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Preface

Among others knowledge can be well described and expressed in an abstract
way and can be computed using computational mathematical methods, then
lead to real world conclusions. The strongly related to that Computational
Analysis is a very large area which contains many different subareas and
topics with results that are computational, constructive, and concrete with
specific applications. Many of the exposed results here are quantitative, with
precise rates of convergence given by optimal or nearly optimal inequalities.
This monograph includes a great variety of topics of Computational Analy-
sis deriving from author’s research of the last 25 years. The chapters are a
natural outgrowth of author’s publications [8] and [11]-[92]. More precisely
we present:

In Chapters 2-5 we present probabilistic wavelet like approximations.

In Chapter 6 we discuss constrained abstract approximation theory.

In Chapter 7 we talk about shape preserving weighted approximation.

Chapter 8 deals with non positive approximations to definite integrals.

Chapter 9 describes discrete best approximation in gauges sense.

Chapters 10-13 deal with the approximation theory of general Picard singu-
lar operators, including their global preservation property, as well us treating
the corresponding fractional singular operators. In Chapter 14 we deal with
the non-isotropic general Picard singular multivariate operators. In Chapter
15 we discuss the g-Gauss-Weierstrass singular g-integral operators.

Chapters 16-17 talk about quantitative approximations by shift-invariant
univariate and multivariate integral operators. Chapter 18 gives nonlinear
neural networks approximation.

Chapter 19 presents convergence with rates of positive linear operators.

Chapter 20 describes quantitative approximation by bounded linear
operators.

Chapters 21-22 talk about univariate and multivariate quantitative ap-
proximation by stochastic positive linear operators acting on univariate and
multivariate stochastic processes, respectively.
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Chapter 23 deals with the right fractional calculus. In Chapters 24, 25 we
give the quantitative fractional Korovkin theory of positive linear operators
and its trigonometric aspect.

In Chapter 26 we give analytical inequalities. In Chapter 27 we give frac-
tional Opial inequalities.

Chapter 28 presents fractional identities and inequalities regarding frac-
tional integrals.

Chapter 29 deals with semigroup operator approximation, while Chapter
30 talks about simultaneous Feller probabilistic approximation. In Chapter
31 we deal with Fuzzy singular operator approximations.

In Chapter 32 we give transfers from real to fuzzy approximation. Chap-
ter 33 talks about fuzzy wavelet and fuzzy neural networks approximations.
Chapter 34 deals with fuzzy fractional calculus and fuzzy Ostrowski inequal-
ity. In Chapter 35 we talk about discrete fractional calculus and related in-
equalities.

In Chapter 36 we give the nabla discrete fractional calculus and related
inequalities.

In Chapter 37 we study the g-inequalities, and in Chapter 38 we study
g-fractional inequalities.

Chapters 39-41 deal with time scales: the delta approach, the nabla ap-
proach, their duality principle and related inequalities, respectively.

Chapters 42, 43 talk about the delta and nabla time scales fractional cal-
culus and related inequalities, respectively. In Chapters 44, 45 we study the
convergence with rates of approximate solutions to exact solution of multi-
variate Dirichlet problem and multivariate heat equation, respectively.

Finally Chapter 46 deals with uniqueness of solution of general evolution
partial differential equation in multivariate time.

The chapters are self-contained and can be read independently one from
the other and all necessary background is provided. An extensive list of ref-
erences is given at the end. Several advanced graduate courses and seminars
can be taught out of this book. The presented results are expected to find
potential applications to fields like: applied and computational mathematics,
stochastics, engineering, artificial intelligence, vision, complexity and machine
learning. This monograph is the first written in mathematical computational
analysis and is suitable for graduate students, researchers of the above men-
tioned disciplines, and for all science and engineering libraries.

The final preparation of this book took place during 2009-2010 in Memphis,
Tennessee, USA.

I would like to thank my family for their dedication and love to me, which
was the strongest support during the writing of this monograph. Also many
thanks go to my typist and student Razvan Mezei for an excellent and on
time technical job.

August 15, 2010 George A. Anastassiou
Memphis, TN, USA
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1

Introduction

Mathematics provides a complete language for describing systems and
methods with rigor. So we are able to represent and manipulate knowledge
in an abstract way and make computations that lead to useful conclusions
for the real world.

Computational Analysis is a very large area-roof under which are housed
many different subareas and topics of mathematical analysis and applica-
tions, as long as the results are computational, constructive, and concrete
with specific and precise examples and applications. Many of our results
are quantitative, with precise rates of convergence given via usually sharp
and attained inequalities, in general via tight inequalities. This monograph
includes very diverse topics of Computational Analysis emanating out of
author’s research of the last 25 years. So it is a natural outgrowth of au-
thor’s publications [8] and [11]-[92].

The list of discussed topics includes:

Probabilistic wavelet Approximation and shape preservation, Neural net-
works Approximation, Classical Polynomial and Operator Constrained Ap-
proximation theory, Discrete Best Approximation, Approximation by singu-
lar integrals, Fractional Calculus, Approximation by fractional singular in-
tegrals, Convergence with rates of bounded and/ or positive linear opera-
tors, Quantitative Stochastic Operator Approximation, Quantitative Frac-
tional approximation by positive linear operators including the trigonometric
aspect, Quantitative Approximation by Convolution operators, Analytical

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 1
springerlink.com © Springer-Verlag Berlin Heidelberg 2011



2 1. Introduction

Inequalities and Fractional inequalities, Approximation by Semigroups of
operators,

Fuzzy mathematics and Fuzzy fractional calculus,

Fuzzy wavelets and Fuzzy neural networks, Fuzzy Approximation, Fuzzy
inequalities,

Discrete fractional calculus, g-calculus, g-fractional calculus, Time scales
and inequalities,

Fractional time scales and related Inequalities, Approximation and
uniqueness of solutions of well known partial differential equations.

This book presents multi-face mathematics research under one spirit:
the computational and constructive.
A detailed description of the monograph follows.

In Chapter 2:

Continuous functions are approximated by wavelet like operators. These
preserve convexity and r-convexity and transform continuous probability
distribution functions into probability distribution functions at the same
time preserving certain convexity conditions. The degree of this approxi-
mation is estimated by establishing some Jackson type inequalities.

In Chapter 3:

Shape-preserving properties of some naturally arising bivariate wavelet
type operators are studied. Also the pointwise convergence of these opera-
tors with rates to the unit operator is examined, given via a Jackson type
inequality. The simultaneous shape preservation of special wavelet type
operators is discussed.

In Chapter 4:

Multivariate probabilistic distribution functions are approximated by
some naturally arising wavelet type operators involving a scale function
of compact support. These transform multivariate distribution functions
to multivariate distribution functions. The degree of this approximation is
given by establishing some sharp Jackson type inequalities.

In Chapter 5:

Naturally arising multivariate wavelet type operators, map continuous
multivariate probabilistic distribution functions to multivariate probabilis-
tic distribution functions and approximate them quantitatively with rates
via Jackson type inequalities. The engaged scale functions here are not
necessarily of compact support.

In Chapter 6:
Here we discuss the L-positive approximation. Namely we study the
best approximation in an abstract constrained sense. When the involved
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bounded linear operator is a differential operator acting on a Sobolev space
of functions we obtain Jackson type inequalities for simultaneous approxi-
mation with rates by multivariate polynomials and entire functions of ex-
ponential type.

In Chapter 7:
Results concerning shape preserving weighted uniform approximation on
the real line are presented.

In Chapter 8:

The integral of a function over a finite interval, is approximated by
Jackson-type approximators that are non-positive linear functionals. Sev-
eral important cases are considered, in which approximations are given
with rates by using higher order moduli of smoothness. Real applications
of these results might be, e.g., in Communications and Medical Imaging.

In Chapter 9:
A discrete version is developed of the theory of best approximation in
the "gauges” sense.

In Chapter 10:

Here we introduce and study the smooth Picard singular integral oper-
ators on the line of very general kind. We establish their convergence to
the unit operator with rates. The estimates are mostly sharp and they are
pointwise or uniform. The established inequalities involve the higher order
modulus of smoothness. To prove optimality we use mainly the geometric
moment theory method.

In Chapter 11:

We continue with the study of smooth Picard singular integral operators
over the real line regarding their simultaneous global smoothness preserva-
tion property with respect to the L, norm, 1 < p < oo, by involving higher
order moduli of smoothness. Also we study their simultaneous approxima-
tion to the unit operator with rates involving the modulus of continuity
with respect to the uniform norm. The produced Jackson type inequalities
are almost sharp containing elegant constants, and they reflect the high
order of differentiability of the engaged function.

In Chapter 12:

We continue further with the study of smooth Picard singular integral
operators on the line regarding their convergence to the unit operator with
rates in the L, norm, p > 1. The related established inequalities involve
the higher order L, modulus of smoothness of the engaged function or its
higher order derivative.
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In Chapter 13:

Moreover we study the very general fractional smooth Picard singular
integral operators on the real line, regarding their convergence to the unit
operator with fractional rates in the uniform norm. The related established
inequalities involve the higher order moduli of smoothness of the associated
right and left Caputo fractional derivatives of the engaged function. Fur-
thermore we produce a fractional Voronovskaya type of result giving the
fractional asymptotic expansion of the basic error of our approximation.
We finish with applications. Our operators are not in general positive.

In Chapter 14:

Here we study another type of Picard singular integral operators on R"
constructed by means of the concept of the nonisotropic g-distance and the
g-exponential functions. The central role here is played by the concept of
nonisotropic (-distance, which allows to improve and generalize the results
given for classical Picard and ¢-Picard singular integral operators. In order
to obtain the rate of convergence we introduce another type of modulus
of continuity depending on the nonisotropic (-distance with respect to the
uniform norm. Then we give the definition of §-Lebesgue points depending
on nonisotropic (-distance and a pointwise approximation result shown at
these points. Furthermore, we study the global smoothness preservation
property of these Picard singular integral operators and prove a sharp in-
equality.

In Chapter 15:

We further introduce a generalization of Gauss- Weierstrass singular
integral operators based on ¢-integers using the g-integral and we call them
q-Gauss- Weierstrass integral operators. For these operators, we obtain a
convergence property in a weighted function space using Korovkin theory.
Then we estimate the rate of convergence of these operators in terms of a
weighted modulus of continuity. We also prove optimal global smoothness
preservation property of these operators.

In Chapter 16:

High order differentiable functions of one real variable are approximated
by univariate shift-invariant integral operators wavelet-like, and their gen-
eralizations. The high order of this approximation is estimated by estab-
lishing some Jackson type inequalities, involving the modulus of continuity
of the Nth order derivative of the function under approximation. At the
end applications to Probability are given.

In Chapter 17:

High order differential functions of several variables are approximated
by multivariate shift-invariant convolution type operators and their gener-
alizations. The high order of this approximation is determined by giving
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some multivariate Jackson-type inequalities, engaging the first multivari-
ate usual modulus of continuity of the Nth order partial derivatives of the
multivariate function under approximation.

In Chapter 18:

Here by using the so-called max-product method, to associate to the
Cardaliaguet-Euvrard linear operator a nonlinear neural network operator
for which a Jackson-type approximation order is obtained. In some classes
of functions, the order of approximation is essentially better than the order
of approximation by the linear operator.

In Chapter 19:

We present here a generalized Shisha-Mond type inequality which implies
a generalized Korovkin theorem. These are regarding the convergence with
rates of a sequence of positive linear operators to the unit.

In Chapter 20:

This is a quantitative study for the rate of pointwise convergence of a
sequence of bounded linear operators to an arbitrary operator in a very gen-
eral setting involving the modulus of continuity. This is achieved through
the Riesz representation theorem and the weak convergence of the corre-
sponding signed measures to zero, studied quantitatively in various impor-
tant cases.

In Chapter 21:

We introduce and study very general stochastic positive linear operators
induced by general positive linear operators that are acting on continuous
functions. These are acting on the space of real differentiable stochastic
processes. Under some very mild, general and natural assumptions on the
stochastic processes we produce related stochastic Shisha-Mond type in-
equalities of Li-type 1 < ¢ < oo and corresponding stochastic Korovkin
type theorems. These are regarding the stochastic g-mean convergence of
a sequence of stochastic positive linear operators to the stochastic unit op-
erator for various cases. All convergences are produced with rates and are
given via the stochastic inequalities involving the stochastic modulus of
continuity of the n —th derivative of the engaged stochastic process, n > 0.
The impressive fact is that the basic real Korovkin test functions assump-
tions are enough for the conclusions of our stochastic Korovkin theory. We
give an application.

In Chapter 22:

We further introduce and study very general multivariate stochastic pos-
itive linear operators induced by general multivariate positive linear opera-
tors that are acting on multivariate continuous functions. These are acting
on the space of real differentiable multivariate time stochastic processes.
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Under some very mild, general and natural assumptions on the stochas-
tic processes we produce related multidimensional stochastic Shisha-Mond
type inequalities of Li-type 1 < ¢ < oo and corresponding multidimen-
sional stochastic Korovkin type theorems. These are regarding the stochas-
tic g¢-mean convergence of a sequence of multivariate stochastic positive
linear operators to the stochastic unit operator for various cases. All conver-
gences are produced with rates and are given via the stochastic inequalities
involving the maximum of the multivariate stochastic moduli of continu-
ity of the nth order partial derivatives of the engaged stochastic process,
n > 0. The astonishing fact here is that basic real Korovkin test func-
tions assumptions are enough for the conclusions of our multidimensional
stochastic Korovkin theory. We give an application.

In Chapter 23:

Here are presented fractional Taylor type formulae with fractional in-
tegral remainder and fractional differential formulae, regarding the right
Caputo fractional derivative, the right generalized fractional derivative of
Canavati type and their corresponding right fractional integrals. Then are
given representation formulae of functions as fractional integrals of their
above fractional derivatives, as well as of their right and left Weyl fractional
derivatives. At the end, we mention some far reaching implications of our
theory to mathematical analysis computational methods. Also we compare
the right Caputo fractional derivative to the right Riemann-Liouville frac-
tional derivative.

In Chapter 24:

We study quantitatively with rates the weak convergence of a sequence of
finite positive measures to the unit measure. Equivalently we study quanti-
tatively the pointwise convergence of sequence of positive linear operators
to the unit operator, all acting on continuous functions. From there we
derive with rates the corresponding uniform convergence of the last. Our
inequalities for all of the above in their right hand sides contain the moduli
of continuity of the right and left Caputo fractional derivatives of the in-
volved function. From our uniform Shisha-Mond type inequality we derive
the fractional Korovkin type theorem regarding the uniform convergence
of positive linear operators to the unit. We give applications, especially to
Bernstein polynomials for which we establish fractional quantitative results.

In the background we establish several fractional calculus results useful
to approximation theory and not only.

In Chapter 25:

We study further quantitatively with rates the trigonometric weak con-
vergence of a sequence of finite positive measures to the unit measure.
Equivalently we study quantitatively the trigonometric pointwise conver-
gence of sequence of positive linear operators to the unit operator, all acting
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on continuous functions on [—m, 7]. From there we derive with rates the cor-
responding trigonometric uniform convergence of the last. Our inequalities
for all of the above in their right hand sides contain the moduli of con-
tinuity of the right and left Caputo fractional derivatives of the involved
function. From our uniform trigonometric Shisha-Mond type inequality we
derive the trigonometric fractional Korovkin type theorem regarding the
trigonometric uniform convergence of positive linear operators to the unit.
We give applications, especially to Bernstein polynomials over [—m, 7] for
which we establish fractional trigonometric quantitative results.

In Chapter 26:

Here are presented very general Taylor formulae, and then a representa-
tion formula. Based on the last we give new general inequalities of Opial
type, Ostrowski type, Comparison of integral means, Information Theory
Csiszar f- divergence type, and Griiss type.

In Chapter 27:

Here we present Ly, p > 1, fractional Opial type inequalities subject to
high order boundary conditions. They involve the right and left Caputo,
Riemann-Liouville fractional derivatives. These derivatives are blended to-
gether into the balanced Caputo, Riemann-Liouville, respectively, frac-
tional derivatives. We give applications to a special case.

In Chapter 28:

We develop some integral identities and inequalities for the fractional
integral. In particular we obtain Montgomery type identities for fractional
integrals and a generalization to double fractional integrals. We further
produce Ostrowski and Griiss type inequalities for fractional integrals.

In Chapter 29:

Some general representation formulae for (Cp) m-parameter operator
semigroups with rates of convergence are obtained by the probabilistic ap-
proach and multiplier enlargement method. These cover all known repre-
sentation formulae for (C’o) one-and m-parameter operator semigroups as
special cases. When we consider special semigroups well-known convergence
theorems for multivariate approximation operators are reobtained.

In Chapter 30:

A quantitative estimate for the simultaneous approximation of a function
and its derivatives by the general Feller operator is established via the prob-
abilistic approach. This covers the cases of some classical approximation op-
erators such as the Bernstein, Szasz, Baskakov and Gamma operator.

In Chapter 31:
We study the fuzzy global smoothness and fuzzy uniform convergence of
fuzzy Picard, Gauss-Weierstrass and Poisson-Cauchy singular fuzzy integral
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operators to the fuzzy unit operator. These are given with rates involving
the fuzzy modulus of continuity of a fuzzy derivative of the involved func-
tion. The produced fuzzy Jackson type inequalities are tight, containing
elegant constants, and they reflect the order of the fuzzy differentiability
of the engaged fuzzy function.

In Chapter 32:

Here we transfer basic real approximations to corresponding vectorial
and fuzzy setting of: Bernstein polynomials, Bernstein-Durrmeyer opera-
tors, genuine Bernstein-Durrmeyer operators, Stancu type operators and
special Stancu operators. These are convergences to the unit operator with
rates. We also present the convergence with rates to zero of the difference
of genuine Bernstein-Durrmeyer and special Stancu operators. All approx-
imations involve Jackson type inequalities and moduli of smoothness of
various orders. In order to transfer we develop basic and important general
results at the vectorial and fuzzy level. Our technique goes from real to
vectorial and then to fuzzy setting.

In Chapter 33:

Here are studied in terms of multivariate fuzzy high approximation to the
multivariate unit several basic sequences of multivariate fuzzy wavelet type
operators and multivariate fuzzy neural network operators. These operators
are multivariate fuzzy analogs of earlier studied multivariate real ones. The
produced results generalize earlier real ones into the fuzzy setting. Here
the high order multivariate fuzzy pointwise convergence with rates to the
multivariate fuzzy unit operator is established through multivariate fuzzy
inequalities involving the multivariate fuzzy moduli of continuity of the
Nth order (N > 1) H-fuzzy partial derivatives, of the engaged multivariate
fuzzy number valued function. The purpose of embedding fuzziness into
multivariate classical analysis is to better understand, explain and describe
the imprecise, uncertain and chaotic phenomena of the real world and then
derive useful conclusions.

In Chapter 34:

Here we study the right and left fuzzy fractional Riemann-Liouville in-
tegrals and the right and left fuzzy fractional Caputo derivatives. Then
we present the right and left fuzzy fractional Taylor formulae. Based on
these we establish a fuzzy fractional Ostrowski type inequality with appli-
cations. The last inequality provides an estimate for the deviation of a fuzzy
real number valued function from its fuzzy average, and the related upper
bounds are given in terms of the right and left fuzzy fractional derivatives of
the involved function. The purpose of embedding fuzziness into fractional
calculus and have them act together, is to better understand, explain and
describe the imprecise, uncertain and chaotic phenomena of the real world
and then derive important conclusions.
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In Chapter 35:

Here we define a Caputo like discrete fractional difference and we com-
pare it to the earlier defined Riemann-Liouville fractional discrete ana-
log. Then we produce discrete fractional Taylor formulae and we estimate
their remainders. Finally, we derive related discrete fractional Ostrowski,
Poincare and Sobolev type inequalities.

In Chapter 36:

Here we define a Caputo like discrete nabla fractional difference and
we produce discrete nabla fractional Taylor formulae. We estimate their
remainders. Then we derive related discrete nabla fractional Opial, Os-
trowski, Poincaré and Sobolev type inequalities.

In Chapter 37:

We give forward and reverse g—Holder inequalities, g—Poincaré inequal-
ity, g—Sobolev inequality, g—reverse Poincaré inequality, g—reverse Sobolev
inequality, ¢—Ostrowski inequality, ¢—Opial inequality and ¢—Hilbert-
Pachpatte inequality. Some interesting background is mentioned and built
at the beginning.

In Chapter 38:

Here we give g-fractional Poincare’ type, Sobolev type and Hilbert-
Pachpatte type integral inequalities, involving g-fractional derivatives of
functions. We give also their g-generalized versions.

In Chapter 39:

Here we collect and develop necessary background on time scales that
is required. Then we present time scales integral inequalities of types:
Poincaré, Sobolev, Opial, Ostrowski and Hilbert-Pachpatte. We give also
the generalized analogs of all these inequalities involving high order delta
derivatives of functions on time scales. We finish with lots of applications:
all these inequalities on the specific time scales R, Z and ¢%, ¢ > 1.

In Chapter 40:

Here we collect and develop necessary background on nabla time scales
that is required. Then we present nabla time scales integral inequalities of
types: Poincaré, Sobolev, Opial, Ostrowski and Hilbert-Pachpatte. We give
also the generalized analogs of all these nabla inequalities involving high
order nabla derivatives of functions on time scales. We finish with lots of
applications: all these nabla inequalities on the specific time scales R, Z
and ¢Z, ¢ > 1. In most of these nabla inequalities the nabla differentiability
order is any n € N, as opposed to delta time scales approach where n is
always odd.
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In Chapter 41:

Here we adopt([127]), develop further and use the principle of duality
in time scales. Using this principle and based on a variety of important
delta inequalities we produce the corresponding nabla ones. We give several
applications.

In Chapter 42:

Here we develop the Delta Fractional Calculus on Time Scales. Then
we produce related integral inequalities of types: Poincaré, Sobolev, Opial,
Ostrowski and Hilbert-Pachpatte. Finally we give inequalities applications
on the time scale R.

In Chapter 43:

We also develop the Nabla Fractional Calculus on Time Scales. Then we
produce related integral inequalities of types: Poincaré, Sobolev, Opial, Os-
trowski and Hilbert-Pachpatte. Finally we give nabla fractional inequalities
applications on the time scales R, Z.

In Chapter 44:

For the multidimensional Dirichlet problem of the Poisson equation on
an arbitrary compact domain, this chapter examines convergence proper-
ties with rates of approximate solutions, obtained by a standard difference
scheme over inscribed uniform grids. Sharp quantitative estimates are given
by the use of second moduli of continuity of the second single partial deriva-
tives of the exact solution. This is achieved by employing the probabilistic
method of simple random walk.

In Chapter 45:

For the multidimensional Dirichlet problem of the heat equation on a
cylinder, this chapter examines convergence properties with rates of ap-
proximate solutions, obtained by a naturally arising difference scheme over
inscribed uniform grids. Sharp quantitative estimates are given by the use
of first and second moduli of continuity of some first and second order
partial derivatives of the exact solution. This is accomplished by using the
probabilistic method of an appropriate random walk.

In Chapter 46:

The classical time dependent partial differential equations of mathemati-
cal physics involve evolution in one dimensional time. Space can be multidi-
mensional, but time stays one dimensional. There are various mathematical
cases (such as multiparameter Brownian motion) which suggest that there
should be a mathematical theory of evolution in multidimensional time.
We formulate a rather general class of equations that involve two “time di-
mensions” and we prove a uniqueness theorem in this context. We connect
the latter to Opial type inequalities.
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Chapters 2-5 rely on [85], [89], [90] and [87], respectively, which are joint
works of author with X.M. Yu.

Chapter 6 relies on [75], which is joint work of the author with M.
Ganzburg.

Chapter 7 relies on [74], which is joint work of the author with S. Gal
and M. Ganzburg.

Chapter 8 relies on [70], which is joint work of the author with S. Gal.

Chapter 9 relies on [8], which is joint work of the author with S. Ali and
O. Shisha.

Chapter 14 relies on [61], which is joint work of the author with A. Aral.

Chapter 15 relies on [62], which is joint work of the author with A. Aral.

Chapter 18 relies on [65], which is joint work of the author with
L.Coroianu and S. Gal.

Chapter 28 relies on author’s joint work [80], several coauthors.

Chapters 29, 30, rely on [92], [91], respectively, which are joint works of
the author with Mi Zhou.

Chapters 44, 45, rely on [63], [64], respectively, which are joint works of
the author with A.Bendikov.

And Chapter 46 relies on [76], which is joint work of the author with G.
Ruiz Goldstein and J. Goldstein.

The rest of the chapters are based on individual works of the author.

The writing of this monograph was made to help the reader the most.
The chapters are self-contained so that anyone of these can be read with-
out using others and several graduate courses and seminars can be taught
out of this book. All background needed to understand each chapter is
usually found there. Also are given, per chapter, strong motivations and
inspirations to write it.

We finish with a rich list of 288 related references. The exposed re-
sults are expected to find applications in most of the applied fields such
as: applied and computational mathematics, stochastics, engineering, in-
formatics, and especially in theoretical computer science such as artificial
intelligence, vision, complexity and machine learning.

To the best of our knowledge this monograph is the first of the kind
within computational analysis from the mathematical point of view and
we hope is well received.



2

Convex Probabilistic Wavelet Like
Approximation

Continuous functions are approximated by wavelet like operators. These
preserve convexity and r-convexity and transform continuous probability
distribution functions into probability distribution functions at the same
time preserving certain convexity conditions. The degree of this approxi-
mation is estimated by presented Jackson type inequalities.

This chapter relies on [85].

2.1 Introduction

Let ¢ (x) be a bounded continuous function on R with suppyp (z) C [—a, q],
0 < a < +oo. Write

k . .
oy (x) =230 ("2 —j), k,je

For f € C (R), we define the wavelet type operators

oo

A (f) (@)= Y {fopws)on (@), ke, (2.1)

j=—o0

where

o= [ T () e (1) d,

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 13
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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and

Bi(f)(z):= Y 275f(27%)) pus (z), k€L (22)
j=—00
In [86], was proved that if f is non-decreasing on R, then, under cer-
tain conditions on ¢, the linear operator functions Ay (f) and By (f) are
non-decreasing and such that |f () — Ak (f)| and |f (z) — By (f)| can be
estimated by wi(f, 27""a) or wy (f,27%"1a), where w, (f,t), r = 1,2, is
the r-th modulus of smoothness of f on R. Here

wi(f,h) = sup |f(z)—f(y)l,

z,ye€R

lz—y|<h
and

wo(f,h) := sup |f(x) =2f(z+1)+ f(z+2t)].
z,t:|t|<h
In this chapter, we are going to discuss the convex wavelet like approxi-

mation. We show that if f is convex on R, then, under certain conditions
on ¢, the functions Ay (f) and By (f) are convex on R and also have the
desired estimates for the degree of approximation. Moreover we consider
the r-th convexity which is preserved by Ay and Bj for any positive inte-
ger r and we present similar results. We also discuss the case of coconvex
probabilistic wavelet like approximation.

2.2 Convex Wavelet Like Approximation

Let -
A@)=Y Cpla—j), (2.3)

j=—00

where {C}} is a sequence of real numbers. We first study the convexity of
Al(x).

Lemma 2.1. Suppose that ¢ (z) is a bounded continuous function on
R, suppy () C [—a,a], 0 < a < 400, and satisfies

(1) X5 ww(@—j)and 3272 G (x — j) are linear functions on R.

(ii) there exist real numbers by and be, by < by such that ¢ (z) is convex
on (—oo,b1] and [bg, +00) respectively, and ¢ () is concave on [by, ba].

Then, if {C;} is a convex sequence, i.e., {C; — C;j_1} is non-decreasing,
the function A (x) defined by (2.3) is convex on R.

Remark 2.2. We have some examples of ¢ (x) which satisfy all the
conditions of Lemma 2.1:

1+z, —1<2<0,
pr(x)=¢ 1—-2, 0<x <1,
0  otherwise;
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and
Oa T S 7%7
H3+a)?, —3<es-}
p2(2)=q 1+a—(z+3)", —-is<a<i,
1(3-2)7, i<e<i,
0, x> %
Indeed, the functions ¢; () and @2 (x) satisfy
(i) 22 wel—j)=1,onRand
oo
Z jelx—j) =2z, onR.
j=—o0
We can also choose by = —1 and by = 1 to have ¢1 (z) and ¢, (2) satisfying

(ii).

Proof. For any fixed z and 0 < Az < %, let j; be the integer such that
r—j1 < b1 < x—j1+1 and j2 be the integer such that z—j2 < by < z—j2+1.
Because by < by, we have jo < ji. Since 0 < Az < % and ¢ (z) satisfies
(ii), we see that

oo+ 200~ )2 (et A=) b ple— )20, (2.4)
if —co<j<jo—1;

o420 —j) =20+ Az —j)+¢(z—j) <0, (2.5)
ifjo+1<ji—landjo+1<j<j—1;

px+2Az—j)—2p(x+Az—j)+p(x—j) >0, (2.6)

if j +1<j < +oo.
Suppose that jo + 1 < j; — 1. From the property (i) of ¢ we have

D I8 —j) = 2@+ Ar—j)+e(@-j] =0, (27
and
Z Jle(x+2Az—j)—2p(x+ Az —j)+p(x—j5)] =0. (2.8)

On the other hand, since {C;} is a convex sequence, {C; — C;_1} is a
non-decreasing sequence and then for j > j; + 1 we derive

Cjicjz _
J—J2
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(C;—=Ci—1)+ (Cjm1 = Cj2) + . + (Cj, = Cji—1) + .. + (Cjp41 — Cy)

— >
J—J2
(Ci = Cj-) + . 4 (Cpt1 = Cja) _ Cj =Gy
J1—J2 J1—J2
That is
J—J2 . .
Cj—Cj —=—(Cj, =Cj,) 20, ji+1<j< oo (2.9)
J1—J2
Similarly we get
c_cC J—J2 . .
J jsz(cjlfcjz)zm —o0<j<j2—1; (2'10)
J1—J2
and
= Cj———(C;;, —Cj,) <0, jo+1<j<jii—1L (2.11)
J1—J2
Obviously we see that
= Ch, — = (Cj, =Cy,) =0, j=jaorj=ji. (2.12)

J1—J2
It follows from (2.7) and (2.8) that

A(x+2Az) —2A(z+ Ax)+ A(z) =

> Cilp(a+28z—j) =20 (x+ Az —j) + ¢ (z — j)] =

j=—0o0
> i—i
Z [Cj - Cj2 - % (le - Cjz)] ’
e J1—J2
[p(z+2Az —j) —2p (z + Az — j) + o (z — j)] =
J2—1 J1—1 oo

S>> 4> 4+ Y =h4LhtL+L+1I

Jj=—oo j=j2 J=j2+l J=j1  j=i+l
From (2.4)-(2.6) and (2.9)-(2.12) we have

1120, IQZO, 1320, I4:O andI520

which imply
Az +2Az) —2A(z + Ax) + A(z) > 0. (2.13)

If jo = j1 — 1, we have

A(x+2Az)—2A(x+ Az)+A(x) =L+ L+ 14+ =1 +1; > 0. (2.14)
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If jo = j1, by (2.7) and (2.8), we observe that

A(x+2Az) —2A(z + Ax)+ A(z) =

oo

> (G = Chy = (G = j2) (Chogr — Ciy)]-

[p(z+2Ar —j) =20 (z+ Az —j) +p(z - j)] =

Jj2—1 %)

o+ + Y =n+n+15

j=—00 j=j2 j=j2t+l1
Using a similar argument as before, we have
I >0, I=0 and I3 >0

which gives (2.13) again. Thus A (z) is a convex function on R. ]

Theorem 2.3. Suppose that ¢ () is a bounded continuous function on
R, supp ¢ () C [—a,a], 0 < a < 400 and satisfies

(i) X7 _we(@—j)=1onR;

(ii) Zjoiioo Jo (x — j) is a linear function on R;

(iii) there exist real numbers b; and by, by < be such that ¢ (z) is convex
on (—oo, b1] and [ba, +00) respectively, and ¢ (x) is concave on [b1, bs] .

Then, for f € C(R), if f is a convex function on R, the linear wavelet
operator function Ay (f) defined by (2.1) are also convex on R and satisfy

Ak (f) (2) = f (@) Swi (f,27Fa), z€R, keZ, (2.15)
where wy (f, h) is the first modulus of continuity of f.

Remark 2.4. (1) Because ¢ (z) = 0 for € (—o0,—a) U (a, +0o0), if
¢ (z) has property (iii), then

p(x)>0, zekR (2.16)

Hence the linear wavelet operators Ay, are positive.
(2) The condition (i) of Theorem 2.3 implies that [86]

/_O:ogo(:ﬂ)dxl.

Proof. First let us consider the convexity of Ay (f) (x) on R.
It follows from (2.16) that

<f,<p0j>=/_oo f(t)w(t—j)dt=/_oo f(utd)p(u)du
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is a convex sequence if f is convex on R. Then, by Lemma 2.1, Ay (f) (z)
is a convex function on R. Since for any k € Z we have

A (f) () = Ao (f (277)) (2*2)

hence A (f) () are convex functions on R as well.
From [86], we know that if ¢ (z) is bounded and continuous with suppy ()
C [—a, a] and satisfies (i), then hold the estimates (2.15). |

Theorem 2.5. Suppose that ¢ (z) satisfies all the conditions of Theorem
2.3. Then, for f € C (R), if f is a convex function on R, the linear wavelet
operator functions By, (f) defined by (2.2) are also convex on R and satisfy

1B (f) (x) = f (@) w1 (f,27%a), z€R, ke (2.17)

Moreover, the inequalities (2.17) are sharp.
Proof. Since {f ()} is a convex sequence, from Lemma 2.1, we know that
By (f) (x) is a convex function on R. Then, by

By (f)(x) = Bo (f (27%)) (2*x),

it follows that By (f) (z) are convex functions on R as well.

From [86] we know that inequalities (2.17) are valid. Now we prove the
sharpness of (2.17).

Assume that there is a positive number C' < 1 such that for any convex
f € C(R) hold

1By (f) (z) — f(z)] < Cw (f,27%a), z€R, keZ (2.18)

Define

R R P e e e P e
3 (z) = —{1}—@ —[1]—1<x§—{1]7

l1—c

0  otherwise,

where [-] is the integral part of the number. We have

w3 () = 1 <x+ Lic} +1>,

where ¢ (2) is given in the remark of Theorem 2.3. Hence, from (ii)’ we
get that

o0 o0

Y esz—i)= > @ <$+L%c]+lj)—1 on R,

j=—00 Jj=—00
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and

oo

i Jes(@=j)= > o <x+{1%c}+1—j):m+{%_c}+1 on R,

j=—o0 j=—0o0

i.e. 3 () satisfies the conditions (i) and (ii) of Theorem 2.3. Obviously,
3 () satisfies the condition (iii) of Theorem 2.3 and is a bounded con-

tinuous function on R with suppys (z) C [f {ﬁ] -2, [lic] + 2]. We

consider By, (f) for such a ¢s.
Let
g(r)=(x—-1), onR.

Then g (x) € C (R) is a convex function, and

Bo(g) (@)=Y gi)es@—3) =Y g()es(x—3j).
oo =2

From the definitions of g and (3, we have

B0 =2 0w -0=0([] +2) =[] +1

Jj=2

and then
1

1—c¢c

Bo(g) (1) — g (1) = [

On the other hand, we have

] +1. (2.19)

w(g,h) =

and then from (2.18) we obtain

B @ -g@l<c (] +2). ser @)

because of a = L%C] + 2 for 3. For 0 < C < 1 it is easy to verify that

a—1>Ca,lie.
Lliisof| ]2
1—c 1—c '

Hence the equation (2.19) contradicts inequality (2.20). Thus inequality
(2.17) is sharp for £ = 0. For any other k € Z we can prove the sharpness
of (2.17) by using a similar argument. |

Theorem 2.6. Suppose that ¢ () is a bounded continuous function on
R, suppy () C [—a,a], 0 < a < 400 and satisfies
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() X wp@—j)=1lonR;

(il) Y dp(r—j) =z onR;

(iii) there exist real numbers b; and by, by < be such that ¢ (z) is convex
on (—oo, b1] and [ba, +00) respectively, and ¢ (x) is concave on [b1,bs] .

Then, for f € C(R), if f is a convex function on R, the linear wavelet
operator functions Ay, (f) defined by (2.1) are also convex on R and satisfy

A (f) (@) = f ()| < Cwz (f,27"1a), 2z €R k€L,

where ws (f, h) is the second modulus of smoothness of f and C is an
absolute constant.

Theorem 2.7. Suppose that ¢ (z) satisfies all the conditions of Theorem
2.6. Then, for f € C (R), if f is a convex function on R, the linear wavelet
operator functions By, (f) defined by (2.2) are also convex on R and satisfy

1Bi, (f) (z) — f(2)] < Cwa (f,27""a), z€R, keZ,

where ws (f, h) is the second modulus of smoothness of f and C is an
absolute constant.

Theorem 2.6 and Theorem 2.7 come from Theorem 2.3, Theorem 2.5
and the results in [86].

2.3 r-th Convex Wavelet Approximation

Let f € C(R). If for any z € R and h > 0 hold

r

@ =30 () s 2o

=0

we say that f () is r-th convex on R. If for any € Rand h > 0, A} f (z) <
0, then f (x) is r-th concave on R.
For a real number sequence {C}}, if for any j € Z holds

r 2 r—i r
A Cj = Z(il) ( i )CjTJri Z Oa

=0

then we say that {C;} is an r-th convex sequence.

We shall discuss the r-th convex wavelet approximation. Here we only
discuss the case of » = 3. For r > 3, we can use a similar method to deal
with.

We need the following lemmas.
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Lemma 2.8. Suppose that {C;} is a 3-th convex sequence of real num-
bers. Then for any fixed j1, jo, j3s € Z with j3 < jo < j1 we have

c,-C;, Cj,—Cj o
(% U G f)/(y—h)z
J—J3 J2 —J3
C, -G CjZCjS) o o
L — ), > 2.21
(j1-]3 J2 —J3 /(]1 ‘72) Sz ( )
and Ci—C. Cp—C
(% i _ G ‘“>/(j—jz)§
J—J3 J2 —J3
C, —C; C,;—Cj, o L L
(7 2 .J>/(Jl—12)7 J <1, j#jsand j# ja. (2.22)
J1— 73 J2 — I3

Proof. We first establish that
{Cj -Cj  Cjo1—Cj
J—Js3 Jj—J3—1

} is non-decreasing for j > jo + 1. (2.23)

Claim (2.23) is equivalent to that

_GimCh 3G =G G =G

I: - - - - - - 2 >0 forj>go+2. (2.24
j—Js j—js—1  j—js+2 I =0 (224)
Because
p= U =g =D —Js =2 (G5 —Chs) =2 —58) (G — g3 = 2) (Ci1 = Cis) |
(G—33)G—ds—1D (G —Js—2)
(J—J3)(J—ds — 1) (Cj—a — Cy,)
(G—3d3)(G—Js—1)(j —Jjs—2)
U= —is—=2)(C; =201+ Cja)
(G—J3)(G—Js—1)(j—Jjs—2)
2(j—Js —2)(Cjm1 —Cj—2) +2(Cj—2 — Cy,)
(G—d3)(G—Js—1)(—3js—2) ’
for j > ja + 2 the claim (2.24) is equivalent to
Ji=0G—gz—1)(—Jj3—2)(C; —2C;1 + Cj_2) -
2(j —Js —2)(Cj-1 = Cj2) +2(Cj—2 — Cj,) 2 0. (2:25)

Since {C}} is a 3-th convex sequence, the sequence {C; —2C;_1+C,_2}
is non-decreasing, and then we obtain

(J—J3—2)(Cj—1 = Cj—2) = (Cj—2 = Cy;) =
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(Cj1=Cja)+ ... +(Cj1 = Cj2) = (Cj2 = Cj3) -
j—js—2
(Ci3=Cja) = . = (Cjyp1 = Cj3) =
[(Cj—1 = Cj—2) = (Cj—2 = Cj3)| +[(Cj—1 — Cj2) = (Cj—3 = Cj_a)|+ ..+
[(Cj1 = Cj—2) = (Cjas1 — Cjy)] =
[Ci1 = 20,2 + Cy—s]+[(Ci—1 — 2C;—2 + Cy3) + (Cy—s — 2C;—3 + Cy—1)] + ..
+[(Cj—1 =2Cj—2 + Cj—3) + ... + (Cjsg2 — 2Cj, 41 + Cjy)] <
(C;=2C;1+Cj2)(1+2+ ... +(j—j3—2)) =
(J—ds—10G—Jjs—2)
2

which gives (2.25). Hence we have (2.23).
From (2.23), it follows that

L (Ci—C, O, —C
(J—jz)l(J. i _ G .J):
J—J3 J2 —J3

G —ja) KCJ' —Cjs  Cia —st) n <Cj—1 —Cjs  Cia— st) .

(Cj —2Cj-1+ Cj-2),

J—173 Jj—J3—1 J—i3—1 J—J3—2
+<Cj - Cj, Cj1—1—0j3> +“_(Cj2+1—0j3 G _Cj3>:| S
J1— 73 J1—Js—1 Je—Js+1 Jo — J3 -

(1 —j2) 7" KCJ‘ -Cj  Ciu1-C )+..'+(Cj2+1fcj Ci G )}

Ji—7Js3 Ji—Js—1 Ja—Js+1 J2 — Js
1 (C—C5  Cj,—C;
= (J1 = Jj2) 1( T ‘“), i >
J1—J3 J2—J3
Thus (2.21) are valid. Similarly we can prove (2.22). |

Lemma 2.9. Suppose that {C;} is a 3-th convex sequence of real num-
bers. Then for any fixed j1, jo, j3s € Z with j3 < jo < j1 we have
Cj:2 - st +

i =C; —4C, +(j — 7 -
Q; J {J (4 —Js) 2 — 4

N L e o Cjz_Cj3:| : }
=) o) | =S = CoZ By o
J>J15=0,7 = j1;

Jo <j<J1;=0,7 = j3;

J3 <j<J2;=0,7 = Js3;

7 < Js. (2.26)

IN IV IN IV
o o o o



2.3 r-th Convex Wavelet Approximation 23

Proof. It is easy to observe that
Q; =0, if j = j1, j2 or js;
and

G -0y G —Cj
J—Js J2 — J3

=G-i -5 {| /-0

Cj — st o Cj2 — st
J1—J3 J2—J3
Then, if j > j1, we have j — j3 > 0, 7 — j2 > 0 and (2.21), and therefore
from (2.27) we have

|-} it @

sz()? ]Z]l

If jo < j < j1, we have j—j3 > 0, j — j2 > 0 and (2.22), and then by (2.27)
we have
Q; <0, j2<j<j.

If j3 < j < ja, because j — j3 > 0, j — j2 < 0 and (2.22), from (2.27) we
have
Q; >0, j3<j<ja.

If j < js, because of j —js < 0, j —j2 < 0 and (2.22), from (2.27) we derive
Q; <0, Jj<ys.

Lemma 2.10. Suppose that ¢ (z) is a bounded continuous function on
R, suppy () C [—a,a], 0 < a < 400, and satisfies

() X5 s (@—3), X2 ivle—j) and 352 520 (2 —j) are
quadratic functions on R,

(ii) there exist real numbers by, b and bs, by < ba < b such that ¢ (z) is
3-th convex on (—o0,b;] and [bs, bs] respectively, and ¢ (z) is 3-th concave
on [by, ba] and [b3, +00) respectively.

Then, if {C;} is a 3-th convex sequence, the function A (z) defined by
(2.3) is 3-th convex on R.

Remark 2.11. The function @5 (z) in the remark of Lemma 2.1 satisfies
all the conditions of Lemma 2.10 with by = —1, b = 0 and b3 = 1.
Proof. For any fixed z and 0 < Az < %, let j; be the integer such that
r—7j1 < by <xz—7j1+1, jo be the integer such that z — jo < bs < x—jo+1
and j3 be the integer such that z—j3 < by < x—j3+1. Because b; < by < bs,
we have j3 < jo < j1. Since 0 < Az < % and ¢ (x) satisfies (ii), we obtain

A’ = (x4 30z — j) = 3p (x4 28z — §) + 3¢ (x + Az — j) — ¢ (x — j) <0,
(2.28)
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if —oo<j<js—1

A3p >0, (2.29)
1f]3—|—1§j2—1andj3+1§]§]2—l,

A3p <0, (2.30)
ifjo+l1<ji—landjo+1<j<ji—1
A3p >0, (2.31)

if j1+1<j < +oo.
Assume that js +1 < jo — 1 and jo + 1 < j3 — 1. From the property (i)
of ¢ we have

Z [p(x+3Ax—j)—3p(x+2Az —j)+3p(z+ Az —j) —p(z—j)] =0,

j=—o00

(2.32)
S e e +300—j) — 30 (@ + 282 — j) + 3¢ (v + Az — ) — o (x — )] = 0,
j=—0o0
(2.33)
and
> P le @438z — ) = 3p (v + 28z — §) + 3¢ (z + Az — j) — ¢ (z — §)] = 0.
Jj=—00
(2.34)
Then we obtain
A:=A(x+3Az) —3A(x + 2Ax) + 3A (x + Ax) — A(x) =
- o Gy =0
> {CjCjS(Jjg)%
= J2 = Js
(G CjCJ-ZCjS) ]
G G =) (= - Cam ) Gy o
o (@ + 30z —j) = 3p(z 4+ 28z — j) + 3¢ (z + Az — j) —p(z —j)] =
Ja—1 Ja2—1 Ji—1 0o

DRI D ITD IED I IS

j=—oo j=j3 J=js+1 J=j2 J=jo+l J=j1 Jj=j1+l
A1+ Ao+ Ag+ Ay + As + A + A7 (2.35)
From Lemma 2.9 and (2.28)-(2.31), we have

Ay =Ay =Ag =0,
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and
AlZ(), ASZOa A5207 A7ZO

which implies
A(z+3Az) —3A(x +2Az) +3A (z + Az) — A(x) > 0. (2.36)
If js=j2—1and jo+1<j; — 1, we have
A=A1+As+As+ A5+ A+ A7 >0. (2.37)
If js+1<j2—1and j» = j; — 1, we obtain
A=A +As+A3+As+Ag+A7>0. (2.38)
If j3 = jo — 1 and js = j1 — 1, then we see that
A=A+ Ay +As+Ag+ A7 >0. (2.39)

Now we consider the case that js = jo. We redefine j3 := jo — 1, and
still have (2.37) or (2.39). If jo = j1, we redefine j; := jo + 1 and still have
(2.38) or (2.39). In summary, A (z) is a 3-th convex function on R. |

Now we are ready to establish the following theorems for the 3-th convex
wavelet like approximation.

Theorem 2.12. Suppose that ¢ (x) is a bounded continuous function
on R, suppy (z) C [—a,a], 0 < a < 400, and satisfies

T2 o -)=1nR Y2 jola—)and T2 20 (z—7)
are quadratic functions on R;

(ii) there exist real numbers by, be and b3, by < ba < bs such that ¢ () is
3-th convex on (—o0,b;] and [bs, bs] respectively, and ¢ (z) is 3-th concave
on [by, ba] and [b3, +00) respectively.

Then, for f € C(R), if f is a 3-th convex function on R, the linear
wavelet operators Ay (f) defined by (2.1) and By (f) defined by (2.2) are
also 3-th convex functions on R and satisfy

A (f) (x) = f ()] < Cwr (f,27a), (2.40)

By, (f) (z) — f (2)| < Cwi (f,27"'a), z€eR, keZ, (2.41)

where C' is a constant only depending on .

Proof. It is easy to see that if f is 3-th convex, then {(f, ¢o;)} and {f (j)}
are 3-th convex sequences. Hence, by Lemma 2.10, A (f) and By (f) are
3-th convex, and so do Ay, (f) and By (f).

For proving (2.40) and (2.41), we notice that under condition (ii) the
function ¢ () may not be always positive. But since ¢ () is bounded and
compactly supported, we can use a similar method as in [86] to obtain
(2.40) and (2.41) with the constant C depending on ¢. ]
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Theorem 2.13. Suppose that ¢ (z) satisfies all the conditions in The-
orem 2.12 except that (i) is replaced by

(i) X _el@—j)=1 onkR;

Y de(x—j)=x onR;

j==o0
and

(oo}
Z §%¢ (x —j) is a quadratic function on R.

j=—o00

Then, for f € C (R), if f is a 3-th convex function on R, the linear wavelet
operators Ay, (f) and By, (f) are also 3-th convex functions on R and satisfy

Ak (f) () = f (2)] < Cwn (£,27"a)

|Br (f) () = f (2)] < Cwz (f,27"a), z€R, ke,

where C' is a constant only depending on ¢.

2.4  Coconvex Probabilistic Wavelet Like
Approximation

In this section we are going to discuss the wavelet like approximation to
some kind of special continuous distribution functions which are concave
on (xg,+00) .

Lemma 2.14. Suppose that ¢ (x) satisfies all the conditions of Lemma
2.1. Let f (z) € C (R) be concave on (zg, +00). Then By (f) () defined by
(2.2) is concave on (zg + a, +00) .

Proof. Since suppy () C [—a,al, for x € (xg + a, +00) we have

Bo(f)(x)= > fel-i= > fel—1))

j=—00 z—a<j<z+a

=> fe@—i). (2.42)

T0<J

Let jo be the smallest integer such that j, > xo, and
Ci=f0), Jj=Jo,jo+1,....
We define C; for j < jo by the formula:

C;=2Ci41—Cjra, j=Jo—1, jo—2,....
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Because f (z) is concave on (g, +00), the sequence {C;}52_  is a concave
sequence. Moreover, from suppy (z) C [—a, a] and (2.42), we get that

By (f)(x)= Y Cip(x—j) forax e (mo+a,+00).

j=—o00

But, by Lemma 2.1, the right-hand side of the above formula is a concave
function on R. Hence By (f) () is concave on (zg + a,+00).
From

By (f) (@) = Bo (f (271)) (2"2),

it follows. n

Lemma 2.15. Suppose that ¢ (x) satisfies all the conditions of Lemma
2.1. Let f(x) € C(R) be concave on (zg,+o0). Then, for any k € Z,
By, (f) (x) defined by (2.2) is concave on (z¢ + 27 %a, +00).

From Theorem 4 in [86] and Lemma 2.15, we obtain

Theorem 2.16. Suppose that ¢ (x) is a bounded continuous function
on R, suppy (z) C [—a,a], 0 < a < 400, and satisfies

() X0 wple—j)=1on Ry 3222 jo(z—j)is a linear function
on R;

(ii) there is a number by such that ¢ (z) is non-decreasing if < by and
is non-increasing if x > by;

(iii) there are real numbers by and by, by < by such that ¢ (x) is convex
on (—o0,b1] and [bg, +00) respectively, and ¢ () is concave on [by, ba] .

Let F'(x) be a continuous distribution function on R that is concave
on (xg,+00). Then the linear wavelet operator By (F') defined by (2.2) are
distribution functions which are concave on (mo + 27 Fq, —1—00) and satisfy

By, (F) (z) — F (z)| <wi (F.27%a), 2z€R, kel (2.43)

The examples ¢; (z) and @2 (z) showed in the Remark 2.2 of Lemma 2.1
satisfy all the conditions of Theorem 2.16.
If the condition (i) in Theorem 2.16 is replaced by

(i) X2 e(@—j)=1oR,

oo
> jp(z—j)=x onR,

j=—0o0
then inequality (2.43) can be replaced by
By, (F) (z) — F (z)] < Cws (F,27"a).

We can also obtain similar results for Ay (F) (x).

Besides, we can use the same methods to discuss the coconvex proba-
bilistic wavelet like approximation to the continuous distribution functions
which have r-th derivatives concave or convex (depending on whether r is
even or odd) on (xg, +00).



3

Bidimensional Constrained Wavelet
Like Approximation

Shape-preserving properties of some naturally arising bivariate wavelet op-
erators B,, are presented. Namely, let f € C*(R2?), k > 0, r,s > 0 all
integers such that r + s = k. If

arJrsf
ox" oy

then it is established, under mild conditions on B,,, that

(z,y) >0,

ar+s
oz oy
also pointwise convergence of B, (f) to f is given with rates through a
Jackson type inequality. Related simultaneous shape-preserving results are

also given for special type of wavelet operators B,,. This chapter relies on
[89].

an(iﬂ, y) Z Oa

3.1 Introduction

Let (x,y) be a bounded compactly supported function on R? with supp
o(x,y) C [~a,a] x [-b,b], 0 < a,b< +o0, and f(z,y) € C(R?). Forn € Z
we define

Ba( Z Zf ", 27 ) (2% — 0, 2%y — 7). (3.1)

Jj=—00i=—00

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 29{40]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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Since (z,y) is compactly supported, there are only finite non-zero terms
involved in the summations of (3.1). So B, (f)(z,y) are well-defined on R?.

We are concerned with the problems of shape-preserving approximation
of f(x,y) by Bn(f)(x,y) on R?, and want to know when is valid

8r+s ar+s

— >0, if ——— > 2,
axrayan(f)(xvy) = 07 Zf axrayrf(x7y) = 07 (xvy) € R

We also consider the simultaneous shape-preserving approximation. That
is, for each r* =0,1,...,r, s*=0,1,...,s, if

ar*+s*
where g, o« = %1, (z,9) € R%, then when hold for any n € Z the same

inequalities for By, (f)(z,y). Theorem 3.5 and Theorem 3.6 established later
in this chapter can give some answers to these problems.

ET*,S* f(x,y) Z 07

3.2 Results

We first prove some lemmas.

Lemma 3.1. Let f(z) € C(R) and k be a positive integer. Assume that
f®(z) € C(R), f*)(x) >0 for z € R, and there are —co =: xg < 1 <
Zo... < < gt := +oo such that f(x;) =0 (i =1,2,...,k). Then

(D) f(x) >0, 2 <z <xig1, i=0,1,2,...,k (3.2)

Proof. From the assumption, f(z) has at least k zeros. Hence, by Rolle’s
theorem, f(*~1(zx) has at least one zero z(%).

Assume that f*~1(z) has only one zero (). Since f¥) (x) > 0, f*=1(x)
is non-decreasing and then f*~1(z) < 0 for < 2(® and f*=Y(z) >0
for 2 > 2(©),

Thus f#—2) (z) is strictly decreasing if z < 29 and is strictly increasing
if # > (9. From this it follows that f(*~2)(z) has at most two zeros. On
the other hand, by the assumptions and Rolle’s theorem, f*~2)(z) has at
least two zeros. Therefore, f(¥~2)(x) has exactly two zeros and is negative
if x is between these two zeros and is positive otherwise. Repeating this
argument for f*=3)(z),..., and f(x), we know that f(x) has exactly k
zeros which are x1, o, ...,z and satisfies (3.2).

Now assume that there is another zero 21 # 2(®) such that f*=1 (z(1))=
0. Because f)(x)>0, f*=1(z) is a non-decreasing which implies f*~1)
(z)= 0 whenever x is between 2(°) and z(!).

Therefore we will have an interval [z, z”] which contains z(®) and 2
such that f*=Y(z) = 0if z € [2/,2”] and f*V(z) # 0if 2 < 2’ or



3.2 Results 31

x> z”. Since f*~1(x) is non-decreasing, we have f*=1(z) < 0 for x <
2" and f*~V(z) > 0 for z > 2”. From this it follows that f*~2)(z) is
strictly decreasing on (—oo, ') and is strictly increasing on (z”,+00) and
is constant on [2/,2”]. Since f*~2)(z) has at least two zeros, there are
only two possibilities: (i) f*~2)(z) =0, = € [¢/,2”"] and f*~2)(2) > 0 for
x ¢ [2/,27); (i) f*~?(z) has exactly two zeros: one zero is on (—oo,z’)
while another one is on (2", +00).

If (i) holds, since f**~3)(z) has as least three zeros by the assump-
tions and Rolle’s theorem, we will have f*=3)(z) = 0,z € [2/,2”] and
fE=3)(2) < 0 for x € (—o0,2’) and f*=3)(z) > 0 for z € (27, 400). Re-
peating these arguments, we obtain f(z) = 0,z € [2/,2”] and f(z) > 0
for x € (—o0,2") U (27, +00) if k is even; and f(z) < 0 for x € (—oo,2’)
and f(x) >0 and x € (27, +00) if k is odd. Thus we have x1,2a,...,zx €
[#',27] and (3.2) is satisfied.

If (i) holds, then f(*=2)(x) has exactly two zeros, and f*~2)(z) is neg-
ative whenever x is between these two zeros and is positive otherwise.
Repeating the arguments we had at the beginning, we get that f(x) has
exactly k zeros which are x1, o, ...,z and satisfies (3.2). ]

Lemma 3.2. Suppose that ¢(z) is a bounded continuous function on
R with supp ¢(z) C [—a,a], 0 < a < +oo. If for some positive integer
k, oY (z) € C(R) and there are k real numbers —oo =: zy < 1 < 9 <
.. < a2 < Ty := +oo such that ga(k)(x) € Clay,xiyr) (1 =1,2,...,k)
and

(=)™ (z) >0, z € (5, 2i41), i =0,1,2,...,k, (3.3)

then for any positive integer s, s < k, there are s real numbers —oco =:
o <xy <ah < ... <wl <l :=+o0 such that

(—1)ip®(x) >0, z € (2, 20,,), i=0,1,2,...,s. (3.4)

Proof. Notice that we only need to prove the conclusion for s = k — 1.
Since (x) = 0, = ¢ [—a,a], we have ¥~ (z) = 0 for —co < x < —a.
From the assumption that ¢*)(z) > 0 for —co < < w1, it follows that
o= (z) is non-decreasing on (—oo,z1). Hence ¢*~1(z) > 0 for z €
(—o0,x1). Since ¥ (2) < 0 for x € (1, 2), ¢*~V(z) is non-decreasing
on ¥ € (w1,72). There are two possibilities: (i) ¢~ (z9) < 0 and (ii)
Lp(k_l)(.’l,‘2> > 0. In the first case (i), since Lp(k'_l)(xl) >0, (p(k_l)(xg) <0
and ¢*~1) is non-increasing on (z1,zs), there is a & € [x1,22) such that
eF=D () = 0, o D(z) > 0if x < € and pFD(z) < 0if & <z <
xo. We take this £ as 2} and then work on (x2,z3) to choose xh. If (ii)
holds, we choose #; = x} = x9, and we have @*~V(z) > 0 for = €
(—o0, x}) because ¥~ (z) is non-increasing on (z1, x2) and @F~1 (24) >
0. Because ¢*~1) () is non-decreasing on (x2,23) and p*~1)(z5) > 0, we
have ©*~1(z) > 0 on (22, 23). Then we work on (x3,24) to choose .
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Repeating this process, suppose we have chosen 2] < a5 < ... <z} _, <
Tr—1 such that
(71)%0“{:_1) (iL’) Z Oa T e (I;,$;+1), i= 07 ]-a ) k—3. (35)

Now we are going to choose xj_, such that

(1) V(2) >0, x € (2}, 2},4), i=k—2,k—1. (3.6)
Let k be even. From (3.3), we have

Sp(k) (.’II) Z 07 WS (xk—27xk—1)7

ga(k)(x) <0, z € (Tg—1,xk)

and

" (z) >0, = € (z1, +00).

Therefore ¢*~1)(z) is non-decreasing on (zj_2,2_1) and (zj,c0), and
is non-increasing on (vx_1, 7). From (3.5), we have (*=V(z} ) < 0. If
Lp(k_l)(xk_l) < 0, we may take z)_, = z}._,. Indeed, because w(k_l)(x) is
non-decreasing on (g_2,xk_1), from pk—1) (z—1) <0, we have k=1 ()<
0 on (x,_;,7k_1). Because p*~Y(z) is non-increasing on (rx_1,xx), we
still have *=1) (z) < 0 on (2)_1, xx). Because p*~1(z) = 0, = € (a, +o0)
and =1 (z) is non-decreasing on (z, +00), we obtain

e*(x) <0, z € (zg, +0). (3.7)
So it holds

e*D(2) <0, x € (zh_y,+00)

which gives (3.6).

If =1 (2,_1) >0, noticing that ¢*~1)(z) is non-increasing on (zj_1, zx)
and (3.7), we can find a & € (xy_1, 2] such that p*=1) (&) = 0, =D (z) >
0if zp_1 <z <€ and ga(kfl)(x) <0if § <o < xp. Take 2j,_; := & Then
we get

e* "V (2) >0, z € (Th—1,7}_1) (3.8)

and

e*D(2) <0, z € (x)_;,+00). (3.9)

by (3.6). On the other hand, if *~Y(x;_1) > 0, from the selection of
) o, we know x}_, < xx_1 and p*~V(x, ,) = 0. Then, since ¢~ (z)
is non-decreasing on (xg_2,xk_1), we get



3.2 Results 33

w(kil)(x) > 07 T e (xgs—ankfl)'

From this and (3.8) we obtain

(P(k_l)(x) > 07 U (.%‘;672,:11‘271),

which with (3.9) gives (3.6).
We can use a similar method to choose z},_; if k is odd. This completes
the proof of Lemma 3.2. [

Lemma 3.3. Let r, s be non-negative integers, k be a positive integer
and 7 + s = k. Assume that ¢(x,y) is a bounded compactly supported
function on R? with supp ¢(z,y) C [~a,a] x [~b,b], 0 < a,b < +o0,

ar+s 5
——o(x,y) € C(R
S #(y) € CR?)
and satisfies the following conditions:

(i) for any fixed j and y,

oo

> pli i)z —iy—j)

i=—00

is a polynomial of degree < r with respect to & whenever p(z,y) is a
polynomial of degree < r with respect to x.

(ii) for any fixed ¢ and =z,

o0

j=—00

is a polynomial of degree < s with respect to y whenever p(z,y) is a
polynomial of degree < s with respect to y.

(iii) There are k real numbers —oco =: 29 < 1 < Z2... < Tp < Tpq1 := +00
and —oo =:yg <Y1 < Y2... < Ys < Ys41 := +00 such that

Tm ST < Tyt
Y <Y < Yy,

(x,y) >0, m=0,1,...,r (3.10)
l=0,1,...,s.

(—ymt I
oz oy
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Then if f(z,y) € C(R?),

ar+sf 9
W(%y) € C(R%)
and
orts
S (59 20, (0.9) € B, (3.11)

for the linear operators By, (f)(z,y) (defined by (3.1)) we also have

D) T; Bu(f)(z,y) € C(R?)
xr yr n ’y
and
TSB(f)(x ) >0, (z,y) € R? (3.12)
9x7«-ayr n ’y - ) ’y M M

Proof. Since ¢(x,y) is compactly supported, for any fixed (z,y) € R?, the
summations in (3.1) only involve finite non-zero terms. Therefore, if

ar+s
oz oy

o(z,y) € C(R?),

we have

ar+s

B, ,y) € C(R?).
S B (w.9) € CRY)

For simplicity we only prove (3.12) for n = 0. For the other cases, the
arguments are the same.

Let (Z,7) be a fixed point on R2?, and i, 5 (m = 1,2,...,r; | =
1,2,...,s) are the integers such that

T < Tyrmi1 <T —im+1, m=1,2,...,r (3.13)
?*jl§y571+1<§*jl+17l:1>23~-~a5~ (314)

Since Ty, < Tppypr (m=1,...;r =D and y; <y ((=1,...,5—1),
we have i, <y (m=1,...,7r—1)and j; < jipx1 I =1,...,8s—1). If

for some m we have 4, = i,,+1, then we redefine i,,+1 := ¢, + 1. Hence
after refinement we have i,, < i;,4+1. (The refinement is going on in the
order of m- to be explained later (*).) Similarly we may redefine j; such
that ji < jiy1.

For f(z,y) and each fixed y, we can construct a polynomial Pj(x,y)
of degree r — 1 with respect to x such that f(in,y) = Pi(im,y), m =
1,...,r. Then, for function f(z,y) — Pi(x,y) and each fixed x, we can
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construct a polynomial Ps(x,y) of degree s — 1 with respect to y such that
f(xmjl) - Pl(xajl) = PZ(xajl)a l= 1,...,s. Since f(Zmay) - Pl(lmay) =0,
we have Py (im,y) = 0.

Hence

F(z,y) := f(z,y) — Pi(z,y) — Po(x,y) =0, if 2 =4ipm (m=1,...,7)

0’f‘y:jl7 (12172775) (315)
We also get
8T+SF ar+5f
= R?, 1
axrayr axrayr — 0 on (3 6)
and
SF

gS(my)—Oforx—zm(m:L...,r) (3.17)

because of (3.15).
For fixed y, we apply Lemma 3.1 to %;fo(x, y). Because

o (O°F
(== >
pr (ays) (z,y) =20

by (3.16), and £ (zm, y)=0(m=1,...,7) by (3.17), we have

OF Iy < T < i7n+17
(71)“””8 —(z,y) >0, m=0,1,...,7 (3.18)
Y
Here ig := —o0 and 4,41 := +00.

Now let m be fixed and = be fixed with i,, < £ < iy,41. We apply Lemma
3.1 to F(x,y) with respect to y. From (3.18) and (3.15), and Lemma 3.1,
we have

’im <z < im+1,

1 \rts+mtl > Ji <y <Jit1,
(-1 Fz,y) 20, m=0,1,...,m; 1=0,1,...,s. (3.19)

Here jo := —o0 and jsy1 1= +00.
For the fixed (Z,7), from the conditions (i) and (ii), we derive

arJrsBO(f) _ B arJrs
W(%y = oroy Z Zflj ple—i,y— J)]

Jj=—001i=—00

=T, Y=Y
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I N . . .
= 900y j;oo Z_:Z:OO F(i,j)e(x — i,y — J)] o vy
0 0 or+s
=3 X gy 57— d)

: 0T
= Z Z F(Z7j)axra;ps(x_z7y_])'

1=0 m=0 j; <J<Ji41 tm <i<bim41

Here for the last equation we have used (3.15).

(3.20)

If there is some integer ¢ such that i, < ¢ < 4y,41, then this 4,41 is
not the refinement of the original 4,,41 which satisfies (3.13). Hence in
this case the i,,+1 satisfies (3.13). Meanwhile even if i,, is a refinement,
im still satisfies the inequality on the left-hand side of (3.13), because the
refinement is greater than the original one. Thus, for i,, < i < imm11, by

(3.13), we have

T—i<T—im < Trmi,

and noticing ¢ < ¢,,+1 — 1, we have
T—i>T —imy1+ 1> Trem.

Hence

T < T — 1 < Tremils Im <t <tmg1, m=0,1,...,7

Similarly we obtain

Ys—1 <y*j < Ys—141, jl <] <jl+1> l= 0713"'75'
From (3.21), (3.22) and (3.10), we have

Z-Tn <i< Z.m+17

. , 05y Ji <J <Ji+1,
(-~ ———@T—14,y—4) >0, m=0,1,...,7;
0z" 0y 1=0,1,...,s.

From this, (3.19) and (3.20), we derive

ar+s

(3.21)

(3.22)
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(*)A note on the last proof. If mg is the smallest positive integer such
that tm, = tmg+1, we redefine o411 = im, + 1. If 442 < the refinement
of imy+1, we redefine 4,042 = im, + 2, and so on until we have some
positive integer ¢ such that i;,,4+¢ > %m, + ¢. Then we check for the next
my such that 4y, = %m,+1. Do the same refinement. In this way, we can
modify %,, such that ¢,, < ippq1, m=0,1,... 7.

Lemma 3.4. Let r, s be non-negative integers, k be a positive integer
and r+s = k. Assume that ¢(z) is a bounded compactly supported function
on R with supp ¢(z) C [~a,a], 0 < a < +o0, p*) () € C(R) and satisfies
the following conditions:

(3.4.1) for each k*=0,1,...,k—1,

oo

> pli)e(z i)

is a polynomial of degree k* whenever p(x) is a polynomial of degree
E*.

(3.4.2) there are k real numbers —oo =: 29 < 21 < Ta... < Xp < Tpyp =
+o00 such that
(=1)"® (2) > 0, & <& < Tppys, m=0,1,... k.

Then, if f(z,y) € C(R?),

ar+sf 5
,y) e C(R
S @) € C(RY)
and
orits”

o G (@) 20, (21) € R (3.23)
where 7* = 0,1,...,r, s = 0,1,...,5 and g« o~ = %1, for the linear
operators B, (f)(z,y) defined by (3.1) with ¢(z,y) := ¢(x)p(y), we also
have

ar+s 5
——B C(R
5o B (P@y) € C®)
and
ar*+s* T 20717"'ara
Epe gn B.(f)(z,y) >0, (z,y) €eR? s*=0,1,...,s. (3.24)

"W

Proof. Since ¢(x,y) := p(x)p(y) satisfies the condition (3.4.1), we have
o(z,y) satisty
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(i)’ for any fixed j and y, for each r* =0,1,...,7 — 1,

oo

> p(i i)z —iy—j)

i=—00

is a polynomial of degree r* with respect to & whenever p(z,y) is a
polynomial of degree r* with respect to x.

(ii)’ for any fixed ¢ and z, for each s* =0,1,...,s— 1,
Jj=—00

is a polynomial of degree s* with respect to y whenever p(z,y) is a
polynomial of degree s* with respect to y.

By Lemma 3.2, from the condition (3.4.2), we have ¢(z,y) fulfill
(iii)’ foreachr* =0,1,...,r and each s* = 0,1, ..., s, there are k* := r*+s*

real numbers —oo =: 25 < #} < 2h... < 2. < 2., = +00 and
—00 =19y <Y1 < Y. < Yo < Ypeyq = +00 such that

. 1 <y<uy
ar +s N N Yi _y_yl+17*
()" g @) = ()™ @) () () 20, m =01,
l:O, ) 78*

Then, from (i)’, (ii)’, and (iii)’, by Lemma 3.3, we have (3.24) for B,(f)
(x,y) if f(z,y) satisfies (3.23). |

For f € C(R?), h > 0 and (x,y) € R? we define the local modulus of
continuity of f by

wl(fa h;x,y) = sup|f(x’,y’) *f(l’,y)‘, ‘fﬂ/ 7‘%‘ S ha |y/ 7y‘ S h.

Theorem 3.5. Let r,s be non-negative integers and k£ be a positive
integer such that r+s = k. Assume that ¢(x, y) satisfies all the assumptions
in Lemma 3.3 and the following additional condition:

(iv)

oo oo

Z Z oz —i,y—j)=1onR2

j=—001=—00
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Then, if f(z,y) € C(R?),

2 ey e cm)

and

;;:5; (z,y) >0, (z,y) € R?,
for the linear operators B, (f)(z,y) defined by (3.1) we have

gr+s

5o B 1) (z9) € CR?)

and
grts
900y Bn(f)(z,y) >0, (z,y) € R?,

and

|f(2,y) — Bu(f)(@,y)] < wi(f, 27" di2,y) (z,y) € R?,

where d = max(a, b).

39

(3.25)

Proof. It is based on Lemma 3.3. Inequality (3.25) appears also in [84]

where it is proved.

Theorem 3.6. Let r, s be non-negative integers and k£ be a positive
integer such that r + s = k. Suppose that ¢(z) satisfies all the assumptions

in Lemma 3.4 and the following additional condition:

oo

Z oz —i)=1onR.

i=—00

Then, if f(z,y) € C(R?),

ar+sf

———(x,y) € C(R?

S (ay) € C®?)
and

orits”

o G @) 20, (21g) € B2

where r* = 0,1,...,7, s = 0,1,...,5 and &« o« = =+1, for the linear
operators By, (f)(z,y) defined by (3.1) with p(x,y) := ¢(x)¢(y), we have

ar+s

Sy B (1) y) € OR?)
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and

P s*
Epx g% ° L*Bn(f)(%y) > 07 (m,y) € RQ’
T 0z Oy -

and

1f(z,y) = Bu(f)(@,y)| S wi(f, 27" d;x,y) (x,y) € R?,

where d = max(a, b).
Proof. It is based on Lemma 3.4. ]

Example 3.7. Take p(z,y) := ¢(x)¢(y) where ¢(x) be the B-spline of
order k + 2:

©0(y) = Brya(x),

where B,,(x) is defined inductively as follows

1

Bi(2) = 5 (X 1.0@) + X1 (@),

Bn(z) = Bp—1 % B1(z), n=2,3,....
Such a ¢(x,y) fulfills all the assumptions of Theorems 3.5 and 3.6



4

Multidimensional Probabilistic Scale
Approximation

Multivariate probabilistic distribution functions are approximated by some
naturally arising wavelet type operators involving a scale function. These
transform multivariate distribution functions to multivariate distribution
functions. The degree of this approximation is given by establishing some
sharp Jackson type inequalities. This chapter relies on [90].

4.1 Introduction

We are interested in the problem of approximation to multivariable prob-
abilistic distribution functions. It is known that ([255], pp. 107-108), a func-
tion F(x1,2,...,2,) is a probabilistic distribution function on R"(r > 1)
if and only if F' is nondecreasing with respect to each variable z;(i =
1,2,...,7) and right continuous for all variables, and satisfies the following
conditions:

(i)
F(—o0,za,...,2r)=F(x1,—00,23,...,%r)=...=F(21,...,Tr—1,—00) =0,
F(4+00,+0,...,+00) = 1.

(ii) for every (x1,22,...,2,) € R" and all §; > 0(i = 1,2,...,r) the in-
equality

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 41
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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s
F(xz1+61,22+402,.. ~,$7-+57-)7Z F(z1+61,...,2i—1+0i—1,Ti, ix1+0iy1 ...,z +57)+

1=1

Z F(z14+61,...,zi—1+0i—1, 2, i +0;, ...,z 1+06;_1,%5,Tj01+041...,T,+07)
ij=1; i<j

+...+(-1)"F(x1,22,...,27) >0 (4.1)
holds.
Let o(x1,22,...,2,) be a bounded compactly supported function on R"
with
supp ¢(z1,22,...,x,) C [—a1,a1] X [—az,a2] X ... X[—ar,ar], 0 < a; < +o0(2 =1,2,...,7)

and be right continuous with respect to all variables.

We want to approximate F' on R” by the linear combinations of trans-
lated dilates of @(z1,za,...,z,).

Define

Bk(F)(xlax%"'axr) = Z Z F(2_kjla2_kj27"'a2_kj7“)

(2821 — 51,2820 — jo, ..., 2%, — 4)) (4.2)

on R” for k € Z. Since ¢ is compactly supported, for any (z1, z2,...,z,) €
R"™ the summations in (4.2) only involve finite terms, so Bj(F) is well-
defined on R".

In this chapter, we are going to use the linear operators By (F') to ap-
proximate F' and discuss under what conditions on ¢ the By (F) give us
probabilistic distribution functions if F' is so. This is a generalization of
[86] and [84] where it discussed the univariate case and bivariate case, re-
spectively.

4.2  Main Result

Let f(x1,x2,...,2,) be abounded function on R". For each (1, z2,...,2,) €
R" and h > 0, we define the first modulus of continuity

wl(fah) = sup |f(x/1,-..,$;)*f(fﬂl,fﬂz,...,l’r)‘,
|z} —x;|<h, i=1,2,...,r
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where the sup is taken over all (1, x9,...,2,), (2], ..., 2]) which satisfy
|z} — ;] < hfori=1,2,...,r
Theorem 4.1. Suppose ¢(z1,Z2,...,z,) is a bounded compactly sup-

ported function on R" with

supp ¢(z1,x2,...,2r) C [—a1,a1] X [—az2,a2] X ... X [—ar,ar], 0 < a; < +oo(i =1,2,...,7)

and is right continuous with respect to all variables, and satisfies the
following conditions:

(i) For each i, 1 <i <r and any (z1,z2,...,z,) € R",

oo
Z (p(.%‘1,$2, e ,mi_hwi—j,m“, N ,.Tr) = Ci(an, ey Li—1y L1y - ,.Tr),
j=—o0
where Ci(z1,...,%i—1,ZTit1,...,2r) are independent of x; (i =1,2,...,r).
(i)
oo oo (oo}
E E E SDx17j13x27j23"'ax7“7jr)£1
Jr=—00  ja=—00j1=—00
on R".
(iii) With respect to each variable p(z1, 22, ..., ;) is a two-pieces monotone

function, which is nondecreasing first and then nonincreasing.

(iv) There is a point (b1, b2,...,b,) € R” such that for all §; > 0 (i =
1,2,...,7), holds the inequality

T
e [ (1401, 22402, . .. ,mr+5r)*z (1401, . i1 +8i1, 2, ip1+0i4 1, .-,
i=1

-
xr+9r)+ Z p(xr+01,... i1+ 01, T, Tig1 + i1, .., -1+ 01,5,
i,j=1, i<j

Tj+1 —1—(5]4_1,...,3370 —&—67«) + ...+ (—1)r<p(m1,x2,...,xr) Z 0 (43)

whenever

(214 01,22 + 82, ..., xp + 6,) and (z1,22,...,2,) € J(e1,62,..., &)
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where

J(El,EQ,. . .,Er) = {(.’L‘l,.’l?g,. . .,1‘1») S Rr; sign(x,' — b,) =¢&i, € = il}

and
,
€= H(—si), J(e1,€2,...,&r) is the closure of J(e1,€2,...,&r).
i=1
Then, if F(z1,2,...,,) is a probabilistic distribution function on R",

the linear operators By (F)(x1,xa,...,2,) defined by (4.2) are also proba-
bilistic distribution functions on R". Besides, we have

|BLF — Flloo < wi(F,27% - d), (4.4)
k € Z, where d := max(ay, az, ..., a,). Moreover, the inequalities (4.4) are
sharp for probabilistic distribution functions.
Examples 4.2. Here we want to present some examples of p(z1, 22, ..., ;)
which satisfy all the conditions in Theorem 4.1.
Let
]-a 7% S T < %7
wo(z) :=< 0, otherwise. (4.5)
and
r+1, -1 <z<0,
l—-2 0<2<1
p1(w) = 0, otherwise. (4.6)
Define
vo(z1,22,...,2) = @o(x1)po(x2) - . . o(Tr)
and

p1(T1, 22, .., 2r) = p1(z1)p1(22) - . p1(Tr).

Then ¢o(z1, T2, ..., z,) and @1(x1, 22, ...,2,) are the functions satisfy-
ing all the conditions in Theorem 4.1. Indeed, for s = 0 and 1, we have

oo

Z Ps(T1, @2, 0 Tim 1, Ti =, Tig 1y -+ ) = @s(@1) .- @s(@i—1)@s(Tit1) - - - ps(2r)

j=—o0
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: Z (PS(xi_j>:Ws(x1>-~-<P3(xi—1)¢s(xi+1>-~-<Ps(xr)7

j=—oc0

and

Jr=—00 Jj2=—00j1

T oo
ps(@1—j1, @2—jz2, ., 2r—jr) = [ | ( > esla ji)) =1
Ji

oS} =1 j§ =—00

gk

Since ps(x) (s =0, 1) are two-pieces monotone functions and ¢, (z) > 0,
s0 ws(x1,x2,...,2,) satisfy the condition (iii). For the condition (iv), we
may take (b1,b2,...,b,.) =(0,0,...,0). For 6; >0 (i =1,2,...,r), let

As, f(z1, 22, .. 2p) == flar + 01,20, .., 20) — fo1, 20,00, 20),

A5, Ns, f(z1,22, ..., 2r) = DNs, f(T1, 22402, 23 ..., 2r) —Ag, f(z1, 22,23 ..., 20),

A57-A5r_1 .. .Aglf(ah,xg, ,.Tr) = A5r—1 . ‘.Aglf(xl,itz,. ey Tp—1,Tr + (57")—

A5r—1 ce Aglf(.’l}l, T2y - ,xr_l,xr).

Notice the following (in order to prove (iv) and other lemmas).
Lemma 4.3. For every (z1,22,23...,2,) € R"and §; e R (i = 1,2,...,7),
we have

f(z14+61, 22402, ..., $r+5r)—z flei4+01, ..., xi—1+0i—1, @i, xig1+0it1 ..., Tr+0p)+
i=1

-
Z flei4d1, .. xi—1+0i—1, i, vi+0i, .., xj_1+0;-1, %5, xj41+0541 .., Tr+0r)
i,j=1; i<j

+.oo+ (D" (g, 20,0 2)
= A5TA5T—1 e A(;lf(:l,‘l,xg, ey J,‘r). (47)

Proof. The proof is by induction on 7. If r = 1, (4.7) is trivial. Suppose
that equation (4.7) is valid for » — 1. Then we have
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r

f(z14+61, 22402, ..., Ir+5r)—z fle14+01, ..., xi—1+0i—1, @i, ig1+0it1 ..., Tr+0p)+
i=1

-
Z flei4d1, .. xi—1+0i—1, i, xi+0i, ..., xj_1+0;-1, %5, Tj41+0541 . .., Tr+0r)
i,J=1; i<j

+...+ (—1)’"f(x1,x2,...,xr) = |:f(.’11‘1 4+ 01,20 + 2, .., T —&—6,0)—

r—1
Zf(fﬂl =+ 51, ey L1 =+ (57;,1,1’2',1’2'4,1 =+ (57;+1 ey Xp + 6r)+
i=1

r—1
Z fler4d1,. .,z 1+0 1,24, 404, .., x5 1+0; 1,25, 254140541 ..., Tr+0r)
i,J=1; i<j

B o ) Ll 4 - I S N g +5r)] - {f(m +01,. o1+ O, ) —
r—1
Zf(xl + 01, T+ 01,2, T + 0o Tt A+ Op1, T)
i=1

r—1
+...+ (—1)T72Zf(x1,...,x,»_1,xi +(5Z‘,{L‘Z‘+1,...,x7~)
i=1

+(71)?_1.}0(1’13 T2,. .. 7xr)] = A&-fl cee A51f(xla T2, .3 Tr—1, 2y + 67‘)

—As, L As fr, @, T, 2) = A5, As o Ds (o, e, ).

[

In order to prove (iv) we need also
Lemma 4.4. Suppose that functions f;(x) (¢ = 1,2,...,r) are defined
on R and f(z1,22,...,2,) = [[;_, fi(z;) on R". Then the left-hand side of

(4.7) equals to [T;_; [fi(zi + 0:) — fi(ws)].

Proof. By Lemma 4.3 we only need to verify

r

ANs Do,y Dg, flo,ma, . ap) = [[Ifilmi + 60) = fila)]. (4.8)

i=1

But this is done by induction on r. In fact, (4.8) is trivial for r = 1.
Assume that (4.8) is valid for » — 1. Then

As, As, oo As, f(r,20, ..y x0) = Dg, o Ag, f(T1, 22, .o Tp—1, T +0)
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—Ds gD [, w2, T, @) = ﬁ[fi(xi—&-&)—fi(xi)]-f,»(m,»—&—é,»)
TG+ 60 — £ Folen) = T1fiCan + 6 — Fulao)
i=1 =1

1) Back to the Example (4.2). For s =0, 1, if (x1 4+ 61,22+ 02, ...,z +
0r) and (x1,x2,...,2,) € J(€1,€2,...,&,) we have

sign[is (zi + 6;) — @s(z:)] = —&i.

Hence

sign [ Jles (@i + 6:) — os(a)] = [ [ ()

i=1 i=1

Thus, by Lemma 4.4, the functions ¢s(z1,2,...,z,) satisfy the con-
dition (iv) in Theorem 4.1.

2) Another example. In general, if we have s (21,22, ..., 2,) = [[;; fi(z:),
where fi(z;) (i =1,2,...,r) are bounded compactly supported func-
tions on R and right continuous and satisfy

(i)
(oo}
H filz—j)=1o0on R,
j=—o0
(ii) For each 4, i = 1,2,...,r, there is a number b; such that f;(z) is
nondecreasing if < b; and f;(z) is nondecreasing if x > b;.

Then ¢(x1,x2,...,x,) satisfies all the conditions in Theorem 4.1.

3) Auxiliary Results (in order to prove Theorem 4.1)

Lemma 4.5. Suppose that ¢(x1,29,...,2,) is a bounded compactly
supported function on R” with

supp @(x1,z2,. .., zr) C [~a1,a1] X [-ag,a2] X ... X [~ar,ar], 0<a; < +oo(i=1,2,..., )

and is right continuous with respect to all variables z;. Then, for any

sequence of {Cj,j, . j, }5=_ oo i=1,2,. . Teal numbers, the function
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oo oo e o
Ay, @2, o) = D o Y Y Chy (@ — 51,32 — G2, Ty — i)

Jr=—o00 Jjp=—o00ji=—o0

(4.9)
is also right continuous with respect to all variables x;.

The proof of Lemma 4.5 is similar to the proof of Lemma 1 in [84].

Lemma 4.6 ([86]). Suppose that ¢(z) is a bounded function on R
with supp ¢(z) C [—a,a], 0 < a < +oo and satisfies the following
conditions:

(i)

Z p(x —j) =C on R, where C is a constant.

j=—00

(ii) There is a number ag such that ¢(x) is nondecreasing if < ag and
is nondecreasing if x > ag. Then if {C;}32_ is a nondecreasing
sequence, the function A(x) defined by (4.9) is a nondecreasing

function on R.

By Lemma 4.5 and Lemma 4.6 we can prove

Lemma 4.7. Suppose that ¢(x1,29,...,2,) is a bounded compactly
supported function on R" with supp ¢(x1,x2,...,2,) C [—a1,a1] X
[—ag,as] X ... X [—ar,a,;], 0 < a; < 4oo(i = 1,2,...,7) and
o(x1, 2, ..., z,) is right continuous with respect to all variables z; (i =
1,2,...,7). Then, the linear operators By (f)(z1,z2,...,2,) defined
by (4.2) are right continuous with respect to all variables x; (i =
1,2,...,7).

Lemma 4.8. Suppose that ¢(x1,x2,...,2,) is a bounded compactly
supported function on R” with supp ¢(x1,x2,...,2,) C [—a1,a1] X
[—ag,a2] X ... X [—ap,ar], 0<a; <+oo(i=1,2,...,7) and satisfies
the condition (i) and (iii) in Theorem 4.1. Then, if (z1,22,...,z,) is
nondecreasing with respect to each variable z; (1 = 1,2,...,r), so are
the linear operators By (f)(z1, z2,...,zy).

Similar to Lemma 5 in [86], we have

Lemma 4.9. Suppose that ¢(x1,29,...,2,) is a bounded compactly
supported function on R” with supp ¢(x1,x2,...,2,) C [—a1,a1] X
[—ag,az] X ... X [—ar,a;], 0<a; <-+oo(i=1,2,...,7) and satisfies
the condition (iii) in Theorem 4.1. If f(z1,z2,...,z,) satisfies

f(=o0,x2,...,xr)=f(x1,—00,23,...,2r) = ... = f(z1,...,2r-1,—00)=0

and
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f(400,...,+00) =1,

then for each fixed k € Z, we have

and

Bi(f)(—o00,22,...,27) = Br(f)(z1,—00, 23, ...,2,) = ...

= Bi(f)(z1,...,2p—1,—00) =0

B (f)(+00,...,+00) = 1.
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Lemma 4.10. If for any (z1,22...,2,) € R"and 0 < §; < 1 (i =
1,2,...,7), f(x1,22...,2,) satisfies the inequality (4.1), then for any

(z1,22. ..,

satisfies (4.1).

Proof. We observe that

D5, Dy oo Dy (@1, T, T, T, Ty) =

A(Si—l ...A(;lf(xl,...,a:i_l,xi —|—(5¢,$i+1,...,$7~)—

A5i—1 ...Aglf(a'}l,...,Ii_1,$i7$i+1,...,l‘r)
= lAéil -~-A51f(x17"'axiflaxi +6i>xi+1>"'7xr)*
d;
As, o As flan,. o Tic1, @i+ —, Tig1, -y T

2

+

i
As, . A5 f <x1,...,x¢1,xi + E,xi+1,...,xr

LAY ...A51f(xl,...,xi1,xi,xi+1,...,xr)]

9
= A%A5i—1 ...A(;lf (xl,...,xi_l,xi + 5,$i+1,...,$¢-

x.) € RMand all 6; > 0 (i = 1,2,...,7), f(z1,22...,2,)
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+A%A5i71 A f(Ty e T, T Ty - T),

true for any 1 < ¢ < r. Then we have

A51""A6i+1A5iA5i—1 ...Aglf(xl,...,xi,l,xi,xi+1,...,xr)

i
= A57,...A5i+1A%A5i71 ...Aglf (ml,...,xil,xi + E,xzurl,...,%«

—|—A5T...A5i+1A%A5i_1 ...A(;lf(ml,...,xi_l,mi,xi_,_l,...,xr).

From this and Lemma 4.3, if f(x1,29...,2,) satisfies (4.1) for any
(x1,22...,2,) ER"and 0 < 6; <1 (i=1,2,...,7), then f(x1,22...,
x,) satisfies (4.1) for any (z1,22...,2,) € R"and 0 < §; < 2 (i =
1,2,...,r). Repeating the argument gives that f(x1, 22 ..., z,) satisfies
(4.1) for any (x1,22...,2,) € R"and all §; >0 (i =1,2,...,7). ]
Lemma 4.11. Suppose that f(z1,22...,z,) satisfies the inequality
(4.1) for any (z1,22...,2,) € R"and all 6; > 0 (i = 1,2,...,7). Let

g, 19 ez (i=1,2,....r). 1 j; = §j° for some i (1 <i < r) then

r

J(f) = f(j17j27""j7") - Zf(jh"'aji—17ji(0)7ji+17"'7j1")

i=1

r
. . .(0 . . -(0 . .
+ Z f(jh'"aji—h.]i( )7ji+17"'7,7k‘—17j](g)7.]k‘+17"'ﬂj'f')
i,k=1, i<k

=D fG, 80 = (4.10)

If j; # ji(o) for any ¢ (1 < ¢ <r) and sign(j; —jl.(o)) = ¢, €, = %1, then

sign(J(f)) = H€ (4.11)
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Proof. Take ¢; := j; — j(o) (i=1,2,...,7). By Lemma 4.3, we have

J(f) = Ds, o Asy FGV, 50, 5O, (4.12)

If j, = ji(o) for some i (1 <4 < r), then §; = 0 from (4.12) we have
J(f) =0.

If j; # ji(o) for any i, 1 < ¢ < r, then from the following equation
(which comes from the definition of A’s)

A5r"'A5i+1A5iA5i—1 -~-A(Slf(xly-~-;$i—17$i7$i+17~-~;$r)

= 7A§7, .. .A§i+1A,§iA§i71 .. .Aglf(l’l, ey L1, + 5i,xi+1, . ,xr)

and the inequality (because f satisfies (4.1))

A|57.| .. .A|51|f(.%‘1,.’1,‘2, ce ,xr) > 07

we have
,
sign(J() = [ =
i=1
where €; = sign(j; — ji(o)) = sign 9;. ]
Lemma 4.12. Suppose that ¢(x1,z2,...,2,) is a bounded compactly
supported function on R” with supp ¢(x1,x2,...,2,) C [—a1,a1] X
[—ag,a2] X ... X [—ar,ar], 0 < a; < +oo(t = 1,2,...,r) and
o(x1,z2,...,z,) satisfies the condition (i) and (iv) in Theorem 4.1.

Then, if f(x1,2z2,...,2,) satisfy the inequality (4.1) for every
(x1,29,...,2,) € R"and all §; > 0 (i = 1,2,...,r), so do the lin-
ear operators B (f)(x1,za,...,2,).

Proof. We prove this lemma for By(f). It can be proved similarly for
all other Bg(f), since By (f)(z1,22,...,2.)=Bo(f(27 ")) (2"x1, 2" 2s, ..., 2"2,).

By Lemma 4.3 and Lemma 4.10, we only need to show that for any fixed
(xgo),xgo), . ,x&o)) € R" and any fixed 0;, 0<6; <1 (i =1,2,...,7),

As, ... As, Bo(f)(@\™, 2, .. 2@y > 0. (4.13)

Let ji(o) (¢ =1,2,...,r) be the integers such that
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29 15— 39 1 <b; <29 45— 5. (4.14)

From the condition (i) of Theorem 4.1, for any (x1,z2,...,2,) € R” we
have

(e o]
0 .
E AV MUVAY HSPAVIVAV SN ...Aglap(ml,...,xifl,xg ) — JiyTig1ye .oy Tr)
Jji=—00

oo

:A57-“‘A5i+1A5iA5i—1"‘A51 Z (p(.%j,‘..,xi_l,ibgo)—ji,$i+1,...,$7~)
Jji=—00

:A(;T...A(;HIA&.A(;FI...AglCi(xl,...,xi,l,xiﬂ,...,xr):O.
Hence
00 00
Z Z f(jla"'aji*la]i a]i+17"'ajr)
Jr=—00 Ji=—o00

0)

0 . 0 . . 0 . .
A(Sr e A(;l(p(xg )_jh e 7371('_)1 _ji—lvxz(' —Jis x§+)1 —Jit1y - x7(~0) _.77")

Z f(.]1>'--7]i—17]£ )7]i+1>--'7]T)'

Jjr=—00 Ji41=—00J;—1=—00 Jj1=—00

o0
0 . 0 . 0 . (0 . 0 .
Z As,. ---Aslw(xg )_]17---7ZC§_)1_.%—1733§ )—Ji7$£_~_>1—3i+17---$<r )—Jr):[l

Ji=—00
(oo} (oo}
. . -(0 . . -(0 . .
Z Z f(.]17"'aji—17ji( )7.]i+17"'ajk—17j](g)7.]k‘+17"'7.71")
jr=—<>0 j1=—<><>

As . D o@ =y 2@ — 5y =0, (i<k)
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Z Z f (O) JéO)w"ajT(“O))A(ST»"'A5190(x(10)7j17'~"m$“0)7j7'):0'

jr=—00  j1=—00
Therefore, from the above equations and Lemma 4.11, we have

Ao A Bo(Fpa® o) = S S i)

Jr=—00 J1=—00

A Atsl()o( ()_jlv"'vxg])_j?")

oo oo

ST T As e — g2 — )
Jr=—00 Ji=—00
= Z Z J(f)AgT,...AglgD(Igo)—j1,‘..,$7(.) Jr)-

. . (0 . . (0
Jr=—00; JT#JT(- ) Jj1=—00; J1#J§ )

(4.15)

If j; # ](O) (1 <4 <r) and sign(j; fji(o)) = g;, then from Lemma 4.11
we have

,
sign(J(f)) = [ ] - (4.16)
i=1
On the other hand, from (4.14), we have

0<z 46— b <1, (4.17)

If j; < jl( ) then &; = sign(7j; —]Z(O)) = —1 and, by (4.17),

0< 204659 b; < 24159 b, < 2O —ji—b; < 2O +5,—ji—b;
which give

0 _

sign(z; Ji —bi) = mgn( ) 45— ji — b i) =11 =—¢,.

If 5; > j; ©) then g; = sign(j; ji(o)) =1 and, by (4.17),
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2O i —b <O 45— <2l 45— 59 —1-b,<0

which give

or

O 48— ji = by

Hence, combining all the above information, we have

(@ + 61 — g1, ..., 2O + 8, — j)

and

(x; (0) 7]1,...,:37(00) —jr) € J(=€1,...,—€),

provided sign(j; — jl( )) =¢g; (1=1,2,...,7). Thus, from the condition

(iv), we have

sign(A&,...Aglga( ()7‘71, ST ij) HEZ
From this, (4.15) and (4.16), we obtain

As, ... A, Bo(f) (@, ..., 2@) > 0.
]

4) Proof of Theorem 4.1. From Lemmas 4.7, 4.8, 4.9, and 4.12, we know
that By (F)(x1,...,xz,) are probabilistic distribution functions on R" if
Fis so.

Proof of Inequality (4.4). Noticing supp p(z1,za, ..., z,) C [—a1,a1]X
[—ag2,az2] X ... X [—a,,a,], by the condition (ii), we have

[eS)

Bu(F)(z1,...,20)~F(z1,...,a;) = 3. ... 3 {F(2_kj1,‘.‘,Z_ij,)fF(:rl,‘.‘,zr)]
Jjr=—o00
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(2 21— 2 @) = 3 . 3 [P, 2750
2kzr—ar<jr<2Fzr+ar 2Fz;-—a1<j1<2k214aq
7F(xla s 7xr)] : @(Qkxl - jla ceey 2kf£r - ]T) (418)

Since for 2Fx; —a; < j; < 2%2; +a; (i =1,...,7), we have

1277 — x| <27%a; (i=1,...,7),

then from the definition of w1 (f, h) we have

F(27%1,..,27%5,) — F(zy, ..., 2,)| <wi(F,27%a), (4.19)
where d := max(ay,...,a,) and 2*x; —a; < j; < 2Fx; 4+a; (i =1,...,7).
On the other hand, since (1, ..., z,) is compactly supported and satisfies

the condition (iii), we have ¢(z1,...,2,) > 0. It follows from this, (4.18),
(4.19) and the condition (ii) that

|Br(F)(z1,...,2) — F(z1,...,2.)| <

> > |F(27 %5y, ..., 27 %) = F (21, ..., 2,)|
28z, —a,<jr<2*z,+a, 2Fz1—a1<j1<2*z14a1

'@(2]6371 - jla ceey Qer - Jr) < wl(Fa 2ikd)'
Proof of Sharpness of Inequality (4.4). Take

(X1, ) = @o(T1, - 20 ) = wo(x1)po(z2) . . . wo ()
with ¢o(z) defined by (4.5). Define

flxy, .. xn) = fo(xr) fo(xa) ... fo(zy),

where
1, x>0
0, z < —27k1
folw) = ktlp 41, =27kl <z <0.
It is easy to verify that f(z1,...,,) is continuous on R" and is nonde-

creasing with respect to each variable with

f(fooax%"'axT):f(xlafoOaZSM"751:7“):"' = f(xla"'axrflafoo) = 07
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f(+o0,400,...,400) = 1.

Besides, from Lemma 4.4, the function f(z1,...,,) satisfies the in-
equality (4.1). Hence f(z1,...,x,) is a probabilistic distribution function
on R".

Consider 21 = 29 = ... = x, = =271, We have
Bk(f)(72ik717 727}6713 LR 727k71) - f(727k713 727k713 L) 727k71)
= Bp(f)(—27F"1 27kt 97kl
= > > > e 2 e, 27k
Jr=—00 Jj2=—00j1=—00
1 1 1
wwl—=—g1,—=—Jo,ecc,—= — 4 | = ,o.,0)=1,
s0<2 Jis=g =z g ]) f(0,...,0)
since ¢ (—3 — j1,—3 — Jja, .- -, —3 — jr)=0forany (j1,j2, ..., jr)#0,...,0).
On the other hand, we have d = a1 = a3 = ... = a, = % and
wl(f7 2_kd) =w (f7 Q_k_l) :f(07 LR 0)_f(_2_k_17 _2_k_17 ey _2_k_1)'

Hence the inequalities (4.4) are sharp.
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Multidimensional Probabilistic
Approximation in Wavelet Like
Structure

Let
(1, xy>0
po (z,y) = { 0, otherwise

and F (z,y) be a continuous probability distribution function on R?.

Then there exist linear wavelet type operators L, (F,z,y) which are
also distribution functions and where the defining them wavelet function
is o (z,y). These approximate F (z,y) in the supnorm. The degree of
this approximation is estimated by establishing a Jackson type inequality.
Furthermore we give generalizations for the case of a wavelet function # g,
which is just any distribution function on R?, also we extend these results
in R", r > 2. This chapter relies on [87].

5.1 Introduction

There has been a great interest in the wavelet type approximations [138],
[221]. There are very important and useful kind of approximations which
only involve dilated translates of a basic function.

The aim here is to use wavelet like approximation to multivariate prob-
abilistic distribution functions. This chapter is motivated by the follow-
ing very important theorem of Analysis [134], p. 221. Let E be a locally

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 57
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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compact Hausdorff space. It is proved that the discrete measures of the

form
n
E (073 dxw
i=1

where o; > 0, x; € E, d,, the unit (Dirac) measure, are dense in the
weak*-topology in M (E), the set of all positive Radon measures on E.
In this chapter we consider the following form of probabilistic discrete

wavelets:
oo o0

YN ae@a—i2ny—j) ()

Jj=—001=—00

where
1, z,y>0
0, otherwise

o (,y) {

is a basic probability distribution function. We prove, Theorem 5.2, that
for any F' (z,y) € C (Rz) distribution function there exist linear operators
L, (F,z,y) which are distribution functions of the above discrete form (*)
and converge to F (z,y) in the supnorm with the approximation errors
bounded by wi (F,27"), n € Z, (z,y) € R? where w; (F,t) is the first
modulus of continuity of F'. Then we extend this theory for linear operators
of the similar form >3°2 377 a;;p(2"z — i, 2"y — j), where ¢ now
is any fixed distribution function on R2, see Theorem 5.3. We present also
generalizations of these results in R", r > 2, see Theorems 5.6, 5.7. For the
univariate case see [88]. It is important to notice that the wavelet functions
defining the operators L,, are not of compact support.

5.2 Results

Let F (z,y) be a probability distribution function on R?. As we know [255],
F (z,y) satisfies the following conditions:

(i) F (x,y) is non-decreasing with respect to each variable x and y, and
is right-continuous with respect to both variables x and y;

(i)

lirf F(z,y)=1 and lim F (z,y) =0; (5.1)
Yy—+00 or y——oo

(iii) for h,k > 0, holds

Flz+hy+k)—F(zy+k)—F(z+hy)+F(z,y) >0, (zy) R
(5.2)
Conversely, if a function F (z,y) satisfies all the above conditions, then

F (z,v) is a distribution function on R2.
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Let
1? x’ y Z 0’
0, otherwise.

oo @)= {

Obviously, ¢o (z,y) is a distribution function on R2. Call

LFan =Y 3 () e, o o) 6
j=—00i=—00
wo (2"x —14,2"y — 4),
where (7,y) € R?, n € Z, and

() oo 270+ p27 (D)
Gy =2 / /2 F (u,v) dudv. (5.4)

—nj —ng

In general, for any given distribution function ¢ (z,y) on R?, we define

Ly (F7937y§ (P) =

> Y (0 -, — )+, ) e @ -2y = ),

j=—o00i=—o00
(5.5)
where (z,y) € R?, n € Z, and CZ-(Z-) are defined by (5.4) too.
We first establish the following

Lemma 5.1. Let F (z,y) € C (R?) and ¢ (2, y) be distribution functions
on R2. Then the linear operators L,, (F,,y; ¢) are well-defined by (5.4) and
(5.5), and are distribution functions on R2.

Proof. Since F (z,y) is a distribution function F' (z,y) is non-decreasing
with respect to each variable x and y, and F' (z,y) satisfies (5.2). It follows

from this and the definition of C’i(g-) that

Ci, Cz g—1 120, Ci,j - Cifl,j >0
and
Cl =L, — O+ O 20, igineZ. (5.6)

On the other hand, since F (x,y) satisfies (5.1), we get

27" (G+1) 27" (i41)
lim C = lim 22" F (u,v) dudv
i— 400 ©J i—+400 —nj 2-n;
j—+oo Jj—+4o0

= lim /O/OF(2*”(t+z’),2*”(s+j))dtds

1— 400
Jj—+4o0
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/ / lim F (27 (t40),27" (s +4) dtds =1,  (5.7)
0 1——400
J—too
and
Jim / / lim  F (27" (t44),27" (s + ) dids = 0. (5.8)
rT——00 17— —00
or y——oo or j——oo

Here we have used the fact that F' (z,y) > 0 is non-decreasing with respect
to each variable for taking the limit under the integrations.
It follows from (5.6), (5.7) and (5.8) that

mo

Jj=—m1 i=—k1

- g’z: Z [C{m CZ(ZL)I) (Cz(n)ljici(ﬁ)lvj_l)]

Jj=—m1i=—k;

ma
= > (CIEZ)] Cé??j-l) - (0821—1,j - Cg;f)l—l,j—l)
J=—m1
X () ) > () (n)
(e -ann) - X (o, - )
Jj=—m1 Jj=—ma
CIEZ)WLQ C]E:?_ml 1 C(Tzl 1,m2 +C’(—T;i?)l—L—"Ll—l’ (59)

which tends to 1 as m1,mas, k1, ko — +00, and then the non-negative series

S Y (e -, —e e, ) -1 a0

j=—001=—00

Therefore, because the distribution function ¢ (z,y) has 0 < ¢ (z,y) < 1,
the summations in (5.5) are convergent absolutely and uniformly on R2,
and so L, (F,z,y; ) are well-defined on R?.

Since ¢ (x,y) is non-decreasing with respect to each variable, by (5.6),
L, (F,z, y; ) are also non-decreasing with respect to each variable. The
fact that ¢ (z,y) is right-continuous with respect to both variables x and y
and the summations in (5.5) are convergent absolutely and uniformly gives
the right-continuity of L,, (F,x,y; ) with respect to both variables x and
y. Besides, we have

oo oo
. } : 2 : (n) (n) (n) (n)
xll)l}_looL (F.’I; Y; SO (Cz’ C'Lj 1 C’L 1,5 +C’L 1,5— 1)
yHJrOO ]——OO i=—00
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lim (2" —i,2"y — j)

Tr——+00
y—+oo
Z Z (Ci(,n) Cz(?) 1 *Cz(n)u Ci(:L)Lj—l) =1
Jj=—001=—00
and
i LRape) = 3 Y (0 - el ).
Jj=—001=—00

or y——oo
lim (2" —14,2"y —j) =0.

r——00

or y——oo

Moreover, from (5.6) and that ¢ (x,y) satisfies (5.2), we derive that
L, (F,z,y; ) satisfies (5.2). Thus, L, (F,z,y; ) are distribution function
on R2. [ |

For h > 0 and F (z,y) € C (R?), we define

w1 (Fyh):= sup |F(z+t,y+s)—F(x,y).
[t],s|<h
(z,y)ER?

Theorem 5.2. Assume that F (z,y) € C (R?) is a distribution function
on R2. Then the linear operators Ly, (F,z,y) defined by (5.3) and (5.4) are
distribution functions such that

‘Ln (F,(B,y)*F(l”yM <wi (Fa27n)a nEZ, ($7y) ER2' (511)

Proof. By Lemma 5.1, we only need to prove (5.11).
Let us consider n = 0 first. For any fixed x and y, suppose that ig, jo
are the integers such that

o<z <ig+1 (5.12)

and
Jo<y<jo+1. (5.13)

From the definition of ¢q (z,y), we have
QDO(‘%*Ly*j):Oa ZZZO+10r]Z]O+1

and
wol(r—t,y—j)=1, i<igpandj<jp.
It follows from these equations, (5.8) and (5.9) that

Lo(Fay)=| ZO+Z oD >

j=—o0i=—00 j=—00t=io+1l jJ=jo+li=—o0
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0 0 0 0 . .
(Ci(v) 01(1)1701( )1]+Cl( )1] 1)%00( —i,y—J)

Z Z ( cO_c —cO 4+ . 1) =cY . (5.14)

j=—00i=—00

Hence we obtain

Lo (Foayy) = F (@) = [ €1, = F (@)

20,70
jo+1  pio+1
= / / F(u,v)dudvF(x,y)‘
Jo 10
jo+1 pio+1
< / / IF (u,0) — F (2, )| dudv < wr (F,1). (5.15)
Jo 10
The last inequality comes from (5.12) and (5.13). |

Notice that
L, (F,z,y) = Lo (F (27",27") , 2"z, 2"y)
and

w1 (F (2_", 2_n) , 1) = sup |F (2_" (z+1t),27" (y+ 5)) - F (2_"33, 2_ny)|
[t],[s|<h
(z,y)€ER2

= sup ‘F (x +27 "y + 27"3) — F(m,y)‘ =w (F,27") .
[t],]s|<h
(z,y)ER?

Then, by (5.15), we have
|Ln (F,z,y) — F(x,y)| = }Lo (F (27",27") ,2”$,2ny) —F (27"2"x,27"2"y)|
<w (F(27"27"),1) =w (F,277).

For the general case we have

Theorem 5.3. Assume that F (z,y) € C (R?) and ¢ (z,y) are distribu-
tion functions on R2. Then the linear operators L, (F,x,y;¢) defined by
(5.4) and (5.5) are distribution functions such that for any a > 0 holds

|Ln (F, 2, y;0) — F (z,y)] <

9w (F,27" (a+1)) + sup (1 - (z,9)+ sup @ (z,y) o, (5.16)
T, y>a r<—a
or y<—a

where n € Z, (x,y) € R2.
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Proof. For any fixed a > 0 and (z,y) € R?, suppose that ig, i1, jo and j;
are the integers such that

r—ig—1<a<z—iy, y—Jo—1<a<y—jo (5.17)
and
r—th1<—-a<z—i1+1, y—ji<-a<y—7j +1. (5.18)
We have ig < i1 and jg < j1, and

Jo

Lo(Fyryyso)= | D D+ > >+ > > +> >+

j=—0o0i=—0o0 j=—o0i=ig+l j=—o0i=i1+1 j=jo+li=—o0

S Yy yey Yy

j=jo+1li=io+1 j=jo+li=i;+1 j=j1+1li=—oo

(Ci(,oj) - Cz'(,oj)fl - Ci(g)l,j + 01(2)14;1) o(r—i,y— j)

=L+ L+ I3+ 14+ 15+ I+ I7. (5.19)

For the terms in I7, we have i <ig and j < jo, and then from (5.17), we
have x —i > a and y — j > a. Hence, from (5.6), (5.10) and (5.14), we have

Jo 1o
0 0 0 0 . .
L= Z Z (Cz‘(,j) - Cz‘(,j)—l - Cz‘(—)l,j + Cz‘(—)l,j—l) o(r—i,y—7)

J=—00i=—00

7 7
D Dl (< e = O L

Jj=—001i=—00

Jo i
0 0 0 0 . .
F3Y (A9 -, e+ ) (el iy ) - )

Jj=—001i=—00

—cW

10,J0

+1 (5.20)
where
Jo i 0 0 0 o
f= 3 3 (60—, 00, 00, ) (i) - )
Jj=—001=—00
and

11| < sup (1—o(z,y)). (5.21)

zy>a
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Noticing (5.6) and that 0 < ¢ < 1, we get

Jo i1
0 0 0 0
LI< > Y (Ci(,) Cz(]) = )1] Cz‘(—)l,j—l)'

j=—o00 i=ig+1
From (5.8) and (5.9), the right-hand side of the above inequality equals

(0) (0) Jotl piatl Jjo+1 pio+1
Cirjo = Ciosgo = / / F (u,v) dudv */ / F (u,v) dudv
Jo 21

Jo 0

Jo+1  pio+1
_ / / [F (u + (i1 — i), v) — F (u,v)] dudv < wr (F iy — io)

Jo 7o

But from (5.17) and (5.18) we have i; — ip < 2a + 2. Therefore
|I3] < 2wy (Foa+1). (5.22)

Similarly we have

14| < Z Z( zgl - +C “1,j— 1)

Jj=jotli=—o0
0 0
01(07)]1 o Cz(o )]0 < 2wy (Fla+1) (5.23)

and

0 0 0 0
15| < Z Z ( oY - z(])l CZ()1]+C()1] 1)

J=Jo+1li=tio+1

=c —c o0 L < (Fla+1). (5.24)

11,J1 11,70 20 Jl 20,J0 —

For the terms in Is we have ¢ > i1 + 1 and then from (5.18) we have
x — i < —a. Hence, from (5.6) and (5.10), we obtain

I3 < Sup ¢ (7,y). (5.25)
Similarly, we derive
76| < sup o (2,y) (5.26)
and
[I7] < sup ¢ (2,y). (5.27)
y<-—a

It follows from (5.19)-(5.27) that

Lo (F,2,y,¢) — F(z,y)] < |C\° — F(2,y)| + 8w (F,a + 1)

20,70
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+sup (1—¢(z,y)+3 sup ¢ (z,9).
T, y>a r<—a
or y<—a

But, from (5.17), we also obtain

2

0 Jo+1 i0+1
C;O’L.O—F(x,y)‘g/ / |F (u,v) — F (z,y)|dudv < wy (Fya+1).
Jo 0

Thus
[Lo (Fyz,y;0) — F (2,9)] <9wi (Fya+ 1)+ sup (1 - (z,y))+3 sup ¢ (z,y).
T,y>a z<—a
or y<—a

Noticing that
L (Fyz,y;9) = Lo (F (277,277) ,2"2,2"y; ¢)

and
wi (F(27",27") ,a+1) =w (F,27" (a+ 1)),

we obtain (5.16). m

Let a > 0 and ¢, (z,y) be a distribution function such that ¢, (x,y) =1
if 2,y > a and @, (z,y) = 0if # < —a or y < —a. Then, by Theorem 5.3,
we get

Corollary 5.4. For distribution function F' € C (RQ), the linear opera-
tors L, (F,x, y; ¢,) are distribution functions such that

|Ln (F,iL’,y;QDa) - F(I,y” < 9(4)1 (Fa27n (a+ 1))3

where n € Z, (x,y) € R?.

Let F (x1,x2,...,x,) be a distribution function on R", and r > 2 be an
integer. The necessary and sufficient conditions for F' being a distribution
function on R", see [255], are

(i) F is non-decreasing with respect to each variable x1, xo, ..., z, and is
right-continuous with respect to all variables z1, zo, ..., Z;;

(ii) F (—o0, z2, ..., xp)=F (21, —00, 23, ..., )= ...=F (21, ..., xp_1, —00) =
0 and F (400, +00,...,+00) = 1;

(iii) for every (x1,z2,...,2,) € R™ and all §; > 0 (i = 1,2,...,7), holds
the inequality

F (.’L‘l + 01,20 + o, 0, T + (57«) —

.,
ZF (£E1 + 51, ey Ti—1 T+ 51-,1,:&1-,:&”1 —+ 5i+1, ey Ty + 57“)
i=1
.
+ Z F(xy + 061, @im1 + 0im1, T, Tig1 + Oig1s s Tj—1 + 0521, 25,

i,5+1
1<j
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Tjg1 + 041, o0y Tp + 60) + oo+ (—1)" F (21, 22, oy ) > 0. (5.28)

Let
o 1, T1,22y ..., Ly 20
o (1,22, 00 Tp) = { 0, otherwise.
It is easy to verify that ¢( satisfies all the above conditions and so g is a
distribution function on R". Define the following operators for F' € C' (R"):

Ln (Faxla Z Z dgi) 7%@00 2n$1 - Zla ey 2nxr - ZT) )
i1 =—00 1 =—00
(5.29)
where
(n) — () (n)
dii---,ir T Cllny i ZC . 7ij—17ij_1vij+17-~7ir+

(n) (n)
Z Cuny Jj—hij—17ij+17---71'5—1,is—l,isﬁ-h-u,ir+"'+( ) Cun 1,...,0.—1 (5'30)

js=1
Jj<s
with
27" (i1 4+1) 27" (4,4 1)
o = 27"”/ / F(uy,.;up) duy...du, — (5.31)
2—niy 2 N4,

for 41,...,4, € Z and n € Z.
For any distribution function ¢ (21, ...,2,) on R” we define

Ln (Faxla xrv@ Z Z Ei) 7% fﬂ] *Z‘la"w?nxr *ir)a

i1 =—00 G =—00

(5.32)
where d i, .4, are defined by (5.30) and (5.31).

m,z,.

Similar to Lemma 5. 1, Theorem 5.2, 5.3 and Corollary 5.4 we give
Lemma 5.5. Let F (21, ...,2,) € C(R") and ¢ (21, ..., z,) be distribu-

tion functions on R”. Then the linear operators L,, (F, x1, ..., z,; ) are well-
defined by (5.30), (5.31) and (5.32), and are distribution functions on R".

Theorem 5.6. Assume that F (z1,...,2,) € C(R") is a distribution
function on R". Then the linear operators L,, (F, x1, ..., z,) defined by (5.29),
(5.30) and (5.31) are distribution functions such that

| Ly (Fy21, .y ) — F (21, ., 20)| <wn (F,Q*”) ,
where n € Z, (1, ...,x,) € R", and
wy (F,h) = sup  |F(z1+t1,..,zp +t) — F (21, ...y 20)]
[t:|<h

1=1,...,7
(z1,...,zr) ERT
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Theorem 5.7. Assume that F' (21, ...,2,) € C (R") and ¢ (21, ..., z,) are
distribution functions on R”. Then the linear operators L,, (F, x1, ..., ;)
defined by (5.30), (5.31) and (5.32) are distribution functions such that for
any a > 0 holds

|Lp (Fyx1, .y @y 0) — F (21, .00y 2)] <

CSwi (F,27"(a+1)+ sup (1—p(@1,.yzr)+ sup @ (z1,..,2) ¢,

T1,..., Tr>a z;<—a
where n € Z, (x1,...,2,) € R", and C is an absolute constant.

Corollary 5.8. Assume that F (z1,...,2,) € C(R") and ¢, (21, ..., 2,)
are distribution functions on R", and ¢, (21, ..., @) = 1if z1,...,2, > a > 0,
Yo (X1, yxr) = 01if ; < —a, @ € {1,...,7}. Then the linear operators
L, (F,z1,...,2.; p,) are distribution functions such that

|Ln (F, 21,y T 0a) — F (21, . 2p)| < Cwy (F,27" (a+ 1)),

where n € Z, (1, ...,2,) € R", and C is an absolute constant.



6
About L-Positive Approximations

Let F' be a normed space and let B be a subspace of F. Assume that
L: F — Ly(2), @ C R™, is a linear bounded operator and M (L) = {f €
F: Lf >0 ae. on Q}. We establish some inequalities for best approxima-
tion of f € M(L) by elements from B N M(L). In the case when L is a
differential operator and F' is the Sobolev space Wg(Q) we obtain Jackson
type estimates for simultaneous approximation of f € M (L) by multivari-
ate polynomials and entire functions of exponential type from M (L). This
chapter relies on [75].

6.1 Introduction

Let F be a normed space with the norm || - || and let B be a subspace of
F. Assume that M is a subset of F' such that M N B # (. We define best
approximation of f by elements from B (or from B N M) in the metric of
F as

E(f,B,F)=inf [|f —gllp, [€F;
geB
EM(fanF):gelélrf;M”f*g”Fa fEM

We are interested in efficient estimates of En(f, B, F) for all f € M.
Tt is clear E(f, B, F) < En(f, B, F), while for some sets M

E(fanF):EM(fanF)a fEM (61)

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 69
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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In particular, (6.1) holds if F' is a Banach space and M is the set of ele-
ments from F' which are invariant relative to a compact group of operators
(see [169], [224], p. 26). Equality (6.1) is not valid for arbitrary M C F. So
the problem of obtaining efficient estimates of Ejs(f, B, F') has attracted
the attention of many authors. Mainly they have dealt with the classes of
monotone and convex functions and with their generalizations.

Let M* be the set of all functions defined on [0, 1] such that A f(z) > 0
for all h € [0,1/k] and all z € [0, 1 — kh]. In particular, M* and M? are the
sets of monotone and convex functions respectively. Let P,, be the class of
algebraic polynomials of degree n.

In the 1920s, S.N. Bernstein defined the class M = ﬂ MP¥ of absolutely
k=0
monotone functions and proved [112] that polynomials from M are dense
in M.

The first Jackson type estimates of Eyzx(f, Pn, C[0,1]), f € MF, were
given by O. Shisha [262] with much refinement given later by J. Roulier
[256]. Further generalizations and improvements for the classes M and M?>
were obtained by G.G. Lorentz and K. Zeller [217], R.A. DeVore [141], A.S.
Shvedov [266, 267], K.A. Kopotun [212], Y. Hu, D. Leviatan, and X.M. Yu
[192] and by many others. Analogous problems for spline approximation
were considered by R.A. DeVore [142] and Y. Hu [191].

D. Leviatan [214] gave estimates of the degree of simultaneous approxi-
mation by monotone polynomials. Deep results in comonotone approxima-
tion were obtained by E. Passow, L. Raymon, and J.A. Roulier [240] and
D.J. Newman [235].

The author and O. Shisha [83] generalized the problem of monotone
approximation for functions from M* N C*, replacing the k-th derivative
with a linear differential operator of order k. Some multidimensional results
were obtained in [14, 268, 269]. In particular, the author [14] considered
the class M (L) = {f € C*([0,1]?): (Lf)(z) > 0}, where L is a differential
operator, and derived an estimate of simultaneous approximation of f €
M (L) by polynomials from M (L) involving the bivariate first modulus of
continuity.

There have been some negative results obtained in [218, 267]. In particu-
lar, G.G. Lorentz and K. Zeller [218] proved that there exists a k-monotone
function fo € C*[0,1] N M* satisfying the limit equality

hm EMk (f07 Pm 0[07 1})/E(f07 P’rh 0[07 1]) = Q. (62)

n— oo

In this chapter we generalize the set M* N C* considering the class
M(L) = {f € F: (Lf)(x) > 0 a.e. on 2} where F is a normed space,
QCR™ and L: F — Ly (Q) is a linear bounded operator. We shall prove
that under some conditions on L and B C F
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where C' is a constant independent on f and B. (6.2) shows that (6.3) is
not valid for some unbounded operators.

This result and its generalizations are proved in Section 6.2. In Sections
6.3 and 6.4 we consider applications of (6.3) to simultaneous approximation,
to convex and subharmonic approximation and to d-monotone approxima-
tion. In particular, in Section 6.4 we obtain the main results concerning
Jackson type estimates of simultaneous approximation and L-positive si-
multaneous approximation of f € M (L) by multivariate polynomials and
entire functions of exponential type.

Throughout the chapter we shall use the following notation: R — the
m-dimensional Euclidean space; C(§2) — the space of continuous on Q& C R™
functions f with the finite norm || f||c ) = sgp |f|; Loo(R™) — the space

of measurable functions f defined on the measurable set Q@ C R™ with
the finite norm || f[|z__ (o) = esssup|f|; Lp(2), 1 < p < oo — the space of
Q

measurable functions f defined on the measurable set Q C R™ with the

1/p
finite norm || f|| ) = </ |fpdx> .
Q

6.2 L-Positive Approximation in a Normed Space

In this section we consider a general result on L-one-side approximation
in a normed space. As corollaries we derive some estimates of L-positive
approximation which are essentially the basis for all other results of the
chapter.

6.2.1. A General Theorem

Let F be a normed space and let B be a subspace of F. We consider a
family of linear bounded operators L,: F' — Lo(2y), v € I', where I is a
set and {Q }yer is a family of subsets in R™.

We define the following conditions:

(A1) sup ||L~]| < oo,
yel’

(A2) there exists an element p € B such that for every v € T’

(Lyp)(z) > 1 ae. on £,. (6.4)

Theorem 6.1. If the family {L,},cr satisfies conditions (Al), (A2) then
for every f € F and any P € B there exist elements Q; € B, i = 1,2, such
that (—=1)* (L, (Q; — f))(z) >0, 2€Q,,y€T, and

If = Qillr < (1+ llpllr sup ILyIDIf = Pllp, i=1,2.  (6.5)
8l
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Proof. Setting '
Qi =P+ (71)1—"_1)‘:03 1= 17 23 (66)

where A = sup || L4 || || f — P||r, and taking into account (6.4), we have for
yer

every y € I’
(D)L (Qi = (@) = (=1)H(Lo (P = f))(x) + MLp) ()
> A= sup|[Ly[|1f - Plr =0, i=12 (6.7)
Furthermore,

If=Qillr <[If=Pl+Alpllr = (1+||P||FS‘21F) ILyIDILf =PIl @ = 1,2. (6.8)
2l

(6.8) together with (6.7) completes the proof of Theorem 6.1. [ |
6.2.2. Estimates of L-Positive Approximation.
Let us consider the sets of L.-positive and L.-negative elements from F
MY (L)) ={f€F: (L,f)(x) >0ae onQ,}, ~yeT,
M~ (Ly)={f€F: (Lyf)(z) <0ae onQ,}, ~eT,

M* = () M*(L,).
yel

Corollary 6.2. If the family of operators {L.},er satisfies conditions
(A1), (A2) then for every f € M*

Ey=(f, B, F) < (1+lplr sup ILy[E(S, B, E). (6.9)
8l

Proof. We shall prove the case f € M, the case f € M~ is similar. If
f € M™ then according to Theorem 6.1 there exists Q1 € B such that
(Ly@Q1)(z) > (L f)(z) >0 for a.a. z € Q, and all y € I'. Thus Q1 € M™T
and (6.9) follows from (6.5). [ ]

For simplicity all the further results of the chapter will be formulated
for L-positive approximation. The corresponding results for L-negative ap-
proximation can be easily reformulated.

Let L: F — Loo(2), 2 C R™, be a linear bounded operator satisfying
the condition: there exists p € B such that

(Lp)(z) > 1 a.e. on Q. (6.10)

We put
M(L)={feF:(Lf)(z) >0 a.e.onQ}.
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The next result evidently follows from Corollary 6.2 for a single operator.

Corollary 6.3. For every f € M(L)
Eny(f, B, F) < (L+ [IL][ lpll p) E(f, B, F). (6.11)

Remark 6.4. The constant in the right-hand side of (6.11) can be improved
by replacing ||p||r with z = inf{||p||r: p € B, (Lp)(z) > 1 a.e. on Q}.

6.3 L-Positive Approximation in Functional Spaces

This section contains some applications of Corollaries 6.2 and 6.3 to L-
positive approximation in functional spaces.

6.3.1. Classes of Functions

In the capacity of the normed space F' we shall consider the space L,(12)
and the Sobolev space sz(Q), 1 < p < 0o, with the norm [274, p. 122]

1 lwee) = Z 1D fllL, -

la|<t
Here 2 is a convex closed set in R™; av is a sequence (a1, ..., am), a; > 0,
; . m . . ol f (=)
1<i<m;la| =" i al =ag! - apl; D*f(z) = 9z7 1Dy lal < ¢,

are Sobolev derivatives for 1 < p < oo [274, p. 121] and D*f € C(Q) for
p =00, |a] <. Thus W (Q) coincides with C*(1).

In the capacity of the subspace B we shall consider the classes of alge-
braic polynomials, splines and entire functions of exponential type.

Let Pp,m be the class of algebraic polynomials in m variables and of
degree at most n. Let S¥[a, b] be the class of nonperiodical spline functions
of degree n, that is, S¥[a, b] is the class of all piecewise polynomial functions
from Wk1[a, b] with n free knots of degree k.

Let C™ = R™ +4iR™ be the m-dimensional complex space. Assume that
V is a centrally symmetric (with respect to the origin) convex body in R™
and V* is the polar of V.

We say that an entire function f(z) is of exponential type oV if for every
g > 0 there exists Ae such that for every z = (z1,..., zn) € C™ we have

i=1
We denote by B,y the class of all entire functions of exponential type
oV. For example, if V' is the cube @ = {z € R™: |2;| < 1,1 < i <m} then

|f(2)] < Aeexp (0’(1 +¢)sup
zeV
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Bsq coincides with the class B, ,,, of entire functions of exponential type
0.

6.3.2. L-Positive Simultaneous Approximation

Let ©Q be a convex closed set in R™ and let

(L'H@)= Y au(®)D*f(z) (6.12)

h<|al<v

be a differential operator where a,(z), h < |a| < v, are functions defined
on {2 and satisfying the following conditions

(B1) there exists o = (af,...,a%), [a®| = h, such that a,o(x) > 0 or
aao(ﬂj) <0,z €

(B2) sup |aa(z)/aq0(z)] = Ca < 00, h < |a| < wv.
€N

We put

M(L')y=M(L',Q)={f e Wi(Q): (L'f)(z) > 0 a.e. on Q}.

Corollary 6.5. Let L' satisfy conditions (B1), (B2) and let a subspace
(0] 0
B C Wpe(ﬂ) contain & = x?l <-ag. Here 1 < p < 0o, £ > p, where

if p=o0

V?
M_{ [v+m/p]+1, if1<p<co. (6.13)

If f € M(L') then for every P € B there exists Q € BN M(L') such
that for all o, || < h —1, and for a = a°

ID*(f = QL) <C > ID?(f = Pl - (6.14)
[B]<p
Here .
01\ —1 o
C < (1+ Cola™) hgﬁéy(fallr lwe @),

and Cy depends only on m, p, v, Q; in particular, Cy = 1 for p = co.
Moreover, for all a #a°, h < |a| </,

1D(f — Q) = ID*(f = P)llL, ) (6.15)

Proof. We consider the operator

(L)) = lage @) (L' f)@) = Y (aa(z)/|aq (@)))D f(z).

h<la|<v
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It is clear M (L) = M(L'). Setting p(z) = 2° sgn(aqo (z))/a°! and using
condition (B1), we have (Lp)(x) = 1 on €, that is L satisfies (6.10). Fur-
thermore using condition (B2), (6.13) and the embedding theorem for the
Sobolev spaces [274, p. 124] we get for every f € Wﬁ(Q), L>p,

Lo < Y. CalDfllioo@

h<|a|<v
< C C W 6.16
< Co (o Co ) Iflhwgion (6.16)

where C is the embedding constant.

If P € B then using Theorem 6.1 for the single operator L and taking
into account (6.6), (6.16) we can find @ € BN M(L') of the form Q(z) =
P(z) 4+ Cz", where C is a constant such that

Z IDP(f — Q)2

[BI<p

— a®
< (14 Cotand ™ max Calle® g ) 3 1D = Pl o
- 1BI<n

the last yields (6.14) and (6.15) follows from the relations D*Q = D*P,
a#a |h <ol <2 [ |

Remark 6.6. We note that approximation in the metric of sz(Q) is equiv-
alent in a certain sense to simultaneous approximation. In particular, the
following inequality is a simple consequence of Corollary 6.5.

EM(L’)(faBa sz(Q))

< <1+Co(a0!)_1 max Ca||xa0|

h<lal<v

wio ) EGBLIWE@). (017

Remark 6.7. Corollary 6.5 and inequality (6.17) hold in the following
cases:

(a) Qis a convex body in R™, B =Py, n > h;
(b) Q=R™, p=o00, h=0, B= B,y;
(c) Q=[a,b], m=1,B=SF k>¢

In many cases we cannot use Corollary 6.5 or inequality (6.17). For
example, if m =1, Q = [-1,1], and

(L"f)(x) = (1 — 2®)d? f(2)/dz® + zdf (x)/dz, (6.18)
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then L” does not satisfy both conditions (B1), (B2). But in this case we
can use the following result.

Corollary 6.8. Let the differential operator

(L") =Y aalx)D*f(2)

lo|<v
satisfy conditions

(C1) sup J|aa(zr)] =da < oo,
0</al<v

(C2) there exists an element p € B such that (L"p)(z) =1 a.e. on Q.

Then for every f € Wé(ﬂ), 1<p<oo, > u, (where p defined by (6.13)),

EM(L”) (f> B, Wé(Q))

< (1 + Co o hax dallpllwg(n)> E(f, B, W ().

The proof is similar to that of Corollary 6.5. For example, using Corollary
6.8 to operator (6.18) and p = 2% /2, we obtain the inequality (f € M (L"),
n > 2),

Eni(pn (f, Puas Wal=1,1]) < (7/2)E(f, Pay, Wi [-1, 1))
6.3.3. Convex Simultaneous Approximation

Let  be a convex body in R™ and let M be the class of convex twice
differentiable on €2 functions.

Corollary 6.9. For any f € M and n > 2 it holds

By (f, P, W) < (L + lIpllwz @) B(f, Pam, WE(Q)),  (6.19)

m
where p(z) = (1/2) Zx?
i=1
Proof. A function f belongs to M if and only if for every v € R™, |v| = 1,

82
=Y T 50 sea
105

1<j4,i<m

m

It is clear sup ||L,|| <1. Then setting p(z) = (1/2)2]@2 we have
[v]=1 i=1

(Lyp)(z) = 1 for every v, |7| = 1, and any & € Q. Thus the family of
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operators { L }|,|=; satisfies conditions (A1), (A2), and (6.9) yields (6.19).
]

Some Jackson type estimates of Ens(f, Pn,m,C(€2)) were obtained in
[268].
6.3.4. Subharmonic Simultaneous Approximation
Let M be the class of subharmonic twice differentiable on €2 functions,

where €2 is a bounded domain in R™. It is known [184, p. 41] that f € M

if and only if
(L"f) Z z € Q.

m
The operator L” satisfies conditions (C1) and (C2) for p(z) = (1/2) Z x?
1

i=
and d, <1, |a| < 2. Hence the following result is a consequence of Corol-
lary 6.8.

Corollary 6.10. For any f € M and n > 2 it holds

2 (f, Prms W () < (1 + pllwz @) E(f, Prm, WE (),

where p(x) = (1/2) Zx

A.S. Shvedov [26éT proved that every continuous function in a simply
connected domain 2 C R™ can be approximated uniformly on compact
sets in {2 by subharmonic polynomials.

6.3.5. L Is a Convolution

Let Q = R™ or Q be the m-dimensional torus 7.
We consider the convolution
0= [ fa= 0K

where K € L1(R™), f € Loo(R™), if @ = R™, and K € L, (T™), f €
The following result is a simple consequence of Corollary 6.3.

Corollary 6.11. If B is a subspace of L,(Q2) containing all the constants
and T, = / K(z)dx # 0, then
Q

Ey)(f, B, Lp() < A+ C K], )/ T DE(f, B, Lp(£2)).
Herep=o00,C=1,if Q=R"™, and 1 <p < oo, C = (2m)™P, if Q = T™.
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6.3.6. 6-Monotone Approximation

Let 0,0 < § < b—a, be a fixed number. We say that a function f € Cla, ]
is d-increasing if

(L f)(z) = w >0 for all z,y € [a,b], |z — | > 6,2 # 7.
Let Ms be the set of all §-increasing functions. In particular, My is the

class of increasing functions on [a, b]. It is clear My D My. Equality (6.2)
shows that the inequality

EM(fa n,1 [ ])<CE(f7 n,1y [aab})a (620)

where C' is a constant independent on n, is not valid for all f € M = M.
The following result shows that (6.20) holds for §-increasing functions, §>0.

Corollary 6.12. For every f € Ms, 6 >0, and n > 1

Bty (f; Pna, Cla, b)) < (1+ (b —a)/6)E(f, Pn,1, Cla, b]). (6.21)

Proof. Setting for v € [a, ]

Qy ={y €[a,b]: |y —y| >}

we have that L., : Cla, bl — C(€2y) is the family of bounded linear operators

with sup ||L,|| < 2/6. Furthermore the function p(z) = « — (b — a)/2
v€la,b]

satisfies the equality (Lp)(z) = 1, v € [a,b], x € [a,b]. Thus {L,} e[, b]

satisfies conditions (A1), (A2) and (6.21) follows from (6.9).

Remark 6.13. Corollary 6.12 can be easily generalized to (4, k)-monotone
approximation.

6.4 Multidimensional Jackson Type Theorems for
Simultaneous Approximation

This section contains multidimensional estimates of simultaneous approx-
imation by polynomials and entire functions of exponential type involving
the moduli of smoothness of arbitrary order. As consequences the corre-
sponding estimates of L-positive approximation, where L is a differential
operator, will be given.

Throughout the section we shall use the definitions of V', V*, P,, ,, Bov,
Wé(Q), D%, M(L',Q) and conditions (B1), (B2) given in 6.3.1, 6.3.2. We
denote by C' various constants not depending on essential parameters (like
f,n, oetc.)

6.4.1. Moduli of Smoothness

For a measurable function f defined on Q C R™ we put
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Wrp(fi7) = wip(fiT)a = |S|11<P IAF £l
tI<t

= sup
[t|<T

Lp(S2)

k
S (’j)f(x + )

where Q; = {x € R™: 2 —jt € Q, 0 < j < k} is the domain of definition of
the k-th difference A¥. In particular, when f € L,(R™) we have

wep(f TR = SUp IAEf I, @)

|t
We shall need the following properties of wg p(f, 7).

(a) for fixed f € L,(Q) the quantity wy ,(f, 7) is a nondecreasing function
of 7 defined on [0, H] where H = d/k and d is the diameter of €;

(b) for fixed 7 the triangle inequality holds
wk‘,p(fl + f27 T) S wk‘,p(fh T) + wk,p(f27 T)7 f17 f2 S LP(Q)v (622)

(c) for any A >0
Wiep(F; A7) < (1 + N wrp(f,7); (6.23)

(d) for f € Wi(Q), 1 <€ <k, and T > 0 there holds

wip(fim) < m'Prfmaxw_ (D f,7), (6.24)

where wo ,(f, 7) = | fllz,@);
(e) for f € L,(R2)

wip(f,7) < Pwr—jp(fir), 0<j <k (6.25)
Concerning the proof of properties (a)—(e) we refer to [198, 277, p. 103].

6.4.2. Main Results

The following Theorems 6.14 and 6.15 are Jackson type estimates for simul-
taneous approximation by polynomials and entire functions of exponential

type.

Theorem 6.14. For any k > 1, £ > 0, n > k+ £, and f € sz(V),
1 < p < o0, there exists a polynomial p, € Py m such that for every o,
0<|al<¢,

ID(f = Po)lle,v) < Cplal—¢ |Ig|a=}§wk’p(Dﬁf’ Hn™'). (6.26)
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Theorem 6.15. For any k> 1,£>0,0 >0, and f € W]f(Rm), 1<p<
00, there exists a function g, € Byy such that for every a, 0 < |a| < ¢,

1D°(F = go)ll ey < O™ maxwn, (D f, 07, (6.27)

Theorem 6.14 for ¢ = 0, p = oo, and Theorem 6.15 for £ = 0 were proved
in [168].

The following estimates of L-positive simultaneous approximation are
the simple consequences of Theorems 6.14 and 6.15, Corollary 6.5 and Re-
mark 6.7.

Let L’ be differential operator (6.12) where aq, h < |a| < v, are functions
defined on V' C R™ and satisfying conditions (B1), (B2). Let u be given
by (6.13).

Corollary 6.16. For every f € sz(V) NM(L,V), £ > p, and for any
n>k+4{, k> 1, there exists a polynomial Q. € Ppm N M(L',V) such
that for all a, o] < ¢,

1D (f = Qu)ll, vy < Cns(@)—¢ |Ig|a}§wk’p(Dﬁf’ Hn™')
where s(a) = p for |a] < h —1 or a = ag, and s(a) = |a| for a # ag,
h<l|a| <.

The close result for m =2, p = 0o, k = 1, and V = [0, 1]? was obtained
in [14].

Let L’ be differential operator (6.12) with h = 0, where a4, 0 < |a| < v,
are functions defined on R™ and satisfying conditions (B1), (B2).

Corollary 6.17. For every f € WA (R™)NM(L', R™), £ > v, there exists
a function go € Boy NM(L',R™), 0 > 0, K > 1, such that for every «,
lal < ¢,

1D°(F = g0}l ey < O™ oo (D 07Y),

As consequences of Theorems 6.14, 6.15 we prove the existence of Steklov
type functions which are polynomials or entire functions of exponential

type.
Corollary 6.18. For any f € Ly,(V), 1 <p < oo, and k > 1 there exist
polynomials P, € Pp m, n >k, such that

If = Pallz,(v) < Cwrp(f, Hn™h),

max 1D Pol|, vy < CrFwyp(f, Hn ™).
nax

Corollary 6.19. For any f € L,(R™), 1 <p < o0, and k > 1 there exist
functions g, € Byy, 0 > 0, such that

Hf _gaHLP(R’"’) < ka,p(fva'_l)7
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a k -1
|I£|i>1(g||D g"’”LP(R"‘) <Co Wk,p(fao— ).

First we prove Theorem 6.15. In proving Theorem 6.14 we use the idea
[168] of reducing inequalities like (6.26) to inequalities like (6.27). With
that end in view we construct two special “bridges” between Theorems
6.14 and 6.15. First of them is an estimate of best polynomial approx-
imation of functions from B,y . The second one is an extension theorem
preserving moduli of smoothness uniformly in 7. Finally, using these results
and Theorem 6.15, we prove Theorem 6.14 and Corollaries 6.18, 6.19.

6.4.3. Proof of Theorem 6.15

Let di be a function from C*°(R™) with a support supp di C (1/2)V,
||d1||L2(R’”) = 1. Let us set

do(z) = o™ 2dy(x)0);  ~o(t) = o™ d2(ot) = d2(t), (6.28)

where
20 = ()2 [ ol exp(=ilt. )y

denotes the Fourier transform of ¢ € Ly(R™).
We get from (6.28)

Yo (t) = 0; ||70||L1(Rm) =1 (6.29)

/Rm 1t e (t)dt = o /R’"’ [t (t)dt = Co™, A >0. (6.30)

Let us now consider the multidimensional analogue of Korovkin means
[168, 277, p. 258]

wth) = [ A+ AD @i = [ D =tf@ (631

where I is the identity operator and
r
D,(y) = —1)57ts™m o(—y/s), r>1. 6.32
) =30t (Daus) vz (6.32)

We need the following properties of g,(f, ).

(1) For every f € L,(R™), 1 < p < oo, the function g,(x) = g-(f,z) €
B,v N L,(R™). This fact was proved in [168].

(2) g-(1,2) = 1. This follows from (6.29) and (6.31).
(3) For every f € WE(R™) and any o, |a| <,

gT(Daﬁ 3'}) = Dagr(f,x). (633>



82 6. About L-Positive Approximations

To prove (6.33) we consider a function ¢ € C*°(R™) with a compact
support. Using (6.31), (6.32) and the definition of Sobolev derivatives, we
have

[ D0 Gptads = 0! [ D@~ 0D (@)

= /Rm D, (t)dt /Rm Def(x —t)p(x)dx = /R’"’ 9r(D f, x)p(x)dz.

Thus (6.33) is proved.

Using (6.29), properties (1)—(3) of g.(f,z), properties (6.23)—(6.25) of
moduli of smoothness and the generalized Minkowski inequality [274, p.
271] we derive for every f € Wf (R™) and arbitrary 7 > 0

||Da(f *9k+£)||LP(R’") = ||Daf *ng(Daff)”Lp(R’")

m

< /R Wi (D° £ )9 (8)dE < wip (DO £, 7) /R (L4 [t]/7)E+ 5 (Dt

m

< CT@—Ia\ ‘rgla);wkﬂal,p(Dﬁﬁ 7-) (1+T—(k+€)/ tk+€’yg(t)dt>

1Bl=

< Crt-lel maﬁwkyp(Dﬁf, T) (1 4 7= (k+0) /R t|k+€’}’a(t)dt) - (6.34)

Setting 7 = (Jgm [t/" 70 (t)dt)l/(kH) we have 7 < C'/o by (6.30). Thus
(6.27) follows from (6.34) and (6.23) for g,(z) = gr+e(f, ). |

6.4.4. Polynomial Approximation of Entire Functions of

Exponential Type
Lemma 6.20. Let g € By- N Ly,(R™), 1 < p < oco. Then for arbitrary
g€ (0,1), k>1,£4>1,n>k+{, there exists a polynomial F,, € Pp m
such that for every «,

1D%(g — Fu)llz, (qnv) < Cexp(—bn) \%ﬁaﬁwk’p(l)ﬁg’ 1), (6.35)
where b > 0 is independent on n and g.
Proof. In [168] showed that there exist polynomials Fs € Ps p, s > k + £,
such that

Hg - FsHC(qu) < CeXp(<_b7 s>)wk+€,oo(g7 1)7 (636)

where b; > 0 is independent on s and g € By~ NC(R™). Using the multidi-
mensional Markov type inequality [281] we obtain from (6.36) for n > k+/¢

1D*(g = Fa)ll £y (anvy < C™PIID* (g = Fo)lloggnyv)
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< Cn™P N | D(F. = Fog1)llogany)
s=n+1
oo
< O™l N T (s 4+ 12| g — Flle vy
s=n+1
< O exp(—bn)wir,00(g: 1)- (6.37)

Thus we have from (6.37) and (6.24)
1D%(g — Fo)llz, (gnv) < Cexp(—bn) Irglgwk,oo(Dﬁg, 1). (6.38)
Furthermore, AfDﬂ g(z) is an entire function of exponential type d for

each fixed ¢ € R™ and || = ¢. Here d is a diameter of V*. Therefore, using
the Nikolskii inequality for functions from By, [277, p. 235], we obtain

max wi, oo (DPg, 1) < C max wy ,(D?g,1). (6.39)
|Bl=¢ |Bl=¢
Inequalities (6.38), (6.39) yield (6.35). |

6.4.5. An Extension Theorem

Lemma 6.21. For any £ >0, k > 1 and p € [1,00] there exists a bounded
operator T: WE(V') — WS(R™) with the properties:

(a) Tf = f € Prgo—1m on V, f € WHV);
(b) for any T € [0,diam V] and 0 < s < ¢,

llgllzi)i wip(DPTF, TR < C ltglzi)i wip(DP £, 7))y (6.40)

The proof of the lemma is based on several lemmas. First of them is the
extension theorem of Stein [274, p. 181]. We denote

|f

P8, Q = ma;g 1D fll (-

Lemma 6.22. There exists a linear operator E mapping functions on V
to functions on R™ with the properties:

(a) (Ef)(x) = f(z) for all x € V;

(b) E maps Wﬁ(V) continuously into sz(Rm) for allp, 1 < p < oo, and
all ¢ =0,1,..., that is,

IEf L, )+ Efl, o rm < CUS L0 + [flpev)- (6.41)
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The next lemma considers relations between functionals and moduli of
smoothness. We set (£ >0, k> 1)

Kop(fim)o= inf  (|f—g
ge

Wit (Q)

p.0,0 T TIGlpkte,0)-

Lemma 6.23. IfQ is an open convez set in R™, then for every f € W]f(ﬂ),
1<p<oo,and s=0,1,...,¢,

C1 K1 (f,7™)a < lrna} W p(Df, 7 < Co Ko 1 (f, 7)q. (6.42)

al

For s = 0 inequalities (6.42) were proved by H. Johnen and K. Scherer
[198]. The proof of Lemma 6.23 is similar to the case s = 0.

The last lemma considers estimates of polynomial approximation in the
Sobolev spaces.

Lemma 6.24. For every h > 1 there exists a polynomial operator Py : Ly(V) —
Ph-1,m, 1 <p < oo, such that for any f € W;(V),0<s<h,

If = Pu( )L, vy + |f = Pu(f)

psV S C|f

eV (6.43)

Proof. Let f € L,(V) and Pr(f) € Prn—1,m be a polynomial satisfying the
Whitney type inequality [120, 198]

1f = Pu(f)llz,0v) < Cwnp(f;1). (6.44)

If s = h and f € W} (V) then (6.43) follows from (6.44) and (6.24). Let
now 0 < s < h— 1. Using (6.44) for h = s and f = P, we get

| Ph — Ps(Pr)ll,(v) < Cwsp(Pa,1). (6.45)

Applying now estimates (6.44), (6.45), (6.22), (6.24), (6.25) and the
Markov type inequality [281] we derive

| Pr(f)lp,s,v = [Ph — Ps(Pr)lp,s,v < Cws p(Pr, 1)

< Clwsp(HL) + 1 = Pallz,v)) < Clflpsv- (6.46)
And (6.23) and (6.46) yield (6.43). ]

Proof of Lemma 6.21. Let E be the bounded extension operator from
Lemma 6.22 and let Pyy¢(f) be the polynomial operator from Lemma 6.24.
We claim that the operator

Tf=E(f— Pere(f))

is the desired extension operator. It is obviously T'f — f € Prir—1,m on
V,feLy(V).
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Furthermore, from (6.41) and (6.43) we obtain that 7" is a bounded
operator from W7 (V') into W;(R™), s = 0,...,k + {; moreover, for any
few; (V)

|Tf|p,s,Rm < C|f p,8,V - (6.47)

It only remains to prove (6.40). Using Lemma 6.21 and (6.47) we get

max wi (DT f, T)gm < CKs (T, Tk)Rm

|a|=s

<C if (Tf=Tel, g +71T¢l, e r™)

PEWST(V)
<C  inf(If = @lpsy + 7@l s v)
WGW;D*—S(V)
< CK,i(f, Tk)v < C’lmlaxwk.,p(D“f, Tv. [ ]

6.4.6. Proof of Theorem 6.14

Let f € sz(V), l1<p<oo,andlet f =Tf € Wﬁ(Rm) be the function
satisfying properties (a), (b) of Lemma 6.21. According to Theorem 6.15
we can find g € B, /2)v- N Ly(R™) satisfying the inequality (|af <)

1D* (1 = 9llz, @) < Ol maxwn, (D7 fr,m ™). (6.48)

We obtain from (6.48)

lréllaz)zwk’p(Dﬁg,nfl) < C|rg|a=}§wk’p(Dﬁf1’ nh). (6.49)

Furthermore, the function g, (z) = g((2/n)z) belongs to By «. Therefore
using Lemma 6.20 for ¢ = 1/2 we obtain that there exist polynomials
F, € Pym, n > k+ £, such that

1D (g — F,L)||Lp((n/2)v) < Cexp(—bn) ﬁi};wk’p(l)ﬁg”’ 1). (6.50)

Setting Gy, (z) = Fy,((n/2)z) and using (6.49), (6.50) we have
1D%(g = Ga)llL, vy = (0/2)! 1= PID (g0 — Fo) i, (n/2v)

< Cexp(—bn) f?a)i wrp(DPg,n™1)

< Cexp(—bn) %a};wk’p(Dﬁfl’ nh). (6.51)

Finally, setting P, = G, + f — f1 we get from estimates (6.40), (6.48),
(6.51) and (6.23) that

||Da(f - PH)HLP(V) < ||Da(f1 - Q)HLTJ(R”’”) + ||Da(g - Gn)HLP(V)
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< Cnl=*(1 4 n*~ 1l exp(—bn)) rélaﬁwk,p(Dﬁfl, n~=1)

< Cnplol=* |ngl|gi§wk’p(Dﬁf1’ Hn™1)

< Oplol=¢ $|a§wk,p(Dﬁf, Hn™'). ]

6.4.7. Proofs of Corollaries 6.22, 6.23

Proof of Corollary 6.19. Denoting by d the diameter of V we have
Bsv C Bgg,m- In the further estimates we need the Nikolskii inequality
[277, p. 217]

1D%gl, @) < (0d/2)* A%l R+ 9 € Baoun N Ly(R™),  (6.52)

where A% denotes a mixed difference of order o, A = (a1,...,a), a =
7/(20); and the Brudnyi inequality [120]

1A% 1, Ry < Cwlalp(o [A). g € L,(R™). (6.53)
We obtain from Theorem 6.15 that
If = 9ol Ry < Cwnp(fo™h). (6.54)
Using (6.52), (6.53), (6.54) and (6.25) we derive

o k @
o 1D%gsll,,®my < Co ﬁi’i”AAg"”Lp(R”)

< Cakwk,p(gaagil) < Cgk(wk,p(fa 071) +If *QUHLP(R’”))
< Cakwkyp(f,a_l). [ ]

Proof of Corollary 6.18. Let f € L,(V), 1 < p < oo, and let f; €
L,(R™) be the function satisfying properties (a), (b) of Lemma 6.21 for
¢ = 0. Using Corollary 6.19 we can find g € B, 2y~ N L,(R™) such that

”fl - QHLP(R’") < ka,p(flan_l), (6.55)

ax HDagHLp(R’"’) < anwk',p(fla n~h). (6.56)

e
Using Lemma 6.20 we obtain that there exist F;, € Pp.m, n > k, such
that (6.50) holds. Putting G, (x) = F,,((n/2)x) and using (6.55), (6.56) we
get
max ID%(g = G)llz,(v) < Cexp(=bn)wyp(g,n™") < Cwpp(fr,n?).
(6.57)
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Setting P, = G,, + f — f1 we derive from (6.55), (6.57) that

If = Pallr, o) < Cwnp(fin™h).

Furthermore, taking into account (6.56), (6.57) and the relations D*P,, =
D*G,, |a| = k, we obtain

[e3 [e3 [e3
masc D" Py v) < max (1D, ) + 10%(0 = o)L, )

< anwk,p(fl,n_l) < C’nkwk’p(f, Hn_l). [ ]
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About Shape Preserving Weighted
Uniform Approximation

Results concerning shape preserving weighted uniform approximation on
the real line are presented. This chapter is based on [74].

7.1 Introduction

Shape preserving approximation by real polynomials of real variables on
the compact interval [a, b] in the classical non-weighted L?[a, b]-norms with
0 < p < 0, is a well developed topic in mathematics (for a comprehensive
treatment of the subject see for example the book [167]).

But studies concerning shape preserving weighted approximation on the
real line seem to be almost nonexistent. An interesting rare article on the
topic is [220].

The aim of this chapter is to show that the so-called L-positive approx-
imation method developed in [75], see also Chapter 6, is powerful enough
to produce new results in shape preserving weighted approximation.

7.2 Shape Preserving Weighted Uniform
Approximation

For a continuous weight function w : R — (0, 1], define the weighted space

Cyw(R)={f:R—>R;f— continuous on R and liril f(z)w(x) = 0}.

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 89
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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It is a linear space endowed with the norm || f|| ¢, &) = sup{w(z)|f(z)|;z €
R}.
Also, for any r € NJ{0} define the space

Cr(R)={f:R—R;f e Cu(R), forall y =0,1,..., 7},

endowed with the norm || f|cr = max{|| f||c, &)y = 0,1,...,r}. Clearly
we have CO (R) = C,, (R).

In all what follows we will consider the exponential (Freud) weight

wo (z) = e %1% with o > 1.

The general results in [75], see also Chapter 6, will allow us to obtain in
an easy way shape preserving results in weighted approximation. Thus, first
we obtain the following results in simultaneous shape preserving weighted
approximation.

Theorem 7.1. Let r > 0 be an even number. For any f € C, (R)

satisfying f(j)(x) >0, forallz € R and 57 = 0,2,4,...,7, there exists a
sequence of polynomials (P,,),, with degree (P,) < n, such that P,(L])(:U) >0,
forallz e R, neN and j =0,2,4,...,7 and

1f = Pl

where C' > 0 is independent of n and f and

cp. < CE.(f;Cy,, (R)), for alln €N,

Proof. If we fix r an even number and in Corollary 6.2 here, we take
Ly(f) = f9,v=0,2,4,...,r, F = C!, (R) and define p(z) = di—pr¥ €
Cy,.. (R), then we immediately obtain the conclusion in the theorem. W

As an immediate consequence we obtain the following result.

Corollary 7.2. Let r > 0 be an even number and f € Cy, (R) satisfying
f9(x) >0, for all z € R and j = 0,2,4,...,r. There exists a sequence
of polynomials (P,)nen with degree (P,) < n, such that for every j =
0,2,4,....,r we have

lim [|PY) — fD)c, @ =0 and PP (z) > 0,Vz € R.

n—oo
Proof. Taking into account Theorem 7.1, clearly that it is sufficient to
prove that for any fixed even number r, we have
lim E,(f;Cy, (R)) =0.
n—oo

w,

For this purpose, let us denote by @), a polynomial of degree < n attached
to f such that

- n < i f - )
If = Qnllc.,, ® < ¢ ot If—Qllec.,. ®)
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with a constant ¢ > 1. We clearly have lim,, . || f — Qullc,, &) = 0.

But according to a classical result of Freud ([161, Theorem 4.1]) (see
also for example [225, p. 90, Theorem 4.1.7]), this immediately will imply
that

dim [|f9 ~ QP e, x) =0, forall 1< j <

Since ' 4
Balf:CL,®) < max {119 - @Dy, ),
passing to limit with n — oo we get the desired conclusion. |

Remark 7.3. Given r € N and f with f) > 0 on R and denoting
E;(f,Cuw, (R)) = inf{||f = Plc,, ®): P € P, P"(x) 2 0},
the main result in [220, Theorem 1] is that we have

lim E (f, Cw, (R)) =0,

or equivalently, that there exists a sequence of polynomials (P, )nen with
degree (P,) < mn, such that we have

lim [Py, — fllo,. @ =0 and P{"(z) > 0,Vz € R.
n— oo «

It is clear that for even r € N, Corollary 7.2 is a simultaneous approxi-
mation-type result corresponding to Theorem 1 in [220].

Now, if for fixed § > 0 we define as in [75, p. 483] the set Ms(R) of all
d-increasing functions, by the set of functions f : R — R satisfying the

property

flz) = F(v)

>0, for all 2,7 € R, |z —~| > 8,2 #7,
T =7

applying Corollary 6.3 here, we immediately obtain the following.

Theorem 7.4. For any 6 > 0, f € Cy, (R)[Ms(R), there exists a
sequence of polynomials (Py,), with degree (P,,) < n such that P, € Ms(R)
for alln € N and

If = Pullw, < CEL(f;Cw, (R)), for alln € N,

where C' > 0 is independent of f and n.

Remark 7.5. 1). Theorem 7.4 is the weighted correspondent of the
non-weighted approximation result, see Corollary 6.12 here.

2) In fact, all the applicative results in the Sections 6.3 and 6.4 can be
re-written in the weighted approximation setting, at least for Freud-type
weights of one or several variables.
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Jackson-Type Nonpositive
Approximations for Definite Integrals

In this chapter the integral of a function over a finite interval, is approx-
imated by Jackson-type approximations that are non-positive linear func-
tionals. Several important cases are treated, in which approximations are
given with rates by using higher order moduli of smoothness. Real appli-
cations of these results might be, e.g., in Communications and Medical
Imaging. This chapter relies on [70].

8.1 Introduction

In this chapter we construct nonpositive linear functionals that approxi-
mate the integral fol fy)u(dy), where p is a probability measure on [0, 1],
with the order O(wp+1 (f; %)), p € NU{0}. These linear functionals are
sums of suitable linear combinations of the integrals of dilated translates
of f over successive subintervals of [0,1]. They are Jackson-type general-
izations of approximants arising in Statistics and introduced in [20].

The chapter has been motivated by the interpretation of fol f(x)dx as
work or energy from physics, and especially by applications in Signal The-
ory (time-limited and band-limited signals). In Communications and Med-
ical Imaging, for example, we often measure work or energy of involved
signals approximately, that is, by measuring work or energy of dilated
translates of such signals over successive subintervals of the main finite
interval, for example [0, 1].

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 93198]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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8.2 Main Results

Let p € NU{0} be fixed and f: [—p,p+ 1] — R be integrable on [0, 1] with
respect to a probability measure denoted by p.

By using the classical idea in approximation by trigonometric polynomi-
als which produces better estimates, we introduce the integrated sums

n p+1
+1n ZZ / dzk X[l 1 l]( ) (dy)
=1 k=1
where
w9 = 0 (") [ sk
and

Qenn(h) = —3" S ) (”“) / f<y+k<—y>)u(dy)-

i=1 k=1 o
These are, for p € N, nonpositive linear functions.

Remark 8.1. 1) For p = 0 we obtain the so-called sums-linear functionals
introduced in [20].

n .
2) For p = 0, Qp+1,n(f) becomes the Riemann sum % Sf (%), which
i=1

means that Qpy1.,(f) represents in fact the Jackson-type generalization of
the Riemann sum above.

Next we mention the usual (p 4+ 1)th uniform modulus of smoothness
defined on the interval I, = [—p,p + 1] by

wp1(f30)1, == sup{| AL f(@) ;2,2 + (p+ Dh € [-p,p+1],0 < h < 6},
where

p+1 bl

AP () = ( L >(—1)’f - flz + kh).

k=0

Theorem 8.2. It holds
1
(1)’ p+1n /f ‘<Wp+1<f;£> , Vne N,
I

P

(i) ‘Qpﬂ,n(f) / f<y>u<dy>] <t (1 %) VneN.

p

Proof. (i) We observe that

i p+1

Roan() = [ Sntan)| = ’ > ) " 3 (1)) ~ Z / Fwntdy)
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LANYE S Ry n i et

- Z/i—l {Z nd"”“(f)(w_f(y)} wldy) 52/4,_1 > ndik(H) — f)| u(dy)
=10 k=l i=17 "% |k=1
=3 [ [ () 1 it — / ()t ()

[ e s

2::/_ {n }u(dy)

<Z / / AL ()l pu(du) el dy)

(y+k(u—y)e[-pp+1,k=0,p+ 1, u,v € [0,1])

30 [, [ vt s tont) = o)

But u,y € [%, l] implies |u —y| < %, so we derive

1 1
u)z>+1 <f; E) pdu) = wpi1 <f; E) )
I I

i
Z )
4 i— 1
i=1 P P

which proves (i).
(ii) We obtain

which establishes the theorem. |

Remark 8.3. If f € CP*[—p,p + 1], then the order of approximation of

fo 1(dy) by Rps1n(f) and Qpia1,n(f) is O (775), which for p € N
big enough cannot be obtained by the Riemann sums or by the classical
quadrature formulas.

We now consider related L!-results for R,1,,(f) and Qpi1.n(f).
Theorem 8.4. Let f € LL(R). Then:
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(i)

1
Ryt1n( / fly ‘ < 2wptq (f; E) Vn € N, where
L'u(R)

1 1
wpt1 | f3 = sup < [|AT (@) | L@ 0 < h < =
"/ L) n

—sw{ [ i a0 <n < 1.

—00

(it) If APT f(y) >0, Vh > 0, y € [-1,2], then

1
\Qp+1,n<f>— / f(y)u(dw]sw (f;l) Vnen,
0 "/ L)

Proof. (i) We get

Rpt1n( / fly ‘ (see the proof of Theorem 8.2)
p(dy) = { / ’

'x[i;_;,%](y)] u(dy)}

i p+1

n
i—1
n k=1

> ndi k() — f(y)

-

/ AP F(y)p(du)

(dy)}

=1

For any y € [%, i], it holds

| A i@t < |, 185t
o LLSE ] o LL[SH 2]
Y +1 vt 1y
<\, A rwla " / AT F ()l pldw)
Yo LIS+ Y LIS+
1 1
= |7 1am rwlatar) | [T 18 ) utao)
’ P LL 4]

1 1
= [0 gy gy + [T IAE @y ()

Therefore, it follows
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(¥)<n {/0 ||A§f)1f(y)||L;1‘[o71]p(dv) +/0 ||A5Hf(y)||L}L[0,1]#(dv)}

sn {/o AP F ()] pa =y (o) +/O HAi)Hf(y)HL;(R)M(dv)}

" 1 1
<0 [T 1A SOt < 20t (F1)
0 n n Lb(R)

which establishes (i).
(i) Similarly, we obtain

Qi) - [ 1 ()

I
>
.S
+
< —
~—
—
s
=
—
Q.
<
N—
i
\._/

On the other hand, we have £ < y + L, which implies Ai:_ly fly) <
AL £(y). Indeed, first let us assume g € CP+1[0, p+ 2], as in (ii). Denote
F(h) = Ab*g(y), (y € [0,1] fixed), b € [0,1]. By F(h) > 0, Vh > 0.

. APT! .
Also, by g1 (y) = lim i we obtain g (y) > 0, vy € [~1,2].
Furthermore,

F'(h)=(p+1)AV¢'(y + h) = (p+ 1)RPgPTI (&) > 0

(see, e.g., [67, p. 59-60]), so A’filyg(y) =F (% — y) <F (%) = Ap;lg(y).

Also, the condition Afflf(y) >0,Vh >0, Vy € [—1,2], implies for p > 1
that f is necessarily continuous on [0,p 4+ 2]. (If p = 0, it follows that f
is nondecreasing and the theorem was proved in [20].) Then, denoting by
B (f)(y), the sequence of Bernstein polynomials on [0,p + 2], it is well

known that BT(erl)(f)(y) >0, Vy € [0,p+ 2], Ym € N, so reasoning as
above (because B, (f)(y) € CP*1[0,p + 2]), we get

A Bn(f)(y) < AL Bu(£)(y),  ¥m €N,
by taking g := By, (f). Passing to the limit with m — +o00, we easily derive
AL fly) < AR f(y), vy e [0,1].

Hence

—
*
N
IN

> [ A wtdy = [ A% )ty

0 n

”AZ%Jrlf(y)”L}L[O,l] < ||A]%+1f(y)”Lb(R)
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1
< [
= Wptl (f’ n>L}J(R) 5

which establishes the theorem. [ |

Remark 8.5. 1) If in the formulas of Ry11 ,(f) and Qpy1.,(f) we substi-
tute fol by f: and % by a + b*T“i, then we easily obtain approximants to

the integral f: f(uw)pu(du).
2) Let us assume that f: [A, B] X [-p,p+ 1] — R satisfies the Lipschitz
type condition

|[f(t,u) — f(s,u)| < M|t —s|, Vs, te€l[A B], Yu€][-pp+1],

where M is independent of s, ¢, u. Then, let us define Rer]’n(f) :[A,B] = R

b
Y B 1 n ptl
Ry n(£)@) == [ 303 nd(£) e, 4y )n)

i=1 k=1

where

Ak (), y) = (~1)" (p“> / Fy + b — y)p(du).

Then we easily obtain

| Rpr1.n(f)(t) = Rpr1.n(f)(s)]

1 n p+1 i
< [ n(") ) [ k)~ fs k) e @)
i=1k=1 n

< M2PHt — 5|, for all s,t € [A, B,

ie., Rerl,n( f)(z) satisfies a kind of global smoothness preservation prop-
erty. The same property is valid for the modified expression

Qpt1.n(f)(z /1 »S or("T )f(w y+k<gfy)>x[%7%](y)u(dy)~

11k1



9

Discrete Best L Approximation Using
the Gauges Way

A discrete theory is presented for the best approximation in the ”gauges”
sense. This chapter relies on [8].

9.1 Introduction

In[249], A. Pinkus and O. Shisha introduced novel measures of size (” gauges” )
of real functions of a real variable, continuous on [0, 1]. In their simplest form,
these measures can be described roughly as follows. If f = 0 throughout [0, 1],
then these gauges of f, [[|f[|| and [[[f[[|, are 0. Otherwise, [[| f[|| is the largest
of the areas of the (positive and negative) humps made up by the graph of f
over [0, 1], while ||| f]||, is the largest of the sum of areas of consecutive humps
of the same sign (see Definition 9.1 below). Best approximation by polyno-
mials (or other Chebyshev systems) can then be studied with respect to |||-|]|
and |||]||,. The main point is that doing so, we can imitate successfully the
classical Chebyshev theory of best approximation, much better that by us-
ing L, norms, while, at the same time, |||-||| and [||-]||, are basically integral
measures of functions, a feature often desirable.

Such a continuous theory of best approximation with respect to |||-||]
and |||]||, has been carried out in [249].

In this chapter we present the analogous discrete theory for real functions
on finite subsets of [0, 1]. In particular we prove (Corollary 9.12), that given
f, continuous in [0,1], an integer n > 0 and a sequence (F),-, of finite
subsets of [0, 1], each containing 0,1 and of cardinality > n + 2 such that

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 99
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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the maximal distance between consecutive points of Fj, — 0 as k — oo, the
following relation holds (under a simple condition):

Jim min{[[f = plf[ 5 = min |[|f = pll],
— 00
where [[||[|, is the discrete version of |[|[-]||, and where the minimum on
both sides is taken over all polynomials p of degree < n.

The continuous theory of [249] has been further developed in [219], which
contains also an outline of a discrete theory similar to this chapter, but with

some of the proofs left out and with the underlying discrete gauges different
from ours.

9.2 Background
We recall from [249].

Definition 9.1. Let f be a real function of a real variable, continuous
in [0,1]. We put

max{/abf(a:)d:c

(see Note 9.13),

/abf(x)dx

IfIII (" gauge of f7) =

:0<a<b<1, f(z)>0o0n (a,b) or f(z) <0 on (a,b)}

IIf1]l, ("star gauge of f7) =

:0<a<b<11, f(x) >0o0n (a,b) or f(z) <0on (a,b)}.

max {

As mentioned in [249], [|||||, |l|-]||, are not norms over C ([0, 1]).
Observe that the definitions of ||| f||| and |||f]||, make sense also if, for
some 0 = zg < 1 < ... < Ty = 1, f is a real function, constant on

[{L‘j,fL‘j+1), ] = 0, 1, ey T — 1.
Definition 9.2. Given a finite set
F:0=xp<m <..<zxpm=1 (m2>1)

and a real function f defined on F', we denote by fr the real function, with
domain [0, 1), which equals f (z;) on [z;,z;11), 7 =0,1,...,m — 1, and set

[Fl=m+1, flllz = fell AL = e, - (9-1)
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Observe that ||| f]|| - and ||| |||, are independent of f (1) but it is still
natural to associate these ”gauges” with a finite set including 1, as x,,, = 1
determines the interval of constancy [z,,—1,%.) exactly as other z; do
(if 1 < j < m). Also, one can consider a definition of |||-||| and ||||||,
”symmetric” to Definition 9.2 where, in (9.1), fr (z) = f(z;+1) on each
(xjaijrlL Jj=0,...,m—1

(9.1) clearly implies

m—

LA < TIAN e Z ) (@541 — 25) < max{[f (z;)] : 0 <j <m—1},
B (9.2)

lleflle = lel -1z Weflllp = lel - Il f]ll.p  for every real c.
For a fixed F, ||||||z and |||-]||,r do not always satisfy the triangle in-

equality. Indeed, let F' = (O,i,%,%,l), let f=1o0n F; g(0) = g(%) =
9(1)=1,9(3) =9(3) = = Then

1

e = WAl =1, llgllle = lgllle = 3

11
I +allle =If +9lll.p = 5 > [llflllz + lgllly = 11l + Molll.p -

9.3 More Background

If, for functions f, f1, fa, f3, ..., we have f,, (z) — f(x) on some F', then it
easily follows that

fn = fllle =05 M fn = flllep — 05

but neither of the statements

W Eallle = WA s W falllar = NIFIp
is valid. Indeed, let F' = ( % )and
FO) = S0 =f(§> f(> )= ()=1
1 1 1

fo(x) — f(x) onF, (9.4)
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but 5 1
I1fallle = 5 #lIflllp = 35-

Also, with the same F, f, let f, be modified to

1 1
fn <§> = —E, n = 172,... .

Then (9.4) but

1 2
Il = 5 ZWIFllr =3
9.4 Basic Result
Theorem 9.3. Let f, — f on some F. Then
A < Lm [[[fulllp < L [[[foll],p- (9-5)

Proof. The last inequality follows from the first inequality in (9.2) (applied
to fn). The first example of Section 9.3 shows that the first inequality in
(9.5) can be strict.

To establish that inequality, let € > 0. We show that for some ng,

1 falllp > Allp ¢ for all n > no.

We may suppose f (x) # 0 for some z € F — {1}. Using the notation of
Definition 9.2, let

111l = (D f (25) (@1 —a5)], 0<r<s<m,

j=r

where
flxr) #0, f(zy)f(x) >0 whenever r <t <s.

Choose ng so that

f” (ZC])f(ZC]) >O? ‘f” (ZC]) 7f($])‘ <€’ j:T,’I"+1,...,S; TL:TLO,TLO+1,... .

Then, for these n,

WEallle =D 1o @)l (@501 = 25) > D1 (@) — €] (@gn — 25) = [[|f ]l — &

j=r j=r
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9.5 Main Result

Given an integer n > 0, we denote by m, the set of all polynomials
>oreo arx®, aj, real, considered as functions with domain (—oo, 00).

Theorem 9.4. Let n > 0 be an integer and let F' and f be as in
Definition 9.2. Then:

(I) There exists a p* € m, for which ||| f — p*|||z < |||f — pl||p for every
pE Ty

(IT) For some F, f, (I) becomes false if |||-||| is replaced by |||-|||, g
Proof. To prove (I), we may assume |F| > n + 3. For otherwise, we can
take as p*, Lagrange’s interpolation polynomial to f on F — {1}.

Call

C=mf{|[[f = plllp:p€m} (9-6)
and for j =1,2,..., let
x) = Z a,ij)xk € my (9.7)
k=0
be such that
If = pilllp = C.
Then clearly the sequence max {|p; ()| :x € F —{1}}, j = 1,2,..., is
bounded, and hence by representing p; (x), j = 1,2,..., as its own La-

grange’s interpolation polynomial on {zg, x1, ..., 5, }, we see that for every
a,b, —00 < a < b < 00, the sequence max {|p; (z)| :a <z <b},j=1,2,..

is bounded. Hence [234, p.56, Corollary 2] each of the sequence ( G ))
Jj=1

is bounded. Therefore there are integers 1 < h; < he < ... such that, for
k=0,1,...,n, UL,(C 2 converges, say, to ai. Put

n
x) = Z apzh.
k=0

By (9.7), for every z,
ph; () — p* ()
and hence, by Theorem 9.3,

f=plllp=C
which, by (9.6), yields (I).
To prove conclusion (II), let F = (0,1, ;,Z,l) let f(0) = f(%) = 2,
f3)=rQ —Oandf(g) =—2.If ¢ <0, then |||f — |||, > 1. If ¢ > 0,

then [[|f —clll,p > 3
In particular, for n=12,.., H‘f - nflm*F =271 4 (4n)"'. Hence
among the numbers |||f — ¢|||,z, —00 < ¢ < 00, there is no minimal. |
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9.6 Preparation Results

We use the following result, essentially well-known. For the convenience of
the reader we include proof.

Lemma 9.5. Let —co < a < b < oo and let f be a real function of a real
variable, continuous in [a, b], for which the set of = € [a,b] with f(x) =0
is finite. Given a < a < & < 8 < b with f(x) = 0, set o (o, 3,2) = 2
if « <z < B and f "does not change sign” at x, namely, there is § > 0
such that « < x — 0 < x4+ < 8 and either f(z) > 0 throughout I =
(x — 0,z + d)—{x} or f (z) < 0 throughout I; otherwise, set o (o, 8, z) = 1

Let

a<c<ca<.ne, <b (n>2), (9.8)

and let
(1) f(ex) >0, k=1,2,..,n. (9.9)

Then there are

aa<r <z < ... <Tpp <¢p, (M>1)

such that
flzg) =0, k=1,2,...,m,
and .
Za (c1,¢n,2) > n— 1. (9.10)
k=1
Proof. Observe that if a < a1 < s <z < [y <31 <b, f(x) =0, then

o(ay, fr,z) > o (agz, B2, x).

We prove Lemma 9.5 by induction. It is trivial for n = 2.
Let N > 2, and suppose Lemma 9.5 is true whenever 2 < n < N. We
prove it for N + 1.
Let
a<c <cg<...<cnyyr <D,
(=1)* fer) >0, k=1,2,..,N+1.
We prove (*): the existence of

1 <21 <22 < ... <Tmy < CN41

such that
f(xk) =0, .] =12,..,m,

and

m
ZU(CI7CN+17xk‘) Z N.
k=1
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By the induction hypothesis this is easily seen to hold in case f (cy41) =
0, or f(eny1) flen) < 0. As fent1) f(en) < 0, we merely need to
prove (*) when f(cy41) # 0, f(cy) = 0. We can also assume not all
of f(e1),..., f (en) vanish. So let

fer) #0, flers1) = ferye) = .= f(en) =0, 2<r+1<N.

If (¢r,cn41) contains a zero of f other than c¢,y1,¢rqa, ..., cn, then (¥)
is trivial if » = 1 and, otherwise, follows from the induction hypothesis,
using it for n = r. So we may suppose f never vanishes in Ui:\’:'r' (Cky Clt1)-
Also, sgnf throughout (c,,c,q11) is (—1)" . We may suppose that it is (fl)k
throughout (cg, cky1) for k =r+1, ..., N, for otherwise o (c1,cn41, ) = 2
for some r < k < N and again (*) would follow trivially if » = 1, and,
otherwise, would follow from the induction hypothesis, with n = r. How-
ever, sgn f cannot be (—1)N throughout (cn, cn41), because sgnf (en41) =
(—1)N T, n

Corollary 9.6. Let —co < a < b < oo and let f # 0 belong to some
7. Suppose (9.8) and (9.9). Then the number of zeros of f in [c1, ¢y],
multiplicities counted, is > n — 1.

This follows from (9.10), nothing that, for k = 1, 2, ..., m, the multiplicity
of x) as a zero of fis > o (c1,¢pn, xk) -

9.7 Another Main Result

Theorem 9.7. Let n > 0 be an integer and let F' and f be as in Definition
9.2, with |F| > n + 3. There is a unique p* € m, minimizing |||f — p|||z
among all p € m,. This p* is characterized by the following property:

(**) There are integers

0<u; <v; <uz < <.o. <Upgo S Upga <m, c==1 (9.11)
such that, for k =1,2,...,n+ 2, p* € m, satisfies:
k " )
(=)0 [f (z;) —=p" (z;)] >0, J=1wup,ur+1,..,0k; (9.12)

Vi

(=1%o > 1f (@) = 0" (@) (a1 — 25) 2 |1f ="l - (9-13)

J=uk

Remark 9.8. The second sentence of Theorem 9.7 is true even if |F| =
n+ 2. For, in that case, let p* be Lagrange’s interpolation polynomial to f
on F — {1}, and let p € 7, be a different polynomial. Then by (9.3),

F =2 lllp =0 <|IIf = plllg-
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Proof. of Theorem 9.7.

(A) Assume the property (**) of the theorem. Let p € m,, p # p*.
We prove |||f —p*|||z < |||f — p|l| - Thus p* is the unique element of m,
minimizing ||| f — pl|| among all p € 7.

Assume, on the contrary, [||f — p*[||p = [|[f — p||| 7. We claim there exist
wy, satisfying

ug < wi < Uk, (_1)k0[p(xwk)_p* (.%'wk)] > 05 k= 1,2,..,n+2,

which implies by Corollary 9.6 that the number of zeros of p — p* # 0,
multiplicities counted, is > n + 1, which is false.
Suppose our claim is false, and let k, 1 < k < n + 2, fulfill

(=) o [p(z;) —p* ()] <O, J = tp,Uks1, .., Vk- (9.14)
By (9.14) and (9.12),
(=D [f (x3) = p (23)]> (=) 0 [f (@) = " (@7)] 20, j = up, 1, -, v,

and hence
Uk

(-1)*0 Z [f (zj) —p" ()] (41 —25) <
(%o Z [f () = p ()] (@01 —25) <[ = plllp < =2 (lp

contradicting (9.13).

(B) Let p* € m, minimize |||f — p|||  among all p € m,, (existence of such
p* is guaranteed by Theorem 9.4, (I)). We shall prove (**) of the theorem,
which, as shown above, establishes the second sentence of the theorem. We
may assume f — p* does not vanish identically on F' — {1}.

A maximal-definite sequence (mds) is a sequence of integers I =
(a,a+1,...,b) where 0 < a < b < m, satisfying:

(i) [f ( ) P (za)l [f (z6) — ™ (w3)] # O;

(ii) o4 —p* (z;)] > 0 for every j € I, where 0, = sgn [f (za) — " (za)];
(iii) o 22 o F @) = p* @) (@01 = 2) = |IIf = p*lll s

(iv) If s, t are integers, 0 < s < a < b <t < m, and if o, [f (z;) — p* ()]
0 for every s < j < ¢, then f (x;) — p* (z;) = 0 for every j satisfying
<j<tbutnota<j<hb.

mds’s are easily seen to be mutually disjoint. There are clearly integers
a,b; 0 < a < b < m, such that

>
s

b

0a )1 (@) = p* @) (@jr =) = IS = Il

j=a

and such that (i) and (ii). Then I = (a,a+1,...,b) is an example of an
mds.
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Let all mds’s be (a1,a1+1,...,b1), (a2, a2+1,....,b2) , ..., (ar,ar+1,...,b)
where 0 < a1 <by <ag <by <..<a, <b.<m.

Let 0 = —0,, and let r; be the largest j for which o4, = 04, = ... = 04,
Ifry < let

2

Oaryy1 = Oapjya = - = 0Oap, =0 = (=1)70,

3

Cargsr = Oapypo = =04, = —0= (=10,
S

Oar, 41 = Oay 42 = =0q, = (=1)%o.

If ry =7, set s=1. Let
Uk = Grp,, Uk =br,, K=1,2,...,5.

Then
0<uy < <us<v<..<us<vs<m

and (9.12), (9.13) for k = 1,2,...,s. Hence (**) will follow once we show
s >mn+ 2. Suppose s < n+ 2. Set yg =0, ys = 1. If s > 1, then for every
k, 1<k <s—1, we define y;, as follows. If there is j, b,, < j < ar,+1, for
which f (z;) — p* (z;) = 0, take the smallest such j, and denote by y the
corresponding z;. If there is no such j, put

Uk = = (x,,% + xbrw) . (9.15)

Thus, always,
O=yo <y <..<ys=1.

Call
s—1

p(z) E—JH(yk.—x) (=—0 if s=1).
k=1
If1<j<s, yj—1 <x<yj, then sgnp(z) = (—1)j o. This equality holds
alsoif y;_1 =2, j =1.
We show: for € > 0 sufficiently small (to become clear from what follows),

I =2 —epllle < IIf =P"lllg (9-16)

As p € 7, (9.16) contradicts the definition of p*.
Given € > 0 sufficiently small, let

v

If =p* —eplllp = |D_If (25) = p* () — ep (@))] (i1 — 5],

Jj=u

(9.17)
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0 <u<v<m, where
flzj) —p*(z;) —ep(z;), j=u,u+1,..,v, areall >0 orall <O0.
(9.18)
It is impossible for [z, x,] to contain a yi, k > 1. For either such a yj
would be an z;, u < j <w, f(z;) —p* (x;) =0, p(z;) = 0, contradicting
(9.18), or, by (9.15), we would have

u<bp, <bpoy1 <wv, sgn [f (xbrk) —p* (xbrk)} = (-1)"o,

sgn [f (xb”ﬁl) —p* (xbrk+1)] = (-1t s

1) o))
sgn [f (wb,.kH) —p* (be.k+1) —ep (fb,.k+1)] )

again contradicting (9.18).
So let

which implies

Y1 < Ty < Tyl < oo < Ty < Yg

where 1 < k < s and where y;_1 < z, if K > 1. Observe that if k < s, then
v < @y, 41 while if & > 1, then u > b,, _1. It follows that if (u,u+1,...,v)
is a subsequence of an mds (a,a + 1, ...,b), then o, = (fl)k o.

() Assume

sgn [f (xj) — p* (z;) —ep (x;)] = (—l)ka7 j=u,u+1,..,0.

Then, by the above, for these j,
sgn[f (z;) = p" (x)] = (=D)" 0, |f(2;) =" (2;) —ep (25)] < |f (w5) — p" ()]
and hence, by (9.17), we have (9.16).

(8) Assume

sgn(f (z;) —p* (x;) —ep(z;)] = (—1)kJrl o, j=uu+1,...,v.
Then, if ¢ > 0is sufficiently small, for j = w, u+1, ...,v, sgn [f (z;) — p* (x;)]
is (—1)" & or 0. Also

v

DU () =" (@) (wjr —2)| < 1f =97 lllps (9.19)

j=u

for otherwise, as is easily seen, (u,u+ 1,...,v) would be a subsequence of
an mds (a,a+ 1,...,b) with o, = (—=1)**! &, contradicting our statement
preceding (a). But (9.19) and (9.17) imply (9.16) for ¢ > 0 sufficiently
small. ]
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9.8 Conclusions

Theorem 9.9. Let n > 0 be an integer and let f be a real function of a
real variable, continuous in [0, 1]. For £ = 1,2, ..., let

Fk:OZx(()k) <x§k) <o<a® =1, m (k) >n+1,

be a finite subset of [0, 1] with

6k5max{(x§-lf21—x§-k)) :OSjSm(k)—l}HO. (9.20)

After Theorem 9.7 and Remark 9.8, given k£ > 1, consider the unique
P € m, minimizing |||f — p\||F}c among all p € m,. After Theorem 3.1 of
[249], consider the unique p* € 7, minimizing |||f — p||| among all p € m,.
Then

f =2l < lim [[[f = pilllp, < T [[1f = pilllg, < 1f =27l -
k—o00 k—o0
(9.21)

9.9 Proofs

In proving Theorem 9.9 we shall use the following two lemmas (see Note
9.14).

Lemma 9.10. Assume the first two sentences of Theorem 9.9. Then

A< i ([f[llp, < T [[[£]l]g, < Tm {1, < £ -
k— 00 k—o0 k—o0

Lemma 9.11. Repeat the first three sentences of Theorem 9.9. Then
the sequence

pr =max{|p; (z)|: 0<z <1}, k=1,2,..

is bounded.
Proof. of Theorem 9.9. For k=1,2, ...,

F = pillle, < MF =p*lg, < =27 Mllp, 5

hence, by Lemma 9.10,
Jim ([ = pilllg, < T ([1f = p"lllg, < I =27l
—00 k—o0

which yields the last inequality in (9.21). ]
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For a real function g of a real variable, continuous in [0, 1], denote by
w1 (g, -) the first modulus of continuity of ¢g (), 0 <z < 1.
Let k > 1. We prove that

f = Pilll < 206 My + w1 (f, 0) + w1 Pk, 0) + |I[f = pilllg, . (9:22)

where
My, = max {|f (x) —pi (x)]: 0 < x < 1}. (9.23)

L?ﬁmm,

where sgn (f — pj) is constant (£1) throughout (a,b) .
If no point of Fy, lies in (a,b), then (9.24) implies

Let

I = pilll = 0<a<b<l, (9-24)

1 = prlll < 0 M
and a fortiori (9.22). Thus we may suppose

(k)

1<...<a:1(}k)<b§xv+1, 0<u<v<m(k).

Then (9.24) yields

(k) 2

Toyt1 v
i =sill= 15wl [
a x

u+1

Z/JI 1 (@)l () =ei (7))

(an "empty” sum means 0) which implies (9.22).
By the mean value theorem and A. A. Markoff’s inequality [131, p. 94,
problem 4],

b
|f = pil +/<k) |f —pil < 20, Mi+

pi () = i (@)]] do

w1 (pg, 0k) < 2126, sup {rj7=12,..3}, k=12,...

By (9.20) and Lemma 9.11, the first three summands on the right side
of (9.22) — 0 as k — oco. Hence, by (9.22),

f =2l < lim [[[f = pplll < Lm [|[f = pklll 5, - (9.25)
k—oo k—oo

9.10 More Proofs

Proof. of Lemma 9.10. For k = 1, 2, ..., let fi be the function whose graph

is the polygon Pék)Pl(k)...P;k()k), where Pj(k) is the point (x§k), f (ng))) in
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the x,y plane, j = 0,1, ...,m (k). By (9.20), fr converges uniformly to f on
[0, 1]. Also, as one easily sees, for k = 1,2, ...,

el < WA g, + ek WA lLg, < NFelllL + €k

where ¢), — 0, ¢}/ — 0. By [249], Lemma 9.10 follows. ]
Proof. of Lemma 9.11. The conclusion is obvious for n = 0. For let

pp(x)=ag, k=1,2,...

If (ur)pe; is unbounded, then for some k > 1, |f (z) — ax| > |f (z)| and
f (z) — ay, has a fixed sign throughout [0, 1], which clearly leads to a contra-
diction with the definition of pj. Suppose n > 0. Let ky > 1 be such that

if k > ko, then & of (9.20) is < (40n2)_1 . We prove that, for all k > ko,
e <2 (14 5n%) M (9.26)

where
M =max{|f(x)]:0<x<1}.

Indeed, let k& > ko and suppose (9.26) is false. Put

Se={r0<a<1 2 < i@},

Then S is open and hence is the union of a set of open, disjoint intervals.
One easily sees that there is an I belonging to this set and a real £ such
that |p} ()] = pw and such that £ belongs to the closure of I. The length
d of I must be > (4n2)71. To prove this we may assume I # (0,1). Then
I has an endpoint n with |p}; ()| = 5. Observe that, throughout I, [py| is
differentiable, being nowhere there 0. By the mean value theorem and A.
A. Markoft’s inequality referred to above, for some ¢ € I,

lp eyt = PEOLZBLOD _

I ()] < 2n®pug;

hence )
d> g —n| > (4n?) .

Since k > kg, I must intersect Fj. Let

P < 95321 <<zl 0<u<v<m(k)

be all points of F N I. Then xg,k) — mgk) > (5n2)_1, for otherwise either
a2 or xgl)l — 2" would be > (40712)71

pi ()] - |7 (7)1 >

For j =u,u+1,...,v, we get

(7) =i (=) =
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(14 50%) M = |£ (2)] 2 5n2M

and, as
7 («57)] < o (=5°)].
sgn py, (wﬁ-’“)) = sgn py (l‘ff)) ;
one has
sgn | («07) = pi (21)] = —sgn pic (210).
Hence

v
* k * k k k
11 = pillls, = D |7 (=7) =i ()] (a3 =) > u1
j=u

mpe—1

k k k
> 3 |7 ()] (29 = 20) = 1
=0

contradicting the definition of pj. [

9.11 Final Conclusions
Theorem 9.9 implies

Corollary 9.12. Using the hypothesis and notation of Theorem 9.9, if

L =2l = [IlF = p7lll. (9.27)

then
([ = pilllg, = (1 =7l
— 00
On the other hand, if (9.27) fails, then |[|f — pj[||; may diverge as
k — o0, as the following example, with n = 0, shows.
Consider the figure consisting of a plane coordinate system, the lines

y = 8 and y = —8, and the graph of a function y = f (), made up of the
non-horizontal sided of four isosceles triangles. For k = 1,2, ..., let

poof(pl2 k-1
k — ’k’k"“.’ k )

so that, as is easily seen,
pk} = O.
Also
dim 17 = pialllg, = Jim [11flllp,, =1
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while

i 17 il = i 15l =

so that [|[f — pi|[|, diverges.

Note 9.13. Observe that 0 always belongs to the set whose maximum
is taken (consider 0 < a = b < 1). If f (x) = 0 throughout [0, 1], then 0 is
the unique element of this set and, so, |||f||| = 0.

Note 9.14. The first inequality of Lemma 9.10 is not used.
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Quantitative Uniform Convergence of
Smooth Picard Singular Integral
Operators

In this chapter we study the smooth Picard singular integral operators on
the line of very general kind. We establish their convergence to the unit
operator with rates. The estimates are mostly sharp and they are pointwise
and uniform. The presented inequalities involve the higher order modulus
of smoothness. To prove optimality we apply mainly the geometric moment
theory method. This chapter relies on [34].

10.1 Introduction

The rate of convergence of singular integrals has been studied earlier in
[163], [164], [231], [16], [69], [68] and these motivate this chapter. Here we
consider some very general operators, the smooth Picard singular integral
operators over R and we study the degree of approximation to the unit
operator with rates over smooth functions. We prove related inequalities
involving the higher modulus of smoothness with respect to || - ||co. The
estimates are pointwise and uniform. Most of the times these are optimal in
the sense that the inequalities are attained by basic functions. We apply the
geometric moment theory method to give best upper bounds in the main
theorems and also we give handy estimates there. The discussed operators
are not in general positive.
Other motivation comes from [12], [13].

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 115
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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10.2 Results

In the next we study the following smooth Picard singular integral operators
P, ¢(f;x) defined as follows.
For r € N and n € Z; we put

(71)1”—]' (t)j_na ] = 17"'ara
J
a; = ) (10.1)

that is >~ o; = 1. Let f: R — R be Lebesgue measurable, we define for
j=0
x € R, £ > 0 the Lebesgue integral

Pre(fi@): 25/ Za]fx—l—jt e~ 1t/8dt. (10.2)

We suppose that P, ¢(f;x) € R for all 2 € R. We will use also that

Pre(fix) 2520@ </ flz+jt)e” |t|/5dt) (10.3)

We notice by % 75 e 1t/8dt =1 that P,¢(c, ) = ¢, ¢ constant and

Pre(fix) gz% (/ (z + jt) — f(x))e—ltl/fdt> . (10.4)
Since - L odd
k o~z 5. _ ) 0, odd,
/_Oox e de = { 2k, k even, (10.5)
we get the useful here formula
e e J 0, k odd,
/700t ¢ dt = { 2k1Ek+T k even. (10.6)

Let f € C*(R), n € Z* with the rth modulus of smoothness finite, i.e.

wr(f("),h) = sup HAff(")(x)Hw,x < oo, h>0, (10.7)

[t|I<h

where .
AL @) = 301y (1) 1o 4 ) (103)

=0
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see [143], p. 44.
We need to introduce

.
0= a;j*, k=1,...neN, (10.9)

and the even function

[t] —ay\n—
G (t) := /Ot %wr(f("),w)dw, neN (10.10)
with

Go(t) == w,(f,]t]), teR. (10.11)

Denote by |-] the integral part.
We present the first result

Theorem 10.1. It holds that
L%]
Pre(f;a) Z FO™ (2)83mE™™

5/ Je~t¢dt, nmeN.  (10.12)

In L.H.S.(10.12) the sum collapses when n = 1.

Proof. By Taylor’s formula we get

LR (g 3t (it — yyn1
f($+jt)zzf .()(J't)k-l-/o %f(”)(x—l—z)dz

n—1 (k) T t —w n—1
=3 Eant g [ e e (013)

Multiplying both sides of (10.13) by «; and summing up we obtain

i:aj( x + jt) — Z f 6 t* + R, (0,1), (10.14)
=0

where

t —w n—1
R (0, 1) ::/0 %T(w)dw, (10.15)

with
=3 0y O e 4 ) — a1 ().

7=0
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Notice also that

- i(—l)’"‘j (;) - (—1)7"(8). (10.16)

j=1
According to [16], p. 306, [12], we obtain

r(w) = AT ) (z). (10.17)

Therefore
7(w)| < we(f™, |w)), (10.18)

all w € R independently of z. We do have after integration, see also (10.4),
that

Pre(fiz) — flx) = %/‘X’ (Zaj(f(x—i-jt)—f(x))) o 1t1/€ gy
=\

1 0o n (k)
= (Z @) Srt* + Rn(O,t)> e~ 1t/8qt
=1

%) o k!
noofrk) 1 oo
= > / fx) Op— (/ t’fe"tl/fdt) + R%,(10.19)
2 e\ )
where s
RE = i/ R (0,t)e~1H/4 L, (10.20)
Here by (10.10) and (10.15) we get
-
|R,(0,8)] < Wh(szgn(zﬁ)wﬂdw < Gp(t). (10.21)
0 .

Hence by (10.20) we find
1 o
RI| < — Gy (t)e "/eat
Ril < g [ Guloe

= %/OOOGn(t)et/gdt. (10.22)

Using (10.6) we obtain

3
Pre(f;) = fx) = > fO™ (2)0m&™™ = R;,. (10.23)

m=1

[l

Inequality (10.12) is now clear via (10.23) and (10.22).
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Finally we would like to prove (10.21) with the use of (10.18). We have
that for ¢ > 0 it is obvious. Let ¢ < 0, then

R0 = | [ L rwa]
< [ s [ 0,
= ([ - wh-w)
= ([ S o)
- [ 7. )t
_ /Otl %wr(f("), 0)d0 = Gy (t).
The last completes the proof of Theorem 10.1. [ |

Corollary 10.2. Assume w,(f,£) < oo, & > 0. Then it holds for n = 0
that

|Pre(f;z) — f2)] < 1/0@ wy(f,t)e t4dt. (10.24)
€ Jo

Proof. We observe that
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([ (e
w1y () )t

_ ig (/Oo <§(1)’"—J’ (;>f(x+jt))e—ltl/fdt)
L

([ arnwyetiea).

(10.8)

[\

I.e. we have proved

Pre(fsx) = flo) = 2—15 (/_OO (A;‘f(x))e—“'/fdt) : (10.25)

Hence by (10.25) we derive

1 o0
|Pre(fix) = f(z)] < 2—5/_W\A§f(x)\e_|t|/5dt
i - —1tl/§
< 25/ wr(ﬁ |t‘)€ dt
N
That is proving (10.24). -

Inequality (10.12) is sharp.

Theorem 10.3. Inequality (10.12) at x = 0 is attained by f(x) = "7,
r,n € N with r +n even.

Proof. As in [16], p. 307, [12], [265], p. 54 and (10.7), (10.8) we obtain
wr(fM )= (r+n)(r4+n—1)--(r4+1)rk",

t > 0. And

Gn(t) =rlt|"t™, teR.
Also we have f*)(0) = 0, k = 0,1,...,n. Thus the right hand side of
(10.12) equals

r!

oo
¢ et Edt = rl(r + n)lETM. (10.26)



The left hand side of (10.12) equals

|Pr,€(f§0>| =

I.e. we have established
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LI~ s o) | et
% Z a;f(5t) | e dt
—o0 \ 550
L = - S\ T+ —|t]/€
o€ Zaj (jt) e dt
¢\ &
sl (e ()i ) evsa
2| \ J
1| [ A o0
- Z(_l)r—] ( >jr (/ tr+ne—|t|/§dt>
2€ ( = J —o0
1 oo
2_5 (Arxr)(o)/ tr-‘rne—ltl/fdt’
1 > r+n_ —|t|/&
2—5 7! tT e dt
1
2% |r12(r + )1 = (e + )1
|Prg(f;0)] = rl(r +n)le™™. (10.27)

Thus by (10.26) and (10.27) we have established the claim of the theorem.
Inequality (10.24) is sharp. [ |

Corollary 10.4. Inequality (10.24) is attained at x = 0 by f(x) = =", r

even.

Proof. Notice that A7z" = rlt" and w,.(f™),t) = rit", t > 0. Thus

' (oo}
R.H.S.(10.24) = %/ tre~t/eqr = ()2

0
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Also f(0) = 0. Therefore

oo

1 T
L.H.S.(10.24) |Pr7§(f;0)|:2_€/ S oyt | e ean

1 > r—i (TN r r,—
_ 2_5/ S(-1) J(j)j tre~1M1/e gy

-0 \ j=0

= — (A’{xr)(O)/ t’"e_ltl/gdt’

1 oo
-1 r!/ tre—|t|/fdt’
2] J s

: 1
(129 2—€‘T!2T!fr+1‘ = (r)2¢".

That is (10.24) is attained. |

Remark 10.5. On inequalities (10.12) and (10.24). We have the uniform
estimates

Pre(fiz) — f(z) — FE™(2) 82 E2™ < l/Oo Gn(t)e t%dt,n e N,
m=1 5 0
’ (10.28)
and -
1Pre(f) = flloo < 1/ we(f,t)e"4dt, n=0. (10.29)
€ Jo

Remark 10.6. The following regards the convergence of operators P ¢.
From (10.10) we have

[t] —w n—1
G (t) Swr(f(”),\tl)/o %dw’
) Galt) < D (5, 1), (1030

Furthermore from (10.28) and (10.30) we obtain

%/ Gn(t)e Vet < —/ wr(fM e Eat. (10.31)
0

That is from (10.28) we get
L)

K= Pre(fim) = fx) = > fO™ (2)05m&™"

m=1

w3

00,

(oo}
%/ t"w, (™ t)e~t/4dt, neN. (10.32)
- JO
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Using w, (f, 1) <t f0)| &, t > 0 we find

L 7+ e [
F / t"wr(f("), t)e_t/fdt S TOO / tn+r6_t/§dt
n.Jo n: 0

_ ||f(r+n)||00 n-+r | — - . ('r+'n) n—+r
= W entrn oyt = (T +4) | 170 o™

=1

n!

Le.

r

1 ° — . rrn n—-+r
enl / thwn(f) B 4dt < <H<n+z)> £ o€, (10.33)
©/0 i=1
That is for f € C"*"(R) we have
T
K; < H(n + ) fT ™, neN. (10.34)
i=1

Here is assumed that || f("T™)|| is finite.
One may use also that

wr(f(”),t) < 2r||f(n)||00~

Then
L[~ - 270 f e [ n -
— n (n) t/¢ 2 1) “llee n,—t/¢
fn!/o t"wr (M, t)e e dt < el /0 t"et5dt
271 £ oot (10.35)
That is
K <27 f™] ™, neN. (10.36)

Here is assumed that || f("||o, < oco. Clearly from (10.34) or (10.36), given
that Hf(zm)Hoo < oo, form=1,.., L%J , as & — 0 we obtain that P ¢ —
unit operator I pointwise as & — 0 with rates, n € N.

Next using w,(f,At) < (A + 1) w.(f,t), A\,t > 0, we get from (10.29)

that
i/ T o e tiar = :/ T (f,f@)et/&dt
0 0
wr(£,€) /0 N (1 n é) /e

= wlr9 [ e

= w(f.9) <k=o @‘“’) -

IN
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That is, we find for the case n = 0, see (10.29), that

1P-6(7) — Flloe < (Z (;>k'> o (1.6). (10.37)

k=0

Here is assumed that w,.(f,£) < co. Now as £ — 0 we obtain

P,.¢ = I with rates, n = 0.

Note 10.7. The operators P ¢ are not in general positive and they are of
convolution type.
Let r =2, n=3. Then oy = %, a; = —2,a9 = %. Consider f(t) =t* >
0 and z = 0. Then
P, ¢(t%0) = =362 < 0.

Next using Geometric Moment theory methods [200], [16] we find best
upper bounds for the right hand side of (10.12) and (10.24).

Theorem 10.8. Let ¢ be a continuous and strictly increasing function on
R such that ¢(0) =0, and let

Pt (% w(t)et/gdt> =:1d¢ >0, £>0. (10.38)
Ry

Suppose H,, := G, o~ is concave on Ry, n € Z*. Then we obtain the
best upper bound
1

S Gat)e VEdt < G(de). (10.39)
£ Jr,

Corollary 10.9. Consider the upper concave envelope H(u) of H,(u).
We derive the best upper bound

E Gn(t)e Vedt < H:((de)), n€Zy. (10.40)

N

Note 10.10. When H,,, n € Z, is concave, then H}(¢(de)) = Gp(de).

Proof of Theorem 10.8. Here H, is concave by assumption. It follows
from the moment method of optimal distance [200], [16] that

sup | Gattintar) = Gt
pe{probability measures as in (10.38)} /R+

Here is supposed that the last integrals are finite. Since by concavity of H,
the set
Iy := {(u, Hp(u)): 0 < u < oo}
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describes the upper boundary of the convex hull conv I'y of the curve
Lo :={(¢(t),Gn(t)): 0 <t < o0}

Notice here that %6*t/5dt is a probability measure on R . |

The fact that H,, can be a concave function is not strange at all, see [16],
p. 310, Lemma 9.2.1(i) which we adjust here. Let g be a general modulus
of smoothness function and consider

5 [yl _ p\n—1
Cly) = /O %g(t)dt, (10.41)

ally e R, neN.
Then we have

Lemma 10.11. Let ¢ € C"((0,00)) such that ¥*(0) < 0, for k =
1,...,n —1 and g(y) /™ (y) is non-increasing, whenever ™ (y) > 0.
Then H, := G, oy~ is a concave function, n € N.

For the right hand side of inequality (10.12) we find the following simple
upper bound without any special assumptions.

Theorem 10.12. Call
e = E((n+ DNV neN, € >0, (10.42)

which the same as

1 1/n+1
—/ y"Tle Y/ Edy = Tg. (10.43)
Let 1l )
Yyl =" (n)
* = —_ ™ t)dt 10.44
Gn(y) A (TL— 1)| wl(f ) ) ) ( 0 )

all y € R, where wy (f™)t) is the first modulus of continuity of ™) and is
finite, f € C™(R). Suppose also that

/ G* (y)e ¥/ ¢dy < oc.
R

Then
1

¢ Gu(y)e™¥/Sdy < 2°Gjy(re), r€N. (10.45)
Ry

Proof. We have w,.(f™, |y]) < 271w (£, |y|), for all y € R, see [143],
p. 45. Furthermore by [143], p. 43 we find

wi(f™, Jyl) < @1 (Jyl) < 201(F™, Jyl),
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for all y € R, where w; is the least concave majorant of w;.
Thus

wr (f lyl) < 27 '@ (lyl) < 27w (F, Ly,
for all y € R. Put

o lyl _ pyn—1
Culy) == /O %wl(t)dt,

for all y € R. Therefore

[yl _ 4\n—1
Gn(y) = /0 %wr(f(n)v t)dt < QT_IG:L(:U)

< 27GL(y) € 27Gh(y), forally € R.

The function 9(y) = y"*! on R, is continuous, strictly increasing and
¥(0) = 0. And ™ (y) = (n + 1)ly > 0, for all y € R, — {0}, along with
" (0) =0, k =1,...,n — 1. Since T (y) is concave on R, this implies
@1(y)/y is decreasing in y > 0, so that @;(y)/¢™ (y) is decreasing on
(0, 00).

Thus by Lemma 10.11 we get that H, =G, O’(/J_l is a concave function
on Ry ; and by Theorem 10.8 we derive

% / Coly)e¥/édy < Gin(re)
0

giving us
1 1 [ —
S Gulye ¥y < 2772 | G(y)e idy
3 R4 13 R,
< 27 Ga(Te) < 27Gh(Te).
The proof of the claim is now finished. m

A related convergence theorem follows.

Theorem 10.13. Let f € C(R) with w1(f,y) finite, y > 0. Then

1Pre(f) = flloo < 2"wi(f, ). (10.46)

Le. as § — 0 we get again P, ¢ —I,n=0.
Proof. Notice )
—/ ye Y/&dy = €. (10.47)

We have again

wr(f ly)) <27 'wi(f lyl), Yy R,
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see [143], p. 45. Furthermore

wi(fs lyl) <@i(lyl) < 2wi(f,lyl) Yy €R,

where @y is the least concave majorant of wy, see [143], p. 43. Thus

wr(f,ly) < 277" (lyl) < 27wa(flyl), Yy € R

Notice that for n = 0 we obtain

|Pre(fia) = fla)] = /(Zaj (z + jt) — f(z ))>e|tl/§dt
(10.24)
it -y/§
< 5/0 wr(f,y)e dy
2r—1
< w1 (y)e v/ dy.
£ Jo

The probability measure %e‘y/ £dy fulfills (10.47). By moment theory [200],
[16] we get

sup | @@ty =519 < 2(1.).
ue{probability measures as in (10.47)} /R

Hence
|Pre(fix) = fy)l <277 - 2w1(f,€) = 27w (£, €).
|

In the next we consider f € C™(R), n > 2 even and the simple smooth
singular operator of symmetric convolution type

1 oo
Pe(f,x0) := 2—5/ fzo +y)e W/edy, forallzg e R, £ >0. (10.48)
That is

Pe(f;20) 25/ flzo+y)+ fzo— ))efy/gdy, for all zp € R, £ > 0.

(10.48)*
We assume that f is such that

Pe(fyz0) €R, Vo e RVE>0 and wg(f(”),h) < 00, h>0.

Note that P1 ¢ = P¢ and if P:(f;2z9) € R then P, ¢(f;x0) € R. Let the
central second order difference

(A5 ) (o) = f(xo +y) + flzo — y) — 2f (w0). (10.49)
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Observe that B ~
(A2, f)(xo) = (A2 f) (o).

Using Taylor’s formula with Cauchy remainder we eventually obtain

n/2

(20

) () —22f2p 0) 2 | R (10.50)

where y ( t)”*l

o A2 £(n) y—-tv_
R '7/0 (B30 o) St (10.51)

Notice that

. _ 1 >~ A2 -y/€

Pelfiao) = flan) = gz [ (B3 fan))e/<dy. (10.52)

So immediately we derive

Proposition 10.14. Assume wa(f,h) < co, h > 0. Then

|Pe(f;20) — f(w0)] < %/O wa(f,y)e V/4dy. (10.53)

Hence

IPh) = Fll < 5 /O wo(fry)e vy, (10.54)

Furthermore we observe by (10.50) and (10.52) that

(2p) T
Pe(fian) = fan) = 5 [ ( T

[ (A?fm))(xo)%dt)e—y/fdy

0 (n
n/2
= Zf(2p)($o)§2p
p=1
LR (-1
— A2 f(n) A Y/€quy.
e [ ([ @ Y evicay
Clearly we have the representation
n/2
Ko(xo) : = Pe(f;20) — Zf(2") 20)E%° (10.55)

_ %/Ooo (/0 (Aff("))(xo)%dt) ev/Edy.
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Therefore

[Ka(ao)| < 25/ (/ Az fn <(_t)”) dt>e viedy

We have established that
Theorem 10.15. Let f € C"(R), n even, P:(f) real valued. Then

| Ko ()| < 25/ (/ ),t)%dt>ey/5dy

< (n) y/&q 10.
< gei | el ey, (10.56)

A\

Remark 10.16. The operators P are positive operators. From (10.54) we
obtain

21—5/0 wlf y)e " edy = 25/ wn (f, ())e v/ dy

2
sen(£9) [ (142) ety = Jen(r.0)

IA

28
Le.
[ Pe(f) = flloo < wz(f,ﬁ), £>0. (10.57)

Acting similarly on the last part of inequality (10.56) it leads us to get
n? +5n+5
ol < (ST ) s 6 €50 (058)

Then from the inequality (10.57) as £ — 0 we obtain P — I with rates.
And we get the uniform and pointwise convergence of Pc — I with rates
from inequality (10.58), given that Hf(gp) Hoo < o0,p=1,...,n/2. Call here
for n > 2 even

Yy _ #\n—1
zum:AwMWw%;%T@ yEeR,. (10.59)

Then by (10.56) and (10.59) we have

|Ka(20)] < %/O Tu(y)e ¥/¢dy, (10.60)

and
Kl < 5¢ [ Tulw)e ™ ay (10.61)
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We put also
To(y) := wa(y), y>0.

Optimality of Theorem 10.15 follows.

Proposition 10.17. The first inequality of (10.56) is sharp, namely at-
tained at xog = 0 by

|y‘oz+n

fiely) = O
IT(a+74)

i=1

0<a<?2 yeR, neven. (10.62)

Proof. See that f,En)(y) = |y|* and by Proposition 9.1.1, p. 298 of [16], [13]
we get wg(ﬁgn), lyl) = 2|y|*. Also fik)(O) =0,k=0,...,n. Then

a+n
Ka(0) = P(fa0) = ¢ / YT gy
Il(e+
= fi /00 e dy = fiF(a+n+ 1)
IT(a+4) 70 I1 (e +74)
i=1 i=1
a+n
Haes it
i=1
That is

K(0) = T(a+ 1)t > 0.

On the other hand we observe that

- g, ([ -]
- o [ ([0 a) evsay
“an ()

gnJraI“(a + 1) /00 n+oa _—x n+a
= — = F 1 .
TntatrD J, VT dr = ¢ (a+1)

That is proving equality in the first part of inequality (10.56). |
It follows the optimality of inequality (10.53).
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Proposition 10.18. Inequality (10.53) is attained by f*(y) = |y|*, y € R,
O<a<2atzy=0.
Proof. We notice that
1 o
P:(f*;0) = E/ y@e V/dy = €“T(a+1) > 0.
0

Also we see again by Proposition 9.1.1, p. 298, [16], [13] that

L[~ Veqy = L [T yoe—ure
o [ wa(fT y)e Y rdy = —/ ye Vo dy.
25/0 2 ) €Jo

That is proving equality to (10.53). |

Next we present a Lipschitz type of related optimal result.

Theorem 10.19. Let n > 2 even and f € C™(R) such that
wa(fM Jy]) < 24Jy*, 0<a <2, A>0.
Then for xo € R we have

n/2

Pe(f;mo) = f(wo) = D fPP(20)€?| <T(a+1)Ag"™H.  (10.63)
p=1

Inequality (10.63) is sharp, namely it is attained at xo =0 by

A y a+n
[l (a+9)
Proof. For y > 0 we observe that
Yy ( _t)n—l
T — m) pWW Y
”(y) /(; (UQ(f 3 ) (7’L — 1)'
Y —t n—1 2A n+ao
< /2At“(y )1‘dt:ny .
0 (n—1) (o +1)
i=1
Hence
1 [ A o
E/ Tn(y)e_y/fdy < — / y”‘*ae_y/fdy
0 e+
=
Agn—&-a
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Using (10.60) we have proved (10.63).

Notice that f(")( ) = Aly|®, and by Proposition 9.1.1, p. 298, [16], [13]
we find
wa( £ ly]) = 24y|".

Also f*(0) =0,k =0,...,n. Then K5(0) = I'(a + 1)A¢>+" > 0. That is
proving equality to (10.63). [ |

Let f € C™(R),n > 2 even, be such that wo(f™,|t]) < g(t), where g
is given arbitrary, bounded, even, positive function and Borel measurable.
We consider the even function

To(y) == /Oyg(t)%dt, y €R. (10.64)

Theorem 10.20. Let ¢ be a function on Ry such that ¥(0) = 0, which is
continuous and strictly increasing. Suppose that

1 oo
-1 (Z/o ¢(y)ey/€dy) = d¢ > 0. (10.65)

Suppose (n > 2 even) that M, (u) = Ty (b~ "(u)) is concave on Ry . Then
for any xog € R we get

| Ks(0)] < =Tn(de). (10.66)

[\DlH

Proof. Here we are applying geometric moment theory, see [200], [16].
Notice that

n€(u be probability frlllé)asures as in (10.65))/0 ) )
Since by the concavity of M,,, the set
o= {(u, Mp(u)): 0 <u < oo}
is the upper boundary of the convex hull of the curve
Lo := {(¢(y), Tu(y)): 0 < y < oo}

Now theorem follows from (10.59) and (10.60). ]

A more general result follows.

Theorem 10.21. All here as in Theorem 10.20, but we consider now M},
the upper concave envelope of the not necessarily concave M, . Then

Ko (a0)| < %M;(z/}(dg)), Vzo € R, (10.67)
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If M,, is concave then

R.H.S.(10.67) = =T, (de).

l\DlH

Let g be an arbitrary, continuous, even, positive function on R such that
g(0) = 0. Let ¢ be continuous, strictly increasing function on Ry with
¥(0) = 0 and T}, be as above, see (10.64).

Next we give sufficient conditions for M,, = Tn o1~! to be concave on
Ry, n > 2 even. The result is similar to Theorem 9.1.3(ii), p. 302, [16], [13].

Theorem 10.22. Suppose ¢ € C™((0,00)), n > 2 even, that satisfies
Y™ (0) <0, fork=0,...,n—1.

Assume, further that g(y )/w(”)( ) is non-increasmg on each interval where
Y™ s positive. Then M,, =T}, oy~ is concave. In particular T, (y)/v(y)
is non-increasing.

Finally we give to both operators P, ¢, P¢ some alternative kind of esti-
mates.

Theorem 10.23. Assuming f € C™(R) and w,(f™,€) < o0, £ >0,n €N
and Gy, as in (10.10). Then

1~ —t/€
5/0 Gn(t)eVEdt < 5(¢), (10.68)

5(8) == we (£, ) {Z P 11)(”“ 75 et —le(n—k-1)1] }
(10.69)

Le. from (10.32) we have

Ky <6(8). (10.70)

That is as § — 0 we get again P.¢ — I, pointwise with rates, given that
Hf(2m)Hoo <oo,m=1,..,|n/2].

Proof. We see that for £ > 0

(£, Jol) = (f<”>,5(“’)> < (1+ M>rwr(f("),§), (10.71)
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see [143], p. 45. Hence by (10.10) and (10.71) we observe

S0 [t (142)

_ w’"(f(n)7§) . o n—1 r
- £ |t =t o

n—1)!

(
o (f) ¢y pEHD) o
- o ﬁ)/ (6 +1t) —2)" 5"z

_ welf™,9 _pke(n L n—k—1 Hltlzkw .

w9 [ (-1)* .
B & {k-:o Hn—k—Dl(k+r+1) [(€+ )™

Gn(t)

IA

_ €r+k+1(£ + m)n—k—l] } (10.72)
That is we find

G ()

IN

wr(f(n)ag) o (71)k
% W~k DIk 7+ 1)

[(&+ [t — R (e + Jt))" ] }.(10.73)

Therefore

g/ —t/&dt<w_r(f§(r)7f)
1)k > n—+r
{Zk'n— KD\ +k:—|—1)/0 (€+n"

— e+ t)"“)et/gd(t/@}

Cw(f™,8) { (—1)*
N ¢r Elln—k—-1D!I(r+k+1)

. |:€n+r/ (1 + x)n-&-re—xdx _ €T+7L/ (1 + x)n—k—le—xdﬂ }
0 0
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,)k
|

_ n n S ( 1
= w(f™, €)¢ {;} Elln—k—=D!r+k+1)

: {/000(1 + )" e dy — /Ooo(l + x)”—’f—le‘””dx] }

_ n n = (71)1c = n+r < j_—x
= w(F™.9) g{zk'nkl)(rJrkJrl){Z( j )/O ve do

0

f(”i“) i e

Jj=0

n

k

n—1
— o (f g)en (-1
N 55{;)16, —k=Dr+k+1)

{z (5 ()

J

(=D

“*’<f(")’f)f"{,;0 Min kDl + k1 1)
Lzz(:)(n+rj)! jzz(:) (n—k—1-j)

wr(f(n),g)gn{z_: k'(n— k —( 1
k=0

n+r 1 k!
: (nJrr)!Zﬁ— n—k=10 Y } )-(10.74)

Use now

m! Z% = |em!|, meN. (10.75)

That is proving (10.68). [ ]

The counterpart of the last theorem follows.

Theorem 10.24. Assuming f € C™(R), n even and wo(f™,€) < oo,
€>0, and T, as in (10.59). Then

1 o0
< —y/
25/0 To(y)e ¥/8dy < 7(€), (10.76)
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where

Le. from (10.61) we find
[ K2lloe < 7(§)- (10.78)

That is as &€ — 0 we obtain again P: — I, pointwise with rates, given that
||f(2p)H(><> <oo,p=1,..,5.

Proof. We observe for £ > 0 that

2
wa(fM, 1) < (1 + %) wa(fM,€), t>0, (10.79)
see [143], p. 45. And by (10.59) and (10.79), we have, y > 0, that
wg(f(n)7 g) Y n—1 2
T.0) < G /O (y— )" (¢ 4 €)%dt. (10.80)

That is for y > 0 we derive

w2 (m) = —-1)* 2 3 n—k—1
T.(y) < 22U ’f){zk!(nf D [(€+9)"+ — €53 gy }}
k=0

€ k—1)l(k +3)
(10.81)
Therefore
1 0o n—1 )
~ [ T /€ gy < (n) g)en
25/0 (e V/edy < n(7™) €)¢ kzzjok, TS
n+2 1 n—k—1 1
A+ == —k—1) —| b =7(6). (10.82)
=07’ = 7

We used in the last (10.75). That is proving (10.76). ]
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Global Smoothness and Simultaneous
Approximation by Smooth Picard
Singular Operators

In this chapter we study the smooth Picard singular integral oper-
ators over the real line regarding their simultaneous global smooth-
ness preservation property with respect to the L, norm, 1 < p < oo,
by involving higher order moduli of smoothness. Also we study
their simultaneous approximation to the unit operator with rates
involving the first modulus of continuity with respect to the uni-
form norm. The established Jackson type inequalities are almost
sharp containing elegant constants, and they reflect the high order
of differentiability of the involved function. This chapter is based
on [33].

11.1 Introduction

The global smoothness preservation property of singular integrals has been
studied initially in [17] and later in [67]. The rate of convergence of singular
integrals has been studied initially in [231], [163], [164], later in [23] and
[69], [68], and also was studied in detail in [34], [36] over the real line, just
for the Picard general type integral operators case. All the above-mentioned
articles along with the earlier ones [12], [13] by the author motivate this
chapter.

More precisely here we study the smooth Picard singular integral op-
erators over R acting on highly smooth functions. We study first their si-
multaneous global smoothness preservation property with respect to || - ||,

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 137
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011



138 11. Global Smoothness and Approximation by Picard Singular Operators

1 < p < o0, by using higher order moduli of smoothness. Then we study
their simultaneous pointwise and uniform approximation to the unit oper-
ator with rates by using the first modulus of continuity. The established
estimates are almost optimal and contain nice constants. The modulus of
continuity in the estimates is with respect to the higher order derivative of
the involved function. The studied operators are not in general positive.

11.2 Global Smoothness Preservation Results

Let f: R — R be a measurable function and consider the Lebesgue integral
Pe(fiz): 25/ flx+t)e e, ¢>0, zeR. (11.1)

We would like to mention from [67], pp. 407-412 the following result re-
garding global smoothness preservation properties of P, see there (16.23),
(16.36), (16.48).

Theorem 11.1. Let h > 0.

i) Suppose that wy,(f,h) < 0o and Pe(f;x) € R, then

win(Pef,h) < wm(f,h). (11.2)
Inequality (11.2) is sharp, namely it is attained by f(x) = «™.
ii) Let f € Li(R) then
win(Pef, )1 < wm(f, A1 (11.3)
And
iii) let f € Ly(R), p,q > 1 such that zl) + % =1, then
Wi (Pef,h)p < 1/%11/11 m(f3 1)p- (11.4)

Above we use for m € N the mth modulus of smoothness for 1 < p < oo,

Gmlfh)p 1= sup A7 F (@) (115)

where .
AP f(@) = ()" J( )f( + ), (11.6)
7=0

see also [143], p. 44. Denote wp, (f, h)oo = wm(f, k). In [34], [36] we studied
extensively the convergence properties to the unit of the following smooth
Picard singular integral operator P, ¢(f;z) defined next.
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For r € N and n € Z, we call

(71)1”—]' <r)]—n’ ]: 17"'ara
Qaj = r (117)

S (G)i =

-
that is > a; = 1.
j=0
We consider the Lebesgue integral

Pe(f;) =% j[ j£:<1jf (x4 jt) | e~ 18/t (11.8)

Operators P, ¢ are not positive, see [34]. We notice that 21—5 ffooo e~ It/Edt =
1. We observe for j = 1,...,r that

2_15/—0:0 f(x‘i'jt)e_ltl/&dt:P{j(f;a';). (11.9)

And furthermore it holds
Pre(fix) = aof(x +Z%&ﬂ) (11.10)

Notice that P ¢ = P¢. Assuming ng(f;x) eR,j=1,...,r, clearly one
sees that Pr¢(f;z) € R.
The following global smoothness result holds.

Theorem 11.2. Let h >0, f: R — R.

i) Suppose Pei(fix) e R, allj=1,...,r, 6§ >0, 2 € R and wn(f, h) <
0o. Then

Win(Pref,h) < Z‘Oéﬂ wm (f, h). (11.11)
=0

ii) Suppose f € L1(R), then

r

win(Prefs ) < | D lagl | wm(f, W1 (11.12)

J=0

iii) Suppose f € Ly(R), p,q > 1 such that % + % =1. Then

r

2(20 ;)
wm(Pr,£f7 h)p < me(ﬂ h)p~ (11~13)
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Proof. i) We observe that

(11.10)

Wm(Pr,ifah) = Wm (Z()f +Zajpfj fa )

Jj=1

< Jaolwn(f,h ‘*‘Z\%Wm Pejf,h)
Jj=1
(11.2)

< ewolwm(f h) + (Z |aj) wm(f,h) = <Z |aj|> wm(f, h)

That is proving (11.11).
ii) Next we see

(11.10)

Wm(Pr,§f>h)1 = Wm O‘Of +Zajpéj f; )a

1

< |0¢0\wm(f,h)1+Z|0¢j\wm(P§jf,h)1

j=1
(11.3) r r
< aolwm(fh)+ | Y gl | wm(f )= [ D eyl | wm(fih)1
j=1 j=0
That is proving (11.12).
iii) Finally we get
(11.10)
win (Prefoh)p = wm | aof(z +Za]P§] fix),h
Jj=1
P

< Jaolwm(f,h) +Zlaj\wm (Pej f.h)p

j=1
(11.4) 2
< oolwm(f h) Z o] pqul/qwm(f’ h)p =:(*).
But it holds that 5

pl/qu/q
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by Corollary 13.3, p. 190, [185]. Hence we find

2 - 2
() < Iao\pqul/qwm(f,h)er Z|ij\ me(ﬁh)p
7j=1
2(20|0¢j\)
]:
me(ﬁh)p~
That is establishing (11.13). ]

Next we discuss about the derivatives of P¢(f;x) and P, ¢(f; x) and their
impact to simultaneous global smoothness preservation and convergence of
these operators.

For the following differentiation result we use Theorem 24.5, pp. 193-194
of [9] and then the proof is easy.

Theorem 11.3. Let f € C"(R), such that ) exists, n € N. Further-
more suppose that fO)(t)e=1 € Li(R) for all j = 0,1,...,n — 1. Assume
that there exist g; >0, 7 =1,2,...,n, g; € L1(R) such that for each x € R
we have

|FD (@ + e < g, (), (11.14)

for almost all t € R, all j = 1,2,...,n. Then f9(z + t)e Il defines a
Lebesgue integrable function with respect to t for each x € R, all j =
1,...,n, and

oo ) oo
(/ f(x+t)e|t|dt) :/ fO(x + t)e Mat, (11.15)

forallz eR, all j=1,...,n.

We apply the last theorem to our case. First comes the related differen-
tiation result about operator P¢.

Theorem 11.4. Let f € C" ' (R), such that f) exists, n € N. Further-
more suppose that fO) (t)e=111/¢ € Li(R) for all j =0,1,2,...,n—1, &> 0.
Suppose that there exist gj ¢ >0, j =1,2,...,n, gj¢ € L1(R) such that for
each x € R we have

1O (x4 1) e 1VE < g, ¢(t), (11.16)

for almost all t € R, all j = 1,2,...,n. Then fU)(x 4 t)e”1!1/¢ defines
a Lebesque integrable function with respect to t for each v € R, all j =
1,...,n, and

(Pe(f;2)) = Pe(f9s ), (11.17)
forallz eR, all j=1,...,n.
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Proof. As in Theorem 11.3. a
It follows the related differentiation result about P, ¢ operator.

Theorem 11.5. Let f € C" Y(R) such that f™) exists, n € N, r € N.
Furthermore suppose that O (t)e~11/7¢ ¢ Li(R) for alli = 0,1,2,...,n—1,
€ > 0. Suppose that there exist g; e > 0,1=1,2,...,n, gire € L1(R) such
that for each x € R we have

[FO (@ + )]/ < g, e (1), (11.18)

for almost all t € R, all i = 1,2,...,n. Then fO(x + t)e~I11/5¢ defines
a Lebesgque integrable function with respect to t for each x € R, all i+ =
1,....,n;j=1,...,r, and

(Prelfi )" = Pre(f),2), (11.19)
forallz eR alli=1,...,n.
Proof. By Theorem 11.4 and (11.10). |

Using Theorems 11.1 and 11.4 we obtain the following simultaneous
global smoothness result.

Theorem 11.6. Let h > 0 and assumptions of Theorem 11.4 valid.
i) Suppose that wy,(f@,h) < oo, all i =0,1,...,n, then
win (Pef) P, h) < wm(f9, 1), (11.20)
for alli=0,1,...,n.
ii) Let f) € Li(R), i=0,1,...,n then
Wi (Pe ), 1), < win (f9, )1, (11.21)

foralli=0,1,... n.
And

iii) Let f) € L,(R), i=0,1,...,n, p,q > 1 such that 11—) + % =1, then

2

p < me(f@, h)p, (11.22)

foralli=0,1,... n.

Using Theorems 11.2 and 11.5 we get the more general simultaneous
global smoothness result.

Theorem 11.7. Let h > 0 and assumptions of Theorem 11.5 valid.
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i) Assume that w,(f,h) < oo, alli=0,1,...,n, then

Wi (Pre f)®, 1) < (Zlaj) Wi (fD, ), (11.23)

j=0
for alli=0,1,... ,n.
i) Let f) € Li(R), i=0,1,...,n then

Wi (Pref)P,h), < (Zlaj) Wi (fD, By, (11.24)

3=0
for alli=0,1,... ,n.
And
iii) Let f() ¢ L,(R),i=0,1,...,n, p,qg > 1 such that % + % =1, then

2(3 lay)

i=0

me(f(i), h)p, (11.25)

wm((Pr,gf)(i)a h)p <

for alli=0,1,... ,n.

11.3 Convergence Results

Here let f € C™(R) with wi(f™,h) < oo, h > 0, n € N. Suppose
Pei(f;xz) e Rfor j =1,...,7 € N, { > 0, all z € R. From (11.10) we

obtain .
Pre(f;z) = fx) = a;(Pe(fix) — f(=)), (11.26)
j=1
and .
Pre(fiz) = f(@)] < layl|Pej(f52) — f(z)]. (11.27)
j=1
Here we have
Pei(f;@) = 2L/°° fla+t)e/ear. (11.28)
€5 J -
We set
Ln/2)
Agj(fi) = Pej(f;0) = f(x) = > O™ (@)(&)™™, (11.29)

m=1



144 11. Global Smoothness and Approximation by Picard Singular Operators

j=1,...,r, where |-] is the integral part of the number, z € R.
In (11.29) the sum collapses when n = 1. Clearly we have

[n/2]
A¢(fiz) = Pe(f;) =3 M@y, zeR. (11.30)
m=1
We call also i,
Oom = Y _ >, (11.31)
and
[n/2]
Ere(fia) = Pre(f;) Z FO™ (2)85,62™, z €R. (11.32)
‘We observe that
'r‘§ fa ZajAgj f, (1133)
and .
Ere(f;2) <3 lajl|Ag(fiz)], z€R. (11.34)

j=1
We study here the convergence of operators P, ¢ to the unit operator I
with rates, r € N. We give first

Theorem 11.8. It holds

A (fr2)] < (€)" [ﬁ ; ]w1<f("> O J=lr €50

2

(11.35)

and 13
[Ae(fr2)] < gf”m(f("),f). (11.36)

That is we have

86 < @) [i+ 3+ 2] s, aran

and 13
I8¢l < 2Emn(F,6). (11.38)

Proof. Here let f € C™(R), n € N. By Taylor’s formula, see Lemma 2, (2),
p. 2 of [24] we have

") (2

flxz+1) :Z

k=0

tk—l—Rn(f,x z+t), (11.39)
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where

x4+t
Ro(fr,0t) = / (F™) (5)— £ (2)) (@ +t—s)"ds, (11.40)

1
(n—1)!

for all z,t € R.
Applying Theorem 6, (14), p. 4 of [24] we get

R (fim,x+1)| <w (f(n) £) ﬂ w ﬂ (11.41)
A SER S e ot T 8(n— 1)1 '
allt e R, £>0,j=1,...,r. From (11.39) we find
) (g
flz+1t)— Z%tk =Ru(f;z, 7 +1) (11.42)
k=0
and
el [t1/€3 g¢ _ i ko—Itl/&]
2§j[mf(x+t)e dt kZ:O o ng[mt e dt
L /¢
= — Ro(f;x,x+t)e "8 dt. 11.43
55 | Relwato) (11.43)
That is
[n/2]

Pei(fiz) = f(x) = Y [ (@)(&)™"
m=1
R . —[tl/¢5
= 5% [MR,L(f,x,x+t)e Weige.  (11.44)
Le. by (11.29) we obtain
Agi(fix) = % /jo Ro(fsz o+ t)e IV qt, (11.45)

all x € R.
Furthermore we have

1 [ ,
[Agi (fs2)] < @/ R (f; 2,2+ t)]e 11/ at

n [e%S) n+1 n n—1
(L41) gy (f( >,g)/ [( SN L& o l01/Ei gy

N 285 Cool(n DI 20! 8(n—1)
= WM, E)" [j + % + %] . (11.46)

Thus we have obtained (11.35). ]
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The more general result follows.

Theorem 11.9. It holds

Ere(fiz) < [ (;) {j + % + a w1 (™M, €), (11.47)

j=1
allz € R, £ >0, and furthermore

| Ereflloo < ; (;) [j+%+8ﬂ Ewi(f,€), €>0, neN.

(11.48)
Proof. From (11.7), (11.34) and (11.35) we get

Be(fio) < Z(])ﬁ i3]t

=1

oV 40 N PR SE R I P
(j) {g+2+8j] Ewi(F™, ). (11.49)

I
™

That is proving (11.47). ]
Some alternative basic results follow.

Proposition 11.10. All assumptions as above. Then

[n/2]
|, 1,1 n
Polfia) —#@) < 3 1SV @IE + @) [543 + 559,
(11.50)
and
Ln/2]
IPe(fso) = f@) < 3 M @I + 2w (f,6), TER, €0, nEN,
(11.51)
Assuming that || f®™ || < 00, m = 1,..., |n/2]| we derive
ln/2] 1
I1Pef =l < 3 IFEm (€™ + €0 5+ 5 + 52 | n (£, )
m=1
(11.52)
and
ln/2]
IPef = flloo < > I1FP™|ocg®™ . wl(f ), €>0,neN.
m=1

(11.53)
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Proof. By (11.29) and (11.35), etc. ]
We give
Corollary 11.11 (n = 2 case). It holds

Py(fia) - @1 < @02 |l + i+ 5+ o] aLsy

2

and

Pifi) ~ @) < € (7@ + Fr(7,9) v €R €2 0. (11.5)

Furthermore when || f"]| s < 0o we get

1P =l < @02 1+ i+ 5+ a0 (1150)

2
and
1767 = Sl <€ (1 + e (779)) . €50, (s
Proof. By Proposition 11.10. |
It follows

Corollary 11.12 (n =1 case). It holds

Pyfio) - f@I <€ |+ + 5|0, AL
and 3
|Pe(fiz) = f(@)] < L& (f',€), @ €R, £>0. (11.59)
Furthermore we have
I1Pes = Sl <€ |2 45+ ] s (11.60)
and 3
1Pef = flloe < &n(f,€), €>0. (11.61)
Proof. By proof of Theorem 11.8 for n = 1, see also (11.29). ]

More generally we have
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Proposition 11.13. All assumptions as above. Then

r_n/2] g2m
Petn i@l < XY uel() s e
j=1 m=1

+ 12 C) [j + % + é] Ewi(f,¢),

j=1

all z € R, € > 0, n € N. Furthermore by assuming that || f*™)| s < oo,
form=1,...,|n/2]| we derive

r |n/2]
1Pref = fllo < > D0 1%l () > (11.63)

Jj=1 m=1

+<Z<;)[+ + wa(f“”a), £€>0, neN.

Jj=1

Proof. From (11.27) and (11.50) we obtain

|Pre(fix) = f()|

r Ln/2]
r (2'm) Q'm 2m—n n | . l i (n)
st}(J)[ZIf +¢ {y+2+8j}w1(f ,5)]

We have
Corollary 11.14 (n = 2 case). It holds

IPr,s(f;w)—f(w)SrEQ{( DI (a ( ()( 8.)>wl<f“,a>},

(11.64)
all x € R, € > 0. Furthermore by assuming that || f" ||« < oo we derive

[Pref = fllo < 62{(7 = D" oo (11.65)

- " ] L 1 17
' (Z (a) (” 27 8—j)>w1(f @)}, £>0.
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Proof. By Proposition 11.13. |

We also give
Corollary 11.15 (n =1 case). It holds
(Pre(f52) — f(@)] < <Z () (43 i)) gn(f,6,  (1166)
=\ 8j
all zx € R, € > 0. And furthermore we get

[Pref = flloo < <Z (J) ( + =+ )) cwr(f,€), €>0. (11.67)

j=1
Proof. By use of (11.7), (11.27) and (11.58). ]

Next we present simultaneous approximation results of P¢ to I with rates.

Theorem 11.16. Let f € C"*F(R), n € N, k € Z; and w1 (f",h) < oo,
h >0, fori=0,1,...,k. We consider the assumptions of Theorem 11.4 as valid
for n =k there. Then

1)
i 13 n n+i
|(A(f32)) 7] < F€w(F77,8), (11.68)
allz eR,€>0,i=0,1,...,k, n €N,
2)
[n/2]

[(Pe(f52) = f9(x) |<Z|f(2m+” NP 4+ Ben (5040 6) (11.69)

8

allz eR,€>0,i=0,1,...,k, n €N,
3) n =2 case,

[(Pe(f;2))? = 1O ()] < € (|f(2“>( )+ 2o (5D, 5)) : (11.70)
allzeR,€>0,i=0,1,...,k, and
4) n=1 case,

[(Pe(f32) = fO ()] < %éwl(f“”),a), (11.71)

allz €eR, £>0,i=0,1,... k.

Proof. By using Theorems 11.4, 11.8 (11.36), Proposition 11.10 (11.51), Corol-
lary 11.11 (11.55) and Corollary 11.12 (11.59). |
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We finish with operator P, simultaneous approximation results to I with
rates.

Theorem 11.17. Let f € C"™*(R), n € N, k € Z; and w1 (fF),h) < oo,
h >0, fori=0,1,..., k. We consider the assumptions of Theorem 11.5 as valid
for n =k there. Then

1)
|(Ere(f; @) (’)|<<_ ()( ! %))g"wl(ﬂ"“),o, (11.72)

forallz €eR, £€>0,i=0,1,...,k,n €N,
2)

v In/2 om
(Pre(f;2)® = fO2)] < ST (@) <r> £ (11.73)

= | j Jn—2m

AR 0)Erag))esiere

allz eR,€>0,i=0,1,...,k, n €N,
3) n =2 case,

(Pre(fiz)? — fP(2) < 52{ D[ ()] (11.74)
o

" (r 1 wr £+
2 ( ) 8j)) 1(f ,5)},

allzeR,€>0,i=0,1,...,k, and
4) n =1 case,

(Pre(f32)™ = rP (@) < <Z (;) (j + % - %)) cor(FOD,€),  (11.75)

j=1

allz eR, £>0,i=0,1,... k.

Proof. By using Theorems 11.5, 11.9 (11.47), Proposition 11.13 (11.62), Corol-
lary 11.14 (11.64), and Corollary 11.15 (11.66). |
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Quantitative L, Approximation by
Smooth Picard Singular Operators

In this chapter we continue with the study of smooth Picard singular
integral operators on the line regarding their convergence to the unit
operator with rates in the L, norm, p > 1. The related established
inequalities involve the higher order L, modulus of smoothness of the
engaged function or its higher order derivative. This chapter relies on
[36].

12.1 Introduction

The rate of convergence of singular integrals has been studied in [163], [164],
[231], [69], [68], [16], [23], [34] and these articles motivate this chapter. Here we
study the L,, p > 1, convergence of smooth Picard singular integral operators
over R to the unit operator with rates over smooth functions with higher order
derivative in L,(R). These operators were introduced and studied in [34] with
respect to || - ||co. We establish related Jackson type inequalities involving the
higher L, modulus of smoothness of the engaged function or its higher order
derivative. The discussed operators are not in general positive. Other motivation
comes from [12], [13].

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 151
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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12.2 Results

In the next we deal with the smooth Picard singular integral operators Pr¢(f;x)
defined as follows.
For r € Nand n € Z we set

(71)T_j(;)j_nv .7: 1,...,7",
a] = T il o ) (121)
1= (=) )i i=0,
j=1 J

T
that is > a; = 1.
7=0

Let f € C™ (R) with f(™ € L,(R), 1 < p < oo, we define for z € R, £ > 0 the
Lebesgue integral

Pre(f;) 25/ (Za]f x—l—]t) —It/e gy, (12.2)

P, ¢ operators are not positive operators, see [34].
We notice by == [ e 1M/&dt = 1, that P, (¢,x) = ¢, ¢ constant, and
2¢ [eS) 13

P.¢(f;2) — f(2) 2£ <Z oz]/ (z + jt) — f(x))e|t/§dt> . (12.3)
We use also that

e e [0, k odd,
[mt c dt = { 2kleR T k even. (12.4)

We need the rth Ly-modulus of smoothness

we(f™, h)p = sup |A]f™ (@)|lpe, >0, (12.5)
[t|<h
where
AF (@) =) (-1)" (;) (@ + t), (12.6)
j=0

see [143], p. 44. Here we have that w,(f™,h), < co, h > 0.
We need to introduce

Ok ::Zajjk7 k=1,...,n €N, (12'7)
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and denote by |-| the integral part. Call

T(w,x) = i ;" F " (@ 4 jw) — 8, f ™ (). (12.8)

=0

—Z (—1)"~ f( ) = (-1)*(8), (12.9)

According to [16], p. 306, [12], we get

Notice also that

T(w,2) = AL ™ (). (12.10)
Thus
I7(w, 2)llp.e < wr(f™,w])p, wER. (12.11)
Using Taylor’s formula one has

n

> ajlf(@+4t) - Z 5 t* + R (0,t, 1), (12.12)
j=0 k=1
where . .
Rn(0,t, ) ::/O %T(w,x)dw, n e N. (12.13)
Using the above terminology we derive
n/2]
2m 2m *
A@) = Pre(fi) = f(2) = D fO" (@)02m™" = Ry (), (12.14)
m=1
where | fo
Ro(z) = 2—5/ Rn(O,t,a:)e_‘tl/gdt, n € N. (12.15)

In A(z), see (12.14), the sum collapses when n = 1.
We present the first result.

Theorem 12.1. Let p,q > 1 such that % + % =1, n € N and the rest as above.
Then

21/q7-1/p£n

(rp+1)VP(?(n—1) + ¢)/9(n — 1)!wr(f(n),£)p» (12.16)

[A@)» <

where

oo np
rom | [Tt e (2) )| <o (210)
0 p
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Hence as £ — 0 we obtain |A(z)||, — 0.
If additionally, f*™ € L, (R), m = 1,..., [ %], then ||[Prg (f) — f|l, — 0, as
&—0.

Proof. We observe that

AP = @ /_Oo Rn(o,t,x)e*'f‘/édt‘p
1 = —lel/e )p

< (22);7 (/_O; (/0“‘ %h(sign(t)w,x)dw)e—lt/gdt)p.

Hence we have

= /_: A()Pd < @ (/_O; (/_O; fy(t,x)e_lt‘/gdt)pdx) . (12.19)

where

It (1] — )1
v(t,z) = /0 %h(sign(t)w,x)\dw > 0. (12.20)

Therefore

RH.S.(12.19) = (22)19 </_O:o</_O;’y(t,x)e_‘tl/%e_lt‘/%dt)pdw)

(22)19 (/_o; (/_: ’Yp(t,a:)e_‘p”/%dt) (/_O; e—qt'/%dt)p/qdm)
:<£K%YXKXK;“”5W%&@
([ e )

R.H.S.(12.19) < 2 (/:: </°° yp(t,x)e*'m‘/%dt)dm) . (12.21)

-1
q° —o0

IN

Le.

But we need to treat

(/Otl |T(5ign(t)w,x)pdw> Up (/Otl (%)qdw)

(folt‘ |7'(sign(t)w,x)|pdw)1/p |t‘(n71+1/q)
(1) CCEESCE

1/q

IN

v(t, x)
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Te.
x) (f |7 (sign(t)w,z)|’dw) |t|P—t
o) < (CESE CCEES

Consequently we have

2P— 25 1 oo fltl |7 (sign(t)w, z)|”dw)|t|m’_1 —Iptl)2¢
RHS.(1221) < (/ (/ ((n = 1)HP(g(n — 1) + 1)P/a ¢ dt) da

= o

(12.22)

(caling N

and O T D)l 1§ ) (12.23)

o = al ([ remomaraserieeo)aa)
- </Z</Z</l 'A?wmf(")(xnpdw)|t|np—le—lw/zs)dx)dt>
- </_Z (/- </OM Al )P ) ) o715 ) dt)
- </Z ([ (] timur @ @pras)aw)ip=em) dt)
o[ ([

So far we have proved

I<a </OO <</|t wr(fm),w)gdw) |t|"ple|pt/2§) dt) . (12.25)
—o00 0

y [143], p. 45 we have

(R.H.S.(12.25)) < cl(wr(ﬂ”%&)p)p(/z (/Olt‘<1+%)rpdw)
: |t|"”‘1e"””25)dt> =: (%%). (12.26)

But we see that

$k) = fa wr (™ P
() = (297) (@rlr™ 0", (1221)
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where

oo |t| rp+1
J = / (1+?) -1 |t|npfle*‘17t|/25 dt
[o'e] t rp+1
= 2/ <1 + Z) — 1| " teTP 2 gy, (12.28)
0

Here we find
oo
25”1}7 ((1 4 u)TPJrl _ 1)unp7167<p/2)ud’u
0

26" { / 00(1 ) Py e R/ gy / e/ 2’”@}
0 0

e} np
26"P U (14 u)PHym? e P/2u gy — G) F(np):|. (12.29)
0

J

Thus by (12.17) and (12.29) we obtain

J =2""r. (12.30)
Using (12.27) and (12.30) we find
e = () s (1231)
2p/qT§np

Wy (n) , P
(Tp+1)(q2(n—1)+q)p/q((n,1)!)p( (f'™,€)p)

I.e. we have established that

2p/qT£npr(f(n) , 5)5
= (rp+1)(¢*(n — 1) + @)/ ((n — 1)N)P

(12.32)

That is finishing the proof of the theorem.

The counterpart of Theorem 12.1 follows, case of p = 1.

Theorem 12.2. Let f € C™ (R) with f™ € Li(R), n € N. Then

r+1 k
A < 7! (Z ((ijl 11~+1 H] >) NEARNIIE (12.33)

k=1

Hence as § — 0 we obtain ||A(z)|]1 — 0.
If additionally, f*™ € L1 (R), m = 1,..., | 2], then ||[P.¢ (f) — fll, — 0, as
&—0.
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Proof. It follows

- L /- ~lel/€
|A(z)] = 5% '[00 Rn(0,t,z)e dt
< i/ IR (0,8, )| Ve dt (12.34)
2¢
< / /l = |7' sign(t)w, z)|dw | e~ *1/¢dt.
=2 (n— 1)' ’

Thus

1A@)] / IA(a)|dz < —/ (/ (/ (12.35)

(|t(‘n — i); |T(szgn(t)w,m)|dw)e It |/§dt> dr =: (x).

But we see that

(] — )"~ Il
/ (I¢] w) ‘T(Slgn( w, z)|dw < (Mil/ |7 (sign(t)w,z)|dw. (12.36)
: — _

Therefore it holds

0 o< ) (Z(” /‘

w m)|dw) It |/5dt> dx
w, x)|dw) It |/§da:> dt
|7 (sign(t)w, |dw)dm)|t\ “lemlt /g)dt

|7 (sign(t \dm)dw)\ﬂ “lelt /g)dt)

wr(f™w |t\ “lemlt '“)dt) (12.37)

/ [r(sign(t)

- 2&/ (/ (m /l' !
T %(m- 1) - /(/
L

(L
e

T(sign(

IN

That is, we get

1A@) I < 5e0 L 1),</ (/Oltw(f(">,w)1dw)|t”1eWﬁ)dt). (12.38)
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Consequently we have

s < gpipets o ([ (15 e
— e ([ () )
- e ({97 )e)

wr(f0€),6™ o .1 el —t
= %(/{) A+t —1)t" e dt), (12.39)

IA

‘We have gotten so far

wr(F, 616" - A
< —= >/ > .
[A(z)]: < D) (12.40)
where -
A= / A+ —1)t" e tat. (12.41)
0
One easily finds that
r+1
A=Y (’"Zl) (n+k— 11— (n— 1)L (12.42)
k=0
But then one sees that
A K+ (n+k—1)!
(n—1) kzzl ( k ) (n—1! ° (1243)

We have proved (12.33).

The case n = 0 is met next.

Proposition 12.3. Let p,q > 1 such that % +% =1 and the rest as above. Then

2 1/q
1Pre(f) =l < (5) 070, (f,6), (12.44)
where -
0 := / (1+2)Pe” P20y < co. (12.45)
0

Hence as § — 0 we obtain Pre — unit operator I in the L, norm, p > 1.

Proof. With some work we notice that, see also [34],

Pre(fiz)— f(z) = % (/jo ((A:f)(x))e—“'/ﬁdt) . (12.46)
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And then -
|Prc(f;m) — f(z)] < 21_5/_00 |AY f ()4 ar. (12.47)

‘We next estimate

[ iPetsia) - fa)pda
<

< e ([ ([ st i) ar)
= e ([ () mtr@re e =) ar)

—~

< 2,,2,, [w (/j:o |A§f(m)|z7@*|pt\/2§dt) (/:’o e,‘qtl/%dt) p/qdm)
- o () ([ ([ o))

- zplgp <%)p/q (/j:o (/j:o |A§f(x)|pef|pt\/2gdx) dt)

- zplgp <%)p/q (/j:o (/j:o |A{f(x)|1°dx) e_lpt‘/%dt)

< Qplgp (g)% (/j:o ol |t|)§e"pt‘/2§dt)

IA

= G)p/qwr(f, £)" (/000(1 + m)rpe*@/”f”dx) : (12.48)

Clearly we have established (12.44).

We also give
Proposition 12.4. It holds

[ Pref — fllh < Ler!jwr(f, €)1 (12.49)

Hence as § — 0 we get Pr¢ — I in the L1 norm.

Proof. We do have again

|Pre(fsz) — f(z)] < 21—§ - |AT £(z)|e” V¢ dt.

—00
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We estimate

| 1Peetrin) - pi@ias

_: 25/ (/ AL f(x )|e*'f‘/§dt) do
- 25/ (/ AT £( )|da:) e~V g

il —Itl/€
s%[mwmmm dt

- %/mwr(f,t)le_t/gdt
0
wr(f, &)1 °°( f)r —t/¢
< =58 /O Ltg) et

= wr(f,£)1/ooo(1 +x)e "dr = wr(f,En ( (2) k;!)

k=0
— w.(f,En <T!Z %) — (1 er]. (12.50)

We have proved (12.49).

In the next we consider f € C™(R) with f™ € L,(R), n =0 or n > 2 even,
1 < p < oo and the similar smooth singular operator of symmetric convolution
type

Pe(f;z) = 21—5/_0; fle+ye "Wedy, forall z € R, € > 0. (12.51)

That is
Jiw) =3¢ / (z+y) + f—y))e " dy, (12.51)*
for all z € R, £ > 0. Notice that P; ¢ = P¢. Let the central second order difference

(A} P)(x) = [z +y) + f(z —y) — 2f(x). (12.52)

Notice that ~ ~
(AZ,f)(@) = (A7) ().
When n > 2 even using Taylor’s formula with Cauchy remainder we eventually

find
n/2 (20 )

— 22 f v + Ra(x), (12.53)
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where
Yo _ n—1

Ri(z) == /O (A? f<">)(x)%dt. (12.54)

Notice that
Pe(f;z) — f(z) = %/0 (Aif(:r))e_y/gdy. (12.55)

Furthermore by (12.4), (12.53) and (12.55) we easily see that
n/2

K(@):=  P(fiw) = f(2) - Z P (@)e (12.56)

B £ (y—t)" ! —y/¢
= 2€/ </ (A7) (z )7@_1)! dt ) eV dy.
Therefore we have

|_2§/ (/ |AZ ™) (g ( )) dt) “v/edy. (12.57)

Here we estimate in L, norm, p > 1, the error function K(z). Notice that we
have wg(f("),h)p <00, h>0,n=0o0rn > 2 even. Operators P: are positive
operators.

The related main L, result here comes next.

Theorem 12.5. Let p,q > 1 such that % + é =1, n > 2 even and the rest as
above. Then

~1
F1/p

> < (<4p+ @ 1) T i

1K () — 1)!) E wa(f™,€)p,  (12.58)

where

oo np
7= </ (14 z)?PHignr=le=®/Dzgy <%) F(np)) < o0. (12.59)
0

Hence as £ — 0 we get ||K(z)|, — 0.
If additionally, f*? € L, (R), p=1,..., 2, then || P (f) — f||, — 0, as £ — 0.

Proof. We observe that
™) (5 -t " e\
n -y
2p§p (/ (/ |AZf ( — dt)e dy) . (12.60)

Ay, x) = /Oy IAff(n>(x)|%dt >0, (12.61)

[K(z)” <

Call
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then we have

1 > - ?
|K(z)|” < orer </ Y(y,z)e y/gdy) : (12.62)
0
And hence
%) oo e} P
N L ( / a(y,me*y/%y) da
— 0 —o0 0
1 OO - —y/2¢ —y/2¢ !
= T / / Yy, xz)e e dy | dx
—o0 0
y Holder’s inequality
by Hélder’ 1
<

s /([ wmaremrean) ([ evrean) e

_ %qlp/q (/:: (/Ooo(a(y,x))%*w/%dy)dx) = (+). (12.63)

By applying again Hoélder’s inequality we see that

(o 1AZ £ @)Pde) Pyt
(n =1t @n—1) + 1)

Y(y,z) < (12.64)

Therefore it holds

(x) < (g(n—1)+ 1)p/q1((n — 1)!)P2£qp/q (/O‘X’ (/_O; (/Oy IA?f(n)(x”pdt)

.ypnfle—py/%) dx) dy> —: (#%). (12.65)

We call

1
—26q/9((n = D)DP(g(n — 1) + 1)p/e”

(12.66)

C2 @
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And thus

(xx) = c2 / </ |A f(n) |pdt)d;c)yp" 1,—py/2¢ dy>
0 — oo

Y A2 (n) P pn—1 —py/2§

|ALf z)[Pdz |dt |y dy
y
/ </ |A f(n) |pdx)dt) pn—1 —py/2£)dy
0 —
Yy o0
</ |A?f<") (m)|pdx) dt) ypn*lefpy/%) dy
/wz(fm),t)gdt)yp"1epy/25)dy) (12.67)
0

(g a)eme)

That is, so far we proved that

A < cawn(f™,€)0 (/Ooo (/Oy (1 + é) pdt) yp"‘le"’y/%) dy> . (12.68)

IN

3
A/
ﬁ

A
o
V)
S
(V]
~
=
2
a3
Z
SES

However
c2§ (n) * v\ 1 /2¢
R.H.S.(12.68) = ———ws ("™, )P / <(1+—) —1) P e TP Ry |
(12.69)
Call
) 2p+1
M ;:/ ((H Q) - 1) yPr e/ 2 gy (12.70)
0 3
Thus
M = gm/ (1 +2)t — 1)z e @2y (12.71)
0
[e'e] 2 np
= & </ (1 +x)2p+1mp"7167<p/2)zdx — <—) F(np)) .
0 p
L.e. we get
M = "7, (12.72)
Therefore it holds
s epn (n) ¢\p
7w ([ Oy (12.73)

~ 22+ ((n = 1)YP(g*(n — 1) + q)p/e”
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We have established (12.58). ]
The counterpart of Theorem 12.5 follows, p = 1 case.

Theorem 12.6. Let f € C™(R) with f™ € Li(R), n > 2 even. Then

[K(x)[x <n ((n+ %(n +2) + (";r D + %) wa (™, ). (12.74)

Hence as § — 0 we obtain ||[K(z)||1 — 0.
If additionally f*?) € L1 (R), p=1,..., 2, then ||P (f) — f|l, — 0, as £ — 0.

Proof. Notice that
At f™ (@) = AT (@ — 1), (12.75)

all z,¢t € R. Also it holds

/ T AR (o~ 1)|da / T AZF (1)) dw

wa(f™ 1)1, allteR,. (12.76)

IA

Here we obtain

K@ = [ K@
7 ALy
()

(L - o)
([ s )
/ Z A2 (o )|dm)dt) y“)dy)

o\

3
c\@
VR
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[ (e o)t
% </m (f o mae) ) dy)
(O (et )t

= (N (CHEVED

- Sl ([T - et

n (n) oo
_ 5 “J?(f 76)1 </ ($n+2 + 3xn+1 +3$n)e—mdx>
0

IA

6(n — 1)!

2o (£ €),
_ SO 6(7(lf_ 1’)!5) ((n +2)! + 3(n + 1)! + 3n1)
B (4D +2) | (n+1)
= n( 6 + D)

+3) Cunlr0n (12.77)

We have proved (12.74).
The related case here of n = 0 comes next.

Proposition 12.7. Let p,q > 1 such that ;l)Jré =1 and the rest as above. Then

pl/p
|1Pe(f) = fllp < WWQ(f, E)ps (12.78)
where
pi= / (1 +m)2pe_(p/2)xd;c < 00. (12.79)
0

Hence as £ — 0 we obtain P: — I in the Ly, norm, p > 1.

Proof. From (12.55) we find

|Pe(f;2) = f(@)|” < 2p1£p (/Ooo \Af,f(x)|e‘y/§dy) : (12.80)
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We then estimate

1 ') oo B P
<5 | i ( / A2 f(2)e y/ﬁdy) da

1 o] oo B B p
_ 2p5p[ (/O A2 () ]e /% y/25dy) dx

< 2p1£p </O:O (/0 A2 f(x)|Pe —py/zgdy) (/O°° e_qy/%dy)p/qu)
- 5 (%)" ( [ ([T ssswre=ay ) aa )

- zgqlp/q </Ooo (/:; lﬁif(w)lpdx) e’"v‘”%y)

- T < L) s y>|pdx)e—w/2£dy)

- 2§qlp/q (/j(/_ 1A ( )|pd1‘) —Py/%dy>

= nglp/q /Ooow(f,y)ﬁe’py/%dy)

<

_ w2(f>f)g </w(1+$)2p67(p/2)1
0

The proof of (12.78) is now evident.
Also we give

Proposition 12.8. It holds

l\DICﬂ

[1Pef = fllh <

aJQ(f?é-)g oo( g)Qp —py/2€
72&]1,/[1 (/0 1+ ¢ e dy)
d;c) .

wa(f, -

Hence as € — 0 we get Pc — I in the L1 norm.

Proof. From (12.55) we have

\Pe(fix) — f(2)] < 21—5 / 1A f ()

|e_y/§dy.

(12.81)

(12.82)

(12.83)



Hence we obtain

—0o0

IN
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/ T Pe(fr o) — fla)lda

L[ [T &2 —y/e

=/ w(/ A2 ()] dy)da:
1T e e

s | (/ OOIAyf(x)Idm)e dy
x| ( | 18- y>|dx) eV dy

8

(f,)1 °°( g)2 yse
7% /0 1—|—£ e dy

We have established (12.82).

167

w2/, /000(1 +x)e "dr = gum(f, 1. (12.84)
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Approximation with Rates by
Fractional Smooth Picard Singular
Operators

In this chapter we study the very general fractional smooth Picard singular inte-
gral operators on the real line, regarding their convergence to the unit operator
with fractional rates in the uniform norm. The related established inequalities
involve the higher order moduli of smoothness of the associated right and left
Caputo fractional derivatives of the involved function. Furthermore we present a
fractional Voronovskaya type of result giving the fractional asymptotic expansion
of the basic error of our approximation.

We finish with applications. The operators are not in general positive. This
chapter relies on [60].

13.1 Background

‘We mention

Definition 13.1. Let v > 0,n = [v] ([-] is the ceiling of the number, |-] is
the integral part), f € C™ (R). We call left Caputo fractional derivative ([145],
[160], [179]) the function

v 1 i n—v—1 p(n)
DZ, = —t t)dt, 13.1
@ = oy [ (13.1)
Vx > xo € R fixed, where I is the gamma function I' (v) = fooo e 't ldt, v > 0.

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 169
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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We set DY, f(z) = f(x),Vz > 0.
We suppose DY, f(x) =0, for < xo.

We need
Lemma 13.2. Let v > 0,v ¢ Nyn = [v], f € C" (R), Hf("> < oo, o €ER
fixed. Then DY, f(xo) = 0.
Proof. By Definition 13.1 we obtain
v 1 i n—v—1 (n) ‘
DY, < = —t )| at
D@ S pgy [ @
oL
< = — )" dt
- I'(n—-v) 0 (@—1)
(n)
B A
T T(n—-v) (n-v)
=
= W Vo (2" Vo> zo.
F(anJrl)(x o) ) V& = 20
The claim is now clear. |

We need the following left Caputo fractional Taylor formula.
Theorem 13.3. ([44,145]) Let f € C™ (R), m = [a],a > 0. Then

) o i -1 o
f@ =3 I @ - a0) 4 i [ @O D, Ok, (132)

k=0
Ve e R:x > xo.
We also mention

Definition 13.4. ([160], [179]) Let f € C™ (R), a > 0, m = [«a] . The right
Caputo fractional derivative of order o > 0 is given by

Dz, f(@) = ré%ma) / B Ll (sY3 (13.3)

Vo < xzo € R fixed.
We suppose Dz, _ f(x) =0,V > xo.

We need
Lemma 13.5. Let « > 0, ¢ N, m = [«], f € C™ (R), Hf(m>H < 00,

zo € R fixed. Then Dg, _ f(x0) = 0.
Proof.

7 ()] de

@ 1 o m—a—1
|Dgo— f(z)] < m/z (C—=)

(m) 2o
me _ng) / C—a)m ¢
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zo

N LA N
'm—-—a) (m-—a)

B i PP
P(m—a+1) U

T

proving the claim. |

We need the following right Caputo fractional Taylor formula.
Theorem 13.6. ([44],[155]) Let f € C™ (R),m = [a],a > 0. Then

(2 — 20)" + —

= T / (C—2)"7' DS, f(Q)d¢,  (13.4)

We further need
Theorem 13.7. Let g € Cy, (R) (continuous and bounded), 0 < ¢ < 1, z,z0 €
R. Define

L(z,x0) = / (x —t)° " g(t)dt, for = > o,

0
and L(z,x9) = 0, for z < xo.
Then L is jointly continuous in (z,z0) € R%.

Proof. We notice that L (zo,z0) = 0. Assume x > zo. Let ay — 2,208y —
zo, N € N and assume without loss of generality that xxy > zon. We have
|lzn — zon| < |zn| + |zon| < b1 + b2 =: d, where by, bz the bounds of the conver-
gent sequences zn, zon. Clearly also  — zo < |x| + |xo| < d. Then we have

T—xQ d
L(z,x0) = / chlg (x—2)dz = / X[0,a—zo] (2) chlg (z — 2)dz,
0 0

where x is the characteristic function.
So we have again

TN —TON 1
L(zn,zon) = / 2"g(zNn — 2)dz
0

d
— / X[0,0n —zon] (2) zc_lg (zn — 2)dz.
0
‘We observe that

X[OvTNfioN] (Z) - X[O,zfzo] (Z), a.e.,
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and

-1 c—1

X[O,:CN—:CON](Z)ZC g (TN — 2) = X[0,0-20](2)2° g (x —2), ae.

Notice that

X[Oﬁcz\f—woz\r](Z)ZC_1 |g (xN - Z)l < 271 HgHoo )

which is an integrable function.
Thus by Dominated Convergence theorem we derive

L(zn,zon) — L (z,20), as N — oo.

Clearly now L (z,x0) is jointly continuous on R?. ]

We also mention
Theorem 13.8. Let g € Cy, (R), 0 < ¢ < 1, z,z0 € R. Define

K(z,x0) = /10 (C—2) g (¢)d¢, for x < o,

and K (z,z0) = 0, for > xo.
Then K (z,xo) is jointly continuous from R? into R.

Proof. Let xtn — x,z0n — xo, N € N and without loss of generality we
may assume that xn < xon. Here as in the proof of Theorem 13.7: xon — zn <
b1 + b2 =:d, and xo — z < d. We have

To—T
K(z,zg) = / 2y (z+a)dz
0

d
= /X[O,zgfz](z)Z67lg(Z+£C)d2,
0

and
TON —TN 1
K(zn,zon) = / 2T g(z+zN)dz
0
¢ 1
= / X[0,zon —zn](2)2 g (z +2n)dz.
0
‘We have
X[OJCON—:CN](Z) - X[vao—x](z): a.e.,
and

c—1

X[0,20n —2n](2)2° 9 (2 +2N) — X[oyﬁo_ml(z)zc_lg (z+z), ae.
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Notice that
X[Oﬁcoz\f—icz\r](Z)ZC_1 |g (Z + xN)l < 271 HgHoo )
which is integrable.
Thus by Dominated Convergence theorem we obtain

K(zn,zon) — K(z,20), as N — 0.

Clearly now K (x,z¢) is jointly continuous on R |

Based on Theorems 13.7,13.8 we get
Proposition 13.9. Let f € C™ (R), with Hf(m)H <oo,m=a],a¢N,

a >0, z,z0 € R. Then D, f(x), Dy, _ f(x) are jointly continuous functions in
(z,z0) from R? into R.

We need
Definition 13.10. Let f € C™ (R Hf(m)H <oco,m=1Tla],a¢N, a>0,

r € N, z,z0 € R. We define the difference

(AL (Do ) (@) =D (-1 (J) (D%eof) (@ +jw),  (13.5)

j=0
Yw € R,
and the rth modulus of smoothness,
wr (Digg fo 1) = sup. I(AF (DLag £)) @) o o - (13.6)

Notice that

(AL (D%z ) (o) (A (D520 /) (@)l o 2

wT( *:cgf? |w|) (137)

Similarly, we define the difference

r

(AL (DS, ) (@) =Y (1) (;) (Do) (x + jw), (13.8)

j=0
Vw € R, and the rth modulus of smoothness,

wr (Dzo—f,h) = lsu<ph||(A§ (Dzg- 1)) @)l g o - (13.9)

See again that

[(Aw (D&, 1)) (o) (A (Dzo— ) (@) o 2

we (DS, f,Jw]). (13.10)

INIA
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As a related result we mention
Proposition 13.11. Let f : R? — R be jointly continuous.
Consider
G(z) =wr (f(-,x),é)[x7+oo), 6>0,z€R.
(Here wy is defined over [z, +00) instead of R.)
Then G is continuous on R.

Proof. Let z, — z,x, < z,0 > 0.
(The case xn — z, Tn > x is similar.)
Then we can write

G (zn) =wr (f (-, zn) ,(5)[zm+oo) ,
which is
G (xn) = max {Ao, A1, ey AT+1} .
The Ao, A1, ..., Ary1 are described as follows.
(Here A7 f (u,z0) = 327_o (5) (=1)"77 f(u+jt,an).)

J

Ao = sup{|ALf (u,zn)|: u+jt € [z,400) forall j =0,1,...7;[t| < d},
A1 = sup{|AYSf (u,zn)| : u+ jt € [z,400) for all j =0,1,...r — 1, and
u+rt € [zn,x);|t] <6},
Az = sup{|AYSf (u,zn)| : u+ jt € [z,400) for all j =0,1,...r — 2, and
u+ jt € [xn,x) for j =r—1,r;|t] <5},
Ar—1 = sup{|ALf (u,xn)| : u,u+t € [x,+00), and
u+jt € [xp,x) for j=2,...,7r;|t| <6},
A, = sup{|ALf (u,zn)|:u € [z,+00), and
u+ gt € [xn,x) for j=1,...,r;|t| <4},
Ari1r = sup{|ALf (u,xn)|: u+jt € [xn,z) for j=0,...,7r;[t] <6}

Now, when x, — z, then Ao — G (2); A; — K; () <G (z),l=1,...,r; and

Ay41 — 0 (since z, — z).

In conclusion, G (zn) — max{G (z), K (z),0},_, . =G(z).

Proposition 13.12. Let f : R? — R be jointly continuous.
Consider
H(JS) = Wy (f ('ax)a(s)(,oo@] ; o> O,ZE € R.

(Here wy is defined over (—oo,z] instead of R.)
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Then H is continuous on R.

Proof. Let x, > 2,2, — z, (similarly is done z, < x),d > 0.
Then we can write

H (02) = wr (f (00) 1) ear
which is

H (z) = max{Bo,B1,...,Brs1}.
The By, Bi,...,Br4+1 are described as follows:

By = sup{|A{f(u,xn)|:u+jt € (—o0,x]; forall j =0,1,...7;]t| <8},

B1 = sup{|A{f(u,zn)|:u+jt € (—o00,z] for j=0,1,...r —1, and
u+rt € (z,z0]; |t] <6},

By = sup{|A{f(u,zn)|: u+jt € (—o0,z] for j =0,1,...7 — 2,and

u+jt € (CE,.T”], fOI‘j:T— 17T;|t| < 6}7

B._1 = sup{|Aif(u,zn)|:u,u+t € (—o0,z],and

u+ gt € (z,zn] for j=2,...,r;|t| <4},
B, = sup{|Aif (u,zn)|:u € (—o0,z], and
u+gt € (z,zn) for j=1,...,r;[t| <0}, and
Bri1 = sup{|ALf (u,xn)|:u+jt € (z,25] for j=0,...,7;[t] <6}

Now, when x, — z, then By — H (z); By —» T; () < H (z),l=1,...,r; and
Bri1 — 0 (since xn — ).
Hence H (wn) — max {H (2),Ti (), 0bq_, ) = H (x). .

From Propositions 13.9, 13.11, 13.12 we obtain

Proposition 13.13. Let f € C™ (R), Hf<m)H < oo, m=[a], a¢N,

a>0,r €N,z € R. Then w, (D5, f, h)[zeroo) ywr (DS_f, h)(—oo,gc] are continuous
functions of x € R, h > 0 fixed.

We make
Remark 13.14. Let g continuous and bounded from R to R. Then we know
that
wr (g,) <27 [lgllo < o0

Assuming that (D, f) (¢), (Dg_ f) (t) , are both continuous and bounded in (z, t)€
R?, i.e.
1D% £l
1Dz- fll

Ki,Vr € R;
K>,V € R,
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where K1, Ko > 0, we obtain

wr (Daofmf>£) S 2TK1;
Wr (Dg—f>£) S 2TK27V£Z 07
for each x € R.
Therefore, for any £ > 0,
sup [max (wr (D% £,€) ,w, (DS f,€))] < 2" max (Ki, Kz) < oo (13.11)

zeR

So in our setting for f € C™ (R), Hf<m)H <oo,m=[a],a¢ N, a>0,by
Proposition 13.9, both (Dg, f) (t), (Dg_f) (t) are jointly continuous in (¢,z) on
R?. Assuming further that they are both bounded on R? we get (13.11) valid. In
particular, each of w, (DS, f, &), wr (DS_ f,&) is finite for any & > 0.

We need
Remark 13.15. Again let f € C™(R), m = [a], a ¢ N, a > 0; f™) (z) =
1,Vx € R; zg € R. Notice 0 < m — a < 1. Then

D*:c = r . Ay > .
of (@) 'm—-a+1) v
Let us consider z,y > xo, then
D2 f () = D F )] = st (= 0) ™ = (3 — o)™
0 0 F'm—-—a+1)
< =y
- I'(m—a+1)
So it is not strange to suppose that
|DS, f (21) — D&y f (22)] < K |21 — 22]7 (13.12)

K>0,0<8<1,Vri,z2 € R, any zo € R, here more generally Hf(m)H < 0.

In general, one may assume

My~ Pand
Mg~ P2 (13.13)

Wy (Dg—.ﬂ §)
Wr (Dfx.ﬂ §)

where 0 < (1,02 < 1, V€ >0, r € N; My, Mz > 0; any « € R.
Setting 8 = min (81, 82) and M = max (M1, M), in that case we get

<
<

sup {max (w, (D3_f,€) ,wr (DL f,6)} < ME™HP =0, as € - 0+. (13.14)

zER
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13.2 Main Results

We need
Definition 13.16. Let » € N, a > 0. We introduce the numbers

I B VA Y F e j=1,...,m
]_{ e (13:19)

that is }37_,a; = 1.
Also denote

o= it k=1,...,m—1, (13.16)
where m = [«a] .

We give

Theorem 13.17. Let f € C™ (R), m = [«], a > 0, Hf(m>H < oo, z0 €R

fixed, £ > 0. Then
i) if t > 0 we have

A A(t,xo) : Zoc] (zo + jt) — N f(k)
k=1
- %a)/o (t = w)* ™ (AL (Dlsy f) (w0) duw, (13.17)
and
- r! thte
ii) if t < 0 we obtain
m—1 (k)
B B (t,z0) : Za] (zo + jt) — f (z0)] — Z / kExO)éktk
k=1
0
- %a)/t (w—1)° " (AL (DS, f)) (o) dw, (13.19)

and

o a 7! |t TF
|B| < wr (D:co—f>£) <k0 (r — k) T (o + k + 1)> : (13'20)
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Proof.
i) Let t > 0, we obtain

Za][f(:ro-i-]t Za] (zo + jt) — f (20)]

s [m—1
_ . f(k) (20) %k 1 zo+jt ' o
— ;a] 2 A jt Jr—F(a) /mo ((zo 4+ 4t) — ¢) Dmof(g)dg}
T [m—1
F™ (o) R CAPRPRN
- ;ai =1 L! ° e er/o (§t —u) lD*mgf($O+u)du:|
[m—1
v M@ a1t i o
= jZZloc] = o t +—F (0‘)/0 (jt — jw) D*zof(x0+]1U)jdw:|
T [m—1
— [ (z0) . ‘o t ot .
- Z()éj Pt k! ° ]ktk +FJ(Q)A (t_ w) lD*zof(xO + jw) d’w:|

j=1
mol (k) ST it

= Z f Emo)éktk_i_ ]—laj / (t_ )a lDaofzof(IO-i-]’w) dw
k=1 : 0

Gy S OO
= kZ:l k! Sut® + T (o) /0 (t —w)* ' D,y f (zo0 + jw) dw
! t a-1 - r—5 (T
+F(a) /(; (t,w) {j_l (*1) <]) (D*mof(l'o +]w))}dw
B m—1 f( )(xo) . t o
= kZ:l o Spt Jrl“(a)/o(t*w)
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_ m—1 f(k)( )
- ;_1 A (5kt
1 t ot r i (r X .
Jrm/o (= w) {jzo(l) <j)D*:co (f (o +]w))}dw
m—1 (k) o t . . a
= kZ:lf kg )5"tk+1“(1a)/0 (t —w)* " (AL (D%, f)) (wo) dw.

Zaj (w0 + jt) — f (z0)] = ”‘Z‘mw

k!
k=1

1 [t L
er/o (t —w)™ (Aw (Dizo f)) (o) duw,

that is (13.17) is true.
Next we observe that

—

A< / (t — )1 AL (D%, ) (z0)]| duw

= r(la)/t(t*w) ( ’“”“fg&)
_ (Fzzo)f £) {( );k / (t_w)a_1w<k+1>-1dw}

r ta+k
*mgf§ ] §’€I’a+k+1)

proving inequality (13.18).
ii) Let ¢ < 0. Then we get

> a;[f (o + jt) — Za] (w0 + jt) — f (w0)]
=0
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T m—1 (k) z0

= Za] Z f kExO)]ktk +%a)/ y (C_Z'O—jt)a_lD;O,f(C)dC}
j=1 L k=1 zo+jt

IR K AN C2) [ SRS N LN,

= Z (o7 7l 7t +Ta) / (u — ]t) Dzo*f (CUO + u) du
j=1 Lk=1 jt

_ i SO (o) gy 1 o a1 Mo N

= ;i ! 7t er / (Jw — jt) Dmo*f (zo + jw) jdw
j= Lk=1 t

_ i s KSS f(k> (ZCO) ktk ja 0 —t a—1 Da . d

= Ya At s [ = Dl f (o + ) d
j=1 Lk=1
m-1 (k) " G 00

S O Zf;}j)“ [ w027 D5, g ok gy
k=1 t
m=1 (k) (=) (T 0

- > k( gyt 4 2t (F(a)) 4 / (w =)' DE,_ f (o + jw) dw
k=1 : t
m—1

(k) 0
= Zf k( )5t +F(1a)/t ('wft)o‘fl.

m—1 (k) o .
-y kE ) 5ut
10 e )
— f<k) (zo) ¢ .k 1

We have proved (t < 0)

—1

m (k)
Za] (zo + jt) — f (z0)] = Z f kExo)éktk

k=1

1 [° U
m/t (w—1t) (AL, (D3, 1)) (z0) duw.

—+

The last proves (13.19).



13.2 Main Results 181

Next we notice that

Bl < i [ =07 AL (D8, ) o)l du
< %a)/o (=" " w, (Df:o_f,s%)d
S (2
SO ()
—

‘We observe that

/to (w — £)°~! (1 - %) dw = /to (w0 — £)*~1 (kz; (l’;) (—1)* ?-,f) dw

r

(ML (k+1)—1 a1, _ r! I (o) atk
_I;)(k)gk/t (0 — w) (w—t) dw_z(r_k)!gkr(a+k+1)|t| .

k=0

Consequently we obtain

T

B § l |t|a+k
(¥) = wr (Dgy— f,€) <k_0 (r—k)EFT (a+k + 1)) )

proving (13.20). |

In the next, let £ > 0, z,z0 € R, f € C™(R), m = [a], a > 0, with
g e

Consider the Lebesgue integral

Pre(f,z) = %/m (Z o f (z +jt)> e 18 qg. (13.21)
e\

We assume Pr¢ (f,z) € R, Vz € R.
Notice that

L[ e,
% /_Ooe dt =1, (13.22)

P, ¢ (¢,x) = ¢, ¢ constant, (13.23)
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and

Pre (f,w0) — f (z0)

%/ (Z 0 (f (w0 + 1) — (xo») e Sy
= 2—2/ (Z a; (f (zo+jt) — f (l‘o))) e 18 qt
2 / (Z o (f(mo+j4t) — f (xo))) e Vedt

= A (13.24)

We have
® k- 0, k odd,
/ ke lt/€ gy — { MEH h oven. (13.25)

We present

Theorem 13.18. Let f € C™ (R), m = [a], a > 0, with Hf(m)H < o0,
£>0, zo € R. Then o

1)

m—1

Pre (f,x0) — f (x0) — Z 730 (20) 62,67 (13.26)

p=1

< ler!] - &% -max {wr (Dg,— f,€) ,wr (D, f,€)} -

(Above if m = 1,2 the sum disappears).
2)

Pre (f.) Z FEO () 82,87 (13.27)

< ler!) - €% - sup {max (w, (Dz-f,€) ,wr (D2 f,€))} -

z€R

We further give
Theorem 13.19. All as in Theorem 13.18. Additionally suppose that Hf(Qp) H

<oo,p:1,‘..,LmTflj.Then
m=1

1Pre ()= F Ol < 0 [[#%]| 10217 (13.28)
p=1
+ Lerl] €% - sup {max (wr (D5— £,€)  wr (D2 £, €))} -

zER
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Assuming further that both (D%, f) (t), (D_f) (t) are bounded in (t,z) € R?
we get, as £ — 0+, that P, ¢ % I (uniformly), see (13.11).

Or, by assuming (13.13) we get (13.14), that is from (13.28) we obtain again
P.¢ % I (unit operator), as £ — 0 4.

Proof of Theorem 13.18. We use here heavily Theorem 13.17. We see that
(see (13.24))

_ MIf()(-TO) —|t
Y

[ e to — )" (AL (DS, f))(xo)dw”dt

1 [ — S® (z0) o—t/€
= HT st

ot/E

+ {F(a) . (t—w)* (A, (Dfmof))(mo)dw”dt

3@ ; e (- " (AL (DS, 1) (20) o ar
e [ 0 AL D) (o) du]

= LEJ FP (0) 02067+ >> .
Hence
=]
0(xo) = Pre (f,x0) — f (z0) — ; F@P) (20) 62,6
%U_O { *“'“F(la) /to (w—1)"" (A, (Dgo_f))(mo)dw} dt
+ /O+°° [e*“{ﬁ / (t—w)" " (AL (D2, f) (mo)dw} dt} ,
So that

0 “+ oo
/ e 1tép (t,xo)dtJr/ eit/gA(t,xo)dt} .

oo 0
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Consequently we derive

0 +oo
0(z0)| < %U e"”/g\B(t,xo)\dt—i—/ e—t/€|A(t,xo)\dt}
—00 0

L O e[y T |g|otk )
- 25{(/_00@ Ttk ™ wr (D3, 1.€)

k=0

Ry gtk .
</0 ’ E(EN*)!M(MMU dt ) wr (D2 £:6)

+

(Call M (z0) : = max{wr (D[ &), wr (Do f8)}-)
M - e 1t/E . ! |t‘a+k
T Voo <kzo (rk)!gkr(a+k+1)) dt}
- M) |y r I/ et
B { (r—k)T (a+k+ 1)k /_Oo [t] dt]

T

2 =
B - r! Ooe—t/ﬁ t o i
= M (z0) Lz_%(r—k)!l“(a-i-k-i-l)/o (5) dJ

e - r!  _u (atkt1)—1
= g/\/t(xo){ (rfk)!l“(a+k+1)/0 e "u du

k=0
a a r!
= "M (o) I
k=0
We found that
T 1 .
|9(ZCO)| S <T' — (’I" _ k)' 5 M (1.0)
1
- (MZ y) £° M (z0)
k=0
= ler!] §* M (zo),
that is proving (13.26). |

Next we give a fractional Voronovskaya type result regarding singular integral
operators.
Theorem 13.20. Here f € C™ (R), m € N, m = [a], a > 0, Hf(m)H < 00,
oo
and ||Dg_ f (y) < My ||ID%f ()]l < M2, where My, Ma > 0, for any z,y €
R

lloo

Then
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|52
Prc(fio) = [ (@)= Y 1% ()8 =0 (6°7°), (13.29)

p=1
0<f<a,as&—0+.

Le.

(m 1)
Pre(f,x) Z f‘2") & (Z ajj2p> +o(67),  (1330)

where 0 < 3 < a.
(Above if m = 1,2 the sum disappears.)

Proof. Since f € C™ (R), m = [a], a > 0, by (13.2) and (13.4) we obtain

m—1

f* (o) D2, f Q) o
f(z)= 2 %l (x — l’O)k + m (x —x0)",
Vx > o, here o < { < x and
m—1
F*) (20) Dz, f(Q) o
f(z)= 2 T (x — x0)* + T D) (zo — )",

YV < xo, here z < ¢ < xo.
Sowe find (j =1,...,7)

m—1 (k) Dfx R
Pt - s =3 g o'+ g oo,
for x < { < 2+ jt, here t > 0.
Also it holds
f($+ t) _ f(x) _ — f(k) (.Z‘) (t)k 4 g,f (C) (.t)a
J = Tat+1) 7"

for x + jt < ¢ < x, here t < 0.
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Notice that

Pre(fix) = f(z) = 2_1£<Zoaj/o:o(f(l'+jt)f(x))elﬂ/gdt)
- %(Z})% U_w(f(eryt) F(z))e /e as

m—1
O @) ok [ 5 e
j (Z —m t e dt
k=1 —o0

p=1 j=1
Z;:o%] O e —[t/¢ a o —t/¢
vz ([ e gyt [T g @) )
We derive that
im0
T =Pe(fia)—f@)— Y [O(x)0,

p=1

N T R e e e
- W{/_wt (DZ_f(Q)e dt—l—/o t (D, F(C)) et 4t .
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‘We consider

Then we have

S (DT o N

B = 2]§al+1r—(a+1()]){/foota(D?J(C))e"”/ﬁdtJr/O t"(D;}zf(g))e—t/sdt}
: Dy o —1t1/8
ET @D /_; (e () wrsen) e

Ooa T o —t/&
[ (S () omro)ol

Set
)=>_ (-1 <]) (D2 (©)).
and
Ya (2,t) = _ (-1 (;) (D% £ Q).
Therefore
1 o L ~ §
A&ZW{/_wt <]5a(x,t)e \l/&dt—f—/o twa(x,t)e T€qt! .

By theorem’s assumptions we derive

6o (2,)] < (Z <J>)M

= (2" —1)M,
[Ya (z,t)] < (2" = 1) My,
Vx,t € R.
Call M3 = max (M1,M2) .
Thus

|pa (2,8)], [Ya (z,0)] < (2" — 1) Ms,
Vx,t € R.
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Consequently we obtain

2" — 1) M o
[Agl < W{/ [t|* e |t|/5dt}

_ @ D)Ms % e e
([

= S (e) e
DM g,

P(a+1)
= (2"—1)Ms.
That is
|Ag| < (2" — 1) Ms,
and

|T| < (2" — 1) M3&£?,

resulting into T'= O (§%).
However, let 0 < 8 < «, then easily we get

T
Elo‘*lf’ < (2" —1)M3£? =0, as € — 0 +.
Le. |T|=o0 (5‘176) , proving the claim. |

13.3 Applications

Leta=1, [3] =1, fEC'(R), ||f]l. <o0, &>0, 20 €R.
Then by Theorem 13.18, (13.26), we derive

\Poe (f,20) — f (z0)] < |er!] - \/E - max {wT <D§rf, 5) w, (Diof, 5)} ‘

(13.31)
Consequently it holds

1P (1) = Fll < ler] - VE -sup max {wr (D2 1.6) o (DR16) ]
(13.32)
Above we suppose (Déff) (y), <D§mf) (y) are bounded in (z,y) € R?, for

the convergence of P.¢ — I, as { — 0+ .
By fractional Voronovskaya type Theorem 13.20, (13.29), under the above
assumptions we get

Pre(fix)—f(z)=o0 (E%"’> , (13.33)
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where 0 < 8 < 1.

Note 13.21. The integrals P, ¢ are not in general positive operators.
Take f(t) =t*>0,7r =2, a =25, =0. Then a1 = —2, az = 27°.
We find

P (£2,0) =2¢% (—2+4-27%%) <0,

proving the claim. [ ]
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Multivariate Generalized Picard
Singular Integral Operators

In this chapter, we study the type of Picard singular integral operators on R" con-
structed by means of the nonisotropic -distance and the g-exponential functions.
The central role here is played by the concept of nonisotropic B-distance, which
allows us to improve and generalize the results given for classical Picard and
g-Picard singular integral operators. In order to obtain the rate of convergence
we introduce a modulus of continuity depending on the nonisotropic (-distance
with respect to the uniform norm. Then we give the definition of S-Lebesgue
points depending on nonisotropic §-distance and a pointwise approximation re-
sult shown at these points. Futhermore, we present the global smoothness preser-
vation property of these type of Picard singular integral operators and prove a
sharp inequality. This chapter relies on [61].

14.1 Background

The g¢-analysis is extensively used in approximation theory, especially in
the study of various sequences of linear positive operators such as
Bernstein [248], Szdsz Mirakyan [98], Meyer, Konig and Zeller operators [276],
Bleimann, Butzer and Hahn operators [100] and singular integral operators
such as the Picard and Gauss-Weierstrass operators (see [99], [97] and
[101]). In [97] we introduced a generalization of the well known Picard
singular integral operators (see [67]) by using the g-analogue of the Euler

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 191
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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Gamma integral, and called the operators as g—the Picard singular integral oper-
ators. We have shown that these generalized operators have a more flexible rate
of convergence than the classical Picard singular integral operators. Also these
operators retain some approximation properties regarding, direct and pointwise
approximation results in L, (R) and weighted — L, (R) spaces, global smoothness
preservation properties and a Voronovskaya type theorem (see [99], [100], [97],
[96], [95], [101]).

In this chapter, we introduce the multivariate variant of the g-Picard singular
integral defined by (14.1) depending on the nonisotropic S-distance. Then we
show that from the rate of convergence point of view these operators with this
construction are more flexible than both of the classical Picard and g¢-Picard
singular integral operators. That is, depending on our selection of the parameter
g and the parameter 8 (which is defined below) the rate of convergence can be
refined. Also we define a modulus of continuity which is harmonious with these
operators. Finally for these operators a pointwise approximation result is shown
and the global smoothness preservation property is given.

Recall that, the generalization of the Picard singular integral in the multivari-
ate case given [67] and some approximation properties of them have been studied
initially (see [17], [67], [69], [164] and [163]). Also the generalization of the clas-
sical Picard and Gauss-Weierstrass operators depending on S-distance and some
pointwise approximation results have been presented in [96] and [95].

Now we give the concept of the nonisotropic (-distance. Let n € N and (1,
B2, , Bn be positive numbers with |3| = 1+ B2 + -+ + B and

n

L 1
il = (a7 4+ ol F) L x e R

The expression |x||; is called the nonisotropic $-distance between x and 0. Note

that this distance has the following properties of homogeneity for positive ¢ :
18]

(‘tﬁlxl ﬁn) =t ||,

Also, nonisotropic (-distance has following properties.

1
B1

+o ‘t‘}"axn

1. |\x||B:0<:>x:O,
181
2. HtﬁxHﬁ:tn HXHB’

3. I+ ylly < M (lxly + lvlls)

. (1_},_;)\ |
where Bmin = min {f31, fB2,...0n} and Mg = 2\" " Pmin

™ (see [193]).
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It can be seen that nonisotropic (3-distance becomes the ordinary Euclidean
distance |x| for 3; = %, i =1,2,...,n. Also, this distance does not satisfy the
triangle inequality.

Now we recall that the g—generalizations of Picard singular integrals given in
[97]. Let f : R — R be a function. For A > 0 and 0 < ¢ < 1, the g—generalizations
of Picard singular integrals of f are

1 —q) f T +1t)
P\ (f;q, )= P\ (f; = dt, 14.1
A (fia, @) = Pa(f; @) | Tngt (1 q)m (14.1)
where the g—extension of exponential function e” is
n(n—1)
q I o
= (-2 9) (14.2)

with (a; q),, = kﬁo (1 — aqk) and (—z; q), = Iflo (1 erqk) .

For ¢ > 0, g—number is

A
[/\] = 1l—qq’ q;él
A q=1

for all nonnegative A. If A is an integer, i.e. A =n for some n, we write [n], and

call it g—integer. Also, we define a g—factorial as

[n]q!:{ [’I’L]q [n_l]q“'[l}q> n:1i 2, ...

1 n=20

For integers 0 < k < n, the g—binomial coefficients are given by

n | [n],!
{ k L R = LY
For details see [170].

Another needed formula is g—extension of Euler integral representation for
the gamma function given in [102] and [10] for 0 < ¢ < 1

(oo}

()T (2) = —2 WQ_U/ P g, Rew>0 (14.3)
ol = g E, (1—qpn °F '

where I'q () is the g—gamma function defined by
Py@) = LD (g 0<q<r
(05 @)oo

and ¢4 (z) satisfies the following conditions:
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1. cqg(x+1) =cq(x)
2. ¢q(n)=1,n=0,1,2,..
3. lim ¢q (z) = 1.

g—1=

When z = n + 1 with n a nonnegative integer, we obtain

g (n+1) =[n]! (14.4)

14.2  Construction of a Family of Singular Integral
Operators

In order to introduce the new singular integral operators, we start with the fol-
lowing elementary lemma.

Lemma 14.1. For all A > 0, n € Nand 3; € (0, o0) (i =1, 2,...n) with
|8 =81+ P2+ -+ + Bn we have

/\]m\ /73A B:t) L

R‘VL
where
(1—q)lt]]
-

and )

Ing™

c(n, B, Q) 2 ‘6“06 n—1l'q ( ) % (146)
(1-q)qg 2

Proof. The t = [)\]qﬁ x change of variable gives that

dx

]|m /7DA o)t =cln, B, q )/Eq ((1—q)HXH5>‘

Rn R™

We use generalized (-spherical coordinates ([193]) and consider the transforma-
tion

2
1 = (ucosbh) P
. 2
2 = (usinbicosbs) f2
. . . 26, _
Tn—1 = (usinfisinfs---sinb,_2cosb,_1) Pn—1

. . . 2
Tn = (usinfisinfy---sinf,_1) B”,
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where 0 < 601,02, ,0p_2 <7, 0 < 0,1 <27, u > 0. Denoting the Jacobian of
this transformation by Jg (u, 01,..., 6,—1) we get

Jg (u, 01, ..., 0n_1) = u?P171Q5 (0),

1
> 2B —1

n—1
where Qg (0) = 2761 ...0n [ (cos0;)*% ! (sin ;)= . We can easily see
j=1
that the integral
WE, n—-1 = / Qg (9) deo (147)
1

is finite, where S"~! is the unit sphere in R".

Thus we have

dx w1710 () ddu
c(n, B, Q)/Eq <(1 . IIXIIB) c(n, B, q / / 175(] u2|f|>

R 0 gn— 1

Using (14.7), we derive

dx "~y

néEq(u—quig) o 1 g /W

If we use (14.3) and choose

Ing™!
C(TL, Ba q) wﬁ,n 1F ( ) 1 n(n—1)

then we have the desired result. |
Definition 14.2. Let f: R™ — R be a function. For 0 < ¢ < 1,A >0, n € N

and 8; € (0, ) (1=1,2,...,n) with |3] = Bi+ B2 + -+ + Bn, the ¢-Picard
integral depending on B-distance of f is

Prs(fie,x) = Pip(f;x)

- %/ﬂxﬁ)m (B,6)dt,  (148)

R"L
where P (8, t) and ¢(n, 3, ) defined as in (14.5) and (14.6), respectively.

Note that, if we take [5’, =5,1=1,2,...,n, it appears P, (f q, x) operators
introduced in [97]. If we take q — 1,then P, %! (f;1, %) operators are classical

Picard singular integral (see [67]).
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14.3 Approximation Properties of the Operator
Pys (f;-)

In this section, we first introduce a nonisotropic modulus of continuity reflecting
the nonisotropic S-distance and the operator P g (f;-). Then we estimate the
rate of convergence. Secondly, we introduce §-Lebesgue points of f and give a
pointwise approximation theorem on these points.

Definition 14.3. Let f € C (R"),n € Nand 3; € (0, 00) (i =1, 2,...n) with
|8l = B1+ B2+ -+ Bn. For every § > 0, nonisotropic moduli of continuity of f
is

wa (f; 9) = sup |f(x+h)—f(x)].

Il <6
Lemma 14.4. Let f € C(R") and 3 € (0, 1] (i =1,2,...,n) with |8] =
G144+ Bn. For § >0 and C' > 0, then
181
o (10 6) < 4 s (159,

Proof. For positive integer k, we can write

181
w;;(f;kn 5) = xsuﬂg ‘f(erth)ff(x)‘

], <6

= sup if(x—i—sﬁh)—f(x—i—(s—l)ﬁh)
s

k

< sup Z’f(x—i—sﬁh)—f(x—i—(s—l)ﬁh)’
[ #n (o <s

< kws (f396),

where Hsﬁhf (sfl)BhH < |/h[|5, by P~ (s—1)% < 1fori=1,2 .. n.
B

Since wg (f; 0) is a nondecreasing function of §, we have

wa (f; c%) < (1+C)ws (f: ).
| ]

Theorem 14.5 Let 0 < ¢ < 1, A > 0,n € Nand 8;€(0, 1] (4 =1, 2,...n) with
1Bl =014+ B2+ -+ 6n. If feCMR™), ws(f;d) < oo ford > 0, then we have
for every x € R"

|Prg (fiq, %) — f(x)| < K (g, 8)wp (f; [/\];%‘) ,
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where

K(q,8) =1+" S ( Br)ea(nt o)

n_ n__
s "*\m !

Ty(n)q
Proof. From Lemma 14.1 and definition of nonisotropic modulus of continuity,

we can write

Prs (f39, x) = f(x)

D [ (e s P 00k

= D o (£ lell,) Pa (5.0 e

ISR

Since

181

|It]] 5 " e
an (0 llls) =ws | 13 { T | W |
I H”"
using Lemma 14.4 with C' = [>\] for t €R™, we have
18] T

|Prg (fiq, %) = fF) <Sws { f5 [N ‘m H IE B,t)dt

We apply change of variable with
— B
t = [N,y

= [(N)'dy,

where y €R"™ such that [)\]f y= ([A]gl Yi,- -, [)\]f" yn> and then by using the
generalized [-spherical coordinates as in Lemma 14.1, for x € R" given we have

L2l TAT
“p (f? (Mg ) 1+c¢(n, B, q)/Ldy
o Ba (=) Ilyls)

wP1=142Q 5 (0) dOdu

= [ H q v c(n, b, q 213
0 gn—1 Eq ((17q)’u, n )

IN

[Px.g (f59, x) = f(x)]
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By (14.7) we get

| Py, (f;q, x) — f(x)

T
| B (= w)
(14.9)

151 n
<ws <f; wq") 14 e, BT

Also, using (14.3), we derive

(1-q)q 2

Substituting this equality into (14.9) and using (14.6), we have desired result. m

Remark 14.6. Let X := Cy (R™), n > 1, be the space of uniformly continu-
ous functions from R" into R. For f € X, we consider the first order modulus of
continuity of f by

w(f; 8):= sup |f(x)=f(¥), I>0.

x,yER™
[lt—x||<é

Here ||-|| is an arbitrary norm in R™. We know that w (f; ¢) is finite for all § > 0
(see [67, pp. 297-298]) and trivially we see that

limew (f; 9) =0, iff f € X. (14.10)

Also the above properties true for the Euclidean norm and its equivalent, the

maximum norm.
If f € X, where R" is equipped with maximum norm, we observe the following:

Let 6 > 0 small enough, x = (x1,...,z») € R", and ||x||,,, the maximum norm.

Let A= {x,yER" : HX*Y”B S5}. For x,y € R" and i =1, ...,n, we have

2 —yil < |lx =yl
and for x,y € A we find
s — | <OTT <P i= 1, m,

where 8* = min {51, ..., Bn} . Thus we get

1% = ¥l < 6777
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n_

That is A C B, where B := {x,y ER™ Ix = ¥| e < 6|5|ﬁ*} . Hence

ws (f; 0) = sup_ |f (x) = f(¥)I
6l 5 <5
< sup [ (0 = £ (v)] =™ (£ 677,
x,yER™

Lﬁ*
161 |y <8 171

Using above inequality and (14.10), for f € X,
%%WQ (f; 9)=0. (14.11)

Using Theorem 14.5 and (14.11), we can give following result.

Corollary 14.7. Let Py s (f,:) be a positive linear operators, defined by
(148). If fe X,neN, 3, €(0, 1] (i=1,2,...n) with |8| =01+ B2+ + Bn,
A>0and 0< g <1, then

lim [[Pag (f50, %) = F ()]l =0
Now we introduce an analogy of the classical Lipschitz space Lipar (o).

Definition 14.8. For a given M > 0, n € N, 3; € (0, o0) (1 =1,2,...,n)
with |8] = B1+ B2+ -+ Br and 0 < a < 1, we denote by Lip,g () the subset
of all functions f € C (R™) such that

If(t) = f(x)| <Mt —x]|5, forevery x,t € R".

Remark 14.9. Call |t, — x.| = max {|t1 — z1],..., [tn — zn|} . We have
- N 1
||tfx|\gm = |ti —z1|Pt + ...+ |tn — x| P
N 1
<t — x| P F o |t — T B
S n|t* 7x*|i’
where B% = min{gl—l,...,ﬁ} same as B = max {51, ..., Bn} if |t« — 2+ < 1, and
ﬁ% = max{ﬁll,...,%} same as B, = min{f1, ..., Bn} if [t« — z«| > 1. Therefore,
we have
nB.
16— x[[57 <0 [t — 2 <0 |t — x|
and

18] 18]
It —xllg < %= fo — |70
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If f € Lipym,p (o) then we have

%a |t — x|%a

If (¢) = f(x)] < Mn

For small § > 0 the last implies

Buclid T
w uckr ean(f; S)SMTLna(s"ﬁ*a7

where 3« = max {1, ..., Bn}, that is f is uniformly continuous.

Using Definition 14.3 and Definition 14.8, we have

wg (f; 6) < Ms° (14.12)

for any function f € Lipm g ().
Using Theorem 14.5 and (14.12), we can give following result.

Corollary 14.10. Let Py s (f,:) be a positive linear operators, defined by
(14.8). If f € Lipmp (o) for some 0 < a<1l,neN, ;€ (0, 1] (:=1, 2,...n)

with |8 =F1+ B2+ -+ Bn, A >0 and 0 < g < 1, then we have for every
x € R"

|Prs (fia, %) = f (x)| < MK (q,5) [,\];%'a7

where M is a positive constant independent of A and K (g, ) is defined as in
Theorem 14.5.

Remark 14.11. As a consequence of Corollary 14.10 we can say that the
18]
convergence rate of the operators (14.8) to f is O ([)\]QTO‘> , which can be made

better depending on not only the chosen ¢ but also the choice of 8. Also, for
suitable ¢ and [ this rate coincides with the rates of convergence of the g-Picard
and classical Picard singular integral operators, respectively, to the identity.

Now we present a result which is a pointwise version of the theorem of approx-
imation to the identity (see [275]). For this purpose we first give the following
definition.

Definition 14.12. Let f € L, (R"), p>1and 8; € (0, o0) (i =1,2,...,n)
with |8] = B1 + B2 + -+ + Bn. We say that x is B-Lebesgue point of f, if the

condition

=

3 1 P —
Jim (Wﬂyn;"b M) =) dy) 0

holds.
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Theorem 14.13. Let n € N and §; € (0, o0) (¢ =1,2,...,n) with |3] =
Bi+B2+-+Pn,A>0and0<¢g<1.If fe L,(R"), 1 <p< oo, then
lim Py (34, %) = f (%)

whenever x is a Lebesgue point of f.
Proof. Let x be a Lebesgue point of f. This means that for any € > 0 one can
find > 0 such that n > h implies that

1

1 » P
<W/ly|§+§<h|f(><+y)f(><) dy> <e.

Changing to generalized (-polar coordinates we can reinterpret the former con-
dition as: if n > h then

h
Gs (h) :/ s (s) ds < R2PleP
0

where

p
9 = [ |1 (x+6007) =160 2 @0
Ssn—1
On the other hand, for all n > 0 we obtain

Pos (fFia, %) — ()] < % [ 1ty -1 0IP Gy dy
’ \|y|\§'72"<n
+% [ iy - 0P Gy dy
ly11 317" >n
=1+ Is.

To estimate I; first we use Holder’s inequality and later the generalized (-

spherical coordinates, so we get

o=

L < ‘Bl / fx+y)—f&)PPxr(B,y)dy

Hyugﬁ <n

/(;7 /‘f(x-l—(s@)B)—f(x)‘pQg(Q)dH $281-1p0 (3. 5) ds

Sn—1
1

(/0"9 (5) 527 -1PY (8, 5) ds) "
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where

c(n, B, q)

18] a )EIEL .
NI E, | G=e
Ng™

Using integration by parts twice and the above observations we have

- [T arie.))

S92 (8, s)\z - / sPld (PR (ﬂ,s») :

P (B, s) =

I

IN
~
@

)
=
e
> o
?

IN
™

nQ\ﬁIpS (5777) — /000 52|md (7)2 (/8»5))) ’

e (0?70 (5777)+2|ﬁ|/°° $2181=1p0 (6,s)ds)p
0

IN

IN
[0
Y Y

Because

205 [ PR (5, ds = 2'5'7”‘6' /PA (B.y)dy.

w

there exist a constant A such that I; < eA.
To estimate Iz, using Hélder’s inequality for % + 1% =1 we have

c(n, 8, q)
Y

I>

L1l lnPs (8.l + C(W B )1 o) P (8.1

where X, is the characteristic function of the set of y such that HyH? >n. We
observe that

c(n, 3,
([Tf‘”nx?ﬂa(ﬁf)nl - S

|

=

—
3
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We notice that second summand tends to zero as A — 0. For the first summand
we have

=

L2 D i@l = LD [ BBy P (5] dy
(g RV n
1157 >
1
!/ p/
p_
< L2 pemEolz [ PGy
g n
x5 >
L 2
o Gl L R R e R N NCRTNES
But by (14.2) we derive
c(n, B, c(n, B, (1—q)[[t]]
LD Py Bl = LD sup 1/ (e
[ }q [ }q ¢ 21T >, ]q"
18l (1
. cn B q) A~
B I (2 4 (1 ) g 22
o TN +0-aan™)
18]
(Al
< B P
I (N, +-aan™)
k=0
S c(n, /81 q) [A];ﬁ_il _>0 as >\_>0
Thus the proof is completed. u

14.4 Global Smoothness Preservation Property

In this section, we show that the ¢-Picard integral operators depending on the (-
distance given by (14.8) satisfy the global smoothness preservation property. The
global smoothness inequalities involve a different modulus of continuity given in
[17] and [67].

Theorem 14.14. Let the function f : R" — R with wg (f; §) < oo, for any
d>0and 3; € (0, ) (i =1,2,...,n) with |8] = 1+ B2 + -+ + Bn, such that
Py s (f;q9,x) €R for 0 < g < 1. Then we have

wp (Pxg (f34,7)30) Sws (f;6). (14.13)
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Proof. Notice that

P (f30, %) — Pra (fia y) = % [Gasv -y +0)P @y
q R"
By Lemma 14.1, we get
(Prs (00 = Prs (o v = B 150 -0 016 0
q Rn
< wp(f;9).

We finish with

Theorem 14.15. Inequality (14.13) is sharp, namely it is attained by the
projection f. (x) = x;, where x = (z1,...,%j,...,2n) € R® and j € {1,...n} is
fixed.

Proof. We see that

Pyg (fe;4, X) = Pag (450, y)
c(n, B8, q)

- W/[(iﬂﬁtﬂ—(yﬂ%ﬁ]% (8.4) dt

= x;—y;

fe(x) = fo (y).

Hence for any x, y € R"™ with ||x — Y||g <46, 6 > 0 we get

Rn

[Py (fe50, X) = Prg (fe50, )| = | fo (%) = f ()]
and

wg (Prg (f+30,7); 0) = wp (fi; 6), for any 6 > 0.
Further notice that

1 Bj B
wi— g = (|xz-—yi|ﬁj) < Ix—yll}”
nﬁj
< 518 < oo,

and

wg (f«; 0) < o0.
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At the and we observe that

Pratfsa) = T [ )30
q R"
B9 [,
= zj+ 7[)\]|ﬁ\ ]k/nt],PA (ﬁ,t) dt
= z;+ — 2 dt 1dt]dtn
A]'m / / <<1 q)t|ﬁ>
"

= Xj.

That is Px g (f«;q, x) = z; € R. So f. fulfills all the assumptions of Theorem
14.14. [ |
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Approximation by q-Gauss-Weierstrass
Singular Integral Operators

In this chapter, we present a generalization of Gauss-Weierstrass operators based
on g-integers using the g-integral and we call them ¢-Gauss- Weierstrass integral
operators. For these operators, we obtain a convergence property in a weighted
function space using Korovkin theory. Then we estimate the rate of convergence
of these operators in terms of a weighted modulus of continuity. We also give
optimal global smoothness preservation property of these operators. This chapter
is based on [62].

15.1 Introduction

Recently, in [97] a g-generalization of Gauss-Weierstrass and Picard singular in-
tegral operators was introduced by using the g-analogue of the Euler Gamma
integral. In [61], was given a different generalization of ¢-Picard singular integral
operators by using the nonisotropic §-distance.

In this chapter, we introduce a g-generalization of Gauss-Weierstrass singular
integral operators by using the g-integral. In 1910, Jackson [195] defined and
studied the g-integral. He also was the first to develop g-calculus in a systematic
way. Nowadays there is a significant increase of activity in the area of the ¢-
calculus due to its applications in mathematics and physics.

The aim of this chapter is to derive the weighted approximation error of the
g-type Gauss-Weierstrass singular integral operators for functions of
polynomial growth. This estimate will be in terms of a weighted modulus

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 207
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011



208 15. Approximation by g-Gauss-Weierstrass Singular Integral Operators

of continuity that we give below. Also we give a direct approximation result for
these functions. We finally prove the optimal global smoothness of these operators
by using the usual modulus of continuity.

Next we provide a summary of the mathematical notations and definitions used
in this chapter. All of the results can be found in [170] and [201]. Throughout
this chapter, we fix ¢ € (0,1).

ForaeR, neN,

n—1 oo

1— g™
[n], = 17q ; (a;Q)n:H<1—aqk>7 n=12 ., (~2;9) H<1+qu>,
q k=0 k=0
[n] [n—1] ---[1]. , n=1,2,..
| — a q q
[t { 1 n=0.
The g-derivative D, f of a real valued function f is given by
) — x .
(Duf) (a) = LT g0 2, (15.1)

and (Dqf) (0) = f (0) provided f (0) exists.
The g-Jackson integrals and the g-improper integrals of a real valued function
are defined as (see [195] and [211])

e}

| r@de=-aaX f ) d aek

n=0

and

/O%f(ac) =(1-9q) Zf( )qX A>0, (15.2)

n=-—oo
provided the sums converge absolutely.
One can define the Jackson integral in a generic interval [a, b] as

/abf(x)dqx:/Obf(m)dqxf/oaf(x)dqm

There are two important g-analogues of the exponential function:
- n(n— l‘n
(z) = Zq ( WQW =(-1-q9 9, (15.3)
n=0 q’

and

(o) 7l 1

7 B —— 15.4

z:: (-9 z;9) (15.4)

Note that for g € (0,1) the series expansion of eq (z) has radius of convergence
)

17q' To the opposite, the series expansion of Eq (z) converges for every real x.
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The g-gamma integral is defined by [211]

1
I, (t) = /1 ' 2T B, (—qz)dgz, t>0 (15.5)
0
which satisfies the following functional equation:

Pgt+1) = [t]q Lq (1),

where [t], = 11:q; and I'y (1) = 1.

The change of variable formula (see [201]) for u (x) = y2*

u(b)
/u<a) qu—/ f D 1/@’&( )dq1/51‘. (156)
15.2 Description of the Operators

Definition 15.1. Let f: R — R be a function. Forn € N, ¢ € (0, 1) and z € R,
the g-Gauss-Weierstrass integral of f is

W (f3q, ) :Z@/ﬁ‘/ﬁf@ﬁ) ( ¢’ [n] ﬁ) dqt.

2r 94

Lemma 15.2. The operator W, satisfies, for every k € N,
k (K 2jrq2 (%) k—j
. _ —J
Wn(t,q,a:)—z j ﬁx .
J=0 (2

Proof. From (15.7) we obtain

Il (a+1) p——2——
W (tk;q, x) \/qil/\/qulq2 (t+2)* By ( ¢* [nl, —) dgt (15.8)
2Lg2 (5) 0
[nly (g +1) & =
\/[]qil Z (kf)xk—]/\/["]q -4 yip < q [n] _> dqt.
g2 (3) j=o0 J 0 !
Using (15.1) we can write the g-derivative of the equality ¢t = 2 ‘[/f] as
q
Da(t) = 2 Vu—+/¢*u
q 1-¢)u
[],
2
= - (15.9)

(a+1)/Inl,va
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Also, using the change of variable formula (15.6) for g-integral with 3 = %, then
from (15.9) and (15.5) we derive

—2 2 J+1 S
/\/['n]q\/lfq2 tJEQQ (_qin]q %) dgt = 27.& / 1—gq U%qu (_un) dun
70 (Q+1)[n]q2 7o
_ P ()
Y =S
(¢g+1) [n]q 2
for 7 =0,....,k. From (15.8) we have desired result. ]

Remark 15.3. Note that ¢g-Gauss-Weierstrass operators W, given by (15.7)
can be rewritten via an improper integral by using definition (15.2). From (15.3)

we can easily see that E, (—%) =0 for n <0 . Thus we can write

], (a+1) iV
Wi (fiq, z) = ’ / 2

202 (%) 0

15.3 Approximation Properties in a Weighted
Space

In this section, by using a Bohman-Korovkin type theorem proved in [162], we
present the direct approximation property of the operator W, given by (15.7).

Let us denote by Bz (R) the weighted space of real-valued functions f defined
on R with the property |f (z)] < My (1 +x2) for all x € R, where My is a
constant depending on the function f. We consider the weighted subspace Cs (R)
of B (R) given by

C2 (R) ={f € B2 (R) : f continuous on R}.

We also consider the space of functions C} (R) = {f € Cy (R) : limg oo lfl—zé = k!irR}

equipped with the norm || f||, = sup,cg ﬂ—z)z‘

Theorem 15.4. Let T, be a sequence of linear positive operators mapping
C5 (R) into B (R) and satisfying the conditions

lim sup |70 (7 @) —2"| _ 0, forv=0,1,2.
n—00 ;R 1 —+ 332
Then, for any f € C5 (R),

i sup T Ui0) — (@)l
S A
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and there exists a function f* € Cs (R) \C¥ (R) such that

n— oo z€R, 1 —+ 1'2 -

For f € C§¥ (R), we consider the weighted modulus of continuity defined in [286]
given by
QQ(f, (5): sup |f($+h)—f2(ib)|
2€R, [nj<s 1+ (h+x)

This function has the following properties:

L Qs (f, 0) <2(fll,,
2. s (f, mb) <m (f, 6), m €N,
3. limgﬁo QQ (f, 5) = 0

Note that, we can not find a rate of convergence in terms of usual first modulus of
continuity wq (f, 0) of the function f because the modulus of continuity w1 (f; 9)
on the infinite interval does not tend to zero as § — 0. For this reason we consider
the weighted modulus of continuity Q2 (f, 9).

Remark 15.5. Since any linear and positive operator is monotone, Lemma
15.2 guarantee that Wy (f) € C2 (R) for each f € C2 (R).
Notice that, if we choose q¢ = 1 then the operators Wy, turn out to be the classical
Gauss-Weierstrass singular integral operators.
Since for a fixed value of ¢ with 0 < ¢ < 1,

A [l = =5
to ensure the convergence properties of Wy we will assume q = qn as a sequence
such that g, — 1 as n — oo for 0 < g, < 1 and so that [n]q — 00 as n — oo.

An example of such a sequence is g, = 1 — 1/na™, where a >3 (see [247]).

Theorem 15.6. Let q = qn satisfies 0 < gn < 1 and let g, — 1 as n — oo.
For each f € C} (R) we have

i sup PV (i 2) = ()

=0.
n—00 ;R 1 —+ 1'2

[Whn (13qn,

Proof. Clearly, lim, oo Sup, g 1+121)_1‘ = 0. From Lemma 15.2 we obtain

lim sup IW" (t;qﬂw LE) — .Z‘| —
n—oo xR 1+l‘2

0.
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Also, using Lemma 15.2 again, we can write

2, 2 4T 3
sup‘Wn (t 7q’ﬂ?x> x | Ssup 4 QTQL (2)

||
+ ,
2CR 1+ 22 zer 1+ 22 /[n}q T (%) [n]q.,L Fq% (%)

n dn

which implies that

2, 2
lim sup |Wn (t dn x) x }

=0.
n—00 zcR 14 22

Since the conditions of Theorem 15.4 are satisfied, we get for any f € C§ (R)

Wn (f3an, ) — f (@)

li =0.
|
Theorem 15.7. For f € C% (R), n € N we have
' (f: _ 8T - (2
sup |W (f71q7 x)Q f(x)‘ S <1 + 121 + q> (12)) Q2 f, 1_
z€R +z T (3) T2 (3) \/[n]q

Proof. From the properties of {2 it is obvious that for any A > 0,

Q0 (f, M) < A+ 1) (f, 6).

For § > 0, if we use the definition of 9 and the last inequality with A = g we
have

[f(@+t)—f@)] < (1+E+2)?)Q(f 1)

(14 (t+z)?) <1+§) Q2 (f, 9).

IA

By the linearity and monotonicity of W, applied to last inequality we get
Wh (fiq, z) — f (2)]

2

Vil @) (R e 2 t 9 12
< S /O 4 (1+¢+2?) L4 2 ) By ~a* [nl, 7 ) dat 22(F. 6).
We can use the identity (1 + (z + t)Q) 1+4H=01-%)(1++ x)2)+% (t+z)+
s+ x)? | to rewrite the RHS above as follows

((1 — %) (1 + W, (tQ;q, x)) + %Wn (t;q, x) + %Wn (t3;q, x)) Q2 (f, 0).
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Using Lemma 15.2 and simple algebraic manipulations, the above expression
becomes

# +41‘ 1 + 211‘12 (%)
5\/Inl Tz (3) Vi, Te 3) 00 Tee (5)

4T 2 (%) 8
(], Toz (3) S [n]2* Ty (3)

(1+2%) [1+

}Qz(f, 6)

Putting together the above inequalities, we obtain, after dividing by (1 + .’EQ)

and choosing § = —A—

Vil

Wa (f; 0, ) — f (2)]
14+ 22

Loz (%)

This completes the proof. |

Remark 15.8. If f € C% (R), n € N, then the weighted convergence rate of

the operators of (15.7) to f is [i] for 0 < gn <1 and gn — 1 asn — oo. Also
an

this convergence rate can be made better depending on the choice of ¢, and is

at least as fast as 7

Remark 15.9. We define the usual modulus of continuity

wi(f; 0)= sup |f(z+h)—[f(z),

z€R,|R| <5

where f: R — R.
Then for f(z) =z we get trivially that

wi (z; §) = 0.
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Here we consider f : R — R with wi (f; d) < oo, for any § > 0, and such that
W, (f;q, z) exists for any = € R. We notice that

:qurl/\/_\/_( Fla+h+t)— f(m+t))Eq2(fq2[n]q§)dqt.

Thus it holds

Wr (f5a0,  +h) = Wa (f;q, )|

[n]q q+1) ﬁ ) t2
= . (d) /Oﬂ\/ e |f(x+h+t)—f(:c+t)|Eq2(—q [”qZ) dt
[n], q+1 )
V1-4¢2 o t_
< el oo ( /\/_ E?( [q4)dqt
= wi(f; 9).
Therefore
w1 Wn (f54q, ); 0) <wi (f; 6), for any § > 0, (15.10)

proving the global smoothness preservation property of W,.
We know by Lemma 15.2 for k£ = 1 that

l
q 2

w1 Wh (859, )5 §) = w1 (z; §) =4,
proving that (15.10) holds with equality. Hence (15.10) is a sharp inequality.

hence
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Quantitative Approximation by
Univariate Shift-Invariant Integral
Operators

High order differentiable functions of one real variable are approximated by uni-
variate shift-invariant integral operators wavelet-like, and their generalizations.
The high order of this approximation is estimated by establishing some Jackson
type inequalities, involving the modulus of continuity of the Nth order deriva-
tive of the function under approximation. At the end we give applications to
Probability. This chapter is based on [28].

16.1 Background

Here we follow [67], p. 281, see also [79]. Let X := Cy(R) be the space of uni-
formly continuous real valued functions on R and C(R) the space of continuous
functions from R into itself. CV(R), N > 1, denotes the space of N times contin-
uously differentiable functions on R. Let {¢x}xrcz be a sequence of positive linear
operators that map X into C'(R) such that

(ef)(@) = (Lo(f275))(z), z€R, feX.

Let ¢ be a real valued function of compact support C [—a,a], a > 0, ¢ >0, ¢ is
Lebesgue measurable and such that

/ pr—u)du=1, anyz€R,

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 215
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216 16. Quantitative Approximation by Univariate Shift-Invariant

which is the same as

Example 16.1. i)

L we[-53)
)(37) =

0, elsewhere,

the characteristic function;

ii)

1—=x, 0<z<1,
o(z) == 1+, -1<z<0,
0, elsewhere,

the hat function.
Let {Lr}rez be the sequence of positive linear operators acting on X and
defined by

oo

(Lxf)(@) = / (0 ) () (2 — ) du. ()

—o0

Notice that

(Lrf)(x) = (Lo(f(27"))) (2"2),

for any k € Z, and = € R. Clearly operators £, can also act on C™ (R).

Notice that ¢ is a scaling-like function and the operators Lj are wavelet-like
integral operators. Operators (x) under mild assumptions that are very natural
are shift invariant, possess the global smoothness preservation property, converge
to the unit operator, and preserve continuous probability distribution functions.
For all these see again [67], Chapter 10, and [79]. Applications of operators (x)
were given in the above mentioned references. Namely there the specialized gen-
eral operators were denoted by { Ak }rez, {Bk }rez, {Lk }rez, {Tk }rez. These were
mentioned and studied in [79], and fulfill all the above nice properties of operators
(). For their precise definitions, see here Theorems 16.3, 16.5, 16.7, 16.9, next.

In [67], Chapter 10, p. 293, and initially in [79], it was proved the following
motivating result.

Theorem 16.2. For any k € Z, and any © € R it holds

(Ach) @) = F@] < (£ 505)
(Bef)(@) — f@) <wn (f.57) (35)
(L)@ = fa)] < (1,952
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and

() - f@)] <o (1.55)

where w1 1s the first usual modulus of continuity with respect to the supremum
norm, i.e.,

wi(f,0) = sup If(x) = fy)l, d>0.
T,y € R
|z —y| <0

In this chapter, see Theorems 16.3, 16.5, 16.7, 16.9, we present inequalities
similar to (*x), but more complicated, involving w (f(N), ) for f € CYM(R), N >
1. That is studying the high order approximation to the unit of the particular
operators Ay, Bk, Lk, ['y. Then in several propositions we continue the same
study for the more general operators Ay j, Bk j, Lk, I'v,; and I,ffq, I,fq, I,iq,
I,l;q. These operators are naturally built on the operators A, By, Lk, I'r and
studied in Chapter 14, pp. 373-389 of [67], see also [66] where first appeared.

At the end, see Corollaries 16.27, 16.28, 16.29, 16.30, we give applications to
the above mentioned results to F € C*(R) probability distribution functions.
The resulting inequalities involve w(f, ), where now f is the probability density
function of F'.

16.2 Main Results

We give the first result.

Theorem 16.3. Let f € CN(R), N > 1. Let ¢ be a real valued function of
compact support C [—a,al, a >0, ¢ > 0, ¢ is continuous and even. Furthermore
it is supposed that

/ e —u)du=1, foranyx R,

/_OO p(u) du = 1.
Define
rf(u) == 2" /_Oo fOe2"t —u)dt, ueR, (16.1)
and
(Aeh@) = [ e - u du, (16.2)

for any k € Z, and any x € R.
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Then

|f(z) az’ aN (™) a
I(Akf) I < Z ] 2i(k—1) + NN (k—1) w1 (f ) 2’9—1> ) (163)

for any k € Z, and any x € R. Inequality (16.3) is attained when f is a constant
function.

Remark 16.4. If f) is uniformly continuous or bounded and continuous
then wy (f(N), ‘Ll) is finite, and as k — 400 we obtain that

(A f)(x) — f(x) (16.4)

pointwise with rates. If f is bounded then Aj is bounded too.
Proof. of Theorem 16.3. Since f € C" (R), N > 1 we have by Taylor’s formula
that

N () (g . L N R

for all t,x € R.
Thus

NG gy ‘
et - = f@eett-w+ Y Lk w2y

(t—s)N !

7(]\[ ~ ] ds.

@) [ (PN () = £ (@)

Therefore we obtain
/ F®)p(25t — u)dt
< ok S fO@) [ i
zf(:r)/_oocp(Q t—u)dt-i-z g /_oocp(Qt—u)(t—x) dt

+ [ O:O p(2"t —u) ( / t(f(N)(s) — M () % ds) dt.

Consequently we get

dw = 2 [ feet-ua
- f(x)/ (2"t 2dt+zf(l / o2t —u)(t — )" 2" dt

s [Tt ([ (f<N><s>—f<N><x>)% ds) 2 .

(oo}
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Hence

) - f) =y L@ | et a

s [Tt ([0 - 1) ) 2

oo

(AN - 1) = [ " (w25 — w) du — f(z) [ e@e-wa

—o0

_ iﬂé@ /Oo o(2"z — u) </°° p(2"t — u)(t — )2 dt) du+ R,

where

R = /j:ogo(fxfu) (/j:oso(gkt,u)
(/;(f(N)(S) — f (x))%ds) det) du.

Here, ¢ is of compact support, so that ¢ # 0 if —a < 2z — u < a, that is if
—a+2%2 < u < a+ 2%z Thus ¢ # 0 if }x — Qik| < 5%, and similarly ¢ # 0 if

|t— |<2k,k€Z.Butthen

u u

oo o 5

and

i

i a .
It—[l)" Sm, ’L—l,,N

Therefore

7.) |
2 x —u)

(A f)(x) = f(2)]

IA

7,'

! 21(,@ 5+ |R|, for any z € R.

>
< okt — u)2 oy 2 dt) du+|R| (16.5)
31

Next we estimate R. We derive

IR| < /00 o(2Fx — u) (/00 ©(2%t — u)A(t, )2k dt) du, (16.6)

— 00 — 00
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where

At o= | [ (06 - @) S s

But we need to estimate first A\(¢, z).
Case of x <t. Thent—s>0. And

Aea) < [0 - ) s
< /xwl(f(N):(t_x))%ds:wl(f(N),(t—x))i(t;VT)

So when x <t we get

A, z) <wp (f(N)» (t—z)) i

Case of x > t. Then t — s < 0. And

At,z) < /f|f<N><s>ff<N>(x>|%ds

[ eats® = o

N (x—t)N
= w1(f( ),(x—t))T,

IA

That is, when = > t we get

z—t)N
At,z) < w1(f(N), (z — t)) ( N!)
Thus in general we have
PR
Mt2) < o (£, e — ) L2 (16.7)

for any ¢,z € R. Hence by (16.6) and (16.7) we observe

oo oo _ N
IRl < / 02"z —u) </ (2"t — w)w: (f<N>, |t 7m|)%2k dt)du
a (N) _a OO k ~ k k
< NN @ FARES 1)) P(2°z — u) N ©(2°t —u)2" dt | du

llN f(N) a
N!QN(k—l)wl ? k=1 )"
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So that N
a (N) a
[RI < NIoNG—D W (f ; 2k—1) ; (16.8)
for any k € Z.
Finally putting together (16.5) and (16.8) we obtain (16.3). ]

Next we present

Theorem 16.5. Let f € CN(R), N > 1. Let ¢ be a real valued Lebesgue
measurable function of compact support C [—a,a], a > 0, ¢ > 0, such that

/ p(x—u)du=1, foranyz €R,

/j:o pu)du=1
Define .
Bep@ = [ f () e —udu (16.9)

for any k € Z, and any x € R. Then

N @) o aN U
I(ka)(w)—f(a:)|§z @)l + SR <f( ) —), (16.10)

il 2ki T ok

for any k € Z, and any = € R. Inequality (16.10) is attained when f is a constant
function.

Remark 16.6. If f) is uniformly continuous or bounded and continuous,
then as k — +oo we obtain that

(Brf)(z) — f(z) (16.11)

pointwise with rates. If f is bounded then By f is bounded too.
Proof. of Theorem 16.5. Since f € CV(R), N > 1, by Taylor’s formula we

have
1(3) = e I ()
e [ - ) B
Then
o) es—w = f@pEts—u)+ i 0 (1) pta )
o) [ 0 - 10 _”11;, .
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Consequently we obtain

(Brf)(z) ==

That is

(Brf)(x

/:: f (%) @(Qkx —u)du

> L0 (G
it ) \2

+

i=1

(i)

Z'

N—-1
Xt
Mdt) du.

for any k € Z, and any = € R. Here again, ap7é01f‘m72k|<

We put

N0 (g
(Bef)(@) ~ f@)] <Y [f ()] a

7!

IR,

IR| < /_00 02"z — uw)Ty (z) du.

Next we need to estimate I'y(z).
i) if # < 5%, then

Lu(z)

<

IA

IA

IN

— m)l 02"z —u)du + R,

/ (2% —x)igp(Qkx—u)du—i—R,

. Thus

1@ [~ e - )

(16.12)

(16.13)

(16.14)
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Le., when x < o, we have

N
a a
o) < gy (1 55)-

ii) If > %, then

L) < [ ) — )
w2k N — 1)
< (g [,
— (1 e ) B < i (7.5,

N
a N a
o) < e (1 5.

when x > or. That is

N

Du(z) <

<y (1, ) =320,

72k

always true for any = € R. Consequently we have

IR| < / 02"z —u)hdu = A,

—o0

ie.,

IR| < A. (16.15)

Clearly now (16.14) and (16.15) imply (16.10). ]
It follows the related

Theorem 16.7. Let f € CY(R), N > 1. Let ¢ be a real valued Lebesgue
measurable function of compact support C [—a,a], a > 0, ¢ > 0, such that

/ p(x—u)du=1, foranyzeR.

—o0

Define

2—}9
ol (u) == zk/ f (t + 2%) dt, u€eR, (16.16)
0
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and

(Li.f)(z) ;:/ el (w)p(28x — u) du, (16.17)

— 00

for any k € Z, and any © € R.
Then

N oD (a i a N Ny @
() - o)) < Y N L i (7,25, oas)

for any k € Z, and any = € R. Inequality (16.18) is attained when f is a constant
function.

Remark 16.8. If f) is uniformly continuous or bounded and continuous,
then as k — +o0o we obtain that

(Lif)(z) — f(x) (16.19)
pointwise with rates. If f is bounded then L f is bounded too.
Proof. of Theorem 16.7. Since f € CV(R), N > 1, by Taylor’s formula we

have
gy = ey D8 (e 2y
e [T G - o) L EZ

cw) = 2k/02_kf<t+2u—k>dt

Il
~
=
+
Y
| =
8
NS
N
ol
S—
V)
|
S
o~
+
3|
Ead
8
SN——
QU
o~
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So that

That is we derive

N @ (g o0
G - 5@ = Y 8 [ gt

(N — 1)

N-1
t+ 5 —s
x %dﬁ dt) du.
Again ¢ # 0, if |2i,c - x‘ < 5% - Therefore
27k .
u K3
< /O (\t|+‘2—k—x‘) dt

2t al’ (a+1)
< — 4+ | dt=-—F—.
= /o <2k + 2k) ok ki

Consequently from (16.20) we obtain

o—k

/O (t+2%—m)idt

If P @)] (a+1)°
]

- s +IRI: (16.21)

|(Lef)(z) — f(z)] < Z
‘We put

u N-1

ok - —s
o(z,t,u) ;:/ : (f(N)(s) - f(N)(x))%ds. (16.22)
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It follows that

o] 2~k
IR| < 2’“/ 02"z —u) (/ |5(m,t,u)|dt> du. (16.23)
—o0 0
Next we estimate 0(x, ¢, u).
i) Let t + 5 > =. Then
t+ok t+ )Vt
8. t,u)| - < / A ORS S <x>|% ds
t+4 ) (t+i,€fs)N_1
< — X~ 28 S
< /m wl(f ,(s x)) N =) ds
t+ w (t 4+ S)N*
< ) u o 2%
= L wn (10, (84 55 =) I
1 ok (b4 2 — )V
< (N) o+ >k
= @ (f ok ), S
u N
_ ) atl) (t+ 55 —2)
= e\ N '

That is when ¢ + 2% > x we derive

a+1) (t+z-a)"

(N)
[6(z,t,u)] < wi (f T I

ii) Let ¢ + 5 < 2. Then

|§($’t’u)| < /tii ‘f<N>(3)*f(N)($)|(S_(t+ Q_k)) ds

e
: /t+ N 8\[*_%))!)“ .
P
@ lms) + (S_SJ%))!)NI ds
=y, ) e )

That is, when t + ;& < z we obtain

1) e )"

(N)
[0(z, t,u)] < wy (f o N
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That is it is always true that

N
a+1\ [t+5—2
|5(:x,t,u)| < wi <f(N)> ok ) ‘ QN! |
1 1)V
< w <f(N), “2’; ) (”N’,LTI)V = A>0. (16.24)
Le.,
[6(z,t,u)] < A (16.25)

By (16.23) and (16.25) we find that

oo 2~k
IR| < Qk/ o282 —u) (/ )\dt> du =M.
—oo 0

That is N
a+1 a+1
Finally from (16.21) and (16.26) we get (16.18). ]

The last main result follows.

Theorem 16.9. Let f € CN(R), N > 1. Let ¢ be a real valued Lebesgue
measurable function of compact support C [—a,a], a > 0, ¢ > 0, such that

/ e —u)du=1, forany xz € R.

Define
'VIJ:(U) = ijf (Q_k QT)’ neN, w; >0,
7=0
ij = 1, ueR and (16.27)
j=0
@ = [ slweets -

for any k € Z, and any x € R.
Then

N ) xT a @ a N N a
(L) - sl < 30 Loy Bt (7,25 ), o2s)

for any k € Z, and any x € R. Inequality (16.28) is attained when f is a constant
function.
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Remark 16.10. If V) is uniformly continuous or bounded and continuous,
then as k — 400 we get that

(Crf)(x) — f(z) (16.29)
pointwise with rates. If f is bounded, then I'y f is bounded too.

Proof. of Theorem 16.9. Since f € CN(R), N > 1, by Taylor’s formula we
obtain

j=0 =1 j=0
- s ety A ) A
+]z_;,wj/x (0 - 1) (Nil),) dt
So that
N o(i) n i
dw -1 = YIS (4 o o)
=1 Jj=0
n iw. /5€+7ﬁ(f<w>(t) — M) (gt + gtz —0)"" Ut
="/ (N —1)! '
Therefore we obtain
@)~ ) =X TS [ eta - (g4 g o) duer
i=1 =0 —oo
(16.30)
where
R:= wj h 02"z — u)
St oty it R
(/ (FD @) - £ @) 2 o 1)!) dt) du
Consequently we observe
N o) n oo i
en@ sl < S EEEIS [T gt O s Ry
i=1 §=0 —o0
N @ 1
B Sl CICES Y 631
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We set

vt (3 3t — 1)

ez u, j) = /* M) - 1N (@) M (1632)

It follows that

IR| < Z wj / 02"z — u)|e(z,u, j)| du. (16.33)
Jj=0 -

Next we estimate (x,u, j).

i) Case of 5 + 5t > x. Then

(l+L7t)N_1

2k 2kn

stahn N
(@ u,f)| < / 700 = 1 @)

. u J N
o [ u J (5F + 54 — o)
wl(f <2_k+ﬂfx))T

(N) a-+1 (CL+1)N
wi\ P 5 ) TN

N

dt

IA

IN

Le., when gz + 5= > x we derive

. (a+1)N a+1
|5($,U»J)|§Wk,)\,wl f<N>,2—k .

ii) Case of 55 + 54— < x. Then

z t— (2 4 1 N-1
le(z,u,j)] < / |f(N)(t)—f(N)(ac)|( (zF 2%')) dt
45 (N —=1)!
< o a+ 1) (v = (G + 5))"
= el N
(a+ 1)V vy a+1
< le f ,T .

Le., when 5 + 5= < z, we get again

. (a+1)N a+1
e, )] < b (500, 221

So always it holds

. a+ 1)V a+1
) < CED 0, (f<N>, s ) . (16.34)
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Therefore we obtain

R|

A

M:

E
—

N12EN ¢

N
@(Qkx—u)w 1<f(N) a;l)du
J
_ (a+D¥ m a1y ) 16.35
= e e e ) (16:35)
Le.,

IR < A (16.36)
Finally from (16.31) and (16.36) we establish (16.28)

]
Remark 16.11. Here we define the following operators (see [67], p. 375 and
[66])

Luy(fia) = [ T (£, 2" — ju)p(u) du,

oo

jEN, z€R, keZ
Notice that L1 = Lk, any k € Z. As in [67], p. 381 and [66] we see that

Chs(fi) / 0 (f )

<—,( x— u)) du,
and
<1 1 .
/ —_go(—_(mfu))duzl, all j € N, any = € R.
—oo0 J J
By calling
O=te(3). qen
i()=5e (5 )
we observe that supp ¢} C [—ja,ja] and Ly j(¢) = Lr(e]), furthermore ¢}
inherits all the properties of . Denote here S (f,u) := f ( k) ke Z.
Based on the above comments and as in [67], p. 383 and [66], we define
(Ar; f)(z) == / i (2% z — ju)p(u) du, (16.37)
(Brof)@) = [ (52" = jue(u) du (16.39)
Leih@i= [ d@s - jwedu, (16.39)
and -
s = [l @t - jup() du.
Clearly Ar = Aw,1, Br =

(16.40)
Bri, Ly = Lg1 and I'y =g 1



16.2 Main Results 231

Furthermore one can rewrite the above operators as follows (5 € N)

(Ak ;i H)(x) = /jo r,’: (w)p; (Qkx —u) du, (16.41)
(Be,j f)(x) = /jo Br(fyu)es (28 — u) du, (16.42)
(L, f(xz) = /_00 ci(u)ap;@km —u) du, (16.43)
and -
s = [l - u)du. (16.44)
We present

Proposition 16.12. Same assumptions as in Theorem 16.3. Then

(’ T at
(Aes (D) — F@)] < Z'f ()| T

i a® (v _Ja
* NV (f 2k—) (16.45)

for any k € Z, and any x € R.

Proposition 16.13. Same assumptions as in Theorem 16.5. Then

N

(B — f@) < S L@lie

1=1

J (N) Jja
+ SR <f 2—k) , (16.46)

for any k € Z, and any x € R.

Proposition 16.14. Same assumptions as in Theorem 16.7. Then

N @ (g ja ¢
(LD - f@) < LIt

(ja+ DY () ja+1

for any k € Z, and any x € R.

Proposition 16.15. Same assumptions as in Theorem 16.9. Then

N

@ (g ja i
(Ceaf)e) - s < Yo DI Uetd) (16.48)

ja+ 1)V ja + 1
L Get DT (f“”,ﬂg—f): keZ, zcR.
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Note 16.16. Inequalities (16.45)—(16.48) are attained when f is a constant
function.

Remark 16.17. We mention the generalized Jackson’s like operators moti-
vated from classical Approximation Theory, see [67], p. 377, and [66],

(Ikqf)(x Z < > (Lr,if)(x), q€eN. (16.49)

Jj=1

DY nJ():L

Applications of the above general operator are (see [67], p. 384 and [66]),

We apply

(Iféqf)(x) = Z < ) Ak,]f (16'50)
(IoN(@) = =D (=1 @ (Br.if) (), (16.51)
(g N(@) = =D (-1 (j) (Lijf)(@ (16.52)
and

(o)) = =3 (-1 (j) (e if)(a), (16.53)

any k € Z, and any x € R.

From [67], p. 378, and [66], we get that

|(Zk,qf)(x Z ( ) (Lri f)(x) = f(2)]. (16.54)

Inequality (16.54) is attained when f is a constant. Notice also that » %_; (']1) =
29 — 1.

Applying the above we obtain:

Proposition 16.18. Same assumptions as in Theorem 16.3. Then

@)
(Tigf) () — f(2)] [Z |fmz<k )
N _N
n N!ZN((Ik—l) (fuv) qfl)}, (16.55)

any k € Z, and any x € R, ¢ € N fized.
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Proof. We have that

(16.45) I (g 1fD (@) jla’ iNaN i
Ny _Ja
< Z () |:Z il 2i(k—1) T NN ¥ (f ’2k—1)

N (4) i i N_N
){Z @)l dat , qVa (f(m,zz_t_ll)}

uE-1) T NIoNG-1¥!

@) ¢'a’ q~a™ ~N) _ga
=@ -D|) il + NoNG-D ¥ (f ’2k71> :

IA
—
gt
S Q
— ~—

2i(k—1)
i=1
[
Proposition 16.19. Same assumptions as in Theorem 16.5. Then
N .
FO(z
(BN~ f@)] < @ -1) {Z ]
i=1
i i N _N
aq a q (N) g9
S (1 Q—kﬂ (16.56)
any k € Z, and any v € R, ¢ € N fized.
Proof. We observe that
B . q
((Teaf) (@) = f@)] < (;) |(Br.,; ) (@) — f ()]
j=1
a (@) i i N
q [ ja’ | jTa ) ja
: ; <J> {z_; R ol G
< (99 D@ gla’ | VeV ) qa
< (@-1 Z A ok T NEN W (f ’Q_k>
i=1
|
Proposition 16.20. Same assumptions as in Theorem 16.7. Then
If ()]
g (16.57)

(@) = @) < (@1 =1) {Z ;

(ga+1)"  (qa+1D)V vy ga+1
B oo et AT I

any k € Z, and any x € R, ¢ € N fixed.



234 16. Quantitative Approximation by Univariate Shift-Invariant

Proof. We see that

@ (g a+1)° a+ 1)V Ny ga+1
(3)) {Z Ol | (et ), (oo, 021

j=1 i=1
|
Proposition 16.21. Same assumptions as in Theorem 16.9. Then
N0 (g
@)~ @) < @7=1) {Z (o) (16.59)
—~ il
(ga+1)"  (qa+ 1)V (~) ga+1
T ok + NI2EN U ok )|
any k € Z, any x € R, and q € N fized.
Proof. Similar to Proposition 16.20, using Proposition 16.15. [ ]

Note 16.22. Inequalities (16.55)—(16.58) are attained when f is a constant
function.

Inequalities (16.55)—(16.58) improve a lot in the case of N = 1. We use that
=1 ()i =a2'7
We give

Proposition 16.23. Here f € C*(R). Same assumptions as in Theorem 16.3.

Then
(D) @)~ F@)] < 5225 (1F @]+ (£ 5057) )+ (16.59)

any k € Z, and any x € R, ¢ € N fized.
Proof. We have again

Uah@ - 5@ S i()'Ak’]f o
5 () e (40
- 2k 1 <‘f/ |+w1(f’2" 1>> (z_; <3>J>
= g (F@lre (1 55) ) e
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Proposition 16.24. Let f € C'(R). Same assumptions as in Theorem 16.5.
Then

aq qa
D) @) = @) £ s (1 @+ (£15F)) (16.60)
any k € Z, and any x € R, ¢ € N fized.

Proof. We have again

(I8, ) () — f ()| (16554) Z() |(Br.; f)(@) — f(2)]

Jj=1

u?>i<>< o)+ (1 40))

j=1

= g(r@i+e (r%)) Z<)>

=1

_ aq2‘1 1 <\f |+w1( , qa>>

]
Proposition 16.25. Let f € C'(R). Same assumptions as in Theorem 16.7.
Then

(aq297t +29 - 1)
2k

(r@iva (1955, asen

any k € Z, and any x € R, ¢ € N fized.

Proof. We observe again

(16.54)

((Ieg ) (@) = f@)] < Z() (L, F)(x) = f(2)]

q
j=1
q

£ (e r2)

: ”““@W“w”(i()+i@»

’ / ga+l
WO ) et oy
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Finally we give

Proposition 16.26. Let f € C'(R). Same assumptions as in Theorem 16.9.
Then

(IE (@) — f@)] < @q?z—tw—l) (\f’(x)\ +wr (f’, qa; 1)) . (16.62)

any k € Z, and any v € R, q € N fized.

Proof. Similar to Proposition 16.25. |

16.3 Applications

Next we present applications to Probability. Let F' € C*(R) be a probability dis-
tribution function and f = F’ be the corresponding probability density function.
Here we assume additionally that ¢ is a continuous function on [—a, a].

By Remark 14.2.3(III), p. 389 of [67] and [66], we have that Ay ;, Bk, Lk j,
T'x,; operators map continuous probabilistic distribution functions to continuous
probabilistic distribution functions, for any k € Z, j € N.

Corollary 16.27. (to Theorem 16.3 and Proposition 16.12). It holds that

Jja ja
[(Ak,; F)(x) — F(z)| < h1 <f(x) + w1 (f, F)) , (16.63)
anyk €Z, x €R, j e N.
Corollary 16.28. (to Theorem 16.5 and Proposition 16.13). It holds that
(BeP@ - FoI< 5 (10 ve (152). (oo
anyk €Z, x €R, j e N.

Corollary 16.29. (to Theorem 16.7 and Proposition 16.14). It holds that

(L F) ()~ F(a)] < 2202 <f(x) + w1 <f, J“Q—fl)) ! (16.65)

anyk €Z, x €R, j e N.
Finally,
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Corollary 16.30. (to Theorem 16.9 and Proposition 16.15). It holds that

(P - Fol < 5 (1o (1 9552)), s

anyk €Z, x €R, j e N.



17

Quantitative Approximation by
Multivariate Shift-Invariant
Convolution Operators

High order differentiated functions of several variables are approximated by mul-
tivariate shift-invariant convolution type operators and their generalizations. The
high order of this approximation is determined by giving some multivariate
Jackson-type inequalities, involving the first multivariate usual modulus of con-
tinuity of the Nth order partial derivatives of the multivariate function to be
approximated. This chapter follows [30].

17.1 Background

Here we use [67, p. 297], see also [78]. Let X := Cy(R"), r > 1, be the space
of uniformly continuous real valued functions on R", and C(R") the space of
continuous functions from R” into R. CY(R"), N > 1, denotes the space of N
times continuously differentiable functions from R” into R. Let {lx}recz be a
sequence of positive linear operators that map X into C(R") with the property

(f)(T) = (b(f(27)))(@), TER', feX.
Let ¢ be a real valued function of compact support C Xj_;[—as,a;], a; > 0,

¢ > 0, ¢ is Lebesgue measurable and such that

/Lp(f*ﬁ)dﬁzl, any T € R",

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 239{-260 |
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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which is the same as

/T o(@)di = 1.

Examples. i) For i = 1,...,r consider the characteristic function

1, T e [—%,%)
pi(z) = X[fév%)(x) B { 0, else.

Define
@ (%) == H wi(z:), all & := (z1,...,2,) €ER".
i=1

Then ¢* fulfills above requirements for .
ii) For ¢ = 1,...,r consider the hat function

( )_ 14z, —-1<x; <0,
PP =) 1 g, 0<a <1

Define

P(z1,22,...,2r) = Hap,(xl) >0, forall (x1,...,2,) €R".

=1

Then { fulfills above requirements for .
Let {Lk}rez be the sequence of positive linear operators acting on X and
defined by

(@) = [ D@27 - a)a. »

Notice that
(L f)(Z) = (Lo(f(27%)))(2"F), for any k € Z, and T € R".

Clearly operators £, can also act on CN (R"). See that ¢ is a multivariate scaling-
like function and the operators Ly are convolution type or wavelet-like multivari-
ate integral operators.

Operators (%) under mild natural assumptions are shift invariant, possess
the global smoothness preservation property, converge to the unit operator, and
preserve continuous probability distribution functions. For these see again [67],
Chapter 11 and [78]. Applications of operators (*) were presented in the above
mentioned references. In fact there the general specialized operators were denoted
by {Ak}rez, {Br ez, {Lk ez, {Tk }rez. These were first mentioned and studied
in [78], and fulfill all the above nice properties of operators (x). For their precise
definition, see Theorems 17.3, 17.5, 17.7, 17.9, next.
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In [67, Chapter 11, p. 318], and initially in [78], it was established the following
motivating result.
Theorem 17.1. For any k € Z, a := max(az,...,ar), T € R", it holds

(A @~ F@] < @i (fi50),

(BH)@) — F@ < o (Fig5)

(Lh)@) - F@] < (f, 1;—3) ,

@ - 1@ < o (£5:0), fex, (+)

where w1 s the first usual multivariate modulus of continuity defined as follows.
Definition 17.2. Let f € C(R") which is bounded or uniformly continuous,
we define (h > 0)

wi(f,h) = sup [f(z1,. . ) — f2y, .., xn)]. (k% %)

all :ci,:cgelR\:ci—:c“Sh, for i=1,...,r

From (x%) we get pointwise and uniform convergence to unit operator of operators
Ak, Bk;, Lk, Fk;

In this chapter, see Theorems 17.3, 17.5, 17.7, 17.9, we present inequalities
similar to (#%), but much more complicated, involving wi(fa,), a: |a|] = N.
Here faz denotes an Nth order partial derivative of f € CV(R"), N > 1. That
is studying the high order approximation to the unit of the particular general
multivariate operators Ay, Bk, Lk, I'r. Then in several propositions we continue
the same study for the more general multivariate operators Ay j, By j, Lk j, I'k,;
and I,éq, I,fq, I,iq, I,l;q. These operators are naturally built on the multivariate
operators Ay, Bk, Li, 'y and were studied in Chapter 15, pp. 399-400 of [67],
see also [72] where first appeared.

17.2 Main Results

We give the first result:

Theorem 17.3. Let f € CN(R"™), N and r > 1. Let @ be a real valued function
of compact support C Xij_i[—ai,as], ai > 0, ¢ > 0, ¢ is continuous and even,
o(—Z) = p(Z), VT € R". Furthermore it is supposed that

+oo “+ oo +oo
/ / / o1 —ut,...,Tr — ur)dus -+ - dur = 1,
— 00 — 00 — 00

r—fold
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for any & := (x1,...,2,) € R", which is the same as

“+oo +oo “+oo
/ / / o(ut, ..., ur)dur - - dur = 1,

in short
/ o(@)di = 1.
Define
rf (@) = 2" / F@D) (2"t — @)dt’ (17.1)
for any w € R", and )
(Ah@ = [ rf@e's - ada (17.2)

for any k € Z, and any T € R".
Here we further assume that all of the partial derivatives of f of order N,
denoted by

fa = gxé <& = (a1,...,a,),a €ZTi=1,...,7: |a ::i_zlaizN>,

are uniformly continuous or bounded and continuous on R". Denote

a := max(ai,...,ar). Then
J
) f(@)
NN

a T a
+ FgEw max e () (79

N

AH@ 1@ < Y. i (Z

j=1 i=1

9
8:137;

for any k € Z, and any T € R". Inequality (17.3) is attained when f is a constant
function.

Remark 17.4. (i) If the Nth order partials f; are uniformly continuous or
bounded and continuous then w; (f&, 2,%1) are finite, and as k — +oo we get
that

(Axf)(Z) — f(@),
pointwise with rates. If f is bounded then (A f) is bounded too.
(ii) When N = 1, inequality (17.3) becomes

. . - )
o o g (5542 o o (£.525))

= (17.4)

0f(Z)

8901-

any k€ Z, T € R".
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Proof of Theorem 17.3. We observe that

r

(ALf)(E) — f(F) = / (rL(@) - F(2)p(2"T — @)d,

where

Put

7=0

where

L, 1 t tN_1

R (%,0) ::/ (/ (/ <g(i—v)(tw)—g(?)(0)) dtN) ---)dtl‘

2 0 0 0 2k 2k

Consequently
7 N 92(0)
(1(&) - 1@) eti-0 =3 2—oli- 0+ =
j=1

where

Since ¢ has a compact support it holds

Y . @
ok — i

Therefore we derive
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Hence

Ny _
@) - 1@ <Y 5 [ 169 Oe(i- g+ R,

j=1 J*Jrr 3k

where

— / R (%,o)‘ﬂg-aﬂg
That is,
I; N a’ - 0 g
ry, (@) — f(Z)] < ; T2 <§ oz, > f@ | +R". (17.5)

Let 0 <ty <1, then

1=1

_ (i(;/_;%)%) fe(x,...,z)

aNrN

. a
< fore sy ()

Consequently we find

g’ 1 t1 tN_1 ~ N
"RN <2—k,0)‘ < / (/ </ g(i)(tN)*g(i)(O)‘dtN).“)dtl
0 0 0 ok ok
aNrV a
= N19G-DN &:%%ENM (fa, —Qk_1> = A (17.6)
That is
g
Therefore
R* <X [ o(y—u)dy=A\
R"‘
That is

R" <A (17.7)
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We have established that

. (17.5),(17.6),(17.7) N r

@@ ST Y s <Z

Jj=1

N,_ N

+ % &:rﬂizlszw1 (f&’ 2;%1> =7 (17.8)

It follows
(17.8)
@ -r@l 2 [ @ - f@lee's - o
< 7/ o2 x — i)di =,
o

proving (17.3). |

Next we give
Theorem 17.5. Let f € CV(R"), N and r > 1. Let o be a real valued function
of compact support C Xi_i[—ai,a;], ai >0, ¢ >0, ¢ is Lebesgue measurable and
/ (T —d)di=1, foranyZeR".

The last is the same as

Define

B (f, ) =f<2%) , any i €R', (17.9)
and
(Bef)(@) = | Be(f,@)p(2" T — @)dd, (17.10)
R’I‘

for any k € Z, and any ¥ € R".
Here we further assume that all partials fa, |a| = N, are uniformly continuous

or bounded and continuous on R". Denote a := max(a1,...,ar). Then
N a]' T a J
(Bu))(@) — f@)] < g % <Z o ) G
NN
a’'r a
+ e s o (fage) (7D

any k € Z, ¥ € R", which is attained by constant functions.
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Remark 17.6. (i) Since the Nth order partials fz are uniformly continuous
or bounded and continuous and k — 400 we find that

(Brf) (@) — f(T),

pointwise with rates. If f is bounded then (Byf) is bounded too.
(ii) When N = 1, inequality (17.11) becomes

(Bmmaﬂmh;%{<§j )+rmg¥”m<g£€%)}(ﬁl@

0f(%)

6:1:1-

i=1
any k€ Z, T € R".
Proof of Theorem 17.5. Put

—

(t)::f(g‘c’—f—t(%—f)), all0 <t < 1.

Then for j =1,2,..., N we get that

g

Y

=

gi]i(t) (Z_}(;kx) a%)jf <f+t(2£kff)),

i 92(0) i
. _ — 2 -
f<2k)_ #(1)_;} i +RN<2k,o),
where
—» 1 th tN_1
(B [ ([ (- m)an)- )
0 0 0 2k ok
Thus

Consequently we observe that

N . g%(0)
BH@ - 1@ =3 [ =

4!

©(2FZ — @)di + R,
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where

=1

Ti — % < ok i1=1,...,r
Furthermore we get
j r P J
) a "
590 < (5) (Z 2 ) 1@ ),
and
PG OR N 192 0)]
2 2% — w)du| < / 2 2% — u)du
g/ e - <3 [ —eta-a)
N r i
a 0 . ko o g
< _
< ]Zzl o1 ( 2 |5, ) f(:r)) /RT ©(2°F — u)dd
N r J
a’ 0 ,
= z) | .
; 2k]]| (<11 85137, ) f( ))
That is,
N o r P J
(B f)(&) — F(@)] < 1ok <Z B > f@ | +R|. (17.13)

j=1

Next we estimate |R|, 0 <ty < 1. We observe that

sger-sgo] - [{(E@-2) ) 6 (E-9)

2k
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Thus
1 t1 tn_
‘RN (_’“’0)‘ = / (/ (/ g(]‘V)(t ) — g(f‘:’)(o)‘dtN)"')dtl
2 0 0 0 2k
1 t1 tN—1 aNTN
< a
- /O </o (/0 kN a;rﬁl\x w1 (fa» > dtN) ) dt1
a™NrN a
T ONREN RN (ff‘“ 27> = p. (17.14)

Consequently we have
RI<p [ o2 aa—p.
RF
that is,
R| < p. (17.15)

Finally combining (17.13), (17.14), (17.15) we produce (17.11). ]

It follows the related
Theorem 17.7. Let f, ¢, a as in Theorem 17.5. Define

27k (@+1) . 2~k L .
el (@) = 2’”/2 f@)dt = 2’”/0 f <t + Q—k) dt, any it € R", (17.16)

and
(L f)(Z) = / ol (@)p(2° & — )dil, (17.17)

for any k € Z, and any ¥ € R". Then

(Le )@ — f@)] <D (a.,;klj)] (Z aa‘ ) £(@)
= 7 — | 0z
a+ V¥ a+1
+%arﬁ‘§ w1 (fa» . ) (17.18)

which is attained by constant functions.
Remark 17.8. (i) Since the Nth order partials f; are uniformly continuous

or bounded and continuous and k — +o0o we obtain that
(Le ) (&) — f(Z),

pointwise with rates. If f is bounded then (L f) is bounded too.
(ii) When N = 1, inequality (17.18) becomes

@ - @1 < (S (S [52)) e e (2. 55)}-
- (17.19)




17.2 Main Results 249

any k€ Z, £ € R".
Proof of Theorem 17.7. We see that

Leh@ - 1@ = [ (@ - F@)e2s - Dy

We set

Thus

and

By Taylor’s formula we obtain

_ N =
O R _ () Py Y
f <t+2—k) =9r 4. (1) _Zg_+% (0) + R (t+ 27’0)’

j=0 jv2
where
= 1 t1 tN—1
g (N) (N)
(e ) = [ ([ ([ (00 s 0 ) )
N( 2" ) 0 (0 0 g*z_k(N) g”z_k() N '
Then
_%
P 0 gi_]%(())dt . 2k Lo .
ol (@) - f(&) =) 2" z + 2k ; RN<t+2—k,0)dt
j=1
Here 0 < t; <27% and
U4 a;
Ti — of | < op i=1,...,r

Furthermore we have (j =1,...,N)

. r J
@ < (et1y d .
9 2%((0‘ _( 57 g 50| ) 7@
Thus
N kr 27’3 N T J
2 () — (a—i—l)J 0 o
ZJ—,/ gﬂ%(o)‘dtgz i Z 00 f@ ). (1720
j=1 0 2 j=1 i=1
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Let 0 < 7n <1, then

(N) — e (o
9{+2%(TN) gt—+2ik( )

|
B
+
=
2
3
2
=
o
]
€
i
7N
<~
g
Q
+
=
N—

Moreover it holds

- @ Om R eV )
R (frgeo)| < [ (L () ok e - oy @f ) ) an
(a+1)NrN o a+1
S vy e Ve e ) (720
From (17.20) and (17.21) we find
N a1y (] o)
fo - -
(a+1D)NrN a+1 )
N e Jo o ) = e (17.22)
Finally we have
. L. (722 e
(L@@ < o [ e@ta-ndi=p, .
The last main result follows.
Theorem 17.9. Let f, ¢, a as in Theorem 17.5. Define
@) = [ sl(@ee's - adr, Fewr, (17.23)
where
f S o ui J1 Ur Jr
% (@) = Z Z Wiy ,ogr o f <2—k t Rt 2’“n7~> (ni,...,nr)EN",
Jj1=0 Jjr=0
ni ny
Wiyge = 0, > e Y wyy =1, GER". (17.24)
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Then
N j r j
|(Tef)(@) — F@)] < Z ((ZEJ) (Z aii ) (@)
NN
+ % a:%?}:(Nwl ( a a2——’,;1) s (17.25)

which is attained by constant functions.
Remark 17.10. (i) Since the Nth order partials fz are uniformly continuous

or bounded and continuous and k — +o00 we get that

(T f)(@) — f(2),

pointwise with rates. If f is bounded then (I'x f) is bounded too.
(ii) When N = 1, inequality (17.25) becomes

@ - @) < () {(z_j B ) s e o (SL,200) } ,
)

any k € Z, Z € R".
Proof of Theorem 17.9. We see that

where

Put : )
)
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where
@ 5‘ 1 ty tN—1 ()
R — + ——=,0]:= - (t - - (0 dt <ee] dty.
N(%*zw > /O</O (/O (Q;Jr;k%(w) 92;1c 2)k()) N)) 1
Therefore
N @ 92+ ;- (0) i i ;
— 2\ 2k ' 2ki
Yi, (@) — f() —ZZw; i +Zw*RN <2—k+ F’O)
J=137=0 =0
Again here it holds that
Us ai  Ji .
P — — — = <1 =1,...,rn
Ti— o5 | < o s i r
and @ := max(ai,...,a,). Furthermore, we have (j =1,...,N)
) (a1 ([0 ]\
- (0) < ——— T
g%m&” <5 Z: 70| | F@
Thus
) )
N @ lg") :L( )i N r J
ok vk a+1 0 o
>3 e e (B2 ) s ).
i=137=¢ J = I 1 ¢

Let 0 < 7n <1, then

g ()= g““ - (0)
k

kﬁ 2k 7

N ) (o -9)
{ @;(% * gin fxi> aii)Nf}(f) <

Clearly we obtain

‘RN (i v 0)’ PG i max wi <fa,“—+1) — 6. (17.28)

2k 2kg’

That is,
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From (17.27), (17.28) and (17.29) we find

N r J
, - a+1)7 o .
@ - f@ <Y (],%) ( 2 ) (@)
j=1 =1
a+ )NV a+1
i o (a3 ) = (17.30)
Finally we notice that
. . (17.30) o
(@ -1@) < p [ pE-adi=p. .

Remark 17.11. Here we define the following multivariate operators (see [67,
p. 394], and [72])

L i(f; ) ::/ Ek(f;2kf—jﬁ)gp(ﬁ)dﬁ, kcZ, jeEN, £cR". (17.31)

r

Notice that Lx,1 = L, any k € Z. As in [67, p. 394], and [72] we notice that
— — 1 1 k - — — — T
Lr;i(f;T) = (Ekf)(u)]—Tgo 3(2 Z—u)|du, keZ, TeR".
R”

We see that

/ %w(l(:ﬁfﬁ))dﬁzl, alljeN, ZeR", r > 1.
Put

« 1 1 .
MoK jr<p<j), JjEN,
then supp ¢; C X{_i[—jai, jai], a; > 0. Moreover ] inherits all other properties
of ¢.

Clearly now we have that

Ly,j(p) = Li(p5)-

According to the above comments and as in [67, p. 399], and [72], we define

(Ak, £)(E) = /}R ) (@)} (2" — @)dd, (17.32)
(Bi, 1)(@) = /}R R (;;k) o1 (25 — )i, (17.33)
(L, () := /}R ) cl (@)p; (2" 7 — @)d, (17.34)
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and

r

Tk (&) == / vl (@)} (28 — @)d, (17.35)

for any ¥ € R", k € Z, j € N. Clearly

A = Agy, Brx=DBr1, Ly =1Lgy and Ty =T%;.

Here f, ¢ are as in Theorems 17.3, 17.5, 17.7, 17.9, respectively.
We present
Proposition 17.12. Same assumptions as in Theorem 17.3. Then

N §?a’ r 9 [
[(Ak s (&) = F@)] <D prGT 3 o £(@)
p=1"" i=1 17"
N _ N_N
+ %aﬁﬁi‘ wi (fa> = 1) : (17.36)

any k € Z, and any £ € R", j € N. Inequality (17.56) is attained when f is a
constant function.
Corollary 17.13. Same assumptions as in Theorem 17.3, N = 1. Then

max w (2L ¢
i€{1 ..... 3 N\ Oy 2k -1 ’

(17.37)

(AnsN@ - F@)] < 5 {(Z o)

anyk €Z, Z€R", jEN.
Proposition 17.14. Same assumptions as in Theorem 17.5. Then
. _' ]pap r
|(Br,; £)(Z) — f(Z) P ((Z ‘
i=1

a N,

+ JNI'IT?V ,max wi (fa, —) . (17.38)

a: |al=

any k € Z, and any & € R", j € N. Inequality (17.58) is attained when f is a
constant function.
Corollary 17.15. Same assumptions as in Theorem 17.5, N = 1. Then

max w of Ja
15{1,.. dz;’ ’

(17.39)

(BisH)@) ~ (@] < 2 { <Z \ axz

anyk €Z, Z€R", jEN.
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Proposition 17.16. Same assumptions as in Theorem 17.7. Then

N . P r P
(Lesh@ - f(@) < 3 YEEE ((Z - ) f(f)>
p=1 i=1
+ %&:r&az w1 (fa,]aJrl) s (17.40)

any k € Z, and any T € R", j € N. Inequality (17.40) is attained when f is a

constant function.
Corollary 17.17. Same assumptions as in Theorem 17.7, N = 1. Then

CERCIE Y {(Z

i=1

of (&)
8:137;

anyk €Z, £ €R", jeN.
Proposition 17.18. Same assumptions as in Theorem 17.9. Then

ja + 1)° .
ot 1) ((Z

ja + 1)V +1
P o (1 25 ) (1742)

any k € Z, T € R", j € N. Inequality (17.42) is attained by constant functions.
Corollary 17.19. Same assumptions as in Theorem 17.9, N = 1. Then

af ja+1
>+r€%r11a?< w1 (axz ok )},

(17.43)

of (%)
8901-

Cun@-i@i < (252 {(Z

=1

anyk€Z, €R", jEN.
Remark 17.20. We mention the generalized multivariate Jackson’s like oper-

ators motivated from classical Approximation Theory, see [67, p. 395], and [72],

q
Ing(f38) == (- ()Lk,J(f, ), forall #€R", g€ N. (17.44)

. if4) _
—;(—1) (;) =1.

We apply
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Applications of the last general operator are (see [67, p. 400] and [72]),

I (f; @) = Xq: ( )A ki (5T, (17.45)
I2.(f;8) = qu:l <;1)B ri (F1 ), (17.46)
Iiy(f: ) = Z (j)L 03 (f3 ), (17.47)
and
I (f57) = — i(—l)j (j) Ths(f3 ), (17.48)
any ¥ € R". .

From [67, p. 396] and [72], we have that

[ a(f7) Z() (Lrs )(@) = F@). (17.49)

Inequality (17.49) is attained when f is a constant. We use also that

X ()=

Proposition 17.21. Same assumptions as in Theorem 17.3. Then

Applying the last we obtain

N PP r 2
(I N@E - F@ < @ -1) {Z,ﬂ;i)«Z 2 ) f(f))
p=1 i=1
N N, N
+ s e (f )| ans0)

any k € Z, and any & € R". Inequality (17.50) is attained when f is a constant
function.
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Proof. We notice that

(17 49)

(I, ) (@) — f(2) Z() [(Ar; )(@) — f(D)]

ox;

1=1

) [£ 5 (5]

. N q”a”
(2 *1) Z p]2(k Lp ((Z

3 08w (1

2 N _ N_N
iNaNr ja
> ))—"_N!Z(’c DN 5. 8 =n (f“’Qk 1)}
P NN qa
ox; * NI12(k—1)N a:rﬂ"ﬁinl fas v 2k—1

» qNaNrN qa
(@) N!Q(k—l)N a e Nt o it 2k—1

Proposition 17.22. Same assumptions as in Theorem 17.5. Then

(1€4/) (&) = £(@)] {Z ",W ((Z ‘6% ) f(f))
+ ch!L2k7;V max wi (fa, %)} ) (17.51)

IN
/
i)
~

S

ox;

a: |al=

any k € Z, and any T € R". Inequality (17.51) is attained when f is a constant
function.

Proof. We observe that

(17.49) 4
(I, )(@) — F@)| < Z<3>|(Bk,gf)(f)—f(f)|
j=1
(7.38) L 4 N jPar T P . NN N o
= ng(g) ;puk/’ 2 | ba; F@ )+ RN o Ty (f“’%)
9 q al qPaf | 8 P ~ qNaNrN qa
(B0) [ 0 (Bl 00) » 55 ey 05
N ™ 14
qPa” 0 N gNaNrN qa
S { s (el ) 1) + e e (0 2'“)} -

Proposition 17.23. Same assumptions as in Theorem 17.7. Then

(D@ ~ F@)] < (20 = 1) {Z oo ((Zag&) )

p=1

nHy 1
" % max wi (fmq‘”r )} (17.52)
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any k € Z, and any T € R". Inequality (17.52) is attained by constant functions.
Proof. We see that

/\

(I o f)(@) —

Y ( ) (Liy £)(@) — ()]

j=1

.)pf<f>)+M~max a5

NI2kN a: la|l=N

P N_N
i‘) m>+w_ max (fm qa“)
ox; N

NI2kN a: |a|=

N r P P N, N
(qa + 1)* 0 . (ga+1)"r ga+1
0| 3 (5 ) ) s e (5
Proposition 17.24. Same assumptions as in Theorem 17.9. Then
a (ga+1)" 1)”
r -
U5 H@) - £@)] < ( {Z s ((Z i ) )
(ga 4+ )N ¢V qa + 1
—_— 17.
+ NI2EN a:rﬁﬁzszl Joo =) | (17.53)
any k € Z, T € R". Inequality (17.53) is attained by constant functions.
Proof. Similar to Proposition 17.23, by the use of Proposition 17.18. |

Inequalities (17.50)—(17.53) improve greatly in the case of N = 1. We use that

q)\ . _
= \J
We present

Proposition 17.25. Same assumptions as in Theorem 17.3, N = 1. Then

af qa
) (2 54)

(17.54)

of (%)
8901-

(T £)(@) — F@) < 5o { (Z

=1

anyk €Z, T €R", g N.
Proof. We have again
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|
T~
ilng
/-~ .
S
~__~

<.
~
N

T=

-
p———

_ 2 'a a
T~ 9k—1 Z
Proposition 17.26. Same assumptions as in Theorem 17.5, N = 1. Then

of qa
) +ri€?11%>ir}w1 (axi’ Qk)},

(17.55)

N AR
|(Ik,qf)(x) - f(@)| < ngqul {(; 3&51)

anyk€Z, Z€R", g N.
Proof. We observe again

<
(S0 [+ (515
_ @2 la [ (5~ |0F() of ga

= ok {(; —)+T¢e?11i%.x.,r}WI ((’9%’%)}' n

8331-
Proposition 17.27. Same assumptions as in Theorem 17.7, N = 1. Then
of (%)

df qa+1
+r max  wi (8361-’ o )}, (17.56)

(I N)(@) - £@)] < WQ;?*U { (Z

=1
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any k €Z, € R", g€ N.
Proof. We notice again

(1749) 1
| (@) ~ < Z() (Lii (@) — F(@)]
J=
a4 XL gy | Ga+ 1) Af(¥) Of qa+1
s ;(]) 2k (; ox; >+rie{r?f.l.).(‘r}wl(0xi7 2k )}}
(£ q

2k

) +rmax;eq1,...,r} W1 (Bzi’z—k>}
ok

Proposition 17.28. Same assumptions as in Theorem 17.9, N = 1. Then

q—1 q_ r Y

U@ - @) < 2D {(Z 55?)
of qa+1

+7”1_6?11ﬁ)ir}w1 <8xi’ ok )}7 (17.57)

anyk €Z, €R", g N.
Proof. Similar to Proposition 17.27, with the use of (17.43). |
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Approximation by a Nonlinear
Cardaliaguet-Euvrard Neural Network
Operator of Max-Product Kind

The aim of this chapter is that by using the so-called max-product method, to
associate to Cardaliaguet-Euvrard linear operator, a nonlinear neural network
operator, for which a Jackson-type approximation order is obtained. In some
classes of functions, the order of approximation is essentially better than the
order of approximation of the corresponding linear operator. This chapter relies
on [65].

18.1 Introduction

Based on the Open Problem 5.5.4, pp. 324-326 in Gal [167], we have intro-
duced and studied the so-called max-product operators attached to the Bernstein
polynomials and to other linear Bernstein-type operators, like those of Favard-
Szasz-Mirakjan operators (truncated and nontruncated case), Baskakov opera-
tors (truncated and nontruncated case), Meyer-Konig and Zeller operators and
Bleimann-Butzer-Hahn operators.

This idea applied, for example, to the linear Bernstein operators B, (f)(z) =

S h_oPnk(@) f(k/n), where pni(z) = (P)z"(1 — 2)" %, works as follows.
Writing in the equivalent form By (f)(z) = %W and then
k=0 ¥mn,

replacing the sum operator ¥ by the maximum operator \/, one obtains the

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 261
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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nonlinear Bernstein operator of max-product kind

V pos@)f (5)

\7 pn,k(m)
k=0

)

BM(f)(x) =

where the notation \/7_, pn,kx(x) means maz{pnx(z);k € {0,...,n}} and simi-

larly for the numerator.

For this max-product operator nice approximation and shape preserving prop-
erties can be found in e.g. Bede, Coroianu & Gal [108].

For example, it is proved that for some classes of functions (like those of con-
cave functions), the order of approximation given by the max-product Bernstein
operators, are essentially better than the approximation order of their linear
counterparts.

The aim of this chapter is to use the same idea to the neural network oper-
ators of Cardaliaguet-Euvrard-type introduced and studied in e.g. Cardaliaguet
& Euvrard [128], Anastassiou [18], [19], [22], Zhang, Cao, & Xu [288] (see also
the references cited there). We will obtain that in the class of Lipschitz functions
with positive values, the new obtained nonlinear neural network operator has
essentially better approximation property than its linear counterpart.

Thus, by following Cardaliaguet & Euvrard [128], for b : R — Ry a centered
bell-shaped function (that is, nondecreasing on (—oo, 0], nonincreasing on [0, +00)
), with compact support [—7,T], T > 0 (that is b(x) > 0 for all z € (=T1,7T))
and therefore such that I = fTT b(xz)dz > 0, the Cardaliaguet-Euvrard neural
network is defined by

Conlie) = 3 JED oy (w (o £)).

I-nl-« n
k=—n?2

where 0 < a < 1,n € Nand f: R — R is continuous and bounded or uniformly
continuous on R

Denoting by C'B(R) the space of all real-valued continuous and bounded func-
tions on R and CB+(R) = {f : R — [0,00); f € CB(R)}, applying the max-
product method as in the above case of Bernstein polynomials, the corresponding
max-product Cardaliaguet-Euvrard network operator will be formally given by

s - 01 (3)

Vo b (@ b))

k=—n2

cM(f)(x) = ,x €R, f € CB4(R).
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Remark 18.1. For any z € R, denoting Jr.(z) = {k € Z;—n? < k <
n? n'"%(x — k/n) € (=T, T)}, then we can write as a well defined operator

kEJT,T,,(m)

c () (a) = ,x € R,n > max{T + |z|, 7"/},

bnt = (@ =)
k€J n(z)
(18.1)
where Jr,,(2) # 0, for all z € R and n > max{T + |z|,7~*/*}. Indeed, we have

\/ b {”l_a (55 - E)} >0, for all z € R and n > max{T + |x|,T_1/o‘},

n
kEJTﬁn(z)

because by e.g. Anastassiou [18], relationships (2)-(4), pp. 238-239, if n > T+ |z|
then —n? < nx — Tn® < nx + Tn® < n?, while n' =%z — k/n| < T is equivalent
to nz — Tn® < k < nz + Tn®. This implies that if (nz + Tn®) — (nx — Tn®) =
2Tn® > 2 and n > T + |z|, then Jr () # (), which proves our assertion.

The plan of this chapter goes as follows: in Section 18.2 we present some
auxiliary results, in Section 18.3 we obtain the main approximation result, while
in Section 18.4 we compare the approximation result in Section 18.3 with that
for the corresponding linear neural Cardaliaguet-Euvrard network operator.

18.2 Auxiliary Results

Remark 18.2. From the consideration in the last Remark of Section 18.1, it is
clear that C$"Y (f)(x) is a well-defined function for all # € R and n > max{T +
|z], 7=/} and it is continuous on R if b is continuous on R.

In addition, C’T(L%) (eo)(z) =1, where eg(z) = 1, for all z € R and n > max{T +
||, T~}

In what follows we will see that for f € CBy(R), the C’ff,\é) operator fulfils
similar properties with those of the B™(f) operator in Bede & Gal [110].

Lemma 18.3. Let b(x) be a centered bell-shaped function, continuous and with
compact support [-T,T], T > 0,0 < a <1 and C’T(%‘) be defined as in Section
18.1.

(i) If |f(x)| < ¢ for all x € R then \CT(LIVQ(f)(xH < ¢, for all z € R and
n > {T + |z|,T~'*} and Cflwé)(f)(m) is continuous at any point x € R, for all
n > max{T + |z|, T~/*};
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(ii) If f,g € CB4(R) satisfy f(z) < g(z) for all z € R, then C (f)(z) <
C™) (g) () for all z € R and n > max{T + |z|, T~} ;

(iii) CR2 (f + 9)(x) < CL2 (F)(w) + CY (9)(2) for all f,9 € CB4(R), z € R
and n > max{T + |z|, T~} ;

(iv) For all f,g € CB4(R), z € R and n > max{T + |z|, T/}, we have

|G (F)(@) — CL(g) ()] < CLD(1f — g) (=)

(v) CT(L],VOIC) is positive homogenous, that is C,(%x)()\f)(x) = )\C’T(L]Vo{)(f)(x) for all
A>0, 2 €R, n>max{T + |z|,T'/*} and f € CB+(R).

Proof. (i) Immediate by the formula of definition for C,(L{\fx) in (18.1).

(ii) Let f,g € CB4(R) be with f < g and fix z € R, n > max{T + |x|,T_1/°‘}.
Since Jr,n(x) is independent of f and g, by (18.1) we immediately get the con-
clusion.

(iii) By (18.1) and by the sublinearity of \/, it is immediate.

(iv) Let f,g € CB+(R). We have f = f —g+ g < |f — g| + g, which by
(i) = (iii) successively implies C12(f)(x) < CR(|f = g))(@) + Cd (9)(x),
that is Cflﬂi)(f)(x) — C’y(l]\i)(g)(:r) < C’y(l]\ﬁ)ﬂf —g])(z), for all z € R and n >
max{T + |z|, T/},

Writing now g =g — f+ f < |f — g| + f and applying the above reasonings,
it follows Cy(f,vé) (9)(x) — Cflwé)(f)(x) < Cfﬂ?ﬂf — g])(x), which combined with
the above inequality gives |CS"% (f)(z) — C8*2 (9)(z)| < CS(|f — g])(z), for all
z € R and n > max{T + |z|, T/}

(v) By (18.1) it is immediate. [ ]

Remark 18.4. By (18.1) it is easy to see that instead of (ii), ™M) satisfies
the stronger condition

Cna(fVg)(r) = Cral(f)(z)V Cralg)(),

for all f,g € CB4+(R),z € R,n > max{T + |z|, T~ /*}.
Corollary 18.5. For all f € CB4+(R), 0 < a < 1, b(x) as in the statement of
Lemma 18.3, x € R and n > max{T + |z|,T~'/*}, we have

[F@) = COD () @)] < | 500 (@) (@) + 1| wi(f: D),

where § > 0, ®x(u) = |z — u| for all x,u € R, and wi(f;0)r = max{|f(z) —

fWliz,y €R, |z —y| < 6}
Proof. Indeed, denoting eo(z) = 1, from the identity valid for all © € R and
n > max{T + |z|, T~/*},

Cra (N(@) = f(@) = [C1) (F)(@) = f() - O (e0) (@)] + (@) O (e0) (@) = 1],
by Lemma 18.3 it easily follows
[f(@) = C2 ()(@)] <
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IO (F(2)) () — CL0 (F(w) ()] + [ £(2)] - [CE (eo) () — 1] <
OOV (1 (w) — f(@)) (@) + |£(@)] - |CP (eo) () — 11.

Now, since for all u,z € R we have
1
£0) = @) < wn(Fifu = al)e < |32+ 1] wr (7500

replacing above and taking into account that C’T(L],\i)(eo) = 1, we immediately
obtain the estimate in the statement. |

Remark 18.6. Therefore, to get an approximation property for Cf%x), it is
enough to obtain a good estimate for

B \/kGJTﬁn(z) b [nlia (yc - %)} |z — k/n]|
\/keJTMz) bnt=e (z— )] ,

for all x € R and n > max{T + |x\,T‘1/0‘},

Eno(z) = CL3 () (x)

18.3 Approximation Results

In this section we obtain an approximation result for the operator C’T(L%) (f). For
this purpose, first of all we need to calculate the denominators of CT(L%) (f)(z) and
of Fn o(x), that is we will exactly calculate the expression

Vo[ (s E)] = Ve (a2

kEJT,T,,(m k

In this sense, we present the following,.

Lemma 18.7. Let b(x) be a centered bell-shaped function, continuous and with
compact support [T, T], T >0 and 0 < a < 1.

Then for any j € Z with —n? < j < n?, all x € [j/n,(j + 1)/n] and n >
max{T + |z|, T~*}, we have

2

o (-3

k=—n2

ol (oo (- 220

Proof. Let j € Z with —n? < j <n? z € [j/n,(j +1)/n] and n > max{T +
|z, T=/*}. We can write
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R G R S )

We observe that for k € {—n?, ..., 5} we have n'~*(z —k/n) > n'~*(x—j/n) >0
and since b is nonincreasing on [0, +00), it easily follows that

Bk -2

k=—n

Similarly, observing that for k € {j+1,...,n*} we have n'~*(x—k/n) < n'~*(z—
(j +1)/n) <0, since b(x) is nondecreasing on (—oo, 0], it easily follows that

G ol (- Y] e (- 222

It remains to prove that for = € [j/n, (j + 1)/n] and n > max{T + |z|, T~*/*}
we have j,j + 1 € Jrn(z). Indeed, since z € [j/n, (5 + 1)/n] is equivalent to
j < nx <j+1, we evidently get j < nx + Tn® < n?, for all n > T + |z| and
jH+1<nz+1<nz+Tn* <n? for all n > max{T + |z|,T~/*}. Also, because
—n?<nz—Tn*<j+1-Tn"<j<j+1,forall n > max{T + |z|, 7"},
we get that j,j 4+ 1 € Jr,,(x) for all n > max{T + ||, T~'/*}, which proves the
lemma. |

Remark 18.8. The formula in the statement of Lemma 18.7 is valid for all
x € [—n,+n] only. Indeed, since in Lemma 18.7 we suppose that n > |z| + T, it
follows that we cannot have the complementary possibilities for z, z € (n, +00)
or ¢ € (—o0o0,—n), because in both cases this would imply the contradiction
lz| >n>|z|+T.

Theorem 18.9. Let b(z) be a centered bell-shaped function, continuous and
with compact support [=T,T], T > 0 and 0 < o < 1. In addition, suppose that
the following requirements are fulfilled:

(i) There exist 0 < m1 < My < oo such that mi(T — z) < b(z) <
My(T — z) for all x € [0,T);

(i) There exist 0 < ma < Mz < oo such that ma(x +T) < b(z) <
Ms(x+T) for all x € [-T,0].

Then for all f € CB+(R), = € R and for all n € N satisfying n > max{T +
lz|, (2/T)Y*}, we have the estimate

[f(z) = CID () ()] < cwr (F;n )y,

c =2 | max TMQ,TMI +1).
QWm QWM

where
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Proof. Let x € R and let j € Z with —n? < j < n? -1 such that z €
[7/n, (j +1)/n]. Also, let ks € Jrn(x) be such that

T o o B O [

k€J n(z

It follows that
l-a _ ko _ ke
Boao) = (@ q_” e
Viesr @b [0 (z = 3)]

Taking into account Lemma 18.7 we immediately obtain

2y = min | L = )l = el D" (o = )] o e
Buote) = ALl S A e

n n

for all n > max{T + |x\,T_1/°‘}.

In order to prove the estimate in the theorem we distinguish the following two
cases: 1) ky > j and 2) ky < .

Case 1) Taking into account condition (ii), since ky € Jrn(z) and j+ 1 €
Jrn(z), by @ —ke/n <0 and z — (j +1)/n < 0, we immediately get

1l—« _ k;_T k?_z o 1—a B k_'c k_z _
Foa(z) < bn'™ (z n)} o ) §%~ [T+n'"(z ")].(’{ )
| Y G R S Y Pt

My [T4n7 (2 22)(5 —2)
T me T +n'— (=)
_ My ntT 40t (o B — @)
T oma Tn> —1 ’

Since [T+n17a (l‘ - %)](%7x) = 7n170¢ (%L - Qn’lrfu )2+ 4n7;iu — 4n’1;2*aa

it easily follows that

2, 2a—1 2«
Bna(a) < M2 ITn™ M 1707 e
’ “4dms Tne —1 4dmo Tn> —1

Supposing, in addition, that n > (2/T)"* (where clearly (2/T)"* > T~/ it
follows that

n® 1 1/T 1 1/T 2
" (14— V<o (14—l ==
Tne —1 T(J’naq/T)—T(‘Lz/Tq/T) T

which implies

TM? a—1

-n ,

En,a(x) < 21
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for all n > max{T + |z|, (2/T)"“}.
Case 2) Taking into account condition (i), since kz € Jrn(z) and j € Jr (),
by * — kz/n > 0 and z — j/n > 0, we immediately get

b[nl_o‘ (xfk—f)} (x— %) M . [T —n'~@ (xfk—f)](xfk—f)

n n

En.o(x)

IA

| L)
B R il ) (G
= T (1)
My n®[T =0t (o (o — k)
my Tne —1 '

3 —a . p —a ; 2 2 2
Since [T -1~ (& — 5)] (o= ) = —n'"* (2 = & — )4 Py < 22
reasoning exactly as in the Case 1), we obtain

TMy o1
E,a(z) < . ,
) < T

for all n > max{T + |z|, (2/T)1/“}‘
Now, applying Corollary 18.5 for § = max{% oplTe, % -n'7*} and from
the property w1 (f, A0)r < (A + 1)wi(f,d)r, we obtain the desired conclusion. W
Corollary 18.10. Let b(z) be a centered bell-shaped function, continuous and

with compact support [-T,T], T > 0 and 0 < a < 1. If 0 < li/mT ;(f; <

and 0 < l\iAmT ;(_fi < oo then for all f € CB+(R), x € R and for all all n € N

satisfying n > max{T + ||, (2/T)"/*} there exists ¢ € Ry independent of n and
f such that
|F() = Gl (N@)] < cwn (£in ")y
b(z)

Proof. Let us consider the function g : [0,7] — R, g(z) = 7= if z € [0,T)
b(z

and ¢(T) = xh/n% 7+ From our assumptions we get that g is continuous and

strictly positive. By the Weierstrass’ theorem it follows that g attains its minimum
and maximum. Hence there exist 0 < m1 < M1 < oo such that mi < g(x) < M,
for all z € [0, 7). It follows that mi(T —z) < b(z) < My (T —z) for all x € [0,T).
Since b(T') = 0 we easily get that m1 (T —z) < b(z) < M1 (T —=z) for all z € [0, T].

Now, let us consider the function h : [-T,0], h(z) = ;(—jf; if z € (=T,0] and

h(=T) = z{an ;(jf; Again, it is easy to prove that there exist 0 < ma < Mz < 0o

such that ma(z +7T) < b(z) < Ma(z +T) for all x € [-T,0].
From the above considerations, applying Theorem 18.9 we easily obtain the
desired conclusion. [ ]
In what follows, we will give some examples of bell-shaped functions for which
we can apply Theorem 18.9.
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Example 18.11. Let us consider b : R — [0,00), b(z) = 1+ z if z € [-1,0],
b(z) =1—zif x € [0,1], b(x) = 0 elsewhere. Using the same notations as in
Theorem 18.9 we have T = 1 and m1 = M; = ma = My = 1. By Theorem
18.9, it follows that for all f € CB4+(R), z € R and for all n € N satisfying
n > max{T + ||, (2/T)"*}, we have the estimate

|f(x) — Cy(zl,vé)(f)(mﬂ < 3w1 (f, na—l)]R .

Example 18.12. Let us consider b: R — [0, 00), b(z) = 1 —2? if z € [-1, 1],
b(z) = 0 elsewhere. We have T' =1, m1 = ma = 1, M1 = My = 2. By Theorem
18.9, it follows that for all f € CB+(R), z € R and for all n € N satisfying
n > max{T + ||, (2/T)"*}, we have the estimate

|f(x) — Cﬁ{”é)(f)(mN < dun (f, nafl)]R .

Example 18.13. Let us consider b : R — [0, 00), b(z) = cosz if x € [—7/2,7/2],
b(xz) = 0 elsewhere. Since for ¢t € [0, 7/2] we have 2¢/m < sint < t it follows that
(2/m)(w/2 — z) < sin(w/2 —x) = cosz < ©/2 —z for all z € [0,7/2] and
(2/m)(m/2+ z) <sin(n/2 4+ x) =cosz < w/2 + z for all z € [-7/2,0]. From the
above inequalities it follows that T = /2, m1 = ma = 2/m and My = M = 1.
Applying Theorem 18.9, we obtain

[f(@) = CE (N (@) < Twr (F;n°71) -

Remark 18.14. In what follows we will prove that in general, if the bell-
shaped function b satisfies the hypothesis of Theorem 18.9, then the order of
approximation of the expression E, (z) in Theorem 18.9. cannot be improved.
Firstly, let us notice that from the conclusion of Theorem 18.9 it suffices to prove
that we cannot improve the order of approximation of the expression Ey (z) for
the case when b(z) =T +z if z € [-T,0], b(z) =T —=z if x € [0,T], b(z) =0
elsewhere. Without any loss of generality we may assume that T'= 1. For n € N,
n > (2/T)Y?, take z, = 1/2n. Tt is easy to check that for all n > 2, we have
n > max{T + |z.|,(2/T)"*}. Since =, € (0,1/n),by Lemma 18.7, it follows

2

k=n

that \/ b [nl_o‘ (:zrn — %)} = max {b(nl_axn),b [nl_a (xn — %)} } . Through
k=—n?2

simple calculus we get

2

\ |: o < k):| 2na =
\/ b|n Ty — — = .
n 2n®

k=—n?2

This, immediately implies

k=n?
A e N
k=—n?2

En,a(xn) =

(2n> —1)/2n~
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From the above equality it follows that for all k € Z, —n? < k < n?, we have

bn' = (zn — )] lwn — 4
Epo(zn) > e Ty . (18.2)

Let us take k, = [571“7-9-3] — 1. It is easy to check that —n? < k,, < n?. Also, for
n sufficiently large we have z,, < kyn/n. Then,

b{nl_a (mn—k—")} \xn—k—n\
n n
ol 1 ka\, k ok 1 1\ 1
=1 L L S Al (AL
[L+n (2n n)](n Zn) " <n 2n 2n1*0‘) +4

nlfoz
_ a2kl 1 2+ 1
2n 2nl-o dnl-o’

Since
2k, — 1 1
2n 2nl—«
5n® 43 5n® 43

_2<[T]71>71 ) 2(772)71 ! )
- 2n onl-a = 2n 2pl—o = 3pl-a p’
it follows that for n > 6%/% we have 2'“;;1 2711%,1 > 0. Therefore, for n > 6L/«
we have

1w (20 —1 1 \? 1
" ( 2n 2pl-e +4n1*0‘

2
5n% 43
sy Y
-n 2n 2nl-a 4nl-«
« 2
9.5n7+3 1 5
> _ 11— 6 _ _ 2. a71.
=" ( on e ) Tqpie 36"

Taking into account relation (18.2) and the above inequality, we get

1— kn kn l—a (2kp—1 1 2 1
E (CE’ )> b[TL a(xn_T):l ‘.’L‘n—7| — -n a( 2n — 2n1_(’) +4n1_(’
ekl = (2ne —1)/2ne (2ne — 1)/2n~
% . ’I’La—1 _ 5n% . na,1
= (2n> —1)/2ne ~ 18(2n> — 1)
Since lim % = %, it follows that for n sufficiently large we get

a—1

En,a(mn) Z 'n )

oo | =

which implies the desired conclusion.
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18.4 Conclusion

The linear Cardaliaguet-Euvrard operators C, o (f)(z) were introduced in Carda-
liaguet & Euvrard [128], were it is proved the convergence on compacta to the
approximated function. The results were of qualitative type. The first quantitative
type estimates in the approximation by Cy (f)(z) was obtained in Anastassiou
[18], [19], [22] and then improved in Zhang, Cao, & Xu [288], where at the page
1164 the following type of quantitative estimate is obtained :

Cna(N@) ~ F@)] < 4 Con (Fim° ),

for all n > max{T + |z|, T~/*}, where C1,C> > 0 are constants independent on
n but depending on b and f.

If we suppose now that f is a Lipschitz function on R, that is there exists
L > 0 such that |f(z) — f(y)| < Llxz —y|, for all z,y € R, from the above estimate
we get the following order of approximation by the linear Cardaliaguet-Euvrard
operator :

1 1 _
|Cha(f)(x) = f(z)] = O <n_‘1) +0 (F) , for all n > max{T + |z|, T~}
On the other hand, for f € CB4(R) a Lipschitz function, in the case of max-
product Cardaliaguet-FEuvrard operator, by Theorem 18.9 we get the order of
approximation

1M (F)(x) — flz)| = O (nl%) , for all n > max{T + |z, (2/T)*“}.

It is clear that for % < a < 1, we get the same order of approximation O (nl;—a)

for both operators Chp o (f)(z) and C,(«LAé)(f)(x), while for 0 < a < %, the approx-
imation order obtained by the max-product operator CT(LIVQ( f)(z) is essentially
better than that obtained by the linear operator Ch,o(f)(z).

This shows the advantage we can have by using the max-product Cardaliaguet-
Euvrard operator.
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A Generalized Shisha - Mond Type
Inequality

We present here a generalized Shisha-Mond type inequality which implies a gen-
eralized Korovkin theorem. These are regarding the convergence with rates of a
sequence of positive linear operators to the unit. This chapter is based on [39].

19.1 Results

We give the following definition

Definition 19.1. Let @ be a connected compact Hausdorff space and C(Q,R)
the collection of all continuous f : @ — R. Let g € C(Q,R) be fixed and define
the g-pseudomodulus of continuity of f € C(Q,R) as

wy(f,h) = qug{lf(w) = fW)l:lg(x) — g(y)| < h}, (19.1)

here h > 0.

Thus wg(g, h) < h. The quantity wy(f, h) enjoys most of the basic properties
of the usual modulus of continuity w1 (f, h) (positively homogeneous as a function
of f, non-decreasing nonnegative and subadditive in h). However, wy(f,-) is an
upper-semicontinuous function and in general not a continuous one.

Example 19.2. Let

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 273
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0,0<z<1;
gla)=9 z—-1,1<z<2; (19.2)
1,2<z<3

and f(z) =z then

1+h 0<h<1;

Obviously, wg(f,-) is discontinuous.

Consider a sequence of positive linear operators L,, : C(Q,R) — C(Q,R), such
that the sequence of functions {Ln(1)}nen is uniformly bounded. In particular,
|f] < g implies |Ln(f)] < Ln(g). The following result is a useful generalization,
similar proof, of a result due to Shisha and Mond (1968), [264], who took Q =
[a,b] C R and g(z) = z.

We have

Theorem 19.3. It holds

(Lo (F) = FIF < NFIHEn (1) = 1] 4+ wg (f, pu) (1 + [|La (D), (19.4)
where
pr = (ILn((g = 9)*) W) ).
Here || - || stands for the supremum norm. If Ln,(1) = 1, then (19.4) simplifies
to

1Ln(f) = fII < 2wq (£, pn).- (19.5)

As an application one has the following theorem,similar to the well-known
theorem due to Korovkin (1953), see [213], however it is more general.

Corollary 19.4. Let Q = [a,b] C R and let {L, : C([a,b]) — C([a,b]) }nen be
a sequence of positive linear operators. Suppose that g € C([a,b]) is 1-1 function
and further that L, (1) % 1, Ln(g) = g, and L.(9%) 2 ¢*. Then L. (f) = £, for
all f € C([a,b]), u here stands for uniform convergence.

Proof. Notice that

P <L (g®) = g°Il + 2llgll 1Zn(9) = gll + lgll* 1 Ln (1) — 1. (19.6)

Now apply Theorem 19.3. |
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Quantitative Approximation by
Bounded Linear Operators

This is a quantitative study for the rate of pointwise convergence of a sequence
of bounded linear operators to an arbitrary operator in a very general setting
involving the modulus of continuity. This is accomplished via the Riesz represen-
tation theorem and the weak convergence of the corresponding signed measures
to zero, studied quantitatively in various important cases. This chapter relies on
[25].

20.1 Introduction

This chapter has been greatly motivated by the following result, see [189] and
[199], that solves a problem of P. Lévy.

Theorem 20.1. Let {uq} be a bounded net (or sequence) of signed Borel
measures on [0, 1]; i.e., there is a number M > 0 such that | [ fdua| < M| ]|
for f € C[0,1]. Define Kq(x) = pal0,2] for 0 < 2 < 1. Then the following are
equivalent:

i) li(l}lf fdpa = 0 for each f € C[0,1] (i-e., {¢a} converges weakly to zero).

i) lim(f | Kaldo + | Ka(1)]) =0,

where X stands for the Lebesgue measure on [0, 1].
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20.2 Results

We give the first result:

Theorem 20.2. Let f € C[—1,1] and {ftm }men be a sequence of nontrivial
finite Borel signed measures on [—1,1]. Put M, := um[—1,1] and write |pm| =
i 4 pim, where ), ju, are the positive and negative parts, respectively, in the
Jordan-Hahn decomposition of p, = u* — p~. Then

1

\ 1 fdum‘ < 1F(O)] [Mon] + {1+ il [=1, 1]} (f, /. Itldluml) L (0)

1 —

where w; stands for the first modulus of continuity. Moreover,

1
o</ [#1d] 1] < +o0.
1

If M,, — 0 and fil |t|d|pm| — 0, as m — 400, then {m tmen converges weakly
to zero.
Proof. Let f € C[—1,1]. Then

[ ) (r) = / O = ) (0) = / () - / O 0),
and

‘/jl f(t)dum(t)' < [1 Ol (0.

We see that

1

[ Sl = [ (F= FO)din+ FOn=1.1)
Therefore

‘/i fdum‘ < ‘/i(f*f(O))d/Lm‘ T 1£(0)| [Mim]|

< [ 1= SOl ®) + £ M
(by Corollary 7.1.1, p. 209, [16])

<ttt [ ) + 150 138
([-] is the ceiling of the number)
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1 1
< n(fit) {nli=1,11+ 5= [ ]} + 17O M

1
(by choosing h,, = / [t|d]m])

=w <f,/_1 Itldluml) {1+ pm =110} + £ (O)] [ M.

We have established (20.1). If M,, — 0 and fil [t|d|m| — 0, as m — oo, we

obtain fjl fdpm — 0, as m — oo. [ ]

Theorem 20.3. Let f € C'[—1,1] and let {gm }men be a sequence of non-
trivial Borel signed measures on [—1,1]. We suppose that each um is bounded,
and put My, := pm[—1,1]. Define K, (z) := pm[—1,2], =1 < 2 < 1, K, is of
bounded variation. Then

\/ S| <15 M 411 o>|'/ Kon(2)da| +

<1+/_1| K (x )|dm) (f’,/_l1 |Km(x)|\m|dx) , Vm € N. (20.2)

Here w is the first modulus of continuity. If M,, — 0, fj1 |Km(z)|de — 0, as
m — oo, then {um }men converges weakly to zero.
Proof. By integration by parts,

1 1

fdpm = fdKm + f(—=1)Km(—1)

— [ B+ S0 (0) = F Ko (1) + F 1)Ko (1)

/ Ko () f'(x)da + f(1) M.
— — { _11 Ko (z)(f'(x) — f(0))dz + f'(0) _11 Km(x)dx} + (M,
Hence
‘/_lfd“m‘— (DI 1M +17°(0 l\ [ Ken@al+ [ 10 @) 1 )~ £ Ol

1

rarlfh)- [

—1 m

< F )] (Mo + 1 (0)] \ [ En@is

| Kom ()] [%1 da.
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Here [-] is the ceiling of the number, and the last inequality comes from Corollary
7.1.1, p. 209, [16]. Because
(1] <

hm hum’

we obtain that

/_11 Ko ()] Hﬂd </1 Koz )|<1+,|i)dm
:/_11 o (2) i+ - / Ko ()] |2|dz.

Clearly K # 0, by Km(x) # 0 and may be zero only at some points. Here we
choose

1
hm :/ | Ko ()] |z|d.

1
It is obvious that hp, > 0, and h,, is finite by [|[Km||cc < co. Combining these
together, we have established the validity of (20.2). Under the special assumptions
M, — 0 and f_ll |Km (z)|dz — 0, as m — oo, we obtain that f_ll fdum — 0, as
m — 00. ]

Finally we have the following theorem which for n = 1 implies Theorem 20.3.

Theorem 20.4. Let f € C"[—1,1], n > 1, and {tm }men be a sequence of
nontrivial Borel signed measures on [—1,1]. Suppose that each p., is bounded,
and set Moy := pm[—1,1]. Define Ky (2) := pim[—1,2z], —1 < 2 < 1. Then

( >
‘/ fdpm‘<\f \|M|+Z|fk+1 "/ Ko (z)z"da:

+ (ﬁ /_11 | Ko ()2 d + %) w1 (f“”,/_l1 | Ko ()| |x|"dm) ‘

(20.3)
If My, — 0, f_ll | Ko (z)|dz — 0 with m — oo, then {fim }men converges weakly
to zero.
Proof. Let f € C"[-1,1], n > 1. We have that

—1 r(k+1) x o — )2
rw =3 e+ o - oo Era @

k=0

for any —1 < z < 1. We also have again

/ Fdpim = — / Ko (2) f ()dz + F(1)M (20.5)
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So combining (20.4) and (20.5), we obtain that

/ fdum—f f(kH) 0)/ Ko ()" dx

e ( / ") - f“%o»%dt) do+ F()M

—1 (n

In particular, we observe that

[umo- ool

()| ] 5

P /Olzl {iw %dt, z€R

(see (7.1.13) in Remark 7.1.3, p. 210, [16]). Therefore,

(k+1)
‘/ fdum‘ \fl)\|M|+Z'f 0)‘)/ K(2)o*da

1

et (f, ) - / Ko ()] b1 (|2]) d

—1

(n—2)!

Here

By (7.2.9), p. 217, [16], we find that

" E 2"t
_ < = '
¢n-1(lz]) < (n—1)! 1+nhm (n—=1)! +n!hm7 vek

Hence ||t [ K (z)] ||™
x m(ZT)] %
[ Bom (@)l -1(J21) < [ (@) 77—y + = =

Consequently, we obtain

[ o @)bas(el) L [ @) o
Km(z ¢n_1xdx§7/ Ko ()| |z|" dz
1 (n=1"/J_,

1 ! n
b / Ko ()] 2] d

1
( by picking h.,, = / | Ko (2)] \m|"dm)
—1

/o W ﬂdt‘ = wi(f™, ) pn-1(|z]).

279

(20.6)
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= “j;“(/q Ko ()] 2] d + —
N T n!’

that is,

| 1n@lorehds < =g [ Ku@llal et 20)

1

So by combining (20.6) and (20.7), we obtain (20.3). If fjl |Km (x)|de — 0, as
m — 00, then

1
/ | K ()| |2|Ndz — 0, as m — +oo, for any N € N.
-1

Assuming also M,, — 0, as m — oo we get fi1 fdum — 0. [ ]

Remark 20.5. Let f € C[—1, 1] and assume L,, T are bounded linear opera-
tors from C[—1,1] into itself such that Ly, (f) — T'(f) uniformly as m — oo, i.e.,
Kn(f) = (Lm — T)(f) — 0, uniformly, as m — co. By the Riesz representation
theorem, we have that

(Km(f))(xo) = . f(t)umwo (dt), To € [_1? 1]? vfe C[_L 1]> (20~8)

where fimz, is a unique finite Baire signed measure, see [257], p. 310, Theorem 8.
Here pimag[—1,1] =t Mma, € R. So the pointwise convergence (K (f))(zo) — 0
as m — oo is equivalent to the weak convergence of imaz, to zero. The last implies
Mpmzy — 0 as m — oo. Clearly, Theorems 20.2, 20.3, and 20.4 provide estimates
and rates of pointwise convergence to zero for the sequence K,,. Equivalently, this
chapter presents a quantitative study of the pointwise convergence of operators
Ly, to T as m — 4o00.
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Quantitative Stochastic Korovkin
Theory

Here we study very general stochastic positive linear operators induced by gen-
eral positive linear operators that are acting on continuous functions. These are
acting on the space of real differentiable stochastic processes. Under some very
mild, general and natural assumptions on the stochastic processes we produce
related stochastic Shisha—Mond type inequalities of L?-type 1 < ¢ < oo and cor-
responding stochastic Korovkin type theorems. These are regarding the stochastic
g-mean convergence of a sequence of stochastic positive linear operators to the
stochastic unit operator for various cases. All convergences are produced with
rates and are given via the stochastic inequalities involving the stochastic modu-
lus of continuity of the n — th derivative of the engaged stochastic process, n > 0.
The impressive fact is that the basic real Korovkin test functions assumptions
are enough for the conclusions of our stochastic Korovkin theory. We give an
application. This chapter is based on [38].

21.1 Introduction

Motivation for this chapter are [15], [16], [279], [280]. We introduce the stochastic
positive linear operator M, see (21.1), based on a general positive linear oper-
ator L from C([a,b]) into itself. The operator M is acting on a wide space of
differentiable real valued stochastic processes X.

We give the definition of g-mean first modulus of continuity, 1 < ¢ < oo,
see (21.16), and we prove important properties of it, such as in

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 281
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Proposition 21.9. Here we suppose that X (z,w) is continuous in = € Ia,b],
uniformly with respect to w € —the probability space, n > 0. We assume
also the integrability conditions (21.32) or the one in Assumption 21.23. We
first give the pointwise stochastic Shisha—Mond type inequalities, see (21.33),
(21.47), (21.57) and (21.68). Then we derive the corresponding uniform stochastic
Shisha—Mond type inequalities (21.34), (21.48), (21.58) and (21.69). From these
we establish the stochastic Korovkin type Theorems 21.20, 21.27, 21.33 and 21.39.
These are regarding the g-mean convergence of a sequence of stochastic positive
linear operators { My }nen as in (21.1) to the stochastic unit operator I.

The impressive fact here is that the basic Korovkin real assumptions are
enough to enforce our conclusions at the stochastic setting. So our stochastic
inequalities that involve the g-mean first modulus of continuity of X describe
quantitatively and with rates the above convergence. At the end we give an appli-
cation regarding the stochastic Bernstein operators where we apply the stochastic
inequality (21.69).

21.2 Main Results

Concepts 21.1. Let L be a positive linear operator from C([a, b]) into itself. Let
X (t,w) be a stochastic process from [a, b] X (Q, B, P) into R, where (2, B, P) is a
probability space. Here we suppose that X(-,w) € C™([a,b]), for each w € 2 and
X g, -) is measurable for all k =0,1,...,n, for each t € [a,b], n > 0.
Define
M(X)(t,w) := L(X(-,w))(t), YweQ, Vte/la,bl], (21.1)

and assume that it is a random variable in w. Clearly M is a positive linear
operator on stochastic processes.
We make

Remark 21.2. By the Riesz representation theorem we have that there exists
ut unique, completed Borel measure on [a, b] with

me = pe([a,b)) = L)) > 0, (21.2)
such that

L(f)(t) = (z)dpe (), (21.3)

[a,b]
for each t € [a,b] and all f € C([a,b]). Consequently we have that

M(X)(t,w) = - X(z,w)dp(z), V(t,w) € [a,b] x Q, (21.4)

and X as above.
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‘We make

Remark 21.3. Let n > 1. Using the Taylor formula with ¢ € [a, b] fixed momen-
tarily, we have

X(s,w) = kzn: %(34)’“ (21.5)
+/t (XM (2,w) — X (t,w)) (S(n f):);ldx, Vs € [a,b]
Therefore we obtain
M(X)(t,w) = X (t,w)L(1)(t) = . X (s,w)pe(ds) — X (t,w) L(1)(t)
= X 1~y (216)
=

for each t € [a, b].
Furthermore we get

n X (f
<Z'X , '|L<< H)(®)| (21.7)

e /
(n=D!"Jay

for each t € [a, b].
We also make

—+

/ |X(")(ac,w) — X(")(t,w)| |s — | dx| pe(ds),

Remark 21.4. Here we are working on the remainder of (21.7). Let p,q > 1:
;1) + % =1,ie. p= ﬁ. We notice by Holder’s inequality that

X" (z,w) = XM, w)||s — z|" da (21.8)
t
s 1/q =1 _ =1
<|[ X @) - xOwra) L)
t (qn — 1)T
Thus we have
s q
/ IX™ (z,w) — X (t,w)||s — 2| 'da (21.9)
t

|t —s|" (g —1)"""
(gn —1)a-1

S
X" (z,w) — X" (t,w)|%dz
¢
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Applying again Holder’s inequality we derive

r:= ﬁ </Q{/[a,b]

ptas) | P(dw))l/q

G ([{[,

qm(ds>}P<dw>)1/q

by (21.9)
< co(t,q,n) /</ (
Q [a,b]

1/q
X [t — s|q"71),ut(ds)> P(dw)) =: (x), (21.10)

/ X (2, w) — X (¢, 0)|
t
q

X |s —z|" dx

IA

/ X (2, w) — X (¢, 0)|
t

X |s —z|" 'dx

/ X (z,w) — X (¢, w)|%dx

t

where
L (Lo®E-D)
t)(q — a
co(t,q,m) = e < p— ) . (21.11)
Here ¢(z,w) = |X™ (z,w) — X™(t,w)|? > 0, is a real valued random variable

for each = € [a,b], as well continuous in z, and thus by Proposition 3.3(i), [32],
it is jointly measurable in (z,w). And from the proof of Proposition 3.3, [32], the
integral [’ ¢(z,w)dz is a real valued random variable.

Thus
/ o(z,w)dx
¢

is a real valued random variable, which is continuous in s € [a,b], ie. it is
Borel measurable on [a,b]. Again by Proposition 3.3(i), [32], A(s,w) is jointly
measurable in (s,w).

A(s,w) := [t — st (21.12)
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Therefore by applying Tonelli-Fubini’s theorem, see [150], p. 104, we get that

([ (/)

1/q
[t — s|q"1)P(dw))/Lt(ds)> (21.13)

colt,q,m) ( /[] (L] x@e

1/q
P(dw)) . srm-lm(d@)

(again by applying Tonelli-Fubini’s theorem)

- co<t,q,n>< /[]< [ ([ x e

—x™ (t,w)|qP(dw))dm )|t - s|q"_1)m(ds)> l/q. (21.14)

(%)

[ 1x7.0)
t

— X™(t,w)|%dx

— X™(t,w)|%dx

Thus so far we have shown that

Lemma 21.5. It holds

I= ﬁ </Q </[a,b1

— X"t w)||s — 2" tda

< coft,q,n) </[a,b](

- x™, w)|qP(dw)) dx

/ X" (z,w)
t

m(ds>)qp<dw)l/q

/ts (/Q |X™) (z,w) (21.15)

1/q
)|t - 5|qn_1),ut(ds)) , ¢>1, n>1.

We give

Definition 21.6. We define the g-mean first modulus of continuity of X by

Q1(X,0)pa := sup{ (/Q | X (z,w) — X(y,w)|qP(dw)) 1/q: (21.16)

x,ye[a,b], mygé}, 0>0, 1<¢g<o0.
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Definition 21.7. Let 1 < g < 0o. Let X (x,w) be a real stochastic process. We
call X a ¢g-mean uniformly continuous stochastic process (or random function)
over [a,b], iff Ve > 0 3§ > 0: whenever |z — y| < J; z,y € [a,b] implies that

/Q | X (z,s) — X(y,s)|"P(ds) < e. (21.17)

We denote it as X € Cg *([a, b]).

It holds

Proposition 21.8. Let X € CY%([a,b]), then Qi (X,8)1qa < 0o, any § > 0.

Proof. Similar to the proof of Proposition 3.1, [32]. |
Also it holds

Proposition 21.9. Let X (t,w) be a stochastic process from [a,b] x (2, B, P) into

R. The following are true:

(1) Qi (X,d)ra is nonnegative and nondecreasing in 6 > 0.

(if) lim Q1(X,8)z0 = (X, 0020 =0, iff X € c{9((a,b]).

(1) Q1 (X, 01 4 02)ra < Q1(X, 1) + Q1(X, 62)La, 01,02 > 0.

(iv) Q1 (X,nd)ra <nQi(X,8)pe, 6 >0, n €N.

Q1(X,A0) e < [AJU(X,0)ne < A+ 1) (X,0)La,
A >0, >0, where [-] is the ceiling of the number.
(vi) Q1(X +Y,8)10 < (X, 8)ra + Q1 (Y,8)a, 6 > 0.
(vil) (X, )ra is continuous on Ry for X € CF%([a,b]).

Proof. Obvious. ]
We give
Remark 21.10. By Proposition 21.9(v) we find

(X, |z —yl)re < {@—‘ (X, 6)pe, Vz,y € [a,b], any 6 > 0. (21.18)

Assumption 21.11. Let n > 0.
Here we suppose that X (z,w) is continuous in x € [a,b], uniformly with
respect to w € Q. Le. Ve > 0 36 > 0: whenever |z — y| < 6; z,y € [a,b], then

XM (z,w) = XM (y,w)] <&, Ywe
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We denote this by X(™ € C¥ ([a, b)), the space of continuous in x, uniformly with
respect to w, stochastic processes.

Hence here X" (-,w) € C([a,b]), Yw € Q and X™ is g-mean uniformly con-
tinuous in ¢ € [a,b], that is X™ € CY([a, b)), for any 1 < g < co.

We make

Remark 21.12. We continue work on the remainder of (21.7). We observe the
following (g > 1),

colt,4,) < /H( | ( | X0

- X(")(t,w)|qP(dw))da:

Jie- s|”‘1)’”(ds)) l/q
<co(t,q,n) </[a,b](<

/ Q! <X<">, |z — t|Lq) dzx ) |t — s|q"—1) m(ds)>1/q
t
(let A > 0)

e
Jie- s|q”1)m<ds>) -

1 (X(n), h)Lq CO(tv q, Tl) (/
[a,b]

( /t<1 4 @)qu )|t - s|qn—1)m(ds))

=: (%%). (21.19)

x QI(x™), h),;q)dx

IN

1/q

Put

=2 aco(t, ¢, ) (X, B L. (21.20)
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Hence we have

oo (L () i)
< T</[a’b]<(|st+(%/; |x7t|qu)) |tfs\q"71) ut(ds)>1/q (21.21)
. SR UL PP D R
[a,b] he (q+1)
r (( /[] s tmws)) T ( /[] - s|q<"+1>m<ds>))1/q

n/n+1
[a,b]
1 1/q
+ 7hq(q ) </[ ) |t _ S|Q(n+1)ut(ds)>:| = (* * k). (21.23)
We set and suppose that
1 1/q(n+1)
h:= t — 7D, (ds
<(q+ 5 /[] £ — 5|90y (ds)
1 - (nt1) 1/q(n+1)
= ((q+1)L(|’5* | )(t)) > 0. (21.24)
That is
1
pat1) _ @D (/[ ) It — s|q<n+1),ut(ds)> > 0. (21.25)
Therefore
(* * *) — T[mtl/n+1hqn(q + 1)n/n+1 + hqn} 1/q
— Thn [mi/n-'rl(q + 1)n/n+1 + 1] l/q. (2126)

‘We have shown that

. (nf1 ! </Q </[a,b] /ts X @)

q 1/q
— X" (t,w)||s — x|"_1da:|,ut(ds)) P(dw)>

IA

TR [m%/n+1(q + 1)n/n+1 + 1] 1/‘1. (2127)
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‘We have established
Lemma 21.13. It holds

P [(Ea)E)Y D g+ 1) ]

. 1 F(l. _4alnt1) syl 2(g — 1)L(1)(2) 1-1
(g e AL AT ()

1 _1

o <X<”), =R C e A 0) WU) S @)
q q(n La

g>1,n>1

‘We make

Remark 21.14. Here we observe that

IM(X)(tw) = X (W) < [MX)(Ew) - X(6w) L))
X (W) L)) — 1. (21.29)

Combining (21.29) with (21.7) we have

IM(X)(tw) = X(t,w)]

. ") () - .
< 1x el E@0 -1+ Bz (21.30)

k=1
c (]
(n=D!'"\ Jiay
vt € [a,b].

‘We need

/ XM (z,0) = XM (t,w)]|s — m|”1dx|,ut(ds)) ,
t

Definition 21.15. Denote by

(EX)(t) ::/QX(t,w)P(dw), Vi € [a, ], (21.31)

the expectation operator.
We make

Assumption 21.16. We suppose that

(B|X™9)(t) < 00, Vi€ [a,b] (21.32)

and for all k =0,1,...,n; n > 0.
Based on all the above it holds
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Theorem 21.17. Suppose Concepts 21.1, 1 < q < oo, Assumptions 21.11 and
21.16, n > 1. Then

(BIM(X) ~ X|7)(0)""
~ n (k) |q 1/q
< (i) -1+ 3 CEZRO i~ e

1

+(w) o SR 1 (21.33)

gn —1 q+ 1)m
CEQ) @) (g4 1D LAY (E(] - 1Y) (1)) T

1

ol (X("), 71(E(| . _t|q(n+1))(t)) q(n1+1)) , Vt € [a,b].
(q + 17D 1

Note 21.18. If L(| - —t|7"*Y)(t) = 0, then (21.33) holds trivially as equality.
We further present

Corollary 21.19. Suppose Concepts 21.1, 1 < q < oo, Assumptions 21.11 and
21.16, n > 1. Then

IE(IM(X) — X|*)||2L
| E(X*)|9)]|2

- ~ k) |a -
< NBOX DI ~ 1 + 30 BBy 1 iy
k=1 ’

2>g— DM 1
*( gn—1 ) (n = D)l(g + r/aeD
)T g+ DT 4 o) VIIE(] - 20D (1) L2+

1 = D
M (X("), == IZ() - =t ") (1)) & “>) - (21.34)
g+ 1)T@

La

We present a Korovkin ([213]) type theorem for stochastic processes in our
general setting.

Theorem 21.20. Let {ZN}NgN be a sequence of positive linear operators and the
induced sequence of positive linear operators {Mn}nen, on stochastic processes
all as in Concepts 21.1, 1 < q < oo, Assumptions 21.11 and 21.16, n > 1.
Additionally suppose that {Lx (1)} nen is bounded and | L (|- —t]9 ™ V) (t)]|oo —
0, along with Ln1%1, as N — co. Then

IE(IMn (X) = X|")[lec — 0,
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as N — oo, for all X as in Concepts 21.1 and Assumptions 21.11, 21.16,
n>1. Le.

“q_mean”
My — I,
N — oo

the unit operator, with rates and in our setting.

Proof. By Corollary 21.19 and the fact

a(n+1)—k

~ ~ gnr )8 _k___
IZN (= ) B)lloe < ILa (D)™ [ Ln(]- =" ™) (@) 577, (21.35)

fork=1,...,n
We need

Lemma 21.21. Let (s, z) # 0 jointly continuous in (s,x) € [a,b]*. Consider

v(s) := /ts (s, z)dz, (21.36)

where t is fized in [a,b]. Then v(s) is continuous in s € [a, b).

Proof. Easy. |
We make

Remark 21.22. Let n > 1. By (21.7) we derive

/Q IM(X)(t,w) — X (t,0)E(1) ()| P(d)

n (k) _ s
< kz_lLXk, Oz -h01+ ( / ( /[] | X @)

e (ds)) P(dw). (21.37)

- X"t w)||s — 2" da

(The integrand function is jointly continuous in (z, s) and measurable in w, there-
fore is jointly measurable in (s,w) and also nonnegative. Use also Lemma 21.21.
Therefore we can apply twice Tonelli-Fubini’s theorem to get)

[(feoies

Mt(ds)) (21.38)

k=1

3 L= 1) )(t)|+(n,1) </[ab]

- X(")(t,w)|P(dw)) |s — 2" )dx
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(set
n ®))
7= 3 EX DO ) (21.30)

k=1
,ut(ds))

/ QXM Jz —t])pa]s — 2" Hda

< J+ (nin! (/[a,b] t
m(ds)) (21.40)
< J+ 2 (():i)1h (/ {
+ E}/t o= tlls — " dr

_ QU (X™ h)pa [t —s|™ 1]t—s|™"
A =] /w n Ry )R

)
ICSENON { L(| - —t")(®) +L(|-—t\"+1)(t)}

s — | Hda

1
" dx

}Nt(ds)) (21.41)

=J+

(n—1)! n hn(n +1)
(n) - -
= *%{%@(nan“w”«u ) )
1 T n+1
+ W(L(I ™t )(t))]~ (21.42)
(Now take
ho= (L(] - —t"*) ()" > 0, (21.43)
R = L") (21.44)
) h" ] = 1/(n+1
= J+ W{(L(U(t)) /(ntl) 4 (n_l’_ 1)}
We have proved that

/Q|M(X)(t,w) — X (t,w)L(1)(t)|P(dw) (21.45)

(n) 1 ~ 1 1
< T+ wm(«m»(t» [ ﬁl)
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Also by (21.29) we derive

/ |M(X)(t,w) — X(t,w)|P(dw)
< (BIXD®ILA)(E) - 1]
+ /Q|M(X)(t,w)—X(t,w)i(l)(t)|P(dw)‘ (21.46)

Assumption 21.23. Here we assume (E|X®|)(t) < oo, Vt € [a,b], all k =
0,1,...,n, n > 0.

From the above is derived

Theorem 21.24. Suppose Concepts 21.1 and Assumptions 21.11, 21.23, n > 1.
Then
E(IM(X) - X[)(t)
. " (BIX®)(®) -
< (EXDOIED@ -1+ %w((- — 1))

k=1
LN 1/(n+1) F oy yn/(ndl)
+ (@ e+ =)@ -
S (XL (L=t @)Y L, VEe[a,b. (2147
Note 21.25. If L(| - —t|"*1)(t) = 0, then (21.47) holds trivially as equality.

We further present

Corollary 21.26. Suppose Concepts 21.1 and Assumptions 21.11, 21.23, n > 1.
Then

IE(M(X) = X))o < 1EIX] lloo| L1 = Lloo (21.48)
n * .
+2 ||E(|Xk! Dlloe 2= 1% )l + _H (apes + n+1H
k=1

L=t @ Q (XML =T @)
The following Korovkin type theorem for stochastic processes in our general
setting is valid.

Theorem 21.27. Let {EN}NeN be a sequence of positive linear operators and the
induced sequence of positive linear operators { My} nen on stochastic processes, all
as in Concepts 21.1, Assumptions 21.11 and 21.23, n > 1. Additionally suppose
that {Ln (1)} nen is bounded and ||Ln (|- —t|"*)(t)|oo — 0, along with L,1 5 1,
as N — oo. Then

[E(IMN(X) = X])lloc — 0, as N — oo,
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for all X as in Concepts 21.1 and Assumptions 21.11, 21.23, n > 1. Le.
“1-mean”

My — I with rates.
N — 400

Proof. By Corollary 21.26 and the fact

- - 1—_k _k
LN (- = )") B)lloo < I1En(Dlee " IEN (|- =" (B)IET, (21.49)
fork=1,...,n. |
19 ” @1 »
Note 21.28. We observe that My q nian I implies My 1 mean I, accord-

ing to Theorems 21.20 and 21.27, n > 1.

Next we specialize in the n = 0 case. We do first the subcase ¢ > 1. For that
we make

Remark 21.29. We have that

Alt,w) :== M(X)(t,w) — X (t,w)L(1)(t)

- /[b](X(s,w)—X(t,w))m(ds), (21.50)

Let ¢ > 1, then by Holder’s inequality we have

|A(t7w)|q < </[ . |X(S>w) - X(t7w)|/“(d8)>

IN

mg_l/[ ) | X (5,w) — X (¢, w)| e (ds). (21.51)

Therefore we derive

(/Q |A(t’w)|qp(dw))1/q . mi—%

</Q (/M |X(s,w)X(t,w)|qut(ds))P(dw))1/q (21.52)

(the integrand function is nonnegative, continuous in s, measurable in w,
therefore jointly measurable in (s,w) and by Tonelli-Fubini’s theorem we
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get)

I ( / ( [ XG0 - X(tw)ﬁP(dw))m(ds))Uq (21.53)

1 s 1/q
< </ QI(X, Istl)mut(dS)>
a,b]
(take h > 0) (21.54)

11 ls —¢\? e

< m; (X, h)La L+ =— ) pu(ds)
[a,b]

-1 1-1 1 Ve

< 27 my TQ(X,h)Le <mt + ﬁ/ |s — t|qﬂt(d5))
[a,b]

1/q
(choose h = (/ |s — t|qdut(5)) > O) (21.55)
[a,b]

1 1/q
=2 aim, O <X, (/[ ' |sft|qd,ut(s)) > (me +1)"1. (21.56)

La

We have established
Theorem 21.30. Suppose Concepts 21.1 and Assumptions 21.11, 21.16 for n =
0, 1 <gq<oo. Then
(B(M(X) = X|")(0) >“‘1
< (E |X\ Y)Y UE()(t) — 1] (21.57)
+ L)) (L ))(t)+1)1/q91(X» (LA - =t ENY) L0
Vit € [a, b].

Note 21.31. Inequality (21.57) is trivially true and holds as equality when (see
(21.55)) h = 0.
We give

Corollary 21.32. Suppose Concepts 21.1 and Assumptions 21.11, 21.16 forn =
0,1 <q< 0. Then

1E(M(X) — XL < |EIXIDILILL ~ 1 (21.58)
+ CILWll) 12 + 1L (X 12 =B
We present the next Korovkin type result.

Theorem 21.33. Let {EN}NQN be a sequence of positive linear operators
and the induced sequence of positive linear operators {Mn}nen on
stochastic processes, all as in Concepts 21.1, 1 < q < oo, Assumptions 21.11,
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21.16 for n = 0. Additionally suppose that {Ln(1)}nen is bounded and ||Ln (| -
—t|?)(t)||c — O, along with Ln1 %1, as N — oco. Then

IE(|Mn(X) = X|")[lc — 0, as N — oo,

for all X as in Concepts 21.1 and Assumptions 21.11, 21.16, n = 0. Le.
“g-mean”

MN — I with rates in our setting.
N —

Note 21.34. The rate of convergence in Theorem 21.20 is much higher than of
Theorem 21.33 because of the assumed differentiability of X, see and compare
inequalities (21.34), (21.35) and (21.58).

We make

Remark 21.35. Let A(t,w) as in (21.50). Then

/Q At w)| P(dw)

< /Q(/[a ) | X (s,w) — X(t,w)\,ut(ds)) P(dw) (21.59)
(by Tonelli-Fubini’s theorem)
- /[ i (/ X (s, ) (t,w)|P(dw)) ue(ds) (21.60)
< Q1 (X, |s — t])p1pe(ds) (21.61)
[a,b]

ls—1
< Q1(X, h)Ll \/[mbl (1 + n ) ,ut(ds) (21.62)
= (X,h)n <mt + - N |s — t|ut(ds)) (21.63)

[a,b]

1/2
1

< (X h)p | me —mtl/2 s —t)? i (ds 21.64
< X h [met g (/{aﬂ( )u()) (21.64)

(pick

1/2
h = ( (s — t)Qut(ds)) > 0) (21.65)
[a.0]
Q1(X, h)Ll (mt + \/TE) (21.66)

That is we get

[ 18 IPe) < (0@ + IO O) (X (L= 0)0)7) - (2167
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We have proved
Theorem 21.36. Suppose Concepts 21.1 and Assumptions 21.11, 21.23 for n =
0. Then
(E(M(X) = X])(t) < (BIX])(6)|L1)(1) -1 (21.68)

+ (L)) + L) (0) Q0 (X, (L — ) (0))V?) 1, ¥t € [a,b].

Note 21.37. Inequality (21.68) is trivially true and holds as equality when (see
(21.65)) h = 0.
We give (see also [264])

Corollary 21.38. Suppose Concepts 21.1 and Assumptions 21.11, 21.23 forn =
0. Then

IE(M(X) = X])lso < IEX) ool L1 = 1|oc
IR VET oo (X N — 0PN, (21.69)
We present a final Korovkin (see [213]) type result.

Theorem 21.39. Let {EN}NeN be a sequence of positive linear operators and the
induced sequence of positive linear operators {Mn}nen on stochastic processes,
all as in Concepts 21.1 and Assumptions 21.11, 21.23 for n = 0. Additionally
assume that {Lyx(1)}nen is bounded and

Lny1%1, Lyid % id, Lyid® % id*, as N — oo. (21.70)
Then
IE(Mx(X) = X])llwe — 0, as N — oo, (21.71)
for all X as in Concepts 21.1 and Assumptions 21.11, 21.28 for n = 0. Le.
“1-mean”
MN — I with rates in our setting.
N —

Proof. We use Corollary 21.38. By [264] we have that

IEN(C=8NOllee < ILn(2*) (1) = lloo + 2l L (2)(2) = oo

+ ENIN (1)) — oo, (21.72)

where ¢ := max(|al, [b]), VN € N. Thus by assuming the basic Korovkin conditions
(21.70) we get by (21.72) that ||(Lny((- — )*))(#)[|ec — 0, as N — o0, etc.

We make also

Remark 21.40. 1) If X fulfills a Lipschitz type condition then our results
become more specific and simplify.
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2) In the special important case of L(1)(t) = 1, V¢ € [a,b], all of our results
here simplify a lot and take an elegant form. Furthermore in this case, supposing
Assumption 21.16 we need to impose (21.32) only for k = 1,...,n and supposing
Assumption 21.23 we need to impose it only for k =1,...,n, n > 1.

We finish by giving
Application 21.41. Let f € C([0,1]) and the Bernstein polynomial

k=0

By (f)(t) = zn: f(%) <Jlj)tk(1 -N7F vteo,1], YNeN.  (21.73)

‘We have that

BN((~—t)2)(t):t(1]\;t), vt € [0,1], (21.74)
and
o2 < L
[Bn((- = 8)7)()][e” < i VN € N. (21.75)

Clearly By is an example of an Ly as in Concepts 21.1. Define the corresponding
application of My by

By (X)(t,w) := By (X (-,w))(t) (21.76)
= Zx(%w) (Z)t"ut)]v’“, vt € [0,1],

for all w € Q, N > 1, where X is as in Concepts 21.1 and Assumptions 21.11,
21.13 for n = 0. Since By (1)(t) = 1 by (21.69) we derive that

~ 1
E(BN(X) = XDeo <201 X, —— ) , N>1, 21.77
£ () = XDl < 20 (%50 (2177)

for all X as above. Thus as N — oo we obtain
IE(1BNn(X) = X[)]loc — O, (21.78)

i.e. By 1—%an I with rates, which is the expected conclusion given by Theorem

21.39. If X is of Lipschitz type of order 1 i.e. if Q1(X,d);1 < K¢, where K > 0,
Vé > 0, then

HM@MD*XMwéé%,VNZL (21.79)

One can give many similar other applications of the above theory.
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Quantitative Multidimensional
Stochastic Korovkin Theory

Here we study very general multivariate stochastic positive linear operators in-
duced by general multivariate positive linear operators that are acting on multi-
variate continuous functions. These are acting on the space of real differentiable
multivariate time stochastic processes. Under some very mild, general and natu-
ral assumptions on the stochastic processes we present related multidimensional
stochastic Shisha—Mond type inequalities of LI-type 1 < ¢ < oo and correspond-
ing multidimensional stochastic Korovkin type theorems. These are regarding the
stochastic g-mean convergence of a sequence of multivariate stochastic positive
linear operators to the stochastic unit operator for various cases. All convergences
are given with rates and are shown via the stochastic inequalities involving the
maximum of the multivariate stochastic moduli of continuity of the nth order
partial derivatives of the engaged stochastic process, n > 0. The astonishing
fact here is that basic real Korovkin test functions assumptions are enough for
the conclusions of the multidimensional stochastic Korovkin theory. We give an
application. This chapter relies on [40].

22.1 Introduction

Motivation for this chapter are [15], [16], [279], [280]. We introduce
the multivariate stochastic positive linear operator M, see (22.4), based on a

general multivariate positive linear operator L from C(Q) into itself, Q

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 299
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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convex compact C R¥ k > 1. The operator M is acting on a wide space of
differentiable real valued multidimensional time stochastic processes X.

We give the definition of multidimensional g-mean first modulus of continuity,
1 < ¢ < oo, see (22.1), and we prove important properties of it, such as in
Propositions 22.3 and 22.4. Here we suppose that X (z,w), |a| = n, is continuous
in x € @, uniformly with respect to w € Q-the probability space, n > 0. We
assume also the integrability Assumptions 22.11 and 22.23.

We first give the pointwise multidimensional stochastic Shisha—Mond type
inequalities, see (22.31), (22.50), (22.54), (22.112), (22.126) and (22.136). Then
we derive the corresponding uniform multidimensional stochastic Shisha-Mond
type inequalities (22.51), (22.55), (22.113), (22.127) and (22.137). From these we
prove the multivariate stochastic Korovkin type Theorems 22.22, 22.31, 22.36 and
22.41. These are regarding the g-mean convergence of a sequence of multivariate
stochastic positive linear operators {Mn}nen as in (22.4) to the stochastic unit
operator I.

The impressive thing here is that basic Korovkin multidimensional real as-
sumptions are enough to enforce the conclusions at the stochastic setting. So
the multidimensional stochastic inequalities that involve the multidimensional
g-mean first modulus of continuity of X, |a| = n, describe quantitatively and
with rates the above convergence. At the end we give an application regarding the
multivariate stochastic Bernstein operators where we apply the multidimensional
stochastic inequality (22.127).

22.2  Background

We give

Definition 22.1. Let Q be a compact convex subset of R*, k > 1. Let X (¢,w) be
a stochastic process from @ x (2, B, P) into R, where (2, B, P) is a probability
space. We define the g-mean multivariate first moduli of continuity of X by

1/q
Q1(X,0)pa := sup{ (/ | X (z,w) — X(y,w)|qP(dw)) fz,y €Q,
Q
[z =yl SS}, §>0,1<¢< co. (22.1)

We mention

Definition 22.2. Let 1 < ¢ < oo. Let X(z,w), v € Q, w € Q be a
multivariate real stochastic process. We «call X a g¢g-mean wuniform
continuous multivariate stochastic process over @Q, iff Ve > 0 3§ > 0: whenever
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|z =yl <0; z,y € Q implies that

/Q | X (z,s) — X(y,s)|"P(ds) < e. (22.2)

We denote it as X € CY(Q).
It holds

Proposition 22.3. Let X € CY%(Q), then Qi(X,8)rs < oo, ¥6 > 0.
Proof. Let 9 > 0 be arbitrary but fixed. Then there exists o > 0 : ||[x—y||n <
6o, z,y € Q, implies

/Q | X (z,5) — X(y, )| P(ds) < &g < 0.

That is Q1(X, d0) < sé/q < oco. Let now § > 0 arbitrary, z,y € Q : |z =yl <6
Choose ng € N: ngdp > 6 and set x; := = + nLO(y —2),0 <4 <mnp. Then

</9 X (z,w) — X (y,w)[* P(dw))l/q
< </Q X (,w) — X (21,w)|* P(dw))l/q
+ </Q X (21,w) — X (22,w)]* P(dw))l/q

1/q
+...+ </ | X (ng—1,w) — X (y,w)|? P(dw))
2
< nQQ1(X, 50) < ’rLQ&‘(l)/q < 00,

since ||z — zit1]] = %Hx =yl < %05 < b0, 0 < i < ng. Therefore 2,(X,9)

<
noey/* < oo. [ |

Also it holds

Proposition 22.4. Let X (t,w) be a multivariate stochastic process from Q x
(Q, B, P) into R.
The following are true.

(i) Q1(X,0)ra is nonnegative and nondecreasing in 6 > 0.

(if) lim Q1 (X,0)zs = D (X, 0)z0 = 0, iff X € cliQ).

(iii) Q1(X,(51 + 52)L‘1 < Q1(X,(51)Lq + Ql(X, (52)[,:1, (51,(52 > 0.
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(iv) Q1(X,TL5)Lq < nQ1(X, 5)[,(1, 6>0,n€eN.

(V) Q1(X,A5)Lq < [A—|91(X,5)Lq < ()\+ 1)Q1(X,5)Lq, A>0,6 >0, where []
is the ceiling of the number.

(Vi) Q1(X+Y,(5)Lq < Q1(X,(5)Lq +Q1(Y,(5)Lq, 6> 0.

(vil) Q1(X,-)ra is continuous on Ry for X € CYU(Q).

Proof. (i) is obvious.
(ii) Clearly 24(X,0)z« = 0.
(=) Let lim Q1(X,8)ra = 0. Then Ve > 0, /7 > 0 and 36 > 0, Q1(X,8)ra <

e/, Te. for any x,y € Q: ||z — y|| < § we get
[ 1X.s) = X(ws)[*P(ds) < =
Q

That is X € CY(Q).
(<) Let z € CY%(Q). Then Ve > 0 35 > 0: whenever ||z — y|ln <J, 2,y € Q,
it implies
[ 1X@9) - X9 P(as) <=
Q

Le. Ve > 030 > 0: 0(X,0)ra <e'/9. That is Q1(X,8)re — 0asd | 0.
(iii) Let x1,22 € QZ Hl‘1 - Z'Hﬂ < 41 + d2. Set

= 02 1+ o1 T
T 61+ 0 ! 01+ 62 >

T

clearly by convexity of ) we have that * € ZTizz. Then easily we find that
|z — z1||;r < 61 and ||z2 — z||;1 < d2. We have

(/Q | X (z1,w) — X(%w”qp(dw))l/q

1/q

z1,w) — X(z,w)|?P(dw)} z,w) — X (22, w)|?P(dw

([ 1w - X@orra) s [ X - Xl p)
O (X, Hm — xHZl)L‘I—’—Ql (X, ng — .'L'HZI)LQSQj[(X,(Sl)LQ + Q1(X,(52)Lq.

IN

IN

Therefore (iii) is true.
(iv) and (v) are obvious.
(vi) Notice that

1/q
( [ 166w + ¥ ()~ (X + Y(y,w>>|qp<dw>)

< ([ 1xXw) - xerpa) o [ |Y<x,w>Y(y,w>|qP<dw>)l/q.
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That is (vi) is now clear.
(vii) By (iii) we obtain

|Q1(X, 01 +62)L‘1 — Q1(X,(51)Lq| < Ql(X, (52)[,:1‘
Let now X € CY%(Q), then by (ii) ;irg)ﬂl(f, d2)ra = 0. That is proving the
2

continuity of Q1 (X,-)re on Ry.
We make

Remark 22.5. By Proposition 22.4(v) we derive
0 (.o = yll),, < | L2 6,00, (223)

Vr,y € Q, any § > 0.

22.3 Main Results

We introduce

Concepts 22.6. Let Q be a compact convex subset of R®, k > 1 and let L be
a positive linear operator from C(Q) into itself. Let X (¢,w) be a multivariate
stochastic process from @ x (Q,B, P) into R, where (Q, 5, P) is a probability
space.

Here we suppose that X (-,w) € C™(Q), for each w € €, and that X, (¢, ")

%O;f (t,-) is measurable for each t € Q, for all & = (aa,...,an), a; € ZT, i =
k
L. ko= a=p0<p<nn>0.
i=1
Define

M(X)(t,w) == L(X(-,w))(t), VteQ, YweQ, (22.4)

and assume that it is a random variable in w. Clearly M is a positive linear
operator on stochastic processes.
We make

Remark 22.7. By the Riesz representation theorem we have that there exists
u¢ unique, completed Borel measure on @ with

my = pe(Q) = L(1)(t) >0, (22.5)

such that

L)) = /Q F(@)dpue(2), (22.6)

vVt € Q and Vf € C(Q). Consequently we have that

M(X)(t,w):/QX(ac,w)d,ut(x), (22.7)
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V(t,w) € Q x Q, and X as above.
We make

Remark 22.8. Denote by

At,w) :== M(X)(t,w) — X (t,w)L(1)(¢)
= /Q(X(s,w) — X (t,w)) pe(ds), (22.8)
and
|A(t,w)] < / | X (s,w) — X (t,w)|ue(ds), V(t,w) € Q x Q. (22.9)
Q

Therefore we have

/ |A(t,w)| P(dw) /</ | X (s,w) (t,w)|ut(ds))P(dw).

(By [9], p- 156 the function under integration is jointly measurable in (s,w) (Q is
a separable metric space). It is also nonnegative. Thus by Tonelli-Fubini theorem,
[150], p. 104 we have

_ /Q (/Q X (5, w) — X(t,w)|P(dw)) e (ds). (22.10)
Let 0 <r <1and

G(r,s,w):=X({t+r(s—t),w), neN (22.11)

Then by Taylor’s formula we obtain

X(s1y...,86,w) = G(1,s,w)
n o)
= ZMJFRH(O,S,W), (22.12)
j=0 ’
1 1 Thn—1
Ra(0,5,) i= /(/ (/ (G (1, 5,)
0 0 0
— G™(0, s,w))drn) - ~->dr1, (22.13)

(t1 +7”(S1 —t1), ..yt +7(sK — tk),w)‘

(22.14)
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Thus

7)
X (51,00 80,0) = X(t1, -, by w) Z 167 0,5, 0| 0 5, W)l (22.15)

1 (&Y Tp—
+/ </ </ I}Gm)(rn,s,w)G<n)(0,S,W)|dTn)"'d7“1>-
0 0 0

Call o(rp,w) := |G (ry,s,w) — G™(0,s,w)| > 0. We notice that ¢ is contin-
uous in r, € [0,1] and measurable in w € €, therefore by [9], p. 156 is jointly
measurable in (r,,w). Next f -1 @(Tn,w)dry is continuous in r,—1 and measur-
able in w, thus jointly measurable in (r,—_1,w), etc., the same is true for the rest
of the repeated integrals in the remainder of (22.15), also all are nonnegative.
Hence we can apply Tonelli-Fubini theorem, [150], p. 104 to obtain:

+A, (22.16)

~ GY S,w w
[ 1o x LGV s )

e L s

- G(")(O,s,w)P(dw))drn-~~)dr1. (22.17)
We further derive

/ G (rp, 5,w) — G™(0, 5,w)|dP(w)
Q

k
n! o
< Z il oy <H |55 = 1] J)

la|=n =1
/|X (t+7n(s —t),w) — Xa(t,w)|dP(w) (22.18)

< ¥ ot (M -or) 219
|a|=n Jj=1

21 (XOH TTLHS - t||£1)L1
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(22.3)

k
n! o
<Y (JlIISjtj )

(let }:> O) |a|=n

- (X, h) 11 {M] (22.20)
(Callw = ‘Hlla\)i Ql(Xa,h)Ll.) (22.21)

k
n! o rnlls — t]| o
<) m(j]i[lsjtj J)w{T . (22.22)

|aj=n

That is we get

/ G (1, 5,0) — G0, 5,w)|dP(w)
Q

k
n! ) [ olls =t
sw Z 041!---04k'<H lsj — 31 ’) {%—‘ ) (22.23)

|a|=n '

j=1
where 0 < r, <1,

k
lls —tller =D Isi —til.
=1

Therefore we find

k

w{ 3 ﬁ(]‘[ |s; — tjr*j)

la|=n j=1

(by change of variable)
won(||s —t]|pn), for s#t. (22.24)

A

IA

Here we use

bn(z) == /0|z| /Ozl (/O%_l {%den) o dy, (22.25)

see [16], p. 210. Clearly it holds
A <won(lls —tlln), Vs, t€Q. (22.26)
We need
Assumption 22.9. Let n > 0.
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Here we suppose that Xa(z,w), |a] = n, is continuous in x € Q, uniformly
with respect to w € Q. Le. Ve > 0 3§ > 0: whenever ||z —y|a < 6; z,y € Q, then

|X‘1($7w)7X0¢(va)| SE, VWEQ'

We denote this by X, € C’{{(Q), the space of continuous in x, uniformly with
respect to w, multivariate stochastic processes.

Hence here Xa(-,w) € C(Q), Vw € Q, and X« is g-mean uniformly continuous
multivariate stochastic process over ), that is Xa € Cﬂgq(Q), for any 1 < g < o0,
a: |a] = n. The last implies that w < co.

We also use

Definition 22.10. Denote by

(EX)(t /X (t,w)P(dw), VteQ, (22.27)

the expectation operator.
We need

Assumption 22.11. Here we assume (E|X,|)(t) < o0, Vt € Q, all a=(a1, . . ., ax),
k

a; €2 i=1,....k |a|=> a=p,0< p<n, n>0.
i=1

Assumption 22.11 clearly implies that

/|G<j)(0,5,w)|P(dw)<oo, j=1,...,n, Vs,teQ.
Q

We put together things into

Remark 22.12. Here all elements are as in Concepts 22.6, Assumptions 22.9
and 22.11, n > 1. We proved that

[ X0 - Xt p(ae) Zf 1G9 (0,5,)| P(d)

4!

(22.28)

+ won(lls —tln), Vs, teQ.

Integrating (22.28) against p; and using Tonelli-Fubini’s theorem we obtain

/Q\M(X)(t,w) — X (t,w)L(1)(t)| P(dw)

Jo (Jo IGO0, 5,w) | ue(ds)) P(dw)

Z 4!

+wé¢n(‘|37t‘|gl)ﬂt(d8), vt € Q. (22.29)
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We notice also that
IM(X)(t,w) = X(tw)] < [MX)(tw) = X(t,w)L(1)(0)]
T+ IX (@) @) — 11 (22.30)
We have established the following £; result.

Theorem 22.13. Here all elements are as in Concepts 22.6, Assumptions 22.9
and 22.11, n > 1. Then

E(IM(X) = X])(t) < (B(X))(®)IL1)(t) — 1]
Jo(Jg 1GP(0,5,0) e (ds)) P(dw)
D
+w/ Dn(lls =t ) pe(ds), Vte Q. (22.31)
Q

Note 22.14. By Assumption 22.11 clearly

/Q </Q \G(a‘)(o,s,w)\m(ds)) P(dw) < 00, Vte€ Q.

We make
Remark 22.15. From [16], p. 210, (7.1.18) we find

O 1 1 e
w(z) < [ B 2 ) .
on(z) < <(n+ D 20l TRm -1 (22.32)
and from [16], p. 217, (7.2.9) we have
on@) < (14 LY i cr new (22.33)
n! (n+1)h
Therefore we get
Jo lls =l pe(ds)
 Jolls = tipetds) | b fy s =t ()
2n! 8(n —1)!

and

s — t||" g (ds
/qﬁn l|s — tll¢1) pue (ds) nl</ lls — ¢]|% pe (ds) + Joll (n—|i|—1)hﬂ( )).
(22.35)
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Using Holder’s inequality we have

n

/Hsftllpdut(ds) (L( +</ ||sft||”+1ut(ds)) T (22.36)

and

—1

[l =l i) < Gy ([ - el i) T men
Q

(22.37)
Consequently we obtain

s fQ L tHnHM(dS) ( I0) B (fQ lls — t||n+1,ll«t(d8)) wrT
R.H.S.(22.34) < < - 1)!h -

L s n+1 s —:]L*%

h( (1)(t)) (QQ(T|L| 1)'5.\\ pe(ds)) »F ) .

Choose and suppose

( /|| — |7 e ds) T >0, (22.39)

where r > 0 and L(1)(t) > 0. Hence

L)t n(nr: r 1
R.H.S.(22.38) = ri"’)l(rjh (? + B + p— 1) . (22.40)

So we get that

L)), n (nr? r 1
- 1 < . 5 . .
/Qqﬁn(lls tlo)melds) < AR (S 5+ o= ) YnEN. (2241)

Furthermore we have for the choice of h as in (22.39) that

B (L=l ) ™
Q

Jo lls = tll3 pe(ds)
+ ! 0

(n+1

_ Lo <r+ L ) (22.42)

rntinl (n+1)

R.H.S.(22.35) < %((i(l)(t)

That is we obtain

rrtipl n+1

/qﬁn s — bl )ae(ds) < ZAUOR" <7“+ ! ) VneN.  (22.43)
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We conclude that

/Q 6 (Ils — llon) ¢ (ds) (22.44)

E(l)(t)h v nr? r 1 1
< =77 - — .
pEmy min + +n 1) r+n 1 , VneN

Notice that

ity L iger<d
8 2 n+1’ n
= (22.45)
1
r+ —, ifr > —.
n+1 n
When e.g. 7 = 1 we get
n 1 1
s+t +— ifn<4
min E_*_l_’_ 1 7’L+2 _ 8 2 ’I’L-i—l (2246)
8 2 n4+1)n+1) " S .
1 if n > 4.
n
We need
Remark 22.16. Here for j = 1,...,n we have
. k 9 J
GD(0,5,w)] = H(Z(siti)%) X](t,w) (22.47)
i=1 ¢

IN

> kj! (ﬁ |si _ti|ai)|Xa(t,w)|‘

. . . i=1
a::(al,...,ak),ai€Z+,z:1 ..... k,\a|::2f:1 ;=] H 051!
=1

Therefore we find

16905 e lmts) < ) J

k
a=(a1,eap),a €ZF =1,k al=XF_ a;=j [] cu!
=1

. </Q <1i|s tio‘i),ut(ds)) | X (t,w)|. (22.48)
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Consequently we derive

/§2</Q |G(J')(0,s,w)|,ut(ds)) P(dw) < Z

a=(a,..,ar),0, €21 i=1,.k |a|=YF_; a;=j

L - si — ti|* s
- ( /Q ([[| b )ut(d )) (BIXa)(0). (22.49)

=1

From Theorem 22.13 and Remarks 22.15 and 22.16 we conclude the general
result.

Theorem 22.17. Here all elements are as in Concepts 22.6, Assumptions 22.9
and 22.11,n>1,r >0, L(1)(t) >0, t € Q. Then

E(IM(X) - X|)(t) < (BIX))()L(1)(¢) - 1]

n k
X ) (E|If(a|(t))i<n [- _til“‘i> (t)

a=(ay,.ap)a; €2t i=1, .k al=xk_ a;=i ] ! i=1
=1

- 1
OO . a2 . 1
e L AT r

+ vy (LAl - —tll,1 )(t)) min{ — + 2+_n+17r+n+1

{ max Ql(X ;(L(H —tH"“)(t))ﬁ) } (22.50)
ool (L)) 7 &

Note 22.18. If

E( i) / s — 75 pu(ds) = 0

then p takes all of its mass L(1)(t) at {t}, elsewhere is zero. In that case
M(X)(t,w) = X (t,w)L(1)(t) and

IM(X)(t,w) = X(t,w)| = | X (t,w) [L(1)(t) - 1],
and

E(IM(X) = X[)(t) = (BIX)OIL)(@) = 1]-

That is proving (22.50) trivially true.
A further general global conclusion follows.



312 22. Quantitative Multidimensional Stochastic Korovkin Theory

Theorem 22.19. Here all elements are as in Concepts 22.6, Assumptions 22.9
and 22.11, n > 1, r >0, L(1)(t) > 0, Vt € Q. Then

IE(M(X) = X]lloo < IEIX oo [ L(1) = 1|oc

ElXallloo | 5 (£ o
) > Il |2 (11 07 0
I= a=(aq,... ap)es €2t i=1, kal=S k| a=j _li[lai! i=1 oo
HL(l)H"+1 = 1y (g || 7
# LEOIET 7 gy
2
nr r 1 1
in (24T . O [ Xa,
% mm( g T2 % +1’T+n+1) {a;mi’in 1<
r ~ _1
— i) L e
(jnf L(1) L1

For our related convergence result we give

Remark 22.20. Here we choose and suppose momentarily that

hi— (/ ||sft||”+1,ut(ds)) o (22.52)

Then from (22.35) and inequality (22.42) we get

h™ [ = 1 1
| el = ta)petas) < 57 (o= + 7). (22553)
Consequently reasoning as before we give the general multivariate Shisha—Mond
type inequality, see [264].

Theorem 22.21. Here all elements are as in Concepts 22.6, Assumptions 22.9
and 22.11, n > 1. Then

i)
E(IM(X) — X[)(t) < (EIX)(®)| L)) - 1]

n k

+3 ) <E|Xa|<t>) (H mai) »
I=1 ] a=(aq,cmap)ia €zt i=1,.. klal=xk_| a;=j H a;! i=1
(Ll =7 @) =4 T

+ n! ((L(l)(t)) S * TL“rl){anllo?\X:an (X(“

(LI - tn"“)(t))ﬁ)ﬂ}, vte Q. (22.54)
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Also it holds
ii)
[E(1M(X) - X|)|| o < IEIX|looIE(1)(#) — 1]loo

n
+ 3 ¥ w

a=(agnap)a €t i=1, . klal=2kf_ | a;=j [ a;!

i=

(-]

i=1

. Zal- —tu;l“)(t)H:ﬁ

n!

(L) 7T +

n+1Hoo

- _1
x{ max nl(xa,HL(n-—t\|;1+1>(t>u;+1)L1}. (22.55)

a: laj=n

The following Korovkin type theorem (see [213]) for multivariate stochastic
processes in our general setting is valid.

Theorem 22.22. Let {ZN}NEN be a sequence of positive linear operators and the
induced sequence of positive linear operators {Mn}nen on multivariate stochastic
processes, all as in Concepts 22.6, Assumptions 22.9 and 22.11, n > 1. Addition-
ally assume that {Ln(1)}nen is bounded and | Ly (]| - —t[|7) (#)]|oo — 0, along
with Ly1 =51, as N — oo. Then

||E(|MN(X) 7X|)||Oo — 0, as N — oo,

for all X as in Concepts 22.6 and Assumptions 22.9, 22.11, n > 1. Le.
“l-mean”

My — I unit operator with rates.
N — oo

Proof. By Theorem 22.21(ii), inequality (22.55), and the fact

IZn (- =00

< e Ev - —dEHole, 256
for j =1,...,n. Also we use
k
k H Oél'!
Ly (HI 'tilai> @) < %HEN(H —tll5) ()] (22.57)
i=1 oo

k
Vo= (a1,...,ax), €ZYi=1,... kol =Y cs =4, forj=1,...,n. [ |
i=1

We need for Theorem 22.29 later, etc.
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Assumption 22.23. We assume that
(E|Xal?)(t) < 00, VteQ,

k
all @ = (a1,...,01), s €ZY,i=1,....k, |a| = a; =p,0<p<n,n>0,
i=1

1=

1<qg<o0.
Next we treat case of 1 < g < oo, n > 1.
We make

Remark 22.24. By (22.8) we have

AL w7 < (/Q X (s, w) — X(t,w)\,ut(ds))q, (22.58)

and

1

([1atorra))”

<(/( / |X(s,w>X(t,wm(ds))qP(dw))%. (22.50)

By (22.15) we obtain

/ 1X (5, w) — X (t,w)ljae (ds)
Q

< zn: Jo |G(j)(0’j5!’w)|m(ds) +/Q</01</0T1 (22.60)

Jj=1

. (/T"_l G (r, 5,0) — G0, 5, w)|drn) - )dh)m(dé‘)-

0

Thus
(/Q </Q [ X(s,w) = X(t,w)mt(ds))qP(dw)); (22.61)
<25 (/ ([ee s:w>|m<ds>)qp<dw>) "
where

w (Lo

—G(")(O,s,w)|drn)-~~)dr1),ut(ds)}qP(dw)> . (22.62)
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We notice the following by Holder’s inequality

Tn—1
/ G (rp, 5,w) — G™(0, 5,w)|drn
0

=

q

1 Tn—1
< r 1 (/ G (rp, s,w) — GM™ (O,s,w)|qdrn) , (22.63)
0

n—

and

Tn—2 Tn—1
/ </ |G (1, 5,w) — G™(0, s,w)|drn) drn—1
0 0
1

Tn—2 _1 Tp—1 q
/ T </ |G (7, 5,w) — G™(0, s,w)|qdrn) dry—1
0 0

IN

n—1

2 -1 Tn—2 Tn—1
() ([ e
2 0 0

%
. (22.64)

- g™ (0, s,w) |qdrn) drn_1)

Similarly by Hoélder’s inequality we derive

Tn—3 Tn—2 Tn—1
/ / </ |G(") (T, s,w) — G(")(O, s,w)|drn) drn_1)drn_2
0 0 0
3 1-2 Tn_3 Tn_2 Tn_1
< (52 </ ([ ([ 16 s
: 0 0 0

1
q

- g™ (0,s,w) |qdrn) drn_1) drn_2> ,

(22.65)

and finally

LT AV A VA VAR

— G™(0, S,w)|drn) drn,l) drn,Q) N

(o) ([ ([ o

q
— G<")(0, s,w)|qdrn) ---dm) .

(22.66)
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Consequently we get

JAPAAR VARt

- a™o, s,w)\drn) drn_l) i ~)dr1)m(ds)

T AVA R VAR GO
- G™(o, s,w)\qm) ~~~)dr1) : m(ds)), (22.67)

and

VQ </ (/ ( / TG (1 5, )
— ™o, s,w)|drn) drn_l) . )dr1> m(ds)} a
: (%) VQ </ ([ ([ 16 s

— G<”)(0,s,w)|qdrn) ---)drl)ut(ds)]. (22.68)
Therefore we find
K<z (22.69)
where
R (VTN VA
— G™(0,s, w)|ern) i ~)dr2)dr1) m(ds)) P(dw) %,

with ) L

cim (L(B(t))la . (22.71)

Clearly here, see [9], p. 156, etc.,

1 Tn—1
Flrnsw) = [ </ G<"><rn,s,w>—G<"><o,s,w>|qczrn)---)m
0 0
(22.72)
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is jointly measurable in (r1,w) and nonnegative. The same is true for all other
similar functions building F.
Next we treat

1 ::/Q(/Q X(s,w)pt(ds)) P(dw), (22.73)

where

1
X(s,w) ::/ F(ry,s,w)dry (22.74)
0
is measurable in w € Q. We will prove that X'(s,w) is continuous in s € Q.

We notice the following.
Here |G™ (rp, s,w) — G™(0,5,w)|? is seen easily to be jointly continuous in
(rn,s) € [0,1] x Q. Also, by Lemma 22.25 next, the function

Tn—1
D(rn1,5,w) ;:/ G (1, 5,0) — G™(0, 5, w)|%drn (22.75)
0

is continuous in s € Q, Yw € Q. Of course I is continuous in r,—1 € [0, 1] and
measurable in w.

By Lemma 22.26 next, I is jointly continuous in (rn—1,s).

We need

Lemma 22.25. Let ¢(r,s) jointly continuous in (r,s) € [0,1] x Q. Then

~(s) := /OT o(r,s)dr, 7€][0,1] (22.76)

s continuous in s € Q.

Proof. We have valid that Ve > 0 3§ > 0: whenever |[(r1,s1) — (r2,52)||an <6,
for (r1,s1), (r2,s2) € [0,1] x Q, then |p(r1,s1) — ¢(r2,s2)| < e. Hence for the
same ¢, § we observe that

hsrw) =)l < [ o) = plrs)ldr (22:77)
0
< er, whenever ||(r,s1) — (r,82)||;1 <9, anyr € [0,1].

That is proving v(s,w) is continuous in s € Q. [ |

Also we need

Lemma 22.26. Let ¢ be jointly continuous in [0,1] X Q. Then

n(r,s) == /OT (0, s)do, (22.78)

is jointly continuous in (r,s) € [0,1] x Q.
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Proof. Here 7 is continuous in r € [0, 1], and by Lemma 22.25 is continuous in
s € Q. Also 3M > 0 such that ||¢]lcc < M. Let 7, — 7, s, — s, then we see that

/0 (0, 50)df — /0 (0, s)d@'

/ " (0, 5,)d6 - / (0, 5,)d
(0] (0]

[n(rn,sn) —n(r,s)] =

+/ go(9,sn)d07/ ap(@,s)d@‘
0 0
Ap + Bn,

IN

where

A, =

/" cp(@,sn)dé?—/ @(O,Sn)dé?‘,
0 0

and

Boi= [ 1o(6,5,) - 4(0,5)do.
0

‘We have always that

IA

[ et0.sa0 - [Coto.sgas) < [T ioto.sia
0 0 ™

Mir, —r| — 0, asn — oo.

IN

Ie. A, — 0, a8 n — oo.
Next we observe that

lp(8, sn) — (8, 8)] <2M < occ.

Also, by continuity

lp(8, sn) — @(6,s)] — 0, asn — oo, for any 6 € [0,7].

Thus, by Dominated convergence theorem, we get B,, — 0, as n — oo. The claim
has been established. |

‘We make

Remark 22.27. We are continuing from Remark 22.24. So by using Lemma 22.26
repeatedly, we conclude that F'(r1, s,w) is jointly continuous in (r1,s) € [0,1] x Q
and measurable in w € Q. Finally, we have by Lemma 22.25, that the function
X (s,w) > 0 is continuous in s € @ and measurable in w, therefore by [9], p. 156,
is jointly measurable in (s,w).

Hence by Tonelli-Fubini’s theorem, [150], p. 104 we have

I:/Q(/Q X(s,w)P(dw)) 11 (ds). (22.79)
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Again, by applying n times Tonelli-Fubini theorem, we get

o= (LU e

e (O,s,w)|qP(dw))drn) ~~-)dr1)m(ds)> l/q, 00 >q> 1.

Notice that

n!
— =" 22.81
I% ar!l---ag! ( )

and use next that 7, x > 0 is convex.
We see that

LlG(n>(rn7S,w)7G(n)(0,s’w)|qp(dw)
n! k "
[Ap> m([[l| )

|aj=n
X | Xa(t+rn(s —t),w) — Xa(t, w)|} P(dw) (22.82)

k
n(g—1) n! a4y
e 52 ot (e -

lal=n '

IA

IA

Jj=1

X (/ Xt + (s — 1), ) —Xa(t,w)|qP(dw)>} (22.83)
Q

k
nla— n! o
< kM 1){ > all...akl<H s — 151 ’)
|a|=n ’ T Nj=1
X Q;‘(Xa,rnnstngl)m} (22.84)
(let A > 0)
n! b
n(g—1 . o
< k0 ){ ) m(ﬂlw—mq )
|a|=n ’ T Nj=1

_ q
x {M] 09 (Xo, h)Lq}. (22.85)
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(Put

w = Ir‘lal)i Q1 (Xa, h)ra), (22.86)
k
q7.n(q—1) n! ) |aey
< w'k {Z a!.“ak!(H\s]—t]‘ J)}
|a|=n 7j=1
_ q
x {MW . (22.87)

So we get that

/ G (5, w) — G (0, 5,w) 7P (dew)
Q

k
|
< qu"(q—l){ E ' T ol n.a '(I | |s; —tﬂmj)}
ey

lal=n j=1

_ q
« ’V’r‘nHSh t”él“ , 1 < g < o0, h>07 0<r, <l. (2288)

Thus we conclude that

</ ([ (7 ([ e

—G™(o, s,w)\qP(dw))drn) . -)dr1>

< qu"(q_l){ Z Oﬂ%!'ak' <H(\33 - tj|q)aj)} (22.89)

lal=n '

L ) o)

|
R.H.S.(22.89) < w%“<q—1>{ >y
aq

Then

!
lal=n

x (ﬁm -4l } (/ (L

j=1

X oo (/OTH(H M)qdrn) -~-)dr1) (22.90)
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(s#t case) wiaka—1
s =t

k
> ol n' ! (H(|Sj —tj|q)“”')} (22.91)

lal=n i=1

(LT () ) o)

(22.92)

qun(qfl)qul k n
< gy s
SN @ o5 = )

08 )

_ — t||7
w20 |5 — ¢ 1’{7”3 s
n

IA

|
L s
NECESVE <q+n>}' (2299

That is we get that (1 < ¢ < 00)

</ (/ ( [ ( 167 s
e, s,w)\qP(dw)) drn) . )dh>

< k"2 s — g { s — ¢l

n!
iw VStEQ (2294)
ht (g+1)---(g+n) | 7 '

(trivially true when s = t).
Therefore using (22.80) we obtain

—_ t#||™e
zZ < cwk"(17%)217% / w
- Q n!

1 s —tlgte v
e m)ﬂt(ds) . (22.95)
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Consequently

K < <M)l_%wkn(l_%)21_%|: /||5 7 e (ds)

n!

1 1/q
(n+1)q

+ —t d

hi(g+1)---( qun)/QHS ler e S):|

< (P 20 >) “{%(/Q s =l as))
1/q

Jolls =t 5D e (ds)
hi(g+1)---(qg+n)

(Call and assume momentarily

1
n +Dq
b (/ s = el gas)) " > 0)

_ (w <1><>) i L@@ g
n!

n!
p(nt1)a /4
RISV E R
~ 11 ~ 1 1/q
2k™ L(1)(¢ | (L(1)(t))m+T 1
:( n(!)()) wh {(()gﬂ)) T

I.e. we have that

n!

. < (%ni(l)(t)) Ewhn{@(n(t»ﬁ

+

(g+1)-(g+mn)

We continue with

Remark 22.28. We have by Holder’s inequality that (1 < g < 00)

( / 69 0.5, las) )

< ooy / 69 0.5, ds))

n

(22.96)

(22.97)

(22.98)

(22.99)

(22.100)

(22.101)
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and

(/( / 69 0.5, uds)) Pla))”

(L))~ ( / ( /Q lesd (o,s,w)f'ut<ds>)P<dw)> (22.102)

(by Tonelli-Fubini’s theorem)

(L(1)(t))1*% (/Q (/Q |G(j)(0,s,w)|qP(dw)),ut(ds)) ‘ (22.103)

We do have again

Q=

IA

Q|-

. k
j .]' a;
G0, 5,0)| < Z ol anl H [si — ] " | Xa(t,w)| (22.104)
|a|=3 ’ Ti=1
Furthermore,
. k a
j J! a
1GY(0,5,w)|7 < { > W(H |si — ti )|Xa(t,w)|} (22.105)
|a|=3 : T Ni=1

. k
< (kf)ql{ > ﬁ(ﬂ |siti|q“i)|xa<t,w>|q}. (22.106)

la|=j

Consequently we obtain

[ 1690 501 Pla) (22.107)
. k
< k“‘“){ > 7@1!-].!~ o (H |ss tilqai)(ElXalq)(t)}.
|o|=3 i=1

Hence

</Q (/Q G2, va)\qP(dw))’ut(ds)) i

< w-1) 3 i
- ar!l - ay!

la|=j

u a
X (/Q (H |si tiqai)ut(d8)> (EIXalq)(t)} (22.108)

i=1
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{Z ]ab:'X al?) )< (‘H|._ti|qai))(t)}}l‘ (22.109)

lae|=3

L.e. we got that

1

(/ﬂ </Q G2 (0,s, W)W(ds)) qP(dw)) E

< (L) {Z AEXa [1)(2)

CM1 c Ol
lo|=3

X (/i (ﬁl |- t¢|qai)) (t)} " (22.110)

Finally we easily obtain (1 < g < 00)

(B(M(X) - X|9)(1)7 < ((B|X]" )())%| W) -1 (22.111)

L(1
I P

Putting things together we have the following L, Shisha—Mond [264] type
result regarding multivariate stochastic processes.

Theorem 22.29. Let L: C(Q) — C(Q) positive linear operator, where Q@ C R*
compact and convex k > 1. Let

M(X)(t,w) := L(X(,w))(t), Vt€Q, YweQ

a probability space. Here X (s,w) € C™(Q), n > 1, in s and measurable in w. Also
the partials Xo, 1 < |a| < n are measurable in w. We assume E(|X]7)(t) < oo,
(B|Xa|)(t) < oo, Vt € Q,1 < q < oo and all a such that 1 < |a| < n. We
further assume that X, € CY(Q), all a: |a| = n. Also M(X)(t,w) is supposed
to be measurable in w € Q. Then



22.3 Main Results 325

1

< JEIXIDO]7 L)) — 1

E|Xo|D(t
{Z.(aﬂ---'ozi!)

x (L(l:[ll : —tiq‘“)> (t)}) (L)) %
( [ g 1

—~
!
e
=
s
|
)
~
_U= -~
~
~
N
Q=

Q=

Q|-

% (i H tH(n+1)q (t)) (n+1)q{ max
7 (n+1)q sy
(X, (L( - I (1) +1>q)m}, VieqQ.  (22.112)

Also we have
2)

1 i
IE(M(X) = XD < [[EQXDISILT = 1o

pi- 3>{ IE(Xe )l

+ T
<; (.7!) g |0;J on!
k 3 s
(E(H g t|)> ® } )||E<1>|oo q

kLDl \ 7 || (E(1)) 7T 1
+< ||n5 | ) (L(1))

N (RS RN R
||(E tH(nJrl)q)( )H_(n-fnq{ max

oo a: |al=n
¥ n -n;
xm(xa,u(uu —]|{5 “)q))(t)\léo“”) } (22.113)
La

Proof. Comes by Concepts 22.6, Assumptions 22.9, 22.23, and Remarks 22.24,
22.27, 22.28. For the case of h = 0, see (22.97), inequality (22.112) holds trivially

as equality. |

Note 22.30. When L(1)(t) = 1, V¢ € Q, then the assumption

(BIX|%)(1) < 00, Vi@, 1<q< 0
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in Theorems 22.13, 22.17, 22.19, 22.21, 22.29 is redundant.
The following general Korovkin type theorem (see [213]) is valid for Lq con-
vergence of multivariate stochastic processes.

Theorem 22.31. Let {EN}NeN be a sequence of positive linear operators and the
induced sequence of positive linear operators {Mn}nen on multivariate stochastic

processes, all as in the assumption of Theorem 22.29. Additionally assume that
{Ln(1)}nen is bounded and

(Ll =tE D)) @) — o,

along with Ly1 51 as N — oo. Then |E(|Mn(X) = X|9)||ec — 0, as N — oo,

for all X as in the assumptions of Theorem 22.29. I.e. Mn mean 1, the unit

operator, with rates and in our setting.

Proof. By inequality (22.113). Observe here that (1 < g < 00)

LN (- =) Ol

- T gt 1)y g || T
< L Wfloo "THILN (- =t ) Ollec™,  (22.114)

for j =1,...,n. Notice that

k J k qj
<Z - —tilq) < <Z |- —ti|> =1l =tz (22.115)
i=1

1=1

and it is clearly true that

k
- o ar! -yl = .
LN<(H ot ))(t) <@l ) O, (22.116)
i=1 0o J:
Va=(ai,...,ax), 0, €EZT,i=1,...,k; o] =74,7=1,...,n. [ |
@ ” “q_ ”
Note 22.32. We observe that My q nian I implies M N 1 mean I, accord-

ing to Theorems 22.22 and 22.31.

Next we specialize in the n = 0 case. We do first the subcase of ¢ = 1. For
that we make

Remark 22.33. We have that

A(t,w) := M(x)(t,w) — X (t,w)L(1)(t) = /Q(X(s,w)—X(t,w)),ut(ds). (22.117)
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Then

/Q At w)| P(dw)

/ (/ |X(S’°")_X(t»W)|m(d8)) P(dw) (22.118)

(by Tonelli-Fubini’s theorem)

/ </ X (s ) (t»w)\P(dW)) pu(ds) (22.119)

IN

< / Q1 (X, [|s — t]ler ) pe(ds) (22.120)
Q
(h>0)
[Is — tler
< (X, h) /Q <1 + Tf) pe(ds) (22.121)

Q1(X, h) 1 (Z(l)(t)—i—%/QHs—thm(ds)). (22.122)

(Choose and suppose momentarily

B / s — ]l e (ds) > 0) (22.123)
Q ~ ~
= (X, L( - =tle)®) L2 (L)) + 1), (22.124)
L.e. we got
/ A W) P(dw) < (E(1)(E) + D (X, E(| - —tla)(B) 2. (22.125)

We have proved

Theorem 22.34. Here all elements are as in Concepts 22.6, Assumptions 22.9,
22.11 when n = 0. Then

1)
(E(M(X) - X)) (1) < (BIXD@®)LO)() — 1] (22.126)
+ (L)) + DU (XL -t ) (D)., VEE€Q.

Also it holds
2)

[E(M(X) = Xl < HEI{(HIooIIil—lHoo ) (22.127)
+ L) + oo (X, LAl —tller (B)lloo) 1

Note 22.35. Inequality (22.126) holds trivially as equality when h = 0, see
(22.123).
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The implied by (22.127) Korovkin type result follows.

Theorem 22.36. Let {EN}NeN be a sequence of positive linear operators and the
induced sequence of positive linear operators {Mn}nen on multivariate stochastic
processes, all as in Concepts 22.6, Assumptions 22.9, 22.11 whenn = 0. Addition-
ally assume that {Ln (1)} nen is bounded and Ln1 -5 1, | L (||-—t][¢1)(£)]|oe — 0,
as N — oo. Then

|E(|IMn(X) — X]|)|[loo — 0, as N — oo,

for all X as in Concepts 22.6, Assumptions 22.9, 22.11 when n = 0. Le.

“l-mean”
My — I with rates in our setting.
N —

Finally we treat the subcase ¢ > 1 when n = 0.

Remark 22.37. Let A(t,w) as in (22.117), then by Hélder’s inequality (1 < ¢ <
00) we have

IN

ator < e X(t,w)m(ds))q

IA

(E(l)(t))q_l/Q|X(s,w)fX(t,w)|q/Lt(ds). (22.128)

Therefore we get

([ iatorpan)’ < @y

1

x (/Q</Q |X(s,w)—X(t,w)|qm(ds))P(dw))q (22.129)

(by Tonelli-Fubini’s theorem we get)

1
q

- (im(t))l‘i( /. ([ |X(s,w>X(t,w>|qP<dw>)ut<ds>> (22.130)
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(Lwm)™ (/QQQ(X lls - tllel)Lqm(ds))a (22.131)
(take h > 0)
(L)1) 794(X, h)

« (/Q <1 + wym(ds)) (22.132)

IN

IN

Q|-

A
[\]
—
|
Qe
—~
[l
—~
[
—
—~
-
=
=

1
1 q
+ H/Q HsftHZl/Lt(ds)} (22.133)

(choose and suppose momentarily

1

h= (/Q lls — t||;51m(ds)) >0 (22.134)

Q|-

= (2LO)®) 7 (X, (L] - %) (®)7) . (E1)®) + 1)
‘We have established

(22.135)

Theorem 22.38. Suppose Concepts 22.6, Assumptions 22.9, 22.283 when n = 0,
1 < g <oo. Then

1)
(BUMEO) - XI") (¢ 1)7 < ((E|X|q>< )1 - 1] (22.136)
+ REM)®) T F L)) + 1)1 (X, (E(] - —t]%)(#)7) ,,, VE € Q.
2)
IB(M(X) - X|7)1& < ||E( X ML) — 1) (22.137)
+ U eo) T F B+ 1290 (X E( - — %) (012 ..

Note 22.39. When h = 0, see (22.134), then inequality (22.136) is trivially valid
as equality.

Note 22.40. When L(1) = 1 then the assumption (E|X|?)(t) < oo, Vt € Q,
1 < g < 00, in Theorems 22.34, 22.38 is redundant.
We give the final Korovkin type related result based on (22.137).

Theorem 22.41. Let {EN}NeN be a sequence of positive linear operators
and the induced sequence of positive linear operators {Mn}nen in
multivariate stochastic processes, all as in Concepts 22.6, Assumptions 22.9,
22.28 forn = 0, 1 < q < oo. Additionally assume that {Ln(1)}nen is
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bounded and || Ly (]| - —t|7)(t)|lc — 0, along with Ln(1) %1, as N — oo. Then

IE(Mn(X) — X|")]]owo — 0, as N — oo,

for all X as in Concepts 22.6, Assumptions 22.9, 22.23, n = 0. Le.
“g-mean”

My — I with rates in our setting.
N — oo

“g-mean” “1o »
Note 22.42. We observe again that My amean implies My 1 mean 1,

according to Theorems 22.36 and 22.41.

Note 22.43. The rate of convergence in Theorems 22.22, 22.31 is much higher
than in the corresponding Theorems 22.36, 22.41 because of the assumed differen-
tiability of X, see and compare inequalities (22.55) versus (22.127), and (22.113)
versus (22.137).

Note 22.44. If X,, |a] = n € Z4, fulfills a Lipschitz type condition then our
results become more specific and simplify.

We finish this chapter with

Application 22.45. Here we will apply inequality (22.127) of Theorem 22.34.
Let f € C(]0,1]%), the two-dimensional Bernstein polynomials of f are defined
by

LA k ¢ m n k m—k
Bnm(f;t1, = —, = 1-—-
A= 33 (R (1) (F)aa -
x t5(1 —t2)" 7, (22.138)
for all ¢ := (t1,t2) € [0,1]?, it is known that By, =(f) — f uniformly on [0,1]%.
Clearly
Buma(1lit1,t2) =1, Y(t1,t2) €[0,1]%, V(m,7) € N*. (22.139)

By using Schwarz’s inequality repeatedly and maximizing we obtain

Bl —tleo)®) < (Bmalll-—tI2)(®)? (22.140)
1/ 1 1 o )
< 5(7 7), V(m,m) € N°, Vvt € [0,1]".

That is
[Bmw(ll - —tlla)@)]loe <

(=+

) . (22.141)

N | =
Bl
Elly
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Here B, = is an example of an L operator as in Concepts 22.6. Define the corre-
sponding application of M by

Bnn(X)(tw) = Bma(X (- w))(t)

no k [ m n m— —
- ZZX(E,%,w)<k><E>tlf(l—t1) M (1 —t2)"
Vit = (t1,t2) € [0,1)%, Yw e Q, V(m,7) e N, (22.142)

where X is as in Concepts 22.6 and Assumptions 22.9, 22.11 for n = 0.
By (22.127) we obtain

EEY
vm o VR

for all X as above. Thus, as m,7n — oo, we get

| E(|Bm,a(X)=X|)||loo < 20 (X, %( ))u , V(m,m) € N?, (22.143)

IE(|Bm,w(X) = X[)]Joo — 0, (22.144)

~ “1_ »
i.e. Bmn 1 WA T with rates. If X is of Lipschitz type of order 1 i.e. if

Q1(X,0);1 < Kb, where K > 0, V6 > 0, then
E(|Bmm(X) = X|)]leo < K (— + —) V(m,m) € N°. 29.145
1E(] DIl N ) ( )

One can give many similar other applications of the above theory.



23
About the Right Fractional Calculus

Here we present fractional Taylor type formulae with fractional integral remainder
and fractional differential formulae, regarding the right Caputo fractional deriva-
tive, the right generalized fractional derivative of Canavati type ([126]) and their
corresponding right fractional integrals.

Then we give representation formulae of functions as fractional integrals of
their above fractional derivatives, as well as of their right and left Weyl fractional
derivatives.

At the end, we mention some far reaching implications of this theory to
mathematical analysis computational methods.

Also we compare the right Caputo fractional derivative to right Riemann-
Liouville fractional derivative. This chapter relies on [44].

23.1 About the Right Caputo Fractional Derivative
We start with (for this section see also [160], [179], [259])

Definition 23.1. Let f € Li([a,b]), @ > 0. We define the right Riemann-
Liouville fractional operator of order a by

o 1 b a—1
1) = oy [ €= e, (2.1
Vz € [a,b], where T is the gamma function. We set I{ := I (the identity

operator).

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 333
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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‘We mention

Theorem 23.2. Let f € Li([a,b]),a > 0. Then I’ f(z) exists almost every-
where on [a,b] and I} f € L1([a,b]).

Proof. Define k : Q := [a,b] X [a,b] — R by k(¢,z) = (¢ — x)i_l , that is,

_f =2, ifa<a< (<D,
k(g’x)_{ 0, ifa<¢<z<b

Then k is measurable on €2, and we have

/:k((,:c)dx = /:k((,m)der/Cbk(C’x)dx

/: (¢C—x)* da
o)

«

Because the repeated integral

/: ( / k(¢.0) If(C)Idx) de

/ "7l ( / b k(c,x)dm) ac

b o
[ K=a) g

[e%

- ofl/ (¢ = a)° |£(Q)] d¢

et b
R g LIS
(- a)

S Ol oy < 00

IN

Therefore the function H : © — R such that H({,z) := k(¢,z)f(¢) is inte-
grable over 2 by Tonelli’s theorem. Hence, by Fubini’s theorem we obtain that
f; k(¢,x) f(¢)dC is an integrable function on [a, b, as a function of x € [a, b]. That

is Iy f(z) = ﬁ f; (¢ — )™ " f(¢)dC is integrable on [a, b].
Thus I;* f exists a.e. on [a, b]. |
We further need

Lemma 23.3. Let « > 1 and f € Li([a,b]). Then Ij* f € C([a,b])
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Proof. For a = 1 is trivial, thus we assume a > 1.
Let z,y € [a,b] : x >y and z — y.

‘We notice that
b b
- / (C—2)* ' F(Qd¢ - / (c—y)a*f(odc‘

I f(z) = It f(y)| = (o)

a)

:ﬁ /b(C—x)al dc/ €=y f(Od¢ / €=y f( dC‘
< [/} e (eIt |d<+/y (ny)“’llf(@‘)ldq}
< [/ 1% — (€= A + @ = ) IOl ) -

Asz —yweget ((—z)* ' — ((—y)* ", thus
(=) = (¢ —y)* ] =0,
and also
(=) = (=T <20-a) "
Hence

[(C=2)" " = (=" Al <200~ a)* (O] € La([a, b]),

and also (¢ —2)*™ " — (¢ —y)*~ 1‘ |f(C)] — 0 as  — y, for almost all ¢ € [a, b].
Therefore by Dominated Convergence Theorem we conclude, as  — y, that

JAC =2 = (¢ =w)* IF(Q)]dC — 0.
Consequently, ‘I{f_ flz) — I f(y)‘ —0asx —y.
Therefore Iy f € C([a,b]). [ ]

We also have
Theorem 23.4. Let a, 8 >0, f € L1([a,b]). Then
L f=L""r=1] I f, (23.2)

valid almost everywhere on [a, b]. If additionally f € C([a,b]) or a« + 3 > 1, then
we have identity true on all of [a, b].
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Proof. Since I := I (the identity operator), if & = 0 or 8 = 0 or both are
zero, then the statement of the theorem is trivially true. So we suppose «a, 3 > 0.
We observe that

I 17 f(x) = m /: (t—2z)*" (/tb (r —t)° ! f(T)dT) dt.

The above integrals exist a.e. on [a, b]. So if " 157 f(z) exists we apply Fubini’s

theorem to interchange the order of integration and get that

LI f@) = é/: (/; (t —2)° (T—t)ﬁ—lf(r)dt) dr

L(a)T'(B)
_ 1 b T _ p—1 —r a—1 T
- / £r) (/ (r= 8L (- ) dt) d
= 1 p) r—z)tPtgr
o a)F / fr onrﬁ)( ) d
_ (a+g) 1
= CMJrﬁ / f(r dr
= L f().
That is
I 1 f(x) =177 f(x) (23.3)

true, whenever any of the two sides exists, which is true a. e. on [a, b].

Clearly, if f € C([a,b]) then I] f € C([a,b]), therefore I I, f € C([a,b])
and I7 P f € C([a, b]).

Since in (23.3) two continuous functions coincide a.e., they must be equal

everywhere.
At last, if f € Li([a,b]) and o+ 8 > 1, we get 77 f € C([a,b]) by Lemma

23.3. Hence, since If_"'gf(x) is defined and existing for any x € [a, b], by Fubini’s
theorem as before, equals to Iy 157 f(z), for all z € [a,b], proving the claim. W

We need
Definition 23.5. Let f € AC™([a,b]) (space of functions from [a,b] into R
with m — 1 derivative absolutely continuous function on [a,b]), m € N, where

m = [a], a >0 ([-] the ceiling of the number).
We define the right Caputo fractional derivative of order o > 0, by

Dy fx) = (-1)" 1" " (@), (23.4)
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that is

_1\m b
Dg f(a) = % [ ==ty (23.5)

F'im—«

Note 23.6. Let f € AC™([a,b]), m = [a], with a > 0, then (™~ ¢
AC([a, b)), which implies that f(™ exists a.e. on [a,b] and that f™ € L;([a,b]).

Consequently if f € AC™([a,b]), then Dy f(x) exists a.e. on [a,b] and Dy f €
La([a, b]).

Observe that when o« = m € N, then

DY fx) = (-1)" £ (x),

Vz € [a,b].
We need

Definition 23.7. Let a > 0, m = [a], f € AC™([a,b]). We define the right
Riemann-Liouville fractional derivative by

—_1\™m m b
Dy_f(z) := rgm;za) <%) /w (t—2)™ " f()dt, (23.6)

Dy f(x) := I (the identity operator).

We present

Theorem 23.8. Let a > 0, m = [a], f € AC™([a,b]). Then

—1

s (k)
D <f(x) e (mb)k) — (D5 f) (@), (25.7)

k=0

a.e. on [a, b].
If L.H.S.(23.7) exists at = € [a,b], then L.H.S.(23.7)=R.H.S.(23.7).
If R.H.S.(23.7) exists at = € [a, b], then L.H.S.(23.7)=R.H.S.(23.7).

Proof. We have that

m—1 (k)
;. <f<m>2 ey <xb>’“)
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Next we use integration by parts repeatedly to obtain

b (C _ x)m—a—l m—1 f(k)(b) X
| S <f<<>— ~e-n) )dc

m— )

o (£ =S (- v)")
- /z T(m—a+1) d

m—1 (k)
(f(C) -y L0 b)k> -om

k=0 x
=) (o S P 1
*/z ﬁ (f (©) — 2k 7(1))! (c-v)" )dc
() S TN = A 1
- */I I’((mfinrl) (f - £ (k 7(1))! (Dl )dc
Thus we have
m—1 (k)
L : =5"° <f(x) -y k,(b) (mb)k)

m (k)
) s <f’(:r) > G ff))! (2 — b)kl) .

Under our assumptions we can perform the above m times, to derive

L= (1" (1 @)
That is
Mol (k)
() (f(x) > L0 b)k> = P @), e
k=0

Consequently we have

m=1 (k)
= (yrpmp (f(w)— ! @(w—b)k)

a.:e. D'm[gi Igﬁ*(lf(’ﬂl) (ZC)
= ()" L ()
= ()"L ()
= Dy f().
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Above we used that D™ I} = (—=1)"I on L1([a,b]). ]
Next we give the comparison result.

Theorem 23.9. Suppose f € AC™([a,b]), m = [a]|, o > 0. Assume any of
Dy f(x), <D§‘_ f) (z) exists for some z € [a, b].

Then
o _ ne © fP)(=1)k (b x)F e
Dy_f(z) = Dy_ f(z) + I; ot . (23.8)
So, if f®) () =0, k=0,1,...,m — 1, then
Dy_ f(z) = Dy_ f(). (23.9)
Proof.
We apply Theorem 23.8. So, by (23.7) we obtain
m—1 (k)
Dy f@) =5 f) -3 L k,(b) D2 ((z—b)"). (23.10)
k=0 ’
We find
_1\ym m b
DY (- b)* Fgmlz ; (%) / (t — 2)™ (¢ — b)ha
- S (G oo
_ (—1)m+k d\"  kT'(m-—a) ktm—a
T T(m-a) <£) F(k+1+mfa)(b_x)
— (71)m+kk' d " k4+m—a
But it holds
((b - m)(’“m*a))(m) = (D" (k—a+m)...(k—a+1)(b—xz)

_ _ mF(k*CM+m+1) _ N\k—a
= (-1 Th—atl) (b—2x) (23.12)
Therefore

Dy (z—b)"  (—1)Fb—a)
k! T Th-—at))

(23.13)
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Finally we have

A o) ~D* (b —x)t

Dyl f(x) = .

k=0

We further need

Theorem 23.10. Let f € AC"([a,b]),n € N. Then

1 @) = { -5 100 x—b}
k=0

YV € [a,b], where

b
@) = oy [ = O
Furthermore
D'y = (-1)"I
on Li([a,b]).

Proof. Since f € AC"([a,b]), then by Taylor’s theorem we have

- 2 by CEm] _1 ol /:(m — )" ()t

and
n=l e(k)
K o+ o=iw -y L Ou
k=0
_ 1 “(z ()
S e AR OT2
That is

N G ) Y PN
K = (nfl)!/z(t L ()t

= ()" ()

(23.14)

(23.15)

(23.16)

(23.17)

(23.18)

(23.19)

(23.20)
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We continue with the right Caputo fractional Taylor formula with integral

remainder.

Theorem 23.11. Let f € AC™([a,b]),z € [a,b],a > 0,m = [a]. Then

m—1 b
— f _ L _ a—1 o
- @0+ g [ €= DL @321)
Proof. We see that
DY f(x) = L (=17 ()
= (=)™ L ()
_ ( 1)m1a+m af(m)( )
= )" @)
m—1 ()
= (-1 Z f ’ (z— b
k=0
m—1 ()
k=0
Therefore
= /P k
f@) = e -0+ 1 Dpf(@)
k=0 ’
_ M) S S LU
- X et g [ €= o
Next we mention
Theorem 23.12. Let f € AC™([a,b]),a > 0,m = [a] < 3. Then
r-ef mzl IO (b—z)" P 4 I DY f(x) (23.22)
b £ T(k+1+8—a) b= b= I '
YV € [a,b].
That is
1 ’ By PP (=1)F (b — x)E e
F(B—a)/m(c_x) Z k+1+ﬁ—a)
L[ A=1py d 23.23
*W/m“’m) ¢ O, (23.23)
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YV € [a,b].

Proof. It holds

b
Lot = Wl_ ) / (b= Q"¢ —2) P ¢
_ 1 F(k + 1)F(B - a) (b _ iE)IH—B_a
rg—ao)T'(k+1+p6—a)

k!

_ : B—a
SRR RS Ty L A (23.24)
We see that
I Dy f(x) = (-1)™I) ' ()
= (=D)L ()
= () (6 @)
k) ey
- (1)2mffa{f(w) S k”(xm’“}
k=0 .
ol pk)
= e - X Ty
m—1
= - Y O e o
k=0
m—1
(23.24) B—a f(k)(b)(—l)k .
= I f(x)_k:om(b_x) e (23.25)

We also give
Theorem 23.13. Let f € AC™([a,b]),m = [a],0 < a < [ <m. Then

Y@ (—DF

I8 DY fla) =100 f (2 +Z F(kJrz—Jroé_6)(1)733)““*”‘1*5), (23.26)

almost everywhere in [a, b].
That is, we have

m—2 (k+1) k
£ = 5 SEDOED (,ytito-) _pe po g (23.27)

OF(kz—i—Q—i—a—ﬁ)
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almost everywhere in [a, b].

Hence
1 b o p m—2 (k+1) b) 1)k (kt14aB)
F(l—l—a—ﬁ)/x( BRAREAS ,; k+2+a—5)(b*m)
1 b 18
o / (¢~ 2)* DY F(Q)dC, (23.28)

almost everywhere in [a, b]. All the above are complete identities if m+a—8 > 1.

Proof. Notice [a] = [3] = m. We observe that
I DY f(z) = ()" " ()
Dy @)
= ()" (f @)Y
= (_1)m]l§7_n—1)+(a—6+1) (f/(x))(mq)
= (_1)m]b(in—1)+(1—(6—a)) (f/(x»(mﬂ)

(a.e.) m —(B—«a m— m—
=) (O D (f (@) Y

= ()"t {f’(x) B SF il b)’“}

= Ié”“‘ﬁ){f’(m>+§W<nk<bm)k}

= 7O f @)+

= L@+ Y o (Y
e /:(b—<)<k+1)‘1(<—w)“*““”*dc

1

_ (1+a—p) k
= LT Z B V)

K1 +a-p) _\(k+14a—p)
Thritita—pg0 @

f(k+1)
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71-(1+a7ﬁ)f/(m) +

w _ (k+14+a—p)
Tk+2+a-f) (b—=) ~ (23.29)

MS

E
Il

0

We further present

Proposition 23.14. Let f € C([a,b]),a > 0,m = [a] < . Then
Dy Iy f(a) =1, f(x), (23.30)

Vz € [a,b].

Proof. Call 8 =m + v,v > 0. We notice that

[eY (m)
Dy_ IbB, flz) =

()" (1 @)
()" DL f(x)

= (=D)"LTUD"L I f(z)
(11" 1L f(=)

= LI f(z)

= L' (@)

= L°f(x). [ |

Also we have

Proposition 23.15. Let n € Nsuchthat n <m—-1<a<m,m=[a],f €
AC™7"([a,b]). Then
Dy I f(z) =Dy f(x), (23.31)

Vz € [a,b].
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Proof. Set m = k + n. We observe that

Dy I f(z) = (-1

(=D)L D™ f(x)
()" 1D D" I f(a)
= (-1 DM f(a)
(1) D )
(- 1)m+n1(m n)—(a— n)f(m ”)( )
(notice [a —n] = m—n)

= (~)™ (=)D f(a)
= Di* " f(a). ]

23.2  About the Right Generalized Fractional
Derivative

Here see also [126], [23], p.539-545.

Let v > 0, n := [v],a = v —n,0 < a < 1, here [] is the integer part,
f € C([a,b]), call the right Riemann-Liouville fractional integral operator
by

b
Ui f) @) = g5 [ (€= @ (23.32)

€ [a, b]. Define the subspace of functions

Ci_(a,8]) = {f € C™([a,b)) : =1 € C*([a.t])} (23.33)

Define the right generalized v—fractional derivative of f over [a,b] as

Dy fi=(=1)""'DJ ™, (23.34)

Notice that

Ty f (@) = ﬁ/ (¢ — )" f"M(¢)d¢ (23.35)

exists for f € Cy_([a,b]), and

(-1 ' d

Dy_f(zx) = (—a)dz

b
/ (¢ — 7)™ ()de. (23.36)
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That is,
_1\n—1 b
(Dy_f) (x) = %UH) % /I (¢ — )" F M (Q)de. (23.37)
If v €N, then @ = 0,n = v, and
Dy_f(z) = (-=1)"f" (x). (23.38)

Lemma 23.16. Let f € C([a,b]),v > 1,n = [v],a = v — n. Then

() @)Y = (D I f (@), (23.39)
k=0,1,...,n— 1.
Also
(5 f) @)™ = ()" F f (@), (23.40)
if >0,
and
()™ = (=) f, ifa=0. (23.41)
Proof. Clear by Proposition 23.14. |

Theorem 23.17. J; : C([a,b]) — C([a,b]),v > 0is (1-1).

Proof. Let f € C([a,b]) such that J; f =0.

If0<wv<1,then Jy f=J "J’ f=0,Hence J, f=0.

That is (=1)f = (J;_f)' =0, and f = 0.

If now v > 1, then v = n+a, (where n := [v],a :=v—n,n > 1,and 0 < a < 1).
If @ = 0, then J?* f =0, hence (—1)"f = (J* f)™ =0, so that f = 0.

If & > 0, then Jg <J{‘_ f> =gt f =gy f=0.

Hence by first case of this proof we get

Jf=0.

And as in the second case of this proof we get f = 0.
So theorem’s proof now is complete. |
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Remark 23.18. Let f € Cy_([a,b]). We notice that

/ "Dy £) (©)dc
0 [ () e

Js_ (Di_f) (x)

d¢
= 0 [(ae ) o) - (A0 @)]
= )" (@) (23.42)
That is
ROy = ()R (DY f) (x)
= ()" (DY f)) (2) (23.43)

Hence by J, ~ being (1-1) we obtain

F™ (@) = (-1)" I (Di_f) (). (23.44)
Therefore
M) = (1" g (DY f) (x)
= (=) (Dy_f) (z).
Thus

Jo () = (=1)" (J5_Di_f) (x). (23.45)
Let now v > 1, then

Ty 1 (x) = { Z fUc) )"} : (23.46)
Therefore
(*)
flx) = Z fT(,b_)(x —b)"* = (J_Di_f) (z). (23.47)
k=0 '
That is
n—1 (k)
flz) = Z fT(!b‘)(x — )"+ (I_Di_f) (x). (23.48)
k=0

If0 <wv <1, thenn=0.
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Then clearly we get
f(x) = (Jy_Dy_f) (z).

We have proved the following Taylor fractional formulae

Theorem 23.19. Let f € Cy_([a,b]),v > 0,n := [v]. Then
1. Ifv > 1, we get

n—1 (k)
fa) =y 02

@ )" + (_Di_f) (@),

k=0
YV € [a, b].
2. If 0 < v < 1, we obtain
f(z) =Jy_Dy_f(x),
YV € [a, b].

(23.49)

(23.50)

(23.51)

23.3 About the Right and Left Weyl Fractional

Derivatives
Here we use concepts and some results from [179], [226].

Definition 23.20. Consider the class of good functions
E = {f €C¥(R): lim N f®) () =0,Vk € Z, VN € N}

The right Weyl fractional integral for f € E is given by

1

W) = / Tle—a) (e,

v > 0,Vz € R, and it exists. We set W° := I.
Let v>0,and let v=n— X, wheren € Nand 0 < A < 1.
We define the right Weyl fractional derivative as

W’Uf _ (71)nDnW7)\f

for f € E.
That is we have

wire) = G [ €0 e,

(23.52)

(23.53)

(23.54)

(23.55)



23.3 About the Right and Left Weyl Fractional Derivatives 349

VreR,Vfe€E.

Remark 23.21. In [226] it is proved that

Wew? = wet? va, 8 € R, (23.56)

So that W% = —DW 1.
Let v > 0, then W"W? = W° = 1.
Thus W™ "W'f = f,VfeE.
Le.
flx) =W (W"f)(x),Vz € R. (23.57)

More precisely we get from the above

Theorem 23.22. It holds

1

@)= 1755 / Tl o v ) (©)de, (23.58)

Vr e R,Vf € E.

One can rewrite the last one as

f@) = %U) /00o 2L WOF) (2 + 2)dz, (23.59)

Vr e R,Vf€E.
We need further

Definition 23.23. Next we consider also the alternative class of good
functions

E* = {f e C¥®R): lim z"f¥(z)=0,VN e N,Vk € Z+} (23.60)

(Notice that the Schwartz class of test functions in distribution theory equals

ENE™")
We define the left Weyl fractional integral, v > 0,

W f(z) = ﬁ/m(x — &) " f(&)dE, (23.61)
Vf e E*. We set W2 :=1.

Fact. It is known (u,v > 0), see [179], that

WP Wk = w0, (23.62)
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Definition 23.24. For v > 0,v =n — A\,n € N,;0 < A < 1, we define the left
Weyl fractional derivative as

Wlf(z) : =D"W.f(z) (23.63)
_ 1 dv [ A—1
- w9 e
Ve € R,Vf € E*.
For f € E*, we notice that g(z) := f(—z) € E.

Remark 23.25. We see that

W*’UWv _ W*I}anf)\ (2:;65) W*'Uwf)\Dn
= woepr —worpr B8 (23.64)
We want to prove
D"W. =W D" (23.65)
Indeed we notice that
A 1 T
W, f(z) = ) 2" f(xr — 2)dz (23.66)
0
Thus
(n) 1 [t
- _ A—1 p(n) _
(W,k f(m)) =™ /0 22T Y (2 — 2)dz
W (), (23.67)
proving (23.65).
Also we want to prove
W, "D" =1,VfeE". (23.68)
Indeed we have
—n n 1 N n— n
W (z) = m/ (@—&" 1 (€)dg
= f(z), by f € E",Vz € R, (23.69)
see also next Remark 23.27, proving (23.68).
So from (23.64) we derived that
W, 'WY f(z) = f(z),Vf € E*,Vz € R. (23.70)

The last gives
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Theorem 23.26. It holds

f@) =5 | @ v pe (23.71)

Vf e E*,Vx € R.

One can rewrite (23.71) as

+oo
fla) = / SN W)@ — 2)dz, (23.72)
0
Vf e E*",Vx € R.

As related material we make
Remark 23.27. Let f € C"(R),n € N.

I) The following are equivalent

) = (n%l)' [ ;(x — ) (1)t Ve € R, (23.73)

<~
lim f*®(a)(z—a)*=0,VzeR, all k=0,1,...,n— 1, (23.74)

e <~
lim f(k)(a)(x —a)f =0, forsome z €R, all k=0,1,...,n—1, (23.75)

T <
aEr_nooakf(’”(a) =0,allk=0,1,...,n— 1. (23.76)

And

lim a" M) =0, all k=0,1,...,n— 1, (23.77)

implies (23.73).
This equivalence is established mainly by the use of Taylor’s formula with
integral remainder, etc.

The subclass of functions f € C™(R) with (23.73) valid is rich.

IT) Similarly, the following are equivalent

D" f(z) = — o n=1 () () dt. Vo € R 93.78
(—)f(w)—m/z (t— )" fD @ Vr R, (23.78)

—
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 Jim B0z —b)Ff =0,V eR, alk=0,1,...,n—1, (23.79)

<
,Jim F® )@ —b)F =0, somez €R, all k=0,1,...,n—1, (23.80)

<~
Jim bV M) =0, all k=0,1,...,n — 1. (23.81)

And

lim v M)y =0, alk=0,1,...,n— 1, (23.82)

implies (23.78).
The subclass of f € C"(R) as in (23.78) is also rich.

4 Consequences

By Theorem 23.11, for f € AC™([a,b]),z € [a,bl,a > 0,m = [a], and
f(k)(b) =0,k=0,1,...,m — 1, we obtain

b
o [ e Di s (23.83)

And when f®(a) =0,k =0,1,...,m — 1, by Corollary 3.6, p.40, [145], we
get

fz) = ﬁ /az(w — Q)DL F(C)dC, (23.84)

where D3, f is the left Caputo fractional derivative of f of order a and
anchored at a.

If both f(k>(a) = f<k)(b) =0,k=0,1,...,m — 1, then by the above we find
that

1) = g | [ = 0 Ds e+ | b(c—x)a—lnz_f(<>cii85)
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2. Let f € Cy ([a,b]),v > 1,n:= [v],f<k)(b) =0,k=0,1,...,n — 1. Then, by
Theorem 23.19, part (1), we derive

flx) = (J_Di_f)(z)
u)/ (C=2)" " (Di_f) (Q)d, (23.86)
YV € [a,b)].

Also let f € CY([a,b]) :== {f € C™([a, b)) |

~v(z) := (ﬁ f;(:c—t)_o‘f(")(t)dt) € Cl([a,b])}, v > 1,n = [v], with
f(k)(a) =0,k =0,1,...,n — 1. Then by Theorem 25.1, part (1), p. 540 of
[23], we get

flx) = ﬁ /az(:c — )71 Dy f(t)dt, (23.87)

YV € [a,b].
Here C{([a,b]) and D f := ' are as in p.540 of [23].

If f € CY(la, b)) N C_([a,b]),v > 1,m = [v], with f®)(a) = f®(b) = 0,
k=0,1,...,n—1, then

@) = 5ot { [ @-orniswas " () (c)dc} ‘

(23.88)

. Let I be an interval C R of finite or infinite length, x¢ € I, and u a positive
finite measure on the Borel c—algebra of I. Let f € C™(I),m := [a],a > 0.
Then

m—1

f(k) . 1 " L
k=0 (2= 20)" + W /x0 (= Q)" Dl f(Q)dC, (23.89)

Veel:xz> x.
Also it holds
m—1

0

(k) EN)
e o)+ o [ (6 =)' D8,_ (e, (23.90)

Veel:x<x
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Consequently we obtain

[1@du@) = [ @@+ [ @)

{:CEI':C<:120} {zel:x>xp}

(k)
= Z (o) 960 / (@ — w0)*du(z) +
{zel:x<xzo}
/ </ — )" DS, f(C)d() du(x) +
{:ceI z<zo}
(k)
- Z = xo / (@ —zo)du(x) +  (23.91)
{zel:x>xp}
ﬁ / </x(x — C)a 1Dfm0f(g)dg) du(z).
{z€l:xz>zp} %o

So we derive

ml () (4
[s@an) = S L [t +

k=0 T

mrt [ ([ i +

{zel:z<zg}

(/:(m —O" 1fo?cof(C)dc) du(x) o, (23.92)
{welz>ao} 0

ete.
In (23.92) we assume that all integrals exist.

We can do similar things with the generalized right and left v— fractional
derivatives; see Section 23.2 and [23], p. 540, and Section 23.4, Part 2.

One can exploit in analogous ways Theorem 23.22 and Theorem 23.26, re-
garding the right and left Weyl fractional derivatives.
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Fractional Convergence Theory of
Positive Linear Operators

In this chapter we study quantitatively with rates the weak convergence of a
sequence of finite positive measures to the unit measure. Equivalently we study
quantitatively the pointwise convergence of sequence of positive linear operators
to the unit operator, all acting on continuous functions. From there we obtain with
rates the corresponding uniform convergence of the latter. The inequalities for all
of the above in their right hand sides contain the moduli of continuity of the right
and left Caputo fractional derivatives of the involved function. From the uniform
Shisha-Mond type inequality we derive the fractional Korovkin type theorem
regarding the uniform convergence of positive linear operators to the unit. We give
applications, especially to Bernstein polynomials for which we establish fractional
quantitative results.

In the background we prove several fractional calculus results useful to ap-
proximation theory and not only. This chapter relies on [43].

24.1 Introduction

In this chapter among others we are motivated by the following results

Theorem 24.1. (P. P. Korovkin [213], (1960), p. 14) Let [a,b] be a closed
interval in R and (Ln)nen be a sequence of positive linear operators mapping
C([a,b]) into itself. Suppose that (L, [f) converges uniformly to f for the three
test functions f = 1,z, 2% Then (L, f) converges uniformly to f on [a,b] for all
functions f € C([a,b]).

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 355
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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Let f € C([a,b]) and 0 < h < b — a. The first modulus of continuity of f at h
is given by

wi(f,h) = sup |f(z)— f(y)l.
z,y€la,b]
|z—y|<h
If h > b — a, then we define w1 (f, h) = wi(f,b— a).
Another motivation is the following
Theorem 24.2. (Shisha and Mond [264], (1968)) Let [a,b] C R a closed
interval. Let { L, }nen be a sequence of positive linear operators acting on C(]a, b])
into itself. For n = 1,..., suppose Ly(1) is bounded. Let f € C([a,b]). Then for
n=1,2,..., we have

ILnf = flloo S Wl 1En1 =g + [[Ln1 4+ 1| w1 (f; pn) (24.1)

where .
pn = || Ln ((t = 2)%) (@) 2

oo
and ||-|| . stands for the sup-norm over [a, b].
One can easily see, for n =1,2,...

oo ?

ui < ”L" (tQ;x) — xQHOO +2¢||Ln (t;2) — x| + c? | Ln (1;2) — 1]

where ¢ = max (|a|, |b]) .

Thus, given the Korovkin assumptions (see Theorem 24.1) as n — oo we
get un — 0, and by (24.1) that ||L.f — f|| ., — 0 for any f € C([a,b]). That
is one derives the Korovkin conclusion in a quantitative way and with rates of
convergence.

One more motivation follows

Theorem 24.3. (See Corollary 7.2.2, p. 219, [16]) Consider the positive linear
operator

L:C"([a,b]) — C([a,b]),n € N.

Let
ex(z) = L((t—xz)",2),k=0,1,... n;
d(r) = [L(t—2|",2)]"; c(z) = max(z — a,b— z) (C(x)E b;CL).

Let f € C™([a,b]) such that w; (f("),h) < w, where w,h are fixed positive
numbers, 0 < h < b — a. Then

- ro)

IL(f,x) = f(2)] < |f(@)]]co(z *1|+Z ek (@)] + R (24.2)

Ru=wén(c()) (d"(“’))n =9, (T};)) 4" (2), where 0, (%) = nlgn(u)/u”,
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with

bn(z) = /Om [ﬂ %dt, (z €R),

[-] is the ceiling of the number.

Inequality (24.2) is sharp. It is approximately attained by we., ((t—x)+) and a
measure L, supported by {z,b} when z —a < b— z, also approximately attained
by wén((z —t)+) and a measure p, supported by {z,a} whenz—a>b—x:in
each case with masses co(z) — (d&g))n and <dc"<£f>))n , respectively.

Using the last method and its refinements one gets nice and simple results for
specific operators.

For example from Corollary 7.3.4, p. 230, [16], we obtain:

let f € C*([0,1]) and consider the Bernstein polynomials

t) = kzn:_of (%) <Z>tk(1 —0" k. telo 1],

then ||Bnf — fll, < M w1 (f’, ﬁ) So Bnf % f as n — oo with rates.

In this chapter we study quantitatively the rate of weak convergence of a se-
quence of finite positive measures to the unit measure given the existence and
presence of the left and right Caputo fractional derivatives of the involved func-
tion. That is in the right hand sides of the derived inequalities appear the first
moduli of continuity of the above mentioned fractional derivatives, see Theorem
24.25 and Corollary 24.26.

Then via the Riesz representation theorem we transfer Theorem 24.25 into the
language of quantitative pointwise convergence of a sequence of positive linear
operators to the unit operator, all operators acting from C([a,b]) into itself, see
Theorem 24.27, Corollary 24.28 and Theorem 24.30.

From there we obtain quantitative results with respect to the sup-norm ||-||
regarding the uniform convergence of positive linear operators to the unit. Again
in the right hand side of our inequalities we have moduli of continuity with
respect to right and left Caputo derivatives of the engaged function. For the
latter see Theorem 24.32, a Shisha-Mond type result. From there we derive the
latter Korovkin type convergence theorem at the fractional level, see Theorem
24.33.

We give many of applications of the fractional Shisha-Mond and Korovkin
theory, see Corollaries 24.35-24.38.

In the background section we present many interesting fractional results which
by themselves have their own merit.

In approximation theory the involvement of fractional derivatives is very
rare, almost nothing exists. The only fractional articles that exist are of
V. Dzyadyk [153] of 1959, F. Nasibov [233] of 1962, J. Demjanovic [140]
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of 1975, and of M. Jaskolski [196] of 1989, all regarding estimates to best approx-
imation of functions by algebraic and trigonometric polynomials.

24.2 Background

We mention

Definition 24.4. Let v > 0, n = [v] ([-] is the ceiling of the number), f €
AC™([a,b]) (space of functions f with f("~1) € AC([a,b]), absolutely continuous
functions). We call left Caputo fractional derivative (see [145], p. 38, [160], [259])

the function ) ”
_ n—v—1 g(n)
= T /a (x—1) U (¢)dt, (24.3)

Va € [a,b], where I is the gamma function I'(v) = [~ e~ """ "dt, v > 0.

We set DY, f(z) = f(x),Vx € [a,b].

Example 24.5. Take v = 3, then n = 1 and f(t) =’ € C([0,1]),0< 3 < 3,
t € [0,1]. See that f'(t) = 8t°~* € L.(]0,1]).

Diof(x)

We see that ) ”
DZ f(z) = 51 / (z —t)"2¢% dt. (24.4)
I (3) Jo
By setting t = xs, dt = xds,
N 1
Dz f(z) = il/ (z — ms)fé 2?7 ads = LB+ }) 2?7z
L' (3) Jo T (B+3)
1
Let 0 < B < %, then D2, f(0) = 4oc0. Let 8 = %, then
1
D2, £(0) = ? >0, (24.5)

a positive real number!

Conclusion: In general for DY, f(a) we do not know what it is, it could be
infinite, or finite non-zero, or zero! (see next).

Lemma 24.6. Let v > 0, v ¢ N, n = [v], f € C" *([a,b]) and f™ ¢
Lo ([a,b]). Then DY, f(a) = 0.

Proof. By (24.3) we derive

(n)
v 1 N n—v—1 (n) Hf ) n—uv
|D*af(w)|§m/a (z—1) f (t)‘dtﬁm(x—a) .
That is
|Diaf(@)] < ﬁ(m —a)"", Vz € [a,b]. (24.6)
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That is D, f(a) = 0. ]
We need

Definition 24.7. (see also [160], [155], [44]) Let f € AC™([a,b]), m = [a],
a > 0. The right Caputo fractional derivative of order a > 0 is given by

_ b
DEf(@) = e [ (€= F O, (24.7)
Va € [a,b]. We set Dy_ f(x) = f(z).

Lemma 24.8. Let f € C™ !([a,b]), f'™ € Leo([a,b]), m = [a], a > 0. Then
Dg_f(b)=0.

Proof. As in Lemma 24.6. |

Lemma 24.9. Let f € AC™([a,b]), m = [a], o > 0; p is a positive finite
measure on the Borel o-algebra of [a,b], z¢ € [a,b]. Then

= x x fm_l 10 (o) z — z0) du(z
R RCCED M /M< o) du(z) (24.8)

- @ { [ ([ € 00500 - 22w ac) o) +

|, (/ =07 (D2 O = D S(a0) «) du(m)} |

Proof. From [145], p. 40, we get by left Caputo fractional Taylor formula that

1 i a—1 o
5@ = 3 T )+ gy [ @0 DR (249)

for all zg < z < b.
Also from [44], using the right Caputo fractional Taylor formula we have

—1

s

fz) =

k=0

)(xO) 1 o a—1 o
e =) + g [ €0 D p(OdC (200

for all a < x < xo.
Consequently we find

f(@)dux) = /[ @tz + / f(@)du(z)

[a,b] (z0,b]
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3

-1

f(k)

_ — d 24.11
/Mx v0)" dp(e) + (24.11)

ES
Il
<}

{ [”0 < —2)*7'Dg, f(C)dC) du(z) +

/(zo,b] (/ (x =) 1Difzof(c)dc) d,u(x)} .

Notice also that Dg, _ f(z0) = Dy, f(x0) = 0.
The proof of (24.8) is now complete. |

Convention 24.10. We suppose that
Do f(x) =0, for x < xo, (24.12)

and
Dy, _f(x) =0, for x > zo, (24.13)
for all z,zo € [a, b].
We mention
Proposition 24.11. Let f € C"([a,b]), n = [v],v > 0. Then D, f(z) is
continuous in = € [a, b].

Proof. We notice that

Dl f(z) = L )/Oziaz"_v_lf(")(x—z)dz, (24.14)

I'(n—v
and

v _ 1 v n—v—1 p(n)
Diafly) = m/o z " (y — 2)d=.

Herea<z<y<band0<zxz—a<y—a.
Hence it holds

DLuf) = Diuf@) = s | [ 7 (1= 2 = 10w - 9)

—a

+ /y_a 2T (g — z)dz} : (24.15)

We have that

" " 1 (z—a)"" n
D0 f6) = D2t @) < iy | S men (£ ly = )

n—uo)
Ol
(n —v) F(y-a)"" = (@—-a)")
1 {(b —a)" " e H e n—v n—v
STm=o | (=9 wi(f |y —zl) + Tl 2 ((y—a)" " —(z—a)"")
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So as y — x the last expression goes to zero. As a result,

Diaf(y) = Diaf(), (24.16)

proving the claim. |

Proposition 24.12. Let f € C™([a,b]), m = [a], a > 0. Then Dy f(z) is
continuous in x € [a, b].

Proof. As in Proposition 24.11. |

We also mention

Proposition 24.13. Let f € C™ ([, b]), f™ € Loo([a,b]), m = [a], a >0
and . ”

Dl f(x) = Tm—a) /mo (@ — )" ()t (24.17)

for all x,zo € [a,b] : x > xo.

Then D, f(x) is continuous in zo.

Proof. Fix x : z > yo > xo0; x,o,Yo € [a,b].Then

a a 1 vo m—a—1 g(m)

D500 £@) = D )] = gy | [ =07 | e
I, [M @i L (@~ o)™ ~ (2 — 20)™®)
“T(m—a) \/,, 'm—a+1)

— 0, as yo — wo, proving continuity of D, f in xo € [a, b]. [ |

Proposition 24.14. Let f € C™ *([a,b]), f™ € Loo([a,b]), m = [a], a >0

and m .
D%, @) = s [T g ea9)
'm-—a) /,

for all x,z0 € [a,b] : o > x.

Then Dy _ f(x) is continuous in zo.

Proof. As in Proposition 24.13. |

We need

Proposition 24.15. Let g € C([a,b]), 0 < ¢ < 1, &, 2o € [a,b]. Define

L(z,z0) = / (x — 1) 'g(t)dt, for x > xo, (24.20)
z0
and L(z,x9) = 0, for = < xo.
Then L is jointly continuous in (z,zo) on [a, b]?.
Proof. We notice that L(zo,x0) = 0.
Suppose & > xo, then

T—xo b—a
L(z,30) = / = g(e — 2)dz = / Nioso—so) (2)2° gl — 2)dz, (24.21)
0 0
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where x is the characteristic function.

Let xtny — z,zon — xo, N € N and assume without loss of generality that
TN > TON-

So we have again

TN —TON b—a
L(zn,zonN) :/ 2 rg(an—z)dz :/ Xo,on —zon] (2)2° " g(@xn—2)d2.
0 0

(24.22)
We have that
X[0,ex —won] (2) = X[0,5—z0](2), a-e., (24.23)
and
X[O,mN_mON](z)zc_lg(acN —z)— X[oyﬁ_mo](z)zc_lg(x —2), ae. (24.24)
Notice that
X[OJCN—CCON](Z)ZC_l |g($N - Z)I S Zc_l HgHoo ’ (2425)
which is an integrable function.
Thus by Dominated Convergence theorem we obtain
L(zn,zon) — L(z,x0), as N — oo. (24.26)
Clearly now L(z,x0) is jointly continuous on [a, b]?. [ ]
We mention
Proposition 24.16. Let g € C([a,b]), 0 < ¢ < 1, z,x0 € [a, b]. Define
EN)
K(z,x0) = / (¢ —x)'g(¢)d¢, for z < xo, (24.27)
x

and K(z,z0) =0, for x > xo.
Then K (x,z0) is jointly continuous from [a, b]? into R.
Proof. As in Proposition 24.15. |
Based on Propositions 24.15, 24.16 we get
Corollary 24.17. Let f € C™([a,b]), m = [a], a > 0, z,z0 € [a,b].Then
D¢, f(x), DS, _ f(x) are jointly continuous functions in (z,zo) from [a,b]? into

We need
Theorem 24.18. Let f : [a,b]> — R be jointly continuous. Consider

G(z) = wi(f(, ), [x,b]),

0>0,z € [a,b].
Then G is continuous on [a, b].
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Proof. (i) Let , — z, a <z <z, and 0 < § < b — z first (The case when
Zn — x with z, > z is similar). Then we can write

G(zn) = max(A4, B, C),

where
A = sup{|f(u,zn) — f(v,zn)|;u,v € [x,b],|lu—v] <},0< 5 <b—uw,
B = sup{|f(u,zn) — f(v,zn)|;u € [Tn,2],v € [z,0], [u —v| <4},
C = sup{|f(u,n) — f(v,2n)] ;0,0 € [wn, ], Ju—v| < 6}

Now, when z,, — z, then A — G(z),B — K(z) < G(z),C — 0 (since also u
converges to v).
In conclusion, G(z,) — max {G(x ) K(z),0} = G(m)

(ii) If &6 > b — z, then wi(f(-,2),6,[z,b]) = wi(f(-,2),b — z,[z,b]), a case
covered by (i).
That is proving the claim. |

Theorem 24.19. Let f : [a,b]?> — R be jointly continuous. Then
H(CE) = wl(f('? LE), 57 [a7 $]),

x € [a,b], is continuous in z € [a,b],d > 0.
Proof. Asin Theorem 24.18. |
We make
Remark 24.20. Let u be a finite positive measure on Borel o—algebra of
[a,b]. Let o > 0, then by Holder’s inequality we find

(2 1

/ ($°—$>adﬂ<w>£</ (xo—x)a“dm)) (la,wo]) @,
la,zo] [a,z0]

(24.28)

and

@ 1
/ (x — x0)“du(z) < (/ (x — xo)a+1du(x)) u( (o, b)) (417
(zo,b] (z0,b]

(24.29)
Let now m = [a],a ¢ N, a > 0, k =1,...,m — 1. Then by applying again
Hoélder’s inequality we get

(e+D) atl—k
/ | = xo|* dp(z) < / | — o] dpu(x) p([a, b)) ©FD". - (24.30)
[a,b] [a,b]

Terminology 24.21. Let Ly : C([a,b]) — C([a,b]), N € N, be a sequence of
positive linear operators. By Riesz representation theorem (see [257], p. 304) we
have

Ln(f,w0) = F®)dpna (), (24.31)

[a,b]
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Vxo € [a,b], where pnz, is a unique positive finite measure on o—Borel algebra
of [a,b]. Set
Ln(1,20) = N ([a,b]) = Mg, - (24.32)
We make
Remark 24.22. Let f € C"!([a,b]), ™ € Leo([a,b]),n = [v],v > 0,v ¢ N.
Then as in the proof of Lemma 24.6, we have

f(n)
|Dlof(@)] < %(x —a)""",Vz € [a,b]. (24.33)

Thus we observe

wl(D:a.ﬂ 5) = Ssup |D:af(x) - D:af(y)l

z,y€a,b]
|lz—y|<d
i -
< s — ® (g—a)"V' 4+ —/— 1% _(y—qa)"" 24.34
S By (z—a)""" + o+ D) (y—a) ( )
lz—y|<6
QHf(m
— 2 _(h—q)" " 24.
< T (24.35)
Consequently
o
Dy < —1T© _(h—qg)" " 24.
wl( *u.fz(s) = F(?’L*'Uﬁ* 1) (b a) ( 36)

Similarly, let f € C™!([a,b]), f™ € Loo([a,b]), m = [a],a > 0,a ¢ N, then

2|7
wi(Dy_ f,9) < m

So for f € C™ ([, b]), f'™ € Loo([a,b]), m = [a] ,a > 0,a ¢ N, we obtain

(b—a)™ " (24.37)

sup wi(Dyap frNiagy) < ——2-(b—a)" 24.38
soclo] 1{Deeo ] ) O’b]_F(m—OéJrl)( ) (24.38)
and

sup w1 (Dz,—f,0)(

wrpg] < T2 (b —a)™ ", 24.39
zo€la,b] ol F(m_a+ 1)( ) ( )
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We also make

Remark 24.23. Let Ly : C([a,b]) — C([a,b]), N € N, be a sequence of
positive linear operators. Using (24.31) and Holder’s inequality we obtain (z €
[a,b,k=1,....m—1,m=[a]l,a¢ Nya>0) for k=1,...,m —1 that

k a+1 k (Lj—;k)
|Lv- =l )| < lILw(l-— o™ @) [ S0 ILallle ™ ). (24.40)

Also we see that

C([avb]) = ‘ - xlaJrl X[a,z](') < | - m|OL+1 ,Vl‘ € [a‘abL (2441)
and

C([a,b]) 3 |- —z|*T! Xzb) (1) < |- = z|*T vz € [a, b). (24.42)
By positivity of Ly we obtain

1Ln (- = 21" X O )| < IEn (- = 2*T 2) (24.43)

oo’

and
LN (= 2T X (), 2) || < | En (=22, - (24.44)

So if the right hand side of each of (24.43), (24.44) tends to zero, so do the
left hand sides of these.

We also make

Remark 24.24. Let a > 0, ¢ N. Take a < z < xo, then

(zo — )T < (zo — )1 +0.

Similarly, for zo < z < b, we get

(x —20)* T <O+ (& — o)™™' - 1.

So we have

=2 < | =2l X () + | = 21T X (), V2 € [a,B]. (24.45)

Thus, by positivity of Lx,we get

1Zn (- =)l < Lw (= 2l™ X (), w)Hoo
| Ln (| — 2" Xy (), 2) || - (24.46)

So if both HLN (- — x| X{a,2) (), ) Hoo ) HLN (I - |t X(a.)(+), 7) HOO -0
as N — oo, then ”LN (| - xlaﬂ ’x)Hoo — 0.
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24.3 Main Results

‘We present the first main result

Theorem 24.25. Let f € AC™([a,b]), f™ € Loo([a,b]),m = [a],a ¢
N,a > 0;r1,72 > 0, is a positive finite measure on the Borel o—algebra of
[a,b], zo € [a,b]. Then

x x —m_l f(k)(xO) xr—T x
IRCEED IS -y BRI

Lt w & r x — x0)* T du(x ©
+(a+1)r2} ! (D*zof, : </(zo,b]( o) dul )> )[ .
=3
( / <x—xo>a+ldu<x>) ‘
(z0,b]

Proof. By (24.8) we derive

Bl < {/H (/ (-2

|Dzo—f(C) = Dzy— f(wo)| dC) dpu(x) + (24.48)

/m,b] (/(x = O D%y £(Q) = Dy f(wo)] dc) du(m)} = (%).

Let h1,h2 > 0, then

(+) < ﬁ { [/{MO] (/;O(g —g)*? (1 + 2 4) dg) (24.49)
I

</z:(x —ot (1 + ¢ ;2960) d() du(m)} w1 (D3, £, hg)[%’b]} ]

dp(@)]wi (DFy—f,h1) 4oy +
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That is,
Beol < 5o { [/[a,m] (o [ -0t -0 ac)
du(@) w1 (D3, f,h1) [a»$0]+|:/(zo,b] (24.50)

(z — o)™ 1r= a—1 2-1 «
(" 0 o ) oo (), )

[e%

_ (xo-2)* 1 (o—a) N, N .
n F(Oc) {|;/[a7$0] < « + h1 a(a+ 1) )d/L( ):| 1 (D:co—fa hl)[a,wo]

/(mo,b] ((x _ax())a i h% (wazaxi):)“) d,u(m)} (24.51)

DAENTRN

+

Hence
Buol < o | |3 [ (0= o) duo)+
vl S =91 0—
’ F(CM) « [a,zp]
; (w0 — :C)O‘Jrldu(:c) w1 (DD‘ ,f,h1) + l/ (z — z0)¥du(z)+
hic(a+ 1) Ja,z0) =0 la.w0] | Sz 4]
1 a+1 o
_ — d, D h . 24.52
haa(a+1) /uo,b] (v =) M(m)} 1 (P 2)[‘””0’”} (2452
Momentarily we suppose positive choices of
1
(a+D)
hi1 =11 </ (o — x)a"'ldu(ac)) >0, (24.53)
[a,z0]
and .
(a+1)
ha = / (@ — 20)* L du(x) > 0. (24.54)
(z0,b]

Consequently we obtain

1
Tla+1)

{[(sla wo]) @ + m} w1 (D3 fih) o 0y (’;_ll)a

} wi (Do frh2) 4 <';—§) } ,(24.55)

|Eao| <

+ [0,y = 4+ s
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proving (24.47).

Next we examine special cases. If f(107b] (z—x0)*Tdu(z) = 0, then (z—x0) = 0,
a.e. on (zo,b], that is x = x¢ a.e. on (o, b],

more precisely p{z € (zo,b] : © # zo} = 0, hence p(xo,b) = 0.

Therefore p concentrates on [a, zo].

In that case inequality (24.47) is written and holds as

‘/a 2] @)dp(z mZI £ xo /[WO] (z — z0) " dp()
< T [wa,xomw - o156

1 e
(a+1) (a+1)
wr (D;*Of, - (/ (w0 x)““dmx)) ) </ (w0 — x)““du(x)) } :
Jla,zq] Jla,zq]

Since (b,b] = 0 and u(@) = 0, in the case of g = b, we get again (24.56)
written for o = b. So inequality (24.56) is a valid inequality when f[a,zg] (zo —
x)*Fdu(x) # 0.

If additionally we suppose that f[a’mo] (o —2)* Tt du(x) = 0, then (o —2) = 0,
a.e. on [a, o], that is © = z¢ a.e. on [a, o], which means u {x € [a,x0] :  # zo} =
0. Hence p = 0z, M, where dz, is the unit Dirac measure and M = p([a, b]) > 0.

In the last case we get that L.H.S(24.56) = R.H.S.(24.56) = 0, that is (24.56)
is valid trivially.

Finally let us go the other way around. Let us suppose that f

[a,zo]

la,z ] Lo —
x)*tdu(z) = 0, then reasoning similarly as before we get that u over [a,zo]
concentrates at xo. That is p = 0z, 1([a, o)), on [a, zo].

In the last case (24.47) is written and it holds as

m—1 (k)
[ -3 L [ @ a0 dute)
(z0,b] (z0,b]

=0

1

SNCES)

{ [(u((xo,bmm + ] (2457)

1 a
(at1) (at1)
w (D;;Of, r2 (/ (z xo)““du(x)) ) (/ (x xo)““du(x)) } .
J(xq,b] J(x0,b]

If xo = a then (24.57) can be redone and rewritten, just replace (zo, b] by [a, b]
all over.
So inequality (24.57) is valid when

[z0,b]

[ @m0 dute) £0.
(z0,b]
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If additionally we assume that f(mo’b] (x — x0)*Tdu(x) = 0, then as before
p(xo, b] = 0. Hence (24.57) is trivially true, in fact L.H.S.(24.57) = R.H.S.(24.57) =
0.

The proof of (24.47) now has completed in all possible cases. |

We continue in a special case.

In the assumptions of Theorem 24.25, when r» = r1 = r2 > 0, and by calling
M = p([a,b]) > p([a, zo]), u((wo, b]), we obtain

Corollary 24.26. It holds

[u.,b] k=0

1
1 1 1 S
! [u@m oy L o R
T(a+1) [M " (a+1)r}|:W1 (D o— 5o (/[G,IO](:CO ) du(m)) )
la,z0]
+1 (@?4) — 3#1)
</ (w0 — )" d#(i)) +wi | DG S </ (z — x0)” d#(z))
“leweol Jwg 0]
(/ (x_mo)ui»ldﬂ(m))(ui»l)
Jlzg,b]

Based on Theorem 24.25, Corollary 24.26 and (24.31), we get

Theorem 24.27. Let f € AC™([a,b]), f™ € Loo([a,b]), m = [a],a ¢
N,a > 0;r > 0,and Ly : C([a,b]) — C(|a,b]), N € N, a sequence of positive
linear operators, xo € [a,b]. Then

[zq,b]

(24.58)

m—1
F* (20) 1 T 1
Ln(f,z0) — 2 ol Ln((z — z0)", z0)| < a1 1) [(LN(L;I;O))( + 4 CES
e a+1 TR
w1 D:cg—fa r (LN (|m - xOl X[a,zo](x)a ZCO)) (at1) (2459)
[a;z0]

(L (2 = 201" Xfa oy (@), 20)) FF7) 4

1
< *(Eof7 ( N (|x_x0|04+1 X[mo’b](l’),io))("ﬁ’l))

[0,b]

(LN (|£E — $0|D‘+1 X[ro.b] (l‘),l’o))(ﬁ)} ]
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Corollary 24.28. (to Theorem 24.27) It holds

—1
=) (o) K g
Ly (f, z0) — ,;) o Ln((z —z0)",z0) SF(aJrl){(LN(LxO))( + >+(a+1)7“

{m <D$O_f,r (Ly (Jz = 20|*™ , z0)) “Jrl))

[a,zo]

+uw1 <szof:7“ (Ln (|2 = wo[**! ,ﬂ?o))(“—il)) (Ln (|Jz — wo|**! ,xo))(#fl) .

[0,b]
(24.60)

We make

Remark 24.29. Let f € AC([a,b]), f' € Lx([a,b]), 0 < a < l,z0 €
[a,b]; Ln = C([a,b]) — C(la,b]), N € N, sequence of positive linear operators.
Then by Theorem 24.27 and

ILn (f,20) = f(@o)| < [Ln(f,@0) — f(wo)Ln (1, 20)| + | f(wo)| [Ln (1, 20) — 1],
(24.61)
we obtain
Theorem 24.30. Let f € AC([a,b]), f* € Loo(la,b]), 0 < a < l,z¢ €
[a,b); Ly : C([a,b]) — C([a,b]), N € N, sequence of positive linear operators.
Then

[Ln(f;z0) = flzo)l < |f(zo)l|Ln(1,20) — 1] +

(LN(1,mO))(a}rl> + (ajnr]

m[

1
[m (D,';O,fy r (LN (IﬂlC — 201 X{a, 201 (%), xo)) (aF1) )

[a,z0]

(LN (Ix = 20| * " X(a,001 (®), xo) ) (s%1) + (24.62)

1
w1 (szof,T (LN (|x _ mO|o<+1 Xieo.) (m),xo)) (a+1))

[z0,b]

(LN (|$ — $0|a+1 X[ro.b] (x),mo))(%“)} )

We make
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Remark 24.31. We see that

# ((x+1) 1

R.H.S.(24.59) < T D) {HLN Dlle 7(0#1)4
{ sup o (D2 £ | (1= x| )
z€a,b] (a.2]
HLN (- - |t Xiaye) (), )| (()om) +

1
sup w1 (D:;f,r L (- - x|a“x[m,b](->,x)||;g+l>)

z€la,b] [,b]
(L (= o™ X (,2) | ﬂ 6. (24.63)
So that
m—1
Z:=|Ln(f,2)= ) f N —2)2)| <e. (24.64)
k=0 o
We further observe that
Jia
|Ln(f,2) = f(@)] < Z +|f(@)] [Ln (1,2 —1|+Z [Zx (- —2)",2)
Jia
<|f@) 1L (1,2) = 1]+ Z (-2t o) +0.  (24.65)

We have established the main result, a Shisha-Mond type inequality at the
fractional level.

Theorem 24.32. Let f € AC™([a,b]), f™ € Loo([a,b]), m = [a],a ¢
N,a > 0,r > 0,and Ly : C([a,b]) — C([a,b]), N € N, a sequence of positive
linear operators, = € [a, b]. Then

] k 1
ILNF = Flloo < Iflloo ILNT = 1]l + Z T HL ) ,m)HW P
=2 1
(HLN(l)H + or 1)T) Lzl[la% (24.66)

or (D2 [ Ew G = 2 o (0 0)

1 e
<‘*+1>) |28 0 = 1" Xpar (), 2)| @D +
[a,x] o

oo

sup wi (D;’mf, rlEn (=21 X b () 0| (a1+1>> N = 21 X b ()0 <a11>} :
z€la,b] *© [x,b =
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Next we derive the following Korovkin type convergence result at fractional
level.

Theorem 24.33. Let a ¢ N,a > 0, m=[a] ,and Ly : C([a,b])—C([a,b]),N €
N, a sequence of positive linear operators. Assume Lyx1 % 1 (uniformly), and
|Ln(-—2[**! )|, — 0, as N — oo. Then Lnf - f,Vf € AC™([a,b]),
™ € Loo([a,b]). (The second condition means (Ln (|- — x|°‘+1)) (z) % 0,z €
[a,b].)

Proof. Since |Ly1 — 1|, — 0 we get ||[Ln1 — 1| < K, for some K > 0. We
write Lny1 = Ly1— 1+ 1, hence

|En < [En1 = 1|+ 1] < K +1L,YN €N,

That is || Ly1]|, is bounded.

So we are using inequality (24.66).

By assumption ||Ln(|-— z|*T! ,al:)”oo — 0 and (24.40) we get
HLN (|- —z|*, )H —0,forall k=1,..., m—1.

Also by (24. 43) and (24.44) we obtain that

L8 (- = 21" Xpa) () 2| o = 0, and [|Lv (|- = 2" xpen (), 2) |, = 0,

as N — oo.
Additionally by (24.38) and (24.39) we derive that

_ 2]
sup w1(D5_ f, Vja,a)s sup wi(DLf,-)

_ W Ve (p_g m—a7
z€la,b] c€lab] (o0l = F( —a+ 1)( )

(24.67)
so they are bounded.
Thus based on the above, from (24.66), we derive that || Lyf — f||,, — O,
proving the claim. |
We make
Remark 24.34. Based on Corollary 24.17 and Theorems 24.18, 24.19, given
that f € C™([a,b]), we get that

(%) sup wi <D f,THLN |- _I|a+ Xla, m]( ”(a+1>)

z€la,b] [a,z]

= o (D5 I = o O[S ) (269
la,z1]
— 0, as ||Ln(]- - i ,:E)Hoo — 0, as N — oo,

for some z1 € [a,b].
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Similarly
1 1
(i) _— (Di’zf,rl\LN(l- o x[m,b](->,x>\|;:+l>)
z€a,b] [x,b]
1
= w1 (Dfxz 7/".||LN(|'7':C|D‘+1 X[m,b](')vx)}|(§g+l)) (2469)
[z2,b]

— 0, as HLN(|-fzzc|o‘+1,gr)Hoo — 0, as N — oo,

for some z2 € [a,b].

We give

Corollary 24.35. Here Ly : C([a,b]) — C([a,b]), N € N,positive linear oper-
ators. Let 0 < a < 1,7 > 0, f € AC([a,b]), f' € Loo([a,b]). Then

3 B 1 [CEay] 1
1235 = Floe < Wl w1 = oo + s (B OIET + ) Hxi‘[‘p

a,b]
1 o
w1<D;tf,r |8 (1 = 21 01 (), @) ;:*”)[ ]} |80 =2l Xpa 2| F7
1
+{ sup wn <Df;cf’7"HLN(|' — " X ()| “’“)) }
z€la,b] o [z,b]
| (- = 2l X (), ) ;j+”]. (24.70)
24.4 Application
N
Consider f € C([0,1]) and the Bernstein polynomials (Bn f)(t) = Y f (&) (],j)tk
k=0
(1-t)N "% vte0,1],N € N.
We have By1 =1, and By are positive linear operators.
Here let 0 < a < 1,7 > 0 and take f € AC([0,1]), f' € Loo([0, 1]).
Applying Corollary 24.35 we obtain
Corollary 24.36. It holds
IBxf =l < — (24.71)
N © = T(a+1) (a+1)r '
1 1 1 «@
[ sup w1<D:,f,r\|BN<|» — 21" 0,01 (), 2 <u+1>> B (=215 Xj0,01 (), )| EFD +
z€[0,1] 3 [0,2] oo

sup w1(D:;f,rHBNu-—m\““xh,u(-),m)H (a1+1>> BN (- = 21T X 1y, 2)| <ail>},
z€[0,1] oo (@,1] oo
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VN € N.
Next let o = %, and r = a+—1’ that is r = % Notice I’ (%) = @

Corollary 24.37. Let f € AC([0,1]), f' € L([0,1]), N € N. Then

4 1,2 3 3
I1BxS = fll < 2 { sup o (D512 [Bn (ol xo0.9)] )

3
|Bx (- = o1 x01(), 2)

[0,2]
1

3 L2 3 3
’ + sup w1 <D*sza g HBN(l 7.ZC|2 X[z,l]()?m) ’ )
[@,1]

0 z€[0,1] o

3
|Bx (- = o1 X (), 2)

1
3} . (24.72)
Here we have

/2
_13/2 (@ —t)*? for0<t<uz, o4
It —z[*" Xp0,21(t) = { 0 fore<t<l (24.73)

and o
o 13/2 ] t—x)7, forx <t <1,
i X[m’l](t) - { 0, for 0 <t< . (24.74)
Consequently for z € [0, 1], we find
[zN] 3/2
3 k N _
By (| —z|2 X[O,ac](')) (z) = Z <x — N) <k>xk(1 — x)N k (24.75)
k=0
and
N 3/2
3 k N _
By <|~ — |2 X[:c,l](')) (@)= > <N - x) (k):rk(l — )N (24.76)
k=[zN]

One further has

By (I- —z|* X[O,:c](')) (z), By (|~ — a3 x[m,u()) (z) (24.77)

5 N 3/2
< By <|-f:c|§> (z)=> (Z);me)fv—k (24.78)

(by discrete Holder’s inequality)

(é <x - %)2 (27) (1 - :r)N_k) % (24.79)

1 i 1
(ﬁx(l - x)) < W,Vx € [0,1]. (24.80)

IN
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‘We have shown

Corollary 24.38. Let f € AC([0,1]), f' € L([0,1]), N € N. Then

w”ﬂ®§¢V{$W(%f)

1 1
sup wi | D2 f, —) . (24.81)
x€([0,1] ( 3\/ N [z,1]

3
Notice % ~ 1.59.

So as N — oo we derive again that By f — f with rates.

Discussion 24.39. From (24.81), Corollary 24.17, and Theorems 24.18, 24.19

we obtain that

| BN f — flloo_f\/—{ ( Tlf’g\/_)[()zl]—i_wl (D*%” ’3\/_) Wl]

(24.82)
for some z1,z2 € [0,1], f € C'([0,1)).
That is
B s *zo )y .
nwfunmﬁ{(m%f%ﬁ-( %fLJ
(24.83)

1 1
Further we suppose that D2 _ f and DZ;, f are Lipschitz functions of order 1,
that is

‘D“" f(w)—Dflff(y)‘ < Kilz—yl, (24.84)

x]—
and
1 1
D2, f(z) — D2, (y)‘ < K|z —y|,Vz,y € ]0,1], and K1, K> > 0. (24.85)
Then from (24.83) we get

23 (K + K2)

Buf—fl.. < 24.86
IB5] = floe < =200 (2456
Assume next that f’ is a Lipschitz function of order 1, that is
|f'(z) = f'(y)| < Ks |z —y|,Vo,y € 0,1], and K3 > 0. (24.87)
Then from Section 24.1 the Introduction, we get
0.1953125K.
IBnf — fll,, < ——""3 N eN. (24.88)

N )
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In [250], T. Popoviciu for f € C([0, 1]) proved that

1Bx ~ fll < Sun (f, %ﬁ) — 1250, (f, %ﬁ) S (489)

If f is a Lipschitz function of order 1, that is

|f(z) = f(y)] < Kalz —yl, (24.90)
Vz,y € [0,1], and K4 > 0, then we have

1B f — fll. < ”jg“‘ . (24.91)

We also notice that

1
N N%

<2 for NeN\ {1} (24.92)
N2

So looking at (24.88), (24.86) and (24.91), we observe that as the used in the
estimates differentiability of f increases so the resulting speed of convergence of
By f to f increases, in fact at the used %fderivative the speed is in between
the correspondirllg spee(}s for f and f’. Of course in the last argument we sup-

posed that f, D2 _f, D2, f and f’ are all Lipschitz functions. If ' is a Lipschitz

x1—

1 1
function or just f € C*([0, 1]), not necessarily DZ _f, D, f are Lipschitz ones.
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Fractional Trigonometric Convergence
Theory of Positive Linear Operators

In this chapter we study quantitatively with rates the trigonometric weak conver-
gence of a sequence of finite positive measures to the unit measure. Equivalently
we study quantitatively the trigonometric pointwise convergence of sequence of
positive linear operators to the unit operator, all acting on continuous functions
on [—m, 7). From there we obtain with rates the corresponding trigonometric
uniform convergence of the latter. The inequalities for all of the above in their
right hand sides contain the moduli of continuity of the right and left Caputo
fractional derivatives of the involved function. From these uniform trigonomet-
ric Shisha-Mond type inequality we derive the trigonometric fractional Korovkin
type theorem regarding the trigonometric uniform convergence of positive linear
operators to the unit. We give applications, especially to Bernstein polynomials
over [—m, 7] for which we establish fractional trigonometric quantitative results.
This chapter relies on [46].

25.1 Introduction

In this chapter among other we are motivated by the following results.

Theorem 25.1 (P.P.Korovkin [213], (1960)). Let Ly, : C([-m,7]) — C([—m, 7)),
n € N, be a sequence of positive linear operators. Suppose Ly (1) % 1(uniformly),
Ln(cost) % cost,Ly(sint) = sint, as n — oo. Then Lnf = f, for every
f € C([—m,x]) that is 2wr— periodic.

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 377
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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Let f € C([a,b]) and 0 < h < b — a. The first modulus of continuity of f at h
is given by

wi(f,h) =sup{|f(z) — f(Y)];z,y € [a,0], |z —y| < h}

If h > b — a, then we define

wi(f,h) =wi(f,b—a).

Another motivation is the following.

Theorem 25.2 (Shisha and Mond [263], (1968)). Let L1, Lo, . .., be linear pos-
itive operators, whose common domain D consists of real functions with domain
(—00,00). Suppose 1, cos x,sin z, f belong to D, where f is an everywhere contin-
wous, 2mw-periodic function,with modulus of continuity wi. Let —oo < a < b < oo,
and suppose that forn=1,2,...,L,(1) is bounded in [a,b].

Then forn =1,2,...,

L (f) = Flloe < Mflloo 1n (1) = Ulog + [1Ln (1) + Ll wr(fo ), (25.1)

o (o ()

and || - ||so stands for the sup norm over [a,b].
In particular, if Ln,(1) = 1, then (25.1) reduces to

1L (f) = fllo < 201(f; pin)-

One can easily see that, for n =1,2,...,

it < (5) L -1l

+[(Ln(cost))(x) — cos 2|, + [|(Ln(sint))(2) — sinz||c] ,

so the last along with (25.1) prove Korovkin’s Theorem 25.1 in a quantitative
way and with rates of convergence.

One more motivation follows.

Theorem 25.3 (see [16], p. 217). Let f € C"([-m,x]), n > 1, and p a
measure on [—m,m| of mass m > 0. Set

where
1/2

)u"ﬂ:ﬂ- )

oo

B = (/ (sm%')n+1 : u(dt)> o (25.2)

and denote by w := w1 (f("),ﬁ) the modulus of continuity of f™ at 8. Then

[ 1n= 10| <150 - 1|+Z'f<k O [t
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ﬂ,nﬁn

n!

+wfm! " o /(n 4 1)
Final motivation is [43]. A great aid for fractional calculus is [259].

In this chapter we study quantitatively the rate of trigonometric weak con-
vergence of a sequence of finite positive measures to the unit measure given the
existence and presence of the left and right Caputo fractional derivatives of the
involved function. That is in the right hand sides of the derived inequalities ap-
pear the first moduli of continuity of the above mentioned fractional derivatives,
see Theorem 25.23 and Corollary 25.24.

Then via the Riesz representation theorem we transfer Theorem 25.23 into
the language of quantitative trigonometric pointwise convergence of a sequence of
positive linear operators to the unit operator, all operators acting from C([—, 7])
into itself, see Theorem 25.25, Corollary 25.26 and Theorem 25.28.

From there we derive quantitative results with respect to the sup-norm
I - ||, regarding the trigonometric uniform convergence of positive linear opera-
tors to the unit. Again in the right hand side of our inequalities we have moduli of
continuity with respect to right and left Caputo derivatives of the engaged func-
tion. For the last see Theorem 25.30, a trigonometric Sisha-Mond type result.
From there we obtain the first trigonometric Korovkin type convergence theorem
at the fractional level, see Theorem 25.31.

We give applications of the fractional trigonometric Sisha-Mond and trigono-
metric Korovkin theory, see Corollaries 25.34 - 25.36, etc.

In approximation theory the involvement of fractional derivatives is very rare,
almost nothing exists, with the exception of the recent [43]. The few fractional ar-
ticles that exist are of V. Dzyadyk [153] of 1959, F. Nasibov [233] of 1962, J. Dem-
janovic [140] of 1975, and of M. Jaskolski [196] of 1989, all regarding estimates
to best approximation of functions by algebraic and trigonometric polynomials.

25.2  Background

We need

Definition 25.4. Let v > 0,n = [v]([-] is the ceiling of the number), f €
AC™([a, b]) (space of functions f with "~V € AC([a,b]), absolutely continuous
functions). We call left Caputo fractional derivative (see [145], p. 38, [160], [259]
the function

DY, f(z) 1 ) /z(x—t)"_“_lf(”)(t)dt, (25.3)

:F(n—v

Va € [a,b], where T is the gamma function I'(v) = [~ e "t""'dt,v > 0.
We set DY, f(z) = f(z),Vz € [a,b].
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Lemma 25.5 ([43)). Let v > 0,0 € N,n = [v], f € C" " !([a,b]) and f™ €
Loo([a,b]). Then D3, f(a) =

Definition 25.6 (see also [160], [155], [44]). Let f € AC™([a,b]),m = [a],a >
0. The right Caputo fractional derivative of order « > 0 is given by

m b
DE-f@) = ol [ (=)™ e (25.4)
Vz € [a,b]. We set Dy_ f(z) = f(z).

Lemma 25.7 ([43]). Let f € C™ Y([a,b]), f™ € Loo([a,b]),m = [a],a > 0.
Then Dy f(b) = 0.

We also need

Lemma 25.8 ([43]). Let f € AC™([a,b]),m = [a], @ > 0; p is a positive finite
measure on the Borel o-algebra of [a,b],zo € [a,b]. Then

L p)
Bllat) = [ J@dnte) = 32 I [ anante)

- @ { /H ([t = a1 02,10 - D5, (a0 ) duta)+

. ([ @0 02 1(0) = D flao)ic du(x)}. (25.5)
Convention 25.9. We suppose that
Dg o f(x) =0, for z< o, (25.6)
and
Dg,_f(x) =0, for x> o, (25.7)

for all z,zo € (a,b)].

We mention

Proposition 25.10 ([43]). Let f € C"([a,b]),n = [v],v > 0. Then DY, f(x)
is continuous in x € [a,b].

Also we have

Proposition 25.11 ([43]). Let f € C™([a,b]),m = [v],v > 0. Then Dy_ f(x)
is continuous in x € [a,b].

We further mention

Proposition 25.12 ([43]). Let f € C™ '([a,b]), f'™ € Leo([a,b]),m =
[a], 0> 0 and

Do f(x) = ﬁ /m(m — t)m*a*1f<m) (t)dt, (25.8)
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for all z,x0 € [a,b] : x > zo.

Then D3, f(x) is continuous in zo.

Proposition 25.13 ([43]). Let f € C™ '([a,b]), f™ € Leo([a,b]),m =
[o], 0> 0 and

« (71)m /Q20 m—a—1 pg(m)
_ _ 25.
D5y 1) = s [ (€= de, (@59)
for all z,x0 € [a,b] : zo > x.

Then Dg, _ f(x) is continuous in xo.

We need

Proposition 25.14 ([43]). Let g € C([a,b]),0 < ¢ < 1,z,z0 € [a,b]. Define

L(z,z0) = / (x — ) g(t)dt, for x> xo, (25.10)
zo
and L(z,xz0) =0, for x < xo.
Then L is jointly continuous in (z,z0) on [a, b]?.
We mention
Proposition 25.15 ([43]). Let g € C([a,b]),0 < ¢ < 1,z,z0 € [a,b]. Define

K(z,x0) = /xo(c — ) g(Q)d¢, for x < o, (25.11)

and K(z,x0) =0, for x > xzo.

Then K (x,z0) is jointly continuous from [a, b]* into R.

Based on Propositions 25.14, 25.15 we obtain

Corollary 25.16 ([43]). Let f € C™([a,b]),m = [a],a > 0,z,z0 € [a,b].
Then D%, f(z), DS, f(z) are jointly continuous functions in (z,zo) from [a,b]?
into R.

We need

Theorem 25.17 ([43]). Let f : [a,b]> — R be jointly continuous. Consider

G(z) = wi(f(-,2),9,[z,b]),

0>0,z € [a,b].
Then G is continuous on [a, b].
Also it holds
Theorem 25.18 ([43]). Let f : [a,b]> — R be jointly continuous. Then

H(z) =wi(f(-,2),9,[a,z]),

x € [a,b], is continuous in z € [a,b],d > 0.

We make

Remark 25.19. Let pu be a finite positive measure on Borel o-algebra of
[, 7]. Let @ > 0, then by Holder’s inequality we obtain (z¢ € [—7,7]),

/H,IO] (z0 — z)dp(z) < 2° < /{mo] ( w )aﬂ du(m)) o
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@D 1
(sin((z0 — w>/4>>a“d#(x>> ([, o)) T

(25.12)

u([=m, 2o]) TD < (2m)° ( /[

—m,q]

by |t| < wsin(|t]/2),t € [—m, 7]
Similarly we get

/(:cwr] (x — z0)*dp(z) < 2° (/(xwr] <w)a+1 du(j)) v

(o, 7)) T < (21)° (/( ]<sin<(x—xo>/4>>“+1du(x>> (o, 7)) =D

(25.13)
Let now m = [a],a € Nya > 0,k = 1,...,m — 1. Then again by Holder’s
inequality we find

[ le—aolduto)
[—m,7]
k
i |ZE _ xOl a+1 (a+1) atl—k
<2 /[ | (5520 d@)  m ) B

< (2m) (/[ ](sin<|xxo|/4>>a“du(x>) n(l—m, ) T, (25.14)

Terminology 25.20. Here C([—m, ]) denotes all the real valued continuous
functions on [—m,x]. Let Ly : C([—m,7]) — C([-m,7]), N € N, be a sequence of
positive linear operators. By Riesz representation theorem (see [257], p. 304) we
have

L (f,0) = / F(Odpineo (8), (25.15)

[—m,7]
Vao € [—m, 7], where unz, is a unique positive finite measure on a Borel algebra
of [—m,7]. Put

LN(LIO) = /“\72?0([_77771']) = MNCCO‘ (25'16)
We make
Remark 25.21([43]). Let f € C" !([a,b]), f™ € Loo([a,b]),n = [v]v >
0,v &N.
Then we have
|DY, f(x)| < m(m —a)" ", Vz € [a,b)]. (25.17)

“TI'(n—v+1)
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Thus we see that

wi(DYaf,6) = sup |DY.f(z) — DYof(y)]

=, y€la,b]|lz—y|<s

S sup < ||f(n)||00 (x_a)n—v + ||f(n)H00 )(y_a)n—v)

eovelable—yl<s 'n—v+1) 'n—v+1
(25.18)
201 Jloo n—v

< ——(b— . 25.1

S Tn—o+D? "9 (25.19)
Consequently
(n)

wi1(Dy,f,6) < 2 oo (b—a)"". (25.20)

“T'n—v+1)
Similarly, let f € C™ !([a,d]), f™ € Loo([a,b]),m = [a],a > 0,a & N, then

(m)
on(Di£.0) < e g gy (25.21)

So for f € C™ ([, b]), f™ € Loo([a,b]),m = [a],a > 0,a & N, we find

fe 2Hf<m)||00 m—ao
3 DS ) ian ) < = — 12 (b — , 25.22
bty P o < iy oy 0 ) (25:22)
and
o 21 £ [ m—a
3 DS ) igwn < —H—12__(p— ) 25.23
B | RS A (25:29)

We also make

Remark 25.22. Let Ly : C([-m,n]) — C([—7,7]), N € N, be a sequence of
positive linear operators. Using (25.15) and Hoélder’s inequality we obtain (z €
[-m7a,k=1,....m—1,m=[a],a € N;a>0) for k=1,...,m — 1 that

e (- =2 < c2m)* ( Ly (( (|4|))> Oo)

+1-k +1
L1 ott—R/ ety (25.24)

Notice that for any = € [—m, 7] we get

Cll=m7l) 3 [ —2| X r,m () < |- —2| € O([=m,7]),
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therefore
L X, . a+1 L a+1
C([—m,x]) > <sin (M)) < <sin (' 49”')) € O([-m, 7).
(25.25)
Consequently, by positivity of Ly we derive
2 X (- a+1 o a+1
L%(sin(—' 2l i ]())) ,x) < LN<(sin<| 4x|)) ,m)
(25.26)
Similarly, for any x € [—m, 7] we have
C(l=m 7)) 3 |- —2|Xfe.m < |- —2| € C([-7, 7)),
thus
. —xlX a+1 L a+1
C([—m,7]) 3 (sin (\x}%)) < (sin (l 4x\)) € C([—m, 7).
(25.27)
Therefore
o ) a+1 o a+1
LN<<Sm (| 2| Xy ))) m) <l ((Sm (| ﬂ)) x)
4 4
(25.28)

So if the right hand side of (25.26),(25.28) goes to zero, so do their left hand
sides.
In fact we notice that

o 2 o () ()

(25.29)

for every x € [—m, 7.
Therefore it holds

o (s () )| o (o (L))

(( <.—x|x[x,w]))““ )
Ly sin | —— ——— , T
Consequently, if both

()

<

oo

+ (25.30)

[e%s}

)

oo
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— 0,

<< (|-—x|xw))““ )
Ly sin f’ , X

oo

as N — 400, then

25.3  Main Results

‘We present the first main result

Theorem 25.23. Let f € AC™([—n, 7)), f™ € Loo([—7,7]),m = [a],a

385

¢

Nya > 0;r1,72 > 0,pu is a positive finite measure on the Borel o- algebra of

[—7, 7], 0 € [—m,7]. Then

RSEAC) v -
} /. ROUEEDES: /[ o) dnta)
(2m) . 2m
S TlatD H(“([_”’xo]))( By P 1)m}

1
w1 (Dfi;of, r2 ( /( | (sin (9” ‘4“))”‘“ du(m)) Ml)) .25
o [wo,7]

Proof. By (25.5) we get

Ezo([=m,7])

< ﬁ { /H’IO] ( / PC— 2 Ds, 10 - D;‘O_f(xondc) du(x)
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i /mm] </m:(x O SO - waof(xONdC) du(w)} =(x). (25.32)

Let hi,he > 0, then

< e[ ([ (5 )

dp(z)]wi(Dgy— frh1)[(—n. 0]

Lo (- (14 552) ) i)

(25.33)

+

That is,

Bz ([=m, 7))

I = )

dp(z) w1 (Dgy— f, h1) (= w0]

[ (o m i) )

w1 (Dfxof, hg)[zoyﬂ] } (2534)

) ﬁ { V{—w,mo] ((xo 2l - (x;(; ?:;1) du(m)}

W1(D;¥O,f, hl)[—w,aco]

(x — z0)® 1 (x — @)™t o
Lo (= ) d"(”} . hz)”“’“} |
(25.35)

+

+

Therefore

1 [[1 .
By ([=m,7]) < ) { [a /{4@0] (zo — z)%dp()

1 a+1 [e%
+ thé(CM + 1) /[771',050](330 x) du(m):| ! (on_f’ hl)[iﬂ—‘IO]

1

N 1
L / (& — 20)*dpu() +
(xg,m]

* hoa(a+ 1)

(%

[ a0 auto)
(zo,m)

01Dy f 12) (oo} - (25.36)
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Momentarily we suppose positive choices of

1
(at1)

hi =11 (/[_WO] (sm ("’“"04’ "”))QH d,u(x)) >0, (25.37)

1
he =72 </( | (sin (%))““ d,@)) SRS (25.38)
-

Consequently, by (25.12),(25.13) and (25.36), we derive

Beol(=m.) < o { [l ™0 + 2] (M)

w1 (D f ) gy + [w«xo,ﬂ))ﬁ + ﬁ} (h—)

w1(szo f, h2)[:cg,7r]} ) (2539)

proving (25.31).
Next we examine the special cases. If

/mw] (Sin (:r —4xo>>a+1 dula) =0,

then sin (%‘l) =0, a.e. on (xo, 7], that is ¢ = x¢ a.e. on (zo, 7|, more precisely
u{x € (zo,n] : © # x0} = 0, hence p(zo,n] = 0. Therefore p concentrates on
[—7, zo]. In that case (25.31) is written and holds as

S PARCD 2 — wo)*du(e
/[_molf(x)dﬂ(x) y Lt /[_W]< o) du(z)

k=0

(2m)"
~“T(a+1)

([ () o)
wi | DS fm </[” | (sin(x0;x>>a+1dp(x))m . (25.40)

[=m,z0]
Since (m, 7] = 0 and p(@) = 0, in the case of z¢g = 7, we get again (25.40) written
for o = m. So inequality (25.40) is a valid inequality when

[ () o

{otm o™ + 2]

(527)
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If additionally we suppose that

/[—m(ﬂ (Sin <($OA%$)) ) ” dp(zx) =0,

then sin( ) =0, a.e. on [—7, zo], that is © = zo a.e. on [—7, zo], which means
p{x € [—m,x0] : © # xo} = 0. Hence p = 6., M, where dz, is the unit Dirac
measure and M = p([—m,7]) > 0.

In the last case we obtain L.H.S (25.40)=R.H.S (25.40)=0, that is (25.40) is
valid trivially.

At last we go the other way around. Let us suppose that

[ G () e o

then reasoning similarly as before, we get that u over [—m, z¢] concentrates at
xo. That is p = 0z, u([—7, z0]), on [—m, zo].
In the last case (25.31) is written and holds as

To—x
4

m—1 f(k)(xo)
/wcw] fladuto) = 2, = / (z = wo)*dp(x)

Ma+1 (a4 1)r2
</ . T —xzo\\ ! ﬁ)
<sm ( >> du(x
(zo,7] 4
Gz
_ a+1 o
wi | D&y fors (/ (sin (“ 4“)) d,u(a:)) . (2541)
(z0,m]
’ (w0, 7]
If o = —m, then (25.41) can be redone and rewritten, just replace (zo, 7| by

[—m, ] all over. So inequality (25.41) is valid when

[z o o

If additionally we assume that

/mm] (smm (% ;xo))aﬂ du(z) =0,

then as before u(zo, 7] = 0. Hence (25.41) is trivially true, in fact L.H.S (25.41)=
R.H.S (25.41)=0. The prof of (25.31) now is completed in all possible cases. W
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We continue in a special case.

In the assumptions of Theorem 25.23, when r = r1 = r2 > 0, and by calling
M = p([=m, ) = p([—m, o), p((wo, 7]), we obtain

Corollary 25.24. It holds

1
wi | D2 for (/{wm (sin("’”;‘“))a+1 d,u(m))( o . (25.42)

[z0,7]
Based on Theorem 25.23, Corollary 25.24 and (25.15), we get
Theorem 25.25. Let f € AC™([-m,7]), f'™ € Loo([-7,7]),m = [a],a &
N,a > 0;7 >0, and Ly : C([—7,7]) — C([-m,7]),n €N, a sequence of positive
linear operators, xo € [—m,7]. Then

A

M
+v
L — |

1 2T
= |(Ln(1,20)) +D + m}

( ((bmﬁ—wolﬁ-m]( >))+x)>(>
wi | D2y f,r <LN ((sin ('w - wo\?j_ﬂ,m (x)))aﬂ x)) i

[=m,z0]
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+ (LN ((sin (M))aﬂ ’m0)>(%+1)
wi (Di‘zof,r (LN ((Sin (M))QH %)) (ain)

Corollary 25.26 (to Theorem 25.25). It holds

[zo,7]

(25.43)

= /¥ (x0)
k!

L ((z — 0)", o)

(2m)® =5 2m
< @M [(LN(L:EO)M '+ o 1)7"}

_ a+1 ﬁ
(LN ((sin (%)) :m)) . (25.44)
We make

Remark 25.27. Let f € AC([-m, 7)), f € Loo([-7,7]),0 < a < l,z0 €
[-7m,7); Ly : C([—m,7]) — C([—m, 7)), N € N, sequence of positive linear opera-
tors. Then by Theorem 25.25 and

|Ln (f,20) = f(@o)| < [Ln(f,@o) — f(wo)Ln (1, 0)| + [f (o) || Ln (1, 20) — 1],
(25.45)
we obtain
Theorem 25.28. Let f € AC([—7, 7)), f € Loo([-7,7]),0 < a < 1,7 >
0,20 € [-m,7); Ly : C([—m,7]) — C([-m,7]), N € N, sequence of positive linear
operators. Then

|Ln (f,@0) = f(wo)| < |f(wo)|[Ln (1, x0) — 1]

(2m)”
IMNa+1)

2w

(LN (1,20)) FD + et Dr

+
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[(LN ((Sm (|x - xol?i[ﬁ,zo](m)))aﬂ m)) (5%7)
w (Df:o_f,r <LN <(sin ('x = 20l (w)))w x)) ﬁ)

[=m,z0]
_ Xz . a+1 (GL-H)
e )
1
_ X:c . a+1 (a+1)
w1 (szofﬂ" <LN ((sin (W)) Jo)) )
[zo,7]
(25.46)

‘We make
Remark 25.29. We see that

R.H.5(25.43) <

|

sup w1 (ijf,r

re[—m,m)

(2m)”
a—+1

T(a+1) {“LN(UIIW +277T}

(a+1)r

(a%7)

o (o))
(o ()
Ly ((sin (W))aﬂ ac) ((;)
LN <<Sm (%))Mm) j)[] =0

(25.47)

+

z€[—m,m]

sup  wi (Df‘xf,r

So that

<. (25.48)

(oo}

We further observe that

P ()] v
Ly (f,2) = f@)| < Z +|f@)] [Lx(La) = 1]+ Y === L (- = 2)", )
k=0
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< |f(@)||Ln(1,2) — 1] + Z l‘LN c—z)* z)| + 0. (25.49)

We have proved the main result, a Shisha-Mond type trigonometric inequality at
the fractional level.

Theorem 25.30. Let f € AC™([-m, 7)), f'™ € Loo([-m,7]),m = [a],a &
N,a > 0,7 >0 and Ly : C([—7,w]) — C([-m,7]), N € N, a sequence of positive
linear operators, x € [—m,ww|. Then

m—1 (k)
1S = fll < Wl 121 = 1+ 3 Il (9, 21

k=1

(27T)a 1/(a 1) 27‘(‘
Ta+1 ){“L Dl +(oc+1)r}

((m(| A mo))a*l,x)

(a%7)

1
_ X—7r.13 a+1 a+1
sup w1 [ Dg_f,r <51n Gl ]())> , T
re[—m,m) 4
o° [—m,z]
| —CL’IX ) a+1 (ﬁ)
(sm [z ] )) , T
1
L X.’]Jﬂ' A a+1 a+1
sup w1 | DY f,7||Ln <sin<w)) , T
r€[—7,m] 4 o [ :
(25.50)

Next we give the following trigonometric Korovkin type convergence result at
fractional level.

Theorem 25.31. Let @« ¢ N,a > 0,m = [«], and Ly : C([-m,7]) —
C([-m,7]),N € N, a sequence of positive linear operators. Suppose Ln1-51

(uniformly), and
a+1
Ln <<sm <%)) ,m)

‘ 4)0,

as N — oo. Then Lnf5f,Yf € AC™([—m,x]), f'™ € Loo([—7,7]). (The second

condition means <LN ((sin ("f‘ ))a+1)) ()50, € [—m,7].)

Proof. Since ||[Ly1—1|joc — 0 we get || Ln1—1]jcc < K, for some K > 0. We
write Ly1 = Ly1 — 1+ 1, hence

ILn1]l < |ILal—1[l + 1], < K+1,YN € N.
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That is ||[Ln1]|e is bounded. So we are using inequality (25.50). By assump-
tion ||y ((sin(E52))2*! 2)||oc — 0, as N — oo and (25.24) we get [|[Ln(| -
—z|®,2)||c — 0 for k=1,...,m — 1. Also by (25.26) and (25.28) we get that

o (o (E=22)) ™)
as N — oo. -

Additionally by (25.22) and (25.23) we obtain that

o o 205
sup w1 (DE_f, )y S wi(D% i Ym) < ot

< (2m)™™ e,
z€[—m,m] z€[—m,m] I'im—a+1)

so they are bounded.

Thus based on the above, from (25.50), we derive that ||[Lnf — flloc — O,
proving the claim. |

We make

Remark 25.32. Based on Corollary 25.16 and Theorem 25.17, 25.18, given
that f € C™([—m,n]), we get that,

1
R X,ﬂ. 2 a+1 aFT
(@) sup w1 | Dy f,r||Ln <<sin (%)) ,a:)
z€[—m,m) _ .
1
| X (D)) O (=)
S e
[—m,2q]
(25.51)
as
| . 7$| a+1
Ly <sin <T)) T ~0,
when N — oo, for some z1 € [—m, 7).
Similarly
1
| X (VO a1
(77) sup w1 | DL for||Ln (sjn <M)) x
z€[—m,7] 4
</ [am]
1
2| X () \ ! (e
= w1 D?z2f>7” LN((Sin(%)) T ~o,
e [z2,7]
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_ a+1
Ly <<sin <ﬂ)) ,a:) ‘ — 0,
4
when N — oo, for some x5 € [—7, 7.
Corollary 25.33. Here Ly : C([—m,7]) — C([-m,7]), N € N, positive linear
operators. Let 0 < o < 1,7 > 0, f € AC([—m,7]), f' € Loo([—7,7]). Then

(2m)
F'(a+1)

N(EE
( i

(o ()
(210"

ILNF = Flloe S I flloc ILNT =1l +

|

sup w1 (D _f,r

r€[—m,m)

s I + 2]

(3%7)

oo

( i mzj m()))aﬂ’m)

1
a+1 )
o [—m,a]

(aj—l)

oo

sup w1 *zf7
ze[—m,m)

(25.53)
25.4 Application
Consider the Bernstein polynomials on [—m, 7] for f € C([—7,7]) :
N
N 2nk\ x4+ m\F rm—a\NF
e =3 (V)r (== 3) () (55"
N €N, any z € [—7,w|. There are positive linear operators from C([—,n]) into
itself. Here let 0 < o < 1,7 > 0 and take f € AC([—m, 7)), f € Loo([—m,7]).
Setting g(t) = f(2nt — Tr),t € [0, 1], we have g(0) = f(*ﬂ') g(1) = f(m), and

(Bro)t) = @’)g(%) (1 -0 * = (By @), € [-m. 7).

k=0
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Here ¢ = ¢(t) = 2t — 7 is an 1 — 1 and onto map from [0,1] onto [—, «]. Clearly

here g € AC([0,1]) and ¢’ € Lo ([0,1]).
Observe also that

(B ((- - 22)(@) = [(Bn(( — t2)0)](2m? = Z 41—
= (2]7\? (x%ﬂ) (TF2;$) = %(m+7r)(7rfm) < %,Vm € [—m, .

ILe.
(By((- = 2)*)(@) < Vo € [-m, 7).
In particular (By1)(z) = 1,Vz € [—m, 7).

Applying Corollary 25.33 we obtain
Corollary 25.34. It holds

1Bvf = Tl < ooy 1+ |
By ((sin (M))aﬂ x) ZOT)

t X*‘/rz . att
sup w1 | Dy_f,r| Bn (sin(M)) , T
ze[—7,m) 4
. —xlX . a+1
BN<<sm | x|4[x,w](>)) x)

<
() )

+

oo

_1
at1

)
°° [z,7]

sup w1 (szf,r

r€[—7,m]
(25.54)
VN € N.
Next let o = %, and r = (%H, that is r = % Notice F(%) = @
€ N. Then

Corollary 25.35. Let f € AC([—7,7]), f' € Loo([-7,7]),n

IBnf — fll <2V2(27+1) ||| Bn <<sin <M))% a:)

Ba ((sm <| : ijw,z](-)))% i)

e}

z€[—7,m]

L2
sup w1 Dz{f,g



396 25. Fractional Trigonometric Convergence Theory

1
3

o n (B2)) )
N ((Sm <| : —xﬁqx,ﬂ(-)))% x)
vV NeN.

By |sinz| < |z|,Vz € R — {0}, in particular sinz < z, for x > 0, we get

] I xl 3/2 I | 3/2 1 3/2
- < - = —|.— .
<sm( | - —z|

2
3

L2
sup w1 | D& S, =
rE€[—m,m) 3

I

o/ [w,x]

(25.55)

Therefore

e (s (552)) )| <dhon st
We see that
(- =3 e 2 (1) (528" (559

(by discrete Holder’s inequality)

< {i (x+7r_ %)2 <1;f> <£E2-l;r7r>k <772;.Z‘>N—k:|3/4

k=0

3/a _ w/?

=By ((-—2)*,2))"" < N/ vV x€[-mm]. (25.57)

Consequently it holds

73/2
B (] - _x|3/2>$)“oo < N3/ (25.58)
and
R 3/2 3/2
By ((sin(| 4x|)) ac) < g ¥ NeEN. (25.59)

Therefore we obtain

o (o L))

)

oo
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g ) 3/2
BN<<sm(| x|4[x,ﬂ<>)> x)‘
|- —a 3/2 3/2

We have established
Corollary 25.36. Let f € AC([—m,7]), f' € Loo([—7,7]), N € N. Then

(27 + 1)V2r1
VN

1B f = fllo < wp<m<lmﬁ )
z€[—7,m] 6\/_

+ sup w <D142f, (25.61)

zE€[—7,m)

6\/_)[z w]]

So as N — oo we derive that By f—f with rates.
Discussion 25.37. From (25.61), Corollary 25.16, and Theorems 25.17,25.18
we obtain that

_ (27r+1)\/% < pL/2 )
| Bn f f|w§7{ f’6\/_ .

VN
D2 ) (25.62)
(P 57)
for some z1,z2 € ([~7,7]), f € C'([~, 7).
Hence
If ~ Sl < (Tt ) 9 fon (P2 GT)
* =\ VN TV 6VN
+w ( D2y ) . 25.63
o) (25.63)
Further we suppose that Di/ > fand D*QQ are Lipschitz functions of order 1, that
is
12 ¢ 1/2
DY f(@) = DY f(w)] < Kalw ], (25.64)
and , ,
1/2 1/2
D12 f@) ~ D2 _f(y)| < Kala — ) (25.65)

Vz,y € [—m, 7], and K1, K2 > 0. Then from (25.63) we find

72 (27 + 1)

v (K1t Ka). (25.66)

IBNf = fllo <



26
Extended Integral Inequalities

Here we present very general Taylor formulae, and then a representation formula.
Based on the latter we give general integral inequalities of Opial type, Ostrowski
type, Comparison of integral means, Information Theory Csiszar f- divergence
type, and Griiss type. This chapter is based on [45].

26.1 Introduction

We are motivated by the following inequalities.

First an Opial type inequality

Theorem 26.1 ([5]),p.8). Let f(t) be absolutely continuous in [0,a], and
f(0) =0. Then

[ iror o< g [Core (26.1)

Inequality (26.1) is attained iff f(¢) = ct, ¢ > 0.

Theorem 26.2 ([238.0strowski,1938]). Let f : [a,b] € R be continuous on
[a,b] and differentiable on (a,b), whose derivative f'(a,b) — R is bounded on
(a,b)i-e., |f'lloo = SuDse(qpy [f' ()] < +o00. Then

1 ’ 1 (z— %) ,
}m/a f@dt = f(z)| < |7+ CEE ](b—a)Hf [ (26.2)

for any x € [a,b]. The constant i is the best possible.

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 399
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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Theorem 26.3 ([180, Griiss, 1935]). Let f, g integrable functions from [a,b]
into R, such that m < f(z) < M, p < g(z) < o, for all x € [a,b], where
m, M, p,0 € R. Then

ot [ i~ o) (55 )

< (M~ m)(7 ~ p). (26.3)

Here we present very general Taylor formulae, see Theorem 26.4, 26.5. Based on
Theorem 26.4 we produce a general representation formula, see Theorem 26.9.
Then based on Theorem 26.9 we prove new very general inequalities of: Opial
type, see Theorem 26.14; Ostrowski type, see Theorem 26.18, sharp inequality
(26.45); comparison of integral means, see Theorem 26.22; Information Theory
inequalities, see Theorems 26.26, 26.27; and Griiss type inequalities, see Theorem
26.30.

For all these formulas and inequalities we give applications when the power
function g is e”,sin x, cos z,tan x.

26.2 Results

We present the first result, a general Taylor formula
Theorem 26.4. Let f, f',..., f™;g,¢" be continuous from [a, b](or[b, a]) into

R,n € N. Assume (gfl)<k), k=0,1,...,n are continuous. Then
n—1 o1 (k)
§o) = fl) + 3 LI 0@ g0 gt R0, (260)

Rn(a,b) = m/a (9(b) = g(s)™ " (fog™H) ™ (9(5))g(5)ds

1 g(b) . —1y(n)
= — g(b) — )" (fog™ )™ (t)dt. 26.5
G L, 0 =0 g™ (26.5)
Proof. Call | = fog™'. Then I,I’,...,1"™ are continuous from g([a,b]) into
f([a,b]). Here g([a,b]) = [¢,d], from some ¢,d € R. Clearly g(a),g(b) € [c,d]. S
we can apply Taylor formula for [ at g(a) and g(b). Thus we derive

21 (o(a
o) = g(@) + 3 2D (g3 — g(a))*

k=1
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L " e - o (26.6)
+7/ g(b) — )" 1™ (1) dt. 26.6
(n =1 Jya

That is proving the claim, since I((g)) = f(b),1(g(a)) = f(a), also apply change
of variable for the remainder. [ |

The counterpart of previous theorem follows
Theorem 26.5. Assume g;f, [, .. .,f("_l) are continuous on [a,b],n € N.
Also assume (g_l)(k),k =0,1,...,n — 1 are continuous. Assume f(”) exists in

(a,b) and (g~ 1) ™ exists in (g([a,b]))°.
Let a, 8 € [a,b], then there exists v € (o, 8) or v € (B, ) such that

g (k)
o0 7 (5(a))- (9(8) — g(a))*

+Z

N
v V28T (6) - (9(8) — go))" (26.7)
Proof. Here (f o g )® k = 0,1,...,n — 1 are continuous on g([a,b]) and

(f 0 g™H™ exists in (g([a,b]))°. Let e [3 € [a,b], we apply Taylor’s formula for
g(),9(B) € g([a,b]), (f = fog™ "' og) to the function fog™'. We obtain

n—1 ° —1\(k)
1) = 1)+ 3 L2 (g(a)) - (9(8) ~ g())*

k=1

(fog™H™

+ |
n:

(m) (9(8) — g(a))"™, (26.8)

where v1 between g(a) and g(3).

By intermediate value theorem there exists v between «, 3 such that g(v) = 71,
proving the claim.

Remark 26.6. Here we assume that f(k>(a) =0,k=0,1,...,n— 1.

By f=fog 'ogweget fla)=(fog ")(g(a)) = 0.
Also

(fog™) (gla)) = f'(a) - ((g7") (9(a)) =0, (26.9)

and

(fog™ 1) (9(@) = f"(@)- (97" (9(a)))* + f(a) - (97 ")"(9(a)) = 0. (26.10)

Furthermore we obtain

(fog )" (gla)) = f"(a)- (g7 ") (9(a)))?

+3f"(a)- (971 (9(@) - (971)"(9(a))  +f'(a)-(g7)"(9(a)) =0.  (26.11)
So we have in general that (f o g~ )*)(g(a)) =0, all k=0,1,...,n — 1.
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Therefore by (26.4) and (26.5) we obtain

1 b o1 1y (n) /
10) = =gy | 60 =) og™) P a(e) g (s (2612)

Similarly from Taylor formula directly applied on f, we have

1

b
/ (b—t)"" "™ (t)at. (26.13)
Consequently, if f(k>(a) =0,k=0,1,...,n—1 and f,g as in Theorem 26.4, it
holds

b b
/ (b— )" £ (t)dt = / (9(b) —g(0)" " (fou™ )™ (g(t)) - ¢ (t)dt. (26.14)

a a

Next we go reverse, we suppose (f o g~ ") *)(g(a)) = 0,k = 0,1,...,n — 1 and
(7Y (9(a)) # 0, then f*(a) =0,k =0,1,...,n— 1.

Next we apply Theorems 26.4, 26.5 for g(x) = €®. One can give similar appli-
cations for g = sin, cos, tan, etc, over suitable intervals.

Proposition 26.6. Let ™) continuous, from [a,b] (or [a,b]) into R,n € N.

Then

= [(f o i)™ (e)]

o (" — e + Ru(a,b), (26.15)

f(b) = f(a) +

where

Rou(a,b) = — ] / ("=t (foln) ™ (t)dt

1

b
= m/ (eb—es)"_l(foln)(")(es)-esds, (26.16)

We continue with
Proposition 26.7. Let f, f',..., f" ™V are continuous on [a,b] and f™
exists in (a,b),n € N. If o, B € [a,b], then there exists v between o, 3 such that

n—1 oln)® o In)™
fB) = fla)+> (fli)(ea)-(eﬁ—ea)k—i—u(e'y)-(eﬁ—ea)". (26.17)
k=1

k! n!

Next we present inequalities based on the above Taylor formula (26.4).
We make
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Remark 26.8. Let f, g as in Theorem 26.4, and any z,y € [a,b]. Then, by
(26.4) and (26.5) we obtain

= (fog )P (g(y)

fa)=f@)+ ) = (9(@) — 9(v))"
k=1 :
o - T /j (g(@) —g(s)" - (fog ) (g(s)) - g'(s)ds. (26.18)

Integrating (26.18) over [a,b] with respect to y, we get

)= 5= | foa

+Z kl(b / (fog )M (9®) - (9(z) — 9(y))"dy

(x

e / / (9(2) — g(®)" - (Fog ) (g(t) - ¢ (H)dt,  (26.19)

V€ [a,bl
Define the kernel

K(t,z) =

— <t<zxz<b;
{t a, a<t<z<b (26.20)

t—b a<z<t<b.

By letting % := (g(z) — g(t))™ " - (fog™")™ (g(1)) - ¢'(t) we find

LU a)or [ ([ -a)ars | ([ )

:/am</at*dy) </x *dt)dy
=/</ )dt— (/bdy)dt
:/j (t—a)dt+/ «(t — b)d /b*K (26.21)

Above, we have that

{‘;

INIA
-~ <

IAINA
8 8
———

i3
——
SIS
ININA
Qﬁ ~~

[

-
———
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and

Therefore we obtain

b x
//(g(w)*g(y))"fl~(fog*l)m)(g(t)%g’(t)dt

a

‘We have proved the following representation formula

b
=/ (9(x) = g(®)" " (Fog ") ™ (g(1) - ¢'(t) - K(t,z)dt.

(26.22)

(26.23)

Theorem 26.9. Let f, f',..., f™; g,¢" be continuous from [a,b] into R, n € N,

Suppose (gfl)(’”, k=0,1,...,n are continuous. Then

)= =2 [ S

n—1 b
+ﬁ {kzl%/a (fog ) 9w)) - (9(=) g(y))'“dy}

1

D .

K (t, x)dt,
Yz € [a,b].

Same applications of last theorem follow
Theorem 26.10. Let f € C"([a,b]),n € N. Then

/f dy+

V€ [a,b].
Theorem 26.11. Let f € C"([-5 +¢
Then
1 B g
f@) =25 [ sy
2

n—1 o _
1 1 : *) (gin o) - (sin 2 — sin )*
-l-7T _ {; o / (f osin™")*(sin y) - (sin z — sin ) dy}

b
= | @) =) (fea™) " ate) g0

;5 —¢l),neN,e>0 small

(26.24)

Y T

N S bezfetnflh oI (et . et . .
+(n,1)!(bw)/a< Y (folm) () - et K (t, @)t

(26.25)
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+m /_;Mrs(sin x —sin t)" "1 (f osin™!)™(sin t) cos ¢
K (t,z)dt, (26.26)
Vze[-2+¢% —¢].
Theorem 26.12. Let f € C"([e,m —€]),n € N,e > 0 small. Then

1 m™—E
@0 =—=5 [ o
n—1 T—€
o {Z 5 (Feeos ™) eos y)- (cos - cos y)kdy}
k=1 ""1"¢
1 e n—1 —1\(n) .
oD =29 /E (cos z —cos )" " (focos™ )" (cos t)sin t - K(t,x)dt,

(26.27)
Va€le,m—el.

Theorem 26.13. Let f € C"([-5 +¢,5 —¢€]),n € N,e > 0 small. Then

flax) = 7r—125 /_i_g f(y)dy

3 €
1 =1 [ —1\ (k) k

+ — (fotan™ )" (tan y) - (tan = — tan y)"dy

T —2¢€ k! =T te

k=1 2
+; /%7E (tan = — tan £)" " (f o tan™ ") (tan ¢)
CESCErEy
-sec’t - K(t,z)dt, (26.28)

Vze|[-F+eF—¢].
Next we present an Opial type inequality
Theorem 26.14. Let f, f',..., f™:g,g" be continuous from [a,b] into R,n €

N. Suppose (971)0“), k=0,1,...,n are continuous. Further assume that f(k)(a) =
0,k=0,1,...,n—1. Here p,g>1: %—i—%: 1. Then

/x [F@)] 1(f 097 (g(w)) | lg' (w)] duw

< g ([ ([ 1ot~ a7 as) dw)l/p

([ [erea™ o)

q

2/q
lg'(w)]* dw) , (26.29)

Yz € [a,bl.
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Proof. By assumptions we have

@) = o / (@) — g (Fog ) (g(s)) g (s)ds,  (26.30)

V€ [a,b].
By Hoélder’s inequality we get

S o 1 o / (o) — g DI [0 g™ (g(s))] 19’ (s

1
([ 1)
~— (n— 1

( / (Fog ™)™ (gls >>q\g'<s>\f‘ds) = (+) (26.31)
We put .
@)= [ |reg™) )| g )] ds = 0 (26.32)
(a)=0
Hence .
(@) = |(Fog )P (o) g @)]* = 0
and
(/@)Y= |(fog™) P (g(@))||g'(@)] > 0, (26.33)
Yz € [a,b].

Consequently we obtain

F )] 1(fog™ "™ (g(w))] g (w)]

VARGl ”ds)l/p(zw)z’(w»“q, (26.31)
Yw € a, b]
Thus »
1@ o™ w19/ )l
< { / {( / lg(w) — g(s) P ds)w (z(w)z’(w»W] dw}

(26.35)
( we apply again Holder’s inequality )

([ ([ - sorrac)an)”
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( / ’ z(w)z'(w)dw) Uq} (26.36)

~ sy ([ ([ atw) = gpe = as) dw)l/p

([ [erea™ o)

V z € [a,b], proving the claim. [ ]
Next we apply Theorem 26.14 to obtain

q

2/q
g’ (w)]* dw) , (26.37)

Proposition 26.15. Let f € C"([a,b]),n € N,p,q > 1: % + é = 1. Suppose
f<k)(a) =0,k=0,1,...,n—1. Then
[ 1@ 17 o)™ () e du
1 O p(n-1) v
< w _ S n—
<z (U ([ e mere ) )
x q 2/q
( / (f o ln)™ (&) eqwd’w) , (26.38)

V€ [a,bl.
Proposition 26.16. Let f € C"([-5 +¢,5 —¢]),n € N,e > 0 small; p,q >
1: %Jr%: 1. Suppose f(k>(f% +¢e)=0,k=0,1,...,n—1. Then

/:t |f(w)| ‘(fosinfl)m)(sin w)‘ cos w dw

+e

1 z w 1/p
< — / / (sin w — sin s)""V?ds | dw
e ([ ([
</%+€

Vee[-3+¢e3%—¢].
One can give in any other similar applications to Theorem 26.14.
We make
Remark 26.17. By Theorem 26.9 we find

[N

(f osin™")™ (sin w) !

2/q
(cos w)qdw) , (26.39)

b
Eulw)i= f@) - = [ Fw)dy
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n—1 b
(e {Z [ (e - g(y»’“dy}
k=1 a

b
= m/ (9(x) = 9(®)" " (Fog )™ (9(1) - ¢'®)
K (t,z)dt =: In(f)(), (26.40)
Yz € [a,bl.
Hence
0] = (@) < = [ (660
(Fog) ™ (ge)]lg' ()] IK (¢, ) dt = O(a). (26.41)
We distinguish the following cases.
(i)

1 —1\(n
O(z) < m“(fog )™ og

I
fo%s) oo

"t — a)dt + / lg(z) — g(t)|" (b — t)dt} = O1(x), (26.42)

L u—|
: @\H
=y
=
G
|
@
=
=

=905 lg']] , max((z - a),

1
D= llg(z)
(b—x)) H(f og- ("’ogH = O2(z), (26.43)
and
(#i) By Holder’s inequality we find

R
(n=1!(b—-a)

K(,2) ol (fog ) ™oglp =: Os(), (26.44)
Wherep,q>1:%+%:
We have proved the following general Ostrowski type inequality
Theorem 26.18. All assumptions as in Theorem 26.9. Letp,q > 1 : %Jr% =1.
Then

O(z) < I(g(x)) —g()""d'(-)

|En(z)] < min (O1(x),O2(z), O3(x)), (26.45)
V€ [a,bl.
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Inequality (26.45) for a fized x € [a,b] is attained by an f € C"([a,b]) such

that
[(fog )™ (g(t)] = Allg(z) — g®)" g (&) |K (¢, )7, (26.46)
where A > 0, and
[(Fog )™ (g(®) - (9(x) — g(t)" " g'(t) - K(t,)]

of fized sign , V't € [a,].

Next we apply Theorem 26.18.

We get

Theorem 26.19. Let f,€ C"([a,b]),n € N,p,qg>1: % + % =1. Then

< (nTl!(b—a) min {eb H(f o ln)(”)(e('))Hoo {/:(em — e (¢ — a)dt
+ /mb(et —e")" b~ t)dt} :

e’(max(e” —e®, e’ — e"))" ! - max((z — a), (b — z)) - H(f o ln)<")(e('))H1 ,

p} : (26.47)

|| o m)™ ()

[e* = )0 e K )
q

V€ [a,bl.
Inequality (26.47) for a fized x € [a,b] is attained by an f € C™([a,b]) such
that
|(foln)™(e")| = A(lg” —€'[" - e - | K (t,2) )7, (26.48)
where A > 0, and

[(fotn)™(e") - (" — €)™ e - K(t,2)]

of fized sign , V't € [a,].
+o=

Theorem 26.20. Let f,€ C™([e, 7 —¢]),n € N,e > 0 small; p,qg > 1: %

1. Then .
lf(x)— ﬂj%/ f(y)dy

n—1 T—€
1 {Z l/ (focos™ ) ¥ (cos y) - (cos = — cos y)Fdy |
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< mmin{“(fows—l)(")o COSHOO {/:(cos t— cos @) (t — )dt

+/ (cos ¢ —cos t)" H(m —e — t)dt} ,

llcos @ — cos || max((z — ¢), (7 — £ — x)) H(f ocos )™ o cosH ,
1

H(cos z —cos(-)) ™ Vsin()K(, z)|| ||(f ocos™ )™ ocos

} . (26.49)
q P
Vaoeln—el

Inequality (26.49) for a fired © € [e, 7 — €] is attained by an f € C"([e,n —¢])
such that

|(f o cos™) ™ (cos t)] = A(| cos = — cos ¢|" | sin ¢| | K (¢, z))?, (26.50)
where A > 0, and
[(f ocos™)™ (cos t) - (cos & — cos t)" " - sin t - K(t,z)]

of fixed sign ,Vt € [e,m —€].

We need to make

Remark 26.21. Let f, g as in Theorem 26.9. Let p be a finite positive measure
of mass m > 0 on ([¢,d],P([c,d])),[c,d] C [a,b], where P stands for the power
set. Integrating (26.24) against u we find

y 555 ([ sw)

f(@)du

1
M, = — x
=5 ) 1@ [
n—1 b
e a){2$ L (e oo - ot'ar) du(m)}



26.2 Results 411

One can estimate J(f).

We derive the following comparison of integral means result

Theorem 26.22. Let the assumptions of Theorem 26.9. Let p be a finite
positive measure of mass m > 0 on ([c,d], P([c,d])), [c,d] C [a,b]. Then

M ()] < mmn{q ) [/ [(g(x) — g(®)" ™"+ (¢ — a)dt
+/: lg(z) — g(t)|" " - (b—t)dt} du(z ) H fog H™og-yg H

I

(/ (llg(@) = g()I2 " (max(z — a),b — o))du(x) )H 0g™H)™
[e,d]

(/ I(9(z) = g())" " - K-y, dpa(a >H(fogl)<n>
(e

whemp,q>1:%+%:1.

We give some applications of Theorem 26.22.

Theorem 26.23. Let f € C™([a,b]),n € N. Let u be a finite positive measure
of mass m > 0 on ([¢,d], P([c,d])), [c,d] C [a,b]. Then

L @i / £y
T {Zk. /. (/ (Folm)®)(e )(ex—e%kdy) du(w)}‘
< mmm{ucﬂ Uaz[ef — et — a)dt

+/:(et ey (b — t)dt} d,u(m)) H(f oln)™ (&) - e(.)Hw

</[c,d] (maX(em et et — é“))(n*l) (max(z — a,b — x))d,u(x))

H(f o ln)™ () . o)

: } (26.53)

)
1

</[ J H(ex — Oyt .K(.,x)‘qdu(x)> H(foln)(n)(e(-)) o)

} . (26.54)
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wherep,q>1:%+é:1.

Theorem 26.24. Let f € C" ([~ +¢,5 —€]),n € N,e > 0 small. Let pi be a
finite positive measure of mass m > 0 on ([c,d],P([c,d])),[c,d] C [-F +¢&,5 —€].
Then

L pwdue) - — / T fy)dy

m Jie,d T—2 )z

n—1 m_
1 1 / /2 € —1\(k)
- — fotan tan y
m(ﬂ. - 25) {k:z_l k! [e,d] < —§+E( ) ( )

-(tan x — tan y)kdy> dﬂ(“’)}‘

1 . ® n—1 ™
< min tan x — tan ¢ t+ - —e)dt
(n—1)l(m —2e)m { </[c,d] {/%ﬁ( ) 2 )

n /57£(tan t — tan x)"_l(g TeT t)dt] du(w))

I(f o tan™") ™ (tan(-)) - sec® () oo,

T T (n—1)
/ (max(tan z —tan(—< —¢€), tan <— - 5) — tan x))
le,d] 2 2

(max (2+ 2~ 7 —e—2)) du(@)) 1| ( o tan™) ™ (tan()) -sec* Ol

</ || (tan 2 — tan()" ' K(-, m)”q du(x))
[e,d]

(7 o tan™) " (tan()) - sec? ()

whemp,q>1:%+%:1.

Background 26.25. Next we follow [137]. This is related to Information
theory. Let f be a convex function from (0, 4+00) into R, which is strictly convex
at 1 with f(1) = 0. Let (X,.A,\) be a measure space, where X is a finite or a
o-finite measure on (X,.4). And let u1, u2 be two probability measures on (X, .A)
such that p1 < A, u2 < A (absolutely continuous), e.g.A = u1 + p2. Denote by
p = %,q = ‘ide the Radon-Nikodym derivatives of ui1, u2 with respect to A
(densities). Here, we assume that

0<a§§§b, aeon X anda <1<b.

The quantity

3, (26.55)

p

) = [ ao)f (45 ) (26.56)
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was introduced by Csiszar in 1967 (see [137]), and is called the f-divergence of
the probability measures p1 and pz. By Lemma 1.1 of [137], the integral (26.56)
is well defined, and T'¢(u1, p2) > 0,with equality only when p1 = p2. Furthermore
Tf(p1, p2) does not depend on the choice of A. Here, by assuming f(1) = 0, we
can consider I'f(u1, p2) the f-divergence, as a measure of the difference between
the probability measures w1, po.

Here we give a representation on estimates for I'y(u1, p2) via formula (26.24).

We give

Theorem 26.26. All as in Background 26.25 and Theorem 26.9. Then

b
s = 5= [ )y

+ﬁ {f% (/X g(@) (/b (fog ™)™ (1))

k=1

: (g (%) - g(y))k dy> d/\(x)> } + G, (26.57)
o= gmmi=a (Lo ([ (0(55) -0))

where

Proof. By (26.24) we obtain that

owf (B) = 242 [ pipay

q(x)
(bia) {kzl @/ﬂ (fog )P (g(y))- (g (Z(—g) fg(y)) dy}
_alw) (@Y YT e
i [ (o(B8) - 90)  Goa) )
/ p(z)
g (t)- K <t7 m) dt, (26.59)
a.e. on X.
Integrating (26.59) against A we derive (26.58). ]

Next we estimate G, that is we estimate I'f(p1, p2).
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Theorem 26.27. All assumptions as in Theorem 26.26. Then

|Gn|§mmm{(/xg(x) (/ab g(%)

—g) " K (t p—x;) ldt) ) H((fog_l)(") °g) ~g'HOO,
)

. p(x) -
’q(w)) b I ))

o(22) s (25 - 2 )

H (Fog ™)™ eg)-¢|| }, (26.60)

where p1,p2 > 1, such that —— + — o = L
Proof. By (26.57), (26. 583 n
In the following we apply Theorem 26.27.
Theorem 26.28. All as in Background 26.25 with f € C"([a,b]),n € N. Then

/N
Q
7 N
Q|3 Q
~l= =
5
NI
o N——
|
«Q
N
|
7 N
3

Ly (p1, pi2)

dt) d)\(:r)) H ((f oln)™ o e(')> -e(')Hw :

d)\(x))

()
(o) (28)

H((fom)(") oe(-)) ,e<->H ’
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H( Foln)™ oe(')) -e“H } (26.61)
1
where p1,p2 > 1, such that pl + = p =1.
Theorem 26.29. All as in Background 26.25 witha = —5+¢,b= 5 —¢£,6 >0
small. Here f € C™([-% +¢,% —¢]),n € N.
Then

</X g(x)

- max (2% —a,b— QE i) dX\(x ) H <(fosin_l)(") osin) -COSHI}, (26.62)

where p1,p2 > 1, such that H + E =1.

Next we give a very general Griiss type inequality

Theorem 26.30. Let f,h, f';1,...,f™ h™: g ¢ be continuous from [a,b],
into R,n € N. Suppose (gfl)('”, k=0,1,...,n are conltinuous.

Then

‘ﬁ Lbf(x)h(x)dx - (b_%)z </abf($)dm) (/ﬂbh(m)dm)
o {Z$ (/ (/ () - (Fo g7 (9(a)

k
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+1@)- (hog™)" (9w)] - (92) ~ 9w)" dy) dr) }|
b b
<o (s ([ ([ Do (207 20) 1

+H @) l((hog )™ og)- g’Hoo} lg(@) — g™ K (t,2)|dt) dz),

lo(@) — 9174 o erane o /
- g( S Il (o g ™)™ 09) -l

e (o g™ o) -g'lh]

1 —1y(n) /
h abl . ”
TP {1l o 1T 0 97 0 9) - ¢ llggant
1 gy (0 g™ 0.9) g lgans } I (g(@) = 9(6))" "

.K(tvx)”r,[a,b]Q]} ’ (2663)

where p,q,r > 1 such that ;l)Jr % + % =1.
Proof. Here f, h, g are as in Theorem 26.9.
Therefore by (26.24) we have

b
)= 5= [ fway

n—1 b
ia) {Z %/ (fog N () - (9(z) - g(y))"dy}

1

b
*m/ (9(2) = g(®)" " (Fo g~ )™ (9(®) - 9'(1)

(z

K(t,z)dt, (26.64)

Yz € [a,bl.
We also have

n—1 b
e {Z B / (ho ™D (6(3)) - (9) g(y))kdy}

b
MCEN )] n—l)'b—a /

(hog )™ (g(t) - g () - K(t,w)dt (26.65)
Yz € [a,bl.
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We further have V z € [a, b]) that

)= [ sy

b_a {Z k|/ h(z “H®g(w)) - (g(x)—g(y))kdy}

(fog )™ (g(t) - 4'(t) - K(t,z)dt, (26.66)

and

n—1 b
ia) {Z %/ F@)(hog™) P (g(w) - (g(x) - g(y))kdy}
k=1 """ "Ya

1 ’ n—1
R e RECICORIT)

(hog )™ (g(t) - g'(t) - K(t,)dt. (26.67)

Then we integrate to find
L - </b f(ac)dm) (/b h(ac)dm)

[ stnain =
B ([ s

s ([ (/ bh(m) (9(2) ~ 9(0))""

(fog )P (g(t) - g (t) - K (t,w)dt) da) (26.68)

[ s = ([ s ([ hwas)
+(b1a{ (/ (/f (hog™) ™ (9w) - (9() ~ g(y))kdy)dm)}
e (], ([ e

and
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(hog ™)™ (g(t)) - g'(t) - K(t,a:)dt) dm) . (26.69)
By adding (26.68), (26.69) and dividing by 2(b — a), we obtain

An<f,h>:=ﬁ/bf(x>h<x>m o (/f dx) (/ x)
2(7{ (/ ([ [0 es )

+f(z)- (hog™ y))} (9(z dy) d:c) }
s (] </bh er o
(@) (h og*l)“” (g(t))} (9(a) = 9(0)" dt) dr). (26.70)
Therefore we obtain the estimates

i)

3001 < se—pi—ar ([ ([ (@11 (o0™) " 00) o'l

i@l | ((heg ™ 0g) -¢'|| ] -lot@) — a0 K (¢, 2)lat) de)

(26.71)
also we have
i)
lg(@) = 9L peran? ~ :
An(f,h)] < s Il (o g™ o) o
F1fl - [(hog™ ™ 09)-g'| ] (26.72)

finally, by the generalized Hélder inequality, we obtain that

i)
|An(f, )|_2n 1 =) H(//lh I”dtdm) /p
(/ / H™ (o) (t)|thdw)1/q (26.73)
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(f (x)'pdtdw)l/p ([ [ 1000 ). gl(t)lthdx)l/q}

(o) — 90" Kt )], ]
1

= == L= Mlies - =@ [ ((Fog™) " 09) 9o

(b= )7 - Iflpas - b= )T (hog ™) 09) - llpwn)  (2674)
H(g(x) - g(t))n_l : K(t7w)||r,[a,b]2}

b— 1_% —1\(n ’
= m Hllhllp,[a,bl -l <(fog ) )Og) "9 la.fap

oy N0 g™ 0 9) -0y } Mo) = g(0)" "+ K (1) ] ] -

(26.75)
That is we derive
|An(f,h)]
1 —1y(n) ’
< Ry o - . u
< oD {11l o 1 ((Fog7) ™ 0.9) -9l
e 10 g™ 0.6) 6'llaten } 0@ = g(0)" ™ Kt )] 0]
(26.76)
The proof of the theorem now is completed. |

Finally we apply last Theorem 26.30 to derive specific Griiss type inequalities.
Theorem 26.31. Let f,h € C"([a,b]),n € N.
Then

‘ﬁ /abf(;c)h(x)dx - ﬁ </abf(m)dm) (/ﬂbh(m)dm)

s (£ ([ ([ orome

k=1

H@ (o) ()] (& = ) dy) dz) |

<min {5t ([ ([ [ (ot o) 1

HI@I((ho i)™ o) el | e — " K (t,2)dt) da)
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M (n) ) )
2(n — 1)! [HhHooH((fOln) oe'’) e’
+ 1 e ll((r o )™ 0 ) - O]
: M) 6 o). o
2(n — 1)I(b — a) 1+ H”h||mﬂvb1“((f°l”) oe’) e g

Al el (0 1) 0.9 gl } I = € K (6 @)l a2}

(26.77)
where p, q,r > 1 such that % + % + 1

1.
Theorem 26.32. Let f,h € C"([-% +¢,% —¢|),n € N,e > 0 small.
Then

*m (/_; f(m)dm) </_i_+ h(x)d;c)
T {Z w </ </ (@) (Fosin™)™ (sin )

x
2te

+f(x) (ho sin_l)(k) (sin y)} (sin z — sin y)* dy) da:) H

= min{2(nf 1)!1(7r72€)2
i E sin=1) ™ osin(-) ) cos(-
(/+ (/+ [1nGe)) [[((7 o sin™)® o sin()) eos()

-y, sin(.)> cos(.)Hoo] lsin @ — sin ¢ IK(t,:c)\dt) dm) ’
- 8>2?:iff)_!% +o)" (1211 [[((F 0 sin™)™) o sim) cos ()|
1o (o sin ) o sin) cos()| ]
2(n - 1)!(7r1— 200+ D) {171 [ g o5

[((70sin™)™ osin()) cos()

oo

1

o[-5+e5-]

1z ez || ((nosin™)™ osin()) cos()

q,[—%ﬁ,%—al}
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[|(sin @ — sin t)n_lK(t»x)HT,[ngrs,gfs]z} } (26.78)

where p, g, > 1, such that 1 + + ==
Theorem 26.33. Let f,h eln ([ ]),n € N,e > 0 small. Then

[ e - o ([ swan) ([T b

i AT ([ ([ P o)

+f(x) (ho cos_l)(k) (cos y)} (cos z — cos y)* dy) dm) H

. 1
= mm{z(nf Di(r = 272

([ ([ @1 ] (700 ocos) -sin

+|f(x)] H <(h o cos_l)(n> o cos) sin OO] |cos & — cos t|"" |K(t,ac)\dt) dm) ,

(oo}

(cose — cos(m —e))" !
2(n —1)!

+1fll o H ((h o cosfl)(n) o cos) sinHJ ,

(1110 ]| (€  cos™)™ o cos) sin]|

<(f o cos_l)(n) o cos) sin

: Il
2(n — 1)(r — 26) 4+ (el

1S pfem—e (0 cos ™)™ 0 cos) sin [l c.me |

q,[e,m—¢]

[|(cos = — cos ¢)" " K(t7x)|‘r,[g,w_g]2} } , (26.79)

where p,q,r > 1, such that ;1) + % +1i=1

Theorem 26.34. Let f,h € C"([—% +e, T — 5}),5 > 0 small, n € N. Then

ME]
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+f(x) (ho tan_1)<k) (tan y)} (tan z — tan y)* dy> da:) H

R 1
< min

- {2(nf Di(m — 2¢)?

(1 (5 P ot ]

+|f(z)] ((h otanfl)(n) otan) secZHOJ tan 2 — tan ¢|" ! |K(t,x)|dt> dm) ,

(tan (5 —2) —tan (=5 +2))"""
2(n —1)!

1 ot ey |

2(n — 1)!(7r1_ 20 1+ D) {171 (g ve5

H <(f o tan_l)(n) o tan) sec?

[||h||Oo H ((f otan_l)(n) o tan) s.ecQH1

[
((ho tanfl) () 0 tan) sec? H
q,

5 4ez ]

|| (tan = — tan t)"_lK(t,x)HT’[_%_,_E’%_E]z} } , (26.80)

where p, ¢,7 > 1, such that % + % +i=1



27

Balanced Fractional Opial Integral
Inequalities

Here we study Ly, p > 1, fractional Opial integral inequalities subject to high
order boundary conditions. They engage the right and left Caputo, Riemann-
Liouville fractional derivatives. These derivatives are mixed together into the
balanced Caputo, Riemann-Liouville, respectively, fractional derivative.

We give applications to a special case. This chapter relies on [41].

27.1 Background

This chapter is motivated by the well known theorem of Z. Opial [237], 1960,
which follows

Theorem 27.1. Let x(t) € C'([0,h]) be such that z (0) = x(h) = 0, and
z(t) >0 in (0,h). Then

/0 |x(t)x'(t)|dt§%/0 (' ())* dt. (27.1)

In (27.1), the constant % is the best possible. Inequality (27.1) holds as equality
for the optimal function

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 423
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424 27. Balanced Fractional Opial Integral Inequalities

where ¢ > 0 is an arbitrary constant.
To prove easier Theorem 27.1, Beesack [111] proved the following famous Opial
type inequality which is used very commonly.

This is another motivation for this chapter.
Theorem 27.2. Let x (t) be absolutely continuous in [0,a], and z (0) = 0.
Then

/Oa |z (8) ' ()| dt < g/o («' (1)) dt. (27.2)

Inequality (27.2) is sharp, it is attained by z (t) = ct, ¢ > 0 is an arbitrary
constant.

Opial type inequalities are used a lot in proving uniqueness of solutions to
differential equations, also to give upper bounds to their solutions.

By themselves have made a great subject of intensive research and there exists
a great literature about them.

Typical and great sources on them are the monographs [5], [42].

We need (see also [44], [155], [160], [179], [259])

Definition 27.3. Let f € AC™ ([a,b]) (space of functions from [a,b] into R
with m — 1 derivative absolutely continuous function on [a,b]), m € N, where
m = [a], a >0 ([-] the ceiling of the number).

We define the right Caputo fractional derivative of order o > 0, by

(=™

b m—a—1 p(m)
m/m (€—2) Q) dC. (27.3)

Dy_f(x) =
We set Dy_f (x) = f (), Yz € [a,b].

Note 27.4. Let f € AC™ ([a,b]), m = [a], with a > 0, then f(™~1 ¢
AC ([a, b)) , which implies that f(™ exists a.e. on [a, b] and that f™) € L; ([a,b]).

Consequently if f € AC™ ([a,b]), then Dp_f(z) exists a.e. on [a,b] and
Dy f € L1 ([a, b)), see [44].

Observe that when o = m € N, then

DI f(z) = (=)™ f'™) (x), Vx € [a, b]. (27.4)

We continue with the right Caputo fractional Taylor formula with integral
remainder, see [44].
Theorem 27.5. Let f € AC™ ([a,b]), © € [a,b], a >0, m = [a]. Then

m—1 (k)
ra =Y 0 py

k=0

L
' (e)

b
/ (C— 2" ' DE_f(Q)dC.  (27.5)
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We need also (see [145], p.38)
Definition 27.6. Let f € AC™ ([a,b]) ,m € N, where m = [a], o > 0. We
define the left Caputo fractional derivative of order o > 0, by

1

Dol = 10—

/ (@ — )™ £ () g, (27.6)
Va € [a,b]. We set D%, f (z) = f (x), Yz € [a,b].

Again here Dg, f exists a.e. on [a,b] and DS, f € L1 ([a,b]), see [145], pp.13.
When a = m € N, then

DL f (z) = f™ (z), Vz € [a,b]. (27.7)

We continue with the left Caputo fractional Taylor formula with integral re-
mainder, see [145], p.40.

Theorem 27.7. Let f € AC™ ([a,b]), m € N, where m = [a], a > 0,
x € [a,b]. Then

(r—a)"+ =— / (x —7)* ' D f (1) dr. (27.8)
Above T is the gamma function,

I (a) :/ e "t ldt, a > 0.
0

We introduce the following balanced Caputo fractional derivative

Definition 27.8. Let f € AC™ ([a,b]),m € N, m = [a], a >0, z € [a,b].
We define ( T

e L Dl?ff CE), fOI‘ aT S T S b»
Df (@) = { DS, f(z), fora<az<fb (27.9)

In this chapter we establish L,, p > 1, Opial type inequalities involving the
balanced Caputo fractional derivative subject to high order boundary conditions,
more precisely by assuming that

S @ =r®w =0 k=01,...,m-1 (27.10)

We extend these results to Riemann-Liouville fractional derivatives.
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27.2 Results

We present the main result
Theorem 27.9. Let f € AC™ ([a,b]),m € N, m = [a], a > 0. Suppose

f @ =r®w) =0 k=01,...,m—1;

+

1
D, q>1: =1,anda>a,

"=
=

(i) Case of 1 < q<2. Then

[f @)D f (w)] dw <

p(a—1)+2)

2*(‘”%) (b—a) b

(27.11)

(ii) Case of q > 2. Then

b
[ 1 @ID7s @) o <

2= (o+3) (b — o) (=5

(27.12)

b 2/q
([ msras) .
>

b
J 1 @ID"f @) o <

2~ (+3) (h— a)°
r(a) [v2a@a—1)]

(/ b (D°f @) e ).

Remark 27.10. Let us say that o = 1, then by (27.13) we derive

(27.13)
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/: @) |f (@) dw <
Lo ([ (7). (27.14)

that is reproving and recovering Opial’s inequality (27.1), see [237], see also
Olech’s result [236].

Proof of Theorem 27.9. Let = € [a,b] . We have by assumption f*) (a) =0,
k=0,1,...,m — 1 and Theorem 27.7 that

1

f(ff):m

/ (x —7)* "' DL f () dr, (27.15)
and by assumption f(k) (b) =0,k =0,1,...,m — 1 and Theorem 27.5 that
b
f(x)= —/ (r—2)* " Dy_f (1) dr. (27.16)

Using Holder’s inequality on (27.15) we obtain

F @< s [ @) D5 () dr

(@)
</ (x—71) )pdT)l/p </am|Dfaf(T)|da)1/q
pla—1)+1
1

T T ((x(; f)ljl)l/p ( / D, <T>quT)1/q~ (27.17)

Put -
2 (2) = / D%, f ()| dr, (2(a) = 0).
Then
Y (@) = | D% f (@),
and

|DSof (2)| = (¢ (ac))l/q, alla <z <b.
Therefore by (27.17) we have

N 1
|f @)D f (w)] < )

~—

pla=1)+1

MW (z (w) 2’ (w))l/q , (27.18)
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all a <w <.
Next working similarly with (27.16) we derive

1 b a—1 [eY
P @IS 7 [ = DS ()]

(a
<o ([ (e —x)a*)pdr)w (f |D?f<r>|er)l/q

1 o) plo=1)+1 . 1/

- e T (/ DS £ (7)] dr) ‘ (27.19)
Pu

t Az) = / ID?_f(T)I"dT=*/: D§_f ()" dr, (A(b) =0).

e X (@) = — D5 f (@)
and

|D5 f (z)] = (=N (x))l/q, alla <z <b.
Therefore by (27.19) we have
1
|f (@) [Dy- f (w)] < o)

pla=1)+1

wﬁ (A (@) N (@), (27.20)

all x <w <b.
Next we integrate (27.18) over [a,z] to get

z N 1
/a |f (W)HD*af( )|d < F(Oé)( (a_1)+1)1/P
[ @™ ) @) e <
1
F'(a)(p(a—1)+ 1)1/;;

</: (o a1 dw) 1/p </: )7 @) dw) 1/q

pla—1)+2

1 (x—a) »  z(x)*?
L(@)(pla=1)+1)"" (pla—1)+2)"7 2V
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p(a—1)+2

- 2 o) ' D, f (w)]* dw o 27.21
F(a)[(p(a—1)+1)(p(a_1)+2)]1/p (/a [Diaf (W) ) . (27.21)

So we have established

/m 1 (@) |D% f ()] dw <

271/(1 (x _ a) p(a;l)+2

v 2/q
Dlof @) dw) (2722
T'() [(p(a—1)+1)(p(a—1)+2)]/7 (/a Do f (@) ) (27.22)

for all a < x <b.
By (27.22) we derive

atb

[T ir@ipts @ <

a

wa-1+2) _[(pla=1)+2) 1
e P 2 [ P +q}

(b—a)
M) (-1 + 1) (pla—1)+2]7
aT+b 2/q
( / ID?af(w)qdw> . (27.23)

Similarly we integrate (27.20) over [z,b] to get

1
L (a)(pla—1)+1)"?

/ 1 @) 1D8f ()] dw <

b p(a—1)+1 lq
[ 0= (A@x @) o <

1
T(a) (p(a—1)+1)""

1 (b—2)" T2 Qe _—
- . 27.24
F@@a-D+D7 pla-1+2)7 27

We have proved that

b
/ 1 (@) 1DE f ()] dw <
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pla=1)+2

) 1/q(b7 ) - - 2/4
T'()[(pla—1)+1)(p(a—1)+2)]/? (/ |Dp— f (w)|* d ) ,

for all a < x <b.
By (27.25) we obtain

b
L 17 @NIDE S @) do <

(pla=1)+2) _[(p(e=D)+2) 1
5 P 2 [ P +q}

(b—a)
(@) [(p(a=1)+1) (p(a—1)+2)]""

b 2/q
( L. ID?f(w)qdw)

Adding (27.23) and (27.26) we obtain

b
[ @D @) o <

g (o3 ) b - a)(%)
[(pa—=1)+1)(p (a71)+2)]1/p

2/q 2/q
[(/ D2, f (w |qdw> ( Dif w)|qdw> ]::(*)

Suppose 1 < g < 2, then 2 721
Therefore we get

9= (et3) (b a)(ma—pmz)
' (a)[(p(a—1)+1) (p(a—1)+2)]"/7

(%) <

a+b

Ia

b 2/q
DS f (@)|* dw + /_ ID?f(w)quw} -

pla— 1)+2)

2 (*+3) (b - a)
T (@) [(p(a—1)+1) (p(a—1)+2)]""

([ wsora)”

So for 1 < ¢ < 2 we have proved (27.11) .

(27.25)

(27.26)

(27.27)

(27.28)

(27.29)
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Assume now ¢ > 2, then 0 < % < 1.
Therefore we derive

o= (o+3) (p — o) (HF2) 213

(@) [(p(a—1)+1)(p(a—1)+2)]"/"

atb b 2/q
{/ D2, wwww+/;JD3fWWd4 -

(%) <

o= (o+3) (b — o) ("5
L(@)[(p(a=1)+1) (pla—1)+2)""

(ﬂleaf(w>de)2m‘

So when ¢ > 2 we have established (27.12).
(it3) The case of p = q = 2, see (27.13), is obvious, it derives from (27.11)
immediately. |

(27.30)

We need (see [44], [155], [160], [145], p.22)
Definition 27.11. Let & > 0, m = [a], f € AC™ ([a,b]) . We define the right
Riemann-Liouville fractional derivative by

_1\m m b
DY f(x) = % (%) / (t — &)™ "L f (1) dt, (27.31)

Dy_f (x) := I (z) (the identity operator).

We also define the left Riemann-Liouville fractional derivative by

(e o 1 i m N T — m—a—1
Dif @)= oy () ) @0 T 0 21
D, f (@) =1 (2).

We further define the new balanced Riemann-Liouville fractional derivative

O R s

Dy f(z), fora<az< 2 (27.33)

Remark 27.12. Let now f € C™ ([a,b]), m = [a], a > 0. In [43] we have
proved that Dy f (x), D, f (x) are continuous functions in x € [a,b]. Of course
C™ ([a,b]) C AC™ ([a,b]), so that f € AC™ ([a,b]).
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Thus by Theorem 9 of [44], we obtain that also Dj-_ f () exists and continuous
for every x € [a,b]. Furthermore if f® b =0,k=0,1,...,m —1 we get
Dy (2) = D f (), (27.34)

Vz € [a,b].
Similarly, by [145], p.39, we obtain that Dg, f (z) exists and continuous in
x € [a,b]. Furthermore if ) (a)=0,k=0,1,...,m — 1 we have

D2, f (2) = D2, f (), (27.35)

YV € [a,b].
So if f®) (q) = f® (b)=0,k=0,1,...,m — 1 we get that

Df (z) =D"f (x), (27.36)

Vz € [a,b].

So by Theorem 27.9 we obtain the corresponding results for the balanced
Riemann-Liouville fractional derivative

Theorem 27.13. Let f € C™ ([a,b]), m € N,
f*®(a)=f® (1) =0,k=0,1,....,m 1p,q>1

(i) Case of 1 < q<2. Then

[a], a > 0. Suppose

1 1 1
;+5—1,anda>q.

[ reipr e s

pla— 1)+2)

2~ (*+3) (b - a) .
I'(@)[(p(a—1)+1) (p(a—1)+2)]""

( / "D ()7 dw) " (27.37)

(ii) Case of q > 2. Then
b
/ 1 (@)D f ()] dw <

o~ (*13) (h — o (*5F)

I'(a)[(p a—1)+1)(p(a—1)+2)]1/p.

2/q
( D f (w)]? dw) . (27.38)

(iii) When p=q =2, > %, then

/|f ) D7 f ()] dw <
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27(0‘+%) (b—a)” b . ,
F(a)[ 2a (2a—1)] (/a DEf ) dw)- (27.39)

Conclusion 27.14. According to the monographs [5], [42], the presented
method of involving balanced fractional derivatives into Opial type inequalities,
subject to boundary conditions, could be expanded to all possible directions, by
producing interesting results and applications. Especially all these results proved
here, and similar that can be proved, are expected to have wide applications to
fractional differential equations.
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Montgomery Identities for Fractional
Integrals and Fractional Inequalities

In this chapter we develop some integral identities and inequalities for the frac-
tional integral. We obtain Montgomery identities for fractional integrals and a
generalization for double fractional integrals. We also give Ostrowski and Griiss
inequalities for fractional integrals. This chapter is based on [80].

28.1 Introduction

Let f : [a,b] — R be differentiable on [a,b], and f : [a,b] — R be integrable on
[a, b], then the following Montgomery identity holds [230]:

1 b b
f(x) = m/ ft) dt+/ Py, t)f (t) dt, (28.1)
where Pi(x,t) is the Peano kernel
zi ¢ a<t<ua,
Pi(z,t) = 17 (28.2)
, r<t<h,
b—a
Assume now that w : [a,b] — [0,00) is some probability density function,
i.e. is a positive integrable function satisfying f;w(t) dt = 1, and W(t)

= [Tw(z) dx for t € [a,b], W(t) = 0 for t < a and W(t) = 1 for ¢t > b. The
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following identity (given by Pecari¢ in [241]) is the weighted generalization of the
Montgomery identity:

b b
f(x):/ w(t) f(t) dt+/ Py (z,t)f'(t) dt, (28.3)

where the weighted Peano kernel is

[ W), a<t<uz,
P’”(‘”’t)_{ W(t)—1, z<t<b.

In [107], [148], the authors obtain two identities which generalized (28.1) for
functions of two variables. In fact, for function f : [a,b] X [¢,d] — R such that
the partial derivatives of és’t), of éi’t) and azafs (;t’t) all exist and are continuous on

[a,b] X [c,d], so for all (z,y) € [a,b] X [c,d] we have:

(dfc)(bfa)f(m,y):/Cd/abf(s,t) ds dt+/cd/ab %‘Z’t)p(m,s) ds dt

" [ Of(s.t)
+/G/ — 4y, 1) dt ds

d b o2
9° f(s,t)
~9sot 28.4
+1 a 0sOt p(x,s)q(y,t) ds dt, (8 )
where
| s—a, a<s<uz, | t=g c<t<y,
P(ac,S)_{sfb, z<s<b, and q(y,t)_{tid’ A

(28.5)

28.2 Fractional Calculus

We give some necessary definitions and mathematical preliminaries of the frac-
tional calculus theory which are used further in this chapter.

Definition 28.1. The Riemann-Liouville integral operator of order a > 0
with a > 0 is defined as

T2 f(z) = %a)/x(xft)‘klf(t) dt, (28.6)

Jaf(z) = f(x).

Properties of the operator can be found in [228]. In case of a = 1, the fractional
integral reduces to the classical integral.
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28.3 Montgomery Identities for Fractional Integrals

Montgomery identities can be generalized in the fractional integrals forms. The
main results of generalization are given in the following lemmas.

Lemma 28.2. Let f : [a,b] — R be differentiable on [a, b], and f’ : [a,b] — R

be integrable on [a,b], then the following Montgomery identity for fractional
integrals holds:

F@) = 2O ayt=a e vy 1oL (Pa(e, ) F(0)) + 2 (P, B (B), @ > 1,

T b—a
(28.7)
where P>(x,t) is the fractional Peano kernel is defined:
t—a -«
5 (b—z)  T(a), a<t<u,
Pyx,)=¢ b9 (28.8)

m (b — ZC)l_aF(CM), z<t< b.

Proof. In order to prove Montgomery identity for fractional integrals in relation
(28.7), by using the properties of fractional integrations and relation (28.8), we
have

b
L(e)Jq (Pi(x,b)f' (b)) = / (b= Pi(a,)f () dt
T

/b”

/x(b — ) () dt (28.9)

~

(b— )" f (t) dt

Q“

- i > /a (b—t)*f'(t) dt.

Next, by integration by parts and using (28.9), we get

D(a) J (Pu(a,b)f (1))
= (b—2)""f(2) = 77T ()13 f(b)

+(a—1) /x(b — )2 f(t)dt

= (b= 2)" " () — = T(a) 2 S D) (28.10)
HT(0) TS (Py (2, 5) F(B)),
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finally, from (28.10) for o > 1, we obtain

£l = O ) g ) — T (Pl ) 0) + I (Pl D) B),
and the proof is completed. |

Remark 28.3. Let o = 1 then formula (28.7) reduces to the classic Mont-
gomery identity (28.1).

Lemma 28.4. Let w : [a,b] — [0,00) be a probability density function, i.e.
f;w(t) dt =1, and set W(t) = fatw(x) dz for a <t <b, W(t) =0 for t < a and
W(t) =1for t > b, & > 1, then the generalization of the weighted Montgomery
identity for fractional integrals is in the following form:

f(@) = (b—2)" ""T(a) J3 (w(b) f(b) = Jo ™ (Qu(@,b) f(b)) + J& (Qu(z,b) f' ().
(28.11)
Where the weighted fractional Peano kernel is

(b—2)! T ()W (1), a<t

<,
Qe ={ 7w -y, a<ich (28.12)

Proof. From the fractional calculus and relation (28.12), we have

1 b 1
2 (Qul@bf ) = Fos / (b— 1) Qua t) f/(t) dt

- (b_x)l—“(/:(b—t)a—lvv(t)f'(t) At (28.13)
,/b(bft)o‘*lf’(t)dt).

Using integration by parts in (28.13) and W (a) = 0, W (b) = 1, we get

/ (b— "W L () di= — () I (w(b) (b))

+(a—1) /b(b — )T PW () f(t) dt, (28.14)

and

/(b—t)“‘lf'(t)dt: —(b—x)“—lf(x)+(a—1)/ (b— )" f(t) dt. (28.15)
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We apply (28.14) and (28.15) in to (28.13), to obtain
J2 (Qu(z,0)f (b)) = (b—2)'™" [*T(Q)Jf(w(b)f(b))
b
=1 [ 6= @ de+ -2 S (@)

o 1)/ (b— 1) > W (1) (1) di]
= f(x) = T(a)(b—x)' " Jg (w(b) (b)) + (b —2)' (= 1)
x[/ (b— 1) 7>W () f(t) dt

+/ (b—t)*2(W(t) — 1) f(t) dt]

= f(@) — T(@)(b — 2)' 2 (w(b) (D)) (28.16)
+J:_1(Qw(x7 b)f(b))

Finally, we derive that

(@) = (=)' T (@) I (w(B) F(B) —J& (Qu (a,b) F () + T2 (Qu (. B) £ (B)),
(28.17)
proving the claim. [ ]
Remark 28.5. Let a = 1 then the weighted generalization of the Montgomery
identity for fractional integrals in (28.11) reduces to the weighted generalization
of the Montgomery identity for integrals in (28.3).

Lemma 28.6. Let function f : [a,b] X [¢,d] — R have continuous partial

2
derivatives afé?t), aféi’t) and aafs(;t’t) on [a,b] X [¢,d], for all (z,y) € [a,b] X [c,d]
and «a, 8 > 2, then the following two variables Montgomery identity for fractional

integrals holds:

(d =) (b a) (.3 (b— )" *(d — )" D@)P(B) [ 122 (aly d) 2 (b, )

ai
. af(b,d O f(b,d
0 (f(b,d)+p(x,b) 7@3 L pla,0) a(y, ) gs(at ))

T <p(x’b) f(b,d) +p(z,0) 4(y, d) affsz d))

—Jote (q(y,d) F(b,d) + p(x,b) a(y, d) w)

+J8a1 7 (ple,b) aly.d) (0. )) |

where

Brop - ! zx—sa_l — )51 f(s s
it = srr | [ @m0 =07 s dse
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also, p(z,s) and q(y,t) are defined by (28.5).
Proof. Plug into (28.4), instead of f the function g(z,y) = f(z,y)(b —
2)*Hd —y) n

28.4 An Ostrowski Type Fractional Inequality

In 1938, Ostrowski proved the following interesting integral inequality [238]:

/f dt‘ b_a) (xfa;rbr](bfa)M, (28.18)

where f : [a,b] — R is a differentiable function such that |f'(z)| < M, for every
x € [a,b]. Now we extend it to fractional integrals.

Theorem 28.7. Let f : [a,b] — R be a differentiable on [a, b] and | f'(z)| < M,
for every z € [a,b] and o > 1. Then the following Ostrowski fractional inequality
holds:

f(z) - br(_ai (b—x)' IS F(b) + J;‘*Pg(m,b)f(b)‘ (28.19)
S%[(b 2)(20 (Z:x) —a=1)+b-a)b-2)'""].

Proof. From Lemma 28.2 we have

[F@)= 5 (b—) =g £0)+ 27 (Pala, )1 ()| =

T (Pa(, b) (1))
(28.20)
Therefore, from (28.20) and (28.6) and |f’(z)| < M, we obtain

‘/ (b~ 1) Pala, 1) (1) | < o /ab(b—t)a*\Pg(x,t)Hf'(t)mt

F(a)/a (b— 1) Py(z,t)| dt
gM%);ﬂ(/x(bft)a*l(tfa)dtJr/b(bft)‘ldt)
- L[(bﬂ)(za(zﬁ)7a71)+(b7a)a(b7x)1*a]

ala+1) —a

(a)

The last proves inequality (28.19). |
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28.5 A Griiss Type Fractional Inequality

In 1935, Griiss proved one of the most celebrated integral inequalities [180], which
can be stated as follows

I 1 b b 1

}b—a/ f(x)g(z) dx — m/ f(z) dw/ g9(z) dm‘ < 7 (M =m)(N —n),
(28.21)
provided that f and g are two integrable functions on [a,b] and satisfy the con-
ditions
m < f(z) < M, n<g(z) <N,

for all = € [a, b], where m, M,n, N are given real constants.

We give

Proposition 28.8. Provided that f(z) and g(z) are two integrable functions
for all « € [a,b], and satisfy the conditions

m< (b—z)*"" flz) < M, n<(b—x)* g(z) <N,

where > 1/2, and m, M,n, N are real constants. Then the following Griiss
fractional inequality holds

(20 —1) o0 1 . N 1
m a (fg)(b)*mja f(b)Jgg(b)| < 4F2(a)(M7m)(N7n)'
(28.22)
Proof. If replace h(z) = (b—x)*~" f(x) and k(z) = (b—x)* ' g(x) in (28.21),
we will get (28.22). |

In [42] are contained many related fractional inequalities.
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Representations for (Cp)
m—Parameter Operator Semigroups

In this chapter some general representation formulae for (Co) m-parameter oper-
ator semigroups with rates of convergence are given by the probabilistic approach
and multiplier enlargement method. These cover all known representation formu-
lae for (Cy) one-and m-parameter operator semigroups as special cases. When
we consider special semigroups well-known convergence theorems for multivariate
approximation operators are regained. This chapter is based on [92].

29.1 History

Recently the study of representation formulae for (Cp) operator semigroups
has attracted much attention (Shaw [260], [261], Butzer-Hahn [123], Pfeifer
[243]-[245] and Chen-Zhou [130]). They gave some general formulae that
include earlier (Post Widder, Hille-Phillips [188] and Chung [135]) concrete
representation formulae. But most of the work done so far is confined
to one-parameter case, while Shaw’s method for multi-parameter case is
not an easy one to get new formulae and the results are without rates of
convergence. In this chapter we try to give some general representation
formulae for (Cy) m-parameter operator semigroups. The main idea is the use of
probabilistic setting in the representation of operator semigroups,
initiated by Chung [135] and developed by Butzer-Hahn [123] and Pfeifer [243],
and so-called multiplier enlargement method by Hsu-Wang [190], [278] and

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 443
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011



444 29. Representations for (C0) m-Parameter Operator Semigroups

Shaw [260], [261]. At the same time by introducing a modified second modulus
of continuity of operator semigroup and a Steklov-type element we prove quan-
titative estimates of the obtained formulae.

All existent representation formulae of (Cp) one-and multi-parameter operator
semigroups are special cases of our results. In particular Shaw’s formulae [260],
[261] for m-parameter operator semigroups are special cases of our results when
specifying the random vectors considered. Also with our method it is easier to
obtain new formulae.

We finish with examples to show the application of the results in multivariate
operator approximation theory when we consider particular operator semigroups.

29.2 Background

Let X be a Banach space with elements f, g, ..., having norm ||f||, [lgl|,-.., and
E(X) be the Banach algebra of endomorphism of X. If T' € £(X), ||T|| also denotes
the norm of T'. Let R™ be the m-dimensional Euclidean space supplied with the
usual definition of arithmetical operations and metric. We write t = (¢1,...,tm) €
R™ t=t14+...+tm, ﬁ| = |t1]+ ...+ |tm| and denote the unit vectors by e1, ...em,
where e = (0, ...1,...,0) with 1 in the k-th place and 0 elsewhere. Further, let

RT ={teR™; tx >0, k=1,..,m},
the first closed 2™-ant in R™. Z denotes the set of all non-negative integers and
Zr ={n=(n1,....nm); nx € Z4+, k=1,...,m},

while A is the set of all positive integers.

A family of bounded linear operators {T'(¢);t € RT'} on X is called a (Co)
m-parameter operator semigroup in £(X) when the following three conditions
are satisfied:

) Tt+s)=TH)T(s), t,seRY; (29.1)
i) T(0) =1 (identity operator); (29.2)
i) s — te%iglt—»oT(t)f =f, feXx. (29.3)

It is known that {T'(t);t € RT} is the direct product of m(Cp) one-parameter
operator semigroups in £(X) :

T(t) = H:‘Zl Ti(ts), (29.4)

where Ty (tr) = T(trer). The operators {Tx(tx);0 < tx < oo} (k = 1,...,m)
commute with each other.
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Let Ax be the infinitesimal generator of {T%(tx);0 < ¢, < oo} with domain
D(Ax), k=1,...,m. Then if f € D(Ax) so does T'(¢t)f for each t € R and

AT (1) f = T(t) Arf.

Further if f € D(A;) and f € D(A;Ay) then f € D(AyA;) and AxA; f = A;Ayf,
(4, k =1,...,m). In the following we use the notation

D2 = ﬁ D(AkA])

D? is a linear subspace of X.
To each k =1, ..., m, there correspond two numbers M}, > 1 and wy > 0 such
that
HTk(tk)” < Mkewktk, 0 <ty <oo.

Thus we have the inequality
IT@)]| < Mexp(w(ts + ... + tm)) = Me*", t € R, (29.5)

where M = M;y...My, and w = max{wk,1 <k <m}.

In the following we always mean {7T'(¢);¢t € R} satisfies (29.5), unless other-
wise specified.

For the above definition and properties about operator semigroup we refer to
Butzer-Berens [122], Hille-Phillips [188] or W, K&hnen [210].

Let (92, A, P) be a probability space. For every real-valued random variable
X defined on (92, A, P), E(X) denotes its expectation. If £ = E(X) exists then
0% = 0*(X) = E[(X—£)?] is called the variance of X. Let further ¥, (u) = E(u™),
u > 0 and Ui (u) = E(e"¥), u € R denote the probability-generating function
and the moment-generating function of X respectively.

We need to consider m-dimensional random vectors, also denoted by X, Y ...,
on (2, A, P). For m-dimensional random vector X = (Xo1, ..., Xom), we also use
E(X) to denote its expectation:

E(X) = (E(Xm),...,E(XOm))
and denote
07 (X) := 0% (Xo:).

It is not difficult to extend the integration theory about extended-Pettis integral
developed in [243] to mutivariate case.
Let {T'(t);t € RT} be as above and X is a R7'-valued random vector such
that
\I!}((w) < o0, X = X01 + ... +X0m,

then for every f € X define

ET(X)f] == /Q T(X)fdP,
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which exists in the Bochner sense in X by the strong continuity of {T'(¢);t € RT}
and (29.5). Moreover, the map E[T(X)]: f — E(T(X)/f] on X defines a bounded
linear operator E(T(X)] € £(X) with

IE(TX)] < MUk ().

E[T(X)] is called the expectation of T(X) and is understood as an extended
Pettis integral following [243].
If X,Y are are independent R’!'-valued random vectors such that ¥% (w) < oo,
U (w) < oo then E[T(X)], E[T(Y)] and E[T(X +Y)] exist in £(X) and there
holds
E[T(X) o T(V)] = E[T(X +Y)] = E[T(X)] 0 E[T(Y)],

where “o” denotes composition.
For the above please read [243], [244], [245] and the references cited there.

29.3 Basic Results

We need a Taylor’s expansion integral formula for (Cy) m-parameter operator
semigroups.

Lemma 29.1. Suppose {T'(t);t € RT} is a (Co) m-parameter operator semi-
group satisfying (29.5). Then for every g € D? and s,t € RY, there holds

T(t)g —T(s)g
=T'(s)[(t1 — s1)A1g + ... + (tm — Sm)Amg] (29.6)

+ /0 (1 —w)T(s+u(t —5))((t1 — 51) A1 + oo + (tm — Sm) Am)gdu.

Proof. Let G(u) =T(s+u(t — s))g € X, u € [0,1], then

G (u) = dfli“)

=T(s+u(t—s)[(t1 —s1)A1 + ... + (tm — Sm)Am]g.

and
G (u) = T(s +u(t — s)[(t1 — 51) A1 + .. + (tm — 5m) Am]>g.

Now (29.6) follows from the Taylor formula with integral remainder for Banach
space valued functions (see, e.g., [146], Theorem 8.14.[130]).

For our purpose we need a second modulus of continuity w2 (7T f, 4) and the
Steklov operator J, (f)(h > 0)for (Co) m-parameter operator semigroup {T'(t);¢ €
RT}and feX. |
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Definition 29.2.

w2 (Tf,0) = t:(tsupt ){H(T(t) — D f||, I(Tuts) = ) (T (t) — 1) £} -
0<t;,; <6

When § — 0, by the strong continuity of {T'(¢); t € RT}, w2(Tf,5) — 0.
Definition 29.3.

h/2 h/2
) =G [ [T et )

N ——

2m

The integral may be considered as multi-X-valued Riemann integral.
We have following

Lemma 29.4.

i) Ju(f) € D?, for all f € X;
i) ||f = In()]l < ea(TF, h);
iid) | AA; Jn(F)Il < OMe* ™ V0o (TF, h)/B?, 1 <d, j < m.

Proof. i) Let

h/2 h/2
J1 = / / T(§1 +m, ...,fm =+ ﬁm)fdf1dn1...dfmd7]m, (297)
0 0
———

2m

h/2 h/2
0 0
———

2m

1 om h h
=(3) /O /0 T(E1+ 01y ey Em + Non) FdELAN: ... . (29.8)
N——

2m
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It is not difficult to show that Ji € D?, J» € D? (cf.[122, p.10]) and hence (4)
holds.

i) If = Jn(P)]
h/2 h/2
— [l2/m / / [ = 2T(E 4+ 11, e+ 1)
(0] 0
N———

2m

h/2 h/2
I2/m)2" / / [T(E0 4 11, oo+ 1) — 12
(0] 0

2m

X d€1dni...dEmdnml||

h/2 h/2
§(2/h)2"‘/ / T €+ 1, o €m + 1) — 1S
0 0

2m

x dérdny...démdnm
SUJQ (Tf, h)

131) When i # j, similar to one parameter operator semigroup case (ibid.), we
can show

h/2 h)2
AiAj T 2/0 /O kl;[J Ty (&k + 16) T (0:) T (n5)
2m—2
x (Ti(h/2) = I)(Tj(h/2) = )f [ déxdmedmidn;
k#i,j

and

h h

A Ay T =(1)2) / / TT 7€ + )T T3 ()
0 0 ki

2m—2

x (Ty(h) = (T3 (k) = D)f ] déwdmwdnsdn;.
k#i,j
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Therefore
[Ai A Jn ()]l = [|(2/h) ™ [24i A i — AiA; Ja|

9 2 h/2 h/2
<( m{Q/ / H M, ewk(£k+nk)M e z"zM ewimi

— ok k#i,j
2m—2
h h
x [(Ti(5) = D(T(5) = Df 11 dérdnidnidn;
k#i,j
2m wi (€ +Nk) ini w;in;
Mye** M;e®i M;e*iMi
R

k;ﬁz 7

2m—2

< |(Ti(h) = I)(Ty(h) = DfI| [ déxdnedmidn;}

ki,j
S(Q/h)ZmM{2€(2m72)Wh/2(h/2)2m72 + (1/2)2me(2m72)whh2m72}
x wa(Tf, h)
SMe(Qm—Q)wh{Q(g)—Q + %}WQ(Tf, h)
= 9M >V (T, h) /2.
When i = j, the same estimate holds. |
Lemma 29.5. For any R7-valued random vector Y = (Yoi, ..., Yom) with
EY)=xz=(z1,...,2m) and f € X there holds.
IEIT(Y)]f = T(@)fl = |EIT(Y)f] - T()f]
<Muw, (Tf, h){2E(e*Y) (29.9)
+ gmMeQwEeQ(m—l)hw

m

X (B )P (B(Yoi — 2:)*) ) /17,

i=1
where p > 1, ¢>1, 1/p+1/¢=1, h > 0.

If w = 0, we have

IEIT(Y)]f —T(2)fl| < 2Mw2(Tf, b 922]2\420 Yoi)] (29.10)

Proof. It holds

IE[TY)f =T () fll = |ETX)f] - T()f|
SIETMY)f] = E[T(Y)Inflll + | EITY)Jnf] = T(2)Jnf]|
+ T () Jnf — T (@) f|l (29.11)
=1+ I> + I3.
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L < BT (nf = O] < EIMe*Y | Jnf — I} < ME(e*Y )wa(Tf, h)
(29.12)
by Lemma 29.4.
Is < Me“"way(Tf, h) < ME(e*Y )wa(Tf, h) (29.13)

by Jensen’s inequality.
Note that g := Jn(f) € D?, by Lemma 29.4. Apply Lemma 29.1, we get

B

+(Yom — @) A gdu}|

E{T(l‘)[(Ym — 1'1)141 4+ ...+ (Yom — xm)Am]g —+ /01(1 — u)

XT(x+u(Y —2))[(Yor —z1)A1 + ... + (Yom — mm)Am]ngu}H

E{/O (1—w)T(x+uY —2))[(Yor —x1)A1 + ...

<B{ / (1— ) | T + u(Y — )]
X [[[(Yor = 21) A1 + oo+ (Yom — @m) Am]” g]| du}
SME'{/O (1 —u)exp(w(z +u(Y —x))

< |[[(Yor — 21) A1 + ... + (Yom — @m) Am] g]| du}

m  m

<GB S o= s — s LAl

N —

[(Yo; — mi)Z + (Yo; — x],)2]}9M62(m71)hw

Mg i
Flﬂj i

S MeQwEE{ew

N | =
o
Il
Il
-

J

1
X wa(Tf, h)/h2 (by Lemma 29.4, iii) )

_ 9.2 2wz 2(m—1)hw S wY 2 2
= §M e““Te m;E [e (Yoi — x) } w2(Tf, h)/h
< 9 M262w562(m—1)hw[E(epw?)]l/p[Z(E((YOi _ CL’i)Qq))l/q]

=1

x wa(Tf, h)/h°, (29.14)

\V]

by Hoélder’s inequality.

Therefore by (29.11)-(29.14) we get (29.9).

If w =0 we have Iy < Mwy(Tf, h), Is < Mwa(Tf, h) and I < 2M>m
x S 0% (Yoi)w2 (T f, h)/h* so (29.10) follows. ]
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29.4 Main Results

Here comes the first main result

Theorem 29.6. Let X = (Xoi,..., Xom) be an R7'-valued random vector
with F(X) = & = (1, ..., ®m) and there exists a 6 > 0 such that U%(4) < oco.
Then for any (Co) m-parameter operator semigroup satisfying (29.5), there holds
for all n > max(pw/d, 1/6?) that

IHET(X/n)}" f =T (@) [l

<2Mws (T f,1/v/n){e” exp[ﬁq’}w)] (29.15)

2npuw?

2 2
21/q Mm 9 3wz _2(m—1)w//n
+ 9 ez ¢ ° e?(nd — pw)?

exp|(

2ne®?

_ U
TV ENE

where p, ¢ > 1, 1/p+1/q =1 is an arbitrary conjugate pair.
When w =10

x ()1},

IHEIT(X/m)]}" f = T(@) Il < 2Mwa(Tf, —=)[1 + mMZ (Xor)]. (29.16)

\/_

Note. All the right hand sides of (29.15) and (29.16) are finite.
Proof of Theorem 29.6: Let Xj, be a sequence of independent random vectors
identically distributed as X, and Y = % > w1 Xk, then

For u > 0 we get

Uy (u) = E(e:fzk 1Xk):(E(e%X))n

U s u?X? uy
< — n "
< (14 2EB(X) + B(G5e™)
u u? 2 2 —2p §X\\n
< Zr4 =
R T e m R C)
ux 27’L'LL2 *
<e eXp[ (n(s — u)g \I/X((S)]v

when u/n < 6.
Above we made use of the inequalities (see also Pfeifer[244, p.275])

ree” < (——)% " (whenn < 8, r >0, a > 0) (29.17)
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and

(14+7)" <em. (29.18)

So when n > pw/d > w/$é,

% z 2nw?
wY < % *
E(e ) e eXp{eQ(n(S_w)Q\I/X(é)}

and

2 2
pwY\11/p < PWET 2np w * 1/p
B < o el o))

w 2npuw?

e
= e“" exp|

Observe that for Y = (You, ..., Yom) we obtain

B((Yor — :)") = B((- 3 Xui — 2:)*)

29 \2q -2 VRl L SRy Xpi—w
< (=5)"e MME(eV"n Zr=1 TkiTT) By (29.17))
=&
< (2_q)2qe*2q[E(eﬁ ZE:NXM—%‘)) +E(eﬁ ZE:N%-XM))]

NG

2 1 X —zs
< (FR)Me 12 explB(5 (Xoy — i) e v o)

NG

(by Taylor’s expansion and (29.18))

)2672E(le6‘x(h’7wi‘)]

< (2—q)2q672q2 exp|( 3

2
T on §—1/y/n
(by (29.17) when 1/y/n < §)
2n

CNCEDE

< (2L 21209 exp

~ WV

e 2 W% (8)], 1<i<m.
Hence we proved that

2
[B(Yoi — o))/t < 2L c~291/a “2e5Ty (5)].

ex [27ne
PlaGvn—1)?
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Now apply Lemma 29.5 and take h = 1/y/n :

IHET(X/m)}" f =T (@) fl = | E[T(Y)]f — T(x)f]|

<M (T 1 VRN 26 expl o 05 5)

9 2wz 2(m—1)% wz 2npw2 *
+ §mMe e vn e GXP[W\PX((S)]
4(]2 —251/q 2n —2 0@ \3,%
X mTe 2 exp[me e \I/)’((S)]n}
2nw? .

=2Mws(Tf,1/v/n){e” exp[m‘l’i{((s)]

2 2 2
z _ 2npw
21/q9Mm 9 3wz _2(m—1)w//n
+ e? e ° expl( e?(nd — pw)?
2ned®
— UL (9]}
+ e2q(6y/m — 1) xO)}

When w = 0, noting that o(Yp;) = 0?(Xo:)/n by (29.10), we get (29.16).
A ramification of Theorem 29.6 follows
Theorem 29.7. Let N be a Z-valued random variable with E(N) =

453

n n>

0, and let Y = (Yo1, ..., Yom) be an R7'-valued random vector independent of N

with E(Y) =~ = (71, ., Ym ). Suppose that there exists § > 0 such that
Then when n > max(pw/§, 1/6%) there holds

I{EN[ETY /)" f = TO) S

R e

2

2 2
21/119Mm 9 3wny 2(m—1)w//n
* 2 © ¢ expl( e?(nd — pw)?

2ned .

+ W‘I’N(‘I’X@))]}»

where p, ¢ > 1, 1/p+1/qg = 1 is an arbitrary conjugate pair.
If w = 0, there holds

N[BT /n)]}"f =TSl

< 2Muwn(Tf,1/v/n){1 + gmMZ[UUQ(YOi) + 0} (N)i]}

i=1

(29.19)

(29.20)
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Proof. Consider Yi - Y, which are also independent of N. In Theorem 29.6,
take X = ch\;l Y% (as usual, an empty sum equals 0), then

Also

By X = (X01, ...,Xom) we get
N oo 1
o?(Xo:) = 02(2 Yii) =Y P(N =0D)E(()_ Yi)®) =0y}
= 1=0 k=1

=Y P(N =D(EYs) + 11— 1)) —n’y}

1=0

=no?(Yoi) + 0> (N)+7.

Then (29.19), (29.20) follow by (29.15). (29.16). [ ]
An application of Lemma 29.5 comes next

Theorem 29.8. For each positive real number r, let N, be a Z,-valued
random variable with E(N,) = 77, where n € R4 is fixed. Let X be a RI-
valued random vector with E(X) =~ = (71, ..., Ym), independent of N,.. Assume
that there exists a § > 0 such that ¥% () < oo and further there are p > 1, ¢ > 1
with 1/p 4+ 1/q = 1 such that

lim sup Uy, (\I/}((&)) =dy < o0, (29.21)
T—00 T
1
lim_sup 7{E[(~N- ) =dy < 00 (29.22)

and

lim sup ¥ ( 2 e TU%(8)) = ds < . (29.23)

T—00 62(\/7_'(5— 1)2
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Then for 7 > 1/6% there holds

N, (E(T(X/TDS =T/l
<Muws(Tf, 1/v/7){2d: (29.24)

_ B 2 i
+ 9 M 2@ 2(m l)w/ﬁdi/p[mQI/q(?q)Qdé/q +do Z ,%2]}
i=1

If w =0, then

[V, (BE[T(X/TNf =T

< 2Mws(Tf, 1/v/7){1 + %mMZ[no‘Q(XOi) + ’Y?%O’Q(NT)]}. (29.25)

i=1

Proof. Let the random vectors Xj i x , which are also independent of N-.
Consider Y, = %Efj;l Xk, where Y; = (Yo1, ..., Yom), then apply Lemma 29.5

with h = 1/4/7. We derive

!

=0 k=1
B(Y) =Y PN, = D)2 B(Y. Xi) = 2 BN B(X) =,
=0 k=1
B(e”™) < Be) = Un, (W(P)) < dy

Furthermore,

B((Yoi —17:)°9)) "

N.
1 1 1
= {B((Z > Xui = —Neyi + —Noyi =)}/
k=1

1

< AB(E S (X~ ]+ BN, — e
k=1

= 2[1 + 2]2
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We notice that

N,

1 = Bl (0 = 20)"
< (ZLysem el oy (20.07)
< (%)QQ{E[e% szgl(xki—m] + Elevr Z{L’lm—xko]}
< (P UB(B ) BN
< (S B + =X =30 + 5 (Ko = 5020
+ BI(E(1 + =3 = Xo) + 3 (Xor = 70)%F7 077002y
< 2( ) B{(explE(Xor — 7% ¥ Ny (2 <)
<2 Bl(expl(g ) e B ) )
< AL B (el e e YR G )
< 2(;—‘15)2%-

So that
I < 21/qu§/q
and
I = (BN, = n)*)"/" < 2o/

Therefore by Lemma 29.5, inequality (29.9), for Y = Y; and h = 1/4/7, we obtain

1N, [E(T(X/)]f =TSl
<Muws(Tf, 1/v/7){2d1 + gmMeM%%m*W/ VTP

= 1/q 4(]2 1/q ’722
X2 2 (5ds'") +da17}
=1

=Muws(Tf, 1v/7){2dy + 9ImM e 2m=Dw/VT /e

« [m21/q(2—eq)2d;,/q +do 2%2]}
i=1
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If w = 0, we apply Lemma 29.5, inequality (29.10). Observe that

N~ o l
P (¥o) = 0% (2 3 Xei) = =5 30 P(N- = DE((Y Xui)?) — 1’
k=1 =0 k=1
= 52 PN, = DUB(XE) + 11— 1)2) - o
1=0
= SE(NDE(XE) + = (BN2 = S (B(N)E = e’

Lo (Xon) 4 42 Lo
= 2o (Xor) + 4220 (V)]

By (29.10), when h = 14/7, we obtain (29.25).

Another generalization of Theorem 29.6 is presented next. [ |

Theorem 29.9. Let n = (Ny,...,Nm) be a Z_,_ -valued random vector with
E(N)=n= (m,...;nm). For each i (1 < i < m), let {Yii)72, be a sequence of
i.i.d. real-valued random variables distributed as Y a fixed random variable with
E(Y) =~. N and Yi; are assumed to be independent. Also suppose that there
exists a § > 0 such that

W (T3 (8)) < oo,
Then for n > max(pw/d,1/§?) there holds

Ny Nm

(S i 3 Wiy~ amys (20.26)
k=1 km=1

< OMn(TF, 1/ (e expl 22w (w3 (8))] + 2790 oL

e?(nd —w)? e?

2npw? 2ne7

expl( e?(nd —pw)? = e2q(dy/n —1)2

3“’77762("1—1)“)/\/H

U x (Ty (9))]},

X e

where p, ¢ > 1, 1/p+1/q =1 is an arbitrary conjugate pair.
If w = 0, there holds

Ny 1 Nm 1
T(Z EYklh..., Z ngmm)]}"f*T(W)f

k1=1 km=1
9 m
< 2Mws(Tf,1/v/n){1 + ZmMZ[mUQ(Y) + (N} (29.27)
i=1
Proof. In Theorem 29.6, take X := (ZkN11:1 Yk117‘-~7ZkN,:L1 Yi,.m) and let

Xp "% X then

N1 Nm
= (B> Yiulw ELY Yipm)) = (ENiEY, .., ENy EY) =
k1=1 km=1
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We derive

Il
g
Q
i
5‘1
&
]
E
7
+
+
™
5"
[
=
3
3

Uk (%)

. lm))E(eézE:l RPN D D Ykmm)

o
Mz
hu

lm

i i
=3 3 PN = (e L) B Zra=1 Y10 (8 Eimr Yiomm)

tnqs

> PN = (I, b)) (B (B ()™

11=0 Im=0

= i Z PN = (L1, ooy L)) (B(2Y )1+ Fm

11=0 szo
= BB )N
w35 0)

Then (29.26) is implied by (29.15).
If w = 0 we see that

*(Xoi) =a° ZY;H ni0*(Y) + o (N;)y°.
k=1

similarly established as the fact at the end of the proof of Theorem 29.7. Then
(29.27) is implied by (29.16). ]

29.5 Further Results: Multiplier Enlargement
Formulae

In this section we modify the formulae obtained in the previous section by so-
called multiplier enlargement method (see [154]) initiated by Hsu-Wang [190],
[278] in 60’s and also used by Shaw [260], [261] in the representation of operator
semigroups. The modified representation formulae have a larger of applications
and when we specify the random vectors (variables) considered, the representa-
tion formulae for m-parameter operator semigroups of Shaw [261] are reobtained.
For simplicity we only consider equibounded operator semigroups i.e.

IT@)| < M, all t € R

Here we only need to give two versions related to Theorems 29.6 and 29.9. Others
can be similarly obtained.
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Theorem 29.10. Assume ||T'(¢)|| < M, all t € R, and a, is a sequence of
positive real numbers with lim, . inf a;, > 0. For each n € N let X (n) be a R}~
valued random vector with E[X (n)] = x/ay. Assume lim,— o sup a,o? (X (n)) <
o0, ¢ = 1,...,m. Then there holds

[{ErEEx @)y f - T(@)f|
< 2Muwy (T, (om/n)"*)(1 + %mMan Z ol (X (n))]. (29.28)

i=1

Proof. For each fixed n, let X BSe X(n), k=1,...,n, and consider

1 n
Y = - kzﬂanXk‘

Then
E(Y)= E(% Z anXk) = anE(X(n)) = anz/an =
k=1
and
BIT(V))f = BIT( S anXu)lf = (B2 X))} .
k=1

Furthermore

ot (Y) =0l (=Y anXi) = —5noi(X(n)) = % (X (n))
Now take h = (s /n)*/2, then by (29.10), we get (29.28). ]

Theorem 29.11. Let o, be a sequence of positive real numbers, satisfying

lim an/n=0and lim infa, > 0.

n— oo n—oo

For each n € N, let N(n) := (N1(n), ..., Nm(n)) be a Z{"-valued random vector
with E(N(n)) = (1/an)i = (1/n) (11, 7m) and

lim sup 07 (N(n)) < oo, all i =1,...,m.
n—oo

For each i (1 < i < m), {Yri(n)}32, is a sequence of i.i.d. random variables,
distributed as Y'(n), where Y (n) is a fixed real-valued random variable for each
n € N and E(Y(n)) = any. Assume that Yo;(n) (i = 1,...,m), N(n) are alto-
gether independent. Suppose also that

lim supo®(Y(n))/a; < oco.

n—

Consider the equibounded operator semigroup {7T'(t);t € R} with

IT)| < M, all t € R
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Then there holds

Ni(n) N (n)
BITCY. Yia()os Yo Vi)Y' 7~ Tm)f (20.29)
k=1 k=1

n

< 2Muwn(T f, (an /n)'*){1 + %mMZ[:—;UQ(Y(ﬂ)) +5 anoy (N(n))]}-

Proof. We want to apply Lemma 29.5. Let

B Ni(n) N (n)
X KX = () Yia(n) e D Yem(n)
Ki=1 km=1
and
1 n
Y=— kZZI Xy
Then
Ni(n) N (n)
E(Y)=E(X)=(E(Y_ Yi,1(n),.. E( > Yi,m(n)))
k=1 k=1
= (ainman% a—lnnmanv) = (MY1, -0 M0Y) = V-
And
Ni(m) Nm(m) 4
E[T(Y)|f ={E[T( EYkll(n),--w > ;Ykmm(n))]}"f.
k=1 km=1
Furthermore
) ) 1 n 1 ) N;(n)
a(Y)=o( > X) = oo ( > Yia(n)
k=1 k=1
= %[E(Nz(n))az(Ym(n)) +0%(Ni(n))(E(Yoi(n)))?]
= S mo (Y () + o (Vi)
Choose
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then by (29.10) of Lemma 29.5 we obtain

N; (n) Ny (n) 1
(Y enm Y Sy - TOms
ki=1 km=1

S2Ma(T, o) )1+ 203 Lo (Yos()

+ 0% (Ni(n)ann]}

<2Mws (T'f, (o /n)/2){1 + mMZ 77—2 (Y (n))

+ 7 anol (N (n))]}-

29.6 Applications

In this section we specify the random vectors (variables) and «, of Theorems
29.6-29.11 to derive some concrete representation formulae for (Cy) m-parameter
operator semigroups. We also illustrate how to get the results on multivariate
approximation operators from the corresponding ones on operator semigroups.
Unless otherwise mentioned all (Cy) m-parameter operator semigroups considered
satisfy (29.5).

Example 29.12. Take X = (Xo1, ..., Xom) that follows the multi-point dis-
tribution EX =z = (21,..., Tm) :

P(X = ei) =X; (ei = (O, ceey 1, ceey O))

and
P(X=0)=1-%, where0< 2 <1 (Z=z1+ ... + Tm).

Then
V(0 =E(E*)=P(X =0)+P(X =1)e’ =1 -z + e’ < 0.

Furthermore we have

E[T (X/n]_1+zm, (1/n) —1).

=1

Hence by Theorem 29.6 there is a constant K = K(w, M, x, 0, m) such that

(I+ le (1/n) —I)"f — T(;c)fH

< ng(Tf, 1/v/n) =0 (n— o). (29.30)
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From the above result on operator semigroups we are able recover the approxi-
mation theorem for multivariate Bernstein operators as follows. Choose

X := BUC(R™)

:={f; f is a bounded uniformly continuous function from R™ into R}

and define
T f(x):= flx+1t) = flxr +t1, . Tm +tm)

for each f € X and x € R™, then {T'(¢);t € R} is a (Co) m-parameter operator
semigroup in £(X).
Now let £ =0, t = (t1,....,tm), 0<t <1, 0<t; <1, i=1,...,m. Then

{I+th (1/n) — 113" £(0)

n!

= k km
> Ja/ns sk /) Kilo o (n— k1 — . — ko)
keZ’" k<n
x M gk (1 — pnF
=Bl(t1, ..., tm),

where B{(t1,...,tm) is m-variate Bernstein operator over a simplex (cf. [216]). So
by (29.30), we derive that

lim Bf(t1,...,tm) = T(t)f(0) = f(t1,..., tm), uniformly.

n— oo

Remark 29.13. The fact that the approximation theorem for Bernstein op-
erator can be derived from simple operator semigroup consideration has been
observed by many authors, see, e.g., [122, p.28], [207] and [244]. When consider
other representation formulae for m-parameter operator semigroups in the follow-
ing examples we may derive other known convergence theorems for multivariate
approximation operators, but we avoid to go into detail here.

Example 29.14. Let a, be a sequence of positive real numbers with lim,,—cc
inf a,, >0 and limy,— 0 @ /n=0. For each n € N take X (n) = (Xo1 (n), ..., Xom(n))
to be modified multi-point distribution:

P(X(n):e)—m,/ozn, 1<i<m,
P(X(n)=0)=1—-T/an, (0<Z/an <1and z; >0).
Then
E[X(n)] = —, (& = (1, 2m))

(677)
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and
o(X(n)) = E(X2(n)) — (B(Xi(n)))? = = - L&

an a2

For equibounded (Cp) m-parameter operator semigroup {7T'(t); t € R} with
IT@)| < M, all t € R, we have

Mﬂ%w<m=ﬂmmmm=m+§¥ﬁ%mmxw—a>
=1+ Zm; z—i(n(%) — 1.
Thus by Theorem 29.10, we de;ive
{I+§2§gax%wfn¢fT@ﬁ‘
< 2Mws(TF, (an/n)Y?)[1 + %mMan i(z—n - %)] (29.31)
— 2Mus (T, (an/m)?)[1+ %mMi(@- - g)] 0 (n— o).

=1

Remark 29.15. (29.30) is the special case of (29.31) when a, = 1, but
(29.30) is true for arbitrary (Co) m-parameter operator semigroup.

Inequalities (29.31) and the following (29.32)-(29.34) are Shaw’s formulae
[260], [261] supplied with rates of convergence.

Example 29.16. Assume a,, as in Example 29.14. For each n, (X (n) := (Xo1
(n), ..., Xom(n)) follows the negative multi-point distribution:

P(X(n)=(ki,....km)) = (Z) 1+ a_lnj)—l H(anxj_f)kl

for all k = (k1,....km) € ZI" = {(n1,....,nm), ni € Z4, 1 < ¢ < m}, where

z = (x1,...zm) € RY, fixed; and

n) _ nn-1)..n—k+1)
k] kil .km! '

Then 1
: = Kk;) = — )1
P(Xor(n) = ) = (14 )~ (2

T; k;

’

(see [159, p.165 (8.4)])

T;
Qpn + T

E(Xoi(n)) = ) ki(1+ a—iwi)_l( ) =zifan

k;=0
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and
2 T Ti
2(X(n)) = 2 4 2
X)) = I+
For equibounded (Co) m-parameter operator semigroup {T'(t); ¢ € RT} with
IT@)| < M, all t € R, we have

Br(% X ()]
- - [77% ];. 1 1 m
:kgo.‘. Z T(?(kfl,...,k‘m))<k> (1+ax)

K =0 i
= Z Z <Z>(1+if)—1 H(xiTi(an{n))ki

. Qan +
i=1

z1Ti(an/n) + ... + 2T (an /1)

=1+ —z) I - P I
={I+—z- j—in(an/m —e Z—’:Tmmn/n)}*

By Theorem 29.10 we get

=3 o @on/m) =D} ~ TG )fH

m 2

< 2Mws(Tf, (o /n)"/?)[1 + %mMan Z(—n + a—)] (29.32)
— OMuws(TF, (an/n)/?)[1 + %mMZ(mi + 2] =0 (n— o).

i=1
Example 29.17. In Theorem 29.11 take N(n) that follows the multi-point
distribution:

P(N(m) = ) = zifan 1<i <m,
P(N(n) =0)=1- .T?/Ocn, where x = (551, ---737m) c RT> fixed.

Here «,, is as in Example 29.14. Let Ypi(n), 1 < i < m, be exponentially dis-
tributed with density ﬁeﬂ’/o‘", v € R4+. Then

Qn Qn Qn
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Also
E[Tl(%Ym(n))] = A Ti(U/n)aine_U/a"d’U = (I — O;L—nAi)_l
(cf.[188, p.360] and [261, p.226, -3 lines]).
Furthermore we derive
Nl(n) Nm(”)
Z =Yk, (n Z Ykmm
k1=1 wL*l
=T(0)P(N +ZE n))|P(N(n) = e;)
:1+; an[(If Sy )

465

By (29.29) of Theorem 29.11 for equibounded (Cy) m-parameter operator semi-

group {7T'(t);t € R} with ||T(t)|| < M, all t € R, we obtain

(43 ool = 22407 =1y = )fH

< 2Mws (T, (om/n)*){1 + ZmMZ {—nan +an <§—n - m—Q)}} (29.33)

on

— 9Muws (T, (an/n)l/Q)[lJr%mMZ(Qxifx?/an)] S0 (n— o0).

1=1

Example 29.18. Take «,, Yoi(n) as in Example 29.17. Let N(n) be the

negative multi-point distribution:

P(N(n) = (l1,...,lm)) = <§> 1+ %j)*l H( T )li’

for all i = (l1,...,lm) € Z*, where z = (21, ..., Zm) € RT, fixed. Then

BN () = 7 = (=1, ), EY()) =,
o?(Ni(n)) = 2; + o and 0”(Yoi(n)) = oy,
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Furthermore we notice that

Nl(”) Nm(”)
Z Ykll Z Ykmm
k1=1 k'm.*l
=Y P(N(n) = Z ~Yi(n Z ~Yiopm(n
lezy P b=t
B 1 1 ., i l'zE[Tl(Y/n)] l;
> <l)(1+omm) =)
lezm =1

={I+ —:JcI Z T;(Y/n)} !
=+ —m[ Z ;C— (I— O;L—"Ai)*l}*l

—{I- Z -2 A) T -1y

i=1 "

Thus by (29.29) of Theorem 29.11, for equibounded (Cy) m-parameter operator
semigroups {T'(t); t € RT} with ||T'(¢)|| < M, all t € R, there holds

{1 - Z L - %Ai)’l -1}y "f - T(ff)fH

m 2
1/2 9 Z Ti 2 T L
2

= 2Mws (T, (an/n)l/Z)[lJr mMZ 2m,+—)] -0 (n— o).

i=1

Example 29.19. Take N to be the non-negative integer-valued random vari-
able that follows the geometric distribution over Zy :

1
P(N=k)= T+ — 1 Zn) , for all k € Z;, where n > 0 is a parameter.

Let also Y = (.'13'1, 7$m) S RT Then
E(N) =n>0, EY = (Ctl, ,.Tm) =x.

Furthermore,

W (5 (6)) = Bt tomNy - .

1 +n— ed(wi+.. +£C-m)77 < 0,
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for § < 2 In(1+1/n).
So by Theorem 29.7, there is a constant K = K(M,w,d,n,x) such that for
sufficiently large n
YN (E[TY/n)D)}"f = T(nz) £l
| {I+nll = T(z1/n,...;xm/n)]} " f = T(nz) f|| (29.35)
< Kwa(Tf, 1v/n) — 0 (n — o).

Example 29.20. In Theorem 29.8, take p = ¢ = 2, and N, to be the Poisson
process (T € Ry) :

k
P(N, =k) = e’”%, for all k € ZI", where n > 0 is a parameter.

Consider X = (z1,...,xm) =« € RT. Then
E(N,) =n7, Un_(s)=e" D7 and U%(§) = e°® < 0o
Furthermore note that
v 2w 2w -

dy = lim sup ¥y, (P%(—=)) = lim supexp[(e™ " — 1)n7]
T—00 T T—00

2 2w =
< lim sup exp[nT—wice =¥ < oo,
T—00 T

: ) 1 4111/2 . y 772 7 \1/2
do = Tan;o 5up7‘{E[(;NT -’} = Tlirglo 5up7’(3§ + ﬁ) < 00
and
dsz = lim sup Ux (#eéiqﬂ (4))
T B T ER
= Tli—>H010 sup exp{(exp[me%i] —1)nr}
2 = 2 _
20w 2’;x]m'} < o0.

S TILY{:O sup eXp{me exp[me
So by (29.24) of Theorem 29.8 there exists a constant K = K (8, M,w, d1,d2,ds)
such that for sufficiently large n we have
1@~ (E(T(X/7))f = T(nz)fl
= |lexp[nT(T'(x1/7, ., ®xm /7)) = D)|f = T(nz) f|| (29.36)
< Kws(Tf, 13/7) =0 (1 — 00).
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Simultaneous Approximation Using
the Feller Probabilistic Operator

In this chapter a quantitative estimate for the simultaneous approximation of
a function and its derivatives by the Feller probabilistic operator is given using
probabilistic approach. This covers the cases of some classical approximation
operators such as the Bernstein, Szisz, Baskakov and Gamma operator. This
chapter relies on [91].

30.1 Basics

For a sequence of i.i.d. non-negative r.v.’s X1, Xo, ..., with E[X1] = z, the Feller
operator (cf. [158, p.218],) is defined by

Rt =B |15 = [T rwarcs, <o, (30.1)

where S, = 2?21 X, P (%Sn < t) is the distribution function of %Sn and f is
a continuous function.

The Feller operator F;, contains some well-known classical operators such as
Bernstein, Szasz, Baskakov and Gamma operator as special cases, and has been
studied by many authors about various approximation properties (see, e.g. [182],
[204], [205], [272], [285], and their citations.)

The purpose here is to investigate the simultaneous approximation of a
function and its derivatives by the Feller operator. A quantitative estimate
is obtained by using probabilistic methods. The general setting allows us

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 469
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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to prove results similar to already known ones for the above mentioned specific
classical operators, as well as to produce another different related result. This is
demonstrated in the last Section 30.4.

30.2 The Main Result

Let (2, F, P) be a probability space and X (x) be a stochastic process defined
on (,F,P) with E[X(z)] = # > 0. The variance and the moment generating
function of X (z) will be denoted by ¢*(z) := E[(X(z) — z)?] and Uk () (t) =
Elexp(tX (z))], respectively. For each fixed z, let X, = Xn(z), n = 1,2,..,,
be a sequence of independent r.v.’s identically distributed as X (z). Define the
corresponding Feller operator Fy,(f,z) as in (30.1). Denote by Z4+ the set of all
non-negative integers, D := a% and wa(f,d) the first modulus of continuity of
function f in the interval [0, A]:

wa(f,6) :=sup{[f(uv) = f(v)]; w,v€[0,A], |u—v| <5}

The main result follows.
Theorem 30.1. Let » € Z; and A > 0 be fixed. Suppose for each fixed t that

P(X(z)>t) e C"((0, A)) (30.2)
and there exist two positive constants M and « such that
‘DkP(X(ac) > t)‘ < Me o (30.3)

uniformly for all 0 < k <rand 0 < z < A.
Suppose further that f € C"([0,00)) and

‘f(k)(t)‘ <KL 0<k<r (30.4)

for some constants 3 and K > 0.
Then for each « € (0, A) there holds for large n that

2M" ()

D' Fu(f, @) = £ @) £ == (1 + o(@)wa(/", =)

L
b \/ﬁ
r—1
+{rlKe” N kMk(g)k“ + #K@‘}A + 1}l

(0% n
k=1

(30.5)

Comment. By assumption (30.3) it is easy to see that ¥, (a/2) < oo and
consequently o(z) < co. So the Lh.s of (30.5) is finite and tends to 0 as n — oo.
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30.3 Proof of Theorem 30.1

To prove the Theorem 30.1 we need the following two lemmas.
Lemma 30.2. Under the hypotheses of Theorem 30.1, there holds for large n
that

A5 e 2,
_ J/m‘_./“fm(twr At ta rkH I, dPCG () <)),
k=0 0 o =

(30.6)
where (n)g := n...(n — k + 1) and ari = ark(z,t1, ..., tk, X1, ..., Xx)’s satisfy the
recurrence relation

Arlg = Darka + arflykleP(Xk (.Z‘) > tk), (7“ > O) (307)

with initial condition ago = 1 and the conventions axo = 0 for k > 0 and ag,—1 =
ak,k+1 =0 for k > 0.
Furthermore we have,

> *° k 1, if k =
/O /0 arkHizldti_{ 0, if 0 < k < (30.8)
————
k
and (t1+...+tr)
MTe— (1t ) k =
Iark|<{ PIMFe—otittt) 0 o k< g (30.9)

Proof. Consider the general function a(y) = a(y,t1,...,tx) satisfying a(y) €
C*((0, A)) and

‘Dia(y)} < Mem ottt i) (30.10)
for i =0, 1 and for all y € (0, A). If kK < r put

:/O /O f(k>(W)a(y)Hf:1dtiH::kﬂdp(xj(y)Stj)
—_—
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then

DI(z) = lim
y—z Yy —

(I(y) — I())

. o0 o0 eyttt tn a(y) — a(zx) k T ) ]
_Jimz/o /0 7 n ) y—zx Hizl dti Hj=k+1 dP(X;(y) < 1)
—_———

R T et L e koo
+;Ln§y7x/o / OB T dn
ﬁf—/

< [T, P <) ~TT", ., dP(X;(2) < 1))]

j=k+1 j=k+1
=:D1 + D». (30'11)

We see that when n > %

YDa(z)| < Kenttttn) pro™ (et

(t14 o Htg) L (tgprtttn)
< MKe 2" kg2 \rhtl "

. oe gttt S (b tottn) TT 1" () < 1
;Er;/o /O e e H¢:1 dt; Hj:k+1 dP(X;(y) < tj)
—_———

2 k * O\ \n—k
= (5w z
by Lebesgue convergence theorem and using the condition (30.3).
New Proposition 11.18 of [258, p.270] implies that

_ [T [Tmit et a1 . .
Dy _/O /O PO pa) T an TT, 4P () < 1)
ﬁf—/

n

(30.12)

Note 30.3. We encounter several integral operations such as changing integral

with limit or changing integration orders. The conditions (30.2)-(30.4) and the

exponential bounds of the integral functions will guarantee the validity of those

operations, which can be taken care of similar to the above we will not go into
further details each time.
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Back to (30.11) we get

(k)t1+ -t in k ,
e st L

j= k+1

v=j+1 -

J—1 n
_HH kHdP X, )<tu)HV L AP(X, () gty)}
Z lim / /
= k+1y_’33y—[ll'

X/ f(k>(W)d[P(Xj(y) < ;) = P(X;(x) < )]

% [Hi:k+1 dP(Xu(y) < ty) Hn dP(X,(z) <t,)

k j—1 n
X Hi:1 dt; Hu:m dP(X,.(y) < ty) Hyzj+1 dP(X,(z) <t,). (30.13)
Notice that

/0 T e () < 1)~ P(Xy() < 1)

:/O FOEEE I g p(X () > 1) + P(X;(2) > 1)
") =P(X;(y) > tj) + P(X;(x) > t;)] tj =00

n /0‘” %f<k+1)(w)[p(xj(y) > t;) — P(X;(z) > t;)]dt;

n

= [ R EEEE P () > ) - POG () > 1)

(30.14)
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Using (30.14) in (30.13) we obtain

Dy = lim — bt +t") (z)
Sl
o PG W) > t) = P(XG() > tj)]dtj
y —x

n

) Hf 1 Hu k+1 Xu(y) < tn) H,J,jJrl dP(Xy(z) < tv)
Z / / pODE )y DX () > 1) dty H; dt

j=k+1

8 Hu e @ (w) <t )Hj:j+1 dP(Xy(z) < )
:n; / / f(k“)(W)a(iE)DP(XkH(x) > ter)

k+1 n
x l—L.:1 dat; [T dP(X;(x) <ty), (30.15)

j=k+2

the last step being true due to the fact that X;’s are identically distributed.
Combining (30.11), (30.12) and (30.15) we derive

o e t14+ ... +tn k n
D/O /0 FOEEEE G [T a ], PG < 1)
——————

*~ * 14 ...+ tn k n
:/O /0 1O EFEE D@ [T an [T, 4P (@) <)
—_———

—k [ e t1+ ... +tn
n / / plern Bt Ty D P (X (2) > teg)
n 0 0 n

k+1 n
<[, a1l dP(Xi() <t)). (30.16)

Now we are ready to start the proof of (30.6). It is easy to prove that

B3 = [T [T B [T ap(e) < 1),
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In (30.16) take k = 0, a(z) = aoo = 1 we obtain

[
S~

°° <t ot tn n
o [ DR @) > nin [T 4P (@) < 1),
0 n Jj=2
—_———
So (30.6) (with (30.7)) is true for r =0, 1.
Assume (30.6) is true for r — 1, i.e.

r—1 Sn(x)
DBl ()

r—1
o (TL [ > (k) ti1+...+tn k , n ] ]
_;—nk i /0 fOE—— )ar_l,kHizldtlnj:kﬂdP(X](:p)gt]).

Substitute a(z) in (30.16) for each a,_1,; we obtain

DTE[f(Snéx))] (30.17)
r—1
S e [T [Tttt a1 . ,
_kzo = /0 /0 I n )Dar—1 Hi:l dt; Hj:k-H dP(X;(z) < t)

r—1
ngn—=~k [ o t14 ... +in
+ () / / fk+1)(1f)ar71,kDP(Xk+l(x) > trt1)
k=0 0 o

n

k+1 n
<[], dt H]_:k+2 dP(X;(z) < t;)

:Z (n)k/ooo .‘./Ooof(k)(W)[Darq,k + ar—1,k—1DP(Xi(z) > ti)]

nk
k=0

K n
<1, dt: Hj:k+1 dP(X;(z) < t;)

and (30.6) follows for 7.
To prove (30.8) we need the following facts. Because

x:/ooth(X(x) gt):/ootd(—P(X(ac) > 1),

integration by parts yields

z= /Oo P(X(z) > t)dt.
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Thus -
1= / DP(X(z) > t)dt (30.18)
0
and -
0= / D'P(X(z) > t)dt for 2 <i <r. (30.19)
0

By introductio_n on r it is not difﬁ_cult to show that a,; is the sum of the terms
of the form D“P(X1(£E) > t1).‘.leP(Xk(CE) > tk) with 21 + ...+, =7 > 0. If
k < r then at least one of i; ’s is greater than 1, so by (30.19)

k

/0o /OOD“P(Xl(m) > t1).. D% P(Xg(x) > tx) [[ dts

i=1

k
k Rl
=11 ) / DY P(X;(z) > t;)dt; = 0. (30.20)
I=4Jo
If £ = r we notice that

QArr = Darfl,'r + arfl,rleP(Xr(x) > tr) = arfl,rleP(Xr(m) > t'r) =
= DP(X1(z) > t1) - DP(X,(z) > t,) (30.21)

and so

/O /O arrHizldti :Hizl/o DP(Xi(x) > t;)dt; = 1 (30.22)
N————

by (30.19). Now (30.20) and (30.22) prove (30.8).

Finally we come to (30.9). Denote d,; the number of terms of the form
D“P(Xl(x) > t).‘.(Di’ﬂP(Xk(ac) > t) in arr when a,; is decomposed as the
sum of such terms.

Let

dr = max{dyx; 0 <k <r},

then Da,_1 counts at most kd,—1 < (r — 1)d,—1 such terms, and a,_1,x—1DP
(Xk(z) > tx) gives no more than d,_; terms. By (30.7) we find that

dr S (T - 1)d7‘—1 +dr—1 = Tdr—l‘

Note that di = 1 we get
dr <l (30.23)

Moreover by condition (30.2) of Theorem 30.1
DU P(X:(x) > t1)..D* P(Xy(z) > t),)| < MFeotrtFte),

Together we have for k < r that

|ark| < T!Mk:e—a(tl-&-m-&-tk)
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and by (30.21) |ar| < MTe~*t1F+t) “therefore (30.9) holds. QED. m
Lemma 30.4. Under the hypotheses of Theorem 30.1, there holds for large n
that

< (14 o@)walf, =) + 2K (pa(@))",  (30.24)

)] = f(z) N

where (pA(ﬂU))Q = infiso E[et(X(z)*A)] < 1.
Proof. We get

Sn ()

n

213 - o)

A oo
< [ 150 - @I PGS @ <0+ [ 170 - @] AP S.@) < b
0 A
— Ruvt B (30.25)

A
Ry S/O wa(f, [t —x\)dP(%Sn(:r) <t)

<walfi92) [0+ Vil = ahdPS.a@) < 1
<walh Z) 1+ VAE((Sa(@) - 7))
= (1+o(@)alf, =) (30.26)

NG

and

Ry 52}(/ Srap(Lsue) < 1
A n

< 2K(Ble ™ SO A (P(

n

Sn(z) > A2,
Furthermore, Theorem 1 of [132] (see also [205, Lemma 3]) leads to

P(=5,(2) 2 4) < (pa(@))™",

where pa(z) is as in (30.24). At the same time Theorem 3.1 of [244] implies that

2(20)* U (4 (@/2)
e*n((a/2) = 26/n)?

Note here ¥% ) (a/2) < oo due to (30.2), and thus when

28
E[eTSn(i)] < GZBI exp{

b (n>4B/a). (30.27)
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n > max{64ﬁ\ll}<z>(a/2)/62a2(A — ), 88/a} we have

Ele® 5n(®)] < 284, (30.28)
Hence there holds for large n that
Ro < 2KeP*(pa(x))™. (30.29)

Now (30.24) follows from (30.25), (30.26) and (30.29) ]
The proof of Theorem 30.1
In the case of » = 0 inequality (30.5) can be easily derived from Lemma 30.4.
We thus suppose r > 1 in the following.
By (30.6) of Lemma 30.2 there hold

Sn(z)

n

) = (@)

‘DTFn(f, z) — f(T)(x)‘ = ‘DTE[f(

(n)T o o T t1 4+ ... +ln T n T
<O [T [T ot T a T, 4P (@) < 6) = 1)
—_———

n

r—1
Wi (5[ poey (Bt ot T _ _
+,§n_"/o [T T T PG @) < 1)

N———
n

(M) || 2
* ‘1 -S|l @)
=11 + I + Is. (3030)

First we treat

_ () | [ < bt n—r r _
L= s o +— are [T dts (30.31)
——
r+1

Xdp(ﬁsn_rm <t)— f(x)

30.8) (n), o < it n—T ) r _
2o (e /0 /O (OB 2T 0 @ag T d
———
r+1

de(ﬁSn_r(x) < 1)}
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(30.9) o0 | oyt ot n—r -
< / / ‘f‘ (= ——0) - [T
0 0 n n

M'refoz(t1+...+t,.) HT 1dt
i=

T
X dP(—Snfr(x) <t)
/ / [FOE+ 220 - @) (le)!M’“s*—le—“dS
XdP(—Sn r(z)<t), let t1+..+tr=sand t; =t; for i <r)
At (A—ain

-7

We obtain

+ oo o0 o0
/ / .+/ / =T+ Lo+ Lis.
(A;x)n atz Jo

T 1 1 r r—1 —as
111<wAf(>x/ / {1+>\Z+—+|t |)}WMS e

X dsdP(mSn_T(x) <t), x>0)

M" ra r

= a1+ Bl ) —af) + 5 4 5T
™) VR T 1
< rwalf f{1+m()+ﬁ+aﬁ},(x —)
< B o@)eatr. 22) (30.32)

for n > (2rz)? 4 (2r/a)? + 4r/3. Furthermore

2 éf-‘rﬁt Bx 1 r.r—1_—as 1
Iz < /0 ﬁA_m)n (e +e )(r— 1)!M s e dsdP(n_TSn_r(x) <t)

< (T_Q i M"KeP4 /A . s"le”2%ds, (n > 28/a). (30.33)

Using inequality (see (3.6) of [244])

4(r—1)

r—1_%s 0
- ) " e1® (s> 0)

Sr—l S (
it is straight forward to show that
L < Cpy,

where C' = 8M"KePA(4(r —1)/ea)" ™ Ja(r —1)! and p; = e *A~®/8 < 1. Thus
when n is large enough there holds

Iy < o (30.34)
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Also it holds

Bs 1 _ 1
Lis < 2Ke +Bt M"s" e *dsdP(——Sn_,(z) < t)
Ate - 1)! n—r

o oo 1
KM?“ -1 ——s Bt P . < 28
(T71)~ /0 o ds/me d (nfr () <t),  (n> a)

27 KM 28 5. _(x)\} 1 A+
< — n—ron—ri® n—r >
< T (Ele D2 (P(——Sn—r(x) > —

2r+1KMr .
< " (page ()",

O(T‘

when n is sufficiently large, which can be proved similarly as (30.29). Thus when
n is large enough there holds

1
I3 2— (30.35)
In summary we have for large n that
2M" - 1
I < v (1+ o(x))wA(f( ) %) + e (30.36)

Next we are going to estimate I>. By (30.9) of Lemma 30.2 we have for k < r
that
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k Mk
[t ]

X dsdP(—Sn_k(x) <t)

|
/ / Kefnthts (k;il) MFs* e D‘SdsdP(ﬁSn_k(x)gt)

(by mean value theorem and (30.4))

)

< %KM’“k:r!( e+l Blem— Sn—k(®)] <r'KeﬁAk:M’“(i)k+1%

when n > (328, (5 )/a?e?(A — ) + (48/) + r, similarly shown as (30.28).
Therefore when n large enough there holds

r—1
I <rlKeP Ny kM’“(%)k“ % (30.37)
k=1

Finally (cf. [208, p.27]),

o< T2 o) <70
Now (30.5) follows from (30.30) and (30.36)-(30.38).

(30.38)

30.4 Applications

When specifying the underlying r.v.’s, the Feller operator (30.1) collapses to
various concrete operators. We discuss four such operators in this section to
demonstrate the applications of the general results.

Example 30.5. (Bernstein operator) Let X (z) have the Bernoulli distribu-
tion:

P(X(z)=1) =z, P(X(z)=0)=1—-2 (0 <z < 1),

then (30.1) becomes the Bernstein operator:

n(f, @ :Zn:f <) (1—a)" "

O o+

=

2

&

V

N

I
—— —_——
o o B
-
IV IAN A
- ©

N

—_

\.H
IVIA A
~~
A
\.H
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and DIP(X(z) >t) =0 (§ > 2). By (30.6) of Lemma 30.2 we have

D'Bu(f, 2)— (@)

<

+

(’I’L)T 1 1 () t1+ ...+t
el [ [ oty
——

I TT, aPOse) < ) = 1) 1+ 2 -
(n)r 1 1
vl

r(r 1)

F0@)

fm(w) _ (x)‘ H;l dt; H::M dP(X;(z) < t;)

1)

///

R A +tr n—r
1 )

~17)

XHF dtidP(——Snr(x )<t)+r( D
w/ e

xHiZldtidP(mSnﬁ(x) <t + (r—1)
e

r(r—1)
2n

1O @)

t tr —
1+...+ +n T
n

/\

)

t—x

1O@)

i Su_r(z) — 2)2)"/?}

n-—r

(PO o+ I

+

7O@)
)rw o 1 r(l+x) \/ 1fx\/_
nr l(f 7\/—){1+ \/ﬁ \/m
(rfl) . 1
1@, <x—7>
=1+ VA=) + an)on (7,

/—\

<

+

rir—1)

)+ 2n

7 f(r)(x)‘y

r Aoy Werra) o
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Le.

r 1 -1 -
D'Bu(f, )= 1@ < (Ve = o+ (10, 22+ LD [0 @).
For the simultaneous approximation by the Bernstein operator B, see [174], [208]
and [222].

Example 30.6. (Szdsz operator) Let X (z) follow the Poisson distribution:

k
z®

P(X(@)=k) =" 7.

(k=0,1,2,..)

then (30.1) becomes the Szdsz operator:

Sulhy By = 3 f(E g
A n’ k"
k=0
Furthermore we derive
o k
= T
P(X(z)>t)=1-P(X(x)<t)=e " Y o
k=[t]+1

and DP(X(z) > t) = #xmeﬂ”. From now on ‘[ |’ will denote the integer part
function. So by Leibniz’s formula we get

k-1 1y
D*P(X(z) > t) = zMe™ Z <k R 1) %x_]‘,

=\ i )@

Now by Stirling’s formula we can find constants M and « > 0 such that (30.3)
holds.

Therefore by Theorem 30.1 we have
1

=)+ 1), (1= 00)

D"Sn(f, ) — f(z)| = O(wa(f, NG

for z and f in Theorem 30.1.

The simultaneous approximation of the Szdsz operator has been studied by
many authors. One can find related expositions in [6], [121], [209], and the papers
cited there.

Example 30.7. (Baskakov operator) Let X (z) have the geometric distribu-
tion:

1 x

k
=0,1,2,...
1+CE) ) (k 07 ) 4y )
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then (30.1) becomes the (special) Baskakov operator (cf. [205] or [285]):

We have for 0 < z < A that

(oo}

7=0
" [k T 1
< ([t k k [t]+1—3 k
< (1 + >;<j)<—1+x> (15
< 27‘([75] + T)T(H—A)[t] T‘, for all k S T.

Now it is clear that there exist M and « > 0 such that (30.3) holds. By Theorem
30.1, we have

D'BI(f, ) = f7@)| = 0walf?, )+ 2), (0 o0)

for z and f as in Theorem 30.1.

Note that the simultaneous approximation of general Baskakov operators has
been studied in [209].

Example 30.8. (Gamma operator) Let X (z) follow the exponential distribu-
tion with density:

1 —v/x

g(v,z) =2 "€ ,v>0 0<a<z<b< oo,

then (30.1) becomes the Gamma operator:

Gu(f, x) = _1/f Jo" eV " du.

P(X(z) > 1) = / Loty = ot
t
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and it is easy to show that for k < r there exist by; ’s such that

k
1 N _
5 (E bkjmjtk J) et
x

i=0

(r+ 1) max(|br;|; k < 7,7 < k)(max(b,1))"
(min(a, 1))2r

D*P(X(z) > t)‘ -

1
,Et.

< t'e

Thus we can find M and « > 0 satisfying (30.3) and by Theorem 30.1 there holds

1

D'Gul(f, @) = f7@)] = Owa(f7, —=) + %L (

n — o)

for x and f as in Theorem 30.1.



31

Global Smoothness Preservation and
Uniform Convergence of Singular
Integral Operators in the Fuzzy Sense

In this chapter, we study the fuzzy global smoothness and fuzzy uniform con-
vergence of fuzzy Picard, Gauss- Weierstrass and Poisson- Cauchy singular fuzzy
integral operators to the fuzzy unit operator. These are given with rates involving
the fuzzy modulus of continuity of a fuzzy derivative of the involved function.
The established fuzzy Jackson type inequalities are tight, containing elegant con-
stants, and they reflect the order of the fuzzy differentiability of the involved
fuzzy function. This chapter is based on [55].

31.1 Fuzzy Real Analysis Background

We use the following background
Definition 31.1 (see [283]) Let i : R — [0, 1] with the following properties

(i) is normal, i.e., 3zo € R; p(zo) = 1.

(i) pO + (1= Ny) > minfu(z) w(y)}, Yo,y € R, YA € [0,1] (u is called a
convex fuzzy subset).

(iii) p is upper semicontinuous on R, i.e. Vzo € R and Ve > 0, 3 neighborhood
V(zo) : p(z) < p(zo) +€, Vo € V(zo).

(iv) The set supp(p) is compact in R (where supp(p) := {z € R: p(z) > 0}).

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 487
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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We call o a fuzzy real number. Denote the set of all p with Rr.

E.g., X{z0} € R, for any xo € R, where ..} is the characteristic function
at xo.

For 0 <r <1 and p € RF define

W™ ={zeR: p(x)=r}

and

(1) :={z e R: u(z) > 0}.
Then it is well known that for each r € [0, 1], [¢]” is a closed and bounded
interval of R ([172]).
For u,v € R and X\ € R, we define uniquely the sum u & v and the product
A©u by

] =[u"+ ", Aou" =Au]", Vrel0,1],
where
e [u]” + [v]" means the usual addition of two integrals (as subsets of R) and

e \[u]” means the usual product between a scalar and a subset of R (see, e.g.,
[283)).

Notice 1 ® u = u and it holds

UPBV=vPuU, A\Qu=u® A.
If 0 <ry <7y <1 then

[u]™ C [u]™.
Actually [u]” = [u", ug:)], where u(") < u(f), ul”, uS:) €R, Vre[0,1].

For A > 0 one has )\u(ir) =(A\o u)(ir), respectively.
Define D : R x R — Ry by

D(u,v) := sup max{|u<_r> - v(_r)|, |ug_r) - ’US:>|} ,
rel0,1]

where

W] =", v(f)]; u,v € Rr.

We have that D is a metric on Rr.
Then (R, D) is a complete metric space, see [283], [284].
Let f,g: R — Rr. We define the distance
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D*(f,g) :=sup D(f(z), g(x)).

z€R

Here ©* stands for fuzzy summation and 0 := X{o} € R is the neutral element
with respect to @, i.e.,

u@ﬁ:ﬁ@u:u, Yu € Rr.

We need
Remark 31.2 ([29]). Here r € [0, 1] xﬁr),yﬁ” €R,i=1,..., m € N. Assume
that
sup max ( §T>,yl(r)) €ERfori=1,..., m.
rel0,1]

Then one sees easily that

sup max (Z x(r) Zy(r)> < Z sup max< (.T),yl(r)),

r€f0,1] —1 r€[0,1]

Definition 31.3. Let f : R — Rz, we define the fuzzy modulus of continuity
of f by

wi?(f,0)= s D(f(x), f(y), 6>0.
z,y€R, |z—y|<s
Note 31.4. For f : R — Rz, we use

=1, £,

where f") : R — R, ¥r € [0, 1].
Let g : R — R, define

wi(g,0) = sup lg(x) —g(y)|, 6 > 0.

z,y€ER, |z—y|<s

We need
Proposition 31.5. Let f : R — Rz. Suppose that w(]:)(f, d), wl(f(f),(S),

wl(f< "), 8) are finite for any & > 0, r € [0, 1].

Then
wi”(£,0) = sup max{u(f.0), wi(£.8)}.
rel0,1
Proof. By Proposition 1 of [37]. ]

We define by CZ(R), the space of fuzzy uniformly continuous functions from
R — Rz, also Cr(R) is the space of fuzzy continuous functions on R.
We mention
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Proposition 31.6([37]) Let f € CZ(R). Then w'”’(f,8) < oo, for any & > 0.
Proposition 31.7([37]) It holds

lim wi™(f,8) = wi™ (£,0) = 0,

iff f € C¥(R).

Proposition 31.8([37]) Let f € C#(R). Then f(ir) are equicontinuous with
respect to r € [0, 1] over R, respectively in +.

Note 31.9 It is clear by Propositions 31.5, 31.7, that if f € C¥(R), then

j@ € Cy(R) (uniformly continuous on R).

We need

Definition 31.10. Let x,y € Rx. If there exists z € Rr : © = y ® z, then we
call z the H-difference on z and y, denoted x — y.

Definition 31.11([283]) Let T := [zo, zo + ] C R, with 8 > 0. A function
f: T — R is H-differentiable at x € T if there exists an f'(x) € Rz such that
the limits (with respect to D)

o L@ = @) @) = fa )
h—0+ h h—0+ h

exist and are equal to f’(z).

We call f’ the H-derivative or fuzzy derivative of f at .

Above is supposed that the H-differences f(z + h) — f(z), f(z) — f(z — h)
exist in Rz in an neighborhood of x.

Definition 31.12. We denote by CX(R), N € N, the space of all N-times
fuzzy continuously differentiable functions from R into Rz.

Here higher order fuzzy derivatives are defined via Definition 31.11 in the
obvious way, as in the ordinary real case.

We mention

Theorem 31.13 ([202]) Let f : [a,b] € R — Rz be H-fuzzy differentiable,
0<r<1, te€]a,b]. Clearly

HONESORNNONEe
Then ( f)g: ) are differentiable and

PO =16, o).
That is

(Y = (Y, vr e [0,1).
Remark 31.14 ([35]) Let f € C¥(R), N > 1. Then by Theorem 31.13 we
obtain f(iT) € CY(R) and

FOO = (F6)), (F)™),
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fori=0,1,2..., N, and in particular we have

(FOE = ()",
for any r € [0, 1].
For the definition of general fuzzy integral we follow [10] next.
Definition 31.15. Let (2, X, 1) be a complete o-finite measure space. We call
F : Q — Ry measurable iff ¥ closed B C R the function F~'(B) : Q — [0,1]
defined by

FY(B)(w) := stelgF(w)(ac), all we

is measurable, see [206].
Theorem 31.16 ([206]) For F : Q@ — R,

F(w) = {(F(w)-, F{"(w)lo<r <1},
the following are equivalent

(1) F is measurable,

(2) vr € [0,1], F7, FJ(:) are measurable.

Following [206], given that for each r € [0,1], F\", FJ(:) are integrable we
have that the parametrized representation
0<r< 1}
is a fuzzy real number for each A € X.
The last fact leads to

e
A A
Definition 31.17 ([206]) A measurable function F' : Q — Ry,

F(w) = {(F(r)(w)_7 Ff)(w))|0 <r<1}
is integrable if for each r € [0,1], Fg) are integrable, or equivalently, if Ff) are
integrable.

In this case, the fuzzy integral of F' over A € ¥ is defined by

/qu = </ Fap, /F@)
A A A

By [206] F is integrable iff w — ||F'(w)]|# is real-valued integrable.
Here

Ogrgl}.

lull := D(u,0), Yu € R.

We need also
Theorem 31.18 ([206]) Let F,G : @ — R be integrable. Then
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(1) Let a,b € R, then aF + bG is integrable and for each A € X,

/(aFerG)d/L:a/Fd,qub/ Gdy;
A A A

(2) D(F,QG) is a real- valued integrable function and for each A € X,

D( /A Fdp, /A Gdu) < /A D(F,G)dp
/ P < [ 1Plrd

Above p could be the Lebesgue measure, with all the basic properties valid
here too.
Remark 31.19. Basically here we have

T
[ ran| =| [ #Od0 [ F0),
A A A

(r)
( / qu> / Fdp,
Vr € [0, 1], respectively.

Notation 31.20. In this chapter we define the fuzzy singular integral opera-
tors: Picard Pe, Gauss- Weierstrass We, and the Poisson- Cauchy Mg, £ > 0.

Their real analogs are defined and denoted exactly the same way in [33], [81],
[82], and we are motivated from there.

Here their fuzzy or real versions for convenience are denoted with the same
symbols P¢, W¢, ME, respectively. According to the context we understand if
the operator on hand is fuzzy or real one.

Related work was done in [31].

In particular,

i.e.

31.2 Main Results

Let f : R — Rz be a fuzzy measurable function and consider the fuzzy
Lebesgue integrals,

[£]

Pe(f,x): 25 / flx+t)oe T dt, (31.1)
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¢ >0, z € R, also consider

We(f, @) :=%£®/:f(x+t)®e £2dt,
_ (B ag! > 1
M (f, ) T(L)T (5= Q/_Oof(m+t)®(t2“+§2a) dt,
a€N, 8>+

Here the gamma function is

rg) = /Ooo e P dt, B> 0.

We present the global smoothness preservatlon property

493

(31.2)

(31.3)

Theorem 31.21. Let h > 0. Suppose w1 (f, h) < oo0; Pe(f,x), We(f, ),

M&(fa ) € Rf? then
(i)
wi (Pef,h) < wi”(f,h)
(i)
wi (Wef, h) < wi”(f,h)
(iii)
wg}-) (M§f> h) < wg}-) (f> h)
Proof. (i) Notice that

D (Pe(.2), PE(1.0)) = 5D (/m sernoeta [T iurne

1 - -1
E/,OOD(f(x+t)vf(y+t))e 3 dts

sl —u [ R D (7 ).

taking the supremum over all z,y : |z — y| < h we prove the claim.
Properties (ii), (iii) follow similarly.
Remark 31.22. We observe that (r € [0, 1])

[PE(f, ) =% U flz+t) o '%'dty

= |([Zrerve ) ([orwsnonta)]

(31.4)

(31.5)

(31.6)

_ el
e ¢ dt)

<
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= % l:/_o:o f<_r)($+t)e_|2;ldt, IZ fir)($+t)e_lé;ldt:|

= [Pe(s, @), Pe(s, )]

I.e. we proved

(Pe(f, )y = Pe(f, ), (31.7)
vr € [0,1], Yz € R.
Similarly are valid
(We(f)E = We(f87), (31.8)
(Me(£) = Me (87, (31.9)

vr € [0,1].

Assumption 31.23. From now we suppose f € C%(R), with wg}-)(f("), h) <
oo, h >0, neN.

Assume further that PE(f,x), WE(f,x), ME(f,x) € Rr, V€ > 0, Vz € R,
with 8 > ”2—"(;2

Here |-] denotes the integral part of the number.

We give the following convergence results.

Theorem 31.24. It holds

@)
RO (2m) N e2m 13 . (F)(p(n)
D (Pe(f,), f(2) < 30 D™ (@), 006" + =€hw (/,€), z € R, £>0.
m (31.10)
(i) Assuming D*(f*™ 0) < oo, m=1,..., [n/2], we obtain
Ln/2] 13
D' (Pef, /)< D7 D'(fE™ 006" + T w7 (1, €), € > 0. (3111)
m=1
(iii)

4

m=1

[n/2] m) m n—
D(f™.0) (5)"+ 2"/

nl)- 1Z]-1

RS
L € (n—-2-2¢) VE (n—1-25) (F)( p(n)
{(%n+1)+8> 1 M-t I “LJW1 9,

s=0 2 2n oo 2

(31.12)
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Vr eR, £€>0.
Here

%, n — odd

M, = 4, n — even, (31.13)

for n = 1, we put

n/2]—1

=1
1=0
(iv) Assuming that D*(f(Qm),G) < oo, m=1,..., [n/2], we obtain

L Dy, o) (f )m 2¢(n /2

Dwern < 3 S (3) e

[25t)-1
1 13 (n—2—2s)
+ 8) H 3 M1 (31.14)

s=0
[3]-1
L I =122 QS)Mn}wﬁﬂ(ﬂ”%f),
VE > 0.
(v)
/2] ~ 2m+1 2m+1
D(f®™(x),0) T (3575)T (8- *55) om
D (M, .
( f(fax) f(x)) — ~ (Qm)' F(i)r(ﬁii) § +
& 1 n+2 n+ 2
- DIT ()T (- %) et () (05
L p(rtl _ntly 1 _nA2N | ) )
2nr< 2a)r(5 2a)+8r(2a>r(ﬁ 2a) wi (F7,9),
(31.15)
Vr eR, £>0.
(vi) Assuming that D*(f<2m),6) <oo, m=1,..., [n/2], we get
ST DUCm0) TCENT (8252 b,

D* (Mef, /)< Y ol 'F(L)p(gf%‘;

m=1
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£TL
26) T (8= 25)

1 n+1 n+1 1 n n (F) p(n)
(S (- ) AT G e (- 30) [

VE > 0.

(n—1!T(

Proof. (i) We notice that
D (Pe(f,x). f(@) = sup max{|(Pe(f,a) =0 @), | (Pe(f,0) =1 ()]}

ref0,1]
= sup max{‘Pg <f(f),ac> —f(f)(ac) s | Pe <ff),x> — J(:)(x)‘}

rel0,1]

(by Proposition 1 of [33], see there (51))

< sup max{ LnZ/QJ ‘ (f(r))(2 ™) z)|€3™ + 13 £ wy <(f(f))(n)7£) 7

ref0,1] 8

Ln/2]

()™

sup max{ an/% ‘ (f(Zm) (x))(r) ‘527" + ? &y ((f<n))(_r),£) ’

rel0,1]

Ln/2]

Dem + 2 e ((1),€) } =

m=1

> |(5w) e +§£”w1((f<">)$%£)}s
$e | 12010) 7 (010 )

+1§3 " sup maX{wl ((f("))(f)yﬁ) ;W1 ((f("))(f):ﬁ) } =
[n/2] 13 -
Z D (£ (@), 006" + = €"wl” (1. 8),

proving the clalm.
(iii) Proved as in (i) now using Proposition 1 of [81], see there (52).
(v) Proved as in (i) by using Proposition 1 of [82], see there (62). ]
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Remark 31.25. As £ — 0 from (i), (iii), (v) we derive that

D (P¢(f,z), f(z)) — 0, n €N;
D (W¢(f,x), f(x)) — 0, n € N — {1}
D (M¢(f, ), f(z)) — 0, n €N.
Also by assuming D*(f<2m),6) <oo, m=1,..., |n/2] we obtain

D™ (Psf.f) =0, ne€N;
D™ (WEf, f) =0, n e N—{1};
D" (Mgf, f) =0, n€N.

We give
Corollary 31.26. (n = 2 case)
It holds
(i)
2 " N 13 (F) s et
D(P(f.0). f2) < € (DU @0+ Ful(0) . (L7
zeR, £>0.

(ii) when D*(f”,0) < oo, we get

D* (Pef, f) <& (D*(f”,ﬁ) + %wﬁf)(f“,g)) ,€>0. (31.18)

(+8)VE4]|

(31.19)

(iii)

D (We(f.2). 1) < DU @,0) () + 7770

zER, £€>0.
(iv) when D*(f”,0) < oo, we find

1€\ [e ¢
(6*5)\/?+§}’5>0'

(31.20)

D" Wes ) < 01" (§) + (0
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(v)

2 " D
D (Me(f,2), f(2)) < - 3 (Y){D(f (x),0) r(i)r(ﬁfi)ergT)(f”,{)

2

E F(i)r@*%)% F(%)F<ﬁf%>+é F(é)F(ﬁ*éﬂ }
Vz € R, V€ > 0. (31.21)

(vi) when D*(f”(z),0) < oo, we get

2

() (-2 G (-2 () (-2)])

2 * (N
DY (Mef, ) € ){D () (8- 55) +uiP0"0

(31.22)
Ve > 0.
Corollary 31.27. (n =1 case)
It holds
(i)
13 (F)/ pt
D (Pe(f,), f(2)) < & € wi”(f,€), Yz €R, VE> 0. (31.23)
(i)
D" (Pef, f) < % £ WP (f,€), Ve > 0. (31.24)

D (We(f, ), f(z)) <wi(f,€)

1 ¢ 1 [¢

(31.25)

L &y, 1 /¢
(Z + g) + 5\/;:| , V&> 0. (31.26)

If f' € CZ(R), then as £ — 0, we obtain

D* (Wef, f) < wi(f',€)

D (W¢(f,x), f(x)) — 0, D™ (WES, f) — 0.
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£
DMe(f2) @) < = o
3e(2) (- 2)a e () (o 2o () (o 2) ot
(31.27)
vz € R, V€ > 0.
(vi)
£

Er(a)rmm)ar (@) rl-2) (@) r(-m)] e

(31.28)
VE > 0.

Next we cover case of n = 0.
We make

Remark 31.28.

‘We have

%/00 e_l%ldt =1,
%/00 efgdt =1,
™ —o0
2a8—1 le%e
L(B) a € ) / dt =1, (31.29)

F(i)r(ﬂii - (t2a+£2a)[3
a €N, B> 5= £>0.

and

Put
1 1l
K = = 3
1e(t) %
1 2
Koe(t) i= —=e ¢,
)= T
T 2a3—1 1
Kse(t) := (15) g — teR. (31.30)

T (3q) T (8- 3q) (@487
Here let f € C#(R) which is fuzzy bounded.
Set

Llyg = P{, L275 = Wg, L375 = Mg, 5 > 0. (31.31)
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So we have the fuzzy Lebesgue integrals

Lje(f, ) / flz+1t) © Kj¢(t)dt, (31.32)

with the real integrals

/ Kie(t)dt =1, all j =1,2,3, Vz € R.

Notice that (r € [0, 1])
F(@)] =[f@)", f@))
B [/m (@) Kyt [~ (F@)]) Kj,s(t)dt}

- U:; (f(z) @ K;e(t) dt, /:; (f(@) ® Kje(t) dt}

_ U:: fz) o Kj,g(t)dty.

= /oo f(z) © Kje(t)dt. (31.33)

Therefore

Hence we have

D(Lye(f.2), f(x) = D ( | sarneron [ we Kj,g(ndt) <

| G0 Kewir< [ w1 Ko =

—o0

(for j = 1,3 we have next)

[ (1) o

(by [37], Proposition 2-(3))

o200 [~ (14 8) micwa = o0 |14 1 [ 1 e,

We have proved so far that

D(Lye(f.2), f(a)) < w'P(1.€) [1 w2 Kj,g(odt} , (31.34)
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for j =1,3.
Similarly one establishes that

D (Lo (f,2), f(z)) < w7 (f, {1+—/ t Koel(t dt} (31.35)
We see that

%/ooo t Kye(t)dt =1, (31.36)

%/Oot Kae(t)dt = % (31.37)

§/ t Kae(t)dt = % B>, aeN. (31.38)

We have proved
Theorem 31.29. Let f € C'#(R) which is fuzzy bounded. Then (£ > 0)

D* (Pef, f) < 207 (f,¢€), (31.39)

D" (Wef, f) < <1+ 7) P10, (31.40)

. PEHTB-2) ), &= 1
D™ (Mcf, f) < <1+m> wy ' (f.€), B> o €N
(31.41)
Given that also f € CZ(R), as £ — 0, we get D* (P f, f) — 0, D* (Wef, f) —

0 and D* (M¢f, f) — 0, with rates.
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Real Approximations Transferred to
Vectorial and Fuzzy Setting

Here we transfer basic real approximations to corresponding vectorial and fuzzy
setting of: Bernstein polynomials, Bernstein-Durrmeyer operators, genuine
Bernstein-Durrmeyer operators, Stancu type operators and special Stancu op-
erators. These are convergences to the unit operator with rates. We also give the
convergence with rates to zero of the difference of genuine Bernstein-Durrmeyer
and special Stancu operators. All approximations involve Jackson type inequali-
ties and moduli of smoothness of various orders. In order to transfer we develop
basic and important general results at the vectorial and fuzzy level. Our tech-
nique goes from real to vectorial and then to fuzzy setting. This chapter is based
on [58].

32.1 Results

Let (X, ||-]|) be a normed vector space over K, where K = R or K = C. Similar
to the real case we give the following

Definition 32.1. (see also [166]) For f : [0,1] — X we define the first
modulus of continuity

w1 (f,6) =sup{|[f (v) = f(W)]; w,v €10,1], [v—u| <6}, (32.1)
and the second Ditzian-Totik modulus of smoothness

wg (f,6) = sup {sup{||f (z + he (z)) — 2f (x) + f (x — he ()| ;

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 503{-522|
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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z€lxnt, he€(0,4]}, (32.2)
whete Lo = [0, i | o (2) = Va1 —2),0< 6 < 1.

We need

Theorem 32.2. ([232], [166]) Let (X, ||-]]) be a normed space over K, where
K =R or C and denote by X* = {z* : X — K; z* is linear and continuous} .

Here [[|z||| = sup {|z" (z)[ : [lz]| =1}.

]l = sup{|z” (z)[; 2" € X7, [[l2"[[] < 1}. (32.3)

We need
Definition 32.3. Let continuous function f : [0,1] — X. The vectorial
Bernstein-Durrmeyer operators are defined by

Di(fe) = (04 )Y pos (@) [ @pos O (32.4)
k=0 0

0<k<n )= ()t a0 e,

Here the integral f; g(t)dt (g:]0,1] — X) is defined as the limit for m —
oo in the norm ||-|| of all (usual) Riemann sums _ (ziy1 — x4) f (&) -

Put [|f]l, = sup {Ilf (2)II; = €[0,1]}.

1=0

We present
Theorem 32.4. Let f : [0,1] — X continuous. Then there are universal
constants c1, ca2 > 0 such that

o (w5 (1 g5) +er (£))
<IDf— fll <o (wf (f, %) o (f, %)) ‘ (32.5)

Proof. By [177], [178], we have for g € C ([0, 1]) that

(o))

194 @) = sl < 2 (5 (9.9 +or (5.7 ).

here D,, is the real Bernstein-Durrmeyer operators (when X = R).
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Let z* € X* be fixed with |||z*||]| < 1. Then g = z* o f : [0,1] — R is

continuous.
o 1 " 1
c1 | wg xOf,% + w1 xOf,E <

Therefore
|IDn (z" 0 f) —x" o f|| . < co | ws x*ofi + w1 x*ofl .
o = 2 V) ‘n

Because z* is linear and continuous, it commutes with > and integral [, and
therefore

Dy (z" o f)(x) —a"o f(z) =a" (D f (z) — f(2)).

Also, since

or (9:%) =sup (16" (7 ) = £ @)l vowe .1,
o=l < 2 p < s Q-1 ©) - £ @

(o) 2 (n2).

wf (g, %) — sup {sup {Ja" (/ (2 + hip () — 2f (2) + f (& — hp (2)))] +

v,u €10,1], Jv—ul < 1}§¢U1 (f,%):

that is

Also we have

relu), he [o, %}} < sup {sup {[lle" |- I (& + hep (2)) — 2 (x)

+f (@~ hp @)l @ € Lon}, he [o, %}} <wf Q%)

(o) (05

Le.

Therefore

(D@ - F@)l <o (of (f7=) 4 (£1)).
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hence

s e (D3N @) - Fe)l e (wf (102 v (£.2)),

[ll==[l]<2

and by Theorem 32.2 we obtain

ID: (@) - F @l < e (5 (.= ) +en (£3)).

Vz € [0, 1], that is

D50 = Al < s (w5 (152 +ea (1.3)).

We also have
1 N 1
c1 <w2 (m of,T)erl <m of,g))g

sup{|z” (D, (f) (=) = f (2))]; = € [0,1]} <
sup {{[|="|| HD”( ) (z) = f(@)|[5 = €[0,1]}
< 1Dw () = fllo -

Next, for any z € Io p, h € [O, ﬁ] , v,u € [0,1] with [v — u| < £, we have
c|z” (f (z + he () — 2f () +
f (@ = he (@) + 12" (f (v) = f (u)]) <

o (wf (50 fig=) b (70 0. 2) ) <D ()~ fl

Therefore

e sup, {lz" (f (z + hep () — 2f (2) + f (x — hep (2)))[}

=~ |||<1

<Dy (f) = flloo »
also it holds

e sup {27 (f (v) = F (W)} < I1Dn (f) = fll

T eX
[ll=={l1<2
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Consequently by Theorem 32.2 we derive
a|lf (z +he (z) = 2f () + f (z — he (2))]]

<IDnf = fllo>
and

ci[[f (0) = f Wl < IDnf = fllo -

5 (wt (rz) v (£7)) <108r -l

finishing the proof of the theorem. |

The last imply

We make

Remark 32.5. Let us recall a few facts concerning fuzzy-number valued
functions.

Given a set X # 0, a fuzzy subset of X is a mapping v : X — [0,1] and
obviously any classical subset A of X can be considered as a fuzzy subset of X
defined by X4 : X — [0,1], Xa(z) =1,if z € A, X4 (z) =0 if z € X\A. (see
e.g. [287]).

Let us denote by Ry the class of fuzzy subsets of real axis R (i.e. u: R —
[0, 1]), satisfying the following properties:

(i) Vu € R, u is normal i.e. 3z, € R with u (z.) = 1;

(ii) Vu € R, u is convex fuzzy set (i.e. u(tx + (1 —t)y) > min{u (z),u (y)},
vt €10,1], z,y € R);

(iii) Yu € Rr, u is upper semi-continuous on R;

(iv) {x € R: u(z) > 0} is compact, where A denotes the closure of A.

Then Ry is called the space of fuzzy real numbers (see e.g. [149]).

Obviously R C Rz, because any real number ¢ € R, can be described as the
fuzzy number whose value is 1 for z = z¢ and 0 otherwise.

For 0 < r < 1 and u € Rz define [u]” = {z € Ru(z)>r} and [u)’ =
{z € R;u(z) > 0}.

Then it is well known that for each » € [0, 1], [u]” is a bounded closed interval.
For u, v € Ry and A € R, we have the sum u @ v and the product A ® u defined
by [u®v]” = [u]" 4+ [v]", AOu]" = Au]", Vr € [0,1], where [u]” + [v]" means
the usual addition of two intervals (as subsets of R) and A [u]” means the usual
product between a scalar and a subset of R (see e.g. [149], [283]).

Define D : R x Rr — R4 U {0} by

D (u,v) = sup max{|u’ —v"|,|u} —vi|}, (32.6)
rel0,1]
where [u]” = [u”,u} ], [v]" = [v], v} ].
The following properties are known ([149]):
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D (u®w,v®w) =D (u,v), Vu,v,w € Rr

D(k©®u,k©®v)=|k|D(u,v), YVu,v € Rr, Vk € R;

D(udv,wde) <D (u,w)+D(v,e), Vu,v,w,e € Ry and (R, D) is a com-
plete metric space.

Also, we need the following Riemann integral, as particular case of the Hen-
stock integral introduced by [283].

A function f : [a,b] — R, [a,b] C R is called Riemann integrable on [a, b],
if there exists I € Rz, with the property: Ve > 0, 39 > 0, such that for any
division of [a,b],d:a=xzo < ... < xn = b of norm v (d) < 0, and for any points
& € [zi,zit1], 9 =0,n — 1, we have

D <Z [ (&) O (zita —ﬂ?z‘)J) <6

i=0
where Y " means sum with respect to @. Then we denote I = (FR) f; f(z)dx.

An important result for our reasonings will be the following known result.

Theorem 32.6. (see e.g. [283]) Ry, can be embedded in B = C([0,1]) x
C ([0,1]), where C ([0,1]) is the class of all real valued bounded functions f :
[0,1] — R such that f is left continuous for any x € (0,1], f has right
limit for any x € [0,1) and f is right continuous at 0. With the norm |-|| =
Sup,eo,1) |f (7)] ,C ([0,1]) is a Banach space. Denote |-|| 5 the usual product norm
ie. [[(f,9)llz = max {||fll,|lgll}. Let us denote the embedding by j : R — B,
j(u) = (u—,us). Then j(Rx) is a closed convexr cone in B and j satisfies the
following properties:

(i) j(sQudtOv)=s-ju)+t-jw) for all u,v € Ry, and s,t > 0 (here
7.7 and "+” denote the scalar multiplication and addition in B);

(i1) D (u,v) = ||j (u) —j (v)|l (i-e. j embeds RF in B isometrically and iso-
morphically).

Let f : ]0,1] — Rr fuzzy continuous, we define the fuzzy Bernstein-Durrmeyer
operators as

DI (f,5) = (0 +1)Y pus (2) © (FR) / F@) Opup@®)d,  (327)
k=0 0

the integral (FR) f; f (t)dt is defined as the limit for m — oo in the distance
D, of all the usual fuzzy Riemann sums Yy * (xiy1 — xi) © f (&) (here the sums

=0
are with respect to operation @ ).
Also, let us define the following fuzzy moduli of continuity of f :

W (f,8) = sup{D (f (x + h), f (z));
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z, z+hel0,1], 0<h <5}, (32.8)
and
W% (f,8) = sup{D (f (z + hep (2)) & f (z — hep (2)),20 f (2));
z, zx hp(z) €[0,1]}, ¢(z) =z (1 —2). (32.9)
We give

Theorem 32.7. Let f:[0,1] — Rx be fuzzy continuous. Then there exist
universal constants ci, ca > 0 such that VYn € N we have

o (7 (55) w7 (23)) <

sup {D (D7 () (@).f (@) 5 € 0,1} <

e (wgm (f, %) + W) (f, %)) . (32.10)

Proof. Define g : [0,1] — X by g(z) = j(f(z)), = € [0,1], where j is
given by Theorem 32.6 and X = C ([0, 1]) x C ([0, 1]) endowed with the norm in
Theorem 32.6, denoted by ||-||; . By Theorem 32.6, (ii), we see that

lg (z+h) =g @) =7 (f(x+h) -5 @)
=D(f(z+h),[f(2)),

also
g (z + he () + g (z — he (2)) — 29 (2)|| =

17 (f (& + he (z) & [ (= he (2)) =5 (20 f (2))]l
=D(f(z+he(x) @ f(z—he(x),20 f(z)),
which imply
wi (9.8) = wi” (£.9),

and
WS (9.6) = wi? (£,8), V6 > 0.

Because j is linear over the positive scalars and j commutes with the fuzzy
integral, we get

D3 (g) (@) = j (DY (/) @),

and furthermore

103 (9) (@) — g @)l = [l (DT (1) @) = 5 (f (@)

B
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=p((DF(n) @)1 @)

Since f and j are continuous we get that g is continuous.
Hence by Theorem 32.4 we have

(oo 02):
1Dk~ gl < e (5 (9.7 ) +en (007 ))

the last proves the theorem. [ |

We use
Definition 32.8. Let f € C ([0, 1]), we define

wa (F,h) =sup {|£ () — 21 (“52) + 1 (0)

: (32.11)

u, v €[0,1], |u—v| <2h}, h>0.
Let f € C([0,1], X), (X, ||']|) normed vector space, we also define

) 41w

wi (f,h) = sup {| £ () =27 (

: (32.12)

u, v €[0,1], |lu—wv| <2h}, h>0.
Let f € C([0,1], RF), we further define

A7 (40 =sup {D (f @ f @), 201 (*57)).

u, v €[0,1], |lu—wv| <2h}, h>0. (32.13)

We make
Remark 32.9. Let f € C([0,1], X), 2* € X*, with |||z*]|| < 1, then g =
z* o f:[0,1] — R is continuous.
We observe
w2 (g,h) =wa (x" o f,h) =
sup {[o* (1 () =27 (“52) + 7 (0)

u, v €[0,1], Ju—wv| <2h} <

I

u—+v

sup { "Il - || (w) = 2f (“52) + £ (@)

’
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u, v € [0,1], |Ju—wv| <2h} <

sup {||1 (w) =27 (“52) + 7 ),
u, v €[0,1], |u—v| <2h} =wy (f,h).
That is, we got that

wa(z" o f,h) <w3 (f,h), h>0. (32.14)

Next, let X = C ([0,1])?and j as in Theorem 32.6.

Let f € C([0,1], R#), and consider g (z) = j(f (z)), = € [0,1], ie. g €
c([0,1], X).

By Theorem 32.6, (ii), we observe that

o9 =20 (*57) +o 0] =

e so-soo s ()], -
p(fwerm.2eor(*E2)),

which implies
W (jo f,h) =W (£,h), h>0. (32.15)

We use
Definition 32.10. Let f € C([0,1]), we define the Bernstein polynomial
operators,

) = kzn‘gpn,k (@) f (%) Lz el0], (32.16)
e Pk (z) = < Z ) " (1-z)"" neN

Let f € C([0,1],X), (X,]|-]]) normed vector space. We define also the vectorial
Bernstein operators,

B, (f.x) ank (k) r€[0,1], neN. (32.17)
Let f € C(][0,1], Rx), we define further the fuzzy Bernstein operators

Bl (f, ) Z Dok ( ( ) ze€[0,1], neN. (32.18)
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We make
Remark 32.11. Let 2" € X*, f € C ([0,1], X).
Then

By (z" o f) (x) —a" o f (z) =27 (B, (f) (x) — f (2)). (32.19)

Let j as in Theorem 32.6 and f € C ([0,1], Rx).
Then
185 (o D) (@) = G o N @Il = || (B (N @) =i (F @), =
D ((B (1) @ .f @) (32:20)

We mention the celebrated major result
Theorem 32.12. ([239], p.97) For f € C ([0,1]), n € N, we have

1Bo (f) = flloe <o <f, (32.21)

L
vn)’
a sharp inequality.

We present

Theorem 32.13. For f € C ([0,1],X), (X, ||-||) a normed vector space, n € N,
we have

ot —f(z w3 1
s B @)~ F @) < 2<f, ﬁ). (32.22)

Proof. Let 2" € X* be fixed with |||z*||| < 1. Then z* o f € C ([0, 1]) and by
(32.21) and (32.14) we have

|1Br (z* o f) —a" o f]l, < w2 (x* of, %)
, 1
S Wwa <fa ﬁ) .
That is .
(BN @ - F @)l <o (=) v e b1,
Thus

sup | (BUF) () — [ ()] < <f, %) vre0,1].
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By Theorem 32.2 we derive

I(BLF) (@) — f (@)]) < w3 (f, i) |

n

vz € [0,1], proving the claim. ]

Next we give
Theorem 32.14. For f € C([0,1],Rr), n € N, we have

sp D ((BIf) @).f @) < wff” (f, %) | (32.93)

z€[0,1]

Proof. Consider j, X as in Theorem 32.6. Then by Theorem 32.13 and (32.15)
we obtain

v . v . L
sup (B2 (o ) @) — (o f) (@) < (Jof, ﬁ)

z€(0,1]
=w{ (1, L (32.24)
vn
Clearly from (32.20) and (32.24) we get (32.23). |

We need
Definition 32.15. ([239], p.151) Let f € C([0,1]), n € N. We define the
Durrmeyer type operators (the genuine Bernstein-Durrmeyer operators)

M (fe) = F(0) (L —2)" + f (1) 2"+

(n—1) ipn,k (w)/ J () pn_ok—1(t)dt. (32.25)
k=1 0

Similarly we define
Definition 32.16. Let f € C (]0,1],X), where (X,]||) a normed vector
space.
We define
UM (fe) = F(0)(1—2)" + f (1) 2"+

(n—1) Z_:pn,k (:r)/ J () pn—2,k—1 (t) dt. (32.26)
k=1 0

Definition 32.17. Let f € C([0,1] ,R#).
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We define
M (fr) = FO 01 -2)" 8 f(1) 0"
n—1 1
=10 "puk(x)® (FR)/ f(t) ®pn_zp_1(t)dt. (32.27)
k=1 0
We use

Theorem 32.18. ([239], p.155) For f € C ([0,1]), n € N, we have

1 5 1
M7ETH(F) = <2 . 32.28
217 ) = g1l < Jen () (3229
We make
Remark 32.19. Let 2" € X*, f € C ([0,1], X).
Then

M P @m0 f) (2) —a"o f(2) =" ("M TH() (@) = f(2)) . (32:29)

Let j as in Theorem 32.6 and f € C'([0,1],Rx).

Then
("M Go f) (@) — (o f) (@)]| =
H] ((}')Mn—l,—1 f) (x)) —J(f (I))HB =
D((Fa7 ) @) f @) (32.30)
We present

Theorem 32.20. For f € C ([0,1],X), (X, ||-||) a normed vector space, n € N,
we have

v —1,—-1 _ § v 1
s (0474 ) () = £ )] < S <f—m) (32.31)

Proof. Let 2" € X* be fixed with |||z*||| < 1. Then z* o f € C ([0, 1]) and by
(32.28) and (32.14) we have

e O R ML Ay



32.1 Results 515

That is - )
|£E* (an—l,—l (f)) (:E) — f (Z‘)| < Zwé’ (f, \/n—?) ,
vz € [0,1].
Thus
* (v r—1,—1 _ § v 1

s e (M) @) - 1 @) < 3k (102 ).
[l=[l]<2

vz € [0,1].

By Theorem 32.2 we derive

M) @) - F @) < 503 ()
Vz € [0,1], proving the claim. |

Next we present
Theorem 32.21. For f € C([0,1],Rr), n € N, we have

(5) g —1-1 5 (5 1 )
s (DM ) @).7 @) < G (f, =) @)

Proof. Consider j, X as in Theorem 32.6. Then by Theorem 32.20 and (32.15)
we obtain

sup [[("M " (G o f)) (@) = (o f) (@) <
z€([0,1]
Zwé} (j of, \/n;—ﬂ) = Zwéf) (f: \/n;?) . (32.33)
Clearly from (32.30) and (32.33) we get (32.32). [ ]

We need
Definition 32.22. ([175]) For f € C ([0,1]), m € N, and 0 < 8 < v, we define
the Stancu-type positive linear operators

(ijjéﬂ)f) (z) = kiof (%) Pk (2), (32.34)

2 €[0,1], pmk (z) = ( 7;1 )xk(l_x)m—’ﬁ

We also give
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Definition 32.23. For f € C([0,1],X), (X,]|]) a normed vector space,
m €N, and 0 < 8 <+, we define

( mef) if (M) Pk (), (32.35)

=0 m+'y
€[0,1].

Definition 32.24. Let f € C([0,1],Rr), m € N, 0 < 8 <+, we define

(FL(Oﬁ’Y)f> zm: “f <M) O pmk (x), (32.36)

=0 m+y
€[0,1].
We use

Theorem 32.25. (Gonska and Meier [175]) For f € C([0,1]), h > 0, 0 <
B<~v,meN, and z €[0,1] it holds

(L8587 F) @) = 1 (@)] <

3+max{h_2,1} ((’7 W(Lif_i_:)TerB) w2 (f,h)
2B (A 1 wn (). (32.37)

I

We obtain
Corollary 32.26. For Nom > [y*] ([-] is the ceiling), f € C([0,1]) we

obtain
| (m s+ amg? <m—v2>>}
4(m—~?) (m+7)°

o] <

1 2(B+7y)vm ( 1 )
PR ). 32.38
w2 (f \/%) (m-i—’y) wi | f m ( )
Proof. Choose h = \/% into (32.37) and maximize the right hand side of
(32.37). n

We make
Remark 32.27. Let f € C'([0,1], X), 2" € X*, with |||z*||| < 1,and z*o f €
C ([0, 1]) we easily get

wi (&% 0 £,8) < wi (f,8), 6> 0. (32.39)



32.1 Results 517

Also see that
LY ("o f) (@) —a" o f (x) =

" (“LET () @) = £ @) (32.40)
Let j as in Theorem 32.6 and f € C ([0,1],Rx).
Then
(L8 Gon) @) = Goh @) =
i (L8 D @) i (F @), =
D((7L% () (@), @) (32.41)
We give

Theorem 32.28. For f € C([0,1],X), (X,]|]) a normed vector space, m €
N, m > Hﬂ ,we get :

sup
z€[0,1]

("LE8 1) (@) - @) <

(m® +4mpB® (m — 7)) oY 1
{‘” (m =) (m +7)° } 2<f’m)
2(8+y)vm | 1
2y (1) (3242

Proof. Let " € X* be fixed with |||z*||| < 1. Then z* o f € C ([0, 1]) and by

(32.38) and (32.14), (32.39), we have
m> + 4m3> (m - 72)
3
! ( (=) m 77 ﬂ

| <
oo

[+ (e ) )
P 15)

2 ("L (D @) — f @)] <

m3+4m62 (m_’YQ) WY L
{3+<4<m—72><m+w2>] 2<f’¢m)

HLOBW of)—zof

That is
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Thus
sw o (ML (1) (@)~ f @) <
[="Tll<1
m> + 4mpB? (m — > v 1
|:3+ ( 4(m —~?) ((m—i—’y)Q))] “ <f,\/—ﬁ)
+2(5+7) Vvm

(m+7) wi <f’\/1—ﬁ)’ va € [0,1].

By Theorem 32.2 we derive

(“L88 () (@) - £ @) <
o Lot ) (L)

4(m =) (m +7)* Vm

2(8+9)vm LY
+7(m+'y) 1 <f, \/ﬁ)’ vz € [0,1].

proving the claim.

We present
Theorem 32.29. For f € C'([0,1],Rr), m e N:m > {72-‘ . we obtain
3 F 7(087)
:czl[lol,)u b << Lmo f) (), f (:E)) <
m’ 4 4mf” (m = 7) o) ( 1 )
2(8+7)vm (]__) ( )
) hgm) (32.43)

Proof. Consider j, X as in Theorem 32.6. Then by Theorem 32.28 and (32.15),
and

wi(jo £,8) =w” (£,8), 6 >0,

we get

(L% Go n) @) - Gon @) <

z€[0,1]

mtam@ m -2\ L1
{3+<4(m—72)(”1+7)2>]w2 (J f’m)
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L2849 vm (jof,L) _

(m+7) vm
m’ +4mpB* (m =)\ | o (1
{SJF ( 4(m—~2) (m+7)* )] 2 <f’ \/a) (32.44)
Mw(f) 1 m . )
+ (m+ ) 1 (f’\/m)’ eEN: >{'yw
for clearly from (32.41) and (32.44) we get (32.43). m

We use
Definition 32.30. Let f € C'([0,1]), and z € [0,1] such that z + 4h € [0, 1],
where h > 0. We define the modulus of smoothness of order 4 as,
wa (f,6) =sup{|(f (z) + [ (z + 4h) + 6 (z + 2h))
—4(f(z+h)+ f(z+3h))]:
z, x+4h €[0,1], 0<h <6}, 6 >0. (32.45)

Clearly w4 (f,-) is a non-decreasing function, and w4 (f,d) — 0, as 6 — 0.

Definition 32.31. Let f € C'([0,1],X), (X,]']|) @ normed vector space.
We also define

wy (f,0) =sup{||(f (=) + f (z + 4h) + 6 f (z + 2h))
—4(f(x+h)+ f(z+3h)| :
z, +4h € [0,1], 0<h <68}, §>0. (32.46)

Definition 32.32. Let f € C([0,1],R#), we further define
Wi (£.6) = sup (D ((f (2) & f (x +4h) ©6 © f (x+21)) .

40 (f(z+h)® f(z+3h))):
z, z4+4h€[0,1], 0<h <6}, 6> 0. (32.47)

We make

Remark 32.33. Let f € C([0,1], X), " € X", with |||z"||| < 1, then
z*o feC(0,1]).

We observe that

wi (2" o £,8) = sup {|e" [(f (&) + f (x + 4h) + 6f (z + 2h)
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—4(f(x+h)+ f(z+3h)]]:
z, x+4h €[0,1], 0<h <§} <
sup {|llz" | |(f (2) + f (z + 4h) + 6 (x + 2h))
—4(f (x+h)+ f(z+3n)):
z, T+4h €[0,1], 0 <h <4} <
sup{[|(f (z) + f (z + 4h) + 6 f (z + 2h))
—4(f(x+h)+ f(z+3h)| :
xz, T +4h €[0,1], 0 < h <48} =wy (f,0)
‘We have established that

wa(z" o f,0) <wy (f,6), 6 >0.

Next, let X = C([ ,
consider g (z) = j (f (z)), x € [0,1], i.e. g € C(]0,1], X).
By Theorem 32 6, (ii), we notice

(g (x) + g (x + 4h) + 6g (x + 2h))

—4(g(z+h)+g(z+3h)| =
17 (f () ® f(x+4h) © 60 f (x + 2h))
A (fz+h) & f(z+3h)ls=
D((f(z)® f(x+4h) ®60O f (x +2h)),
40 (f(z+h)® f(x+3h))),

which implies
wi (jo £,8) = wi” (£,0), 6> 0.

We use

1])? and j as in Theorem 32.6. Let f € C ([0,

(32.48)

1],R#), and

(32.49)

Definition 32.34. Let f € C ([0, 1]), we define the special Stancu operator

([271))

Sn (f,x) = ?2(2)'? Zf <§) (Z) (nx), (n —nx), _, ,

k=0

b—1

(32.50)

where (a), =1, (a), = [[ (a—k),a€eR,beN,neN, zel0,1].

k=0

Definition 32.35. Let f € C'([0,1],X), (X,]]|) a normed vector space.
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We also define

Sy (f.x) ?Q(Z)'? Zf( ) ( ) (nz), (n —nz),_, (32.51)

=0

neN,zel0,1].

Definition 32.36. Let f € C([0,1] ,R#).

We further define
i @Z f( ) ((Z) (nx), (n—nac)nk> . (32.52)

S5 (f, )

neN, zel0,1].

We make

Remark 32.37. Let 2" € X*, f € C ([0,1], X).

Then

Su(z" 0 f) (z) = My "7 (&% o f) (2) =
7 (S5 () (@) = "My T (f) (@) - (32.53)
Let j as in Theorem 32.6 and f € C ([0,1],Rx).
Then
[(Sn (G o ) (@) = ("M "7 (jo ) ()] =

i (s (@) i (Dm @)
D((s(N) @) (M) @) (32.54)

We mention
Theorem 32.38. ([176], p. 75) Let f € C (]0,1]), n € N. Then

[(Sn = M) (f2)] < crn (f, : f;v(<;+;>), (32.55)

Va € [0,1], where c1 > 0 is an absolute constant independent of n, f and x.

We give

Theorem 32.39. Let f € C ([0,1],X), (X, ||||) a normed vector space, n € N,
z €[0,1].

Then

(55— "M ()] < (f, : f;“((;+f))>, (32.56)
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where ¢ > 0 is a universal constant.

Proof. Let " € X* be fixed with |||z*||| < 1. Then z* o f € C ([0, 1]) and by

(32.55) and (32.48) we have

—1,—1 * . * o 4 31‘(1_:5)
[(Sn = My " 70) (27 o fr2)| < crwa <m I Uin(nJrl))
v 43z (1 —2x)
S61W4 <fa n(n+1)>

That is by (32.53) we obtain

2" (S5 (f) (x) — "M, " (f) (2))] <

v 4 SCE (1 — .’L‘)
C1Wy <f, A m) .

Hence
*5161)2* ‘x* (Sz (f) (z) = UMTL_L_l (f) (x))‘ <
IEMIES
v 43z (1 —x)
1@ (f’ \ n(n+1) )
vz €10,1].

By Theorem 32.2 we derive (32.56).

Finally we give

Theorem 32.40. Let f € C([0,1],Rr), n €N, z € [0,1]. Then

D((s(5) @, (D7 () @) <

aws? <f7 \4/ 7?:(2;136))) ;

where ¢1 > 0 is a universal constant.

(32.57)

Proof. Consider j, X as in Theorem 32.6. Then by Theorem 32.39 and (32.49)

we get that
[(Sn = "MV 1) (o fia) <

o . W3z(1—x)\
e (Jof’ \/n(nJrl))_
() 43z (1 —x)
s (f’ VW)‘

Clearly from (32.54) and (32.58) we obtain (32.57).

(32.58)
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High Order Multivariate
Approximation by Multivariate
Wavelet Type and Neural Network
Operators in the Fuzzy Sense

Here we study in terms of multivariate fuzzy high approximation to the multi-
variate unit several basic sequences of multivariate fuzzy wavelet type operators
and multivariate fuzzy neural network operators. These operators are multivari-
ate fuzzy analogs of earlier studied multivariate real ones. The produced results
generalize earlier real ones into the fuzzy setting. Here the high order multivariate
fuzzy pointwise convergence with rates to the multivariate fuzzy unit operator
is established through multivariate fuzzy inequalities involving the multivariate
fuzzy moduli of continuity of the Nth order (N > 1) H-fuzzy partial deriva-
tives, of the engaged multivariate fuzzy number valued function. The purpose of
embedding fuzziness into multivariate classical analysis is to better understand,
explain and describe the imprecise, uncertain and chaotic phenomena of the real
world and then derive useful conclusions. This chapter relies on [49].

33.1 Fuzzy Real Analysis Background

We need the following background
Definition 33.1(see [283]) Let 1 : R — [0, 1] with the following properties
(i) is normal, i.e., 3zo € R; u(xo) =1.

(i) wO + (1— N\)y) > mingu(z) w()}, Yo,y € R, YA € [0,1] (4 is called a
convex fuzzy subset).

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 523
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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(iii) p is upper semicontinuous on R, i.e. Vzo € R and Ve > 0, 3 neighborhood
V(zo) : p(z) < p(zo) +€, Vo € V(zo).

(iv) The set supp(p) is compact in R (where supp(p) :== {z € R: p(z) > 0}).

We call p a fuzzy real number. Denote the set of all y with Rx.

E.g., X{zo} € RF, for any xzo € R, where x(5,} is the characteristic function
at xo.

For 0 <7 <1 and u € Rx define

[W]" ={z eR: p(z)>r}
and

(1]’ :={z eR: pu(z)>0}.

Then it is well known that for each r € [0, 1], [u]” is a closed and bounded
interval of R ([172]).

For u,v € Rx and A € R, we define uniquely the sum « & v and the product
A O u by
[wev]” =[u]" +[v]", ANoOu]"=Au]", vrel0,1],
where
e [u]” + [v]” means the usual addition of two integrals (as subsets of R) and

e \[u]” means the usual product between a scalar and a subset of R (see, e.g.,
[283]).

Notice 1 ® u = u and it holds
UBV=VDUAOQU=uO A
If0<ri <ry <1 then
[l C [u]™.
Actually [u]” = [u'”, ug_r)], where u(") < ug_r), ul, us_r) €R, Vre|[0,1].

For A\ > 0 one has )\u(;) =0 u)(ir), respectively.
Define D : R x R — Ry by

D(u,v) := sup max{|u(f) — v(f)|, |u(f) - US:)|} ,
re(0,1]

where

[v]" = [’U<_T>, ’US:>]; u,v € Rr.
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We have that D is a metric on Rr.
Then (R, D) is a complete metric space, see [283], [284].
Let f,g: R™ — Rz. We define the distance

D*(f,g) == sup D(f(x),g(x)).

zeR™M

Here ©* stands for fuzzy summation and 0 := X{o} € R is the neutral element
with respect to @, i.e.,

u®0=0Du=u, Yu€e Rer.

We need
Remark 33.2 ([29]). Here r € [0, 1] xﬁr),yﬁ” €R,i=1,..., m € N. Assume
that
sup max (mgr),yy)) €ER,fori=1,..., m.
rel0,1]

Then one sees easily that

Sl[lp max (Z xET), Z ylm> < Z sup max <£E§T),y1m) .
1=1 1=1 1

rel0,1] © — ‘=1 relo]

Definition 33.3 Let f € C(R™), m € N, which is bounded or uniformly
continuous, we define (h > 0)

'U)l(f,h) = sup |f($17"'7 "Em)if(x/177 fl?;n)|
all z;, z5€R, |v;—ai|<h, for i=1,..., m
Definition 33.4 Let f : R™ — Rz, we define the fuzzy modulus of continuity
of f by

WP (f,0) = sup D(f(x), f(y)), § >0,

z,y€R™, |z;—y;|<4, for i=1,..., m

where £ = (21,..., Tm), Y= (Y1,---, Ym).
For f: R™ — Rz, we use

7= 1, 17,
where f{ :R™ - R, V r € [0,1].
We need
Proposition 33.5 Let f : R™ — Rzx. Suppose that wﬁ}-)(f, d), wl(f(f),é),
w1(fJ(:),5) are finite for any § > 0, r € [0, 1].
Then
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wi”(£,8) = sup maxfun(£7,6), wi(f}”,0)}.
rel0,

Proof. By Proposition 1 of [37]. ]

We define by CZ(R™), the space of fuzzy uniformly continuous functions from
R™ — Ry, also C#(R™) is the space of fuzzy continuous functions on R™, and
C»(R™,R#) is the fuzzy continuous and bounded functions.

We mention

Proposition 33.6([37]) Let f € CY(R™). Then w!”(f,8) < oo, for any
6> 0.

Proposition 33.7([37]) It holds

lim wi™(f,8) = wi™ (£,0) = 0,
iff f € C¥(R™).

Proposition 33.8([37]) Let f € C(R™). Then fj@ are equicontinuous with
respect to r € [0, 1] over R™, respectively in =+.

Note 33.9 It is clear by Propositions 33.5, 33.7, that if f € CZ(R™), then
f(ir) € Cy(R™) (uniformly continuous on R™).

We need

Definition 33.10 Let z,y € Rr. If there exists z € Rr : z =y @ z, then we
call z the H-difference on x and y, denoted = — y.

Definition 33.11([283]) Let T := [zo, zo + 3] C R, with 8 > 0. A function
f: T — Ry is H-differentiable at = € T if there exists an f'(x) € Rz such that
the limits (with respect to D)

o L@+ = f@) L f@) = @ = h)

O " RS04 h

exist and are equal to f'(z).

We call f’ the H-derivative or fuzzy derivative of f at .

Above is assumed that the H-differences f(z+h) — f(z), f(z)— f(z —h) exist
in RF in an neighborhood of x.

Definition 33.12 We denote by C¥(R™), N € N, the space of all N-times
fuzzy continuously differentiable functions from R™ into Rx.

Here fuzzy partial derivatives are defined via Definition 33.11 in the obvious
way as in the ordinary real case.

We mention

Theorem 33.13([202]) Let f : [a,b] C R — R# be H-fuzzy differentiable. Let
t € [a,b], 0 <r < 1. Clearly

F@Or =1r®, F6L CR.
Then (f(t))(ir) are differentiable and
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That is

(L = (A7), vre 0,1
Remark 33.14 (see also [35]) Let f € C™(R,R#), N > 1. Then by Theorem
33.13 we obtain fir) € CY(R) and

FOO = (F6))D, (F)™),

for i =0,1,2..., N, and in particular we have

(FOE = (",
for any r € [0, 1]. .
Let f € C¥(R™), denote f5 := %, where & := (a1,..., am), a; €Z1, i =
1,..., mand

0<lal=>» a <N, N>L
=1

Then by Theorem 33.13 we get that

(1), = ), vre o),

and any & : |&@| < N. Here fj@ € CN(R™).

For the definition of general fuzzy integral we follow [206] next.

Definition 33.15 Let (2, X, 1) be a complete o-finite measure space. We call
F : Q — Ry measurable iff V closed B C R the function F~*(B) : Q — [0,1]
defined by

FY(B)(w) := sup F(w)(z), all w € Q

zEB
is measurable, see [206].
Theorem 33.16 ([206]) For F : Q@ — R,
F(w) = {( FO(w), F{”(w)|o <r <1},
the following are equivalent
(1) F is measurable,

(2) vreo,1], F™, Fj_r) are measurable.
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Following [206], given that for each r € [0,1], F, F_f_” are integrable we
have that the parametrized representation
0<r< 1}
is a fuzzy real number for each A € X.
The last fact leads to

(o f)
A A
Definition 33.17 ([206]) A measurable function F : Q — Ry,
F(w) = {(FO (w), F”(w))|0 <7 <1}

is integrable if for each r € [0, 1], Fj(tr) are integrable, or equivalently, if Fj([()) are
integrable.
In this case, the fuzzy integral of F' over A € ¥ is defined by

/qu::{ (/ FWap, /Ff)) ogrg1},
A A A

By [206] F is integrable iff w — ||F(w)]|F is real-valued integrable.
Here

|ullz := D(u,0), Yu € R.

We need also
Theorem 33.18 ([206]) Let F, G : Q — R be integrable. Then

(1) Let a,b € R, then aF + bG is integrable and for each A € ¥,

/(aF-i—bG)du:a/Fd,u-i-b/ Gdy;
A A A

(2) D(F,QG) is a real- valued integrable function and for each A € X,

D(/AFd,u, /AGdu) S/AD(F,G)d,u.

/qu S/ | F||=dp.
A F A

Above p could be the Lebesgue measure, with all the basic properties valid
here too.
Basically here we have

In particular,
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/ qu / F<T>d/L, / (T>
Vr € [0, 1], respectively.

()
(/ qu) / F{"dp,
We use
Notation 33.19 We denote

o N\, . af(:cwa) - *f f(@1.22) 5 02 f(z1,22) ~
8:61Y )) f(z).7D< Bac% +D< 8:62 +2b Ox10xo 0

that is

In general we denote (j =1,..., N)
m a N\7 . 41 8 f(zy,..., Tm) ~
(ZD(a.’O)> 1= 2 et i Y 1 5.2 0
i=1 T (J12eees Jm)EZT s T Gi=i J1t g2 - Jm: Oz " 0xy” ... Oz

Notation 33.20 In this chapter we define the multivariate fuzzy wavelet
type operators Ag, By, Ck, Dr, k € Z, in Theorems 33.23, 33.21, 33.25, 33.27,
respectively. Their real analogs are defined exactly the same way in Chapter 9 of
[23] and we keep here for these operators the same notations Ay, By, Ck, Dk, k €
Z (as in [23]).

Also the multivariate fuzzy neural network operators F,,, G,, are defined here in
Subsections 33.2.2 and 33.2.3. Their real analogs are defined exactly the same way
in Chapter 3 of [23], using there and here also the same notations Fy,, G, n € N.

In this chapter for convenience we are using indiscriminately, whether it is real
or fuzzy operator: Ay, By, Ck, Dy, Fr, G,. What it really is, it is understood by
the context.

We were also motivated by [21], [22], [31].

33.2 Main Results

33.2.1 Convergence with Rates of Multivariate Fuzzy Wavelet
Type Operators

We present the first main result on multivariate fuzzy wavelet type operators.
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Theorem 33.21 Let f € CE(R™), m, N € N; © ¢ R™and k € Z. Let ¢ > 0
be a bounded function on R™ of compact support

m
- H[fai,ai], 0<a; <+oo, a:=max(a,..., am).
1

K3

Assume that

J1 oo jm =—00

all T := (21,..., Zm) € R™, in short

i —

Yow(@-4)=1,

T=—oco
all 7 € R™, where 7) = (J1,-evy Jm)-
Set
Be(N) (1,0, wm) = > ‘ 3 f(;%,m, JQTZ)QW@}CZL’I*]'LHW 252 —jm),
j1=—o0 Jjm=—o00

any k € Z, all (z1,..., m) € R™; in short

any k€ Z, all T € R™.
Here we further suppose that all of the fuzzy partial derivatives of f of order
N, denoted by

o%f =
fa::ara G:=(ai,..., Gm), GELZ , i=1,..., m: |&|:Zo¢i:N ,
i=1

are fuzzy continuous and fuzzy bounded, or fuzzy uniformly continuous on R™.
Then

J=1 i=1
N N
a’ m F) ([, @
NI 2FN & feey ( & Q—k) ; (33.1)
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any k € Z, which is attained by constant fuzzy functions.

Remark 33.22 (i) Clearly here Bxf — f pointwise over R™, as k — oo,
convergence with respect to metric D.

(ii) Given that f € C¥,(R™) (i.e., all of f and its fuzzy partial derivatives up
to order N are fuzzy continuous and fuzzy bounded) we obtain

N

<§;D*<ai;m )) f+N' ;’ZZ aw | gf) (fa,%),

]:1 7!

any k € Z.
That is Bif — f, fuzzy uniformly over R™, as k — oo.
(iii) When N =1 from (33.1) we get that

D<(ka)( ) f(x)>—2’w{z ( da; ’>+m'ie{3¥m}wﬁf)<§_ﬂi7%> }

any k € Z.

Proof. (of Theorem 33.21)
Since ¢ is of compact support (Bxf) is a finite sum. Thus for r € [0,1] we

have

That is,

BN =B (£), vreo,1].

We see that

O () - f@(?)\}

D((ka)(m f(?)) = sup max { (BT (@) - 10 (@),
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{B (1)@ - 0@, B (1) @) - 1@ )}

Clearly here, ( fa)(ir) are continuous and bounded, or uniformly continuous on
R™, |a| = N, Vr € [0,1]. Also {7 € CN(®R™), Vr € [0,1].
By Remark 33.14, we observe that

(1) =2,
«@
for any r € [0,1], and any a: |a] < N, where

0

(a2 axaﬂ

with @ := (a7, ..., @m), @; €ZT, i=1,..., m, and

m
0 < |a ::ZaigN.

=1

Therefore we can apply Theorem 9.1 of [23], p.201 to get

re(0,1]

D<(ka)(?>, f(?)) < sup max{

N N

o > @) )+ max wn ((f(f))a, oF

N! 2EN 5. \&a|=N

i J
ol m o o N N o a
Zjl2k] (Za_.%> + (l’) +N'2kN~r?aa“)i wl((+ )5(72_k>
=1

Jj=1 i

@ 1@ )

2.7 2@@&&]“’“{((2%) 7). ((Z\ax) ")}

a” m” (). a (). @

TN & SERE T (= Da 5 ) (fi a5z | ¢ = ().

The following example of m = 2 and j = 2 will help us derive a general
conclusion.

We have

0 2 (r) 0 1o} 2 (r) -

rzl[lopumax{ (‘6_551 + ‘6_1’2 ) f— ($1,ZC2), ‘8.1‘1 + ‘al‘g‘ f+ (xl,xg) =
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21 (x1,22)
5‘.%181‘2

be

&2 f 7 (x1,22)
ox3

82 f ) (21, 22)
Ox?

)

sup max
r€l0,1]

82]"4(:) (iEl, LEQ)
Ox?

62 J(:) (iEl, LEQ)
O3

& J(:)(xl, xQ)
8.’1318.%‘2
}+

b

+ 2

+

a2f( ™) 1,1 Iz)
Ox?

0% (w1, w2)
Ox?

)

sup max
re(0,1]

an( ") iEl Iz)
sup max
re(0,1]

O3

O (w1, w2)
O3

)

2 sup max O (@1, 3a) | |02 J(:)(xl’u) =
ref0,1] 0x10x2 0x1072

(r) (r)
0 f(x1,22) ? f l‘1,$2
sup max —_— ,
rel0,1] a351
sup max o f($1,$2
rel0,1] 8352

' T>
6‘ f x1,x2
2 =
rzuopu max{‘( 0x10T2 > }
8? f (1, x2) 2 f (z1,x2) 4o O f( $1,$2) 5
922 N 8r10x2 7 )’
That is we have
: (r) ? (r)
T T <
e s (o ) 20, (] ) 2

2 f(z1,22) - 8% f(z1,22) - 2f(@iwa) -\ [ & o N\,
D<7a$% ,0)+D o , 0 +20<7811812 , 0 7<Z D(am,o) ().

So in general we obtain

arm{ () ). (E1) o))
< (iD(a% 6) >jf(?>-

}+
$1,$2
O3 N

(r)
5‘2 ($1, X2 >

.1‘16.’132

‘ 0o ‘ 0To
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534
Therefore we derive
< al a’ - D 0 5 Jo_ aV mN
(+) —;jl ki (; Bx:’ > F@) )+ Nraw
NONA INCRCAY
ity o oo (G0 5). (02 ) |
N i m 5 o . i N mN - a
Zj! 27 (; dz: > FO@) ) + Nrgew o 8K, <fa’2_k>’
[

proving the claim.
We continue with
Theorem 33.23 Let f € C¥(R™) N Cy(R™,R#), m,N € N; T € R™ and

k € Z. Let ¢ > 0 a continuous function on R™ of compact support

C 1l l—ai,ai], 0 < a; < 400, a:=max(ai,..., am).
i=1
Assume that
e —
Yoow(@-4)=1,
T=—oc0
(then [g,, o(T)dT =1).
Define
AN(@) = Y oz (N oe' T - ),
T=—o0
where
w —
O‘kT(f) = /m I <2—k) Op(u — j)du, ke Z.

Here we suppose that all of the fuzzy partial derivatives of f of order N,

denoted by
% f S
fa &= (a1,..., Om), GELZT, i=1...,m: [a=) =N
=1

are fuzzy continuous and fuzzy bounded, or fuzzy uniformly continuous on R™

Then
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D((Am(?), f(?)> <> i (ZD(aivﬁ)) 1@ ) +

i=1

N N
a m
N s, o () (33.32)

any k € Z, which is attained by constant fuzzy functions.

Remark 33.24 (i) Clearly here A,f — f pointwise over R™, as k — oo,
convergence with respect to metric D.

(ii) Given that f € CR,(R™) we get

N j

D' (Axf f) < ZJ, S <ZD( )) f
N N

+%~ \(3‘)5 w1 (f“’Qk 1)7

any k € Z.
That is A f — f, fuzzy uniformly over R™, as k — oo.
(iii) When N =1 from (33.2) we obtain that

m

- - a Af(T) ~ of a
D<(Akf)(®)’ f(:r)) < 2:%1{2 D(iazi ,O) +m-ie{{1,1_z.1_)‘(m}w§]:) (87:1:1’ 2k71) },

i=1

any k € Z.

Proof. (of Theorem 33.23)

Since ¢ is of compact support (Axf) is a finite sum. Furthermore o(u —

is non zero when
—
—j e |[l-aiai,

.

=1

that is when .
W e [l - ai,ji +ail.
i=1

Consequently we have

jita1  pje2+taz Jm+tam u —
:/_ / f(2—k> O (T —7)dT.
J )

1—al Jj2—az

For r € [0, 1] we have
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() = [ / Y, (%) © (T - 7)@] .

AR z\\" o
{/H?’”:ﬂjraidfr%]( (T ) #(T=T)dT, /"' +ai]<f<27k>> «p(u—])du].

i1 li—aisds +

»

‘We notice that

w
16
/H?Ll[ji*aiyjﬂrai] < 2 4
oo — (r)
u rd s
[ > (/ [ ]<f 27)) @(U—J)dﬂ’)w(?k?—ﬂ,
—-_ ey ldi—aidita;

7ioo </1_[:n1[ji‘liyji+ai] (f <2z’“)
()

(Akf)@ = Ay ( (g)) , Vr € 0,1].

&|
g
VN
b
ol
/
)
N
N——
=
&)
E

I.e. we proved that

So we have

D((Ak(f»(?), f(?)> = fum max{| AN (@) - A (@) —f@(?)\}

()@ -10= )}}

= sup max{‘Ak(f<r))( ) — f(r)( )| A

re(0,1]

(by Theorem 9.2, p.206, [23])



33.2 Main Results 537

N Wi m P oN N o
(r) (= (r)y.
< sup max{z m((z‘ ‘) Y (m))-%—m&:mi]vuq((f, )aﬁzkil),

r€[0,1] i=1

N N

N
Zjlg(k 1)j ((Z‘&ED f(r) ) N! 2(k—1)N a;%ﬁiwwl <( (T))O“Qk 1)}
ot (B2 0@) (S0 )

[0,1]

N N
a’ m (r) a (r) a
PR Ty S max{ (f ) M(( )% 2k>} <

> oo ((i (= ))Jf@)) b

N o mD 9 5 i aN mN (]__)
;j! 2(k=1)j (; dwi’ ) JE@) )+ NI 2(k=1)N azlflaﬁizv (f‘”

proving the claim.
We continue with
Theorem 33.25 All assumptions here as in Theorem 33.21. Set

T a r a
_max - sup max{w1 ((fa)<_>, 2/@71)’ w1 ((fa)S->: 21@71)

s lal= NTG[O 1]

o).

mk 2_k(7+_f) NI mk 23; - 7 -
Y7 (f) =2 / flt)dt =2 L f t+2—k dt,
0

—
2=k j

and
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(a+ 1N m" @ (1. a+1
NI 2kN 3 al=N @9k )7

any k € Z, which is attained by constant fuzzy functions.

(33.3)

Remark 33.26 (i) Clearly here Cxf — f pointwise over R™, as k — oo,

convergence with respect to metric D.
(ii) Given that f € C¥,(R™), we derive

4! 2kJ

N j m J N N
* (a+1)7 o 0 = (a+1)" m (F)
D (Ckfyf)ﬁz ((;1D (Baci70)> f>+7]\” ShN &:1|naa\X:Nw1 ( &

=1

any k € Z.
That is Cr f — f, fuzzy uniformly over R™, as k — oo.
(iii) When N =1 from (33.3) we obtain that

— — a+1 - 3f(?) = . (F) ( af
D<(Ckf)(x)’ f(ac)) S( 2k ) {;D( Oz; ,0)+m ie(Ty my 1 ox;’
any k € Z.

Proof. (of Theorem 33.25) We observe for r € [0, 1] that

s ()] =2 L f<?+;—;)d? =

2 - Qjc i
mk (ON B e (=, J —
P /H I <t+2—k)dt,/ﬁ £ <t+2—k>dt

That is we proved that

[CeN(@) = éi s (D] w27 -7 =
> s (1) ey (1)) 627 - ) =

a+1)

2k
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— ch (f(”>>(?), (ck( P))(?)].

So we have established that

(Cuf@NY = Cu (£7) (@), vr e 0,1,

Then we use Theorem 9.3, p.211, [23] and we follow the same steps as in the
proof of Theorem 33.21.

]
We also give

Theorem 33.27 All assumptions here as in Theorem 33.21. Set

') *
i
D) (@)= Y §=() 0 e@T - 7).
T =00
where
® * -
j l
= 2 w7®f<27+ 2kﬁ’)’
7=0
I eZ?, EN™, wp 20
nw
wp = 1,
T=0
keZ, j €z™ T eR™.
That is
5 * ng ¥ Nm * jl ll Jm lm
SRNDRTIED b DI SETINPHCYY € SUNL SN T, §
11=0 12=0 l-=0
ny ng Nom,
Wiy, 1, = 0, Z Z Z Wiy, by = 1
11=015=0  1,=0
Then
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(at )T m? 7 ( s 1) ; (33.4)
N! 2EN & jal=N
any k € Z, which is attained by constant functions.
Remark 33.28 (i) Clearly here Dy f — f pointwise over R™, as k — oo,
convergence with respect to metric D.
(ii) Given that f € C¥,(R™), we get

; N (a+1) mo 9 ! (a + )N mN () a+1
D (Dkfvf)ﬁjgl T2k ((;1D (a—ml,o)> f)JriN! SN &:Tata\X:Nwl (f&, ok ),
any k € Z.

That is Dy f — f, fuzzy uniformly over R™, as k — oo.

(iii) When N =1 from (33.4) we derive

D((Dkf)(?), f(?)) g(“;l){ip(agf),a)er._ max m}wgf)(:jiya;l)}

i=1

any k € Z.

Proof. (of Theorem 33.27) We notice that

=
<l
=
=

Il

3|

g

=l

That is
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I.e. we proved that

(Dkf)g) = Dy, ( (g)) , Vr € [0,1].

Then by using Theorem 9.4, p.214, [23] and following similar steps as in the
proof of Theorem 33.21. we finish proof. [ ]

We further give

Theorem 33.29 Let f € Cr(R™), m € N, which fuzzy uniformly continuous
or fuzzy bounded.

(i) Under the notations and assumptions of Theorem 33.21, N = 0, we get

D((ka)(?), f(?)) w® (f,-), kez. (33.5)

(ii) Under the notations and assumptions of Theorem 33.23, N = 0, we derive

D((Am(?), f(?)) <ui” (fgi) keZ (33.6)

(iii) Under the notations and assumptions of Theorem 33.25, N = 0, we get

D((Ckf)(?), f(?)> w'? <f, at 1) , kezZ. (33.7)

(iv) Under the notations and assumptions of Theorem 33.27, N = 0, we obtain

D((Dkf)(?), f(?)) w'?) <f, ”“), kez. (33.8)
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All inequalities (33.5)-(33.8) are attained by fuzzy constant functions.

Proof. We notice that

D((Bm(?), f(?)) = sup max{)wkf)i") @ - 1O@)| | En @) —fi’(?))}

r€[0,1]
<Bk (1) ) (@)-£0(@)), <Bk (77) ) @)~ 17@) } <

(by [90], or (9.35) of [23], p.219)

" a a a
sup max{w1<f(_),2—k>, w1< _(,_T),Q—k>}:w§]:)<f,2—k)y ke,
rel0,1]

proving (i).
The rest (ii)-(iv) are proved similarly by the use of Proposition 9.1, p.219
of [23]. ]

re(0,1]

= sup max{

33.2.2  Convergence with Rates of Multivariate Fuzzy
Cardaliaguet- Euvrard Neural Network Operators

We use the following (see [128])

Definition 33.30 A function b : R — R is said to be bell-shaped if b belongs to
L' and its integral is nonzero, if it is nondecreasing on (—oc, a) and nonincreasing
on [a,+00), where a belongs to R. In particular b(z) is a nonnegative number
and at a,b takes a global maximum; it is the center of the bell- shaped function.
A bell- shaped function is said to be centered if its center is zero.

Definition 33.31 (see [128]) A function b : R — R(d > 1) is said to be a
d- dimensional bell-shaped function if it is integrable and its integral is not zero,
and if for all i =1,..., d,

t—>b(l‘1,...,t,...,$d)
is centered bell- shaped function, where @ := (x1,...,24) € R® arbitrary.
Example 33.32 (From [128]) Let b a centered bell- shaped function over R,
then (z1,...,24) — b(z1)...b(zq) is a d- dimensional bell-shaped function.
Assumption 33.33 Here b(7) is of compact support

d
B:= H[*Ti,Ti], T >0

=1
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and it may have jump discontinuities there. Set I := [, b(Z')d . Note that I > 0.
Let f : RY — Rz be a fuzzy continuous and fuzzy bounded function or a fuzzy
uniformly continuous function.

In this subsection we study the D-metric pointwise convergence with rates over
R, to the fuzzy unit operator, of the multivariate fuzzy Cardaliaguet- Euvrard
neural network operators,

2 ¥ 2 ¥
F@)= > Y f(ﬁf)@
ki=—n2 kgq=—n2
b<n1°‘ (:r1 — %) ..., ntTe (xd — kn—d>)
— : (33.9)
where 0 < a < 1 and T := (1,...,24) € RY, n €N.

For the real related operators see [128], [23], p.90.
The terms in the fuzzy multiple sum (33.9) can be nonzero iff simultaneously

nlia <x1 — &) S Ti,
n
alli=1,...,die, |z, — 2| <L alli=1,..., diff
ne; —T; -n® <k <nx; +T;-n®, alli=1,..., d. (33.10)
To have the order
2 <nzi—T n® <k <nx; +T; n* < nQ, (33.11)
we need n > T; + |z;|, all i =1,..., d. So (33.11) is true when we consider
> T; i|). 12
n 2z max d}( i+ |@il) (33.12)
When 7 € B in order to have (33.11) it is enough to suppose that n > 27°*,
where T := max{T1,..., Tq} > 0. Take
I, = [nz; — Tina,nx; + Tinal, i =1,..., d, n € N.

The length of I; is 2Tyn®. By Proposition 2.1, p.61 of [23] we obtain that
the cardinality of {k; € Z that belong to I,} := card(k;) > max(2Tin® — 1,0),
any i € {1,..., d}. In order to have card(k;) > 1 we need 2T;n® — 1 > 1 iff
nszl/a, any i € {1,..., d}.

Therefore, a sufficient condition for causing the order (33.11) along with the
interval I; to contain at least one integer for all i =1,..., d is that
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n >  max (Ti + |xi|,Ti_1/a> . (33.13)
{i=1,..., d}
Clearly as n — 400 we get that card(k;) — +o0, all i =1,..., d. Also notice

that card(k;) equals to the the cardinality of integers in [[nz; — T; - n®], [nz; +
T;-n®)]foralli=1,..., d.
Here denotes [ | the ceiling of the number, while [ ] denotes the integral part.
We set b* := b(?) the maximum of b(Z). From now on in this chapter we
will assume (33.13). Consequently

[nz14+Ty-n®] * [nazg+Ty-n®] * Ky kg
N
FEO)@) = > .Y f(;,--.,;)ca
ki=[nz1—T1-n] kg=[nzq—Ty4n>]
b<n1°‘ (x1 — %) R (md — %) )
T ed , (33.14)
all T := (z1,...,24) € RY, n €N, where
T Ty
I:/ / b(m1,...,md)dx1...dxd.
-1 —Tq
Denote by || - ||eo the maximum norm on R, d > 1. So if
n'~® <am - &) <T,
n
alli=1,...,d, we find that
i *
|G-2)]. ==
T —— )
n nl—a
—
where k := (k1,...,kq).
We notice that (r € [0, 1])
[n@y+T1-n®) [nzg+Tg-n®] Ky ka\1"
—\17r
Eo@r= Y ey (B
ki=[nz1—T1-n] kg=[nwg—Tyg-n]

b<n1°‘ (z1—2),..., nl7 (md - %f))

I -nod
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nx,+T1-n® neg+T4-n®
[ 121 ] [ dZd ] f(T) E @ - E @
- oat RS »J+ poat R

ki1=[nz1—T1-n%] kg=[nwg—Ty4-n>]
-« k1 11—« k
b(n (xlfn), ,n (mdfff-
T-nod =
_ E _ k
[nz+T1 -n%] [nzg+Tq-n] [ *1 kg b(nl o (1}1 - T.l) ,,,,, nl—o (1}d — 47?‘))
s (L
k1=[nz]—T1 n%] kg=[nzg—Tg-n] n n I-nad
_ E _ E
[n@;+T;-n%] [n@g+Tq-n*] Q) (kl kd) b<"1 R DRERE nioe (Id - JnL) )}
ki=[ney T n®  ky=[nz Ty no| n’ n 1. nod

= [(Br) @), () (7))
We have established that

()
<Fn(f)) = Fn< f), vr e [0,1]. (33.15)

+

‘We need
Definition 33.34 Let f : R — Rz. We call

F
Wi (f 1) = sup D (f(T), f(7)),
all T, YeR, | T -7 |w<h

h > 0, the first multidimensional fuzzy modulus of continuity of f with respect
t0 || - [loo-

We need

Proposition 33.35 Suppose that w'”(f,h)eo, w1 (f), 7)o, wi( (f),h)oo
are finite for any h > 0, any r € [0,1]. Here w; is the usual real modulus of

continuity.
Then
wg'r)(f, h)so = sup max {wl(ff), h)eo, w1 (f(r), h)oo}. (33.16)
r€(0,1]
Proof. By [37]. ]
We present

Theorem 33.36 Let = € R?, then it holds that
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D((an) (?),f(?)> <D (#(@),0)-

[ney+T1-n%] [nwg+Tg-n®)

ki=[no1—T; n®]  kg=[nwg—Tg-n]

ﬁ.b(nlf“ (:1:1 - k—;) RN nl—e (:cd - %) > —1
* d *
bT 1I (QTi + nia) ~wi®) (f, n:lp—,a) : (33.17)

=1

Proof. We notice that

D((Fn(f))(?),f(?)) = sup max{\wn(f))(_” @) -1 @),
rel0,1]

ENY (@) - fﬁf)<7>|}

= sup max { )Fn (fir)) (?) - f(f)(?) ,

rel0,1]

F(17) (@) - fi”(?)}}

(by Theorem 3.1, p.92 of [23])

[ne1+T1-n®) [nzq+Tq-n™] 1
< sup max{ |f7(T)|- —_—
s p> X
1=[nx1—T1-n%) kg=[nxg—Tyg-n%]
1-a kl) 17.1( kd) b 8 ( 1 ) (# [ T
- — . E——— — . T, i
b(” (:61 n/’ o d n o I -]':[1 2 ne “1 = nl-a ’
1= oo
[nzq+T1 -] [nzqg+T4-n%] 1
(r) (=
(@)l DD D ST
ki=[nz1—T1 -n%] kg=[nzq—Ty4-n™]
1—a k1 I—o ka br & 1 # [, TF
b(ﬂ (:61—:),“»,71 (md—z) -1 +7»1:[1(2Ti+n—a)-w1 £ o
1= [eS]
[n@1+T1 -n®] [neg+Ty-n®] 1

) )

ki=[no1—T; n®]  kg=[nwg—Tgn]

d
l—« kl 11—« kd b 1
() o) )
w T m I —
th[g)llmax{wl <f_ ,nl_a)oo,un(_,_ ,nl_a)oo}_

T nod

s( sup max{\fi”m\, |f¥><?>|}> :

re(0,1]
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B [nz1+T1-n?] [nzq+Tgq-n%] 1
D(f(?),o)- 3 3 T
ki=[nxq—T1-n%] kg=[nxqg—Tg-n

k k
b(nl_(y (zl — —1) ..... nl—o (zd — —d) ) -1
n n

b* d 1 T*
LI Do)
+ 10 (2T1+na)w1 (f, nl_@)

i=1

proving the claim. [ ]
We need
Lemma 33.37 ([23], p.95) It holds true that (7" € R%)
[ R [nzg+Tqn®] * 1
- pyp—
ki=[nz;1—T1-n%] kg=[nzq—T4-n]

b(nl_a (CK1—%) geeey ’n,l_a (:Ed—%)) —>1,

pointwise, as n — +o0.
Remark 33.38 Given that f € C¥(R?) (fuzzy uniformly continuous func-

tions), as n — oo, we get D((Fn(f)) (?),f(?)) — 0, VZ € RY pointwise

with rates.

The next related result follows:

Theorem 33.39 Let @ € R?, f € CX(R%), N € N, such that all of its fuzzy
partial derivatives f5 of order N, & : |&| = N, are fuzzy uniformly continuous or
fuzzy continuous and fuzzy bounded. Then

[n?—?n“]

NI pN(i-a)

d 1 T*
(H <2T¢+ —)) . max w{” ( — ) . (33.18)
ne a: |a|=N nT* ) o

=1

(5 el (09 e

j=1

}+ )" u0)

As n — oo, we get D ( (Fu(f) (T), f(?)) — 0 pointwise with rates.
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Proof. As before we have

D( (Fa(£) (7). f(?)> = sup max { (7 (57) ) @) = 10 @)

sup max 3 [f7(F)] -
re [0,1]

SR TN .a¥ (0
_i) fi)(m))} ’ J(V! imm) ‘ (1)

sup max { £ @), |f¥>(?>|} :
r€[0,1]




33.2 Main Results

549
» T @ T
o ) ) a ) S
s o (007 550) o (109 55)_}
[nE—Tn%
D (#(7),0)

(1 (e )

N T*)I i 0 ~ J _ TN . gN b?
{ZJ'(H%KD@O))J”()}JF( ) (),

NI pN(-a) |
d
1 (F) T
(H (21 55) ) e o)
i=1 o]
proving the claim.

33.2.8  The Multivariate Fuzzy ”Squashing Operators” and
Their Fuzzy Convergence to the Unit with Rates

‘We use

Definition 33.40 Let the nonnegative function S : R — R, d > 1, S has
compact support

d
B .= H[_Ti,Ti]» T, >0
i=1
and is nondecreasing for each coordinate. S can be continuous only on either
Hle (=00, T;] or B and can have jump discontinuities. We call S the multivariate
”squashing function” (see also [128]). Assume that

I = / S(t)dt > 0.
B

(33.19)
Example 33.41 Let S as above when d = 1. Then

S(T) = 8(x1)...8(xa), T = (21,

d
ey Ji’d) € R,
is a multivariate ”squashing function”.
Let f : R? — Rz be either a fuzzy uniformly continuous or a fuzzy continuous

-
and fuzzy bounded function. Let 2, 2z’ € B such that z;, < z}, for some
i €{l,...,d}; k=1,..., r <d. Then

S(Ctl, .
S S(Il, .

s Tigy ey gy e ey Ligyeony Tigyeon,Td)
/ /

Ty Ty

Clearly

/ /
Ty e Ty s s Td)-
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max S(7) = S(T), T :=(Th,...,Ta).
zeB

For @ € R? we define the multivariate fuzzy ”squashing operator”

*
n2

Gul) (@)= S . f: *f(%,,..,@)@

n
ki=-n2 kg=—n2

S<n1a($1%),..., nlo‘(xdk_d>>

o e , (33.20)
where 0 < a <1 and n € N:

> T; |, TV
nZ, ax d}{ i+ |zl T, 77}
It is clear that

For the real analog of Gy, see [128], [23], p.112.
We notice the following (r € [0, 1])
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That is we proved

(r)
(Gn(f)) = Gn< ;”), vr e [0,1]. (33.23)

+

Here we study the fuzzy pointwise convergence with rates of (Gn( f )) (T) —

f(T), asn — co, T € R% This is given in the next result.
Theorem 33.42 Under the above terms and assumptions we obtain

[n?—?n"‘]

D( (Gn(f)) (?),f(?)) <D (f(?)»a) : > I .1nad’

?:[n 77")1'1,'1—\
% STy ({ 1 T*
11— — . - . (F)

S(n <m?>>1+ IC .<H(2Tl+na)) w, <f,n1_a)oo.

(33.24)
Proof. Based on (33.23), Theorem 3.3, p.113 of [23]. It is similar to the proof of
Theorem 33.36 here. ]

We need

Lemma 33.43 ([23], p.114) It holds

[nﬁ)f?na] 1 ?
D, (7)) = > Trooea .s<n1—a <E’ - 7) ) —1, (33.25)

&= [n?f?n“‘—\

. . —
pointwise, as n — 0o, where = € RY.

Remark 33.44 Let f € Cg(Rd) then, as n — oo, we get D| (Gn(f)) (), f(?)) —

VRS

0, V& € R4, pointwise with rates.

We finish with

Theorem 33.45 Let @ € R%, f € CX¥(R?), N € N, such that all of its fuzzy
partial derivatives f5 of order N, & : |a] = N, are fuzzy uniformly continuous
or fuzzy continuous and fuzzy bounded. Then
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{ij,(nm ﬂ(iD( ))jf(?)

=
¢ 1 T*
11 <2T¢+—) - max w!” (fa,l—_) . (33.26)
el fna o “1'7 n (e .

Asn — oo, we get D ( (Gn() (T), f(?)) — 0, pointwise with rates.

L @)Y S(T)
N! nN(1-a) I*

Proof. Similar to the proof of Theorem 33.39 here, based on Theorem 3.4, p.117
of [23]. [
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Fuzzy Fractional Calculus and the
Ostrowski Integral Inequality

Here we introduce and study the right and left fuzzy fractional Riemann- Liouville
integrals and the right and left fuzzy fractional Caputo derivatives. Then we
present the right and left fuzzy fractional Taylor formulae. Based on these we
establish a fuzzy fractional Ostrowski type inequality with applications. The last
inequality provides an estimate for the deviation of a fuzzy real number valued
function from its fuzzy average, and the related upper bounds are given in terms of
the right and left fuzzy fractional derivatives of the involved function. The purpose
of embedding fuzziness into fractional calculus and have them act together, is to
better understand, explain and describe the imprecise, uncertain and chaotic
phenomena of the real world and then derive useful conclusions. This chapter is
based on [54].

34.1 Fuzzy Mathematical Analysis Background

We need the following basic background
Definition 34.1. (see [283]) Let p: R — [0, 1] with the following properties
(i) is normal, i.e., 3zo € R; p(zo) = 1.

(it) gz + (1 = N)y) > min{u(z) p(y)}, Yo,y € R, VA € [0,1] (p is called a
convex fuzzy subset).

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 553
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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(iii) p is upper semicontinuous on R, i.e. Vzo € R and Ve > 0, 3 neighborhood
V(zo) : p(z) < p(zo) +¢€, Vo € V(o).

(iv) The set supp(p) is compact in R (where supp(p) :== {z € R: p(z) > 0}).

We call p a fuzzy real number. Denote the set of all y with Rx.

E.g., X{zo} € RF, for any xzo € R, where x(5,} is the characteristic function
at xo.

For 0 <7 <1 and u € Rx define

[W]" ={z eR: p(z)>r}
and

(1]’ :={z eR: pu(z)>0}.

Then it is well known that for each r € [0, 1], [u]” is a closed and bounded
interval of R ([172]).

For u,v € Rx and A € R, we define uniquely the sum « & v and the product
A O u by

e = [ + ), Aou = Aul, vre [0,1],

where
e [u]” + [v]” means the usual addition of two integrals (as subsets of R) and
e \[u]” means the usual product between a scalar and a subset of R (see, e.g.,

[283]).
Notice 1 ® u = u and it holds

UPVv=vPu, A\Qu=u® A.
If0 <r <ry <1 then [ C [u]". Actually [u]" = [u!", u(p], where
ul” < uS:), ul”, u(f) €R, Vrelo,1].
For A > 0 one has )\u(ir) =(A\o u)(ir), respectively.
Define D : R x R — Ry by

D(u,v) := sup max{|u<_r> - v(_r)|, |ug_r) - ’US:>|} ,
re(0,1]

where

W] =", 1)([)]; u,v € Rr.

We have that D is a metric on Rr.
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Then (R#, D) is a complete metric space, see [284], [283].
Here X" stands for fuzzy summation and 0 : X{o} € RF is the neutral element
with respect to @, i.e.,

u@ﬁzﬁ@u:u, Vu € Rr.

Denote

D*(f,g) == sup D(f,9),
z€la,b]

where f, ¢:[a,b] — Rz.
We mention

Definition 34.2. Let f : [a,b] C R — R, we define the (first) fuzzy modulus
of continuity of f by

w”(£,0)= s D(f(), fy), §>0.
z,y€lab], [z—y[<s
We define CZ([a, b]) the space of uniformly continuous functions from [a, b] —
Rz, also Cx([a,b]) the space of fuzzy continuous functions on [a, b].
It is clear that

Cg([“: b]) = Cf([“: b])
‘We mention

Proposition 34.3. ([37]) Let f € C%([a,b]). Then w'”’ (f,8) < 0o, any & > 0.
Proposition 34.4. ([37]) It holds

lim wi™(,8) = wi™(£,0) = 0,
iff f € C%([a,b]).

Proposition 34.5. ([37]) Here [f]" = [f"", f,_r)], r € [0,1]. If f € Cr([a,b])
then fg) € C([a,b), for r € [0,1], in fact these are equicontinuous families,
respectively in 4. Furthermore f is a fuzzy bounded function.

We need

Definition 34.6. Let z,y € Rr. If there exists z € Rr : = =y @ z, then we
call z the H-difference on x and y, denoted = — y.

Definition 34.7 ([283]) Let T := [zo, zo + 8] C R, with 8 > 0. A function
f: T — Ry is H-differentiable at = € T if there exists an f'(x) € Rz such that
the limits (with respect to D)

lim M7 lim
h—0+ h—0+

f(x) = f(z—h)
h

exist and are equal to f’(x).
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We call f’ the H-derivative or fuzzy derivative of f at .

Above is assumed that the H-differences f(z+h) — f(z), f(z)— f(z —h) exist
in RF in an neighborhood of x.

We denote by C¥ ([a,b]), N > 1, the space all N-times continuously fuzzy
differentiable functions from [a, b] into Rr.

We mention

Theorem 34.8 ([202]) Let f : [a,b] C R — Rx be H-fuzzy differentiable.

Let t € [a,b], 0 <r < 1. Clearly

O =100, F61 SR,
Then (f(t))(ir) are differentiable and

O =T, (F6)0).
Te.

£ = (7Y, vr e 0,1].

Remark 34.9 ([35]) Let f € C¥([a,b]), N > 1. Then by Theorem 34.8 we
obtain

FOOT =16, (F&)™),

fori=0,1,2..., N, and in particular we have that

(PO = (",

for any r € [0,1], all 4 =10,1,2..., N.

Note 34.10 ([35]) Let f € C¥([a,b]), N > 1. Then by Theorem 34.8 we have
77 e ¢X([a,b]), for any r € [0, 1].

We need also a particular case of the Fuzzy Henstock integral (§(z) = 6/2),
see [283].

Definition 34.11 ([165], p. 644) Let f : [a,b] — Rr. We say that f is Fuzzy-
Riemann integrable to I € Rz if for any € > 0, there exists 6 > 0 such that for
any division P = {[u, v];£} of [a, b] with the norms A(P) < §, we have

D(Z(wu)@f(f), I> <e

P
We write

I:= (FR)/ f(z)dz.

We mention
Theorem 34.12 ([172]) Let f : [a,b] — R be fuzzy continuous. Then
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b
(FR) / f(@)da

exists and belongs to R, furthermore it holds

) [ b f(m)dmy -/ (N @y, (5 (a)da]

vr € [0, 1].
Theorem 34.13 ([283]) Let f € Cx([a,b]) and ¢ € [a,b]. Then

(FR) / " @)ds = (FR) / " H(a)dz + (FR) / " ).

Theorem 34.14 ([172]) Let f,g : [a,b] € C#([a,b]) and c1,c2 € R. Then

b

b b
(FR)/ (c1f(z) + c2g(x))dx = cl(FR)/ f(z)dx + CQ(FR)/ g(x)dz.

Also we need

Lemma 34.15 ([26]) If f, g : [a,b] C R — R are fuzzy continuous functions,
then the function F : [a,b] — Ry defined by F(z) := D(f(z),g(z)) is continuous
on [a,b], and

D ((FR) / ' @)de, (FR) / bg(x)dx) < / ' D(f (), g(a)) .

For the definition of general fuzzy integral we follow [206] next.

Definition 34.16. Let (2, X, 1) be a complete o-finite measure space. We call
F : Q — Ry measurable iff ¥ closed B C R the function F~'(B) : Q — [0,1]
defined by

FY(B)(w) := stelgF(w)(x), all weQ

is measurable, see [206].
Theorem 34.17 ([206]) For F : Q@ — R,

F(w) = {(F"(w), F{(w)lo <r <1},
the following are equivalent

(1) F is measurable,

2) Vr € [0,1], F", F) are measurable.
+
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Following [206], given that for each r € [0,1], F, F_f_” are integrable we
have that the parametrized representation
0<r< 1}
is a fuzzy real number for each A € X.
The last fact leads to

e
A A
Definition 34.18 ([206]) A measurable function F : Q — Ry,
F(w) = {(FO(w), F”(w))|0 <7 <1}

is integrable if for each r € [0, 1], Fj(tr) are integrable, or equivalently, if Fj([()) are
integrable.
In this case, the fuzzy integral of F' over A € ¥ is defined by

/qu::{ (/ FWap, /Ff)) ogrg1},
A A A

By [206], F is integrable iff w — ||F(w)|| is real-valued integrable.
Here denote

|ull7 := D(u,0), Yu € R.

We need also
Theorem 34.19 ([206]) Let F, G : Q — R be integrable. Then

(1) Let a,b € R, then aF + bG is integrable and for each A € ¥,

/(aF-i—bG)du:a/Fd,u-i-b/ Gdy;
A A A

(2) D(F,QG) is a real- valued integrable function and for each A € X,

D(/AFd,u, /AGdu) S/AD(F,G)d,u.

/qu S/ | F||=dp.
A F A

Above p could be the Lebesgue measure, with all the basic properties valid
here too.
Basically here we have

In particular,
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/ Fdp / Fay, / F
A A A

(r)

/ Fdp| = / Fdp, vr e [0,1],
A n A
respectively.

Let f € C#([a,b]), v > 0.
We define the Fuzzy Fractional left Riemann- Liouville operator as

’

that is,

Jovf(z) == %ﬂ) /m(x — 0" f(t)dt, @ € [ab),
Jof =7

Also, we define the Fuzzy Fractional right Riemann- Liouville operator as

b
L_vf(z):= ﬁ @/ (t—z)" ' © f(t)dt, z € [a,b],

I_f:=f

Above, I' is the gamma function

I'(v) ::/ e 't .
0

We mention
Definition 34.20. Let f : [a,b] — Rz is called fuzzy absolutely continuous
iff Ve > 0, 39 > 0 : for every finite, pairwise disjoint, family

(ck>di)im1 C (a,b) with > (dx —cx) <&
k=1
we get

3" D(f(dr), f(er)) < e
k=1

We denote the related space of functions by AC#([a,b]).

If f € ACx([a,b]), then f € Cx([a,b]).

It holds

Proposition 34.21. f € ACr([a,b]) < f\” € AEC([a,b]), Vr € [0,1]
(absolutely equicontinuous).
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Proof. Let f € ACx([a,b]), then Ve > 0, 3§ > 0 : for every finite, pairwise
disjoint, family

(ck>di)im1 C (a,b) with > (dx —cx) <&
k=1

we obtain

ZD Ck))<€

k=1
The last condition means

S sup max {17 () = 7 (), 117 () = 17 (@)l < e

e 1r€[0 1]

But we have

sup max{Zv(”( — £ (ew)], Zlfi”(dk)—fi”(cwl}

rel0,1] =1 =1

<Z sup max {7 (d) = £ (el 177 (i) = 117 () -

—1 T€[0,1]

From the above we derive
Z 1F(di) = £ (en)| < €
k=1

SO () — £ ()] < 6
k=1

Vr € [0, 1], proving the claim. [ ]
Remark 34.22. So, if f € ACx([a,b]), then f is of bounded variation in the
fuzzy sense.
Clearly here fj@ are differentiable a.e., for any r € [0, 1].
Hence by Theorem 34.8 we get

) =L,
a.e. on [a, b], and
(£ € Li([a, b)), Vr € [0,1].
Let fs :[0,1] — Rz, given by
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felz) i =u®e™ ™,

where u € R is fixed.
Clearly f. is a Lipschitz function in the fuzzy sense: indeed we have (by Lemma
2.2, [11])

D Que?ou)<le ™ —eY|-D(u,0) < D(u,0) - |z —y|, Yo,y €[0,1].

That is

D(fu(x), f(y)) < D(u,0) - |& —y|, Va,y € [0, 1].
Therefore f. € AC#([0,1]), but f. is nowhere H-differentiable ([109]).
Consequently fuzzy absolutely continuity does not necessarily imply H-
differentiability a.e.

34.2 Main Results

We mention
Definition 34.23. We define the Fuzzy Fractional left Caputo derivative,
x € [a,b].
Let f € C%([a,b]), n = [v], v > 0 (-] denotes the ceiling).

D:ff(x) = ® /m(ac — t)"_”—l @f(")(t)dt

I'n—v)

R N e L

- {(F(’I’L—y)/a (1) (f"™H(t)dt,
# ‘ T — n—v—1 (n) (r)
F(’I’L—y)/a (1) (f"y (t)dt,)

S L N O )
{<F(”—V)/a (@—1) (fC) ™ (1)dt,

R A
F(n—u)/a (@=0"" ) (t)dt,)

So, we obtain

0§r§1}_

0§r§1}. (34.1)

n—v)

[D:ff(x)]r - {% /j(w — )" ) ()t



562 34. Fuzzy Fractional Calculus and the Ostrowski Integral Inequality

1 * T — n—v—1/p(r)\(n) r
F(n*’/)/a (z —1) (57 (t)dt:)]7 0<r<1. (34.2)
That is
(P 1), = sy [ -0 O @
= (DL () @),
see [145], [42].

L.e. we get that

(2 5@) " = (PLle) @)

Vz € [a,b], in short

(r)
(p:27) = DL(s), vr e o.1) (34.3)
We use

Lemma 34.24. We prove that DY7 f(z) is fuzzy continuous in z € [a, b].

Proof. Without loss of generality we may assume a < x < y < b, that is
0<z—-a<y—a.
So, we have

1

D (D:f f(e), DT f(y)) T Th-v)

D (/(m — o f (1), /ay(y i f“”(t)dt)

1 e n—v—1 (n) /yia n—v—1 (n)
=——D / z O Y (x— z)dz, z oM (y—2)dz) =
L(n—v) ( 0 ( ) 0 ( )

1 e n—v—1 (n) o
7F(nV)D</O z O " (x — z)dz,

r—a y—a
[ ey adee [T e 0y - z)dz)
0 T

—a

# e n—v—1 (n) _ e n—v—1 (n) _ >
_F(nu){D</0 z o " (x z)dz,/o z O LMy —2)dz ) +
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D </yia e My - 2)dz, 6) } <

1 e n—v—1 (F)pn) * p(n) /yfu. n—v—1 _
F(ni l/){ </f; ¢ dz) i (f Y x)—"_D (f ,0) z—a ‘ dz =

1 {(x L,y 4 Do) () }

I'(n—v) n—v n—v

1 b—a)""" (Fy ), D* (™, 0) B R
,F(nfy){ N B i Ut M GRS
as y — x, by noticing ™ € C¥%([a, b]). [ ]

It follows the Fuzzy fractional left Caputo Taylor formula.

Theorem 34.25 Let v > 0, n = [v], f € C%([a,b]), a <z <b.

Then

n—l*
l‘*a

@ ™ (a)®

k=0

ﬁ @/a (x—t)"""'o (Diff) (t)dt. (34.4)

Proof. We obtain (see [145], p.40, [42], p.616)

- f“) W@,

(T) Z

—a)f + ﬁ /:(x — )" D, v (ir)(t)dt

= (T () 1" v (o
~Y S0tk s (@0 (020) ] e
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Here it holds b —a > 0, z —a > 0, for z € [a,b], and (f(k))(_r)(t) <

(FN (@), vt € [a,b], all k =0,1,..., n, Vr € [0,1].
We observe that

x

. , SO 1
r_p(m (r) — k
@) =12 @), £ (m)]—[Ej o e s [

k=0

(=" (D27 1) wyat,

(r)

s M( 0t gy [ w0 ()]

(z—a)"

(t)dt]

(N (a), (F9) 7 (a) |+

o U(“ —0 " (p0) " war, [0 (02 p) 7 (t)dt} ‘

Lemma 34.24 implies that (D2} )i) , v €[0,1] are in C({a,b]).
Furthermore

-0 (0:27) ),

are Lebesgue integrable, r € [0, 1].
Thus we get

/I(x -'o (D:;ff> (t)dt € Rr.

So we obtain Vr € [0, 1] that

T

=Y E @+ 0 { / w0 o (D) (t)dt] -

T

' (z-a) 1 P
{ - o f% ) @ ) @/ﬂ (z—t)"'o (D,jf) (t)dt] ,

k=0
proving the claim. ™
We need
Definition 34.26 We define the Fuzzy Fractional right Caputo derivative,
x € [a,b].

Let f € C%([a,b]), n=[v], v > 0.
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_1\n b
DT fx) = % @/ (t—2)""" " o f™(t)dt

(R ) PN
{(mn_y)L“ P )

0§r§1}

_ (G D PN
—{<r(ny)L<t P )

(=1)" 0§r§1}

b — n—v—1/ p(r)\(n)
Ry [ =) (t)dt)
_1\n b
(D7 f ()] = Hnl)y) / (t—a)" ) @y,

(_1)n b — n—v—1/ p(n)\(r)
el I R VAL <t>dt>

We obtain

(_1)n ’ o n—v—1/ p(r)\(n)
Iﬂ(”*l’)/m (t—2) (f57) (f)dt},

0<r<1.
That is

" _1\n b

(0 1) = s o - 01
see [44].

L.e. we get that

(07 r@)” = (Di_(2) @),

Vz € [a,b], in short

V. (T) v T
(Db_ff)i =Dy (f\"), vr € [0,1].
Clearly

Dy_(f7) < DE_ (1), vr € [0,1].
It follows the fractional fuzzy right Caputo Taylor formula.

565

(34.5)

(34.6)
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Theorem 34.27 Let v >0, n=[v], f€ C%(a,b]), a <z <b.
Then

2. _ gy 2 e

f(z) @ Z W(Df(Zerl)(b): Z W(Df@m)(b)@

ﬁ @/:(t —z)" e (Dby—ff> (t)dt

Il
&
—
w
=
-
—

Setting

[251], s

A= 2 Sy o1

we get f(x) = B — A, as H-difference.
Above [-] denotes the integral part.

Proof. We obtain (see [44])

0y — 5 U W) Lot o
+ (m)—kZ_OT(mb)’wm/m (t — )" ' Dy_v 7 (t)dt

n—1 (k)\(r) b r
_ f>(“7wﬂ%/mwﬂ@mﬁww

Equlvalently we have

(2] _ p)2mtt
e+ 3 G )0 -
(2] (b— )™ , 1t NN
3 S U O+ 7 [ ¢ (0iZ1) [

Here b — xz > 0 for any = € [a,b] and

(D) < (FP @), vt € [a,b],
all k=0,1,..., n, Vr € [0,1].
‘We observe that
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n—1 " [n—l

2 } (b — z)2mt1

2 L‘ (b — z)?mF? (2m41) r
f@e Y i’ (b) :wwn-+3£0—6;:57

[fEm D))" =

m=0

[n;l} . ) )
{(f(m))f), (f(m))gf)] + Z::O % (f(2m+1)(b))( ) (f(2m+1)(b))( )}
m=0

[252] 2m+1
|:(f(z))(_7‘)+ é %_( (7‘))(2‘m+ )

Ny
5l (b = ey2mt ) (2mA1
(b — ) ( -(k))( )(b) _
m=0  (2m + 1)!

®. G+ $ S

(bgfm) (fu»)@m>l, r()t/ ot Dgff)f>@ﬁh’

5 S () 0 b [ (). ]

< E e )™

*ji%j{l%t—xyhl<D5Ff>“%ﬂdmtl%t—thJ(Lﬁff)i%ﬂd% = (*)

By Lemma 34.28 next, we get that (Db”'rf)(r) r € [0, 1] are in C([a,d]).
Furthermore

(2 (0125) (0

are Lebesgue integrable, r € [0, 1].
Thus we get
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/b(t —2)"' e (Dfo) (t)dt € Rr.

& (b—1x) 2m ' 1 ’ v—1 b r_
> o [f“ 0] | [t (o) 0] =
{ Z @f<2m>( )@ﬁ@/ (t—x)”_IQ(Dfo> (t)dt} ;

for any r € [0, 1].
We have proved that

n2 1 2'm+ (2m+1) T
)@ mzo 2m + AN
(=] (=2 o 1 b B . v
2 W of (R m © /z (t—x) © (Db_ f> (t)dt| ,
Vr € [0, 1], establishing the claim. |
We need

Lemma 34.28 D}” f(x) is fuzzy continuous in z € [a, b].

Proof. Without loss of generality we suppose a <y < x < b, thatis0 <b—zx <
b—y
So, we have
1
I'(n—v)

D (/:(t C e F (1)t /b(t _y" e f<”>(t)dt)

Yy

D (D f(a), D7 f(y)) =
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b—zx b—y
%D </ 2o f (2 4 1)dz, / Znvt @f(n)(z—i—y)dz)
0 0

I'n—v
1 D /bﬂC e f(")(z + z)dz
T'(n—v) o ’

b—x b—y 1
n—v—1 (n) n—v—1 (n) <
/0 z of (z—i—y)dz@/b_x z of (z—l—y)dz) S D))

b—x b—x
{D (/ 2O (2 4 2)dz, / 2"
0 0

D((), /b—y Zn—ufl o f(n) (Z + y)dz) } <
b

—xT

‘1®ﬂ“&+ywﬁ4f

! {/b_mz"‘ D (MG + o), 1M+ ) dz+/ TV anmv=lp (MG gy, 6)

! {wf)(f(”),xy) </biz2”7"71dz>+D*(f(n)’()) </b V= ldz }
0 b—a

—z)yn—v *(f£(n) 0
G2 DU (s e u}

Ll @ pm 4
I'(n—v) { CANS v) (n—v) (n—v)
1 (F)(p(n) .. (b — a)n7V D*(f<n)76) — )Y — (b — )V _
F(n_y){wl (fi™, z—y) e AT [(b—v) (b—=2)"""] 0
|

as y — x, by noticing ™ € C¥%([a, b]).
We next give a fuzzy- fractional Ostrowski inequality, motivated by [238], [27]

Theorem 34.29 Let v > 0, n = [v], f € C%([a,b]), ¢ € [a,].

Then

1)
1

D(bia @(FR)/abf(ﬂf)dﬂfvf(C)) <

M

n—1 * (k)
{ = l]~:+1 . [(b*C)MHC*a)kH]J“

k=1

1 NS vF = w1 vF
ROrTs {(b o) téfl‘,’b]D((D*c P©),0) +(c - a) tSE},’CJD((DC* H(®),0)
(34.8)
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2) If f®(e)=0, k=1,..., n.
Then

D(bL@ FR/f dmf()) m

{(b—a)““ sup D ((DX71)(1),0) + (c—a)"** sup D((Dc”ff)(t),f))}
tele,b] te(a,c]
(34.9)

Proof. Let ¢ € [a, b].

We abserve that
D(bi FR/f d:rf())
p(is o tom [ i a0 ;2 [ 1) =
D (50 [ et own) [ o) =
Lo (wn [ s [ o) < 2 [ D@,
- | [ P s+ | bD((f(m,f(c))dx} -

Notice that ( f € C([a,b]), v >0, n=[v], then f € C%([c,b]))

n—1,
.x*C

1

S0 M@ o [0 e (021) W

k=

(=}

all c<x <b.
Also here f € C%([a,c]), thus we obtain

T 2m+1 [ z ]* (Cim)Qm

=
e mzzo 2m + 1)! © f<2m+1>(c) = Z
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1 ¢ v—1 vF
) @/x (t—x) ® (DC, ) (t)dt,
alla <z <ec.

We observe that (a <z < ¢),

P
D((f(w),f(c»—D(f(w)ee > (C(mﬂl), © (),
[nzl] $)2m+ [nT_l}* (C*l‘)Qm
flo) & mzo “Em I ®f(2’"“)()> D( mZO i M08

,1]
1 2m+

¢ v—1 v C—[L' ! 2m+1
r(z/)Q/(t_x) o(PZs) Wt (e @Z o +)(C))

(%], 2m ¢
D( (cfm)! ®f(2m)( )®—V®/;c (tfm)'kl@(DZ—Ff) (t)dt,

S (c ;!x)kD (f(k)(c),()) N ﬁ /:(t —CE)U_ID< <chfff> (t),f))dt <

Z (e ;'ac) D <f(k)(c),6> + I’L sup D< <Dfo> (t),()) (c —l/x)u.

o1 . (l/) t€la,c]

So we get
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c . n-l (c—x)k+1 k) N & . vF =\ (c—a)v
/a D((f(x),f(c))deI;lWD(f (C)’O)Jrf,esffﬂ]D (PZ8) 0.0) g

We also have (¢ < z <b)

nle c)

D ((f(x), f(e)) = D( © M) & —— @/ @-v""" o (pilr) @at, f(C)> =

(11: o) @ ﬁ @/Cm(l-*t)vfl ® (D;’ff) (t)dt, ()) <
”Zl (z ;!c)kD (f(k)(C),f)> + ﬁD</j(mt)"l 5 (D:cff> (t)dt,/j()dt> .

=0 (10).0) +ﬁ/j(x7t)”71D(D,’:cff() 0) dt

< 3 (z— C)kD (f<k)(c),f)> + sup D (Df:ff(t),()) @—dv

P k! tele,b] Fv+1)
I.e. we derive that
i <n71 (xfc)kD ® ) N 5 (x —c)v
(@) f0) < 3 F==D (10.0) + sup D (D 0.0) 15775

all c<ax <b.
Consequently we obtain that

n—1

/ D((f(@), f(@)dz < Y

k=1

oyt

b(;j n! (f(k)(c)’()) + ((1/7+2) éf‘f’b] P (Dyff(t) 0)

So we have proved (c € [a, b])

D(—@FR/f )dz, f(c )_b—a{

Ck_fl D (1%(e),0) + s D (D7 5(1),0) L

n—1

HM
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(b 7 C)V+1 . vF ~ _
To+2) tzl[lcl?b]D (D*c f(t),O)] =

1 [ & D P (e),0) . k1 1
b—a{z (E+ 1) (6= +(C’“)+]+r(u+2)

(b= """ sup D (DL )(),0) + (c = )" sup D ((Dfo)(tm)} }
te(c,b] te(a,c]
proving the claim. [ ]
Applications to Theorem 34.29 follow
Corollary 34.30 Let v = 3, f € C%([a,b]), c € [a,b].
Then

4

P (g o [ e 0) < gy

{(b—c)” sup D (DX 1)(0.0) + = a)* swp D ((0F f)(t)»())]-

ol

t€(c,b) te[a,c]
(34.10)
Proof. Notice
r(2.5) = %7
etc. .
Corollary 34.31 Let v = £, f € C%([a,b]), ¢ € [a,b].
Then
1 b 1 [ D(f(c),d s
D(ﬁ@(FR>A f(:r)dm,f(c)> < a{ (f(9).0) (6= + (e -]+ 1=

te(c,b] t€la,c]

{(b—c)z5 sup D ((D*%ff)(t),()) + (c—a)*® sup D <(D§ff)(t),ﬁ)} }

Proof. See that

I'(3.5) = 155/%,

etc. u
Corollary 34.32 Let v = 2, f € C%([a,b]), c € [a,b].
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Then

D(ﬁ@(FR)/abf(m)dmvf(c)) = bia{

D (f"(c),0)
6

16
105/

3.5 5F q c— a3 su 3F ~ .
oo g (o ) o7 03
(34.12)

D (f'(c),0

5 ) [(b—c)Q—i—(c—a)Q} + [(b—c)3+(c—a)3] +

Proof. Notice

105ﬁ
F(4.5) =1
etc. | |
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About Discrete Fractional Calculus
with Inequalities

Here we define a Caputo like discrete fractional difference and we compare it to
the earlier defined Riemann-Liouville fractional discrete analog. Then we present
discrete fractional Taylor formulae and we estimate their remainders. Finally we
give related discrete fractional Ostrowski, Poincare and Sobolev type inequalities.
This chapter is based on [48].

35.1 Background
We make

Definition 35.1. We use [104], [106], [227].
Let v > 0. The v-th fractional sum of f is defined by

t—v

A~ f (ta) = ﬁz (t—s—1)"D f(s).

s=a

Here f is defined for s = a mod (1) and A™" f is defined for ¢t = (a + v) mod (1);
in particular A™" maps functions defined on N, to functions defined on Nay,,
where Ny = {¢,t +1,t +2,...}.

v) _  T(t+1)
Here t( ) = m

From now in this context for convenience we set A7 f (¢,a) = A7V f (¢).
We need

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 575
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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Theorem 35.2. ([104]) Let f be a real-valued function defined on N, and let
w,v > 0. Then

ATV (ATHF@)) = ATETIF ) = AT (ATVF (1)) ¥t € Nogpto-
We make
Definition 35.3. Let 4 > 0 and m — 1 < x < m, where m denotes a positive

integer, m = [u], [.] ceiling of number. Set v = m — p.
The p-th fractional Caputo like difference is defined as

t—v

S t—s—DYV(ATf)(s), VtENaps.

s=a

AEF(t) = A7 (A™f (1) = ﬁ

Here A™ is the m-th order forward difference operator

@ =3 (1) 0t s n.

k=0
We mention
Theorem 35.4. ([106]) For v > 0 and p a positive integer we have
v-1 )(V p+k)

ATVAPF(t) = APATVf (¢ Z—F(V—l—kz D)

A*f(a),
where f is defined on Nj.

Remark 35.5. Let 4 > 0and m—1 < g < m, m = [p], where m is a positive
integer, v = m — p > 0. Then by Theorem 35.4 we obtain

)(u—m+k)

m—1
AN =AM 0= X p S @)
=0

where f is defined on Nj.
So we have established
m—1 v—m+k)
_ (t —a)—mF
A¥ ATATY — A
f() Ft kZ:OFV—i—k:—m—l—l)
that is

ATATVf () = ALF(t +ZF A*f(a), (35.1)
=0

where f is defined on Nj.
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Definition 35.6. ([106]) The p-th fractional Riemann-Liouville type differ-
ence is defined by
AP f(t) = ATV f(t) == AT (AT f (1)),

where p >0, m—-1<pu<m,v=m—pu>0.

Remark 35.7. Consequently from (35.1) we obtain
m—1 (v—m+k)
u o (t—a)
AFF () =ANF)+ > T(vt+k—m+1)

k=0

where f is defined on N,.

35.2 Results

We give the following Caputo type fractional Taylor’s difference formula.
Theorem 35.8. For p > 0, u non-integer, m = [u], v = m — y, it holds:

= (t_’l)(k) k 1 — (n=1) Ap
f@)= ;}TA f(a)+ms§y(t_s_l) ALf(s), Vt € Najm,

(35.3)
where f is defined on N, with a € Z*, Z* :={0,1,2,...}.
Proof. Notice that by Definition 35.3,
ALF () = A~ (A™ £ (£)) = A=) (A F (1)), Y £ € Nos.
Consequently we get ATFALf(t) = AT*ATM=W (A™f(t)) (by Theorem
35.2) = ATWHM=W) (A™ (1)) = A™™ (A™f (£)), V t € Nagoip.
So that
ATHALF @)= AT (AT f(t), Vi€ Natm. (35.4)

We see that

L(t—s)

t—s—1)m D =275
(t=s—1) F'(t—s—m+1)

={t—-s—-1)(t—-s—-2)..(t—s—m+1),

(35.5)
the falling factorial, here we have t — s —m + 1 > 0.
Therefore we obtain
t—m
1
AT (AT = —_s—1 (m—1) A™ ) )
(A™F ) = G ;a s—1) £ (s) (35.6)

By ([1], p. 28, Theorem 1.8.5) the discrete Taylor’s formula we derive

m—1 (t _ a)(k)

IOEDIE

AMf(a) + ﬁ i (t—s— )™ VAT (s), (35.7)

k=0
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where t®) =t (t —1) ... (t—k+1).
From the last we find

m—1 t . a (k) k
SR AN N0 (35.8)
k=0

where f is defined on Ng, V ¢t € Ng4,,, proving the claim. ]

We make

Remark 35.9. Here [a,b] denotes the discrete interval [a,b] = [a,a + 1,a +
2,...,b], where a < b and a,b € {0,1,...}.

Let © > 0 be non integer such that m — 1 < p < m, i.e. m = [u]. Consider a
function f defined on [a,b]. Then clearly the fractional discrete Taylor’s formula
(35.3) is valid only for ¢ € [a +m, b], a +m < b.

We use

Theorem 35.10. ([106]) Let p be a positive integer and let v > p. Then
AP (ATVF () = AP F (1) (35.9)
We make

Remark 35.11. Let p > p, where p € N. Then

AP (ATHALF (1) CZV AT (AEF (1), YVt E Navmop. (35.10)
Also notice that
(k) (k—p)
S(—a®) _(-a .
A ( 7 > R for k > p. (35.11)

By the last we obtain the following discrete Caputo type fractional extended
Taylor’s formula.

Theorem 35.12. Let u > p, p € N, u not integer, m = [u], v = m — p. Then

m—1 (k p) 1 t—p+p |
APf(t) = z;) kf(a)+msg:+u(t—8—1)(“_p_ PALF (),

(35.12)
YV t € Notm—p, f is defined on N, a € Z7.

Note 35.13. Assuming that f is defined on [a,b], then (35.12) is valid only
for [a+m — p,b], with a +m —p < b.

Notice for p = 0 applied on (35.12) we get (35.3).

We give
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Proposition 35.14. For p > 0, x4 not an integer, m = [u], v =m —pu, fis
defined on Ny, a € Z*; and AFf (a) =0, for k=0,...,m— 1, we get

t—p
£l = ﬁ (t—s—D)EDARF(s), V€ Nasm. (35.13)

s=a+v

Proof. By (35.3). ]
Also we present

Proposition 35.15. Let u > p, p € N, p non-integer, m = [u], v =m —pu; f
is defined on Ny, a € Z*. Suppose that A*f (a) =0, k = p,...,m — 1. Then

t—p+p
1
APf(t)= ——— t—s—1)HPUALF(S),  VieENapmep.
() F(ﬂfp)szgry( ) () +m—p
(35.14)
Proof. By (35.12). ]
We make
Remark 35.16. We want to calculate
t—p t—p t—p—1
_ I'(t—s) L(t—s)
_ 1) S 0 A T AT ().
S:;U(t s—1) S;yr‘(t—s—u—i—l) S;yr‘(t—s—u—i—l)—i_ ()
(35.15)
We notice that
P(z+1) _ I'(z+2) _ D(z+1) (35.16)
Pk+1)T(x—k+1) Fk+2)T(x—k+1) T(k+2)C(x—k) '
with x >k, 2,k e R; k> —1, x > —1.
That is
D(z+1) _ 1 I'(z+2) 7F(x+1) (35.17)
Fz—-k+1) 4+ \D(z—-k+1) T(x-—-k)) '
We find A := Zi;’;jﬂl’ % =
(by (35.17) forz:=t—s—1>pu>0,k:=p—1> -1, and z > k)
1 th,ufl T(t—s4+1) T(t—s) _
m s=a+v | T(t—s+1—p) T(t—s—p) | —
1 I'(t—a—v+1) I'(t—a—v) I'(t—a—v) I'(t—a—v—1)
m [(F(tfafuﬁ»lf,u) - F(tfafuf,u)> + (F(tfafuf,u) - F(tfafuflf,u)> +
I'(t—a—v—1 I'(t—a—v—2 I'(p+1
(F(t<—a—u—1—i/,) - F(t<—a—u—2—);/,)> +o ( - g“#u) )>] =
I'(t—a—v+1)
[,u,l"(tfaflhl»lfy,) -T (iu’)j| .
That is r )
tza-vHl) . (35.18)

:uF(t—a—u—i—l—u)
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Consequently we found

t‘z" (t— s 1)0D = Ct—a—v+l) _(t—a—1)® 35.19)
Lo pul(t—a+1-—m) I ' '

Using (35.19) we give

Corollary 35.17 (to Theorem 35.8) Let p > 0, p non-integer, m = [u],
v=m—pu,t€Nytm, f defined on Ny, a € ZT. Then

(t—a—v)™W “
—_ . max AL f(s)].
- F(/},+1) se{a+u,a+u+1,m,t—u}| f( )‘

(35.20)
Similarly we obtain

Corollary 35.18 (to Theorem 35.12) Let 1 > p, p € N, u non-integer, m =
[u], v=m —p, t € Najm—p, f defined on N,, a € Z". Then

= k=p) (n—p)
(t—a)*? k (t—a—v)
APf(t) - A c\tzmazv)r A .
f@ kZ::p (k —p)! fa)| < Th—pi1) Se{a+1/1:1,.1?§—u+p}| f(s)]
(35.21)
We use

Lemma 35.19. Let a > v, a,v > —1, a,v € R, a < b. Then

ir(") B 1 T (b+2) - Ta+1)\ (b+1)(”+1) _ gD

— T (w41 Prb-—v+1) TI'(a—v) - v+1 ’
(35.22)

Proof. We have

S g Z b T By (3@ 1 b ( (r+2) _r(r+1>):

r=a r=a I'(r—v+1) - (v+1) T'(r—v+1) T'(r—v)

1 b I'(a+2 I'(a+1 I'(a+3 I'(a+2

[OZ5)) (Zr:a {(ﬁ - Féafu))> + (F(a(+27)u) - F(a(+17)u)> +

( P(a+4) D(a+3) > Tt <F(b+1) () > + < D(b+2) F(b+1))}> _
I'(a+3—v) I'(a+2—v) T'(b—v) T'(b—1—v) T'(b—v+1) T'(b—v)
1 ( L(b42) F(a+1)>

(v+1) \ I'(b—v+1) I'(a—v) )7

proving the claim. ™

Next we present a discrete fractional Ostrowski type inequality.

Theorem 35.20. Let 4 > p, p € Z", u not an integer, m = [u], v = m — pu.
Here f is defined on Ny, a € Z* and j € [a+m—p+1,b], witha+m—p < b e N.
Assume that A*f (a) =0, for k€ [p+1,....,m — 1].

Then
b

L 3 A”f(j)) — A”f (a)

T —— <
( Camm er) j=a+m-—p+1
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1 a1 B Py
(b—a-m+pT(n—p+2) [(b a-v+1¥ G p+2)]
‘ (te{aJrvI,r-l.z.l,)g*qup} |Aﬁjf (t)|) ' (35.23)
Proof. By (35.12) we have
' 1 Jj—ptp ‘ (1)
APf(§) — A" f(a) = Ti—p) Z (G—s=1DW P IALf(s), (35.24)
s=a+v

forall j € [a+m—p+1,b].
We derive that

b

— L p N P —
e, MO -NT@ =
J— L - p N P —
b—(a+m—p) E (Af(.])_Af(a)) -

j=a+m—p+1

1 b J—u+p . p— )
OEIrEETE I e B (Z(ysl)( )A*f(s)).

j=a+m—p+1 s=a+v
(35.25)

Therefore we get
b .
‘m Zj:a+m7p+1 Apf (]) - Apf }
! Z?:a«kmfzﬂ»l (Apf( ) Apf ))
|

(b—a—m+p)
m Z?:a+m_p+1 |APf(5) — AP f(a)] <

b j—p+p (o —p—1
T Lttt (DI G = s = DETY AL (5)])
P max JAUf(s)] <

se{a+tv,...j—p+p}

1 : ) (5P _
(b-a-m+p) T (u-p+1) < Z (-a-v) ) .se{a+£r}?t),(b—;/,+p} ALf ()= (%)

j=a+m—p+1

(by (35.19))
<

1 b .
(b—a—m+p)T (u—p+1) Y jmatm—pi1 (=@ =V

(35.26)
Next we use (35.22). We notice that
b b—a—v
Z (G—a-— l,)(ufp) — Z pu=P) _
j=a+m—p+1 r=p—p+1

1 ( T(b—a—v+2)
T

(n—p+1) (bfa7m+p+1)—F(M—P+2))‘ (35.27)
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Therefore
1 Frb—a—v+2)
= —T(p— 2
O = T (i—p+2) (F(bfafererl) (n=p+ ))
- AL ()] ). 35.28
(rctar s 1827 ) (3525
The last completes the proof. |

Next we present a discrete fractional Poincaré inequality.

Theorem 35.21. Let u > p, p € Z*, u non-integer, m = [u], v = m — p.
Suppose that A*f(a) = 0, k = p,...,m — 1, f defined on N,, a € ZT. Let
7,5>1:%+%:1.Then

2

b b Jj—p+p 5
Z |AP f (j)|§ < m Z < Z ((] _s— 1)(#*1771)) >

j=a+m—p j=a+m—p \s=a+tv

b—p+p
. < 3 |Af:f(s)|5> . (35.29)

s=a+v

Proof. We have

Jj—p+p

! G—s— )P DALF(s), Vj€latm—pb]

AT = I'(n—p)

s=a+v

(35.30)
Let 7,0 > 1 such that % + % =1.
‘We observe that

Jj—p+p
1

P (p=p=1) | AL s
Ry L GO IAL ()

s=a-+v

[ATF )] <

(by discrete Holder’s inequality)

1 Jj—ptp I
§m<2 0””“‘“))

s=a-+v

2=
o=

Jj—p+p
-(Z |A¢:f(s)|‘5) - (35.31)

s=a+v

That is, it holds

j—ptp - % Jj—p+p
IN'f(j)I‘SS;< > (G-s—nr) ) ( > IAi‘f(S)I5>

1
(F (,LL - p)) s=a-+v s=a+v

5

1 J—k+p ' i)\
Sm(z (G- ’>)

s=a+v
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b—p+p
( 3 IAi‘f(s)|5>, Viclatm—pb. (35.32)
s=a+v
Applying Z?:a+m_p on (35.32) we establish (35.29). ]

It follows a discrete Sobolev type fractional inequality.

Theorem 35.22. Let u > p, p € Z*, u non-integer, m = [u], v = m — pu.
Suppose that A*f(a) = 0, k = p,....,m — 1; f defined on N,, a € ZT. Let
7,5>1:%+§:1,andr21. Then

( > IApf(j)|T> <

j=atm—p

1 b Jj—p+p . 1(u—p—1) - % % b—p+p N s %

j=a+m—p s=a+v s=a-+v
(35.33)
Proof. By (35.31) and discrete Holder’s inequality, we have
1 J—p+p ( e %
APf - j—s—1)¥7P"
BSOS (S;(( ) ))
b— u+p s
< |A#f )| ) ) \V/j S [a+m_p>b}7 (3534)
s=a+v
where v,6 > 1: % §_1
Hence, by » > 1 we derive
1 J—p+p 5 5
AP S i _s_1 (u—p—1)>
8O S T (; (G )
b—p+p 5
( > |A’:f(s)|5> , YVji€la+m—pb. (35.35)
s=a+v

Consequently we obtain

: b Jj—p+p .
Z |APF ()" < m Z < Z ((] —5— 1)(#*1771)) >

j=a+m—p j=a+m—p \s=a+tv

203

b—pu+p 5
( > IAi‘f(s)l5) : (35.36)

s=a-+v



584 35. About Discrete Fractional Calculus with Inequalities

The last proves the claim. |
We finish with the following discrete fractional average Sobolev type inequality.

Theorem 35.23. Let 0 < p1 < p2 < oo < pg; my = [, vi = my — pu,
I=1,..,k, k €N. Assume that A" f (a) =0, for 7 =0,1, ..., mp — 1: f is defined
on Ny, a € Z%. Let > 1; C; (s) > 0 defined on [a +v;,b— ], I =1,.... k. Put
By =Y "2, Ci(s) (AL f (5)),

max 1 Zb J—m (G—s— 1)(#1*1) 2\
1<i<k ) Tw)? j=atmy s=aty, \J ’

= —1
e lréllaSXk ’(cl(s)>’oo,[a+ul,b7,ul] '
Then

S

0" :

1
- Zk: Bl 2
1 ot ) < V80" (le : (35.37)

Proof. We see that also A7f(a) =0, 7 =0,1,..,m; —1,1=1,..,k —1. So
the assumptions of Theorem 35.22 are fulfilled for f and fractional orders py,
l = 1,..,k. Thus by choosing p = 0 and v = § = 2 we apply (35.33), for
l=1,...,k, to obtain

3=

b T b J—m

S0l <es| X [ X (Gms-ne)

[N

j=a+my H j=a+m; \ s=a+y;
b—py 3
STo@alrs)?] (35.38)
s=a+tv;
Therefore N
b =
Yoo <
j=a+my
1 b J—m . (1) 9 3] b—py o )
o | 2o, \ 2, 070y ) 3 e
b—pg b—pg
<6 DD (ANf(s)? ] =0 D] (Cils) T (Cils) (AL F (s))?
s=a-+v; s=a-+v;
b—py
<8P DD Gils) (AL f(s)? ] - (35.39)

s=a-+v;
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That is ,
b T b -
Yoourmr]) < X 1ror] <
Jj=a+my j=a+my
b—py
St | D] Ci(s) (AN f(9)? | =8 B, forl=1,...k. (35.40)
s=a-+tv;
Hence X
* % Z: Bl
Hf“z,[a+mk,b] S 5 P <lTl ) (3541)

proving the claim. [ ]



36

Discrete Nabla Fractional Calculus
with Inequalities

Here we define a Caputo like discrete nabla fractional difference and we give
discrete nabla fractional Taylor formulae. We estimate their remainders. Then we
derive related discrete nabla fractional Opial, Ostrowski, Poincaré and Sobolev
type inequalities. This chapter relies on [51].

36.1 Background

Here we use [105].
We define the rising factorial

t"=t(t+1)..(t+n—-1), neEN,

and t° = 1. In general, let o € R, then define t* = Fgf(t;‘), teR—{...,—2,—-1,0},

and 0% = 0. Note that V (t%) = at® T, where Vy (t) =y (t) —y (t — 1).
For k = 2,3, ..., define V* inductively by V¥ = VV*~!. Thus V*f (t) =
k m k

Sho (07 (k) fa-m).

Call p(s) = s — 1, we define the n-th order sum of f (¢) by

v = ), (36.1)

s=a

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 587
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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where t > a, n € N.
In general we define the v-th order fractional sum of f by

t

v r =30 SR o). (36.2)

s=a

where v > 0 non-integer, ¢t > a.
We define the fractional Caputo like nabla difference for g > 0, m—1 < pu < m,
m = [pu], [.] the ceiling of number, m € N, v = m — p, as follows

Vauf () =V" (V" f(1), t=a. (36.3)

We mention
Theorem 36.1. ([105]) Here A™ is the m-th order forward difference opera-
tor, m € Z,

m

(AMfuw::E:( ?’)(7nm*kfu4fm, tez.

k=0
Define ¢(®) = %, teR—{.,-2,—1}, a > 0, so that
t =t (t—1)...(t—n+1), for n € N.

Note that t* = (t +a — 1)),

Define for v > 0 the operator

AZVF () = F(ly) X_j (t—s—=1)""Vf(s). (36.4)

We also see that
A"ft—m)=V"f(t), VmeN.

We need the law of exponents.
Theorem 36.2. ([105]) Let f be a real valued function, and let p, v > 0. Then

Vo (Vo' f () =V BT f(8) = Vo (V2  f (1), (36.5)

for all t > a.
We also mention the discrete Taylor formula

Theorem 36.3. ([93]) Let f : Z — R be a function, and let a € Z. Then, for
all t € Z with t > a + m, the representation holds,

m—1 k ¢
(t—a) L ! ST ot—r+ )TV (7). (36.6)

(m - 1) T=a+1
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36.2 Main Results

We give the following discrete backward fractional Taylor formula

Theorem 36.4. Let f : Z — R be a function, and let a € Z. Here m — 1 <
w<m,m=[u], g > 0. Then, for all t € Z with ¢t > a + m, the representation
holds,

o) 15 T on
ft)= Vi@ +o— > =7+ Ve f(7). (36.7)

Proof. We notice that

VoV o () =V VT (1)

(by (36.5)) «—(p+m— m —m m
VEPILTTTINT (8) = VIV (1), (36.8)
true for t > a + 1.
But ,
—m m 1 m— m
VoV (1) = oy Soot—T+)"TIVE (), (36.9)
r=a+1
and
1O ="
- -1
Vil Vininf () = TG0 DRk Ve A A (36.10)
T=a+1
where t > a + 1.
Then we apply Theorem 36.3.
The claim is proved. u

Corollary 36.5. (to Theorem 36.4). Additionally suppose that V*f (a) = 0,
for k=0,1,....,m — 1. Then

f(t):ﬁ S -r+)FIVEL L F(7), Vi>atm  (36.11)

T=a-+1

We need

Lemma 36.6. ([105]) Let 0 <m —1<v <m, m = [v], a €N, f defined on
N, ={a,a+1,...}. Then

AVf(t+v)=V3"f(t), VteN,. (36.12)
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Theorem 36.7. ([106]) Let p € N: v > p. Then

AP (A7 (D) = AP F (1), (36.13)
We give
Theorem 36.8. Let pe N: v > p, a € N. Then

VP (VU F(®) =V L), (36.14)

for t € Ng.
Proof. We notice that

VP (VU f (1) AP (V" f) (t —p)
(b}’(3:6.12)) AP(A;Vf(t*p+l/)) _ (APA;uf) (t7p+l/) —. A
Also we see that
VL) B AT (40— p) = B.

But A = B by (36.13), proving the claim. ]
We make

Remark 36.9. We have

ar [(EHk=1—a=—p®\ _ (t+k—1—a—p)*? (t-a"
k! (k—p) (k—p)!
for k > p.
That is _ _
_ k _ k—p
VP ((t k'a) ) — (t(k f)p)v , for k>p. (36.15)

We have proved the following discrete backward fractional extended Taylor’s
formula.

Theorem 36.10. Let f : Z — R be a function, and let a € Z4. Here m — 1 <
w<m,m=[u], u>0. Consider p € N: x> p. Then, forall t > a+m,t €N,
the representation holds,

m—1

k—p p
VL Z ool 294 @)+

=p
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t

1

gy 2 T T Vi, S (). (36.16)
K p T=a+1
Proof. By Theorem 36.8 and (36.15). -

Note. When a € Z+, and for p = 0 put on (36.16) we get (36.7).

Corollary 36.11. (to Theorem 36.10). Additionally suppose that V* f (a) =
0, for k =p,...,m — 1. Then

t
L ] S (t—TH)TPIVE (7)), ViZat+m, teN

VPf(t) = Thi=p)
T=a+1

(36.17)

Remark 36.12. (to Theorems 36.4, 36.10). Let f be defined on [a — m +

1,a —m+2,...,b], a discrete closed interval, where b is an integer. Then (36.7)

and (36.16) are valid only for ¢ € [a+ m,b]. Here we must assume that a +m < b.
Remark 36.13. We would like to calculate

t t—1

I e B e R RO
T=a+1 T=a+1
t—1 t—1
=T I
ST ot-r+ )T T () = D=7+ poy. (36.18)
T=a+1 T=a+1 r (t -7+ 1)

So still to find

t—1
A= U Gt ) (36.19)
B Fit—7+1)
We will use the following formula
Px+1) 1 I'(z+2) _F(ac—i—l) (36.20)
Tz—k+1) (k+)\T(z—k+1) T(x-k))/’ '

where x > k, v,k e R: k> -1,z > —1.

So for calculating A we set x :=t—7+pu—1, k := u — 1. We observe here
that © > —1, k > —1 and « > k. Also we see that x +1 = ¢t — 7+ p and
r—k+1=t—7+41. So we get

Ft—7+p)  T(x+1) l(F(t—T—l—u—i—l)_F(t—T—i—,u))
/1/ b)

Ft—7+1) T(x—Fk+1) LPt—r1+1) rt-r)
(36.21)

forall 7 € {a+1,...,t —1}.
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Consequently we obtain

_ 1 f(T(t-a+p) T(-a-1+p)
A= u{< M-  Ti-a-1 )*
(F(tfa71+u)7f(tfaf2+u))+
Ft—a-1) I'(t—a—2)
(F(tfanJr,u)_F(tfafSJr/L))_’_
T(t—a—2) T(t—a-3)
F(p+2) T(u+1)
(ot -t
(telescoping sum)
:i{WfF(qul)}:%ff(u). (36.22)
That is I )
— —aTp
A== Fi—a T, (36.23)
Hence we have found that
: it D(t—a+p)  (t—a)
o t-r+1) = P (36.24)

T=a+1
We give
Corollary 36.14. (to Theorem 36.4). We obtain

t=a"
T (p+1) refati.. .t}

Vi . (7). (36.25)

Proof. Use of (36.7) and (36.24).

Corollary 36.15. (to Theorem 36.10). It holds

P 5 (t— a)m k (t— a)ﬁ 7
_ RS/ < 7 . .
Vi ;;7 (k—p)! Viile) < T(p—p+1) refativ.g ViarnS (7)
(36.26)
Proof. Use of (36.16) and (36.24). ]

We present a discrete fractional Opial inequality

Theorem 36.16. Let > 2, m = [u] > 3;p € Z4y : p > p; a € Zy. Here f
is a real valued function defined on {a —m + 1,a —m + 2,...}. Here t > a4+ m,
t € N. Suppose that V*f (a) =0, for k =p,...,m — 1.
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Let v, > 1: %Jr% =1,C(r) >0forr =a+1,..,t and D () > 0 for
! =a+4+m,..,t. Set

1
P

[t~ + 1T (C (7))1}”> L t>atm,
(36.27)

o)=Y (c&))‘*‘vg‘aﬂ)*f(f)f, t>at1; (36.28)
T=a+1

0 (t,a,p,p,C,v) :

Il
3 N
M-~

G(t,a,m,g) :2(92(t)7g2(a+m71))+ (QQ(t*I)*QQ(aerfQ))JF

2
2[gt)g(t—1)—gla+m—1)g(a+m—2)], t>a+m. (36.29)
Call also
K (t) = ﬁ ( Z [D (t/) (C (t'))fl 0 (t',a,,u,p, C’,’y)]ﬁY , t>at+m.
t'=a+m
(36.30)
Then
S D) |V ()] ‘vgaﬂ)*f ()| < K () (G (t,a,m, )%, (36.31)

t'=a+m

fort > a+m.
Proof. By (36.17) we have

t

P 1 o
IVPf () < mT:ZaH (t—7+1) ‘V(a-‘rl)*f(T)’
= #_p) T;m (t—7+ 1) P L(C () C(r) ‘vg‘w)*f (T)‘

(by discrete Holder’s inequality)

1 - -1 1) g
gm<2 (=7 + )77 (@) ]) :

T=a-+1

=

< Z (C (1))’ ‘Vf‘a+1)*f(r)‘6)

=a+1

o=

_0ta,pp,Cy) ; u J
=T T(u-p <T§+1(C (7))’ ’V<a+1>*f(7)‘ ) , Vt>a+m. (36.32)
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We have set

g0 = Y €O Vit )] (36.33)

T=a+1

which is nondecreasing int >a+1>a—m+ 1.
It holds

s
Vg (t) = \v(aﬂ)*f (t)} . tefatl,.) (36.34)
Thus |
[t )] = (Vo @)} € 0) (36.35)
We observe for a +m <t <t that

t

S> D) V()] |V f (F)

t'=a+m

S b Lot C) (o () (v (1)) (0 (1)) <

Wiy I'(n—p)

(by discrete Holder’s inequality)

F(u p) (ti [ t'))_19(t',a,u,p,0,v)r)

=a+m

2=

. 3
> g()-ve)| - (36.36)
t'=a+m
By m > 3 notice that a+m —2 > a+ 1.
We define the discontinuous function

V(@) =gt)+Vg(t)(z—t'+1), forazelt —1¢]

a closed interval of R, and for t' =a+m —1,a+m,... .

Sop(z) =gt +1)+Vg{t' +1)(xz—t'), for x € [t',t' + 1], and notice that
Y({'=) = 29({t) — gt —1), while ¥ (t'+) = g(t' +1); thus ¢ in general is
discontinuous. Also see that ¢’ (z) = Vg (¢'), for z € [t'—1,t'], for t’ = a+m—1,...

Here g (t), Vg (t) > 0.
We further notice that

nN_og@)+R2g(t)—g' —1)  3g(t)—g(t' -1
g(t) < 5 = 5 ,

(36.37)

fort =a+m-—1,....
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The last means that
t/
g(t) < / Y (x)de, fort' =a+m—1,... (36.38)
t—1

Consequently, we derive

V<[ v @e= [ swae -

(7/’(295)) t/_lzé [(w (t/))Qf(w(tlfl))Q} (3639)
That is
g (#) Ve (#) <3 [(0()* ~ @ (F ~1)’], for# =atm—1,... (3640)
Hence \ .
S a)Ve) <5 X [0 ) - @@ -1)]
t'=a+m t'=a+m
= 5 [(@ (@t m)? — @ (atm 1)) + (@ (a+m+ 1)~ (@ (atm)?)
+(W(a+m+2)* = @a+m+1))°) + ..+ (1)~ (@ (1))
:guwmf—ww+m—nﬂ
= 5120~ 9t~ 1)* ~ g (atm—1)~ g(a+m—2))*]
:2(g2(t)fg2(a+mfl)) +%(92(t71)7g2(a+m72))
—2[gt)gt—1)—gla+m—1)g(a+m—2)]. (36.41)
That is .
> g(t) Vg (t) <2(s* (1) — g* (a+m—1))
t'=a+m
+% (*(t—1)—g*(a+m—2) -
2[gW)gt—1)—gla+m—1)gla+m—2)], YEt>a+m. (36.42)
The last proves the claim. |

We give
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Corollary 36.17. (to Theorem 36.16). Here f is a real valued function defined
on {—2,-1,0,...}, t > 3, t € N. Suppose f (0) = f(=1) = f(—=2) = 0. Set

1

9(t,2.5) (zt:[t—rﬂ“)]) . >3, (36.43)

gt =Y (ViPr()°, t>1 (36.44)
G(t,3,9):=2(G 1) -7 (2) @ (t_1; )

+2[gt)g(t—-1)-g@2)g1)], t=3. (36.45)

Call also ,

_ 4 oo , 5\ 2
K (t) = NG <tz_3 (0(t',2.5)) > , t>3. (36.46)

Then

SFE)]VEF(E) <K @) (@ (t,3,5)%, fort>3. (36.47)

Note. Above in (36.45) we have g (1) = 7 (f (1))°.
Next we give a discrete fractional nabla Ostrowski type inequality.

Theorem 36.18. Let m — 1 < o < m, m = [u], non integer u > 0; p,a € Z4
with p > p. Consider b € N such that a +m < b. Let f be a real valued function
defined on [a — m + 1,a — m + 2,...,b]. Here j € [a + m,...,b]. Suppose that
VEf(a)=0,fork=p+1,..,m—1.

Then
b

m > VPG - VPf(a)

j=a+m+1

<

(b— a)m — mpPtL
(F(u —pr2)(b—a- m)> ’ <Te{§rﬁ ) (Yl S (T)D : (36.48)

Proof. By (36.16) we have

VP F ()~ V' f (a) = ﬁ ST G+ DTV L f(r),  (36.49)
T=a+1

foralljela+m+1l,a+m+2,..,b].
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‘We obtain that
b

! S V() -V f (a) =

b—(a+m) P

T X (V- V@)=

j=a+m+1 =a-+1

1 _ S
i, 5, (2,0 T 0)
(

36.50)
Therefore we derive

b
m Z VP (G) =V f(a)

j=a+m+1

<

b _

1 ! ; H=p=1|Fh
I'(p—p)(b—a—m) 2 ( 2 G-T+) VWUJ(T)) =

j=a+m+1 \7=a+1
. b j _
ke L N I
I'(p—p)(b—a—m) <j_§n+1 <T_Z,+1 (

o
(Lcmax , [Vrn.t 0]

(by (36.24)) 1 S Al
- F(,u—p—l—l)(b—a—m)( Z (G —a) >

j=a+m+1

(by Lemma 19 of [48])

= L _ Pl _n—pFT
TT-pt2)(b—a—m) <(b a) m )
(Te{ﬂ?ﬁ,b} ‘V?aH)*f(T)D : (36.51)
proving the claim. .

Next we give a discrete nabla fractional Poincaré inequality.

Theorem 36.19. Let u > p, p € Z4, p non-integer, m = [u|; a € Z4. Here
file—m+la—m+2.,b] =R, a+m<b beN and V*f(a) = 0,
k=p,....m—1.
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P p |0 1 : . - w—p—1\" ; .
jigmlv @)l Si(r(ﬂp))g{ > (Z ((J +1) )) }

j=a+m \1t=a+1

( i ‘v?aJrl)*f (T)§> . (36.52)
r=at1

Proof. We have by (36.17) that

ﬁ S G T ) TV (), (36.53)

T=a+1

VPG =

Vj€la+m,a+m+1,..,0b].
Let 7, 6 > 1 such that %Jr%:l.
We notice that

Pr 1 : )T
IVf(J)\SF(M_p)T:Za;l(J +1)

vl("u.«kl)*f (T) ‘

(by discrete Holder’s inequality)

SR <Z+ (G-r+ ”““)W) - < > \Vt‘m)*fm‘;)

Sl

T=a+1

(36.54)
That is, it holds

2o

VPG < m < Z ((J -7+ 1)#}71)7)

T=a+1

( i v?aﬂ)*f(ﬂ‘é) :

roat = (T (n—p)°
( X]: (G-7+ 1)m>”> " ( zb: V’(‘a+1)*f(r)5> : (36.55)
T=a+1 T=a+1

Y j € [a+ m,b], a discrete interval.

Applying Z?:aﬂn on both ends of (36.55) we establish (36.52).
It follows a discrete nabla Sobolev type fractional inequality.
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Theorem 36.20. Let u > p, p € Z4, u non-integer, m = [u]; a € Z4. Here
fila—m+1,.,0) =R;a+m <b beN, and VFf(a) =0, k =
Let’y,5>1:%—l—%:l,anerl.Then

1 ro 1
. ; I3

b . . v 1 b J —\7
<Z |Vf(])|) Sm Z <TZ (]—T+1) >>

j=a+m j=a+m

=

(i ‘Vfaﬂ)*f(ﬂr) : (36.56)

T=a+1
Proof. By (36.54) and r > 1 we have

[VPf ()" < (F(,u%p (T_ZGH ((] — T+ 1)H_p_1>7>

)"
b 5
( 3 ‘vgaH)*f(T)‘ , Vi€ latm,..,b. (36.57)

T=a+1

Consequently we obtain

> VIO < oy | 2 <Z ((j_TH)m)v)

j=a+m j=a+m \1t=a+1

23

b 5 5
( Z ‘V?a+1)*f(7)‘ ) ) (36.58)

T=a+1
proving the claim. [ ]
We finish with the following discrete nabla fractional average Sobolev type
inequality.

Theorem 36.21. Let 0 < p1 < p2 < ... < u non-integers; m; = [w],
I = .k, k € N. Assume V' f(a) = 0, for 7 = 0,1,...,mi — 1, where f :
[afkarl 40 = Ry b e N a € Zy. Let r > 1; Ci(s) > 0 defined on
[a+1,.. b],l—l,...,k;a+mk<b.

Put .
> a (V@)

T=a+1

r

.. 1 - . . T2 :
v wmar L 2 (2,67 |

j=a+m; =a-+1

k1™
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and

. 1
PTG () ‘oo i1
Then .
— (Y, B\’
1l ooy ) < VO | == ] (36.59)

Proof. It holds also V' f(a) =0, 7 = 0,1,....m; — 1, I = 1,...,k — 1. So the
assumptions of Theorem 36.20 are fulfilled for f and fractional orders u;, | =
1,...,k. Thus by choosing p = 0 and v = § = 2 we apply (36.56), for [ = 1,..., k,
to get

re 1
T

" <t Zm(Z <(j‘7+1)”’—_1>2>

Ml T=a+1

3=

b

SOrG)

j=a+m;

—

1
2

(Zb: ( (at1)s ))2> . (36.60)

T=a+1

Hence it holds

S oror) c——| % (Z (I 1))

T |, 25

S
[SIh
SN

Jj=a+my =a+1
< ;1< (a+1)* > ) < :Z ( (a+1)* )) > =
b 2
5 ( > (@) TG (Vi (1) ) <
T=a+1
o ( > am (vzgﬂ)*fm)?) :
T=a+1
That is , )
b r b ”
Souror o<t S ror| <
j=atmy, j=atmy
b 2
p*< 3 cin) (vg;H)*f(T)) > =By, forl=1,...k.  (36.61)
T=a+1

So that .
*  * = B
7 o <% <ZT> (36.62)

proving the claim.



37
About g— Inequalities

We give here forward and reverse g—Holder inequalities, g—Poincaré inequal-
ity, g—Sobolev inequality, g—reverse Poincaré inequality, g—reverse Sobolev in-
equality, g—Ostrowski inequality, g—Opial inequality and g—Hilbert-Pachpatte
inequality. Some interesting background is mentioned and built in the introduc-
tion. This chapter relies on [47].

37.1 Introduction

Here we follow [139], [252].
Let g € (0,1), n € N. A g—natural number [n], is defined by

[n], = 14+q+..+¢"" (37.1)

In general, a g—real number [a], is

We define
[O]q! =1, [n}q! = [n]q [n 1]q [1}(1,
n [n]q!
{ k L TR (37.3)

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 601
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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Also, the g—Pochhammer symbol is defined by

k—1
z-a)9 =1, z-—a)® = H (z — aqi> , keN z,aeR (37.4)

i=0
The g—derivative of a function f (x) is

f(x) = [ (qz)

T —qx

(Da) (0) = lim (D, f) ().
and the high g—derivatives

(Dgf) (z) := (z #0), (37.5)

DOf = f, DEf =D, (D’;*lf) . k=1,2,3,.. (37.6)

From the above definition it is clear that a continuous function on an interval,
which does not include 0 is continuously g—differentiable.

Here we suppose that the g—derivatives we use always exist up to n'* order.

Notice that if f is differentiable then gLIIlquf (z) = f'(z).

The g—integral is defined by
(Ig,0f) ( /f z(1—q) Zf( >qk, (0O<g<1). (37.7)
k=0

We call f g—integrable on [0,a], iff [ |f (t)|dqt exists for all z € [0,a], a > 0.

If f is such that, for some C >0, a>—1,|f(x)] < Cz® in a right neighbor-
hood of z = 0, then f is g—integrable, see [139].

All functions considered in this chapter are assumed to be g—integrable.

By [7] it holds

(1)@ = [ 5O dt=lm1y0f) (@), (37.5)

given that f is Riemann integrable on [0, z].
Also it holds

(Delgof) () = f (), (37.9)
and
(Ig,0 (Dqf)) (z) = f (z) = £(0).
One can define
Ijof =To0 (Ing'f), n=1,2,.. (37.10)
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Let 2 > 0, then one has ([7], [156], [197]) the ¢—Taylor formula

i k] ' Dot n 711] !/Om (@ —g) "V DY f () dgt.  (37.11)
k

Assuming ( ) (0)=0,k=0,1,...,n — 1 we obtain

f@) = =g [ @ Dpf )t (37.12)

n—lq

Let u (z) = az®, then we get the change of variable formula ([139]),

/u“(“’ A = / Flu@)D yu(@)d yz. (37.13)

(0)

In this chapter double g—integrals are meant in an iterative way.

Lemma 37.1. ([139]) Let n € Z4; x,t,s,a,b, A, B € R. Then

(1) Dy’ =[t],a" ", (37.14)
(2) Dy (Az+b)" =[n], A(Az+b)""V, (37.15)
(3)  Dg(a+ Bx)™ =[n], B(a+ Bqx)" V. (37.16)

We get the g—power rule

z Az + b)("+1) _ pntD)
At +5)™ dyt = : 37.17
where bt = b"'*'lq”(n;l).
Furthermore, it holds another ¢—power rule,
® n— (a+ Bx)(") —a”
(a + Bqt)< D=1 — 2 (37.18)
/0 ! [n], B
Let f (z) > 0 and f increasing, then
/ Ft)det < f(2)- 2. (37.19)
0
We easily see that (a > 0,0 < g <1)
[ 1@l < [ 1f @lde (37.20)
0 0
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(by ‘Z;.i1 l‘,} < Zfi1 |$"|)7 and

/a(C1f1()+CQf2 dl‘—C1/ f1 dx+02/ f2 x, C1,CQ€R.

0
(37.21)
Let 0 < x <y and f increasing. Then

z(1—q) if( )q <y(l-gq) if( )

/x F)dyt < /yf (1) dyt. (37.22)
f (qu> " <g (qu) ¢
(1 fq)if(:rq’ﬁ ¢" <a(1 *q)ig (xq'“> q,
k

=0 k=0

so that

Let f < g, then

and

that is N .
/ F () dgt < / g () dgt (37.23)
0 0

(r>0,0<qg<1).
Next comes the ¢g—Holder’s inequality.

Proposition 37.2. Let z > 0,0 < ¢ < 1, p1,q1 > 1 such that o+ il =1.
Then

[ s ([C1ror a) " ([ a0 dr) T

Proof. By the discrete Holder’s inequality we have

[ s @l == 03 |7 (50)| |o (20°) | o
k=0
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Clearly it holds that
/ ldyt = z. (37.25)
0

It follows the reverse ¢g—Holder’s inequality.

Proposition 37.3. Letx>0 0<q<1;0<p1<1,q1<0:%+%:1.

Let f,g >0 with [" (g (t))™ dgt > 0. Then
» 1 » 1
P q
JACY dt></ gorad)” ([Teora)”. e
0 0
Proof. Notice that [" (g ()™ dgt > 0, iff 2 (1 —q) Y77, (g (mqk))ql g >0, iff

o (9 (@ k))qlq > 0.

By the discrete reverse Holder’s inequality we have

a3 (o () o -

_ = 20 (o o 20" (o @
(1 q)};(f(qﬂq) )(g<q)(q> )2
(s 02 (5 ()" #) " (s0- 0% (o))" )"
k=0 k=0
proving the claim. ™

37.2 Main Results

We give the g—Poincaré inequality.

Theorem 37.4. Let o, 3 > 1: é + % =1, z > 0. Suppose (D!;f) (0) =0,
k=0,1,....,mn—1 and ‘D2f| be increasing. Then

|1l de <
(in 11] )’ (/0 (/ow (- qt)mfl))adqt)

2@

dqw> (/Om\Dgf(t)\gdqt).

(37.27)
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Proof. For 0 < w < z, we have

_ 1 v _ (n—1) n
F) =y | wma Dir @) du
Thus 1
|f (w)] <

v n—1 n
o, e Dh 0]t
(by g—Holder’s inequality)

1

< gy (] (omme) o) ([ 1o ae)’

(/Oz Djjf(t)|"alqt)le .

1

g ([ (o)

Hence
T’ < m ([ (w- qt)("_l))adqt)g ([ 1oss o) a).

(37.28)
Then applying g—integration on (37.28) over [0, z], we prove (37.27).
We present the g—Sobolev inequality.

Theorem 37.5. Let o, 3 > 1: éJr% =1,z >0, r > 1. Suppose (Dé“f) (0)
0,k=0,1,....,mn—1 and ‘Dgf‘ be increasing.

x T 1
Denote || f]l, ,.10..] = (J5 1f (w)]" dqw) ™. Then

1 T w — a g B
Hqu,r,[o,z] < W (/0 (/0 ((w - qt)< 1)> dqt) dqw
g

193 £ 114 5.0,

(37.29)

i ([ Gy ) ([’

Proof. As in the proof of Theorem 37.4 we obtain

If (w)]" <

Thus
® . (37.23)
[ i<
0
1 w

iy ([ emaemnyas) o) ([ mssorae)”

(37.30)
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Next raise both sides of (37.30) to power % Thus proving the claim. u
Next we give the reverse g—Poincaré inequality.

Theorem 37.6. Let 0 < p1 < 1, ¢1 < 0 : % + % =1, z > 0. Suppose
(D’,;f) (0)=0,k=0,1,....,n—1; |Dgf‘ be decreasing, and Dy f (t) of fixed strict
sign on [0, z]. Then

1

TR R ———
/0 ([n— 1]q!>

/oz (/0’” (w—a™")" dqt) ” dqw </Om Dy f ()™ dqt\) o (37.31)

Proof. Clearly here we have
/ |Dg f ()" dgt >0 for all 0 < w < .
0

Also we have

)=y [ -0 D e, a0 <usa
q' /0

[n—1

Hence

If (w)] = ﬁ/u (w—qt) "V |Dyf ()| dgt, all 0 <w < a.
q 70

By g—reverse Holder inequality we derive

v e ([ G-t ) ([ o)

Because |Dgf| is decreasing, we have that }Dgfr“ is increasing on [0, ] . Thus

/O |D1;f(t>|“dqt§/0 D2 ()] ™ dat,

and

1 - 1
(/ D f ()| dqt> "> </ D2 f ()| dqt> " forall0<w < a.
0 0

Therefore we derive

oz g (] (=) )™ ([ois o a)
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all 0 < w < 7.
Hence
| (w)[~" =
1 v n_1)\P1 > S " —1
W(/O (w=an) dqt) (/0 Dy (8)] dqt) ,

(37.32)
all 0 <w < z.
At last g—integrating (37.32) on [0, z] we obtain (37.31). ]
It follows the reverse g—Sobolev inequality.

Theorem 37.7. All assumptions were as in Theorem 37.6 and r > 1. Then

I

|qm[0,9¢] =

1

F;}Hj<A$(Aw«w—qﬂm*gmdﬂ)édw>THD;H%mmM‘(Wﬁ&

Proof. As in the proof of Theorem 37.6 we obtain:

all 0 <w < z.
Thus

1

an1bgw

(Az<éw@w—wﬂ““yn%0if%w)(AﬂDgﬂnﬁdﬂ)H,

proving the claim. [ ]
We continue with a g—Ostrowski inequality.

[t du=
0

Theorem 37.8. Assume (Dé“f) 0)=0,k=1,.,n—-1,2>0,0<¢g< 1.
Then
l,n

m . (37~34)

L[ f = £ )] <D

Proof. By assumptions we have

)= 1(0) = !

v _ (n—1) yn
7”_1]q!/0 (w — qt) Dyf(t)dqt, all0<w <.
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o M@= [ w10 =
2 [t = [ 5=
1

([ g - ronauw).

T
Thus 1 e
A@I<1 [ 1@ - O)lduw. (37.35)
0
However we see that
1 w . N
I (w) — £ (0)] < m/ (w—qt) " | D} £ ()] dyt
q
193l e oy [ _
oy 1]‘[?‘ ] /O (w — qt) "V d,t. (37.36)
g
Next we apply (37.13) for u (¢t) :== —t.

We notice that Dqu (t) = —1.
Therefore it holds

/ (w—qt)™ ™V dyt = —/ (w+ qu (£)) ™Y Dyu () dgt
0 0

—w

(w+ qy)<n71) dqy

—— [ wraue) " due = [

eras) [ (w (—w)™ —w" | w"
[n], [n],
By (37.36) then we have
Dy f
|f (w) = f(0)] < %w" all 0 < w < . (37.37)
R
Consequently by (37.35) we derive
v Drf
A ()] < 2 (/ w"dqw) 124l 0.1 H“;’[O“]
z \Jo [n],!
(37.14) 1 z" ! HDngoo,[O,x] . HDngoo,[O,x] "
N - [+ ’

zn+1,  [n],

proving the claim.



610 37. About g- Inequalities

Next we present a ¢g—Opial type inequality.

Theorem 37.9. Suppose (Dgf) (0)=0,neN k=0,1,..,.n—1,z >0,
0<g<l;a,8>1: é + % = 1. Also assume |D2f| is increasing on [0, z]. Then

/Oz 1 ()| | D2 ()] dgwo <

[niiél]q! (/0 </0 (w=an=1)" dqt) dqw) é (/0 (D3 f (w)™ dqw) %

(37.38)
Proof. It holds

1
Flw) =+

’I’L—ill' / (w - qt)(n_l) (Dgf) (t) dqt, all 0 <w <z
q /0

Thus
1

If (w)| < m

/0 " (w— gty (D2 f ()] dyt

(by g—Holder’s inequality)

g ([ ooy e ([ o)’

Put
z(w)::/ D2 f (6)| dgt,  (2(0) =0), all0<w <z
That is
1 w e\ @ a 1
< oty (7 (a0 ) ae) " Gt
with
2 (w) <[ Dy f (w)|” w,
and

(z(w))% < ‘Dgf(w)‘w%, forall 0 <w < z.

Consequently we have

Q=

@l

rls = ([ (w=a0) ) g5 @,

[n—1],!

and

Rl

057 ] < gt (7 (0= a0 7) ) (D ),
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all 0 <w < x.
Finally we find

/Ow 1 ()] | D2 f ()] dgw <

o ([ (o) ) ot )

(by ¢g—Holder’s inequality)

i ([ oo o)) ([ o)
G2 ([ ([ ooy aa)an) ([ o an)’

proving the claim. [ ]
We finish with a g—Hilbert-Pachpatte type inequality.

1

Q=

=

Q

Theorem 37.10. Suppose (Dgf) (0) (D’c )(0) =0,k=01,...n—1,
neN;z,y>0,0<qg<1l;pi,q >1: HJra_l Also assume |D f‘ |D
are increasing on [0, z], [0, y], respectively. Define

F(s) = / ((s — qa)("_l))p1 dgo, 0<s<u,
0
¢
/ <(t - q7')("_1))q1 de, 0<t<y.
0

// / LN O ;g <

<s>+c<t>>

ﬁ ([ 1035 )" dur) g ([ 1p3a e arr) T e
n — q

Proof. We have

Q
—
=
=
Il

Then

1 s n— n
m/o (s — qo)’ 1)qu(a)dqa, all 0 < s < x;

1

t
g(t) = 7/ (t—qr) "V Dl'g(r)dgr, all0<t<y.
[n—1],! Jo

Thus . s
Fe) < —— / (s — qo) "V | D2 f (0)] dgo <
q" /0
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2

L ([ ey an) ([ s aa)’

[n—1],!

Also it holds

9 ()] < ﬁ / (t—gr) "™V | Dig (1)] dyr <

;]. </Ot ((t—qr)““”)q1 dqr)% (/Ot |D7g (7)™ qu) "

_ |
[n—1],
Young’s inequality for a,b > 0 says that

Therefore we get

(/OS |Dg f ()| dqa) o (/Ot Drg (7)) qu> s

Hence it holds (0 < s <z, 0<t <y)

(F(s) + G(t))

p1

Therefore

/ / Oy e L
F(S) +€0) (-1,
R

F@le ] _ e 11]q!>2 ([ 1oss @ o)™ ([ D70

}pl qu) i .

([ rezsor dq”) i) ([ ([ 10rsor ) ac) <

1

e ([ ([ )

([n—l
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([ ([ e ar) )™
Ty e e ([ 1oser )™

establishing the claim. n



38

About g— Fractional Inequalities

Here we present g—fractional Poincaré type, Sobolev type and Hilbert-Pachpatte
type integral inequalities, involving g—fractional derivatives of functions. We give
also their generalized versions. This chapter relies on [50].

38.1 Background

Here we follow [273] in all of this section, see also [252].
Let g € (0,1), we define

[a], == T (e €R). (38.1)

The g—analog of the Pochhammer symbol (g—shifted factorial) is defined by:

k—1
(@ia)g =1, (@a),=]] (1-ad') (reNU{x}).
i=0
The expansion to reals is
(a;9)

(a;9), = (ag™5q) (@ € R); (38.2)

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 615@
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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also define the g—analog

b.
(a— b)) :ao‘(;:’éi?l‘;", a,beR, a##0.

b
_p\) _ a Y
(a—b)" =a <a,q)a.

The g—gamma function is defined by

Observe that

I, (z) = (49 1—¢)'", (zeR-{0,-1,-2,..}).

(a%;:q),

Clearly
Ly(z+1) =[z],Tq(z).
The g—derivative of a function f (x) is defined by

(Dof) (@) = L@ =L@ )

T —qx

(qu) (0) = ili% (Dqf) (37) ,

and the g—derivatives of higher order:
Dgf:f> D;lf:DQ(D;l_lf>> n:1>2>37

The g—integral is defined by

(Loof) ( / FOdt=2(-0 Y 1 (sd)d, (0<a<1).

k=0

(Ig,0f) ( /f dt—/f dt—/f

and

y [171], we see that: if f (z) > 0, then it is not necessarily true that

/bf(ac)dq:rzo,

In the case of a = zq", then (38.9) becomes

n—1

| twdi=s0-0 ) 1 (o) d"

k=0

see also [171].

(38.3)

(38.4)

(38.5)

(38.6)

(38.7)

(38.8)

(38.9)

(38.10)
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Double g—integration is defined the usual iterative way.
Also we define

Lof=f Iuof=Ia(I}2'f), n=123,.. (38.11)

The following are valid:

(Dglgaf) () = f (), (38.12)
(Ig.aDqf) (z) = f(2) = f (a). (38.13)
Denote
o], = [],[2,--[n],, neN;
n [n]q!
o = [ }ZW

In the next we work on (0,b), b > 0, and let a € (0,b). Also the required
q—derivatives and g—integrals do exist.

Definition 38.1. The fractional g—integral is
ey O AL (38.14)
o To(a) Jo \"2"7) oy
L (a-1) +
= —_— —qt t)dqt R™).
Fq(()é)/a(m q) f()llv (CL<ZC,O(€ )
The usual fractional integral (see also [42]) is the limit case of (38.14) as ¢ T 1,
since

. a—1 t, _ _ a—1
lql%lx (qm,q) T (x—t)* . (38.15)

Clearly
(Ifaf) (@) =0. (38.16)

‘We mention

Theorem 38.2. Let o, 3 € R". The g—fractional integration has the semi-
group property

(15a1508) @) = (122°7) (@), (a<a). (38.17)

Corollary 38.3. For a > n (n € N) it holds

(DRIgof) (x)=(Ig2"f) (x), (a<wm). (38.18)

q9,a

We mention the fractional g—derivative of Caputo type:
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Definition 38.4. The fractional g—derivative of Caputo type is

L;:f (.Z‘), a <0
(«+Dgaf) () = { ((IJZW)D‘D(ZD‘W(@), a0, (38.19)

where [.] denotes the ceiling of the number.

Next we mention the highlight of this introductory section. Again all here
come from [273]. So the following is the fractional ¢—Taylor formula of Caputo

type.

Theorem 38.5. Let « € R" — N, a < z. Then

[a]-1 k a a
(Iga «Dgaf) (@)= f(x) = > %x’“(z;q)k. (38.20)
k=0 q’

Also we present
Theorem 38.6. Let « e Rt — N, € RT, & > >0, a < z. Then

(180 <Dt ) (@) = (-D5"F) (@) - (38.21)

= (Dgf) (a) k—a+g8 (@
k %:mr k—atp+1)" (E;q>k_a+g‘

38.2 Main Results

We need the following g—Holder’s inequality.

Proposition 38.7. Let z > 0, 0 < ¢ < 1; p1,q1 > 1 such that i + % =1;
n € N. Then

[seieraes ([ sora)™ ([ woma) . )

Proof. By the discrete Holder’s inequality we have

/ FOllgOldt=21- )5 |1 ()| o (2a") | " =
(I G )7) (Jo (o)) ()™ <
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1 1

(s0-0 S s @) ) (s0- 0 S (or) ") " -

k=0

(/x:n If (b dqt) o (/x:n o (D" dqt) ar |

We give a g—fractional Poincaré type inequality.

Theorem 38.8. Let + > 0,0 <w <z,0<g<1; >0, p1,q1 > 1 such that

1 1 4.

[a]—1 k wa
Aw) = fw)- Y Lal)wd)

2wy e

Then

1

7 A (w) | 1 @ [ pw t P n b1
/ wwkw%wgwﬂwﬂ“<é (LM<GE”)MJ %g dw)
' (/m </w |« Dawar £ )" dqf) ) dqw) " (38.23)
0 wq™

Proof. By g—fractional Taylor’s formula (38.20) we get

w

a—1 w
A (w) = (I((Jl,wq" *an,wq" f) (w) = Fq (CM) / . <q£§ ‘Z) (*an,wq" f) (t) dqt'
! " (38.24)

Here by (38.14) and (38.19), we see that
t[oJfozfl w s
DS o t) = ————— —; Dl d 2
(D) O = frmar—ay | (0550) L DIV @ dse), (3829

all wg" <t <w.
Here we observe trivially that

" F () dyt

xq

<[ 1ol (38.26)

qn

Furthermore we see that

<q1.q) _ lewia), _ T2, (—agd) _ TIE, (L-5¢™)
w’ a—1 (qaiﬂl)oo [T, (1_qa%qi) [T, (1_5qi+a>

(38.27)



620 38. About g- Fractional Inequalities

Hence by (38.22) we obtain

a—1 w t N

|A (w)] < 11“2(04) /qu (qa;q)a_1 |(+ D pgn f) (8)] dgt <
wafl w t P1 i w . " i
o) </ <<qa;q)w> d“) ([ NPt 01 )™

(38.28)
Consequently we derive

s ([ (), ) @) e

1
([ 1Dz 0" )™
wq™
q1

quf@i =, (L))fn (/w: ((qi;q)aﬂ)m dqt>a‘ -
</ujn | (Dgwgn f) (O] dqt) .

Applying g—Holder’s inequality (which is also valid on [0,z]) on (38.30), we

observe that > A (w)| .
w
/0 wai(a=1) dqw < (Tq (@)™ .
a1

/Om </w:’ <<q£;‘Z) a_l)pl dqt) " (/U: (- D e £) (8] dqt) dyw

< ([ (o)) ) )™
(/Om </w: |(+Dgowqn f) (£)]" dqt) " dqw) o , (38.31)

proving the claim. ™
Next we give a g—fractional Sobolev type inequality.

and

Theorem 38.9. Here all terms and assumptions as in Theorem 38.8. Addi-
tionally let r1,72 > 1: % + % = 1. Then

([ () ) < i
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7‘2 %
x w t P1 p1 i
—; dgt d
/0 </qu<(qw:Q)a1> q) qw
q1
dqw) . (38.32)

([ ([ oo
0 wq™

Proof. As in the proof of Theorem 38.8 we get (38.29), so that
r1

P1
|A (w)[\ ™ 1 /w 71
< =, . ,
(%) = o (L, () ) (35:3)
w X o
(/ | (+ DG wqn f) ()] dqt)
wqn
Therefore A )\
x w ” 1
f; (8 e < g (3539
P1 L N
x w t P1 w o @ a
/ / Tt dqt ' / |(+Dg,wqn ) (0)|"" dat dqw
0 wq™ a—1 wq™
(by ¢g—Holder’s inequality on [0, z])
2 L
p1 o "
P /m /w <q1~q) dt) dw| - (38.35)
= (Fq (a))m o wqn 'LU7 o1 q q .
ez i
YO dut) " dgo )

(/ (/ | (+Dgwqn
0 wq™
]

proving the claim.
It follows a g—fractional Hilbert-Pachpatte type inequality.
Theorem 38.10. Let for i = 1,2 that z; >0, 0 < w; <z;, 0< ¢ < 1; a > 0,

p1,q1 > 1 such that i + % =1; n € N. Set
[a]—1 k n
Dy fi) (wiq") n
(Daf:) wi (¢"59),,

Ag (wi) = fi (ws) — kzzo B!
(38.36)

w1y tl P1
F (wr) =/ (q—;q) dqgt1,
wyq™ w1 a—1
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and
& () /“fz < t2 )ql dyt
wz) = q—:;4q 2-
wagh w2 a—1 ¢
Then A A
/ / 1A w1)|| 2l dgws < (38.37)
(w1w2) (F<w1> +G(w2>>
P1 q1

1
it xy w1 w1 o a1
([ ([ 1D 010) s

0

(Fq (a) wyq™

*2 w2 @ p1 %
|*Dq7w2qn f2| (tz) dth dqw2 .
0 woq™

Proof. We notice by (38.20) that

a—1 wy .
Ai(wi) = ff]—(a)/ (q%;q) (+ D5 pqn fi) (ti) dqti, (38.38)
q w g a—1

~

0 q"™

fori=1,2.
Therefore we derive

a 1 wi t
Al < s [ (a5a) (DR ) ()] dat <
w1 a—1

q(Oé) wiq™
1 E
q9—:4 d t1 . *D W nfl (tl)d t1
Ty (@) ( e ) o [PPaan Al (t) da
(38.39)
Similarly we get
a—1 wo
w. t2
As (we)| < =2 / (—,) « DY oo to)| dgta <
|Az (w2)| < Ty (@) Juyon el a71|( waqn f2) (t2)| dgt2 <
1
a—1 w2 a a1 wo 1
ws / ( to ) (/ o ) B
q—iq dgt2 . «D, Jw an tg)d to
Iy () < waq < wa ot a w2q”| q,wa2q | ( q
(38.40)

Consequently we obtain

(wrwg)* ™! a1 1
A1 (wr)| |As (w2)] < — F (w1))rr (G (wz)) 9 -
|Ar (w1)]|Az (w2)] < T (@) (F (w1)) 1 (G (w2))

LR " T e " o
‘*quwlqnfl‘ (t1) dqt1 - ‘*quwzqnfg‘ (tg) dqtz
w woq™
(38.41)

01q™
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(by Young’s inequality)

S (o).

LR " T . . o
|*Dq7w1qnfl| (tl) dqt1 . |*Dq7w2qnf2| (tz) dth .
wyq™ w2q™

(38.42)
Therefore R N
/ / — ““)L' Q(wi' dgwidgws <
0 0 (wiws) ( (pulfl)+%>
o q1 ﬁ
|« DGy qn f1|™ (t1) dgta dywy | -
le"
1
P1
< < quqan‘ (t2) dth) dqw2> S (3843)
1
a1
xl x2 (/ (/ DS fi] (t1)dqt1)dqw1) ,
w1 q™
1
P1
( ( |« Dawzan f2™ (t2)dqt2) dqwz) , (38.44)
w2q™

proving the claim. ™
We continue with a generalized g—fractional Poincaré type inequality.

Theorem 38.11. Let t > 0,0 <w <z, 0<g< Lya>F>0,p1,q1 > 1:
%Jr%:l;nEN.Put

[a]l—-1 k n
a—p (Dgf) (wg") i ais
K(w)= <Df1w4" ) . rgmr k—atpr1)" ("5 Dxaro

/om (gﬁ(iﬂl)')m dq < W (38.45)
</0 (/ww <(q%;q)g_l)ﬁ dqt) " dqw)#
([ ([ riaeron o) o)

Then
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Proof. By (38.21) we find

B—1 w
K (w) = Iqﬁ,wq” (*Dtiqu'f) (w) = I:U (3) / <qi;q) (*Dtiwq” f) () dqt.
q wq™ B—1

(38.46)
Rest of proof goes as in the proof of Theorem 38.8.

[
Next comes a generalized g—fractional Sobolev’s type inequality.

Theorem 38.12. Here all terms and assumptions as in Theorem 38.11. Ad-
ditionally let r1,72 > 1: % + % = 1. Then

</oz (|Zﬁ(iul)|)r1 dqw) B < (38.47)

1
2
/ / (q—;q) dqt dqw :
0 wq™ w B—1
PR, _1
x w o @ }112 T1T2
|+ DG g f ()™ dyt dqw .
0 wq™

Proof. As in the Theorem 38.9, using (38.46).

]
We finish with a generalized g—fractional Hilbert-Pachpatte type inequality.

Theorem 38.13. Let for ¢ = 1,2 that ; > 0, 0 < w; < z;, 0 < ¢ < 1
a>ﬁ>0,p1,q1>1:ﬁ+%:1;n€N.Put

[a]—1

Ki (wi) = (*Dg,Zf?q"fi) (w;) — Z (Dgf’) (wiq")

k—a+p3 n
w; (@5 Dp—arps
I — 1) a+p3
ifag Lok —a+8+1)
. w1 tl p1
F (w1)=/ (q—;q) dgt1, (38.48)
wiq™ w1 B—1
w2 t q1
6= [ (a2ia) dut
waq™ w2 B—-1
Then
1 1
T T2 K K. P1 .91
/ / i (wl)‘*‘ 2(w2)|* dqwidqws < 2L 2’ (38.49)
0 Jo (i)’ (£l 4 Grlea)) (Tq (8))

1q™

o1 w1 @ q1 ﬁ
/ / |*Dq’w1qnf1| (tl)dqt1 dqwl .
0 w
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2 w2 o1 p1 ﬁ
|*Dq7u,2qn f2| (tg) dqtg dq'wg
0 woq™

Proof. Similar to the proof of Theorem 38.10, using (38.21). ]
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Inequalities on Time Scales

Here first we collect and develop necessary background on time scales required
for this chapter. Then we give time scales integral inequalities of types: Poincaré,
Sobolev, Opial, Ostrowski and Hilbert-Pachpatte. We present also the generalized
analogs of all these inequalities involving high order delta derivatives of functions
on time scales. We finish with many applications: all these inequalities on the
specific time scales R, Z and ¢Z, ¢ > 1. This chapter relies on [57].

39.1 Background
Here mainly we use [119]. We are also motivated by [117], [118].

Definition 39.1. A time scale is an arbitrary nonempty closed subset of the
real numbers, e.g. R, Z, ¢"° = {¢"|k € No = NU {0}, ¢ > 1}.

Definition 39.2. If T is a time scale, then we define the forward jump operator
o: T+ T by o(t) =inf{s € T|s > t}, Vt € T; the backward jump operator
p: T r— T by p(t) = sup{s € T|s < t}, V¢t € T; and the graininess function
p:T — Ry =[0,00), by p(t) = o (t) —t, ¥t € T. Furthermore for a function
f: T — R, we define f° (t) = f (o (t)), Vt € T; and f* (t) = f (p(t)), Vt € T.

In this definition we use inf ) = sup T (i.e., o (t) = ¢ if ¢ is the maximum of T)
and sup® = inf T (i.e., p(t) = ¢ if ¢ is the minimum of T).

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 627
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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We call ¢t € T right-scattered if ¢t < o (t), t € T right-dense if ¢t = o (t),
t € T left-scattered if p(t) < t, ¢t € T left-dense if p(t) = ¢, ¢ € T isolated if
p(t) <t<o(t),teTdenseif p(t) =t =o0c(t).

We notice that p is an increasing function, so is p* (t) = p(p(t)), ..., so that
pt(t)=p (p"_1 (t)) is increasing in t for n € N. Since T is closed subset of R we
have that o (t), p(t) € T, for t € T.

Definition 39.3. ([119]) A function f : T — R is called rd-continuous (de-
noted by C..q) if it is continuous at right-dense points of T and its left-sided limits
are finite at left-dense points of T.

If T =R, then f: R — R is rd-continuous iff f is continuous. Also, if T = Z,
then any function defined on Z is rd-continuous ([186]).

Definition 39.4. ([119]) If supT < oo and supT is left-scattered, we let
T* := T — {sup T}, otherwise we let T* := T the time scale.
T— (p(supT),supT], if supT < oo
k __ ) ) )
In summary, T = { T, if supT = oo.

Definition 39.5. ([119]) Assume f : T — R is a function and let t € T*.
Then we define f2 (t) to be the number (provided it exists) with the property
that given any € > 0, there is a neighborhood U of ¢ such that

[f@®)=F =12 Mo @) ~s]|<elot)~s|, ¥seU.
We call f2 (t) the delta (or Hilger [187]) derivative of f at t. If T = R, then

& = f', whereas if T = Z, then f&(t) = Af(t) = f(t+1) — f(t), the usual
forward difference operator.

Theorem 39.6. ([119]) (Existence of Antiderivatives) Let f be rd-continuous.
Then f has an antiderivative F satisfying F* = f.

Definition 39.7. ([119]) If f is rd-continuous and ¢y € T, then we define the
integral

¢
F(¢) :/ f(r)Ar forteT.
to
Therefore for f € Crq (T) we have by definition
b
[1mar=re)-r@,

where F& = f.
If T =R, then

[rwai= [ roa.

where the integral on the right hand side is the Riemann integral ([186]).
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If every point in T is isolated and a < b are in T, then ([186])

p(b)

/f Dat=370)

Theorem 39.8. ([119]) Let f, g be rd-continuous on T, a,b,c € T and a, 3 €
R. Then

(1) [ (af (t) + By (t)) At:af,ff(t)AtJrﬁffg(t)At

@) [ ft)At=—[f

B) [P At=[Cf(t At+fbf(t)At

(4) fff(t)gA )At—(fg)() (fg) (@) — [ f~ (t) g (o (1)) At,
(5) J2f () At =

(6) [P1AL=b—

Theorem 39.9. ([4], Holder’s inequality) Let a,b € T,a < b,and f,g: T — R
be rd-continuous. Then

/ablf(t)l\g(t)m::g (/:If(tw’m)” (/b |g(t)th)%,

where p,g>1: -4 2 =1.

141
P
Theorem 39.10. ([119]) Let f,g € Crq (T), a,b € T, a < b. Then
1) if |f (t)] < g (t) on [a,b) N'T, then < fabg (t) At,

2)iff(t)20,foralla§t<bandtET,thenf;f(t)AtEO.

Corollary 39.11. Let f € C,q(T); a,b,c € T, with ¢ € [a,b]; f(t) >0,V
t € [a,b]. Then

c b
[ roais [ roar
Definition 39.12. ([119]) For a function f : T — R we consider the second
derivative f&2 provided f2 is differentiable on ™ = (Tk)k with derivative

A8 = (fA)A . T = R. Similarly we define higher order derivatives f&"
T - R.

Similarly we define o”(t) = o (o (1)), (t) = o (6" " (t)), n € N. For
convenience we put p° (t) = 0% (t) = f = f, ']I‘ko =T.
Notice TF" Tkl, 1e{0,1,..,n}.

Theorem 39.13. ([2], Taylor’s formula) Let f be n-times differentiable
on T"", t € T, and a € ']I‘kn_lg ho(r,s) = 1, hgyr (r,s) = f: hi (7,8) AT,
k € Ng. Then
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P ()

F0 = ) @+ [ o () 1 ()
k=0 o

Corollary 39.14. ([2]) Let f be n-times differentiable on T*" and m € N
with m < n. Then, V a € T '™ and t € T+, we have

2=y

n—m-—1
k=0

. M) .
B (t,0) 27 (0) + / haem—1 (t,o (1) f2" (7) A,

Denote by C7;(T) the space of all functions f € C,q(T) such that fAi €
Crq (T) for i = 1,...,n € N. In this last case TF =T.
We need

Theorem 39.15. ([186], [115], Taylor’s formula) Assume T* = T and f €
Cri(T), n € N and s,t € T. Here ho (t,s) =1, V s,t € T; k € Ny, and

t
hit1 (t,s) = / hi (1,8) AT, Vs,teT.

(then hi (t,s) = hy—1 (t,s), for k € N,V ¢t € T, for each s € T fixed). Then

f(t) = i 2" (5) b (8, 9) +/ ha-i (.0 (7)) f27 (7) AT
k=0 s

Remark 39.16. (to Theorem 39.15) By [186], we have hi (t,s) =t —s, V
s,t € T.

So if t > s then hi (t,8) > 0, ha (t,5) > 0,..., hn—1(t,s) > 0. However for n
odd number hp—1 (t,0 (7)) > 0 for all s < 7 <t (see proof of Theorem 39.24).

Also it holds ([2])

(t—s)"
I

Corollary 39.17. (to Theorem 39.15) Suppose f € C7; (T) and s,¢ € T. Let
m € N with m < n Then

hk (tv 3) S

Vit>s, keNp.

n

A= S

1 t
k=0 s

P () B (8, 8) + / Boeme1 (t,0 (7)) f2" (1) AT,

Proof. Use Theorem 39.15 with n and f replaced by n — m and fAm,
respectively. [
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Corollary 39.18. Let f € C..q(T); a,b € T, such that f (¢t) > 0,V ¢ € [a,b]NT,
then [ f (t) At > 0.
Proof. Since f (t) > 0,V ¢ € [a,b]NT by Theorem 39.10 (39.2) we get fab f@)At>
0. Assume that f:f(t) At = 0. Then F (t) = fatf(t) At =0,V t € [a,b]NT.
Thus by ([119]) we get F~ (t) = f(t) =0, V t € [a,b] N'T, a contradiction. ]
We need

Lemma 39.19. Let the time scale T be such that T* = T. Let hy : T? — R,
k € No, such that ho (t,s) = 1, V s,t € T, and hgt1 (¢, 8) = f: hi (1,8) AT, ¥
s,t € T, for all k € Np.

Then hg (t,s) is continuous in s € T, k € Ny, for each fixed ¢ € T; and
continuous in t € T for each fixed s € T. Also it holds that hy (t,0 (s)) is rd-
continuous in s € T for each fixed t € T; for all k£ € No.

Proof. Consider also gr : T2 — R, k = 0,1,...,n, such that go (t,s) =1,V
s,t € T; and gi41 (¢, 8) = f: gk (o (7),8) AT,V s,t €T, for k € No.
By [119], we have that

hig (t,s) = hp_1 (t,s), keN,VteT,

for each fixed s € T.
Also we have

gkA(t,s):gkfl (c(t),s), keN,VteT,

for each fixed s € T.
Clearly g1 (t,8) = h1 (t,8) =t —s,V s,t € T.
By Theorem 1.112 ([119]) we get that

hy (t,s) = (=1)* g (s,t), Vt,seT, forall keNy.

By Theorem 1.16(i) of [119], we have that since g is differentiable for any ¢t € T
(the first variable), then it is continuous for any ¢t € T; for all k¥ € Ng. Thus, by
the last equation just above, we obtain that hx (¢, s) is continuous in s € T; and
of course hy is also continuous in t € T; for all k£ € Np.

By Theorem 1.60(iii) of [119], we have that the jump operator o is rd-
continuous, and by the same Theorem 1.60(v) ([119]), we get that hyx (¢, 0 (s))
is rd-continuous, for all k£ € Np.

The lemma now is established. [ ]

39.2 Main Results

In this chapter we assume T® = T.We give first a time scales Poincaré type
inequality.
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" (T), n is an odd number, a,b € T; a < b;

Theorem 39.20. Let f €
pog>1:141 =1 Assume fAk (a) =0,k=0,1,...,n— 1. Here o is continuous

and hn—1 (¢, s) jointly continuous. Then
b n q
() AT) .

[ ses ([ ([ e towran)a) ()
' o ' (39.1)

Proof. Since fAk (a) =0,k =0,1,...,n — 1, by Theorem 39.15 we get

/ hns (0 () 27 (7) A,

f(t) =
vVt € [a,b)N'T, where a,b € T.
Hence .
FO1S [ s (o (o) ]2 (0] ar

A0 ) ! AT) !

<([mrtoeyan) ([
<([mrowran) ([

Therefore
b n q
A (7')‘ AT) , (39.2)

< (/ bt (10 (7)) AT); (f

for all @ <t < b. Next by integrating (39.2) we are proving the claim.
Next we present a time scales Sobolev type inequality.

Theorem 39.21. Here all terms and assumptions are as in Theorem 39.20.
1

(fj|f(t)rm) . Then

Let 7 > 1. Denote ||f]|,.

171, < (/ ([ s oy AT);AtY =

Proof. As in the proof of Theorem 39.20 we have (a <t < b)

If @] < </athn_1(t,a(7'))pA7')% (/b qm)

(39.3)

q

Q=

247 (7)

Q3

Thus
b n q
o[ ar)"

o< (/ ot (4,0 ()" AT); (f
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and
INCE </ ([ 1oty ar)’ At) (L

Next raise both sides of (39.4) to power % Thus proving the claim. u
We give a time scales Opial type inequality.

Theorem 39.22. Let f € C;;(T), n is an odd number, a,b € T; a < b;
p,g>1: %Jr % = 1. Suppose fAk (a) =0, k=0,1,...,n — 1, and that ’fAn} is

increasing on [a,b] N T. Here o is continuous and h,—1 (¢, s) jointly continuous.
Then

[l ofaso-wi-

</: </: hn-1 (t, o (1))? Ar) At)% (/ab (fM (t))Qq At) L (39.5)

Proof. It holds .
f ()= / hos (0 () 27 (7) A,

YVt € [a,b)NT, where a,b € T.

Hence
)< (/h (t,aw)mf)% (/

< (/t hoei (t,0 (7)) AT)% ‘fA" (t)‘ (t—a)i.

1
q

7 (o[ ar)

Therefore

F oI o] < ( / s (o (1) Ar)’l’ (P ) «-at,

for all a <t <b.
Consequently we obtain

/ab Lf (@1 ]f“ (t)] At < </ab (/at hn—1 (t,a(T))pm)% (fA" (t)>2 (ta)%> At
< ([ ([ mstotmyar) At)é ([ (7 w)" (t—a)At)}l



634 39. Inequalities on Time Scales

Q=

<(b—a)e (/b (/t B (t,o(T))PAT) At); (/b <fM (t))QQAt) :

proving the claim. [ ]
We make

Remark 39.23. (to Theorem 39.20-39.22 and their proofs) As we know
([119]), we have that

hoy (t,0 (7)) = hn_2 (t,0 (7)), Vte€][a,bNT.

Also (hn—1 (t,0(¢)))? is continuous at (t,t), t > a; p > 1.
By Chain Rule, Theorem 1.90 [119], we get that (hn_1 (t,0 (7))")* exists in
t € T, where 7 is fixed in T; p > 1, and

((hn-1 (75,(7(7')))10)A = p{/o (hn-1(t,o (1)) +

hp(t)hn—2 (t,0 (1)))" " dh} hn—z (t,0 (T)).

Here by assumption o is continuous and h,—1 (¢, s) is jointly continuous. So
that (hn—1(t,0 (7)))? is jointly continuous in (¢,7), that is rd-continuous in ¢
and 7; p > 1. Here T* = T, and by Lemma 39.19 we get that h,—2 (t,0 (7)) is
continuous in ¢t and 7. By bounded convergence theorem, using the last formula
above, we get that ((hn_1 (t,0 (7)))?)* is continuous in ¢ and 7; p > 1, and thus
rd-continuous in ¢ and 7.

Consider now the function

u(t) = /thn_l (t,o(T))P AT, Vi€]a,bNT.

Clearly u (a) = 0. Furthermore, by Theorem 1.117 of [119], we derive

u® (t) =/ (An-1 (t,0 (1)")S AT + (hn-1 (0 (1), 0 (1)))"

:/ (hn_1 (t,0 (1)")™ AT.

That is w (t) is differentiable, hence continuous and therefore rd-continuous on
[a,b] N T.
We proceed with a time scales Ostrowski type inequality.

Theorem 39.24. Let f € C7;(T), n is odd, a,b,c € T : a < ¢ < b. Suppose
that fL\‘IC (¢)=0,k=1,...,n—1. Then

I [hni1 (a,€) + by (b,0)] || am
o [ T0a-re) < e s

(39.6)

oo, [a,b]NT
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Proof. By assumptions and Theorem 39.15, we get

c) = / b1 (to (7)) F2" (1) AT, Vi€ |a,b]NT.

m>=%/bf(tmt—f(c>:
/f At‘—/f b,a/b(f(t)—f(c)mt

I (e)| At.

Hence

Thus

B (@) < =

However we observe that (¢ <t <b)

If(t) = f(o)] < /Ct hn—1 (t,a(r))‘fA" (T)}AT

< </Cthn,1 (t,a(T))AT) HfM

Also when a <t < ¢, we obtain

o0, [a,b]NT '

lf () = f (9] =

/|hn L (to (7 |’f ’AT<(/ |1 (£, 0 (7) |AT)Hf H .

Since hy (t,s8) =t—s, if t < s then hy (t,5) < 0. Then ha (t,s) = fs hi (1,8) At =
— [P hi(r,8) AT = [ (=hi (7,5)) AT > 0. That is ha (t,s) > 0, for any ¢,s € T.
We continue with (¢t < s) hs(t,s) = f: ho (1,8) AT = — [ ha (1,5) AT < 0.
Consequently by induction, we obtain (¢ < s)

/tch”*l (t,o () 27 () Ar| <

|hi (t,8)| = (=1)* by (t,5), ke No.

Thus hk(t,s) > 0, for any t,s € T, when k is even.
Therefore when a < t < ¢, we derive

po =< ([ mowooar) 2

By (1.7), (1.8), (1.9) of [119] and Theorem 1.112 of [119], we notice that
(c<t<b)

/ct hn_1(t,o (1)) AT = /ctgn,l (o (1),t) AT
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(0" [ 911 (7)) A7 = (1) g ) = b (1.
Also it holds (a <t < ¢)

et ar= [Caie@).nan

t

= gn (Ca t) = (71)11 hn (t,C) .
So we found that (¢ <t <b)

£ ) = £ @) < hat,0) | 127

oo,[a,b]ﬁT’

and (a <t <c¢)

£ = F @< (1) ha (t,0) |7

oo, [a,b]NT

L[ iro-reiaes [ro-r@ia] <
1

— {(*Un /ac hy (t,¢) At + /Cb ha (¢, €) At} HfAn Hoo,[a,b]mr =

[ R (t, €) At + hgr (b, )] H "
b—a
[hnt1(a,¢€) + hunyr (b,0)] || ,an
] |
—a
proving the claim. [ ]
It follows a time scales Hilbert-Pachpatte type inequality.

Thus we have

B (2)] <

0, [a,b]NT

o0, la b]ﬁ']l‘

Theorem 39.25. Let £ > 0, = 1,2; f; € C; (T:), nis odd, with fl-AlC (a;) =0,
0,1,...n —1; a; < b;; as,b; € T;, time scale. Let also p,q > 1 such that

t1 / h(l) t1,0’1 (T1))pA7'1,

for all ¢t1 € [a1,b1] NTy, and

to
G (t>) = / B2 | (b2, 05 () A,
az
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for all t2 € [a2,b2] N T2 (where hﬁf)_l, @ the corresponding h,—1, o to T;,,
i =1,2). Here o; is continuous and hgf)_l (ti, si) jointly continuous in t;, s; € T;.
We further suppose that

)\(t1)=/ab2( 2l A,

e+ EG G(;z))

is an rd-continuous function on T;.
Then

/bl /b2 (0|2 (o) At1 Aty < (by —a1) (b2 — a2) -
al ag (€+ % + G(;Z))

by n q % bz n P %
(/ £ () Aﬁ) (/ f2 (1) ATQ) (39.7)

(above double time scales integration is considered in the natural iterative way).
Proof. Since fiAk (ai) =0, k=0,1,....,n — 1; i = 1,2, by Theorem 39.15 we get

ti : n
£t = B (o () 18 () A,
Y t; € [as, bi] N'T;, where a;, b; € T;.

Hence

()] < (/1/1;131 o (n))mﬁ); (/ 2" () qAn)E
= F(t1)% (/ ' flAn (7'1) qAT1) ! N
and
1o (t)] < (/t R (b2, 02 (2))? ATQ) ‘ (/t 2" ()| An) ’
= G(tQ)% </ : fQA" (TQ) pATQ) ! .

Young’s inequality for a,b > 0 says that

11
arbad <

+

T|e
SEES
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Consequently we have
|fu (E0)]f2 (t2)] <

F(t)} G ()} (/“ qAﬁ) </:2
(F(t1) " G;tz)) (/: P (n)‘qAﬁ); </:

p
1
q a t2
AT1) (/
az

Q= ~—

IN

1
P P
ATQ)

152" ()

2 ()

B =

e (T2)‘pAT2>

The last gives (e > 0)

1
P 3
ATQ )

12" ()

2 ()

for all ¢; € [ai,bi] NT;,¢:=1,2.
Next we see that
/bl/ Lf1 (t)] [ f2 (t2)] At Aly <
as €+ F<t1> + G<t2>> -

(Lo o) ([ (7 o o) )
(b (/ ()" am) Atl) (b —an) -
(L (L
(L

(L
(b1 — ar) (b2 — a2) ( / An)“ ( / 7 (m)”Aw)E,
| |

TQ ATQ) Atg) bQ 70,2 % S

1

n 1
p.

7'1

ATl) Atl b1 — 111

1
q:

f2 (72) ATQ) At (b2 — a2)

2 (m)

proving the claim.
Based on Corollary 39.17 we get the following results

First a generalized time scales Poincaré type inequality

cry(T), mynp € N, m < n, n

- m
Ak+7n
. %4_% = 1. Assume f (a) 0

Proposition 39.26. Let f €
is odd, a,b € T; a < b; p,g > 1
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k=0,1,...,n—m— 1. Here o is continuous and hn—m—1 (¢, s) jointly continuous.

Then b
/; a
</ab </: A1 (t, 0 (1))" Ar) ® At) </ab

Proof. As in Theorem 39.20. [ ]
It follows a generalized time scales Sobolev type inequality.

fAm (t) q At S

A" (T)’q AT) . (39.8)

Proposition 39.27. Here all terms and assumptions are as in Proposition
39.26. Let » > 1. Then

- </ab (/at hn-m-1(t,0 (7))" AT) ; At) ' HfM

Proof. As in Theorem 39.21. [ ]
Next comes a generalized time scales Opial type inequality.

H I (39.9)

q

Proposition 39.28. Let f € C7; (T), m,n € N, m < n,n—mis odd, a,b € T;
a<bpqg>1: % + % = 1. Assume fAHm (a) =0, k=0,1,...,n — 1, and that

‘fAn‘ is increasing on [a,b] N T. Here o is continuous and hn—m—1 (¢, s) jointly

/b
b t i b ) 1

</ (/ hm1 (t,0 (7))? AT) At) ’ (/ (r*"®)" At) " (39.10)

Proof. As in Theorem 39.22. |
We continue with a generalized Ostrowski type inequality over time scales.

continuous. Then

= (t)‘ ‘f“ (t)} At < (b—a)i -

Proposition 39.29. Let f € C7(T), m,n € N, m < n, n —m is odd,
a,b,ceT:a<c<b Assume that fAHm (¢)=0,k=1,...,n—m—1. Then

L [P am o am o1 (3,€) + Ancmss (b,0)] || par
— <
‘b—a/af At=f7 ()] = b—a Hf

0, [a,b]NT '
(39.11)
Proof. As in Theorem 39.24. [ ]
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We finish with the generalized Hilbert-Pachpatte type inequality on time
scales.

Proposition 39.30. Let ¢ > 0, ¢ = 1,2; f; € C7(T:), my,n € N, m < n,
n —m is odd, with fAHm (a;) =0,k =0,1,...n —m —1; a; < b;; a;,b; € Ty,
time scale. Let also p,q > 1: ;1) + % = 1. Call

F* (1) = / WY (b0 () Am,
ay

for all 1 € [al,b1] NTy, and
G* (ts) = / B2 (02,00 (r2))? Ara,
as

for all t2 € [a2,b2] N T2 (where h“

1 o the corresponding hn—m—1, o to
T;, ¢ = 1,2). Here o; is continuous and h
ti, i € T;.

We further suppose that

n m—1 (ti, si) jointly continuous in

bo
A" (tl) = / T2
as <€+ F I()tl) el L(ItQ))

is an rd-continuous function on T;.

Then
o [ @[ @) b
< — — .
/ / 5+ L (t1) + G*(t2)> tiAts < (b1 — a1) (b2 — a2)
1 1
b1 n q a b2 n p P
</ Iin (71)’ An) </ 1 (TZ)‘ ATQ) . (39.12)
ay as
Proof. As in Theorem 39.25. [ ]

39.3 Applications

We need
Remark 39.31. ([119])

i) When T = R, then hy (t,s) = =25 Yk € No, ¥ t,5 € R, o (t) = t,

ff f@)At = f; f@)dt, f2@) = f (), fA = f); rd-continuous corresponds
to f continuous.
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ii) When T = Z, hy (t,5) = &2 vk € No, V t,5 € Z, where t© = 1,
t® =T[i ) (t—i) for k€N, o ()_t+1,

/f f(t), a < b,

PO = FE+D) - )= AL,
k b k
Po=a0=Y ()0,
=0

rd-continuous f corresponds to any f.
A Poincaré inequality comes:

Corollary 39.32. Let f e C" (R),n €N, a,b e R;a <b;p,q>1:
Assume f®) (a) =0, k=0,1,...,n — 1. Then

/ablf(t)\thé T ((b(;f);)+1 T (/ |7 @) dt). (39.13)

Proof. Based on Theorem 39.20 and Remark 39.31 ( |
A discrete Poincaré follows:

1 1 _
5+E_1'

Corollary 39.33. Let f : Z— R, nisodd,a,b € Z;a < b;p,g > 1:
Assume A¥f(a) =0, k=0,1,...,n — 1. Then

b—1 b—1 /t—1 % b—1
Zlf(t)\qéﬁ Z(Z (<t71><"—“)‘°) (Zwmw).

t=a \7=a

(39.14)
Proof. Based on Theorem 39.20 and Remark 39.31 (ii). ]
A Sobolev inequality comes:

Corollary 39.34. All as in Corollary 39.32. Let » > 1. Then

(/abfu)rdt)% <
(b— ,1)(”11+;+$) </ﬂb

1
(=D =p+1)7 ((n=1+1)r+1)’
Proof. Based on Theorem 39.21 and Remark 39.31 (i). ]

o) (t)‘q dt)% . (39.15)
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A discrete Sobolev inequality follows:
Corollary 39.35. All as in Corollary 39.33 and let » > 1. Then

(i |f<t>*> <

3 =

1 b—1 /t—1 ) AN 1
i |2 (Z (¢=r=1)") > <ZIA"f(t)|q> . (39.16)
t=a T=a t—a
Proof. Base on Theorem 39.21 and Remark 39.31 (ii). -

An Opial inequality comes next:

Corollary 39.36. Let f € C" (R),n € N,a,b€R; a < b;p,qg > 1: %—i—% =1
Assume f® (¢) =0, k=0,1,...,n — 1, and ‘f(")

is increasing on [a, b]. Then

b . (b—a)"ts
[1rwl|re @] < -
‘ (= D! [((n— Dp+ 1) ((n— 1)p+2)]°

(/: (f<"> (t))2q dt)% ‘ (39.17)

Proof. Based on Theorem 39.22 and Remark 39.31 (i). ]
A discrete Opial inequality follows:

Corollary 39.37. Let f : Z — R, nisodd, a,b € Z;a < b;p,q > 1: ;1)+% =1.

Assume A*f(a) = 0, k = 0,1,...,n — 1, and that |A™f| is increasing on [a, b].
Then

1

Z‘f ) A™F (1)] < M.

(n—1)!
S (til ( tT1)<n1))”)p (

Proof. By Theorem 39.22 and Remark 39.31 (ii). ]
An Ostrowski inequality comes next:

o
-

Q=

(A" f (t))Qq) . (39.18)

a

Corollary 39.38. Let f € C"(R), n € N, a,b,c € R: a < ¢ < b. Suppose
that f*) (¢) =0, k=1,...,n — 1. Then

s [ rwa | < |l 0o ]Hf“”

. (39.19)

(n+1)!(b—a) [a,b]
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Proof. Based on Theorem 39.24 and Remark 39.31 (i). ]
A discrete Ostrowski inequality follows:

Corollary 39.39. Let f : Z — R, n is odd, a,b,c € Z : a < ¢ < b. Assume
that A*f(c) =0, k=1,..,n — 1. Then

1 b—1
> () -

Proof. By Theorem 39.24 and Remark 39.31 (ii). |
A Hilbert-Pachpatte inequality follows:

1A flloo faey - (39-20)

(a—c) ") 4 (b— )t
5{ DI (b—a)

Corollary 39.40. Let ¢ > 0,i=1,2; fi € C" (R), n € N, with f* (a;) =0,
k=0,1,...n—1; a;i <b;i; a;,b; €ER. Let p,g>1: %—i—%: 1. Call

B 1 (tr — ap )P ;
B (e L P e A
Gl = L (2= V7 .

(n=1NH" (¢(n—=1)+1) "’

/zn /b2 |f1 (t)] | f2 (t2)] dirvdts < (b1 — ar) (bs — az) -

5 I (tl) G(tQ))
(/
ay

Then

1
P
() (72)‘10 dm) . (39.21)

1
q O b2

1(77,) (7-1)‘ dTl) </
az

Proof. Based on Theorem 39.25 and Remark 39.31 (i). Notice here that A (¢1) is
a continuous function on [a1, b1] by bounded convergence theorem. ]
It follows a discrete Hilbert-Pachpatte inequality.

Corollary 39.41. Let £ > 0,7 = 1,2; f; : Z — R, n is odd, with A* f; (a;) = 0,
k=0,1,....m—1; a; < b;; a;,b; € Z. Letp,q>1:%+%:1,Put

_ooman (i mm-ntY)
)= (<<n1>!>p L

Vit e [a1,b1] NZ,

and v
_ e (e mm )
G(tz): ((nfl)')q , Vis € [az,bz]ﬁZ
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Then , ,
1—1 by—1
t t
3y QLR < (4, — 1) (b2~ a2)-
t1=aj ta=as (5 + Tl + TZ>
1 1
by—1 7 [ ba—1
<Z|A fi (1) ) <Z|A f2 (12) ) . (39.22)
T1=ai T2=0a2
Proof. By Theorem 39.25 and Remark 39.31 (ii). |

Another generalized Poincaré inequality comes:

Corollary 39.42. Let f € C"(R), m,n € N, m < n, a,b € R; a < b;
p,qg>1: %Jr % =1. Assume f&+m (a)=0,k=0,1,....,n —m — 1. Then

/

(b )(n m)q
(n—m—1) (p(n—m—1)+ 1D (n—m)q (/

Proof. By Corollary 39.32, n — n —m, f — f, f& o gFm) pge
(39.13). ]
A generalized discrete Poincaré inequality follows:

()"t <

' F (t)’q dt) . (39.23)

Corollary 39.43. Let f: Z - R, m,n € N,m <n,n—mis odd, a,b € Z;
a§b;p,q>1:%+é:1. Assume A*T™f (a) =0, k=0,1,...,n —m — 1. Then

me )7 <

m Z(Z (U—T—”("’"”)p> <ZA"f<T>q>‘

T=a

(39.24)
Proof. By Corollary 39.33. u

A generalized Sobolev inequality comes.

Corollary 39.44. All as in Corollary 39.42, » > 1. Then

(f
O Ak) ([

(n=m=D!(n-m=-1p+1)7 ((n=m—1+1)r+1)

o (t)‘rdt) =

7 @)’ dt) !

(39.25)
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Proof. By Corollary 39.34. [ ]
A generalized discrete Sobolev inequality comes next:

Corollary 39.45. All as in Corollary 39.43, » > 1. Then

(Z A’"f(t)’") <

= 1
r

b—1 /t—1 » b—1 q
1 n—m—1)\? n
eyl DY (Z (¢=r=p) ) (Z A f(t)q>
: t=a \7=a t=a
(39.26)
Proof. By Corollary 39.35. u

A generalized Opial inequality follows:

Corollary 39.46. Let f € C"(R), m,n € N, m < n, a,b € R; a < b;
p,qg>1: % + % = 1. Suppose f*+™ (a) =0, k=0,1,...,n —m — 1, and ‘f(")

is increasing on [a, b]. Then
/b

(b— a)nier% by 2 L) T
(n—m— D —m—Dp+ 1) ((n—m—pt2) ([ w)"a)

(39.27)
Proof. By Corollary 39.36. u
A generalized discrete Opial inequality follows:

5 @] )| de <

Corollary 39.47. Let f: Z - R, m,n € N, m <n,n—mis odd, a,b € Z;
a<b;pg>1: %Jr % = 1. Assume A" f(a) =0, k=0,1,...,n —m — 1, and
that |A™f] is increasing on [a, b]. Then

(b—a)7
(n—m—1)!

ST IATF ()] AT (9] <

8 (5 (e vy

t=a \T=a

s
/N
MI
A
>
3
~
—
—
N
=
o
=}
~
=)
—
w
©
[\
oo
=

Proof. By Corollary 39.37. u
A generalized Ostrowski inequality follows:
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Corollary 39.48. Let f € C" (R), m,n € N, m < n, a,b,c e R:a<c<b.
Assume that f*+™) (¢) =0, k=1,..,n —m — 1. Then

‘ﬁ / 5 @y — 5 (0] <

n7m+1 n— 'm+1
((c—a) +0-9 H £ . (39.29)
(n—=—m+1)!(b—a) o0, [a,b]
Proof. By Corollary 39.38. u

A generalized discrete Ostrowski inequality comes next:

Corollary 39.49. Let f : Z - R, m,n € Nym <n,n—mis odd, a,b,c € Z:
a < ¢ <b. Assume that A**™f(¢) =0, k=1,..,n —m — 1. Then

- ZA’“ A" f(0)] <
a—c (n—m+1) (n—m+1)
|:( )(n - m _*:E)(b(b _)a) :| HAan la,b] * (3930)

Proof. By Corollary 39.39. u
A generalized Hilbert-Pachpatte comes:

Corollary 39.50. Let € > 0,7 = 1,2; f; € C" (R), m,n € N, m < n, with
fi(k+m) (ai) =0,k=0,1,....,n—m—1;a; <b;;a;,b; ER. Let p,g>1: %—i—% =1.
Call

" 1 (tr — ay)P DA
F =
(ta) (n=m—1Y (p(n—m—1)+1)" Vit € fas, b,
. 1 (t2 — ap)?nm -V
t2) = vt bo] .
¢ () (n—m—-1Y (qln—m—-1)+1)’ 2 € [a2,b2]
Then
SR I CORTN ‘fm)
dtidts < (by — by — as) -
/ / (t1) + G*(tz)) 152 = ( ! al)( 2 a2)
1 1
by n q q by " » >
(/ 1()(71)} dﬁ) </ £ )(Tz)} dm) : (39.31)
ay as
Proof. By Corollary 39.40. [ ]

It follows a generalized discrete Hilbert-Pachpatte inequality.
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Corollary 39.51. Let £ >0,i=1,2; fi : Z—- R, mmneN m<n,n—m
is odd, with AF™™f, (a;) = 0, k = 0,1,....,n —m — 1; a; < bi; ai,b; € Z. Let
p,g>1: 542 =1 Set

e (A

F (tl): ((nfmfl)!)p s Vt1€[a1,b1]ﬁz,
and
s (e m o)
G (tg): ((nfmfl)!)q , VtQE[CLQ,bQ}ﬂZ.
Then , ,
1—1 bp—1
A™f1 (t1)||A™ f2 (t
Z | flf(*(lt”)' 5{2@( )2)‘ < (b1 —a1) (b2 — az) -
t1=aj ta=ag (5 + Tl + Tz>
1 1
b1 —1 q bo—1 )
( > AT (ﬁ)lq) ( > 1AM, (Tz)p) ‘ (39-32)
T1=a1 To=asg
Proof. By Corollary 39.41. [ ]

Remark 39.52. ([2], [119]) Consider ¢ > 1, ¢¢ = {¢" : k € Z}, and the time

scale T = ¢ = ¢% U {0}, which very important in g-difference equations.
It holds [2], [119] that

hi (t,s) = Il igjsﬂ, Vs teT;
oc(t)y=qt, p(t)=—-, VteT,
A _f(qt)*f(t)
f (t)—w» viteT- {0},
£2(0) = lim 28 = F(0)

We present a related g-Ostrowski type inequality.

Corollary 39.53. Let f € C7 (qz>, nisodd, a,b,c € qZ: a < ¢ < b. Suppose
that fL\‘IC (¢)=0,k=1,...,n—1. Then

<

b
[ roai-r@
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n
Hu OZ" Oqlb +Hu OZ’L Oql!
b—a

:
|+

b (39.33)

Proof. By Theorem 39.24. |
We finish with a generalized ¢g-Ostrowski type inequality.

Corollary 39.54. Let f € C7 (qz>, m,n €N, m<n,n—misodd, a,b,cée
qZ :a < ¢ <b. Assume that fAHm ()=0,k=1,...,n—m — 1. Then

1 b oAm A
t) At — <
s [ mae- 2 ) <
o S + TN 22 )
> Lm0 " |7 (39.34)
b—a o0, [a,b]Ng”%
Proof. By Corollary 39.53. u

One can give many similar applications for other time scales.
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Nabla Inequalities on Time Scales

Here first we collect and develop necessary background on nabla time scales
required for this chapter. Then we give nabla time scales integral inequalities of
types: Poincaré, Sobolev, Opial, Ostrowski and Hilbert-Pachpatte. We present
also the generalized analogs of all these nabla inequalities involving high order
nabla derivatives of functions on time scales. We finish with many applications:
all these nabla inequalities on the specific time scales R, Z and ¢%, ¢ > 1. In
most of these nabla inequalities the nabla differentiability order is any n € N, as
opposed to delta time scales approach where n is always odd. This chapter relies
on [59].

40.1 Preliminaries

Here we use [94], [103], [119], [223]. Let T be a time scale (a closed subset of R)
([187]), [a,b] be the closed and bounded interval in T, i.e. [a,b] ;== {t € T : a <
t <b}and a,beT.

Clearly, a time scale T may or may not be connected. Therefore we have the
concept of forward and backward jump operators as follows. Define o, p: T —— T
by

o()=inf{s€T:s>t} and p(t) =sup{seT:s <t}
(inf@ :=supT, sup® := inf T).

Ifo(it) =t o) >t plt) =1t pt) < t, thent € T is called right-

dense, right-scattered, left-dense, left-scattered, respectively. The set Ty which is

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 649672
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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derived from T is as follows: if T has a right-scattered minimum m, then T} =
T — {m}, otherwise T, = T. We also define the backwards graininess function
v:Tw+—— [0,00) as v(t) =t —p(t). If f: T+ Ris a function, we define the
function f* : T — R by 7 (£) = f (p(t)) for all £ € Ty and o® (£) = p° (1) = ;
Tk:'”""l = (Tkn)k.

Definition 40.1. If f : T —— R is a function and ¢t € Ty, then we define the
nabla derivative of f at a point ¢ to be the number fV () (provided it exists)
with the property that, for each € > 0, there is a neighborhood of U of ¢ such
that

[F(p(®) = F ()] =¥ () [p(t) —s]| <elp(t) — s,
for all s € U.
Note that in the case T = R, then fV (t) = f'(t), and if T = Z, then Y@=
Vi) =f@t)—ft-1).

Definition 40.2. A function F' : T — R we call a nabla-antiderivative of
f: T — R provided that FV (t) = f (t) for all t € T,. We then define the Cauchy
V-integral from a to t of f by

/tf(S)VSIF(t)—F(a), forall t € T.

Note that in the case T = R we have

/abf(t)Vt=/:f(t)dt,

and in the case T = Z we have

b b
[rove=3 rm,

k=a+1

where a,b € T with a < b.

Definition 40.3. A function f : T — R is left-dense continuous (or ld-
continuous) provided that it is continuous at left-dense points in T and its right-
sided limits exist at right-dense points of T.

If T = R, then f is ld-continuous iff f is continuous. If T = Z, then any
function is 1d-continuous.

Theorem 40.4. Let T be a time scale, f : T — R, and ¢t € Ty. The following
holds:
1. If f is nabla differentiable at ¢, then f is continuous at .
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2. If f is continuous at ¢t and t is left-scaterred, then f is nabla differentiable

o tand f) = fp@)
INOE .
t—p(t)
3. If ¢ is left-dense, then f is nabla differentiable at ¢ if and only if the limit

0= ()

s—t t—S

exists as a finite number. In this case,

() — i D =)

s—t t—s

4. If f is nabla differentiable at t, then f (p (t)) = f(t) — v (t) f¥ (¢).

For any time scale T, when f is a constant, then f¥ = 0; if f (t) = kt for some
constant k, then f¥V = k.

Theorem 40.5. Suppose f,g : T — R are nabla differentiable at ¢ € Tj.
Then,

1. the sum f 4+ g : T — R is nabla differentiable at ¢ and (f + g)¥ (t) =
Y +9gv (1)

2. for any constant o, of : T — R is nabla differentiable at ¢ and (af)" (t) =

v .
af*(t);

3. the product fg: T — R is nabla differentiable at ¢t and

S @) =r" g+ g" O =1 09" )+ F(t)g" (1).

Some results concerning ld-continuity are useful:

Theorem 40.6. Let T be a time scale, f: T — R.

1. If f is continuous, then f is ld-continuous.

2. The backward jump operator p is ld-continuous.

3. If f is ld-continuous, then f” is also ld-continuous.

4. If T =R, then f is continuous if and only if f is Id-continuous.
5. If T = Z, then f is 1d-continuous.

Theorem 40.7. Every ld-continuous function has a nabla antiderivative. In
particular, if @ € T, then the function F' defined by

F(t):/tf(T)VT, teT,

is a nabla antiderivative of f.
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The set of all 1d-continuous functions f : T — R is denoted by Ciq (T,R),
and the set of all nabla differentiable functions with 1d-continuous derivative by
Clld (T> R) .

Theorem 40.8. If f € C4 (T,R) and ¢t € Ty, then
t

o fOVr=v(t)f@).

Theorem 40.9. If a,b,c €T, a<c¢<b, a € R, and f,g € C4 (T,R), then:

1. fj<f<t>+g<t>>w=f;f<t>w+fjg<t>w
2,ffaf(t)Vt=afbf

3. fff )V :_fb

N ON =

5f;ft)v—ff HVE+ [T F (1)
G‘Iff(t)>0foralla<t<b thenff )Vi>0;
70t g ()Vt—[(fg)() ffv() (t) Vt;
8. [V f(t)g¥ (t)Vt=[(fg)(t f Y () g () Vt;
9.Iff(t)20,a§t§b,thenfaf VtZO,

10. If f(t) > 0, a < c < b, then [’ f(t)Vt > [ f(t)Vt
11. If f and fV are jointly continuous in (¢, s), then

</atf(t,s)Vs)V —I—/atfv(t,s)Vs,
(/tbf(t,s)Vs)v —l—/tbfv(t,s)Vs;

12.1F f () > g (¢), then [} f (t) VE > [} g () VE;
13, < [21F @)V
14. [P1Vt=b—a.

Similarly we define higher order nabla derivatives on Tjn+1 by
n n\V
P <fv ) , neN.

If T =R, then f¥""" = f™*D and if T = Z, then f¥" ' (¢) = V*"*1f (1) =
n+l  1\ym n+ 1 _
A SV G IO
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Let hy : T2 — R, k € No = NU {0}, defined recursively as follows:
ho (t,s)=1, alls,teT,

and, given ﬁk for k € Ny, the function ﬁk_,.l is
o~ t/\
hit (¢, 8) = / hi (1,8) V7, forall s,t € T.

Note that hk are all well defined, since each is ld-continuous in t.
If we let hv (t,s) denote for each fixed s the nabla derivative of hi (t,s) with
respect to t, then

IALkV (t,s) = Rt (t,s), forkeN,teTy.
Observe that hy (t,s) =t —s, for all s,t € T.

Example 40.10. 1. If T = R, then p(t) =t, t € R, so that A (t,s) = “;—f)k
for all s,t € R, k € Np.

2. If’]I‘:Z,Ehen pt)y=t—-1,teZ, andlAzk(t s) = “;f)k,for all s,t € Z,
k € No, where t* :=t (t+1) ... (t+k—1), k € N; t° := 1.

Definition 40.11. The set Cj; (T,R), n € N, denotes the set of all n times

continuously nabla differentiable functions from T into R, i.e. all f, f¥, fvz, vy
fv" € Cla (T,R).

This definition requires Ty = T.

We need

Theorem 40.12. ([93], Nabla Taylor’s formula) Suppose f is n times nabla
differentiable on Tyn, n € N. Let @ € T)n—1, t € T. Then

t
o~ k n
=3 (@)™ @+ [ hoor (o) 17 ()9
0 a
If f € CJy (T, R), then nabla Taylor formula is true for all ¢,a € T.
Corollary 40.13. (to Theorem 40.12) Suppose f € Cj;(T), n € N, and

s,t € T. Let m € N with m < n. Then

n—m—1

Z 7 (o) B (8, 5) + / B (6,0 (1)) £¥ (7) V.

=0

Proof. Use Theorem 40.12 with n and f replaced by n — m and fvm,
respectively. [
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Define [a,b], = [a,b] if a is right-dense, and [a,b], = [0 (a),b] if a is right-
scattered.

Proposition 40.14. ([223]) Assume a,b € T, a < b, and f € Ciq([a,b],R) is
such that f >0 on [a,b]. If fabf(t) Vit =0, then f =0 on [a,b],.

Theorem 40.15. (Nabla Hoélder’s inequality) Let a,b € T, a < b. For f,g €
Cia ([a, b]) we have

[ @i < (/ablf(t)l”w)% (/ |g(t>|qw)%,

Wherep,q>1:%+%:1,
Proof. For «, 3 > 0 we have Yang’s inequality
a%ﬁ% < 2y é
p q

Assume, without loss of generality, that {ff lf @) Vt}{fab lg (t)|? Vit} # 0.
Apply Yang’s inequality for

o = a@—_lLOr
L1 @PFvr
lg (I
B = B 5
O = gmires
that is for
ar =(a(yr = — LU
(21 @ vr)”
and

gl
(J21g () vr)

and integrate the resulted inequality from a to b (this is valid since all involved
functions are ld-continuous) to obtain

/b SOl @l g,
* (L @ren)” (g @)

)

i rwr 1 el }w
/ LD FlmPYr 4 lemivr
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1 b P 1 ° q 1 1
SNy (VT R (R0 R
PJa \ []If (TP VT aJa \ []lg (D" VT p q
proving the claim. [ ]
Next define go (¢,s) =1,

¢
§n+1(t,s):/ gn (p(1),8) VT, neN, s teT.

Notice that Gyyq (t,8) = Gn (p(t),8), t € Tx; G1 (t,8) =t — s, for all s5,¢ € T.
If T has a left-scattered maximum M, define T* := T — {M?}; otherwise, set

n n k n
T* = T. Similarly define TF" " = (Tk ) . Notice Tynt1 C Ty, and T*" " ¢ T*,

Theorem 40.16. ([93]) Let t € T, NT*, s € T*", and n > 0. Then

han (t,8) = (=1)" Gn (s,t) .

Remark 40.17. Let the time scale T be such that T* = T, = T. Clearly
both h,, g. are nabla differentiable in their first variables, therefore both are
continuous in their first variables.

Using now Theorem 40.16 we obtain that also both iALn, gn are continuous in
their second variables. R

Consequently hy, (¢, s) is 1d-continuous in each variable and thus hy (¢, p (s)) is
ld-continuous in s.

Notice also in general that if ¢
Bn—1 (t,s) > 0. So that Bn—1 (t,p(1))

Also in general it holds

s then hy (t,s) > 0, ho (t,s) > 0,..,

>
>0forall s<7<t.

hi (t,s) < (t—s)*, Vi>s, keNo.
We need
Theorem 40.18. ([103]) (Nabla chain rule) Let f : R — R be continuously

differentiable and suppose that g : T — R is nabla differentiable on T. Then
fog:T — R is nabla differentiable on T and the formula

Goaw={ [ (s0+mw s ©)an}s 0

holds.
We formulate

Assumption 40.19. Let the time scale T be such that T* = T}, = T.
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Remark 40.20. Suppose that p is a continuous function, Ty = T, lAzn 1(t,8)
and hn_s (t,s) are jointly continuous in (t s) € T?; p > 1. Clearly woy (t,s) =

B2 (t, s) in ¢t € T. Also hn—1 (t,p (s ), B2 (t, p( )) are jointly continuous in
(t,s) € T?.

~ v
By Theorem 40.18 we have that <<hn_1 (t, p (T))>p> exists in ¢ € T, where
7 is fixed in T, and
'~ »\ V
((hn-1 o ())") " =

p{ [ (oo 00+ b @Bz () b b s 10 ).

v
By bounded convergence theorem we obtain that (( n—1 (t, p 7'))) ) is jointly
D

continuous in (¢, 7), and of course (lAln 1(tp(T ))) is jointly continuous in (¢, 7).
Therefore by Theorem 40.9 (40.11), we derive for

= /at/i\zn_l t,p(M)P VT

(t € [a,b] C T), that

= (s @) 7 4 (R (00,0 0)

uY (t) = /at (lAln_1 (t,p(T))ID)v V.

That is u () is nabla differentiable, hence continuous and therefore ld-continuous
on [a,b] C T.

We formulate

Assumption 40.21. We assume that p is a continuous function and An_1 (t,s),
hn_2 (t,s) are jointly continuous in (t,s) € T2.
__ Assumption 40.22. We assume that p is a continuous function and
hrn—m—1(t,8), hn—m—2 (¢, s) are jointly continuous in (t,s) € T2,

40.2 Main Results

In all of the main results we assume Assumption 40.19. We present a Nabla time
scales Poincaré type inequality.
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Theorem 40.23. Suppose Assumption 40.21. Let f € C73 (T), n € N, a,b € T;
a<bpg>1: %Jr% = 1. Assume ka () =0,k=0,1,...,n— 1. Then
Aval q
f (T)’ A\

/blf(t)qutS </ (/ﬁ (t,pm)pvf)ZW) (/
’ o ' (40.1)

Proof. Since ka (a) =0, k=0,1,...,n — 1, by Theorem 40.12 we obtain

()= / Fnr (tp (1) 17" (1) O,

vVt € [a,b], where a,b € T.

Thus .
FOI [ B o @)|17 )] vr
< ([ Burtomree) ([ @ qu)‘l’
<(/ s (o (1) vo) ([} @ qvf)é |
Therefore

) < (/ﬁ (tp (1)) V) (/

for all @ <t < b. Next by integrating (40.2) we are proving the claim. ]
Next we give a Nabla time scales Sobolev type inequality.

Il (T)‘q VT) . (40.2)

Theorem 40.24. Here all terms and assumptions are in Theorem 40.23. Let

r > 1. Denote )
b -
i1, = ([ worse)”.

151, < ( / b ( / Tt (L (7)) VT) ’ w)% I

Proof. As in the proof of Theorem 40.23 we have (a <t < b)

o)< (/ﬁ (t,pm)pvf); (/

Then

(40.3)

q

1
q

7 )| vr)
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Hence

r
q

7o vf) ,

r
q

08 < ([ owrer) ([
and

[roris (/ (/:ﬁn_1<t,p<r>>pw)%w> ([} | vr)
(40.4)

Next raise both sides of (40.4) to power % Thus establishing the claim. u
We present a Nabla time scales Opial type inequality.

Theorem 40.25. Suppose Assumption 40.21. Let f € CJ3 (T), n € N, a,b € T;
a<bpqg>1: %Jr% = 1. Assume ka (a) =0, k=0,1,...,n — 1, and that
‘fvn} is increasing on |[a, b].

Then

b
[ s o] ves

(b—a)h (/b (/t B (£, p (7))7 vT) w)’l’ (/b (57 (t))Qq w); . (40.5)

Proof. It holds .
FO = [ B o) 7 () 0,

vVt € [a,b], where a,b € T.

Hence
O (/ﬁ (t,pm)PvT)% (/

< ( / s (0 (1)) vT)'l’ 0| - o

1
q

£ )| vr)

Therefore

D=

Foll™ @] < ([ ooy ve) (17 0) 0 -,

for all a <t <b.
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Consequently we find

1

659

/If IITARE! ‘Vt</:</:71n—1(t,p(7))pVT)p(fvn(t))Q(t—a)%Vt

< (/b (/atﬁn,l (t, p (7))? VT) w)’l’ (/b (5~ (t))Qq (t—a) w)
(/: (/atﬁn,l (t, p (r))" vT) w)% (/b (5~ (t))Qq w)

Q[

< (b-a)

proving the claim.
We proceed with a Nabla time scales Ostrowski type inequality.

Q=

Q=

Theorem 40.26. Let f € Cj; (T), n is an odd number, a,b,c € T:a < ¢ <b.

Assume that ka (¢)=0,k=1,..,n—1. Then

b
[ rovi- 10| <

Proof. By assumptions and Theorem 40.12, we get

[lAln.H (a,c) +/}\Ln+1 (b, c)}
b—a

H Avid

o0,la,b

so-ro= s (bp () £ (1)U, Vi€ [a,b].

b
E<x>:=b%/ FOVE—f(c) =

Hence

Thus
B ()] < —— / £ (8) — £ ()| Vt.

However we see that (¢ <t < b)

|f<t>—f<c>|s/:hn L) |17 (0] vr

< ([ sty vr) [+

Also when a <t < ¢, we have

00, [a,b] ’

IN

[f(t) = flo)] =

A (o) ¥ (1) VT

b—a/f vf*—/f b_a/bmt)—f(c))w.

(40.6)
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s (o)1 O] 7 < ([ [ucs oo 1) 7

/
Since ﬁ1 (t,s) =t—s, if t < s then IA11 (t,s) < 0. Then hg t,s) f h1 (1,8) VT
=— fts 711 (r,8) VT = f: (—?Ll (T,S)) v > 0.

That is ho (t,s) >0, for any t,s € T.
We continue with (¢ < s)

o0, [a,b] ’

t s
hs (¢, s) :/ ha (1,8) VT = —/ ha (1,8) V1 <0.
s t
Consequently by induction, we obtain (¢t < s)
‘ﬁk (t,s)‘ = (DR (t,5), ke No.

Thus ﬁk (t,s) >0, for any ¢,s € T, when k is even.
Therefore when a < t < ¢, we derive

ro 1@< ([ ooy ve) |17

o0,[a,b]

By Theorem 40.16 we notice that (¢ < ¢ < b)

t/\ t

et (60 () V7 = [ Gt (p(7), )V =
_/ Gn1 (p (1), ) VT = =G (c;t) = (—=1)" Gn (c,1) = hn (L, ).
t
Also it holds (a <t < ¢)
[ o) V= [ G o)) vr
t t

=Gnlct) = (=1)"hn (t,0).
So we found that (¢ <t < b)

@)~ £ < (t.0) |7

0,[a,b]’

and (a <t <¢)

£ = F @< (0" Rt |77

0,[a,b]

Thus we have

@< [ ro-reve [io-rov] <
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bia {(ﬂ)"/ﬂcﬁn (t,c) vH/Cbﬁn (t,c)Vt} van

00, [a,b]
[f Ton tcw+hn+1(bc]H o B
b—a 0, [a,b]
[}Aln+1 (a,¢) + hns1 (b, C)] on
b—a H co,a,b]
proving the claim. [ ]

It follows a time scales Nabla Hilbert-Pachpatte type inequality.

Theorem 40.27. Let ¢ >0, i =1,2; f; € C74(T;), n € N, with fz-vlC (a;) =0,

k=0,1,...,n—1; a; < bi; a;,b; € T, time scale. Let also p,q > 1 such that
L4 1_1 Put
p ' q
t1 1
F(t1) = / h51_>1 (t1,p1 (T1))p VT1, for all t1 S [a1,b1],
ay
and

t2 / h tz,pQ (7'2)) Vs, for all to € [az,bQ]

(where ngll, p™ the corresponding lAan,p to T%, i = 1,2).
Here T;, i = 1,2 and their terms fulfill Assumptions 40.19, 40.21.
We further suppose that

() = / [fa (t2)]
as (€+ Fita) G<;2>>

is an ld-continuous function on T;.

Then -
/1/2 AU ) gy g, <
€+ Pl G<t2>> -

(b1 — a1) (b2 — a2) </ }f1 (m) Vﬁ)q</:

(above double time scales nabla integration is considered in the natural iterative
way).
Proof. Since fivk (a;) =0,k=0,1,...,n—1; i = 1,2, by Theorem 40.12 we get

-

" ()

1
! vn) (40.7)

fi(ti) = / iﬁﬁfg (ti, pi (7)) £ (1) Vi,

i
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Y t; € [as, bi], where a;, b; € T;.
Hence

aet< ([ ern ) ([ e[ o)

=t ([ @l vn )"

1
q

and

o 3
=G (t2)7 </ v (Tz)pvm) .
ag

Young’s inequality for a,b > 0 says that

)< ([ (m))f'%)‘l‘ ([l el )’

arbi <242
p q
Therefore we have
|fr ()] | f2 (t2)] <
1 1 t n q % t2 n P %
F(t1)? G (t2)d </ fir (m) VT1) </ f2 (1) VTQ) <
ay ag

') ([

(2 ]

p

The last gives (e > 0)
ty : ta
If1 @)l 1f2 (B2)] / )l en )" / " ()
o (Fm) N G(t2)) =\, ar 177
p q

for all ¢; € [ai,bi], 1 =1,2.
Next we observe that

/bl /b2 U )] - gy, gy, <
€+ Pl G<t2>> -

e ) ([(

(L

" o) Vi)

1
P

» P
VTQ) s

n" (72)‘17 VTQ) ’ Vt2> <
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T1 VT1) th) b1 — a1 % .

(L
(LT
(L
(L1
(b1 —ar) (b2 — a2) (/ v <n)\qvﬁ)‘l‘ (/ s (m>\pv@);,

establishing the claim.
Based on Corollary 40.13 we get the following results:
First a generalized time scales nabla Poincaré type inequality.

7'2

VTQ) Vtz) b2 — 112 % S

T1 VT1) Vt1)q (b17a1)%-

7'2

VTQ) Vtz) b2 — 112)% =

Proposition 40.28. Suppose Assumption 40.22. Let f € C7;(T), m,n € N,
m < n,abeT,a<b pqg>1: ;1)+% =1 SupposerHm(a) =0,k =

(),I,‘..,n—m—l— 1.
/
a

Then
</ (/ et (b0 (1)) w)g w) ( /

Proof. As in Theorem 40.23. |
It follows a generalized time scales nabla Sobolev type inequality.

7o VT) . (40.8)

Proposition 40.29. Here all terms and assumptions are as in Proposition
40.28. Let » > 1. Then

T

Proof. As in Theorem 40.24. [ ]
Next comes a generalized time scales nabla Opial type inequality.

Hf v (40.9)

Proposition 40.30. Suppose Assumption 40.22. Let f € C7;(T), m,n € N,
m < mn,abéecT;a<b pqg>1: ;1)+é = 1. Assumeka+m(a):0,k:

0,1,...,n — 1, and that ‘fvn is increasing on [a, b] .
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/ab
o=t ([ ([T o) o) ([ (7 0) 7).

Proof. As in Theorem 40.25. [ ]
We continue with a generalized nabla Ostrowski type inequality over time
scales.

Then

77| @) v < (40.10)

Proposition 40.31. Let f € Cj;(T), myn € N, m < n, n —m is odd;
a,b,c € T:a<c<b. Assume that ka+m ()=0,k=1,...,n—m—1. Then

1t om om Fln—m+1(a,c)+ﬁn—m+1 (b,C)]
[T < o

AN .
(40.11)

Proof. As in Theorem 40.26. [ ]
We finish with the generalized nabla Hilbert-Pachpatte type inequality on time
scales.

Proposition 40.32. Let ¢ > 0,1 = 1,2; f; € C14 (T;), m,n € N, m < n, with
iva (a;) =0, k=0,1,....n —m —1; a; < b;; a;,b; € Ty, time scale. Let also

SN
p,q>1.p+q—1‘Set

t1 / h,(ﬂl)m 1 t1,p1 (Tl))p VT1, for all t1 € [ll1,b1],

and
G* (tg) :/ hﬁl)m 1(t2,p2 (TQ))q VTQ, for all t2 c [az,bz],
az

(where lAlif),mfl,p(i) the corresponding }Azn_m_l,p to T%, i = 1,2).
Here T;, i = 1,2 and terms fulfill Assumptions 40.19, 40.22.
We further suppose that

m

o= [
)\* tl :/ T2
as (€+ F* étl) 4+ & (th))

is an ld-continuous function on T;.

Then

m

by ba 1 tl va (tQ)‘
/ / — e Vi1Vt < (40.12)
8 + <t1> + <t2>>
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1

(b — ar) (b2 — a) (/ v (n)\qvﬁ)‘l‘ (/ p%);

Proof. As in Theorem 40.27. [ ]

7 (1)

40.3 Applications

A Poincaré inequality comes:

Corollary 40.33. Let f €e C" (R),n € N, a,b € R;a < b;p,q > 1: ;1)—1—% =1.
Assume (a)=0,k=0,1,....,n— 1. Then
b
/ If (#)]" dt <
b—a)"?
(b=a) T (/ ‘f(”) t ) . (40.13)
(=1 (p(n—-1)+1)9" "/ ng
Proof. Based on Theorem 40.23. |
A discrete nabla Poincaré follows:
Corollary 40.34. Let f: Z—-R,neN,a,b€Z;a<b;p,g>1: ;1)+%:1.
Assume V¥f (a) =0, k=0,1,...,n — 1. Then
b
S <
t=a+1
1 b ¢ — z b
_ n— n q
(n— 1T Z Z ((t T+1) ) Z VP
t=a+1 T=a+1 T=a+1
(40.14)
Proof. Based on Theorem 40.23. |

A Sobolev inequality comes:

Corollary 40.35. All as in Corollary 40.33. Let » > 1. Then

(/{ff(t)ﬁdt)% <
(ba)("11+%+%) : (/ab

(n—1!((n—1)p+1)» <<n71+ >7’+1>

o (t)‘q dt)% . (40.15)
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Proof. Based on Theorem 40.24. [ |
A discrete nabla Sobolev inequality follows:

Corollary 40.36. All as in Corollary 40.34 and let » > 1. Then

<Z f(t)lr) <

t=a-+1

r\ L 1
b t

(n%l)! 3 (Z ((t—r+1)(m)>p>p (Z |V"f(t)|q>q.

t=a+1 \7=a+1 t=a+1
(40.16)
Proof. Based on Theorem 40.24. |
An Opial inequality follows:
Corollary 40.37. Let f € C" (R),n € N, a,b€R; a < b;p,qg > 1: %—i—% =1.

Assume ) (a)=0,k=0,1,....,n—1, and ‘f(”)
Then

is increasing on [a, b].

INCIRUE

(bfa)nJr% b 2q L
P VL GRORD B

Proof. Based on Theorem 40.25. |
A discrete nabla Opial inequality follows:

Corollary 40.38. Let f: Z =R, ne€N, a,b€ Z; a <b; p,qg>1: %—f—%:l.
Assume V¥ f (a) =0, k=0,1,...,n — 1, and that |V"f| is increasing on [a, b].
Then

b
D@V @)l <

t=a+1
- (¢ N L SRR
o 2 [ X (e-rent) S ()
et e (40.18)
Proof. By Theorem 40.25. |

An Ostrowski inequality follows:
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Corollary 40.39. Let f € C" (R), n € N, a,b,c € R : a < ¢ < b. Suppose
that f*) (¢) =0, k=1,...,n — 1. Then
[(c— )"t 4 (b -

}géglfﬂoﬁ—f@)s e e

Proof. Based on Theorem 40.26. [ |
A discrete nabla Ostrowski inequality follows:

(40.19)

0, [a,b]

Corollary 40.40. Let f : Z — R, n is an odd number, a,b,c € Z :a < c < b.
Assume that V*f(c) =0, k =1,...,n — 1. Then

[(a - c)("_H) +(b— c)("_ﬂ)}
< (n+1)'(bfa) HV f“ ,[a,b]

(40.20)
Proof. By Theorem 40.26. |

A Hilbert-Pachpatte inequality follows:

— > -

t=a+1

Corollary 40.41. Let € > 0,i=1,2; f; € C" (R), n € N, with fl-(k) (a;) =0,

k=0,1,...n—1; a; <b;; a;,b; ER. Let p,g>1: % %: 1. Put
1 (t1 — al)p(n—l)-!—l
F(t1) = Vi b
W= G Ge-nrn 0 Vel
1 to — q(n—1)+1
G(tg) = ( 2 a2) R Yty € [(Iz,bQ} .

(-0 (g(n-D+1D)
/bl /bZ LRGP ENCE)| NP
€+ F(t1) + G(t2)> -

(mMMMMWLT{m“Wuﬁy(LT

Proof. Based on Theorem 40.27.

Notice here that A (¢1) is a continuous function on [a1, b1] by bounded conver-
gence theorem. [ ]

It follows a discrete nabla Hilbert-Pachpatte inequality.

Then

(") (1) ’p dm) ' . (40.21)

Corollary 40.42. Let ¢ >0, i =1,2; fi : Z — R, n € N, with V*f; (a;) = 0,
k=0,1,....m—1; a; < b;; a;,b; € Z. Letp,q>1:;1)+%=1‘ Set

— 25112111 1 (t17T1+1)(m) ’
F(t1) = i E(n_l)!)p > , YVt € [ar,bi],
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and g
_ Ztrzg:azﬂ <(t2 -T2+ 1)(n71))
G(tQ) = ((nfl)!)q R Yty € [az,bg].
Then
by by

5> A )1 ()]

ti=a1+1ta=as+1 (E + % + %) h

b1 % ba %
(b1 — a1) (b2 — a2) ( Z V" f1 (T1)|q) < Z V" fa (7'2)|p> . (40.22)

T1=a1+1 To=ag+1
Proof. By Theorem 40.27. |
Another generalized Poincaré inequality comes:

Corollary 40.43. Let f € C"(R), m,n € N, m < n; a,b € R; a < b;
p,g>1: %Jr % =1. Assume f*+m (a)=0,k=0,1,...,n —m — 1. Then

/b
(b _ a)(n—M)q .
(n=m—-1Y"(pm-—m-1)+1)Y (n—m)q

(/ab ™ (1) th) .

Proof. By Corollary 40.33, n — n —m, f — fFm™  fE  pltm) inge
(40.13). [
A generalized discrete nabla Poincaré inequality follows:

7 )"t <

(40.23)

Corollary 40.44. Let f : Z — R, myn € N, m < n, a,b € Z; a < b;
p,q>1:%+%:1. Assume V**™f () =0, k=0,1,...,n — m — 1. Then

b
S VTF@ <

t=a+1

m > X ((t—r+1)(""”‘1))p) L (40.24)
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Proof. By Corollary 40.34. [ ]
A generalized Sobolev inequality comes.

Corollary 40.45. All as in Corollary 40.43, » > 1. Then

(f

b — a)(”*m*”%*%)

o (t)‘rdt) ’ <

(40.25)

1
r

(n—m—l)!((n—m—l)p—i—l)% <<n—m—1+%>r+1)

(/ab rm (t)}th)%‘

Proof. By Corollary 40.35. u
A generalized discrete nabla Sobolev inequality follows:

Corollary 40.46. All as in Corollary 40.44, » > 1. Then

b * 1
< > |me(t)|T) h—m=D

t=a+1

IN

1

N 1
(Z |V”f(t)q> . (40.26)

t=a+1

LTk

> (3 (e=rny)

t=a+1 T=a+1

Proof. By Corollary 40.36. u
A generalized Opial inequality follows:

Corollary 40.47. Let f € C"(R), m,n € N, m < n, a,b € R; a < b;
p,g>1: %—1— % =1. Assume f**™ (a) =0, k=0,1,...,n —m — 1, and ’f”‘)

increasing on [a, b].
Then

is

b
| o o] <

(bfa)n_m'*'% b 2¢ \ 4
(n—m—l)![((n—m—1)p+1)((n—m—1)p+2)}% (/a <f( )(t)> dt)

(40.27)
Proof. By Corollary 40.37. u
A generalized discrete nabla Opial inequality follows:
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Corollary 40.48. Let f : Z — R, m,n €
p,g>1: ;—i——_l Assumevk"'mf( )=0, k
|[V" f] is increasing on [a, b].

N, m < n, a,b € Z; a < b;
=0,1,....,n —m — 1, and that

Then
Z IV @V (0] <
t=a+1
T a)l b ¢ ( ) 3 b 7
— q n_m—1)\? n 2q
(n—m—1)! t;:ﬂ <r¥+1 <(t7T+1) ) ) <t§1 Vo) ) .
(40.28)
Proof. By Corollary 40.38. u

A generalized Ostrowski inequality comes next:

Corollary 40.49. Let f € C"(R), m,n € N, m <n, a,b,c e R:a <c<b.
Assume that f**™) (¢) =0, k=1,..,n —m — 1. Then

‘bia/’ﬂm()tfme@ SKCQ:iZLEﬁbQ;WHwHﬂM

oo, [a,b] ’

(40.29)

Proof. By Corollary 40.39. [ ]
A generalized discrete nabla Ostrowski inequality follows:

Corollary 40.50. Let f: Z - R, mne N, m <n,n—misodd, a,b,c € Z:
a < ¢ <b. Assume that V**™f(¢) =0, k=1,..,n —m — 1. Then

b
SOV -V (o) <

t=a+1

b—a

[(a _ C)(n—m+1) + (b _ C)(n—m+1):|
(n—m+1)!(b—a)

Proof. By Corollary 40.40. [ ]
A generalized Hilbert-Pachpatte comes:

19"l o - (40.30)

Corollary 40.51. Let ¢ > 0,7 = 1,2; fi € C" (R), m,n € N, m < n, with
FE™ (i) =0,k =0,1,...,n—m—1;a; < by a;,bi €R. Let p,g>1: L+1 =1,
Put

N B 1 (tl _ al)lﬂ("_m_l)"'l
F) =y pam—prn " Elonbl
_ g(n—m—1)+1
G" (t2) = ! (t2 ~ az) Y t2 € [ag,b2].

(n=m—=1H? (g(n—m—1)+1)’
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Then

(M) ‘ (m)

b1 pba
t1dts <
/ / €+ Er) G*<t2)> 2=
1
_ _ (m ( £m P
(bl (11) (b2 a2 </ ‘f 7'1 dT1) (/ ‘ 7'2 de) . (40.31)

Proof. By Corollary 40.41. [ ]
It follows a generalized discrete nabla Hilbert-Pachpatte inequality.

Corollary 40.52. Let € > 0,i=1,2; fi : Z — R, m,n € N, m < n, with
V™ fi(a) =0,k =0,1,..,n—m—1; a; < b;; ai,b; € Z. Let p,g > 1: %Jﬁ =1.
Set

—=* Zi:;:al 1 (tl -7+ 1)(1@71%71) !
F (tl): +(En_m_1)!)p ) s Vt1€[a1,b1],
and
., Zté:(w 1 (tz — o + 1)("—m—1) q
T ) = =2 (Enm OO L vt
Then

b1 b

DY V™ AL E)[V™ fo (B2)]
ti=a1+1ta—as+1 (€+ Fl) & (t2)>

1
by q ba P
<b1a1>(b2a2>< > IV”fl(n)lq) ( > vnf2<m>|1°> . (40.32)
T1=a1+1 To=ag+1
Proof. By Corollary 40.42. [ ]
We make

Remark 40.53. ([93]) We consider the time scale T = ¢Z = {0,1,¢,q4~ %, ¢%,¢"2, ...},
for some g > 1. Here p (t) = 3, V t € T. We have that

~ qt—s
hi (t,8) = =, forall s,t €T,
TI_IO Dm0 ®

for all k € Np.
We give a related nabla ¢-Ostrowski type inequality.
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Corollary 40.54. Let f € C}} < > n is odd, a,b,c € q ra < c<b. Assume
that fv (¢)=0,k=1,..,n—1. Then
oo, [a,b] '

%a/bm)Vt—f(c) < -0 i + T 2] |
’ (40.33)

n=0 qt
b—a
Proof. By Theorem 40.26. |
We finish with a generalized nabla ¢-Ostrowski type inequality.

Corollary 40.55. Let f € Cj (qz>, m,m €N, m<n,n—misodd, a,b,c €
qZ :a < ¢ <b. Assume that ka+m (¢)=0,k=1,...,n—m—1. Then

b
o o
t)Vt — <
‘bfa [ 0w 17 o) <
D=0 s + I so—em .
e i a . (40.34)
b*CL oo, [a,b]

By Corollary 40.54.
One can give many similar applications for other time scales.



41

The Principle of Duality in Time
Scales with Inequalities

Here we present and extend the principle of duality in time scales. Using this
principle and based on a variety of important delta inequalities we produce the
corresponding nabla ones. We give several applications. This chapter relies on
[52].

41.1 Preliminaries

Here we use the seminal book by Bohner and Peterson [119].
A time scale is any closed nonempty subset T of R. The jump operators o, p :
T — T are defined by

o(t) =inf{s € T:s>t}, and p(t) =sup{s € T: s < t},

and inf @ := sup T, sup () := inf T. A point ¢ € T is called right-dense if o(t) = ¢,
right-scattered if o(t) > t, left-dense if p(t) = ¢, left-scattered if p(t) < t.

The forward graininess p : T — R is defined by p(t) = o(t) — t, and the
backward graininess v : T — R is defined by v(t) =t — p(t).

Given a time scale T, we denote T* := T\(p(sup T), sup T}, if sup T < oo and
T* := T if sup T = co. Also Ty := T\[inf T, o(inf T)) if inf T > —co and T =: T
if inf T = —co. In particular, if a,b € T with a < b, we denote by [a, b] the interval
[a,b] N'T.

Notice that R itself is one obvious example of time scale, but one could also
take T to be the Cantor set or the integers Z.

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 673
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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Let f be a function defined on T, we say that:

Definition 41.1. f is rd-continuous (or right-dense continuous) we write f €
Crq if it is continuous at the right-dense points and its left-sided limits exist
(finite) at all left-dense points; f is ld-continuous (or left-dense continuous) if it
is continuous at the left-dense points and its right-sided limits exist (finite) at all
right-dense points.

Definition 41.2. A function f : T — R is said to be delta differentiable at
t € T* if for all & > 0 there exists U a neighborhood of ¢ such that for some «,
the inequality
|f(a(t) = f(s) — alo(t) = s)| <elo(t) — s (41.1)
is true for all s € U. We write f2(t) = a.

Definition 41.3. f : T — R is said to be delta differentiable on T if f : T — R
is delta differentiable for all t € T*.

Definition 41.4. A function f : T — R is said to be nabla differentiable at
t € Ty if for all € > 0 there exists U a neighborhood of ¢ such that for some g,
the inequality
1f(p(t)) — f(s) = B(p(t) — )| <elp(t) — s (41.2)
is true for all s € U. We write f¥ (t) = 3.

Definition 41.5. f : T — R is said to be nabla differentiable on T'if f : T — R
is nabla differentiable for all ¢t € T}.

Definition 41.6. f is rd-continuously delta differentiable (we write f € C},)
if fA(t) exists for all t € T* and fA € Cyr4, and f is Id-continuously nabla
differentiable (we write f € Cp) if fV(t) exists for all t € Ty, and f¥ € Cia.
Similarly one can define higher order such spaces.

Remark 41.7. If T = R then the notion of delta derivative and nabla deriva-
tive coincide and they denote the standard derivative, however, when T = Z,
then they do not coincide (see [119]) and they are the forward and backward
differences (respectively).
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41.2 The Dual Time Scale

In this section we mention the definition of a dual time scale. (see [127]).
A dual time scale is just the “reverse” time scale of a given time scale.

Definition 41.8. Given a time scale T we define the dual time scale T* :=
{s eR|—-s €T}

Let T be a time scale. If p and o denote its associate jump functions, then
we denote by p and ¢ the jump functions associated to T*. If u and v denote
respectively the forward graininess and backward graininess associated to T, then
denote by 1 and U respectively the forward graininess and the backward graininess
associated to T™.

We need

Definition 41.9. ([127]) Given a function f : T — R defined on time scale T
we define the dual function f* : T* — R on the time scale T* := {s € R|—s € T}
by f*(s) := f(—s) for all s € T*.

That is f*(—s) = f(s),s € T.

Definition 41.10. Given a time scale T we refer to the delta calculus (resp.
nabla calculus) any calculation that involves delta derivatives (resp. nabla deriva-
tives).

41.3 Dual Correspondences

In this section we mention some basic lemmas ([127]) which follow easily from
the definitions. These lemmas concern the relationship between dual objects. We
will use the following notation: given a time scale T with jumps functions, o, p,
and its associated forward graininess p and backward graininess v, hence given
the quintuple (T, o, p, u,v), its dual will be (T*, 4, p, i1, ©), where &, p, fi, and ©
are given as in Lemmas 41.12, 41.13. Also, A and V will denote the derivatives
for the time scale T and A and V will denote the derivatives for the time scale
.
Lemma 41.11. ([127]) Given a time scale T, then

(T*)* = (T")x, and (Ty)* = (T*)". (41.3)
Lemma 41.12. ([127]) Given o, p : T — T, the jump operators for T, then

the jump operators for T*, & and p : T* — T, are given by the following two
identities:

ps) = —o(~s) = —0" (s) (41.4)
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for all s € T*.
the backwards graininess of T*, 7 : T* — R is given by the identity
(41.5)

w*(s) for all s € T .

Lemma 41.13. ([127]) Given p : T — R, the forward graininess of T, then

v(s) =
Similarly, given v : T — R, the backward graininess of T, then the forward

graininess of T*, i : T* — R is given by the identity
i(s) =v*(s) for all s € T . (41.6)
T — R,f is rd-
— R is 1d-

Lemma 41.14. ([127]) Given f
continuous (resp. ld-continuous) if and only if its dual f* : T*

continuous (resp. rd-continuous).
The next lemma connects delta derivatives to nabla derivatives, showing that
the two fundamental concepts of the two types of calculus are, in a certain sense,

the dual of each other.

Lemma 41.15. ([127]) Let f : T — R be delta (resp. nabla) differentiable at
to € T* (resp. at to € Ty), then f* : T* — R is nabla (resp. delta) differentiable
at —tg € (T*) (resp. at —to € (']I‘*)k), and the following identities hold true
—(f) (=),

FA(to) = —(f*)¥ (~to) (vesp. f¥ (to)
= (/™) (),  (4L7)

FA (o) = —=((F)7)" (o) (resp. f¥ (to)
—(f9)2 (~t0)),

or, A
(1) (=to) = =((f)¥)(~t0) (resp. (V)" (—to)
where A,V denote the derivatives for the time scale T and A,V denote the

derivatives for the time scale T*.
That is ) .
() ==Y, (F) == (41.8)

More generally we obtain
(41.9)

We need
Lemma 41.16. ([127]) Given a function f : T — R, f belongs to C}, (resp

C}) if and only if its dual f* : T* — R belongs to C}y (resp. Cly).

Using Lemmas 41.14, 41.15 we get
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Proposition 41.17. ([127]) (i) Let f : [a,b] — R be a rd-continuous, then the
following two integrals are equal

/b rat= [ s)s (41.10)
a b

(ii) Let f : [a,b] — R be a ld-continuous, then the following two integrals are
equal

/abf(t)Vt= _;a F*(s)As. (41.11)
That is,
/ab [Vt = ;a f(s)As, (41.12)
and ; »
/a f)vt = . f(=s)As. (41.13)
Notice also that (f*)* = f.

In this chapter we will be acting under the following

Duality Principle ([127]) For any statement true in the nabla (resp. delta)
calculus in the time scale T there is an equivalent dual statement in the delta
(resp. nabla) calculus for the dual time scale T*.

We make
Remark 41.18. We observe that
=0 (0Y) (41.14)
== (oY) (41.15)
and in general .
=0T (41.16)
any k € N.
Similarly we have
57 ==(m?), (41.17)
and .
5T =TT = () (41.18)
and in general
57 = R (0r) (41.19)

any k € N.
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41.4 Dual Generalized Monomials
‘We make
Remark 41.19. Assume izo(t,s) =1,Vs,teT, and
A~ t ~
hit1(t,s) = / hi(r,s)VT, Vs, teT.

Thus R R
hy (t,s) = hi_1(t,s), VkeN,teT.

(41.20)

(41.21)

Here hy, are all well defined, since each is Id-continuous in ¢, V k € Nog = NU {0}.

Notice }:Ll(t,s) =t—s, VsteT.
Next assume h}(t,s) =1,V s,t € T* = —T, and

t
h;+1(t,s)z/ hi(0,5)A0, Vs, teT*.

Furthermore
bt (ts) = hi.(t,s), YEkeN, te (T

Here hj are all well defined, since each is rd-continuous in ¢, V k € Np.
Notice hi(t,s) =t —s,Vt,s € T".
Here s,t € T iff —s,—t € T™*.
We see that
hi(t,s)=t—s=—s—(-t)
= (-1)(=t—=(=s)) = (-1)hi(~t,—s), truefor k= 1.
Suppose for fixed k£ € N that

hi(t,s) = (=) hj(~t,—s), Vt,seT.

That is

hi(r,s) = (=1)*hj(=7,—s), Vr1,seT.

Therefore we obtain
t
hit1(t, s) :/ hi(1,8)VT =
t
(" [ hi(or—gyvr @

(71)k/__shz(9, _s)AG =

t

(—1)*+ /:ch(Q, _s)AG =

s

(=) hi 1 (—t, —s).

(41.22)

(41.23)

(41.24)

(41.25)

(41.26)
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That is proving .
hip1(t,s) = (=1 T hi g (—t, —s). (41.27)

So by mathematical induction we have proved that
hi(t,s) = (=1)*h}(=t,—s), Yk e No, (41.28)
Vt,s € T. That is Vt,s € T, Vk € Ny holds

hi(—t,—s) = (—=1) hy(t, s). (41.29)

‘We make

Remark 41.20. Suppose ho(t,s) =1,V s,t € T, and

t
hit1(t,s) = / hi(r,s)Ar, Vs, teT. (41.30)
That is
hi(t,s) = hi—1(t,s), VYkeN, teT" (41.31)
Also suppose h*( )=, Vs,teT" =-T,
t
hiyi(t,s) = / hi(0,s)V0, (41.32)
V s,t € T". Then
hiY (t,s) = hi_1(t,s), VkeN, te (T*). (41.33)

One can prove similarly to (41.28) that
hi(t,s) = (—1)*hj(—t—s), VkeNo, VtseT. (41.34)
Indeed we have for k =1 that
hi(t,s) =t —s=—s5— (=t) = (—1)(~t — (—s)) = (=1)hj(~t,—s). (41.35)

Suppose that

hk(tv S) = (71)’6;7’2(7157 73)7 (4136)
true for a fixed k£ € Np.
That is R
hi(r,s) = (=1)*hj(=7,—s), Vr1,seT. (41.37)
Therefore

hit1(t,s) = /hkrs 1)/h;c AT

(by (41.10)) (71)16/ B0, —5)90 =
—t

(—1)*+ /_t B2 (0, —5)¥0 = (1) iy (—t, —s), (41.38)

proving (41.34).
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41.5 Time Scales Integral Inequalities

We need the following delta Ostrowski inequality.

Theorem 41.21. ([57]) We assume T* = T. Let f € C[4(T), n is odd, a,b, c
eT:a<c<h

Suppose fAk(c) =0,k=1,...,n—1. Then

<

[ rwai- e

[thrl (aa C) + hnga (ba C)
b—a

- (41.39)

We reprove differently the following nabla Ostrowski inequality using (41.39).

Theorem 41.22. ([59]) We assume Ty, = T'. Let f € Cjy(T), nis odd, a,b, c, €
T :a < c<b. Suppose ka(c) =0,k=1,...,n—1. Then

<

b
| H0vt- s

[n+1(as¢) + g1 (b, )
b _

] 1FY" oo .1 (41.40)

Proof. See that a < ¢ < bis equivalent to —b < —¢ < —a and b—a = (—a)—(-b).
By assumption T' = T} we get T = (Tx)* (v (T*k, ie. T* = (T*)".
And by (41.9) we find

* Ak k *
()Y (o= =DUY ) (=)
= (DTN =0. k=1..n-1,
by assumption. That is (f*)Ak(—c) =0,k=1,...,n—1.

Also (f)* € C7(T™) iff f € Cly(T), by Lemma 41.16.
Then we see that

(by (41.11))

b
| fove- s
1 T A -
e [, e
(by (4<1‘39)) [hng1(=b,—¢) + hy 1 (—a, —c)]
= (~a)— (-b)
12 ot aleir-

[hns1(b,) + hosa(a))]
- 177 Moo a0,

(by(41.28))
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because by (41.9) we have

1) Moo —b—alre =

T vn
1) oo t=b,—ajnrs = [1(f)llso, fa,p1ns

proving the claim. [ ]
Similarly, one can prove (41.39) by the use of (41.40).
We mention a delta Poincare type inequality.

Theorem 41.23. ([57]) Here T* = T.

Let f € fd(T),nisodd,a,beT:agb;p,q>1:%—i— = 1. Suppose

1
q
fAk(a) =0, k =0,1,...,n — 1. Here o is continuous and h,—1(t,s) jointly
continuous. Then

JAICRSE ( I ([ #erteotirar) " At) (f e ().

(41.41)
We present a nabla Poincare’ type inequality.

Theorem 41.24. Here T, = T. Let f € C[y(T), nis odd, a,b € T : a <
b; p,q>1:%+%:1.
Suppose ka (b) =0, k=0,1,...,n — 1. Here p is continuous and lAln_1(t,s)
is jointly continuous. Then
q
w) ‘

/blf(t)‘qw = </b </b;‘"—1 (t:p(r))”Vr)ZVt> </b
a . a (41.42)

Proof. Notice that (ka> (b)=0, k=0,1,...,n— 1, which is same as

A0

(ka)*(fb)zo, k=0,1,...n—1,

and

—~~

£ (L) PV gy <ka)* (=b) =0,

That is .
(f% (=b)=0, k=0,1,...,n—1. (41.43)
Also T* = (T™*)*.
Observe f* € Cy (T™) iff f € Cy(T).

By (41.28) and assumption we get h’_; is jointly continuous on (7).
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Also 6(s) (v 1) —p(—s), s € T, is continuous. Notice also that (| f]?)*(s) =
If1%(=s) = [f(=s)|*, s €T".
We observe that (|f|? € Cia(T))

b —a
[ e e [ irsreas
(by (41.41)) —a Lo A . £ —a
< (/b ([ s o) At) (/,

We notice the following

—a t z
:/ (/ he o (t, —p(—r))PAT) " At
—b —b
- »
—a —(— P
(by(g-%))/ / Bn,l(ft,p(fT))pAT At
—b —b
Gyt [ [P ro )7 A
= hrn—1 (=t p(7))’V7T | At
—b —t
b b q/p
(by (213))/ </ hn_1(t,p(7))pV7’) Vt,
a t

notice the integrand of last integral is continuous in ¢ by dominated convergence
theorem.

So we have established that

/’; </*b et &(T)MT) Ve /: ( / b fzn_l(t,p(r))PvT) "

(41.45)

(2" (1)

q .
At).

(41.44)

Next we observe that

q At (by (41.9))

q .
At =

q

AN GIRY2

(by (41.13),(41.11)) /b

a
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Notice here (t € T™*)

(}fvn q)* (t) _ ‘fvn q (—t) _ ‘fv"(—t) Ll‘
So we proved
- An, |9 4 b n o |4
[ s ) ac= [ ol v (41.46)
—b a
Finally using (41.45), (41.46) into (41.44) we establish (41.42). ]

We mention the Delta Sobolev type inequality.
Theorem 41.25. ([57]) Here all terms and assumptions as in Theorem 41.23.
Let » > 1. Then

(f If(t)ITAt)i < ( [ ([ mstwotyras)’ At)% ,
(/L

We give the following Nabla Sobolev type inequality.

Aol At) " (41.47)

Theorem 41.26. Here all as in Theorem 41.24.
Let » > 1. Then

(/ab If(t)rw)% < (/b (lbﬁn,l(t,p(T))va) ; w)Tl' |
(L

Proof. Similar to the proof of Theorem 41.24, using (41.47). |
We mention the following delta Opial type inequality.

7o) Vt) " (41.48)

Theorem 41.27. ([57]) Here T* = T.

Let f € C7; (T), n is an odd number, a,bET;aSb;p,q>1:%+%:1.

Suppose 2" (a) =0, k =0,1,...,n — 1, and that ‘fAn
[a,b]NT.

Here o is continuous and hn—1(t, s) jointly continuous. Then

is increasing on

[ 150115 01ae< 6 - )t (41.49)
b t

(/a (/a h"fl(t"’(T))pAT) At); </: (fm (t)>2q At); |
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Comment 41.28. Let f, g: T — R and f*,¢* : T* — R, where T* = —-T,

with g*(t) = f(~t), g"(t) = g(—t), t € T".
Consider the product f.g : T — R, then

(f9)"(t) = (f-9)(=t) = f(=t).g(=t) = f7(t).9"(2).
Le.
(f9) =1r"-g" (41.50)
Let t < s,t, s € T, and f*-T* — R being increasing, i.e. f*(t) < f*(s),
equivalently, f(—t) < f(—s), here —t > —s.
So f* is increasing on T (decreasing) iff f is decreasing on T' (increasing).
We give the following nabla Opial type inequality.

Theorem 41.29. Here T, = T. Let f € C4(T), nis odd, a,b € T : a < b;
p,g>1: %Jri = 1. Suppose ka(b) =0,k=0,1,...,n—1. Here p is continuous

is decreasing on

and ﬁn_1(t,s) is jointly continuous. Assume also that ‘fvn
[a,b]NT.
Then

[ ] o] ve< o-a

</ab </tb ﬁ"‘l(t»P(T))pVT) Vt); .
</“b <fV" (t))Zq Vt) % ’ (41.51)

Ak

Proof. Here again we have T* = (T*)*, and (f*)* (=b) =0, k=0,1...,n— 1.
By (41.9) and |f|* = |f™| we find that

n *

(°

S CARE

_ ’fvn

is increasing on T™.
Notice also that

*

’fvn

) =7 (=)

: (41.53)

and

() =G e s
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Furthermore by (41.11), (41.50), (41.19) we get
b v"L
[ o=
RTINS
| iror 6 @b
—b

e / IF=OY (—t) At = L.
—b

‘We further notice

2q . .
, (var9)

[,
[y @) s e
[, 670y

I

That is

/ab (fV"' (t))Qq Vt.

As in the proof of Theorem 41.24 we derive that

/;a </,tb h:’—l(t’&(T))pAT> At =

685

(41.55)

(41.56)

(41.57)
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So we apply (41.49) for f* on T* to obtain

11 S (b — a)l/q .

(/b ( / tb h;z,l(t,f,(ﬂ)%) At) 1“’.
(/_ﬁa (> (t))Qq At) 9 oy (a157) and (41.50)

b
(b—a)'/?.

(/: (/tb ﬁn_1(t,p(7))pVT) w)l/p .
(/: (fv" (t))Qq Vt) Uq, (41.58)

proving (41.51). ]
We need the delta Hilbert-Pachpatte type inequality which follows:

Theorem 41.30. ([57]) Let ¢ > 0, ¢ = 1,2; f; € Cy(T3), n is odd, with
iAk (@) =0,k=0,1,...,n—1; a; < b;; a;,b; € T, time scale. Here T} = T},
i =1,2. Let also p,q > 1 such that %Jr % = 1. Put

t1
Ft) :/ hD (41, 0(r1))P Ari, (41.59)
al
for all ¢t1 € [a1,b1] N7, and
to 9
G(tQ):/ hglll(tQ,O'Q(TQ))qATQ, (41.60)
as

for all to € [az, b2]NT> (where hif),l, o the corresponding hy,—1, 0 to Ti, i = 1,2).
Here o; is continuous and hﬁf)_l (ti, si) jointly continuous in t;, s; € T;.
We further suppose that

b2 | fa(t2)]
At :/ — 2 At 41.61
=], <5+—F<;1>+—G<;2> ’ (.00

is an rd-continuous function on T3.
Then
by by | f1(€)]] f2(t2)]
/ / <5+ E(t) | G(t2> At1 Aty < (b — a1) (b2 — a2)-

(P llsn) ()

e (Tz)‘p ATQ) ’ (41.62)
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(above double time scales integration is considered in the natural iterative way).
We give the following nabla Hilbert-Pachpatte type inequality.

Theorem 41.31. Let ¢ > 0,4 = 1,2; f; € C}4(T;), n is odd, with fivk (b;) =0,
1, ...,n—1; a; < bi; ai,b; € Ty, time scale. Let also p,q > 1 such that
= 1. Put

LSl
)

Jr

— bl ~
Flty) = / WO (t1, pr(r))PVr,  for all 1 € a1, bi] N TY (41.63)

t1

and

— b2 ~
G(tz) = / h,(le(tz,pQ(Tg))qVTQ, for all to € [az,bz] n TQ. (41.64)

ta

Here hfm) - i) are the corresponding iznq,p to Ti, ¢ = 1,2, and are all
assumed contmuous. Also T;, © = 1,2, are such that T;, = T;.

We further suppose that

" |f2(t2)|
@(t1) :/ —— 2 Vi (41.65)
as (€+ Ft) G<§2))

is an ld-continuous function on T;.
Then

/b1 /bz [f1(t0)]| f2(t2)] V1 Vis <

€+ F(tl) + G(t2)>

(0~ )t - ) ( / NG <m|qvn)% (/ e (tz)lp%)% (41.66)

(above double time scales nabla integration is considered in the natural iterative
way).
Proof. We have that (fi*)Ak(fbi) =0,k=0,1,...,n—1, and T} = (T})",
1=1,2.

Also fI € Cly(T7) iff

fi € Clu(Ty), i=1,2.

By (41.28) and assumption we get that h (11 are jointly continuous on (77)?,
i=1,2.

. (by(41.4))
(s) "2

Also G;(s; —pi(—si), s; € Ty, is continuous.
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‘We notice that

—* = . by ~
F' (1) = F(—t) "= / WO (—t, pr(71))P 9T
—tq

by
41.4 A R
¢ / AV (—t1, 61 (=m))"Vr

(4128) h*(l) (t1,0’1( ))pVTl

—ty
41.13 N R
( = )/ h (1> (t1,01(T1))pAT1
by
= F(tl) Vit € [—b1,—a1]ﬁT1*,

where F' as in (41.59).
Similarly we get

— — . b2 ~
G (12) = G(—tz) "= / D | (—ta. pa(r2)) "V s

—to

(4;4)/ h(Q,)l( ta, —63(—72)) V7
—t

(41.:28)/ 1) (g, 62 (—72)) V72
b

(4L:13) h*(Q) (tg O'Q(TQ))qATQ
—ba

= G(t2), Vit2 € [~b2,—a2]NT5,

where G as in (41.60).
So we proved that

F* (t1) = F(t1),V t1 € [7[)1, 70,1] N Tl*, (41.67)
and
6* (tg) = G(tz),v to € [—bz, —az] M Tg* (41.68)
Here we have that
bi rb2 (t1)]| f2(t
I o= / / |f1F1t |\f2(G2)t| Ut Vi —
(e + Ze0) 4 Cla))
/ Fi ()]0t T2
ay
Cas R
/ | /1 (£1)|07 (t1) Aty (41.69)
—by
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Next we observe (V t1 € [—b1, —a1] NTY)

0" (t) = 0(—t1)

(41.9) / : Joltz) Vi
as (EJr F(;tl) + G(;z))

(4167 / : L),
as (EJr Et) G(t2)>

(notice G(t2) is continuous in t2 € [az,ba] N Th,

(by (41.11),(41.18)) [ 792 /3 (t2)] N
= F(t1) | Gl(—ta) At
— 1 —tl2
b (e + 2 St) )

(41.68) /—a2 }!{5 §t2)|G<t ) Aty
_ 1 2
b2 (E + - + — )

At1), Vi € [=bi,—a1] NTY.

(41.61)

Clearly here A(t1) is an rd-continuous function on [—b1, —a1] N 17
So here
9" (t1) = )\(tl), Vit € [—bl, —al] M Tl* (41.70)

Therefore we obtain

e BT EYCI
—by

e [ A\ 5
[ isenr{ [

—by —by (€+F(t1)+c(t2)>
—aj —az * ~ N
- I / BG4, A,
e + —F(Ifl) + —G(f))
(by (41.62)) - FLAT qA 1/
< - —a) ([ TI00A @1An )
—by
—as an R 1/p
(7 1 aarae)
—by

(41.46) b1 vr 1/a
119 (b, ay) (b — a2) (/ A <t1>|qvn) ‘
ay

by " 1/p
([ 1 ) (4171)

proving (41.66). ]
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One can go reverse, and using the nabla inequalities to prove the delta ones,
etc.

Also one can prove similarly other inequalities by applying this principle of
time scales duality.

41.6 Applications

For applications to delta Ostrowski inequalities, see [57] and to nabla Ostrowski
inequalities, see [59].

For applications to the rest of delta inequalities mentioned in this chapter, see
[57].

Here we give applications to the rest of derived nabla inequalities.

~ k

I) Here T' = R, the real numbers, then p(t) = ¢, t € R, hi(t,s) = (t_kf) for all
s,t € R, k € Np.

Also f¥"(t) = f®)(¢), k € No, and [* f(1)VE = [* f(t)dt.

Furthermore f € C3(R) iff f € C"(R), n € No.

A Poincare type inequality follows:

Theorem 41.32. Let f € C"(R),nisodd, a,b € R:a < b;p,q > 1: %Jr% =1.
Suppose f® (b)) =0, k=0,1,...,n — 1. Then

b . (b—a)™ .
/a |f(®)|"dt < ng((n — )Na((n — p + 1)a-1

(/ﬂb THOK dt) . (41.72)

Proof. By (41.42). ]
We give next a Sobolev type inequality.

Theorem 41.33. Here all as in Theorem 41.32. Let r > 1. Then

(b— a)("—1+%+%)

I/

|r,[a,b] <

(n—DN(n—Dp+ )3 (n—1+L)r+ D}

Hf(") : (41.73)

q;[a,b]

Proof. By (41.48). ]
We give next an Opial type inequality.

Theorem 41.34. Let f € C"(R), n odd, a,b € R; a < b; p,g > 1 :
L1 L — 1 Suppose f¥(b) =0, k = 0,1,...,n — 1; ‘f(”)‘ is decreasing on

p q
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[a,b]. Then

11| a< b—a)’s =
: (n— D! ((p(n— 1) + (p(n — 1) +2))

</: (f(") (t))2q dt)% ‘ (41.74)

Proof. By (41.51). ]
We continue with a Hilbert-Pachpatte inequality.

Theorem 41.35. Let ¢ > 0, ¢ =1, 2, f; € C" (R), n is odd, f(k)( bi) = 0,
k=0,1,...,n—1; a; <bi; a;,b; €R. Let p,g > 1 %4_%:
ot (n—1)p+1
¥al (bl —-t1) n—bp
F(t) = / b n
R (T V) S ) R e (41.75)
and (n—1)g+1
al (bg — t2)'\ "1
t2) = vt ba). 41.
G( 2) ((TL — 1)|)q(q(n — 1) n 1), 2 € [GQ, 2] ( 76)
Then

/bl /b2 NI gy, 4, <

€+ F(tl) + G(t2)>

q 1/q 1/p
(by — a1)(bz — az) (/ (">(t1)’ dtl) (/ ) (tQ)‘ dtg) . (41.77)
ai az
Proof. By (41.66). ]
1I) Here T = Z, the integers.
Then

b
/f(t)Vt: Z f(k), where

k=a+1
my f:7Z — R is ld-continuous.

Also f¥" (1) = VFf(1)

_ zk:(nm( 7’; )f(tfm), k € No.

m=0
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Furthermore here

~ —SE
h(t,s) = & . )"

tF=tt+1).. (t+k—1), keN;

V s,t € Z, k € No,

=1 Also p(t) =t —1, teZ.

We present a nabla discrete Poincare inequality.

Theorem 41.36. Let f:Z - R, nisodd, a,b € Z:a <b;p,q>1: %Jré =
1. Suppose V¥f(b) =0, k=0, 1,..., n — 1. Then
b
DT e p——
2 (-1
b b _\? a/p
> << > ((tt+1)("l)> )
t=a+1 T=t+1
b
( > |V"f(t)|q> ‘ (41.78)
t=a+1
Proof. By (41.42). ]

We give a nabla discrete Sobolev inequality.

Theorem 41.37. Same assumptions as in Theorem 41.36. Let » > 1. Then

t=a+1
b b r/p\ M7
—\ P
> (32 (-
t=a+1 \7=t+1
b 1/q
(Z IV”f(t)lq> : (41.79)
t=a+1
Proof. By (41.48). ]

We give a nabla discrete Opial inequality.

Theorem 41.38. Let f : Z — R, nis odd, a,b € Z : a < b;p,q > 1 :
1+ 1 = 1. Suppose V*f(b) = 0,k = 0,1,...,n — 1. Suppose [V"f| is
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decreasing on [a,b] NZ. Then

b " b—a)l/d
g;ﬂwVAms%T%—
b b . 1/p
<Z < 3 ((tfr+1)”*1) )) :
t=a+1 \7=t+1
b 1/q
< > (V”f(t))2q> ‘ (41.80)
t=a+1
Proof. By (41.51). ]

We present a nabla discrete Hilbert-Pachpatte inequality.

Theorem 41.39. Let € > 0,4 = 1,2; fi : Z — R, n is odd, V¥ f;(b;) = 0,
k=0,1,....,n—1; a; < b;; a;,b; € Z. Letp,q>1:%+%=1‘ Set

b ((t—n 1))

, Vit € [a1,b1}ﬂZ,

R (T
and
B bo ((tQ — T+ 1)"Tl>q
Glt2)= Y. oy Vi€ lanblnZ.
To=to+1
Then

b b
zl: . Lf1(ta)[| f2(22)]
ti=ai1+1to=as+1 (&‘ + % + %)

by 1/q bo 1/p
< (bl — a1)(b2 — a2) < Z |V"f1(t1)|q) < Z |V"f2(t2)|p> .

t1=a1+1 to=ag+1

(41.81)

Proof. By (41.66). ]
III) Here T = ¢* :_{O,l,q*,q*_l,qf,q*_Q,,..}, for some ¢. > 1, see [93]. We
have p(t) = t/q., Vt € ¢ and

hits) = [T ===, (41.82)

Vs, t e q,ﬁz, for all k € Np.
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We finish with a ¢g-Opial type nabla inequality.
Theorem 41.40. Let f € Cﬁi(q*z), nis odd, a, b € ¢~

% + % =1. 7Assume ka(b) =0, k=0,1,
on [a,b] N ¢%. Then

ta < b;pg>1:
..,n—1. Suppose |fV"| is decreasing

b
[ i @me < o - a

. . g - P 1/p
/ / H & — | Vr |Vt
a t r=0 Z ]
(/ab (fv" (t))Qq Vt) v . (41.83)

Proof. By (41.51).

One can give many similar applications for other time scales
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Foundations of Delta Fractional
Calculus on Time Scales with
Inequalities

Here we present the Delta Fractional Calculus on Time Scales. Then we prove
related integral inequalities of types: Poincaré, Sobolev, Opial, Ostrowski and
Hilbert-Pachpatte. At the end we give inequalities applications on the time scale
R. This chapter is based on [56].

42.1 Background and Foundation Results

For the basics on time scales we use [119], [113] and [2], [4], [57], [114], [116],
[181], [186], [187], [215].
By [282], p. 256, for p, v > 0 we have that

*(x— 5)“_1 (s —t)”_1 _(z —t)”+”_1
/t T T CT T (42.1)

where I' is the gamma function.

Here we consider time scales T such that T% = T

Consider the coordinate wise rd-continuous functions hq : T'X T — R, a > 0,
such that ho (¢,s) =1,

o1 (t,s) = / “ha (7, 5) AT, (42.2)

Vs, teT.

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 695
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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Here o is the forward jump operator and p (t) = o (t) — t.
Furthermore for o, 3 > 1 we suppose that

t
/ ha—1(t,0 (7)) hg—1 (7,0 (w) AT = hatp-1 (t,0(u)), (42.3)
o(u)

for all u < t; u,t € T.

In the case of T'=R; then o (t) = ¢, and hy (¢, s) = %, k € No = NU {0},
and define

(t—s)"
= = 7 > (0.
ha (t,5) Tat 1)’ a>0
Notice that , o
(r—98)" (=8 _
/S Tt DY =~ Tla+t2 = hat1 (t,9),

fulfilling (42.2).
Furthermore we see that (a, 8 > 1)

/ut ha—1(t,T) hg—1 (T,u) dr = /t t—7)""" (r - u)g_ldT

w  Ta) N0

(by (42.1)) (t— u)‘”ﬁf1

T N ha - t? ’
NCE) +8-1 (tu)
fulfilling (42.3).

By Theorem 4.1 of [115], we have for k, m € Ny that

/tt hi (t,0 (7)) ham (T, t0) AT = Rkpm1 (L, t0) - (42.4)

Let now T = Z, t € Z, then o () = t+ 1, and hy (t,s) = =" ¥ k € No, V
t,s € Z, where t© =1, t®) = Hf;ol (t —1) for k e N.
Also [P f()AT=t2 (1), a <b.

t=a

By (42.4) we obtain that

ti t—7—1D)® (=)™ (t = to)FTHD
- k! m! T o(kt+m A1)
T=to
which leads to
ti (== )" D (-t - )" (-t —)*D
(k —1)! (m —1)! o (k+m-1! 7 ’

T=to+1
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confirming (42.3).

In general let p,v > 0, and t € Nyyy == {pu+v,p+v+1Lp+v+2..}
here t) = % and o (s) =s+ 1. Let r € {0,1,...,t — (u+ )}, by proof of
Theorem 2.2 of [104] we obtain

1 i 1

o (sNED (5 — o (P ED — R Ty
(= D" (s =0 ()™ = g (= (),

which is

O | L PO O (R )
2 ' (n) T (v) R Y R L 0, (42.6)

s=r+4+v

that is almost confirming (42.3). By Lemma 19 of [48] for only —1 < a < 0,
t,s € Z,t > s, we get

@ (¢ )@+ 1

— (r—3s)'" B
ZF(a-ﬁ-l) T T (a+2) T@+2)T (—a) (42.7)

missing (42.2).

So in case of T' = Z, because of the deficiencies of (42.6) and (42.7) we gave
a special treatment to the subject of discrete fractional calculus and inequalities,
presented in [48], see also related [51].

We need

Theorem 42.1. (Theorem 1.75 of [119]) If f € Cyq and t € T*, then

o(t)
/t FE) AT = () £ (2). (42.8)

For o« > 1 we define the time scale A-Riemann-Liouville type fractional integral
(a,beT)

K2 ()= [ homs (60 (7)) £ (1) AT, (12.9)
(by [116] is an integral on [a,t) NT)
Kof =1,

where f € Li ([a,b] NT) (Lebesgue A-integrable functions on [a,b]NT', see [181],
[113], [114]), t € [a,b] N T.

Notice Kif(t) = fatf(T) AT is absolutely continuous in ¢t € [a,b] N T,
see [116].
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Lemma 42.2. Let o« > 1, f € Ly ([a,b]NT). Suppose ha—1(s,o(t)) is
additionally Lebesgue A-measurable on ([a,b]NT)% a,b € T. Then KSf €
Ly (ja,5]NT).
Proof. Define A : Q = ([a,0] N T)*> — R, by

| ha-1(s,0()), ifa<t<s<bh,
A(S’t)_{O, ifa<s<t<b.

Clearly A (s,t) is Lebesgue A-measurable on ([a,b] N T)>.
Then
/AstAs— A(stAer/AstA
la,t)

/AstAs—/ —1(s,0(t)) As

o(t) b
= / ha-1(s,0(t)) As+ ha-1(s,0(t)) As
t o(t)
Oy (428 2nd B22) () hars (t,0 () + ha (b, 0 (£)) € R.

Next we consider the repeated double Lebesgue A-integral

/ab (/bA(s,t) |f(t)|As) At:/ﬂb|f(t)| (/abA(s,t)As) Al =

[ 1 @O haos (1.0 (1) + ho (0.0 (0)) At =

b b
[ 1 @@ hacs o @)+ [ 1f @)1 (o (1)) A,

which exists and is finite. Thus the function (s,t) — A(s,t) f (t) is Lebesgue
A-integrable over € by Tonelli’s theorem.
Let now the characteristic function

1,ift€la,s)NT
0, else,

X[a,s)f‘lT (t) = {
where s € [a,b]NT.

Then the function (s,t) — X(a,s)nr (£) A (s,1) f (t) is Lebesgue A-integrable on
Q. Hence by Fubini’s theorem we obtain that

/ Xia,o)nT (£) A (s, 1) f (1) At = /Sha—l (s,0 () f (1) At = Kg' f (s),

is Lebesgue A-integrable in s on [a,b] N T, proving the claim. ]
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For u < t; u,t € T, we define (a, 8 > 1)

o(u)
0(t,u) = / ha—1(t,0 (1)) hg—1 (1,0 (u)) AT (42.10)
O EED) ) hani (80 (w) a1 (u, 0 (u).
Next we notice for a, 8 > 1; a,b € T, f € L1 ([a,b]NT) and ha—1 (s,0 (1))
continuous on ([a,b] N T)? for any a > 1, that

KEKPf (1) /ha1tUT)A7'/ ho1 (1,0 (w) f (u) A

(by Fubini’s theorem)

= / f(uw) Au/ ha—1(t,0 (7)) hg=1 (1,0 (u)) AT =
t o(u)
/ f(u)Au - |:/ ha—1(t,0 (7)) hg=1 (1,0 (u)) AT

+ /U(u) ha—1(t,0 (7)) hg—1 (1,0 (u)) AT:|

- / £ () At (g1 (5,0 (1)) + 6 (£, 1)

— [ oo (o () £ (@ Au+ / £ ()0 (t,w) Au
_K‘lJrﬁf / f
Thus
KEKPF(t) /f 0(t,u) Au=K2Pft), Viela,bnT.  (42.11)

So we have proved the semigroup property

KOKP T (1) / f (u o () hp1 (u,0 (u)) Au = K2 £ (1),

(42.12)
VtelabNT, withabeT.
We call the Lebesgue A-integral

E(f,a,3,T,t) = / f () p(u) ha-1 (t,0 (w)) hg—1 (u, 0 (u)) Au, (42.13)
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t € [a,b] N T; a,b € T, the forward graininess deviation functional of f €
Li ([a,0]NT).

If T =R, then E(f,a,3,T,t) =0.

Putting things together we have

Theorem 42.3. Let T = T* a,b € T, f € Li([a,b]NT); o, > 1;
ha—1 (5,0 (t)) is continuous on ([a,b] N T)? for any o > 1. Then

K,‘;Kgf (t) —-F (fvavﬂv Ta t) = Kt‘;Jrﬁf (t)v (4214)

VitelabNT.
We make

Remark 42.4. Let p>2:m—1<p<m €N, i.e. m = [u] (ceiling of the
number), v =m —p (0 < v < 1).

Here we take f € C™ ([a,b] N'T). Clearly here ([181]) f2™ is a Lebesgue A-
integrable function.

We define the delta fractional derivative on time scale T of order u — 1 as
follows:

AT () = (K”“ N" / hi (t,o (7)) f27 (1) AT, (42.15)

VitelabNT.

Notice here that Ak ' f € C ([a,b] N T) by a simple argument using dominated
convergence theorem in Lebesgue A-sense.

If 4 = m, then ¥ = 0 and by (42.15) we obtain

AT = KA ) = 2T ). (42.16)

More generally, by [116], given that fAmi1 is everywhere finite and absolutely
continuous on [a,b] NT, then fAm exists A-a.e. and is Lebesgue A-integrable on
[a,t)NT,V t € [a,b] NT and one can plug it into (42.15).

We see that

KL AT () = (KETTRIT AT @)

(by (42.19)) (Kquu / FA™ () 1 () s (£, 0 () i (u, 0 (u)) Au =

(K227 ) @+ / 72" () g (W) s (8.0 () By (1, () A

Therefore

KL AT F (1) - / P2 () g () by (0 () B (0 () A =
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t
(K r27) @ :/ hn—1 (t,0 (1)) f2" (7) A7 (42.17)

We have established
Theorem 42.5. Let u > 2, m—1 < u < m € N, v =m—pu; f €
™ ([a,b] NT), a,b € T, T* = T. Assume h,_> (s,0 (t)), hz (5,0 (t)) to be con-

tinuous on ([a,b] NT)>.
Then

/hm—l(t»U(T))fAm (r) AT = (42.18)
=[5 ) ) B (6 () B s ) B

+/ hu-2 (t,o (1)) AL f (1) A,
Vitela,bNT.

We need the delta time scales Taylor formula

Theorem 42.6. ([115], [186]) Let f € C/5(T), m € N, T* = T; a,b € T.
Then

=3 hi(ta) 2 (o) + / hm-1 (t,0 (7)) f27 (7) AT, (42.19)

VitelabNT.
Next we present the fractional time scales delta Taylor formula

Theorem 42.7. Let u > 2, m—-1<pu<meN,v=m—pu; f € CI5(T),a,b e
T, T" =T. Assume h,_s (s,0 (t)), hz (5,0 (t)) to be continuous on ([a,b] NT)>.
Then

m—1

FO =3 h(ta) 12" (a)- (42.20)

/ P2 () () B (8,0 () B (y 0 (1)) A
/ hus (b0 (7)) ARV f (1) Ar,
Vitela,bNT.

Corollary 42.8. All as in Theorem 42.7. Additionally suppose fL\‘IC (a) =0,
k=0,1,....,m —1. Then

B(1) ::f(t)JrE(fAm,ufl,T/Jrl,T,t) (42.21)
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=f(t)+/ P () (W) bz (t,0 () i (u,0 (1)) Au

— [ heatto (M)At () A,
VitelabNT.
Notice that E(fAm,u— 1,7+ 1,T, t) € Cra([a,b]NT). Also the R.H.S

(42.21) is a continuous function in ¢ € [a,b] N T.

42.2 Fractional Delta Inequalities on Time Scales

We give a Poincaré type related inequality.

Theorem 42.9. Let pu > 2, m—-1<pu<meNv=m—ypu; feCry(T),
a,b € T, a < b, TF = T. Suppose hu—2(s,0(t)), hs (s,0(t)) to be continu-
ous on ([a,b] NT)?, and fAk (@) =0,k =0,1,....,m — 1. Here B(t) = f(t) +
E(fAm,,u— 1,D+1,T,t>, t €la,b)NT; and let p,g > 1: % + % =1.

Then

JALICIONE </ = (t,o<7)>|pm)gm> (Lb|AZI1f(t)\qu)~

(42.22)
Proof. By Corollary 42.8 we obtain that

B(t) = / hus (1,0 (7)) AUV F (1) Ar,

Hence
BOI< [ bz (to ()[4 (7)] A7

(by Hélder’s inequality)

< ([ e teotor m)’l’ ([ 1855 )" o)
< ([ o <t,a<r>>|1°m)% (f |A5:1f<r>lf‘m)é

o< ([ e (t,ov))mf)g (/ b A ar), )

Therefore

VteElabNT.



42.2 Fractional Delta Inequalities on Time Scales 703

Next by integrating (42.23) we are proving the claim. ]
It follows a related Sobolev inequality.

Theorem 42.10. Here all as in Theorem 42.9. Let » > 1 and denote

171, = (/ablf(t)TAt)i.

1B, < (/ab (/: [hyu—z (t,0 (1)) m)% At)i HAZ;lqu. (42.24)

Proof. As in the proof of Theorem 42.9 we have

Then

Bol< ([ (t,o(r))|pAT); ([ 1atropar)’
B < (/|h (tu(r)»mr); (/ AZ*lf(t)|th)2,

and
/"bIB(t)ITAtS </b </at|h”_2 (t’U(T))IpAT)% At) (/;MZ‘? (t)lth)%‘

(42.25)
Next raise (42.25) to power . Hence proving the claim. ]
Next we give an Opial type related inequality.

Thus

Theorem 42.11. Here all as in Theorem 42.9. Additionally suppose that
|A5:1f‘ is increasing on [a,b] NT. Then

b
/ B (0] |AR L F (1) At <

o-at ([ ([ 1o nr ar) At)% ([ s At)%

(42.26)
Proof. As in the proof of Theorem 42.9 we obtain

= (/at'h“‘? “"’“”“T)% (/ A’ZIlf(T)|qAr)%



704 42. Foundations of Delta Fractional Calculus

< (/at lhus (t,0 (T))|PAT)’1’ ALV F ()| (8- a)a .

Therefore

B O] [AE (1)) < (/ s (Lo (P AT)E (DS ) (- a)t

for all t € [a,b]NT.
Consequently we obtain

b

[ i@nas o] ars
’ ! % 2 1
{(/ 'hH“"’(TDlpAT) (AL (1) (ta>q]m

/
: (/: (/at iz (b (T AT) At)% (/ab (ALY () (t - a) At)
(/ab </: [Pz (8,0 (7))[” AT) At)% (/ab (AZIlf(t))Qq At)% |

proving the claim. ™
It follows related Ostrowski type inequalities.

Q|-

Q=

<(b—a)

Theorem 42.12. Let u > 2, m—1<pu<meN v=m—pu; feCly(T),
a,b € T,a <b T* = T. Assume hy_2 (s,0(t)), hz (s,0 (t)) to be continu-
ous on ([a,b] NT)?, and fAk (a) =0,k =1,..,m — 1. Denote B(t) = f(t) +
E(fAm,pfl,DJrl,T,t),te [a,b] N T.

Then
<

b
[ Boa-f@

b t
bia (/ </ |hp—2 (t:U(T))IAT) At) [PV [ (42.27)

Proof. By (42.20) we obtain

B(t)—f(a):/ bz (b0 (7)) AT F (1) A, Ve [ab]NT.
Then

B0~ F @I ([ e 0 0D A7) A5 gy
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Vitela,bNT.
Therefore we obtain

b
| Boat-f@) -

< /\ a)| At
1
gbch(/ ([ ihees oo )|AT)At)HA -

proving the claim. [ ]

1
b—a

b
/ (B(t) - f (a) At

Theorem 42.13. All as in Theorem 42.12. Let p,g > 1:

[ ost-rw)|<
bla</ ([ thees o ar)” At) AR e (4228

Proof. By (42.20) we find

+%:1. Then

1
P

IB(t)*f(a)\S/ |hu—z (t,0 (1)) [ALT1f (1) A7

< </:\hu—2 (t,o’(T))pAT)% (/ AL ()] AT)l

; 5
S(/ Ihu—z(t,o(T))V’AT) 126 1] o g

That is we have

1
t 5 B
\B(t)—f(a)\s( / |hu72<t,o<7>>|’7m) A8 F, s ¥ EE [ BINT.
Therefore we derive

b
L/ B(t)At— f <—/ IB(t) — f(a)] At
— /.

1
sba</ ([ ihes o ar)” At) TV —




706 42. Foundations of Delta Fractional Calculus

proving the claim. [ ]
We finish general fractional delta time scales inequalities with a related
Hilbert-Pachpatte type inequality.

Theorem 42.14. Let ¢ > 0, u > 2, m—1 < u<m € N UV =m— pu;
fi € CH(Ty), ai,bi € Ti, ai < b, Tik = T; time scale, ¢ = 1,2. Assume
hiﬁ (siy o0 (t3)) h(l) (84,04 (t:)) to be continuous on ([a;, b;] N Ti)Z, and ff‘k (a;) =
0,k=0,1,...,m—1;i=1,2. Here B; (t;) = fi (t:) + E:(f2" , p—1, 7+ 1,T;, t:),
ti € lai, b)) N Ty i =1,2, andp,q>1:%+§=1.

Set "
F(t) :/ﬂ (

1

WY, (i, o1 (1))

>pAT1,

for all t; € [al,b1], and

- [

for all t5 € [as, ba] (where h(" . 2, 0i are the corresponding hy—2, o to Ti, i = 1, 2).

Then . .
/1/2 |B1 (t1)] B2 (t2)] At Aby <
€+ Pl G<t2>> -

(b1 — a1) (b2 — a2) (/ |Aa1* J1(t1) | At1) (/ |Aa2* Ja (t2) | At2)

(42.29)
(above double time scales Riemann delta integration is considered in the natural
iterative way).
Proof. We notice that

b2 By (t2
o= [,
as (€+ (1)+ (2)>

hf?—)z (t2,02 (72))’)q ATy,

is a Riemann A-integrable function on [a1, b1] N T1.

Because ff‘k (a;) =0, k =0,1,....m — 1; ¢ = 1,2, by Corollary 42.8 we get
that

Bit)= [ hD, (ti,00 (r)) AL fi () A,
Vit e [ai,bi] N T;, where a;,b; € T;.

Consequently

By (t1)] < (/ (‘h (t1,01 (n)))”Aﬁ); (/at N (n)|qAﬁ)‘1‘

1
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" :
= F(tl)% (/ |A51*1f1 (T1)‘qAT1) s
ay

1 + 1
)qAT2) ! (/ : |A5;«1f2 (7'2)‘pAT2) '
az

1

=G (k)7 (/ ’ |AL f (TQ)|”AT2) ’

Young’s inequality for a,b > 0 says that

and

B2 < (7 (12 (.2

D=
Q|-

arbe <

T
+
SERS

Therefore we have
|B1 (t1)] [Bz (t2)] <

Q=

(F (1) (G (t2))F (/ AELfy () An)

</ ‘A ags ' fa (T2 | ATQ)
< ( LGt ( AL fy <n>|f‘An)a (/ S|y, (m)|”m2);

The last gives ( > 0)

1
1 '
By (t1)] B (t2)] < (/ |Aa1* fi(n ‘ Aﬁ) (/ |Aff;*1f2 (TQ)‘pAT2)p7
(8+ Pty G(t2)) az

for all ¢; € [ai,bi] NT;,i=1,2.
Next we see that

=

/bl /b2 1BrOIB2 (B2)l Ay Agy <
€+ G G<t2>> -

</ab1 (/:1 AL A (T1)|qA7'1) : At1) .
( /:2 ( / YAt (TQ)PATQ)}’ At?) .

(by Hélder’s inequality)

by t1 % )
(/ (/ |A5;1f1 (n)|q Aﬂ) Atl) (b1 —a1)7 -
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b to . » .
(/ (/ |A52* 2 (7—2)| ATZ) AtZ) (bg —az)d
a a

2
by by B ,
<([([ s eran) Atl) b — ar)
a al
b bo . v A
(/ (/ |A52* f2 (7—2)| ATZ) AtZ) (ba —a2)d
a a

‘UIH

1

2
1
P
= (b1 —a1) (b2 — a2) </ }Atn* f1(m) AT1) (/ |Aa2* fa (72 } ATQ) )
ay
proving the claim. ™
42.3 Applications
Here is T' =R case.
), a,b € R.

Let p >2suchthat m—1<pu<meN,v=m—pu, f€C"([a,b]
The delta fractional derivative on R of order u — 1 is defined as follows

AL () = (KO ) (t)=ﬁ/ (t =) f" (r)dr,  (42.30)

Vitela,b].
Notice that A% ' f € C ([a,b]), and B (t) = f (t),V t € [a,D].

We give a Poincaré type inequality.

Theorem 42.15. Let u > 2, m—1<u<méeN, fe C"(R),abelR
a < b. Suppose f(k)(a)zo,kzo,l,...,m—l. Letp,q>1:%+%:1. Then

b v (b— a)(#*l)q i1
J o s e e ([ s o).
(42.31)
|

Proof. By Theorem 42.9.
We present a Sobolev type inequality.

Theorem 42.16. All as in Theorem 42.15. Let » > 1. Then

b— a2 tste
(b—a) -lastr]l, . (42:32)

Iwu—n«u—mp+n%0u—mr+g+Q

1A, <
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Proof. By Theorem 42.10.
We continue with an Opial type inequality.

Theorem 42.17. All as in Theorem 42.15. Suppose }AZ* 1f| is increasing on

1
q

[a,b]. Then
b
[lrolastolas

b—a) (/b (ABT1F (1) dt)

T(e—1)[((g—2p+1) ((n—2)p+2)]5

Proof. By Theorem 42.11.
Some Ostrowski type inequalities follow.

Theorem 42.18. Let 4t > 2, m—1<u<méeN, f € C"(R), a,b € R,

(42.33)

a < b. Suppose f* (a)=0,k=1,...,m—1. Then
L/bf(t) dt— 1 (@) < C= Ay (42.34)
b—a/, -~ T'(p+1) a oo,[a,b] * '

Proof. By Theorem 42.12. [ ]
Theorem 42.19. Here all as in Theorem 42.18. Let p,qg > 1: 1—1)+% = 1. Then
1
1t b—a) i _
[ s0a- @) < t=a o L
—ale Pu=1)(n=1) (u=2p+1)7 e
(42.35)
[

Proof. By Theorem 42.13.
We finish this section and chapter with a Hilbert-Pachpatte inequality on R.

Theorem 42.20. Let e >0, p > 2, m—-1<pu<meN, i =1,2; f € C"™ (R),
ai,bi €R, a; < b, fi(k) (a;) =0,k=0,1,....mm—1; p,g>1: %—1— é =1.
(t, — al)(u72)p+1

Set
PO = F -y (-2
t1 € [(11,1)1},
and
(ta — a2)(#*2>q+1

)= T ) (=2 D)’

ta € [az, bz}
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Then

/’H /b2 |f1 (t)] | f2 (t2)] dirdts <

€+ F(fl) + G(t2)>

(b1 — a1) (b2 — a2) </ |Aa1* f1(t1) ‘ dt1) (/ |Aa2* fa (t2 | dtz)

(42.36)
Proof. By Theorem 42.14. |



43

Principles of Nabla Fractional Calculus
on Time Scales with Inequalities

Here we present the Nabla Fractional Calculus on Time Scales. Then we prove
related integral inequalities of types: Poincaré, Sobolev, Opial, Ostrowski and
Hilbert-Pachpatte. At the end we give inequalities applications on the time scales
R, Z. This chapter relies on [53].

43.1 Background and Foundation Results

For the basics on time scales we use [59], [93], [94], [103], [119], [187], [223], [113],
[114], [181].
By [282], p. 256, for p, v > 0 we have that

*(x— 5)“_1 (s —t)”_1 _(z —t)”+”_1
/t T T CT T (43.1)

where I' is the gamma function.

Here we consider time scales T such that T, = T. R

Consider the coordinatewise ld-continuous functions ke : T'xX T — R, a > 0,
such that ho (¢,s) =1,

Rt (t,s) = / tﬁa (r,8) VT, (43.2)

Vs, teT.

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 711
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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Here p is the backward jump operator and v (t) =t — p(t).
Furthermore for a, 3 > 1 we suppose that

t
/ a6 p ()T (7, (0) 7 = s (1 (1), (13.3)
p(u
valid for all u,t € T : u < t.
~ k
In the case of T = R; then p (t) = ¢, and hi (¢,5) = %, k € No = NU {0},
and define

> (t—s)”
= = 7 > (0.
ha (t,5) Tat 1)’ a>0
Notice that , o
(r—s)" (=9 =
/S Tt DY =~ Tla+t2 = hat1 (t;9),

fulfilling (43.2).
Furthermore we see that (a, 3 > 1)

t - ) A G
/ ha-1(t,7)hg-1 (T,U)dT:/ (tF(C)M) ( F([;) dr

a+8—1

(by (43.1)) (t —u)

BT hatp-1(t,u),

fulfilling (43.3).
By Theorem 2.2 of [251], we have for k, m € Ny that

t
/ hic (8, p (7)) hm (T, t0) VT = Rkpm1 (L, t0) - (43.4)
to

Let T =Z, then p(t) =t — 1, t € Z. Define tﬁ =1, t* =t(t+1)...(t+k—-1),
k € N, and by (43.2) we have I (t,s) = (t_s)k, s,t €7, k € Np.

k!
t t
Here ftO Vr=3 -
Therefore by (43.4) we obtain

k! m! (k+m+1)!’

zt: t—7+1DF (r—to)™  (t—to)" T
T=tg+1

which results into

T+ D (r— e+ 1)L (t—to+ 1T
Z( (k_l))! : (771—1))! :( (k-l—m)—l)! ) (43.5)




43.1 Background and Foundation Results 713

confirming (43.3).
Next we follow [105].

Let a, € R, define t* = Fgf(t;l), teR-{.,-2,-1,0}, N, = {a,a+ 1,a £

2,...}, notice No = Z, 0% = 0, 0 = 1, and f : N, — R. Here p(s) = s — 1,
o(s) =s+1, v (t) = 1. Also define

v =3 S0, nen

s=a

and in general

vorr =3 L)),

= T'®
where v € R — {..., —2,—1,0}.
Here we put _
T (t,5) = (t—5)" a>0
(% ? - F(O{+ 1)7 -

We need

Lemma 43.1. Let « > —1, z > a+ 1. Then

) 1 (F(m+1) T (2) )

F'z—a) (a+)\T(z—a) T(z-a-1)

Proof. Obvious. [ |

Proposition 43.2. Let o > —1. It holds

-8 (st
/S r(a+1)VT_ ety (2%

That is }Aza, a >0, on N, confirm (43.2).
Proof. Let t > s. We have that

Pir—s)"_ 1 : = 1 “T(r—s+a)
/sr(a+1)VT_r(a+1) 2, (=9) “T(atl) 2 )

T=s+1 T=s+1
_ 1 i Fir—s+a) 1 t_i_a I'(x)
T I(a+1) T:s_HF(Tferafoz) T I(a+1) x:a_HF(meM)

(notice here 7 —s > 1and z > o+ 1> 0)
r (CL’) 1 t—s+a

_ I (z)
F(ma)}_1+F(a+1)

'z —«)

:7F(oz+1) {F(a+1)+

r=a+2
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L+ F'e—a) T(x—a-1)

(by Lemma 43.1) 1 tia I'(x+1) I (x)
N I(a+2)

r=a+2
_ 1 I'(a+4)
_1+FC;E5{@@yHn—Fm+2D+<—?@T—

(F(a+5) F(a+4))+<F(a+6) F(oHr5))+mJr

—F(a+3)) +

T (4) I (3) T (5) T (4)
<F(t—s+a) F(t—s+a—1))+ (F(t—5+a+1) F(t—s—i—a))}

T'(t—s) Fit—s—1)

Ft—s—-1) T{t—-s+a—2)

(telescoping sum)

1 Ft—s+a+1)
-T 2
F(a+2){ T(t—s) (o )}
_T(t-s+a+l) (t—s)"F"
T T(a+2)T(t—s) T(a+2)°
That is proving the claim. [ ]
Next for p,v > 1, 7 < t, from the proof of Theorem 2.1 ([105]) we obtain that

t

t—p(s)" T (s—p(r) T t—p(r) T
Z( p(8)" (s =p(7)) (t—p(1)

= N

T (v) T (p) L(p+v)

S=T

where 7 € {a, ..., t}.
So for t,tgp € N, with to < t we get

Lt ) (rto+ )P (=t )T
2 I'(v) T (1) = Tty (43.6)

=tg

that is confirming (43.3) fractionally on the time scale T' = N,.
Notice also here that

[tovi=3 jo.
a t=a+1

So fractional conditions (43.2) and (43.3) are very natural and common on time
scales.

For @ > 1 we define the time scale V-Riemann-Liouville type fractional integral
(a,beT)

JEF @) = [ Facs (60 () § (D) V7 (1.7
(by [116] the last integral is on (a,t]NT)

Jof (t) = f(t),



43.1 Background and Foundation Results 715

where f € Ly ([a,b] NT) (Lebesgue V-integrable functions on [a,b] NT', see [113],
[114], 181]), ¢ e [a,b] N T.
Notice Ja f (t f f (7) V7 is absolutely continuous in ¢ € [a, b]NT, see [116].

Lemma 43.3. Let a > 1, f € L1 ([a,b] N T). Suppose that ha_1 (s, p(t)) is
Lebesgue V-measurable on ([a,b] N T)%; a,b € T. Then Jf € L1 ([a,b]NT).
Proof. Define K : Q := ([a,b] N T)> — R, by

_J haca(s,p(t), ifa<t<s<b,
K(s’t)_{O, ifa<s<t<b.

Clearly K (s,t) is Lebesgue V-measurable on ([a,b] N T)>.

Then
/Kst)Vs— K(stVs+/Kst)V
la,t)

/K (s,t) Vs—/ h —1(s,p(t)) Vs

= ha— Vs — IALa,1 s,p(t)) Vs
/,,m (5, (8) /pm (5,0 ()
=T (b,p(t)) = v (t) ha-1 (£, p (t) € R.

Next we consider the repeated double Lebesgue V-integral

/: </:K(s,t) If(t)IVs) Vt:/ab|f(t)| (/abK(S,t)Vs) Vi —

[ i ?za(b,p(t))—u(t)ﬁa_l(t,pu))}w

/If a(bp(t) VE— /If ha—1 (t,p(t)) Vt,

which exists and is finite. Thus the function (s,t) — K (s,t) f () is Lebesgue
V-integrable over Q by Tonelli’s theorem.
Let now the characteristic function

1,ift € (a,s]NT
0, else,

X(a,s]f‘lT (t) = {

where s € [a,b]NT.
Then the function (s,t) — X(a,sjnr (t) K (5,t) f (t) is Lebesgue V-integrable
on 2. Hence by Fubini’s theorem we obtain that

S

b o~
/ X (0) K (5,1) () Vt = / F 1 (5 p(1)) £ (£) Tt = J2F (s)

a
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is Lebesgue V-integrable in s on [a,b] NT, proving the claim. [ |
For u <t; u,t € T, we define

u

et u)= | ha1(t,p(7) hs—1 (1, p(u) VT

p(u)

= v () ha—1 (t,p (u) hg—1 (u,p (w)), (43.8)

where «, 6 > 1. R
Next we notice for o, > 1; a,b € T, f € L1 ([a,b]NT), and ha—1 (s,p(t)) is
continuous on ([a,b] N T)? for any o > 1, that

gt / o (tap (7 wr/ hiooi (r,p (w) f (u) V

(by Fubini’s theorem)

(By (43.3) / £ () Vu (hasp (t.p () — & ()
:/:?wfl (t,p(u))f(u)Vu—/tf(“)a(t’“) v

= J2TPf (1) /fu)stu

Hence
JEIZf () /f e(t,u)Vu=JP @), VielabNT.

So we have established the semigroup property

JETE ()4 / £ () () B (£ p () P (s p (w)) Vi = JEHP 1 (1), (43.9)

Vit€Ela,bNT, with a,b € T.
We call the Lebesgue V-integral

D(f.o0 B, T,t) = / F @) v () Fracs (tp (w) s (uyp () Vi, (43.10)
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t € [a,b]NT; a,b € T, the backward graininess deviation functional of f €
Li ([a,0]NT).

If T =R, then D (f,«, 3,R,t) =0.

Putting things together we have

Theorem 43.4. Let T, = T, a,b € T, f € Li([a,0]NT); o, > 1;
Ba—1 (s,p(t)) is continuous on ([a,b] NT)? for any o > 1. Then
JeJLf () + D (o0, B,T,t) = JoHPf (1), (43.11)
VitelabNT.
We make

Remark 43.5. Let 1 > 2 such that m—1 < u < m € N, i.e. m = [p] (ceiling
of the number), v =m —pu (0 < v < 1).

Let f € OF% ([a,b] N T). Clearly here ([181]) f¥" is a Lebesgue V-integrable
function.

We define the nabla fractional derivative on time scale T of order y — 1 as
follows:

ot m t _ m
Va0 = () ) = / B (8,p(7)) £7 (7) V', (43.12)
ViteElabNT.
Notice here that V4. ' f € C ([a,b] N T) by a simple argument using dominated
convergence theorem in Lebesgue V-sense.
If o = m, then 7 = 0 and by (43.12) we find
velr)y =J Y ) =7 (). (43.13)
More generally, by [116], given that f v g everywhere finite and absolutely
continuous on [a,b] T, then f¥"" exists V-a.e. and is Lebesgue V-integrable on
(a,t]NT,V t € [a,b]NT, and one can plug it into (43.12).
We observe that

ST @) = (T @)
(v 0 (o / 77" () () Bs (1 p () o (s p () V=

(™) / £ () v () Bys (8 p () B (u, p (u)) V.

Hence

JETIETLE (1) / fvm (u)v( u)}ALu_g (t,p(u))?z; (u, p(u)) Vu=
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¢
(7)Y O = [ s (0o 17 (1),
We have proved
Theorem 43.6. Let p > 2, m -1 < pu < meNv=m-y fe
Cli ([a,0)NT), a,b € T, Ty = T. Assume h,_2 (s, p(t)), ho (s,p(t)) to be con-

tinuous on ([a,b] NT)>.
Then

/ﬁm_l(t,p(r))fv’” (r) V7 = (43.14)
/ £ W) v (u) bz (t, p (u)) s (u, p (w)) Vut / ez (t,p (7)) VA f (1) VT,

VitelabNT.
We need the nabla time scales Taylor formula

Theorem 43.7. ([93]) Let f € CJy (T), m € N, T, =T; a,b € T. Then

ft) = X_jﬁk (t,a) 17" (a) + / hom—1 (60 (7)) 1Y (7) VT, (43.15)
k=0 a
VitelabNT.

Next we present the fractional time scales nabla Taylor formula
Theorem 43.8. Let u > 2, m—-1<pu<meNv=m—u; f € Cly (T),a,b e

T, Tp = T. Assume hy, s (s,p(t)), hs (s, p(t)) to be continuous on ([a,b] NT)>.
Then

FO =3 he(ta) 1% (a)+ (43.16)

Vitela,bNT.

Corollary 43.9. All as in Theorem 43.8. Additionally suppose ka (a) =0,
k=0,1,....,m — 1. Then

At) = f () —D(fvm,u— 1,17+1,T,t> (43.17)

—F(t) - / £ ) v () s (tp () o (u, p () Vu
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:/ hyu—z (t,p (7)) VAT f (1) VT,

VitelabNT.
Notice here that D ( 1,4+ LT, t) € Cia (Ja,b] N T). Also the R.H.S
(43.17) is a continuous function in ¢ € [a,b] N T.

43.2 Fractional Nabla Inequalities on Time Scales

We present a Poincaré type related inequality.

Theorem 43.10. Let u > 2, m—-1<u<meN,v=m—yu; f € Clz(T),
a,b € T, a < b, T, = T. Suppose /]’;/,,_2 (s,p(t), hs (s,p(t)) to be continu-
ous on ([a,b] NT)?, and ka (a) =0,k =0,1,...,m — 1. Here A(t) = f(¢t) —
D(fvm,uf 1,D+1,T,t>, t€la,b)NT;andlet pg>1:3+1 =1

Then
hy—o (t,p(r))}pvr)% w) (/h Vit (t)|qw) .

[1awrves (/ (f
' o (43.18)

Proof. By Corollary 43.9 we obtain that

At) = / Fiua (t,p (7)) VAT f (7) O,

IA(t)Is/:

(by Holder’s inequality)

t
<(f
t
<(f
Therefore

A < (/

VitelabNT.
Next by integrating (43.19) we are proving the claim. ]

Hence

~

Bz (6,0 ()| [ V551 £ ()] 97

Pz (t”’(”)rvf)% (/ |V’ZIlf(T)|qu)%

B2 <t,p<7>>\”vf)'l’ ( / ) vT)‘3 :

Toppes (t,p(T))‘pVT)%</:|fo:1 (r)|qu), (43.19)
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Next we give a related Sobolev inequality.

Theorem 43.11. Here all as in Theorem 43.10. Let » > 1 and denote

171, = (/ablf(t)’”Vt)%.

Then

~

By (t,p(T)))p vT) ’ w) 1wst 1l - (43.20)

||A|Ts</[Lb(/[Lt

Proof. As in the proof of Theorem 43.10 we have

A1) < (/

Therefore

aors ([
Bu—s (t,p(T))‘pVT) “ 9t (/b }Vg‘*lf(t)|th)g :

and
[awrves ['([
(43.21)

Next raise (43.21) to power +. Hence proving the claim. ]
Next we give an Opial type related inequality.

huza (b ()] Vf)% (/b Vi () VT)%

Pz (t,p(T))‘p vT); (/b (Va0 Vt)g :

Theorem 43.12. Here all as in Theorem 43.10. Additionally suppose that
|Vf{:1f‘ is increasing on [a,b] N T. Then

b
/ A @)V (1] vt <

P (t’”(”)\pW) Vt)é (/b (Ve F ()™ w)é

(43.22)

ot (L[

Proof. As in the proof of Theorem 43.10 we obtain

A @) < (/

P “”’(T”\pvf)% (/ VZTlf(T)qVT)%
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< (/ hiua (t,pm)\pvf)}’ Vi @) (- a)a
oz 1 01 < ([ s o] v7) (@20 0) -0t

for all t € [a,b]NT.
Consequently we derive

Therefore

[l o) vi<

([P

Iz (o7 ”\pVT) Vf)% (/b (Vi F (1) (ta)Vt)%

I
([ ([ a

<= ([ ([ [fus o] v7) w)% ([ (Vﬁilf(t))zqw)%,

proving the claim. ™
It follows related Ostrowski type inequalities.

wa @) vr)” (Vﬁ*lf(t))Q(ta)i] ot

Theorem 43.13. Let u > 2, m—-1<u<meN,v=m—pu; feCyy(T),
a,be T, a <b Ty =T. Suppose TLH,Q (s,p(t), /ﬂ (s,p(t)) to be continu-
ous on ([a,b] NT)?, and ka (a) =0,k =1,..,m— 1. Denote A(t) = f(t) —
D(fvm,u—l,i-i-l,T,t),te [a,6] N T.

Then . .
7 [ AOVi-1() <

b t
bia (/ (/ hy—2 (t,p(r))‘ VT) Vt) HVZ:lme’[a’bm. (43.23)

Proof. By (43.16) we obtain

Aw-f=[ s (bp () VT F ()Y, Vi€ abnT.

Then

40 =5 @1 < ([ T Cp () 197) 195 ogor
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VtelabNT.
Therefore we get that

%a/:Au)w—f(a) -
<—/ IA(8) - f ()| V¢

1
b—a

b
/ (A() — f(a) Vi

1 b t
<5z ([ ([ st vf) Vt) Ry -
proving the claim. [ ]
Theorem 43.14. All as in Theorem 43.13. Let p,g > 1: % + % = 1. Then

<

1 b
[ awvi-s@

bia (/: (/at hyu—2 (t,p(T))‘pVT) )IV Il pongor - (43:24)

Proof. By (43.16) we derive

\A(t)—f(a)\g/

< (/ By (t,pm))”w); (/t|vg;1 <T)|f‘vf)‘ll
<(f ) 19

That is we have

A (1) - £ (a)] < (/

Therefore we obtain

s (t,p(T))‘ (Ve f ()| VT

hu—2 (t,p (7))

hua (to (@) v ) 1954, or ¥ t€ 0BT,

<7 [ A0 @i

1 b
r/ A(t)Vt— f (a)

Sbia</ab(/at

1
e I et e
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proving the claim. [ ]
We finish general fractional nabla time scales inequalities with a related
Hilbert-Pachpatte type inequality.

Theorem 43.15. Let ¢ > 0, u > 2, m—1 < u < m € N, v =m—
3 f1 S ng (Tz)> ai,b,- S Ti, a; < bi, T = T; time scale, T = 1,2 Sup—
pose hEQQ (84, pi (L)), hg) (si, pi (ti)) to be continuous on ([a;, bi] ﬁTi)Z, and
7 @) =0,k=0,1,...m—1;i=1,2 Here A; (t;) = fi (t:) — Di(f¥ ", pn — 1,
D—f—l,Ti,ti),tiE[ai,bi]ﬁTi;izl,Q, and p,qg > 1: 1.

Set

F(t) = /atl (‘}ALSZQ (t1,p1(11))

for all ¢1 € [a1,b1], and
2 (12 a
G (t2) :/ (’hﬂ_g (t2, p2 (TQ))D Vo,
as

for all t2 € [a2, b2] (where AW p: are the corresponding TLH,Q, ptoT;, i=1,2).

n—2
Then

/bl /b2 |A1 tl ||A2 t2 | thvtg <
€+ F(tl) + G(t2)> -

b -1 q i b2 -1 P P
=) o) ([ (95 R0 90 ) ([ 9 ) V)
ajq a2
(43.25)
(above double time scales Riemann nabla integration is considered in the natural

interative way).
Proof. We notice that

b2 Ay (t
/\(tl):/ JL 2 ( 2)|G Vits
as <€+ Ft) | <t2>>

is a Riemann V-integrable function on [a1,b1] N T1.
Since fz-vk (a;) =0, k=0,1,....,m—1; i = 1,2, by Corollary 43.9 we get that

ti B
() = [ R (i () VE () Vs,
Vit e [ai,bi] N T;, where a;,b; € T;.

Therefore

e < (7 (72 e ) vn)’ ([ wen@ren)”
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1
:F(tl)% (/ |Va1* f1 T1 ‘ VT1) s
ay

q % t2 1 P P
) VTQ) </ |Vg‘; fQ (T2)| VTQ)
az

1

— G (o) (/t Ve fy (TQ)|”VTZ) ’

Young’s inequality for a,b > 0 says that

and

42201 < (7 (72 (2,02 )

Q=

b

=

a <

T
+
SERS

Hence we have
|A1 (t1)[ A2 (t2)| <

t2 P
</ Vi f2 ()] VT?)
as

< ( G ( |V5;«1f1 (7'1)|qu1) ! (/ ’ |V5;*1f2 (7'2)|pVTg) !

The last gives ( > 0)

Q=

(F (@)} (G ()% / 9L ()" )

1

1 ' 1
A1 (t1)| |42 (t2)] < (/ |Va1* fi(n ‘ Vﬂ) (/ |fo;*1f2 (TQ)‘I)VTZ) ' ;
(8+ F(;n + G(qt2)) s

for all ¢; € [ai,bi] NT;,i=1,2.
Next we observe that

/bl /b2 AL ()] A2 () oy oy <
€+ G G<t2>> -

</:1 (/ Vit (n)r'vﬁ) ‘ th) ,
([ ([ e n)t o)

(by Hélder’s inequality)

by t1 % 1
([ ([ wen @ on) 9o )" o -ani
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b2 to . » .
(/ (/ | Vo f2 (72)] V72> th) (ba — a)a
as as
by by . ,
<([7([ weneren) th) (b1 — an)
ay al
b2 by . v A
(/ (/ |VE fa (2)] V72> th) (ba — ag)a
as as

= (b1 — a1) (b2 — az) (/jl IVE A (ﬁ)}qul)% (/ Vi f2 (12)]° vn)

‘UIH

S =

I

proving the claim. ™
43.3 Applications
I) Here T = R case.

), a,b € R.

Let p >2suchthat m—1<pu<meN,v=m—ypu, f€C"([a,b]
The nabla fractional derivative on R of order p — 1 is defined as follows

Vi) = () 0= g [ =0 P R an (20

Vitela,b].
Notice that V4 ' f € C ([a,b]), and A (t) = f(t), Y t € [a,b].

We give a Poincaré type inequality.

Theorem 43.16. Let u > 2, m—1<u<meN, fe C"(R),abelR
a < b. Suppose f(k)(a)zo,kzo,l,...,m—l. Letp,q>1:%+%:1. Then

b v (bfa)(#*l)q i1
Jror s g e ([ 1w o).
(43.27)
|

Proof. By Theorem 43.10.
We present a Sobolev type inequality.

Theorem 43.17. All as in Theorem 43.16. Let » > 1. Then

RN
(b-a) 7~ Ve, (43.28)

Fu=1D)((r=2p+ 17 ((=2)r+Z+1)

1A, <
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|

Proof. By Theorem 43.11.
We continue with an Opial type inequality.

Theorem 43.18. All as in Theorem 43.16. Assume }V“* lf} is increasing

on [a, b]. b
[1rolvetsolas
(b—a)* 7 b it N
T HOUF() M at (43.29)
UﬂUKWﬂp+U«uap+mp(L( ) )
|

Proof. By Theorem 43.12.
Some Ostrowski type inequalities follow.

Theorem 43.19. Let 4t > 2, m—1<u<méeN, f e C"(R), a,b € R,
a < b. Suppose f* (a)=0,k=1,...,m—1. Then

L /bf(t) dt — f(a)| < b-a’ INemil (43.30)
b*(l . = F(M+1) a* oo,[a,b]‘ .
Proof. By Theorem 43.13. |
Theorem 43.20. Here all as in Theorem 43.19. Let p,q > 1: 1—1)+% = 1. Then
1
1t b—a) i _
m/ f@dt—f(a) < ( 1) Ve o
a Pu=1)(n=1) (u=2p+1)7
(43.31)
[

Proof. By Theorem 43.14.
We finish this subsection with a Hilbert-Pachpatte inequality on R.

Theorem 43.21. Lete >0, p >2,m—-1<pu<meN, i =1,2; f; € C"™ (R),
ai,b; €R, aigbi,fi(k)(ai):O,k:O,l,,..,m—lgp,q>1:%—i—é:l,

Put (4—2)p1
t — H—2)p
Ft) = —— =) :
T(p=-1))(k=2)p+1)
t1 € [a1, b1], and
(ta — aQ)(u—Q)qH

C) = T (-2 )

to € [CLQ, bg}.
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Then b b
/1/2 |f1 (t)] | f2 (t2)] dirdts <
€+ F(t1) + G(t2)> -

(b1 — a1) (b2 — a2) </ |Va1* f1(t1) ‘ dt1)7 (/ |Va2* fa (t2 | dtz) .
’ ‘ (43.32)

Proof. By Theorem 43.15.

IT) Here T = Z case.
Let £ > 2 such that m — 1 < u < m € N, D:mfu,a,bEZ a < b. Here

m m m
Fiz—Roand 17 0 =V 0 =S (0 () e n).
The nabla fractional derivative on Z of order p — 1 is defined as follows
t

Vil @ = (I O)) O =55 X G- (V@)
e (43.33)

Vi€ la,00)NZ.
Notice here that v (t) =1, V ¢t € Z, and

AW)=f(t) =D (V"™ fou— 1,7+ 1,Z,1)
SRS WL e i (13.34)

u=a+1

Vi€ la,00)NZ.
We give a discrete fractional Poincaré type inequality

Theorem 43.22. Let u>2, m—1<pu<meN, a,beZ,a<b, f:Z—R
Assume VFf (a) =0, k=0,1,...,m — 1. Letp,q>1:%+%:1. Then

B < 3 < 3 (tT+1)(ﬁ)p)> ( 3 vt (t)q>.
o (43.35)

(C(p—1)) t=a+1 \7=a+1
]

Proof. By Theorem 43.10.
We continue with a discrete fractional Sobolev type inequality.

Theorem 43.23. Here all as in Theorem 43.22. Let » > 1 and denote

£l = ( ) |f<t>*> Ny

t=a+1
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Then

r

IIAIIT_ﬁ > <Z (tT+1)(ﬁ)p) Va7l - (43.36)

t=a+1 \7=a+1

il p

Proof. By Theorem 43.11. |
Next we give a discrete fractional Opial type inequality.

Theorem 43.24. Here all as in Theorem 43.22. Suppose that |V5*_1f| is
increasing on [a,b] N Z. Then

b

o AWIVET @] <

t=a+1
(b— a)% b t o % b ) %
—— 1 > | > (t —7+1)F2)r d(VErw)™
F( 1) t=a+1 \7=a+1 t=a-+1
(43.37)
Proof. By Theorem 43.12. |

It follows related discrete fractional Ostrowski type inequalities.

Theorem 43.25. Let py>2, m—1<u<meN,aq,beZ,a<b, f:Z—R.
Assume VFf(a)=0,k=1,...,m—1.

Then
1 b
—— > AW - f)|<
t=a+1
1 b ¢ L
- - _ n—=2
(b—a)T (u—1) (Z; <T§1(t oy )) 96" s i 439
Proof. By Theorem 43.13. |
Theorem 43.26. All as in Theorem 43.25. Let p,g > 1: ;1) + % = 1. Then
1 b
'm Y A@M) - fla)| <
t=a+1
1 : ’
p) 1
C—aT (-1 > ( 3 (o) ) 1V Al o 1o
t=a+1 \7=a+1
(43.39)

Proof. By Theorem 43.14. |
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We finish chapter with a discrete fractional Hilbert-Pachpatte type inequality.

Theorem 43.27. Let e >0, u>2, m—-1<u<meN;i=1,2; f, : Z — R,
ai,b; € Z, a; < b;. Suppose V*fi(a;) = 0, k = 0,1,...,m — 1. Here A; (t;) =

s =2
Fi(t) =320 oy (V7 F () Bt vty € [ai,00)NZ pog > 10 242 =1,
Set

_ < (t1 — 71+ 1)(ﬁ)1O
F (tl) - Tl:§+1 (1—\ (,U/ _ 1))p )

V t1 € [a1,00) N Z, and

2 (ta — 12 + 1)(m)q
Cp-1)7 7

G (t2) =

To=ag+1

Y t2 € [az2,00) NZ.

Then , ,
Zl 22 [ A1 (82)] A2 (B2)]
ti=a1+1ta=as+1 (8 + % + %)
1 1
by q ba P
(bl—al)(bz—a2)< > vsfﬁfl(tl)q> ( > VZ;ffz(tz)p> :
ti=a1+1 ta=az+1

(43.40)
Proof. By Theorem 43.15. |



44

Optimal Error Estimate for the
Numerical Solution of
Multidimensional Dirichlet Problem

For the multivariate Dirichlet problem of the Poisson equation on an arbitrary
compact domain, this chapter examines convergence properties with rates of ap-
proximate solutions, obtained by a standard difference scheme over inscribed uni-
form grids. Sharp quantitative estimates are proved by the use of second moduli
of continuity of the second single partial derivatives of the exact solution. This
is achieved by engaging the probabilistic method of simple random walk. This
chapter is based on [63].

44.1 Introduction

Consider Q C R!, [ > 1, an open subset with compact closure  and a regular
boundary 02, and the Laplacian

l
A=) 0%
i=1
The Dirichlet problem in © has a solution u on Q so that

Au(z) = —f(z), (V) z e,

lim u(z) = ¢(y), (V) ye o,

r—y

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 731-[747.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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where f,¢p are appropriate real valued functions defined on £, 09,
respectively.

Let €5, be the inscribed in 2 uniform grid of mesh h = %, n € N, with
boundary 9. Also, we consider the discrete Dirichlet problem of finding wup
such that

Ahuh(x) = 7f($), (V) S Qh,

up(z) = p(z), (V) x € O,

where

l
Apup(z) :=h~2. Z up(x £ heg) — 2lup(z)|, (¥) z € Qp,
k=1
is the discrete Laplacian. Here ey, is the natural basis in R!. Using the probabilistic
method of simple random walk we are able to establish that

l
. 1
() Nun — ullg, < 3" waslh02,u) + D,
=1

where | - [|, is the supremum norm in Q.

Here ws ; is the second modulus of continuity of the second single partial of u
with respect to x;, ¢ = 1,...,1; and Dj, = Distance(2,Q;,) — 0 as h — 0. See
Theorems 44.3 (case of Dy, = 0) and 44.7.

When Q = {z : 0 < z; < 1}, case of Dj = 0, inequality (i) is proved to be
sharp using a similar method as in [124]. See Theorem 44.6, along with Remark
44.4.

This chapter has been greatly motivated by the pioneering very important
work of Biittgenbach, Esser, Liittgens and Nessel (1992), see [124]. There the
above authors worked on a square and produced basic results for the two-
dimensional Dirichlet problem, whose generalizations in R! are found in this
chapter. Their method was purely analytical and totally different than the prob-
abilistic approach here.

44.2 Background

44.2.1 Dirichlet Problem: Continuous Case

Let @ C R! be an open subset with compact closure @ and A =
6‘%1 + ...+ 851 be the Laplacian. The Dirichlet problem in 2 consists in
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finding a function on Q such that for given functions f, defined in , and ¢,
defined on 0f2, we have

Au(z) = —f(z), (V) zeQ,
limg—y u(z) = o(z), (V) y e oN. (44.1)

It is well-known fact [147, pp. 8, 49, 85] that if © has regular boundary (for
example 9N is a smooth surface) and f is a bounded locally Holder function and
¢ is a continuous function then the problem (44.1) has a unique solution u(z),
which can be represented in the form

u(z) = Gaf(z) + Haop(z), (44.2)

where
Gaf(z) = /Q g0z, 9) f(w)dy (44.3)
Hop(x) = / ew)a(,dy) (44.4)

are the Green potential of the function f and the harmonic in 2 function with
boundary values ¢, respectively. In (44.3) ga(z,y) is the so-called Green function
of © which is determined uniquely by the following properties

(i) Aga(z,y) = —0(z —y), =,y € Q, where ¢ is the Dirac delta function,

(i) ga(z,y) =0, z € O or y € ON.

The Kernel g (z, dy) is the so-called measure of domain §2 or Poisson kernel
of © and if 99 is a smooth surface then Ilo(z;dy) = a(z,y)do, where do is a
surface measure 9. The function Ila(z,y), z € Q, y € 99 can be defined by
the following relation

0
HQ(xvy) = %gﬁ(mvy)a T e Qv RS aQa (445)

where % is the normal derivative at the boundary 9f2.

Following the main idea of this chapter we briefly give here the important
probabilistic counterpart of the analytical facts mentioned above. We refer to
reader to [151], [152], and [147].

Let (z¢, P®), z € R! be the Wiener process in R starting at the point .

Denote by 7q the first exit time of 2

T = inf{t > 0:x, € R\Q}.

As usual we denote by E,F(w) the mathematical expectation corresponding
to the measure P*. We have
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Gaof(z </ F(zs)d ) : (44.6)

Hap(z) = Bz [p(2r,), 7o < o0]. (44.7)

In particular, if @ = {z : |z| < R} is a ball of radius R then it is easy to
see that the function u(z) = % (R* — 2°) is a solution of the following Dirichlet
problem

Au(z)=-1, z€Q,
u(z) =0, z € 90.

Thus

Gol(z) = Qll(R2 —2?)

and we finally get that

%(RQ —a2?) < QZR (44.8)

As an easy but important consequence of this fact, we find that for each
bounded domain 2 the corresponding first exit time 7 is finite almost surely
and

E, [TQ] =

1
&mggﬁ,

where dq is the diameter of Q. Indeed, let € be a ball of the radius %dg such
that Q C Q. Then 1o < 7 and we obtain

Eoro < Egror < édé.

Another useful fact we would like to mention here is the following property. Let
Qn C Q be an increasing sequence of subdomains of 2 such that U,>1Q, = €. Let
for each h > 1, 7, be the first exit time of 2,,. It is clear that 71 < 75 < ... < 7q.
Using the continuity of the sample path ¢t — z+ we easily find that

lim 7, = 0.
n—o0

Now assume that the function ¢(x) is well defined in some neighborhood of
02 and is Lipschitz continuous there. Denote by u, the solution of the Dirichlet

problem in €, with functions fn, = f ‘ and ¢, = @ . We estimate the
o0,
difference u — u, on the fixed compact K'cQ. By (44.6)- (44.7) we derive
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)~ wn(o) < B ( | F@0)dt) + Exlplarg) = ola-,)

< |flle@ Ex(ta — ™) + La - Ex|®rg — 2r,|
<[ flle@Be(re — ) + La - \/Em(:rm —z.,)?

= | fle@E:(ta — ) + La - /Ex(ta — ),

where

lp(x) = e(y)l
|z —yl
is Lipschitz constant of ¢. Thus, if we denote by

On (k) := sup \/ Ez (10 — Tn),

zeK

Lgo :=sup

then we derive the following estimate

sup [u(z) — un(z)] < fllo@dn(k) + Lo - 8 (k). (44.9)
zTE
Thus, using the fact that d,(k) | 0 as n — oo we find

sup |lu(z) — un(z)| ~ Lo - 6n(K). (44.10)
zeK
We denote that (44.10) gives us the estimation of the speed of the convergence
Un — u in the geometrical terms {0, (K)}.

44.2.2  Dirichlet Problem: Discrete Case

Let Z! be an [- dimensional integer-valued lattice. This lattice consists of points
(vectors) of the type x = z1e1+...4+xe;, where ey, .. ., e; comprises the orthonor-
mal basis of R}, and the coordinates z1, ..., z; are arbitrary integers. Increasing
or decreasing one of the coordinates by one unit and leaving the other coordinates
unchanged, we obtain the 2/ neighboring lattice points to . Let B a subset of
points of a lattice Z!. We call a point ¢ B a boundary point for the set B if
at least one point of the type x + e; belongs to B. The collection of boundary
points of the set B is called the boundary of B, denoting it 9B.
Let f be a function defined at the points of a lattice Z'. We put
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l
Pi(a) = Qll S flat en).
k=1

It is logical to call P the averaging operator. It is well known that the linear
operator P — E, where E is the unit operator, is the discrete analog of the
Laplacian A. Indeed, for a sufficiently smooth function f(z) specified over the

l
space R,

Y [t er) = 2f ()
fte) = im, ==L
so that the Laplacian is obtained by passing to the limit from the operator P — E
as the lattice is infinitely partitioned.

Let Q C Z' be a finite subset (i.e., cardinality || < co). The Dirichlet problem
in Q consists in finding a function u(z), z € QUIN such that for given functions
f defined in 2 and ¢ defined in 02 we have

(P—E)u(z)=—f(z), z €9Q,
u(z) = p(x), x € . (44.11)

First of all we note that if u1 and uz are two solutions of the problem (44.11)
then w1 = ua. This fact follows immediately from the well-known minimum prin-
ciple [152, Ch. 1, Problems 18, 19]: if 2 is connected, i.e., each two points z,y € Q
can be connected by a chain of points 1 = x,x2,...,z, = y from 2, such that
each of the differences x; — x;—1 = £ey for some k < [, u is a function on 2 such
that Pu < u, and u reaches its minimum value on QU 02 at a point z € €2, then
u is constant on QU 0.

Next our remark concerns the decomposition u = u; + u2 of the solution u of
the problem (44.11), where

(P—E)ui(z) = —f(x), z € Q,
ui(z) =0, z € 09, (44.12)

(P—E)uz(z) =0, 2 € Q,
uz(z) = ¢(z), = € 0. (44.13)

This decomposition is a discrete analog of the decomposition (44.2). Following
the same reasoning as in Part 44.2.1 of this chapter we give the probabilistic
representation of the ”discrete” Green potential u; := Gqf and the ”discrete”
harmonic function uz := Haq. In this part of our exposition we follow the mono-
graphs [152] and [270].

A simple random walk on the lattice Z' is a random process (z(n), P) with
values x(u) € Z' such that the increments xz(n + 1) — x(n), n = 0,1,..., are
independent identically distributed random variables and
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P(z(1) — z(0) = ) = & when x = +ey,

21
= 0 when x # te.
It is easy to find that for each bounded function f(x)

E(f(z(1)),2(0) = ) = Pf(z),

and more generally

E(f(x(n)),z(0) = z) = P" f(x).

737

Fix the finite subset Q C Z' and let T be the time of first visit of the ” particle”
z(+) to the set Z'\Q (first exit time of Q). Following [270, p.107] we introduce the

next functions,

QQ(n;xay) - P(x(n) =y,n < TQ;Z‘(O) = l‘), T,y € Q,

= 0, otherwise,

galz,y) = > Qa(n,z,y)

Ho(z,y) = P(z(re) =y,70 < o00,z(0) =z); z € Q, y € 9,

= §(z,y), otherwise.

Define also the following operators

Gaf(x) = f(y)ga(,y)

yeQ

Hop(x) == Y o(y)Ha(z,y).
yeIN

(44.14)

(44.15)

(44.16)

(44.17)

(44.18)

The proofs of the following basic facts can be found in [151, Ch. 1, Problem

21] and [270, p.108].

(A) The function Gq f(x) gives the unique solution of the problem (44.12) and

the following representation of Ggq f holds true
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Gaf(z) = E{ Z_ f(z(k)); =(0) = m} (44.19)
k=0
In particular
Gaol(z) = E{rq;z(0) = z}. (44.20)

(B) The function Hae(x) gives the unique solution of the problem (44.13).
An auxiliary result that it needed for later follows.

Theorem 44.1. For every function u on QUIS, the following inequality holds
true:

[ulle < call(P = E)ulle + [lullsq, (44.21)

where

[ulle = max{|u(z)|,z € QU N}

and

co = max Gol(z).
TEQN

Proof. Define the following functions
f(@) = =(P = E)u(z), v €,

o(z) = u(z), = € IN.

Then we have

(1) (P— EB)u(z) =—f(z), z€Q

(i) u(z) = p(z), = € ON.
By (A) and (B) we get that

u(z) = Gaf(z) + Hop(z).
From this identity we immediately find that

lulle < IGallle [Iflle + [Hopllo
< call(P = E)ulla + llellon

= coll(P = E)ullo + [lullon-
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The following result turns out to be useful in the following considerations.
Theorem 44.2. Let be a finite subset of Z'. Denote

Nq :=sup{|zi|, i =1,...,1, (z1,...,21) € Q}.
Then

ca = sup{Gol(z), = € Q} <I(Na +1)%
IfQ:{(xl,___7$l)€Zl:1§.Z‘Z'SNQ, i=1,...,1} then also

1
co > —(No+ 1)°.

Proof. Let Q = {z € Z' : |#1| < No} be a minimal slab that contains €. Then
clearly 7o < 75 and consequently

Gol(z) = E{rq,z(0) = =}

< E{7g,2(0) = 2} = Ga1(x).
Now note that for each 2 < k<l and z € 2 we have

GQI(Z‘ + ek) = Gﬁl(x),

thus Ggl(z) = Ggl(x1,0,...,0). Let P; be the average operator for the one-
dimensional random walk on Z} := {ne;, n =0,%£1,...}. Then it is clear that

1<
,ZIZ

Using these remarks we find that the function m(z1) := Gg1(x) is a solution
of the following one-dimensional Dirichlet problem

(P m(:r) =—l, —Nq <z < Nq,
(ac) 0, z = £(Nq +1). (%)

Now consider the function n(z) := - [(No +1)® — %], || < Nq and n(x)=0,
and |z| = £(Nq + 1). It is easy to see that the function n(z) is a solution to the
Dirichlet problem (*). Thus by uniqueness m(z) = n(z) and we finally find

ca = ||Gallle < IGa1llg < U(Na +1)™
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To prove the lower bound co > 1I(Nq + 1)? for the grid Q = {z : |2;| <
Nq, i=1,2,...,1} we use the same method. Namely, we consider the function

u(s) := sin——°
' (Na +1)
and denote by

Then we get

l
(P— B :%Z A T wlzx)

k#1
Now we compute (P; — E)u(z;) for |z;| < Na,
1 w(zi + 1) . m(zi—1) TT;
P, — B)u(zi) = = _
( Yu(z;) 5 [sin Not D) + sin No 1) sin No + D)
in i cos T — sin T
(No+1)  (Na+1) (Na +1)
= —2sin® il sin T
n 2(Nq +1)" (Nq+1)
Thus we find that
(P— E)U(z) = —2 (mﬁ*) U(z)
2(Nq + 1)
and moreover
Ulz) =0, = € I.
Now we apply the inequality (44.21)
0< llla < cn-2-sin’ " lla <en-2- = —1 |
¢ =® 2(Ng + 1) N =502 T N 2 e

and finally we derive

ca > (Na + 1)2
The proof is completed.
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44.3 Main Results

44.3.1 Approzimation on the Uniform Grid

We consider the Dirichlet problem in the open unit square 2 := {z € R 0 <
i<l i=1,2,...,1}

(44.22)

£
&
[

p(x), = €0,

with ¢ continuous and f a bounded locally Hélder function. In what follows we
restrict our treatment to problem (44.22) for which u € C?(Q).
Let h = % with n € N, the set of natural numbers. An approximate solution

up, defined on the uniform grid

and

Qn =0, N0, 9, = Qn NN,

is obtained as the solution of the discrete counterpart to (44.22):

Apup(z) = = f(z), =€ Q,

un(z) = (), = € 0, (44.23)

where the ”discrete” Laplacian Ay, is given by

l
Apup(z) :=h"? Z up(z £ hex) — 2lup (z)
k=1

The case of the dimension [ = 1,2 was investigated in [125] and [124]. Here the
main goal is the investigation of this problem for arbitrary { > 1. The main results
resemble those of the above pioneering papers. However, the proving method is
the one of random walk which seems very natural, and it is a totally different
approach than the one used in the above references.

We denote hZ! = {x = hz, z € Z'} and consider {3 (n), P} the simple random
walk on the h-lattice hZ!

zn(n) := hz(n),

where z(n) is the simple random walk on the lattice Z!. Corresponding to
{zn(n), P} values and operators we attach the index h. Thus, for example, the
average operator Pj, has the following form
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!
Pru(e) = Blu(en(1)), 2(0) =2} = o Z u(z £ hex).
k

It is easy to see that with these notations the dlscrete Laplacian Ay has the
following form

Ay, =2lh"?(P, — E).

Now applying the results (A) and (B) of Section 44.2.2 we see that the problem
(44.23) has the unique solution w; which can be represented by the form

un(z) = 2% %G, nf(z) + Hay no(@). (44.24)

In what follows, we will use the notation Gj, Hp and etc., instead of
Ga, ,hy Ha,, ,n and etc. According to this argument the important inequality (44.21)
takes the following form

1
lulle, < SllArulla, +llulloe,- (44.25)

Indeed, by application of (44.21) and Theorem 44.2 we obtain

[ulle, < call(Pn — E)ullay, + [lulloq,
2 1 2
S in” - ohi | Anulle, + lulloe,

1
= 5l Anulle, + [[ullog,, -

Next we apply inequality (44.25) to uj, — u, where u; and u are the solutions
of (44.23) and (44.22), respectively, and we obtain the following error estimate

1
lun = ulle, < SllAR(un —u)lle, +[lun — ulloe,

1 1
=31 =1 = Anulla, = 3180 - Anula,,
that is, we have

1
lun = ll, = llun = ula, < 5180 Anula, . (44.26)

Now the rate of convergence of up, — u as h — 0 can be measured via the
second partial moduli of continuity wa;, @ = 1,...,l, where w2 ;(d,v) is defined

for v € C(Q) by
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wa,;(8,0) == sup{|v(z + Xe;) — 2v0(z) + v(z — Xei)| : z, 2+ 2Xe; € Q, [N < 6}

Theorem 44.3. Assume that the solution u of the problem (44.22) satisfies
u € C?(Q).Then for the solution uy, of the problem (44.23) the following inequal-
ity holds true

[un —ullg, <

l
Z i(h, 02 u (44.27)

s

Proof. We follow [124, Th.2]. For u € CZ(Q) and 1 <14 <[ one has

u(z £ he;) = u(z) £ hoy,u(z —8) 8 su(z £ sei)ds,

which implies

(Pui— Byu(z) = 3 /Oh(h — $)[02,ulw + se) + 02 u(w — se,)]ds.
Hence
Avule) — Ah=2(Pr e T
nu(z) = 2lh (P, — E)u(z) = 2lh~ zz (Ph.i (z)

h l
:h—2/0 (h—s) Z;a u(x + se;) + 02, u(z — seq)]ds,

and finally we find

|Au(z) —Apu(z)| < h™ / h—s Z|8 u(z+se;) — 207, u(z) + 05 u(z — se;)|ds

i=1

h l
§h72/ (h—s) dsnglhamlu %Z hai

0 i=1
which with (44.26) imply (44.27). .
Remark 44.4. The estimate (44.27) is sharp, i.e., there exists a function u
such that

l
lim inf [|uy, — u||§2h/ > wai(h, 03,u) > 0. (44.28)

=1
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Indeed, choose u(z) := x} and compute the left and right hand sides of the
inequality (44.27). We have

Au(z) = 1227 (44.29)
Apu(z) = b2 [(x1 + h)* + (z1 — h)* — 221] = L2 (1227h° 4 2R)

= 1227 + 212, (44.30)

and

Au(z) — Apu(z) = —2h°. (44.31)
Now we apply (44.24) and (44.31) to the function u —wuj which equals zero on
0 and we find

u(z) — un(z) = —%hQGh(Ahu — Apup)(x)

_ —thQGh(Ahu — Au)(z) =

l
1,5 .2 h*
= _ﬂh -2h°Gpl(z) = —TGhl(ac)‘ (44.32)
Thus by (44.32) and Theorem 44.2, we have
ht 1 5 2 2 5 2 .
On the other hand
l
> wai(h, 03,u) = wa,i(h, 5, u) = 24h%, (44.34)

1=1

thus, (44.33) and (44.34) imply (44.28).

44.3.2  Sharpness of the Error Estimates for a Dirichlet
Problem

As it was mentioned in Remark 44.4 the error estimate (44.27) is sharp, i.e., there
exist a function u such that

1
lun — ullg, ~ Z wa,;(h, aiiu) as h ] 0. (44.35)

i=1
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The fact that (44.27) is sharp with regard to the rate of convergence is now
established in connection to general Lipschitz classes, determined by an abstract
modulus of continuity, i.e., by a function w, continuous on [0, c0) such that

0=w(0) <w(s) <w(s+1t) <w(s)+w(), s,t>0.

Here we follow the same technique applied in the papers [125] and [124], which
were devoted to the cases of the dimension [ = 1,2 and we establish the corre-
sponding fact for arbitrary dimension [ > 1. Our reasoning is based on the follow-
ing variant of uniform boundedness principle [144]. For a Banach space (X, | -||)
let X™* be the set of sublinear bounded functionals in X.

Theorem 44.5. Assume that for given {75 }nexn C X™ and {S5, 6 > 0} C X~
there are given {gn }nen C X such that

Hg”” S Cl? n= 1727"'7 (4436)
lim inf ||Thgn| > 0, (44.37)

and
|S5gn| SC’gmin{l,o;o(é)}, n=1,2,..., (44.38)

where o(0) is a strictly positive function on (0,00), and {¢n}nen is a strictly
decreasing real sequence with
lim ¢, =0.
Then for each modulus of continuity w as above, satisfying
im = 20— (44.39)
t—0 t
there exists an element f,, € X such that

|55 fw| < Cuw - w(o(d)), 0<d <1, (44.40)

lim inf [Ty, fu|/w(pn) > 0. (44.41)

Next comes the optimal result.
Theorem 44.6. For every modulus of continuity w there exists a function
uw € C%(Q) such that

!
> wai(h, 03 uw) < c-w(8%), 0< 6 <1, (44.42)

=1
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lim inf [|ua, — Uy, Jw(R?) > 0. (44.43)

Proof. To apply Theorem 44.5 we denote by

X = C*(Q),
Tou = |lu—unlla,,,, (h = —) ;

l
Ssu =Y wai(h,07,u), 0<6 <1,
=1

and

1
gn(z) :=n"? ZsinQTrnxi, = (x1,...,1) €Q, neN.
i=1
Then (44.36) is fulfilled with 1 = [. Since gn(x) = gn,n(z) for x € OQn, h = +,
and

Agn(z) = 2721, Apgn(z) =0, for z € Qp
one has (cf. (44.24))

Togn = 5375 || Gou Snlon — o) |

2l 2n? Q,

S ERr——

h

SENENNA)
_2m
= 2n?
The last inequality comes from Theorem 44.2 and hence condition (44.37) is
satisfied. To verify the condition (44.38) we see that

2
||G9h1\|9h =7 h2||GQh1HQh 2 - >0

Ssgn < 871, (44.44)
furthermore,
l
Ssgn <26 |10z, gnlle < 6701671, (44.45)
=1

which yield (44.38) with
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o(6) := 27262 and ¢, :=n">.
Thus we are able to apply Theorem 4.5 and (44.42), (44.43) are established. m

44.3.83 Remarks Concerning the Case of a General Domain
QCR.

Let Q be a domain in R’ with a compact closure { and with a smooth boundary
0. Without loss of generality we can suppose that Q@ C {z : 0 < sup z; <
1, i=1,...,1}. For h =L let Q; := QnhZ".

For given functions f and ¢ which are assumed to be Holder ones in some
neighborhood of Q we consider the Dirichlet problem

Au(z) = —f(z), = €Q,

and its discrete counterpart
Ahuh(m) = 7f($), x € Qp,
(44.47)

up(z) = p(z), x € Q.

A related result follows:

Theorem 44.7. Assume that the solution u of the problem (44.46) satis-
fies u € C?(Q). Then for the solution wuj, of the problem (44.47) the following
inequality holds true

!
1
lun = ulls, < 5 > wai(h, 03,u) + Dy, (44.48)
=1

where

Dy, ~ sup /Ez(tq — 10,), as h — 0.
TEQy,

Proof. We just apply the estimate (44.10) and the result of Sections 44.2.2 and
44.3.1, which are valid to the case of €2, of general configuration. [ ]
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Optimal Estimate for the Numerical
Solution of Multidimensional Dirichlet
Problem for the Heat Equation

For the multidimensional Dirichlet problem of the heat equation on a cylinder,
this chapter examines convergence properties with rates of approximate solutions,
obtained by a naturally arising difference scheme over inscribed uniform grids.
Sharp quantitative estimates are presented by the use of first and second moduli of
continuity of some first and second order partial derivatives of the exact solution.
This is achieved by using the probabilistic method of an appropriate random
walk. This chapter is based on [64].

45.1 Description

Let € be the open unit cube in R’ ¢>1and Q:= Q x I be an “interval” in
space-time R := R x R, where I := (0,7), T > 0. Let us denote by A = %A — 0
the heat operator, where A stands for the Laplacian operator in R’. The Dirichlet

problem in  has a unique solution u on 2 so that

Au(i) = —f(&), VieQ,
lmu(@) = (), V§EeIM—{i=(z,t):t =T}

where f, ¢ are appropriate real valued functions defined on 2 and 90— {& = (z,t):
t = T}, respectively. Let 25 7 be the inscribed in € grid, which is uniform in space
variables with mesh h := 1, n € N and in time variable with mesh k(h) := %,

and has a boundary (3‘Qh,T.

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 749@.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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We also consider the discrete Dirichlet problem of obtaining u; such that

Apun(i) = —f(@), Vi€ Qnr,
(i), Vi€ —{i=(xt):t=T},

uh(x)

where

¢
Ahuh(y'c) = %h_Q (Z up(x £ heg,t — k(h)) — 2€uh(x,t)) ,
k=1
Vi = (x,t) € Q}%T,

is the discrete heat operator. Here ey, is the natural basis in R?. Using the prob-
abilistic method of a suitable random walk we are able to show that

(i)
1 fi¢ z
||ufuh||5h7T < min{T,Z}-{Zngyi(h,Bziu;Qh,T)

=1

¢
1
52 ka thT)+w1(k 8tu QhT)}
where || - Hﬁh . is the supremum norm in ﬁh,T. Here wo,; is the second modulus
of continuityﬁof the second partial of u with respect to x;, i = 1,...,¢; while w;

stands for the first modulus of continuity of the indicated function with respect to
the variable ¢. See Theorem 45.4. Inequality (i) is proved to be sharp, see Remark
45.5 and Theorem 45.7. Sharpness is proved in a similar way as it is established in
the related papers [125], [124] and [157]. This chapter has been greatly motivated
by the very important and interesting article of Esser, Goebbels, Liittgens and
Nessel (1995), see [157]. They consider the same problem however in the univari-
ate case of space and time, and they investigate different types of discretization
than us. Their method is purely analytical however this one is probabilistic.

45.2 Basics

Dirichlet problem for the “heat operator.” Let R’ be the Euclidean
space, and A = 8%1 + - 4+ 8:%( be the Laplacian. We denote R® = {z =
(z,t): © € R, t € R'} and let A = 1A — 9, be the “heat operator” (i.e.,
the parabolic Laplacian). Let Q) C R’ be an open subset with non-empty
boundary 0. The Dirichlet problem in  consists in finding a function u
on § such that for given functions f, defined in €, and ¢, defined on 8%,
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we have
Au(i) = —f(&), =€, (45.1)
éinlyu(i) = o(y), Vyeon. (45.2)

It is a well-known fact [147, 1, XVII] that if Q has compact closure and reg-
ular boundary (for example, if every point of ) in some neighborhood of each
boundary point g is either above the horizontal hyperplane through ¢ or on one
side of some other hyperplane through ¢) and f is a Holder function and ¢ is
a continuous function then the problem (45.1)—(45.2) has unique solution u(z).
This solution can be represented in the form

u(d) = Go f (&) + Hyp(d), (45.3)

where
Gof(d) = /Q g0 (& 9) £ (9)di, (45.4)
Hopd) = / )i i), (45.5)

are the “parabolic” Green potential of the function f and the “parabolic” har-
monic function (i.e., a parabolic function) in Q) with boundary values ¢, respec-
tively. In (45.4) g, (&, ) is the so-called Green function of € which is determined
uniquely by the following properties,

(i) Asgo(d,9) = —6(&—15), &9,
where 0 is the Dirac delta-function,
(i) go(d,9) =0, @€ I or gy I
The kernel Hﬂ(m, dy) is the so-called “parabolic” harmonic measure (i.e., the

parabolic measure) of domain €. )
Define the function £ (i), & = (x,t) € R by

2
N @ert)yPexp -, ift>0
5(“)_{0, ift <0

and set

g(i,9) = E@E—v), @,9€ R
The function §(,y) satisfies the equation (i) and condition (i) at the infinity.
This function is called the “parabolic” Green function of the whole space Q = R*.
A connection between ¢ and g¢, can be expressed by the following relation

90 (&, 9) = g(2,9) — (Had (-, 9)) (2)- (45.6)
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We note here the remarkable property of the parabolic objects g¢, and 1'[Q which
makes “parabolic” theory different from the “elliptic” one. For & = (z,t) and
y = (y,t) we write & < y iff ¢ < s. The property mentioned above can be
formulated now as follows: for a connected €2 and for any i, RS Q) we have

(i) go(E,y) >0,and =0iff £ <y,
(ii) supp Tlg (&, dy) = {g € O § < &}

Any ball and any convex polyhedron which is situated above of its horizontal
face are regular sets [147, 125, XVIIL.6]. To the contrary of these examples, such a
simple set as a unit square {2 = {t=(z,t):0<z;, <1,0<t<1,i=1,2,...,0}
is not regular. To see this it is enough to note that there is no parabolic function
with boundary values 1 on the upper side of 9 and 0 otherwise.

According to [147, 125, XVIII] the Dirichlet problem can be well defined for an
arbitrary open set €2, but in contrary to the “regular case” in this more general
setting the very restrictive condition (45.2) should be replaced by the following

condition .
lim u(%) = ¢(y), Vy € I, (45.2)
=y
where 89, C 9 is a set of regular points. Conditions for a given point 3 € _GQ
to be regular can be found in [147, 125, XVIII.3, 194]. We note here that if  is
the unit square then the set of all irregular points of 92 coincides with its upper
side { = (z,t): t =1,0< z; < 1,i=1,...,¢}. Thus the Dirichlet problem for
this special set has the following form
Au(i) = —f(z), VieQ, (45.7)
lim u(@) = (9), Y5 €I\ {y = (y.5): s =1} (45.8)
Coming back to the general case we note that, as in the “regular case”, the
formula (45.3)—(45.5) giving the representation of the solution of the Dirichlet

problem as well as the relation (45.6) for the Green function hold true; property
(ii) of the Green function has now a more general form

(i) limg—z: ge(2,9) = 0, V2 € Q.
We present here briefly the important probabilistic counterpart of the analyt-
ical facts mentioned above. We refer the reader to [147, 124, VII] and [194]. Let

o = (zo,to) be a point of RZ, and let (z¢, P®°) be a Brownian motion in R’
starting from zo. The process

{i,t € RTY :={(2¢,t0 —t),t € RT}
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with state space R’ is called a space-time Brownian motion starting from &¢. In
this definition space-time Brownian motion moves downward in R, that is, in
the direction of decreasing ordinate values. Denote by 7, the first exit time of
Qc R

¢ i=inf{t > 0: &, € R\ Q}.
We notice the special cases:

LIfQ =0 x R is a cylinder with the base Q C R’ then Tg = Ta, Where 1o
is the first exit time of Brownian motion z; of Q C R¢.

LIEQY=QxI, I = (a,b), is an “interval” with the base Q C RY, then
T = T A Tr, where 71 < b — a is the first exit time of the uniform motion
t — to —t of I. Thus, in particular, 75 < b —a.

Property II implies that for any bounded domain ) C R® we have T < dg,
where dg, is a diameter of Q.

As usual we denote by E;F(w) (resp., ExF(w)) the math expectation corre-
sponding to this process {&¢, o = &} (resp., {z¢, o = x}). We have

Gof(E)

B ( /0 TQ f(y'cs)ds) , (45.9)

Hep(d) = Ealp(ing ), < oo). (45.10)

In particular, if 0=0Qx (0,T) is an “interval”, then according to II we will have

Gof(&) = Eq </Om f(zs,t — s)ds) : (45.11)
Hyp(2) = Ex[p(24,0),t < 1] + Ex[p(2rg, t — ), 70 < 1] (45.12)

where & = (z,t) € Q. _
From the probabilistic point of view a point ¢ € 92 is regular if and only if
Py(1¢ = 0) = 1. Kolmogorov’s law of iterated logarithm

P | limsup &
€10 \/ 2t lOg(Q) %

gives us a criterion for the regularity of a boundary point of 9) [147, 125, XVIIL.6]
[194, 7.14]. Namely, let © be situated below the abscissa hyperplane defined by
the inequalities

=1] =1,

lz|* < 2|t| [loglog —|, —1<t<0,

then the origin is a regular boundary point of €.

1
t
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45.3 Dirichlet Problem: Discrete Case

Let Z° be an (¢ + 1)-dimensional integer-valued lattice. This lattice consists of
points (vectors) of the type £ = z1e1+- - -+xre¢+te, where ey, ..., eg, e comprises
the orthonormal basis of R*!, and the coordinates z1, ..., x¢, t are arbitrary in-
tegers. Decreasing t-coordinate by one unit and increasing or decreasing each one
of the z-coordinates by one unit and leaving the other z-coordinates unchanged,
we obtain the 2¢ neighboring lattice points to #. Let B be a subset of points
of a lattice Z'. We call a point & € B a boundary point for the set B if & is a
neighboring point for at least one point of B. The collection of boundary points
of the set B is called the boundary of B, denoting it 0B.
Let f be a function defined at the points of a lattice Zt. We put

[
%Z f@ter—e).
k=1

It is logical to call P the averaging operator. The linear operator P — E, where
E is the unit operator, is the discrete analog of the “parabolic” Laplacian A.
Indeed, for sufficiently smooth function f(z) specified over all space R,

£ 2
Af(x) = }lbiﬂmoéh_2 (Zf <:i::|:hek - h?e) - 2€f(a'c)> ,
k=1

so that the “parabolic” Laplacian is obtained by passing to the limit from the
operator P — E as the lattice is infinitely partitioned.

Let © C Z* be a finite subset. The Dirichlet problem in € consists in finding
a function u(#), & € QU 9K such that for given functions f defined in € and ¢
defined in 99 we have

(P—E)u(i) = —f(i), #eQ, (45.13)

u(z) o(i), @€ o (45.14)

First of all we note that if u; and ug are two solutions of the problem (45.13),
(45.14) then w1 = wuz. This fact follows immediately from the following minimum
principle.

Theorem 45.1. Let u be a function on QU dQ such that Pu(i) < u(i) for any
& € Q. Then u reaches its minimum value on QU 9K at some point 3 € 9.
Proof. Let u(io) := min{u(#): & € QUIQY}. If &o € HQ then there is nothing to
prove. If not, we write the inequality

¢
1 .
2—£ E u(ko + ex — €) > u(do),
=1
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from which we obtain that u(&o) = u(do £ ex —e) for all k = 1,...,¢. If one of
the points @0 & e — e belongs to the boundary ¢ then the proof is finished, if
not we will repeat the previous reasoning at the point 1 := %o +e1 —e. It is clear
that after a finite number of steps we will meet the boundary 8. The proof is
completed. [ |

Next our remark concerns the decomposition u = u1 + uz of the solution u of
the problem (45.13), (45.14), where

(P — E)ui () —fl&), £eQ, (45.15)
ui(z) = 0, @€, (45.16)
(P—FE)ua(i) = 0, &€, (45.17)
ua(d) = p(z), &€ . (45.18)

This decomposition is the discrete analog of the decomposition (45.3), (45.4),
(45.5). Following the same reasoning as in Part 45.2 of this chapter, we give the
probabilistic representation of the “discrete” Green potential u; := GQ f and of
the “discrete” parabolic function us := Hge in (45.15)-(45.18). In this part of
our exposition, we follow the monograph [270].

Let {x(n), P} be a simple random walk on the lattice Z*, i.e., a random process
with independent identically distributed increments z(n+1) —z(n), n =0,1,...,
and such that

Pla(t) ~2(0) =2) 22

if x = teg,
otherwise.

The process
{&(n),n=0,1,...} := {(z(n),n0o —n),n=0,1,...}

with state space Z‘ is called a space-time random walk starting from z(0) =
(2(0),n0). In this definition space-time random walk moves downward in Z°,
that is, in the direction of decreasing ordinate values. It is easy to see that for
each bounded function f

E(f(&(1));#(0) = &) = Pf (),
and more generally .
E(f(#(n)); #(0) = &) = P" f(&).
For a finite set © C Z* we denote by T, the first exit time of 0
¢ = inf{n > 1: @(n) € Z°\ Q}.
Following [270, p. 107] we introduce the next functions

=P(i(n) = y,n < 79;8(0) = &), @,9€Q,

Qa(n: &, 9) =0, otherwise, (45.19)
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Go (@, 9) =D Qq(n; &,7), (45.20)
n=0
oy = PEe) =9,8(0) =), i€,
Iy (2,9) = 5(5,9). otheruise. (45.21)
Define also the following operators
Gof(i) = D f(i)dald D), (45.22)
YEQ
Hop(d) = Y o) (#,9). (45.23)
YEDQ

The proofs of the following basic facts can be found in [270, p. 108].
(A) The function G¢,f(#) gives the unique solution of the problem (45.15),
(45.16) and the following representation of G¢, f(2) holds true

Gof@) =E Y fak)ia0) =i b . (45.24)

k=0
In particular, )
Gol(3) = B{ry; (0) = i}. (45.25)
(B) The function Hgp(i) gives the unique solution of the problem (45.17),
(45.18). For a function u defined on Q we set
lullg, := max{|u(z)|: & € Q}.

An auxiliary result that is needed for later follows.

Theorem 45.2. For every function u on QU 8Q the following inequality holds
true )
[ullg, < e (P = Eullg + llullaq, (45.26)

where ¢, = ||Ge1l|g-

Proof. Define the following functions
f@) = —(P-Eu@), ieq,
o(@) = wu(d), <ecan.

Then we have
(i) (P— B)u(i) = —f(i), & € Q,
(i) u(z) = @(&), & € .
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By (A) and (B) we obtain that
u(@) = Gg f(&) + Hep(d).
From this identity we immediately find that

< NGalllallflle + 1 Haele
< coll(P = E)ullg + el
= cll(P = E)ullg + [ullgo- u

A

l[ulle,

The following result turns out to be useful in our further considerations.
Theorem 45.3. Let Q= Q x I be an interval, where

Q = {(z1,...,2) €2 1<z, <Nyi=1,...,0},
1 = {1,2,...,T}, TeN.

Then

2
Proof. We put cq := sup,.q F{m: 2(0) = z} and prove the following inequality

lmin{T,%(N-i-l)Q} <eg < min{T, E(N-F 1)2}.
s

1

3 min{7T, co} < ¢ < min{T, co} (45.27)
holds true. Indeed we notice for a process z(s) with 2(0) = &, where & = (z,t)
that we have 74, = min{ro,¢}. So (45.25) implies the inequality

Gol(2) = E{rg,¢(0) = #} < min{t, (1o, z(0) = )},

from which the right-hand side of (45.27) follows. To prove the left-hand side
of inequality (45.27) we consider the functions u(z) := E{rq, z(0) = z} and
@(z) := tu(x). It is clear that (&) = 0 for any @ € dS2. Applying to this function
(45.26) we obtain ‘

liill < call(P — Eyillg. (45.28)

Now we note that ||ill¢, = T lulle = T'- ca. To calculate (P — E)@ we observe
that 7o coincides with the first exit time of the cylinder €. := Q X (—o0, +00).
Thus the function

ue(2) := u(z) = B{rq,z(0) =z} = E{TQC,:E(O) =}
satisfies the equation

(P — BE)uc(d) = -1, &€ Q..
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Using the facts mentioned above we derive
(P—E)u(z) = Pu(z)—a(z) = (t — 1)Puc(d) — tuc(d
(t— 1D (uc(z — 1) — tuc(t) = —(uc(z) + (t — 1)).

Thus we finally find

(P — E)illy < (Jullo +T) = (ca +T). (45.29)

Estimates (45.28) and (45.29) imply that
Teca < cy(T + ca),

and consequently

;:jg; > %min{T, calt.

Thus the left-hand side of (45.27) follows. Now it remains to find upper and
lower bounds of the constant co = maxzeco E{7q, 2(0) = z}. Let Q1 = {z € 7
1 < x1 < N} be a slab. Since Q C €, we have 7o < 7o, and consequently

CQE

E{10,2(0) = 2} < E{r0,,2(0) = z}.
Now we note that the function
u1(z) := E{ra,,z(0) =z}

satisfies the equation (P — E)@i; = —1 in a space-time slab €, = Q1 x (—o0, 00)
and has zero boundary values. Consider the function n(z) := ¢x1((N + 1) — z1).
It is easy to see that this function satisfies the equation (P — E)n = —1 in
and has zero boundary values. Thus by unicity @ (¢) = n(&) for all & € €; and
consequently

. ) N+1)\?
co < max{i(&),z € 1} = max{n(z),z € U} <L < 5 ) . (45.30)
To find the lower bound of co we use the same method. Namely, we consider
the function u(s) := sin 77y and denote

It is clear that U(&) = 0 for every @ € 9.
Let P;, i =1,...,¢ be the one-dimensional average operator

Pf(e) = g+ e) + (- e}
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It is clear that

(P-E)U(Z) = (P, — E)U(%)

| =
-

s
Il
-

(P, — E)u(x;) H u(zg).

k#i

I
| =
-

Il
-

7

Now we compute (P; — E)u(z;) for 1 < x; < N, (P, — E)u(z;) = —2sin®
u(z;). Thus we find that for & € Q.

2(1\;11) ’

(P — E)U(%) = —2sin” U ().

2(N +1)

To get the lower bound of co = Cg, it remains now to apply the inequality (45.26)

. ™
0<Ulls, < en2sin? s U,
2
T
< B, .
< o g 1l
Thus we finally find
2
o> —(N+ 1)% (45.31)

Inequalities (45.27), (45.30) and (45.31) together give us the desired result. W

45.4 Approximation over the Grid

We consider the following Dirichlet problem on the interval € := {z € R0 <
2, <1,0<t<oo,i=1,...,0}

Au(d) = —f(&), &€
. 45.32

{ (i) = p(d),  ieon, (45.32)
with ¢ a continuous function and f a bounded locally Hélder function. In what

follows we restrict our treatment to problem (45.32) for which u € C(2>(5).
Let h := 1/n with n € N, the set of natural numbers, and k = h?/e. An

approximate solution up, defined on the grid Qs = Qn U 8O, where

Qn:i= {&= (x1,...,xg,t)€R£:xi:kih,
t = jk0<ki<ni=1,...,0j=01,.}
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and _
Qh = Qh n Q,
is obtained as the solution of the discrete counterpart to (45.32)

{ Apun (i) = —f(&), &€ Q

un (@) = (). i € 00, (45.33)

Here the “discrete” parabolic Laplacian Ay is given by

k=1

£
Anun(z) = %h_Q (Z (i + hex — k(h)e) — 2£f(a':)> ,

where k(h) := h? /L. .
We denote by Zf, = {i& € R%: ¢ = hz, t = k(h)n, z € 7f, n € 7'} and we
consider the space-time random walk on Z¢

{&(n),n=0,1,2,...} = {(z(n),to —nk),n=0,1,2,...},
where {z(n),n =0,1,...} is a simple random walk on the h-lattice hZ¢. Associ-

ated to {#(n), n = 0,1,...} values, functions and operators are attached to the
index h. Thus, for example, the average operator P, takes the following form

Puu(d) = E{u(i(1)),#(0) = ¢}
4
= % gu(gt:t hey, — ke).

k=1

It is easy to see that with these notations the discrete parabolic Laplacian Ay,
takes the following form, Aj, = ¢h=2(P, — E). Now applying the results (A) and
(B) of Section 45.3 we see that the problem (45.33) has a unique solution wus
which can be represented by the form

up(z) = hT -G, (&) + He, (). (45.34)

The important inequality (45.26) now takes the following form
. 1 A
ol < min {72V 18l |+l (45.35)

where Q7 := {&: € Qu: t < T}. Indeed, by application of (45.26) and Theorem
45.3 we obtain

lullg, , < e o I(Pr = B)ullg, o+ llullog,

_[TC L 5\ K i
min { 75, £ b T 1wl , + g,

IA

. 1 ;
win {7, 1} 18wl , + ol o
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Next we apply inequality (45.35) to up — u, where uj, and u are the solutions
of the problems (45.33) and (45.32), respectively, and we get the following error
estimate

I =l < min {73} 1AM = 0l , + 10 = Wl
= win {71} 7 = Buall,
. 1
= min Z HAu—AhuHQ}T,

i.e., we have derived

lun = ullg, , = lun —ullg, 5 < mln{ } IAu — Anullg, . (45.36)
Now the rate of convergence of u;,, — w as h | 0 can be measured via the
partial moduli of continuity w1, wa, ¢ =1,...,¢, where
wl(é,fgﬁ) = sup{|f(z + Xe) — f(2)|: &, + Xe € Q, |Al < 6},

wg,i(é,fgﬁ) = sup{|f(a':+)\ei)—2f(a':)+f(a'c—)\ei)|:j:,d::l:)\eieﬁ,|)\|<6}.

Theorem 45.4. Assume that the solution u of the problem (45.82) satisfies u €

C(2>(5). Then for the solution up, of the problem (45.83) the following inequality
holds true:

¢
. 1 1 =
lun — u||5h)T < min {T, Z} {Z E wa,i(h, aﬁiu; Qn.1) (45.37)

=1

L
1 - -
+3 ; wi(k, 2 u; ) + wi(k, s ) |-

Proof. For u ¢ C® (5) and k = h?/¢ we have

L

Apu(z,t) = % E u(z + hei, t — k) + u(z — hes, t — k) — 2u(z, t)]
1 ‘e
—_— — 2 . — — . — — p—
= 3 {;1 u(x + he;, t — k) + u(x — he;, t — k) — 2u(x,t k)]}
1
— %[u(m,t) u(z,t — E Apu(z,t — k) — Opru(z, ).

By appropriate Taylor expansions, we get

1 -
~wa,i(h, 07, u; 1),

(A sula,t — k) — 502 u(z,t — K)| < |
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and —
|0k, cu(z, t) — Opu(z, t)] < wilk, Ovu; Q).
Thus we obtain the following estimate
. 1
|Apu(z,t) — Au(z,t)| ZZ 2,i(h, 02, u; n T)
4L

¢
22 (k, 82 uQT)+w1(k Oru; QhT)

Finally we apply this estimate to (45.36) to derive the desired result. |

Remark 45.5. The estimate (45.37) is sharp, i.e., there exists a function u such
that
lilgljglf [lw — uh||Qth/R(h, u) > 0, (45.38)

where R(h,u) is a right-hand side of the inequality (45.37).
Indeed, choose u() := z7 and compute the both sides of the inequality (45.37).
We will have

Au(z) = 61,
Apu(i) = 6z7 +h°,
that is, ) )
Au(i) — Apu(i) = —h>.
Now we apply (45.34) to the function u — up, which equals zero on the boundary
00, and obtain

u(t) —un(€) = _%GQ;L (Apu — Apup)(z) = —h?G'Qh (Apu — Au) ()
= _h;(;mug'c) (45.39)

Thus, by (45.39) and Theorem 45.3 we have

nt . 1 9,0 1 (T 2 4
H“*Uhnghj 7||G9h1||5h,T2Zn h” - 5 min 72 2

B 2 12
= mm{T,Tr E}h‘ (45.40)

On the other hand,

e -
R(h,u) = min {T7 %} ' i > " wai(h, 02,u; Q)
=1
= min Tl -l-w '(h82u'6 )
= ' 7 w2illh O w8
= min {T, i} 6h°. (45.41)
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Therefore (45.40) and (45.41) imply (45.38). |

45.5 Sharpness for the Error Estimates of the
Dirichlet Problem for the Heat Equation

As it was mentioned in Remark 45.5 the error estimate (45.37) is sharp, that is,
there exists a function u such that

lu — uh||5h)T =< R(h,u) ash]0,

where R(h,u) is the right-hand side of the inequality (45.37).

The fact that (45.37) is sharp with regard to the rate of convergence is now
established in connection to general Lipschitz classes, determined by an abstract
modulus of continuity, i.e., by a function w, continuous on [0, +0c0) such that

0=w(0) <w(s) Sw(s+1t) <w(s)+w(t), s,t>0.

Here we follow the same technique that was applied in [125], [124] and [157].
These were articles devoted to the elliptic and parabolic Dirichlet problem in di-
mensions ¢ = 1,2 and £ = 1, respectively. Our reasoning is based on the following
variant of the uniform boundedness principle [144]. For a Banach space (X, || ||)
let X™* be the set of sublinear bounded functionals on X. We have

Theorem 45.6. Assume that for given {Th}tnen C X* and {Ss}s>0 C X* there
are {gntnen C X such that

lgnll <1, n=1,2,..., (45.42)

lim inf |Tgn| > 0, (45.43)

|Ssgnl SCQmin{l,ﬁ}, n=12,..., (45.44)
$n

where o (8) is a strictly positive function on (0,00), and {¢n}tnen is a strictly de-
creasing real sequence with limy, .o @n = 0. Then for each modulus of continuity
w as above, satisfying
t
lim w(®) = 00, (45.45)

t—0 t

there exists an element u,, € X such that

|Ssuw| < cow(o(d)), 0<0<1, (45.46)
lim inf | Thuw|/w(en) > 0. (45.47)
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Next comes our optimal result.

Theorem 45.7. For every modulus of continuity w there exists a function u. €
C2(Q) such that

R(6,u.) < cow(8®), 0<d<1, (45.48)
- B 2
lngl_}(r)lf |uw — Qh,T/ou(h ) > 0. (45.49)
Proof. To apply Theorem 45.6 we denote by
X = C3(Q),
1
Tou:=lu—wl, ., h==,

Ssu:= R(0,u), 0<d<1,

and
¢

gn(d) :=n"2 Z sin® mnxzi, @ = (z,t), z=(z1,...,20) € Q.
i=1
Then (45.42) is satisfied with c1 = 7r2K: We see that gn (%) = gn,n(%) for = €
O, h =L, and Ag, (&) = 7*¢ and Apgn (&) = 0 for all & € Qu,r. Then we
have (cf. (45.34))

h2 . .
Togn = _HGQhAh(gn_gn,h)H@T

= HGQh Ahgn _Ahgn h)H

Qn,1

= 7\|GQ,L(Ahgn = Agn)llg, .

h2 2 . . 7T2£T
= o EHGthnﬁh)T > mm{l, 5 }

The last inequality comes from Theorem 45.3, and hence condition (45.43) is
satisfied. To verify the condition (45.44) we observe that

La

l\)l»—l

Ségn S

and
5 n2rte

9 (4)
Sign < ° Zna gulg, . < 5

These upper bounds to Ssg. yield (45.44) with o(d) := 7262 and @, = n"2.
Thus we are able to apply Theorem 45.6 and (45.48), (45.49) are established. W
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Uniqueness of Solution in Evolution in
Multivariate Time

46.1 Introduction

The classical time dependent partial differential equations of mathematical
physics involve evolution in one dimensional time. Space can be multidimen-
sional, but time stays one dimensional. There are various mathematical situations
(such as multiparameter Brownian motion) which suggest that there should be
a mathematical theory of evolution in multidimensional time. We formulate a
rather general class of equations that involve two “time dimensions” and we
prove a related uniqueness theorem.

In Section 46.2 we discuss the formulation of a two dimensional time model.
The uniqueness theorem is formulated in Section 46.3 and proved in Section 46.4.
Some examples are given in Section 46.6. This chapter is based on [76].

46.2 Bivariate Time

Let s,t be real variables. Then the Partial Differential Equation (PDE)

8%u _
0sot

f (46.1)

becomes ) )
‘v 0%
o2 ez Y (46.2)

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 765
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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under the change of variables 7 = s + ¢, © = s — t; here v(7,z) = u(s,t), that
is, v is u but thought of as a function of 7 and z. Also, g(7,z,v,Vuv,...) =
f(s,t,u, Vu,...), ie., g is f but viewed as a function of 7, z, v and derivatives
of v. Thus (46.1) is often viewed as a hyperbolic PDE, although the nature of
(46.1) [or (46.2)] depends upon the form of f, which itself can involve partial
derivatives of u (or v). In studying (46.2) one can view either 7 or = as a time
variable.

The equation , ,

% — % = f(r,z,v,Vv)

is formally symmetric in 7 and z, and in the absence of other considerations it is
not clear that 7 (respectively z) should be called “the” time. Both 7 and = have
equivalent status. For , )

o‘v 07w

ﬁ — @ = aAyUy
where y € QQ C R™ is a spatial variable, this equation is, for a = 1, hyperbolic if
we view 7 as the time but not hyperbolic if we view x as the time. It is not of
any standard type if a = 1.

The perspective here is to treat both 7 and z (or s and t) as time variables.
Thus we think of (46.1) as a PDE involving two dimensional time, whenever f
depends on u and its derivatives with respect to other variables.

The main goal of this chapter is to formulate and prove a uniqueness theorem
for a large class of problems of the form (46.1). The context will be quite general
and will include both well-posed and ill-posed initial value problems. We confine
this study to two dimensional time; extension to the higher dimensional case can
also be done. The main result is stated at the end of Section 46.3.

A main point is that in the uniqueness theorem, the hypotheses (including
the initial conditions) are symmetric in both s and ¢ (or 7 and z). Thus s and ¢
should have equivalent status; it would be inappropriate to view one as a space
variable and the other as a time variable. We specify initial conditions in each
variable. This lends strong support to their interpretation as two time variables.

46.3 The Uniqueness Theorem

Let u be a function of (s,t) € D C R?; u is supposed to take values in some
Banach space X and to be sufficiently smooth. We define the (k, j)-jet of u to be

ij = " P k <o
’ = 0< < 0 <jr;

here the dummy indices p, o are integers.
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Recall that if v: Y — X, where Y, X are Banach spaces, then the derivative
v'(z) of v at x € Y is defined by

v(z + h) = v(z) +v'(z)(h) + o(||A]))

as h — 0; here v'(z) € L(Y, X), i.e., v'(x) is a bounded linear operator from Y
to X. Similarly,
v'(z + h) = (2) + 0" (@)(h) + o(||h]])
as h — 0; thus v”(z) € L(Y, L(Y,X)). It is now clear how the partial derivatives
97T7u/0sP0t° are defined. It follows that D*Ju(s,t) is a point in a Banach space
7 = Z(X,k,j) which can be explicitly constructed from X, k and j. Note that
when X = R, Z becomes RY where L = M (k, 7) is some computable function of
k and j.
The Partial Differential Equation (PDE) that we consider has the form

oty

_ n—1,m—1
W = F(S,t, D 'LL) (463)

and involves a finite family {Ag;} of commuting selfadjoint or normal operators
on a complex Hilbert space H. Take X = H and consider the following version of
(46.3):

an+mu n—1m—1

ergim = 2o 2 Fri(s:t. Du) Agju, (46.4)

k=0 j=0

where each Fj; is a complex valued function, and n, m are positive integers. Now
we take D = [0,a) x [0,b) where 0 < a,b < oco.

Hypothesis 46.1. Let {A;: 0 <k <n-—-1,0<j <m—1} be a commuting
family of normal operators on H, and let, for0 < k<n—-1,0<j<m-—1,

Fyj: D x Z(H, k,j) — C

fulfill the following Caratheodory-Lipschitz condition: Fj; is jointly measurable
(relative to the Borel sets) and

|Frj(2,y) — Fij (2, 2)| < K(@)lly — 2]l zqa..5)
where K is locally Lebesgue integrable on D.

Note that the definition of the Caratheodory-Lipschitz condition has the ob-
vious extension to f: D X Dy — Y, where Dy C R D, C X, and X, Y are
Banach spaces.

By a solution of (46.4) we mean a function u: D — H which is n — 1
times (resp. m — 1 times) weakly continuously differentiable in s € (0,aq]
[resp. in t € [0,b)] grim Ty

) pe=TprmoT(8,t) is absolutely continuous in each of s,t
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. . . . s ntm .
and so is its gradient, and the resulting distributional derivative, gsan,i, which

exists, is equal to the right hand side of (46.4) (and so the equality holds pointwise
a.e.).
The main result follows

Theorem 46.2. Let Hypothesis 46.1 hold. Let
fe:[0,a) = C, g;:[0,b) = C

be given continuous functions for 0 <k <n—1,0<j <m—1. Then there is at
most one solution of (46.4) satisfying the initial conditions

k
gk(Ot) — R(t), telha), 0<k<n—1,
a]
8253(8’0) = gj(s), s€0,b), 0<j<m-—1.

Note that (s,t) lies in the first quadrant of the (s,t) plane, and the initial
conditions are specified on (a portion of) the boundary of this quarter plane.

46.4 Proof of Theorem 46.2

By a version of the spectral theorem (see e.g. [173], [203], [254]), there is a unitary
operator U from H to a concrete L? space, LZ(A, %, u), such that

Apj =U""Ma,,U (46.5)

for all (k,7), where ax; is a X-measurable complex valued function on A, and
M, . is the corresponding maximal multiplication operator:

(May, f)(z) = ak;(@)f(z), = €A,

fe Dom( akj ) if and only if f,axr;f € L*(A, 3, 1). This holds for all k, j.
Let
a(s,t,z) = (Uu(s,t,-))(z), ze€A. (46.6)

Then, using (46.5) and (46.6), we see that (46.4) is equivalent to

an+m ~ —1m—1

oo Z > Frj(s,t, D" i) an;i, (46.7)

k=0 j=0

where R
ij(S,t,lI]) = ij(s7t7 Uﬁlw)'

Now, (46.7) is a scalar PDE which can be rewritten as
ot

t

darom (*:)

=G(s,t, D" bmLas, t)).
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If n = m = 1, this reduces to

R

EYET —(s,t) = G(s, t, (s, t)) .

Integration produces
o ou t
%(s,t) - E(S,O) :/0 G(s, t1,a(s, t1))dt1,
s t
(s, 1) — (0, ) — ((s,0) — @(0,0)) :/ / G, tr, (s, t1)) dbrds:.
o Jo

Because G(s,t,u(s,t)) is locally integrable in both s,¢ (for continuous @), this
shows that {@(0,¢): 0 <t < b}, {i(s,0): 0 < s < a} uniquely determine .
If n =2, m = 1, the equation is

2*u 3 i
—8328t(s,t) =G <s,t,u(s,t), s (s, t))

Integration implies

0% 0% s _ o1
@(s,t) s at(O t) +/O G <5,t,u(51,t),&(s1,t)) dsi.

Since %(0, t) = fi(t), it follows that

d%u ,
= < .

Now we integrate to obtain

ot ot ot ot
08,1 8—<s,o> - |00 - Go.o)

91
<31>t1: 51,t1 81;(817t1)) dsidty

= S t / / <S1,t1, S1,t1) 22(81,151)) dsidty,

where @ is a known function (since g—i (0,t), %(s,0) are given). We rewrite this

last equation as an equation in w = g—“:
S

ty
w(s, Q(s,t)+ // (81,151,/ w(£2,t1)d$2+w(81,t1),w(31’t1))dsldtL

(46.8)
Letting (Sw)(s,t) be the right hand side of (46.8), the (global) Lipschitz
condition assumption on G implies that & has a unique fixed point in
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C([0,a1]x[0,b1]) for all 0 < a1 < a,0 < b1 < b. This fixed point is O%/ds, and this
can be integrated to obtain a unique solution % on D (since the initial conditions
on % have been properly specified). This proof is basically the standard Ordinary
Differential Equation (ODE) proof of existence and uniqueness, suitably modified
(see, e.g. [183)]).

Now fix m = 1 and do mathematical induction on n. We checked the result
for n =1, 2. If it holds for n < N — 1, then, from

Nty

N—-1
5ov5 = > Fro(s,t, D" *i)axoi,
k=0

integration implies

Na N

N—-1 k
m(s’t) = m(o,t) + Z /O Fro (S1,t,Dk’oﬂ(sht))akoﬂ(81,t)d81.
k=0

Now,
oNi ;
m(07t) = fn(t)
is known for ¢ € [0,b), since
~ gN-1

In(t) = Wﬂ@t) = (Ufn)(@)

is determined by the initial data. It follows from the induction hypothesis that
{a(s,t): (s,t) € D} is uniquely determined by its initial values, according to the
induction hypothesis.

Now we have the result for (n,1) for all n > 1. The result for all (n,m) now
follows by a similar induction argument on m. We omit the details.

The spectral theorem enabled us to replace (46.4) by a family of scalar valued
problems (indexed by A). The definition of solution shows that uniqueness for the
transformed problem (46.7) is equivalent to uniqueness for (46.4). This completes
the proof. |

46.5 History, Motivation and Related Results

We use the notation of the previous section except for the modifications noted
below. Let D = [0, a] x [0, 5] be a compact rectangle in R?. The pioneering result
in this area is due to Agarwal and Pang [5].

Theorem 46.3. [5, p. 360]. Consider the scalar PDE

oty

W(S,t) = F(s,t,D"fl’mflu(s,t)) (469)
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with initial conditions

*u
u .
W(S,O) = g;(s), s€[0,a),0<j<m-—1. (46.11)

Assume F: D x R? — R is continuous and satisfies

|F(s,t, DprimTly, (s,t)) — F(s,t, D"fl’mflwg(s,t)ﬂ

1
n—1 m—1 ak+j
< XY )| g - wsn)| (1012)
k=0 j=0

where 0 < qr; € C(D,R) for all0 <k<n-1,0<j<m-—1. Then the problem
(46.9)—(46.11) has at most one classical solution.

The authors of Theorem 46.3 used different notation, but we chose to use
notation which illustrates its close relationship with the Theorem 46.2. Their
proof was based on a two dimensional version of Opial’s inequality that they
obtained [5, p. 212]. We describe this next.

Proposition 46.4. [5, p. 212]. Let p,q: D — [0, 00) be Lebesque measurable. Let
u € C"+™"Y(D) be such that %u((},s) =0for0<k<n-1,se€0,a), and
g—t]ju(t,O) =0for0<j<m-—1,t€[0,b); and %u and % are
absolutely continuous on D. For 0 <k <mn, 0 <m < j, let rx; € [0,00) be such
n—1 m—1
that o1 = > > Tk >0, Tnm > 0, r > max{1l,rnm}. Then
k=0 ;=0

g1+Tnm

/Oa/ObG(q,w)dsdtg C(o1) an /ObH(p,w,r)dsdt} C (46.13)

where ) )

n—1m-— ak+jw Tkj an+m Tnm

G = -
(@ w) =q < L1 |55nai )Bsnatmw

k=0 35=0

and N R
81'1, m
H(p,w,r)=p WU} )

and C(o1) is a constant depending on the parameters but not on w.

It is of course assumed that the integral on the right hand side of (46.13) is
finite; otherwise the result is trivial. If w and v are solutions of (46.9)—(46.11),
then Theorem 46.3 is proved by applying Proposition 46.4 to w = u — v.
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Proposition 46.5. [5, p. 361]. In Theorem 46.3, condition (46.12) can be replaced
by

|F(s,t, D"y (s, 1)) — F(s, t, D" 5™ M wa (s, t))]
n—1 -1

8k+j Tk,j
< q(s,t)

9skOki (w1 —w2)(s,1)

=0

El
Il
o

<
Il

Then uniqueness holds for the problem (46.9)—(46.11).

46.6 Examples

Endow the Laplacian with Robin boundary conditions on a domain €2 in Eu-
clidean space: 2 C R"™, au—i—ﬁg—z = 0 on 89, where o, 8 € C(99), a(z)?+8(z)* >
0 for all z on the boundary. Consider

*u
0s0t

= ao(s, t,u) + a1 (s, t,u) Au + as(s, t, u, Au) A%u, (46.14)

or more generally

n
=ao(s,t,u) + Z aj(s,tyu,..., AT u)ATu,

j=1

*u
0s0t

Equation (46.14) is related to a beam equation when as # 0. The special case of
a1 # 0, a2 = 0 is related to the backward heat equation as well as the (forward)
heat equation.

Next let z € R", y € R™, and consider

9%u _
dsot

with a and b positive. This can be solved by Fourier transforms when a and b are
constants. This is related to heat, backward heat, and wave equations.

a(u)Azu — b(u)Ayu
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