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Preface

The present book on electrical, optical, magnetic and thermal properties of
materials is in many aspects different from other introductory texts in solid
state physics. First of all, this book is written for engineers, particularly
materials and electrical engineers who want to gain a fundamental under-
standing of semiconductor devices, magnetic materials, lasers, alloys, etc.
Second, it stresses concepts rather than mathematical formalism, which
should make the presentation relatively easy to understand. Thus, this book
provides a thorough preparation for advanced texts, monographs, or special-
ized journal articles. Third, this book is not an encyclopedia. The selection
of topics is restricted to material which is considered to be essential and which
can be covered in a 15-week semester course. For those professors who want
to teach a two-semester course, supplemental topics can be found which
deepen the understanding. (These sections are marked by an asterisk [*].)
Fourth, the present text leaves the teaching of crystallography, X-ray diffrac-
tion, diffusion, lattice defects, etc., to those courses which specialize in these
subjects. As a rule, engineering students learn this material at the beginning of
their upper division curriculum. The reader is, however, reminded of some of
these topics whenever the need arises. Fifth, this book is distinctly divided into
five self-contained parts which may be read independently. All are based on
the first part, entitled ‘“Fundamentals of Electron Theory,” because the
electron theory of materials is a basic tool with which most material properties
can be understood. The modern electron theory of solids is relatively involved.
It is, however, not my intent to train a student to become proficient in the
entire field of quantum theory. This should be left to more specialized texts.
Instead, the essential quantum mechanical concepts are introduced only to the
extent to which they are needed for the understanding of materials science.
Sixth, plenty of practical applications are presented in the text, as well as in the
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problem sections, so that the students may gain an understanding of many
devices that are used every day. In other words, I tried to bridge the gap
between physics and engineering. Finally, I gave the treatment of the optical
properties of materials about equal coverage to that of the electrical prop-
erties. This is partly due to my personal inclinations and partly because it is
felt that a more detailed description of the optical properties is needed since
most other texts on solid state physics devote relatively little space on this topic.
It should be kept in mind that the optical properties have gained an increasing
amount of attention in recent years because of their potential application in
communication devices as well as their contributions to the understanding of
the electronic structure of materials.

The philosophy and the substance of the present text emerged from lecture
notes which I accumulated during more than twenty years of teaching. A
preliminary version of Parts I and II appeared several years ago in the Journal
of Educational Modules for Materials Science and Engineering (4, 1 (1982) and
4, 781 (1982)).

I sincerely hope that the students who read and work with this book will
enjoy as much as I the journey through the fascinating field of the physical
properties of materials.

Each work benefits greatly from the interaction between author and col-
leagues or students. I am grateful in particular to Professor R.T. DeHoff, who
read the entire manuscript and who helped with his inquisitive mind to clarify
many points in the presentation. Professor Ken Watson read the part dealing
with magnetism and made many helpful suggestions. Other colleagues to
whom I am indebted are Professor Fred Lindholm, Professor Terry Orlando,
and Dr. Siegfried Hofmann. My daughter, Sirka Hummel, contributed with
her skills as an artist. Last, but not least, I am obliged to my family, to faculty,
and to the chairman of the Department of Materials Science and Engineering
at the University of Florida for providing the harmonious atmosphere which
is of utmost necessity for being creative.
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PART I

FUNDAMENTALS OF
ELECTRON THEORY



CHAPTER 1

Introduction

The understanding of the behavior of electrons in solids is one of the keys to
understanding materials. The electron theory of solids is capable of explaining
optical, magnetic, thermal, as well as electrical properties of materials. In
others words, the electron theory provides important fundamentals for a
technology which is often considered to be the basis for modern civilization. A
few examples will illustrate this. Magnetic materials are used in electric
generators, motors, loudspeakers, transformers, tape recorders, and tapes.
Optical properties of materials are utilized in lasers, windows, lenses, optical
coatings, solar collectors, and reflectors. Thermal properties play a role in
refrigeration and heating devices and in heat shields for spacecraft. Some
materials are extremely good electrical conductors, such as silver and copper;
others are good insulators, such as porcelain or quartz. Semiconductors are
generally poor conductors at room temperature. However if traces of certain
elements are added, the electrical conductivity increases.

Since the invention of the transistor in the late 1940s, the electronic industry
has grown to an annual sales level of about one trillion dollars. From the very
beginning, materials and materials research have been the lifeblood of the
electronics industry.

For the understanding of the electronic properties of materials three ap-
proaches have been developed during the past hundred years or so which
differ considerably in their philosophy and their level of sophistication. In the
last century, a phenomenological description of the experimental observation
was widely used. The laws which were eventually discovered were empirically
derived. This “continuum theory” considered only macroscopic quantities
and interrelated experimental data. No assumptions were made about the
structure of matter when the equations were formulated. The conclusions
which can be drawn from the empirical laws still have validity, at least as long
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as no oversimplifications are made during their interpretation. Ohm’s law, the
Maxwell equations, Newton’s law, or the Hagen—Rubens equation may serve
as examples.

A refinement in understanding the properties of materials was accom-
plished at the turn of this century by introducing atomistic principles into the
description of matter. The “classical electron theory” postulated that free
electrons in metals drift as a response to an external force and interact with
certain lattice atoms. Paul Drude was the principal proponent of this ap-
proach. He developed several fundamental equations which are still widely
utilized today. We shall make extensive use of the Drude equations in sub-
seqiient parts of this book.

A further refinement was accomplished at the beginning of this century by
quantum theory. This approach was able to explain important experimental
observations which could not be readily interpreted by classical means. Quan-
tum theory, however, lacks vivid visualization of the phenomena which it
describes. Thus, a considerable effort needs to be undertaken to comprehend
its basic concepts; but mastering its principles leads to a much deeper under-
standing of the electronic properties of materials.

The first part of the present book introduces the reader to the fundamentals
of quantum theory. Upon completion of this part the reader should be
comfortable with terms such as Fermi energy, density of states, Fermi distri-
bution function, band structure, Brillouin zones, effective mass of electrons,
uncertainty principle, and quantization of energy levels. These concepts will
be needed in the following parts of the book.

It is assumed that the reader has taken courses in freshman physics, chemis-
try, and differential equations. From these courses the reader should be
familiar with the necessary mathematics and relevant equations and defi-
nitions, such as:

Newton’s law: force equals mass times acceleration (F = ma), (1.1)
Kinetic energy: E,;, = +mv? (v is the particle velocity), (1.2)
Momentum: p = mv, (1.3)
2

Combining (1.2) and (1.3) yields Ey;, = 57, (1.4)
Speed of light: ¢ = vA (v = frequency of the light wave,

and 4 its wavelength), (1.5)
Velocity of a wave: u = v4, (1.6)
Angular frequency: @ = 2nv, (1.7)
Einstein’s mass—energy equivalence: E = mc?. (1.8)

In order to keep the book as self-contained as possible, some fundamentals in
mathematics and physics are summarized in the Appendices.



CHAPTER 2

Wave Properties of Electrons

We start our discussion with a thought which might be familiar to the reader:
“Waves and particles are merely two forms of the same physical reality.”” This
statement is true for light as well as for matter. For example, light can be
described as having wave properties or, alternately, particle properties. A
particle, or quantum of light is called a photon whose energy is

E = vh = wh, 2.1

where 4 is the Planck constant and

h
h= P 2.2)

The particle property of the electron with mass m and charge e was dis-
covered in 1897 by Thomson in an experiment in which he observed the
deviation of a cathode ray by electric and magnetic fields. The proof for the
free mobility of the electrons in a metal was accomplished by measurement of
inertia effects by Tolman.

In 1924 de Broglie introduced the thought that electrons should also have
wave properties. He connected the wavelength 1 of an electron wave and the
momentum p of the particle by the relation

)
p p
In 1926 Schrodinger gave this thought by de Broglie a mathematical form. In
1927, Davisson, Germer, and G.P. Thomson discovered electron diffraction
by a crystal which finally proved the wave nature of electrons.

The property of the electron shall be described in the following by a de

Broglie wave, or by a wave function ¥. This wave function does not represent

2.3)
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Modulated Amplitude ("beats")

wave packet —»—

Figure 2.1. Combination of two waves of slightly different frequencies. AX is the
distance over which the particle can be found.

physical waves or other physical quantities. It should be understood merely as
a mathematical description of a particle (the electron) which enables us to
calculate its actual behavior in a convenient way. This thought probably
sounds unfamiliar to a beginner in quantum physics. However, by repeated
exposure, one can become accustomed to it.

The wave—particle duality can be better understood by realizing that the
electron, described as a particle, can be represented by a combination of
several wave trains having slightly different frequencies between w and
o + Aw. Let us study this, assuming at first only two waves, which shall be
written as

Y, = sin(kx — i) (2.4a)
and
¥, = sinfkx — (0 + Aw)i]. (2.4b)

Superposition of ¥, and ¥, yields a new wave ¥. With sina + sinf =
2cosi(a — B)-sini(a + B) we obtain

A A
Y, LY, == 2008—22t -sin[kx—<w+7w>t]. 2.5)
Modulated Sine wave
amplitude amplitude

Equation (2.5) describes a sine wave (having a frequency intermediately
between w and w + Aw) whose amplitude is slowly modulated by a cosine
function. (This familiar effect in acoustics can be heard in the form of “beats”
when two strings of a piano have a slightly different pitch. The beats become
less rapid the smaller the difference in frequency Aw between the two strings
until they finally cease once both strings have the same pitch, (2.5).) Each of
the “beats” represents a “wave packet” (Fig. 2.1). The wave packet becomes
“larger” the slower the beats, i.e., the smaller Aw. The extreme conditions are
as follows: (a) no variation in w (i.e., Aw = 0), which yields an “infinitely
long’ wave packet, i.e., a monochromatic wave. This corresponds to the wave
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Figure 2.2. Monochromatic matter wave (Aw = 0). The wave has constant amplitude.
The matter wave travels with the phase velocity u.

picture of an electron (see Fig. 2.2). (b) alternately, Aw could be assumed to be
very large. This yields small wave packets. If a large number of different waves
are considered (rather than two waves ¥, and ¥,), filling the frequencies
between w and Aw, the string of wave packets shown in Fig. 2.1 reduces to one
wave packet. The electron is then represented by a particle.

Different velocities are involved:

(a)

(b)

The velocity of the matter wave is called the wave velocity or “phase
velocity,” u. As we saw above, the matter wave is a monochromatic wave
(or a stream of particles of equal velocity) whose frequency w, wavelength
A, momentum p or energy E can be exactly determined (Fig. 2.2). The
location of the particles, however, is undetermined. The phase velocity
can be calculated with E = vk (2.1), E = mc? (1.8), h = pA (2.3), and (1.6)
to
2 2

_Eh mc _< 2.6)

“hp " my

u=vi

(v, is the group velocity; see below). We can deduce from this equation that
matter waves show dispersion and that the phase velocity of an electron
wave has a velocity larger than the speed of light, i.e., # > c. (This latter
result is not a contradiction of the theory of relativity because matter
waves, due to the identity of their amplitudes, cannot be used for the
transmittance of information.)

We mentioned above that a particle can be understood to be “‘composed
of” a group of waves or a “wave packet.” Each wave has a slightly
different frequency ranging between w and w + Aw. Appropriately, the
velocity of a particle is called ““group velocity,” v,. The “envelope” (modu-
lated amplitude; see Fig. 2.1) propagates with the group velocity v,. The
sine wave inside of the envelope propagates with a velocity » which is
larger than v, (Eqn. 2.6). The location X of a particle is precisely known,
whereas the frequency is not. This is due to the fact that a wave packet can
be thought to “consist” of several wave functions ¥, ¥,, ..., ¥, with
different frequencies between w and @ + Aw. Another way of looking at it
is to perform a Fourier analysis of a single disturbance (Fig. 2.3) which
results in a series of sine and cosine functions (waves) which have different
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OAwlarge _

X

Figure 2.3. Particle moving with group velocity v, (Aw is large).

wavelengths. The better the location, AX, of a particle can be determined,
the wider the frequency range, Aw, of its waves. This is one form of
Heisenberg’s uncertainty principle,

Ap-AX = h, 2.7

stating that the distance over which there is a finite probability of finding
an electron, AX, and the range of momenta of the electron wave (which is
proportional to the frequency) is a constant. This means that location and
frequency of an electron cannot be accurately determined at the same
time.

In summary, we can define the phase velocity as

()
=— 2.8
u="7 28)
and the group velocity as
do
Uy = %, (2.9)

where |Kk| is the wave vector which we shall introduce in Chapter 4. Equations
(2.8) and (2.9) show in mathematical form that the group velocity describes
the velocity of a wave pulse (quantum) whereas the phase velocity describes
the velocity of a monochromatic wave.

After this discussion of the wave—particle duality and the general behavior
of electron waves, we turn now to practical applications.

We have already mentioned that the W-waves cannot be understood in
terms of real physical quantities. For the interpretation of the wave functions,
we shall therefore use Born’s postulate which states that the square of the
wave function (or because ¥ is generally a complex function, the quantity
YW*) is the probability of finding a particle at a certain location. (¥* is the
complex conjugate quantity of W¥.) In other words,

WY*dxdydz = YW* dr (2.10)

is the probability of finding an electron in the volume element dr.

We are interested in the following question: How do the electrons behave
in a potential field of an atomic nucleus or an arrangement of atoms within
a crystal? To answer this, we have to write an expression for the potential
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field in terms of a potential energy V. The general method for the solution of
wave mechanical problems which we will apply below is, therefore: At first,
an expression for the potential ¥ has to be found which describes the actual
situation. Then, one inserts this expression into the Schrédinger equation and
solves it with the aid of ““boundary conditions.” In this way, one obtains
solutions for W as a function of space (and time) which one interprets by
means of (2.10).

The description of the method of solution just described makes it clear that
in wave mechanics probability statements are obtained, whereas in classical
mechanics the location of a particle can be exactly determined. We will see,
however, that this does not affect the value of our results.

Problems

1. Calculate the wavelength of an electron in a metal which has a kinetic energy of
4eV.

2. What should be the energy of an electron so that the associated electron waves have
a wavelength of 600 nm?

3. Since the visible region spans between approximately 400 nm and 700 nm, why can
the electron wave mentioned in Problem 2 not be seen with human eyes? What kind
of device is necessary to detect electron waves?

4. What is the energy of a light quantum (photon) which has a wavelength of 600 nm?
Compare the energy with the electron wave energy calculated in Problem 2 and
discuss the difference.



CHAPTER 3

The Schrodinger Equation

All “derivations” of the Schrodinger equation start in one way or another
from certain assumptions which cause the uninitiated reader to ask the
legitimate question, ‘“Why just in this way?”

It is, therefore, not intended here to “derive” the Schrodinger equation. We
consider this relation as a fundamental equation for the description of wave
properties of electrons, just as Newton’s equations describe the matter prop-
erties of large particles.

The time independent Schrodinger equation will always be applied when
the properties of atomic systems have to be calculated in stationary con-
ditions, i.e., when the property of the surroundings of the electron does not
change with time. In this case the potential energy ¥ depends only on the
location (and not, in addition, on the time). Therefore the time independent
Schrodinger equation is an equation of a vibration. It has the following form:

V3 + 2h—’ZI(E -y =0, 3.1

where
2 2 2
0%y o*y 0%y 32)

2 N _ .
VY= T T

m is the mass of the electron, and
E=E, +V (3.3)
is the total energy of the system.
In (3.1) we wrote for the wave function a lower case iy which we shall always

use from now on when we want to state explicitly that the wave function is
only space dependent. Thus, we split from ¥ a time dependent part:
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lP(x’ y’ z’ t) = l/’(xa y’ Z) : eiwt' (3'4)

The time dependent Schrédinger equation is a wave equation because it con-
tains derivatives of W with respect to space and time. One obtains this equation
from (3.1) by eliminating the total energy,

E = vh = wh, (3.5
where w is obtained by differentiating (3.4) with respect to time:
17h 4 .
— = Yiwe*" = Yiw. 3.6)
ot
This yields
i d¥Y
©= ¥ dr G
and

2mVlP _ 2mi 0¥ —0

2
v _ - =
v h? h ot

(3.8)

It should be noted here that quantum mechanical equations can be obtained
from classical equations by applying two differential operators upon the wave
function ¥ (Hamiltonian operators). They are

0
E=hi— 3.9
’at 3.9)
and
p= —hiV. (3.10)
When these operators are applied to
p2
Etotal = Ekin + Epot = Er—n— +V (31 1)
we obtain
oF  h%? 5
hi—=—V*Y¥Y + V'Y, (3.12)
ot 2m

which yields, after rearranging, the time dependent Schrodinger equation
(3.9).

3.1. Special Properties of Vibrational Problems

The solution of an equation for vibration is determined except for certain
constants. These constants are calculated by using boundary or starting
conditions,
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(eg,¥y=0atx=0). (3.13)

As we will see in Section 4.2, only certain vibrational forms are possible when
boundary conditions are imposed. This is similar to the vibrational forms of a
vibrating string, where the fixed ends cannot undergo vibrations. Vibrational
problems which are determined by boundary conditions are called boundary
or eigenvalue problems. It is the peculiarity of vibrational problems with
boundary conditions that not all frequency values are possible and, therefore,
because of

E=vh (3.14)

not all values for the energy are allowed. One calls the values which are
allowed, eigenvalues. The functions y which belong to the eigenvalues, and
which are a solution of the vibration equation and in addition satisfy the
boundary conditions, are called eigenfunctions of the differential equation.

In Section 2 we have related the product Yy* (which is called the “norm”
to the probability of finding a particle at a given location. The probability of
finding a particle somewhere in space is one, or

Jt/u//*dr=jlllflzdr= 1. (3.15)

Equation (3.15) is called the normalized eigenfunction.

Problems

1. Write a mathematical expression for a vibration (vibrating string, for example) and
for a wave. (See Appendix 1.) Familiarize yourself with the way these differential
equations are solved. What is a ‘““trial solution?”” What is a boundary condition?

2. Define the terms “vibration” and “wave.”

3. What is the difference between a damped and an undamped vibration? Write the
appropriate equations.

4. What is the complex conjugate function of
a) £ =a+ bi,
b) ¥ = 24isinax.



CHAPTER 4

Solution of the Schrodinger Equation for
Four Specific Problems

4.1. Free Electrons

At first we solve the Schrodinger equation for a simple but nevertheless very
important case. We consider electrons which propagate freely, that is, in a
potential free space in the positive x direction. The potential energy V is then
zero and the Schrodinger equation (3.1) assumes the following form:

d*y 2m

Tt BV =0. @.1)

This is a differential equation for an undamped vibration* with spatial period-
icity whose solution is known to be!

Y(x) = Ae™* = Acoskx + iAsinkx, 4.2
where
2m
For our special case we do not write the second term in (A.5)!
u= Ae"™ + Be i** 4.9

because we stipulated above that the electron wave!
¥(x) = Ae**-e it 4.5)

propagates only in the positive x direction and not, in addition, in the negative
x direction.

! See Appendix 1.
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E“

Figure 4.1. Energy continuum of a free electron (compare to Fig. 4.3).

From (4.3), it follows that

h2
E= ﬁkz. (4.6)

Combining (4.3), (2.3) and (1.4), that is,

2

Y4
E=:_ 47
=, @.7)

2mE p 2=n
k= /—h2 == 4.8)

We see from (4.8) that the quantity & is proportional to the momentum p
and, because of p = mv, also proportional to the velocity of the electrons. Since
both momentum and velocity are vectors, it follows that &k is a vector too.
Therefore, we actually should write k£ as a vector which has the components
ks, k,, and k,:

yields

2n
k| = T 4.9)

Since k is inversely proportional to the wave length 4, it is usually called the
“wave vector.” We shall use the wave vector in the following sections fre-
quently. The k-vector describes the wave properties of an electron just as one
describes in classical mechanics the particle property of an electron with the
momentum. k and p are mutually proportional, as one can see from (4.8). The
proportionality factor is 1/A.

We come back now to (4.2). Since no boundary condition had to be
considered for the calculation of the free flying electron, all values of the
energy are “allowed,” i.e., one obtains an energy continuum (Fig. 4.1).
According to (4.2), free electrons are equivalent in wave mechanics to sine or
cosine waves.
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4.2. Electron in a Potential Well

We now consider an electron which is bound to its atomic nucleus. For
simplicity, we assume that the electron can move freely only between two
infinitely high potential barriers (Fig. 4.2). Therefore, the potential barriers do
not allow the electron to escape from this potential well, which means that
Y =0 for x < 0 and x = a. We first treat the one-dimensional case just as in
Section 4.1, i.e., we assume that the electron propagates only along the x-axis.
However, because the electron is reflected on the walls of the well, it can now
propagate in the positive as well as in the negative x direction. In this respect,
the present problem is different from the preceding one. The potential energy
inside of the well is zero, as before, so that the Schrédinger equation for an

electron in this region can be written as before as
d*y 2m
— +—EYy =0. 4.10
pr (4.10)

Because of the two propagation directions of the electron, the solution of
(4.10) is

Y = Ae™ + Be ™, 4.11)
(see Appendix 1), where
2m
o= h—zE. (4.12)

We determine now the constants 4 and B by means of boundary conditions.
We just mentioned that at x <0 and x = a the ¥ function is zero. This
boundary condition is similar to that known for a vibrating string which does
not vibrate at the two points where it is clamped down. (See also Fig. 4.4(a).)
Thus, for x = 0 we stipulate = 0. Then we obtain from (4.11)

B=—4. (4.13)

o
©

nucleus @

=Y

o

Figure 4.2. One-dimensional potential well. The walls consist of infinitely high poten-
tial barriers.
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E
Es=25C - n=5
E,=16C - n=4
E;=9C { ———— n=3
E,=4C 4 ——— n=2
E:=1C 4 ——— n=1

Figure 4.3. Allowed energy values of an electron which is bound to its atomic nucleus.
E s the excitation energy in the present case. C = h?n?/2ma?, see (4.18). (E, is the zero
point energy.)

Similarly, we obtain = 0 for x = a, which gives
0 = Aé'™ + Be ', 4.14)
With (4.13) and Euler’s equation

sinp = Elg(e"" — e 4.15)
(see Appendix 2), we write
A[e* — e7"%] = 24i-sinaa = 0. (4.16)
Equation (4.16) is only valid if sinaa = 0, i.e., if
oa = nm, n=0,1,2,3,.... 4.17)
Substituting the value of a from (4.12) into (4.17) provides
E " 2=h—2n~2n2, n=1,23,.... (4.18)

=—a
" 2m 2ma?

(We exclude the solution n = 0 because for n = 0 it follows that y = 0 and thus
Yy* = 0.) We notice immediately a striking difference from the problem in
Section 4.1. Because of the boundary conditions, only certain solutions of the
Schrodinger equation exist, namely those for which # is an integer. In the
present case the energy assumes only those values which are determined by
(4.18). All other energies are not allowed. The allowed values are called
“energy levels.” They are shown in Fig. 4.3 for a one-dimensional case.
Because of the fact that an electron of an isolated atom can assume only
certain energy levels, it follows that the energies which are excited or absorbed
also possess only discrete values.

We determine now the wave function ¢, and the probability (Yyy*) for
finding an electron within the potential well. We apply the method described
in Section 2. According to (4.11), (4.13), and Euler’s equation (4.15) we obtain
within the well
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Figure 4.4. (a) ¢ function and (b) probability function yy* for an electron in a
potential well for different n-values. (c) Allowed electron orbit of an atom.

Y = 2A4i-sinax, 4.19)
and the complex conjugate of ¥
Y* = —2Aisinoax. (4.20)
The product Yy* is then
Yy* = 44%sin ax. 4.21)

This equation is rewritten by making use of (3.15):

a a 4A2 1 a
J x/z¢*dx=4A2f sin’(ocx)dx=T|:—§sinocxcosozx+E:| =1.
0 0

2 Jo
4.22)
Inserting the boundaries in (4.22) and using (4.17) provides
T
A= [—. 4.23
2 (4.23)
Then one obtains from (4.19)
2
Y| = \/—sinﬂx, (4.24)
a a
and from (4.21)
2
Yg* = Zsin? . (4.25)
a a

Equations (4.24) and (4.25) are plotted for various n-values in Fig. 4.4. From
Fig. 4.4(a), we see that standing electron waves are created between the walls
of the potential well. Note that integer multiples of half a wave length are
equal to the length a of the potential well. The present case, in its mathematical
treatment as well as in its result, is analogous to that of a vibrating string.
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Figure 4.5. Energy levels of atomic hydrogen. E is the binding energy.

Of special interest is the behavior of the function Y/ *, i.e., the probability of
finding the electron at a certain place within the well (Fig. 4.4(b)). In the
classical case the electron travels back and forth between the walls. Its proba-
bility function is therefore equally distributed along the whole length of the
well. In wave mechanics the deviation from the classical case is most pro-
nounced for n = 1. In this case, Yyy* is largest in the middle of the well and
vanishes at the boundary. For higher n-values, i.e., for higher energies, the
wave mechanical values for Yy * are approaching the classical value.

The results which are obtained by considering an electron in a square well
are similar to the ones which one receives when the wave mechanical prop-
erties of a hydrogen atom are calculated. As above, one considers an electron
with charge —e to be bound to its nucleus. The potential V' in which the
electron propagates is taken as the Coulombic potential ¥ = —e?/r. Since Vis
a function of the radius r, the Schrodinger equation is more conveniently
expressed in polar coordinates. Of main interest are, again, the conditions
under which solutions to this Schrodinger equation exist. The treatment leads,
similarly as above, to discrete energy levels:

me* 1

=" _.
2h% n?

(4.18a)
The main difference compared to the square well model is, however, that the
energy is now proportional to 1/n% (and not as in (4.18) to n?). This resultsin a
“crowding’ of energy levels at higher energies. The energy at the lowest level is
called the ionization energy, which has to be supplied to remove an electron
from its nucleus. Energy diagrams, as in Fig. 4.5, are common in spectroscopy.
The origin of the energy scale is arbitrarily set at n» = oo and the ionization
energies are counted negative. Since we are mainly concerned with the solid
state, the detailed calculation of the hydrogen atom is not treated here.

It was implied above that an electron can be considered to orbit around its
nucleus. Similarly as shown in Fig. 4.4(a), the electron waves associated with
an orbiting electron have to be standing waves. If this would not be the case,
the wave would be out of phase with itself after one orbit. After a large number
of orbits, all possible phases would be obtained and the wave would be
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annihilated by destructive interference (Fig. 4.4(c)). This can only be avoided
if a radius is chosen so that the wave joins on itself. In this case the circum-
ference 27nr of the orbit is an integer multiple # of the wave length A or

2ar = nk
which yields
A

r=o-n
This means that only certain orbits are allowed, which brings us back to the
allowed energy levels which we discussed above.

So far we considered the electron to be confined into a one-dimensional
well. A similar calculation for a three-dimensional potential well (“electron in
a box™) leads to an equation which is analogous to (4.18):

h2n?

E = W(nﬁ + n? +nk). (4.26)

The smallest allowed energy in a three-dimensional potential well is occu-
pied by an electron if n, = n, = n, = 1. For the next higher energy there are
three different possibilities for combining the n-values; namely, (n,,n,,n,) =
(1,1,2), (1,2,1), or (2,1, 1). One calls the states which have the same energy
but different quantum numbers ‘“‘degenerate’ states. The example just given
describes a threefold degenerate energy state.

*4.3. Finite Potential Barrier (Tunnel Effect)

Let us assume that a free electron, propagating in the positive x direction,
encounters a potential barrier whose potential energy ¥, (“height” of the
barrier) is larger than the total energy E of the electron, but is still finite (Fig.
4.6). For this case we have to write two Schrodinger equations which take into
account the two different areas. In region I (x < 0) the electron is assumed to
be free and we can write

Figure 4.6. Potential barrier.
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d*y  2m
L FEy=0. 427
D S+ E=0 (4.27)
Inside the potential barrier (x > 0) the Schrédinger equation reads
d*y 2m
1)) = + ;IT(E — V¥ =0. (4.28)

The solution to these equations is as before (see Appendix 1):

I) Y, = Ae"™ + Be ™, (4.29)
where
2mE
Il a= - (4.30)
and
Yy = Ce'f* + De > (4.31)
with

2
B = /h—':'(E — V). (4.32)

A word of caution has to be said here. We stipulated above that V; shall be
larger than E. As a consequence of this (E — V,) becomes negative and S
imaginary. Therefore, we define a new constant

y= —if. (4.33)
With (4.33), equation (4.31) becomes
II) Yy = Ce "™ + De™. (4.34)

Next, the four constants 4, B, C, D need to be determined by means of the
boundary conditions:

(1) For x —» oo it follows from (4.34) that
Yu=C-0+ D- 0. (4.35)

The consequence of (4.35) could be that ¥, and therefore Y,y are
infinity. Since the probability yy* can never be larger than one (certainty)
Y — oo is no solution. To avoid this, D has to go to zero:

D—0. (4.36)

(2) The functions ¥, and Yy are continuous at x = 0. As a consequence
Yy = Yy at x = 0. This yields with (4.29), (4.34), and (4.36)

Ae"™* + Be™** = Ce™ ™, (4.37)
With x = 0, we obtain
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Figure 4.7. ¥ function meeting a potential barrier.

A+ B=C. (4.38)

(3) The slopes of the wave functions in regions I and II are continuous at
x =0, i.e., (dY,/dx) = (dfy/dx). This yields:

Aine'™ — Bine "™ = —yCe™"*, (4.39)
With x = 0, one can write
Aio. — Bio = —yC. (4.40)
Inserting (4.38) yields
C 1
A=—1+ic 4.41
2 ( + la) 4.41)
and
C
B= —<1 - i2>. (4.42)
2 o

From this, the y function in regions I and II can be expressed in terms of
an amplitude C. Of particular interest is the modified equation (4.34),

Y= Ce™%, (4.43)

which expresses that the amplitude decreases in region II exponentially, as
shown in Fig. 4.7. The decrease is faster the larger y is chosen, that is, for
large potential barriers ¥, If the potential barrier is only moderately high
and the barrier relatively narrow, the electron wave y,, continues on the
opposite side. This penetration of a potential barrier by an electron wave
is called “tunneling” and has important applications in solid state physics
(tunnel diode, field ion microscope). Tunneling is a quantum mechanical
effect. In classical physiés, only the equivalent to (4.29), i.e., a wave
running towards a wall and its reflection, is observed.

If an electron is confined to a square well (Section 4.2) with finite potential
barriers, the penetration of the electron wave into this barrier has to be
considered as shown in Fig. 4.8.
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Figure 4.8. Square well with finite potential barriers.

4.4. Electron in a Periodic Field of a Crystal

In the preceding sections we got acquainted with some special cases, namely
the completely free electron and the electron which is confined to a potential
well. The goal of this section is to study the behavior of an electron in a crystal.
We shall eventually see that the extreme cases which we treated previously can
be derived from this general case.

Our first task is to find a potential distribution which is suitable for a solid.
From X-ray diffraction investigations it is known that the atoms in a crystal
are arranged periodically. Thus, for the treatment of our problem a periodic
repetition of the potential well of Fig. 4.2, i.e., a periodic arrangement of
potential wells and potential barriers, is most probably very close to reality
and is also best suited for a calculation. Such a periodic potential is shown in
Fig. 4.9 for the one-dimensional case.?

2 Kronig, R. De L., Penney, W.G., Proc. Roy. Soc., London, 130, 499 (1931).

-b0 a o plee X

Figure 4.9. One-dimensional periodic potential distribution (simplified).
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Surface potential

Q nuclei = X

Figure 4.10. One-dimensional period potential distribution for a crystal (muffin tin
potential).

The potential distribution shows potential wells of length a which we call
region I. These wells are separated by potential barriers of height V;, and width
b (region II), which ¥, is assumed to be larger than the energy E of the electron.

This model is certainly a coarse simplification of the actual potential
distribution in a crystal. It does not take into consideration that the inner
electrons are more strongly bound to the core, i.e., that the potential function
of a point charge varies as 1/r. It also does not consider that the individual
potentials from each lattice site overlap. A potential distribution which takes
these features into consideration is shown in Fig. 4.10. It is immediately
evident, however, that the latter model is less suitable for a simple calculation
than the one which is shown in Fig. 4.9.

We write now the Schrédinger equation for regions I and II:

a2y 2
) _dx—lf + h—TEt// =0 (4.44)
2
M) % + zh—’;'(E — V¥ =0. (4.45)

For abbreviation we write as before

o2 = %’_ E (4.46)
and
2m
B* = h—z(V0 —E). (4.47)

(B2 is chosen in a way to avoid  becoming imaginary.) Equations (4.44) and
(4.45) need to be solved simultaneously, a task which can be achieved only
with considerable mathematical effort. Bloch® showed that the solution of this
type of equation has the following form:

3 Bloch, F., Z. Phys. 52, 555 (1928); 59, 208 (1930).
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V(x) = u(x) - e** (4.48)

(Bloch function), where u(x) is a periodic function which possesses the period-
icity of the lattice in the x direction. Therefore, u(x) is no longer a constant
(amplitude A) as in (4.5), but changes periodically with increasing x (modu-
lated amplitude). Of course u(x) is different for various directions in the
crystal lattice.

The reader who is basically interested in the results and their implications to
the electronic structure of crystals may skip the mathematical treatment given
below and may refer directly to (4.67).

Differentiating the Bloch function (4.48) twice with respect to x provides

d%y _(d*u 2 du

a? \a? T ax
We insert (4.49) into (4.44) and (4.45) and take into account the abbreviations
(4.46) and (4.47):

—2ik — k? u) e'kx, (4.49)

a2 d

D o X4 k—” — (K — oa?)u = (4.50)
2 du

m L Ztk— — (k* + pPu = (4.51)

Equations (4.50) and (4.51) have the form of an equation of a damped
vibration. The solution* to (4.50) and (4.51) is

D u=e*(4e™ + Be ™) (4.55)
I) u=e*(Ce* + Det¥). (4.56)

We have four constants 4, B, C, D which we need to dispose of by means of
four boundary conditions: The functions y and dy//dx pass over continuously
from region I into region II at the point x = 0. Equation I = Equation II for
x = 0 yields:

A+ B=C+D. 4.57)
(du/dx) for I = (du/dx) for II at x = 0 provides
A(io — ik) + B(—io — ik) = C(— B — ik) + D(B — ik). (4.58)

* Differential equation of a damped vibration for spatial periodicity (see Appendix 1)

d?u du
ZatDP -+ Cu=0. 4.52)
Solution: u = e~ DIDx(4ei%* 4 Bemitx) (4.53)
where
DZ
o= [C——. (4.54)

4
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Further,  and therefore u shall be continuous at the distance (a + b). This
means that equation I at x = 0 must be equal to equation Il at x = a + b, or,
more simply, equation I at x = a is equal to equation II at x = —b (see Fig.
4.9). This yields:

Aelie—ikia || Bol(-ia=ikla _ Cplik+pb | D)ok=b, (4.59)
Finally, (du/dx) shall be periodic in a + b:
Ai( — k)™ — Bi(a + k)e~ia+h
= —C(B + ik)e™*Pb + D(B — ik)e™ PP,

The constants 4, B, C, and D can be determined by means of these four
equations which, when inserted in (4.55) and (4.56), provide values for . This
also means that solutions for the function Y can be given by using (4.48).
However, as in the preceding sections, the knowledge of the y function is not of
primary interest. We are searching instead for a condition which tells us where
solutions to the Schrédinger equations (4.44) and (4.45) exist. We recall that
just these limiting conditions were leading to the energy levels in Section 4.2.
We proceed here in the same manner.

If equations (4.57)—(4.60) are consistent in themselves, it follows that the
determinant formed out of the coefficients of 4, B, C, and D has to be zero.
The lengthy calculation provides, using Euler’s equations®

ﬁz _ a2
Wsinh(ﬂb) -sin(aa) + cosh(fb) cos(aa) = cosk(a + b). (4.61)

For simplification of the discussion of this equation we make the following
stipulation. The potential barriers in Fig. 4.9 shall be of the kind such that b is
very small and V}, is very large. It is further assumed that the product ¥V, b, i.e.,
the area of this potential barrier, remains finite. In other words, if ¥, grows,
b diminishes accordingly. The product Vb is called the potential barrier
strength.

If V, is very large, then Ein (4.47) can be considered to be small compared to
V, and can therefore be neglected so that

2m =
Multiplication of (4.62) with b yields:

pb = 2h—’:' /(Vob)b. (4.63)

Since V,b has to remain finite (see above) and b — 0 it follows that fb becomes
very small. For a small $b we obtain (see tables of the hyperbolic functions)

(4.60)

5 See Appendix 2.
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Figure 4.11. Function P(sinoaa/aa) + cosaa versus aa. P was arbitrarily set to be
(3/2)=.

cosh(Bb) ~ 1 and sinh(Bb) ~ Bb. (4.64)

Finally, one can neglect a? compared to 2 and b compared to a (see (4.46),
(4.47), and Fig. 4.9) so that (4.61) reads as follows:

E’% Vobsinaa + cosaa = coska. (4.65)

With the abbreviation

P= ﬂahlzib (4.66)
we finally get from (4.65)
PSIZZ(I + cosaa = coska. 4.67)

This is the desired relation which provides the allowed solutions to the
Schrodinger equations (4.44) and (4.45). We notice that the boundary con-
ditions lead to an equation with trigonometric functions. Therefore, only
certain values of o are possible. This in turn means that because of (4.46), only
certain values for the energy E are defined. This is quite similar to the case in
Section 4.2. One can assess the situation best if one plots the function
P(sin aa/aa) + cos aa versus aa which is done in Fig. 4.11 with P = (3/2)a. Itis
of particular significance that the right-hand side of (4.67) allows only certain
values of this function because cos ka is only defined between +1 and —1
(except for imaginary k values). This is shown in Fig. 4.11 in which the allowed
values of the function P(sinaa/aa) + cosaa are marked by heavy lines on
the aa-axis.

We arrive herewith at the following, very important result: Because aa is
a function of the energy, the above-mentioned limitation means that an
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Figure 4.12. Function P(sin aa/aa) + cosaa versus aa with P = 7/10.

electron, which moves in a periodically varying potential field, can only
occupy certain allowed energy zones. Energies outside of these allowed zones
or “bands’ are prohibited. One sees from Fig. 4.11 that with increasing values
of aa (i.e., with increasing energy), the disallowed (or forbidden) bands
become narrower. The size of the allowed and forbidden energy bands varies
with the variation of P. Below, four special cases will be discussed.

(a) The “potential barrier strength” Vb (see Fig. 4.9) shall be large. Then,
according to (4.66), P is also large and the curve in Fig. 4.11 proceeds
more steeply. The allowed bands are narrow.

(b) If the potential barrier strength and therefore P is small, the allowed
bands become wider (see Fig. 4.12).

(c) If the potential barrier strength becomes smaller and smaller and finally
disappears completely, P goes toward zero, and one obtains from (4.67)

cosaa = coska (4.68)
or a = k. From this it follows with (4.46), that
h2k?
E —_

2m

This is the well-known equation (4.6) for free electrons which we derived
in Section 4.1.

(d) If the potential barrier strength is very large, P approaches infinity.
However, because the left-hand side of (4.67) has to stay within the limits
+1, i.e., it has to remain finite, it follows that

sinoa
-0

aa

that is, sinaa — 0. This is only possible if aa = nr or

2.2
2=""" forn=1,2,3,.... (4.69)
a
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Figure 4.13. Allowed energy levels for (a) bound electrons, (b) free electrons, and (c)
electrons in a solid.

Figure 4.14. Widening of the sharp energy levels into bands and finally into a quasi-
continuous energy region with decreasing atomic distance a for a metal (after calcula-
tions of Slater). The quantum numbers are explained in Appendix 3.

Combining (4.46) with (4.69) yields
n?h?

—_ 2
2ma?

n-,

which is the result of Section 4.2, equation (4.18).

We summarize (Fig. 4.13): If the electrons are strongly bound, i.e., if the
potential barrier is very large, one obtains sharp energy levels. (Electron in the
potential field of one ion.) If the electron is not bound, one obtains a contin-
uous energy region (free electrons). If the electron moves in a periodic potential
field one receives energy bands (solid).

The widening of the energy levels into energy bands and the transition into a
quasicontinuous energy region is shown in Fig. 4.14. This widening occurs
because the atoms increasingly interact as their mutual distance decreases.
The arrows a, b, and c refer to the three sketches of Fig. 4.13.
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Problems

*4,

. Describe the energy for

a) A free electron;

b) A strongly bound electron;

¢) An electron in a periodic potential;

Why do we get these different band schemes?

. Sketch yy* for n = 78 for an electron in a potential well. What conclusions can be

drawn from this sketch?

State the two Schrodinger equations for electrons in a periodic potential field
(Kronig—Penny model). Use for their solutions, instead of the Bloch function, the
trial solution

Y(x) = Ae**.
Discuss the result. (Hint: For free electrons ¥, = 0.)

When treating the Kronig—Penny model, we arrived at four equations for the
constants 4, B, C, D. Write the determinant and confirm (4.61):

2 _ 2
b : ﬂ“ sinh(Bb) - sin(a) + cosh(Bb) cos(aa) = cosk(a + b).
o
. The differential equation for an undamped vibration is
d?u
whose solution is
U= Aeikx + Be—ikx, (2)
where
k= ./bla. 3)

Prove that (2) is indeed a solution of (1).



CHAPTER 5

Energy Bands in Crystals

5.1. One-Dimensional Zone Schemes

We are now in a position to make additional important statements which
contribute considerably to the understanding of the properties of crystals. For
this we plot the energy versus the momentum of the electrons or, because of
(4.8), versus the wave vector k. As before we first discuss the one-dimensional
case.

The relation between E and k, is particularly simple in the case of free
electrons as can be seen from (4.3),

k, = const. EY2, 5.1

The plot of E versus k, is a parabola (Fig. 5.1).

We return now to (4.68) which we obtained from (4.67) for P = 0 (free
electrons). Because the cosine function is periodic in 2z, (4.68) should be
written in the more general form:

cosaa = cosk,a = cos(k.a + n2n), 5.2

wheren =0, +1, +2,.... This gives

oa = k.a + n2m. (5.3)
Combining (4.12),
2
am g

with (5.3) yields:

2 p
k, + nF7t = /h—'fEl/Z. (5.4)
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Figure 5.1. Electron energy E versus the wave vector k, for free electrons.
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Figure 5.2. Periodic repetition of Fig. 5.1 at the points k, = n-2n/a.

We see from (5.4) that in the general case the parabola, shown in Fig. 5.1, is
repeated periodically in intervals of #n-2n/a (Fig. 5.2). The energy is thus a
periodic function of k, with the periodicity 2z/a.

We noted when discussing Fig. 4.11 that if an electron propagates in a
periodic potential we always observe discontinuities of the energies when
cos k,.a has a maximum or a minimum, i.e., when cos k,a = 1. This is only the
case when

k.a = nm, n=+1, +2, +3,... (5.9

or

k,=n- (5.6)

Q3

At these singularities a deviation from the parabolic E versus k, curve
occurs and the branches of the individual parabolas merge into the neighbor-
ing ones.® This is shown in Fig. 5.3.

6 If two energy functions with equal symmetry cross, the quantum mechanical “noncrossing rule”
requires that the eigenfunctions be split, so that they do not cross.
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Figure 5.3. Periodic zone scheme.
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Figure 5.4. Reduced zone scheme. (This is a section of Fig. 5.3 between —n/a and
+7/a.)

The aforementioned consideration leads to a very important result. The
electrons in a crystal behave for most &, values like free electrons except when
k. approaches the value n - n/a.

Besides this “periodic zone scheme” (Fig. 5.3), two further zone schemes are
common. In the future we shall use mostly the “reduced zone scheme” (Fig.
5.4) which is a section of Fig. 5.3 between the limits + n/a. In the “extended
zone scheme” (Fig. 5.5), the deviations from the free electron parabola at the
critical points k, = n- /a are particularly easy to identify.

Occasionally it is useful to plot free electrons in a reduced zone scheme. In
doing so, one considers the width of the forbidden bands to be reduced until
the energy gap between the individual branches disappears completely. This
leads to the “free electron bands” which are shown in Fig. 5.6 for a special
case. The well-known band character disappears for free electrons, however,
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Figure 5.5. Extended zone scheme.
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Figure 5.6. “‘Free electron bands” plotted in the reduced zone scheme (cubic primitive
crystal structure).

and one obtains a continuous energy region as explained in Section 4.1. As
before, the shape of the individual branches in Fig. 5.6 is due to the 2zn/a
periodicity as a comparison with Fig. 5.2 shows. From (5.4), it follows that

B2 2\
E=——<kx+n—n), n=0, +1, +2,.... (5.7)
2m a

By inserting different n-values in (5.7), one can calculate the shape of the
branches of the free electron band. A few examples might illustrate this:



34 1. Fundamentals of Electron Theory

2
n = 0 yields E = zh—k,f (parabola with 0 as origin);
m

2

h 2n\? 2 .
n= —1yields £ = ———(kx — 7”) <parabola with ;n_ as origm);

2m
2h2
for k, = 0 follows E = 4”—2;
2ma
2h2
fork, = r follows E = ll——z_
a 2ma
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