

A kt—2l0”
B . ot ...6.46
From equations 6.45 and 6.46, S=2==
3kt — Iw kt
2P0 — Tkt 0?1 + 2k =0, @* Tk, k’2 =0.
21
This is a quadratic equation in @’
L BT
21 21)  p
o =
2
!, =0315 % w5, =3. 185 =
w,, =0.56 \j? rad/s, ®,,=1.78 \j? rad/s
To draw the mode shapes
At o’ = @}, =0.315 % in Eq. 6.45,
4_ kt 1
B 3kt —1%0.315 x % 2.69
A=1,B=2.69
atw2=w2—3185’;"; kt kt=4)1189 A=1,B=-0.189
3kt — I x 3.1857 ’
7 B=2.69 % Ne
% % ~1B=0.189

(c) First mode shape (d) Second mode shape

Fig. p-6.12 Mode shapes
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EXAMPLE 6.13
Find the natural frequencies of the system shown in Fig. p-6.13(a). Also deter-
mine the ratio of amplitudes and the mode shapes. Given I, = I, I, = 21, and
ky=k,=ky=kt

Solution Let ‘0,” and ‘0,’ be the angular displacement of the disc (/;) and the disc
(I,) respectively. Then the FBD is as shown in Fig. p-6.13(b). Then the equation of
motion for the disc (/;) may be written as

1,6, =—kt,0, + kt, (6,— 6,), 1,0+ kt6, + kt (6, 6,) =0

1,6+ 2k,0, — kt6,=0 ..6.47

Kt, kt, kt,
| (@ 1 |
/1 /2
(a)

kt,

(b)
Fig. p-6.13 System for Example 6.13

Similarly, the equation of motion for the disc (/,) may be written as
L,0,=—kt, (8, 0)) —kt;0,, 1,0,+kt(0,—6,)+kt,=0
5,0, + kt, + kt0, — kt0, =0, 1,6 ,+ 2kt0, — k16, = 0
20,0, + 2kt0, — k16, = 0 ..6.48

Assume that motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies. Let one of these components be,

6, = 4, sin ot, 6, = 4, sin ot

6, =—A4,0" sin o1, 6, =—A,0" sin ot
Using these values in equations 6.47 and 6.48, we have
— @Iy, + 2ktA, — ktd, = 0, (- @I, + 2kt) A, — ktd, =0
(-20°Iy+ 2kf) Ay — ktd, =0
The amplitude ratios are given by

4, Kt (-2, + 2k)

Ay _@Ply+ 2kt kt

The frequency equation can be written as 2(— a)210 + 2kf) (- w210 + kf) — k* = 0,

...6.49
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2@l — &Lkt + 2kt + 2kE%) — k> = 0, 20" I2 — 6 ktly@* + 3k = 0

3kt , (ﬁ) 43kr2

w4_3ktw2 3k12_0 = IO f 2 IO 1.5kt+£ﬁ
Iy 22 7 I, 2 I,
So —15\]7(02 080\]E
Iy
The amplitude ratios are given by, ( Al) = kt " = kkt =_4
2ot —at I+ 2kt (15\]7)10+2kt
kt
-2(0.8) 7, ot 2k
Al _—(0%104‘2](1 (0 8) 0 _2 X0.64+2_+072
A)w Kt kt 1 T

Mode shapes are as shown in Fig. p-6.13(b) and Fig. p-6.13(c).

W7/77/7777774 §7/7777777774
-4 0.72
Node
1.0\ 1.0
Ve Yo uzdza
co,=1.5JE co2=0.8JE
/0 /0
(b) (©

Fig. p-6.13 Mode shapes

EXAMPLE 6.14

Derive the frequency equation for the pulley-mass system shown in Fig, p-6.14(a).
The pulley has a mass of ‘M” and effective radius of ‘R’. Assume that the cord,
which passes over the pulley, does not slip, if £, = 60 N/m, k, =40 N/m, m =2 kg
and M = 10 kg. Determine the natural frequencies and mode shapes.

Solution Let us at any instant give a vertical displacement ‘x’ to the mass ‘m’ as
shown in Fig. p-6.14(a). Since there is no slip between the card and cylinder of mass
‘M’, so the vertical displacement ‘x’ causes the cylinder to rotate by an angle ‘0’ as
shown in FBD of Fig. p-6.14(b).

Now applying Newton’s second law of motion to ‘m’ (rectilinear motion),
YF=ma, mx=-k(x—R0O)
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(b)
Fig. p-6.14 Pulley-mass system

For mass M (rotational), J6 =3T

2
But J= %
2
ﬂ 6 = —k (RO—x) Rk, (RO) R 6,50
JO + k,R*0 — k,Rx + k,R*0=0 ..6.51

This is the differential equation of motion of mass and pulley

Assume that motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies. Let one of these components be,

x = sin wt, 0 = B sin ot
¥ =—A@’sin of, 6 =—Ba&’sin ot
Using these values in Eq. 6.50, we have
—JBw? sin ot + k, R*B sin @t — k,RA sin ot + k,R* B sin 0t =0, sin @t # 0
~JB@* + k,R*B—k\RA + ky R*B=0

2
—k,RA + [k\R*+ k,R* — J&*] B=0, kRA= [klR2 + kR —%- a)2] B
[kl+k2 ( ) ]R2 [kl+k2 (2)w2]R

B kR k,

The frequency equation is equating to two equations ratio,

2
("42’”)122 * [(%)kﬁm(/«ﬁkzmz @+ k kR =0
Dividing by MmR%2
ko 20k +k 2k ik
S ('M N s =0 6.52

This is in the form of a quadratic equation.
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The solution is given by the roots of the equation as

ky 2(k +ky) ky 20+ k)| 4x2kk,
m*ar PWmt T | bm
@iz = 2x1
60, 2(60 +40) i\/ 60 , 260 +40)7 4 %2 x 60 x 40
, L2 10 2 10 T 10x2
@y, = )
o2 - S0£39.24
1,2 2
o} 2040
o, = V44,62 = 6.68 rad/s
03 =022 538, 0,538 - 2319 radss
The amplitude ratios are
) [kl+k2—(%) aﬁ]R [60+4O—(12—0) x 44.62]1
(E)l - k, B k60 - 2052
, [kl+k2—(]‘2—4) w%]R [60+4O—(12—0)5.38]><1
(E)z - K - 60 -1z

The first-mode and second-mode shapes are as shown in Fig. p-6.14(c) and
Fig. p-6.14(d).

~<2.09 1.22
Node
1.0\ 1.0
, = 6.68 rad/s w, =2.32 rad/s
(© ()

Fig. p-6.14 Mode shapes

EXAMPLE 6.15
Determine the frequency equation for the system shown in Fig. p-6.15(a) and
determine the natural frequencies if k, =k, =k;=k,m;=m,=m and r,=r,=r
Solution Let us at any instant give an angular displacement ‘0,’ to the mass ‘m,’
and ‘0,” of the mass ‘m,’ as shown in Fig. p-6.15(a). Then the FBD is as shown in
Fig. p-6.15(b). Let 6,> 0,.
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k,r, 6,

Fig. p-6.15 Pulley system
Applying Newton’s second law of motion to the disc (1),
M= 10, kz(rzez—rlel) r —klrlel st =Ilé1
Lo, + kl’"% 0, — ko1 (10, —10)) =0

”’2—’2 6, + k20, — k7?0, + kyr*6,= 0

%é1+2k01—k02=0
mo |+ 4k0, — 2k6, =0

This is the differential equation of motion for the disc (1).
Applying Newton’s second law of motion to the disc (2), ZM = I0,
kx(r05 = 110)) 1y + ksraByry = 1,0,

L6, + kyry (r,0,— 7,6) + k3"§92 =0
2

% 6, + kr*6, — k1?0, + k176, =0
%éz +2k6, — k0, =0

mo , + 4k6, — 2k6, = 0

This is the differential equation of motion of the disc (2).

..6.53

...6.54

Assume that motion is periodic and is composed of harmonic motions of various

amplitudes and frequencies. Let one of these components be,
0, = 4 sin o, 0, = B sin wt
6, =-A&*sinwt, 6, =—Ba&’ sin ot
Using the values of ‘6,’, ‘6,”and @ , in Eq. 6.52,
—ma’ A+ 4kA -2kB=0, A (4k—ma®)=2kB
2k
4k - mo?

NSRS

...6.55
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Using the values of ‘6,’, ‘6,” and @, in Eq. 6.54,
—~ma’B + 4kB —2kA =0, B (4k—ma?)=2kA
4 _4k-mo’
B 2k
From equations 6.55 and 6.56,
2%k _ 4k-mo’
4k — ma? 2k
(4k — ma™* = k)%, 16k* — 8mka?* + m* o' = 4k*
m*@* — 8mke® + 12K* =0
i

k
4 2 _
[0)] —8ﬁa) +12m2—0

..6.56

This is the frequency equation and this is the quadratic equation in @”.

B [(Bkp 128

o’ = m m m2
- 2
a)2=%i f161§2_121§2
m m
, 4k 2k
W =t

m m

wfzﬁ , _ 6k

n m’ (02" “m

w,, =1.41 \jg rad/s, m,, = 2.45 \j%rad/s

where ®,, and @,, are first and second natural frequencies.

EXAMPLE 6.16
Determine the frequency equation for the system as shown in Fig. p-6.16(a).

Solution Letus atany instant give a displacement ‘6’ to the mass ‘M’ and the attached
mass ‘m’ as shown in Fig. p-6.16(a). Then the FBD as shown in Fig. p-6.16(b).

From the geometry of Fig. p-6.16(b), let 6> ¢
X=r¢, y=x+Isin@, y=x+I0andy=5x+10

For small angles of ‘@, let us assume the cylinder is oscillating about the point ‘0.
cosO=1,sin0= 0.

Considering mass ‘m’, 2V =0
Tcos 0—mg=0, T=mg,if ‘0 is very small cos 8= 1
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Applying Newton’s second law of motion to cylinder, ZM,, = 104}5
2kx.r—Tsin 0.r = I,0, Iy 6+ 2krg.r—mg 0.r=0

where Iy=Is+ M =12 M*?+ M2, I,=3/2 Mi?

Fig. p-6.126  System for Example 6.16

%Mrzili +2kr* 0 — mgr =0
%Mri]5+2kr¢—mg0 =0 ...6.57

This is the differential equation of motion for the cylinder.
Applying Newton’s second law of motion to the mass ‘m’,
XF = mx,-Tsin 0= my
my+T6=0
mx +mlO + mgh=0,10 +g0+%=0,10 +g0+rp=0 ..6.58
This is the second differential equation of motion for the bob.

Assume that motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies. Let one of these components be,

¢ =4 sin wt, 6 = B sin wt
¢ =—Aa’ sin wt, 6 =-Bw’sin ot
Using the values of; iﬁand 6 in Eq. 6.57,

%Mr (—Aw?) + 2krd — mgB =0, A[zkr —%Mrwz] = mgB

2mg

-— 659
r [4k - 3Me?]

4
B
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Using the values of @, 6 and ¢ in Eq. 6.58,

— ol
I(Boh) +gB-Aatr=0, Blg-ah-datr, -5
B e

...6.60

2mg 8- o’
rl4k-3Ma?]  re?

From equations 6.59 and 6.60,

(g — @’l) (4k - 3Ma®) = 2m a’g, 4kg — 3Mg & — 4k | @* —2mg @’ + 3M | &* =0
3Miw* — [3Mg + 4kl + 2mg] @* + 4kg = 0,

This is the frequency equation for the given system.

6.4 SEMIDEFINITE SYSTEM OR DEGENERATING
SYSTEM

This is defined as a system where one natural frequency is equal to zero. This is also
known as a degenerate system. Consider the system to represent two masses ‘m,’ and
‘m,’ and with a coupling spring ‘.’ as shown in Fig. 6.2(a).

X Xz
k k (x, — x,)
2 =X
m m ] e m >
m; X, myX,

(a) (b)
Fig. 6.2 Semidefinite system

Now at any instant, give displacement ‘x,’ to the mass ‘m;’and ‘x,’ to the mass ‘m,’
to the Fig. 6.2(a). The FBD is as shown in Fig. 6.2(b).

Assuming that x, > x; or x, > x, also can be taken, but x, > x, is easy to writing down
the differential equations.

Apply Newton’s second law of motion to the mass ‘m,’, i.e. 2F = ma

myx; =—k(x;—x,), mx;+k(@x-x)=0 ...6.61
Similarly apply Newton’s second law of motion for the mass ‘m,’,

myx, =—k(x,—x)), mp¥tk(x,-x)=0 -.6.62

Assume that motion is periodic and is composed of harmonic motions of varies
amplitudes and frequencies. Let one of these components be,

x, =4 sin 0¢, X, = B sin ot
x, =Awcos ®t, X, =Bwcos wt
X, =-Aa@’sin f, X, =—Ba’sin ot
Substituting these values in equations 6.61 and 6.62, we get
(k—m@?) A—kB=0 ..6.63
—kA + (k—m,0*) B=0 ...6.64
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The frequency equation is obtained by equating to zero the determinants of the coef-
ficient ‘4’ and ‘B’ are

(k—m,a?) —k B )
—k (k—mza)z) —0,(k—mlwz)(k—mzaﬁ)_(_k)(_k)_o

I — kmy0* — km,@* + mmy@* — K = 0, mym,0°* — km,* — km,@* =0

@ [mmy@® —k (m;+m,)]=0 .. @, =0,as one of their natural frequencies is equal

e k(m, + m,)
to zero as the statement of the semidefinite system and w, = —mym, rad/s.

Mode shapes Dividing Eq. 6.64 by Eq. 6.63, we get
—kA + (k — m,0?) B/(k —m,0”) A— kB, % =— (m,/m,).

EXAMPLE 6.17

Two identical cylinders are linked together as shown in Fig. p-6.17(a). Determine
the natural frequencies of the system.

/\A./‘F,‘e‘2 2_@9‘2
0, 6,
kr (6, - 6,) ’
0.
of 7 dl

(a) (b)
Fig. p-6.17 Cylinder system

Solution Let us at any instant give an angular displacement ‘0,’ to the first cylinder
of mass ‘m’ and ‘0,’ to the second cylinder of mass ‘m’ as shown in Fig. p-6.17(a).
Then FBD is as shown in Fig. p-6.17(b).

Applying Newton’s second law of motion to the cylinder (1), let 6, > 6,
EMP=Ipé,—kr(ez—el)r=—lpé, —Ipé +kr202—kr20120
—% mr?0 | + kr*0, — kr*0, =0, — % mo + k0, —k6,=0 ..6.65

This is the differential equation of motion for the cylinder (1).

Applying Newton’s second law of motion to the cylinder (2),
2M0= Ioé, kr(ez—el)rz—loéz, 10é2+kr202—kr‘201 =0

2 by + k6, — k0, = 0 666
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This is the differential equation of motion for the cylinder (2).

Assume that motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies. Let one of these components be,

6,--Ac’sinot  6,=-Ba’ sin ot
Using the values of 6,, 6,, 6, in Eq. 6.65,

3 > ( 3 ) A 2k
Zm(-A0®)+kA—kB=0, A|lk-Zma?|=kB, S=—"— 667
pmCA®) 2 B 2k-3mw?

Using the values of 8,, 8,, 6 , in Eq. 6.66,
3 ~0, 8 (k-2mat)- 4_2k-3me’
5 m(-Baw)+ kB—kA=0, B|k- S me’|=kd, o o ...6.68

From equations 6.67 and 6.68,
2k 2k-3me’
2k —3ma’ 2k

4k (4%
(D%” =0, @y, = 0 (D%H = 3_ma ®,, = 3_m rad/s

Since one of the natural frequencies is zero, the system is a semidefinite system.

s 2k - 3me®)* = 2k)%, 2k — 3ma@® = + 2k, 3maw® = 2k + 2k

EXAMPLE 6.18

Two flywheels of moment of inertia ‘Z,” and ‘I,” are keyed to the ends of a steel
shaft. Derive an expression for the frequency of free torsional vibrations of the
system shown in Fig. p-6.18(a) and describe the modes.

FDB

(a)
Fig. p-6.18 Flywheel system

Solution Let at any instant ‘0,” and ‘6,’ be the angular displacement of flywheels
‘I’ and ‘I, respectively. Let ‘£, is the torsional stiffness of the connecting shaft of
flywheel ‘/,”and ‘I,’. Then the FBD is as shown in Fig. p-6.18(b); assume 6, > 6,

Then twist of the shaft= 6, — 0,.

Then equation of motion is,
1,6, =~k (6,-6,) ..6.69
L8,=k (6,-6) ..6.70
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Assuming that motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies. Let one of these components be,

0, = 4 sin w1, 0, = B sin ot

6, =—Aw*sin wt, 6,=—Bw*sin ot

Substituting these values of 8;, 6,, 6 | and @, in equations 6.69 and 6.70,

(k,— @) A, = kAy, (k,— @’L) 4, = kA,
From these two equations, we obtained the amplitude ratios as
4, k, k,— oI,
A2 kt - (0211 kt
which gives the frequency equation as

..6.71

(k,— @’L) (k,— &’L) = K, & [, —k (I, + )] =0

’k I +1
o, = 0 rad/s and @, = % rad/s.
2

Since one of the natural frequencies is zero, the system is a semidefinite system.

Substituting these values of the natural frequencies in the amplitude ratio 4,/4, in
the above equation 6.71, we obtained the two conditions for the principal modes as
shown in Fig. p-6.18(c).

4, k-ol 4, - k (I + D)
A_2 = k, =1 when @, =0 and A_2 = 1_1’ when w, = T rad/s.

Node 6,

Fig. p-6.18 Principal modes

EXAMPLE 6.19

An electric train made of two cars weighing 30 kN each has got a spring coupling
of 3000N/mm stiffness as shown in Fig. p-6.19. Determine the natural frequency
of vibration of the system.

Solution For small displacements x; and x, of the two cars, applying Newton’s
second law of motion, we get

mx; =k (x, —x;) ..6.72
mx, =—k (x,—x;) ..6.73
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soEETas = - SoEEES T

il wwmww I
C1=NALEN—IONO

Fig. p-6.19 Electric train

This is the differential equation for the motion
where k = Stiffness of coupling spring, m = Mass of each car
For principal mode of vibration, let x; = X, sin @t, x, =X, sin 0t
Putting these values of x’s and their derivatives above equations 6.72 and 6.73, we
get,
X, (k—ma?) = kX,, kX, =X,(k—ma’)

. . X k k—ma?
The amplitude ratios are Yz Sk
So, the frequency equation is,

, 23000

_ 22 _2k p_2x3000 _
k2—(k—ma)),ora)2—m,w" 30000 0.2
o, = 0.447 rad/s
@, 0447 _
" Toam T am 0.07 Hz
6.4 COMBINED RECTILINEAR AND ANGULAR
MODES

In this chapter, almost all cases have been discussed, where two coordinates have
been either both linear systems or both angular systems. Now in this section we will
discuss a system having combined rectilinear and as well as angular modes.

Let us consider a body having a mass ‘m’ and momentum of inertia ‘. (where J=mr?,
r = Radius of gyration about the centre of gravity of the body CG) supported by
springs of stiffness ‘k,” and ‘%, and capable of oscillating in the directions ‘x’ (linear)
and ‘@’ (angular); and ‘/,” and ‘/,” are the distances between the centre of gravity of
the body and the springs ‘k,” and ‘k,’ respectively as shown in Fig. 6.3(a).

(a) (b) (c)

Fig. 6.3 Combined rectilinear and angular modes system
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Suppose at any instant, the body be displaced through a linear distance ‘x’ and angu-
lar distance ‘@’ as shown in Fig. 6.3(b).

Now assuming that at this instant, taking ‘0’ to be small, the springs ‘k,’ and ‘k,” will
be compressed through an amount of (x — /;6) and (x + ,0) respectively from the
equilibrium as shown. Then the FBD of entire system is as shown in Fig. 6.3(c).

Now apply Newton’s second law of motion and write down the differential equations
of motion for the system by considering the ‘x’ and ‘6’ direction by taking the forces
and the moments in the respective directions acting on the system.

mi = —k(x— 1,0) — by (x + ,0), JO =kyl,(x — 1,0) — kyl, (x + 1,6) or
m3 +x (ky + ky) = (ki1 - k,1,)0
JO+ (kP + Ipl) 6= (kyly — kyly) x

! k +k
P

Put =ﬁﬁ%ﬁé 675
_hﬁ+@&
a J

1
Also we known that J = m#?

Substitute all these values in equations 6.74 and it will

R

X +Px=00

6 +R0=(g)x

reduce to
...6.76

2

Almost in all earlier cases, we ended up with two differential equations, one for each
mass which are coupled with respect to the two coordinates. In the above cases ‘Q’ is
termed as the coupling coefficient since if Q = 0, the two equations are independent
or uncoupled of each other and therefore give the two motions, one is rectilinear
and the other one is angular. These can exist independently of each other with their
respective natural frequencies VP and VR and in case of uncoupled system when
Q =0, it means k,/, = kI, the natural frequencies in the rectilinear and angular modes
respectively, are given as below:

ki + k,

m

2 \/E = J

wIZVF:

n

,
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Now consider the coupled equation 6.76 and let us assume the principal mode of
vibration.

Let x =Xsin 0t, ¥=-Xa’sin otand
0=pBsinwt, 6 =-B o sin ot ...6.78a
e 2 .
* =X’ sin of .6.78b
6 =—Ba’ sin ot
Substutiting these values in equations 6.76 and simplifying, we get
[’ +P1X= 0P
Q) ..6.79
2
0"+ RI=|5|X
o en=(
By these equations we get the amplitude ratios:
x 0
== ...6.80
B P-o
X R-&
== ..6.81
B2
2
0 Rl
Therefore, =
P-o* @
2
By simplifying these we get the frequency equation as
0?
w4—(P+R)w2+{PR—7}=0 ..6.82

This is in the form of a quadric equation of @?, and the roots of the above equation
gives the following two natural frequencies of the system.

2
o’ = %(P +R) —\}% (R-P)*+ %

1 1 0

_ 2

wfz—E(P+R)+ 1 ®-P +7 ..6.83
These two natural frequencies reduce to that of equations 6.77 when Q = 0 for the
uncoupled case and the mode shape can be got in the usual manner. Also the expres-

sion will not be much meaningful in this particular case due to complexity.

m GEARED SYSTEM

Consider a geared system as shown in Fig. 6.4(a). This system may be replaced by an
equivalent system shown in Fig. 6.4(b) by assuming the following.




252  Mechanical Vibrations

1. The gear teeth are rigid and are always in contact,
2. There is no backlash in the gearing, and
3. The inertia of the shafts and gears is negligible.

The following two conditions must be satisfied by an equivalent system.

1. The kinetic energy of the equivalent system must be equal to the kinetic energy
of the original system.

2. The potential energy of the equivalent system must be equal to the PE of the
original system.

~. KE of section (1) + KE of section (2) = KE of section (1) + KE of section (3)

; ke | e
1 kt
(a) (b)
I1 Ie
AT N AT N
A0 A0
kt (92 - 91)

(1) ()
(© (d)

Fig. 6.4 Geared system

Note: Let N; and N, be the speeds of the pinion and gear respectively.

) 27N, 27N,
. angular velocity @, = 0 2" e rad/s
) Speed of pinion
Gearratio=n=———>F—-——
Speed of gear
Ny o
" N, @
KE of section (2) = KE of section (3)
2 2
| |
5 120 2 = 5 Iee e

where éz and ée are the angular velocity of the sections (2) and (3) respectively.
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But the rotor 1, is rotating at the same speed as /.

. . 1. :2 1. -2
0.6, ~556,=5106, Lk =10}
1 5 . .
1= A% 1= 2 inertia of equivalent system
(@)

Since potential energy of both the systems are same,

1 1

> k03 = > k.02 k0% =k, 0%,

k k
2 k.- —tzz equivalent torsional spring stiffness of the section (3).
n

e 01 2 Me
6,
EXAMPLE 6.20

An electric motor rotating at 1500 rev/min. drives a centrifugal pump at
500 rev/min, through a single-stage reduction gearing is as shown Fig. 6.4(a). The
moments of inertia of the pump impeller and the electric motor are 1400 kg-m2
and 400 kg-m2 respectively. The pump shaft and the motor shaft are 45 cm and
18 cm long respectively and their respective diameters are 9 cm and 4.5 cm.
Determine the natural frequencies of oscillation. Neglect inertia of gears and
G =0.8 x 10° kg/cm?.

Solution N, = 1500 rpm, N, = 500 rpm, I, = 400 kg-m?, I, = 1400 kg-m?, , = 18
cm, I, =45 cm, d, = 4.5 cm, d, =9 cm, G = 0.8 x 106kg/cm

kt

. M 1500
Gear ratio n= N2 n= 500 3
By t 1 ti r_Go Z=k=%=Gﬂd4
y orsiona equation, —— I ] 0 0 t / 321
0.84x 10" x £ x (0.045)"
k, - 3% 045 » k,; = 187869.70 N-m/rad
- 0.84x 10" x x (0.09)*
k, = 0% 045 > =1202366.05 N-m/rad
The given system can be reduced as shown in Fig. 6.4(b),
I
where 1, —22 = 1‘;00, I, = 155.56 kg-m*
n
k
=2 - 1202;&, k, - 133596.23 N-m/rad
n

Again the system reduces to Fig. 6.4(c). Then the FBD is as shown in Fig. 6.4(d),
1 1 1 1

1 = —
where =t T 187869.70 T 133596.23
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k, =78075.72 N-m/rad
Applying Newton’s second law of motion to the disc (1), 6, > 6,
IM=10 . k(6,-6)=16,
16 ,+k0,—k6,=0 ...6.84
This is the differential equation of motion for the disc (1).
Applying Newton’s second law of motion to the disc (2),
IM=10,-k(0,-0)=16,  LO,+k6,—k6 =0 ...6.85

Assume that motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies. Let one of these components be,

6,=—-Aw’sinwt, 6,=-Bw’sin ot
Using these values in Eq. 6.84, A
A t
L(-A0®)+kA=kB, %= ... 6.86
l( ) t t B k; B Il(D2

Using the values of 6, 6,,6 , in Eq. 6.85,

4 Lotk kL

L (-Ba?) +k,B=k, A, Bk 3 ..6.87
. k, k+—La? X s s
From equations 6.86 and 6.87, P Ila)z = 3 s (b, — L") (k,— I, @") =k,
LLo [k I+ kI) 0+ k}=k> [, 1, @ — (k1 +k1)]=0
+
2 - 78075.72 [400 + 155.56]
2 400 x 155.56 ’

@, =697.10 .. o, =0, ®,,=26.40 rad/s

Since one of the natural frequencies of the system is equal to zero, the system is
semidefinite.

6.7 VIBRATION ABSORBER OR UNDAMPED
DYNAMICVIBRATION ABSORBER OR
FRAHMVIBRATION ABSORBER

When a single-degree-freedom system k; — m, as shown in Fig. 6.4(a) subjected to a

harmonic force F' = F|, sin @t, it will undergo resonance, when the forcing frequency
equals to the natural frequency of the system.

It is possible to make the amplitude of vibration of mass ‘m,’ to become zero, by
adding a sub-system ‘k, — m,’ as shown in Fig. 6.4(b) thereby converting the origi-
nal single-degree-freedom system into a two-degree-freedom system. The system
which is attached to the main system is termed the dynamic vibration absorber,
also known as Frahm vibration absorber after the name of its inventor and it has to
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X (b)

Fig. 6.5 Dynamic vibration absorber
be properly designed so that the amplitude of vibration of the main system should be
equal to zero.

The disadvantage of this system is the occurrence of two resonant conditions. By
keeping away of these two resonant conditions, one can use this principle for vibra-
tion reduction. Also this type of absorber is extremely effective at one speed only and
thus it is suitable only for constant speed machines.

Let us consider a two-degree-freedom system as shown in Fig. 6.5(b). The spring-
mass system k; — m, is considered as a main system subjected to a harmonic force
F = F,sin wt. The spring-mass system k, — m, is considered as an absorber system.

Write down the differential equation of motion for the system by applying Newton’s
second law of motion to the mass ‘m;” and FBD is as shown in Fig. 6.5(c).

FBD
kX,
l ¢x1l)'('1
lm15('1

ks (%, = Xy)

bl

MyX,

(@) (b) (©

Fig. 6.6 Spring-mass system
SF=mx, F+k,(x,—x))—kx =mx,
mx;+ kxy—kpxy +kx —F=0, mx;+(k;+k)x —kyx,=F ..6.88
This is the differential equation of motion of the mass ‘m,’.
Applying Newton’s second law of motion to the mass ‘m,’.
IF=mx, ky,(x,—x))=myx, myX,+hkx,—kx;=0 ...6.89

This is the differential equation of motion of the mass ‘m,’.
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Assume that motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies. Let one of these components be

x, =X, sin o, x, =X, sin ot
X, =—X, o’ sin 0t, ¥, =—X, & sin ot
Using these values in equations 6.88 and 6.89, we have
my (—X,0” sin 0f) + (k; + ky) (X, sin @f) — kX, sin ot = F
But F=F,sin ot
X, [(k, + ky) —m,@*] sin @t — X,k, sin ot = F, sin @t
Xi[(ky + ky) — my @] — Xk, = F
X, [k, + k) — m@*] = Fy + X,k, ...6.90

Equation 6.89 becomes m, (- X, @ sin 0f) + k, (X, sin @) — k, (X, sin ®7) =0

X[y — my ') = Xiky, X, =X, [ ..6.91

ky
ky — m, @
Using the values of Eq. 6.91 in 6.90, we have

X, (ki + k) —m@*=Fy+k,|———
l(l 2) 1 0 2 k2—m2w2

X, 2

(ky + by — my @) — =Fo, X,

(k1+k2—m1w2)(k2—m2a’2)—kgl

? ky — m, "

ky — m,w

Fo(ky - mzwz)

%= [[(kl + ky— my @) (ky — my0?) — K2

...6.92

The condition for dynamic vibration absorber is that the amplitude of mass ‘m,” =0,
ie. X 1 = 0
Folky—m, @0*) =0

kFy #0 cky—my @* =0
k k

2 _ 2 - 1,_2

Or " =g, e ©=\m, rad/s
ky ky

But o, = m—land 0= \m, Q=0
i.e. when the forcing frequency is equal to the natural
frequency of the sub-system then the dynamic vibra- X
tion absorption is attained as shown in Fig. 6.6(d). !

F, I F = F,sin ot
The static deflection x,, = k_l X,

Fig. 6.6(d) Dynamic vibration
absorption
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m
F0k2[1 2 0)2]
k2

[ Kk, — mok 08 + I — moky @ — m ey + mymy00* — i)

From Eq. 6.92, X, =

m
k2[ 1- k—2 wz] F,
X, = - 2 693
mym,0° — [m ik, + mok, + myky) @ + k]

m
kzl—k—zwz]Fo
X 2
! ml my my mp
ki, — o [ T2 Ty
12 kl k2 kl k2 kl
my
X -5
m m m
X B wz [ ™t 2(02+—a) i
1
m,
Let m—1=,u,
my_myomm m g
RO R R
1-(2)
ﬁ_ [_(a’z)] 6.04
- a) ses U

X, W\2( W\2 2 (W2 \2
e (@) () (o) rala )]
For dynamic vibration, X, =0,52= 1, 0= w,.

The natural frequencies of the combined system is obtained by comparing Eq. 6.90
and Eq. 6.91 or by equating the denominator of either equations 6.93 or 6.94 to
Zero.

4 k2 kl k2 2 klk2

O~ \m,tm tm w+mlm2=0

This is a quadratic equation in .

Assuming a restricted case ®; = @, or @/, =1
[+ a2+ pad] 0+ 0 02 =0
4 p) 4 \4 \2
—[2a8 + o+ oy = (—)—2+ (—)+1=
(Y [ > ,Uwz] 0,=0, , [2+u] o, 0

 \2
Let R- (52)
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R—Q2+WR+1=0

This is a quadratic equation in R.

R_2+,uim
a 2
T ] o B
(@ =1 (5) = ()

(B (1) 2T (2

(1) e (5

| L]
o 0.5/, 1.0 (®,\1.5 2.0
@, @y
B )
@y

()]
Plot of 1 versus o

st 2

0.7 } } } } " } } }
0 01 02 03 04 05 06 0.7 0.8
_ > ﬂ

Fig. 6.6(e) Plots for Frahm vibration absorber
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These are the two natural frequencies of the combined system for a special case
(Dl = (Dz.

EXAMPLE 6.21

A spring-mass (k; — M) system is being acted upon by a harmonic force F = F
sin wt (force acting on the mass) as shown in Fig. p-6.21. Another (k, — m) system
is attached to the mass ‘M’. Analyse the system to show that the second system
may act as a vibration absorber if properly designed. Mention how to design it.

Ky

IF=Fosina)t

X

(a) (b)
Fig. p-6.21  Spring-mass system

Solution As per the statement of the problem, the system is as shown in
Fig. p-6.21.
The system is of two degrees of freedom with a forcing function acting on mass
6M,.
Applying Newton’s second law of motion to mass ‘M’ in Fig. p-6.21, the equations
of motion are

M)él +k1xl +k2(x1—x2)=F0 Sin wt ...6.95

mx, +ky (x,—x;) =0 ...6.96
This is the differential equation of motion of masses ‘M’ and ‘m’.

Assume that motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies. Let one of these components be,

x, = A sin 0f, x, = B sin ot
X, = @A cos ®t, X, = WB cos wt
X, =—w*4 sin 0, X%, =—a’B sin ot
Substituting these values in equations 6.95 and 6.96,
M(~ @ A sin of) + k4 sin 0t + k, (4 sin ot — B sin ®1) = F, sin ot
m(— &* B sin wf) + k, (B sin ot — A sin of) =0
(ky+ky—Ma?) A—k,B=F, —k,A+ (ky—ma*)B=0
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Fy(ky — ma®)
(ky + by — M) (ky — ma@®) — I

Solving the above equation, 4 =

In order to cut down the amplitude of vibration of mass ‘M’, i.e. 4 = 0, (k, — m@?)

1’kz
must be equal to zero. Hence, k, = ma’ or @ = "

k2
® =\, rad/s

The absorber must be, therefore, so designed that its natural frequency is equal to the
impressed frequency. When this happens, the amplitude of vibration of mass ‘M’ is
practically zero.

In general, an absorber is used only when the natural frequency of the original system

ki K
is close to the forcing frequency. Hence, uom is approximately true for the entire

system.

EXAMPLE 6.22
A two-degree-freedom system is as shown in Fig. p-6.22(a).

Determine the amplitude of masses ‘M’ and ‘m’. What modifications are nec-
essary if the sub-system is to act as a dynamic vibration absorber under the
following condition?

(i) Spring stiffness kept constant.
(ii) The amplitude of the absorber mass is limited to 0.01 cm.
Solution M =10kg, m =0.5 kg, k; = 4000 N/m, k, = 500 N/m, F = 50 cos 21¢

Let us at any instant give a vertical displacement ‘x’ to the mass ‘m;’ as shown in
Fig. p-6.22(a). The FBD is as shown in Fig. p-6.22(b).

Applying Newton’s second law of motion to mass ‘M TF = Mx

kyx,

4000 N/m [ M JI%,

F 5

ISOcos21t Mx,
10 ki k _

9 < 500 /m 2 (2= X)
L™ Ik,
0.5 kg m,X,

(a) (b)

Fig. p-6.22 Two-degree-freedom system
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Applying Newton’s second law of motion to the mass ‘m’,
SF =mx —k, (xy—x;) = mx,, mx, + kyx, — k,x, ...6.98
This is the differential equation of motion of masses ‘M’ and ‘m’.

Assume that motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies. Let one of these components be

x, =X, cos ot, x, =X, cos ot
Using these values in equations 6.97 and 6.98,
M(-X, & cos ®1) + (k, + k,) X, cos ot — k, X, cos ot = F, cos ot

X, [k, + ky — M@?] - kyx, = F, ...6.99
m(—X, @’ cos 1) + kX, cos @t — k, X, cos @t =0
k
X, [ky - me*] - by X, = 0, X, = | ———|x, ..6.100
k, — ma’
Using Eq. 6.100 in Eq. 6.99, X, = |(k, + ky— Mo?)————— |- F,
(ky — mar)
F, (k, — ma*
= oz ) .. 6.101
(ky + by — M) (ky — ma?) —
Using Eq. 6.101 in Eq. 6.100,
F0k2
X, = ..6.102
2| Gy + ey — M) (ky — mo?) — K2
. amplitude of the mass ‘M’ is
~ 50 (500 - 0.5 x 21%)
'] (4000 + 500 — 10 x 212) (500 — 0.5(21)2) — (500)>

X, =-6215%x10*m
. amplitude of the mass ‘m’ is

50 x 500
X = 2 2
(4000 + 500 — 10 x 212) (500 — 0.521)) — K2

X,=-1.112x 10" m

(i) For the sub-system to act as dynamic vibration absorber, x;, =0

k
From Eq. 6.101, Fy (ky — m %) =0, 0> = —
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ky
Keeping &, constant, m = —
ping «, (02
(9 k 0
mass ‘m 5> m=113kg
21)

(ii) Given X, = 0.001 m

For dynamic vibration absorber, X, = 0

ie. (ky —ma?) =0
From Eq. 6,102, X,= —0 . g =0
rom Eq. 6.102, =— L k=—
q 2 k2 2 X2
=50

k, =5 x 10° N/m. Negative sign may be neglected.

~0.0001

Note: The vibration absorber must be so designed that its natural frequency is equal

’kz
to the forcing frequency, i.e. = @,, ® = m, rad/s

When this happens, the amplitude of vibration of the mass ‘m,’ of the original system
is equal to zero. In general, a dynamic vibration absorber is used only when the natu-
ral frequency of the original system is close to the forcing frequency (resonance).

ky 2
Hence, o = o; = @,, or m = m, is true for the entire system.

m CENTRIFUGAL PENDULUM ABSORBER

The undamped dynamic vibration absorber discussed earlier is fully effective at only
one frequency of design. They lose their effect if

the speed changes. In cases where either the speed
changes or the speed fluctuates, the centrifugal r\y 2
vibration absorbers are very effective. ¢
. . . A 0

In case of a torsional system having torsional ‘,
oscillations superimposed upon its rotation, it

is possible to use an undamped dynamic vibra-

\w

tion absorber that will be effective at all rotating
speeds. A centrifugal pendulum absorber is shown

in Fig. 6.7. Fig. 6.7 Centrifugal pendulum

The centrifugal pendulum absorber consists absorber

of a small pendulum of mass ‘M’ and length ‘/

attached to the main rotor (J) of radius ‘R’ rotating at an angular velocity of ‘@’ rad/s
as shown in Fig. 6.7. Assume that the mass of the pendulum bob is ‘M’ and the string
has negligible mass. Resolving the centrifugal force of the pendulum mass as Mre®
into two components, Mr@” sin ¢ in the tangential direction and Mr@” cos ¢ in the
radial direction, the moments leads to

MP§ + Mra? (sin ¢) I=0or 6 +§w2sin¢=o
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But R = r .. or
sin ¢ sin (180 -6) sin 0@
Rs1n0—rs1n¢,0+( )0 0,w,= anji
Speed =l=2=

2T s
= IPs.
o7
UNTUNED DRY FRICTION DAMPER
(LANCHESTER DAMPER)

This type of damper is very advantageous to use for torsional vibrations near reso-
nance conditions. This dry friction damper is very useful in reducing the amplitudes
of torsional vibrations of the systems at critical speed or at resonance conditions.

The main parts of this damper are two flywheels and hub, shaft with key, spring
loaded bolts and friction material as shown in Fig. 6.8.

Fly wheels
F :
/\ \ Spring loaded
—t %ﬁaaaﬂamr bolts (B)
L_'_'_'_'_'_wu—uu’ﬁ ) -

| Friction material

— ()

 Shaft (8)

- '_:_:_:_"_A' ____ %_ _E_____
% Main system ™|

fly wheel

Fig. 6.8 Dry friction torsional vibration damper

The construction of the friction damper is simple and it consists of two flywheels
(F, and F,) mounted freely over a hub (H). The hub is rigidly fixed to the shaft (S)
undergoing vibrations and then the flywheels are driven by the friction plates (P)
fixed to the extension of the hub. The pressure between the friction plates and fly-
wheels being adjustable by means of the spring-loaded bolts (B) which hold both the
flywheels together.

The working principle of dry friction damper is based on two conditions:

1. If the frictional torque is more then the pressure between the friction plates
and the flywheels is very large. In such a situation, the flywheels become
rigid with the shaft and possess the same oscillations as that of the shaft. In
this condition, there is no energy dissipated during vibrations due to the zero
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relative rubbing. Then the amount of energy dissipated is proportional to the
frictional torque times the relative velocity.

2. If the pressure between the friction plates and the flywheels becomes zero,
the relative velocity is maximum but the frictional torque is zero. Here also,
there is no further energy dissipation. But, for an intermediate value of the
pressure, there is relative rubbing as well
as frictional torque because of the inertia
effect of the flywheels, and therefore
some amount of energy is dissipated.
Hence, there is reduction in amplitude of
torsional oscillations. Hence, it is under-
stood that greater the amount of energy
dissipated, larger will be the amplitude
reduction of the main system and this Fig 6.9 Energy dissipated versus
energy dissipated versus frictional torque frictional torque curve for
curve is as shown in Fig. 6.9. dry friction damper

»

Energy dissipated >

Frictional torque —>

Though the system looks to be simple, its mathematical analysis is complicated. This
is because of the flywheels slipping fully or partially or not at all depending upon the
pressure of the spring bolts.

Now let us consider the shaft to be oscillating about its normal speed as shown by the
time-speed curve of Fig. 6.10.

Let ‘T” be the constant torque, ‘J;” and ‘J,’ be the mass moment of inertia of the fly-
wheels and ‘@;’ is the relative velocity at any instant.

If the flywheels are continuously slipping over the shaft then they will be acted upon
by a constant torque. This will give a constant angular acceleration to the flywheels
7).

This is shown in Fig. 6.10, the constant angular acceleration of the flywheels gives a
constant slope of the velocity curve. This can be indicated by BDF in Fig. 6.10.

The linear velocity of the flywheels will continue as long as to increase the shaft
speed and make it greater than that of the flywheels in BDEFG. When the shaft speed
is lower than that of flywheels, the latter’s speed will continue to decrease.

] Slope=TIJ E Shaft speed
[
2|1 F
(7] [0)% B
G
X D
o V slope = T Flywheel
e speed

Time ——

Fig. 6.10 Relative slipping in a Lanchester damper
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Then work done per cycle or energy dissipation per cycle is given by the expression
E=] Txawtor E=Tx]| @t E=T x Area shaded (XABCD).
cye cyc
On the other hand for decreasing pressure between the flywheels and friction plates,

the curve of flywheel speed becomes flatter and at the end this will coincide with the
mean line at the zero pressure as indicated by the line DF'G shown in Fig. 6.12.

Next in case of increasing pressure, the same curve becomes steeper and at the end it
will coincide with the shaft speed curve.

6.e UNTUNED VISCOUS DAMPER, OR HOUDAILLE
DAMPER

The principle of a viscous damper, also called Houdaille damper, is almost the same
as that of the Lanchester damper, except for small changes: instead of using frication
plates for dry friction damping, a viscous damper is used in this system. These types
of dampers are helpful for damping out torsional oscillations. The viscous damper is
added to a dynamic system to alter its vibrational response.

The construction of the viscous damper is simple and essentially consists of a rotat-
ing rotor or disc enclosed in a close-fitting case and which is keyed in the shaft as
shown in Fig. 6.11.

The working principle of a viscous damper is that if the shaft rotates, normally the
disc also rotates at the shaft’s speed owing to viscous drag of the oil between the case
and disc or rotor.

If the shaft vibrates torsionallly, the viscous action of the oil takes place between the
disc and casing which produces the damping of the system.

Freely rotating

KX
RXX

9%

%08
298

%

XXX
Sasosess

29588
XXX

SERRR
oS

3z
5

<5

RS
RS

RIZXR

o398

%
oS

%

S
X

bos

RS

—

Close fitting
case

Fig. 6.11 Untuned viscous damper or Houdaille damper

Now there will be two cases arises in this system:

1. If there is zero damping in the damper, this is ineffective and the system cor-
responds to a single-degree-freedom system.
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2. If the damping is too large, the damper mass becomes virtually integral with
the main mass. Even then, it remains a single-degree-freedom system, whose
effective mass becomes larger. When the main system rotates at such a speed
then torsional vibrations are produced, and there will be energy dissipated due
to the viscous drag of the viscous material filled between the casing and the
disc. In this condition, the energy of the main system is reduced; hence there
is a reduction in amplitude of torsional vibrations of the main system.

Now by the above working principle of a viscous damper, the optimum damping is
produced in the system and we get the maximum response of the damper over the
entire frequency range, and it will not go beyond a certain permissible limit. Usually,
a Houdaille damper is used for machines of fluctuating or variable speed, and also
maximum response being controlled
by the ratio of inertia of damper to
the inertia of main system is equal to
JoIJ;, where ‘J;” and °J,’ are the mass
moments of inertia of the flywheels.

e

A

Optimum
damping

The magnification factor versus
frequency response curve for an

untuned viscous damper is as shown ey >
. . 'n —>
in Fig. 6.12.

From Fig. 6.12, we can see that fre-
quency response curve is of same
nature for the above two cases except
that the peak now shifts towards the left by an equal amount based upon the ratio
of the damper inertia to the main system inertia. It can be shown that the point of
intersection ‘X° of the above two curves, corresponding to & = 0 and & = , is the
point through which the frequency response curve of different damping values pass
through it. A system having optimum damping has its frequency response curve ‘X’
as the maximum point. The idea is to add optimum damping in the system in order
that the maximum frequency response curve over the entire frequency range does not
go beyond the certain limit only.

Magnification factor—-

Fig. 6.12 Magnification factor versus frequency
response curve for untuned viscous
damper

TORSIONAL VIBRATION ABSORBER

In case of undamped dynamic vibration absorber of rectilinear system, a torsional
vibration absorber can be used to minimise or completely eliminate torsional oscil-
lation of a system.

Let us consider a single rotor system of torsional stiffness ‘4,;” and mass moment
of inertia of rotor ‘J;’ subjected to a periodic torque ‘7 sin @’ as shown in Fig.
6.13(a).

It is possible to make the amplitude of torsional vibration of rotor ‘J,’ to become
zero, by adding a torsional vibration absorber of sub-system ‘k,, —J,” as shown in
Fig. 6.13(b) thereby converting the original single-degree-freedom system into a two-
degree-freedom system. This analysis holds good for a dynamic vibration absorber
as we already studied in Section 6.7.
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D D
T sin wt T sin wt

Disc-1 C— 1] Disc-1 C———— 1
J i
1 A E | kt,
Disc-2 Ciiiliiiii

(a) (b)

Fig. 6.13 Torsional vibration absorber

Consider Fig. 6.13(a). In this system we see that a harmonic torque 7 sin wf is
impressed on the rotor, and the natural frequency of the main system is given by the

(D" J Iad S ...0.

Then the natural frequency of the main system coincides with that of the impressed
torque frequency, and resonance occurs. However, the system requires some modi-
fication in which one modification is to change the stiffness of the shaft ‘%, or
otherwise the inertia of the rotor ‘J;’ to change the natural frequency of the system,
because these are the two parameters in the whole system. But the above two modi-
fications are somehow difficult to implement due to operating problem restrictions
such as limited space, etc. Then an absorber rotor ‘J,” and the stiffness of the shaft
‘k,,” are to be added to the original system rotor ‘J;’ to absorb the impressed torque
(T sin o) such that the rotor J;” does not vibrate. Here, the absorber should be tuned

ks
g
This absorber should be strong enough to carry the amount of applied impressed
torque to the absorber rotor or disc.

to the impressed frequency of ‘@’ so that @, = 0 = ...6.104

It can be seen that any value of ‘k,,” and ‘J,” will meet the requirement as long as their
ratio is equal to the square of the frequency (@?). Suppose a shaft is to be added to a
system. It may require a very long axial length which may not possible. Several ways
are used to replace it out of which the most important torsional absorbers are ring
torsional absorber, four-spring torsional vibration absorber, etc.

1. Ring torsional vibration absorber The construction of a ring torsional
absorber is very simple and it consists of a ring (R) attached to the rotors or discs (J;,
J,) of the original system. A mass is connected to this ring by means of a number of
springs (k) as shown. If no vibration is present, the entire unit revolves at a constant
speed. When torsional vibration occurs in the system, the mass tends to continue
to revolve at constant speed and hence the springs are deflected and it acts as an
torsional absorber. When the springs are deflected due the vibration caused by the
main system, there is a change in their potential energy and thus they can absorb the
energy of vibration of the main system. Hence, the vibrations of the main system
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T sin ot

Fig. 6.14 Ring torsional vibration absorber

are eliminated or completely reduced. The coil springs are replaced suitably for the
length of shafting.

2. Four-spring torsional vibration absorber The four-spring torsional
vibration absorber is as shown in Fig. 6.14. It is observed that the stiffness of the
torsional vibration ‘k,,” is given by

k' =4 xkxr? ...6.105
k12

or k=— ...6.106
457

We know that earlier when springs are in parallel, the equivalent spring stiffness is
the summation of their individual stiffness.

Therefore, k., = k + k + k + k = 4k and the spring force is given by F = k4 % x,
or F = 4kx

After small displacement ‘x’ given to the system, x = 70
where x = Linear displacement of equivalent system

6 = Angular displacement of equivalent system or the absorber system

Then F=4kx, F=4k x r0 ..6.107
Therefore, torque exerted on the absorber
T, =F x r=4k0 ..6.108
Therefore, torque exerted per unit twist on the absorber
T
k,=—2= i} k,, = 4k ..6.109

0 0
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The amplitude of the torsional vibration absorber at the existing frequency ‘@’ is
given by the equation F = —4, k, based on a same analysis of a vibration absorber
after translational quantities into torsional quantities is 7= —X, k,,

where T = Maximum value of applied torque

X, = Amplitude of vibration of torsional absorber

Ring attached
main system (R)

i
\’Tsin ot

Fig. 6.15 Four-spring torsional vibration absorber

6.12 GENERALISED COORDINATES

Sometimes it is possible to specify the configuration of a system by more than one
set of independent coordinates or parameters such as length, angle or some other
physical parameters and any set of such coordinates may be called ‘generalised
coordinates’.

Consider a body ‘4B’ shown in Fig. 6.16 having a mass

‘m’ is supported by two springs ‘k,” and ‘k,’ at its ends. k, k,
The system is a two-degree-freedom system, since two A G B |
independent coordinates will be necessary to describe its m —
configuration. A e ~ "%(2
Th b f the following sets: al e
ere may be any one of the following sets: A B
1. Deflection ‘x,” and “x,’ of the two ends of the body g.6.16 Generalised
4B, coordinates
2. Deflection ‘x’ of its centre of gravity and rotation
509

3. Deflection of its left end ‘x,” and rotation ‘6’

Therefore, any set of coordinates, namely (x;, x,), (x;, ), (x5, ) etc., represent gen-
eralised coordinates.
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COORDINATE COUPLING

This is a concept of coupling action where a vibration in one part of the system
induces vibration in another part of the same system due to the force transmitted
through the coupling spring or dashpot. In other words, the displacement of one type
to the system results in a different type of displacement as shown in Fig. 6.17. The
generalised coordinates are used to analyse the problems of vibration. To analyse the
vibration problems, first obtain the governing differential equation by using differ-
ent methods, like energy method, equilibrium method, etc. One differential equation
represents the forces such as inertia, spring, damping forces acting on the mass. The
equation having the mass ‘m’ must contain generalised coordinates like displacement
‘x” and may or may not contain coordinates other than ‘x’. If coordinates other than
‘x’ appear in the equation for ‘m’ then the equation is said to be ‘coupling’ and the
respective terms are known as ‘coupling terms’.

Fig. 6.17 Coordinate coupling

Examples There are two types of coordinate coupling
(i) Static coupling due to static displacements [Fig. 6.17(a)]
(i) Dynamic coupling due to inertia forces [Fig. 6.17(b)]

1. Static coupling It contains coupling terms as functions of coordinates like
springs force coupling. The above type of coordinate couplings can be represented
by taking a few examples:

(@) my Xy +xy (ky thy) — k=0, myxy kgt kxy —kyx, =0

myx, + (kythk3)x,—kyx, =0, myXy+ kyxy+ ksxy —kpx; =0
In above equations, k,x, and k,x; are the static coupling
(b) 1,6, + kt,6, — kt, (8, — 0,) =0, 1,0, + k1,0, — k,0, + k,,0,

L0, +kt,0, — k1,6, = 0

In above equations k,,0, and £, 0, are the static couplings:
(©) mL* 6, + (kL* + mg L) 6, — k1?6, =0 ...6.110
G 4mL* @, + (kL*+2 mgL) 6, — kL*6,=0 ..6.111

In equations 6.110 and 6.111, kL?6, and kL* 6, are the static couplings.
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2. Dynamic coupling 1t contains coupling terms as a function of time derivatives
of coordinates, like inertia coupling, damping. The above types of coordinate cou-
plings can be represented by taking a few examples as follows:

M+m)x+kx+mlh =0 ..6.112
L6 +glo+ k=0 ..6.113

In equations 1.112 and 6.113 ml6 and % are the dynamic coupling.

PRINCIPAL COORDINATES

An ‘n’-degree freedom system requires ‘n’ independent coordinates and there will be
‘n’ number of differential equations of motion. It is always possible to find a particu-
lar set of coordinates such that each equation of motion contains only one unknown
quantity. Then the equations of motion can be solved independently and the unknown
quantity can be found out. Such a particular set of coordinates is called ‘principal
coordinates’.

EXAMPLE 6.23

Determine the pitch and bounce frequencies and the location of oscillation cen-
ters of an automobile with the following data: m = 1000 kg, r,= 0.9 m, distance
between the front axle and centre of gravity = 1 m, distance between the rear
axle and centre of gravity = 1.5 m. Front spring stiffness, £, = 8 kN/m, rear
spring stiffness k, =22 kN/m.

Solution The equation of motion can be written as

mix = —ky (x — 1,6) — ky (x + L,0), mx + (ky + k) x + (kp, — k1 1))6=0

. (kT kz) (kzlz - klll)
x+( m x+ m 0=0 ..6.114

JO = ky (x = 10) Iy —ky (x+ 1,6) by, mrg 6 + (koly — kyly) x + (ki + kpl)0 =0

koL, — kil kP — kP
T e ol ) VR e ) 6115
mry mry

Substitute the values of m, k, r and / in equations 6.114 and 6.115.
¥ +30x+250=0, 6 +30.86x+70.980=0
Assuming the solution as x = X sin o¢ ¥ = — @’ X sin ot
0=Bsinwt, 6 =-w?Psin o, - X+ 30X +258=0,
—o* B+30.86X+70.988=0

__ 25 .6.116

X
B «*-30
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First mode

Fig. p-6.23 Oscillation centers of automobile

Centre of rotation

Second mode

X o -70.98

B 30.86

Centre of rotation

..6.117

Equating equations 6.116 and 6.117, we get @* — (30 + 70.98)@” + 1357.9 =0

o'~ 100.98 @* + 1357.9=0

o2 - 10098 +1100.98% — 4 x 1357.9

1,2 2

and @’ = 85.0 or w, = 9.24 rad/s

X

25 25

=— L77 m/rad

(3)1_ 30 399230 1

m/rad.

B 30.86

( X) _ @5-7098 9242_70.98 _0.466
2

30.86 1

or @, = 3.99rad/s

EXAMPEL 6.24

A schematic diagram representation of an automobile is shown in Fig. p-6.24(a)
if the automobile weighs 4000 N and has a radius of gyration about the centre
of gravity of 4.5 m. The combined spring stiffness of front springs &, and £, are
3000 N/m and 3250 N/m respectively. Determine the natural frequency of the

system.

T —
[ l G |
k1 X k2

(a)

Fig.

k, (x - 66)

FBD
—X+ 46 l G qu_ -
X X 0% ]
-~ T ERD,
K, (x + 46) k, (x—66)

(b)

p-6.24 Automobile system

i
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Solution Here, I;= MK?, K = Radius of gyration

I;= ‘;0% x (4.5)%, I;=8256.88kg—m?, M=407.75kg

Considering the linear moment of the mass, apply Newton’s second law of motion.
The FBD is as shown in Fig. p-6.24(b).
—ky (x+460) —k, (x — 60) = Mx
M3x + kyx + kyx + 4k 60— 6k,0 =0
Mx +(ky + k) x + (4k, — 6k,)0=0
407.75% + (3000 + 3250) x + (4 x 3000 — 6 x 3250) 6=0
407.75% + 6250x + (-7500)0=0, x+ 1533x-18396=0 ..6.118
Considering the rotation of the mass about its centre of gravity,
Mg =150, —k (x+46)4+k,(x—66)6=1I,0
I; 0 + 4k, (x + 40) — 6k, (x — 60) =0, I; 0 + (4k; — 6k,)x — (16k, + 36k,)0=0
8256.88 6 + (4 x 3000 — 6 x 3250) x + (16 x 3000 + 36 x 3250)0 =0
6 +19.980+0.91x=0 6119

Put x = sin ot 0 = B sin ot
¥ =—Aw’ sin ot, & =—Bw’ sin ot

Using these value of x, 6 and 6 in Eq. 6.118,
—Aw* +15.334 - 18.39B=0, A[15.33 - «’]=18.39B

A 18.39
s ..6.120
B 1533- o’

Using the value of x, and 6 in Eq. 6.119,

—Bw*+19.98B-0.914=0, B[19.98 - &’]=0.914

2
%= % L6121

From equations 6.120 and 6.121,
1839 1991 - &’

1533 -0 091
15.33 x 19.98 — (15.33 + 19.98) @* + »* = 18.39 x 0.91, ®* —35.31 &’ + 289.56 = 0

» (1533 — @) (19.98 — @) = 18.39 x 0.91

This is the frequency equation which is quadratic in .

35.31 £(35.31)>— 4 x 289.56
- 2

0% =12.95 0, =3.6radls, ®2,=2236, ©,,=473rads

(02

2

where ®,, and ®,, are the first and second natural frequencies respectively.
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To draw the principal mode shapes,

A4_ 1839 A4 _ 1839
B 1533- &’ B 1533
At o’ =0],=12.95 Ate’ =} =2236
4 1839 4 1839
B, 1533-1295 B, 1533-2236
4; 1839 4, 1839
B, 238 B, -7.03
ie. A,=18.39,B,=238, ie. A,=1839,8,=-7.03.

Fig. p-6.24(c) Principal modes
6.12 LAGRANGE'S METHOD, OR ENERGY METHOD

Some problems of two or more degrees of freedom systems are not very convenient
to be formulated using force equilibrium method as the mass will undergo linear and
rotary motions and their combinations. For this purpose for all systems, Lagrange’s
method is very suitable for the presence of force in function and damping forces
present in a system. For use of this energy method or Lagrange’s method, the equa-
tion will readily yield the directly as many equations of motion as the number of
degrees of freedom of the system when the basic energy equations of the system are
known.

The general form of this equation in terms of generalised coordinates is given by the
expression.

d (L OF _ d(JT\ 0T JU
z(a—%)—a—%<L>*a—%‘Qf°fdt(aqi) 3q," 39g, <

Let T'= KE = Kinetic energy of the entire system = % Z mixl.2 i=1,2,3,4,..n

V = PE = Potential energy of the entlre system = % ZI‘, kx;.
F = Frictional energy dissipated = Z c,xl
By defining Lagrange’s equation L = T — v, q, ' Generalised coordinates.
QO; = Generalised external forces acting on the masses ‘m;’ in the direction of ‘x;’
As ‘T is a function of ‘J'ci’, and ‘V” is a function of ‘x;” the above equation can be

o (or oF _
written asa—(a ) aq, N+ 97, O

I

If damping force ‘F” and external force ‘Q’; are absent, the equation can be further

simplified as % (3—;) + g—;} = (. This is very powerful principle and can be applied

to any system.

i i
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EXAMPLE 6.25

Determine the equation of motion of the double pendulum as shown in
Fig. p-6.25(a) for small oscillation by using Lagrange’s method.

(@) (b)

Fig. p-6.25 Double pendulum

2
2

Solution The KE of the system is KE = % mlvf + % myVv
f =(L,0 1)2
where 2= (1,16,)% + (1,0,)* + 2L,L, 6 ,6 ; cos (6, — ;)
Which are velocities of the masses m; and m, respectively.
PE =mqL,(1—cos 0,) + m,g[L, (1 —cos 6,) + L, (1 —cos 6,)
Lagrange’s equation is
d OKE) A(PE) OJKE)
— + + =0
dt dg; g g,

d OKE) 4 - :
d ag a0 mlLi 6,4 LiL, 0, cos (6, - 0]

=mL7 0y +my| L] 6+ LiL, 0,08 (8, ~ 6)) + LiL, 0, (m; cos (6, ~ 6)))
=mL2 0 +mL? 0, +myLL, 0,
where sin 0= 6, cos (6, — 6,) = 1 and % [cos (6, — 8,)] = 0 since O is small.

Jd(KE) o J(PE)
06, 99,
Then the first equation of motion is given by

Also

=m,gL, sin 6; — mygL, sin 0,

(my+m) L 6, +mL,0,+(m+m,)gh =0

4 IKE) 4
dr 06, dt

Similarly, [maL2 6 ,+ myLyL, 6 cos (6, — 6,)]
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=myL? 6+ myL,L, 0,

I(KE)
0, 0
J(PE) .
2, = m,gL, sin 0,

And so the second equation of motion becomes

REVIEW QUESTIONS

(1) Explain:
(i) Coordinate coupling
(i) Semidefinite system or degenerating system
(iii) Principal mode of vibration or normal mode of vibration
(iv) Generalised coordinates
(v) Principle coordinates
(vi) Orthogonality principle as applied to two-degree-freedom systems.

(2) Explain with a neat sketch, the basic working principle of a dynamic vibration absorber
(Frahm vibration absorber).

(3) What is the main disadvantage of a dynamic vibration absorber? Show that for such an
absorber, its natural frequency should be equal to the applied frequency.

(4) How can we make a system vibrate in one of its natural modes?
(5) What are meant by static and dynamic couplings?

(6) Define mass coupling, velocity coupling and elasticity or static coupling.

PROBLEMS FOR PRACTICE

(1) Find the natural frequency and mode shape of the system as shown in Fig. p.p-6.1,
if m =2 kg, k=400 N/m.
Ans. o, = 10 rad/s, ®,, = 20 rad/s.

kx l ki l
6,

Fig. p.p-6.1 Fig. p.p-6.2
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(2) Determine the natural frequency for the system shown in Fig. p.p-6.2 and draw the mode
shapes and locate the node for each mode of vibration. Given I, = 200 kgm?, I, 100
kgm?, kt, = 2000 Nm/rad, kt, = 500 Nm/rad.

Ans. o, = 3.6 rad/s, w,, = 13.9 rad/s.

(3) An electric train made of two cars, each of mass 2000 kg, has got a spring coupling of
40 x 10° N/m stiffness as shown in Fig. p.p-6.3. Determine the amplitude ratios and
natural frequency of the system.

Ans. o, =0, o, =200 rad/s.

e ey fmmmmm e mm o

X X3
CIIIITI W I k
m m
1= @@ ‘ :
Fig. p.p-6.3 Fig. p.p-6.4

(4) Determine the amplitude ratios and natural frequencies of the system shown in Fig.
p.p-6.4. If w, = 45 kg, w, = 65 kg and k = 16 kg/cm.
Ans. f=3.5 cps.

(5) Derive the frequency equation for the following system and determine the natural
frequencies. Assume the chord passing over the cylinder does not slip as shown in

Fig. p.p-6.5.
k+k ko [k kKT 2kk ktk
Aans. 0= == N Ty | Ty oy o
P RN T
o0 m, +2_ml Tomymy:

Fig. p.p-6.5 Fig. p.p-6.6

(6) An automobile of 2000 kg mass has a wheel base of 3.0 m. Its centre of gravity is
located 1.4 m behind the front wheel axis and has a radius of gravitation about its c.g.
as 1.1 m. The front springs have a combined stiffness of 5.88 x 10° N/m and the rear
springs 6.37 x 10° N/m as shown in Fig. p.p-6.6. Find the two natural frequencies of
vibrations.
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Ans. @, =1079 rad/s, ®,=77.34 rad/s

(7) Determine the natural frequencies of the system shown in Fig. p.p-6.7. Neglect the
friction at rollers.

Ans. @, = \]%7 radls, @, = \]%7 rad/s.

Fig. p.p-6.7

(8) Find the natural frequencies of the system shown in Fig. p.p-6.8. Also determine the
ratio of amplitudes and the mode shapes. Given I, =1, = I.

2k, Sk,
Ans. @, = T radls, w, = T rad/s.
kt, 2 kt kt,
1 (@ 1 {
h A

Fig. p.p-6.8

(9) Determine the natural frequencies of the double pendulum as shown in Fig. p.p-6.9, if
ly,=1,=05mand m; =m,=2kg.
Ans. @, =3.4rad/s, w,= 8.8 rad/s.

Fig. p.p-6.9 Fig. p.p-6.10

(10) Determine the natural frequencies of the system as shown in Fig. p.p-6.10 m; = m,
=m =10 kg, k; = k; = 9000 N/m and %, = 3000 N/m.
Ans. o, =30 rad/s, @, =38.74 rad/s.

(11) Reduce the following gear system as shown in Fig. p.p.6.11 considering the inertia of
geared system as ‘I,



== Pinion
ki ; ki
— Gear
kts kM
Fig. p.p-6.11

N, rpm

N, rpm
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Ans. Fig. p.p-6.11

(12) A block of mass ‘m’ resting on a frictionless horizontal plane is connected through a
spring of constant ‘&’ to a homogenous uniform rod of mass ‘M’ and length ‘L’ as shown
in Fig. p.p-6.12. Determine the frequency equation.

A o
|l
|
CcG + _i
L o
!
|
1 X
Y |
Fig. p.p-6.12

Ans. Iyma* — [Ijke? + Mmga + mkL*] & + mkga = 0.

OBJECTIVE-TYPE QUESTIONS

(1) All the moving parts of the system
oscillating in the same frequency and
phase are known as

(a) principle coordinates
(b) first principal mode of vibration
(c) generalised coordinates
(d) principal mode of vibration
(2) Static coupling occurs due to

(a) static displacements and dynamic
inertia forces

(b) static displacements
(c) dynamic inertia forces
(d) all the above statements are true

(3) Dynamic vibration absorber means

(@

(b)

©

@

it is possible to make the ampli-
tude of vibration of first mass to
become zero

it is possible to make the ampli-
tude of vibration of second mass
to become zero

it is possible to make the ampli-
tude of vibration of first mass to
become maximum

it is possible to make the ampli-
tude of vibration of mass become
Zero
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In case of a two-degree-freedom
system, masses will vibrate in two
different modes called as

(a) principal-mode vibration
(b) normal-mode vibration
(c) first-mode vibration

(d) none of the above

Centrifugal vibration absorbers are very
effective when

(a) at only one frequency of design

(b) either the speed changes or the
speed fluctuates

(c) only the speed fluctuates

(d) all of the above cases

In case of a semidefinite system, natural

frequency becomes

(a) one of their natural frequencies is
equal to zero

(b) their natural frequency becomes
maximum

(c) both natural frequencies become
zero

(d) both of their natural frequencies
are equal

The principal modes or normal modes

of vibration for systems

(a) having two or more degrees of
freedom are orthogonal

(b) are an important property while
finding the mode shape

(c) are an important property while
finding the mode shapes and
nodes

(d) all of the above cases

In a two-rotor system as shown in Fig.

p.6.8.1, if I, > I,, a node of vibration

lies in

M d @) b
(7) a ®d

3)d
© b

Fig. p.6.8.1

(a) between I, and I, but near to
(b) between I, and I, but near to I,

(c) exactly center between the rotor /;
and /,

(d) near I, but outside

(9) In a two-rotor system as shown in Fig.

p-6.8.1, the frequency equation is given
by

_ L, &
(a) o= 4k, a4, +L) rad/s

,k I+
(b) w,= %rad/s
142
{kt(11+12)
(b) W, = Trad/s

L1,

(d) W, = mrad/s

(10) Lagrange’s method is very suitable

for

(a) the presence of damping force
present in a system

(b) the presence of force present in a
system

(c) the presence of force in function
and damping forces present in a
system

(d) all of the above cases

Answers

4) a
(10) ¢

6)b (6) a



MULTI-DEGREE-
FREEDOM SYSTEMS:
EXACT ANALYSIS

INTRODUCTION

A multi-degree-freedom system means a system having more than one degree of
freedom system. Accordingly, two-degree-freedom systems are also multi-degree-
freedom systems. Still they have been discussed separately, due to the methods of
analysis being different. A system will have as many equations of motion as the
number of degrees of freedom and also as many natural frequencies. In principle,
the vibration analysis of two-degree-freedom systems is not much different to that
of multi-degree-freedom systems except that the latter requires much more math-
ematical analysis. As the number of degrees of freedom increases, it becomes very
tedious in solving the equations of motion and to determine the natural frequencies
and mode shapes. The natural frequencies and mode shapes can be determined easily
and quickly with the help of computers. Figure 7.1 shows the example a of multi-
degree-freedom system.

The following few methods are employed to determine the natural frequencies, mode
shapes, etc., in multi-degrees exact analysis. Also a few methods employed to deter-
mine the natural frequencies; mode shapes, etc., in multi-degree numerical methods
are given in Chapter 8.

(a) By Newton’s method (b) Influence coefficient (¢) Maxwell’s reciprocal theorem
(d) Matrix iteration method (e) Matrices.

BY NEWTON’S METHOD

When ‘n’ independent coordinates are required to specify the positions of the
masses of a system, it is an n-degrees-of-freedom system or a multi-degree-freedom
system.

The vibration analysis of a multi-degree-freedom system by first principle is more
complex as the number of equations of motion increases. Therefore, iterative numeri-
cal procedures are employed to eliminate the tedious mathematical work.

Example A typical multi-degree-freedom system having ‘n’ degrees of freedom
as shown in Fig. 7.2(a) shows a rectilinear system and Fig. 7.2(b) shows a torsional
system.
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(a) n-Degrees-of-freedom
linear system

2

(d) n-Degrees-of-freedom torsional system

Fig. 7.2 Undamped multi-degree-freedom systems

(b)

03
0, 6
T
kt, [ ] kt, kt,
A e

kt

n+1

Fig. 7.2 Undamped multi-degree-freedom system
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The equations of motion can be written by using Newton’s second law of motion as
follows, i.e. XF = ma.

myxy+ ke + k(g —x) =0
My, + k(xy — 3)) + k3, —x3) =0 .7.1()

My + k(s — x,) + k(3 —xg) = 0

mnj‘}n + kn(xn - xn—l) + kn+l(xn) =0

Similarly, for torsional system equations of motion can be written by replacing ‘m’
by ¢, ‘x’ by ‘@ and ‘K’ by ‘k,. Equation 7.1(a) is represented in the matrix form as
follows:

[M] {x} +[K] {x} =0 ...7.1(b)

where [M] is a square matrix of size ‘n X n’, known as a mass matrix. A mass matrix
contains only diagonal elements given as follows:

rm 0 0 0
o m o 0
M=o o m, 0

Lo o T e e e

[£] is a square-banded matrix of size ‘n X n’ and is given as follows:

k+k, kO o 0
| e ktk k 0 0
K= 9 ky ktk, kO
0 0 —k4 kytks  —ks
_kn kn + kn+l

X .
1
{x} is a column matrix, {x} = X, | {x} is a column matrix {x} = {xz}

xII

xll

For free vibrations, the solution of Eq. 7.1(b) can be written as
{x} = {X} sin o1, {x} = @ {X} cos ot {¥} = — &’ {X} sin ot.
Substitute these values in Eq. 7.1(b), [[£] — o’ [M]]1{X}=0 ...7.1(c).

Equation 7.1(c) is known as eigenvalue problem and it can be solved with the help
of a computer for a large number of masses. @’ is called the eigenvalue or character-
istic value of the equation. There will be ‘n’ such values for an ‘n’ degree-freedom
system.
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For each eigenvalue or natural frequency, there exists a corresponding eigenvec-
tor {x}, also called characteristic vector. The eigenvalue will be represented by the
natural frequency while the eigenvector will represent the mode shape for a given
frequency of the system.

INFLUENCE COEFFICIENT

It has been seen that in Section 7.2 that the differential equations of motion of a
system can be written in matrix form and this matrix will include the mass matrix
[M] and stiffness matrix [K]. Suppose if a damper is present in a system then there
will be a damping matrix denoted by[C], also added in the matrix equation. We can
observe that carlier the differential equations can also be written in the form of flex-
ibility matrix denoted by [A4] instead of stiffness matrix [K]. This flexibility matrix
is inverse of stiffness matrix. This can be written as follows.

[4] = {K} 'This is also equal to [K] = [4] " .72

Equation 7.2 is same as that of the following relationship for a single-degree-freedom
. . B 1

system, i.e. Stiffness = —Flexibility

The terms or elements &, a;; and c; of stiffness, flexibility and damping matrices

respectively are called ‘influence coefficients’ and are stated as follows.

An influence coefficient, denoted by ‘a;’, is defined as the static deflection of the

system at the position ‘i’ due to a unit force (unit load) at the position ‘5’

By Maxwell’s reciprocal theorem, a;; = a;;

where a;; = Deflection at “” due to unit load at .
a;; =Deflection at ‘j” due to unit load at ‘i’.

The influence coefficients are very useful for writing differential equations of motion
of multi-degree-freedom systems directly in matrix form, but this can be done by
inspection for quite a few cases only. More laborious work is saved as in case of a
higher-degree-freedom system, and also we know that the use of equations in matrix
format facilitates the application of computer methods for their solution.

y A FLEXIBILITY COEFFICIENTS AND FLEXIBILITY
MATRIX

Let us consider two points, point ‘i’ and point j” in any system; then a;; is defined as
the flexibility influence coefficient or the deflection at the point ‘i’ due to a unit load
applied at the point %’ of the system. In the same manner, ‘a;;” will be the deflection
at the point °j* due to the unit load applied at the point ‘i’ of the system. Based on the
same principle, ‘a;’ or ‘a;” will be the deflection at the point %/ or ‘i’ due to a unit load
applied at the same point of the system, wherein these a’s are termed the ‘flexibility
influence coefficients’. Whereas ‘a;’, ‘a;’, etc., are known as the ‘direct influence

coefficients’ and ‘a;’, ‘a;’, etc., are known as ‘cross-influence coefficients.’
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The following matrix indicates a flexibilwity coefficient representing the flexibility
matrix.

i
an ap ... alj . ayy,
das Ay ... azj e Qy,
[A] = an aip ... aij e QG
\ a, a,p ... allj e ay,

7-4.1  Maxwell's Reciprocal Theorem

Now we will discuss Maxwell’s reciprocal theorem as follows.

Maxwell’s reciprocal theorem states that ‘the deflection at any point in the system
due to a unit load acting at any other point of the same system is equal to the
deflection at the second point due to the unit load acting at the first point.

Proof Consider a simply supported beam as shown in Fig. 7.3(a) above. Let ‘w,’
and ‘w,’be the loads acting at points ‘1’ and ‘2’ respectively.

lm lwg

l e
NE=T T

Fig. 7.3 Simply supported beam with point load

1. First cycle of application of load (w, first and then w,)
Fig. 7.3(b)  For unit load, deflection at the point ‘1’ = a;,

For a load w, deflection at the point ‘1’=w, a; PE = % (wayy)
_1 oo
P, = 5 Widu
When ‘w,’ is applied after ‘w,’is on, potential energy at the point ‘2’ is

1,
P, = FWrantw (wayy)

.. total energy PE = % wf a;+ % wi Ay, + Wiw,a,,) ..713(a)

2. Second cycle of application of loads (w, first and then w,)
Fig. 7.3(c) Potential energy at position due to the load ‘w,’at the point 2, P,
1 >

=5W2 022
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Potential energy at the point ‘1’ when ‘w,’is applied after ‘w,’ is on,

1,
Py=gwiay twy(wiay)

2
1 , |
.. total energy PE = 5 Wsaxn + 5 Wian + wyw, ay;) ...7.3(b)

Equating equations 7.3(a) and 7.3(b), at the end of cycles the state of the beam will
be same.

1, 1, 1 5 1,
Wi An Ty Wyt wiwalyy =5 W)y dpt 5 wiay T waway,

. a4y, = 4y or in general a; = a;. Hence, the equation is proved.

7-4.2 Stiffness Coefficient and Stiffness Matrix

The stiffness coefficient is denoted by ‘£’ of a system is defined as “the location of
coordinate ¢; when a unity displacement is linear or angular given to the coor-
dinate g; with all other coordinates being held fixed, when displacement of all
other coordinates is zero.”

A matrix of stiffness coefficient as shown in the matrix table referring to the stiffness
matrix.

kyy  kpp kyj ky,
ky  ky o ky o
_ e e LER] e LER] e . .4
[K] k; ki, . k; . k,, 7
knl an eee k .‘ eee knn

This can be clearly explained by taking one simple example as follows.

Let us consider a two-degree-freedom linear system as shown in Fig. 7.4(a). In the
figure, the direction of the two coordinates ‘g,” and ‘q,’ is shown towards the right
side treating them as positive. Now give a unit displacement to the mass ‘m,’ treating
all other masses to their zero position (in this case the other mass is ‘m,’ only). Let
‘F,” and ‘F,’ be the respective forces to hold the masses in positions, as shown in
Fig. 7.4(b). Now as per the statement of stiffness coefficient, we have

F, =k, and F, = k,,. After unit displacement given to mass ‘m,” and mass ‘m,’ the
FBD is as shown in Fig. 7.4(c). It will give

kyy =k tk
ky ==k

.15

In a similar way in Fig. 7.4(d), apply unit displacement to the mass ‘m,’ with the
other mass held in zero position. Now here also ‘F,” and ‘F,’ are the respective forces
to hold the masses in their displaced positions.
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PN
Unit displcement  (b) (c)
Fi=kiz Fa =k

ks
ki _><— ks

DN
Unit displcement
(d) (e)

Fig. 7.4 Stiffness coefficient of two-degree-freedom linear system

Now by the statement of stiffness coefficient, we have

After unit displacement, the FBD is as shown in Fig. 7.4(¢). It will give
kn=—kz= 76
kyy = ky

The stiffness matrix for the system, as per the statement of stiffness coefficient and
from Eq. 7.4, may be written as

_ kll klZ] _

[K] [k21 k22

7-4.3 Stiffness Coefficients—Combined Rectilinear and
Angular System

ky+ky, -k,
_k2 k2

Let us take another example of both combined linear and angular system as shown
in Fig. 7.5(a).

Let the two coordinates for the two-degree-freedom system be
q, = x (rectilinear coordinate) and ¢, = 6(angular coordinate)

Now let us give a unit rectilinear displacement (x) to the first coordinate ‘g,’ to the
mass ‘m” holding the other coordinate, i.e. the pulley, to its zero position as shown in
Fig. 7.5(b). Let ‘F” and ‘M’ be the respective force and moment to hold the system in
the above position and respective FBD is as shown in Fig. 7.5(c).
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/‘\,\qzﬁ ve)

Unit

\ k
*' Zero
displacement

K Unit
2 displacement
e
(©
—  Unit
\displacement
k22
Zero

k,

2r displacement
s

()

Fig. 7.5 Stiffness coefficients—combined rectilinear and angular system

Then as per the statement of stiffness coefficients,
F=kjand M=k,
Since from this case the FBD for the mass and the pulley will give

ki =k, .18
k21 = —kzr

In a similar way, give a unit angular displacement to the second coordinate ‘g,’, i.e.
rotation of the pulley ‘J” by one radian (unit), holding the other coordinate i.e. the
mass M, to its zero displacement position, shown in Fig. 7.5(d). In this system, ‘F”
and ‘M’ are the respective force and moments to hold the system in this position.
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Then by the definition of stiffness coefficients, we get

Figure 7.5(e) indicates the FBD for the mass and pulley in this angular displacement
giving

ki =—kor}

kyy = (ky + k) 1 .19
The stiffness matrix for the system and its definition of stiffness coefficients from
Egs. 7.4 can be written as

[K]=[k“ kn]: ky —ky,

ky Ky —ky  (ky +hy) PP
The stiffness matrix for the above system can be obtained independently from stiff-
ness coefficients as in equations 7.7 and 7.10, and then the differential equations

of motion for the system in the matrix form can be directly written as per the Egs.
7.1(b), in Section 7.2, i.e. [M] {x} + [k] {x} =0 ..(7.2)

Usually, mass matrix is a diagonal matrix.

..7.10

TYPES OF COUPLINGS

7.5.1 Generalised Coordinates and Coordinate Coupling

As we know that an n-degree of freedom system requires n-independent coordinates
to specify the system completely at any instant. Almost in all cases, these coordinates
need to be considered at equilibrium position only. However, we can have any other
set of n-independent coordinates to specify the configuration of the system. Hence,
any of these sets is known as ‘generalised coordinates’.

As we know that in a two-degree-freedom system explained in Section 6.5, we take
the two coordinates as in Fig. 7.6(a) and Fig. 7.6(b) showing the displacement of
the two coordinates at any instant and Fig. 7.6(c) with the external forces acting on
system.

[,
e
P’?i MJ
SRS N 1 S S
G

K [x= (I, — &)6]

<—IT—>E<—I2—>
(a) (b) ()

Fig. 7.6 Generalised coordinates and coordinate coupling

B T T, I
N
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The displacement of the centre of gravity (CG) of the system is (x + e0); then the
differential equation of rectilinear motion is

MG +ef)=—k [x—(,—e) 0] -k, [x + (I, + €)6] .1.11
and the equation for the angular motion is
JO =k [x—(l,—e) 011, —ky [x+ (I, + €) 0] L, 112

J is the mass moment of inertia of the system about its centre of gravity (CG). In
order to write Eq. 7.12 in terms of °J,’, the mass moment of inertia about the point

‘P, add Me*6 to both sides of the equation or multiply Eq. 7.11 by an eccentricity ‘e’
and add this to Eq. 7.12. We will add Me® to both sides of Eq. 7.11. We have,

JO + Mek +Me* 6 =k [x— (I, —e)0] I, —k, [x + (I, + €)0] L, — k, [x— (I, — &) O] e —k,
[x+(,+e)fle=0 ..7.13

Now the equations 7.11 and 7.13 can be simplified as the following forms and after
substituting (J+ Me®) = J, in Eq. 7.13, we have

M5+ Mef + (ky+ ky) x + [ky Iy + €) — ky (I, —€) 6] =0
J,0 +Me i+ [k (I, —e) + ky(l + )10+ [ky (I, + &) —ky (1, —€)] x =0

..1.14

The equations 7.14 are the two general differential equations for linear motion and
also an angular motion respectively. This can be analysed in three different ways of
generalised coordinates called only static coupling, no dynamic coupling; only
dynamic coupling, no static coupling and static and dynamic coupling. These
three different sets of generalised coordinates are explained separately as follows.

7-5.2 Only Static Coupling, No Dynamic Coupling

As we already stated the meaning of static and dynamic coupling, in Section 6.13,
now in this section we will discuss about static and dynamic coupling in more detail.
Let us consider system coordinates ‘x” and ‘6 having static coupling in the above
two equations 7.14, containing the terms ‘x” and ‘6. These equations do not having
dynamic coupling if the terms X and 6 occur only in respect of the above two equa-
tions 7.14. In case of static coupling, first let us take the point ‘P’ lying on the centre
of gravity (CQG) of the system, meaning e = 0 (no eccentricity). Then the equations
7.14 will reduce as follows:

M5+ x (ky + k) + (kyly — Ky 1,)0= 0
J,0 + (k1P + kylP) 0+ (kyly — Ky ) x =0

..1.15

This combination of generalised coordinates is as shown in Fig. 7.7(a) and this com-
bination is similar to Section 6.5, and equation 6.74. Hence, the point ‘A’ coincides
with the CG. Then we consider ‘J,” = J. Then equations 7.15 are similar to the equa-
tions 6.74, already discussed. The equations 7.15, both of which have, ‘x* and ‘@, are
called the statically or elastically coupled equations and are called a static or elastic
coupling between the coordinates. On the other hand, since X and @ terms occur in
the same equations only; therefore there is no dynamic coupling. Hence the coordi-
nates have static coupling only.
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Fig. 7.7 Coordinate coupling (a) Only static coupling (b) Only dynamic coupling (c) Static and
dynamic coupling

The physical concept of the static coupling is explained by considering Fig. 7.7(a).

In this system, the static coupling is that if one coordinate is given a displacement,
the other coordinate also undergoes a small amount of displacement. This can be
observed clearly in Fig. 7.7(a). Here in this position, if a displacement ‘x’ is given
to the system at the point ‘G’, i.e. centre of gravity, the system does not go down
horizontally but is tilted which means there is displacement of coordinate ‘6’ also.
On the other hand, if we give an angular displacement ‘6’ to the system, the point ‘G’
does not stay in its position but undergoes displacement in ‘x’ direction also. Finally
we can sce that in equations 7.15, there is no static coupling if the first of the equa-
tions 7.15 contains no ‘@ term and the second equation does not have ‘x’ term, which
means k[, = k,L,.

7-5.3 Only Dynamic Coupling, No Static Coupling

A system of generalised coordinates will have inertia or dynamic coupling if both
the equations 7.14 contain the terms X and 6. It will be seen that there is no static
coupling if the terms ‘x” and ‘6@’ occur only in the respective equations. Then the coef-
ficient of ‘@ in the first of generalised coordinates equation 7.14 and the coefficient
of ‘x’ in the second equation are similar.

Therefore, if these coefficients are equated to zero, we have the equation
ky(lLb+te)—k (I,—e)=0
Then these coordinates will have only dynamic coupling and there is no static cou-
pling, and the equation reduces to
M3+ Meb + (b, + k) x=0
J,0 +Mei + [k (I, - €)* + ky(l, + €)1 6=0 .7.16

It is seen that in equations 7.16, there is only dynamic coupling and no static
coupling.

And it can be written as k; (/ —e) = k,(/; + e), and e # 0.
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This can be seen in Fig. 7.6(b) and from the above equation k;AP = k,BP.

The point ‘P’ is selected to satisfy the above expression, and the coordinates as shown
in Fig. 7.6(b) having only dynamic coupling and no static coupling.

Similar to the static coupling, in dynamic coupling also the physical concept of
dynamic coupling is explained by considering Fig. 7.7(b) as follows. If acceleration
is given to any one coordinate, the other coordinate also gets an acceleration. If an
acceleration ‘X’ is given at the point ‘P’ referring Fig. 7.7(b), there is an inertia force
‘M X’ at the centre of gravity ‘G’ in opposition direction to ‘x” giving a torque on the
system which gives finally an angular acceleration ‘6 to the system. On the other
hand, this can also be seen in the same way that an angular acceleration ‘6 to the
system causes a translational acceleration at the point ‘P’. Hence, there will be no
static coupling in this case; this can also be seen clearly.

7.5.4 Static and Dynamic Coupling

In the previous two cases based on the point ‘P’ in some position, we consider whether
it is dynamic coupling or static coupling. In this case, let us take the point ‘P’ exactly
lying above the spring ‘k,’ giving /, = e as indicated in Fig. 7.7(c). Then substituting
for ‘e’ in Eq. 7.14, we have

Mx + MLO + (ky + ky) x + kyl0=0
Jpd + MILE + PO+ kylx =0

where [=1,+1,

Therefore, for the coordinates selected as in Fig. 7.7(c) the corresponding differen-
tial equations are obtained in equations 7.17. In equations 7.17, we have both the x
and @ terms, hence there is dynamic coupling between the coordinates. Also both
the equations have both the terms ‘x” and ‘6’ and there is static coupling between the
coordinates.

Hence, the system of coordinates chosen has both dynamic and static coupling. This
is the general procedure for both dynamic and static coupling.

Let us now take an example of undamped two degree-freedom-system having ¢,, ¢,
as a generalised coordinates, and the equations of undamped free vibration can be
written as

apd, +apdy+ b9+ b,9,=0 718

andy +ands+ by d +bpd, =0
In the above equations, a,, and a,, are the dynamic coupling coefficients and b,,
and b,, are the static coupling coefficients. We compare these equations with the
equations of 7.14 to determine the coupling coefficient between the ‘x” and ‘0’ of
two coordinates using the principal mode of vibration in equations 7.18 by assuming
the solution

q; = Oy sin(wz - ¢) and g, = O, sin (w1 - ¢)
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Substituting these values in equations 7.18 and simplifying by using the following
usual procedure,
apgtapg,tayg,t gt bingat ... by,§,=0
a31q1 t aygyt axg,t bygy t bypgat ... byg, =0 719

alllql + aanZ + annq.n +b nlq.l + blthZ +.. bnllqn =0

The generalised coordinates may be lengths or angles or a combination of both.

7-4 NATURAL FREQUENCIES AND MODE SHAPE
(EIGENVALUES AND EIGENVECTORS)

1. For discussing eigenvalues and eigenvectors, we will take an example of multi-
degree-of-freedom system as shown in Fig. 7.8(a) for generalising the method for
finding its natural frequencies and mode shapes. The differential equations of motion
for multi-degree-of-freedom system as obtained in equations 7.20 will be rearranged
as follows:

Flg. 7.8 Natural frequencies and mode shape in multi-degree-freedom systems
[my %, + (ky + k) x] —kyx, = 0
kyxy + [mogiy + (ky + k3) x,] —ksx3= 0
kyxy + [moxs + (ks + kg) X3] —kyx4 =0 ...7.20

—k,x,_+(m,x,+k,x,)=0

n>n—1 nn
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Assume that the motion is periodic and is composed of harmonic motions of various
amplitudes and frequencies. Let one of these components be,

x; =X, sin ot x, =X, sin ot
x, =X, sin ot X, =X, sin ot
Using the values of x;, x, x5 ...... x,in Eq. 7.21, and cancelling out the some common
term sin @t we get
[(ky + k) = m0°] X, — ky X, = 0
—kp X, + [y + k) = my @] Xy — ks X5 = 0
122

—ky X, + [(ky + ky) — my@?] X5~k X, = 0

_kn"Yn—l + (kn + _mSQ)Z) "Yn =0

In equations 7.21, the solution other than X| = X, = X5 = ... X, = 0 is possible only
when the determinant composed of the coefficients of X’s vanishes or

[k + k) —m, 0] —k 0 0
—k, [k, + k) -m@®] - O 0
0 ky 0 0 =0 ..7.23
» - kn (kn - m"(Dz)

It is the frequency equation of '™ degree in ‘@” and this equation will give n val-
ues of ‘@” corresponding to » natural frequencies also. The mode shapes can be
obtained by using Eq. 7.22, one at a time, and the various values of ‘®’ as obtained
by Eq. 7.23.

2. We also know that in the matrix form, the differential equation of motion for a
system or any other system, can be written in the matrix form as follows:

[MI{x} + [K] {x} =0 724
Then pre-multiplying Eq. 7.24 by [M]~", we have

[[1{x} +[D] {x} =0 ..7.25
Here, [M]~'[M] = [1], a unit matrix ..7.26
And [M]"'[K] = [D], a dynamic matrix 127

]

For free vibration assuming that the harmonic motion of frequency ‘@
{x} = {X} sin ot ..7.28
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we have {x} = —’{x}
Let A = o’ is the eigenvector.
Then {x} =—A{x} = - A{X} sin 0t ..729

{X} is the column and will giving the respective amplitude of masses.
In Eq. 7.25, the reference of equations 7.28 and 7.29 will give

- AlN{X} + [DI{X} =0or

[[D]-Al{Xx} =0 ...7.30
The determinant formed from Eq. 7.30 is
[[D1-A111=0 ..7.31

The equation 7.31 is the frequency equation where A = @? is the eigenvector  and it
will give z values of ‘A, = ? for n degree freedom system. By substituting ‘A’ in the
matrix equation 7.30, we get the mode shape {X},, treated as an eigenvector, for the
i mode of vibration. Thus, we can understand an n-degree-freedom system having n
number of eigenvalues and the corresponding » number of eigenvectors.

This is another method of obtaining eigenvalues and eigenvectors.

3. The cigenvalues and eigenvectors can also be obtained from the adjoint matrix
method and the definition of inversion matrix [B] as

[B]'= % adj[B] or for the case under consideration
1
D] - AU = —=——=adj[[D] - Al .7.32
[[D1-A1] [D] - A 1] i [[D]- Al
Pre-multiplying both sides of the equation by the terms

[[D] - A [I11 [[D] - A [1]], we have

[([D]1-AUT1[I]=[[D]-A[I]] adj[[D] - A[I]] -.1.33

For A = A, an eigenvalue, the determinants on the LHS of the equation is zero. Then
it will be changed as follows:

[[D - 4; [11] adj[[D] - 4;[11] = [0] ..7.34

This equation is applicable for all values of ‘A,” and this will give the frequency equa-
tion of the system.

For n values of ‘A, Eq. 7.34, represents n number of equations, and also equations
7.30, for the i"" mode can be written as

[[D] - A;l111{X3; = (0) .1.35

By comparing equations 7.34 and 7.35, it can be easily understood that the adjoint
matrix.
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adj [[D]- A;[]] ..7.36

The equation must consist of columns, each of the columns having an eigenvector
o,

4. The advantage of solving the differential equations by converting the system in
matrix form as in cases 2 and 3 in Section 7.6 is that a computer program can be
developed which could simplify Eq. 7.30 easily and get the directly eigenvalues and
eigenvectors for the entire system. Also these matrix methods help to simplify the
higher-degree-of-freedom problems with more ease. Standard sub-routines are avail-
able in the software of most modern computers to get eigenvalues and eigenvectors
of Eq. 7.30.

y A ORTHOGONAL PROPERTIES OF THE NORMAL
MODES

The normal modes, or the eigenvectors of the system, can be shown to be orthogonal
with respect to mass or the stiffness matrices.

In general, the differential equations of motion for any vibrating system can be writ-
ten in matrix form as follows (Equation 7.24 as we know):

[M] {x} +[k] {x} = (0) 137
For free vibration, assuming that the harmonic motion of frequency ‘@’
{x} ={X} sin ot
i) =-o’{x)
Let A = @” be the eigenvector.
Then {x} =—A{x} =- A{X} sin 0t ..7.38

where ‘A’ is the eigenvalue (= @”), {X} is the column it will give the respective
amplitudes of various masses. Substituting the value of Eq. 7.38 in Eq. 7.37 and
simplifying, we get

[K]{X} = A[M]{X} -1.39
For ‘#" mode, Eq. 7.39 becomes as follows:
K] {X3, = A,[M]{X}, 740
Pre-multiplying both sides of Eq. 7.40 by the transpose of ‘s™” terms mode, we get

X3s' K] {X3, = 4, {X}s' [MI{X3, 14

Similarly, starting with the equation for ‘s

pose of ‘7> mode, we get

(XrK] (X} = 4,407 MK, 742

mode and pre-multiplying by the trans-
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Here, [K] and [M] are the symmetric matrices, having the following relationships
applicable.

{X3s'[K] 43, = {07! [KXG, 743
and XM LG, = (! (M1,
Now subtracting Eq. 7.42 from Eq. 7.41 and using the Eq. 7.43, we get
0=~ A) (X3, [M1{xX3, 744
Suppose if ‘A,” and ‘A’ are varying, we must have
(X3P M]{X3,=0, r#s .7.45
But also as a consequence, we can show that
(X3 [K] {X},=0, r#s ..7.46

The equations 7.45 and 7.46 define the orthogonal properties of the normal modes
or eigenvector.

Suppose if » = s, equations 7.44 become an identity matrix.
Then

{X3r'[M] (X} = M, (say) 747
and {X}r'[K] {X}, = K, (say)

where M, and K, are denoted as a generalised mass and generalised stiffness respec-
tively. M, and K, are actually unit matrices [1 x 1] and the equations 7.47 are usually
used to finding out the single elements of these matrices.

In case if [M] is a diagonal matrix, which is usually the case, the orthogonality equa-

n

tions are also written as X, m; (X)), (X),=0, r#s ..7.48
i=1

and for the first of Eq. 7.47 as
Z m[C0), 1= M, .7.49
i=1

This orthogonality principle is of great value and is very useful in the study of multi-
degree-freedom systems. Orthogonality of the normal modes means it defines per-
pendicularity of modes. The obtained equations like 7.45, 7.46 and 7.48, are based
on the mathematical conditions of orthogonality of the normal modes. But also in
certain degrees like 2-degree-of-freedom systems, 3-degree-freedom systems, the
normal modes can be physically seen to be perpendicular to each other.

7.7.1  Orthogonality Principle

The principle modes or normal modes of vibration for systems having two or more
degrees of freedom are orthogonal. This is known as Orthogonality principle.

This is an important property while finding the natural frequencies.
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For a two-degree-freedom system, orthogonality principle can be written as
mA4,4,+m,B B, =0

where in the above equation 4,, B, and 4,, B, are the amplitudes of first and second
modes of vibration. For a 3-degree or multi-degree-freedom system, the orthogonal-
ity principle can be written as

mlA1A2 + szle + m3ClC2 =0
mlA2A3 + szzB3 + m3C2C3 =0
m 4,45 + myB B3+ m;C,C3=0

where in the above equations 4,, B, C,, 4,, B,, C, and 45, B;, C;are the amplitudes
of first, second and third modes of vibration respectively.

MATRIX ITERATION METHOD

This is an iterative procedure to determine the principal modes of the system and
its natural frequencies. Displacements of the masses are estimated from which the
matrix equations of the system are written. The influence coefficients of the systems
are substituted into the matrix equation, which is then expanded. Normalisation of
the displacement and expansion of matrix is repeated.

The process is continued until the first mode repeats itself to any desired degree of
accuracy. For next higher modes and the natural frequencies, the orthogonality prin-
ciple is used to obtain a new matrix equation that is free from any lower modes. Then
the procedure is repeated. Matrix methods in the analysis of problems in structure
vibrations, fluid dynamics and design are becoming more popular with the advent
of high-speed and large-memory digital computers. Here multiplication, inversion
and iteration of large-size matrices can be done very easily. The method needs the
following for undamped, free vibration orthogonality conditions of modes, influence
coefficients for deflections, sweeping matrix to eliminate a certain mode, iteration
for eigenvalues and eigenvectors, etc.

MODEL ANALYSIS

7.9.1 Undamped Free Vibration

In Section 7.5.1, for generalised coordinates and coordinate coupling, it can be
seen that static and dynamic coupling is based on the choice of coordinates. Also
we can sce that there exists a set of coordinates, called the principal coordinates,
which express the equations of motion in an uncoupled way. In such coordinates,
each has equation to be solved individually to each others. As we already know in
Section 7.5.1, in a two-degree-freedom system it is possible to uncouple the equa-
tions of motion of n-degree-freedom system provided the eigenvectors of the system.
A model matrix [U] is referred to a square matrix. Here, each column represents an
eigenvector. Therefore, in case of an n-degree-freedom system,
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TEANCATEEE ARNHEND ARHEND AR
Xr Xr X" Xr Xr
wi=|{ . . L . : At ..7.50
X | X X, X, X,
] )‘l 1 "Yn 2 /Y” r "Yn s : "Yn nl

The transpose of the matrix equations 7.50 can be written as

X, x, .. X X X,
1 2 r s nll
X, X, .. X .. X, .. X],
X, X, ... X ... X, ... X1
(01 = .o o e e - 151
X, X, .. X .. X, .. X,
I[Xl X2 Xr Xs "Yn]rll

For undamped n-degree freedom system, the differential equation of motion is writ-
ten as follows and also we already know,

[M]{x} + [K} {x} =0 ..7.52
In case Eq. 7.52 is to decouple the equations, let us use the linear transformation,
ie. {x} =[U]{y} ..7.53

Here, {y} is the principal coordinate and it can be determined by pre-multiplying Eq.
7.53, by [U]7}, then we get

U1 {x} = [U]" [U] 0), or () = [U] "'(®) .7.54
Substituting the values of Eq. 7. In Eq. 7.53, we get
[M][U] {y} + K] [U] {y} =0 ..7.55
Pre-multiplying Eq. 7.55 by [U]' we get
[U1' [M][U] {3} + [U] [K][U] {y} =0 ..7.56

The terms [U]'[M] [U] and [U]'[K] [U] in Eq. 7.56 are each a diagonal matrix.
Therefore, the off-diagonal terms which include 7" row, where #" is the eigenvector
and the s column where s™ is the eigenvector, express the orthogonality relation-
ships treated as a zero;
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ie. X, MI{X,=0 - ¢s}
X3, = [KI{X},=0  r#s

The equations 7.57 are similar to the equations of 7.45 and 7.46, in Section 7.7.

The diagonal terms in [U] [M] [U] and [U]" [K] [U] include #" row, where #" is the
eigenvector and the 7" column where " is the eigenvector, would give the genera-
lised mass and the generalised stiffness terms

ie. X3! IMI{X}, = M,}

.. 1.57

X3, [K1{X}, =K, 758
The equations 7.58 are similar to the equations of 7.47.
Thus Eq. 7.56 and therefore Eq. of 7.55 combinations are given as follows:
M; 0 0 0 4| K, 0 0 0
M, 0 0| |2 0o K - 0 0
0 0 .(.). M" y 0 0 . 0 cee Kn
1 0
Y2 0
()0
yH 0
Or [ M, o)+ K, {y} = {0} .7.59
Further, it can be casily written as follows
K. =\.M, ...7.60
By rewriting Eq. 7.40, we can prove the relationship of Eq. 7.60.
[KI{X3, = 4, IM] {X}, 761
Pre-multiply Eq. 7.61 by transpose of 7" mode to get
(X3, K] {X)r = 2,4r X3, [M] X3, .7.62

Equation 7.62 from Eq. 7.47 gives K, = A, M,

this equation is similar to Eq. 7.60 that we derived.
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Substituting the values of Eq. 7.60 in Eq. 7.59, we have

R Y A F s .7.63

) = {0} .7.64

¥

or ’ M, o} + ) oM,

Here, A, = @ equals the eigenvalue for the 7" mode.

Thus, the equations 7.64 as detailed below are the n-uncoupled differential equations
of motion for n-degree-freedom system in terms of the principal coordinates ‘y’

y,+®,.y,=0(wherer=1,2,3,...n) ...7.65
The solution of Eq. 7.65 is,
y=A4,cos @.t+ B, sinw, t(wherer=1,23, ..n) ...7.66
Eq. 7.66 can also be written as follows:
{y} = {4 cos wt+ B sin ot} ..7.67

From equations 7.53 and 7.66, we get

x| A, cos o, + B, cos oy,
{ % } | 42008 @+ By cos @y, .7.68
Xn 4, cos w,+ B, cos @,

The matrix equations 7.68 would give the vibratory response of undamped free
vibrations. 4, .4 B, (where =1, 2, 3 ...n) can be obtained from the initial boundary
conditions.

Equation 7.53 can also be seen to be expanded and put in the form of matrix as
follows and it will be more suitable also.

X1 X1 X X1 X1
X, X, Xy X X2
)ér = x:r it x:r Yot ... x:r Yot ... x:r Y ..7.69
X, x, | x:" 2 x,/, x,/,
where Y, ¥, 3,00 vvvnins , as in Eq. 7.66.

Equation 7.69 can be written in short form as follows.

{3 ={ X {0t X+ AKX -1.70

This is a detailed discussion in undamped free vibration and model analysis.
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7.9.2 Damped Free Vibration

In Section 7.9.1, Eq. 7.52, for an n-degree-freedom undamped system will be given
by [M]{x} + [K}{x} = 0.

Let the differential equation of motion, for an n-degree-freedom damped system be
given by the equation

[M]{x} +[C] {x} +[K}{x} =0 L171
Here, [C] is the damping matrix and is given as follows.

j
Cly Cla «oe wee e €

n

Crp Crp vvv wire ew Gy,
[Cl=|-+ oo e e e e 172

IC"l Cpa e een e Cpy

Apart from the static and/or dynamic coupling amongst the generalised coordinates
X1s X35 X3, ..... X,,, there now exists a damping coupling also. Differential equations
can get uncoupled with regard to damping, if the damping matrix has only diagonal
terms.

That means if ¢, = 0 and i # j, then they decouple Eq. 7.71. Now let us assume the
linear transformation as

{x) = [U] {y} 173

As earlier in case of undamped case, {y} is the column of principal coordinates.

Now substituting the values of Eq. 7.73 in Eq. 7.71, and then pre-multiplying by [U],
we get the following equation.

[U1' [M1[U] {37} + [U]' [C1[U] {p} + [UY' [K][U] {p} = O .7.74

As we know that in equations 7.56, 7.59 and 7.64, the first and the last terms of Eq.
7.74 reduces to the diagonal matrices.

WM -| M,
775

o mwi-| M, =[' oM, ‘

In the above diagonal matrices, usually the terms [U1'[C] [U] do not reduce, unless

when we use the concept of proportional damping, i.e. [C] being proportional to [M]
or to the [K] or to a linear combination of both.
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Let [C] = a[M] + BIK] .1.76
where a and f are constant.
Then [U]'[C [U] = a[U] [M] [U]+ B[U]' [K][U]

R YA [ " BortM, I .. from Eq. 7.75
or [UI[C][U]= ' (a+B+al)M, .17

By expressing (o + B @?) treating as a modal damping ‘£, by using the relation
(@+BaP)=2¢&.a, 778

and also Eq. 7.77 will be written as

[U]’[C][U]=[ 2o M, 779

Finally the equations 7.74, 7.75 and 7.79 will be given as follows:

M, o1+ 2 5,0M, o)+

ey ‘={y} {0} ..7.80

The equations 7.80 are n-uncoupled differential equations in the form of principal
coordinates given below:

¥+ Qlw)y,+ @ y,=0,(r=123.4n) ..7.81

, is the undamped natural frequency in #" mode and ¢, is the model damping ratio
in “#" mode.

The solution of Eq. 7.81 is same as the solution of damped free vibration for a single
degree-of-freedom system as already discussed and obtained in case of under damped
system as follows:

y,=e %% [A, cos\1-& wt+ B, sin\1 - & a),t] (r=123,...n) .7.82

Therefore, the complete solution is given by Eq. 7.83

X1 X1
X X
2i=ui{ 7t .7.83
X X

n n

Here, y;, ¥5. 3. ... y, are as in Eq., 7.82, 4,, B, (r = 1,2,3,...n) can be obtained from
initial conditions.
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Finally the solution can also be written as in Eq. 7.69 as below:

Xy X1 Xy X1

=< . Tyt T
: : Y1 : : " ...7.84
X x /1 X, )2 X, /n

n n n

7.9.3 Forced Vibrations

As we know that the differential equation of motion of a damped forced vibration for
a multi-degree or n-degree freedom system can be written as

[M] {x} +[C] {x} + [K] {X} = {F} ..7.85
where
Fy(@)
(F) = Fzs(t) {Fi(0)} ..7.86
F 0

is the column of forces/torques pertaining to the coordinates x,, x5, xs,...X,,.

Then decouple Eq. 7.85, take the linear transformation as before and then,

{x} =[Ul {y} ..7.87
Now substituting Eq. 7.87 in Eq. 7.85 and then pre-multiplying by [U]", we have
[U1' M1 U137} + [U1'[C] [U] {3} + [U1' [K] [UI{Y} = [U]" {F} ..7.88

Using the principals of proportional damping as in Eq. 7.76 then the Eq. 7.88
becomes

M

r

U+ oM, | {y}=[U] {F}
...7.89
Equation. 7.89 is similar to Eq. 7.80. Therefore, the right-hand side of Eq. 7.89 can

be written as follows with the reference of equations 7.51 and 7.86.

260M, ‘{w

F (0

Xy Xy o Xy X Flz(t) 1
X Xy o X 0 Xp . G,

[U] {F} - Xlr er . er X"r Fr(t) Gr (Say) ...7.90
Xln X2u Xrn ‘Xnn F”'(t) Gn

Where G, =X, Fy(t) + Xo, Fy(t) + X3, Fs(0) + ... X,, F,(0) + ... X,, F,(f) or
G, =% X,F(0) 791
i-1

Note: In matrix Eq. 7.90, each row represents a mode shape with the second sub-
script giving the mode number.
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In Eq. 7.89 and the combination of Eq. 7.90 becomes,

> X, F(

ire i
i=

=t A ..(r=12,3,.n) ..7.92
M, = E (say)

Jot2809,+ @l y=

The above Eq. 7.92 gives the n-uncoupled equations of vibrations, where ‘E,’ is
referred to as excitation function for the " mode.

By the help of Eq. 7.92, the solution ‘y,’ can be easily obtained for each equation is
an uncoupled equation for the particular mode and also by using Eq. 7.87 the final
solution {x} can be got easily.

7.10 TORSIONAL VIBRATION OF MULTI-ROTOR
SYSTEMS

Torsional vibration of multi-rotor systems are most commonly encountered in almost
all machinery. The common examples are the internal combustion engines.

Let us consider ‘n’ rotor systems and these ‘n’ rotor’s are connected by (r — 1) shafts.
Let &, ky, ks3...k,, be the torsional stiffness of shafts respectively. J;, J,, J5... J,, be
the moment of inertia of the rotors 1, 2, 3, ...n, respectively. At any instant we assume
that 0,, 6,, 6,...0, are the angular displacements given to the various rotors from
their equilibrium position respectively, when the system is having torsional vibra-
tions. The twist of the respective shafts at the instants are given as (6, — 6,), (6,— 6,),

0;-6,),...(6,_,— 6,) as shown in Fig. 7.9, assuming that 6, > 6, > 6;> 0,.

kt, kt, kt

Fig. 7.9 Torsional vibration of multi-rotor systems

After displacement given to the various rotors, apply Newton’s second law of motion
and write down the differential equations of motion for each rotor as follows:

Now applying Newton’s second law of motion J6 =— 3T, the equations of motion
are

Jlé 1=k (6,-0)
5,0, =k (6, - 0)) —k,(0,- 05)
J30 3=k (0, - 03) —k;3(0; - 0,) ...7.93

Jn—lé 1" km—2 (en—Z - en—l) - ktl (011—1 - 0")
Jné n= ktn—l (en—l - 0,,)
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From the above equations 7.50, when we are going to solve there will be two cases:
free vibrations and forced vibrations.

Case (i) Free vibrations
Adding of all the above equations 7.93, we get
ﬁ‘,l.liéi — 0 (for free vibrations) .7.94

In Eq. 7.94, we Calll see that the sum of the inertia torques on all the rotors must be
equal to zero since there is no external exciting torque on the system.
Solutions of equations 7.93
Assuming that the motion is periodic and is composed of harmonic motions of vari-
ous amplitudes and frequencies, let one of these components be

6, =4, sinot, 6, =—aw4, sin ot

0, = 4, sin ot, §,=-w4,sin ot ...7.95

6, =4, sin ot, 6,=—w4, sin ot
Substituting the values of equations 7.95 in equations 7.93 and simplifying, we get
J@*4, —k, (4, -4,)=0
o074, + ky (4 — 45) - ki, (A~ A43)=0
Sy’ 45 + ki, (Ay—A3) — ki3 (A3 —A44) =0 796

On rearranging the equations 7.96, we get

(,0* — k) A4, + k,4,=0
kg Ay + (@ — kg — k) Ay + kpd; =0
kpdy + (307 — ky— k) A3+ kpdy =0 797

ktn—lA + (anZ - ktn—l)

n-1

This is a homogeneous set of equations in 4,, A,, A3, Ay,...4,, and this can have a

n

solution only if the determinant formed with their coefficient vanishes.

Then eliminating 4, 4,, A3, Ay, ... 4,, from the above ‘n” homogeneous set of equa-

n

tions in A, Ay, A, A, ... A,, and then the resulting ‘n™ degree equation in ‘@”
would then give ‘n’ natural frequencies of the system. This is the frequency equation.
Now again taking equations 7.93 and rearranging, we get equations as follows:

510+ (k) 6, — (k) 6,=0
J,0 5 — (ky) 0, + (ky 1 k) O, (kyp) 05=0 ... 7.98
Jnen - (km—l) en—l + (ktn—l) 0,, =0

From the equations 7.98, the determinant form of the problem can be derived.
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Then the matrix form can be written as follows.

J,00 .. 0 k, %k, 0 .. 0
0J,0 ..0 Kk, kytk, <k, .. 0 0
[M=1]0 0J, .. 0|and[K]=

0 0 0 .. k

tn—1

k

tn—1

From Eq. 7.96, we get the dynamic matrix [[D] — A [1]'], Where [D] = [M] '[K].
After substituting the matrix values, we get the frequency equation directly.

Case (ii) Forced vibrations If there is external excitation torque (7 sin @f) acting
on the system at different positions along the system, then in such conditions we must
have,

n
> J.0, =T, (for forced vibrations) ...7.99
i=1

Here ‘T, is the sum of all external excitation torques acting on the system.

EXAMPLE 7.1

Determine the natural frequencies of the three-degree-freedom spring-mass
(linear) system by using Newton’s method as shown in Fig, p-7.1.

Solution Now at any instant give vertical displacement ‘x,’to the mass ‘4m’ ‘x,’ to
the mass “2m’and ‘x5’ to the mass ‘m’ as shown in Fig. p-7.1(a). The FBD is as shown
in Fig. p-7.1(b) assuming that x; > x, > x5

Then the two lower springs are in compression and the top spring is in tension for the
direction of x, as shown in Fig. p-7.1(b). Then the various spring forces acting are as
shown in FBD of Fig. p-7.1(b).

Now applying Newton’s second law of motion, ZF = mx, the equations of motion
are

k(x; = x,)

k(x, — x3)

(b)

Flg. p-7.2  Multi-degree linear spring-mass system
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4mx, = 3kx; —k (x; —x,) =0
2mx, =k (x; —xy) —k (x; —x3) =0, m¥3 =k (x, —x3) =0
Amx | +3kx; + k (x, —x,) =0
2mx, +k(x,—x) +k(x,—x3)=0
mxy+k(x3—x,)=0
Rearranging the above equations,
4Amx, + dkx; — kx, =0
2miy + 2kxy — kx; — kxy =0 ...7.100
mxy + kxy—kx, =0
This is the differential equation of motion of the masses ‘m,’, ‘m,’and ‘m5’.

For solution of equations 7.100, we assume that the motion is periodic and is com-
posed of harmonic motions of various amplitudes and frequencies. Let one of these
components be,

x; =X, sinwt, X, =-@™X, sin ot
Substituting these values in equations 7.100
sin wt# 0
(4k — 4ma®) X, —kX, = 0
2k —2ma?) X, —kX,—kX; =0 ...7.101
(k—ma®) Xy —kX, =0
To find the natural frequency equation, the determinant of the coefficient of x,, x,,
and x, must be equated to zero.

X1 X X3

4 (k— mw?) —k 0 -0
_k 2(k— ma?) —k
0 —k (k- ma?)

Expand the determinant to get the frequency equations:
4(k—ma?) 2 (k- ma?) (k—ma?) — K +kl—k (k—ma?) - 0]+ 0=0
(k—ma?) {8 (k—ma?)? —4k*] -k} =0
(k- ma?) L8 + 8m>w* — 16 kma® — 521 =0
(k- ma?) L 8m*w* — 16kma? — 3k*] =0
(k—ma?) =0, 8m*w* — 16kma’ — 3k* =0

k=ma’ a)2=% w=\/%rad/s

_ 16km £ (16km)’ — 48m’) (3K)  16km = \2568m? — 96K°n”
2 x 8m? 16m>

@,
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y = —

o, _ L6km £ \256K°m” — 96K m” _ 16km = 12.65km _ k 1265 k

b 16m” 16m® moo16 ™
k k
@} =0.2094 ;=179 4
k k
o, =0.4576 \/% rad/s w, =1.338 \/% rad/s

Hence, the natural frequencies are

w,; =046 \/% rad/s, ,, = \/% rad/s, ,;=1.34 \/% rad/s.

EXAMPLE 7.2

Determine the natural frequencies of the three-degree-freedom spring-mass
(linear) system by using Newton’s method as shown in Fig. p-7.2(a).

3kx, 2k(xy = xp) k(x; = x3)

(b)
Fig. p-7.2  Multi-degree linear spring-mass system

Solution Now at any instant give linear displacement ‘x,’ to the mass ‘m’ ‘x,’ to the
mass ‘2m’and ‘x;’to the mass ‘3m’ as shown in Fig. p-7.2(a). The FBD is as shown
in Fig. p-7.2(b) assuming that x; > x, > x5.

Then the other two springs (24 and k) are in compression and the top spring is in ten-
sion for the direction of x; as shown in Fig. p-7.2(b).Then the various spring forces
acting are as shown in FBD of Fig. p-7.2(b).

Now applying Newton’s second law of motion, ZF = mx, the equations of motion
are

mx, + 3kx; +2k (x; —x,) =0
2mxy + 2k (x, —x) + k (x, —x3) = 03mX5+ k (x3—x,) =0
Rearranging the above equations,
mx,+ Skx; —2kx, =0
2mx,+ 3kx, — 2kx;— kx; =0 ..7.102
3mx;+ kxy—kxy, =0
This is the differential equation of motion of the masses ‘m,’, ‘m,’and ‘m,’.

For solutions of equations 7.102, we assume that the motion is periodic and is com-
posed of harmonic motions of various amplitudes and frequencies.
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Let one of these components be,

x, =X, sin wt, ¥,=-wX, sin ot

Substituting these values in equations 7.102
—maPX, + 5kX, - 2kX, =0 » sin@t#0
—2ma’X, + 3kX, — 2kX; — kX3 =0
—3ma’X; + kXy — kX, =0

(5k—ma®) X, —2kX, =0
Bk —2ma®) X, — 2kX; — kX; =0 ..7.103
(k-3maP) X; — kX, =0

To find the natural frequency equation, the determinant of the coefficients of x;, x,
and x; must be equated to zero.

X1 X2 X3
5k — ma®) 2k 0 -0
2 —k
2k Bk -2mw)
0 —k (k—3ma?)

Expand the determinant to get the frequency equation

(5k — maA)L 3k — 2 ma?) (k- 3me?) — I + 2kl - 2k (k- 3maw?) | =0
(5k — ma?) [2K2 — 9 mke? — 2mke® + 6m>w*] + 2k[- 2K* + 6mke’] = 0
p ko4 K K
@ -683 &' +75— w0 -—==0
m m2 m3
By solving the above equation, the natural frequencies are

,; =0.396 \/% rad/s, w,, = 1.084 \/% rad/s, @,; =2.35 \/% rad/s.

EXAMPLE 7.3

Determine the natural frequencies of the three-rotor (semi-definite) system by
using Newton’s method as shown in Fig. p-7.3.

Solution Now at any instant give angular displacement ‘6, ’to the disc‘J,’ *6,’ to the
disc ‘J,’and ‘65’ to the disc ‘J;” as shown in Fig. p-7.3(a). The FBD is as shown in Fig.
p-7.3(b) assuming that 0, > 6, > 0;.

Now applying Newton’s second law of motion, J6 =— 3T, the equations of motion
are

Jy él =—k(6,- 6,
20, =k (6, - 6,) —k (6, 6;)
J303 =~k (0,-0)
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Fig. p-7.3 Multi-degree torsional system

J10 1+ Kk (6,-6,) =0
205+ kg (8, 6)) + iy (6,~6) =0 ..7.104
303+ ky (65— 6,) =0

This is the differential equation of motion of the discs ‘J;’, ‘J,’and “J5’.

For solutions of equations 7.104, we assume that the motion is periodic and is com-
posed of harmonic motions of various amplitudes and frequencies. Let one of these
components be

6, =asin wt, 6,=—-0’asin ot
6, =bsin wt, 6,=—absin ot
0, =csinwt, 6,=—a’csin t
Substituting these values in equations 7.104,
(kg —Jy @) a—kyb=0
(ky + kyp—3J,0%) b — 2k a — ke =0
(kpp —J30%) ¢ — kb =0

To find the natural frequency equation, the determinant of the coefficient of a, b and
¢ must be equated to zero.

o) kg o |,
—kn (ky + by~ Jo0°) —Kp

0 —ky (k= J- 3(02)
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(ky = T 0P) [(ky + by = Jo00) (kiy = J3@07) — kg *1 + k[ Ky (kip = J307) = 0] +0 =0

By simplying the above equation, we get

o ﬁ_l_ﬁ_l_@_l_@ 4 kiko(Jy + o+ J3)
[ R/ A A JiLJs

k, k,tk, &k k ko (J, + T+ J5)
a)z[w4_{ t1 t1 t2+ 12}0)2_}_{ 112\ 2 3 }=

[ _l,_ _
R 123

=0

a)% = ( (. semidefinite system).

¢3=+{@4fl2@+fﬁ}i«fi+ﬁﬁj2+fﬁr_h&%ﬂ+h+k)
’ 2J, 2J, 2J; 2J, 2J, 2J, JiJols

By solving the above equation, the natural frequencies are

2 kt2 kt2
o, =0rad/s, w,, =\ rad/s, w,; = 1.74 \|— rad/s.
S J3

EXAMPLE 7.4

Find the influence coefficients of the spring-mass system as shown in Fig. p-7.4.

Fig. p-7.4 Spring-mass system

Solution  Apply unit load at position ‘1’of Fig. p-7.4.

The influence coefficient, a,; = ﬁ (deflection at 1 due to unit load at 1)

a, = ﬁ (deflection at 2 due to unit load at 1), a5, = ﬁ (deflection at 3 due to unit

load at 1)

By Maxwell’s reciprocal theorem, a;; = a;;,
1

as ="12=§

1
a3y =al3=§

Apply unit load at position ‘2’ of Fig. p-7.4.

Neglecting the mass at 1, springs ‘3%’ and ‘&’ are in series.
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1 1 1 5 .
- — - 4 - oOr -
where 3k + 2 A= g (deflection at 2 due to load at 2)

eq
azy = % (deflection at 3 due to load at 2),

By Maxwell’s reciprocal theorem, a3, = a,3 = %

Apply unit load at position ‘3’ of Fig. p-7.4.
Neglecting the masses at points ‘1’ and ‘2°, springs ‘3%’, 2k’ and ‘k’ are in series
1 1 1 1 11

by 3k 2k k6K
1

433 = 1
eq

a3 = % (deflection at 3 due to unit load at 3).

EXAMPLE 7.5

Find the influence coefficient of the system as shown in Fig. p-7.5(a) and thus

find the values of natural frequencies.

Solution  Apply unit load at the position 1.

Considering mass m, = m in Fig. p-7.5(b), T'sin 8= 1, T cos 0 = 3mg,
tan 0 = %

For small angles of ‘6’ tan 8 = sin 0= ——
3mg

(a) (b) (© (d)

Fig. p-7.5 System of multiple masses
ap

From the geometry of Fig. p-7.5(b), sin 6 = ]
a, =1sin
1

A =5 =04y, =03, =ad;,=a
117 3pg 9217 %31 12 413
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Apply unit load at the position 2.
Considering mass m, =m, XV =0and 2H =0

Tsin @, =1,Tcos 6, =2 mg
tan01=%

For small angles of 6, tan 0, = sin 0, = Img

From the geometry of Fig. p-7.5(c), a,, = a;; + I sin 6,

N N
3mg  2mg 92 6mg

ax = T asz T dy

Apply unit load at the position 3.
Considering mass m; =m, XV =0and XH =0

Tsin@,=1,Tcos 6,=mg .. tan 02=mig
For small angles of 0,, tan 6, = sin 6, = mig
From the geometry of Fig. p-7.5(d),
51 1 11/

dz3 = 022+lsin 02 s d33 =

6mg *mg mg’ 6mg

The equation of motion using influence coefficient in matrix form is as follows:

Xy ma;; My mia;s]rx
Xy | = @? | may Maady mady
X3 myasy  Myas; Mi3dss
' ml ml ml
. 3mg 3mg 3mg
ool mt sml 5ml
=0 —
X 3mg bmg 6mg
3
ml  Sml 11ml
| 3mg  6mg  bmg

mla)

To find the first principal mode and first natural frequency,

let X =%=x3=1
1 2 2 2
1] =
1

Bz =0A2+Bz+0C2
C,=04,+0B,+C,

This can be written in matrix form as follows:

222
5
11

)l
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Al 10 229 -3.921[4
By =10 1 0 B, | (Sweeping matrix)
] lo o 1 l]g

To obtain the second natural frequency, the sweeping matrix is combined with the
matrix of the first principal mode.

o220 2100 229 39219,
n=12 5 s5llo 1 0 ([%2| %
x (2 5 11llo 0 1 1lx) 8

For first iteration, letx; =1, x, = 1, x5 =

1 ,[0 258 584 8.42 1
I1 =’6ﬂ 0 042 2. 84“ I 242‘ 8462’“’ 0.29l
1l %lo 04 316 3.58 g 1043

For second iteration, let x; = -1, x,=0.29, x; =043

-1 ,[0 —2.58 —5.84 ~1.76
I—0.29 =’6ﬂ 0 042 —2.84“ 0.29 134‘ 1766"”2I -0. 6]
0.43 1o 042 3161043 124 g | 070
For third iteration, x, = -1, x, = —0.76, x; = 0.70
“11 2[00 —258 -584
—076|="—|0 042 2384 076
0.70 1o 042 31611070
For second iteration, x, = 1, x, =2, x3=
1 ,[2 2 2101 12 1
lz =’6ﬂ 2 5 5|2 ’6“’2 27 126’“’ 225
3] %812 5 11ll3] “8las g 1375
For third iteration, x, = 1, x,=2.25, x;=3.75
1 ,[2 2 271 1 14 1
225 =’6ﬂ 2 5 5/|225 Zleﬁ 32 =1‘2ﬂ 2.29‘
3751 %812 5 11ll375] 8 ls4.70 ¢ [3.89
For fourth iteration, x, = 1, x, =2.29, x;=3.89
1 2 2 211 1 14.36"
2.29 =’g’ 2 5 5|[229 =’6ﬁ 32.90 1426"”2 229]
389] °8[2 5 11)l3.89] °8|56.24. ¢ 3.9
For fifth iteration, x, = 1, x,=2.29, x;=3.92
1 2 2 2 14.42
I229 s 229 ""2 33, 04‘ 14‘6‘2""2 229]
392, 8 2 5 11 3.92 56.57 g 13.92
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Since the assumed values is approximately equal to the obtained values, the first

principal modes will be, 4, =1, B, =2.29, C, = 3.92.
The first natural frequency is
14.0200" 2__6 & B \jg
6g 1,orw;, = 149 7° @, =0.65 ] rad/s.

To obtain the second principal modes, the orthogonality principle is used.

- mlA 1A2 + sz Bz + m3C1C2 =

,=-229,B,=-3.92C,, 4,=

0,0orm (1) Ay +m (2.29) B, + m (3.92) C, =
04,-2.29B,-3.92C,

, [-2.13 -1
=’g’ = —2.31‘=2‘163"”2= ~1.08
g | 1.89 g 0.89
For fourth iteration, x, = -1, x, = —1.08, x; =0.89
-1 , [0 258 —584 »[-2.41 S -1
I—1.08 =’6ﬂ= 0 042 —2.84“ 1.08 =l6ﬂ —2.98‘=2'46”‘" 1.24‘
0.89 g o 042 316.l089 g 1236 g 1 0.98
For fifth iteration, x, = —1, x, = —1.24, x; = 0.98
-1 , [0 —258 —584 ~2.52 -1
I—1.24 =’6ﬂ= 0 042 —2.84“ 124 330‘ 2562’“’ 1.31‘
0.98 g o 042 31611098 2.58 g 11.02
For sixth iteration, x; = -1, x, = —1.31, x; = 1.02
-1 , [0 —2.58 —5847 —1 5 [-2.58 -1
~131 =’6ﬂ= 0 042 -284||-131 =’g’ ~3.45 =2'568"”2 ~1.34
1.02 g lo o042 316ll1.02 g 1267 g | 1.04
For seventh iteration, x; = —1, x, = —1.34, x; = 1.04
-1 , [0 —2.58 —5847[ —1 5 [-2.627 [ -1
134]= %0 042 284]| 134|220 35| 202001 5
1.04 g lo o042 316.l1.04 81272 | ¢ 1104

Since the assumed values and the obtained values are approximately equal, the sec-
ond principal modes are given by 4,=-1, B, =-1.34, C,=1.04
2.62108 _ 6g

_ g
62 6ol P 1.51 \j;rad/s

To obtain the third natural frequency and third principal modes, the orthogonality
principle should be used.

mA,A3 + myB,By + myC,C3 =
mA Az + myB By + myC,C5 =

. second natural frequency is given by

2:
2n

0
0
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Using the values,
m(—1)A;+m(1.34) B3+ m (1.04) C;=0,
—A43-134B;+1.04C5=0 7.105
m (1) A3+ m(2.29)B;+m (3.92) C5=
—A3+229B,+3.92C5;=0 7.106
Adding equations 7.105 and 7.106, we get
0.95B; +4.96C5=0
By, =-5.22C; 7.107
Substituting the value of B; in Eq. 7.105, we get
—A;—-134(-5.22) C;+1.04C5=0
A;=8.03 C; 7.108

Writing the equation in terms of C; from equations 7.107 and 7.108,
A3 = 0A3 + 0B3 + 803 C3
B3 = 0A3 + 0B3— 522 C3
C; =045+ 0B;+ C;

The sweeping matrix will become

431 10 0 8.031[4
Bi|=|0 0 -522||B;s
cl loo 1l

When this sweeping matrix is combined with the matrix equation of the second mode,

we get the matrix of third mode.

M) 20 -258 -584170 0 803 ][%
= [0 042 -284[10 0 -522
x) %8lo o042 316il0 0 1 llxs

L 7.63
=" ~5.03 xz
) 8 0 o 0.97

For first iteration, x; = 1, x, = 1, x5

1,2 7.63 7.63 1
Il ’6 ~5.03 503‘ 7663’“’ 0.66]
1l %o o 0.97 0.97 g 1013
For second iteration, x; = 1, x, =—0.66, x; = 0.13
1 L0 0 7.63 1 0.99 1
I—0.66 =’6ﬂ 0 0 —5.03“—0.66 lg’ —0.65 ‘ 0969’“’ 0.66]
0.13 €1lo o 0971013 0.13 g 1013
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Since the assumed value is approximately equal to the obtained value, the third prin-
cipal modes will be, 4, =1, B; =-0.66, C;=0.13

The third natural frequency will be 0.99/0*/6g = 1, @?;, = 6g/0.991,

s, =2.46 \j% rad/s.

EXAMPLE 7.6

Determine the influence coefficient of the triple pendulum of lengths /,°,/,” and
‘I, and masses ‘m,’, ‘m,’ and ‘m;’ as shown in Fig. p-7.6(a).

T S0
b T UnitLoad = F 7 Tcos0
1

m m
o | b
ly F=1

T sin 0,
e z
a
Iy N (my +my + mg)g
41

(a) (b) (©

Fig. p-7.6 Triple pendulum

Solution Apply unit load to mass ‘m,’.
Considering mass ‘m,’,
XV=0andXH=0
Tsin 6, =1 ..7.109
T cos 0, = (m;+ my+ m3)g ..7.110

1

Divide Eq. 7.109 by Eq. 7.110, tan 0, = m
1T mytmy

For small angles of 6,, tan 6, = sin 6,

a
From the geometry of Fig. p-7.6(b), sin 6, = %, ay, =1, sin 6,
Lo
(my+my+my)g

ll ll
31

The influence coefficient, a;, =

From the geometry of Fig. p-7.6(c), a,, =

i S
(my+ my+my)g’ (my + my+ ms3)g

By Maxwell’s reciprocal theorem, a,, = a,and as; = a3
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Applying unit load to mass ‘m,’, neglecting mass ‘m,’,

(my + my)q

% Unit load = F

A
\]
A

(d) (e)

Fig. p-7.6 Contd.

Considering mass ‘m,’, Fig. p-7.6(d), ZV and XH =0

T'sin 6, =1
T cos 0, = (my+ my)g
1
tan 6, =——
2 (my+my)g
For small angles of 6,, tan 6, = sin 6,
l
From the geometry of Fig. p-7.6(¢), sin 0, = li’ x=1,sin 6, x = m
2 PR
But influence coefficient,
Ayy = Ay T X, 9y = i + b
2 THTER (gt my+ my)g  (myt+ my)g
I3 A

From the geometry of the figure, a3, = a,, = (m *my + g + (my + my)g

Applying unit load at the position ‘3’, neglecting masses ‘m,’ and ‘m,’.
Consider mass m; Fig. p-7.6(/)ZV =0and ZH =0

Tsin 65 =1
Tcos 6; =m,g
tan03 :ﬁ

For small angle of 0,, tan 6= sin 6,

From the geometry of Fig. p-7.6(g)
L

sin 03 = @

x .

X x=1Ilysin O3, x =
3

But Q33 = Ayt x

319
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§2zs
6 T TCosb,
™
: F=1
NN T Sin 6,
a8y 1|
m, mz g
[ ——3a80—F
5l
Unit load = F
< Ay |
xs]
i (9)
Fig. p-7.6 Contd.
ll 12 l3
a3z = + Mg
(my+my+myg (my+my)g ™MsE

EXAMPLE 7.7
A simply supported beam of length /> has three equal masses attached to it at

equal distances as shown in Fig, p-7.7(a). Determine the influence coefficient.
/ > W, W, Ws
I S

A
@@:@:@:i Y ] 2 3 vy
(b)

(a)
Fig. p-7.7 Simply supported beam

A

Note: Deflection at any point ‘x’ is given by a simply supported beam.

_wax(lz—az—xz) i <
Vo= ggn  lor¥=d-9

where w = Load applied at a distance ‘e’ from the end 4 or B
x = Distance to the point from end B or A, where the deflection is actu-

ally required

«<—a >« X
A v R . B A
A 1 2 3 4 A 1 2 3
Y1 a
(c) (d)

Fig. p-7.7 Contd.
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A <—a4>l < X 3 «—2/4 = a—>
Y

A 1 2 3 A A 1 2 13 A
<—1//4 /4 —>+¢— /4 —>1<— |4 —>

/ > < /

Y

(e) M
Fig. p-7.7 Contd.

E = Young’s modulus of the beam material and 7 = Moment of inertia

of the beam
Applying unit load at the point 1, Fig. p-7.7(c).
Solution Influence coefficient, a = ﬁ, x = 3l x<1l-a
L3, (L (2y
3., L 4x4(12_(l4) 4

i Z</_-an -
Le. 4 <14 GEIl

31 r9P

16\2716 16 3Px6 3P
.. the condition is satisfied, a;, = GEI “16x 16 x 6EI _ 256EI

. iy . iy / 2]

Deflection at the position ‘1’ due to unit load at position ‘1°, a = Vi

Condition x< 17— a1ey<(l —) y<— (true)

4 4)
2 2 2 2
4 ) et
a7y 4 4)) 16\" 16 16
921 6EI N 6EI

C2x11P 1 3.67P . .
9 = 556El 6 256EI (deflection at 2 due to unit load at 1)

gt 1
4’7 4
Condition x<I/-a 1e.£s(l—£)=>£s%(True)
aalr - -))
4 40" 4 "\4)) 14 P
%31 6EI 6  256EI
2338

431~ 556ET (deflection at 3 due to unit load at 1)

3.67° 2338

By Maxwell’s reciprocal theorem, a,, = a;, = 356E1 31~ 913~ 35¢p7
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Applying unit load at the point ‘2, influence coefficient azz,a=%,x il, condition
x<(l-a),
. 2] 2] 2]
Le. 4<(l Z)=>Z<_ (True)
dalrGT-(GY]
_aal” V) V4] | 406P 4P -4P) 533P
= 6ELL, 6x256EI  256EI
(deflection at 2 due to unit load at 2)
a =%,x=£conditionx3(l—a), ie. l<—(True)
el (]
Y 2016 -4F -] 3677
32~ 6EIl " 6x256EI  256EI
(deflection at 3 due to load at 2)
Applying unit load at point 3, a= %, x= %
F=1
A ;_&ab
T 1 2 3
Fig. p-7.7(g9) Contd.
. L3, ( / )
< _ _—
Condition x< (l a), .. 25 l 4
3/
= < =
4 S 4 (True)
I 31 1\2 (31\2
: =ZXZ(12_(Z) _(Z))= 3P deflection at 3 due to unit load at 3
Soag GEll 256EI( eflection at 3 due to unit load at 3)
By M 1I’s reciprocal theorem = =M
y Maxwell’s reciprocal theorem, a3, = ay; =55 -

EXAMPLE 7.8

Determine the influence coefficient of a dynamic system consisting of three
equal masses attached to a taut string as shown in Fig. p-7.8(a).
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S —>] |—>< I—T—l—>\
A A

y A1 /
T A
()

(b) (©
Fig. p-7.8 Dynamic system

Solution Applying unit load at the point 1, let ‘7” be the tension in the string.
For small angles of ‘a’and ‘f’, tan o = sin ¢, tan 8 = sin

Considering the mass ‘m,’ in Fig. 7.8(b) ZH =0

Tcosa =Tcosf
Considering vertical movement of the mass m
V=0
Tsina+ Tsin =1
11 an

a
But from the geometry of Fig. 7.8(c), sino = - sin B = Y

a4

_ _ 3 . . .1,
T( ] + 3l ) =1l,a,,= ar (deflection at 1 due to unit load at the point ‘1°)

Comparing similar triangles,
2 2.3

4= 3% T3%r

Comparing similar triangles,

S ~ L (deflection at 3 due to unit load at 1
3 1 %17 3% 9 4T(e ection at 3 due to unit load at 1)

Sy = ﬁ, (deflection at 2 due to unit load at 1)

By Maxwell’s reciprocal theorem, a;, = a,, = Z_IT (deflection at 1 due to unit load at
2)

a3 =a;3= # (deflection at 1 due to unit load at 3) applying unit load at the point 2.

Considering the vertical movement of mass ‘m,’ in Fig. p-7.8(d)

XV=0,Tsin 0+ Tsin =1
From the geometry of Fig. p-7.8(¢),
as

Sin0=2—l

1y (1
) ()=
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Fig. p-7.8 Contd.
2 1

2791 7T
Comparing the similar triangles,
ay a3 an

5] ] 92T 0an" ﬁ, (deflection at 3 due to unit load at 2)

By Maxwell’s reciprocal theorem,

y3=az, = %, (deflection at 2 due to unit load at 2)

Applying unit load point ‘3’ by symmetry, a;; =a,; = j—]l,
Note: For the system shown in Fig. p-7.8.(f)

m, %, is the inertia force of the mass m;,

m,x, is the inertia force of the mass m,

msx is the inertia force of the mass m,
Let x, =Asin ot, x,=Bsin wt, x;=Csin ot

S 2 . 2 . . 2
X, =—0x, X,=—-B®" sin 0, x3=-Wx,

-, the inertia forces will be —m,@’x;, —m,@*x, and —m;°x,
For unit load, influence coefficient = a;; Fig. p-7.8  Contd.
For inertia force, influence coefficient = (inertia force ) a;;
For a three-degree-freedom system shown in Fig. p-7.8.(f),
there are nine influence coefficients:

ayy, apy, ay; for the mass m; a,,, a,,, a,; for the mass m, as; as,, as; for the mass
m
3.

.. total deflection of masses ‘m,’, ‘m,’ and ‘m5’ is given by
ay=aptaptag
a, = ay +as + a3 For unit force
az=az taptas



Multi-Degree-Freedom Systems: Exact Analysis 325

Considering inertia forces, displacements are given by

—Xy = aympE T agmyty +apgmais cox = agm@x + apmy@’x + agsme’x
Xy = a21mla)2xl + a22m2w2x2 + a23m3(02x3
X3 = a3lmla)2xl + a32m2(02x2 + a33m3(02x3

This can be written in matrix form as

X aym @’x, a,my@'x, ayymyex,

X2 | = aZImele azzmzcurzx2 a23m3a)2x3

x

3

aym @'’x, a3,my 0%y a3ymy0xs
or

Xy AmXy apmyx, apmsxs] (X

X | = @ |@umiXy agmyx, aypmyxs|=|%|.

X3 A3 M Xy azMoX, azMaxs] \X3
EXAMPLE 7.9

Calculate the natural frequencies of the system as shown in Fig. p-7.9 by using
matrix method.

Fig. p-7.9 Spring-mass system

To calculate influence coefficient, applying unit load to the position ‘1’
1
4T3 T 9217931 42" 43
Applying unit load at the position ‘2°, neglect mass at ‘1°,
1 1 4
A =t r T3 92T 9
Applying unit load at the position 3 neglecting masses at ‘2’ and ‘3’,
1 1 1
—+—+—
B3k ko 3
The equation of motion for a three-degree-freedom system in matrix form is written
as follows:

a given m; = 4m, m, = 2m, ms =

X1 may myap miap]rx
Xy | = @ [may myay maan
X3 myas; myas, msds;s

I4_m 2_m m
3k 3k 3k

X1 4 2 11
xzwzmmé‘mlllllmwzé‘gétxz

;7.

3k 3k 3
X X
3 i 8m Im 4 8 7llx

L3k 3k 3k




326  Mechanical Vibrations

Assuming x, = 1, x, = 1, x; = 1 for the first iteration,

1 4+2+1117 me? 7
1 =—4 8 4 3k 4+8+4]|16 Y 16
1 4 8 7 4+8+71119 19
1
1 7’”“’2 Iz 29]
1 2.71
For second iteration, x, = =2.29,x3=2.71
1 11.29
I2.29 = 4 8 4‘ IZ 29‘ 33. 16‘ 11.29mer 239k ma? IZ 29‘
271 4 8 711271 41.29 3.66
For third iteration, x, = =2.94, x;=3.66
1 4 2 1 > 1 > [13.54
2.29 =”‘3—‘;€’2 4 8 4] ”'23# 2.29 =”‘3—‘;€’ 42.16‘
3.66 4 8 7 3.66 53.14
1
22913 534]:”‘”2 l3 11
3.66 3.92
For fourth iteration, x, = 1, x, = 3.11, x3 = 3.92
1 4 2 1 1 14.14 1
3.11 =”‘3—‘l‘€’2 4 8 4|31 ”‘3‘;{’ 4456‘ 1413# 3.15‘
3.92 4 8 711392 56.32 3.98
For fifth iteration, x; = 1, x, = 3.15, x; = 3.98
1 4 2 1 1 14.28 1
3.15 =”‘3—‘,‘€’2 4 8 4||315 =”’3—‘;€’ 45, 12‘ 1423% 3.16
3.98 4 8 711398 57.06 4
For sixth iteration, x; = 1, x, = 3.16, x5 =
1 14.32 1
I3.16 =— 4 8 4 316 =— 4528‘ 14'3§—kmw2l3.16
4 4 8 7 57.28 4
Since the assumed value is very close to the obtained value
1432 me”
3k

. wf” =021 % s, =046 \/g rad/s (first natural frequency)

The first principal modes are given by 4, =1, B, =3.16 and C, =4.0
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To obtain the second principal mode, the orthogonality principle is used,

ie. mA A, + myB By + m3C,C, =0
4m(1)4, + 2m(3.16) + B, + m(4)C, =
or 44,+ 6.32B,+4C,=0,4,=-1.58B,—- C, or 4,=04,— 1.58B,- C,
B,=B,, B,=04,+B,+0C,, C,=C,, C,=04,+0B,+C,
These can be written in matrix form as
A 10 -158 -17[4
B,|= IO 1 0 ||B2
c, 0 0 1l{c,

This matrix, if combined with the matrix of first mode, is called sweeping matrix.

X1 ma? [4 2 1 -158 -11[*1
X =W 4 8 4‘ 0 1 0‘[352‘
X3 ] 4 8 7 0 111%s
il mwz -4.32 —3 xl

2| = ETS 1.68

X3 ] 1.68

Starting the first iteration, let the second pr1nc1pal modes be

=1, %=1 x3=1
1 _432 -3 732
l1 —”‘3—‘;{’2 1.68 H ‘ 168‘ 73;’:“’2[0231
1 1.68 1.68 0.64
For second iteration, x; = 1, x, =023, x;=0.64
1 0 -432 -31[ -1 ,[-2.91 1
023 =";—‘;C’2 0 168 0|[023 =”‘3—‘;€’ 0.39‘=2'9;—,’f“’2 0.131
0.64 0 168 3.lo6a 231 10.79
For third iteration, x, = -1, x,=0.13, x3;=0.79
1 0 -432 -31[-1 ,1-2.93 o[ -1
0.13 =";—‘;C’2 0 168 0 |[013 =”‘3—‘;€’ 022‘ 29;—,’{”“’ o.osl
0.79 0 168 311079 259 [0.88
For fourth iteration, x, = -1, x,=0.08, x;=0.88
1 0 —432 -31[ -1 ,[-2.93 o[ -1
0.08 =";—‘;C’2 0 168 o‘ 0.08 =”’3—‘;C’ 013‘ 292—,’{”“’ 0.04
0.88 0 168 3)loss 277 0.93
For fifth iteration, x, = -1, x,=0.04, x;=0.93
1 0 -432 -31[-1 »[-2.96 o[ -1
0.04 =";—‘;C’2 0 168 o‘ 0.04 =”;—‘;€’ 0.07‘=2‘9§Z’“’ 0.02
0.93 0 168 3./l093 2.86 0.97
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For sixth iteration, x, = -1, x,=0.02, x;=0.97

1 0 —432 —37[ -1 -3
0.02 =";—‘;C’2 0 168 0 [o.oz ”’3‘;{’ 003‘ 3ma? [0011
0.97 0 168 31l097 2.94 0.98
For seventh iteration, x, = -1, x,=0.01, x;=0.98
1 L[0 —432 —37[ -1 2.98
0.01 =”’3—‘;€’ 0 168 o‘ 0.01‘ ”‘3‘;{’ ooz‘ zgil’f“’z [0011
0.98 0 168 3.loos 2.96 0.99
Since the values of x;__; x,_0, x3= 1
Let for eighth iteration, x; = -1, x,=
11, 20 432 —3 3md? -1
0 =7 1.68 | ©
1 1.68 1

Since the obtained modes is equal to the assumed modes,
3ma’ , k

= 3k :1’ wZII=m’

To obtain third principal modes, the orthogonality principle is
m A3+ myByBs + myC,C3=0
m1A1A3 + szlB3 + m3ClC3 = 0

W, = \/% rad/s. (second natural frequency)

But 4,=1, B;=3.16, C,=4, A4,=-1, B,=0, C,=1
4m(-1)45 + 2m(0)B; + m(1)C;=0
—445+0B;+ C3=0 7111
4m(1)45 +2m(3.16)B; + m(4)C; =
445+ 6.32B,+4C5=0 ...7.112
Solving equations 7.111 and 7.112 and adding, we get
6.32B; +5C;, B;= 3 ;2 C;, B;=-0.79G;
Or =043+ 083+ 0.25C;, B3 =045+ 0B; — 0.79C;, C3=045+ 0B; + 1C;
Writing in matrix form,
4] 10 0 02514
Bs| = IO 0 -0.79]|| Bs |} (sweeping matrix)
C, 00 1 C,

This matrix is combined with the matrix of the second mode.
X1 mw2 —-4.32 —3 0 0 0.25

X | = W 1 68 —0 79 x2
X3 1.68

X1 ma? 0 0 041

X = _ X

> % 0 0 1.33 2

1.67

N =

N =

W
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For first iteration, x, = 1.0, x,=1.0, x;=1.0

1 0 0 041 0.41
l1 =”‘3—‘;€’2 0 0 133“ ‘ 133‘ 04;,’2’“’2[3241
1 1.67 1.67 4.07
For second iteration, x, = 1.0, x,=-3.24, x;=4.07
1 0 0 041 1 1.67
[—3.24‘ - ";—‘;C’z 00 -133 [—3.24 ”‘3‘;{’ 5 41‘ 0. 4;’{”"2 [ 3. 24‘
4.07 0 0 1671407 6.80 4.07

Since the assumed amplitudes is equal to the obtained values,

2
LOMS w2k w10k

w;, =134 \jg rad/s (third natural frequency)

Third principal mode will be 4;=1, B;=-3.24, C;=4.07.

EXAMPLE 7.120

Determine the natural frequencies and principal modes of vibration for the 3-de-
gree-freedom system as shown in Fig, p-7.10 by using matrix iteration method.

Solution Determine the influence coefficient system shown in Fig. p-7.10.

We know that earlier.

1 1 1

oy, O 3k 3k 3k
[o]=|021 CGaa Oo3|= 14 4
v o O O 3k 3k 3k
1 4 7

3k 3k 3k

In the next step, write down the equation of motion using
influence coefficients.

0y myX |+ OlpmyXy + Ogsmsis +x =0
O m Xy + Qpympxy + Qpzmaxs +x, =0

O X + OlpiigXy + Ogsmais + x3=0 Fig. p-7.10 Three-degree
freedom system

X = QX+ Ogpmax, + 03
Xy = Oy Xy + OpmaXy + O3tz

X3 = 003X+ QzpiyXy + Olz3MaXs



330

Mechanical Vibrations

The above equation can be written in the matrix form as

X1
X3
X3

|

}zwz

oymy
0 my
05my

(P
0yym,

Ol3pm,

Qy3ms
Q33
Q33m3

1
2
3

X
X
X

|

Substitute the value of influence coefficients in the above equation.

f 4m
3k
4m
3k
4m

| 3k

2m

3k

8m

3k
8m

3k

m
3k
4m
3k
m
3k

X1
x| _ma
o] 3k

4 2
4 8
4 8

1
4
7

I

To start the iteration process, assume the configuration in the first mode as

=1,x=2,x3=3
X1
X2 =
X3
Second iteration
1
291
3.72
Third iteration
1 a) - [ 4
3.12 3k
3.95 L4
Fourth iteration
1 a) - [ 4
3.15 3k
3.99 L4

_o’m
3k

[>2)

2
8
8

—

4
7

|
|

<]
—

<]
~N =

1
3.12
3.95

1
3.15
3.99

1
2
3

|
|

2.
3.

|
-

7|

may

11

|

1
91
72

#|
&
}
}

41

14.19
44.76
56.81

143
45.16

k15713

The ratio obtained is very close to the initial value.

3.15
3.99

Ry

m(xt)2
3k

3.

3.158

1

99

=0.458 \/g rad/s

The first principal mode is given by {

for

143 me® _

1
3.158
3.

3k

|

99

} (11)%{291}
3.72
13.5
4. 16} (135)’"](;’
53.32
m(D 1
(14.19) {3115
3.99
(14.3) ’”I‘:’ {3.158
3.99
2_ o _ 3 k
@ =0 =3 m

|
|
|

1
3.12
3.95

|
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The second natural frequency and principal mode is found by using orthogonality
principle.

mlAlAz +szle + m3C1C2 =0

-1

The value is converging to { 0 } and hence 3’;1:)2 =1
1

s = %, w,= \/g rad/s

-1
and the second principle mode is { 0 }
1

To get the third mode, use orthogonality principle.

mA,A3+ myB,Bs+ m3C,C3 =0
mlAlA3 + szlB3 + m3C1C3 = 0

Substitute Al = 1 A2 =3. 158 B2 0, C] = 40, C2 =1
4m (“1)dy + 2m(O)By + m(1)Cy = 0, —44,+ C3=0 o Ay=——

+C
4m(1) Ay + 2m(l) By + m(d) C5 = 0, 4m (73) +2 (3.158) B, + 4C; = 0, 6.316
B3 =—5C3

45 10 0 02514
Then B;=10 0 -0.79|{B;
c, oo 1 g

When this is contained with the matrix equation for the second mode, it will yield

the third mode.

X 0 0 0.25 e’ 0 0 0427 (*

X =— 4 8 4 —079 =35 0 0 —-132({*
x3 0 0 1.68

X3 4 8 7
4m(1)A4, + 2m(3.158)B, + m(3.99)C, =

44,+ 6316 B, +3.99 C,= 0
Az = —158 B2 C2, B2 B2 and C2 C2

The same can be written in matrix form as

42) 10 —158 —17(42
B,)=10 1 01¢B,
c,] lo o 1llc
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When this is combined with the matrix equation for first mode, it will converge to
second mode.

X -1. 58 —1 mat 0 —-432 -371 (%
X =— 4 8 4 v 0 168 0 ]{*
X3 4 8 7 x3 0 1.68 3]\x3

For first iteration, assume x; = 1, x, = 1, x; = 1.
-7.32
1.68 ‘ 7.32me {o 23}

1 ma? 0 -432 -371(1 ma?
1= W 0 1.68 0 1;= 7 &
1 0 168 3]1\1 4.68 0.64

For second iteration

1 0 -432 -37( -1 2.91 1
{023} ”‘3‘;{’ 0 168 0 {0.23} ";(;:2{03864} 29;{“’ {013}
0.64 0 168 3]l0.64 231 0.8

For third iteration

1 0 -432 -37( -1 2.48 1
{013} ”‘3‘;{’ 0 168 0 {0.13} ";(;:2{0218} 24§k“’ {oos}
0.8 0 168 3)l0.64 2.14 0.86
For fourth iteration

1 0 432 -37( -1 2.92
{008} ”’3‘;{’ 0 168 0 {0.08} ”‘3‘;{’ {01344} 29§k“’2{oo4}
0.86 0 168 3)l086 272 0.93

Assume the configuration in third mode as, x, = 1, x, =2, x; =3

Then first iteration

1 0 0 0427( 1 1.68 1.0
{3.14}=M 0 0 —1.32”3.14} ’"“’{ 528} 1.68ma {—3.143}

400) * 1o o 168lla0o) 3* 672 3k 40

1.0
Hence, the third principal mode I—3.143‘
4.0

ma’ ) 3

The third natural frequency is given by 1.68 ——— 3% =1, 0" = wﬁ =1 % =1.785 -

w; =1.336 \jg rad/s

Hence the natural frequencies are

=0.458 \j% rad/s, o, = \j% rad/s, w;=1.336 \j% rad/s

1 -1 1.0
The principal modes are {3.158 }, { 0 } and {—3.143}
3.99 4.0
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REVIEW QUESTIONS

(1) What are the different methods by which a vibrating system having several degrees of
freedom can be analysed?

(2) Name the methods available for the frequency analysis of the systems with several
degrees of freedom.

(3) State and prove Maxwell’s reciprocal theorem.
(4) Explain orthogonality principle in case of a multi-degree-freedom system.
(5) Distinguish between flexibility influence coefficient and stiffness coefficient.

(6) Define stiffness influence coefficient as applicable to multi-degree-freedom vibra-
tions.

(7) Explain briefly: (i) Newton’s method (ii) Method of Influence coefficient (iii) Maxwell’s
reciprocal theorem with example.

(8) Write short notes on (i) Matrix iteration method, and (ii) Orthogonality principle as
applied to multi-degree-freedom system.

(9) What is mode shape? How is it computed? Explain.

(10) State and prove the orthogonality principle in case of a multi-degree-freedom vibrating
system.

PROBLEMS FOR PRACTICE

(1) Determine the natural frequency of the system by using influence coefficients of the
system as shown in Fig. p.p-7.1.

Ans. o, =045 \]g rad/s, @,, = \]% rad/s, @,; = 1.34 \]g rad/s.

(2) Determine the influence coefficient of the triple

pendulum of lengths “/,’, ‘/,” and ‘/;” and masses
< ’ 3 b M M 3 k
‘m,’, ‘m,”and ‘m;’ as shown in Fig. p.p-7.2.

Ans. Influence coefficients are expressed in the

)
. 1 |4m !
matrix X4 :

o O O
[a]=| % G Op3=

1
3k
1
3k
1
3k

Fig. p.p-7.1 Fig. p.p-7.2
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(3) Determine the natural frequency and mode shape of the system
by using Newton’s method as shown in Fig. p.p-7.3 as m, = 4

kg, m, =2 kg, my = 1 kg, k; = 300 N/m, k, = 100 N/m, k; = 100 K
N/m.
" 1 [m]
Ans. @, = 4.6 rad/s, w,, =10 rad/s, ®,; =13.4 rad/s. X4
(4) Use matrix iteration method to determine the natural frequency of k2
the system as shown in Fig. 7.4. 5 }
2
T T
Ans. @, =081 rad/s, o, =1.142 4/— rad/s, k3
ml ml

@, =185 T rad/s. 3[ma] X
ml 3

/ / y / Fig. p.p-7.3
Oy &) )
1 2 3
Fig. p.p-7-4

(5) Use matrix iteration method to determine the natural frequency of the system as shown
in Fig. p.p-7.5.

Ans. o, =0.54 \]% rad/s, @,, =1.12 \]% rad/s, @,;=1.45 \]% rad/s.

3k
1 Em' X,

2k 6, 6,

TN PN
2 Eﬂ
% k k
k i 2
J1 J2
3 Izzl %
Fig. p.p-7.5 Fig. p.p-7.6

(6) Determine the natural frequencies of the two-degree torsional system by using matrix
method as shown in Fig. p.p-7.6.

kt kt
Ans. o, =0.54 7 rad/s, @,,=1.3 Wi rad/s.
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(7) Determine the natural frequencies of the three-degree torsional system by using Newton’s
method as shown in Fig. p.p-7.7.

oy 3J, J,

Fig. p.p-7.7

k, k, k,
Ans. @, =038\ radls, @,,= 1142\ radls, o,;=1.884 |7 radss.

(8) Determine all the influence coefficients of a 3-degree freedom system as shown in
Fig. p.p-7.8.and hence find the first natural frequency of the system by the method of
matrix iteration.

3k
tLm,,

2k
2[2m}—

k
JE
Fig. p.p-7.8

OBJECTIVE-TYPE QUESTIONS

(1) A shaft carrying three rotors will have (a) by solving the number of equa-
(a) no node (b) three nodes tions easily
(c) twonodes (d) one node (b) easily and quickly with the help of

(2) The natural frequencies and mode compute‘rs ,
shapes can be determined easily and (c) by app!ymg Newton’s second law
quickly in case of multi-degree-free- of motion only

dom systems (d) none of the above cases



336

Mechanical Vibrations

(3) Influence coefficient can be determine
by using

@
(b)
©
(@

Maxwell’s reciprocal theorem
matrix iteration method
orthogonality principle
Rayleigh-Ritz method

(4) Matrix iteration methods are used to
determine

@
(b)

©
(@

analysis of problems in natural
frequencies only

analysis of problems in structures,
vibrations, fluid dynamics and
design

large number of mathematical
equations

all of the above cases

(5) Matrix iteration method is used in

@
(b)
©

(@

determining amplitudes of second
and third modes of vibration

determining the principle modes
or normal modes of vibration

an iterative procedure to determine
the principal modes of the system
and its natural frequencies

an important property while
finding the fundamental natural
frequencies

(1) ¢
(7 a

@) b
(8¢

3) a

Answers

(6) In a four-degree-freedom system, the
eigenvalue will be

@
(b)
©
(@

two eigenvalues
three eigenvalues
four eigenvalues
zero eigenvalue

(7) In eigenvalue problems

@
(b)
©

(@

the eigenvector will represent the
mode shape

the eigenvector will represent the
natural frequency

the eigenvector will represent the
mode shape as well as natural
frequency

all of the above cases

(8) For a 3-degree freedom system, or-
thogonality principle can be written

as
@
(b)
©

(@

m A4, + myB\B,=0

m A4, + myB By + myC,C,=0
mA 4, + myB B, + myC,C, =0
mAyAs + myB,By + myC,C3= 0
m A A + myB B3+ myC,C3=0
None of the above cases

(ORY

) c (6) c



MULTI-DEGREE-
FREEDOM SYSTEMS—
NUMERICAL

METHOD

In Chapter 7 analysis, we discussed the exact method for determining the natural
frequencies, mode shapes, etc, in a multi-degree-freedom system. As the number
of degrees of freedom increases, it becomes very tedious to solve the equations
of motion and to determine the natural frequencies and mode shapes. The natural
frequencies and mode shapes can be determined easily and quickly by using the
following numerical methods in a multi-degree-freedom system:

Dunkerley’s method, Rayleigh’s method (energy method), Holzer’s method, Stodola’s
method, Rayleigh—Ritz method and method of matrix iteration.

DUNKERLEY’S METHOD

This is an approximate equation and can be derived from the algebraic rules, i.e. if
the coefficient of the highest term of the nt degree freedom equation is unity, the
coefficient of the second highest term equals the sum of the roots of the equations.
Dunkerley’s equation is capable of giving only the fundamental natural frequency.

Consider a three-degree-freedom system as shown in Fig. 8.1. The equation of motion
in terms of influence coefficient may be written as

Xy =ay m @ x;+a,my @ x,t+aymy @ x
Xy = ay my @ x;+ @y, my O xy+ aymy 0 x
X3 =az my @ x;+az, my @ x,+ azymy & x4
Rearranging,
Xy [a“mlwz—1]+a12m2(02x2+a13m3a)2x3=0
a,, m a)2x1+x2[a22m2a)2—1]+a23m3a)2x3=0
az; m; a)le +asz,m, w2x2+x3 [az; ms o — 11=0
Dividing the above equations by wz,
xl[a“ml—1/(02]+a12m2x2+a13m3x3=0
ay my X, +xy[ay my— /@] + ay; myx3 =0

21 _
azymyxy +azy my Xy + x5 [azzmy— /0] =0
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Writing the above equations in matrix form,

1
a,m—— a;,m, ay3ms
( R @ X1
axmy (azzmz—;) ap3Ms X2(=0
1 X3
A3ty ——
aym, asm, M 2
X
X2 %0
X3
[ 1
am———= appm, asms .
( 1t a)z) ] Fig. 8.1  Dunkerley’s
Aoy — —— ay3m = method
am; ( b D) (Dz) 2373 0
Qz3my ——
azm asymy ( 3373 wz)
Expanding the determinant and rearranging,
11\3 1)\2
(_2) —[a“ml+a22m2+a33m3](g —layomymyym + ayzmzazm; +...] =0
2

By the algebraic rule mentioned above,

2

1)\3 1)
— | = (@ m;+ aym,+ ayzmy) | —
((02) (aymy + aypm; +as; 3)((02

1 1 1
or o wz wz = aymytaymyt+azms
2n 3n
F Wy, >> Oy, 1.6 7 >> L el 0
or s > O, 1.€. o, o, &=
2n
>> i >> 1 i 1
For @y, >> Oy, L€ Go>> G e — =0
w
| 3n
? =a;m, + a,m, + aszm; (approximately)
1n
Considering k,m,, k,m, and k;m; individually,
a_la_la_l .1_m1+m2+m30r1_1+1+1
W=7 4= 43~ ST T T O =TTy
ky ky ke, ok ko @ @) @
k k k
, M 2 4, K3
where W="> Wy=7"> W3=7>
1 k2 2 m, 3 my
For an "n’ degree freedom system, it can be written as
1 1 1 1 1
PR R R R
oy, 0y 0, o; @,

This is the Dunkerley’s equation.
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m RAYLEIGH’S METHOD (ENERGY METHOD)

Rayleigh’s method has been used in analysing single-degree-of-freedom systems
where the distributed mass was lumped up at places of known stiffness. This is a
numerical method and is also used to determine the fundamental natural frequency
of the multi-degree-freedom system. The very first trial gives fundamental natural
frequency with sufficient accuracy. It is based upon equating the maximum kinetic
energy of the vibrating system with the maxi-
mum potential energy of the system as in case
of single degree of freedom systems. In case of @ @
a multi-degree-freedom system, there are many  * 4
masses and thus many components of kinetic L L L
potential energies, but all the masses will have  Fig. 8.2 Rayleigh’s method
simple harmonic motions passing through their

mean position at the same instant, for any principal mode of vibration.

hid] Wo Ws

Let ‘W, ‘W,’ and ‘W3’ be the weights acting on the beam as shown in Fig. 8.2 above,

3 LIS}

Vi, ‘v, and ‘y’; be the maximum deflections under the weights ‘W,’, ‘W,’ and ‘W5’
respectively.

W 1 W2 2 1 W3 -2
- (Kinetic energy) = 2 g y1+5? ty g Vs

(KE) =§[W,jzf+ Wy ya+ W3y .81
. 1|7 W w;
*. (Potential Energy) = 5l g &0 + g &0 + g &8s
*. (Potential Energy) = %[wl v+ Wy, + Wiys] .82

By Rayleigh’s principle,

(KE)max = (PE) ma
Let y; = Y sin o1, y, = Y,0 cos o1.

FOI' (KE)max ().)i)max and fOI' (PE)max’ (yi)max
()}i)max = Ylw (yi)max = Y:
Using these values in the above two equations,
1
(KE)ax =5 [W(110) + Wy(1,0)° + W3(030)]
> 2
_w 2 2 21 _ 0 L 2
(KE),pax s [m Y2+ W, P2+ Wy ¥2] = 2 )51 WY’
2 n

- for *n’ number of weights on the beam (KE),,, — ;’—g > W,y .83
i=1

1
(PE),ax =5[W1Yl + W,Y, + W5Y;]
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1 n 1 n

2z 2z wY, ..8.4
From Egs. 8.3 and 8.4,

or .85

In Eq. 8.5, ‘W’ is the weight of the mass and °y’ is the deflection of the shaft under
the weight as shown in Fig. 8.3(a). These deflections can be found out by the formula
of mechanics of materials. In a majority of the cases the shaft is considered to be a
simply supported one.

- net deflections are given by y; =y * Y13t Y13 V2= Va1 t Vo T V3 Y3= V31 T3
+ s, in Fig. 8.3(b),(c) and (d).

[
T y11 y221 }Zn T
(a)
" |™
T }’:2 .Vi yzz T T V:a .Vis y:Za T

(b) (e

Fig. 8.3 Net deflections
P2

GEI forx < (I-a).
On the other hand, a more accurate value of the natural frequency could be obtained
by considering the deflection curve due to inertia loading, this can be obtained from
the frequency calculated in equation 8.5. This method converges very fast and a very
accurate value of the natural frequency can be obtained. Also for most practical pur-
poses the natural frequency as obtained from Eq. 8.5 serves the purpose.

These values can be found out by the formula. y, = wax
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Equation 8.5 is also generalised to include the distributed masses as in case of beams
with some assumption of a reasonable deflection curve.

Let us consider a uniform beam. Let ‘/’ be the length of the beam, ‘m’ be the mass
per unit length. The maximum Potential Energy (PE) of the beam in bending is given
by

1
— L1 e .86
2%
where ‘M’ is the bending moment and ‘d@’is the change in slope over a distance
‘dx’.
. . .. M o FE .
We know that from bending moment, the bending equation Ty RO it can be
1 _do & y.

EI R dx dx?
Substituting from the above relation in Eq. 8.6, we get

rewrite and apply the beam theory as —;

1 2\2
d
PE =1EIJ(L2) dx .87
27 0 \dx

The maximum kinetic energy (KE) of the beam due to the mass of the beam is given
by

1
E = lj m(w,y)* dx ..8.8
2%

where ‘®,’ is the natural frequency of the system corresponding to the assumed
deflection curve ‘y’. Now equating the maximum potential energy (PE) and the max-
imum kinetic energy (KE) of the equations 8.7 and 8.8, we get,

Jl. (d2 )2
i
w2=E10 20T .89
[ yhx
0

m HOLZER'S METHOD

Holzer’s method is a trial-and-error or tabular method used for the determination of
natural frequency for free or forced vibration, with or without damping free-free,
fixed-fixed, fixed-free and branched system, including linear and angular displace-
ment. It is based on successive assumption of the natural frequency of the system,
each followed by the calculation of the configuration governed by that assumed fre-
quency. It can be used to compute all the natural frequencies of a system. Holzer’s
method is particularly useful for calculating the frequencies of torsional vibrations
in shaft.

There are three different cases for analyzing the given problem.

*« Case 1 When both ends of the system are free (free-free system or
semi-definite system)
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e Case 2 When one end is fixed and other end is free (fixed-free system)

e Case 3 When both ends are fixed (fixed-fixed system). All three cases are
discussed as follows by taking an example.

Case (i) When both ends are free [free-free system or semidefinite
system]

my X, m, X ms X3
M |—
Linear system ky (X = x;) ki (X3 = x5)
(a) (b)
kt, kt,
J1 72 J3

Fig. 8.4 Holzer’s method: Free-Free system
Let us considering the system to represent masses ‘m’; ‘m’,and ‘m; with a coupling
spring ‘k,” and ‘k,’as shown in Fig. 8.4(a).

Now at any instant give displacement ‘x,’ to the mass ‘m;, ‘x, to the mass ‘m,’and
‘x3’to the mass ‘m5’ as shown in Fig. 8.4(a). The FBD is as shown in Fig. 8.4(b).

Assuming that x, > x, or x; > x, also can be taken, but x, > x, is easy to writing down
the differential equations.

Apply Newton’s second law of motion to the mass ‘m,’, i.e. 2F = ma.
Let us assume that x5 > x, > x, and the FBD is as shown in Fig. 8.4(b)
to writing down the differential equations of motion:
ky(xy —x))=my X, mx;—ky(x,—x) =0 ...8.10

Similarly, applying Newton’s second law of motion to mass ‘m,’ , LF = myx, — k;
(ey — X))+ hy(x5 — X)) =My Xy,  MyXy—ky(x3 — X)) + k(X —x) =0 ..8.11
Similarly, applying Newton’s second law of motion to mass ‘m;’

3 F = myXs — ky(x5 — X,)= MyXs, maXs + ky(xy — %) = 0 ..8.12

Assume that motion is periodic and is composed of harmonic motions of varies
amplitudes and frequencies. Let one of these components be,

x; = X, sin 0t, x, = X, sin @t, x3 = X; sin @t
X, = - X, sin 0t, X,=-X,0*sin 0t, ¥;=— X,0° sin ot
Using these values in equations 8.10, 8.11 and 8.12,
—mX, 0% - k(X - X)) =0, —m X0 - kX, + kX, =0
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—X[m, & — k] m X, 0’
kX + X, [m@” — k1=0, X,= : }‘1 ! =X, - 1k11 ..8.13

Using Eq. 8.10 in Eq. 8.11,
MyXy — ky(X3— X)) + myxX =0, mx;+myX, +kyx3+kyx, =0
Using the values of x,, x, and x x,,
—m X, @ = my X, 0~k X+l X, =0, kb Xy =k X, — [my X, @ + my X, 0]

[m X, @ + myX, 0]

X3 =X, - ..8.14
ky
From equations 8.13 and §8.14, it can be generalised that
n-1 mep 4
X, =X, |- k—wheren=2, 3,4,5,.......
p=1 n—1

where ‘X* ‘@’, ‘m’ and ‘k’ are the displacement, natural frequency, mass and spring
constant of the given system respectively. For an assumed value of ‘@’ being the pro-
cess by assuming unit amplitude of vibration for the first mass. The amplitude and
inertia force for all the remaining masses are then calculated. For the last mass of the
system, its amplitude of vibration should be zero for fixed ends. For the last mass of
the system, the total inertia force is zero for free ends.

The remaining values (amplitude or inertia forces) for each of the assumed frequen-
cies are then plotted against the assumed value of natural frequency to give the true
frequencies of the system.

n-11,0,0°

Similarly for a torsional system, ¢, = ¢, _; — X T where n=2,3,4,5, .....

p=1 "tm-1
Using Eq. 8.10 in Eq. 8.11, myX, — ky(x3 —x,) + myxX; =0
or +ky(x3 —xp) =+ [myx + myX,)
Using these values in Eq. 8.12,
Mm%, + ms¥s + my¥y, =0, mX 0" + mX,0® + myX;0” =0
or in general, ﬁ‘, mepa)2 = 0 where ‘n’ is the number of degrees of freedom of the
given system.p_1

n
Similarly, for a torsional system Y, I},Gpa)2 =0.
pr=1
This condition is to be satisfied during iteration.

The graph for a free-free system is as shown in Fig. 8.4(c).
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—
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g
—
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Q
Y

Fig. 8.4(c) (Contd.) Graph of frequencies («) versus displacement (x; or 6;)

Note: In graph for free-free system as shown in Fig. §8.4(c) it is seen that one of the
natural frequencies becomes zero (@, = 0), this indicates that the system should be a
semidefinite system.

Case (i) When one end is fixed and the other end is free (fixed-free
system) as shown in Fig. 8.5(a) and (b)

(a) Linear system

kt, kt, kt,

I I, I,

3 2 1

(b) Torsional system

Fig. 8.5 Fixed-free system

The condition to be satisfied to get the natural frequencies is that

For a linear system X, ,, =0

For a torsional system 6, ; = 0 (where n = number of degrees of freedom).

At the fixed point the amplitude may be found out by using the formula for linear
-1 m,X,0° w1 1,0,0°

system, X, =X, - i and for torsional system, 6,=6, _; — 2,
p=1 -1 p-1

ktg,_yy
The graph for fixed-free system is as shown in Fig. p-8.5( ¢).
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Xin+1) 5 5
0, wm an

o vwz |
2n 2
— 0

Y

Fig. 8.5(c) (Contd.) Graph of frequencies (w) versus displacement (x;or 6;)

kt, kt, kt, kt,

Fig. 8.6 Fixed-fixed system

Case (iij) When both ends are fixed (fixed-fixed system) as shown in
Fig. 8.6 (a) and (b)

The condition to be satisfied to get the natural frequencies is that
X, 1 = 0 for a linear system

0

),+1 = 0 for torsional system

where ‘n’ is the number of degrees of freedom.

The amplitude is obtained by the formula
n—1
X, -X mX,0
)(n = Xn—l + £

A for a linear system

n

n—1
kq6, - X 1,0,07
P=1

6,=06, ,+ . for torsional system

th
The graph for fixed-fixed system is as shown in Fig. 8.6(c).

Note: The tabular column for all three cases remains common.
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\ , ,
X(n+1) 5 O 1n . Ban > >
0(n+1) Uwzn \\/(D‘m

2

Y

Fig. 8.6(c) (Contd.) Graph of frequencies (@) versus displacement (x;or 6;)

STODOLA’S METHOD

Stodola’s method is an iterative process used for the calculation of the principal
modes and fundamental natural frequency of free undamped vibrating systems. It is
a physical approach and there is no need to derive the differential equation of motion
which starts of with a set of assumed deflections.

The procedure here is to assume any configuration for
the principal mode. Find out the corresponding inertia
forces and spring forces and from the latter, the spring
deflections. The next tabulation is done with the result-
ing deflections. The procedure is continued until these
two coincide giving the required principal-mode con-
figuration which yields the natural frequency.

Unlike Holzer’s method, Stodola’s method yields only
the fundamental mode of vibration and hence the first
natural frequency. This method is usually applicable
for fixed-free system.

Table 8.1 General table for linear system

Sl.No.  Details k, m, k, m, k, m,
1 Assumed X, X, Xy
deflection 'x’
2 Inertia force mlxlw2 mzxza)2 m3x3(u2
‘ma’x’
3 Spring force 's’ s, = mlxlwz s, = mzxza)2 S3- m3x3w2
+ MyX, 0 + MyX3W
+ M3X30
S. S S
4 Spring 81 = k—l 8, = k—’ 5= k—3
deflection & - 2 3
5 Calculated 6, 6, +6, 5, +68,+6,
deflection
1) 8, + 6. 6, + 0, + 0.
6 If8,=x = S —
4, 6, 0,
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RAYLEIGH-RITZ METHOD

The Rayleigh —Ritz method is a modification of Rayleigh’s energy method, by taking
more than one admissible function simultaneously and minimising the total potential
energy. It is based on the premise that a closer approximation to the exact natural
mode can be obtained by superposing a number of assumed functions than by using
a single assumed functions, as in case of Rayleigh’s energy method. If the assumed
functions are suitably chosen this method provides not only the approximate value
of the fundamental frequency but also the approximate values of the higher natural
frequencies and mode shapes. In this method the number of frequencies calculated is
equal to the number of arbitrary functions used.

We know that, for lateral vibrations of beam expression derived from Eq. 8.9,

L 2.\2
d
J(—);) dx
2_E10 dx

nm

, .8.15
[ yax
0

In the above expression ‘EI’ and ‘m’ (mass per unit length) were treated as a constant
also taken out of the integral signs.

. 1@y
Then the equation becomes PE = 5 EI J 2 dx
x

or otherwise if ‘El’ and ‘m’ are not treated as a constant then Eq. 8.15 becomes

1 2. \2
d
JEI(d—);) dx
=T ..8.16
mezdx
0

Here, there will be two cases:

Case (i) Suppose in case the fundamental deflection curve ‘y,” is known then sub-
stituting these values in the expression 8.16, we get the value of ‘a),,f’ where ‘w,,’ is
the fundamental natural frequency of the system.

If a deflection curve ‘y; is known and then substituting these values in the above
expression 8.16, the resulting value will be that of ‘@,% corresponding to ‘i mode
of vibration.

Case (i) Inthis case, once again these will be subdivided into two cases, dependent
variable ‘®,’ as a function of independent variable of deflection curve ‘y’. Suppose
in case if deflection curve ‘y,’is not known exactly and an approximate value that
satisfies the boundary conditions is taken and subjected in the expression 8.16, the
resulting value of ‘@,” will always be higher than ‘®,,’ the true fundamental natural
frequency. The expression 8.16 can therefore be considered to define ‘w,’ (dependent
variable) as a function of deflection curve ‘y’ (independent variable). Thus, @, = ®,
() is the relation which satisfies the required boundary conditions. The minimum of
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this function is equal to the fundamental natural frequency ‘®,,’ and the remaining
corresponding value at which this function is attained is the deflection curve cor-
responding to the fundamental mode of vibration. This is some explanation about
the Rayleigh—Ritz method regarding fundamental natural frequency, fundamental
mode and the deflection curve corresponding to the fundamental mode of vibration
of beams.

Now we come to the producer and calculation part of the lateral vibration of beam as
follows. Let us consider f,(x), f5(x), f3(x)...f;,(x) be the series of given functions sat-
isfying the boundary conditions. The values ®,(f;), ®,(/2) ®,(f3)...®,(f;) obtained
from Eq. 8.16 are all greater than w,,;.

A linear combination of the function f; that is

A1)+ Ay fo5(x) + A fy(x) - + A, £:(x) ..8.17
where f,(x) + f,(x) + f5(x) + --- + f;(x) are admissible functions.
[In case of transverse vibration of beams, if ‘i’ functions are chosen for approximat-

ing the deflection then calculate KE (7), PE(v) and apply the minimisation principle.
This leads to lengthy calculations but leads to values closer to the exact values.]

Also, this satisfies the boundary conditions and also respective values of natural
frequency ‘®,’ that is obtained by Eq. 8.16. Then

o, [41/,(x) + Ao f5(x) + A3 f300) + - + 4] ..8.18

This value will also be greater than ‘®,,” for all other possible combinations of the
coefficients of A’. Proper combinations of 4’s will give the lowest value of the
expression §.18 This will be still higher than ‘@,

To find the proper combination of the coefficients 4,, 4,, 4;,....4; substitute the
expression 8.17 in terms of 4’s for y, into Eq. 8.16 and after performing the integrat-
ing, we get

@ =F(A,, Ay 4, ... 4,) ..8.19
Here the right-hand side is a function of 4,, 4,, 4,,...... A;.

For minimum value of @, we must have

n

o, Ja? da? 0 &’

n

aA,_O aAZ_O aA3_0"’34

=0 ...8.20

Since the right-hand side of the expression 8.16 is a function of 4,, 4,, 45,...4;it is
a partial derivatives with respect to 4,, 4,, 45,...4; all will be zero when the value of
the derivative is @?-

When the setting of its derivatives equal to zero, we have

el (2]

x
(i=1,2,3,..i) 821

=0

[J myzdx] 94, 8—/11 ’J my*dx
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But from the expression 8.16,
JE dxl = wz ’J my*d

Therefore, Eq. 8.21 s1mp11f1es to

a2 )
JEI 2 dx| - "8A medx

Equations 8.22 are a set of ‘i’ equations which are linear homogeneous in ‘i’ unknown
A, A5, 4s,....4;. These equations will have a non trivial solution if the determinant of
its coefficients is equal to zero.

aA -0 (i=1,2,3,.0) ..822

That leads to an i™ degree equation in terms of natural frequency of wz out of which
the lowest root of which is a good approximation to ®?, On the other hand, the next

larger root is a somewhat poor approximation to a),,z. In most of the practical cases,
only two terms in the expression 8.17 give a very better approximation for the funda-
mental natural frequency Although with increasing number of terms, the lower root

converges to @ 1 and the further next higher root converges to a)22 although not so
fast.

The functions selected in expression 8.17 should be simple enough to facilitate the
integration process, and they must also satisfy the boundary conditions.

m METHOD OF MATRIX ITERATION

The matrix iteration method is an iterative procedure used, instead of solving the
characteristic equation. The matrix iteration method is one of the most commonly
used methods amongst iterative methods for determining the eigenvalues (natural
frequency) and eigenvectors (mode shape). Also matrix iteration method in the anal-
ysis of problems in structures, vibrations, fluid dynamics and design are becoming
more and more popular with the advent of high speed and large memory digital com-
puters. In this method of multiplication, inversion and iteration of large size matrices
can be done so easily.

With the use of flexibility matrix in case of a differential equation, matrix iter-
ation method is used when only the lowest cigenvalue and eigenvectors of a
multi-degree-freedom system are desired.

The advantages of this method are (i) the iterative process here results in the prin-
cipal mode of vibration of the system and corresponding natural frequency simul-
taneously, and (ii) rather than by separating operation as in the case of polynomial
method explained earlier.

The equation of motion in terms of flexibility matrix can be written as we know in
earlier the equation,

ie. [4] [M] + {x} = {0} ...8.23
Using principal mode of vibration differentiating twice {x} = {X} sin wt, Eq. 8.23
becomes,
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(X} = & [4] [M]{x} ..8.24
Equation 8.24 can be written as {X} = @’[B] {X} ..825
where [B] =[4] [M]
Equation 8.25 is in the form of a matrix as follows:
Xl bll b12 bill X]
R R R N I T B 826
X, b. b b X

nl n, nn n

Let us start iterative process by estimating a set of deflections for the right column
of the above matrix equation 8.26 and then expanding the right-hand side which
gives results in a column of numbers and it can be normalised. A fter the procedure is
repeated with the normalised column itself as the new estimate and the procedure is
continued till the first mode repeats itself.

The iteration process with the use of matrix equation 8.26, as explained above, con-
verges to the lowest value of natural frequency ‘@w® such that the fundamental mode
of vibration is required. Further, the orthogonality principle is applied to get a modi-
fied matrix equation for the next higher modes and the natural frequency, that does
not contain the lower modes. The same iteration process is repeated as before.

In case the matrix equation is written in terms of the stiffness matrix than the flex-
ibility matrix, we know the equation

[M] {x} + [K]{x} = {0} 827
Then multiplying by [M] ', as done earlier, results into

[1] {x} =[Cl {x} =0 ..8.28
where [D] = [M]"'[K]

Using principal mode of vibration {x} = {X} sin ¢, differentiating twice and substi-
tuting in Eq. 8.28, we get

—a2{X} +[Cl{x} =0 or {x} =(é)[c1 x ...8.29

The above equation is in the form of

X, n o ‘2 " Cig X,
X 1 €y c c, X

2 ) =— 22 n 2
IY" i Cn . e Cun )(n

2

The iterative process as explained earlier, is started and this converges to the lowest
value of (1/(02) such that the highest mode of vibration is obtained [Comparing equa-
tions 8.26 and 8.30].

For next lower modes and the natural frequency, the orthogonality principle is applied
to obtain a modified matrix equation that will not contain the higher modes, and
iterative process is repeated as usual.
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EXAMPLE 8.1

A single-degree-of-freedom spring-mass system has a natural frequency of 10
cyc/s. Another single degree-of-freedom spring-mass system is attached to it.
The latter had a natural frequency of 20 cyc/s. What is the approximate funda-
mental frequency of the composite system? Use Dunkerley’s method.

Solution Given:  f; =10 cps, f, =20 cps

By Dunkerley’s equation, the approximate fundamental natural frequency is given

1 1 1 1 1 1 1 1
b S — ., o == —
¢ Z o W T 2 e 2

f12n =80 or f;,=8.94 cpsor Hz
- the fundamental natural frequency is f;, = 8.94 cps or Hz.

EXAMPLE 8.2

Determine the fundamental natural frequency for a three-rotor torsional sys-
tem as shown in Fig, p-8.2. using Dunkerley’s method.

Solution r; =10 cm, k,; = 500 N-m/rad, W, = 10 kg
r,=5cm, k,=1000 N-m/rad, W, =40 kg
r3 = 10 cm, k3 = 800 N-m/rad, W5 =20 kg
By Dunkerley’s equation, the approximate fundamental natural frequency is given

b LU SO T SO
Y @ o @R B @
kt, [ | kt, ] kt,
ﬁ w, W3

Fig. p-8.2 Three-rotor torsional system

For a torsional system, ® = \jE L i + 1—2 + é
’ r- wf" ky  kp o kg
2

mr
IOZT
Wit 10 x (0.1)°
_ _ _ 2
I, = 2 2 0.05 kg-m
W2 40 x (0.05) Wyrs 20 x (0.1)?
= (2 L 005 kg1, - 2( S o1kgnt

1 _005 005 0l

o ~ 500 ' 1000 ' 800

n

@’, = 3636.36, w;, = 60.30 rad/s.
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EXAMPLE 8.3

Find the natural frequency of the spring-mass system as shown in Fig. p-8.3
using Dunkerley’s method. Take, &k, = k, = k; = 1 kgf/em and m; = m, = m,

= 1 kgf/s*/cm.

ky =ky=ky=1kgf/lcm=1x 9.81 x 100 N/m

my = my=my = 1 kgf/s’/cm = 100 kgf/s*/m
=100 x 9.81 kg, = 981 kg

The Dunkerley’s equation is given by

Solution

R S SO S S
22
(U%" CU% (02 (03 a)i
ky ky ks
where wf “m’ (0% “m, and a)§ =y Flg. p-8.3 Spring-mass

1 m my My

=—4+——=+—=
a)%ll kl k2 k3

(1981 981 981

o 981 981 981’
1

—=3 m,,=0.58 rad/s,

(D%" 1n

fi, = 0.092 Hz or cps.

EXAMPLE 8.4

system

Find the natural frequency of vibration for the system as shown in Fig. p-8.4 by
using Dunkerley’s method. Take E = 1.96 x 10"' N/m* and I=4 x 10~ m*,

M, =100 kg

«— [, =18 cm >
—— 1, =30cm

Fig. p-8.4 Torsional system

M, = 50 kg

2 100 x 9.81 x 0.18>

6x1.96x 10" x 4x 1077
50 x 9.81 x 0.30%
x 1.96 x 10" x 4 x 1077

Solution y,= CEl (Ba-x)=

V2= 6 EI (3L—x)_6

g

1

1
6393 ' 41743

11
_+_
o, o o

n

o, = 349.5 rad/s.

(54 — 18) = 0.000024 m

=0.0000563 m

_.& LI _yE
a)"—\j;, or @, = ;- = 639.3 radls, \];2 417.43 rad/s
1
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EXAMPLE 8.5

A shaft of negligible weight, 6 cm diameter and 5 m length, is simply supported at
the ends and carries four weights of 50 kg each at equal distance over the length
of the shaft. Find the frequency of vibration by using Dunkerley’s method. Take
E =2 x 10° kg/s?.

50kg 50kg 50kg 50kg

A B Cc D E £

1 m > A

[——2 m —>

<+ 3m -

< 4m >

»i 5 m >
Fig. p-8.5 Shaft

Solution The statement of problem is as shown in Fig. p-8.5.
w=50kg eachpoint, /; =1.0m, /[, =2.0m, /[, =3.0 m,
Iz =4.0 m from left support ‘4’

T T 4 4
Total length */ * = 5 m, M1 of shaft /= &= 51 % 6'=63.585 cm

The general expression for static deflection by Dunkerley’s method because of point
Wi
3Ell
So static deflection at the point B
B 50 x 100% x 400>
B 352 x 105 63.585 x 500
50 x 200” x 300*

load ‘W’ is given by y =

=0.42 cm =4.2 mm

Vo= A =0.95cm=9.5mm
3 x 2 x 10°x 63.585 x 500
2 2
Yp= 30 goo x 200 =0.95cm=9.5mm
3 x 2 x 10°x 63.585 x 500
2 2
YE= 50 x 400” x 100 =042 cm =42 mm

3% 2 x 106 63.585 x 500

General expression for natural frequency is given by @ = \/;g, rad/s

1 9.81
= 02nHz, fy=5_\—— — =77Hz
/ LT 042 x 1072
=L 981 s 3 fp=fe=513Hz, fy=7.7 Hz
© 2mN095x 1072 T »JD—Je E T
) , . 1 1 1 1 1 1
According to Dunkerley’s relation, we have —=—+— -

2 2O +f_32+ T (1Y ! (5.13)?

. L _ 0.03373 +0.07599, f2=9.113, = 3.01 Hz.

(5.13) ! (7.7)

+
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EXAMPLE 8.6

Determine the natural frequency of the system shown in Fig. p-8.6 by using
Rayleigh’s energy method.

Givenm, =2 kg, k; = 6 N/m,m, =4 kg, k, =5 N/m, m, = 6 kg, ky = 1 N/m.

Solution  Applying unit load at the position 1, a;, = ki = é =0.167
1

ay =ap= 0167, as =a;3= 0.167

Applying unit load at the position 2, a,, = 1 ]{1 él ; 0.3617 = al32 = laz3
Applying unit load at the position (3), a33 k_2 + k_ + k_ a3 = ¢ + 5 + T4

=1.367

Using these influence coefficients,

= (mla“ +m2012+m3al3) 9.81 =(2 x0.167 +4x0.167 + 6 x 0.167) 9.81,y1 =2
x 9 81y,=19.6m

=(myay +myas +msay)9.81=(2x0.167+4x0.367+6x0.367)9.81y,=4
x 9 81y,=39.24m
Y3 = (myay + myay, + myass) 981 = (2 x 0.167 + 4 x 0367 + 6 x 1.367) 9.81
y3=10%x9.81 y;=98.10 m

By Rayleigh’s method,
>
W. Y.
) E&M , &My +myy, +myy;) x9. 81
w, = 3 > 0= 2
> wiy.2 [m|y1+m2y2+m3y3] (981)

9.81(2 x 2+ 4 x 4+ 60 x 10)
9.812 x (2)2+ 4 x (42 + 6 x (10)2)

Fig. p-8.6 Spring press system
@ =0.119, or @, = 0.345 rad /s, f,=0.055 Hz

n

Note: The above natural frequency has been found by assuming the deflection is due
to static loading. For all practical purposes this value of natural frequency is quite
accurate. However, if still greater accuracy is required then the deflections at various
points should be obtained by considering inertia forces instead of static loads.

EXAMPLE 8.7

Find the natural frequency of the following shaft and hence determine the criti-
cal speed of the shaft by using Rayleigh’s method as shown in Fig. p-8.7(a).

Given: Young’s modulus of the shaft material E =2 x 10"' N/m? and diameter
of the shaft d =30 mm.
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w;=100N @,=400N w;=200N

A

2 3

A
1
4—2Ocm+|14—10cm mem#%cm—»

(a)

Fig. p-8.7 Shaft

Solution Young’s modulus of the shaft material £ =2 x 10" N/m?
Diameter of the shaft d = 30 mm
To find the deflections at points (1), (2) and (3), the following formula is used

_a)ax(lz—az—xz)f <1
Vi ™ 6EIl orx < (1-a)

Case (1)

Fig.p-8.7 Tofindy,,

To find Yir,a=02,x=0.5,/=07m
.. the condition x < (1-a)
0.5<(0.7-0.2) 0.5=0.5 (True)
100 x 0.2 x0.50.7°-0.2°~0.5%)  0.476
6xExIx07 Ex]T
(deflection at 1 due to load at 1)

Ju

To find Yo1,a=02,x=04,1=0.73

.. the condition x < (I — a)
0.4<(0.7-0.2) 0.4 <0.5 (True)
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100 % 0.2 x 0.400.7°-022-04% (553
Vo1 = 6xExIx07 TExI

(deflection at 2 due to load at 1)
To find y3;,a = 0.2 x= 0.3, the conditionx < (1-a) , i.e. 0.3 < 0.5 is true.

100 x0.2x03(0.72-0.2° - 0.3 0.514
N 6xExIx0] VT EX]
(deflection at 3 due to load at 1)

Case (2) a=03,w,=400 N
To find V12,6 =03,x=0.5,
The condition x<(1-a), ie.0.5<(0.7-0.3),0.5<0.4 (False)
. changing a=04,x=02
Condition x<(-a), 1e.02<(0.7-0.4),0.2<0.3 (True)
400 x 0.4 x 0.2(0.7-0.4*-02% 221
Y12 6xExIx0] TExI
(deflection at 1 due to load at 2)

To find y,,, a = 0.3, x = 0.4, the condition x < (/ — a), i.c. 0.4<(0.7-03),04<04
(True)

400 x0.4x03(0.7°-0.3°-04>) 2743
Yo = 6xExIx0.7 CEx]
(deflection at 2 due to load at 2)

To find Y3, a=03, x=03,
the condition x < (1-a), 0.3 <(0.7-0.3), 0.3 <0.4 (True)
400 x 0.3 x 0.3 (0.7 -0.32-03% 2657
Y2 = 6xExIx07 T ExI
(deflection at 3 due to load at 2)

Case(3) Tofindy,;a=03,x=0.2
The condition x < (/- a), 0.2 < (0.7 - 0.3), 0.2 < 0.4 (True)
200 x 0.3 x 0.2 (0.7%-0.2°-0.3%) 1,029
137 6xExIx07 TExI
(deflection at 1 due to load at 3)

To find y,3 a = 0.3, x = 0.3, the condition x < (/- a), 0.3 <(0.7-0.3),03<0.4
(True)
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£ 200x0.3x0.3(0.72-0.3°-03% 1329
Va3 = 6xExIx0.7 CExI
(deflection at 2 due to load at 3)
To find ys3, a = 0.3, x = 0.4, the condition 0.4 < 0.4 (True)
. 200x03x04(0.77-032-04%) 1371
V33~ 6xExIx0.] T ExI
.. the total deflections are given by

0476 221  1.029 3.715
WEyntyetysT g Y Yy SN T TRy
0.553 2. 743 1.329 4.625
V2 =yntyntyn= " Yy £l T g
0. 514 2. 675 1.371 4.542
Y3 =yatyntys = gr El EI V3T Er
3
gX Wy
i wiy twoy, tw
By Rayleigh’s method , wﬁ =3 ! = « l);l L‘;z 3);3)
Z w2 Wt wayy t wsys
3715 4.625 4, 542)
2 9. 81( 100 x “El + 400 x “El + 200 x £l
i 3.715) (4.625) (4.542 )2
100 x (_EI + 400 x “El + 200 x “El
9.8E.1(100 x 3.7157 + 400 x 4.625 + 200 x 4.542)
o) = 5 5 S =2.183E1
100 x (3.7157)% + 400 x (4.625)% + 200 x (4.542)
md mx(0.03) 54
1—6—4—6—4—3.976X 10"°m

@ = 17362.67, ®, = 131.768 rad/s

Natural frequency f, = 20.97 Hz

Speed can be found out by, @, = 26L(§V
N=00XI3LT68 ' 1558 3 rev/min

27

EXAMPLE 8.8

Use Holzer’s method to determine the natural frequencies of the spring-mass
system as shown in Fig. p-8.8(a) (Semidefinite system).

Given: m;=m,=m;=1kgand k; =k, =1N/m.
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Solution
Station Station Station
point-1 point-2 point-3
ki ky
Fig. p-8.8(a) Spring-mass system
o’ Station Mass Amplitude mafx Sma’X Spring Em—:ﬁf
Point ‘m’ X* stiffness 'k’
6 1 1 1.00 o o 1 o
oz, 2 1 1.00 o o 1 o
3 1 1.00 o o - -
1 1 1.00 1 1 1 1
1
Z 2 1 o o 1 1 1
wZﬂ
3 1 -1 -1 o - -
1 1 1.00 2 2 1 2
2 2 1 -1 -2 o 1 o
3 1 -1 -2 -2_,, - -
1 1 1.00 /A 4 1 4
7 2 1 -3 -12 -8 i -8
3 1 5 20 12,0 - -
1 1 1.00 3 3 1 3
3
R 2 1 -2 -6 -3 1 -3
@3 3 1 1 3 o) - -

Since the first natural frequency is equal to zero, the system is a semi definite
system.

=k
N

Bl

2
Imo x

N

—_— W

Fig. p-8.8 (b) Graph of frequencies (w) versus displacement (x;)

From the graph, Fig. p-8.8(b).

- @y, = 0. First natural frequency. As we know in Section 6.8, Chapter 6, in case of
a semidefinite system, one of their natural frequencies is equal to zero.

Second natural frequency @,, = 1 rad/s
Third natural frequency @, = 1.73 rad/s
To draw the mode shapes

For first natural frequency ®,, amplitudes are as shown in Fig. p-8.8(c).
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4,=1 B,=1 C, =1

A =1 |Bi=1 C =

Fig. p-8.8 (c) First mode shape

For second natural frequency ®,, amplitudes are as shown in Fig. p-8.8(d).
A2 =1 Bz = 0 C2 =—1

Fig. p-8.8(d) Second mode shape

For third natural frequency w;, amplitudes are as shown in Fig. p-8.8(e).

Node Node

B,=2

Fig. p-8.8(e) Third mode shape

EXAMPLE 8.9

Determine the natural frequency of the torsional system as shown in the
Fig. p-8.9(a). Use Holzer’s method (Semidefinite system).

- /=6
iy ] 1=6 1=4
k,= 30 k=20 [ | k=35 :|
1 L 3 4
Fig. p-8.9(a) Torsional system
2
@*  Station Inertia ‘I’ Amplitude 6 10’0 Zla’0 k, B0
Point ki
1 4 1.00 o o 30 0
0 2 6 1.00 o o 20
@, 3 6 1.00 o o 35
4 4 1.00 o o - -
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1 4 1.00 4 4 30 0.13
1 2 6 0.87 5.22 9.22 20 0.46
3 6 0.41 2.45 11.67 35 0.33
4 4 0.08 0.31 11.98 - -
il 4 1.00 8 8 30 0.27
2 6 0.73 8.80 16.80 20 0.84
3 3 6 -0.11 -1.32 15.48 35 0.44
4 4 —0.55 —4.42 11.06 - —
1 4 1.00 6.00 6.00 30 0.20
2 6 0.80 7.20 13.20 20 0.66
1.5
3 6 0.14 1.26 14.46 35 0.41
4 4 —-0.27 -1.67 12.82 - -
il 4 1.00 6.80 6.80 30 0.23
17 2 6 0.77 7-89 14.69 20 0.73
3 6 0.04 0.36 15.05 35 0.43
4 4 -0.39 -2.65 12.40 = =
1 4 1.00 12.00 12.00 30 0.40
3 2 6 0.60 10.80 22.80 20 1.14
3 6 —0.54 -9.72 13.08 35 0.37
4 -0.91 -091 —-10.96 2.12 o
4 il 4 1.00 16.00 16.00 30 0.53
2 6 0.47 11.20 27.20 20 1.36
3 6 -0.89 —-21.36 5.84 35 0.17
4 4 —1.06 -16.91 —11.07 - -
1 4 1.00 12.80 12.80 30 0.43
3.2 2 6 0.57 11.01 23.81 20 1.19
' 3 6 -0.62 -11.91 11.90 35 0.34
4 4 —-0.96 -12.29 —-0.39 - -
3.18 1 4 1.00 12.72 12.72 30 0.42
@, 2 6 0.58 10.99 23.741 20 1.19
3 6 -0.61 —11.55 12.16 35 0.35
4 4 —-0.96 —12.18 —0.02 - -
1 4 1.00 24 24 30 0.80
2 6 0.20 7.20 31.20 20 1.56
*6 3 6 -1.36 -48.96 -17.76 35 -0.51
4 4 -0.85 —20.46 -38.22 - -
il 4 1.00 40 40 30 1.33
2 6 —-0.33 -20 20 20 1.00
10 3 6 -1.33 —-79.80 -59 35 -1.71
4 4 0.38 15.14 —44.66 = =
1 4 1.00 52.00 52.00 30 1.73
13 2 6 -0.73 —57.20 —5.20 20 —-0.26
3 6 —0.47 —36.66 —41.86 35 —1.20
4 4 0.73 37.75 —4.11 - -
1 4 1.00 56.00 56.00 30 1.87
14 2 6 -0.87 —-72.80 —-16.80 20 —-0.84
3 6 —0.03 —2.52 -19.32 35 —0.55
4 4 0.52 29.23 9.91 - -
1 4 1.00 53.20 53.20 30 1.77
13.3 2 6 —-0.77 -61.71 -8.51 20 -0.43
w;, 3 6 —-0.34 -27.48 -35.99 35 -1.03
4 4 0.69 36.62 0.63 - -
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i 4 1.00 80.00 80.00 30 2.67
20 2 6 -1.67 —200.00 —120.00 20 —6.00
3 6 433 519.6 399.60 35 11.42
4 4 -7-09 -566.97 -167.37 - -
1 4 1.00 64.00 64.00 30 2.13
2 6 —1.13 -108.8 —44.80 20 —2.20
16 3 6 1.11 106.56 61.76 35 1.76
4 4 —-0.65 —41.89 19.87 - -
il 4 1.00 68.00 68.00 30 2.27
17 2 6 -1.27 —129.20 —61.20 20 —3.06
3 6 1.79 182.58 121.38 35 3.47
4 4 —-1.68 —114.10 7.28 - -
18 1 4 1.00 72.00 72.00 30 2.40
2 6 —1.40 —151.20 —79.20 20 -3.96
3 6 2.56 276.48 197.28 35 5.64
4 4 —-3.08 —221.51 —24.23 - -
il 4 1.00 69.20 69.20 30 231
17.3 2 6 -1.31 —135.63 —66.43 20 -3.32
wzn 3 6 2.01 208.8 142.37 35 4.07
4 4 -2.06 —142.40 —0.03 - -
13.27 o 4 1.00 53.08 53.08 30 1.77
2 6 -0.77 —61.25 -8.17 20 —0.41
" 3 6 —-0.36 -28.77 -36.94 35 —1.06
Win 4 4 0.70 36.91 —0.03 - -
il 4 1.00 160 160 30 5.33
2 6 —4.33 —1040 —880 20 — 44
40 3 6 39.67 9520.8 8640.8 35 246.88
4 4 —207.21 —33153.60 —24512.8 =

From the graph, the natural frequencies are given by
w,, =0, w,, = 1.78 rad/s, w;, = 3.64 rad/s and @,, = 4.16 rad/s
Graph for free-free system, I &* 0 versus

A

2
w6 Wy 1827 Dn o
ol 2 17.3
] 3.18 &,

Fig. p-8.9(b) Graph of frequencies (w) versus displacement (6;)

To draw the mode shapes

For first natural frequency ‘®;,” amplitudes are as shown in Fig. p-8.9(c).
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A=1 |Bi=1 [Ci=1 D, =1

Fig. p-8.9(c) First mode shape

For second natural frequency ®,, amplitudes are as shown in Fig. p-8.9(d).

A =1 B,=058 C,=-061 D,=-0.96
B,=0.58

02 =0.61 D2 =-0.96

Fig. p-8.9(d) Second mode shape
For third natural frequency @;,, amplitudes are as shown in Fig. p-8.9(e).

A=t >~ —

B,=-077 — 46

A;=1  B,=-077 C,=-036 D,=-0.70
Fig. p-8.9(e) Third mode shape
For Fourth natural frequency ®,,, amplitudes are as shown in Fig. p-8.9(f).

A,=1 B,=-131 C,=201 D,=-206

Ag=1 > C, =201

D,=-2.06

Fig. p-8.9(f) Fourth mode shape

EXAMPLE 8.10

Find the natural frequencies for the following system as shown in Fig.p-8.10(a)
by using Holzer’s method.

k=4 [ k=3 [ | k=2 k=1

I=1 I=_2 /=_3 =4

Fig. p-8.10(a) Torsional system
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o  Station Inertia 'I’  Amplitude 6 I &’ 6 2l o’ 6 k; Hord
Point ke
o 1 4 1.00 o o x o
2 3 1.00 o o 2 o
3 2 1.00 o o 3 o
2
@y, 4 1 1.00 o o 4 o
5 oo 1.00 - - - -
1 4 1.00 4 4 1 4.00
2 3 —-3.00 —9.00 -5 2 -2.5
1 3 2 —-0.5 —1.00 -6 3 -2.0
4 1 15 1.5 —4.5 4 —-1.13
5 & 2.63 = = = =
0.1 1 4 1.00 0.40 0.40 1 0.40
2 3 0.6 0.18 0.58 2 0.29
3 2 0.31 0.06 0.64 3 0.21
4 1 0.1 0.01 0.65 4 0.16
5 oo —0.06 — — — -
1 4 1.00 0.36 0.36 1 0.36
0.09 2 3 0.64 0.173 0.533 2 0.266
' 3 2 0.374 0.067 0.6 3 0.2
4 1 0.174 0.016 0.616 4 0.154
5 o 0.02 - - - -
0.092 1 4 1.00 0.368 0.368 1 0.368
2 3 0.632 0.174 0.542 2 0.271
wi,, 3 2 0.361 0.066 0.608 3 0.203
4 1 0.158 0.015 0.623 4 0.156
5 oo 0.002 - - - -
0.5 1 4 1.00 2.0 2.0 1 2.0
2 3 -1.0 -1.5 0.5 2 0.25
3 2 —1.25 —1.25 —0.75 3 —0.25
4 1 —1.00 —-0.5 —1.25 4 —0.313
5 o —-0.688 - - - -
1 4 1.00 2.56 2.56 1 2.56
2 3 -1.56 -3.0 —0.44 2 —0.22
0.64 3 2 -1.34 -1.72 -2.16 3 -0.72
4 1 -0.62 -0.4 -2.56 4 —0.64
5 oo 0.02 - - - -
1 4 1.00 2.552 2.552 1 2.552
0.638 2 3 —1.552 —2.971 —0.419 2 —0.209
. 3 2 —1.343 —1.713 —2.132 3 —0.711
Wy, 4 a -0.632 —0.403 —2.535 4 -0.634
5 oo 0.002 - - - -
1 4 1.00 8.00 8.00 1 8.00
2 3 —7.00 —42.00 —34.00 2 —17.00
> 3 2 10.00 40.00 6.00 3 2.00
4 1 +8.00 16.00 22.00 4 5.5
5 o9 2.50 = = = =
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1 4 1.00 9.368 8.66 it 8.66
2265 2 3 -7.66 —49.75 —41.09 2 —20.55
o 3 2 12.89 55.80 14.71 3 4.90
Gy, 1 7.99 17.29 32 4 8.00
5 oo —-0.01 - - - -
1 4 1.00 32 32 1 32
2 3 -31 —744 —712 2 -356
8 3 2 325 5200 4488 3 1496
4 T —1171 -9368 - 4480 4 —1220
5 o 49 - - - -
7.5 1 4 1.00 31.60 31.60 1 31.60
2 3 —-30.60 —725.22 -693.62 2 —346.81
3 2 316.21 4996.12 4302.50 3 1434.17
4 il —1117.96 —8831.85 —4529.35 4 —1132.34
5 o0 14.38 = = = =
1 4 1.00 31.428 31.424 1 31.424
7.856 2 3 —30.424 —717.033 —685.609 2 —342.804
5 3 2 312.380 4908.121 4222.512 3 1407.50
s 4 1 —1095.124 —8603.29 —-4380.78 4 —1095.196
5 o 0.072 - - - -

The natural frequencies are found out by plotting the graph and looking at the
intercepts.

Graph for fixed-free system

o >
2 2 2
\/(OZn Dy —

Fig. p-8.10(b) Graph of frequencies (w) versus displacement (6)
. from the graph, the natural frequencies are

o, =0.092 @y, = 0.303 rad/s

@5, =0.638 @y, =0.799 rad/s

@}, =2.165 oy, = 1.471 rad/s

o}, =7.856 w,, = 2.803 rad/s
EXAMPLE 8.11

Find the natural frequencies for the following system as shown in Fig. p-8.11(a),
by using Holzer’s method. Take m =k =1.
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(b)

Fig. p-8.11  Graph of frequencies (®) against the displacement (x)

o’  Station Mass ‘'m’  Amplitude X ma? x Imaw’X Spring Zma'X
Point stiffness k ki
1 1 1.00 0 0 1 o
o 2 2 1.00 2
3 3 1.00 o o 3 o
4 - 1.00 - - - -
1 1 1.00 1.00 1.00 1 1.00
1 2 2 0.00 0.00 1.00 2 0.50
3 3 —0.5 -15 —0.5 3 0.17
4 = —0.67 = = = =
1 1 1.00 0.3 0.3 1 0.3
0.3 2 2 0.7 0.42 0.72 2 0.36
o}, 3 3 0.34 0.31 1.03 3 0.34
4 - 0.00 - - - -
1.3 1 1 1.00 1.3 1.3 1 1.3
o, 2 2 -0.3 -0.78 0.52 2 0.26
3 3 —-0.56 -2.18 -1.66 3 —0.55
4 - —0.01 - - - -
a 1 1.00 2.6 2.6 i 2.6
2 2 -1.6 -8.32 -5.72 2 -2.86
2.6 3 3 1.26 9.83 4.1 3 1.37
4 - -0.11 - - - -
il il 1.00 2.56 2.56 it 2.56
2.56 @3, , 2 —-1.56 —-7.99 —5.43 2 -2.72
3 3 1.15 8.86 3.43 3 1.14
4 = 0.01 - - - -

. from the graph, the natural frequencies are
2 k 5
0;,=03.- . @,=055 \/; rad/s , w;, = 1.3

@3, =256 o o;,=1.60 \/% rad/s

k
m -

. m,,=1.14 \/%rad/s
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EXAMPLE 8.12

Find the natural frequencies for the following system as shown in Fig. p-8.12(a)
by using Holzer’s method.

2k, 4k, K, 3k,

Fig. p-8.12(a) Torsional system

@ Station Inertia  Amplitude 6 1?6 Sla?0 k; ky; 0. — k6, — 74
Point i Zla’8 kin
1 2 1.00 o o 2 2-0 0.5 = (2/5)
o 2 6 5 o o) 4 2-0 2 = 2f1
wzm 3 3 3.5 o 0 1 2-0 0.67 = 2/3
4 - 4.17 0 0 3 - -
1 2 1.00 2 2 2 o o
1 2 6 1.00 6 8 4 -6 -6
3 3 =5 —15 -7 1 9 3
4 - —2.0 - - 3 - -
05 1 2 1.00 1.00 1.00 2 1.00 0.25
2 6 1.25 3.75 4.75 4 —2.75 —2.75
3 3 -1.5 —2.25 2.5 1 -0.5 -0.17
4 - -1.67 - - 3 - -
0.4 1 2 1.00 0.80 0.80 2 1.20 0.30
2 6 1.30 3.12 3.92 4 -1.92 -1.92
3 3 -0.62 —0.74 3.18 1 -1.18 —-0.39
4 - —1.01 - - 3 - -
03 1 2 1.00 0.6 0.6 2 1.4 0.35
2 6 1.35 2.43 3.03 4 —1.03 —1.03
3 3 0.32 0.29 3.32 1 -1.32 —0.44
4 - —0.12 - - 3 - -
0.29 1 2 1.00 0.58 0.58 2 1.42 0.36
@, 2 6 1.36 2.36 2.94 4 —-0.94 —-0.94
3 3 0.42 0.37 331 1 -131 —0.44
4 - —0.02 - - 3 - -
1.5 1 2 1.00 3 3 2 ! —0.25
2 6 0.75 6.75 9.75 4 =775 =775
3 3 -7 —31.5 —21.75 1 23.75 7-92
4 - 0.92 - - 3 - -
1.4 1 2 1.00 2.8 2.8 2 -0.8 -0.2
2 6 0.8 6.72 9.52 4 -7.52 —-7.52
3 3 -6.72 -28.22 -18.70 1 20.70 6.90
4 - 0.18 - - 3 - -
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1375 1 2 1.00 2.75 2.75 2 -0.75 —-0.188
@, 2 6 0.813 6.703 9.453 4 ~7-453 ~7-453
3 3 -6.64 —27.4 —17.94 1 19.938 6.646
4 - 0.006 - - 3 - -
3 1 2 1.00 6 6 2 —4 -1
2 6 0.0 o 6 4 -4 -4
3 3 -4 -36 -30 1 32 10.67
4 = 6.67 = = 3 = =
3.5 1 2 1.00 7 7 2 -5 —1.25
w;n 2 6 —0.25 —-5.25 1.75 4 0.25 0.25
3 3 0.00 0.0 1.75 1 0.25 0.08
4 - 0.08 - - 3 - -
3.6 1 2 1.00 7h5) 7.2 2 -5.2 -1.3
2 6 -0.3 -6.48 0.72 4 1.28 1.28
3 3 0.98 10.58 11.30 1 -9.30 —-3.10
4 - - 212 - - 3 - -
3.51 1 2 1.00 7.02 7.02 2 —5.02 -1.26
2 6 -0.26 —-5.37 1.65 4 0.35 0.35
3 3 0.09 0.95 2.60 1 —0.60 —-0.20
4 - —0.11 - - 3 - -

0 2 4
Uwzn \
9(n+1) 2

Fig. p-8.12(b) Graph of frequencies (w) versus displacement (6,

-. from the graph, the natural frequencies are

k k, k k,
®,=029 7 - @, =054 \f radls, @, =1375p> .. = 1.173 \f rad/s,

k, k,
@,=357 - oy,=187 \f rad/s

EXAMPLE 8.13

Determine the lowest natural frequency of the branched system as shown in
Fig. p-8.13(a) by using Holzer’s method.

Solution Given: =10,1,=15,1;=20,1,= 10, Is = 10 and I, = 20
k, =100, kt, = 200, k5 = 200, k., = 100 and £,5 = 150
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Note: Unit angular displacement is assumed
for the discs at the ends of the branches.
Proceeding to the junction, the resulting
angular displacements of the branches should
be the same at the junction. If this is not
true, proper adjustment must be made of the
assumed values until the resulting angular
displacements at the junction are same. The
sum of the inertia torques of the branches is
then equal to the torque acting on the main

shaft.
«  Station Inertia I’  Amplitude 6 lw® 6 Slw*6 k, Elk_a;"‘e
Point

0 1 10 1.00 o o 100 o
2 15 1.00 0 0 200 o
5 10 1.00 o 0 150 0

o 3 20 1.00 o o 200 0

o} 4 10 1.00 o o 100 (o
5 10 1.00 o o 150 o
6 20 1.00 o o - -

1 1 10 1.00 10 10 100 0.1
2 15 0.9 13.5 23.5 200 0.12
5 10 0.78 7.83 31.33 150 0.21
3 20 1.00 20 20 200 0.1
4 10 0.9 9 29 100 0.29
5 10 0.61 - - 150 -

As the station point 5 cannot have two different amplitudes at the same time, the

amplitude ‘65’ for the second branch has to be modified suitably such that 6; =

0.78
0.61

= 1.28 and the torque acting on kzs equals the sum of inertia torques developed by
discs I, I,, Iy and I, i.e. 10+ 13.5 + 25.60 + 11.52 = 60.62.

o Station Inertia ‘I’ Amplitude 0 lw” 0 w6 k, ZIZ)ZG
Point t
i 3 20 1.28 25.60 25.60 200 0.13
4 10 1.15 11.52 37.12 100 0.37
5 10 0.78 7.79 60.62 150 0.30
6 20 0.48 9.61 70.23 - -
3 1 10 1.00 30 30 100 0.3
2 15 0.7 31.50 61.50 200 0.31
5 10 0.39 - - 150 -
3 20 1.00 60 60 200 0.3
4 10 0.7 21 81 100 0.81
5 10 -0.11 - 150 -
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As the junction ‘5’ cannot have two different amplitudes at the same time, the ampli-

tude, ‘6;’ may be obtained for the second branch by 8, = % = —3.55 and the
torque acting on kt = 61.50 — 287.55 = —226.05. '
2
@®  Station Inertia ‘I’  Amplitude 0 | & 6 Slw?*6 kt Hoo
Point i
3 3 20 —3.55 —213 —213 200 -1.07
4 10 —2.49 — 74.55 —287.55 100 -2.88
5 10 0.39 11.57 —226.05 150 -1.51
6 20 1.90 113.82 =112.23 & =
2.5 1 10 1.00 25 25 100 0.25
2 15 0.75 28.125 53.125 200 0.266
5 10 0.484 - - 150 -
3 20 1.00 50 50 200 0.25
4 10 0.75 18.75 68.75 100 0.688
5 10 0.063 - - 150 -

As the station point 5 cannot have two different amplitudes at the same time, the

amplitude ‘0, may be obtained for the second branch by 0 = % =7.683 and the
torque acting on ks is = 53.125 + 528.21 = 581.335. ’
25 3 20 7.683 384.15 384.15 200 1.921
4 10 5.762 144.01 528.21 100 5.282
5 10 0.48 = 581.34 150 3.876
6 20 —3.396 —169.778 411.56 - -
2.7 1 10 1.00 27 27 100 0.27
2 15 0.73 20.565 56.565 200 0.283
5 10 0.447 - — 150 -
3 20 1.00 54 54 200 0.27
4 10 0.73 19.71 73.71 100 0.737
5 10 - 0.0071 - - 150 -
As the station point 5 cannot have two different amplitudes at the same time, the
amplitude 6; = % = 7.683 and the torque acting on k5 is = 56.565 — 4707.12.
2.7 3 20 -63.86 —3448.44 —3448.44 200 —17.24
4 10 -46.62 -1258.68 —4707.12 100 —47.07
5 10 0.451 - — 4650.56 150 -31
6 20 31.45 1698.56 — 2952 - -
A
x(n + 1)T 2 “’Zn
P S o0 2.53
(n+1) >
0 253 2.53 2.53
— a)z

\4

Fig. p-8.13(b) Graph of frequencies (w) versus displacement (6,)
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The fundamental natural frequency is @2, =2.53
,, = 1.59 rad/s.

EXAMPLE 8.14

Using Stodola method, determine the lowest natural frequency of the four-
degree-of-freedom spring-mass system as shown in Fig. p-8.14

4 k 3k 2 k k
m 2m 3m 4m
%
Fig. p-8.14 Spring-mass system
Sl Details ki=4k m=m k,=3k m,= ky=2k my= k. =k m,=
No. 2m 3m 4m
1 Assumed 4.00 3.00 2.00 1.00
deflection ‘x’
2 Inertia force 40 60° 60 40’
‘ma’ X
3 Spring 200° 160’ 100’ 407
force 'S’
4 Spring 50" 530’ 50” 40t
deflection &
5 Calculated 50’ 10.3? 15.3” 19.3w?
deflection
4 2.06 3.06 3.86
1 Assumed 1 2.06 3.06 3.86
deflection ‘x’
2 Inertia o 41208 9.18a’ 15.440"
force ‘ma? x'
3 Spring 29.7400 28.740" 24.620 15.4407
force 'S’
4 Spring 750" 9.4/ 12310’ 15.44 0
deflection &
5 Calculated 7.50° 16.90 29.210° 44,650’
deflection
1 2.25 3.89 5.95
1 Assumed 1 2.25 3.89 5.95
deflection 'x’
2 Inertia o 450" 11.670 23.80"
force ‘ma?® x’
3 Spring 40.97 @’ 39.970° 35.50" 23.80"
force 'S’
4 Spring 10.250° 13.320° 17.750 23.80°
deflection 6
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5 Calculated 10.250° 23.510° 41.320 65.120°
deflection
1 253 4.03 6.04
1 Assumed 3 23 4.03 6.04
deflection ‘x’
2 Inertia o’ 460" 15.57 24.160"
force ‘ma?® x’
3 Spring 45330 44330 39.73 0’ 24.16 00
force 'S’
4 Spring 11.10° 14.78? 19.90* 24.160°
deflection &
5 Calculated 11107 25.880" 45.78 07 69.940"
deflection
a1 2.35 4.12 6.3
1 Assumed 1 2.35 4.12 6.3
deflection ‘x’
2 Inertia o’ 470 12.3600° 25.20°
force ‘ma? x’
3 Spring 43.260° 42.260° 37.56a" 25.20°
force 'S’
4 Spring 10.820° 14.107 18.78’ 25.20°
deflection &
5 Calculated 10.820° 24.920° 43.707 68.90
deflection
1 2.3 4.04 6.40

Therefore, the first principal mode is given by [1.00 + 2.30 + 4.03 + 6.04] and the
lower natural frequency is obtained from [1.00 +2.30 +4.03 + 6.04] =[10.25 + 23.51
+41.32 +65.12]

13.37 = 140.2 &’
13.37 k
o’ =765 = 0.095, o =0.308 \/; rad/s.
EXAMPLE 8.15

Use the Stodola’s method to determine the lowest natural frequency of the
branched system as shown in Fig. p-8.15.

2k
—\/\/\/\/\#3 m| My
7 k . m, ky omNe)
k 5k
| ; i
[ONNO) 2

Fig.p-8.15 Branched system



372 Mechanical Vibrations

Sl Details k,=7 m, =4 k,=5 m,=2 k=5 my =3

No.

1 Assumed deflection ‘X' 1 1 1

2 Inertia force ‘ma’x’ 40’ 20° 30?

3 Spring force 'S’ 90’ 507 30’

4 Spring deflection ‘6’ 1.29 o’ 0.40" 0.6’

5 Calculated deflection 1.29 o? 1.69 o’ 1.89 o’
1 1.31 1.47

1 Assumed deflection 'x’ ) 1.31 1.47

2 Inertia force ‘ma’x’ 40 2.620° 4.410°

3 Spring force 'S’ 11.03a’ 2.620" 4410’

4 Spring deflection ‘6’ 1.58 o’ 0.52a" 0.88a’

5 Calculated deflection 1.58 @’ 2.1 o 2.46 o
1 1.33 1.56

1 Assumed deflection ‘X’ i 1.33 1.56

2 Inertia force ‘ma’x’ 40’ 2.660° 4.680"

3 Spring force 'S’ 9.340° 2.660° 4.680"

4 Spring deflection ‘6’ 1.33 o’ 0.53a’ 0.940’

5 Calculated deflection 1.33 o 1.86 o 2.27 o
1 1.40 1.71

1 Assumed deflection ‘X’ 1 1.40 1,71

2 Inertia force ‘ma’x’ 40’ 2.80° 5.130"

3 Spring force 'S’ 11.930’ 2.80" 5.130°

4 Spring deflection ‘¢’ 1.70 o’ 0.560" 1.03¢’

5 Calculated deflection 1.7 o 2.26 o’ 2.73 o
i 1.33 1.61

1 Assumed deflection ‘X' 1 1.33 1.61

2 Inertia force ‘ma?x’ 40’ 2.660° 4.830°

3 Spring force 'S’ 11.490° 2.660° 48307

4 Spring deflection ‘&' 1.69 @’ 0.530’ 0.97’

5 Calculated deflection 1.69 o’ 2.22 o 2.66 @
1 131 1.57

1 Assumed deflection X’ 1 1.31 1.57

2 Inertia force ‘ma’x’ 40’ 2.620° 4710

3 Spring force 'S’ 11.330’ 2.620° 4710’

4 Spring deflection ‘6’ 1.62 o 0.520’ 0.940’

5 Calculated deflection 1.62 o’ 2.14 o 2.56 @’
1 1.32 1.58
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The assumed deflections are approximately equal to the calculated deflections, the
fundamental natural frequency is given

by (1+1.31+1.57)=1.62 @* +2.14 ® + 2.56 &’
o, =0.78 \/g rad/s or w;,, = 0.79 \/g rad/s.

EXAMPLE 8.16

For the system shown in Fig. p-8.16, determine the
lowest natural frequency by using Stodola’s method
carrying out two iterations.

Solution Use the influence coefficients method as

1
du =% d " 43T 431" g

_ 4 7
azz‘“32‘“23‘§’“33‘§

I—Iteration: Assume x, = 1, x,= 1,x;= 1 Fig. p-8.16  Spring-mass

system
The inertia forces are 4
Fi=ma’x, = 4ma?, F, = ma’ x, = 2ma?, Fy = ma’ x; = ma’
The deflections are calculated as follows:
1 1 1 7 ma?
x} =Fla“+F2a12+F3a13=4mw2><§+2mw2>< 3—k+ m(l)2 X§=§T
1 4 4 16 ma?
1 4 7 19 ma?

10,7 me’ 16 me? 19 mo?
23T T3 Tk 3k

x! »1:2.3:2.7.

l:x

II—Iteration: Take the values of x, = 1, x, = 2.3, x; = 2.7 for second iteration.
Inertia forces are
F} =4ma’x, =4ma’ F; = ma*x, = 2ma’* x2.3 = 4.6me*

F]

3= ma’ x; = mat x 2.7 =2.Tma’

1

3k
1 1 113 ma®
x§+2.7ma)2x§— 3 A

1

2 4 2.4 1 _332me’
+4.6mo ><3k+2.7m(0 X3k x, —3 5
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1

3k
i 7 413 me?
+4.6 mw? ><3k+27m(0 x3k x5 —3 %
oo 113 me* 332 mo? 413 ma? 11.3 ma? _
XXy 1Xxy = 3 © 3 © 3 i 12943760r—3 T 1
or =046 \/% rad/s.

EXAMPLE 8.17

Using Stodola’s method determine the fundamental frequency and mode shape
as shown in Fig. p-8.17. Take k, = k,, = k;; =0.10 N-m/rad and J, = J, =J;=0.1
N-m-s’.

Solution Given k,; = k,, = k 5= 0.10 N-m/rad, J, = J, = J; = 0.1 N-m-s*

Use the influence coefficient method as

la=la=la 1 Za 2a=la=ga=i
kt, 12 kt, 31 kt’ 21 ’(122 > U33 k’ 31 kt’ 32 kt, 33 kt

Q=

kt, kt kt.

2 3

S

J; Js

Fig. p-8.17 Torsional system

I—Iteration: Assume 0, =1, 0,=1, 6; =1 so that %2 =1 and % =
The inertia torque can be calculated are as follows:
| =J0%0,, T, = Jw?0,, T, = Jo’6,
By substituting the values of 6, =1, 6,=1, 6; =1, we have
T, = Ja?, Ty = Jo, Ty = Joi
The angular displacement can be calculated as follows: 6 = Ty, + T,0,, + T504 5.
6, = Ty 0 + Ty04, + T30y 65 = T, 03 + T 03y + T3 0155

By substituting the values of T',¢;,, T, ¢t;, and T &3, we have
s I P390

k, k, k, k,

Jo' 2J0"  Jo’ _SJe’
0, =T 0y + Ty 00, + Ty 05 6y ="~ R
t t t t

Jw2+2Jw2+3Jw2 6 Jo*
kt kt kt kt

0 =T oy + Tyon,+ Ty0y5 6} =

1
03 =T a5 + Ty 003+ Ty 030 6y =
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6! 2k 2k
R Y R 7 Lo
6, k  sJo ko 6Ja’

=0.5.

0, 0,
II—Iteration: Assume 6, =0.5, 0, =0.83, 0, =1 so that ——=0.6 and -=0.5.

0, 0;
0, 05

The inertia torque can be calculated are as follows:
=Jw*0) T, = Ju*0y T; = Jar*0,
By substituting the values of 6, = 0.5, 8, =0.83, 6; =1
In above equation, we have
T,=0.5J0’, T,=0.83 Jo, T, = Jo*

Jo?  0.83 Jo?
9}=T1au+T2a12+T3a13’9:=§+ kt
Jo?®  Jo* (&
2 (0.5+0.83 +1.0)= 2337
kt k I
2(0.83) Jw?
9 T,a21+T2a22+T3a23702 05,;]w+( k)
t t
2 JoX0.5+0.83+2 2
20t _Jet ) 41672
kt kt kt
2(0.83)Jw? 2
0;=T1a31+T2a32+T3a33’ 9;=0'5Jw2+ @) +3Ja)
kt kt kt
2
J‘” S 05+ 1.66+30)=5.16 Jo
t
0 23370 k233
0, k 416J? 416
6! k
O 2By k233

0! kK 516Ja? 516

0, 6,
IIT—Iteration: Assume 0, =0.45, 8, =0.82, ;=1 so that -—=0.55 and — = 0.45

0, 0;
0, 0.45
(0_2 - ﬁ - 082

The inertia torque can be calculated are as follows:
T, = JoP0) T, = Ja*6y T; = Jor*0,
By substituting the values of 8, = 0.45, 6, =0.82, ;= 1, we have
=0.45 Jo?, T, = 0.82 Ja?, Ty = Jo'

0.45 Jo’ L 082 Jo?

6} = Ty04, + Ty04, + T304 = 3 3
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LI _ Ja) Jo’
kt kt
2(0.82) Jo*
9 Tyoy +Tyop,+ Ty0;= 045Ja)+( )
kt kt
Jo*(0.45+ 1.64+2 2
y2J0 T ) 30022
kt kt kt
2 2
0;=T,a3l+T2a32+T3a33,0§=0'45%+2(0.82)%
t t
43007 —£(045+164+30)
kt kt
Jo?
-5.09 E
0, 227
- ﬂ—0.73
2
122
1_ . _
o 509 0.44.

IV—Iteration: Assume 0, = 0.44, 0, =0.6, 0, =

6, 6, 6 044
sothat€—073and?3—044(02 W—Oﬁ

The inertia torque can be calculated as follows: T, = J&’0,, T, = Ja’6,, T, = Ja 6,
By substituting the values of 6, = 0.44, 8, = 0.6, 6; = 1, we have
T, = 0.44 Jo*, T, = 0.6 Jo?, T; = Jo’

0.44 Jo? 0.6 Jo*
61=Ty 0y + Ty0,+ T304;= X ‘ X
t t

Ja) _Jw Jﬂ
k; "k (0.44+0.6 + 1.0) =2.04 3

0.44 Jo* 2(0-6) Jo?
3 3

t t
Jo*(0.44+ 120 +2
L 2Ja _ Jok ) 36477
kt kt kt
0.44 Jo?  206) Jo?
k, k,

0y =Ty 0y + Ty 0y + T3 0y =

1 1_
O=T 05+ T,05,+ T304 6; =

3‘:"2—J1‘:’ (0.44 + 120+ 3.0)

t
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J&*
- 464
0, 2.04 6, 204
;;—m—o.ss. . E_W_O.43.

V—Iteration: Assume 6, = 0.43, 0,=0.74, 6; =

that 0——058 ndi=043 0‘ _043 6
so tha 6, and’, 0, 058 )

The inertia torque can be calculated are as follows:

= J&’6,, T, = Ja’0,, T, = Ja 0,
By substitutlng the values of 6, = 0.43, 8, = 0.74, 05 = 1, we have
0.43 Jo#* + 0.74 Jo#*

1 1_
O =Ta,+To,+T;0,30,=

kt kt
Ja) Ja) Jo?
N (0.43 +0.74+1.0) = 2.17 E
4 1.48 Jo*
9 T1a21+T2a22+T3a23702 0. 3ka+ ii.]a)
t t
+2Jw2_.f(02(0.43+ 1.48+2)_391 Ja?
ko k, 77k,
43 Jo? 148 Jo? ?
0‘=T1a3l+T2a32+T3a3370§=0 3ka+ ijw+3',€w
t t t
—JI‘:’ (0.43 +1.48 +3.0)
Jo?
4917
0, 217
o o1 =055
6 217
043-2.177%
kt
w2=0.43k,
2177
» 043x0.1
“217x01 %2

~. @, = 0.447 rad/s. is the fundamental frequency of the system.
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EXAMPLE 8.18

Find the first two natural frequencies of vibration for the system shown in
Fig. p-8.18 by using matrix iteration method.

Fig.p-8.18 Spring-mass system

Solution By influence coefficient,

4 7
ap =4 =as = TapTay Ap=apn= 3k ,a33 = 3_k
x| 1 L[4 2 11 [1 1
Ixz - 4 8 4‘ I ‘ 2 Z_”;(: 4 8 4‘ lz =—”‘3‘;€’212l3
X3 4 8 7 4 4 8 70 la 4
1 4 2 1 2 1
l3 =”‘3—‘;€’24 8 4 3="’3—‘;C’14314
4 4 8 71 la 4
1] 204 21 I T 1
314="07 (4 8 1| [3.14)="07 1428|316
4 4 8 7 4 4
="’3—‘;€’21228—1 0458\/7rad/s, 4,= =3.16, C, =

4md,+2m(3.16) By+ 4 mC, =0, 4,=—1.6B,~ C, B,=B), C,=C,

) 4 2 11 [0 -1.6 -1 ,10 —44 3
lxz =”‘3—‘l‘€’2 4 8 4‘ lo 1 0 =”‘3—‘;€’ 0 16 o‘
X3 4 0 16 3

(=]

1
c = \/% rad/s.

1

1 —44 3
ma>
o] 6 o) o]

(=]
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REVIEW QUESTIONS

(1) A rotating shaft carries a number of weights w,, w,..., etc., at points 1,2..., etc., along
its length. If y,, »,, ..., etc., are the static deflections of the shaft at points 1, 2, ...,
etc., show that the fundamental natural frequency according to Rayleigh’s method is

gwy) + wyy, + wsyy)

2 2 2
lel + W2y2 + W3y3

given by expression @’ = \/

(2) With suitable assumptions derive the Rayleigh’s equation for determining the funda-
mental natural frequency of a multimass system.

(3) Explain Dunkerley’s method for estimating the lowest working speed of a shaft car-
rying a number of discs.

(4) Derive an expression for natural frequency of a shaft carrying several loads using
Dunkerley’s method.

(5) Explain Holzer’s method of analyzing multi-degree freedom systems.

(6) Explain “Stodola’s’ method to estimate the natural frequency and mode shapes of
multi-degree freedom systems.

(7) Distinguish between Stodola’s method and Holzer’s method.

(8) Differentiate between matrix iteration and matrix expansion method of solving with
several degrees of freedom.

(9) Explain: (a) Dunkerley’s method (b), Rayleigh’s method (c) Method of matrix itera-
tion.

(10) Write short notes on (i) Stodola’s method, (ii) Rayleigh-Ritz method, and (iii) Holzer’s

method. What are node points and mode shapes as applied to several degrees of free-
dom systems?

PROBLEMS FOR PRACTICE

(1) Find the fundamental natural frequency of the spring-mass system as
shown in Fig. p.p-8.1 using Dunkerley’s method.

Ans. 0.279 \]?rad/s.

8.2 A solid steel shaft of uniform diameter with two discs is represented by
a simply supported beam carrying two concentrated weights as shown
in Fig. p.p-8.2.

60 N 100 N

Y Y
L w 1

L 1 2 3 %
50 mm><«100 mm-><«——100 mm ——>|

Fig. p.p-8.2
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Determine the natural frequency of the system by using Rayleigh’s method. Compare
the result by using Dunkerley’s method. E = 1.96 x 10'! Pa, I = 40 x 10 %m*.

(3) A 40 mm diameter shaft that is 2.5 m long has a mass of 15 kg per metre length. It
is simply supported at the ends and carries three masses of 90 kg, 140 kg and 60 kg
at 0.8 m, 1.5 m and 2 m respectively from the left supports. Take E = 200 GPa.
Determine the natural frequency of the transverse vibration of the system by using
Dunkerley’s method.

Ans f, =29 cps.

(4) Determine the lowest natural frequency of transverse vibration of the system as shown
in Fig. p.p-8.4. By using Rayleigh’s method. Take E = 196 GPa, ] =1 x 107% m*,
m, = 40 kg, m, = 20 kg.

Ans 1541 rad/s.

=160 mml 80 mm L‘IBO mm —>|

Fig. p.p-8.4
(5) Determine the natural frequencies of the spring-mass system as shown in Fig. p.p-8.5.

By Holzer’s method. Take m; = 1 kg, m, = 3 kg and m; = 2 kg; k; = k, = 50 N/m.
Ans o, rad/s, @, = 6.8 rad/s, w,;= 8.7 rad/s.

nl n

50kg 50kg 50kg 50kg

A B C D E F

SN A

e——2 m—>

< 3m >

< 4 m =

< 5m >
Fig. p.p-8.5

(6) Determine the fundamental natural frequency of the spring-mass system as shown in
Fig. p.p-8.6 by Holzer’s method.

Ans @,;=1.2 % rad/s.

3k k k

Y4

Fig. p.p-8.6

(7) Determine the natural frequencies of the spring-mass system as shown in Fig. p.p-8.7
by Holzer’s method. Take m = 2.5 kg, k= 3.5 kN/m.
Ans ®,, = 11 rad/s, @,, = 30 rad/s, w,;= 55 rad/s, @,,= 105 rad/s.

nl
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(8) Determine the natural frequencies of the system as shown in Fig. p.p-8.8 by Holzer’s
method. Take J = 100 kg-mz, k= 10°N-m/rad .

Fig. p.p-8.7 Fig. p.p-8.8 Fig. p.p-8.9

(9) Determine the natural frequencies and principal modes of vibration for the spring-mass
system as shown in Fig. p.p-8.9 by matrix iteration method.

Ans o, = 0.458 \/% rad/s, w,, = \/% rad/s, w;, = 1.336 \/% rad/s.

-1 1.0
Principal modes [ 0 ‘ and —3.143‘.
1

1
3.158
4

4
(10) Determine the natural frequencies and principal modes of vibration for the spring-mass
system as shown in Fig.p.p-8.10 by matrix iteration method.

m,; =100kg, m,=200kg, andm;=300kg, k =2kN/m, k,=15kN/m and
ky =2 kN/m.

Fig. p.p-8.10

OBJECTIVE-TYPE QUESTIONS

(1) Dunkerley’s equation is capable of giv- (d) all of the above cases
ing (2) Dunkerley’s method as an approximate

(a) only the fundamental mode equation can be derived
shapes (a) from the algebraic rules

(b) only the fundamental natural fre- (b) by applying Newton’s law of mo-
quency tion

(c) only the fundamental mode and (c) by writing the differential equa-

node shapes tions
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(d) by iterative process

(3) Rayleigh’s method has been used in

analysing

(a) multi-degree-freedom systems
where the distributed mass was
lumped up at places of known
stiffness

(b) an iterative procedure to determine
the principal modes of the system
and its natural frequencies

(c) single-degree-of-freedom systems
where the distributed mass was
lumped up at places of known
stiffness

(d) all of the above cases

(4) The natural frequencies is given by the

equation in case of Rayleigh’s method

(5) The Holzer’s method is particularly

useful for calculating the frequencies

of

(a) the fundamental natural frequency
of free vibration

(b) to derive the differential equation
of motion

(c) analysing single-degree-of-free-
dom systems

(d) torsional vibrations of shaft

6

M

®

®

The Stodola method is used to deter-

mine

(a) all the natural frequencies of a
system

(b) equation of motion in terms of
influence coefficient

(c) fundamental natural frequency of
free undamped vibrating systems

(d) all natural frequency of free un-
damped vibrating systems

The Holzer’s method is particularly
useful for calculating the frequencies
of

(a) fixed-free system

(b) free-free system

(c) fixed-fixed system

(d) all of the above cases

Stodola’s method is usually applicable
for

(a) fixed-free system

(b) free-free system

(c) fixed-fixed system

(d) none of the above cases

The Rayleigh-Ritz method is usually

applicable for

(a) calculating the frequencies of
torsional vibrations

(b) solving for the beam problems

(c) calculating the frequencies of both
linear and torsional vibrations

(d) calculating the frequencies of both
linear and non-linear vibrations

(10) Matrix iteration method is

(a) An iterative procedure to deter-
mine the principal modes of the
system and its natural frequen-
cies

(b) Iterative numerical procedures are
employed to eliminate the tedious
mathematical work

(c) is a trial and error or tabular
method used for the determination
of natural frequency for free or
forced vibration

(d) all of the above cases

Answers
Mb ) a (3¢ (R (%) d 6)c
Mnd (8) a ©) b (10) a



VIBRATIONS OF A
CONTINUOUS
SYSTEM

INTRODUCTION

Until now we have studied that discrete systems such as mass, elasticity and damping
were assumed to be present only at certain discrete points in the system. There are
many cases known as continuous or distributed systems such as beams, rods, cables,
plates, etc. A continuous system will have continuously distributed mass and stiff-
ness. Such a system is equivalent to an infinite element of masses concentrated at
different points and hence it is an infinite-degrees-of-freedom system. This system
consists of an infinitely large number of particles, and hence requires an infinitely
large number of coordinates to specify their configuration. That is why it is also
called infinite degrees of freedom.

Equations for these systems are derived by assuming that all materials or elements
are homogeneous, isotropic; obey Hooke’s law within the elastic limit and are of
uniform cross section.

These systems have infinite principal modes of vibrations corresponding to infinite
natural frequencies of the system. In general, for analysis of the vibration of continu-
ous system knowledge of partial differential equations is very much essential. They
consist of many constant boundary and initial conditions.

In this chapter, we shall consider the vibrations of simple continuous systems like
vibration of strings, longitudinal vibration of rods, and torsional vibration of rods.
Euler’s equations of beams are considered for the analysis using exact and approxi-
mate energy method.

1. Boundary and initial conditions In case of partial differential equations, the
unknown value of constants can be determined by applying either geometric or natu-
ral or both boundary conditions.

2. Geometric boundary conditions These are due to geometric compatibility.

For example, if the bar is fixed at both the ends, the displacement and slope will be
Zero.

3. Natural boundary conditions These are due to force and moments.

For example, if the bar is hinged at one end, the bending moment at the hinged end
will be zero and so on, whereas the initial conditions are related to time.



384  Mechanical Vibrations

LATERAL VIBRATION OF A STRING

Let us consider a string subjected to a transverse (lateral) vibration under tension ‘77
of length ‘L’ as shown in Fig. 9.1(a) and let ‘p’ be the mass per unit length.

Assume that tension ‘7" is large and is constant throughout its length ‘L’ also the
amplitude of transverse vibration of the string is very small. For very small displace-
ments of the string, sin 6, = tan 6, = 6,.

Let us consider a small element of length ‘dx’ at a distance ‘x’ from the y-axis as
shown in Fig. 9.1(a). Let this element be displaced through a distance ‘y’ from the
equilibrium position; then the FBD as shown in Fig. 9.1(b).

Y 4

(a) (b)

Fig. 9.1 String in lateral vibration

From FBD, let ‘6’ be the angle subtended between the tangent to the small elemental
string and normal to the elemental string at the left side of the string. Similarly, ‘6,’
be the angle subtended between the tangent to the elemental string and normal to the
string, at the right side of the elemental string.

From geometry of the Fig. 9.1(b) in FBD, tan 6, = %

If <6, is very small, tan 6, = 6,

S 60
since 6, = %

Resolving the forces along y-axis,

20
Tsin 6, + (gl dx) — T'sin 6, = Mass x Acceleration

2

, ”
ox or

where p.dx = Mass of the small element of length ‘dx’
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(e ae]d) 0= pax 22 700 g g2 0O
T I+Wx—Tl—p.xatz’ o x—p.xatz’ ax—pat2

%(%) =0;_2), %%(%)=%a(since 01=%).

I(a_zy) Iy 92
p 5 Y. .29,
Let a? :_17;

The equation can be written as,
) (82 ) oy %y 1%y
ox’ 812 o’ o
This is a one-dimensional wave equation for lateral vibration of string and the con-
stant ‘a’ as the wave propagation velocity.

.93

This equation has four arbitrary constants and can be solved by boundary and initial
conditions.

Solution of wave equation The lateral deflection ‘y’ along the string is a func-
tion of the variables ‘x” and ‘#’. So it can be written as y = y(x, 1). .94

Let us assume the harmonic mode of vibration as the system is undamped.

Thus, solution of Eq. 9.3 can be written as y (x, ) = X(x) T(?). .95
Substituting the above solution in Eq. 9.3, we get
2 27
@ &£X_1 dT 06
X a2 T af

In this equation, LHS is a function of ‘x’ alone and RHS is a function of ‘¢’ alone.
The above two can only be equal if each of the above equations is a constant. These
constants will be ‘zero’, ‘negative’ or it may be ‘positive’. If we consider ‘zero’ or
‘positive constant’ then there is no vibratory motion which is contrary to our observa-
tions for the practical systems. So we put it equal to some constant Z.
2 2
X (Zf x-0ama“Li12-0 .97
dx ar

The solutions of the above two equations are
X(x) =4 cos (Z)x + B sin (Z)x I(f) = C cos Zt + D sin Zt.
The general solution can be written as
& Z .
yx, =X \4, cos( x+B,sin| - )x)[C,cos Zt+ D, sinZf] ..9.8
n=1

In this equation, ‘Z’ is the frequency of vibration. The values of arbitrary parameters
4,, B,, C, and D, in the above equation, can be determined by assuming boundary
and initial conditions.
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1. Boundary conditions  Let us assume the string is fixed at both ends, i.e.

y(0,0)=0and y(L,H=0 ..9.9
2. Initial conditions Assuming the initial displacement and velocity as,

at t=0, y(x,0)=3Sx)

at t=0, y(x,0)="Vx) ...9.10.

Using these boundary conditions of equations 9.9 and 9.10 in Eq. 9.8, we have
y(0,0 =4,C,cos Zt + D, sin Zt) gives 4,=0

y(L, ) =B,sin (Z) L(C,cosZt+ D, sinZf), ifB,#0

which gives sin (%) L=sinnz=0 .9.11.
This equation is called frequency equation.

Zn nma » T nmw \j?

a2 L=nm,Z,= I ( cat = 5), so frequency Z, = \p rad/s ..9.12
Normal mode shape can be written as X(x) = an »n=1,2,3 ...9.13

Each ‘n’ represents a mode of vibration example for n = 1 (first mode) » = 2 (second
mode) and so on. Equation 9.8 can be written as

y(x, )= Z sin 2% C cos Z,t+ D, sin Zt ..9.14

n=1

The values of constants ‘C,,’ and ‘D,’ can be determined from initial conditions,
i.e. displacement is s (x) at # = 0 and velocity is v(x) at = 0.

Applying initial conditions for above equation, s(x) =Y, C, sin % ..9.15
n=1
W)=% Z,D,sin"[ 916

n=1
Multiply the equations 9.15 and 9.16 each by sin 7 7 ™ where m = 1,2,3..
and integrate from x =0 to L.
i mmx

L
Thus, '([ s(x) sin % dx = ‘([ C, (sin % sin T) dx

. nAX . max . . .
sin—— and sin — are orthogonal functions and the value of the above integral will
be zero except when m = n.

Replacing m = n for nonzero value of ‘C,’, we get

L
5(x) sin @ dx = J C, sin2 ——dx

St~ Ot—~

(1 —COoSs T)dx

N | =

L
5(x) sin 222 o = J
0
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L
_2 . nmx
So C, _L'([ s(x) sin I dx ..9.17
Similarly considering Eq. 9.16,
L L
. mmx . AMX . mAx
‘([v(x) sin = dx = Z,,D"‘([ sin == sin —— dx.
For nonzero value of D, replace m = n
L - L -
J v(x) sin M g = Z,D, J sin? %
0 L 0 L
2§ nx
D,= ZL ‘([ v (x) sin I dx. ..9.18
LONGITUDINAL VIBRATION OF RODS OR BARS

Let us consider a prismatic bar of length ‘L’ subjected to longitudinal vibration as
shown in Fig. 9.2(a). Let ‘4’ be the cross-sectional area of the bar, ‘£’ be the Young’s
modulus of the materials, ‘p’ be the density of the material, and ‘m’ be the mass per
unit length.

Let us assume that the bar should be thin and of uniform cross-section throughout of
its length and subjected to axial force ‘F” and there will be displacements ‘u’ along
the rod that will be a function of both positions ‘x’ and time ‘#’, because the rod has
an infinite number of natural modes of vibration. The distribution of the displace-
ments will differ with each mode as shown in Fig. 9.2(a).

Let us consider a small elemental length ‘dx’ at a distance ‘x’ from the left end and
‘F” be the axial force on a small elemental length. The force on the other side, i.e.

right side of small elemental length is equal to (F + 3—1: dx).

u+(9—Fdx
—ju U+ oy

oF
F < —> _—
F+¢9de ;

—— X ——>— dX—>] 4—8,__ —

—adx
oX

(a) (b)

Fig. 9.2 Longitudinal vibration of rods

If ‘u’ is the displacement at a distance ‘x’ from the left side and (u + ?)_Z dx) dis-

placement at a distance x + dx at the right side of small elemental length. Now it is
clear that from FBD as shown in Fig. 9.2(b), due to these axial forces on the small
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elemental length ‘dx’ there is a changed length by an amount equal to (u + ou dx — u)

5 ox
u
(ax dx)

We know from mechanics of materials, when an element or a body is subjected either
to the tension or compression, it undergoes stress, strain and deformation.

By definition of strain (€ ) = Change in length /original length

g_zdx ou
€ = o =a—x ..9.19

Net force acting on the small element,

(F + g—f Bx) — F = (Mass) x (Acceleration of the element)

2
—dm x 22, where dm = Mass of the small elemental length

o’

oF o%u
35 4 = (pdx A)(atz) ..9.20

p = Density and dx 4 = Volume of the small elemental length

We know that definition of stress (0) equal to load /area or ¢ = r or F=0A.

A
oF do (E)F ) (86)
—=—A4,{—|dx dx A .9
ax ox " \ox ax) % 921
Equation 9.20 can be written with the help of above equation as
2,
(g") dxA = (pdxA) (a ; ) 922
According to Hooke’s law, stress o< strain ‘within’ elastic limit, i.e. 0o €, 6=E€ or
_ O Stress _ B , B 8_0') o%u
E=¢g, Strain E, where E = Young’s modulus, 6 =€ E, (Bx dxA = (8t2 dxAE
..9.23

With the help of Eq. 9.22 and Eq. 9.23,

2
we get, (3 )dxAE (pdxA) (atz)

But (e= ?J_x) [Eq. 9.19]

9 (Qu ’u\ E (*u) 9% *u  %u
( )E)x(ax) (a_tZ) E(_z) 32 a2§=a—tz,Wherea2:E/p
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2 2
du _1%u .9.24
ox?  d? or

aZy 1 82
This is the wave equation which is identical to Eq. 9.3 or | — =
ox° a 8t2
The general solution will be same as in the previous case of lateral vibrations.
A solution of the form is as in u(x, 1) = X(x) T(¥)
Zx Z ,x
So X(x) = As1n—+Bcos , T(H)=CsinZ,t+ D cos Z ¢t
will result into the general solution as
ki ZII ZM
u(x, ) =X \Asin— x+ Bcos— x| (CsinZ,t+ D cos Z,1) ..9.25
n=1
EXAMPLE 9.2
Derive the frequency equation of longitu- _————————— T x

dinal vibration for a free-free beam with v
zero initial displacement. y
Fig. p-9.2  Longitudinal vibration of

Solution The system is as shown in Fig. a beam

p-9.1.

We know that the general solution of longitudinal vibration of a uniform bar is given
by Eq. 9.25

hnd Zn ZII
ux, =3 (A sin—~x + B cos - x) (CsinZ,t+ D cos Z,1).
n=123.

where a = \j% and Z, = 27f,; Z, is the natural frequency.

The boundary conditions for the above particular system (free-free beam with zero

ou

=0 and (E)x

initial displacement) are (g_u) ) = 0 (for free end on both ends,
x=L

. x /x=0
strain is zero). *

Differentiating the above equation (9.25) w.r.t. ‘x’ partially and applying these bound-
ary conditions to the general solution, we get

du Z, Z, z, Z,
(8_x)= A—cos—x B s1n—x (CsinZt+DcosZ,t) ..9.26

(B_u) = A — (C sinZt+DcosZyt) .. A=0
0x/x=0

ou Z, Z
(—) = —B—sin—x (Csin Z,t+ D cos Z,1),
0x /x=L

( ZII . ZII ) .
—B—sin L) (CsinZt+Dcos Z,1)
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By using solution of wave equations 9.17 and 9.18, we can determine the values of
constants ‘C” and ‘D’ from initial conditions.

nmwa

ZII .
Sosin— L=0,sinnm, Z,= DAL 1,2,3..

We know that  Z, =27, 27f, ="
Therefore, the natural frequency f, = L% buta = \j%
n |E |
= 5L \j:, n’ represent the order of the mode.

EXAMPLE 9.2

Derive an expression for the free longitudi-
nal vibration of a uniform bar of length ‘L’,
one end of which is fixed and the other end < L
is free as shown in Fig. p-9.2. y

—>X

Y

<

Solution We know that the general solution
of longitudinal vibration of a uniform bar is
given by Eq. 9.25.

Fig. p-9.2 Uniform bar

Zn ZII
u(x, 1) = Z (A sin— x+B cos;x) (Csin Z,t+ D cos Z,f)
n=123

The boundary conditions for above particular system (one end of which is fixed
and other end is free) are

(1),— = 0, (displacement is zero at fixed end) and

(a_u) = (), (strain is zero at free end).
0x /x-L

Differentiating Eq. 9.26 w.r.t. ‘x’ partially, we get

du Z, Z, zZ, Z,
(ax) A—cos—x B~ s1n—x (CsinZt+DcosZyt) ..927

Applying the boundary conditions to the general solution of Eq. 9.1, we have B =0

Zn Zn . Zn nmw
0=4-cos— L(CsinZ,t+ D cos Z,t) orcos - L=0=cos 5

where n=1,3,5...
Zn nw nma naﬂ
And A#OQ. a L= 7’ Z" = Y But Z 277;,, 277‘;1

n |E _|E
fn—z\g ‘\E

The general solution of longitudinal vibration of a uniform bar can be written as

u(x, 1) = E sin

(Cs —t+D os—t)
n=13,5.

2L 2L 2L
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EXAMPLE 9.3

A bar of uniform cross-section having length
‘L’ is fixed at both ends as shown in Fig. p-9.3.A
bar is subjected to longitudinal vibrations hav-

ing a constant velocity ‘v,’ at all points. Derive < L >
suitable mathematical expression of longitudi-
nal vibrations in the bar. Fig. p-9.3 Uniform bar

Solution As we know that the general solution of
longitudinal vibration of a uniform bar (9.25) can be written as

- Z, Z,
ux,H =Y (A sin - x + B Cos - x) (CsinZ,t+ D cos Z,f)
n=12,3.

The boundary conditions, for the above particular system (fixed at both ends) are
x =0, displacement = 0,

ie.u(0,0=0, u(l,H=0

By using the first boundary condition, in the above general solution of longitudinal
vibration of a uniform bar (9.25), we get

oo

ux,H= % s1nT (Csin Z,t+ D cos Z,f)
n=1,23.

B=0
And by using second boundary conditions, we have '—'L =0=sinnn

a
_hma _ |E
n=123..,butZ = I ’a—\];

Substituting these value of Z, in Eq. 9.20, we get

Again the initial conditions are u(x, 0)=0, u(x,0)=7V,

By using the first initial condition in the above general solution, we get

0-Y sin™™.p,D-0
n=1,23,. L

Lo - . nmX .
Then the equation is u(x, )=,  sin I Csin Z ¢t
n=1,23,...

By using the second initial condition in the above general solution, we get

Then the equationis u(x, ) =3  sin LN Z,cos Z,t

n=1,23,. L
i, 0)= Y CZ,sin -y,
n=1.273,.. L
2
or C= nﬂa-[ Vo sin 2% dx (Eq. 9.18) C— 5 (1—cos nm)
a

4V,L

So C=——whenn=1,3,5.. andC=0whenn=2,4,6..

nna
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Finally, the required expression can be written as

Vol E Lsin@sin@t
Ta n=135,.. n? L L

u(x, 1) =

EXAMPLE 9.4

Determine the normal function for free lon-

X
gitudinal vibration of a uniform bar of length
‘L’ and uniform cross-section. Both ends of the
bar are fixed as shown in Fig, p-9.4. I L >

Solution As we know, the general solution ofa ¥
longitudinal vibration of a uniform bar (9.25) can ~ Fig. p-9-4 Longitudinal vibration
be written as of a uniform bar

> ZH Zn
ux,H= % (A sin - x+ B cos - x) (Csin Z,t+ D cos Z,f)
n=1,23.

The boundary conditions for the above particular system (fixed at both ends) are
(u)x=0 = (u)x=l =0

The displacements of this bar at its ends are equal to zero.

Substituting these boundary conditions into the general solution, we have

ki ZI‘I ZH
() _?,23 T,,[Ccos(;)x+Dsin(7)x]=OorC=0

> Z ZII
w,.,= X T, [D sin (7) x] = 0 or sin (7 L) =0and Z, =
n=1.2.3,..
n=123, ..

Hence, the normal function is X, (x) = D sin

nma
L

» where

nmx

L on" 1,2,3..
EXAMPLE. 9.5

A bar of length ‘L’ fixed at one ele and c?n- . L
nected at the other end by a spring of stiff-

ness ‘k’ is as shown in Fig, p-9.5. Derive a

suitable expression of motion for longitudi- X
nal vibrations. Fig. p-9.5 Bar fixed at one end and
Solution  As we know, the general solution of connected at the other
longitudinal vibration of the bar (9.25) can be end by a spring

written as

oo

Zn ZII
ux,H= % (A sin - x + B cos o~ x) (CsinZgt+DcosZyt) ..925
n=1,23.

The general solution of longitudinal vibration of a uniform bar whose one end is
fixed and other end is free can be written as (similar to Example 9.2).
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u(x, t Z sin 22 ( C sin t+Dcos—t
=2 or (Csin o)

The boundary conditions for the above particular system are
(u),—o=0 AE= ?)_Z (L, ©) = ku(L, 1) (Tensile force = Spring force)

Applying the second boundary conditions, we get

Zn Z . Z nma
AE;cos (Csm 2L t+Dcosit) ksm (Csmit+Dcos 2L t)

Z.L 4EZ. . . .
tan ——= & als the required equation.
9.4 TORSIONALVIBRATION OF UNIFORM
SHAFT ORRODS

The equation of motion for the torsional vibration of the circular uniform shafts are
same as the longitudinal vibration of the uniform bars discussed in one-dimensional
wave equation for lateral vibration of string Eq. 9.3.

Also the method of derivation of these equations is same as that of longitudinal vibra-
tion of bars in Eq. 9.24.

Let us consider a prismatic shaft of length ‘L’ subjected to torsional vibration as
shown in Fig. 9.3(a).

Let us consider a small elemental length of rod ‘dx’ at a distance ‘x’ from left end, let
‘T be the applied torque and ‘0’ be the angle of twist at left side of small elemental

length of rod, (0 + g—f dx). Twist at a distance x + dx from right side due to a applied

torque (T + g—: dx), as in Fig. 9.3(b), similar to the longitudinal vibration of rods.
J = Polar moment of inertia of shaft per unit length
I = Mass moment of inertia
G = Modulus of rigidity of the shaft material
d = Diameter of the shaft
p = Mass density of the material = (Mass x Volume)
From Newton’s second law of motion,

Applied torque (7) = Inertia force x Angular accelerationor 7=1x @

(P ) 11 8 (T )1 8
Net torque (T+8xdx —-T=1Ix 2 or axd 2 ...9.28
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l¢ / N
I il

ok ax ]
(a)

Fig. 9.3 Torsional vibration of uniform shaft

From mechanics of materials, the elementary torsion theory equation § = GTG
6

But 7 Z—f = Twist per unit length or the rate of twist of small elemental length of

rod dx.
TG99, 90, (20 ) s 2 (%)
J—de’ T=G. dx’(axdx)—GJax T dx ..9.29
Comparing Eq. 9.28 and Eq. 9.29, we have
2 (46),,_; 40
GJE)x I dx=1 % ..9.30

For a shaft of constant cross-section, ‘G.J is constant

J= 3% 1= Z g p-dx (mass moment of inertia)

32
Substitute the values of ‘I’ and ‘J” in Eq. 9.30. we get,
G 3’0 3’0 9°6 1 9%0 2
——=———x0)=—— (x,/) wherea" =G/
P ax® of sz( ) a28t2( ) P
This is wave equation identical to Eq. 9.3.
Iy _19y 931
o7 o o "
The general solution of the above equation can be written as
- Z,x Zx
O(x,5) =X \4sin——+Bcos —)(CsinZ,t+ D cos Z,1). ..9.32
n=1

EXAMPLE 9.6

Derive the frequency equation of torsional vibrations for a free—free shaft of
length /.

Solution The general solution for equation of torsional vibrations for shaft can be
written as Eq. 9.32:

= Zyx Zyx
0(x, ) =X \Asin——+Bcos—— | (CsinZt+ D cos Z,1).

n=1
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The boundary conditions for above particular system are
L. 20
g—f (0 - r) = 0 (strain in zero at both ends), P L-H=0

Applying the above two boundary conditions to the general solution of torsional
vibrations, we get

ae ( ZII Z n Z)

P Acos o x F—Bsm—x— (Csin Z,t+ D cos Z,t) or
ae ZII( ZII . ZM ) .

P Acos 4 x—Bsin—x)(CsinZj+ D cos Z,1)
g—f=0atx=0

A=0,anda—0=0atx=l
ox

ZII . ZII .
0=B-sin L(CsinZ;t+ D cos Z,1)

. Zn . nma nmwa n \j@
sm;l—smnﬂ, Z,,—Tor27r, "_T’f"_ﬁ P

where a = \j% andn=1,2,3, ...

The general solution can be expressed as

hnd nmx nmat nmat
0(x, D) 'T:%Z’}"“cos L ( I cos — )
EXAMPLE 9.7
A uniform shaft of length ‘L’ fixed at one < L >
end and free at the other end is as shown A X

in Fig. p-9.7. Determine the free torsional
vibration of the shaft. M

Solution The dlffe?rent}al equation of. mo.tlon Fig. p-9.7 Uniform shaft fixed at one
for free torsional vibration of a shaft is given end and free at the other

0°0 00 end
by = a2 12

or ox
where 6 = Angular displacement, a®> = G/p and Z, = Natural frequencies of the shaft
(ZM = 2”];1)
The general solution for equation of torsional vibrations for a shaft can be written
as

0, )= (d,cosZt+B,sinZn|\C,cos—x+D, sin -
n=1,23,.

The boundary conditions for the above particular system are

At x=0, 6(0,H=0
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At x =L, GlI, (00/0x) =0
where I, is the polar moment of inertia of the shaft

Using the first boundary conditions, we get

oo

00,Hh= > C,(4,cosZt+B,sinZH=0o0rC,=0.
=123,

And from second boundary condition, we get

hnd ZII
0x,n= X (sin a x) (4, cos Z,t+ B, sin Z,f)
n=1.273,..

hnd ZII
(00/0x),., = X % (cos a L) (4,cos Zt+ B,sin Z,H)=0

n=1.273,..

Zn
cos,L=0,Z,= %, wheren=1,3,5, ...
Hence, the torsional vibration of the shaft is
- 7% nmat . hmat
O(x,H= X sin oL (A" cos + B, sin 2L )

n=1,3,..

where ‘4, and ‘B, are constants determined by initial conditions of the problem.

EXAMPLE 9.8

Derive the frequency equation for the torsional vibration of a uniform circular
shaft with rotors attached rigidly at the ends as shown in Fig. p-9.8.

Fig. p-9.8 Two-rotor system

Solution The general solution for the torsional vibration of circular shafts can be
expressed as

e(x’ t) = Z (An Cos Znt + Bn Sin Znt) (CII cos 7" x+ D" Siﬂ 7" x)
n=1.2.3,..

where a® = G/p and Z, = Natural frequencies

(. the equations of motion for torsional vibration of a circular shaft and for longitu-
dinal vibration of uniform bars are identical)

The twisting of the shaft at both ends is produced by the inertia forces of the rotors.
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The boundary conditions for the above particular system are
At x=0, J,(3°6/0) = GI,(36/dx)

At x=L, J)3°6/0r)=—GI,(36/dx)
where G = Shear modulus of elasticity, /, = Polar moment of inertia.
From first boundary condition, we get
z; J,C,+(Z,GlJa)D,=0
And from second boundary condition we get

Z,GI,
Jycos Z,Lla+

Psinz L/a) C,+
Z, GI

(z?, JysinZ,Lla - cos Z, L/a) =0

The frequency equation obtained by equating to zero the determinant of the coef-
ficients of ‘C,” and ‘D, is

2 na'] Z” GIP . ZnaJl
Z,|cos Z,Lla— GI, sinZ,Lla|J,+—;—|sinZ,L/a + o, cosZ,L/ia|=0
EXAMPLE 9.9

A pulley of moment of inertia J is rigidly attached
to the free end of a uniform shaft of length ‘L’ as
shown in Fig. p-9.9. Determine the frequency equa-
tion for torsional vibration.

Solution The differential equation of motion for tor-
sional vibration of the shaft are given by

r0_ 0% Fig. p-9.9 Uniform sh
=4’ — ... 9.33(a) i9. p-9.9  Uniform shaft
o Ox and pulley
The general solution for the torsional vibration of cir-
cular shafts can be expressed as

Z, Z,
0(x,)= X (d4,cosZ;t+ B, sinZ,) (C cos —-x+ D, sin—- ) ... 9.33(b)
n=1.273,..

where a® = G/p and Z, = Natural frequencies
The boundary conditions for the above particular system are
6(0, /) = 0, — GI,(06/0x),._, = J(2°6/0r")
i.e. the angular displacement of the shaft at the fixed end is equal to zero and the

restoring torque of the shaft at the free end is equal to the inertia moment of the
pulley.

From first boundary condition C, = 0; and from secondary boundary condition,
GlLZ ZL zZ,L ,L Gl
p—n = 2 . H H P

- =-JZ, sin —— or —tan Iz

n

——- which is the frequency

equation.
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0.4 TRANSVERSE VIBRATION OF BEAMS OR
EULER’S EQUATION OF BEAMS

Let us consider a simply supported beam of uniform cross section subjected to trans-
verse vibration as shown in Fig. 9.4.

Assumption made while deriving the expression for transverse vibration of beams
are the following:
1. The deformation of the beam is assumed due to moment and shear force.
2. There are no axial forces acting on the beam and effects of shear deflection
are neglected.

We know from mechanics of materials, the differential equation of motion for the
transverse vibration of beam, the deflection curve of a beam is given by

El—=-M ..9.34

Fig. 9.4 Transverse vibration of beams

where y = Deflection of the beam, / = Bending moment at any cross-section
EI =known as the Flexural rigidity of the beam and is assumed as a constant.
Differentiating Eq. 9.34 twice, we get

d3y
EI—5=-F .9.35

X

d'y
B~ W 936

X

where F' = Shear force, ¥ = Intensity of loading.

(As we know the relationship between the shear force ‘F”, the intensity of loading
‘W’ and bending moment ‘M’).
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In case of free transverse vibration of beams without application of external loading,

2
. . . N P Y L .
it is very important to consider the inertia forces | ——| — as the loading intensity

&/ a7
along the entire length of beam. Then Eq. 9.36 becomes
oy B ( pA) 0%y
ox* &/ o8
Here, partial derivatives are used because of the deflection of the beam ‘y’ is a func-
tion of ‘x’ and ‘7.

..9.37

Elg d% B 0%
pA 3x* or
Elg
2 _T"%
Let a” = oA
o 0%
—+a"— =0 ..9.38
o ¢ ox*

is the differential equation of motion for the transverse vibration for a simply sup-
ported beam of uniform cross-section including transverse inertia and stiffness of
the beam.

The general solution for transverse vibration of beams is given by the expression

y(x,) =Acos hex+ Bsinhcx+ Ccos cx + D sin cx. ..9.39

EXAMPLE 9.10

A uniform beam fixed at one end and simply supported at the other end is hav-
ing transverse vibrations. Derive a suitable expression for frequency.

Solution The general solution for transverse vibration is given by the
expression 9.39.
y(x,f)=Acoshcx+ Bsinhcx+ Ccoscx+ D sincx

The boundary conditions for the above particular system are

0,H5=0 L =0 .
);( ) for fixed end, dzy &1 for simply supported end
el - Y _
dx ©0,n=0 E L,n=0

Applying the above boundary conditions for the general solution of transverse vibra-
tion is given by expression,

y(x,)=Acoshcx+ Bsinhcx+ Ccoscx + Dsincx
We get y(0,f) =4+C=0
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Differentiating the above equation w.r.t. x,
y . .
a(x, f)=c[Asinhcx+ Bcoshcex—Csinex+ D coscx ]

Differentiating again the above equation w.r.t. X,
2
?(x, 1) =c*[A cos h cx + B sin h cx — C cos cx — D sin cx]
X

dy B B
E(O,t)—B+D—O

Y(L,f)=A (cos hcL—coscL)+ B (sinh cL —sin cL) =0 and

d2
ay L f)=c*[AcoshcL+BsinhcL—CcoscL—DsincL]=0
dx?

A(coshcl+coscl)+B(sinhcl+sincl)=0
A(coshcl—coscl)+ B (sinhcl—sinc)=0
A(coshcl+coscl)y+ B (sinhcl+sincl)=0
Eliminating ‘4’ and ‘B’ from the above two equations, we get
(cos hcl—cos cl) (sin h ¢l + sin cl) — (sin & ¢l —sin cl) (cos h ¢l + cos c[) =0
Solving it, we get frequency equations as
cosclsinhcl—sinclcoshcl=0

tan cl = tan A cl

EXAMPLE 9.12

Find frequency equation of a uniform beam fixed at one end and free at the
other end for transverse vibrations.

Solution The general solution for transverse vibration is given by the
expression 9.39
y(x,) =Acos hex+ Bsinhcx+ Ccos cx + D sin cx.
The boundary conditions for the above particular system are
d
(0, 1) = 0 (zero deflection at fixed end), d—i (0, 1) = 0 (zero slope)
2 B

&y (L, 1) = 0 (zero bending moment), &y (L, 1) = 0 (zero shear force)
dx? dx®

Applying boundary conditions, we get0 =4 + C, 4 =-C

d—i(x,t)=c(A sinhex+ Bcoshex— Csinex+ Dcoscx) =0

D 0.0-0-B+D B-_D
~0.0-0- " B=-
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dy ) . .
— WL, 1)=c coshcL+coscl)+ B(sinhcL+sincl)]=
e L [4 hcL L)+ B hcL L)]=0

B
& L,t =c3[A sin 4 cL —sin cL) + B (cos h cL + cos cL)] =0
ax®

[cos A cL + cos cL]* — (sin 42 cL —sin® cL) = 0
cos h? cL + cos® cL + 2 ¢os h cL ¢os cL — sin h* cL + sin” cL = 0
Solving, we get
coshcLcoscL+1=0

The above equation can be solved for cL to find natural frequency of the system.

EXAMPLE 9.12

Derive frequency equation for a beam with both ends free and having transverse
vibrations.

Solution The general solution for transverse vibration is given by the expression
9.39

’A
y(x, f)y=A cos hcx + Bsin h cx + C cos cx + D sin cx, where 02=Z,, %

The boundary conditions for the above particular system are
2
d_J; (0,9 =0 (Because bending moment should be zero)
X

d2
d_); (L, ) =0 (Because bending moment should be zero)
X

P
£y (0,9 =0 (Because shear force should be zero)
dx®

bl
— (L, 5 =0 (Because shear force should be zero)
dx®

Now applying the boundary conditions, for general solution of transverse vibration,
we get
%y
E(x, 1) =c*[A cos h cx + B sin h cx — C cos cx — D sin cx]

d2
d—:;(O,t)=cz(A—C)=0

A=C
il
F(x, f)=c*[Asinhcx + B cos h cx + C sin cx — D ¢os cx]
x
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3

d
d—:;(O,t)=c3[B—D]=0

B=D
dy 2 . .
F(L’ H=c"[A(coshcL—coscl)+ B (sinhcL—sincl)]=0
X

%(L, 1) =c*[A (sin b cL + sin cL) + B (cos h cL —cos cL)] =0
A(cos heL —coscL)+ B (sinhcL—sincl)=0
A(sin hcL +sincl) + B (cos h cL —cos cL) =0 or
(cos k cL — cos cL)* — (sin h* cL — sin® cL) = 0
cos h? cL + cos® cL —2¢os h cL ¢os cL — sin k% cL + sin” cL = 0
cos h? cL —sin h* cL = 1 and cos® cL + sin® cL = 1

coshel +coscl=1

IMPORTANT EQUATIONS IN VIBRATIONS OF
A CONTINUOUS SYSTEM

1. Lateral vibration of a string One-dimensional wave equation for lateral
vibration of a string is given by the expression

Py 1

— == ...9.40
ox? a? or

The general solution for lateral vibration of a string is given by the expression
yx, =% (A,, cos (%)x + B, sin (%)x) [C,cos Zt+ D, sin Zf] ..9.41
n=1

2. Longitudinal vibration of bars The differential equation of motion for
longitudinal vibration of bars is given by the expression

u 13k
? = ? a_tz ...9.42

The general solution for longitudinal vibration of bars is given by the expression

hnd ZII ZII
ux, H =3 (A sin o~ x + B cos - x) [CsinZ,t+ D cos Z,t] ..9.43
n=1
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3.Torsional vibration of circular rods or shafts The differential equation
of motion for torsional vibration of circular rods or shafts is given by the expression

2’0 _ ,0%0

2 452

ot ox
The general solution for torsional vibration of circular rods or shafts is given by the
expression

..9.44

> Zx Zx
0(x, ) =X |4 sin——+ B cos T) (CsinZ,t+ Dsin Z,1) ...9.45

n=1

4. Transverse vibration of beams The differential equation of motion for
transverse vibration of beams is given by the expression

% o*
vt —y 0 .9.46
P
The general solution for transverse v1bratlon of beams is given by the expression
y(x,)=Acoshcx+ Bsinhcx+ Ccoscx+ Dsincx ..9.47

REVIEW QUESTIONS

1. What is a continuous system? How does a continuous system differ from a discrete
system in the nature of its equations of motion?

2. How many natural frequencies does a continuous system have?
3. Derive the one-dimensional wave equations for lateral vibrations of a string.

4. Derive the wave equations for lateral vibrations of a string. Obtain general expression
for the lateral vibrations of string.

5. Write notes on (i) longitudinal vibration of rods or bars, (ii) torsional vibration of
circular shaft, and (iii) Euler’s equation of beams.

6. Derive an expression for the longitudinal vibration of a uniform bar of length ‘L’, one
end of which is fixed and the other end is free.

7. Given a bar of cross-sectional area ‘4’, length ‘L’, Young’s modulus E, mass/unit
volume p. (i) Derive the equation governing the longitudinal vibration of the bar.
(ii) Obtain the general solution of the differential equation derived above.

8. Show that the differential equation of motion for the transverse vibration for a simply

2 4

%y
supported beam of uniform cross-section is given by _t2 +a? _y = 0 where a =1 %

and obtain a general solution for the governing differential.
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PROBLEMS FOR PRACTICE

(1) Derive the frequency equation for the Longitudinal vibration of a rod of two different
cross-sectional areas ‘4,” and ‘4,’ as shown in Fig. p.p-9.1.

L L
I
A, A,
Fig. p.p-9-1

(2) Derive the orthogonality principle of normal modes for longitudinal vibration of uni-
form bars.

(3) Derive the frequency for the transverse vibration of a uniform beam of length ‘L’ if
one end is fixed and the other end is free. Draw the principal modes of vibration.

Ans. cos cL. cos h cL o — 1.
(4) A uniform bar of length ‘L’ is acted upon by a forcing function F, sin @¢ at the end
x = 0 as shown in Fig. p.p-9.4. If both ends are free, find the steady-state response of
the bar.

F,
Ans. y(y, ) = %(&) cosec a)TL cos [% 1 —x)] sin @t.

Fig. p.p-9.4

(5) An external torque ‘T, sin @7 is applied to the free end of a uniform shaft of length
‘L’ as shown in Fig. p.p-9.5. Find the steady-state vibration of the shaft.

Ty sin ot

A
~
Y

X

Fig. p-p-9.5

Tya
Ans. O(x, 1) = ﬁ s, a)TL sin % sin wt.
14

(6) Compare the fundamental natural frequency of a round bar of steel of 200 metre length
having 40 mm diameter. Assume the bar to be free at both ends.
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OBJECTIVE-TYPE QUESTIONS

M

Infinite number of degrees-of-freedom

system means

(a) maximum number of coordinates

to specify their configuration.

infinitely large number of coordi-

nates to specify their configura-

tion.

(¢) minimum number of coordinates
to specify their configuration

(b)

®)

in case of continuous systems

(a) finite number of coordinates
specify their configuration
infinitely large number of coordi-
nates specify their configuration
(c) finite number of natural frequen-
cies specify their configuration
none of the above cases

(b)

(@

(d) infinite number of natural frequen- (6) l(?ngltl;dlnal vibration of rods or bars is
cies of the system. glvenazy | P
(2) In the vibration of continuous system (a) —1; == —;
for analysis of problems, ox" a” 9
(a) the knowledge of partial dif- b & 5 82_u
ferential equation is very much ®) a2
essential. ) s
(b) constant boundary and initial ( 8_1; Lz _du
conditions a9
(¢) the knowledge of partial dif- q G 3’0 3%
ferential equation is very much @ P2 32
essential and constant boundary ) o )
conditions and initial conditions @] Torspna! vibration of uniform shaft or
(d) all of the above cases rods is given by
(3) The one-dimensional wave for lateral ) i@ _ 1 i@ 1)
vibration of a string is given by F T
0 Eh ’0 ’0
@ o1 ®) 20 =20
ox*  pd® oF ox? or
% , &y 2’60 9%
A i ) —=—>
(®) 92 pa Py © o’ of
2 2
Py oy @ 220 0-L 00y
(C) ? =a a_t2 at2 a 8t2
af P (8) The general solution for transverse
() or_19y vibration of beams is given by
2 2
o’ o of (@) y(x,f)=Ccoscx+ D sin cx
(4) Examples of continuous systems are () y(x, ) =Acos hcx + B sin h cx
(a) spring-mass system (c) Acoshcx+ Bsinhex+ Ccoscx
(b) spring-mass-damper system + D sin cx
(c) beams, rods, cables, plates (d) y(x,H)=Acoshecx+Bsinhcx+
(d) all of the above cases C cos cx + D sin ex
Answers
b @c @3 d @ c ()b (6)a
(M d @®d



TRANSIENT
VIBRATION

10.1 INTRODUCTION

The response of a vibratory system to sudden blows or impacts is known as transient
vibration. It is now gaining lots of importance in the field of impact engineering and
study of falling bodies. Behaviour of vibratory systems under sudden release of the
displaced mass of a vibratory system is not new and is not fundamentally different
from the sudden application of load. In short, impact and transient loading will be
Synonymous.

In transient vibration, the concept of impact gives rise to analytical methods for pre-
dicting the response of a system to a wide variety of forcing functions. The general
solution for periodic forcing can be expressed in terms of the solution for harmonic
forcing. The link is used to tie two solutions together in Fourier series. Similarly, in
this chapter we find a method for expressing the solution of an arbitrary forcing func-
tion and shall build this method upon the response to a simple impact. The methods
developed in this chapter will be found most useful for transient loading (that is,
periodic forcing functions).

In this chapter, we shall discuss two cases. If the impacting mass is large compared to
the mass of the system, the two may cling together and move as one. Adherence may
result, regardless of size, if the surfaces are sufficiently inelastic. Conversely, If the
dropped mass is small compared with the mass of the system, and if both are elastic,
the impacting mass may rebound immediately after it strikes. These two extreme
cases are quite simple to handle. But between these interactions lie a broad range of
interactions where the elasticity or inelasticity of the impacting bodies must be taken
into account along with other phenomena.

Case (i) Impact of bodies that cling together As stated earlier, If the impact-
ing mass is large compared to the mass of the system, the two may cling together and
move as one.

Let us suppose that a rigid body is dropped from a height on the mass element of
a simple spring-mass system. At the very instant of contact, the system mass gains
momentum. At the same time, the falling body loses momentum and the two bodies
begin to move as one. Now that they are joined, they can be dealt with as a single,
spring-suspended body, and the complete system may be thought of as a simple
spring-mass system in a state of free vibration.
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The analysis of the problem can be divided into two parts:
(i) The conservation of momentum at the instant of impact, and

(ii) The conservation of energy in the ensuing vibration of the combined sys-
tem.

If the bodies are sufficiently elastic, the duration of impact may be extended so that
the condition (i) becomes complicated by an alteration of spring force during the
period of momentum exchange. We shall assume that this does not take place, and
that the transfer of momentum is instantaneous. Equating the momentum of a falling
body just before the impact to the combined momentum of the two bodies just after
impact, we have

mv, = (m; +myv, ..10.1

where m, is the falling mass, m, is the system mass, v,
is the velocity of the falling body just before impact, m, l

and v, is the velocity of combination just after impact i
as shown in Fig. 10.1.

m. X
The kinetic energy of the complete system immediately ’
after impact is found to be .
2 2
C(mytmyvy  myy 102
k - - es .
2 2(my+my) Fig. 10.2  Impact when fall-
Noting that when the system comes to rest at its lowest ing body encoun-
position the decrease of kinetic energy will equal to the ters a spring-mass
increase of potential energy, we can write an equation system
for the system in that position:
i PP 103
5T L= — + +t—s- ...10.
2('”1 + mz) (ml mz)g 2 fO x

Note that the initial spring force f, is equal to m,g. We may now solve this equation
for the maximum deflection of the spring resulting from impact:

Ax=[mg+ LS 10.4
= [mg +\(mg) m tm, k ...10.

The spring will be subject to maximum stress at the value of the solution given by
the plus sign; this is the downward displacement of the system. The solution using
the minus sign represents magnitude of the displacement at which the system stops
at the top of its upswing.

Case (ii) Due to sudden impulse If the dropped mass is small compared
with the mass of the system, and if both are elastic, the impacting mass may rebound
immediately after it strikes.

Let us revisit Newton’s second law.
The equation for Newton’s second law can be integrated to read as follows:
A(mv) = | fat 105
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The right-hand term is given the name impulse. Whenever two bodies contact and
rebound, the change of momentum of either is the value of impulse on the other,
whether or not the impact is elastic. The concept of impulse will be shown to permit
the extension of the equation derived for sudden impacts to problems of force appli-
cation. Instead of conservation of momentum, the first condition that the system
meets is the impulse equation.

For the case where the impacting body rebounds, the velocity of the mass m of the
system will be given by

impulse
T m

v ...10.6

Following the impact, the system will be in harmonic-free vibration. The amplitude
of this vibration is not difficult to find when we observe that Eq. 10.6 gives the veloc-
ity of the system at zero displacement. In terms of the parameters of the harmonic
motion, the velocity at zero displacement is already known to be

(Voo =V =10 ..10.7
Combining Eq. 10.7 with 10.6, we find a relationship in between the strength of the
impulse and the amplitude of vibration:
impulse
= ..10.8
Letting the instant of impact be the time of origin, and taking the positive direction of
displacement as that of the impulse, the equation of motion becomes

_ impulse

X= o Sin ot ...10.9

Let us illustrate the above concepts by the following examples.

EXAMPLE 10.1

A pendulum is sometimes used to determine
the speed of rifle bullets in Fig. p-10.1. A bullet
of mass m; and velocity v, strikes a pendulum of
mass m, and arm length L Assuming that the two v,

masses cling together, write an equation of the Ij’ | ————— |
pendulum swing is known. m,

Solution The kinetic energy immediately after Fig. p-10.1  Ballistic pendulum
impact is given by Eq. 10.2.

B = (mvp)?
£ 20my + my)
The potential energy at the end of the pendulum swing is

E,=(m; +m,) gl(1 - cos 0)
Combining these two equations and solving for the velocity, we obtain

(my +my)’
vi=2gl——
m,

(1 —-cos 6) ...10.10
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If the weight of the bullet is small compared to that of the pendulum, we may neglect
in the terms involving combined weight. Additional simplification can be made if the
angle is sufficiently small so that we may write cos 8= 1 — (6%/2). In these circum-

stances, Eq. 10.10 reduces to the following approximate equation:

m,y\2
V=16 (52) 1011

EXAMPLE 10.2

Equipment packaged for shipment may be some-
times thought of as a group of vibratory systems
in a rigid box. When the box is dropped, each of
the vibratory systems is subjected to an impact, m

and stress is produced in the portion of the system Box
which acts as the spring to obtain insight into the

factors governing failure of such system. Find the !
equation for the spring force produced when the 5
postman drops the system in Fig, p-10.2 from a l
height ‘h’.

Solution If we assume that the box falls, strikes the  Fig. p-10.2  Falling packed
floor, and comes to rest, the mass will at the instant of equipment

impact, exert zero force on the spring. The box will

however have a downward velocity equal to that of the system just before impact. The
situation would be identical to that of falling the same distance 4 onto a spring; thus
it can be described by Eq. 10.4 if the system mass m, is allowed to be zero.

fi=kAx=m(g+g’+ o? V)

We see that the spring force °/;’ is increased when the natural frequency, the mass or
the velocity is increased. Since v = 2gh for falling bodies, this equation becomes

2
1i\’1+2“; h] 10,12

Whether the system will fail depends upon how the spring is designed, since for a
given spring constant, springs may vary in the maximum amount of force they will
sustain.

fi=kAx=mg

EXAMPLE 10.3

Let us consider a small change in level in a road as an inclined step of height Jy;
any sort of contour can be synthesised from a sequence of such bumps. What
will be the response of a one-degree-of-freedom vehicle when it goes over such
a bump?

Solution Part of the vibration will result from sudden displacement of the spring,
and part will result from the force transmitted to the mass by way of the damper. We
may solve for each of these effects separately.
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If it is assumed that the bump is of short dura- m r
tion, the spring will depress without appreciable

movement of mass, and the increase of strain _V>
energy will be
Road bump
2
G
P 2 X,
. . oy
Again assuming that the mass does not move 2 ¥

appreciably, the damping force will be propor-
tional to the rate of displacement of the wheel:
f=cy. Thus, the impulse transmitted to the mass by way of the damper is fdt = cy dt

Fig. p-10.3 Simple road bump

However, ydt = 8y and the velocity of the mass immediately after the impulse is

fdt  cdy
Vom " m
L . (&)’
From this, the kinetic energy is found to be E, = om
. . kX
The total vibration energy can be expressed in terms of amplitude as Ep ,,,, = >

EX* 1 ¢
2 2 x4 (5)] @7
Simplifying and solving for ‘X°, we obtain

X=& \/1 + (%) _ & 1’1 + 4(%)2 ..10.13

From Eq.10.13, we note that the response to a single bump is worsened by the
increase in damping.

EXAMPLE 10.4

We have already derived equations for the response of a vibratory system to an
impulse of short duration. For the case of constant force applied to the mass of a
spring-mass system over a period of time ‘7°, determine the value of amplitude
of vibration just after release of the load.

Solution When a steady force is suddenly applied to a vibratory system, it is as
though the static equilibrium position of the system mass were suddenly changed.

The system mass is a distance p from this new rest position and is stationary. The free

vibration that follows this initial condition is given by

x=£(1 — cos wt) ...10.14

where ‘x’ is measured from the original neutral position of the system and not from
the new one. So long as the steady force persists, this equation will describe the
motion of the system, but when it ceases the system finds itself in a state of vibra-
tion relative to the original neutral position. The amplitude of this vibration can be
evaluated in terms of the velocity and displacement at the instant of cessation of the
force.
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Using the principle of conservation of energy, we note that the sum of the kinetic

and potential energies at the instant of load removal will equal the maximum strain
2

energy of the ensuing vibration, >

> >t ..10.15

Note that ‘X” may be a variable in this particular problem, depending upon the time

2
of release of load. Eq. 10.15 simplifies to X = x>+ (%)

Substituting into this from Eq. (10.14), we obtain the desired expression for the

amplitude:
X= (Lz) (1-cos @+ 1)? + (sin or')? -..10.16

mae
when 7' is the duration of the loading.

The following table of amplitudes for applications of varying duration was compiled
from the information given by Eq. 10.16.

Table 10.1  Amplitudes of varying durations

ot’ X
o (sudden impact) 1.00 ft'Imw
z 0.98 ft'Imw
4
g 0.90 ft'imw
3% 0.78 ft'lmw
4
T 0.60 ft'imw
§2E 0.30 ft* Imw
27 o

From Table 10.1, it can be seen that impacts as long as 1 cycle can be treated as sud-

den impacts with an error of only 10%. If the duration of an impulse of this simple
type is for one whole cycle of the system, there is no vibration upon its release.

10.1 RESPONSE TO IMPULSE INPUT

A force of large magnitude which acts over a very short time interval is known as
impulsive force. Impulse is a time integral of the force which is finite. The zero initial
state response to and short, sharp blow can be obtained by idealising the blow as a
Dirac-delta function: an infinitesimally brief force of infinitely large amplitude. The

product of force and time, obtained from / =J F(f) dt across this singularity has a non
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zero non-infinite value. For the Dirac—delta function, this 4
value is unity, but we can multiply the function by the
factor / to get the size of blow we need. [

From Newton’s law, this blow on a mass causes a change T
in velocity mdv/g, = Fdt. If the velocity vo_, before the
impulse is zero then the velocity immediately after the O<_a_>| «—A e

impulse is v, = IgJm. After the excitation is over the Fig10.2 Response to
motion will proceed like the homogeneous equation, impulse input
solution of which is given as

A

I c
x=miwde_§w"f sin (w,) ...10.17

which we can express as the product of an excitation factor  with a system response
function #,,,,(?):

x=1-hy,, (0 ..10.18
where i) = ——o 84 sin (V1 & 1) = WT sin (w,7) ...10.19
k1- &

We should ask two questions: How short the pulse must be in order for the analysis to
be appropriate? The answer is that the mass should have no significant motion while
the impulse takes place, compared to the later motion described by the equation.
Therefore, the time duration At of the blow must be smaller than the quarter-period
of the system, or w, At << 7/2.

Secondly, we can use the simple undamped solution at the right rather than the full
damped solution. To use the simple expression, we must limit ourself both to moder-
ate damping § << 1 and also to a limited time frame w, At < 2. The logarithmic dec-
rement 6n gives us an indication of the difference between damped and undamped
solutions during one period of free oscillation: at 1.5% of critical damping, the damped
solution delays about 10%. Since many structural systems are lightly damped, and
since we are interested mostly in the maximum amplitudes, which occur soon (about
a quarter-cycle) after the impulse, the undamped solution is often adequate.

We can generalise this solution to impulses occurring at some time #, other than
Zero:

Bip(t = 1)) = SR ) sin(V1- 2 w,(t—1)) ..10.20
k\1- 2
WII
=7 sin (w, (t— 1)) ...10.21
And we can superpose many different impulses
x=Z I,y (E— 1) ..10.22

Therefore, the solution to a series of impulses is always the summation of the
responses of all previous impulses—in the other words, the form of the solution and
the additional term changes each time an impulse passes by.
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10.1 RESPONSETO STEP INPUT

The response to a step of height F;, imposed at # = 0 can be described as an initial
condition response due to a steady force which causes a shift in equilibrium:

gﬂx+cx+kx=1~; ..10.23
Or, in standard form,
£,
¥+ 26 wnx+(wﬁ)x=(7)(w3) ..10.24

where x(0) = 0 and x = 0; this results in this solution:

F,
x=—"e 5% (1—cos (0 ,)—

i Sin ((Ddt)
k 1,1 _ 52
For an undamped case, the response equation can be written using {=0
F,
7" (1 —cos (@,1)) ..10.25
RESPONSETO RAMP INPUT

Although we can simulate arbitrary shaped pulses as a series of small steps, we can
o

do it more efficiently if we obtain the response of a ramp function of slope F, by
solving the differential equation

gﬂse+cx+kx=ﬁt ..10.26

Or, in standard form,

Il
J—

¥+ Q) x+ (o)

which has the approximate solution

Pl otor 1-2
x =% t—ew 2&(1 —cos a)dt)+—§zsinwdt
n 1’1_52
7 sin @,
:%(r— - ) 1027

PHASE PLANE METHOD TO SOLVE TRANSIENT
PROBLEMS

A spring-mass system with initial conditions X,, and Y|, has its differential equation
written as

X+alx=0
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Its solution can be written as

x=Asin(w,t+ ¢) ...10.28
V2
where A=Ax, 2+
o,
o,
and ¢=tan! (%)

Differentiating Eq. 10.28 for velocity, we have
x=A4 w,cos (0, + §)

= Acos (0,1 + ¢) 1029

Squaring and adding equations 10.28 and 10.29, we have

2

X2+ (%) — 42 ..10.30
X
()

n

The above is an equation of a circle with coordinates x and ( ) Its radius is 4

and centre is at the origin. This is shown in Fig. 10.3(a). The starting point on this
displacement velocity is marked as P. At ¢, seconds later, the displacement and veloc-
ity of the system are represented by the point O, where angle POQ = @,t, radians.
From this diagram, the displacement and velocity phase of the motion are available
from the single point which corresponds to a particular time. This is the phase plane
plot. The horizontal projection of the phase trajectory on a time base gives the dis-
placement time plot of the motion and is shown in Fig. 10.3. Similarly, the vertical
projection on the time base gives the velocity time plot of the motion.

A A
Q _____T} ___________________ .-\ Q
2N, Sy
) *Xo; j P
J E t1
Vo, 0
w,, - |« 7 >

(a) (b)
Fig. 10.3 (a) Phase plane plot, and (b) Displacement—time plot

It may be noted that the centre of phase trajectory always lies on the x-axis at a
distance equal to the static equilibrium displacement of the system. In this case, the
static equilibrium displacement was zero and therefore the centre of the circle was
located at the origin. In case of a step force input F,, the static equilibrium position
suddenly changes through a distance of F,/k. Thus, the phase plane plot for such a
motion will be a circle whose centre lies F,/k above the centre. The radius of this
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circle will be F,/k so that the trajectory starts from the origin corresponding to zero
initial conditions.

LAPLACE TRANSFORMATION METHOD TO
SOLVETRANSIENT PROBLEMS

Laplace transform or transformation is a very useful tool for the solution of differ-
ential equation and especially so, where transients are involved. It is that branch of
operational calculus wherein a function is transformed from time (f) domain to new
(f) domain. The original differential equation in the (f) domain, by the use of Laplace
transform changes itself into an algebraic equation is very easy as compared to that
of differential equation. Once the solution in (f) domain is obtained, the process of
inverse transformation gives the solution back in the # domain. Manipulation with
transformation and inverse transformation is facilitated by the use of a table of trans-
forms pairs.

EXAMPLE 10.5

Determine the response of the overdamped, single-degree-of-freedom spring-
mass system (¢ > 1) to a unit impulse force §(f) using the Laplace transform
method.

Solution The equation of motion is given as
mx + cx + kx = 6(f)
Or
¥+ QEw)i+ (@ =(m) (1 &> 1

Taking Laplace transform on both sides, with zero initial conditions:

1
SPX(S) + 2€ @) X(S) + (@) X(S) = 77
If 7, and 7, are the roots of the LHS equation then

1
m 1 1 1

m = —
s2+(2§w)s+(a)2)_m(’”1_’”2) (s—r) (s—r)

X(S) =

Using inverse Laplace transform, we get

1
_ m
=27 Q& w)s + ()
~Eot
x() = e (o1 _gelE-1)
2mo\E* - 1
10.1 IMPULSE SEQUENCES

When one impulse of short duration follows another, it will initiate harmonic vibra-
tion and be completely independent of the vibration produced by the first impulse.
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This is known as an impulse sequence. Equation 10.9 is the key to the calculation of
the response of a spring-mass system to the impulse sequences. This independence
stems from the fact that the equation of vibration for such a system is linear, and that
the principle of superposition will apply. That is, the solution for two forcing func-
tions taken separately may be superimposed to give the solution for the combined
forcing functions.
Let us rewrite Eq. 10.9 for the time ¢, the displacement due to the impulse in a
sequence will be x; = X; sin w(¢ - t,)
where 7, is the time at which the impulse was applied, and (¢ — ¢,) the elapsed time
since the application of the impulse. For a sequence of impulses, the displacement
due to each impulse will be
x,=X,sinw(t-1t,), x,=X,sinw(-1),x,=X_sino(t-1).

The total displacement of the system at time ‘¢’ will be

X=X, +x,+x, ...10.31

-
= N>
N

(a) Three impulses (b) Response to impulses-1

NANNNANNN, . %
VAAVAAVALVEN - /\//\\/\’

(c) Response to impulse-2 (d) Response to impulse-3

\V \/ i
(e) Combined response to the response
to the sequence

X3

Fig. 10.4 Synthesis of the response to an impact sequence

This is shown graphically in Fig. 10.4. From this diagram and the above equations,
it is clear that the effect of a sequence of impacts may not be that of increasing the
amplitude of vibration with each impact. It is possible for an impact to bring a vibrat-
ing system to a halt. In a sense repeating what has just been said, we may write the
complete equation of motion for an impact sequence:

x=X,sinw(t—-t)+X,sinw(—1t)+X.sinw(—1)+ ...10.32
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Applying Eq. 10.31, so that the above equation may be written in terms of the
impulses acting on the system, we obtain for the impact sequence the equivalent of
Eq. 10.32,

(Impulse), (Impulse),
X= "o Sin wo(t—t,)+ Tmo Sin w(t—1t,)
(Impulse),
t o  Sin w(t—t,) ... 10.33

Let us illustrate the above concept by the following example.

EXAMPLE 10.6

A machine member is so designed that in operation it is suddenly thrust for-
ward and after a dwell of 0.5 second, is suddenly drawn back. Part of this mem-
ber acts as a vibratory system, with a mass of 10 kg and a natural frequency
of 8.75 cycles/second. The forward thrust acts on this system as an impulse of
3090 Nm-s and the backward thrust, acts as an impulse of -3090 Nm-s. Find the
equation for vibration of the system after the second impulse has been applied.

Solution Using Eq. 10.32, we find that the motion due to first impulse is

_ Impulse

Xa= e SIMOLX,= sin ot = 5.62 sin ot

80
10 x 55
The motion due to second impulse alone is x, = —5.62 sin @ (1 —0.5)
The complete solution after the second impulse is

x=5.62[sin ot — sin w(t - 0.5)]
The maximum value of ‘x’ can take in this equation is X = (5.62)(0.765)

The maximum value of ‘x’ for the first impulse alone is X, = 5.62. In this case, the
second impulse diminished the amplitude of vibration by about 23%.

10.8 CONTINUOUS FORCING FUNCTIONS

A continuous forcing function can be analysed by the same methods as a sequence
of impacts if it is first converted into such a sequence, as shown in Fig. 10.5. The
continuous force time curve is broken into

increments with respect to the time scale.

Each increment is an impulse of the form f ¢ Dt
fdt. In order to apply Eq. 10.33 to this }5
problem, we shall write it in the form t T
. l i ime
impulse);
x= 2(% sin @(t — ti)) Fig. 10.5 Reduction of a continuous forc-
ing function to a sequence of
For a continuous sequence of impulses, impulses

the summation sign may be replaced by an
integral sign and for the impulse we substitute f dt, so that
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j s1na)(t 1) ..10.34

Remember that ¢, is the time at which the impulse f'dr; was applied and is a variable
in the equation. The time ‘#’ is a constant so far as the integration is concerned, since
it is the time at which we observe the system; consequently ‘7 is the limit of the
integration.

By means of a trigonometric identity, the integrand may be expanded:

x= J o (8in O COs W, — cos @f sin OF)df; ... 10.35

When we hold the natural frequency of the system constant, we get

t
x =SSO [ (o5 wrydr, - 0 “”J (/sin ot)dt, .. 10.36
0

This powerful equation is not particularly difficult to use, provided ‘f is a sufficiently
simple function of time. Examples 10.6 and 10.7 illustrate its use. The first involves
transient behaviour of a system under the influence of a harmonic forcing function
and the second is the response of a system to a single cycle of sawtooth function.

EXAMPLE 10.7

Determine how the amplitude grows for anundamped spring-mass system subject
to harmonic forcing at the natural frequency of the system. This means that the
applied force will be f'=F sin ¢, where o is the natural frequency of the system.

Solution 'We shall use the above equation, substituting into it /= F sin @¢,. The first
integral becomes

+_

Ecos2 wt F
2 O 20

t
J F sin wt; cos wtdt; = —
0

The second integral becomes,

Fsin wtcos ot F
—+_

Fsin® ot, dt; = — t,
'([ e 2w 2
And the complete equation is
_ F [—sin ot cos® ot | cos® ot sin ot + sin @t
X = Imo @ o —tcos wt o

Simplifying, we obtain x = Ficos ot + E sin ot
2me mao?

We have now shown that the variation is the result of a harmonic component and
a component which grows linearly with respect to time. If the system is initially at
rest and is then subjected to harmonic forcing at its natural frequency, the amplitude
does not become infinite at once, but grows linearly with time. This analysis shows
why it is possible to pass a system hurriedly through the region of resonance without
extreme response.
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EXAMPLE 10.8

The effect of an automobile moving across a
cable supported drawbridge in Fig. p-10.8 Cable
may be approximated as the steady move-
ment of a concentrated load along the bridge.
The moment about the bridge pivot increases —~ e =15 W
steadily until the car leaves the bridge. Assume ~ Pivote tw

that the moment of inertia and the natural fre-
quency of the bridge do not change appreciably,
and find the equation for the deflection of the Fig. p-10.8 Effect of an automo-
bridge under the weight of the car. bile moving across
a cable-supported
drawbridge

Solution From the continuing forcing function
we have in Eq. 10.36,

t t
sin ot cos wt .

= o i[ (fcos ot)dt; ——, i[ (fsin wt)dt,

into torsion terminology, taking note of the fact that the applied torque is given by

T=w v t, where, ‘v’ is the velocity of car and ‘w’ is the weight. In rewriting the equa-

tion, we shall replace x by 6, m by I and fby 7.

t t
sin wt cos wt .
= T wtdt, — T sin o,
6 To i[ cos wrdl;—— i[ s g
When 7= w.v.t is substituted for the torque, the first integral becomes
t

J wvt; cos wtdt,=wv
0

cos wt v t sin wt

PR

The second integral becomes

t

. sin Wt tcos wt
J wvt; sin ot dt; = wv | ————
0

(02 (0]

And the complete equation takes the form

0

_ wv [sin @tcos @t  t sin@r cos @t sin @1 | fcos’@t sin @f
o P o P [ P
Upon simplifying, we obtain

0= vot ( sin a)t)
B A
This expression holds so long as the car is on the bridge.

REVIEW QUESTIONS

1. What is the difference between transient vibration and random vibration?

2. Discuss the response of single-degree-spring-mass system subjected to unit impulsive
force.
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different amount of damping.

subjected to a rectangular pulse of duration ¢.

. For a vibratory system subjected to step unit, plot the system response to step input for
. Draw the phase plane plot and the displacement time plot for a spring-mass system

. Explain in detail the phase plane method to solve transient problems.

PROBLEMS FOR PRACTICE

1. A single-degree-of-freedom system is subjected to

impulsive excitation of 0.5 Ns. Obtain the expression
for the response of the system. Use mass of body =
1.5 kg; ¢ = 0.5 kg/s and stiffness = 5 N/m.

2. Determine the response of an undamped, single-

degree-of-freedom spring-mass system subjected to
the triangular impulse as shown Fig. p.p-10.1.

3. Determine the response of an underdamped single-

degree-of-freedom system using Laplace transform
method. Equation of motion is given by mx + cx +
kx = Fu(f). Where u(#) is the unit step function and
initial condition are x(0) = 0 and x(0)" = 0.

F;

|

0

Fig. p.p-10.1

OBJECTIVE-TYPE QUESTIONS

1. The response of the vibratory system

is purely if excitation is
of the periodic nature like shock pulse
or a transient excitation:

(a) smaller/larger
(b) larger/smaller
(c) zero/smaller

(a) transient (b) random

(c) linear (d) nonlinear

. An explosion occurring on a system

with a comparatively natu-
ral period will be an impulse while the
same explosion occurring on a system

with natural period will be
a pulse.
(1) a @2)b 3)d

(d) larger/small

. Phase plane method can be used

to analyse the systems subjected to
steps.

(a) single

(b) multiple

(c) irregular

(d) multiple/irregular.

Answers



RANDOM
VIBRATIONS

11.1 INTRODUCTION

In our study of vibration, we talk about three types of excitation functions: (i) har-
monic, (ii) periodic, and (iii) nonperiodic. Values of the excitation are known at
any given time and hence such functions are also called deterministic functions.
Figure 11.1 shows typical examples. It is to be noted that response of system to deter-
ministic excitation is also deterministic.

The dynamic loads which have been considered in deterministic problems, have
fixed or definite values of amplitude, frequency, period and phase. But for many
cases, such as wave forces on offshore structures, jet engine noise, earthquake effects
on buildings, bridges and dams, air pressure on acroplanes, rumble of ball bearings,
hiss between stations of a radio and vibrations of ships in rough seas, there is an
uncertainty involved with the exactness of the loading parameters.

F(t) F(t) F(t)
! A WA
| —t [ —t

| —>t

(a) (b) (c)

Fig. 11.12  Deterministic excitation functions

These uncertainties are related to the random time functions. Their values are never
known at any given time and vary from time to time, place to place. For example,
the intensity of an earthquake tremor will be different in Japan compared to an earth-
quake tremor at India. The reasons for variations are many and there are too many
factors that affect the outcome. These vibratory phenomenon whose outcome at
future instants of time cannot be predicted are classified as nondeterministic and
referred to as random vibrations.

Figure 11.1(c) shows typical random force function.

The degree of randomness in a vibratory process depends on
1. Parameters that we vary in the experiments, and
2. The ability to control these parameters.
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The more the parameters associated, more is the randomness and more precise control
of the parameters results in less randomness. The total number of records together
is referred to as an ensemble. To form a rational basis of the understanding of the
random process, concepts of probability are used.

11.2 IMPORTANT TERMINOLOGY USED IN RANDOM
VIBRATIONS

The following are the important terminologies used in random vibrations.

11.2.12 Random Phenomenon

If the time histories cannot be expressed in terms of known functions of time then
such phenomenon is called random phenomenon. For example, suppose we are inter-
ested to measure the displacement of landing gear of aircraft while landing and denote
time history by X,(7). At some other time the same aircraft lands in the same runway
and if we measure the displacement and denote the time history by X,(#). X,(¢) and
X,(¢) will never be identical because there is always randomness involved due to the
complex set of variables and hence we call displacement under our consideration as
a random phenomenon.

11.2.2 Sample Function

An individual time history describing the random phenomenon is called a sample
function. In the above example, X,(f) and X,(f) are called sample displacement
functions.

11.2.3 Random Variable

When we consider infinitely many sample functions such as X;(#), X,(?)..., etc, at
a particular value of time then we obtain the value of the random variable X(7) at a
given time.

11.2.4 Random Process, or Stochastic Process

The entire collection or ensemble of all possible time histories that might result from
the experiment is called a stochastic process or random process. It is denoted by

EAGIE
11.2.5 Statistical Regularity

When the number of sample functions become large and averages tends to recogniz-
able limits; then the random process is said to exhibit statistical regularity.

Excitation is random and hence the response is also random, Usually, hundreds of
sampling functions are involved in random process and it becomes extremely diffi-
cult to analyse if we consider each sample function. Instead, averages of the sample
functions are considered. These averages are sometime referred to as statistics.
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11.2.6 Ensemble Averages, Mean and Autocorrelation

Ensemble is the entire collection of all possible time histories that might result from
the experiments.

Let f(x) be a function of ‘x’, whose first-order probability density function is p(x).
The expected value of f(x), which is considered as a continuous variable is

ELf(%)] =i F)p(r)dx 11

This ensemble average is called the mathematical expectation of f(x) and the operator
‘E” is used to denote this ensemble average.

When fx)=X

oo

then E (x) =J xp(x)dx = Mean of ensemble average = Expected value of ‘X".

When f{x) =x* then Eq. 11.1 becomes

ELX*]= JXZ p(x)dx = Mean of the square of random variable ‘x’. 112

The variance o is defined as the ensemble average of the square of the deviation
from the mean.

2= ElLX —(EX) = [ (x— E (X032 p(rydx 113

Expanding right-hand side of Eq. 11.3, we get

@ = [ ¥ P()dx — [ 2xE[Xp@)dx + [ [ECOT P(r)dx

=E[X°]-2[EQ)P+[EXF or o =ELX|-E[X0)
Standard deviation of the random variable ‘X’ is given by

c = \/?= \Variance of x

Standard deviation indicates the spread of the random variable about the mean.

Let us consider two random variables. If f(x,;) and g(x,) are functions of x; and x,
respectively then the mathematical expectation of their product can be written as

EL) g6l =] [ 1) 8 plaey) driay

When f(x)) =X, and g(x,) = X,
then E[X,X,] =J Jxlxzp(xlxz)dxldxz

= Average across the ensemble of all products X, X,.
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E[X,X,] is called the autocorrelation function. Thus autocorrelation is a different
type of ensemble average obtained by summing the product of instantaneous values
of sample functions at two different times and dividing by the number of sample
function.

A covariance is obtained by averaging the deviations from the means at two time
instants.

Cov (X, Xp) = E[{X; - EXp} {X; - E(X>)}]

oo oo

- i i [X, — EIIX, - EQG)p(xyx,) dx,dx,
We can show that

Cov (X}, Xp) = E[X X,] - E[X,] E[X,]
If X, and X, have zero means, the covariance is identical to the autocorrelation.

Mean and variance provide gross or limited information about a process. In order
to make a more refined study of the random processes, a detailed information about
probability distributions is required.

11.2.7 Stationary Process

In general, mean value and autocorrelation functions depend on initial time. When
mean and autocorrelation functions depend on initial time then the random process
is called nonstationary. In the special case in which mean value and auto correlation
do not depend on initial time, the random process is said to be weakly stationary. For
a weakly stationary random process, the mean value is constant and autocorrelation
depends on time shift only. When all the possible averages are independent of initial
time then the random process is said to be strongly stationary.

A random process is said to be stationary if its probability distributions do not vary
if we shift time scale, or in other words if we shift the origin. The probability density
at any time instant is valid for different segments of time. For a process to be strictly
stationary, it can have no beginning and no end and each sample should extend from
—o0 tQ +oo.

For example, wave and wind generation can be regarded as stationary random
processes. Earthquake motions cannot be treated as stationary processes because
probability distributions change with respect to time.

For stationary processes, the first-order probability distribution p(x) is independent
of time. Therefore, E[X] and 0 are also independent of time.

11.2.8 Temporal Statistics and Ergodic Hypothesis

Generally speaking to get required statistics (such as ensemble, mean value and auto
correlation) and satisfy statistical regularity, a large number of sample functions are
needed. Under certain circumstances however, for certain stationary processes, it is
possible to get the same mean value and autocorrelation function for a random pro-
cess by using a single representative but a long sample function of time can give the
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required information, when averaging is done with respect to time along the sample.
Such an average is called the temporal average or time average.

Temporal mean and temporal mean square are defined as
T

2
<X(#> =lim T— o %J x(t)dt

and <X(t)*> =1im T —> oo — | x*(0)dt

N
NSNS o

Temporal autocorrelation is defined as

@(1) = <X(HX(t + 7)> = lim x(D)x(t + Tdt

T o0

N|—-
NS I

If the random process is stationary and if the temporal mean value and temporal
autocorrelation functions are same, irrespective of time history over which these
averages are calculated, then the random process is called ergodic random process.
Hence, for ergodic processes the temporal mean value and autocorrelation functions
calculated over a representative sample function must be equal to ensemble mean
value and autocorrelation function. Thus, when 7 = 0, ®(0) = < X*(f) > = Temporal
mean square, the ergodic process is one for which ensemble averages are equal to
temporal averages.

<X(t)> = E[X()]
D(7) =R(7)
The symbol < >is used to indicate temporal averages.

When samples obtained at a particular location are spatially valid at other locations,
the process is said to be a homogeneous process. A random process may be stationary
without being ergodic. If a given process is not ergodic but stationary then we must
calculate ensemble averages instead of time averages.

EXAMPLE. 12.2

Determine the ensemble mean, ensemble mean square, temporal mean, tempo-
ral mean square, the temporal autocorrelation and ensemble autocorrelation of
the following function,

X(®) = A sin(ot + )

where ‘4’ and ‘@ have fixed values, but the phase angle ‘o’ is a random
variable.

The probability density function of p(¢) is shown in Fig. p-11.1.
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0 T

Fig. p-11.1  Probability density function
Solution The ensemble mean is

E[X(t)] = A | sin (0t + oip(c)da
0

V1
= %£ sin (ot + o)da = 2714 cos wt

The ensemble mean square is

i 27 [(1-cos?) (wt + Q)|dor 42
ELXZ(’)J=A2Jsinz(wt+a)p(a)=%j [( COS);(DI‘-F )] a:%
0 0

T
The temporal mean is < X(¢) > =lim,_, , % J Asin(wt+ o)dt=0
0
T

The temporal mean square is <X*(£)> = limy_, o% J A% sin® (ot + o)dt = A7
0

The temporal autocorrelation is
2

T
(1) = limf_m%i[ Asin(wt+ o) Asin(wt+ o+ wh)dt = AT cos Wt

The ensemble autocorrelation is
¥4

R(t) = | 4 sin(wt= ) 4 sin(wt + o+ a)t)%da
0

R(7) = 27‘4 cos(w7) cos (wT)

It is clear that the random process described is not stationary.

11.1 POWER SPECTRAL DENSITY

For a stationary ergodic process, the temporal mean square is

T
15
<FX(H)> =lim,_, _ - | F()F(H)dt
T—> TT
2
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We can reformulate the Fourier series expression to take in to account the infinite
time range and can be written as

F(t) = ﬁ | Fl@)é® dw (in time domain)

Flw) = J F()e'™ dw (in frequency domain)

F(w) is called the Fourier transform of F(f). In general, F(w) is complex, F(?) is real.
F(- w) is the complex conjugate of F(w). F(f) and F(®) are known as Fourier transfer
pairs.

Using @ = 2xf'in the above Fourier transfer pairs, we get

oo

F(o) = | Foye™ dt 115
F() = | F(tye ™ dt 116
Substituting one F(f) of the integral of Eq. 11.4 by Eq. 11.5,we get
r
2 oo

<FXi> = lim,_, . %j F@) | F(t)e™ dfir
T —oo

2

—_— NN

~lim,., .. | F(f)lT F(e™ at|df 117

|

A comparison of the integral within the parenthesis of Equations 11.7 and 11.6 reveals
that the integral is the complex conjugate of F(f). We shall indicate it as F' (f).

Therefore, Eq.11.7 becomes

<P ~timy .| F()3FNF (O

“limy .| EFOFd o <P@)>=] SHdr 118

where S(f) = lT [F(NP ..11.9

S(f) is called the power spectral density and can be obtained from the square of the
Fourier transform of the random process. If the spectral density can be obtained for
the whole range of frequencies, the mean square of the process can be determined
from Eq. 11.9.

This implies that the autocorrelation function ¢(7) is the Fourier transform of the
spectral density S(f) of the process.

Therefore, s =] o@e™ar.
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11.2 RANDOM RESPONSE OF SINGLE DEGREE OF
FREEDOM SYSTEMS

There are two approaches of studying the response of a system:
1. Time-domain analysis
2. Frequency-domain analysis.

These concepts are extended here for single degree of freedom systems.

11.4.1 Time-domain Analysis

Indicating x(7) as the response function of the structure, the Duhamel’s integral can
be written in terms of unit impulse response function as

x() = | h(OF(t - 1)dt 1110

where A4(7) is the unit impulse response function. If x(f) and F(f) are stationary ran-
dom processes then the expectation of both sides of the integral is

—oo

Elx(®)] = | h(OE[F(t— D)]dt L1111
If m, and m,denote the mean values of x(7) and F(7) then Eq. 11.11 can be written as

m, = mf_J h(1)dt L1112
Eq. 11.12 gives the relationship between the mean values of the input and output of
the process.

If we consider the autocorrelation R.(7) for the excitation and R, (7) for the response
then

R.(%) = Es() x(t + D] =| [ h(6)) h(6,) E[F(t - 6,) F(z+ - 6,)] 6, db,

= [ n(6,) h(B)Rwr(z+ 6, 6,)d0, db, L1113

—00 —oo

11.4.2 Frequency Domain Analysis

If x(7) is the response of the system due to an excitation F(#) then we know,
X(w) = Hw) F(w) ..11.14
where X (w) and F(w) are Fourier transforms of x(#) and F(f) and H(w) is the complex

frequency response function. For a single-degree-freedom-system having damping
and stiffness, we know that

1
1 k

H(w) = —m@*ticow+ k - [1— (%)2] +i26 (%)
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Taking complex conjugate of all the quantities in Eq. 11.14, we get

X'(0) = H'(0) F(0) L1115
Multiplying equations 11.14 and 11.15, we obtain
X(w) X' (w) = H(w) H' () F(0) F*(0) ..11.16
or X(0) X' () = [H(w)]* F(0) F'(©) L1117
Dividing both sides of the Eq. 11.17 by 7, and taking limits as 7 — oo, we get
lim,_, . % [X(@)]? = [H(®)] limT_m% [F(0)]? L1118
From the definition of power spectral density,
S () = limT_m% X(0)] 1119
Spr(@) = lim““lr [F(w)]? 1120

Sy(@) and Spr(w) are the spectral densities of the response and the excitation.
Combining equations 11.18 to 11.20,we get

Sy(0) = [H(@)) Spr() L1121
Equation 11.21 gives the relationship between spectral densities of excitation of the
response.

REVIEW QUESTIONS

(1) Differentiate among deterministic and nondeterministic forcing functions.

(2) Define mean value between nonstationary and stationary random processes.

(4) Differentiate between mean value and time average.

(5) What are the characteristics of ergodic random processes?

(6) Define mean square value, variance and standard deviation of a random process.
(7) Define probability density functions. What are their uses?

(8) Define power spectral density.

(9) List a few examples in which forcing functions are nondeterministic.

(10) Discuss time and frequency domain analyses of random response of single DOF sys-
tem.

PROBLEMS FOR PRACTICE

(1) Calculate the temporal mean valve and autocorrelation function of the function given
in Fig. p.p-11.1 and plot the autocorrelation function.
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=T -T2

0 772 T 3772

Fig p.p. 11.2

(2) Calculate the mean square value and the variance and standard deviation of the function

of Fig. p.p-11.1.

OBJECTIVE-TYPE QUESTIONS

1. When dealing with random

vibration (a) ensemble mean value

problems, both excitation and response
process are modelled as

process.

(a) nonlinear  (b) linear

(d) variable

. For ergodic processes the temporal
mean value and autocorrelation func-
tions calculated over a representative
sample function must be equal to

(c) stochastic

(1) ¢

@ ¢ () a

3.

Answers

(b) autocorrelation function

(c) both (a) and (b)

(d) zero

When mean value and autocorrelation
do not depend on initial time, the ran-
dom process is said to be

(a) weakly stationary

(b) strong stationary

(c) stationary

(d) nonstationary
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Some Important Symbols

1.
. o = alpha
. B =beta

— e b e e
N N R WN = O

© NS AW

® = omega

¢ = phi

. 0= theta

v=nu
M =mu
T=tau

. € =epsilon

. A =lambda
.N=eta

. p=rtho

. 0= delta

. E=zeta

. 0=sigma

. y=psi

. A =cap. delta
18.

3 = cap. sigma

Some Important Formulas

L.

AN T i

+
. sinA+sinB=2sin(A2B)cos(

sin (4 = B) = sin A cos B £ cos 4 sin B
cos (4 +B) = cos A cos B —sin 4 sin B
cos (A — B) =cos A cos B + sin 4 sin B
sin (4 + B) sin (4 — B) = sin® 4 — sin® B = cos? B — cos” 4
cos (4 + B) cos (4 — B) = cos®> 4 — sin®* B = cos® B — sin® 4

sin 4. sin B = % [cos (4 — B) —cos (4 + B)],
cos 4. cos B = % [cos (4 — B) + cos (4 + B)]

A—B)
2
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8. sinA—sinB=2<:os(A+B) sin(A_B)
2 2
+ _
9, cosA+cosB=200s(A ZB)cos(A ZB)

10. cos A —cos B = —2 sin(A+B)sin(A_B)
os . 2 2
11. sin“4+cos“4=1

12. cos2A=1-2sin>4=2cos’4 — 1 = cos’ 4 — sin® 4

13. sin2 6 =2 sin O cos 6, cos2 0 = cos®> O —sin” O =2 cos> 6 — 1
=1-2sin’* 0

14. sin3 6 =3 sin 6 — 4 sin” 6, cos3 6 =4 cos® 6 — 3 sin O

15. m=13.141592 rad = 57.3°, 1° = 0.01745 rad e = 2.7183

ix —ix lx —ix
+e

- cos ix =
2i 2i

16. € = cos x + i sin x, sin ix =

dv  du duy ldu udv dx  dx
R e O R

18. Juvdx = u [vdx — J(—u Jvdx) dx
dx

19. Z=x+iy=4 &% with 4 = x2+y2 and 0 + tan™ (Z)
20. zy=x;tiyjand z, = x, + iy, z; E zy =x L x, i (T yy)

Sl Units
Parameter In ST Units
(1) Mass kg
(2) Force or weight N
(3) Linear dimensions m’ or mm
(4) Spring stiffness N/m or N/mm
(5) Moment of Inertia m* or mm*
(6) Mass moment of inertia kg-m? or kg-mm?
(7) Torsional spring stiffness N-m/rad or N-mm/rad
(8) Modulus of elasticity and modulus of rigidity N/m?or N/mm?
The General Bending Moment Equation is % = % = g

where M = Bending moment at a section in N-m or N-mm

I = Moment of inertia of a particular cross-section in m* or mm*
E = Young’s modulus of the material of the beam in N/mm?
o = Bending stress in N/m? or N/mm?

R = Radius of curvature of bent beam in m or mm
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y = Distance of the fiber under consideration from neutral axis in m or
mm
. . . T_17_G6
The General Torsion Equation is 75FS
where T = Applied torque in N-m or N-mm

J = Polar moment of inertia of circular section in mm?

r = Radius of the circular section in mm

7= Shear stress at the point distance ‘#’ from longitudinal axis in
N/mm?

G = Rigidity modulus of material of the shaft in N/mm?
6 = Angle of twist in radians
I = Length of shaft in mm

Ao L-G0_T_;_

71" ® k, = Stiffness of the Spring in N/mm

GJ
7’
Moment of Inertia of Some Important Sections

3
Moment of inertia of rectangular section 7 = L shown in Fig. A.1(a).

12
Moment of inertia of a hollow rectangular section is shown in Fig. A.1(b).
3
b b
12 12
A A
A
h, h h
Y
Y Y
< b = ~ b >
(@) (b)

A
o]
Y

(d)

Fig. A.a
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4
Moment of inertia of circular cross section shown in Fig. A.1(c) is [ = o4

Moment of inertia of hollow circular cross section shown in Fig. A.1 (d) is
_m'
64 64

Moment of inertia of the triangular section about an axis through its centre of gravity
3

and parallel to x—x axis shown in Fig. A.1(e) is /= 36

1

2
Moment of inertia of uniform thin rod shown in Fig. A.1(f) is /= mT

A

o

Y
Y

A

Fig. A.a

Moment of inertia of square plate shown in Fig. A.1(g) isi = SILZ

ANSANNNN
o
U |< 2¢

Y

b
|
~
S

(9) (h)

3
)

Fig. A.a

Mass moment of inertia of a rectangular block of dimension 2a, 25, 2¢, about an axis

passing through the centre and parallel to edge 2a shown in Fig. A.1(h) is

b+
3

IG=m
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Moment of inertia of circular disc, i = 1/2 mr?
2

Moment of inertia of slender bar, i = e

L . . /7
Polar moment of inertia of circular section, 7, = 30

Mass moment of inertia of a semicircular shell of mass ‘m’ and radius ‘7’ about its
centre ‘0’ is i, = mr?

Similarly, mass moment of inertia of a thin cylindrical tube having mass ‘m’ and
radius ‘7’ about its axis is i, = mr*

Compound Pendulum

(a) Parallel axis theorem: Fig. A.2(a), (b)

Statement: If the MI of a plane area about an axis through its CG is denoted by i,,
then MI of the area about any reference (1)-(1) parallel to x-axis and at a distance of
y from CG is given by
Iy =L+ 47 (D
@) Y

da Elemental area

Fig. A.2 Parallel axis theorem

Proof: Consider an elemental area ‘da’ parallel to x-x axis
Let i, = MI about x-x axis
i;_, = MI about reference axis (1)-(1)
a = Area of body
y = Distance of CG of body from (1)-(1)

In Fig. A.2(a), i,,, {,., and elemental area are parallel to each other. Hence, it is called
parallel axis theorem.

MI of element about (1)-(1) = da(y + y)?

MI of whole body about (1)-(1), i, = Xda(y + y)* = Sda(y > + y* + 2)p) = Sday™>
+ Yday* + 23 dayy

or I, = y 2 Yda+ Yday® + 2y Yday
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Now, Sday* =Ml aboutxx =i,
Yday = 0 (i.e. moment of areas about centroid = 0)

I, =Ay2+I +0orl_ =1 +d4y?

Similarly, if i, , axis is parallel to y—y axis at a distance x from centroid then

L,=1I,+4x?
(b) Perpendicular axis theorem

From the geometry of Fig. A.2(c), we know that r* = x>+ y?

We know that the moment of inertia of the lamina p about x—x axis

i, =da.y*

Xy

Fig. A.2  Perpendicular axis theorem
2

Similarly, i,, =da.x
and i,, =da. ¥ =da. (x* +?)

=da. x*+da. y* = Iy t iy

Equivalent Masses

Mass (m) attached at the end of spring of mass ‘m’ shown in Fig. A.3(a) is given by
m

3

Moy =M+

(a)
Fig. A.3
Cantilever beam of mass ‘m’ carrying an end mass shown in Fig. A.3(b) is given by
Meg=m+023m

Simply supported beam of mass ‘m’ carrying a mass ‘m’ at the middle shown in Fig.
A3(c)is givenby m,, =m+0.5m
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my

" L#ﬁm

)

Y

2

A A

(© (d)

Fig. A.3

Mass on a hinged bar shown in Fig. A.3(d) is given by

(i)
Moy =my+| -] myt| | ms.
g1 1 ll 2 ll 3

Equivalent Spring Stiffness

Rod under axial load shown in Fig. A.4(a) is given by K, = % N/mm.

(] U

(a)
Fig. A.4

(I = Length in mm, a = Cross-sectional area in mm?)

_ nEDd

Tapered rod under axial load shown in Fig. A .4(b) is given by £, 4l

o -

(b)

N/mm

Fig. A.4

d, D = End diameters, / = Length of the tapered rod in mm

E = Young’s modulus of the material in N/mm?,

<« 90000000Q00Q0QQ ——
(e

Fig. A.4
&

Helical spring under axial load shown in Fig. A.4(c) is given by &, = G—3 N/mm.

d = Wire diameter, D = Mean coil diameter in mm, » = Number of active turns.

(i) When we have a both-ends-fixed beam with load acting at the midpoint of the
beam, the spring stiffness shown in Fig. A.4(d) is given by
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__prp . _192E1
192EI° B

N/mm

/774
— T

(d)
Fig. A.4

(ii) For a cantilever beam with load acting at end point, the spring stiffness shown in
Fig. A.4(e) is given by £, = 31—51 N/mm.

i = Moment of inertia of a particular cross-section in mm*

e = Young’s modulus of the material in N/mm

P _PL? _3EI
keq—5a 6= 3EL k= ? N/mm

(e)
Fig. A.4
(iii) For a simply supported beam with load acting at the midpoint, the spring stiff-

_ 48EI

ness shown in Fig. A 4(f) is given by £, = P N/mm.

)
Fig. A.4

i = Moment of inertia of a particular cross-section in mm®

E = Young’s modulus of the material in N/mm?

P PP _48EI
o=y OTmEr  hep

N/mm
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(iv) Stiffness of the slender bar under longitudinal vibration shown in Fig. A.4(g) is

given by £, = % N/mm.

/ keq
ki ks ks
Y <— \WWW—AWWN AW —o—>
(9) (h)

Fig. A.4
When springs are in series, the equivalent spring stiffness shown in Fig. A.4(h) is
given by
1 1. 1. 1

P e s LT +— N/mm
keq kl k2 k3 ku
When springs are in parallel, the equivalent spring K,
stiffness shown in Fig. A.5 (i) is given by
keqg=ki+hkythks+...... + k, N/mm k, —>
When a hollow shaft is under torsion (7), the equiva- ks

lent spring stiffness shown in Fig. A.4(j) is given by

_7G 4 Fig. A4
ke =35, (D — d*) N/mm
] il
Tk | N

Fig. A.4
I = Length, D = Outer diameter, d = Inner diameter in mm, g = Modulus of rigidity
in N/mm?.
Static Deflection of the Beam with Different End Conditions

(a) Cantilever Beam The static deflection of the cantilever beam when the mass
3
acting at one end shown in Fig. A.5(a) is given by the equation 6= %

Angular frequency o, = \/3—EI3I rad/s
m
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A
Y

]
1
(a) (b) f

Fig. A.5

(b) Fixed-fixed beam For a beam with both ends fixed and load acting at the
midpoint of beam, the static deflection of the beam shown in Fig. A .5(c) is given by
B

the equation 6= 12E]

7]
—1 /2—>|

< 1
< 1

(©

Y

Fig. A.5

192ET
mP

Angular frequency o, = rad/s.

(c) Simply supported beam Maximum deflection of simply supported beam
FP

load acting at midpoint shown in Fig. A.5(d) is given by the equation §,,,, = 18E]

1/2

A

A
Y

Fig. A.5
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Differences Between Rotating and
Reciprocating Unbalance 140

Different Types of Damping 83

Differential Equation Derived for a Classical
Spring Mass System 49

Differential Equation of a Body Executing
Simple Harmonic Motion 14, 49
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Differential Equation of a Classical Spring
Mass System and Its Natural
Frequency 47

Discrete or Multidegree-Freedom System 11

Displacement, Velocity and Acceleration in
Harmonic Motion 12

Distributed Mass or Continuous-Degree
Freedom System 11

Dunkerley’s Method 337
Dynamic Coupling 271
Dynamic Coupling, No Static Coupling 291

E
Eddy-Current Damping 84

Energy Dissipated by a Damping Force
Proportional to the Square of the Velocity
103

Energy Dissipated by Damping 147
Energy Dissipated Per Cycle is Proportional

to the Frequency and Square of Ampli-
tude in Case of Viscous Damping 103

Energy Method 42

Ensemble Averages, Mean and
Autocorrelation 423

Equilibrium Method 42

Equivalent Rotational Mass 7

Equivalent Viscous Damping 109
Examples of Simple Harmonic Motion 13

F

Flexibility Coefficients and Flexibility
Matrix 284

Fluid Dashpot 83

Forced Vibration 8, 304

Forced Vibration Due to Excitation of the
Support Motion 144

Forced Vibration Due to
Harmonic Excitation 123

Forced Vibration with
Coulomb Damping 149

Forced Vibration with Coulomb Damping
and Viscous Damping 151

Forced Vibration with Structural Damping
or Hysteresis Damping 154

Four-Spring Torsional Vibration Absorber
268

Frahm’s Tachometer 194

Free-Vibration with Damping (Viscous
Damping) Single-Degree-Freedom
System 87

Frequency-Measuring Instruments 194

Frequency Domain Analysis 428

Frequency of Damped Oscillations 104

Fullartor’s Tachometer 194

G

Geared System 251

Generalised Coordinates 269, 289

Generalised Coordinates and Coordinate
Coupling 289

Generalised Differential Equation of the
System 89

Geometric Boundary Conditions 383

Graphical or Vector Method 16

Graphical Representation of Harmonic
Motion 11

H

Harmonic Analysis—Fourier’s Series 23
Harmonic Motion and its Properties 11
Holzer’s Method 341

How to Draw Vector Diagram and Force
Polygon 163

I
Impact of Bodies that Cling Together 406
Importance of Critical Damping 93

Important Definitions in Vibrations
Analysis 3

Important Equations in Vibrations of
Continuous System 402

Important Terminology Used in Random
Vibrations 422

Impulse Sequences 415
Inclined Spring 46
Influence Coefficient 284
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Kinetic Energy (KE) 42

L
Lagrange’s Method or Energy Method 274

Laplase Transformation Method to Solve
Transient Problems 415

Lateral or Transverse Vibration 8
Lateral Vibration of a String 384
Law of Conservation of Energy 47
Law of Gravity 46

Law of Isochronism’s 46

Law of Length 46

Law of Mass 46

Laws of Simple Pendulum 46
Limits of Vibration analysis 2
Linear Vibration 9

Logarithmic Decrement 94
Longitudinal Vibration of Rods or Bars 387

M

Magnification Factor 127

Mass or Inertia Element (m) 5
Matrix Iteration Method 298
Maxwell’s Reciprocal Theorem 285
Method of Matrix Iteration 349
Methods of Analysis 42

Methods of Vibration Damping 82
Model Analysis 298

Motion Isolation (Base Excitation) 167
Motion Transmissibility 173

N
Natural Boundary Conditions 383

Natural Frequencies and Mode Shape
(Eigenvalues and Eigenvectors) 293

Newton’s Laws of Motion 46

Newton’s Laws of Motion of Rotation 47

Newton’s Second Law of Motion 42

No Damping 92

Nondeterministic Vibration or Random
Vibration 10
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Nonlinear Vibration 9

(]

Orthogonal Properties of the Normal Modes
296

Orthogonality Principle 216, 297
Overdamping System 94

P
Particular Integral or Solution 124

Phase Plane Method to Solve Transient
Problems 413

Potential Energy (PE) 42
Power Spectral Density 426

Presence of Vibrations of Desirable or
Undesirable 1

Principal Mode of Vibration or Normal
Mode of Vibration 216

Principle and Difference Between
Vibrometer and Accelerometer 185

Principle Coordinates 271

Procedure to Draw Vector Diagram and
Force Polygon 126

R
Random or Stochastic Process 422
Random Phenomenon 422

Random Response of Single Degree of
Freedom Systems 428

Random Variable 422

Rate of Decay of Oscillations 105
Rayleigh’s Method 43

Rayleigh’s Method (Energy Method) 339
Rayleigh-Ritz Method 347

Rectilinear or Longitudinal Vibration 8
Relative Motion 146

Representing Harmonic Motion in Complex
Form 35

Response to Impulse Input 411

Response to Ramp Input 413

Response to Step Input 413

Ring Torsional Vibration Absorber 267
Rotating and Reciprocating Unbalance 136
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Sample Function 422
Secondary Critical Speed 207
Seismic Instruments 180
Seismometes 183

Semidefinite System or Degenerating
System 245

Simple Harmonic Motion (SHM) 13
Single-Degree-Freedom System 10
Slip or Interfacial Damping 109
Solution of Wave Equation 385
Special Case, when r = 164

Spring Element (k) 7

Springs in Parallel 45

Springs in Series 44

Static and Dynamic Coupling 292
Static Coupling 270

Static Coupling, No Dynamic Coupling 290
Stationary Process 424

Statistical Regularity 422

Stiffness Coefficient and Stiffness
Matrix 286

Stiffness Coefficients—Combined
Rectilinear and Angular System 287

Stodola’s Method 346

Structural Damping or Solid or Hysterisis or
Material Damping 107

Sudden Impulse 407

T

Temporal Statistics and Ergodic
Hypothesis 424

The Basic Components of a Mechanical
Vibrating System 4
Time-Domain Analysis 428

Torsional Vibration Absorber 266

Torsional Vibration of Uniform Shaft or
Rods 393

Torsional Vibrations 8

Torsional Vibration of Multi-Rotor
Systems 305

Translation Masses Connected by a
Rigid Bar 5

Translational and Rotational Masses
Coupled Together 6

Transverse Vibration of Beams or Euler’s
Equation of Beams 398

Two Degree-Freedom System 10
Types of Vibrations 8

U
Undamped Free-Vibration 298
Underdamping System 92

Untuned Dry Friction Damper (Lanchester
Damper) 263

Untuned Viscous Damper or Houdaille
Damper 265

A\

Velocity Measuring Instruments or Velocity
Pick-ups 184

Vibration Absorber or Undamped Dynamic
Vibration Absorber or Frahm Vibration
absorber 254

Vibration Isolation and Force
Transmissibility 158

Vibrometer 180
Viscous Damping 83

AW
Work Done by Harmonic Motion 33





