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Preface 

The papers in this volume were presented at the Sixth Workshop on Algorithms and 
Data Structures (WADS '99). The workshop took place August 11 - 14, 1999, in 
Vancouver, Canada. The workshop alternates with the Scandinavian Workshop on 
Algorithms Theory (SWAT), continuing the tradition of SWAT and WADS starting 
with SWAT'88 and WADS'89. 

In response to the program committee's call for papers, 71 papers were 
submitted. From these submissions, the program committee selected 32 papers for 
presentation at the workshop. In addition to these submitted papers, the program 
committee invited the following researchers to give plenary lectures at the workshop: C. 
Leiserson, N. Magnenat-Thalmann, M. Snir, U. Vazarani, and 1. Vitter. 

On behalf of the program committee, we would like to express our appreciation 
to the six plenary lecturers who accepted our invitation to speak, to all the authors who 
submitted papers to W ADS'99, and to the Pacific Institute for Mathematical Sciences 
for their sponsorship. Finally, we would like to express our gratitude to all the people 
who reviewed papers at the request of the program committee. 

August 1999 F. Dehne 
A. Gupta 

J.-R. Sack 
R. Tamassia 
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Optimization over k-set Polytopes and Efficient 
k-set Enumeration 

Artur Andrzejak1 and Komei Fukuda2 

1 Institute of Theoretical Computer Science, ETH Zurich, CH-8092 Zurich, 
Switzerland, 

artur~inf.ethz.ch 

WWW home page: http://www.inf.ethz.ch/personal/ andrzej a/ 
2 Institute for Operations Research, ETH Zurich, CH-8092 Zurich, Switzerland, 

fukuda~ifor.math.ethz.ch 

WWWhomepage: http://www.ifor.math.ethz.ch/staff/fukuda/fukuda.html 

Abstract. We present two versions of an algorithm based on the reverse 
search technique for enumerating all k-sets of a point set in JRd. The key 
elements include the notion of a k-set polytope and the optimization of 
a linear function over a k-set polytope. In addition, we obtain several 
results related to the k-set polytopes. Among others, we show that the 
I-skeleton of a k-set polytope restricted to vertices corresponding to the 
affine k-sets is not always connected. 

1 Introduction 

Let S be a set of 17, points in ~d. A k-set of S is a set P of k points in S 
that can be separated from S\P by a hyperplane. The problem of enumerating 
the k-sets has many applications in computational geometry ([AW97a]), among 
others in computation of higher-order Voronoi diagrams ([MuI93]), in orthogonal 
L1 hyperplane fitting ([KM93]) and in halfspace range searching ([AM95]). The 
first output-sensitive algorithm for enumerating k-sets was given in [EW86] (for 
~2), and other such algorithms appeared in [MuI9I,AM95]. 

While the above algorithms concentrate on time-efficiency and require sophis­
ticated data structures, we present here two output-sensitive algorithms which 
are highly memory-efficient. They are based on the reverse search technique 
described in [AF96]. Except for being memory-efficient, the reverse search al­
gorithms are easy to implement since they do not depend on complicated data 
structures. In addition, reverse search allows parallel computation with high 
speed-up factors. These advantages make it possible to handle problem instances 
where other methods fail, as exhaustive search computations are frequently lim­
ited by memory requirements, and less by time resources. 

While developing these algorithms we obtain several results related to the k­
set polytopes introduced in [EVW97 ,A W97b]. For S as above and k E {I, ... ,17,­

I}, the k-set polytope Qk(S) is the convex hull of the set 

Xk(S) = {LPIT E (~)}. 
pET 
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The most important property of these polytopes is the fact that there is a bijec­
tion between the k-sets of S and the vertices of Q k (S). In Section 2 we describe 
some properties of Qk(S) and prove that the diameter of Qk(S) is at most G). 

For the first algorithm for enumerating k-sets we show in Section 3 how to 
optimize a linear function over Qk(S) and how to find a unique path from a 
vertex of Qk(S) to a unique optimal vertex. The key notion for this task is that 
of polytopal neighbors in Qk(S), i.e. two vertices of Qk(S) connected by an edge. 
We discuss how to find all polytopal neighbors of a given vertex of Qk(S) in an 
output-sensitive fashion by applying geometric duality and linear programming. 

The second algorithm for enumerating k-sets is obtained in Section 4 by con­
sidering combinatorial neighbors of Q k (S). Two k-sets Tl , T2 (or corresponding 
vertices of Qk(S)) are called combinatorial neighbors if ITl n T21 = k -1. While 
two polytopal neighbors are also combinatorial neighbors, we prove that the con­
verse is not true. We give a method to determine all combinatorial neighbors of 
a given k-set which is simpler than the algorithm for polytopal neighbors. 

In Section 5 we discuss affine k-sets. An affine k-set of S is a set P of k 
points in S such that there is a hyperplane which has the points in P on one 
side and the points in S\P together with the origin on the other side. The affine 
k-sets correspond to certain cells in an arrangement of hyperplanes obtained by 
geometric duality from S. They can be used to solve the problem of finding the 
maximum feasible subsystem of linear relations (MAX FLS, see [AK95]). We 
show that in 1R2 the I-skeleton of Qk(S) restricted to vertices corresponding to 
the affine k-sets is not always connected. As a consequence, obtaining an output­
sensitive algorithm for enumerating the affine k-sets remains an open question. 

The following definitions are used throughout this paper. Let S denote a set 
of n points. We always assume that S is in general position, i.e. no i + I points 
are on a common (i - I)-flat for i = 1, ... ,d. If h is an oriented hyperplane in 
IRd , then h+ denotes the (open) halfspace on the positive side of hand h- the 
(open) halfspace on the negative side of h. We say that a hyperplane h separates 
the sets of points A and B, if the points in A are contained in one side of h 
and the points in B are contained in the other side of h. (Thus our notion of 
separation is what is sometimes called strong separation by a hyperplane). For 
two vectors v and w, their inner product is denoted by v . w. We denote by 
lp(l, m) the time needed for solving a linear inequality system with I variables 
and m inequalities. 

2 The k-set polytope 

2.1 Basic properties 

Assume that k E {1, ... ,n - I}. For aTE (~) we denote by v(T) the sum 
2:PETP (an element of Xk(S)) and for v E Xk(S) we denote by T(v) the unique 
set T E (~) such that 2:PETP = v. An oriented hyperplane h is called an (i,j)­
plane of S if h contains exactly i points of S and has exactly j points of S on 
its positive side. 

The following theorem is given in [AW97b] in a slightly different form. 
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Theorem 1. (a) For k E {I, ... ,n -I}, T E (!) is a k-set of 8 if and only if 
v(T) is a vertex of Qk(8). 

(b) Let h be an (ji,h)-plane of 8 with normal vector c, say, for some integers 
ji ~ 1, h ~ O. Then for each js = 1, ... , h there is a hyperplane hi 
with normal vector c which contains a face F of Qh+is (8) with exactly G~) 
vertices. (We say that h induces F in Qh+is (8»). 
Furthermore, the vertices of F are exactly the points 

for all Tl E (S~h). 
(c) For k E {I, ... ,n -I} and a face F of Qk(8), there is a (jl,h)-plane of 8 

which induces F for some h ~ 1 and h ~ O. 

Proof: Omitted. 
We call two vertices of Qk(8) polytopal neighbors if they are connected by 

an edge in Qk(8). 

Corollary 1. Assume that k E {I, ... , n - I} and T1 , T2 E (!), Tl -=f. T2. 

(a) The points V(Tl) and V(T2) are polytopal neighbors if and only if there is a 
(2, k - I)-plane h with h+ n 8 = Tl n T2. 

(b) If the points V(Tl) and V(T2) are polytopal neighbors, then ITl n T21 = k - 1, 
and Tl U T2 is a (k + I)-set. 

(c) A vertex Vl of Qk(8) has at most k(n - k) polytopal neighbors. 

Proof: Omitted. 

2.2 The diameter of the k-set polytope 

If two vertices v(Tt}, V(T2) are polytopal neighbors in Qk(8), then by Corollary 
1 we have 

v(Tt} - v(T2) = Pl - P2 

for some Pl, P2 E 8. It follows that the k-set polytope has at most (~) edge 
directions. By the following result of parametric linear programming we can 
show that the diameter of Qk(8) is at most (~): 

Lemma 1. For a polytope Q and two vertices Vi, V2, there exists a path from 
Vl to V2 which uses each edge direction at most once. 

Proof: Let Cl, C2 E IRd, Cl -=f. C2 be the normal vectors of supporting hyperplanes 
at Vl, V2, respectively. Consider the parametric function 

It is not hard to see that there is a hyperplane with normal vector (OC2 + (1-0)Cl) 
supporting a vertex or an edge of Q k (8), and that this hyperplane "follows" a 
path from Vl to V2, while 0 goes from 0 to 1. Simultaneously the expression in 
parenthesis takes no two equal values (since it is a convex hull of Cl and C2). 
Therefore each edge on the path from Vl to V2 has a different direction. 0 



4 

3 Optimization over the k-set polytope 

3.1 The k-cells 

Let us identify U : = IRd with a hyperplane in IRd+ I determined by the equation 
Xd+1 = 1. Let Sd be the unit sphere in IRd+1 with center in the origin. Each 
point q in Sd or in U determines an oriented hyperplane h(q) which contains the 
origin 0 of JRlHI and has normal vector (q - 0). We denote the sphere which is an 
intersection of Sd with h(q) by hsp(q). The intersection of h(q) with U is denoted 
by haff(q). Now given a hyperplane h in IRd+1 with normal vector n containing 
the origin (or a corresponding sphere in Sd or a corresponding hyperplane h in 
U), let I be an oriented line parallel to n which goes through the origin. We 
denote the intersection of I with Sd by Psp(h) and the intersection of I with 
U by Paff(h). The horizon of Sd is the intersection of Sd with the hyperplane 
determined by the equation Xd+1 = 0. The introduced mappings give a well­
known geometric duality between points and hyperplanes. It has the properties 
of incidence and order preservation (see [Ede87)). 

We denote by Asp the spherical arrangement induced by the oriented spheres 
hsp(p) , pES. The cell of Asp containing the "north pole", i.e. the point 
(0, ... ,0,1) is called the base cell B. It is not hard to see that B is contained 
on the positive side of hsp(q) for each pES. For a cell c of Asp, we call a ridge r 
(a (d -I)-dimensional face of Asp) of c a horizon ridge, if it is an intersection of 
spheres hI, h2 of Asp such that hI, h2 bound c, c lies on the positive side of hI 
and simultaneously c lies on the negative side of h2 • We say that a hyperplane 
h bounding a cell c is visible (for c) if h has c on its negative side, otherwise h 
is called invisible (for c). 

For k E {O, ... ,n - I}, a cell c of Asp is called a k-cell if the shortest path 
from the relative interior of the base cell to the relative interior of c traverses 
exactly k spheres of Asp. It is not hard to see that the duality stated above gives 
us a one-to-one mapping between the k-sets of S and the k-cells of Asp for all 
k E {I, ... ,n -I}. We denote by c(T) the k-cell corresponding to a k-set T of 
S. 

3.2 Determining polytopal neighbors 

Recall that two vertices of Q k (S) are called polytopal neighbors if they are 
connected by an edge in Qk(S). The corresponding k-sets and the corresponding 
k-cells are also called polytopal neighbors. The following lemma suggests how to 
determine the polytopal neighbors of a given k-cell c if the horizon ridges of c 
are given. Using the one-to-one mapping between the k-sets and the k-cells, we 
can compute all neighbors of a given vertex of Qk(S). 

Lemma 2. Assume that k E {2, ... ,n - I} and TIl T2 are k-sets. 

(a) The vertices v(Td and v(T2 ) of Qk(S) are polytopal neighbors if and only 
if the k-cells c(Td and C(T2) of Asp share a horizon ridge. 
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(b) Assume that the horizon ridge r is an intersection of spheres hsp (Pd, 
hsp (P2), PI,P2 E S such that c(TI) is on the positive side of hsp(PI) and 
simultaneously on the negative side of hsp (P2). Then C(T2) is separated from 
the base cell B by the hyperplanes 

Proof: Omitted. 
For a k E {2, ... ,n -I}, an arrangement Asp and its k-cell c, let R(c) be 

the set of horizon ridges of c, and G(R(c)) the incidence graph of R(c) (i.e. the 
vertices of G(R(c)) are horizon ridges, and there is an edge between them if both 
ridges meet). First note that for d > 2 the graph G(R(c)) is connected, since R(c) 
is the set of facets of some (d - 1 )-dimensional polytope. Thus, if a ridge r E R( c) 
is given, we can enumerate R(c) (starting at r) by tracing the graph G(R(c)). 
The problem to be solved here is to find the neighbors of r in R(c). This can 
be done by finding all hyperplanes bounding r in the central arrangement (we 
consider r itself as an (d - 1 )-dimensional polytope). As r lies in the intersection 
of two central hyperplanes, we can find all (central) hyperplanes bounding r by 
finding the non-redundant hyperplanes in (3) of 

(1) 
(2) 
(3) 

alx = b1 

a2X = b2 

Ax :S b 

(the visible hyperplane) 
(the invisible hyperplane) 
(the remaining halfspaces h+(p), pES). 

The latter problem is the redundancy removal problem (for r), which can be 
solved in time O(n lp(d, m)), where m is number of non-redundant hyperplanes 
in (3) ([08895]). Assume that iI is the set of all hyperplanes bounding a horizon 
ridge r of a cell c. Then a horizon ridge r' incident to r in G(R(c)) can be obtained 
by interchanging a visible hyperplane (1) with a visible hyperplane in iI, or by 
interchanging the invisible hyperplane (2) with an invisible hyperplane in iI. 
This is due to the fact that if c' is a cell which shares r' with c, then c' is 
obviously also a k-cell, as the numbers of invisible hyperplanes for both c and c' 
are equal. 

In this way we can traverse G(R(c)) and find all polytopal neighbors of c. If 
nc is the number of horizon ridges of a cell c, then the time required to find all 
neighbors of cis O(ncnlp(d,n)). Recall that nc:S ken - k) by Corollary l(c). 

In ~2, the graph G(R(c)) is disconnected, since the horizon ridges are points. 
We can find all horizon ridges of a cell c by computing all lines bounding c. This 
operation takes time O(nlogn), since it is equivalent to computing the convex 
hull of the points dual to the lines of Aaff. Then we traverse the sequence of these 
lines. A horizon ridge is detected if among two consecutive lines one is visible 
and the other not. 

In ~3, a horizon ridge of a cell c is incident to exactly another horizon ridge 
at each endpoint. This allows a more efficient computation of R(c). First, given 
the combinatorial information of c (its covector), we compute all vertices of c 
in time O(nlogn). For each vertex v we store all three planes containing v. In 
addition, for every two planes hI, h2 bounding c we store both vertices of c in 



6 

hI n h2' if they exist. Now given a vertex v in a horizon ridge, we check all three 
pairs of planes containing v and determine the two pairs forming the horizon 
ridges. For each of these two horizon ridges we look up in our data structure the 
vertex other than v. If both are already visited, we have determined all horizon 
ridges of c. Otherwise we choose a vertex not yet visited as the next vertex v. In 
this way we need constant time for each horizon ridge (once the vertices of care 
known). Since the number nc of horizon ridges of cis O(n) (c has O(n) edges), 
the computation of R(c) needs time O(nlogn + nc) = O(nlogn). 

3.3 Optimization on Qk(S) 

Let k E {I, ... ,n} be fixed. Assume that the points in S are numbered according 
to their lexicographical sorting. For two sets TI, T2 E (~) we say that TI is 
lexicographically smaller than T2 if and only if the set of indices of the points 
in TI is lexicographically smaller than the set of indices of the points in T2. We 
write TI <lex T2. An analogous definition applies to the vertices v(Td, V(T2) 
of Qk(S) if TI , T2 are k-sets. Obviously {PI,'" ,Pk} is the lexicographically 
smallest k-set. We denote the corresponding vertex of Qk(S) by woo 

In order to find a unique path from a vertex w of Qk(S) to wo, we determine 
first all polytopal neighbors of w as explained in Section 3.2. Then the successor 
of won the path to Wo is the lexicographically smallest vertex of Qk(S) among 
these neighbors. We repeat this step until we have reached woo 

Note that each path found in this way terminates in Wo since the edge graph 
of Qk(S) is connected and since finding a lexicographically smallest set among 
the polytopal neighbors of w is equivalent to minimizing a linear function, which 
is shown as follows. If c is a row vector of length d such that its i-th entry 
equals 2d- i for i = 1, ... ,d, then obviously c . v(Td < c . V(T2) if and only if 
Tl <lex T2 for T1 , T2 E (~). The lexicographically smallest polytopal neighbor 
of T(w) is the neighbor with the smallest value c . v(T), so indeed the above 
method optimizes cover Qk(S), 

3.4 Reverse Search using polytopal neighbors 

Assume that k, Qk(S) and Wo are the same as in previous section and that W 
is the set of vertices of Qk(S). Let us describe first the local search on Qk(S) 
(cf. [AF96]). Let f : W\{wo} ---t W be the function which maps a vertex w E 
W\ {wo} to its successor on the unique path to Wo in the way described in the 
previous section. Then we define a graph G with vertex set W whose edges are 
{w, f(w)} for each wE W\{wo}. By considerations in the previous section G is 
connected. The local search as described in [AF96] is then given by the triple 
(G, { wo}, f). 

The adjacency oracle (A-oracle) Adj (see [AF96]) for the graph G can be 
implemented in the following way. 

(AI) The vertices of G can be represented by the sets T(w) for w E W or by 
integer encoding of k-tuples of indices of the elements in T(w). 
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(A2) The integer <5 is at most ken - k) by Corollary l(c). 
(A3) The adjacency list oracle Adj (w, m) is implemented as follows. We com­

pute all polytopal neighbors of the vertex wand sort them lexicographically 
by the indices of the points in the corresponding k-sets. Then Adj(w, m) 
returns the m-th vertex in this sequence. 

The trace of a graph G is the directed subgraph T = (W, E(f)), where 
E(f) = {( w, f (w)) : w E W\ {wo}}. The height of T is the length of the longest 
path in T. (The height of the trace in G might exceed the diameter of Q k (S), see 
Section 2.2). We can reduce the total time for executing the adjacency list oracle 
if we store the information about adjacent neighbors of a vertex w encountered 
for the first time during the Reverse Search in a data structure which allows 
access in time 0(1). In the same step we compute and store the value of few), 
which reduces the total time for computing f. This information is kept until all 
vertices of G in the subtree below ware visited. In total, the number of vertices 
for which the neighbors information is stored simultaneously is bounded by the 
height of the trace. 

This precomputation of f and Adj for w (together with sorting of 
the polytopal neighbors of w) requires time O(nwnlp(d,n) + nwlognw) = 
O(nw nlp(d, n)), where nw is the number of polytopal neighbors of w. The total 
time for computing the neighbor information of all vertices is then 

(total number of horizon ridges of all k-cells) O(n lp(d, n)). 

Now, each call of Adj(w, m) takes time t(Adj) = 0(1) and each call of f takes 
time t(f) = 0(1). By the general complexity bound O(IWI<5(t(Adj) + t(f))) for 
the Reverse Search given in [AF96][Corollary 2.3] we have 

O((total number of horizon ridges of all k-cells) n lp(d, n) + IWI kn) 

as the total time complexity for Reverse Search using polytopal neighbors. Using 
the fact that the total number of horizon ridges of all k-cells is at most k (n -
k) IWI and that IWI = o(nd ) ([ABFK92]), we obtain 

O(IWI kn2 Ip(d, n)) = o(knd+2 Ip(d, n)) 

as an upper bound on the above-mentioned time complexity. 
In ffi.2 the time for computation of the neighbors for all vertices of Qk(S) is 

O(IWlnlogn). Since <5 ~ 2 in this case, the total time complexity of Reverse 
Search using polytopal neighbors is 

O(IWlnlogn). 

By the upper bound IWI = 0(nk 1/ 3 ) on the number of k-sets in the plane we 
have O(IWlnlogn) = 0(n2k1/ 3 Iogn) for ffi.2. 

In ffi.3 we need time O(n log n) for computing and sorting of all polytopal 
neighbors of a vertex. Since <5 = O(n) in this case, the total time complexity of 
Reverse Search is 

O(lWlnlogn). 

By the bound IWI = 0(nk5/ 3 ) on the number of k-sets in ffi.3 this time complexity 
is 0(n2 k5/ 3 Iogn). 
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4 Reverse Search for k-sets using combinatorial neighbors 

In the following let k E {2, ... , n - I} be fixed, and assume that the points in 
S are numbered as described in Section 3.3. We say that two k-sets TI , T2 in S 
are combinatorial neighbors, if ITI n T21 = k - 1. The corresponding definitions 
apply to vertices of Qk(S) and cells in Asp. Obviously a set TI E (~) has at 
most k(n - k) combinatorial neighbors. We also say that two distinct sets TI 
and T2 in (~) differ by an (i, j) -flip if T2 = (TI \ {Pi}) U {pj} for some integers 
i, j E {I, ... , n}, i =/:- j. If two sets TI , T2 in (~) are combinatorial neighbors 
then they differ by an (i, j)-flip. If two k-sets are polytopal neighbors, then 
by Corollary l(b) they are also combinatorial neighbors, but the converse is not 
true. This shows the example in Figure 1: we can reach the 4-cell C2 starting from 
CI by passing the hyperplane hI visible for CI and the hyperplane h2 invisible 
for CI. (This corresponds to a (1,2)-flip). Obviously CI and C2 are combinatorial 
neighbors, but since they do not share a horizon ridge, they are not polytopal 
neighbors (Lemma 2(a)). 

Fig. 1. The 4-cells Cl, C2 are combinatorial neighbors but not polytopal neighbors 

We can test as follows whether T' E (~) is a k-set. The following linear 
inequality system is feasible if and only if T' is a k-set. The system tests whether 
there is a hyperplane c' . x = b which separates T' and S\T': find c' E JRd and 
b E JR, such that 

c' . P < b for all pET' , 

c'·p>b for all pES\T'. 

The time for solving the above system is at most lp( d + 1, n). 

4.1 The local search and the adjacency oracle 

U sing the definitions of the Section 3.3, we show first how to obtain a unique path 
from any vertex of Q k (S) to the unique optimal vertex Wo of Q k (S). Let W be the 
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set of vertices of Qk(S). We denote by f the function f: W\{wo} ---+ W, which 
maps a vertex w to its successor Wi in the unique path to Wo. The vertex f (w) 
is computed in the following way. For each pair (i, j), i, j E {I, ... ,n}, i I- j, 
let Ti,j be the set of (~) which differs from T(w) by the (i,j)-flip, if Ti,j exists. 
We denote by 2 the family of these sets. Among the sets in 2 we determine 
the lexicographically smallest one. The corresponding set Ti' ,j' is then tested 
for being a k-set as described in Section 4. If this is the case, V(Ti l ,jl) is the 
value of f (w). Otherwise we discard Ti' ,j' and search for the lexicographically 
smallest set among the remaining sets in 2. This procedure is repeated until 
success. The time t(f) for computing f(w) is bounded by O(knlp(d + l,n)), 
since 121 ::; k(n - k). 

Since each polytopal neighbor is also a combinatorial neighbor, there exists a 
path from a vertex w to Wo. Furthermore, the above procedure yields a (unique) 
path ending in Wo, since it can be regarded as the optimization on the poly­
tope Qk(S) by analogous arguments as in Section 3.3. The finite local search is 
then the triple (G, {wo}, f), where the graph G has W as a set of vertices and 
{{w, f(w)}lw E W\{wo }} as the set of edges. 

The time t(Adj) for evaluating the following adjacency oracle is clearly dom­
inated by the time to test whether T' is a k-set, and so t(Adj) = lp(d + 1, n). 

(AI) The vertices of G can be represented by the sets T(w) for w E W or by 
integer encoding of k-tuples of indices of the elements in T(w). 

(A2) The integer J is at most k(n - k), as each vertex w E W has at most so 
many combinatorial neighbors. 

(A3) The adjacency list oracle Adj(w, m) is implemented as follows. First, we 
determine the lexicographically m-th pair (i,j) among the pairs {(i, j)li,j E 
{l, ... ,n}, i =I- n· If the set T' E (~) which differs from T(w) by the (i, j)­
flip exists, then it is tested for being a k-set. If this is the case, T' (or its 
integer encoding) is returned; otherwise the oracle returns O. 

The running time of the associated Reverse Search (Adj, J, {wa}, f) is then 

O(IWI J(t(Adj) + t(f))) = O(IWI k2n2 lp(d + 1, n)) 

by [AF96][Corollary 2.3]. 

4.2 Acceleration by storing adjacency 

Similarly as described in Section 3.4, we can compute and store the values of Adj 
and of f for each newly encountered vertex w until all vertices in the subtree of 
G below ware visited. We compute the set of combinatorial neighbors of w in 
the following way. For each pair (i, j), i, j E {I,... ,n}, i =I- j we test whether 
the set Ti,j E (~) which differs from T( w) by a (i, j)-flip exists and is a k-set. 
The time for this computation is at most k(n- k)lp(d+ 1, n). Simultaneously, the 
value of f (w) is computed. This information is then stored in a data structure 
which gives the value of Adj(w,m) in time 0(1). In the whole Reverse Search, 
the total time for computing the neighbor information for each vertex is then 
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O(IWlknlp(d + 1,n)). Each call of Adj(w, k) takes time 0(1), and each call of 
f takes time 0(1). The total time for Reverse Search is then 

O(IWI knlp(d + 1,n)). 

5 Affine k-sets 

5.1 Basic properties 

We use the notation of Section 3.1. Given a set of points S and the corresponding 
spherical arrangement Asp, let us call as Aalf the arrangement of hyperplanes 
half(p), pES. We can think about Aalf as about the central projection of the 
part of Asp lying in the 'northern' hemisphere of Sd onto U. Let us call a cell of 
Asp which is not completely below the horizon an affine k-cell. Obviously there 
is a one-to-one mapping between the cells of Aalf and the affine k-cells of Asp. 
We call a k-set of S an affine k-set if it corresponds to an affine k-cell of Asp. 
Under the assumption that the O-cell of Asp contains the point (0, ... ,0,1) of 
Sd, we can characterize the affine k-sets in the following way. 

LeIIlIIla 3. Let k E {I, ... ,n}. Assume that the O-cell of Asp contains the point 
(0, ... ,0,1). Then a k-set P ~ S is an affine k-set if and only if P can be 
separated from S\P by a hyperplane such that the origin of U is on the same 
side as S\P. 

Proof: Omitted. 
If we allow a translation of the hyperplanes forming Aalf (or, equivalently, 

a translation of points in S), then the condition of Lemma 3 can be always 
satisfied: simply translate the hyperplanes forming Aalf in such a way that the 
origin of U is located in the O-cell of Aalf. Thus we can assume in the following, 
that the point (0, ... ,0,1) is contained in the O-cell of Asp. 

We can test whether a set T' E (~) is an affine k-set in the analogous way 
as described in Section 4: T' is an affine k-set if we can find c' E JRd and b E JR, 
such that 

c'· p < b 

c'· p > b 
for all pET' 

for all p E S\T' U {oJ, 

i.e. if the corresponding inequality system is feasible. The running time for this 
test is lp(d + 1, n + 1). 

5.2 Reverse search for affine k-sets 

The graph of affine k-sets of S has affine k-sets as nodes, and two nodes share 
an edge if the corresponding affine k-sets are polytopal neighbors. The Reverse 
Search algorithm can be applied to enumerating affine k-sets only under the 
condition that the graph of affine k-sets is connected, i.e. if one can reach each 
affine k-set from any other affine k-set by moving over affine k-sets. 



11 

Unfortunately, this condition is not always fulfilled in 1l~.2 and it is not known 
to be fulfilled in higher dimensions. In Figure 2 the solid polygon represents the 
4-set polytope Q4(8t} of the points with coordinates (-3.9, -6.8), (-9.1, -4.8), 
(3.1, -0.8), (-11.1, -6.8), (-1, -5), (11,9), (10,14). Except for the both (poly­
topal) neighbors of V1 all vertices of Q4(81) are affine. Therefore V1 cannot be 
reached from any other affine vertex of Qk(8d and so the graph of affine 4-sets 
of 81 is disconnected. 

Fig. 2. The graph of the affine 4-sets of 8 1 is not connected 

We explain in the following how to obtain such counterexamples in R2 (and 
possibly also in higher dimensions). For a k E {2, ... ,n}, consider the polytope 
Qk(8 U {o}) and the set X k(8 U {o}) (where 0 is the origin). We have 

Xk(8 U {o}) = Xk(8) U Xk-1(8), 

since for aTE (8U1°}), T contributes to Xk(8) if 0 f/. T, and T contributes 
to Xk-1 (8) if 0 E T. Therefore, Qk(8 U {o}) is a convex hull of the polytopes 
Qk(8) and Qk-1 (8). 

Lemma 4. A vertex v of Qk(8) is also a vertex of Qk(8 U {o}) if and only if v 
corresponds to an affine k-set. 

Proof: Thivial. 
Now we show that Qk(8) and Qk-1 (8) can be translated relatively to each 

other by an arbitrary vector, thus allowing to 'hide' some vertices of Qk(8) by 
moving them into the interior of Qk-1 (8). We translate the points in 8 by a 
vector v E Rd and obtain 8' = {p + vip E 8}. Each point Xl E Xk(8) becomes 
then Xl + kv, and each point X2 E Xk-1(8) becomes X2 + (k - l)v. Therefore, 
Qk(8') is the polytope Qk(8) translated by kv and Qk-1 (8') is the polytope 
Qk-1 (8') translated by (k - l)v. Relative to Qk(8), the polytope Qk-1 (8) is 
translated by -v. 

By experimenting with some point sets and translation vectors v, we could 
easily find the configuration shown in Figure 2. There, both neighbors of V1 are 
inside the dashed polytope Q3(8d, and we conclude that they are the only non­
affine vertices of Q4(8d. It is also easily possible to enlarge 81 and still keep its 
property of being a counterexample. 
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We conclude that the enumeration of affine k-sets in an efficient and output­
sensitive way remains an open problem. A possible yet not output-sensitive way 
to enumerate the affine k-sets of S is to enumerate all k-sets of S and to check 
each output for being an affine k-set by one of the tests described in Section 
5.1. The enumeration of affine k-sets can be used to solve the problem of finding 
the maximum feasible subsystem of linear relations MAX FLS. It includes many 
interesting special cases such as the minimum feedback arc set ([AK95]). 
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Abstract. We study the C-oriented line simplification problem: Given 
a polygonal chain P represented by an ordered set of vertices PI , ... , pn 
in the plane, a set of orientations C, and a constant c, we search for a 
"C-oriented" polygonal chain Q consisting of the minimum number of 
line segments that has distance at most c to P in the Frechet metric. A 
polygonal chain is C-oriented if the line segments are parallel to orienta­
tions in C. We restrict our attention to the version of the problem where 
two circles of radius c formed around adjacent vertices of the polygonal 
chain do not intersect. We solve the C-oriented line simplification prob­
lem constructively by using dynamic programming together with a nice 
data structure. For usual cases of C our algorithm solves the problem in 
time O(kn2 Iog(n)) where k is the minimum number ofline segments of 
Q and uses O( kn 2 ) space. 

1 Introduction 

I..... , , 

...... _ _ _ _ _ 1 

Fig.1. Subway lines (dashed) and C­
oriented simplified subway lines (ICI = 4). 

Fig. 2. The (-area around each subway line 
is shaded. 

Maps such as those used to describe subway lines, bus plans, cartographic 
schemas for gas, water or electricity mains are often drawn C-oriented. Each line 
segment in these plans is parallel to an orientation in a fixed set of orientations 
(vectors) C in m2. We assume that for each c E C the orthogonal orientation to c, 
denoted as c, is element of C. This restriction is trivially fulfilled for an even num­
ber of uniformly distributed orientations. Requiring the maps to be C-oriented 

* This work was partially supported by grants from the Swiss Federal Office for Education and 
Science (Projects ESPRIT IV LTR No. 21957 CGAL and NO. 28155 GALIA), and by the Swiss 
National Science Foundation (grant "Combinatorics and Geometry"). 
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helps to make the maps look graphically clearer, more structured, and hence 
easier to read. Consider, for example, the creation of a subway line map given a 
city map. Typically, the number of C-orientations used would be 4: horizontal, 
vertical, and both diagonals. The subway line maintains geographical informa­
tions like "north of", "crosses", etc. We restrict attention to one central task in 
the automatic generation of C-oriented maps: the C-oriented line simplification. 

Let Pl,P2"",Pn be n vertices in the plane. Let PjPj+! be a (closed) line 
segment from Pj to Pj+!' We also call PjPj+1 a link. We denote a polygonal chain 
P by P = (PI, ... , Pn), it consists of line segments PjPj+!, 1 :S j < n. In the C­
oriented line simplification problem we want to compute a C-oriented polygonal 
chain (i.e. each of the links is C-oriented) with a minimum number of links that 
represents P "well". Representing P well means that the approximation leads 
along P and remains within (-distance of P, where (is a constant quality bound. 

Generalization and especially line simplification are well studied problems 
in cartography. See [Wei97] for a survey on cartographic generalization require­
ments and techniques and [AG93,AG96] for a survey on geometric techniques 
that have been used to measure similarity or distance between shapes. Probably 
the most popular (but not C-oriented) line simplification algorithm is the Douglas 
Peucker Algorithm [DP73] and its improvement [HS92]. When the simplification 
line must also be C-oriented, the Douglas Peucker algorithm can not be applied 
directly because the line formed from two consecutive points in the line simplifi­
cation may not be parallel to an orientation in C; the Douglas Peucker algorithm 
uses only such original data points. Guibas et.al. solved the (non C-oriented) 
line simplification problem under several optimization criteria [GHMS93]. They 
give an O(n2 10gn) time algorithm for finding an approximation that consists of 
a minimum number of links that has Frechet distance at most ( to the original 
polygonal chain. In case that the (-circles around adjacent vertices of the original 
polygonal chain do not intersect, they provide a linear time algorithm. Adegeest 
et.al. give a O( c2 n log2 n) time algorithm for computing minimum c-oriented 
link paths between a pair of points in the plane that avoids a set of n obsta­
cles [AOS94]. In their definition of c-orientation c is a number greater or equal 
to two defining c unit vectors where each pair of clockwise adjacent vectors has 
the angle ~. For a given starting point A, they iteratively determine the sets 
of all points that can be reached by paths of one link, two links, etc. This is 
the first approach solving the C-oriented line simplification. We use ideas from 
[GHMS93] and [AOS94], but we note that both methods can not be applied 
without major adjustments. 

2 Preliminaries and Problem Definition 

In this section we first introduce some necessary notations and definitions. Then, 
we formalize the C-oriented line simplification problem. 

For two points P and q we denote plf as the vector (q - p). We distinguish 
between points and vertices of a polygonal chain: we call any q E Pj Pj + I a point of 
P and each Pj a vertex, 1 :S j :S n. Let P and q be two points on a simple polygon 
P. If P precedes q on P we write P -< q. Let P = (Pl, ... ,Pn) be a polygonal 
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chain. Call a circle with radius ( and center Pj the (-circle Cj of Pj. The convex 
hull of two (-circles Cj and Cj+l from two consecutive vertices Pj and Pj+1 is 
called the tube Tj. Fig. 3 shows two tubes T j , 1)+1, and a point q lying in both 
tubes but not in the (-circle they share. 
We need to distinguish between q E 1) and q E 
T j +1. Therefore, to a tube Tj including the link 
PjPj+1 we assign a level j, and to a (-circle Cj 

including its center Pj we assign levels j and j - 1, 
if j > 1. All operations like n, E, -< now refer to 
their operands and their level. As a consequence 
P is simple, T j n Tj+1 = C j +1, and T j n Tj+/ = 0, 

Fig.3. Tube Tj, Tj+l. 

for I > 1. Let T = Uj::-ll Tj. (Fig. 2 shows a set of polygonal chains with the 
area of T shaded gray.) Clearly, each point in T has distance at most ( to the 
polygonal chain. We require that the approximation lies in T, starts at a point in 
a start set S ~ CI , ends at a point in an end set E ~ Cn, uses only orientations 
in C, and leads through consecutive tubes. 

Problem 1 (C-oriented line approximation). 
Instance: Let P = (PI, ... , Pn) be a polygonal chain in m2, let C be a set of 

orientations, ( a positive constant, such that Cj n Cj+1 = 0, j = 1, ... , n - 1, 
S ~ C I a connected set of possible start points and E ~ Cn a set of possible 
end points. 

Problem: Find a C-oriented line approximation of P. That is a C-oriented 
polygonal chain Q= (ql, ... , qm), such that ql E S, qm E E, and qi E T, 
i = 1, ... , m. Furthermore, link qiqi+1 intersects all Cj+l, ... , C/ in this or­
der, in case qi E Tj , qi +1 E Tt, j maximal, I minimal, and j < l. In case that 
qi E Tt, qi+1 E Tj , j maximal, I minimal, and j < I, link qiqi+l intersects all 
C/, ... , Cj +1 in this order. 

Problem 2 (C -oriented line simplification (CO LS)). 
Instance: An instance of the C-oriented line approximation problem. 
Problem: Find a C-oriented line approximation of P that consists of a minimum 

number of links. 

3 Reachable Regions 

In this section we introduce the concept of reachable 
regions, modified from [AOS94]. For any tube 1) and 
any number of links i we will define a set that contains 
all points q E Tj for which a C-oriented link path ex­
ists that starts in S and leads through T I , . .. , 1). For 
these sets we define a recursion formula that can be Fig.4. Horizontal 
calculated in a dynamic program. reachable region of S. 

Let P and q be two points. We say preaches q w.r.t. c if there exists a ..\ E m 
such that q = P + ..\c. Locally in a tube we define the set of points that are 
reachable with one single link within a single tube as follows. 
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Definition 1 (Reachable region nn(S, c)). Let T be a tube, S ~ T, and 
c E C. We denote by nn(S, c) the set of all points q E T for which there exists a 
point pES such that preaches q with respect to c. For UCEC nn(S, c) we simply 
write nn(S). 

Fig. 4 gives an example of a reachable region. Now, we extend the notion of 
a reachable region to allow multiple links within a sequence of tubes. Note that 
the following definition is consistent with the definition of Problem 1. 

Definition 2 (Reachable region nni(5, Tj)). Let Tj be the lh tube of a 
polygonal chain P and 5 the start set. We denote by nni (5, Tj ) the set of all 
points q E Tj for which a C-oriented i-link path Q = (qI, ... , qi) from 5 to q exists 
such that ql E T, l = 1, ... , i. Furthermore, link qlql+l intersects all CHI,"" Cd 
in this order, in case that ql E Tj , ql+l E Td, j maximal, d minimal, and j < d. 
In case that ql E Td, ql+l E Tj, j maximal, d minimal, and j < d, link qlql+I 
intersects all Cd, ... , Cj+l in this order. 

Note that nno(5, Td = 5, nno(5, Tj ) = 0 for j > 1 and RRI(5, Td = 
RR(5) in respect to tube TI. Observe that COLS always admits a solution. 

Property 1 (Existence). Every polygonal chain P has a C-oriented line simplifi­
cation for arbitrary f > O. 

We now introduce the concept of extensions. This allows us to extend a 
reachable region r ~ RRi (5, Tk ) into Rni (5, Tj ) whenever possible, k # j. 
That is, we compute the c-oriented reachable region r of a c-oriented reachable 
region r', c # c, and try to extend it into as many consecutive tubes as possible. 
Fig. 5 shows an extension of a c-oriented reachable region from Tj -1 to Tj. Note 
that the extension in Fig. 6 is bounded by a boundary segment of Cj. A point q 
in the striped black region of Fig. 6 does not belong to the extension of r' from 
Tj - I to Tj, since a link from r' into that region does not cut Cj. 

We define a forward extension as an extension from a tube Tk into a tube Tj 
with k < j. Similarly, a backward extension is an extension from a tube Tj into 
a tube Tk with j > k. 

Fig. 5. The c-oriented reachable region r' 
is extended (shaded dark). 

Definition 3 (Extension). 

Fig. 6. The extension of r' is bounded by 
a segment of Cj in Tj (shaded dark). 

Forward Extension F £ (U, Tk , Tj ): Let U ~ Tk for some k < j. We denote by 
F£(U, Tk, Tj) the set of all points q E Tj for which a C-oriented link from 
a point p E U\Ck+l exists, such that pq intersects all Ck+I, ... , Cj in this 
order. With F£(U, n, Tj , c) we denote the subset of F£(U, Tk, Tj) where all 
links are c-oriented, c E C. Then, F£(U, Tk, Tj) = UCEC F£(U, Tk, Tj , c). 
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Backward Extension B£(U, Tk , T j ): Let U ~ Tj for some k < j. We denote 
by BE (U, Tk, 1j) the set of all points q E Tk \ Ck+l for which a C -oriented link 
flOm a point P E U exists, such that pq intersects all Cj, ... , Ck+l in this 
order. 

We will show in the next lemma that we do not need backward extensions to 
reach all reachable points with a minimum number of links. This does not follow 
directly from the problem definition. We have to make use of the assumption 
that for each orientation c in C also the orthogonal orientation c is element of C. 

Lemma 1 (Backward Extensions). Let q E nni(S,Tj). Th ere exists a C­
oriented path Q = (ql, . . .. , qi = q) flOm ql E S to q such that each link qkqk+l is 
either contained in a tube 71 for some l ~ j, or qkqk+l intersects all Ce+l, ... , Cf 
in this order with qk E Te, qk+l E Tf, e maximal, f minimal, and e < f. 

Proof: Assume there exists a q E nni (S, T j ) that can only be reached with i 
links, when backward extensions are also considered. Let Q = (ql, .... , qi = q) 
be a path from ql E S to q. Then, there exists a minimum k, a maximum e, 
and a minimum f with e < f, qk E Te, qk+l E T f such that qkqk+l intersects 
Cf , ... , Ce+l in this order. We show how this link, its predecessor link, and 

Fig. 7. The solid polygonal subchain can Fig. 8. The solid polygonal subchain can 
be replaced by the dashed one. be replaced by the dashed one. 

successor link can be replaced by 3 other C-oriented links that are not backward 
extensions. Observe that Q has no self intersections, when we assign to a tube 
T; a level i and to a circle C level i-I and level i, as introduced in Section 2. 

Note that Q enters the circle Ce+1 three times. Let the intersecting points of 
Q n aCe+1 be u --< v --< u' --< v' --< u" --< v" (see Fig. 7, 8). Since u can reach v" 
within C e+1 in at most 2 links we can assume that qk-l lies in a tube Tx with 
x ~ e and qk+2 lies in a tube Ty with y > e. Therefore, uv, u'v', and u"v" are 
segments of Q and therefore C-oriented. Let uv have orientation c and let u"v" 
have orientation c. 

We make a case distinction according to the location of u, v, u" and v": 

There exists a line am that cuts Pe+l, uv and u"v": In this case we claim 
that there exists apE uv such tha t P + AC has non empty intersection with 
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u"v". Let R = {x E Ce+!13y E UV,,A E JR such that x = y+,Ac}. Observe that 
R is point symmetric to the midpoint Pe+!. Since u and v are positioned on 
opposite sides of am in Ce+1 , it follows that each point on am can be reached 
with an c-oriented link starting at a point on uv. Since u"v" cuts am it 
follows that there exists a point z on uv, a point z' on u" v", and a A E JR 
with z' = z + AC. Thus, replacing Q by Q' = (ql,"" qk-b Z, z', qk+2,···, qi) 
yields that Q' has as many links as Q and (ql,.'" qk-b Z, z', qk+2) has no 
backward extension. 

The points u, v, u" and v" lie on one half circle H of aCe+!: We make a 
case distinction according to the possible orders of u, v, u", and v" on H: 
Order u", u, v, v" and u, u", v", v and their reversals: See Fig. 8 for an exam­

ple. Then, either there exists a A E JR and a z on u"v" such that z = u + AC 
or there exists a A E JR and a z on uv such that z = u" + ,Ac. In the first 
case, Q' = (ql,"" qk-l, u', Z, qk+2, ... , qi) is a link path with at most as 
many links as Q has and (qt, ... ,qk-bu',z,qk+2) has no backward exten­
sion. In the second case Q' = (ql, ... , qk-I, Z, u", qk+2, ... , qi) is a link path 
with at most as many links as Q has and Q' = (ql, ... ,qk-I,Z,u",qk+2) has 
no backward extension. 
Order u,v,v",u", order v,u,u",v", and their reversals: In this case either 
link quqk lies inside Te or qk+lqk+2 lies inside Te. In both cases qk+! can 
be reached without backward extensions. 

This procedure can be applied to all backward extensions in Q. Thus, all points 
in nni (5, Tj) are reachable without backward extensions. 0 

We now can express the calculation rule for the reachable regions as a recur­
sion formula. 

Theorem 1 (Recursion Formula). For i,j > 0 we have 

j-l 
nni (5, Tj) = nn(nni - 1(5, 1j)) U U F£(nni - 1(5, Tk), Tk, 1j) 

k=l 
With nni (5,Tj ,c) we denote the subset ofnni (5,1j) where the last link is 

c-oriented. Then, nni (5, Tj) = UCEC nni (5, 1j, c) follows. 

Corollary 1. Let i be minimal such that Ennni(5, Tn-I} oF 0. The minimum 
C-oriented link path from 5 to E has i links. 

The sets nni(5, Tj ) can be computed by dynamic programming according 
to the Recursion Formula. Let q E nni (S, Tj , c). The C-oriented link path from 
q to 5 can be computed as follows: Starting at q we create a line q + AC, A E JR. 
The c-oriented reachable region of q is associated with its generating reachable 
region r' E nni - 1(5, Tk , c). We compute a point q' E r' which lies on q + AC. 
This point q' is the next vertex of the link path. Then, we repeat this procedure 
starting at q' and continue until we reach a point in 5. 

Inserting each reachable region into a set nn i (5, 1j) yields that each re­
gion r E nni (5, Tj ) generates at most ICI reachable regions in nni+1 (5, Tj ). 
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Furthermore, each region r E nni(S,Tj) can generate at most ICI reachable 
regions in the extension step per tube I = j + 1, ... n. Let f( i, j) be the number 
of reachable regions in nni (S, Tj ), 1 ~ j < n. The following equations hold: 

f(i,j) ~ ICI 2:{=1 f(i - l,l) if i > 1, j > land f(l,j) = ICI. These recurrence 
equations lead to a number of reachable regions that grows exponentially in the 
number of line segments k of the minimum link path. 

4 Speed-Up Techniques 

In order to consider only a polynomial (in n,k, and ICI) number of reachable 
regions we study the form of reachable regions and classify them. This allows us 
to handle and store the reachable regions efficiently. 

Let r be a c-oriented reachable region in a tube 'Tj. Then, the boundary of r 
has the nice property that is determined by the boundary of Tj, the boundary of 
Cj and c-oriented lines. In case that Cj n Cj+1 of 0 the boundary of a reachable 
region can also contain boundary segments of non local circles, which would 
make the handling much more difficult. 

Theorem 2 (Type of a Reachable Region). Let S ~ C1 be a connected 
set of points in C1 . Let c E C. A c-oriented reachable region r in Tj can be 
categorized to have the following forms: 
1. r is determined by the intersection of two parallel c-oriented lines and the 

boundary of Tj . We say that type( r) = 1. (See Fig. 5.) 
2. r is a reachable region in Tj that is defined by a connected boundary segment 

Sj ~ aCj \8Tj _ 1 and a direction T E {c,-c}. r = {q E Tj 13q' E Sj,).. > 0 
such that q = q' + ).. T}. We say that type( r) = 2. (See Fig. 6.) 

Due to space limitations, we provide only proof sketches. Note, all proofs are 
given in the technical report of this paper [Ney98]. 
Sketch of the proof: Let r be a reachable region in nni (5, Tk). For each case 
we show by induction on i (j respectively), that (1) nn(r, c) has form 1, (2) 
F£(r,n,'Tj,c) has form 1 in case that k < j - 1, and (3) F£(r,Tk,Tk+1,c) 
yields at most 2 reachable regions of form 2. 0 

We now show how to shrink the number of reachable regions by deleting 
redundant reachable regions and unifying reachable regions. 

Property 2. Let r be a c-oriented reachable region in nni (5, Tj, c). Then, r can 
be deleted in case that there exists a r' E nn' (S, T j , c) with r ~ r'. 

Property 3. Let rand r' be two c-oriented reachable regions in nni(5, 'Tj,c) 
with r n r' of 0, r c£. r', and r' c£. r. Let rand r' be reachable regions of type 
1 or of type 2 with equal T. We can unify rand r' for the computation of the 
reachable region of rand r'. 

Note that we must store a back pointer from r U r' to rand r' since during the 
computation of the link path we have to follow the links backwards until we 
reach the start set S. 

Let c be the orthogonal orientation to c. The projection of a tube Tj to c 
yields an interval I (Tj , c). 
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Property 4. Each c-oriented reachable region in Tj is uniquely represented by an 
interval in I(Tj, c) (namely the projection of the reachable region to c) and a 
tag specifying whether the reachable region is of type 1 or type 2 accompanied 
by the orientation T. 

In a further tag field a reference to the generating reachable region is stored. 
In order to store the reachable regions efficiently, we associate three sets of inter­
vals with each RRi(S, Tj , c): Ii(S, Tj, c, ±) contains all intervals corresponding 
to reachable regions of type 1. Ii (S, Tj , c, +) contains all intervals corresponding 
to reachable regions of type 2 with T = +c and Ii(S, Tj , c, -) with T = -c. 

We insert a c-oriented reachable region r into RRi (S, Tj , c) only if it is not yet 
contained in RRi (S, Tj, c). In this case we delete all c-oriented reachable regions 
r' that are contained in r (see Property 2). Before we compute RRi+l(S, Tj ) 

we unify the reachable regions in RRi (S, Tj, c) for each c E C in order to shrink 
their number (see Property 3). Let x E {±, +, -}. The insertion operations in 
Ii (S, Tj , c, x) have the property that each two intervals i 1 and i2 in Ii (S, Tj, c, x) 
are either disjoint or i 1 1;. i2 and i 1 ~ i2. We suggest handling each Ii (S, Tj , c, x) 
as an ordered list. Thus, the insertion, deletion, and search for an interval can 
be done in O(logl) time, when I is the length of the list. Let u be an interval 
that contains k intervals of the list. Since these k intervals are consecutive in the 
list, the deletion or search of these intervals can be done in o (log I + k) time. 

If we once have reached a point p E Tj we can estimate the maximum number 
of iterations that we have to compute extensions into that tube. 

i i+3 Property 5. Let p ERR (S, Tj). Then, Cj eRR (S, Tj , c), for each c E C. 

This ends our speed-up investigations. Recapitulating, we compute the reach­
able regions RRi (S, Tj) by using dynamic programming, together with the inter­
val lists as data structure, the insertion and update technique, and the sensitive 
computation of reachable regions. That is, we compute a c-oriented reachable 
region in a tube only in case when the tube is not yet covered with c-oriented 
reachable regions. Furthermore, we compute a forward extension into a tube Tj 
only in case when the circle Cj is not yet covered with reachable regions. 

5 Runtime and Space Calculation 

We now calculate the maximum number of reachable regions in each tube. Ac­
cording to our Recursion Formula 1 we will estimate the number of c-oriented 
reachable regions in a tube T that is generated by 
1. non c-oriented reachable regions in T (see Lemma 2). 
2. forward extensions of non c-oriented reachable regions into T (see Corol­

lary 2). 
3. c-oriented reachable regions in T (see Property 6). 
4. forward extensions of c-oriented reachable regions into T (see Lemma 3). 

With these calculations we are able to estimate the maximum number of reach­
able regions in RRi(S, Tj, c) (see Theorem 3) which leads to the runtime and 
space of the algorithm. 
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We call two reachable regions '1'1, '1'2 of one orientation in a tube disjoint, if 
'1'1 n '1'2 = 0, type( '1'1) :#:type( '1'2), or type( 'I'd =type( '1'2) = 2 and r( 'I'd :#: r( '1'2). 
Since we unify overlapping reachable regions in RRi-1(5, Tj , c) before computing 
the sets RR i (5,Yj, c), we only have to take into account the number of disjoint 
reachable regions in R R i (5, Tj, c). 

Lemma 2. Let '1'1, ••• , rk be the c-oriented reachable regions in RRi (5, Yj, c). 
Let the angle between c and c be a. '1'1, ••• , rk create at most r 2: 1 disjoint c­
oriented reachable regions in RRi +l (5, Tj, c). 

Sketch of the proof: Restricting our attention to the number of disjoint reach­
able regions of r~ = '1'1 n Cj, ... , r~ = rk n Cj gives an upper bound. Furthermore, 
we can assume that r~, ... , r~ are ordered according to c, have minimum diame­
ter, minimum distance to each other and r~ has distance (; to Pj. Trigonometric 
calculations then yields the minimum distance from r~ to r~ (r~ to r~, ... ), such 
that their c-oriented reachable regions do not intersect. D 

Corollary 2. A maximum of 3r -2 ,... HICI- 1) disjoint c-oriented reachable re-
amln 

gions can exist in 
n'R{llni(S, Tj )\nni(S, Tj, e), e) U ut;;~ F£((nni(S, Tk)\nni(S, Tk, e)), Tk , Tj, e). 

Property 6. 1. Each RRi(S, T l , c) contains one unique reachable region, c E C. 
2. Let 'I' E RRi (5, Tj,c) with typ,e(r) = 1. Then, RR(r, c) = r. 
3. Let 'I' E RRi(S, Yj,c) with type(r) = 2 and r E {+c, -c}. Then, RR(r, e) :::) 

'I' and type(RR(r, c)) = 1. 

In case that a e-oriented reachable region has a c-oriented forward extension 
from tube Tk to tube T j , then at most one c-oriented reachable region in each 
tube Tk+l, ... , Tj-l has a forward extension into Tj: 

Lemma 3. Let F£(RRi(5, Tk , e), Tk , Tj, c) :#: 0, k < j < n. Then, F£(RRi(S, 
Tl, c), Tl, T;, c) contains at most one reachable region for any I, k < I < j. 

Th~orem 3. RRi (S, Tj , c) contains at most 3jf 2a:;n HICI-l) disjoint reachable 
regIOns. 

Sketch of the proof: The number of reachable regions in RRi (S, Tj , e) 
is the sum of the reachable regions in: (1) nn(nni(S, Tj )\nni(S, Tj, e), e), 
(2) ut:~ F£((nni(S, Tk)\nni(S, Tk, e)), Tk, Tj,e), (3) nn(nni(S, Tj,e),e), and (4) 
ut:~F£(nni(S,Tk,C),Tk,Tj,e), By induction on j we show that the sum of all 
reachable regions is bounded by 3jf 2a:;n HICI - 1). D 

We measure the distance between two points P = (Xl, Ytl and q = (X2' Y2) in m? 
in the L2 metric. That is, IIp- ql12 := ((Xl - X2)2 + (Yl - Y2)2) t. The estimation 
of the number of reachable regions leads to the running time and space needed 
by the algorithm. 
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Th 4 L t L - {llpj-Pj-lll,} + 4 Th . ·t· 1 eorem . e max - maXj=2, ... ,n 2£ . e runnzng zme 0 

the algorithm is bounded by O(n2lCl2Lmaxf 2a:in 1Iog(nICIlir2a:in 1)). It needs at 

most O(n21C12 Lmaxf -2 11". 1) space. Expressed in the minimum number of links k a m1n 

ofCOLS the running time is bounded by O(kn2lCl2f 2a:in 1log(nlClf 2a:in 1)) and 

the space by O(kn2lCl2f 2a:in 1)· 

6 Relation to the Fh~chet Metric 
We note relationships to the Frechet metric for curve similarity and line sim­
plification [AG93,God91,God98]. Intuitively, two curves 0' and {3 have Frechet 
distance at most (, if a person walking along 0' can walk a dog along {3 with 
a leash of length f. More precisely, two curves have distance at most ( under 
Frechet metric if and only if they have monotone parameterizations 0' and {3 
(0', (3 : [0,1] -+ IR2), such that 1100(t) - {3(t)112 ::; ( for all t E [0,1]. Fig. 2 
shows for each polygonal chain a minimum C-oriented line simplification that 
has Frechet distance at most f. 

In this section we show that a minimum C-oriented line simplification with 
Frechet distance at most ( to P has as many links as a minimum C-oriented line 
simplification has. Furthermore, we show how to obtain a minimum C-oriented 
line simplification with Frechet distance at most ( to P from the reachable re­
gions. In the next definition we define the neighborhood of a point q as the 
connected component of the intersection of P with the (-circle around q. 

Definition 4 (Neighborhood N(q). Let P = (PI, .. . ,Pn) be a polygonal 
chain and Q = (ql, ... , qm) be a C-oriented line approximation of P. Let q be a 
point on Q, q E T j , j minimal, and 1 ::; j :So n - 1. 
q E Tj\Cj+I: Let N(q) = {x E PjPj+1 such that Ilq - x112::; f}. 
q E Cj+l: Let N(q) = {x E pjPj+1 U Pj+1Pj+2 such that Ilq - x112::; (}. 

Let Q be a curve with Frechet distance at most ( to P. From this definition 
follows that P and Q have monotone parameterizations 0' and (3 such that O'(t) 
is in the neighborhood of (3(t). 

Property 7. 1. N(q) is a continuous subset of PjPj+1 or (Pj,Pj+I,Pj+2), resp. 
2. Let Q have Frechet distance at most ( to P. Let 0' and (3 be monotone 

parameterizations of P and Q,such that 1100(t) - {3(t)112 ::; ( for all t E [0,1]. 
If (3(t) = q then O'(t) E N(q), t E [0,1]. 

A C-oriented line approximation Q of P has Frechet distance at most ( to P 
if and only if the neighborhood of Q contains P and for any two points q' and 
q" on Q where q' precedes q" on Q the neighborhood of q" does not precede the 
neighborhood of q" on P: 

Lemma 4. Let P = (PI, ... , Pn) be a polygonal chain and Q = (ql, ... , qm) be 
a C-oriented line approximation of P. Q has Frechet distance at most ( to P {::} 
(1) for all points P on P there exists a q on Q such that P E N(q), and 
(2) for all points q' -< q" on Q we have that N(qll) -A N(q'). 
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Any C-oriented polygonal chain with Frechet distance at most ( to P is a 
C-oriented approximation of P: 

Theorem 5. Let P = (PI, ... ,Pn) be a polygonal chain. Let Q = (ql, .. . qm) be 
a polygonal chain with ql E S, qn E E and qiqi+I E C. Furthermore, let Q have 
Frechet distance at most ( to P. Then, Q is a C-o'riented approximation of P. 

After these preparations the main theorem of this section can be proven 
similarly to the proof of Lemma 1. 

Theorem 6. Let P = (PI, ... , Pn) be a polygonal chain and Q = (ql, ... , qm) be 
a C-oriented line simplification of P. Then, there exists a C-oriented line simplifi­
cation Q' with Frechet distance at most ( to P that has as many links as Q has. 

Remember that we construct the C-oriented line simplification by following 
the links backwards until we reach the start set S. Following a link backwards 
until it hits a point in its generating reachable region for the first time yields an 
approximation with Frechet distance at most ( to P. This is true since this way 
of processing disables the transformation described in the proof of Theorem G. 

7 Conclusion 
We presented an algorithm that solves the C-oriented line simplification problem 
with the additional restriction that the C-oriented polygonal chain has Frechet 
distance at most ( to the original chain in polynomial time. 

Theorem 7. The C -oriented line simplification problem (C OLS) with the ad­
ditional restriction that the C-oriented polygonal chain has Frechet distance at 
most f to the original chain can be solved in O( kn 21CI 2 i 20::in llog(n ICii 20::in m 
time. The algorithm needs O(kn 2 lCl 2 i -2 7r. l) space (k is the minimum number I Ct mll1 

of links, k ::; 4n + 2:::':/ IIp,-~;±tlh ). 
For arbitrary sets of orientations we have a negative result: 

Corollary 3. In case that C does not contain the orthogonal orientation to each 
orientation, the minimum C-oriented line simplification can have fewer links than 
the minimllln C -oriented approximation that has Frechet distance at most f to P. 

Proof: Fig. 9 shows a polygonal chain and its minimum C-oriented line simpli­
fication that has Frechet distance more than f to P since N(q") -< N(q') on P, 
with q' -< q". Each C-oriented approximation that has Frechet distance at most 
f to P consists of at least 4 links. 0 

In case that C does 
not contain the orthogonal 
orientation to each orien­
tation our algorithm still 
computes a C-oriented ap­
proximation but the re­
sulting approximation might Fig. 9. Example for Corollary 3, 
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neither be minimal, nor have Frechet distance t. In order to gain minimality it 
is necessary to allow backward extensions from a tube T j to Tk with k < j. An 
open question is how to compute the minimum C-oriented approximation that 
has Frechet distance at most ( to P in this case. 

The restriction that the (-circles of two consecutive vertices of the original 
polygonal chain do not intersect is necessary when we want to solve this problem 
by computing the sets RRi (5, Tj) in polynomial time. There exist examples 
where the number of disjoint reachable regions in RRi (5, Tj ) gets exponential 
in j when allowing Ct nCt+! t 0. Since the profit of deciphering such an example 
is rather small we decided not to expose them. The complexity of the C-oriented 
line simplification problem when allowing Cj n Cj +! t 0 remains open. 
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Abstract. Given a graph G with weighted edges, and a subset of nodes 
T, the T-join problem asks for a minimum weight edge set A such that a 
node u is incident to an odd number of edges of A iff u E T. We describe 
the applications of the T-join problem in sparse graphs to the phase 
assignment problem in VLSI mask layout and to conformal refinement 
of finite element meshes. We suggest a practical algorithm for the T­
join problem. In sparse graphs, this algorithm is faster than previously 
known methods. Computational experience with industrial VLSI layout 
benchmarks shows the advantages of the new algorithm. 

1 Introduction 

Given a graph G with weighed edges, and a subset of nodes T, the T -join Problem 
seeks a minimum weight edge set A such that a node u is incident to an odd 
number of edges of A iff u E T. One can find a discussion of the T -join problem 
in Cook et al. [4], pp. 166-181. 

In this work, we develop a new exact algorithm for the T -join problem which 
is motivated by the applications in VLSI mask layout. Section 2 describes the 
context of the phase assignment problem in VLSI phase-shifting masks. The 
corresponding graphs are sparse, with a large number (up to millions) of nodes. 
Similar graphs appear in conformal refinement of finite element meshes. 

A traditional reduction of the T -join problem to minimum weight perfect 
matching is too time- and memory-consuming to be practical. In Section 3 we 
suggest a new reduction to the perfect matching problem which increases the 
size of the graph by at most a factor of two. This reduction is linear and does not 
contain any large hidden constants. The achieved runtime is O((n log n)3/2)a(n), 

* This work was supported by a grant from Cadence Design Systems, Inc. P. Berman 
was partially supported by NSF Grant CCR-9700053 and A. Zelikovsky was partially 
supported by GSU Research Initiation Grant #00-013. 
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where a is the inverse Ackerman function and n is the number of nodes in G. In 
the concluding Section 4 we describe our computational experience with layouts 
derived from standard-cell VLSI designs obtained from industry. 

2 Phase Assignment in VLSI Phase Shifting Masks 

In the manufacture of a given VLSI circuit layout, photosensitive material is 
exposed to light that is passed through a mask. Without loss of generality, clear 
regions in the mask correspond to desired shapes, or features, in the layout. 
Phase-shifting mask (PSM) technology, proposed by Levenson et al. [11] in 1982, 
enables the clear regions of a mask to transmit light with prescribed phase shift. 
Given two adjacent clear regions with small separation, and respective phase 
shifts of 0 and 180 degrees, the light diffracted into the nominally dark region 
between the clear regions will interfere destructively; this gives improved image 
contrast (Le., between light and dark) and better resolution of the two features. 
PSM is enabling to the subwavelength optical lithography upon which the next 
several VLSI process generations depend [17]. 

Two positive constants b < B define a relationship between manufacturability 
of the layout and the distance between any two given clear regions [15]. The 
distance between two features cannot be smaller than b without violating the 
minimum spacing design rule. If the distance between two features is at least b 
but smaller than B, the features are in phase conflict,! which can be resolved by 
assigning opposite phases to the conflicting features. In other words, B defines 
the minimum spacing when two features have the same phase, while b defines 
the minimum spacing when the features have opposite phases. If the distance 
between two features is greater than B, there is no phase conflict and any phase 
assignment is allowed. 

The Phase Assignment Problem: Given a layout, assign phases to all 
features such that no two conflicting features are assigned the same phase. 

Given a layout, consider the conflict graph G =< V, E > which has a vertex 
for each feature, and an edge between two vertices iff the corresponding fea­
tures are in phase conflict. Observe that the Phase Assignment Problem can be 
solved iff the conflict graph is bipartite, i.e., has no odd cycles. The only way 
to change the conflict graph is to perturb the layout, e.g., perturb the locations 
of features such that they are no longer in phase conflict. Thus, if the conflict 
graph is not bipartite, we seek a minimal perturbation of the layout such that 
the conflict graph in the new layout is bipartite. The following method for layout 
modification and phase assignment was proposed in [10]' extending work of [15]. 

(i) given a layout, find the conflict graph G; 
(ii) find a (minimum) set of edges whose deletion makes the conflict graph G 

2-color able; 

1 More precisely, two features are in phase conflict if (i) there is no pair of points, 
one from each feature, whose separation is less than bj and (ii) there is some pair of 
points, one from each feature, whose separation is less than B. 
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(iii) assign phases such that only the conflict edges in this (minimum) set connect 
features of the same phase; and 

(iv) compact the layout with "PSM design rules", i.e., apply a layout compaction 
tool that enforces separation at least B between features that are assigned 
the same phase, and separation at least b between features that are assigned 
different phases. 

In this approach, the key step is determining which set of edges in the conflict 
graph correspond to a "minimum perturbation" of the layout. 

The Minimum Perturbation Problem: Given a planar graph G =< V, E > 
with weighted (multiple) edges, find the minimum-weight edge set M such that 
the graph < V, E - M > contains no odd cycles. 

The Minimum Perturbation Problem can be reduced to the T-join problem 
in the following way. We use the following definitions. A geometric dual of an 
embedded planar graph G =< V, E > is a multigraph D =< F, E > in which 
nodes are the faces of G. If l,g are two faces of G, i.e. two nodes of D, than an 
edge of G connects I with g if it belongs to both of them. A reduced dual of Gis 
a graph D =< F, E > obtained from D by deleting all but one of the edges that 
connect a given pair of nodes. The un deleted edge must be the one of minimal 
weight. 

Lemma 1 The Minimum Perturbation Problem for a planar graph G is equiv­
alent to the T -join problem in the reduced dual graph of G. 

Proof. To eliminate all odd cycles it is sufficient to eliminate odd faces of the 
planar graph G (see Figure 1). The odd faces of G form odd-degree vertices of D. 
Any edge elimination in G corresponds to edge contraction in D. In particular, 
if we eliminate a set of edges A in G, then the resulting nodes of (modified) D 
will correspond to connected components of < F, A >. Given such a component 
with sum of node degrees d and k edges, the corresponding node has degree 
d - 2k. Thus A is a feasible solution iff each connected component of < F, A> 
contains an even number of odd nodes (odd faces of G). Moreover, for each 
feasible solution AcE there exists a feasible solution ACE with weight that 
is not larger; we obtain A from A by replacing multiple edges connecting a pair 
of nodes/faces I and g with a single edge of minimum weight. 

If we define T to be the set of odd faces of G, then finding the minimum 
cost feasible solution is the same as solving the T-join Problem for D. 0 

After the Minimum Perturbation Problem is solved, i.e., the set of edges M 
is determined and deleted, the valid assignment of phases can be found using 
breadth-first search. For each connected component of the conflict graph (the 
weight of each edge is set to 1), starting from arbitrary vertex v breadth-first 
search determines the distance from v to each other vertex u. If the distance from 
v to u is even, then u is assigned the same phase as v; otherwise, u is assigned 
the opposite phase. Such breadth-first search can be performed in linear time. 
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(a) (b) (e)", 

(f) (e) (d) 

Fig. 1. From the conflicts between features (a), the conflict graph is derived (b). The 
dual graph (c) is constructed. The vertices of odd degree are matched using paths in 
the dual graph (d), and the corresponding conflict edges are determined (e). Finally, 
the minimum set of conflicts to be deleted is determined (f). 

Quadrangulations for Finite Element Meshes 

Another application of the sparse T-join Problem is described in [14]. Confor­
mal mesh refinement has gained much attention as a necessary preprocessing 
step for the finite element method in the computer-aided design of machines, 
vehicles, and many other technical devices. For many applications, such as tor­
sion problems and crash simulations, it is important to have mesh refinements 
into quadrilaterals. The problem of constructing a minimum-cardinality confor­
mal mesh refinement into quadrilaterals is well known. This problem is NP-hard 
and for meshes without so-called folding edges a 1.867-approximation algorithm 
is suggested in [14]. This algorithm requires O(nm log n) time, where n is the 
number of polygons and m the number of edges in the mesh. The asymptotic 
complexity of the latter algorithm is dominated by solving aT-join problem in 
a certain variant of the dual graph of the mesh. Although the T-join problem 
can be solved fast for planar graphs by an application of the planar separator 
theorem (see [12] and [2]), our reduction is much simpler and does not contain 
any large hidden constants. 

3 A Fast Algorithm for the T-join Problem 

The T-join problem was solved by Hadlock [8] and Orlova & Dorfman [16] using 
the following reduction. 

Lemma 2 The T -join problem for a graph with n nodes can be reduced to 
Minimum- Weight Perfect Matching problem in a complete graph with ITI nodes. 
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Proof. Every minimal T-join is the union of edge sets of edge disjoint paths 
that, viewed as edges connecting their endpoints, provide a perfect matching 
of set T (see [4], p. 168). Thus every minimal T-join corresponds to a perfect 
matching, with the same cost, in a complete graph with node set T and edge 
weights defined as the shortest path lengths in the original graph. Conversely, 
every perfect matching in the new graph yields a T-join considering the paths 
that correspond to its edges, and taking the edges of the original graph that 
belong to an odd number of these paths, obviously the cost of this T -join is not 
larger than the cost of the matching. Consequently, the minimum cost perfect 
matching must correspond to a minimum cost T-join. 0 

The reduction defined in Lemma 2 has two drawbacks. First, the reduction 
itself can be slow, because finding all pairwise distances between vertices of 
T is too time- and memory-consuming. Additionally, the resulting instance of 
Minimum-Weight Perfect Matching Problem may have many more edges than 
necessary, and thus itself is too difficult to be used in practice. The present work 
provides an approach that is much more efficient in the case of sparse graphs 
(note that planar graphs are always sparse, because the number of edges is less 
than six times larger than the number of nodes). 

In this section we present a faster reduction of the T-join problem to the 
minimum weight perfect matching problem, which yields a faster exact algorithm 
for the T-join Problem in sparse graphs. 

3.1 Opportunistic Reductions 

In this subsection we describe simplifying, "opportunistic" reductions that serve 
to normalize input graphs for the reduction from the T-join problem to perfect 
matching that is described later. These reductions do not improve the worst case 
performance of algorithms for the T-join problem, but nevertheless help in many 
real-life instances. 

The first opportunistic reduction reduces the T-join problem to instances 
with biconnected graphs. 

Theorem 1 Consider an instance of the T -join problem described by the graph 
< V, E >, edge weight function wand T C V 0 Assume that < V, E > has 
biconnected components < VI, EI >,. 0 • ,< Vk, Ek > 0 Then in linear time we 
can find sets Ti C Vi such that AcE is an optimal T -join if and only if for 
i = 1,." 0, k, An Ei is an optimal T;-join for < \1;, E; > and WIEi" 

Proof. If a biconnected component < \1;, Ei > happens to be a connected 
component, then for obvious reasons it suffices to define Ti = Tn \I; 0 Similarly, 
the claim is trivial if < V, E > is biconnected. Now consider < VI, EI >, the 
first biconnected component reported by Hopcroft's algorithm (see [1], ppo 180-
187); it is a property of this algorithm that this component contains exactly one 
articulation point, say v. Let Eo = E - E I , and Vo = V - VI n {v} 0 We will find 
sets Tl and To such that A is a T-join for < V, E > if and only if T j n E j is a 
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solution for < Vj, Ej > for j = 0,1. We have four cases. In the first two, vET. 
If IT n V11 is even, v must be incident to an odd number of edges from E1, and 
thus to an even number of edges from Eo. Thus we can set Tl = T n V1 and 
To = T - V1 . If IT n V11 is odd, then v must be incident to an even number of 
edges in An El and thus to an odd number of edges from A n Eo, consequently 
we can set To = Tn Vo and Tl = T - Yo. In the remaining two cases, v ~ T. If 
IT n V11 is even, v must be adjacent to an even number of edges from A n El 
and an even number from A n Eo, consequently we can define T j = Tn 10 for 
j = 0,1. If T n V1 is odd, v must be incident to an odd number of edges in both 
A n Eo and A n E1 , so we can define T j = T n 10 U {v} for j = 0, 1. 

In this fashion, we can each compute Ti as soon as the respective biconnected 
component < Vi, Ei > is reported by Hopcroft's algorithm. 0 

Another opportunistic reduction eliminates nodes of degree 2 that do not 
belong to T. 

Theorem 2 Assume that node v ~ T has exactly two neighbors, Vl and V2. 

Consider the graph transformation where edges {v, vd and {v, V2} are replaced 
with edge {Vl,V2} with weight W(V,Vl) + W(V,V2). Then this edge replacement 
defines a 1-1 correspondence between T -joins of the old graph and the new graph. 

Proof. The claim follows immediately from the observation that in the 
original instance, a solution either contains both el and e2, or neither of these 
edges. 0 

Because the running time of the most efficient algorithms for minimum weight 
perfect matching depends on the maximum edge weight (if we assume that all 
weights are integer), we should estimate how much this weight may change. The 
reduction implied by Theorem 1 does not change the maximum edge weight at 
all, while the reduction implied by Theorem 2 increases the maximum by a factor 
smaller than n. 

3.2 Reducing T-join to Perfect Matching with Gadgets 

In this subsection, we develop a new and more efficient reduction of the T­
join problem to perfect matching, using gadgets. The general outline of our 
reduction is the following. For each instance (G, w, T) of the T -join problem we 
will construct an equivalent instance (G' , w') of the perfect matching problem. 
Each node v will be replaced with a gadget graph Gv that is connected with 
edges of weight O. Later we will call these edges connections. Each edge {u, v} 
will be replaced with 1, 2, or 3 edges that connect Gu with Gv . We will call these 
edges replacements. Each replacement has the same weight as the corresponding 
original edge. 

From the previous subsection, we may assume the following restrictions on 
instances of the T-join problem: the graph is biconnected, ITI is even and posi­
tive, all T -nodes have degree at least 2 and all other nodes have degree at least 
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3. Henceforth, we will use S to denote V - T. The correctness of the translation 
is assured by the following strong equivalence condition. For each perfect match­
ing M in G' there exists a solution A in G with 1-1 correspondence between 
replacements in M and edges in A where each edge e E A corresponds to one of 
its own replacements. Conversely, for every solution A in G there exist a perfect 
matching M in G' with such correspondence. 

We will assure the strong equivalence using the following lemma. 

Lemma 3 Properties (1), (2) and (3) are sufficient to assure strong equivalence 
between G and G1 : 

(1) For any edge {u, v}, there is a node which is incident to all replacements of 
{u, v}. If this node belongs to G v , then we say that {u, v} fans out from v 
towards u. 

(2) If u E T then G u contains an odd number of nodes, and if u E S then Gu 

contains an even n'u,mber of nodes. 
(3) Let Au be a set of edges that are incident to some node u of the graph G. 

Assume that IAul has the same parity as IGul. Then all nodes of G u are 
included in a matching Mu that consists only of the replacements of the 
edges of Au and the connections of Gu. 

Proof. Given a matching M in G', we obtain a corresponding T-join A 
in G by discarding all connections, and exchanging the replacements for the 
"original" edges. Property (1) assures that there is a 1-1 correspondence between 
replacements in M and edges in A since only one edge from replacement can 
participate in a matching. Note that each replacement can match at most one 
node in Gu and connections in Gu can match only even number of nodes. Thus 
property (2) assures that if u E T, then A contains an odd number of edges 
incident to u, and if v, E S, then A contains an even number of such edges. 

It remains to show a converse relationship. Consider a T-join A in G. 
By property (3), we can find a matching Mu for every group of edges G u, 
so it remains to show that we can combine these matchings together. By 
property (1), every edge {v,u} with more than one replacement has all its 
replacements incident to a single node; if this node is in Gv , then this edge 
fans out from v toward u. Let us remove from each Mu the replacements of 
edges that fan out from u and take the union of the reduced Mu's. If a node 
w is not matched, it must belong to some Gu, and its incident edge from Mu 
was removed, because it was a replacement of an edge that fans out from 
u toward some v. However, in this case, {u, v} E A and one of the replace­
ments of this edge must still belong to Mv, moreover, it must be incident to w. 0 

Properties (1) and (2) can be immediately verified for a given construction of 
graph G'. Property (3) will be proven by induction on the degree of u. However, 
as a preliminary step, we must show that we can simultaneously provide a gadget 
Gv for every node v of G. The limitation is that almost every gadget requires 
that a certain number of edges adjacent to v fan out toward v. However, this 
requirement never exceeds half of the total number of incident edges (degree of 
the node). Thus, before proceeding further, we should show that 
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Lemma 4 We can fan out the edges of G in such a way that if a node has degree 
2k or 2k + 1, at least k edges are fanned out toward it (see Figure 2). 

Proof. By induction on number of edges in G. We first consider the case 
when G contains a simple cycle. Then we fan out the edges on this cycle so each 
is fanned out toward a different node, and remove the edges of this cycle. For 
each affected node, the degree decreases by 2, and the number of edges that fan 
toward such a node decreases by 1. 

If G contains no cycles, then it is a forest; we can take an edge that is incident 
to a leaf, fan it out toward its other end and remove this edge. Two nodes are 
affected: a leaf which does not have any requirements (k = 0), and the other 
node, for which the degree decreased by 1, so that the requirement for more 
edges fanned out toward it decreased by 1 as well. 0 

, , , 

, , , 

, , , , , , , , ' , , 

Fig. 2. An example of graph transformation. In the original graph, node labels indicate 
the member of T and S respectively, arrows on edges indicate the direction of the 
possible fan out. The thick edges will be fanned out during the transformation. 

The gadgets that we use are formed from three kinds of building blocks. 
A gadget for node v is defined as the graph H that consists of Gv , plus the 
adjacent replacement edges. If the replaced edge fans out toward v, we keep all 
the replacements, and otherwise we keep only one. Because we define gadgets 
first, and assign them to various nodes later, we will use core(H) to denote Gv , 

and rind(H) to denote H - core(H). In general, a gadget H is characterized by 
the degree of its node and by the membership of this node in T or S. We will use 
acronyms to identify gadgets, e.g., T4 are gadgets for elements of T that have 
degree 4. 

We can now formulate the sufficient conditions for the correctness of a gadget 
that are implied by Lemma 3. Property (1) of Lemma 3 is assured as follows: a 
Ti or Si gadget has Irind(H) I = i; each edge incident to the node represented 
by the gadget corresponds to one of the nodes of rind(H); if this edge fans out 
toward that node, this node is connected with core(H) by all its replacements, 
otherwise it is connected with core(H) by a single edge. 
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Property (2) is assured simply if Icore(H) I is odd for a T gadget, and even 
for an S gadget. Finally, property (3) means that if core(H) cUe H and lUI 
is even, then H contains the matching that matches all nodes of U and no other 
nodes. 

Now we will describe construction of the gadgets. We first define three basic 
gadgets, S3, T3 and Q, which is actually a variety of T4 (see Fig. 3). Gadget 
T2 is a degenerate case, because we do not modify T-nodes of degree 2 (except 
than an edge originating in such node may fan out toward its other end). Fig. 3 
shows how we form gadgets for all nodes of degree below 7. For nodes of degree 
more than 6, the gadgets are constructed recursively using a procedure described 
below. 

Given two gadgets H and H', we can meld them as follows. Let {x, y} be 
a replacement of an edge that does not fan out toward the node of H, and let 
y E core(H). Select {x', y'} similarly. Then meld(H, H') is created by discarding 
x and x', and by identifying y with y'. Fig. 3 shows several examples of melding. 
For i 2 7 we define Si as meld(S(i - 2), Q) and Ti as meld(T(i - 2), Q). The 
following lemma validates building larger gadgets by melding the smaller ones. 

Lemma 5 We can build new gadgets in the following three ways: 

(i) If H is an Si gadget, and H' is an Sj, then meld(H, H') is a T(i + j - 2). 
(ii) If H is an Ti gadget, and H' is an Tj, then meld(H, H') is a T(i + j - 2). 

(iii) If His anSi gadget, andH' is anTj, thenmeld(H,H') is as(i+j-2). 

Proof. Let Ho denote meld(H, H'). We will prove only (i), the other cases 
being similar. Property (1) of the gadget correctness is inherited from Hand 
H', because edges that are fanning out in Ho were fanning out in H or H' and 
they are represented as before. One can also see that Irind(Ho)1 = i + j - 2, 
so Ho represents a node of degree i + j - 2. Property (2) follows quickly 
from the fact that Icore(Ho) I = Icore(H)1 + Icore(H') I - 1. To prove property 
(3), consider Uo such that core(Ho) C Uo C Ho, such that IUol is even. Let 
U = Uo nrind(H) and U' = Uo nrind(H'). Because Icore(Ho) I is odd, lUI + lU'l 
is also odd. Without loss of generality assume that IHI is even and IH'I is 
odd. Because H is a correct Si gadget, the subgraph of core (H) U U contains 
a perfect matching. Now it remains to find the matching for core(H') U U' . 
We first obtain a matching for core(H') U U' U {x'}. We then remove the edge 
{x' , y'}, because in H' node x' has degree 1, hence this edge must belong to 
our matching. Note that x' was discarded during melding, and y' = y is already 
matched, so we have matched all the nodes of Uo. 0 

The following theorem estimates the quality of our gadget reduction of the 
T-join Problem to the Minimum Cost Perfect matching. 

Theorem 3 Consider an instance of Minimum Cost T -join problem with n 
nodes, m edges and no nodes of T that have degree 3. In linear time we can 
generate a strongly equivalent instance of the Minimum Cost Perfect matching 
that has at most 2m nodes and at most 6m - 5n + 0.5no edges. 
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S3 13 +S4~,n)~ 
Q T4 = meld(S3,S3) 

S5 = meld(S3,Q) S6 = meld(S3,13,S3,S3) 
T5 = meld(S3,13,s3) T6 = meld(S3,Q,S3) 

Fig. 3. Replacing a vertex v with Cv . Empty circles indicate the nodes of C u , solid 
circles indicate nodes that are connected to C u via replacement edges. A large solid 
circle indicates an edge that fans out toward v. 

Proof. First, we reduce the problem to the case of a biconnected graph, thus 
eliminating the nodes of degree 0 and 1. Second, we decide for each edge the 
direction in which it can be fanned out. In the third stage, we replace each node 
v with its respective gadget Hv. Fourth, and finally, we connect the gadgets, 
making sure that if Hu assumes that the edge {u, v} fans out toward u, we 
allowed for that in the second stage. Fig. 2 illustrates the last three stages of 
this process. 

It is easy to see that a node of degree d is replaced with a gadget with d or 
d - 1 nodes, thus the total number of nodes in the new graph is bounded by the 
sum of node degrees in the original graph, i.e., 2m. The estimate of the resulting 
number of edges is less straightforward. We consider two classes of nodes: 
"original", and "extras" - extra replacements and connections. Obviously, we 
have exactly m original edges. For the extras, one can check that for a node v 
of degree d:::; 5, Hv contains at most 2.5d - 5 extra edges, with the exception 
of T -nodes of degree 3, that have 3 = 2.5 x 3 - 5 + 0.5 extra edges. Moreover, 
melding with Q increases d by 2, and the number of extra edges by 5. By adding 
these expressions for all nodes we obtain the claimed inequality. 0 

Obviously, the smaller the graph that is produced by our transformation, the 
less time we will need to run an algorithm for Minimum Cost Perfect matching. 
Can one show a set of provably minimal gadgets? We can answer this question 
partially, i.e., the number of nodes cannot be decreased in any of our gadgets. 
We also conjecture that our gadgets use the minimum number of extra edges as 
well. For degrees smaller than 6 we have verified this conjecture by an exhaustive 
case analysis. 
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Finally we can apply the best known so far algorithm by Gabow and Tarjan 
[6] to solve the perfect matching problem. 

Theorem 4 There exists an algorithm that solves the Minim'um Perturbation 
Problem in time O((nlogn)3/2)0:(n), where 0: is the inverse of Ackerman func­
tion. 

4 Computational Experience 

For the VLSI mask layout application, we have implemented several approaches, 
including the reduction to perfect matching using the gadgets we have described, 
in C++ on a Unix platform. For solving the Perfect Matching problem, we have 
used the most recent and fastest implementation, due to Cook and Rohe [5]. Ta­
ble 1 summarizes our computational experience with three layouts of different 
sizes and densities. All layouts were derived from industry standard-cell layouts. 
All runtimes are CPU seconds on a 300 MHz Sun Ultra-lO workstation with 
128MB RAM. We see that our code can handle very large flat designs in rea­
sonable time, and is a promising basis for phase assignment in alternating PSM 
design, as well as other sparse instances of the T-join problem. Table 1 also 
confirms that our new exact method significantly improves over the previous 
methods of [15] [10]: it reduces by 40% the number of unresolved phase con­
flicts, which correspondingly reduces the amount of layout modification needed 
in compaction. Finally, we also implemented the approximation algorithm for 
the T -join problem from [7]. Our results show that the average deviation from 
the optimum for the Goemans-Williamson algorithm is around 10%, which is 
significantly larger than the 2% for Euclidean matchings reported in [18]. 
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Abstract. We present simple, practical and efficient data structures 
for the fundamental problem of maintaining a resizable one-dimensional 
array, A[l . .l + n - 1), of fixed-size elements, as elements are added to 
or removed from one or both ends. Our structures also support access 
to the element in position i. All operations are performed in constant 
time. The extra space (i.e., the space used past storing the n current 
elements) is O( fo) at any point in time. This is shown to be within a 
constant factor of optimal, even if there are no constraints on the time. 
If desired, each memory block can be made to have size 2k - c for a 
specified constant c, and hence the scheme works effectively with the 
buddy system. The data structures can be used to solve a variety of 
problems with optimal bounds on time and extra storage. These include 
stacks, queues, randomized queues, priority queues, and deques. 

1 Introduction 
The initial motivation for this research was a fundamental problem arising in 
many randomized algorithms [6,8,10]. Specifically, a randomized queue main­
tains a collection of fixed-size elements, such as word-size integers or pointers, 
and supports the following operations: 

1. Insert (e): Add a new element e to the collection. 
2. DeleteRandom: Delete and return an element chosen uniformly at random 

from the collection. 

That is, if n is the current size of the set, DeleteRandom must choose each 
element with probability lin. We assume our random number generator returns 
a random integer between 1 and n in constant time. 

At first glance, this problem may seem rather trivial. However, it becomes 
more interesting after we impose several important restrictions. The first con­
straint is that the data structure must be theoretically efficient: the operations 
should run in constant time, and the extra storage should be minimal. The sec­
ond constraint is that the data structure must be practical: it should be simple 
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to implement, and perform well under a reasonable model of computation, e.g., 
when the memory is managed by the buddy system. The final constraint is more 
amusing and was posed by one of the authors: the data structure should be 
presentable at the first or second year undergraduate level in his text [10]. 

One natural implementation of randomized queues stores the elements in an 
array and uses the doubling technique [3]. Insert (e) simply adds e to the end of 
the array, increasing n. If the array is already full, Insert first resizes it to twice 
the size. DeleteRandom chooses a random integer between 1 and n, and retrieves 
the array element with that index. It then moves the last element of the array to 
replace that element, and decreases n, so that the first n elements in the array 
always contain the current collection. 

This data structure correctly implements the Insert and DeleteRandom op­
erations. In particular, moving the last element to another index preserves the 
randomness of the elements chosen by DeleteRandom. Furthermore, both opera­
tions run in 0(1) amortized time: the only part that takes more than constant 
time is the resizing of the array, which consists of allocating a new array of double 
the size, copying the elements over, and deallocating the old array. Because n/2 
new elements were added before this resizing occurred, we can charge the O(n) 
cost to them, and achieve a constant amortized time bound. The idea is easily 
extended to permit shrinkage: simply halve the size of the structure whenever it 
drops to one third full. The amortization argument still goes through. 

The O(n) space occupied by this structure is optimal up to a constant factor, 
but still too much. Granted, we require at least n units of space to store the 
collection of elements, but we do not require 4.5n units, which this data structure 
occupies while shrinkage is taking place. We want the extra space, the space in 
excess of n units, to be within a constant factor of optimal, so we are looking 
for an n + o(n) solution. 

1.1 Resizable Arrays 

This paper considers a generalization of the randomized queue problem to (one­
dimensional) resizable arrays. A singly resizable array maintains a collection of 
n fixed-size elements, each assigned a unique index between 0 and n - 1, subject 
to the following operations: 

1. Read (i): Return the element with index i, 0::; i < n. 

2. Write (i, x): Set the element with index i to x, 0::; i < n. 
3. Grow: Increment n, creating a new element with index n. 
4. Shrink: Decrement n, discarding the element with index n - 1. 

As we will show, singly resizable arrays solve a variety of fundamental data­
structure problems, including randomized queues as described above, stacks, 
priority queues, and indeed queues. In addition, many modern programming 
languages provide built-in abstract data types for resizable arrays. For example, 
the C++ vector class [11, sec. 16.3] is such an ADT. 

Typical implementations of resizable arrays in modern programming systems 
use the "doubling" idea described above, growing resizable arrays by any con­
stant factor c. This implementation has the major drawback that the amount 
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of wasted space is linear in n, which is unnecessary. Optimal space usage is es­
sential in modern programming applications with many resizable arrays each of 
different size. For example, in a language such as C++, one might use compound 
data structures such as stacks of queues or priority queues of stacks that could 
involve all types of resizable structures of varying sizes. 

In this paper, we present an optimal data structure for singly resizable arrays. 
The worst-case running time of each operation is a small constant. The extra 
storage at any point in time is O( y'n), which is shown to be optimal up to 
a constant factor.1 Furthermore, the algorithms are simple, and suitable for 
use in practical systems. While our exposition here is designed to prove the 
most general results possible, we believe that one could present one of the data 
structures (e.g., our original goal of the randomized queue) at the first or second 
year undergraduate level. 

A natural extension is the efficient implementation of a deque (or double­
ended queue). This leads to the notion of a doubly resizable array which main­
tains a collection of n fixed-size elements. Each element is assigned a unique 
index between £ and u (where u - £ + 1 = nand £, u are potentially negative), 
subject to the following operations: 

1. Read (i): Return the element with index i, £ :::; i :::; u. 
2. Write (i, x): Set the element with index i to x, £:::; i :::; u. 
3. GrowForward: Increment u, creating a new element with index u + 1. 

4. ShrinkForward: Decrement u, discarding the element with index u. 
5. GrowBackward: Decrement £, creating a new element with index £ - 1. 

6. ShrinkBackward: Increment £, discarding the element with index f-

An extension to our method for singly resizable arrays supports this data type 
in the same optimal time and space bounds. 

The rest of this paper is outlined as follows. Section 2 describes our fairly 
realistic model for dynamic memory allocation. In Section 3, we present a lower 
bound on the required extra storage for resizable arrays. Section 4 presents our 
data structure for singly resizable arrays. Section 5 describes several applications 
of this result, namely optimal data structures for stacks, queues, randomized 
queues, and priority queues. Finally, Section 6 considers deques, which require 
us to look at a completely new data structure for doubly resizable arrays. 

2 Model 
Our model of computation is a fairly realistic mix of several popular models: a 
transdichotomous [4] random access machine in which memory is dynamically 
allocated. Our model is random access in the sense that any element in a block 
of memory can be accessed in constant time, given just the block pointer and 
an integer index into the block. Fredman and Willard [4] introduced the term 
transdichotomous to capture the notion of the problem size matching the ma­
chine word size. That is, a word is large enough to store the problem size, and 

1 For simplicity of exposition, we ignore the case n = 0 in our bounds; the correct 
statement for a bound of O(b) is the more tedious 0(1 + b). 
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so has at least flog2(1 + n)l bits (but not many more). In practice, it is usually 
the case that the word size is fixed but larger than log2 M where M is the size of 
the memory (which is certainly at least n + 1). Our model of dynamic memory 
allocation matches that available in most current systems and languages, for 
example the standard C library. Three operations are provided: 

1. Allocate (s): Returns a new block of size s. 

2. Deallocate (B): Frees the space used by the given block B. 

3. Reallocate (B, s): If possible, resizes the block B to the specified size s. 
Otherwise, allocates a block of size s, into which it copies the contents of B, 
and deallocates B. In either case, the operation returns the resulting block 
of size s. 

Hence, in the worst case, Reallocate degenerates to an Allocate, a block copy, 
and a Deallocate. It may be more efficient in certain practical cases, but it offers 
no theoretical benefits. 

A memory block B consists of the user's data, whose size we denote by IBI, 
plus a header of fixed size h. In many cases, it is desirable to have the total size 
of a block equal to a power of two, that is, have IBI = 2k - h for some k. This 
is particularly important in the binary buddy system [6, vol. 1, p. 435], which 
otherwise rounds to the next power of two. If all the blocks contained user data 
whose size is a power of two, half of the space would be wasted. 

The amount of space occupied by a data structure is the sum of total block 
sizes, that is, it includes the space occupied by headers. Hence, to achieve o(n) 
extra storage, there must be o(n) allocated blocks. 

3 Lower Bound 
Theorem 1. 5t( yin) extra storage is necessary in the worst case for any data 
structure that supports inserting elements, and deleting those elements in some 
(arbitrary) order. In particular, this lower bound applies to resizable arrays, 
stacks, queues, randomized queues, priority queues, and deques. 
Proof. Consider the following sequence of operations: 

Insert (ad, ... , Insert (an), Delete, ... , Delete. 
, " 

n times 
Apply the data structure to this sequence, separately for each value of n. Con­
sider the state of the data structure between the inserts and the deletes: let f (n) 
be the size of the largest memory block, and let g(n) be the number of memory 
blocks. Because all the elements are about to be reported to the user (in an ar­
bitrary order), the elements must be stored in memory. Hence, f(n) . g(n) must 
be at least n. 

At the time between the inserts and the deletes, the amount of extra storage 
is at least hg(n) to store the memory block headers, and hence the worst-case 
extra storage is at least g(n). Furthermore, at the time immediately after the 
block of size f(n) was allocated, the extra storage was at least f(n). Hence, the 
worst-case extra storage is at least max{f(n),g(n)}. Because f(n) . g(n) 2: n, 
the minimum worst-case extra storage is at least yin. 0 
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This theorem also applies to the related problem of vectors in which elements 
can be inserted and deleted anywhere. Goodrich and Kloss [5] show that O( fo) 
amortized time suffices for updates, even when access queries must be performed 
in constant time. They use O( fo) extra space, which as we see is optimal. 

4 Singly Resizable Arrays 
The basic idea of our first data structure is storing the elements of the array in 
8( fo) blocks, each of size roughly Vii. Now because n is changing over time, 
and we allocate the blocks one-by-one, the blocks have sizes ranging from 8(1) to 
8( Vii). One obvious choice is to give the ith block size i, thus having k(k + 1)/2 
elements in the first k blocks. The number of blocks required to store n elements, 
then, is r( VI + Sn - 1)/21 = 8( Vii)· 

The problem with this choice of block sizes is the cost of finding a desired 
element in the collection. More precisely, the Read and Write operations must 
first determine which element in which block has the specified index, in what we 
call the Locate operation. With the block sizes above, computing which block 
contains the desired element i requires computing the square root of 1 + Si. 
Newton's method [9, pp. 274-292] is known to minimize the time for this, taking 
8(log log i) time in the worst case. This prevents Read and Write from running 
in the desired 0(1) time bound.2 

Another approach, related to that of doubling, is to use a sequence of blocks 
of sizes the powers of 2, starting with 1. The obvious disadvantage of these sizes 
is that half the storage space is wasted when the last block is allocated and 
contains only one element. We notice however that the number of elements in 
the first k blocks is 2k - 1, so the block containing element i is llog2(1 + i)J. 
This is simply the position of the leading I-bit in the binary representation of 
i + 1 and can be computed in 0(1) time (see Section 4.1). 

Our solution is to sidestep the disadvantages of each of the above two ap­
proaches by combining them so that Read and Write can be performed in 0(1) 
time, but the amount of extra storage is at most O( Vii). The basic idea is to 
have conceptual superblocks of size 2i , each split into approximately 2i/2 blocks 
of size approximately 2i/2. Determining which superblock contains element i can 
be done in 0(1) time as described above. Actual allocation of space is by block, 
instead of by superblock, so only O( Vii) storage is wasted at any time. 

This approach is described more thoroughly in the following sections. We 
begin in Section 4.1 with a description of the basic version of the data structure. 
Section 4.2 shows how to modify the algorithms to make most memory blocks 
have total size a power of two, including the size of the block headers. 

4.1 Basic Version 

The basic version of the data structure consists of two types of memory blocks: 
one index block, and several data blocks. The index block simply contains pointers 
to all of the data blocks. The data blocks, denoted DBo, ... ,DBd - 1 , store all of 

2 In fact, one can use O(,jTi) storage for a lookup table to support constant-time 
square-root computation, using ideas similar to those in Section 4.1. Here we develop 
a much cleaner algorithm. 
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Grow: 

1. If the last nonempty data block DBd-l is full: 
(a) If the last superblock SBs- 1 is full: 

i. Increment s. 
ii. If s is odd, double the number of data blocks in a superblock. 

111. Otherwise, double the number of elements in a data block. 
iv. Set the occupancy of SBs-l to empty. 

(b) If there are no empty data blocks: 
i. If the index block is full, Reallocate it to twice its current size. 

ii. Allocate a new last data block; store a pointer to it in the index block. 
(c) Increment d and the number of data blocks occupying SBs- 1 • 

(d) Set the occupancy of DBd-l to empty. 
2. Increment n and the number of elements occupying DBd-l. 

Algorithm 1. Basic implementation of Grow. 

the elements in the resizable array. Data blocks are clustered into superblocks as 
follows: two data blocks are in the same superblock precisely if they have the 
same size. Although superblocks have no physical manifestation, we will find it 
useful to talk about them with some notation, namely SBo, ... , SBs - 1 . When 
superblock SBk is fully allocated, it consists of 2Lk/2J data blocks, each of size 
2rk/21. Hence, there are a total of 2k elements in superblock SBk • See Fig. 1. 

Index block 

- - -, I ~ .........•..... I 

' ... , ... ::. 
,_ - - - - - - - - - - - - - - - - - - - - ':: :.: :'.::: :.::::::': I 

Data blocks 

SBs-l 

Fig. 1. A generic snapshot of the basic data structure. 

We reduce the four resizable-array operations to three "fundamental" oper­
ations as follows. Grow and Shrink are defined to be already fundamental; they 
are sufficiently different that we do not merge them into a single "resize" opera­
tion. The other two operations, Read and Write, are implemented by a common 
operation Locate (i) which determines the location of the element with index i. 

The implementations of the three fundamental array operations are given in 
Algorithms 1-3. Basically, whenever the last data block becomes full, another 
one is allocated, unless an empty data block is already around. Allocating a 
data block may involve doubling the size of the index block. Whenever two data 
blocks become empty, the younger one is deallocated; and whenever the index 
block becomes less than a quarter full, it is halved in size. To find the block 
containing a specified element, we find the superblock containing it by computing 
the leading I-bit, then the appropriate data block within the superblock, and 
finally the element within that data block. 

Note that the data structure also has a constant-size block, which stores the 
number of elements (n), the number of superblocks (s), the number of nonempty 
data blocks (d), the number of empty data blocks (which is always 0 or 1), and 
the size and occupancy of the last nonempty data block, the last superblock, 
and the index block. 
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Shrink: 

1. Decrement n and the number of elements occupying the last nonempty 
data block DBd-l. 

2. If DBd-l is empty: 
(a) If there is another empty data block, Deallocate it. 
(b) If the index block is a quarter full, Reallocate it to half its size. 
(c) Decrement d and the number of data blocks occupying the last 

superblock SBs-l. 
(d) If SBs- l is empty: 

1. Decrement s. 
11. If s is even, halve the number of data blocks in a superblock. 

111. Otherwise, halve the number of elements in a data block. 
lV. Set the occupancy of SBs - l to full. 

(e) Set the occupancy of DBd - l to full. 

Algorithm 2. Basic implementation of Shrink. 

Locate (i): 

1. Let r denote the binary representation of i + 1, with all leading zeros removed. 
2. Note that the desired element i is element e of data block b of superblock k, 

where 
(a) k = Irl - 1, 
(b) b is the lk/2J bits of r immediately after the leading I-bit, and 
(c) e is the last rk/21 bits of r. 

3. Let p = 2k - 1 be the number of data blocks in superblocks prior to SBk. 
4. Return the location of element e in data block DBp+b' 

Algorithm 3. Basic implementation of Locate. 

In the rest of this section, we show the following theorem: 

Theorem 2. This data structure implements singly resizable arrays using 
O( yin) extra storage in the worst case and 0(1) time per operation, on a ran­
dom access machine where memory is dynamically allocated, and binary shift by 
k takes 0(1) time on a word of size ilog2(1 + n)l. Furthermore, if Allocate or 
Deallocate is called when n = no, then the next call to Allocate or Deallocate will 
occur after D( y'nO) operations. 

The space bound follows from the following lemmas. See [2] for proofs. 

Lemma 1. The number of superblocks (s) is ilog2(1 + n)l. 

Lemma 2. At any point in time, the number of data blocks is O( yin). 
Lemma 3. The last (empty or nonempty) data block has size B(yIn). 

To prove the time bound, we first show a bound of 0(1) for Locate, and then 
show how to implement Reallocate first in 0(1) amortized time and then in 0(1) 
worst-case time. 

The key issue in performing Locate is the determination of k = ilog2(1 + i)l, 
the position of the leading I-bit in the binary representation of i + 1. Many 
modern machines include this instruction. Newer Pentium chips do it as quickly 
as an integer addition. Brodnik [1] gives a constant-time method using only 
basic arithmetic and bitwise boolean operators. Another very simple method is 
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to store all solutions of "half-length," that is for values of i up to 2l(log2(1+n))/2J = 
B( y'n). Two probes into this lookup table now suffice. We check for the leading 
I-bit in the first half of the 1 + llog2(1 + n)J bit representation of i, and if there 
is no I-bit, check the trailing bits. The lookup table is easily maintained as n 
changes. From this we see that Algorithm 3 runs in constant time. 

We now have an 0(1) time bound if we can ignore the cost of dynamic 
memory allocation. First let us show that Allocate and Deallocate are only called 
once every D( y'n) operations as claimed in Theorem 2. Note that immediately 
after allocating or deallocating a data block, the number of unused elements in 
data blocks is the size of the last data block. Because we only deallocate a data 
block after two are empty, we must have called Shrink at least as many times as 
the size of the remaining empty block, which is D( y'n) by Lemma 3. Because we 
only allocate a data block after the last one becomes full, we must have called 
Grow at least as many times as the size of the full block, which again is D( y'n). 

Thus, the only remaining cost to consider is that of resizing the index block 
and the lookup table (if we use one), as well as maintaining the contents of 
the lookup table. These resizes only occur after D( y'n) data blocks have been 
allocated or deallocated, each of which (as we have shown) only occurs after 
D( y'n) updates to the data structure. Hence, the cost of resizing the index block 
and maintaining the lookup table, which is O(n), can be amortized over these 
updates, so we have an 0(1) amortized time bound. 

One can achieve a worst-case running time of 0(1) per operation as follows. 
In addition to the normal index block, maintain two other blocks, one of twice 
the size and the other of half the size, as well as two counters indicating how 
many elements from the index block have been copied over to each of these 
blocks. In allocating a new data block and storing a pointer to it in the index 
block, also copy the next two uncopied pointers (if there are any) from the index 
block into the double-size block. In deallocating a data block and removing the 
pointer to it, also copy the next two un copied pointers (if there are any) from 
the index block into the half-sized block. 

Now when the index block becomes full, all of the pointers from the index 
block have been copied over to the double-size block. Hence, we Deallocate the 
half-size block, replace the half-size block with the index block, replace the index 
block with the double-size block, and Allocate a new double-size block. When 
the index block becomes a quarter full, all of the pointers from the index block 
have been copied over to the half-size block. Hence, we Deallocate the double-size 
block, replace the double-size block with the index block, replace the index block 
with the half-size block, and Allocate a new half-size block. 

The maintenance of the lookup table can be done in a similar way. The only 
difference is that whenever we allocate a new data block and store a pointer to 
it in the index block, in addition to copying the next two un copied elements (if 
there are any), compute the next two uncomputed elements in the table. Note 
that the computation is done trivially, by monitoring when the answer changes, 
that is, when the question doubles. Note also that this method only adds a 
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constant factor to the extra storage, so it is still O( fo). The time per operation 
is therefore 0(1) in the worst case. 

4.2 The Buddy System 

In the basic data structure described so far, the data blocks have user data of 
size a power of two. Because some memory management systems add a block 
header of fixed size, say h, the total size of each block can be slightly more than a 
power of two (2k + h for some k). This is inappropriate for a memory management 
system that prefers blocks of total size a power of two. For example, the (binary) 
buddy system [6, vol. 1, p. 540] rounds the total block size to the next power 
of two, so the basic data structure would use twice as much storage as required, 
instead of the desired O( fo) extra storage. While the buddy system is rarely 
used exclusively, most UNIX operating systems (e.g., BSD [7, pp. 128-132]) use 
it for small block sizes, and allocate in multiples of the page size (which is also 
a power of two) for larger block sizes. Therefore, creating blocks of total size 
a power of two produces substantial savings on current computer architectures, 
especially for small values of n. 

This section describes how to solve this problem by making the size of the user 
data in every data block equal to 2k - h for some k. As far as we know, this is the 
first theoretical algorithm designed to work effectively with the buddy system. 
To preserve the ease of finding the superblock containing element number i, we 
still want to make the total number of elements in superblock SBk equal to 2k. 
To do this, we introduce a new type of block called an overflow block. There will 
be precisely one overflow block OBk per superblock SBk . This overflow block is 
of size h2Lk/2J, and hence any waste from using the buddy system is O( Vk). 

Conceptually, the overflow block stores the last h elements of each data block 
in the superblock. We refer to a data block DBi together with the corresponding h 
elements in the overflow block as a conceptual block CBi . Hence, each conceptual 
block in superblock SBk has size 2fk/21, as did the data blocks in the basic data 
structure. 

We now must maintain two index blocks: the data index block stores pointers 
to all the data blocks as before, and the overflow index block stores pointers to 
all the overflow blocks. As before, we double the size of an index block whenever 
it becomes full, and halve its size whenever it becomes a quarter full. 

The algorithms for the three fundamental operations are given in Algo­
rithms 4-6. They are similar to the previous algorithms; the only changes are as 
follows. Whenever we want to insert or access an element in a conceptual block, 
we first check whether the index is in the last h possible values. If so, we use the 
corresponding region of the overflow block, and otherwise we use the data block 
as before. The only other difference is that whenever we change the number of 
superblocks, we may allocate or deallocate an overflow block, and potentially 
resize the overflow index block. 

We obtain an amortized or worst-case 0(1) time bound as before. It remains 
to show that the extra storage is still O( fo). The number s of overflow blocks 
is o (log n) by Lemma 1, so the block headers from the overflow blocks are 
sufficiently small. Only the last overflow block may not be full of elements; 
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Grow: 

1. If the last nonempty conceptual block CBd-l is full: 
(a) If the last superblock SBs- l is full: 

1. Increment s. 
ii. If s is odd, double the number of data blocks in a superblock. 

iii. Otherwise, double the number of elements in a conceptual block. 
lV. Set the occupancy of SBs-l to empty. 
v. If there are no empty overflow blocks: 

- If the overflow index block is full, Reallocate it to twice 
its current size. 

- Allocate a new last overflow block, and store a pointer to it in 
the overflow index block. 

(b) If there are no empty data blocks: 
i. If the data index block is full, Reallocate it to twice its current size. 

ii. Allocate a new last data block, and store a pointer to it in 
the data index block. 

(c) Increment d and the number of data blocks occupying SBs-l. 
(d) Set the occupancy of CBd-l to empty. 

2. Increment n and the number of elements occupying CBd-l. 

Algorithm 4. Buddy implementation of Grow. 

its size is at most h times the size of the last data block, which is O( v'n) by 
Lemma 3. The overflow index block is at most the size of the data index block, so 
it is within the bound. Finally, note that the blocks whose sizes are not powers 
of two (the overflow blocks and the index blocks) have a total size of 0 ( v'n), 
so doubling their size does not affect the extra storage bound. Hence, we have 
proved the following theorem. 
Theorem 3. This data structure implements singly resizable arrays in O( v'n) 
worst-case extra storage and 0(1) time per operation, on a rlog2(1 + n)l bit 
word random access machine where memory is dynamically allocated in blocks 
of total size a power of two, and binary shift by k takes 0(1) time. Furthermore, 
if AI/ocate or Deal/ocate is called when n = no, then the next call to AI/ocate or 
Deal/ocate will occur after Q( Fo) operations. 

5 Applications of Singly Resizable Arrays 
This section presents a variety of fundamental abstract data types that are 
solved optimally (with respect to time and worst-case extra storage) by the data 
structure for singly resizable arrays described in the previous section. Please 
refer to [2] for details of the algorithms. 

Corollary 1. Stacks can be implemented in 0(1) worst-case time per operation, 
and O( v'n) worst-case extra storage. 

Furthermore, the general Locate operation can be avoided by using the point­
er to the last element in the array. Thus the computation of the leading I-bit 
is not needed. This result can also be shown or the following data structure by 
keeping an additional pointer to an element in the middle of the array [2]. 
Corollary 2. Queues can be implemented in 0(1) worst-case time per opera­
tion, and O( v'n) worst-case extra storage. 
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Shrink: 

1. Decrement n and the number of elements occupying CBd - l . 

2. If CBd-1 is empty: 
(a) If there is another empty data block, Deallocate it. 
(b) If the data index block is a quarter full, Reallocate it to half its size. 
(c) Decrement d and the number of data blocks occupying the last 

superblock SBs-l. 
(d) If SBs- I is empty: 

1. If there is another empty overflow block, Deallocate it. 
11. If the overflow index block is a quarter full, Reallocate it to half its size. 
lll. Decrement s. 
IV. If s is even, halve the number of data blocks in a superblock. 
v. Otherwise, halve the number of elements in a conceptual block. 

vi. Set the occupancy of SBs- I to full. 
(e) Set the occupancy of DBd - 1 to full. 

Algorithm 5. Buddy implementation of Shrink. 

Locate (i): 

1. Let r denote the binary representation of i + 1, with all leading zeros removed. 
2. Note that the desired element i is element e of conceptual block b of 

superblock k, where 
(a) k = Irl - 1, 
(b) b is the lk/2J bits of r immediately after the leading I-bit, and 
(c) e is the last fk/21 bits of r. 

3. Let j = 2rkj21 be the number of elements in conceptual block b. 
4. If e 2: j - h, element i is stored in an overflow block: 

Return the location of element bh + e - (j - h) in overflow block OBk. 
5. Otherwise, element i is stored in a data block: 

(a) Let p = 2k - 1 be the number of data blocks in superblocks prior to SBk. 
(b) Return the location of element e in data block DBpH' 

Algorithm 6. Buddy implementation of Locate. 

Corollary 3. Randomized queues can be implemented in O( y'n) worst-case ex­
tra storage, where Insert takes 0(1) worst-case time, and DeleteRandom takes 
time dominated by the cost of computing a random number between 1 and n. 

Corollary 4. Priority queues can be implemented in o (log n) worst-case time 
per operation, and O( y'n) worst-case extra storage. 

Corollary 5. Double-ended priority queues (which support both DeleteMin and 
DeleteMax) can be implemented in O(logn) worst-case time per operation, and 
O( y'n) worst-case extra storage. 

6 Doubly Resizable Arrays and Deques 

A natural extension to our results on optimal stacks and queues would be to 
support deques (double-ended queues). It is easy to achieve an amortized time 
bound by storing the queue in two stacks, and flipping half of one stack when 
the other becomes empty. To obtain a worst-case time bound, we use a new data 
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structure that keeps the blocks all roughly the same size (within a factor of 2). 
By dynamically resizing blocks, we show the following result; see [2] for details. 
Theorem 4. A doubly resizable array can be implemented using O( yin) extra 
storage in the worst case and 0(1) time per operation, on a transdichotomous 
random access machine where memory is dynamically allocated. 

Note that this data structure avoids finding the leading I-bit in the binary 
representation of an integer. Thus, in some cases (e.g., when the machine does 
not have an instruction finding the leading I-bit), this data structure may be 
preferable even for singly resizable arrays. 

7 Conclusion 
We have presented data structures for the fundamental problems of singly and 
doubly resizable arrays that are optimal in time and worst-case extra space on re­
alistic machine models. We believe that these are the first theoretical algorithms 
designed to work in conjunction with the buddy system, which is practical for 
many modern operating systems including UNIX. They have led to optimal data 
structures for stacks, queues, priority queues, randomized queues, and deques. 

Resizing has traditionally been explored in the context of hash tables [3]. 
Knuth traces the idea back at least to Hopgood in 1968 [6, vol. 3, p. 540]. An 
interesting open question is whether it is possible to implement dynamic hash 
tables with o(n) extra space. 

We stress that our work has focused on making simple, practical algorithms. 
One of our goals is for these ideas to be incorporated into the C++ standard 
template library (STL). We leave the task of expressing the randomized queue 
procedure in a form suitable for first year undergraduates as an exercise for the 
fifth author. 
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Abstract. A new way of constructing (minimal) perfect hash functions 
is described. The technique considerably reduces the overhead associ­
ated with resolving buckets in two-level hashing schemes. Two memory 
probes suffice for evaluation of the function. This improves the probe 
performance of previous minimal perfect hashing schemes, and is shown 
to be optimal. 

1 Introduction 

This paper deals with classes of hash functions which are perfect for the n-subsets 
of the finite universe U = {O, ... ,u - I}. For any S E (~) - the subsets of U of 
size n - a perfect class contains a function which is I-Ion S ("perfect" for S). 
We consider perfect classes with range {O, ... ,a - I}. 

A perfect class of hash functions can be used to construct static dictionaries. 
The attractiveness of using perfect hash functions for this purpose depends on 
several characteristics of the class. 1. Efficiency of evaluation, in terms of com­
putation and the number of probes into the description. 2. Time needed to find 
a perfect function in the class. 3. Size of the range of functions compared to the 
minimum, n. 4. Space required to store a function. 

Fredman, Koml6s and Szemen§di [7] showed that it is possible to construct 
space efficient perfect hash functions with range a = O(n) which can be eval­
uated in constant time. Their model of computation (which we adopt here) is 
a word RAM with unit cost arithmetic operations and memory lookups, where 
an element of U fits into one machine word. More precisely, evaluation of their 
function requires evaluation of two universal hash functions and two probes into 
the function description. Using one additional probe, the function can be made 
minimal, i.e. with range n. The hash function can be constructed in expected 
time O(n) by a randomized algorithm, and the function description occupies 
O(n) machine words. More information on the development of perfect hashing 
can be found in the survey of Czech, Havas and Majewski [3J. 
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This paper presents a simple perfect class of hash functions which matches 
the best results regarding 2 and 3 above, and at the same time improves upon 
the best known efficiency of evaluation. The space usage is competitive with 
similar schemes. Altogether, the class is believed to be attractive in practice. 

The class of hash functions presented here can be seen as a variation of an 
early perfect class of hash functions due to Tarjan and Yao [10]. Their "single 
displacement" class requires a universe of size u = O(n2 ). The idea is to split 
the universe into blocks of size O(n), each of which is assigned a "displacement" 
value. The ith element within the jth block is mapped to i + dj , where dj is the 
displacement value of block j. A range of size O(n) is possible if a certain "har­
monic decay" condition on the set S holds. To achieve harmonic decay, Tarjan 
and Yao perform a suitable permutation of the universe. The central observa­
tion of this paper is that a reduction of the universe to size O(n2), as well as 
harmonic decay, can be achieved using universal hash functions. Or equivalently, 
that buckets in a (universal) hash table can be resolved using displacements. 

2 A Perfect Class of Hash Functions 

The concept of universality [2] plays an important role in the analysis of our 
class. We use the following notation. 

Definition 1. A class of functions Hr = {hi,"" hd, hi : U -+ {O, ... , r - I}, 
is c-universal if for any x, y E U, x =I- y, Pr;[hi(x) = hi(y)] :S c/r. 

Many such classes with constant c are known, see e.g. [4]. For our application 
the important thing to note is that there are universal classes that allow effi­
cient storage and evaluation of their functions. More specifically, O(log u) bits of 
storage suffice, and a constant number of simple arithmetic and bit operations 
are enough to evaluate the functions. Furthermore, c is typically in the range 
1 < c < 2. 

The second ingredient in the class definition is a displacement function. Gen­
eralizing Tarjan and Yao's use of integer addition, we allow the use of any group 
structure on the blocks. It is assumed that the elements {O, ... , a-I} of a block 
correspond to (distinct) elements in a group (G, tEl, e), such that group opera­
tions may be performed on them. We assume the group operation and element 
inversion to be computable in constant time. A displacement function is a func­
tion of the form x 1-+ x tEl d for d E G. The element d is called the displacement 
value of the function. We are ready to define the class. 

Definition 2. Let (G, tEl, e) be a group, D ~ G a set of displacement values, 
and let Ha and Hb be cr and cg-universal, respectively. We define the following 
class of functions from U to G: 

H(tEI,D,a,b) = {h I h(x) = f(x) tEldg(x),f E Ha,g E Hb,di ED} 

Evaluation of a function in H(tEI, D, a, b) consists of using a displacement func­
tion, determined by g(x), on the value f(x). In terms of the Tarjan-Yao scheme, 



51 

9 assigns a block number to each element of U, and f determines its number 
within the block. The next section will show that when a> cfn/4 and b ~ 2cgn, 
it is possible to find f, 9 and displacement values such that the resulting function 
is perfect. The class requires storage of b displacement values. Focusing on in­
stances with a reasonable memory usage, we from now on assume that b = O(n) 
and that elements of D can be stored in one machine word. The range of func­
tions in H (FfJ, D, a, b) is {x FfJ d I x E {O, ... , a-I}, d ED}. The size of this set 
depends on the group in question and the set D. Since our interest is in functions 
with range n (or at most O(n)), we assume a :S n. For properties of randomly 
chosen functions of a class similar to H(FfJ, D, a, b), see [5, Sect. 4]. 

2.1 Analysis 

This section gives a constructive (but randomized) method for finding perfect 
hash functions in the class H(FfJ, D, a, b) for suitable D, a and b. The key to the 
existence of proper displacement values is a certain "goodness" condition on f 
and g. Let B(g,i) = {x E 5 I g(x) = i} denote the elements in the ith block 
given by g. 

Definition 3. Let r ~ 1. A pair (f, g) E Ha x Hb, is r-good (for 5) if 

1. The function x f-t (f(x),g(x)) is I-Ion 5, and 
2. Li,IB(g,ill>l IB(g, i)j2 :S n/r . 

The first condition says that f and 9 successfully reduce the universe to size ab 
(clearly, if (f(xd, g(xd) = (f(X2), g(X2)) then regardless of displacement values, 
Xl and X2 collide). The second condition implies the harmonic decay condition 
of Tarjan and Yao (however, it is not necessary to know their condition to un­
derstand what follows). We show a technical lemma, estimating the probability 
of randomly finding an r-good pair of hash functions. 

Lemma 4. Assume a ~ cfn/4r, b ~ 2cgrn. For any 5 E (~), randomly chosen 
(f,g) E Ha x Hb is r-good for 5 with probability> (1 - 2Crn)(1 - ~) ~ O. 

Proof. By cg-universality, the expected value for the sum Li (IB(~,i)l) 
2 

L{u,v}Em,9(u)=g(v) 1 is bounded by G) ~ < ci ; , so applying Markov's in-

equality, the sum has value less than n/4r with probability> 1 - 2crn. Since 

IB(g, i)j2 :S 4(IB(~,i)l) for IB(g, i)1 > 1, we then have that Li,IB(g,i)l>l IB(g, i)j2 :S 
n/r. Given a function 9 such that these inequalities hold, we would like to bound 
the probability that x f-t (f(x), g(x)) is I-Ion 5. By reasoning similar to before, 
we get that for randomly chosen f the expected number of collisions among 
elements of B(g, i) at most (IB(~,i)I)Cf fa. Summing over i we get the expected 
total number of collisions to be less than cfn/4ra. Hence there is no collision 
with probability more than 1 - ~. By the law of conditional probabilities, the 
probability of fulfilling both r-goodness conditions can be found by multiplying 
the probabilities found. 0 
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We now show that r-goodness is sufficient for displacement values to exist, 
by means of a constructive argument in the style of [10, Theorem 1]: 

Theorem 5. Let (I, g) E Ha x Hb be r-good for S E (~), r ~ 1, and let IDI ~ n. 
Then there exist do, ... , db- 1 ED, such that x 1-+ f(x) EB dg(x) is 1-1 on S. 

Proof. Note that displacement di is used on the elements {f(x) I x E B(g, i)}, 
and that any h E H(EB, D, a, b) is I-Ion each B(g, i). We will assign the displace­
ment values one by one, in non-increasing order of IB(g,i)l. At the kth step, we 
will have displaced the k-1largest sets, {B(g, i) liE I}, III = k-1, and want to 
displace the set B(g, j) such that no collision with previously displaced elements 
occurs. If IB(g,j)1 :::; 1 this is trivial since IDI ~ n, so we assume IB(g,j)1 > 1. 
The following claim finishes the proof: 

Claim. If IB(g,j)1 > 1, then with positive probability, namely more than 1- ~, 
a randomly chosen d E D displaces B(g, j) with no collision. 

Proof. The set {f(x)-l EB f(y) EB di I x E B(g,j),y E B(g,i),i E I} con­
tains the unavailable displacement values. It has size:::; IB(g,j)1 LiE! IB(g, i)1 < 
Li,IB(g,i)l>lIB(g,iW :::; n/r, using first non-increasing order, IB(g,j)1 > 1, and 
then r-goodness. Hence there must be more than (1 - ~) IDI good displacement 
values in D. 0 

Lemma 4 implies that when a ~ (¥ +f)n and b ~ (2cgr+f)n, an r-good pair 
of hash functions can be found (and verified to be r-good) in expected time 0 (n). 
The proof of Theorem 5, and in particular the claim, shows that for a 1 + f-good 
pair (I, g), the strategy of trying random displacement values in D successfully 
displaces all blocks with more than one element in expected 1/10 attempts per 
block. When O(n) random elements of D can be picked in O(n) time, this runs 
in expected time O(n/f) = O(n). Finally, if displacing all blocks with only one 
element is easy, the whole construction runs in expected time O(n). 

2.2 Instances of the Class 

We defined our class at a rather abstract level, so let us look at some specific 
instances. For simplicity, we use universal classes with constant 1. The number 
of displacement values, b, must be at least (2 + f)n, 10 > 0, for expected linear 
time construction. Note that it is possible to "pack" all displacement values into 
bl10gnl bits. 

Addition Using the integers with addition and D = {O, ... ,n - I}, we get the 
class Hz = {h I h(x) = f(x) + dg(x),j E Hn/4 ,g E Hb,O :::; di < n}. The 
range of hash functions in the class is {O, ... , ~n - 2}, so it is not minimal. 

Addition Modulo n The previous class can be made minimal at the expense 
of a computationally more expensive group operator, addition modulo n: 

HZn = {h I h(x) = (I(x) + dg(x)) mod n, j E H n , 9 E H b , 0:::; di < n}. Note 
that since the argument to the modulo n operation is less than 2n, it can 
be implemented using one comparison and one subtraction. Pseudo-code for 
the construction algorithm of this class can be found in [9]. 
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Bitwise Exclusive Or The set of bit strings of length € = pog n l form the 
group :z.~ under the operation of bitwise exclusive or, denoted by EB. We let 
{a, ... , n - 1} correspond to €-bit strings of their binary representation, and 
get 1{'l~ = {h I h(x) = j(x) 9dg(x),j E H2£-1,g E Hb,d i E {O,lV}. The 

range offunctions in this class is (corresponds to) the numbers {a, ... , 2f -I}. 
It is thus only minimal when n is a power of two. Using more displacement 
values the class can be made minimal, see [9]. 

2.3 Using Only One Multiplication 

A variant of the scheme presented here uses only one universal hash function 
and thus offers efficiency of evaluation close to the lowest one conceivable, see 
the lower bound in [1]. The idea is to pick a randomly chosen function from a 
strongly universal class of hash functions with range {a, 1}21og n+0(1). The two 
functions needed are obtained by composing with functions picking out the log a 
most significant and the log b least significant bits. An analysis similar to that 
in Lemma 4 shows that the pair of functions constructed in this way is r-good 
with probability more than 1 - cn(~~ta). The number of displacement values 
needed for a = n is therefore ('¥ + t)n. Details can be found in [9]. 

Using the strongly universai class of Dietzfelbinger [4], one multiplication, a 
few additions and some simple bit operations suffices for the evaluation of the 
resulting perfect hash function. 

3 Proof of Probe Optimality 

This section serves to prove that one cannot in general do better than two probes 
into the description of a perfect hash function. Of course, for large word length, 
w, one probe does suffice: If w 2: pog n l + r u/bl then a bitmap of the whole set, 
as well as rank information in each word, can be put into b words, and one-probe 
perfect minimal hashing is easy. This bound is close to optimal. 

Theorem 6. Let 1{ = {hl, ... ,hd, hi: U --+ {O, ... ,a -I}, where u 2: 2a, 
be a class oj perfect hash functions for (~), n 2: 2. Assume that the functions 
can be described using b words of size w 2: log u, and can be evaluated using one 

word-probe. Then w 2: 17'-:t/aU - 1, where c > ° is a constant. 

Proof. Denote by Ui the subset of U for which word i is probed. We will 
choose B ~ {O, ... , b - I} such that U B = UiEBUi has size at least 2a. By the 
pigeon hole principle, B can be chosen to have size r2~bl. The crucial observation 
is that the words given by B must contain enough information to describe a 
perfect hash function for any n-subset of UB . By [8, Theorem III.2.3.6] such a 
d .. . I n(n-l) n(n-l) 1 > n(n-l) 1 h' Th f escnptlOn reqUlres at east 2aln2 - 21UBIln2 - _ 4aln2 - ItS. ere ore 

(1 + 2~b)w 2: IBlw 2: ~~nl~~) - 1, from which the stated bound follows. 0 

Corollary 7. In the setting of Theorem 6, if a = O(n) then b = D(u/w) words 
are necessary. 
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4 Conclusion and Open Problems 

We have seen that displacements, together with universal hash functions, form 
the basis of very efficient (minimal) perfect hashing schemes. The number of 
memory probes needed for evaluation is optimal, and the variant sketched in 
Sect. 2.3 needs only one "expensive" arithmetic operation. 

The space consumption in bits, although quite competitive with that of other 
evaluation-efficient schemes, is a factor of 8(1og n) from the theoretical lower 
bound [8, Theorem III.2.3.6]. Some experimental studies [6] suggest that the 
space consumption for this kind of scheme may be brought close to the optimum 
by simply having fewer displacement values. It would be interesting to extend the 
results of this paper in that direction: Can low space consumption be achieved 
in the worst case, or just in the average case? Which randomness properties 
of the hash functions are needed to lower the number of displacement values? 
Answering such questions may help to further bring together the theory and 
practice of perfect hashing. 
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Abstract. Shared-memory multiprocessors feature parallelism and a 
steep cache hierarchy, two salient characteristics that distinguish them 
from the commodity processors of ten years ago. Both of these char­
acteristics can be exploited effectively using the same general strategy: 
divide-and-conquer recursion. This talk overviews the Cilk multithreaded 
programming language being developed in the MIT Laboratory for Com­
puter Science, which allows a programmer to exploit parallelism through 
divide-and-conquer. In addition, I show how divide-and-conquer allows 
caches to be used effectively. 
In the first part of my talk, I introduce the Cilk programming language. 
Cilk minimally extends the C programming language to allow interac­
tions among computational threads to be specified in a simple and high­
level fashion. Cilk's provably efficient runtime system dynamically maps 
a user's program onto available physical resources, freeing the program­
mer from concerns of communication protocols and load balancing. In 
addition, Cilk provides an abstract performance model that a program­
mer can use to predict the multiprocessor performance of his application 
from its execution on a single processor. Not only do Cilk programs scale 
up to run efficiently on multiple processors, but unlike existing parallel­
programming environments, such as MPI and HPF, Cilk programs "scale 
down": the efficiency of a Cilk program on one processor rivals that of 
a comparable C program. I illustrate Cilk programming through the ex­
ample of divide-and-conquer matrix multiplication. 
The second part of my talk presents a strategy for designing algorithms to 
exploit multiple levels of caching effectively. Unlike previous algorithms, 
these algorithms are" cache oblivious": no variables dependent on hard­
ware parameters, such as cache size and cache-line length, need to be 
tuned to achieve optimality. Nevertheless, I show that cache-oblivious 
algorithms can be developed that use an optimal amount of work and 
move data optimally among multiple levels of cache. Problems that can 
be solved efficiently by cache-oblivious algorithms include matrix multi­
plication, FFT, sorting, and matrix transpose, all of which are solved in 
a divide-and-conquer fashion. 
Together, these two technologies provide a foundation for the design and 
analysis of efficient algorithms for shared-memory multiprocessors. 
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Abstract. We consider three closely related optimization problems, aris­
ing from the graph drawing and the VLSI research areas, and conjectured 
to be NP-hard, and we prove that, in fact, they are NP-complete. Start­
ing from an orthogonal representation of a graph, i.e., a description of 
the shape of the edges that does not specify segment lengths or ver­
tex positions, the three problems consist of providing an orthogonal grid 
drawing of it, while minimizing the area, the total edge length, or the 
maximum edge length, respectively. 

1 Introduction 

The orthogonal drawing standard is recognized to be suitable for several types 
of diagrams, including data flow diagrams, entity-relationship diagrams, state­
transition charts, circuit schematics, and many others. Such diagrams are ex­
tensively used in real-life applications spanning from software engineering, to 
databases, real-time systems, and VLSI. 

A well known approach to produce orthogonal drawings is the topology­
shape-metric approach (see, for example, [14,5,1,9,3]), in which the graph draw­
ing process is organized in three steps: 

i) the planarization step determines the topology of the drawing, described 
by its planar embedding, Le., the order of the edges around each vertex. The 
purpose of this step is to minimize edge crossings. 

ii) the orthogonalization step determines the shape of the drawing: each 
edge is equipped with a list of angles, describing the bends featured by the 
orthogonal line representing the edge in the final drawing. The purpose of this 
step is the minimization of the total number of bends. 

iii) the compaction step determines the final coordinates of vertices and 
bends. The name of this last step originates from the fact that an aesthetic 
measure between area, total edge length, or maximum edge length is hopefully 
minimized. 

The compaction problem is precisely the optimization problem consisting 
of minimizing one of the three measures just mentioned, while performing the 

* Research supported in part by the CNR Project "Geometria Computazionale Ro­
busta con Applicazioni alla Grafica ed al CAD", and by the ESPRIT LTR Project 
20244 (ALCOM-IT) 
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compaction step: in particular we call Orthogonal Area Compaction (OAC), Or­
thogonal Total Edge Length Compaction (OTELC), and Orthogonal Maximum 
Edge Length Compaction (OMELC) the three problems, respectively. 

Finding the intrinsic computational complexity of the compaction problem 
has been for a long time an elusive goal. Decades of intense research in the field 
of orthogonal graph drawing have not affected our knowledge in this respect: 
the problem is mentioned as open in foundating papers as in recent ones ([15,8, 
10]). As far as we know, the only contribution to this subject is the early result 
contained in [4], where the trivial case of not connected graphs is demonstrated 
to be NP-complete. 

The compaction problem has been one of the challenging tasks in the VLSI 
research field too, where the requirement of minimizing the size of a circuit 
layout while preserving its shape, led to formulations similar to those arising 
in the graph drawing area, although, for VLSI purposes, vertices are possibly 
replaced by squares and additional constraints (e.g. on the length of specific 
edges) are generally considered. Since several VLSI formulations, related with 
the compaction problem, are proved to be NP-hard [11], compacting orthogonal 
representations is widely believed to be an NP-hard problem too. 

From the practical point of view, we have both exhaustive approaches finding 
optimal solutions and heuristic approaches producing suboptimal ones. To the 
first class belongs the ILP formulation presented in [10], relying on branch-and­
cut or branch-and-bound techniques to find an optimal solution. To the second 
class belong both the "rectangular refinement" approach proposed in [14], and 
the "turn regularization" approach proposed in [2], based on the fact that the 
compaction problem is tractable when all faces of the orthogonal representation 
are rectangular or "turn-regular", respectively. 

In this paper, by means of a reduction from the SAT problem, we prove that 
compacting an orthogonal representation of a connected graph, while minimiz­
ing an aesthetic measure between area, total edge length, and maximum edge 
length is an NP-complete problem. To accomplish this, after formally defining 
the three problems in Section 2, we construct in Section 3 an orthogonal rep­
resentation corresponding to a formula cp of the SAT problem and admitting 
a number of orthogonal grid drawings with minimum area, that are in one-to­
one correspondence with the truth assignments satisfying cp. The previous result 
is easily extended to the problems of compacting an orthogonal representation 
while minimizing the total edge length and the maximum edge length. 

Carefully exploiting the same constructions presented in Section 3 it can be 
proved (see [13]) that the three problems are not in PTAS, i.e., that they do not 
allow a polynomial-time approximation scheme. 

2 Preliminaries 

We assume familiarity with basic graph theoretic concepts and graph draw­
ing terminology (see, e.g., [7] and [3], respectively) concerning planarity, planar 
graphs, and planar representations. 
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In a planar orthogonal drawing r of a graph G, vertices are placed on distinct 
points of the plane and edges are alternating sequences of horizontal and vertical 
segments, non intersecting except at edges common endpoints. 

We consider, without loss of generality, only orthogonal drawings with no 
bends, since each bend can be replaced by a dummy vertex of degree two. 

Let f be a face of an embedded 4-planar graph G, and r an orthogonal draw­
ing of G. We associate with each pair of consecutive edges (possibly coinciding) 
of f, a value 0:, such that 0: . 7r /2 is the angle formed by the two consecutive 
edges into f. An orthogonal representation of G describes an equivalence class of 
planar orthogonal drawings of G with "similar shape" , that is with the same 0: 

values associated with the angles around vertices (a more formal definition can 
be found in [14,2,3]). 

An orthogonal grid drawing r of a graph G (without bends) is an orthogonal 
drawing such that vertex coordinates have integer values; its area is the area of 
the smaller rectangle including it; its total edge length is the sum of the lengths 
of its edges; and its maximum edge length is the maximum value of all its edge 
lengths. 

This paper is concerned with the complexity of producing an orthogonal grid 
drawing r starting from its orthogonal representation H while minimizing the 
area of the drawing, the total edge length, or the maximum edge length. The 
three minimization criteria are considered to have roughly the same aesthetic 
effect: that of reducing the size of the drawing (or of part of it) and so improve 
its readability. However, conflicts between the three requirements (see [13]) imply 
that they constitute different, although closely related, optimization problems. 

Following an usual technique (see, e.g., [6,12]), rather than addressing di­
rectly the three optimization problems we will consider their corresponding deci­
sion versions according to which the Orthogonal Area Compaction (Edge Length 
Compaction, Maximum Edge Length Compaction, respectively) problem con­
sists in considering an orthogonal representation H of a graph G and a constant 
K, and deciding whether integer coordinates can be assigned to the vertices of 
G so that the area (total edge length, maximum edge length, respectively) of 
the drawing is less or equal than K. 

We will show in the next section that the three problems above are NP-hard 
and are in NP. This is summarized in the following theorem: 

Theorem 1. The OAG, OTELG, and OMELG problems are NP-complete. 

3 NP-Completeness of the OAC, OTELC, and OMELC 
Problems 

Since is quite easy to produce three nondeterministic Turing machines that de­
cide the three problems in polynomial time (see [13]), we take for granted that the 
problems are in NP, and tackle the more challenging NP-hardness proof. First, 
by means of a reduction from the SAT problem, we prove the NP-hardness of 
the Orthogonal Area Compaction problem, and then we extend this result to 
the remaining two. 
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We recall that the SAT problem consists in deciding whether truth values 
can be assigned to a set of variables in such a way that each clause of the input 
set contains at least one true literal. Given a formula ¢ in conjunctive normal 
form with variables Xl, ... ,Xn and clauses Cl , ... ,Cm , we produce an orthogonal 
representation H (¢) and a constant K (¢) such that an orthogonal grid drawing 
of area less or equal than K(¢) exists if and only if ¢ is satisfiable. 

Please, notice that in the SAT definition all the variables in the same clause 
can be assumed to be different, i.e., the version of SAT in which each clause con­
tains appearances of distinct variables is also NP-complete (this can be trivially 
proved by introducing a linear number of dummy variables and further clauses). 

In order to construct the orthogonal representation H (¢) we first build a 
clause-gadget for each clause Ci . The clause-gadget is composed by n cham­
bers, one for each variable, whether the variable actually occurs in the clause 
Ci or not. The darkened area of Fig. 1 represents the clause-gadget for the first 
clause of a formula ¢ with four boolean variables (edge lengths are not mean­
ingful, since the figure is only meant to describe an orthogonal representation). 
In what follows we will call weldings the vertices shared by two adjacent cham­
bers of the same clause-gadget (black vertices of Fig. 1). All the clause-gadgets 
of formula ¢ are placed one upon the other, so that each chamber shares its 
bottom (top) vertices with the corresponding chamber of the clause-gadget be­
low (above). Furthermore, vertical paths are introduced to separate wei dings of 
different clause-gadgets (again, see Fig. 1). Informally speaking, each column 
of chambers corresponds to a variable of formula ¢, and if an orthogonal grid 
drawing features a column of chambers in a "lower position" with respect to the 
wei dings (like the first and third columns of Fig. 1), then the corresponding vari­
able is assigned a false value, while if the orthogonal grid drawing has a column 
in the "higher position" (like the second and fourth columns of Fig. 1), then the 
corresponding variable is assigned a true value. 

Two types of subgraphs are inserted inside the chambers: obstacles (attached 
inside each chamber), and pathways (traversing all the chambers of the same 
clause-gadget). Observe in Fig. 1 how the obstacles of different chambers dif­
fer, depending on whether the literal they correspond to either appears in the 
clause with a positive value, or appears in the clause with a negative value, or 
doesn't appear at all in the clause. Pathways, instead, have the same shape for 
every clause-gadget, and are composed by a succession of 2n -1 A-shaped struc­
tures linked together. They attach to the first and to the last chambers of the 
clause-gadget. Roughly speaking, the role of obstacles and pathways is that of 
preventing the clause-gadgets from assuming a shape corresponding to a truth 
assignment of the boolean variables that doesn't satisfy at least one literal of 
each clause. In fact, it can be shown that a chamber corresponding to a literall 
may contain less than two A-shaped structures of the pathway only if either it 
assumes the "lower position" and 1 is negative or it assumes the "higher position" 
and 1 is positive. 

Finally, in order to obtain the orthogonal representation H(¢), an external 
boundary and a belt are added to the construction. The external boundary has a 
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Fig. 1. The orthogonal representation H(¢) corresponding to the formula ¢ = (X2 V 
X4) A (Xl V X2 VX3 V X4) A (X3) A (Xl V X2 V X3). The orthogonal grid drawing shown in the 
figure has minimum area and corresponds to the truth assignment: Xl = false, X2 = 
true, X3 = false, X4 = true. 

top and bottom sides of 9n + 3 vertices and a right side of 9m + 8 vertices. The 
belt is a path inserted between the boundary and the core of the construction 
and is composed by 2 + 24(n -1) vertices, so that its turn sequence is (r4 l4 )2nr4, 

where an r (l) label represents a right (left) turn. The external boundary, the 
belt, and the core of the construction are attached together as shown in Fig. 1. 
Because of the belt, in any orthogonal grid drawing of H (¢) with minimum area 
each column can assume only one of the two positions that we informally called 
"higher" and "lower". 

The instance (H, K) of the OAC problem is completely defined by assigning 
the value of K(¢) = (9n + 2) x (9m + 7). 

The NP-hardness of the OAC problem is easily demonstrated as the following 
lemma is proved [13]: 

Lemma 1. An orthogonal grid drawing of area at most K(¢) of the orthogonal 
representation H (¢) exists if and only if formula ¢ is satisfiable. 
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In order to prove the NP-hardness of the OMELC and OTELC problems, 
we produce two orthogonal representations, containing the described H(¢) as a 
subgraph, and such that each orthogonal grid drawing of them that minimizes 
the measure of interest also minimizes the area of the contained H (¢). 

Namely, for the OMELC problem, first we add to H(¢) appropriate sub­
graphs (see [13]) in order to assure an equal number of vertices along the top 
and right sides of it, and then we attach two edges running along these two sides. 
For the OTELC problem we add enough of such vertical and horizontal edges 
so to force the minimization of the total edge length to imply the minimization 
of the newly added edges, i.e., of the area of H(¢). 
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Abstract. Aicholzer et al. recently presented a new geometric construct 
called the straight skeleton of a simple polygon and gave several combina­
torial bounds for it. Independently, the current authors defined in com­
panion papers a distance function based on the same offsetting function 
for convex polygons. In particular, we explored the nearest- and furthest­
neighbor Voronoi diagrams of this function and presented algorithms for 
constructing them. In this paper we give solutions to some constrained 
annulus placement problems for offset polygons. The goal is to find the 
smallest annulus region of a polygon containing a set of points. We fix 
the inner (resp., outer) polygon of the annulus and minimize the annulus 
region by minimizing the outer offset (resp., maximizing the inner offset). 
We also solve a a special case of the first problem: finding the smallest 
translated offset of a polygon containing an entire point set. We extend 
our results for the standard polygon scaling function as well. 

1 Introduction 

Computing optimal placements of annulus regions is a fundamental aspect of 
quality control in manufacturing. For example, the width of the thinnest circular 
annulus containing a set of points is the ANSI [F, pp. 40-42] and ISO measures 
for testing roundness. The usual goal is to find a placement of the annulus 
that contains a given set or subset of points. Optimality of the placement can 
be measured either by minimizing the size of the annulus region necessary to 
contain all (or a certain number) of the points, or by maximizing the number of 
points contained in a fixed-size annulus. 

* Work on this paper by the first author has been supported by the U.S. ARO under 
Grant DAAH04-96-1-0013. Work by the second author has been supported by the 
NSERC of Canada under grant OGP0183877. Work by the third author has been 
supported by the NSF under Grant CCR-93-1714. 
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One set of problems studied recently in [BBDG] involves the optimal place­
ment of polygonal annulus regions. It was noted that the polygonal annulus can 
be defined as the difference region either between two scaled copies of some poly­
gon P or between two offset copies of P. This work gave solutions for the offset 
version of the problems for both definitions of optimality given above. 

In this paper we continue the investigation of the polygon offset operation, 
especially as it defines a distance function and the related Voronoi diagram 
(see [BDG]). We prove some new properties ofthis offset-polygon distance func­
tion. We then explore a new set of convex-polygon annulus placement problems 
where one of the two annulus boundaries (inner or outer) is fixed. This is an 
important aspect of quality control. As an example, if a manufactured object is 
to fit inside a sleeve, then the outer annulus must be fixed. On the other hand, if 
a part must fit over a peg, then the inner annulus is crucial. For circular annuli 
it was shown [BBBR] that when either the inner disk or the outer disk is of fixed 
size, the placement problem can be solved more efficiently. We solve problems 
for polygonal annulus regions defined for both the polygon offsetting function 
and the normal convex polygon scaling distance function. In particular, we give 
algorithms for the following problems: 

Problem 1. Given a convex polygon P and a set of points S, find a placement 
T that maximizes an inner polygon, such that all points in S lie in the annulus 
region between P and a smaller offset (resp., scaled) copy of P. 

Problem 2. Given a convex polygon P and a set of points S, find a placement 
T that minimizes an outer polygon, such that all points in S lie in the annulus 
region between P and a larger offset (resp., scaled) copy of P. 

Note that in both cases we are looking for placements of the polygon con­
taining all points. The following problem is a special case of Problem 2: 

Problem 3. Given a convex polygon P and a set of points S, find the smallest 
offset (resp., scaled) copy of P containing all the points in S. 

A substep of several approaches to the above problems is the following: 

Problem 4. Given a convex polygon P and n translations, find the intersection 
of the n translated copies of P. 

We first present some approaches to Problems 3 and 4, and then provide 
sub quadratic-time algorithms for Problems 1 and 2. Our algorithm for Problem 1 
requires O((m + n) log(m + n)) time (for scaling) and O(n(logn + log2 m) + 
m(log n + log m)) time (for offsetting), where n is the number of points in Sand 
m is the complexity of P. Our algorithm for Problem 2 requires O(nmlog(nm)) 
time (for both scaling and offsetting). 

1.1 The Offset Operation 

We now briefly discuss the polygon-offset operation. This operation was studied 
by Aicholzer et al. [AA,AAAG] in the context of a novel straight skeleton of 
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a polygon. Barequet et al. [BDG] also studied the polygon-offset operation in 
a different context, that of a new distance function and the related Voronoi 
diagram. They give efficient algorithms for computing compact representations 
of the nearest- and furthest-neighbor diagrams. Polygon offsets were also used 
in the solution to various annulus placement problems [BBDG]. In this paper 
we adopt the terminology of [BBDG] and refer the reader to Section 1.3 of that 
paper for a more precise definition of the offset operation. Likewise, for a formal 
definition of the corresponding distance function, the reader is referred to [BDG]. 
We give here only a brief definition and description. 

The scaled polygons of Problems 1 and 2 correspond to the convex distance 
functions, which are extensions of the notion of scaling circles (in the Euclidean 
case) to convex polygons. There have been several papers (e.g., [CD,KW,MKS]) 
which explore the Voronoi diagram based on these distance functions. 

By contrast, the outer c-offset of a convex polygon P is obtained by translat­
ing each edge e E P by c in a direction orthogonal to e and by extending it until 
it meets the translations of the edges neighboring to e. The edge e' is trimmed 
by the lines parallel and at distance c (outside of P) of the neighboring edges of 
e. The inner offset is defined in a similar way: For each edge e E P we construct 
an edge e" on a line parallel to e and trimmed by the offsets of the neighbor­
ing edges. The edge e" may "disappear" for a sufficiently large c, This happens 
when the neighboring offset lines meet "before" they intersect with the line that 
contains e". In fact, the offset operation moves the polygon vertices along the 
medial axis of the polygon, so that an edge "disappears" when two polygon ver­
tices meet on a medial-axis vertex. We adopt the terminology of [BBDG] and 
denote by Ip,8 (resp., OP,8) the inner (resp., outer) offset version of P by J. 

In many applications, e.g., manufacturing processes, defining distance in 
terms of an offset from a polygon is more natural than scaling. This is because 
the relative error of the production tool (e.g., a milling head) is independent of 
the location of the produced feature relative to some artificial reference point 
(the origin). Thus it is more likely to allow (and expect) local errors bounded 
by some tolerance, rather than scaled errors relative to some (arbitrary) center. 

2 Preliminary Observations 

We first define the meaning of a placement of a polygon. Throughout the paper 
we assume that each polygon has a fixed reference point. For scaled polygons, we 
use the center of scaling which is assumed to be contained by the polygon. For 
offset-polygons, the natural reference is the offsetting center, which is the point 
to which the inner polygon collapses when the polygon is offset inward. (This 
point is the center of the medial axis of the polygon [BDG].) In the degenerate 
case the offset center is a segment, so we arbitrarily select a point of it as the 
center, say, the median of the segment. By translating a copy of the polygon P 
to some point q, we mean the translation of P that maps its center (reference 
point) to q. Similarly, when we speak ofthe reflection of P, we mean the rotation 
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of P by 7r around its center point. The translation of a reflection of P to a point 
q translates the polygon so that the center of the reflected copy is mapped to q. 

Some of the following observations are analogous to well-known facts with 
respect to other distance functions. It is not obvious, however, that the properties 
of Euclidean distance hold for the offset-polygon distance function. The offset­
polygon distance function is not a metric [BDG]. In fact, like the more common 
Minkowski functions (scaled polygon distance) it is not even symmetric. It is 
proven in [BDG] that the offset-polygon distance function does not satisfy the 
triangle inequality, and in fact, for collinear points it satisfies a reverse inequality. 

Our algorithms use Voronoi diagrams based on the scaled (Minkowski) or 
offset distance functions. In both cases the bisector of two points p, q is (in the 
non-degenerate case) the polyline that contains all points x for witch d(p, x) = 
d(q, x). We could also define it symmetrically as the set of points x s.t. d(x,p) = 
d(x, q), which identifies with the first definition when we reflect the underlying 
polygon. Since neither distance function is symmetric, these two definitions result 
in different bisectors. However all of the following observations and lemmas hold 
regardless of which definition is used. 

Observation 1 The bisector between two points p and q has a segment s (the 
median of the bisector, analogous to the midpoint of pq in the Euclidean dis­
tance function), such that the distance from p and q to x, for any point x on 
s, is minimum of all points on the bisector. In both directions along the bisector 
from s, distances from p and q to points on the bisector are monotonically non­
decreasing. In the case that the defining polygon P does not have parallel edges, 
the median is always a single point x. 

This can be seen by examining the pair of smallest offset (or scaled) copies of 
P placed at points p and q that touch. Since the polygons are convex, the inter­
section is a segment or a single point. As the polygons grow outward from this 
point, the median (point or segment) is completely contained in the intersection 
of any larger copies. We use the same idea to illustrate the following: 

Observation 2 Given a point p, a line L, and a point q E L, there exists a 
direction along L from q s.t. d(x,p) ~ d(q,p) for all points x in that direction. 

Note that this is true for d(p, x) ~ d(p, q) as well as for d(x,p) ~ d(q,p), but 
the directions might be different! 

We now bound the region in which the fixed-size polygon (i.e., its center) can 
be placed. For Problem 1 we ask where the possible placements of the fixed-size 
outer polygon that contain all the points are, and for Problem 2 we ask where 
the possible placements of the fixed-size inner polygon, that do not contain any 
of the points, are. These are the sets of "feasible placements." In the sequel P is 
a polygon, PR is its reflection, and q(PR ) is a translation of PR to the point q. 

Observation 3 A translation T of P contains q if and only if q(PR ) contains 
the point to which T translates (the center of) P. 
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Generalizing this for a set S of n points we have: 

Observation 4 A translation T of a polygon P contains all the points of a set 
S if and only if T translates P to a point in the intersection of the n copies of 
PR translated to the points of S. 

Based on the last observation we define a feasible region for placements of the 
annulus region in Problem 1, which is the intersection of n reflected copies of P 
translated to each point in S. This feasible region, according to Observation 4, 
contains all possible placements where the fixed outer polygon contains all the 
points in S. The goal then becomes to find the largest inner polygon that can 
be placed inside this region without containing any point of S. If the feasible 
region of the outer polygon is already empty, then there is no solution at all. 

A solution to Problem 4 thus provides us with the feasible region. There is 
an analogous idea for Problem 2, where we are interested in finding a placement 
of the inner polygon such that it does not contain any point of S. 

Observation 5 A translation T of a polygon P contains no points of a set S of n 
points if and only if T translates P into the region determined by the complement 
of the union of n reflected copies of P translated to the points of S. 

Based on this observation, we define a different feasible region for placements 
of the annulus region in Problem 2. The feasible region is given by the comple­
ment of the union of n reflected copies of P translated to each of the points in S, 
plus the boundary edges of the region. This feasible region consists of all possible 
placements where the fixed inner polygon does not properly contain any of the 
points in S. The goal then becomes to find the smallest outer polygon (scaled 
or offset) that can be placed inside this region while containing all points in S. 

3 Intersecting Copies of a Convex Polygon 

In this section we describe several alternative approaches to solving Problem 4. 
It is shown in [BDP] how the prune-and-search technique of Kirkpatrick and 
Snoeyink [KSn] can be used for finding the intersection points of two translated 
copies of a convex polygon. We now describe several ways to compute all the 
vertices of the polygon that is the intersection of n translations of a polygon with 
m vertices. These algorithms use well-known techniques but are included here 
for completeness. There are several other competing approaches as well, which 
we do not outline here. The resulting running times of the following approaches 
are O(nm), O(n log h+m) (where h is the number of hull points), or O(n(1ogn+ 
log m) + m). The third approach is always inferior to the second approach. 

3.1 Brute Force 

One "brute force" approach is to start with two copies of the polygon, and 
compute their intersection using any of several algorithms for intersecting convex 
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polygons in O(m) time. Each of the remaining n- 2 polygons can then iteratively 
be intersected with the polygon resulting from the previous step. After each step 
the resulting intersection is still a convex polygon with at most m edges, each 
parallel to an edge of the original polygon. Thus each step requires O(m) time 
for a total of O(nm). This brute force approach is not only simple, but is linear 
in n, and so is a good approach when m is small. 

A second brute force approach relies on a simple observation. Each edge ei 

in the output polygon P* is determined by a single translated polygon from 
the input set-in particular, by that polygon which is extremal in the direction 
orthogonal to ei and toward the center of the polygon. The algorithm iterates 
through the m edges of P, and for each edge ei determines in O(n) time which 
of the n input polygons might contribute edge ei to the output. We iteratively 
construct P*, adding an edge at a time and eliminating edges that are cut off. 
Note that the addition of a new edge may eliminate more than one edge. The cost 
of adding edge ei is 0(1 + Ci), where Ci is the number of earlier edges removed by 
ei. Since the total number of edges is at most m, the sum of the c;'s is also m. 
This approach reverses the roles of the inner and outer loop from the previous 
algorithms. The running time of this approach is also O(rim). 

3.2 Using the Convex Hull 

We can modify both approaches by using of the following lemma and its corollary. 

Lemma 1. A convex polygon contains all points in a set S if and only if it 
contains all vertices of the convex hull of S. 

Corollary 1. The intersection of n translated copies of a polygon P placed at 
each of n points from a set S is the same as the intersection of h translated 
copies of P placed at the h vertices of the convex hull of S. 

Thus we can eliminate non-hull points in a preprocessing step. Depending 
on the relationship between hand m, the speedup in the later computation may 
pay for the cost of computing the convex hull. We compute the convex hull in 
O(n log h) time [KSe]. Applying the first brute force approach only to the h hull 
points, we get a total running time of O(n log h + hm) which is an improvement 
if m = w(log h) and h = o(n). The second brute force approach can be improved 
even further. Given the convex hull of a set of points, we can compute extremal 
points in all m directions in rotational order in O(m + h) time by using the 
"rotating-calipers" method [To], or in O( m log h) time by performing a binary 
search for each of m directions. The output polygon P* is still constructed an 
edge at a time. As in the previous method, the overall number of eliminated 
edges is m. The overall running time is thus 0 (n log h + m) or 0 ( (n + m) log h). 

3.3 A Furthest-Neighbor Voronoi Diagram Approach 

A final approach makes use of a Voronoi diagram. First we compute a compact 
representation of the furthest-neighbor Voronoi diagram of the n points. For 
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convex distance this is done by the algorithm of [MKS] in O(n(logn+logm)+m) 
time. For convex-offset distance this is done by [BDG] in O(n(log n+log2 m)+m) 
time. 1 Now, we follow the first (out of three) step of Lemma 2.1 of [DGR, 
p. 124], which constructs the intersection of n congruent circles in O(n) time. 
Specifically, in [DGR] the authors find the portion of the intersection in each 
cell of the furthest-neighbor Voronoi diagram by a simple walking method. We 
observe that they amortize the number of jumps between cells of the diagram, 
and obtain (for the circles case) an O(n) time bound due to the complexity of 
the diagram. For both our distance functions we do this in 0 (n log m) time: 
From the compact representation of the diagram we explicitly compute only the 
portions that belong to the intersection. This happens O(n) times, for each we 
spend O(logm) time. The size of the accumulated output is O(nlogm). In total 
we have O(n(1ogn + logm) + m)- and O(n(1ogn + log2 m) + m)-time algorithms 
for the scaling and offsetting distance functions, respectively. 

Since we are interested in the intersection of copies of the original polygon, 
for which the unit scale or offset identify, it does not matter which distance 
function is used. So we may prefer to choose the respective Voronoi diagram 
of the scaling function, which provides a slightly faster algorithm. The Voronoi 
diagram approach may also be modified with the precomputation of the convex 
hull, however the result is asymptotically slower than the second brute force 
approach when the convex hull is used. 

4 Smallest Enclosing Polygon 

In this section we solve Problem 3 which is a special case of Problem 2, in which 
the inner "radius" of the annulus is 0: we seek the translation of a minimum 
offset or scaled version of a polygon P, so as to cover a set S of n points. 

4.1 Shrinking the Feasible Region 

Our first approach makes use of the results of the previous section. 

1. Compute an offset (or scaled) version of P (denoted as P* = 0 P,&, for some 
J > 0) large enough so that there exists a placement of P* containing S. 

2. Compute the intersection J of n reflected copies of P* translated to the 
points of S. 

3. Shrink J (by reducing J) until it becomes a single point. 

The first step is straightforward. In O(n) time we find B, the axis-parallel 
bounding-box of S. We then scan around P in O(m) time to find any sized 
rectangle enclosed in P, and grow P (either by scaling or offsetting) enough 
so that its interior rectangle encloses B. Denote the resulting polygon (J scale 
or offset of P) as P*. By Observation 4, it is guaranteed that the region J 

1 A bound of O(n(log n+log m)+m) was erroneously claimed in [BDG]. The corrected 
analysis is found in the full version of that paper. 
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(computed in the second step), that contains all placements of P* that fully 
cover S, is non-empty. Furthermore, the region J is convex, with edges parallel 
to the original edges of P*, and thus the complexity of J is O(m). 

The crucial observation is that by reducing 6 (in the third step), J shrinks 
too until it becomes a single point defining the placement and size of the smallest 
copy of P that fully contains S. This yields the algorithm: in the second step we 
compute the intersection J of the n reflections of P* (the region of all placements 
of P* fully covering S), and in the third step we decrease 6 until J shrinks into 
a point. We use the medial axis center (or the equivalent scaling center) of J to 
determine the point (or segment) to which the polygon shrinks. 

A solution to the second step was described in Section 3. The intersection 
polygon J is computed in O(nm) or O(n log h + m) time. 

The third step depends on whether the polygon is offset or scaled. For the 
offset operation, the point to which J shrinks is the center of its medial axis. 
(This is easily seen when we model the effect of reducing 6 on J: the edges of 
J are portions of edges of P translated to the points of S.) This point can be 
found in O(m) time by using the method of Aggarwal et al. [AGSS]. 

For scaled polygons we need to slightly modify the method of [AGSS]. The 
method observes that the medial axis of a convex polygon is actually the lower 
envelope of 3-D planes cutting through the edges of P at fixed angles to the 
plane z = 0 that contains P. For the scaling operation, all we need to do is to 
adjust the slope of every plane. It is a function of three points: the origin and 
the two endpoints of the respective edge. Namely, the slopes are no more fixed 
but are proportional to the "speeds" by which the edges move. We keep track of 
which original copy of P each edge in J belongs to, so we can compute all these 
angles and solve the problem again in O(m) time. 

The time complexity of this algorithm is thus dominated by the second step: 

Theorem 6. The smallest enclosing (scaled or offset) polygon problem can be 
solved in either O(nm) or O(n log h + m) time. 

4.2 A Randomized Incremental Approach 

Problem 3 can also be solved by a randomized incremental approach, which is 
a modified version of that described in [BKOS, §4.7] for finding the smallest 
enclosing circle. We start with finding the smallest enclosing polygon P3 of three 
points qi, q2, q3 E S. We add point qi at the ith step (for 4 ::; i ::; n). If qi is 
contained in Pi- i , then Pi = Pi-i. If not, we compute Pi with the knowledge 
that point qi must be one of the constraining points (e.g., qi lies on the boundary 
of Pi). The reader is referred to [BKOS] for details. The analysis of the expected 
running time is the same as for circles except that computing the smallest (scaled 
or offset) polygon containing 3 points requires 0 (log m) time (for scaling) [KSn] 
or 0(log2 m) time (for offsetting) [BDG], rather than 0(1) time. 

Theorem 7. The smallest enclosing polygon problem can be solved in expected 
time O(nlogm + m) (for scaling) or 0(nlog2 m + m) (for offsetting). 
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5 Minimizing the Annulus for a Fixed Outer Polygon 

We now address the problem of minimizing an annulus region by fixing the outer 
polygon and maximizing the inner polygon (Problem 1). 

Theorem 8. Given a convex feasible region of possible translations of a polygon 
P, there exists a largest (scaled or offset) empty polygon (containing no points 
in S) that is centered on one of the following points: 

1. On a vertex of the nearest-neighbor Voronoi diagram of S; 
2. On an intersection of an edge of this Voronoi diagram with the feasible region; 
3. At a vertex on the boundary of the feasible region; specifically a vertex which 

represents the intersection of two reflected copies of P (as opposed to an 
arbitrary vertex of one reflected copy of P). 

Corollary 2. The optimal placement of the annulus region, when its outer bound­
ary is fixed, has at least 3 contact points between the set S and the inner or outer 
boundary of the annulus region, at least one of which is in contact with the inner 
boundary (the maximized inner polygon). 

The algorithm for solving Problem 1 is based on Theorem 8. First we con­
struct the feasible region J by intersecting n convex polygons of complexity m 
in O(nm) or O(nlogh+m) time (see Section 3). Next we construct the nearest­
and furthest-neighbor Voronoi diagrams of S w.r.t. P and the appropriate dis­
tance function. Compact representations for both diagrams can be computed in 
O(n(log n + logm) + m) time (scaling) or in o (n(log n + log2 m) + m) time (off­
setting). Finally, we check at most n Voronoi vertices, n intersections between 
Voronoi edges and J, and m vertices of J, to find which allows the maximal 
polygon. For a Voronoi vertex we test containment in J in O(logm) time. For a 
Voronoi edge we find intersections with J in O(logm) time. To find the maximal 
inner polygon, we need to know the distance to the nearest neighbor in S. For 
Voronoi vertices and edges, this is known. For vertices of J we do point location in 
the compact Voronoi diagram in O(logn+logm) time, and computing the actual 
distance requires additional o (log m) time. The total running time for checking 
the O(n+m) possible locations is therefore O(nlogm+m(logn+logm)) time. 

Theorem 9. The minimum polygon annulus with fixed outer polygon can be 
computed in O((m+n) log(m+n)) time (for scaling) or in O(n(logn+log2 m)+ 
m(logm + logn)) time (for offsetting). 

6 Minimizing the Annulus for a Fixed Inner Polygon 

In this section we address the problem of minimizing an annulus region by fixing 
the inner polygon and minimizing the outer polygon (Problem 2). 

Lemma 2. The feasible region is the complement of the interior of the union of 
the n reflected copies of P placed at points of S. 
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Proof: Follows from Observation 5. 0 
Note that this feasible region may have two different types of vertices. One 

type (denoted a P-vertex) is simply a vertex of a reflected copy of the polygon. 
The second vertex type (denoted an I-vertex) is an intersection of two copies of 
the reflected polygon. The following observation follows from definition. 

Observation 10 An I-vertex is equidistant from two points in S according to 
the polygon distance function. 

Note that if we move counterclockwise around the feasible region, every tra­
versed P-vertex is a left turn whereas I-vertices are right turns. In particular, 
from the point of view of the feasible region, the angle around a P-vertex that 
belongs to the feasible region is greater than 7r. This yields the next observation: 

Observation 11 If e is the edge of a feasible region adjacent to a P-vertex, and 
L is the line containing an edge e, then it is possible to move some distance E: > 0 
in both directions along L from the P-vertex without leaving the feasible region. 

Let U be the union of n reflected copies of P placed at the points of S. 
By Observation 10, placing P at an I-vertex of the boundary of U results in P 
having at least two points of S on its boundary. Hence an I-vertex of U is on an 
edge or on a vertex of the nearest-neighbor Voronoi diagram of S. Furthermore, 
since each edge of this diagram corresponds to two points in S, and the two 
copies of the reflected polygon associated with those points intersect in at most 
two points [BBDG, Theorem 1], each Voronoi edge can be associated with at 
most two I-vertices. Since the Voronoi diagram (in its compact representation) 
has O(n) edges (each having at most m segments) and O(n) vertices, U can have 
at most O(n) I-vertices. (n polygons can certainly intersect in 8(n2 ) points, but 
only O(n) of these points may be I-vertices of the boundary of U.) There may 
also be at most O(nm) P-vertices. Therefore, the complexity of the boundary of 
U is O(nm). The polygon U can be computed in O(nm(1ogn + logm)) time by 
using a divide-and-conquer approach. We summarize with the following: 

Theorem 12. The union U of n reflected copies of P has O(n) I-vertices and 
O(nm) P-vertices, and the complexity of its boundary is O(nm). It can be com­
puted in O(nm(1ogn + logm)) time. 

Given an edge e of the furthest-neighbor Voronoi diagram of S, we refer to 
the two points of S equidistant from e as the generators of e. 

Theorem 13. The center of the smallest enclosing polygon is in the feasible 
region on one of the following: 
1. A vertex of the furthest-neighbor Voronoi diagram; 
2. A point on an edge of the furthest-neighbor Voronoi diagram provided it is 

the median of the bisector of its generators (see Observation 1); 
3. The intersection point of an edge e of the furthest-neighbor Voronoi diagram 

and the boundary of the feasible region that is closest to the median of the 
bisector of the generators of e; or 

4. An I-vertex of the feasible region (see Observation 2). 
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Corollary 3. The optimal placement with fixed inner polygon and a minimum 
outer polygon has either: 

1. Two points on the outer polygon on a diameter; 
2. Three points on the outer polygon; 
3. Two points on the outer polygon and one on the inner polygon; or 
4. One point on the outer polygon and two on the inner polygon. 

Theorem 13 implies an approach to computing the minimum polygon an­
nulus. First, compute all the possible locations for the center. Second, for each 
location, compute the size of the annulus. Output the smallest of these annuli. 

First, we need a way of deciding whether a point x is in the feasible region. 
To do this we compute compact representations of the furthest-neighbor Voronoi 
diagram of S based on a reflection of a convex polygon P and the appropriate 
distance function. This requires 0 (n (log n + log m) + m) time (for scaling) or 
O(n(logn + log2 m) + m) time (for offsetting). We preprocess the diagram for 
planar point location. Once we know the closest point of S to x, we can determine 
whether it is in the feasible region or not in O(logn + logm) time. 

There are O(n) vertices in the furthest-neighbor Voronoi diagram. Contain­
ment in the feasible region can be verified in O(n(logn + logm)) time: There 
are O(n) medians in the diagram, each can be verified in O(logn + logm) time. 
There are O(n) vertices on the boundary of the feasible region (see Theorem 12). 
All of these vertices can be verified in O(n(logn+logm)) time. To compute the 
intersection point of an edge e of the furthest-neighbor Voronoi diagram and 
the boundary of the feasible region that is closest to the median of the bisector 
of the generators of e, we note that each edge of the diagram is a polygonal 
chain of at most m segments. If the median is on e and is feasible, then no other 
candidate on e is smaller (distance-wise). Therefore, we need only consider the 
edges where the median is not feasible. In this case, we direct the segments of 
the edge toward the median. For each segment we need only the first intersection 
with the feasible region. This can be viewed as a ray shooting query. For each 
directed segment Sl we seek its intersection point with U that is closest to s. 
Preprocessing U for ray shooting queries is too costly. Instead, we perform two 
plane sweeps to compute the intersections between U and the directed segments, 
one for the segments directed to the left and one for the segments directed to 
the right. After the first intersection for a given segment is found, we remove it 
from the event queue. Therefore, each segment is processed at most twice, once 
when it is placed in the queue and once for its first intersection. Since there are 
O(nm) segments and the boundary of U has O(nm) segments, each of the two 
sweeps takes O(nm(logn+logm)) time. All ofthe candidates are generated and 
verified in O(nm(logn + logm)) time. We conclude with the following: 

Theorem 14. The minimum polygon annulus with fixed inner polygon can be 
computed in O(nm(logn + logm)) time. 
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Abstract. A new measure, the accommodating function, for the quality 
of on-line algorithms is presented. The accommodating function, which 
is a generalization of both the competitive ratio and the accommodating 
ratio, measures the quality of an on-line algorithm as a function of the 
resources that would be sufficient for some algorithm to fully grant all 
requests. More precisely, if we have some amount of resources n, the 
function value at a is the usual ratio (still on some fixed amount of 
resources n), except that input sequences are restricted to those where 
all requests could have been fully granted by some algorithm if it had 
had the amount of resources an. The accommodating functions for two 
specific on-line problems are investigated: a variant of bin-packing in 
which the goal is to maximize the number of objects put in n bins and 
the seat reservation problem. 

1 Introduction 

The competitive ratio [11,19,15], as a measure for the quality of on-line algo­
rithms, has been criticized for giving bounds that are unrealistically pessimistic 
[1,2,12,14,16], and for not being able to distinguish between algorithms with 
very different behavior in practical applications [2,12,16,18]. Though this criti­
cism also applies to standard worst-case analysis, it is often more disturbing in 
the on-line scenario [12]. 

The basic problem is that the adversary is too powerful compared with the 
on-line algorithm. For instance, it would often be more interesting to compare 
an on-line algorithm to other on-line alternatives than to an all-powerful off-line 
algorithm. A number of papers have addressed this problem [10,2,6,13,14,18, 
11,21,20,16] by making the on-line algorithm more powerful, by providing the 
on-line algorithm with more information, or by restricting input sequences. 

In this paper, we move in the direction of restricting input sequences. How­
ever, instead of a "fixed" restriction, we consider a function of the restriction, 
the accommodating function. Informally, in on-line problems, where requests are 
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project number 20244 (ALCOM-IT) and in part by SNF, Denmark. 

** Dept. of Mathematics and Computer Science, University of Southern Denmark, Main 
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made for parts of some resource, we measure the quality of an on-line algorithm 
as a function of the resources that would be sufficient for an optimal off-line 
algorithm to fully grant all requests. More precisely, if we have some amount of 
resources n, the function value at a is the usual ratio (still on some fixed amount 
of resources n), except that input sequences are restricted to those where all re­
quests could have been fully granted by an optimal off-line algorithm if it had 
had the amount of resources an. 

In the limit, as a tends towards infinity, there is no restriction on the input 
sequence, so this is the competitive ratio. When all requests can be fully granted 
by an optimal off-line algorithm (without using extra resources), the function 
value is the accommodating ratio [3]. Consequently, the accommodating function 
is a true generalization of the competitive as well as the accommodating ratio. 

In addition to giving rise to new interesting algorithmic and analytical prob­
lems, which we have only begun investigating, this function, compared to just 
one ratio, contains more information about the on-line algorithms. For some 
problems, this information gives a more realistic impression of the algorithm 
than the competitive ratio does. Additionally, this information can be exploited 
in new ways. The shape of the function, for instance, can be used to warn against 
critical scenarios, where the performance of the on-line algorithm compared to 
the off-line can suddenly drop rapidly when the number of requests increases. 

Due to space limitations, all proofs have been eliminated from this paper. 
They can be found in [4]. 

2 The Accommodating Function 

Consider an on-line problem with a fixed amount of resources n. Let p(I) denote 
the minimum resources necessary for an optimal off-line algorithm to fully grant 
all requests from the request sequence I. We refer to I as an a-sequence, if 
p(I) ::; a . n, i.e., an a-sequence is a sequence for which an optimal off-line 
algorithm could have fully granted all requests, if it had had resources a . n. 

For a maximization problem, A(I) is the value of running the on-line algo­
rithm A on I, and OPT(I) is the maximum value that can be achieved on I by 
an optimal off-line algorithm, OPT. Note that A and OPT use the same amount 
of resources, n. 

The algorithm A is c-accommodating w.r.t. a-sequences if c ::; 1 and for 
every a-sequence I, A(I) ;::: c· OPT(I) - b, where b is a fixed constant for the 
given problem, and, thus, independent of I. 

Let Co: = {c I A is c-accommodating w.r.t. a-sequences}. The accommodat­
ing function A is defined as A( a) = sup Co:. 

For a minimization problem, A(I) is a cost and OPT(I) is the minimum cost 
which can be achieved. Furthermore, A is c-accommodating w.r.t. a-sequences if 
c;::: 1 and for every a-sequence I, A(I) ::; c· OPT(I) + b, and the accommodating 
function is defined as A( a) = inf Co:. 
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With this definition, the accommodating ratio from [3] is A(l) and the com­
petitive ratio is limo-too A(a). In this paper, we only consider a 2: 1. In figure 1, 
these relationships are depicted using a hypothetical example. 
The extra information contained in the accommodating function compared with 
the competitive ratio can be used in different ways. If the user knows that es­
timates of required resources 
cannot be off by more than 
a factor three, for instance, 
then A(3) is a bound for the 
problem, and thereby a bet­
ter guarantee than the bound 
given by the competitive ra-

on-line 
off-line 

1 
acc.rat 

I 
tio. The shape of the function 
is also of interest. Intervals comp.rat - - - .1 - - - - - - - - - - - - -

where the function is very 
steep are critical, since there 
earnings, compared to the op­
timal earnings, drop rapidly. 

o 1 
Fig. 1: A typical accommodating function for a max­
imization problem. 

3 Unit Price Bin Packing (UPBP) 

Consider the following bin packing problem: Let n be the number of bins, 
all of size k. Given a sequence of integer-sized objects of size at most k, the 
objective is to maxi- on-line 
mize the total num- off-line 
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ber of objects in these 
bins. This is a funda­
mental problem in op­
timization [9], which 
has been studied in 
the off-line setting, start­
ing in [7], and its ap­
plicability to proces­
sor and storage allo­
cation is discussed in 
[8]. We only consider 

Fig. 2: General upper and lower bounds on the accommo-
dating function for Bin Packing. 

fair algorithms, i.e., an object can only be rejected if it cannot fit in any bin. In 
this problem for a given a, we only consider sequences which could be packed 
in n' = an bins by an optimal fair off-line algorithm. The results proven in this 
section are summarized in Figure 2. First, upper bounds on the accommodating 
function which apply to all fair deterministic algorithms are given. 

Theorem 1. For any fair UPBP algorithm, if a :::; ~ and k 2: 3, then A(a) :::; 
2 

2+(0 l)(k 2)· 

Using a = ~ above, gives an upper bound on the competitive ratio. 
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Corollary 1. If k ~ 3, no fair UPBP algorithm is more than 6!k -competitive. 

The bound on the accommodating function for 0: = 1 can be improved. 

Theorem 2. For k ~ 7, any fair UPBP algorithm has an accommodating ratio 
of at most ~. 

Now we give lower bounds which apply to all fair deterministic UPBP algo­
rithms. The first lower bound is on the competitive ratio. 

Theorem 3. The competitive ratio for any fair UPBP algorithm is greater than 
2- !. T' when k ~ 3. 

Next we give a lower bound on the accommodating ratio, A(l). 

Theorem 4. Let I be an input sequence which can be accommodated within n 
bins, that is, p(I) ::; n. The performance ratio is greater than! for any fair 
UPBP on-line algorithm. 

The final general lower bound is on the accommodating function. 

Theorem 5. For any fair UPBP algorithm, the accommodating function can be 
bounded by A(o:) ~ max{1+(O:-1)k,2+(O:-1)~}' for 1 < 0: < 2, and k ~ max{3,n}. 

We next give an upper bound on the accommodating function for First-Fit. 
This upper bound is close to the general lower bound of Theorem 5, so it is 
almost tight. 

Theorem 6. For UPBP, First-Fit has an accommodating function of at most 
l+(o:-~)(k-l)' for 1 < 0: < 2. 

In later work [5], we show that Worst-Fit has a better competitive ratio 

(rw F ~ 2!k) than First-Fit (r F F ::; 2~ t ), while First-Fit has a better accom­
modating ratio (AFF(l) ~ ~) than Worst-Fit (AwF(l) ::; 22d. The choice 

k 

as to which algorithm to use depends on 0:, i.e., on the a~tual distribution of 
request sequences. 

4 The Unit Price Seat Reservation Problem (UPSRP) 

As mentioned earlier, the accommodating ratio was introduced in [3] in connec­
tion with the seat reservation problem, which was originally motivated by some 
ticketing systems for trains in Europe. In this problem, a train with n seats trav­
els from a start station to an end station, stopping at k ~ 2 stations, including 
the first and last. Reservations can be made for segments between any two sta­
tions. The passenger is given a single seat number when the ticket is purchased, 
which can be any time before departure. The algorithms (ticket agents) attempt 
to maximize income, i.e., the sum of the prices of the tickets sold. In this paper, 
we consider only the pricing policy in which all tickets have the same price, the 
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unit price problem. The ticket agent must be fair, it may not refuse a passenger if 
it is possible to accommodate him when he makes his reservation. We define the 
accommodating function A( 0:) for the seat reservation problem to be the ratio 
of how well a fair on-line algorithm can do compared to the optimal fair off-line 
algorithm, when an optimal fair off-line algorithm could have accommodated all 
requests if it had had o:n = n' seats. The accommodating function could help 
the management in determining how much benefit could be gained by adding an 
extra car to the train, given their current distribution of request sequences. 

In [3), bounds on the competitive and accommodating ratios were given. 
Below, these results are extended to the accommodating function. 

Theorem 7. A(o:) ~ 2+(k-i)(l--!-) is a lower bound for UPSRP. 

The following result for the accommodating function is very close to that for 
the competitive ratio when n' > 54n. 

Theorem 8. A(o:) :s; 3+2(k-2);'in(t,a-l) is an upper bound for UPSRP. 

In [3), bounds on the competitive and accommodating ratio for First-Fit and 
Best-Fit are given. Below, these are extended to the accommodating function. 

(2 __ 1 2-~) 
Theorem 9. A(o:) :s; max k~11 , H(k-l)(~-I) is an upper bound for First-

Fit and Best-Fit on UPSRP. 

5 Other Problems 

For some on-line problems, using the accommodating function does not neces­
sarily result in additional insight compared with what is already known from the 
competitive ratio. For example, the obvious way to define the accommodating 
ratio for the paging problem is to consider sequences of requests such that the 
optimal off-line algorithm could accommodate all requests with no swapping. 
In this case, all pages needed fit in main memory, so on-line algorithms would 
also be able to accommodate all requests with no swapping, giving an accommo­
dating ratio of 1. The lower bound results, which show that any deterministic 
on-line algorithm has a competitive ratio of at least k, where k is the number 
of pages in main memory, holds even if there are only k + 1 pages in all. Thus, 
nothing further is said about how much it helps to have extra memory, unless 
one actually has enough extra memory to hold all of a program and its data. 

As an example of a very different type of problem where the accommodating 
function can be applied, we have considered a scheduling problem: the problem 
of minimizing flow time on m identical machines, where preemption is allowed. 
A job arrives at its release time and its processing time is known. 

Theorem 10. A(1) = 1. For 0: ~ mt1 , A(o:) E n(logm P). 

The difference between this lower bound for 0: > 1 and the lower bound on 
the competitive ratio from [17) is quite small: n(logm P) versus n(log2 P), i.e., 
for any fixed m, the bounds are the same. 
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Abstract. We consider the approximability of the TSP problem in graphs 
that satisfy a relaxed form of triangle inequality. More precisely, we as­
sume that for some parameter r ;::: 1, the distances satisfy the inequality 
dist(x, y) ~ r' (dist(x,z) +dist(z, y)) for every triple ofvertices x, y, and 
z. We obtain a 4r approximation and also show that for some f > 0 it is 
NP-hard to obtain a (1 + fr) approximation. Our upper bound improves 
upon the earlier known ratio of (3r2/2+r/2) [1] for all values of r > 7/3. 

Introduction. The approximability of the Traveling Salesman Problem (TSP) d~ 
pends on the particular version of the problem. Specifically, if the distances are 
Euclidean, the TSP admits a polynomial time approximation scheme [2,14]. If 
the distances form a metric, then the problem is MAX-SNP-hard [16] and 3/2 is 
the best obtainable approximation ratio known [4]. For arbitrary (symmetric) 
distances, however, the problem cannot be approximated to within any factor. 
(This negative result follows by a reduction to the problem of finding a Hamil­
tonian cycle in a graph.) 

It seems natural that slight variations in the distances of a problem should 
affect the solution to the problem only slightly, and this should hold even if a 
perturbed instance of metric TSP no longer obeys the Ll-inequality. This intu­
ition suggests parameterizing TSP instances by how strongly they disobey the 
Ll-inequality. In particular, for parameter 7, 

dist(x, z) :::; 7' [dist(x, y) + dist(y, z)]. 

If 7 = 1, the distances satisfy the triangle inequality. For 7 > 1, the distances 
satisfy the relaxed triangle inequality. 

Andreae and Bandelt [1] show a 372/2 + 7/2-approximation for the param­
eterized triangle inequality TSP (Llr-TSP). In this paper, we provide a simple 
algorithm that obtains a 47-approximation to the Llr-TSP. This result is opti­
mal to within a constant factor. 

The Problem. An instance of the problem is a weighted graph G consisting 
of n vertices (representing cities). Distances between vertices satisfy the Llr -
inequality and the length of an optimal TSP tour is denoted OPT. The objective 
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of the problem is to find (in polynomial time) a tour having length at most 
f(r),oPT, where f(r) is a slowly-growing function of r. In this paper we present 
an algorithm having an approximation ratio of 4r. 

Intuition. Unfortunately, an approximation algorithm on a graph obeying the .1-
inequality does not automatically translate into an approximation algorithm on 
a graph obeying the the parameterized .1-inequality. To understand why, notice 
an advantage of the triangle inequality: shortcutting vertices never increases 
distances, no matter how many vertices are avoided. Thus, the TSP on a subset 
of vertices is a lower bound on the TSP of all the vertices. 

This advantage is lost with the parameterized .1-inequality. Shortcutting 
over t vertices may increase the distance substantially: the shortcutted distance 
may depend on the parameter rl. Thus, the TSP on a subset of vertices may be 
dramatically larger than the TSP on all the vertices. 

We illustrate this difficulty by examining two well-known approximation al­
gorithms for the .1-TSP. A 2-approximation is obtained as follows: 

1. Find a minimum spanning tree (MST) for G. 
2. Create a multi graph by duplicating each edge in the MST. 

3. Find an Eulerian tour. 
4. Shortcut over nodes to obtain a Hamiltonian cycle. 

The Christofides heuristic [4] yields a 3/2 approximation: 

1. Find a MST for G. 
2. Identify the nodes of odd degree and find a minimum-cost perfect matching for 

these nodes. 
3. Find an Eulerian tour in the multigraph consisting of the MST and the perfect 

matching. 
4. Shortcut the Eulerian tour to obtain a Hamiltonian cycle. 

The performance guarantees follow because the MST is a lower bound on OPT 
and the minimum cost perfect matching is a lower bound on OPT /2 . 

.1r-TSP. Now consider what happens to these algorithms for the .1r-TSP. The 
MST remains a lower bound on OPT, however the minimum cost perfect matching 
on the odd-degree vertices is no longer a lower bound on OPT /2. 

The .1r-TsP algorithm of [1] finds an MST and doubles edges to create an 
Eulerian tour. Then, it obtains a Hamiltonian cycle by shortcutting. In the 
algorithm, at most 2 consecutive nodes are removed from any part of the tour, 
and thus the approximation ratio is 0 (r2 ). It is never necessary to shortcut more 
than 2 nodes, because the cube of any connected graph is Hamiltonian [19]. (The 
cube of G, denoted G3, contains edge (11., v) if there is a path from 11. to v in G 
of at most 3 edges.) This approach cannot obtain an approximation better than 
O(r2), because there are instances when the MST is a factor of O(r2) smaller 
than OPT. 
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O(r)-Approximation Algorithm. In order to obtain a better approximation ra­
tio, we begin with a tighter lower bound. A graph 8 is 2 node connected if 
the deletion of any node from 8 leaves it connected. Any Hamiltonian cycle 
is 2 node connected. Thus, the minimum weight 2-node-connected subgraph is 
a lower bound on OPT. Notice that it is Np-hard to find the minimum weight 
2-node-connected subgraph. However, a 2-approximation can be computed in 
polynomial time [10,18]. 

Let 82 denote the square of graph 8. (Thus, (u, v) is an edge in 82 if there is 
a path in 8 between u and v using at most 2 edges.) Our algorithm is described 
below. 

TSP-APPROX (G) 

1. Find an (approximately) minimum cost 2-node-connected subgraph of G. 
Call this graph S. 

2. Find a Hamiltonian cycle in 8 2• 

In 1970, Fleischner proved that the square of a 2-node-connected graph is 
Hamiltonian [7,8], and in his Ph.D. thesis Lau provided a constructive proof [11, 
12] that finds a Hamiltonian cycle in polynomial time. We note that Fleischner's 
result is applied to the TSP in a simpler way by Parker and Rardin [17], who 
show a 2-approximation for the bottleneck-TsP. 

Theorem 1. Algorithm TSP-APPROX is a 4r approximation algorithm. 

Proof. The graph 8 has weight at most 2· OPT. The goal is to find a Hamiltonian 
cycle in 82 that has low weight. (Notice that it is not sufficient for the analysis 
to bound the total weight of the edges in 82 , because the weight could be a 
factor of 0 (nr) larger than the weight of the edges in 8.) Thus, we need a more 
careful analysis. 

Consider any Hamiltonian cycle C in 82 , and orient this cycle. Let (u, v) be 
a (directed) edge in C. We say that (u, w) E C crosses (undirected) edges {u, v} 
and {v,w} in 8 if {u,w} fj. 8 and otherwise crosses edge {u,w} E 8. 

Notice that no Hamiltonian cycle crosses any edge more than 4 times. This is 
because each node u in 8 is incident to exactly two edges in C, one edge entering 
u and one edge leaving u (see Figure l(a)). This observation immediately yields 
an 8r-approximation. 

We obtain a 4r-approximation by finding a new Hamiltonian cycle C' that 
crosses every edge in 8 at most twice. We obtain C' by adjusting overlapping 
edges. There are 2 cases. Figure l(a) depicts the first case, where {u, v} is crossed 
4 times. The solid lines in the figure represent edges in 8. The dotted lines 
represent edges in C. Cycle C can be modified as shown in Figure 1 (b), so that 
{u, v} is never crossed. 
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x z x z 

(a) y w (b) y w 

Fig. 1. In ( a), edge {u, v} is crossed 4 times by cycle C. In (b), cycle C is modified so 
that {u, v} is never crossed. 

x z x z 

(a) y (b) y 

Fig. 2. In (a), edge {u, v} is crossed 3 times by cycle C. In (b), cycle C is modified so 
that {u, v} is crossed once. 

Case 2 is shown in Figure 2(a), where {u, v} is crossed 3 times. Cycle C can be 
modified as in Figure 2(b) so the {u, v} is crossed only once. After fixing these 2 
cases, no edge is crossed more than twice. It is easily seen that identifying the two 
cases and transforming as described above can be accomplished in polynomial 
time. 

Theorem 2. There exists some fixed constant f > 0 such that it is NP-hard to 
approximate Llr-TSP to within a factor better than (1 + fr). 

Proof. We use a reduction from TSP with distances one and two which is MAX­
sNp-hard [16]. The proof in [16] establishes that there exists an infinite class 
of graphs g with the following properties. Let G = (V, E) be a graph in g. 
There exists a fixed constant d > 0 such that either G is Hamiltonian, or every 
Hamiltonian cycle in the complete graph on V requires at least En edges from 
E = V x V-E. Further, given a graph from g it is NP-Complete to distinguish 
which of the above two cases applies. MAX-sNP-hardness of one-two TSP follows 
from this. We use the same class of graphs to obtain our result. Given a graph 
G = (V, E) from g we create an instance of Llr-TSP in the obvious way by 
making the graph complete with edges in E having cost 1, and the rest having 
cost 2r. If G is Hamiltonian the cost of an optimal TSP tour in G is n, otherwise 
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it is at least (1 - 8)n + 2r8n. Since it is NP-Complete to distinguish between 
these two cases the theorem follows. 

Open Problems. Our upper and lower bounds are within a constant factor of 
each other; however, the gap is large. Can we obtain a kr approximation for 
some k smaller than 4? One approach might be to combine the two steps in 
our algorithm in some clever way. It is natural to consider the same relaxation 
of triangle inequality for the Asymmetric TSP problem. Although an O(Iogn) 
approximation is known with the triangle inequality, no approximation factor of 
the form O(rllogn) is known for the relaxed version for any constant i. The 
relaxed triangle inequality is useful in practice (see [6,15] for applications to 
pattern matching of images) and finding robust algorithms whose performance 
degrades only mildly with r is of interest. 
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Abstract. In the map verification problem, a robot is; given a (possi­
bly incorrect) map M of the world G with its position and orientation 
indicated on the map. The task is to find out whether this map, for 
the given robot position and orientation in the map, is correct i for the 
world G. We consider the world model with a graph G = (Va, Ea) in 
which, for each vertex, edges incident to the vertex are ordered cyclically 
around that vertex. This holds similarly for the map M = (VM, EM). 
The robot can traverse edges and enumerate edges incident on the cur­
rent vertex, but it cannot distinguish vertices and edges from each other. 
To solve the verification problem, the robot uses a portable edge marker, 
that it can put down and pick up as needed. The robot can recognize 
the edge marker when it encounters it in G. By reducing the verifica­
tion problem to an exploration problem, verification can be completed 
in O(IVGI X lEa\) edge traversals (the mechanical cost) with the help of 
a single vertex marker which can be dropped and picked up at vertices 
of the graph world [DJMWl,DSMW2]. In this paper, we show a strategy 
that verifies a map in O(IVM\) edge traversals only, using a single edge 
marker, when M is a plane embedded graph, even though G may not be 
(e.g., G may contain overpasses, tunnels, etc.). 

1 Introduction 

There are several different facets for robot navigation which are important in 
real world environments. One crucial issue is how to deal with cumulative errors, 
which may cause the robot to lose track of its position in the real world. Several 
different approaches are suggested to relate the robot position with the external 
features of the environment using a map [BCR, BRS, GMR, KB, LL, PY]. This 
leads to the task of map construction (mapping), i.e., learning the cognitive map 
from observations, as summarized by Kuipers and Levitt [KL]. Much research 
has been done on the robot mapping problem for different external environments 
[AH, DJMWl, DM, DP, DKP, Kw, PP, RS]. 

Naturally, one major class of maps used in robot navigation is geometric. 
However, it remains an important and difficult problem how to utilize the map 
and match it with the enormous amount of observed geometric information 
for robot decision makings. Alternatively, qualitative maps, such as topological 
graphs, are proposed to model robot environments which usually require much 
less information in comparison with geometric models [DJMWl, DM, DP, KB, 
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LL, RSj. This approach often focuses on a small set of characteristic locations in 
the environment and the routes between them to reduce information necessary 
for robot navigation. Consequently, it simplifies the task of robot decision mak­
ing. Kuipers and Levitt have proposed a spatial hierarchical representation of 
environments consisting of four levels: sensorimotor level (a robot uses sensors 
to detect local features of the environment); procedural level where the robot 
applies its knowledge of the world to find its place in the world and to follow 
specified routes; topological level which describes places and their connecting 
paths, usually with the graph model; and metric level which includes necessary 
geometric information related to the topological representation [KL, also see 
KB,LL]. These approaches, neither purely metric nor purely qualitative, leave 
certain features of the environment out but keep necessary information helpful 
for robot motion planning. 

The robot's perception of the world can also be different as a result of the 
different sensors it carries. In many situations, it is assumed that nodes or edges 
traversed previously can all be distinguished. In contrast, it is assumed in [RS] 
that nodes are divided into a small number of classes, for example, white and 
black colors, and can only be recognized as such. Dudek et al. [DJMWl] apply 
the world model introduced by Kuipers and Levitt to a specific situation in which 
no global orientation information is possible. They divide the world into places 
represented by nodes in a topological (i.e., embedded) graph and use an edge 
between two nodes to represent a connecting path between the corresponding two 
places. The robot is assumed not be able to distinguish nodes from each other 
but can recognize a special local geometric feature: a cyclic order of incident 
edges at each node. This emulates the fact that, at the crossroads, paths form a 
cyclic order because of the local planar geometric nature of the surface. Dudek 
et al. [DJMWl] show that it is impossible to learn the graph in general if the 
robot uses only information collected under the above restriction. For instance, 
this happens when every node in the graph, representing the world, has the 
same number of incident edges. On the other hand, they show that in a total of 
O(IVI x lEI) traversals of edges, the map can be constructed with the help of a 
single marker which can be put down on nodes and picked up by the robot. Deng 
and Mirzaian [DM] showed that using IVI identical node-markers the robot can 
construct a map of a plane embedded graph G by traversing each edge at most 
a constant number of times (i.e., a total of O(IVI) edge traversals). 

The world model introduced by Dudek et al. will be used in our discussion 
[DJMWl]. We consider the map verification problem: The robot is given a single 
directed edge-marker and a plane embedded n-vertex map M and the initial 
position and orientation of the robot in the map. The task is to verify the 
correctness of the map in this setting. The environment graph G mayor may not 
be planar (e.g., it may contain tunnels, overpasses, etc.). We demonstrate that 
the verification of plane embedded graph maps can be done very efficiently with 
a single edge marker by introducing a map verification strategy which traverses 
each edge at most 4 times. 
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2 The World Model 

As discussed above, the world is an undirected connected graph G = (V, E) 
embedded with no edge crossings on a (not necessarily planar) surface [DJMW1]. 
At each node, the incident edges are embedded locally in the plane (Figure 1). 
The local embedding forms a natural cyclic order for the edges incident to the 
node. When we have specified an edge incident to the node as the reference edge 
for the node, we can name other edges incident to this node with respect to the 
reference edge according to this cyclic order (e.g., in clockwise order). 

Fig. 1. A cyclic order of edges incident to a node. 

The Robot's Map of the Graph World. In the graph world model, nodes 
usually correspond to intersection of passage ways in the real world. To deal 
with general situations where landmarks may look similar by the robot's sen­
sors, Dudek et al. assume the worst possible situation: nodes in the graph are 
indistinguishable to the robot. Therefore, the complete map of the graph is a 
triple (V, E, S), where V and E are the node set and the edge set of the graph, 
and S is the collection of the local planar embeddings of edges incident to each 
node. Note that in Figure 2, we intentionally give an example, where, for sev-

(a) The graph 

Fig. 2. A map. 

eral nodes, the cyclic orderings of incident edges are different from those in the 
topological graph to emphasize the general situation where local orientations of 
edges at each node can be arbitrary. In fact, given any graph G = (V, E) and 
given any set S of cyclic orders of edges incident to a node, there is a surface 
on which the graph can be embedded such that the local planar embedding of 
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edges incident to each node follows the cyclic order of S [HR]. Even in the real 
world, these may happen because tunnels and overpasses can create generally 
embedded surfaces. 

An alternative representation of the map is its cyclically ordered Adjacency 
List Structure. That is, for each node v in the map we associate a cyclically 
ordered list of the nodes adjacent to v. The cyclical ordering is the clockwise 
ordering of the corresponding incident edges around node v. 

Robot Navigation with a Correct Map. Once the correctness of the map 
is guaranteed, the current location of the robot is matched to a node Uo on the 
map, and a path from the robot location is matched to an edge eo incident to Uo 

on the map, the robot can match all the paths at its current location to edges 
on the map incident to Uo. If the robot moves to another location through one of 
the paths, it knows which map node matches the next location it reaches. The 
edge that leads the robot to the next location becomes its reference edge at the 
new location. From the local embedding of edges incident to the new node, with 
the help of the reference edge, it can again match edges incident to this new 
node with paths from its new location. This allows the robot to use the map in 
navigating from one location to another until it reaches its destination. 

The Map Verification Problem. The robot is initially positioned at a certain 
node of an unknown embedded graph environment G and oriented along one of 
its incident edges. It is also given an embedded map M (say, in the form of the 
cyclically ordered adjacency list structure). We let the augmented map M to 
mean the map M plus the initial position and orientation of the robot on the 
map. Let the augmented G be defined similarly. The map verification problem is: 
for an augmented pair (M, G), verify whether M is a correct augmented map of 
the augmented environment G by navigating in the environment and comparing 
the local observations with the given map. 

3 The Plane Map Verification Algorithm 

A notion of face tracing from topological graph theory [GT] is crucial in our 
verification algorithm. The general idea in our algorithm is to trace the faces of 
the augmented map M one by one, mimic the same actions on the environment 
graph, and compare the local observations with the map. For the world model 
as discussed above, the local observations are the degree of the node visited, and 
the presence or absence of a marker at the current node or edge. The intricacy of 
this approach is reflected by the fact that the sequence of these local observations 
for any proper subset of faces is not at all enough even for a partial map but the 
complete sequence uniquely verifies the map. 

Our algorithm uses a single directed edge-marker. When we refer to the map 
M, we will use phrases such as to put down or to pick up the edge-marker or to 
move along an edge. The actual action is carried out on the graph environment 
G, but a corresponding symbolic operation is performed on M. 
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ALGORITHM 1: We have an augmented pair (M, G) and a directed edge­
marker. M is a given planar embedded map represented, say, by its cyclically 
ordered adjacency list structure, and G is the yet unknown augmented environ­
ment graph. The cases when M has a single node or edge can be handled and 
proved trivially. Now consider the general case. 

Assume that the robot is initially positioned at node no of M and oriented 
along edge eo = (no, nl)' Place an edge-marker on edge eo in the direction of 
robot's orientation. In general, suppose the robot is currently at node ni and 
is oriented along edge ei = (ni' niH)' Record the degree of node ni and let us 
denote that by di . The robot moves to node niH' Now let eiH = (niH, ni+2) be 
the edge clockwise next to edge ei at node niH' Increment i by one and repeat 
the same process. The robot stops before iteration, say, l, when the directed edge 
el = (nl' niH) it is about to traverse contains the edge-marker in the direction 
of the traversal. 

At that point, the robot picks up the marker which appears on edge e = (u, v) 
directed from u to v and it is picked up when we are about to move from u to 
v again. The robot has completed tracing a face, say, f of M. Let V(f) = 
(do, d1 , ... , dl) denote the node degree sequence the robot observed during the 
tracing of face f. In our map verification algorithm we will use V(f) as the 
signature for face f. Note that the signature of a single face by itself does not 
uniquely identify the topological structure of the face. We will show, however, 
that the collection of all signatures together will. 

The robot then backtracks along the most recent edges traversed (during 
forward tracing of faces) until it reaches the first edge, say, e of M that it has 
traversed only once. (Note that during the backtracking, we consult map M, not 
G, to figure out edge e.) The robot then uses edge e as the starting edge of the 
next face to trace. It places the edge-marker on that edge in the direction not 
yet traversed (according to map M) and follows the same face tracing procedure 
described above. 

To help the backtracking process, the robot can stack up all its forward 
movements by pushing an appropriate id of the edge of M just traversed onto a 
stack of edges. Then, during the backtracking, it pops the top id from the stack 
and performs the reverse move. If during the backtracking the stack becomes 
empty, the robot terminates its traversal: all faces of M have been traced. 

To complete the description of our map verification algorithm we should 
add that the robot mimics the same edge tracing actions on the embedded 
environment graph G as it performed on the map M (e.g., taking the next edge 
clockwise). If ever during the process it notices a mismatch of local observations 
between M and G, it immediately halts and declares the augmented map is 
incorrect. The local observations that the robot matches are during the forward 
movements (tracing faces) and that is observing and matching the degree of the 
current node and the presence or absence of the edge-marker on the current edge 
and its direction on that edge. 

We now summarize the algorithm described above with the following notes. 

- M is the map and G is the graph-like world. 
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- All robot actions take place "mentally" on M and physically on G. 
- Node degrees are measured in G, and counted on M at the same time. A 

clockwise order is assumed available at each node of G and M. 
- As the robot moves, it checks whether its perception in G agrees with its 

expectation based on M. If a discrepancy occurs, then verification fails. 
- Discrepancy of type 1: node degree observed on G not the same as expected 

based on M. 
- Discrepancy of type 2: edge-marker not found where expected (or found 

where not expected) based on M. 
- For each edge e of M, trace(e) indicates how many times has edge e been 

traversed in either direction during the forward face tracing traversals. 

Main algorithm: 
Set ES (edge stack) to empty. 
For each (undirected) edge e in M, set trace(e) +- O. 
Select edge eo = (no, nt} out of initial node no. 
Place edge-marker on eo in the direction no ~ nl' 
ForwardTraverseFace F of M defined by the directed edge-marker. 
Loop until ES is empty. 

Pop ES to obtain edge e = (ni' ni+d. 
if trace(e) = 2 then Backtrack along edge e. 
else 1* trace(e) = 1 * / 

end Loop 

Procedure: 

Place the edge marker on e in the direction not yet traversed niH -+ ni. 

ForwardTraverseFace defined by the directed edge-marker. 

ForwardTraverseFace defined by edge e = (nj,nHl) and direction dir = (n, -+ nHl) 
Repeat 

Verify degree of current node of M against G (type 1). 
Traverse edge e in the direction dir. 
Push e, in the direction of traversal, on ES. 
set trace(e) +- trace(e) + 1. 
Select the next edge el out of the current node 
(clockwise wrt to the previous edge traversed). 
set e +- el and update dir accordingly. 
Verify whether presence/absence of edge-marker on e agrees on 
M and G (type 2). 

until edge-marker is detected on e. 
pick up the edge-marker. 

end ForwardTraverseFace 

Examples: To appreciate some of the subtleties of this seemingly simple algo­
rithm, we present several illustrative examples. 
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Example 1: In this example we consider only the actions taken by Algo­
rithm 1 regarding the map. Figure 3 shows a map M with 3 faces, indicated 
by h through h in the order they are traced by the algorithm. The edge 
indicated by a directed arrow and labeled mi is the position and orientation 
of the marker at the starting edge of face Ii- The robot tracing face h vis­
its edges (ab,be,ed,de,ee,eb,ba,ag,gh,hi,ig,ga), with the signature V(h) = 
(2,2,3,2,2,3,2,2,3,2,2,3,2). Then it picks up the marker and backtracks along 
edge ago Positions the marker along edge gi and starts tracing the second 
face h = (gi, ih, hg) with signature V(h) = (3,2,2,3). Picks up the marker 
and backtracks along edges (gh, hi, ig, gi, ih, hg, ga, ab, be) and places the marker 
along edge ee. It then starts tracing the third face h = (ee, ed, de) with signa­
ture (3,2,2,3). It then backtracks along edges (ed, de, ee, ee, ed, de, eb, ba). At this 
point the stack is empty. The process is complete. 

d 

h 

Fig. 3. Tracing faces of M by the algorithm. 

Example 2: In this example M is an incorrect augmented map of G as shown 
in Figure 4. The arrows indicate the starting edge of each face. Algorithm 1 does 
not notice the difference between M and G until the fourth face of the map is 
traversed. 

Fig. 4. An incorrect map. 

Example 3: We can simulate the effect of an edge-marker by two distinct 
node-markers, placing them at the two ends of the edge, or three homogeneous 
node-markers by placing one at one end and two at the other end. However, in 
this example we show that using a single node-marker which is placed at the 
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starting node of each face does not work correctly. In Figure 5 we see a situation 
where we have an incorrect map, but the robot will not detect the error. The 
arrows indicate starting edges of each face. The node-marker is placed at the 
start of the corresponding starting edge. While tracing face II of M, the robot 
will double-trace the "outer" face of G. Also, while tracing faces hand h of 
M, the robot will trace the same portion of the "inner" face of G. It will never 
visit the two leaf nodes in G and their incident edges. 

"C\ 
G~ 

Fig. 5. A single node-marker is not enough. 

Example 4: Algorithm 1 does not work when the map is not embedded in 
the plane. For instance, consider the example in Figure 6. The augmented Map 
M has the single face with signature 2,2,3,3,3,2,2,3,3,3,2. The corresponding 
face of G has the same signature. Map M in this example can be embedded on a 
torus, and has embedded-genus 1. Algorithm 1 will fail to observe any mismatch. 

Fig. 6. A non-plane map. 

4 Proof of Correctness of Algorithm 1 for Plane Maps 

We will show Algorithm 1 of the previous section works correctly when the given 
map M is embedded in the plane (even though the environment graph G may 
not be). We will also show that the total number of edges traversed by the robot 
during the algorithm (forward and backtracking included) is at most 4 times the 
total number of edges of the map. 

Theorem 1. Algorithm 1 of the previous section correctly verifies any aug­
mented plane embedded map using a single directed edge-marker. Furthermore, 
the total number of edges traversed by the robot is at most 4 times the number 
of edges in the map. 
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Proof. Suppose M is an n-node augmented map and G is the augmented envi­
ronment graph. It is not hard to see that each edge of the map will be traversed 
at most 4 times: Each edge is forwardly traversed twice, and with each such 
move the robot pushes an id of the edge onto the stack. Each edge backtracked 
corresponds to popping a previously pushed id from the stack. 

Now let us consider the correctness of the algorithm. If the algorithm finds 
a mismatch, then clearly the returned answer that M is not a valid augmented 
map is correct. Now suppose the algorithm returns the answer that M is a correct 
augmented map. We will prove the correctness of the answer by induction on 
the number of faces of M. 

Basis: In this case M has only one face and since it is embedded in the plane, 
it must be a tree. However, G may be any embedded graph. Suppose to the 
contrary that M is not a correct augmented map of G, but the algorithm makes 
the incorrect conclusion. Consider the smallest counter-example, that is, one in 
which M has fewest possible number of nodes. We will reach a contradiction 
by showing that there is even a smaller counter-example. From the description 
of the algorithm, M is not a single node or edge. Since each edge of M is a 
bridge (Le., an edge whose removal will disconnect the graph), each edge of M 
will be traversed twice (in opposite directions) during the tracing of the single 
face of M. In other words, the length of the face of M, that is the number of 
edges incident to the face, is 2n - 2. While tracing the face of M, suppose the 
robot is tracing a face f of G. Since it will check the presence or absence of the 
edge-marker along edges, it will make exactly one complete round around face 
f of G. Hence, length of f is also 2n - 2. 

Since M is a tree, it must contain a leaf node other than the two ends of the 
starting edge. Let x be the first such leaf of M that the robot reaches during 
the tracing of the face of M. When it reaches node x of M, suppose the robot 
is at node y of G. Since the degrees match, y must be a leaf of G, and the 
unique nodes adjacent to x in M and to y in G must also have equal degrees. 
As the robot continues the tracing of the face of M, it will encounter the leaf 
node x only once. Similarly, since it traces face f of G exactly one round, it will 
encounter leaf node y of G only once. Now consider the smaller counter-example 
pair (M', G') in which G' is the same as G with leaf node y and its incident 
edge removed, and M' is M with leaf node x and its incident edge removed. 
Furthermore, consider the same initial position-orientation of the robot. When 
the algorithm is applied to (M', G') it will observe the same signature and hence 
return the incorrect answer that M' is a correct augmented map of G'. This 
contradicts the minimality of M. 

Induction: In this case M has at least two faces. Suppose 11 and 12 are re­
spectively the first and second faces of M traced by the algorlthm. Suppose 
ei = (Vi, Ui), i = 1,2, is the starting directed edge offace k Let fi, ei = (i\, Ui), 
i = 1,2, be the corresponding objects ofG. Because of the use ofthe edge-marker, 
length of fi is the same as length of ii, i = 1,2, and they have a matching signa­
ture. Because of the backtracking process, edge e2 is the first edge, in opposite 
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direction, incident to face h that was traversed only once during the tracing of 
h. Hence, faces hand 12 are incident to edge e2. Thus, e2 is not a bridge of 
M. Therefore, faces hand 12 of M are distinct and share edge e2. 

As it makes the backtracking in M, the robot makes the same number of 
backtracking moves to trace back from edge el to edge e2. Now we show that 
e2 cannot be a bridge of G. At the start of tracing of the second face, the edge­
marker is placed at the starting edges e2 and e2 of faces 12 and 12 of M and G, 
respectively. Since e2 is not a bridge of M, the edge-marker on e2 will be seen 
only once at the start and once at the end of the tracing of h. Therefore, the 
same must hold in G, that is, the edge-marker on e2 will be seen only once at the 
start and once at the end of the tracing of face 12' We conclude that e2 cannot 
be a bridge of G either. If it were, then the edge-marker would have been seen 
once more, in the reverse direction, in the middle of the tracing of 12. Therefore, 
faces A and 12 are distinct and share the edge e2. 

Figure 7(a) shows the situation in M. Now we will perform a local surgery 
on M to construct a map M' with one fewer face than M. Simply remove edge 
e2 from M. This will reduce the degrees of nodes V2 and U2 by 1. The surgery is 
depicted in Figure 7(b). This surgery effectively merges the two faces II and h 
into a new face denoted by h,2' Similarly, let G' be obtained from G be removing 
edge e2' This merges the two faces A and 12 into a new face A,2. Now consider 
the instance (M', G') with the same initial position-orientation of the robot as in 
the instance (M, G). Since Ii and 1i had the same length and the same signature, 
for i = 1,2, the new faces II,2 and A,2 also have the same length and signature. 
Furthermore, the remaining faces, if any, traced by the robot will be exactly as 
before the surgery (except that end nodes of e2 and e2 have reduced degrees). 
Thus, if the instance (M', G') was the input, the robot would still answer that 
M' is a correct augmented map of G'. Since M' has one fewer face than M, 
by the induction hypothesis, M' is indeed a correct map of G'. Furthermore, 
since before the surgery we had matching signatures and matching backtracking 
length, in (M', G') the pair of node V2 and U2 will respectively match the pair of 
nodes ih and U2' Therefore, M is a correct map of G. This completes the proof. 

Fig. 7. (a) Before the surgery, (b) after the surgery. 
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5 Implementation 

We have an animated simulation program for our verification algorithm for the 
case of plane embedded maps. The program is written in C embedded in an 
OpenGL/GLUT program to produce the graphics. The program runs on a Sun 
Ultra 2 running Solaris version 2.5.1. The program was tested successfully on 
a variety of simple map/graph pairs. The animation shows the progress of the 
(simulated) robot on the graph and its corresponding state and position on the 
map. A snapshot of the animation is shown in Figure 8. 

THE HAP: 

THE GR~"'H: 

Fig. 8. The animation snapshot. 

6 Remarks and Discussion 

In the paper we presented an efficient algorithm to verify a plane embedded 
map of a graph world by a robot, with the aid of one edge markers. We assumed 
that the robot is told its initial position on the map. If the robot is not told 
this information, then the problem is one of self-location [DJMW2]: the robot is 
required to locate itself on the map, while verifying the map at the same time. 
It is an open question whether this self-location problem in a planar graph-like 
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world can be solved in O(IVI + lEI) traversals on the edges by a robot with a 
single edge marker. 
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Abstract. We consider the on-line navigation problem of a robot inside 
an unknown polygon P. The robot has to find a path from a starting 
point to an unknown goal point and it is equipped with on-board cameras 
through which it can get the visibility map of its immediate surroundings. 
It is known that if P is a street with respect to two points s and t then 
starting at s the robot can find t with a constant competitive ratio. In 
this paper we consider the case where the robot is inside a rectilinear 
street but looks for an arbitrary goal point 9 instead of t. Furthermore, 
it may start at some point different from s. We show that in both cases 
a constant competitive ratio can be achieved and establish lower bounds 
for this ratio. If the robot starts at s, then our lower and upper bound 
match, that is, our algorithm is optimal. 

1 Introduction 

Navigation among obstacles is one of the basic abilities required for autonomous 
mobile robots. One fundamental navigation problem is to plan a path from a 
given starting point s to a goal point g. This task is often further complicated 
by the fact that the environment of the robot may not be known completely 
in advance. It is usually assumed in this case that the robot is equipped with 
sensors that supply it with visual information about its local neighborhood. It 
can access the visibility polygon vis(p) of its position and it recognizes the goal 
when it sees it. 

Since the robot has incomplete information but, nevertheless, has to act im­
mediately, its strategy can be considered as an on-line algorithm. A natural way 
to judge the performance of the robot is to compare the distance travelled by 
the robot to the length of the optimal path from s to g. In other words, the 
robot's path is compared with that of an adversary who knows the environment 
completely. The ratio of the distance travelled by the robot to the optimal dis­
tance from s to g is called the competitive ratio achieved by the robot's strategy. 
If this ratio is bounded by c, the strategy is called c-competitive. In particular, 
if c is a constant, the strategy is simply called competitive. Competitive on-line 
searching has been considered in many settings such as searching among rectan­
gles [BBFY94,BBF+96,BRS91,CL93,MI94,PY91j, convex polygons [KP93]' and 
on the real line [BYCR93,ELW93,GaI80]. 

Klein [Kle91] was the first to consider the problem of searching for a goal 
inside an unknown polygon. In arbitrary polygons with n vertices there is a 
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lower bound of n/2 - 1 on the competitive ratio, so no competitive strategy is 
possible. Klein gives a competitive strategy for a special class of polygons called 
streets. In this class, the points s and g are located on the polygon boundary and 
two chains from s to g in the clockwise and counterclockwise direction (called 
L- and R-chain, resp.) are mutually weakly visible. Klein's original strategy for 
searching streets achieves a competitive ratio of < 5.73 and he proves a lower 
bound of..;2 for the competitive ratio of searching streets. Recently, optimal ..;2-
competitive algorithms have been devised independently by !eking, Klein, and 
Langetepe [IKL99], and Schuierer and Semrau [SS99]. Other classes of polygons 
have also been shown to admit competitive strategies [Kle94,LOS97,Sch97]. 

g 

P 

5 

Fig. I. A robot searches for an arbitrary goal 
point g inside a rectilinear street (P, tl, t2)' 

Stronger results can 
be obtained for most nav­
igation problems if the 
environment is rectilin­
ear. Deng, Kameda, and 
Papadimitriou have de­
vised an algorithm that 
competitively explores an 
unknown rectilinear poly­
gon completely [DKP98]. 
Here the path of the robot 
is compared to the shortest 

watchman tour. An algorithm for searching in general streets devised by 
Kleinberg [Kle94] achieves a competitive ratio of ..;2 if the street is rectilinear. 
This is optimal since the lower bound of ..;2 also holds for rectilinear streets. 
Classes of polygons that admit competitive search strategies in the rectilinear 
case include g-streets [DI94], HV-streets, and (I-streets [DHS95]. 

Note that the definition of a street strongly depends on the two points 5 and 
g, so only a triple (P, 5, g) is called a street. In contrast, we call a polygon P 
streetifiable if there are two points tl and t2 such that (P, tl, t2) is a street, i.e. 
the boundary chains Land R W.r.t. tl and t2 are mutually weakly visible. 

In all previously proposed strategies to search in a streetifiable polygon P the 
robot can only start at a point tl and search for a point t2 such that (P, tl, t2) 
is a street. Much more than the structural constraints of streets it is this very 
restricted choice of the location of the starting point and the goal that limits 
the applicability of street searching strategies in practice. Whereas it may be 
reasonable to assume that the robot starts its search at a favourable location, 
such as tl, it is very unlikely that the goal-sometimes also called the hider-is 
placed at t2. This gives rise to two natural questions. 

- Is there a competitive strategy to search in a street (P, tl, t2) starting at 
5 = tl for an arbitrary goal g? Although it can be shown that every path 
from tl to t2 sees the whole polygon, the point g may become visible too 
late and the previously proposed algorithms which search for t2 are not 
competitive in this setting. 
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- Is there a competitive strategy to search in a streetifiable polygon? Here, 
the robot may start anywhere inside a streetifiable polygon and looks for an 
arbitrary goal. 

Note that we do not assume in the second problem that the robot knows the 
points t1 or t2 nor that it is able to recognize them when they are seen. We 
only require the existence of t1 and t2. The second problem has also been called 
position-independent searching and has been investigated for star-shaped poly­
gons [LOS97]. Note also that in the first problem the restriction of starting at 
t1 is not as severe as it may seem. Of course, since we may exchange the label 
of t1 and t2, we can also start at t2. In fact, there may be many possible choices 
for t1. For instance, it can be shown that in a star-shaped polygon P every 
boundary point p is a possible choice for t1, that is, there is a point t2 in P such 
that (P, p, t2) is a street. Hence, a strategy to search for an arbritrary goal in a 
street starting at t1 is also a position-independent search strategy in star-shaped 
polygons. In this way, our results can be viewed as a generalization of [LOS97]. 

In this paper, we provide answers to the above questions if the polygon 
is rectilinear. We present a simple strategy to search in a street (P, t1, t2) for 
an arbitrarily located goal if we start at t1. It achieves a competitive ratio of 
../2J2 +../2 ~ 2.61 in the L2 metric. We also provide a matching lower bound 
showing that our strategy is optimal. Secondly, we present a competitive strategy 
to search in a streetifiable polygon P. The starting point and the goal can now 
be located everywhere inside P. It achives a constant competitive ratio that is 
less than 59.91 in the L1 metric. 

The rest of this paper is organized as follows. In section 2 we introduce 
some definitions and preliminary lemmas. In section 3 we present the strategy 
COMPLETE-SEARCH for searching for a goal g starting at s = t1. Section 4 
describes the strategy for searching in rectilinear streetifiable polygons. Lower 
bounds for both cases are presented in section 5. Due to the limited space most 
of the proofs are omitted. 

2 Preliminaries 

Definition 1 ([Kle91]) Let P be a simple polygon with two distinguished 
boundary points, t1 and h. Let Land R denote the boundary chains from t1 
to t2. Then (P, t1, t2) is called a street iff Land R are mutually weakly visible, 
i. e. if each point of L can be seen from at least one point of R, and vice versa. 

Note that an equivalent definition for streets is that all points in P are weakly 
visible from every path from t1 to t2 [Kle91]. 

We denote the interior of P by I. Vertices of P where the internal angle 
is greater than 11" are called reflex. Line segments inside P that intersect the 
boundary at both end points are called chords. A chord is called strict if it 
intersects the boundary in exactly two points. A strict chord divides the polygon 
into exactly two regions, general chords may create three or more regions. The 
explored region of a chord c is the region containing the starting point sand 
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denoted by expl ( c); the union of the other regions is called the unexplored region 
of c and denoted by unexpl (c). Similar to the regions of a chord the upper left 
region w.r.t. a point p can be defined. The segments from p to its projections 
upwards and to the left form the border of this region. The upper right, lower 
left and lower right region w.r.t. a point are defined analogously. 

From now on we only consider rectilinear polygons, that is, polygons whose 
edges are axes-parallel. The robot is defined by its position, which will be denoted 
by p in the following, and its search direction. The minimal chord that contains 
p and is orthogonal to the search direction is denoted by cpo Note that cp can 
degenerate into a point if p is located on a horizontal boundary edge. 

In the following we always rotate the scene such that the search direction is 
north. The maximal horizontal resp. vertical chord containing p is denoted by c~ 
resp. c~. Note that c~ ;2 cpo The path followed by the robot up to position p is 
denoted by Pp , and its path between two points PI and P2 is denoted by PP1 ,P2' 

For a point q in P, a path P is Ll -extensible to q if P can be extended to an 
L1-shortest path to q. The boundary of the visibility polygon of a point p inside 
P consists of parts of the boundary of P and other line segments which we call 
windows. The region of a window that is not visible from p is called a pocket. 
The maximal chord that contains a window w always contains p. The end point 
of w closer to p is called a landmark. We define two special kinds of landmarks 
that are important for our strategies, see Figure 2 for examples. 

Definition 2 Consider a landmark 1 inside P with two incident edges e and e' 
such that e is invisible from p (except for the point l). l is called an h-Iandmark 
(resp. v-landmark) with respect to p iff the maximal chord Ce that contains e 
intersects c~ (resp. c~ P Ce is then called the chord induced by I. e is called the 
hidden edge of t. t is called significant iff p is in the explored region of ce . 2 

(a) (b) 

l3 : c~ , 
--'----e­
_J __ , 

p 

(c) 
l5 

Fig. 2. (a) h and l2 are significant v-landmarks. (b) l3 and 14 are h-landmarks. (c) 15 
is no h- or v-landmark, 16 is a significant v-landmark, h is an insignificant v-landmark. 

Lemma 1 Let 1 be a significant h- or v-landmark W. r. t. p. If s = t 1, then t2 tS 

in the unexplored region of the induced chord of l. 

1 In Section 3 we additionally require h- and v-landmarks to be in '/j,nexpl(cp ). 

2 Note that h-landmarks are always significant if they are contained in '/j,nexpl(cp ). 
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Landmarks that are neither h- nor v-landmarks are not important because 
they are hidden by other landmarks, as shown by the following lemma. 

Lemma 2 If a quadrant Q w.r.t. p does not contain an h- or v-landmark, then 
it does not contain a landmark at all. 

3 Starting at tl and searching for 9 

In this section we consider the case that the environment is a rectilinear street 
(P, t 1 , t2). We present an optimal search strategy for the case that the robot 
starts at tl and searches for a goal g anywhere inside P. The robot detects g 
when it is visible, but it does not need to recognize h. In this section we only 
call a landmark l an h- or v-landmark w.r.t. p if l is in unexpl(cp ). 

3.1 Strategy COMPLETE-SEARCH 

The strategy proceeds in phases. At the beginning and end of each phase the 
search direction is axes-parallel. For convenience we always rotate the scene such 
that the search direction is north. If g becomes visible, the robot moves to it. 

Let s = tl be an interior point of a segment. The initial search direction of the 
robot is orthogonal to this segment. If s is a vertex, then a simple analysis yields 
the initial direction. The robot immediately does a case analysis. In the case 
analysis all landmarks are landmarks w.r.t. p and the current search direction. 

Case 1 There are no h-landmarks. 

We need the following two lemmas for the description of this case. 

Lemma 3 If no significant landmark is visible from an end point p of a phase, 
then g is visible from the path from s to p. 

Lemma 4 At an end point p of a phase significant v-landmarks are not on both 
sides of c;. 

The lemmas also hold for p = s. Thus, we may assume that at least one 
significant v-landmark is visible and all v-landmarks are on one side of c~. The 
robot turns right or left depending on the position of the v-landmarks. It does 
not move and starts a new phase, see Figure 3 (1). 

(2) (3) (1) 1---:---------I I Ch 
h I 

Cv I ---r-- ---
I 

p p 

Fig. 3. Simple examples of the three cases of Strategy COMPLETE-SEARCH. 
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Case 2 There are h-landmarks, and c; contains no significant v-landmarks. 

The robot maintains its direction and moves north until it encounters the first 
induced chord of an h-Iandmark, see Figure 3 (2). 

Case 3 There are h-landmarks, and c~ contains a significant v-landmark Iv. 

This is the interesting case because the location of 9 is not constrained to one 
region of c~ or c~. Let lh be the topmost h-Iandmark. Assume that Iv is to the 
left of p and is the leftmost landmark on c;. According to Lemma 4 all other 
significant v-landmarks are on the same side of c~ as lv. 

The robot moves diagonally to the left, at an angle of 45° to the horizontal 
axis. It stops when it either intersects the induced chord of lv or the induced 
chord of lh. This happens because lv and lh intersect due to the following Lemma. 

Lemma 5 If lh is an h-landmark and lv is a significant v-landmark, then the 
induced chords of lh and lv intersect. 

If the path of the robot intersects the chord induced by lv (resp. lh), then 
it turns left (resp. right) by 45°~and the scene is rotated again such that the 
search direction becomes north. It then checks whether an h-Iandmark W.r.t. its 
current direction and position is visible. In the case shown in Figure 3 (3) this 
would be l~. If so, this landmark replaces the role of Iv (resp. lh), the robot turns 
back, and the diagonal path is continued. Otherwise, the robot turns right (resp. 
left) 90° and starts a new phase. 

To ensure that the strategy misses no landmarks in this phase we state the 
following Lemma. 

Lemma 6 At the time that the robot checks for h-landmarks after reaching lv 
(resp. lh) in Case 3 no significant v-landmark is located in the region to the left 
(resp. to the right) of p. 

3.2 Correctness and Analysis 

In this section we show that Strategy COMPLETE-SEARCH is correct and analyse 
its competitive ratio. First we prove the following invariants. 

Invariant T Before 9 becomes visible the search direction always points into the 
unexplored region of Cp and the path from s to p is L1 -extensible to t2' 

Invariant S At the start of each phase 9 is in the unexplored region of cpo 

Theorem 7 Strategy COMPLETE-SEARCH is correct, i.e. the goal g is found. 

Proof: Invariant T shows that Pp is L1-extensible to t2 until 9 becomes visible. 
Case 1 does not occur consecutively. In Cases 2 and 3 the robot moves at least 
a small constant distance on an L1 -shortest path to t2. Since the distance from 
s to t2 is finite, Invariant S shows that the goal 9 will eventually be found. 0 
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Lemma 8 Assume the robot sees 9 for the first time at p. If the segment pg is 
not axes-parallel then either 9 is visible from s or there is another location for 9 
such that it is found later and the competitive ratio only increases. 

Since the competitive ratio is the maximum ratio for all locations of 9 we 
can assume that when the robot sees 9 at p the segment pg is axes-parallel. 

Theorem 9 COMPLETE-SEARCH achieves a competitive ratio of J2V2 + J2 ~ 
2.61 in the L2 metric for searching for an arbitrary goal inside a rectilinear street 
when starting at tl . 

Proof (Sketch): 
We can show that whenever Case 1 

applies, the path of the robot is L 1-

extensible to g. Thus, we need only 
analyse a path P where Case 2 and 3 
apply alternately. We show that until 
9 becomes visible P is xy-monotone­
say to the northwest. Furthermore, if 
P contains a northbound segment, 9 
is above that segment, and g is to the 
left of any westbound segment. The 

PI 1 b 
,- --.----..... - ..... , , , , , , , , , , , , , 

, I 

" I a 
, I 

9 

Fig. 4. The worst case. 

worst case for the competitive ratio is as shown in Figure 4. The robot walks a 
distance of a+J2+1+b, whereas the optimal path has length v(a + 1)2 + b2 . By 
setting a = 0 and 0: = 1r' /8 = 22.5° the competitive ratio achieves its maximum 

of J2V2 + J2, as claimed. D 

4 Searching in streetifiable polygons 

We now generalize Strategy COMPLETE-SEARCH for the case s of ti, i = 1,2. 
This case is considerably more difficult and yields an algorithm for searching for 
a goal 9 inside an arbitrary rectilinear streetifiable polygon. 

Strategy STREETIFIABLE-SEARCH 
consists of three states A, B, and C. 
For each state there is a corresponding 
condition that holds when the strat­
egy enters that state. The strategy 
never enters a state twice, see Fig-
ure 5, so we call the time that the Fig. 5. State diagram of the strategy. 
strategy is in State x the Phase x. 

In State A the robot is caught in a side alley of the street and tries to get into 
the middle. Then in State B it has reached a point where at least two landmarks 
in opposite directions are visible that hide tl and t2' The robot uses four paths 
for the search that are explored in a fixed cyclic order. Each path is assigned a 
quadrant Q w.r.t. the starting point of Phase B. The distance walked on each 
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(B) 

4-
CL: , 

I 

• 
t2 

(C) 
• ... tl 

Ch I P I 

CR 
PB 

Fig. 6. Examples of cases where Condition A, B, or C holds. 

S .iI 

path increases exponentially in every step, an approach similar to the m-ray 
search described by Baeza-Yates et al [BYCR93]. They show that for the case 
of four straight rays this four way search achieves a constant competitive ratio 
that is less than 19.97. When one of the search paths recognizes a specific region 
S of P and a point q such that (S, q, ti) is a street for i = 1 or i = 2, two of 
the search paths enter State C. One path applies COMPLETE-SEARCH to S, the 
second explores the region close to the entry of the street. The remaining two 
paths may enter State C later, too, if the same condition applies. 

4.1 Strategy STREETIFIABLE-SEARCH 

We first state the three conditions that hold when the strategy enters the corre­
sponding states. At a position p the robot identifies the set of h- and v-landmarks 
{li} and their induced chords {Ci}. 

Condition A The set of all horizontal induced chords as well as the set of all 
vertical induced chords is located on one side of p. 

Condition B Condition A does not hold, i.e. there are two v-landmarks (resp. 
h-landmarks) lL and lR such that p is between the intersection points of CL and 
CR with c~ (resp. c~P 

Exactly one of the Conditions A and B applies at s. The strategy starts in 
the corresponding State A or B. The third condition may be encountered at 
some point Pc in Phase B. 

Condition C There is a landmark 1 with a horizontal induced chord Cl that is 
contained in the current search quadrant Q. There is an edge e on c~ such that 
e intersects Cl and e becomes visible to the robot for the first time at Pc. 

State A - One way search In Phase A the robot walks straight or diagonally 
towards the nearest h- or v-landmarks until Condition B holds. 
A.I. There are only h-landmarks (resp. v-landmarks) w.r.t. p. 

The robot moves towards the nearest induced chord of an h-landmark 
(resp. v-landmark) until another case applies. 

3 We include the case that p is located on either chord CL or CR, here lL or lR is 
considered a landmark although its hidden edge aligns with c~ (resp. c~). 
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A.2. There are both h-Iandmarks and v-landmarks w. r. t. p. 
Let Ch be the nearest horizontal induced chord and Cv be the nearest 
vertical induced chord. The robot walks diagonally in the direction of Ch 

and Cv until another case applies. 
A.3. Condition B holds. 

The strategy enters State B. 
If no h- or v-landmark w.r.t. p exists at all, then 9 must be visible due to 

Lemma 2. 

State B - Four way search Condition B holds at the starting point PB of 
this phase, so assume w.l.o.g. that there are two induced chords CL and CR of 
v-landmarks such that p is between them. One of tl and t2 is to the left of CL and 
the other is to the right of CR, say tl is to the right of CR. The robot starts four 
paths and searches them cyclically. The distance walked on each path increases 
exponentially each time it is visited. Each path explores one quadrant w.r.t. PB. 

The strategy applied by the search paths is as follows. 
Assume the search path explores the upper right quadrant Q w.r.t. PB. The 

other cases are symmetrical. The robot maintains a vertical chord Cv that is 
always to the right of p. Initially we set Cv = CR. The search direction of the 
robot is northeast or east, in Cases B.2 and BA it may also be north or south 
for a limited amount of time. At the beginning the direction is northeast. While 
moving the robot checks for the following cases. 
B.l. c; aligns with a horizontal edge e that is above I and at least partially 

between P and Cv ' 

The direction changes to east. The direction changes back to northeast if 
either Cv or the right end point of e are reached. 

B.2. A landmark I becomes visible to the right of Cv ' Its induced chord Cl is 
vertical and the upper end point of Cl is in Q. 
If I is a v-landmark, then Cv is replaced by Cl and the path continues. 
Otherwise if I is below c; then the robot moves downwards until I becomes 
a v-landmark and does the same. If I is above c; and no v-landmark, it is 
ignored. 

B.3. There is an h-Iandmark I to the right of Cv in Q whose induced chord Cl 

intersects c; but not the minimal vertical chord through p. 
Condition C applies, two of the search paths enter State C as described 
below. 

BA. The robot arrives at Cv and Case B.3 does not hold. 
(a) There is an h-Iandmark I in Q that is above c; and to the right of Cv ' 

The robot moves diagonally northeast until it reaches the induced 
chord Cl of I. If the robot hits the boundary or c~ intersects I the 
robot walks north until it reaches Cl or can walk diagonally again. At 
Cl it repeats the case analysis. 

(b) There is no such h-Iandmark. 
The robot moves upwards until it hits the boundary and stops. 
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State C - Complete search and diagonal search Due to Condition C 
there is a horizontal induced chord Cl that is contained completely in the search 
quadrant Q. Assume again that Q is the upper right quadrant w.r.t. PB. Let 
Pc be the point where the search path enters State C. There is an edge e on c~ 
such that e intersects Cl and I is to the right of e. t1 is in the region of CI that 
does not contain PB because otherwise the hidden edge of I sees only one of the 
chains Rand L. 

The robot walks to the intersection point q of e and Cl. It then applies Strategy 
COMPLETE-SEARCH to the region S of Cl that does not contain Pc. We show 
that (S, q, tt} is a street. The robot walks until it sees g or there are no further 
landmarks. In the latter case the path ends. 

Since t2 is in S the path that searches the lower right quadrant w.r.t. PB is 
obsolete. We use this path to search inside Q. When the robot proceeds with 
this path, it walks to Pc and applies the following different strategy. It walks 
diagonally right and towards Cl until c~ intersects the right end point p/ of C/. 

The following cases may occur. 

C.l. P intersects C/. 

The robot walks right until it reaches the right end point p/ of C/. 

C.2. c~ aligns with a vertical edge that is at least partially between P and C/. 

The robot walks straight towards CI until it can move diagonally again or 
reaches Pl. 

This concludes the description of Strategy STREETIFIABLE-SEARCH. We can 
show the following results. 

Theorem 10 Strategy STREETIFIABLE-SEARCH is correct, i.e. g is found. 

Theorem 11 Strategy STREETIFIABLE-SEARCH achieves a constant competi­
tive ratio for searching in rectilinear streetifiable polygons that is at most 59.91 
in the L1 metric and at most 84.73 in the L2 metric. 

5 Lower Bounds 

5.1 Starting at tl and searching for g 

We show a lower bound for searching a street completely starting at s = t1. The 
lower bound proves that the strategy COMPLETE-SEARCH is indeed optimal. 

Theorem 12 No strategy for searching for an arbitrary goal g inside a street 
starting at t1 can have a competitive ratio less than c· := ..j2J2 + ..j2 :::::: 2.61. 

Consider the polygon P in Figure 7. P is a street and the goal 9 may be 
placed in any of the small dents to the left of and above s. The angle a between 
the dashed lines and the axes is 1r /8 = 22.5°. Suppose there is a strategy S for 
completely searching a street starting at s that achieves a competitive ratio of 
c· - E. Let P be the path generated by the strategy. 
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Consider the ith horizontal and the ith vertical dent as seen from s. Let hi 
and Vi denote the induced chords of the two corresponding landmarks. Let K ~ 1 
be the distance between s and ho resp. Vo. We examine the behaviour of S inside 
the region bounded by P, ho, and Vo. qi (resp. Ti) is the point in the corner of 
the ith horizontal (resp. vertical) dent. The distance between qo and Cv and also 
between TO and Ch is Ktana = (V2 - I)K. 

The path P intersects both ho and Vo. It cannot do so in their intersection 
point Po because in this case the competitive ratio to reach qo or TO is at least 
c*. Thus, w.l.o.g. P first intersects Vo at a point Pv strictly below Po and later 
intersects ho at a point Ph. Ph is located strictly to the right of Po because 
otherwise qo cannot be reached with the assumed competitive ratio of c* - 1:. 

Consider the next dent at the bottom of P. Choosing 6 sufficiently small, we can 
show the following Lemma. 

Lemma 13 P intersects VI before reaching ho. 

We now look at the next dent on the right side and the next horizontal chord 
hI induced by its landmark. 

Lemma 14 After meeting Ph the path P intersects hI before it reaches Vo again. 

We have now reached 
a situation similar to the 
beginning of the proof -
P first intersects VI at 
some point p~ and later 
intersects hI at some 
point Ph' We replace the 
constant K with K + 6. 
Since Lemmas 13 and 14 
hold for every K ~ 1, we 
deduce by induction that 
P intersects vn+ I before 
intersecting hn and that 
it does not intersect Vo 
between Ph and its inter­

t 

po 

TO K, 

I 
I 

: C'V 

s 

Fig. 7. The lower bound. 

p 

section with hn . Thus, P first travels to meet Vn +! and then goes back and 
intersects ho for the first time at Ph. If we choose n large enough qo cannot 
be reached with the assumed competitive ratio. We have thus contradicted our 
assumption that there is a strategy that achieves a competitive ratio strictly 
smaller than c* . This completes the proof of Theorem 12. 

5.2 Searching in streetifiable polygons 

If we choose a polygon that resembles a diagonal staircase from tl to t2 then 
searching in P is equivalent to searching on a line, yielding a lower bound of 9. 
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Abstract. We study the problem of scheduling a set of n independent 
tasks on a fixed number of parallel processors, where the execution time 
of a task is a function of the subset of processors assigned to the task. 
We propose a fully polynomial approximation scheme that for any fixed 
10 > 0 finds a preemptive schedule of length at most (1 + (0) times the 
optimum in O( n) time. We also discuss the non-preemptive variant of the 
problem, and present a polynomial approximation scheme that computes 
an approximate solution of any fixed accuracy in linear time. In terms 
of the running time, this linear complexity bound gives a substantial 
improvement of the best previously known polynomial bound [5]. 

1 Introduction 

In classical scheduling theory, each task is processed by only one processor at a 
time. However recently, due to the rapid development of parallel computer sys­
tems, new theoretical approaches have emerged to model scheduling on parallel 
architectures. One of these is scheduling multiprocessor tasks, see e.g. [3,6,7]. 

In this paper we address some multiprocessor scheduling problems, where 
a set of n tasks has to be executed by m processors such that each processor 
can work on at most one task at a time and a task can (or may need to be) 
processed simultaneously by several processors. In the dedicated variant of this 
model, each task requires the simultaneous use of a prespecified set of proces­
sors. A generalization of the dedicated variant allows tasks to have a number of 
alternative modes, where each processing mode specifies a subset of processors 
and the task's execution time on that particular processor set. This problem is 
called general multiprocessor task scheduling. 

Depending on the model, tasks can be preempted or not. In the non-preemptive 
model, a task once started has to be completed without interruption. In the pre­
emptive model, each task can be interrupted any time at no cost and restarted 
later possibly on a different set of processors. The objective of the scheduling 
problems discussed in this paper is to minimize the makespan, i.e. the maximum 

* Supported by EU ESPRIT LTR Project No. 20244 (ALCOM-IT) and by the Swiss 
Office Federal de l'education et de la Science project n 97.0315 titled" Platform". 
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completion time Cmax . The dedicated and general variants of non-preemptive 
(preemptive) scheduling for independent multiprocessor tasks on a fixed num­
ber of processors are denoted by PmlfiXjlCmax (Pmlfixj,pmtnICmax ) and 
PmlsetjlCmax (Pmlsetj,pmtnICmax), respectively. 

Regarding the complexity, problems P31fixjlCmax and P31setjlCmax are 
strongly NP-hard [9], thus they do not have fully polynomial approximation 
schemes, unless P=NP. Recently, Amoura et al. [1] developed a polynomial time 
approximation scheme for PmlfixjlCmax. For the general problem PmlsetjlCmax, 
Bianco et al. [2] presented an approximation algorithm whose approximation 
ratio is bounded by m. Later Chen and Lee [4] improved their algorithm by 
achieving an approximation ratio!!} + E. Until very recently, this was the best 
approximation result for the problem, and it was not known whether there is 
a polynomial-time approximation scheme or even a polynomial-time approx­
imation algorithm with an absolute constant approximation guarantee. Inde­
pendently from our work presented here, Chen and Miranda [5] have recently 
proposed a polynomial-time approximation scheme for the problem. The run­
ning time of their approximation scheme is O(nA~,,+j~,,+l), where Am,f = 
(2jm,f + l)Bmm and jm,f ~ (3mBm + l)fm/fl with Bm ~ m! denoting the 
mth Bell number. In this paper, we propose another polynomial time approx­
imation scheme for PmlsetjlCmax that computes an (-approximate solution in 
O(n) time for any fixed positive accuracy E. This gives a substantial improve­
ment - in terms of the running time - of the previously mentioned result [5], and 
also answers an open question of the latter paper by providing an approach that 
is not based on dynamic programming. 

It is known that the preemptive variant Pmlsetj,pmtnlCmax of the problem 
can be solved in polynomial time [2] by formulating it as a linear program with 
n constraints and nm variables and computing an optimal solution by using 
any polynomial-time linear programming algorithm. Even though (for any fixed 
m), the running time in this approach is polynomial in n, the degree of this 
polynomial depends linearly on m. Therefore it is natural to ask whether there 
are more efficient algorithms for Pmlsetj, pmtnlCmax (of running time, say for 
instance, O(n) or O(nC) with an absolute constant c) that compute exact or 
approximate solutions. In this paper we focus on approximate solutions and 
present a fully polynomial approximation scheme for Pm I set j ,pmtn I Cmax that 
finds an (-approximate solution in O(n) time for any fixed positive accuracy E. 

This result also shows that as long as approximate solutions (of any fixed positive 
accuracy) are concerned, linear running time can be achieved for the problem; 
but leaves open the question (which also partly motivated this work) whether 
there exists a linear-time algorithm for computing an exact optimal solution of 
Pmlsetj,pmtnICmax ' This question was answered in an affirmative way for the 
dedicated variant Pmlfixj,pmtnlCmax of the problem by Amoura et al. [1]. 
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2 Preemptive Scheduling 

In this section we consider the preemptive version Pmlpmtn, setj ICmax of the 
general multiprocessor task scheduling problem. Suppose there is given a set of 
tasks T = {To, ... , Tn-d and a set of processors M = {I, ... , m}. Each task 
Tj has an associated function tj : 2M -+ Q+ U {+oo} that gives the execution 
time tj(S) of task Tj in terms of the set of processors S ~ M that is assigned 
to Tj . Given a set Sj of processors assigned to task Tj , the processors in Sj are 
required to execute task Tj in union, i.e. they all have to start processing task Tj 

at some starting time Tj, and complete or interrupt it at Tj + tj(Sj). A feasible 
preemptive schedule can also be defined as a system of interval sequences {Ijl = 
[ajl' bjd,· .. ,IjSj = [ajs j , bjsj )}, corresponding to the uninterrupted processing 
phases of task Tj , j = 0, ... , n - 1, where bjq ::; aj,q+l for every j and q, and in 
addition there is an associated set Sjq ~ M of processors for each interval Ijq 
such that Sjq ¥ Sj,q+l for every j and q (if bjq = aj,q+d, and for each time step 
T there is no processor assigned to more than one task, i.e. Sjq n Sj' q' = 0 for 
every T such that T E Ijq n Ij' q', j ¥ j'. The objective is to compute a feasible 
preemptive schedule that minimizes the overall makespan Cmax = max{bjsj : 

j = 0, ... , n - I}. First in Section 2.1, we formulate this problem as a linear 
program, and then based on this linear programming formulation we give a 
linear time approximation scheme for Pmlpmtn, setjlCmax in Section 2.2. 

2.1 Linear PrograIllIlling ForIllulation 

Let £ c T, and assume that 1£1 = k. Later £ will be selected such that it will 
contain a "small" number k = const(m) of "long" tasks. Let PI = M, P2 = 
{2, ... ,m},P3 = {1,3, ... ,m}"",P2~-1 = {m}'P2~ = 0 be a fixed order of 
all subsets of M. Since preemptions are allowed, every feasible (and therefore 
also every optimal) schedule can be modified such that it remains feasible with 
the same makespan T and in addition it has the following property. The time 
interval [0, T) can be partitioned into 2m consecutive subintervals I(PI ) = [to = 
0, h),I(P2) = [h, t2), ... ,I(P2~) = [t2~-I' t2~ = T) such that during I(Pi ), i = 
1, ... , 2m , tasks in £ are processed by exactly the processors in Pi ~ M. Each 
processor in Pi is working on one of the tasks from £, and all the other processors 
are either idle or executing tasks from S. (See Figure 1; notice that the lengths 
ti+ I - ti of the intervals are in general different and determined in the LP below.) 

For tasks from £ and processors in Pi, i = 1, ... , 2m - 1, we consider as­
signments Ii : Pi -+ £. Let Ai denote the set containing all of them. Let 
Fi = M \ Pi be the set of free processors for executing tasks from S during 
the interval I(Pi). Notice, that FI = 0 and F2~ = M. For processor sets Fi , 
i = 2, ... ,2m , let PFi,q, q = 1, ... , ni, denote the different partitions of Fi , and 
let Pi = {PhI, ... , PFi ,n.}. Finally, to simplify the notation below, we introduce 
the following indicators for every f..L ~ M and every PFi,q E Pi, i = 2, ... , 2m : 

~Fi,q(f..L) = 1, if f..L E PFi,q, and ° otherwise. 

The following variables will be used in the linear program: 
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Fig. 1. Schedule with processors 1,2,3. 
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ti: the starting (and finishing) time of the interval when exactly the processors 
in PHI, i = 0, ... , 2m - 1 (Pi, i = 1, ... , 2m) are used for processing long 
tasks from C. 

u /: the total processing time corresponding to the assignment f E Ai, i = 
1, ... ,2m - 1. 

Zji: the fraction of task Tj E C processed in the interval [(Pi) = [ti-l, ti), i = 
1, ... ,2m - 1. 

X F; ,q: the total processing time for partition PF; ,q E 'Pi, q = 1, ... , ni, i = 2, ... , 2m , 

where exactly processors of Fi are executing short tasks and each subset of 
processors /-l E FF; ,q executes at most one short task at each time step in 
parallel. 

D/J: the total processing time for all tasks in S = T \ C executed on processor 
set /-l. 

Yj/J: the fraction of task Tj E S executed by the processor set /-l ~ M, /-l ¥- 0. 
(By introducing these variables we can handle the possibility of non-fixed 
processor assignments also for the tasks in S. Later, for the non-preemptive 
version of the problem, the Yj/s will be 0 - 1 variables.) 

We consider the following linear program. 

Minimize t2~ 

s.t. (0) to = 0, 
(1) 
(2) 
(3) 
(4) 

(5) 
(6) 
(7) 

(8) 

ti ?: ti-l, i = 1, ... , 2m , 

ti - ti-l = 2:/EAi U/, i = 1, ... , 2m - 1, 
U / ?: ° , "If E Ai, i = 1, ... , 2m - 1, 
2:IL~Pi 2:/EA i:j-l(j)=/J tj(~) ?: Zji, Vj E C, i = 1, ... , 2m -1, 

2~-1 . 2:i=1 Zji = 1, V) E C, 
Zji ?: 0, Vj E C, i = 1, ... ,2m - 1, 
2:;~1 XFi,q ~ ti - ti-l, i = 2, ... , 2m , 

2:;:2 2:;~1 ~Fi,q(/-l)' XFi,q ?: DIL, V/-l ~ M, /-l ¥- 0, 
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(9) XFi,q2:0, i=2, ... ,2m , q=l, ... ,ni, 
(10) LT;EStj(J.l)·YjJ.l=DJ.l, \lJ.lC;M,J.l-::p0, 
(11) LJ.l<;;M,J.l#0 YjJ.l = 1, \lTj E S, 
(12) YjJ.l 2: 0, \lTj E S, \lJ.l c; M, J.l-::p 0. 

Constraints (0) - (1) define the endpoints of the intervals [ti' tiH), i = 
0,1, ... ,2m - 1. The further subdivision of these intervals corresponding to 
the different assignments in Ai is described by (2) - (3). The processing time 
of each long job can also be partitioned according to the processor sets Pi, 
i = 1, ... ,2m - 1, and each of these fractions has to be covered as it is formu­
lated by (4) - (6). The inequalities of (7) require for every set offree processors 
Fi , i = 2, ... ,2m , that its total processing time (which is the sum of processing 
times corresponding to the different partitions) be bounded by the length of the 
interval [ti-l, ti). Furthermore, the inequalities of (8) guarantee that there is 
enough time for the execution of all J.l-processor tasks in S. In (10), the total 
processing times DJ.l required by short tasks using processor set J.l c; M, J.l -::P 0, 
are expressed in terms of variables Yjw Finally, constraints (11) and (12) for­
mulate the possibility of non-fixed processor assignments for short tasks in S. 
Notice that solutions of the above linear program allow for each task from S 
to be executed parallel on different subsets J.l of processors. Thus the schedule 
obtained directly from a solution of this linear program might contain some in­
correctly scheduled tasks, which therefore have to be corrected afterwards. (See 
Section 2.3.) We leave the proof of the following statement for the full version 
of the paper. 

Lemma 1. In the preemptive schedule corresponding to any feasible solution of 
(0) - (12), every task T j is processed completely. 

Let dj = minJ.l<;;M tj(J.l) be the minimum execution time for task Tj , and 
let D = "'£T;ETdj . Then, the minimum makespan OPT among all schedules 

satisfies ~ ::; OPT::; D. By normalization (dividing all execution times by D), 
we may assume that D = 1 and that ~ ::; OPT::; 1. This implies that for any 
optimal schedule, and for every J.l c; M, J.l -::P 0, the total execution time DJ.l of 
tasks executed by processor set J.l can be bounded by 1. 

2.2 Solving the Linear Program 

Fix the length of the schedule to a constant s E [~, 1]. Let LP(s, >..) denote the 
linear program obtained from (0) - (12) by setting hm = s and replacing (8) 
and (10) with the following constraints. 

(8) 

(10) 

Note that we have eliminated the variables DJ.l, but bounded the correspond­
ing lengths for the configurations by 1. Since OPT::; 1, L;:2 L~~l XF"q ::; 1 
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and 2:;:2 2:;~1 ~Fi,q(J-l) . XFi,q ~ 1 (for any optimal solution). The problem 
LP(s,)..) has a special block angular structure. The blocks B j = {Yj : YjJ.L ~ 
0, 2:J.LCM YjJ.L = I} for Tj E S are 2m-dimensional simplicies, and the block 
Blsl+l = {(ti,Uj,Zji,XFi,q) : t2 m = s and conditions (0) - (9)} contains only a 
constant(m) number of variables and constraints. The coupling constraints are 
the replaced linear inequalities (10). Note that for every J-l ~ M, J-l -::j:. 0, the 

function fJ.L = L.TjES tj(J-l) . YjJ.L - L.;:2 L.;~l ~Fi,q(J-l) . XFi,q + 1 is non-negative 
over the blocks. 

The Logarithmic Potential Price Directive Decomposition Method [8] devel­
oped by Grigoriadis and Khachiyan for a large class of problems with block 
angular structure provides a p-relaxed decision procedure for LP(s, )..). This 
procedure either determines that LP(s, 1) is infeasible, or computes (a solution 
that is nearly feasible in the sense that it is) a feasible solution of LP(s, (1 + p)). 
This can be done (see Theorem 3 of [8]) in 2m(m + p-2 ln p-l) iterations, where 
each iteration requires O(2m In In(2m p-l)) operations and lSI + 1 :S n + 1 block 
optimizations performed to a relative accuracy of O(p). In our case each block 
optimization over B 1 , ... , Bisl is the minimization of a given linear function 
over a 2m-dimensional simplex which can be done (not only approximately, but 
even) exactly in O(2m) time. Furthermore, the block optimization over B 1S1 +1 

is the minimization of a linear function over a block with a constant(m) num­
ber of variables and constraints, which clearly can be done in constant(m) time. 
Therefore for any fixed m and p > 0, the overall running time of this procedure 
for (approximately) solving LP(s,)..) is O(n). 

Lemma 2. The following assertions are true: 

(1) If LP(s, 1) is feasible and s :S s', then LP( s', 1) is feasible. 
(2) If LP(s, 1) is infeasible, then there is no schedule with makespan at most s. 
(3) LP(OPT,l) is feasible. 

This lemma (whose proof is omitted here and left for the full version of the paper) 
implies that one can use binary search on s E [rk,l] and obtain in O(log~) 
iterations a value s:S OPT(l +~) such that LP(s, (1 + p)) is feasible. 

2.3 Generating a Schedule 

In this subsection, we show how to generate a feasible schedule using an approx­
imate solution of the previously described linear program. Consider the solution 
obtained after the binary search on s. The inequalities of (10) imply that for any 
J-l~M,J-l-::j:.0, 

2171 ni 

L tj(J-l) ·YjJ.L - LL~Fi,q(J-l) ·XFi,q < p. 
TjES i=2 q=l 

- ",2m '" n· Let DJ.L wi=2 wq~l ~Fi,q(J-l) . XFi,q, the free space for small tasks that use 
processor set J-l. The idea is to shift a subset S C S of small jobs to the end 
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of the schedule such that LTjES\Stj(J.L) ·YjJ.l ~ jjJ.l. Then, the subset S\S of 
remaining small jobs fits into the free space for the J.L-processor tasks. 

In the following, we show how to compute such a subset S in linear time for 
any fixed m. First we modify the y-components of the solution obtained from the 
linear program. The key idea is to allow no change of processor sets J.L ~ M (or to 
have fractional y-components) for small tasks. Using this assumption it is easier 
to compute a set S and a feasible schedule for the small tasks. Furthermore, 
only a few small tasks will have fractional y-components. The y-components 
of the approximate solution of LP(s, (1 + p)) can be considered as fractional 
assignments. Let the lengths of y be defined as LJ.l = LTjES tj(J.L) . YjJ.l' J.L ~ M. 
Then for every J.L ~ M, we have LJ.l ~ jjJ.l + p. A fractional assignment Y can be 
represented by a bipartite graph G = (VI, V2 , E), where VI and V2 correspond 
to row and column indices of Y (tasks and subsets of processors), respectively, 
and (j, J.L) E E if and only if YjJ.l > O. 

Any assignment Y represented by a bipartite graph G of lengths U', J.L ~ M, 
can be converted in O(n22m) time into another (fractional) assignment fj of 
lengths at most LJ.l, J.L ~ M represented by a forest [12] (see Lemma 5.1). For 
a fractional assignment y, a task Tj has a non-unique processor assignment if 
there are at least two processor sets J.L an J.L' , J.L =I J.L' , such that YjJ.l > 0 and 
YjJ.l1 > O. Let UI be the set of tasks with non-unique processor assignments. For 
a Y assignment corresponding to a forest, we have lUll ~ 2m - 1. 

In the next step, we compute for every J.L ~ M a subset SJ.l c S \ UI of 
tasks with YjJ.l = 1 for all tasks Tj E SJ.l such that the total execution length 
I:TjESI' tj(J.L) 2:: p, and there is a task Tjl' E SJ.l for which I:TjESI'\{Tjl'} tj(£) < p. 

Let U2 = {Tj" IJ.L ~ M}. In total, we get a set UI UU2 of tasks with cardinality at 
most 2m+1_1, and a subset of tasks V = (UJ.lr;;.MSJ.l) \U2 of total execution length 
2m p. By choosing p = 4mf2m , the total execution length of V can be bounded by 
4:n ~ tOPT. Using that s ~ (1 + t)OPT, this implies the following lemma. 

Lemma 3. The objective function value of the computed linear programming 
solution restricted to T' = '\ (UI UU2) is at most OPT+ ~OPT, and lUI UU21 ~ 
2m +1 - 1. 

The next step of the algorithm computes a schedule for the tasks in ," = 
'\ (UI UU2 UV). (The tasks in UI UU2 uV will be scheduled afterwards at the end.) 
The makespan of the computed schedule is at most (1 + f)OPT. Furthermore, 
the total execution time for V is bounded by fOPT. Note that each small task 
Tj E " n S has a unique set of assigned processors. 

Let DJ.l be the total processing time for all tasks in ," n S assigned to 
processor set J.L, and let (t*, u*, z*, x*, y*) be a solution of the linear program 
with objective value t2m. In the first step, accordingly to the variables ti, uj 
and zji we compute a schedule for the long tasks Tj E C. As a result, during the 
interval [ti_l' tn only the processors in Pi are used by the long tasks for every 
i = 1, ... ,2m . This can be done in constant time. 

In the second step, we schedule all J.L-processor tasks in S' = ," n S for 
every J.L ~ M. From the left to the right (starting with the second interval), we 
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place the tasks of S' on the free processors in Fi = M \ Pi for each interval 
[ti_l,t;) (and 2 ~ i ~ 2m). To do this, we consider each partition PFi,q of Fi 
with value XFi,q > O. For each set f.l E PFi,q, we place a sequence of tasks that 
use processor set f.l with total execution length XFi,q' If necessary, the last (and 

first) task assigned to f.l is preempted. Since 2:7:2 2:;~1 ~Fi,q(f.l) . XFi,q ~ il, 
this procedure completely schedules all small tasks (assigned to processor set f.l, 
for every f.l ~ M), and it runs in O(n) time. Note that the computed schedule 
is feasible. 

2.4 Selecting the Cardinality of C 

The following Lemma that was proved in [11] will be used to select the constant 
k, i.e. the cardinality of L, such that the total processing time of U1 UU2 can be 
bounded. We mention in passing that this lemma (or various simplified variants 
and corollaries of it) can be used in designing polynomial approximation schemes 
for other scheduling problems as well, see [1,5,10,11]. 

Lemma 4. Suppose d1 2 d2 2 ... dn > ° is a sequence of real numbers and 
D = 2:7=1 dj . Let p, q be nonnegative integers, 0: > 0, and assume that n is 
sufficiently large (i. e. all the indices of the di 's in the statement are smaller 
than n; e.g. n > (f ~ 1p + 1)(q + l)r ~ 1 suffices). Then, there exists an integer 
k = k(p, q, 0:) such that 

and 
k:::; (q+l)r~1-1+p[I+(q+l)+ ... +(q+l)r~1-2]. 

If q > 0, the bound on k simplifies to [(p + q)(q + 1) r ~ 1-1 - p]/q, while for q = 0, 
we obtain that k :::; 1 + p(l ~ 1 - 1). 

In our problem, we have p = 2m +1 -1, q = ° and 0: = 2~' Therefore Lemmas 
3 and 4 imply that there exists a constant k :::; 1 + (2 m+1 - 1)(127'1 - 1) such 
that the total execution time of the tasks in U1 UU2 can be bounded by ~OPT. 
Furthermore, the makespan for the partial (feasible) schedule of T\ (U1 UU2 ) is 
at most (1 + ~)OPT. Thus the overall makespan of the (complete) schedule is 
bounded by (1 + E)OPT. According to the arguments above, for any fixed m and 
E > 0, all computations can be carried out in O(n) time. Thus, we have proved 
the following result. 

Theorem 1. There is an algorithm which given a set of n independent tasks, 
a constant number of processors, execution times tj(f.l), for each task Tj and 
subset f.l of processors, and a fixed positive accuracy E, produces in O(n) time a 
preemptive schedule whose makespan is at most (1 + E)OPT. 

It is easy to check that for any fixed m, the running time of this algorithm 
depends only polynomially on ~, hence it provides a fully polynomial approxi­
mation scheme. 



118 

3 Non-Preemptive Scheduling 

In this section, we study the non-preemptive variant Pmlsetj ICmax of the general 
multiprocessor scheduling problem. Given a set Sj of processors assigned to task 
Tj , the processors in Sj are required to execute task Tj in union and without 
preemption, i.e. they all have to start processing task Tj at some starting time 
Tj, and complete it at Tj + tj(Sj). A feasible non-preemptive schedule consists 
of a processor assignment Sj ~ M and a starting time Tj ~ 0 for each task Tj 
such that for each time step T, there is no processor assigned to more than one 
task. The objective is to find a feasible non-preemptive schedule that minimizes 
the overall makespan Cmax = max{Tj + tj(Sj) : j = 0, ... ,n - I}. 

3.1 Linear Programming Formulation 

In this section, first we consider a mixed 0 - 1 integer linear program which 
is closely related to non-preemptive multiprocessor scheduling. Similar formula­
tions were studied in [1,10] for restricted (dedicated and malleable) variants of 
the problem. Based on this linear programming formulation we will give a linear 
time approximation scheme for PmlsetjlCmax . 

Let C c T. A processor assignment for C is a mapping f : C -+ 2M. Two 
tasks Tj and Tjl are compatible, if f(Tj ) n f(Tj') = 0. For a given processor 
assignment for C, a snapshot of C is a subset of compatible tasks. A relative 
schedule of C is a processor assignment f : C -+ 2M along with a sequence 
M(I), ... , M(g) of snapshots of C such that 

- each Tj E C occurs in a subset of consecutive snapshots M(aj), ... ,1vf(wj), 
1 ~ aj :::; Wj < g, where M(aj) is the first and M(wj) is the last snapshot 
that contains"a'.;; 

- consecutive-snapshots are different, i.e. M(t) i: M(t + 1) for 1 ~ t ~ 9 - 1; 
- M(I) i: 0 and M(g) = 0. 

A relative schedule corresponds to an order of executing the tasks in C. One 
can associate a relative schedule for each non-preemptive schedule of C by looking 
at the schedule at every time where a task of C starts or ends and creating a snap­
shot right after that time step. Creating snapshots this way, M(I) i: 0, M(g) = 0 
and the number of snapshots can be bounded by max(2ICI, 1). Given a relative 
schedule R = (1, M(I), ... , M(g)), the processor set used in snapshot M(i) is 
given by P(i) = UTEM(i) f(T). Let F denote the set containing (as elements) all 
the different (M\P(i)) sets, i = 1, ... ,g. (Thus the sets in F are the different sets 
of free processors corresponding to R.) For each F E F, let PF,i, i = 1, ... , nF, 
denote the different partitions of F, and let PF = {PF,l, ... ,PF,nF}' Further­
more let DI1 be the total processing time for all tasks in S = T \ C executed on 
processor set J.l ~ M. Finally, we define the indicators for every J.l ~ M and every 
PF,i E PF, i = 1, ... , nF, F E F, similarly as before: ~F,i(J.l) = 1, if J.l E PF,i, 
and 0 otherwise. 
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For each relative schedule R = (1, M(I), ... , M(g)) of C, we formulate a mixed ° -1 integer program ILP(R), as follows. For every Tj E C, let Pj = tj(1(Tj )). 

Minimize tg 
s.t. (0) 

(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 

to = 0, 
ti 2': ti-I, i = 1, ... ,g, 
tWj - t"'j-I = Pj, VTj E C, 
~i:P(i)=M\F (ti - ti-d = eF, VF E F, 
~7:I XF,i :::; eF, VF E F, 
~FE.F ~7:I ~F,i(J-l) . XF,i 2': DIL, VJ-l ~ M, J-l f. 0, 
XF,i 2': 0, VF E F, i = 1, ... ,nF, 

~TjES tj(J-l)' YjIL = DIL, VJ-l ~ M, J-l f. 0, 
~ILCM YjIL = 1, VTj E S, 
YjIL E {a, I}, VTj E S, VJ-l ~ M, J-l f. 0. 

The variables of I LP(R) have the following interpretation: 

ti: the time when snapshot M(i) ends (and M(i + 1) starts), i = 1, ... , 9 - 1. 
The starting time of the schedule and snapshot M(I) is denoted by to = ° 
and the finishing time by t g . 

eF: the total time while exactly the processors in F are free. 
Xp,i: the total processing time for PF,i E PF, i = 1, ... , nF, F E F, where only 

processors of F are executing short tasks and each subset of processors Fj E 
Pp,i executes at most one short task at each time step in parallel. 

YjIL: the assignment variable indicating whether task T j E S is executed on pro­
cessor set J-l, i.e. 

. = { 1, if T j is executed by the processor set J-l, 
YJl.t 0, otherwise. 

The given relative schedule R along with constraints (1) and (2) define a 
feasible schedule of C. In (3), the total processing times eF, for all F E F 
are determined. Clearly, these equalities can be inserted directly into (4). The 
inequalities in (4) require for every set of free processors F E F that its total 
processing time (corresponding to the different partitions) to be bounded by eF. 
Furthermore, the inequalities (5) guarantee that there is enough time for the 
execution of all tasks in S that use processor set J-l. The constraints of (8) - (9) 
describe the processor assignments for the tasks in S. The equations of (7) 
express for every J-l ~ M, J-l f. 0, the total processing time DIL of all tasks in 
S that are executed by the processor set J-l. As before, these equations can be 
inserted directly into the inequalities of (5). 

We will use the relaxation LP(R) of I LP(R), where we replace the ° -1 
constraints by the inequalities YjIL 2': 0 for every T j E Sand J-l ~ M. Notice that 
the solutions of LP(R) allow for each task from S to be preempted or to be 
executed on different subsets J-l of processors. Thus there might be incorrectly 
scheduled tasks in the schedule based on the solution of LP(R). These have 
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to be corrected afterwards. It is easy to check that the approach we used in 
Section 2.2 for solving the linear program of the preemptive problem can also 
be applied to LP(R). This way one can obtain the same approximation and 
complexity bounds as those in Section 2.2. 

3.2 Generating a Schedule 

Similarly to the preemptive variant, one can also compute a subset S C S of 
small jobs such that 2:.Tj ES\S tj (/-l) . Yjl-' ::; DI-', i.e. the set S \ S of remaining 
small tasks fits into the free space for the /-l-processor tasks. The computation of 
S can be done in an exact same manner as in Section 2.3. Hence the following 
lemma also holds. 

Lemma 5. The objective function value of the best approximate solution of 
LP(R) (over all relative schedules R) restricted to T' = T \ (Ui U U2 ) is at 
most OPT + ~OPT, and lUi U U2 1 ::; 2mH - 1. 

The next step of the algorithm requires the computation of a pseudo-schedule 
PS(T") for the tasks in Til = T \ (Ui U U2 U V), in which we allow that some 
tasks from S are preempted. The makespan of the computed pseudo-schedule is 
at most OPT + tOPT. Furthermore, the total execution time for V is at most 
tOPT. We note that each task Tj E T' n S has a unique subset of assigned 
processors. Let DI-' be the total processing time for all tasks in Til n S assigned 
to subset /-l. We schedule all /-l-processor tasks in S' = Til n S for every subset 
/-l ~ M. From left to right (starting with the first snapshot M(l)), we place the 
tasks of S' on the free processors in M\P(i) for each snapshot M(i) (and 0::; i ::; 
g). To do this, we consider each partition PF(i),l of F(i) = M \ P(i) with value 
x~(i),l > O. For each set /-l in the partition PF(i),l, we place a sequence of tasks 
that use processor set /-l with total execution length x~(i),l' If necessary, the last 

(and first) task assigned to /-l is preempted. Since 2:.FE.F 2:.~:1 ~F,i(/-l)'XF,i 2: DI-', 
this procedure completely schedules all tasks (assigned to processor set /-l) for 
every /-l ~ M, and it runs in O(n) time. Let W be the set of preempted (and 
therefore incorrectly scheduled )tasks in PS(T"). The following lemma gives an 
upper bound on the cardinality of W. 

Lemma 6. IWI ::; 2(m - l)k + 2mmH. 

Lemmas 5 and 6 imply the following upper bound on the total number of 
tasks that we have to shift to the end of the schedule. 

By applying Lemma 4 with values p = 3mmH , q = 2(m -1) and a = 2~' we 
obtain that there exists a constant k = k(m, f) ::; 1 + 4mm(2m)2m/f = mO(m/f) 
such that the total execution time of the tasks in Ui U U2 U W can be bounded 
by 2~ ::; ~OPT. Furthermore, the makespan for the partial (feasible) schedule 
of T \ (Ui U U2 ) is at most (1 + ~ )OPT. Thus, the overall makespan of the 
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(complete) schedule is bounded by (1 + f)OPT. Accordingly to the arguments 
above, for any fixed m and f > 0, all computations can be carried out in O(n) 
time. Thus, the following result holds for Pmlsetj IGmax . 

Theorem 2. There is an algorithm which given a set of n independent tasks, 
a constant number of processors, execution times tj (J-l), for each task T j and 
subset J-l of processors, and a fixed positive accuracy f, produces in O(n) time a 
non-preemptive schedule whose makespan is at most (1 + f)OPT. 

Acknowledgment: The authors thank P. Dell' Olmo for helpful discussions 
on the preemptive scheduling problem studied in this paper. 

References 

1. A.K. Amoura, E. Bampis, C. Kenyon and Y. Manoussakis, Scheduling indepen­
dent multiprocessor tasks, Proceedings of the 5th Annual European Symposium 
on Algorithms (1997), LNCS 1284, 1-12. 

2. L. Bianco, J. Blazewicz, P. Dell Olmo and M. Drozdowski, Scheduling multi­
processor tasks on a dynamic configuration of dedicated processors, Annals of 
Operations Research 58 (1995), 493-517. 

3. J. Blazewicz, M. Drabowski and J. Weglarz, Scheduling multiprocessor tasks to 
minimize schedule length, IEEE Transactions on Computers, C-35-5 (1986), 389-
393. 

4. J. Chen and C.-Y. Lee, General multiprocessor tasks scheduling, Naval Research 
Logistics, in press. 

5 . .1. Chen and A. Miranda, A polynomial time approximation scheme for general 
multiprocessor job scheduling, Proceedings of the 31st Annual ACM Symposium 
on the Theory of Computing (1999), 418-427. 

6. M. Drozdowski, Scheduling multiprocessor tasks - an overview, European .!ournal 
on Operations Research, 94 (1996), 215-230. 

7 . .1. Du and J. Leung, Complexity of scheduling parallel task systems, SIAM .!ournal 
on Discrete Mathematics, 2 (1989), 473-487. 

8. M.D. Grigoriadis and L.G. Khachiyan, Coordination complexity of parallel price­
directive decomposition, Mathematics of Operations Research 21 (1996), 321-340. 

9. J .A. Hoogeveen, S.L. van de Velde and B. Veltman, Complexity of scheduling mul­
tiprocessor tasks with prespecified processor allocations, Discrete Applied Math­
ematics 55 (1994), 259-272. 

10. K. Jansen and L. Porkolab, Linear-time approximation schemes for scheduling 
malleable parallel tasks, Proceedings of the 10th Annual ACM-SIAM Symposium 
on Discrete Algorithms (1999), 490-498. 

11. K. Jansen and L. Porkolab, Improved approximation schemes for scheduling un­
related parallel machines, Proceedings of the 31st Annual ACM Symposium on 
the Theory of Computing (1999), 408-417. 

12. S.A. Plotkin, D.B. Shmoys and E. Tardos, Fast approximation algorithms for 
fractional packing and covering problems, Mathematics of Operations Research 
20 (1995), 257-301. 
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Abstract. We introduce a new class of scheduling problems in which 
the optimization is performed by the worker (single "machine") who per­
forms the tasks. The worker's objective may be to minimize the amount 
of work he does (he is "lazy"). He is subject to a constraint that he 
must be busy when there is work that he can do; we make this notion 
precise, particularly when preemption is allowed. The resulting class of 
"perverse" scheduling problems, which we term "Lazy Bureaucrat Prob­
lems," gives rise to a rich set of new questions that explore the dis­
tinction between maximization and minimization in computing optimal 
schedules. 

1 Introduction 

Scheduling problems have been studied extensively from the point of view of the 
objectives of the enterprise that stands to gain from the completion of the set of 
jobs. We take a new look at the problem from the point of view of the workers 
who perform the tasks that earn the company its profits. In fact, it is natural to 
expect that some employees may lack the motivation to perform at their peak 
levels of efficiency, either because they have no stake in the company's profits 
or because they are simply lazy. The following example illustrates the situation 
facing a "typical" office worker, who may be one small cog in a large bureaucracy: 

Example. It is 3:00 p.m., and Dilbert goes home at 5:00 p.m. Dilbert has two 
tasks that have been given to him: one requires 10 minutes, the other requires an 
hour. If there is a task in his "in-box," Dilbert must work on it, or risk getting 
fired. However, if he has multiple tasks, Dilbert has the freedom to choose which 
one to do first. He also knows that at 3:15, another task will appear - a 45-
minute personnel meeting. If Dilbert begins the 10-minute task first, he will be 
free to attend the personnel meeting at 3:15 and then work on the hour-long task 
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from 4:00 until 5:00. On the other hand, if Dilbert is part way into the hour-long 
job at 3:15, he may be excused from the meeting. After finishing the 10-minute 
job by 4:10, he will have 50 minutes to twiddle his thumbs, iron his tie, or enjoy 
engaging in other mindless trivia. Naturally, Dilbert prefers this latter option. 

There is also an historical example of an actual situation in which it proved 
crucial to schedule tasks inefficiently, as documented in the book/movie Schindler's 
List [4]. It was essential for the workers and management of Schindler's factory 
to appear to be busy at all times, in order to stay in operation, but they simul­
taneously sought to minimize their contribution to the German war effort. 

These examples illustrate a general and natural type of scheduling problem, 
which we term the "Lazy Bureaucrat Problem" (LBP), in which the goal is to 
schedule jobs as inefficiently (in some sense) as possible. We propose that these 
problems provide an interesting set of algorithmic questions, which may also 
lead to discovery of structure in traditional scheduling problems. (Several other 
combinatorial optimization problems have been studied "in reverse," leading, 
e.g., to maximum TSP, maximum cut, and longest path; such inquiries can 
lead to better understanding of the structure and algorithmic complexity of the 
original optimization problem.) Our investigations may also be motivated by a 
"game theoretic" view of the employee-employer system. 

1.1 The Model 

There is a vast literature on a variety of scheduling problems; see, e.g., some of 
the recent surveys [3, 5, 7]. Here, we consider a set of jobs 1 ... n having processing 
times (lengths) tl ... tn respectively. Job i arrives at time ai and has its deadline 
at time di. We assume throughout this paper that ti, ai, and di have nonnegative 
integral values. The jobs have hard deadlines, meaning that each job i can only 
be executed during its allowed interval Ii = [ai, di ]; we also call Ii the job's 
window. We let Ci = di - ti denote the critical time of job i; job i must be 
started by time Ci if there is going to be any chance of completing it on time. 

The jobs are executed on a single processor, the (lazy) bureaucrat. The bu­
reaucrat executes only one job at a time. (We leave the case of multiple processors 
for future work.) 

Greedy Requirement. The bureaucrat chooses a subset of jobs to execute. Since 
his goal is to minimize his effort, he prefers to remain idle all the time and 
to leave all the jobs unexecuted. However, this scenario is forbidden by what 
we call the greedy requirement, which requires that the bureaucrat work on an 
executable job, if there are any executable jobs. A job is "executable" if it has 
arrived, its deadline has not yet passed, and it is not yet fully processed. In the 
case with preemption, there may be other constraints that govern whether or 
not a job is executable; see Section 3. 

Objective Functions. In traditional scheduling problems, if it is impossible to 
complete the set of all jobs by their deadlines, one typically tries to optimize 
according to some objective, e.g., to maximize a weighted sum of on-time jobs, 



124 

to minimize the maximum lateness of the jobs, or to minimize the number of 
late jobs. For the LBP we consider three different objective functions, which 
naturally arise from considering the bureaucrat's goal of being inefficient: 

(1) Minimize the total amount of time spent working. This objective naturally 
appeals to a "lazy" bureaucrat. 

(2) Minimize the weighted sum of completed jobs. Here, we usually assume that 
the weight of job i is its length, ti; however, other weights (e.g., unit weights) 
are also of interest. This objective appeals to a "spiteful" bureaucrat whose 
goal it is to minimize the fees that the company collects on the basis of his 
labors, assuming that the fee (in proportion to the task length, or a fixed fee 
per task) is collected only for those tasks that are actually completed. 

(3) Minimize the makespan, the maximum completion time of the jobs. This 
objective appeals to an "impatient" bureaucrat, whose goal it is to go home 
as early as possible, at the completion of the last job he is able to complete. 
He cares about the number of hours spent at the office, not the number of 
hours spent doing work (productive or otherwise) at the office. 
Note that, in contrast with standard scheduling problems, the makespan in 
the LBP changes; it is a function of which jobs have passed their deadlines 
and can no longer be executed. 

Additional Parameters of the Model. As with most scheduling problems, addi­
tional parameters of the model must be set. For example, one must explicitly 
allow or forbid preemption of jobs. If a job is preempted, it is interrupted and 
may be resumed later at no additional cost. If preemption is forbidden, then 
once a job is begun, it must be completed without interruptions. 

One must also specify whether scheduling occurs on-line or off-line. A schedul­
ing algorithm is considered to be off-line if all the jobs are known to the scheduler 
at the outset; it is on-line if the jobs are known to the scheduler only as they 
arrive. In this paper we restrict ourselves to off-line scheduling. 

1.2 Our Results 

In this paper, we introduce the Lazy Bureaucrat Problem and develop algorithms 
and hardness results for several versions of it. From these results, we derive some 
general characteristics of this new class of scheduling problems and describe (1) 
situations in which traditional scheduling algorithms extend to our problems and 
(2) situations in which these algorithms no longer apply. 

No Preemption. We prove that the LBP is NP-complete, as is generally the case 
for traditional scheduling problems. Thus, we focus on special cases to study 
algorithms. When all jobs have unit size, optimal schedules can be found in 
polynomial time. The following three cases have pseudo-polynomial algorithms: 
(1) when each job i's interval Ii is less than twice the length of i; (2) when the 
ratios of interval length to job length and longest job to shortest job are both 
bounded; and (3) when all jobs arrive in the system at the same time. These 
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last scheduling problems are solved using dynamic programming both for Lazy 
Bureaucrat and traditional metrics. Thus, in these settings, the Lazy Bureaucrat 
metrics and traditional metrics are solved using similar techniques. 

From the point of view of approximation, however, the standard and Lazy Bu­
reaucrat metrics behave differently. Standard metrics typically allow polynomial­
time algorithms having good approximation ratios, whereas we show that the 
Lazy Bureaucrat metrics are difficult to approximate. This hardness derives more 
from the greedy requirement and less from the particular metric in question. The 
greedy requirement appears to render the problem substantially more difficult. 
(Ironically, even in standard optimization problems, the management often tries 
to impose this requirement, because it naively appears to be desirable.) 

Preemption. The greedy requirement dictates that the worker must stay busy 
while work is in the system. If the model allows preemption we must specify 
under what conditions a job can be interrupted or resumed. We distinguish three 
versions of the preemption rules, which we list from most permissive to most 
restrictive. In particular possible constraints on what the worker can execute 
include (I) any job that has arrived and is before its deadline, (II) any job that 
has arrived and for which there is still time to complete it before its deadline, 
or (III) any job that has arrived, but with the constraint that if it is started, it 
must eventually be completed. 

We consider all three metrics and all three versions of preemption. We show 
that, for all three metrics, version I is polynomially solvable, and version III is 
NP-complete. Many of the hardness results for no preemption carryover to ver­
sion III. However, the question of whether the problem is strongly NP-complete 
remains open. 

Our main results are for version II. We show that the general problem is NP­
complete. Then, we focus on minimizing the makespan in two complementary 
special cases: (1) All jobs have a common arrival time and arbitrary deadlines; 
(2) All jobs have a common deadline and arbitrary arrival times. We show that 
the first problem is NP-complete, whereas the second problem can be solved in 
polynomial time. These last results illustrate a curious feature of the LBP. One 
can convert one special case into the other by reversing the direction of time. 
In the LBP, unlike many scheduling settings, this reversing of time changes the 
complexity of the problem. 

Due to space limitations here, many proofs are deferred to the full paperl. 

2 LBP: No Preemption 

In this section, we assume that no job can be preempted: if a job is started, 
then it is performed without interruption until it completes. We show that the 
Lazy Bureaucrat Problem (LBP) without preemption is strongly NP-complete 
and is not approximable to within any factor. These hardness results distinguish 

1 Seehttp://wvw.ams.sunysb.edu/-jsbm/lazy/paper.ps.gz. 
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our problem from traditional scheduling metrics, which can be approximated in 
polynomial time, as shown in the recent paper of [1]. We show, however, that 
several special cases of the problem have pseudo-polynomial time algorithms, 
using applications of dynamic programming. 

2.1 Hardness Results 

We begin by describing the relationship between the three different objective 
functions in the case of no preemption. The problem of minimizing the total work 
is a special case of the problem of minimizing the weighted sum of completed 
jobs, because every job that is executed must be completed. (The weights become 
the job lengths.) Furthermore, if all jobs have the same arrival time, say time 
zero, then the two objectives, minimizing total work and minimizing makespan 
(go home early) are equivalent, since no feasible schedule will have any gaps. 
Our first hardness theorem applies therefore to all three objective functions: 

Theorem 1. The Lazy Bureaucrat Problem with no preemption is (weakly) NP­
complete, and is not approximable to within any fixed factor, even when arrival 
times are all the same. 

Proof. We use a reduction from the SUBSET SUM problem [2]. o 

As we show in Section 2.2, the problem from Theorem 1 has a pseudopolynomial­
time algorithm. However, if arrival times and deadlines are arbitrary integers, 
the problem is strongly NP-complete. The given reduction applies to all three 
objective functions. 

Theorem 2. The Lazy Bureaucrat Problem with no preemption is strongly NP­
complete, and is not approximable to within any fixed factor. 

Proof. We use a reduction from the 3-PARTITION problem [2]. o 

2.2 Algorithms for Special Cases 

Unit-Length Jobs. Consider the special case of the LBP in which all jobs have 
unit processing times. (Recall that all inputs are assumed to be integral.) The 
Latest Deadline First (LDF) scheduling policy selects the job in the system 
having the latest deadline. 

Theorem 3. The Latest Deadline First (LDF) scheduling policy minimizes the 
amount of executed work. 

Narrow Windows. Consider now the version in which jobs are large in compar­
ison with their intervals, that is, the intervals are "narrow." Let R be a bound 
on the ratio of window length to job length; i.e., for each job i, di - ai < R· ti. 
We show that a pseudo-polynomial algorithm exists for the case of sufficiently 
narrow windows, that is, when R :::; 2. 
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Lemma 1. Assume that for each job i, di - ai < 2ti' Then, if job i can be 
scheduled before job j, then job j cannot be scheduled before job i. 

Under this assumption, the ordering of any subset of jobs in a schedule is 
uniquely determined, allowing us to use dynamic programming to solve the prob­
lem: 

Theorem 4. Suppose that for each job i, di - ai < 2ti. Let K = maxi di . Then 
the LBP can be solved in O(nK max(n, K)) time. 

Note that for R > 2 we know of no efficient algorithm without additional 
conditions. Let W be a bound on the ratio of longest window to shortest window, 
and let .1 be a bound on the ratio of the longest job to the shortest job. Note that 
bounds on R and .1 imply a bound on W, and bounds on R and W imply a bound 
on .1. However, a bound on .1 alone is not sufficient for a pseudopolynomial time 
algorithm. 

Theorem 5. Even with a bound on the ratio .1, the LBP with no preemption 
is strongly NP-complete. It cannot be approximated to within a factor of .1- €, 

for any € > 0, unless P=NP. 

Proof. Modify the reduction from 3-partition of Theorem 2. o 

Bounds on both .1 and R are sufficient to yield a pseudo-polynomial algo­
rithm: 

Theorem 6. Let K = maxi di . Given bounds on Rand .1, the Lazy Bureaucrat 
Problem with no preemption can be solved in O(K. n4RlgLi). 

Proof. We modify the dynamic programming algorithm of Theorem 4. 0 

Jobs Having a Common Release Time. In the next version of the problem all 
jobs are released at time zero, i.e., ai = 0 for all i. This problem can be solved 
in polynomial time by dynamic programming. The dynamic programming works 
because of the following structural result: There exists an optimal schedule that 
executes the jobs Earliest Due Date (EDD). 

In fact this problem is a special case of the following general problem: Mini­
mizing the weighted sum of jobs not completed by their deadlines. This problem 
was solved by [6), using the same structural result. 

Theorem 7. The LBP can be solved in pseudo-polynomial time when all jobs 
have a common release time. 

3 LBP: Preemption 

In this section we consider the Lazy Bureaucrat Problem in which jobs may be 
preempted: a job in progress can be set aside, while another job is processed, 
and then possibly resumed later. It is important to distinguish among different 
constraints that specify which jobs are available to be processed. We consider 
three natural choices of such constraints: 
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Constraint I: In order to work on job i at time T, we require only that the 
current time T lies within the job's interval h ai ~ T ~ di. 

Constraint II: In order to work on job i at time T, we require not only that 
the current time T lies within the job's interval Ii, but also that the job has 
a chance to be completed, e.g., if it is processed without interruption until 
completion. 
This condition is equivalent to requiring that T ~ ~, where ~ = di - ti + Yi 
is the adjusted critical time of job i: ~ is the latest possible time to start job 
i, in order to meet its deadline di, given that an amount Yi of the job has 
already been completed. 

Constraint III: In order to work on job i, we require that T E h Further, we 
require that any job that is started is eventually completed. 

As before, we consider the three objective functions (1)-(3), in which the goal 
is to minimize the total time working (regardless of which jobs are completed), 
the weighted sum of completed jobs, or the makespan of the schedule (the "go 
home" time). 

The third constraint makes the problem with preemption quite similar to the 
one with no preemption. In fact, if all jobs arrive at the same time (ai = 0 for all 
i), then the three objective functions are equivalent, and the problem is hard: 

Theorem 8. The LBP with preemption, under constraint III (one must com­
plete any job that is begun), is NP-complete and hard to approximate. 

3.1 Minimizing Total Time Working 

Theorem 9. The LBP with preemption, under constraint I (one can work on 
any job in its interval) and objective (1) (minimize total time working), is poly­
nomially solvable. 

Proof. The algorithm schedules jobs according to latest deadline first (LDF). 0 

Theorem 10. The LBP with preemption, under constraint II (one can only 
work on jobs that can be completed) and objective (1) (minimize total time work­
ing), is (weakly) NP-complete. 

Proof. If all arrival times are the same, then this problem is equivalent to the 
one in which the objective function is minimize the makespan, which is shown 
to be NP-complete in Theorem 14. 0 

3.2 Minimizing Weighted Sum of Completed Jobs 

Theorem 11. The LBP with preemption, under constraint I (one can work on 
any job in its interval) and objective (2) (minimize the weighted sum of completed 
jobs), is polynomially solvable. 

Theorem 12. The LBP with preemption, under constraint II (one can only 
work on jobs that can be completed) and objective (2) (minimize the weighted 
sum of completed jobs), is (weakly) NP-complete. 
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3.3 Minimizing Makespan: Going Home Early 

We assume now that the bureaucrat's goal is to go home as soon as possible. 
We begin by noting that if the arrival times are all the same (ai = 0, for all 

i), then the objective (3) (go home as soon as possible) is in fact equivalent to 
the objective (1) (minimize total time working), since, under any of the three 
constraints I-III, the bureaucrat will be busy nonstop until he can go home. 

We note, however, that if the deadlines are all the same (di = D, for all 
i), then the objectives (1) and (3) are quite different. Consider the following 
example. Job 1 arrives at time al = 0 and is of length tl = 2, job 2 arrives at 
time a2 = 0 and is of length h = 9, job 3 arrives at time a3 = 8 and is of length 
t3 = 2, and all jobs have deadline dl = d2 = d3 = 10. Then, in order to minimize 
total time working, the bureaucrat will do jobs 1 and 3, a total of 4 units of 
work, and will go home at time 10. However, in order to go home as soon as 
possible, the bureaucrat will do job 2, performing 9 units of work, and go home 
at time 9 (since there is not enough time to do either job 1 or job 3). 

Theorem 13. The LBP with preemption, under constraint I (one can do any 
job in its interval) and objective (3) (go home as early as possible), is polynomi­
ally solvable. 

Proof. The algorithm is to schedule by latest deadline first (LDF). The proof is 
similar to the one given in Theorem 9. 0 

If instead of constraint I we impose constraint II, the problem becomes hard: 

Theorem 14. The LBP with preemption, under constraint II (one can only 
work on jobs that can be completed) and objective (3) (go home as early as 
possible), is (weakly) NP-complete, even if all arrival times are the same. 

Proof. We give a reduction from SUBSET SUM. Consider an instance of SUBSET 

SUM given by a set S of n positive integers, Xl, X2, ••• , X n , and target sum T. 
We construct an instance of the required version of the LBP as follows. For each 
integer Xi, we have a job i that arrives at time ai = 0, has length ti = Xi, and is 
due at time di = T + Xi - 15, where 15 is a small constant (it suffices to use 15 = ¥). 
In addition, we have a "long" job n + 1, with length tn+! > T, that arrives at 
time an+l = 0 and is due at time dn+! = T - 215 + tn+!. We claim that it is 
possible for the bureaucrat to go home by time T if and only if there exists a 
subset of {Xl, ... , xn} that sums to exactly T. 

If there is a subset of {Xl, ... ,xn } that sums to exactly T, then the bureaucrat 
can perform the corresponding subset of jobs (of total length T) and go home at 
time Tj he is able to avoid doing any of the other jobs, since their critical times 
fall at an earlier time (T - 15 or T - 215), making it infeasible to begin them at 
time T, by our assumption. 

If, on the other hand, the bureaucrat is able to go home at time T, then we 
know the following (details omitted in this abstract): 

(a) He must have just completed a job at time T. 
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(b) He must have been busy the entire time from 0 until time T. 
(c) If he starts a job, then he must finish it. 

We conclude that the bureaucrat must complete a set of jobs whose lengths sum 
exactly to T. Thus, we have reduced SUBSET SUM to our problem, showing that 
it is (weakly) NP-complete. 0 

o 

job n + 1 
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Fig.!. Proof of hardness of LBP with preemption, assuming that all arrival times are 
at time O. 

Remark. The above theorem leaves open the problem of finding a pseudo­
polynomial time algorithm for the problem. It is also open to obtain an ap­
proximation algorithm for this case of the problem. 

We come now to one of our main results, which utilizes a rather sophisticated 
algorithm and analysis in order to show that, in contrast with the case of identical 
arrival times, the LBP with identical deadlines is polynomially solvable. The 
remainder of this section is devoted to proving the following theorem: 

Theorem 15. The LBP with preemption, under constraint II (one can only 
work on jobs that can be completed) and objective (9) (go home as early as 
possible), is solvable in polynomial time if all jobs have the same deadlines (di = 
D, for all i). 

We begin with a definition a "forced gap:" There is a forced gap starting at 
time r if r is the earliest time such that the total work arriving by time r is 
less than r. This (first) forced gap ends at the arrival time, r', of the next job. 
Subsequently, there may be more forced gaps, each determined by considering 
the scheduling problem that starts at the end, r', of the previous forced gap. We 
note that a forced gap can have length zero. 

Under the "go home early" objective, we can assume, without loss of gener­
ality, that there are no forced gaps, since our problem really begins only at the 
time r' that the last forced gap ends. (The bureaucrat is certainly not allowed 
to go home before the end r' of the last forced gap, since more jobs arrive after 
r' that can be processed before their deadlines.) While an optimal schedule may 
contain gaps that are not forced, the next lemma implies that there exists an 
optimal schedule having no unforced gaps. 
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Lemma 2. Consider the LBP of Theorem 15, and assume that there are no 
forced gaps. If there is a schedule having makespan T, then there is a schedule 
with no gaps, also having makespan T. 

Lemma 3. Consider an LBP of Theorem 15 in which there are no forced gaps. 
Any feasible schedule can be rearranged so that all completed jobs are ordered by 
their arrival times, and all incomplete jobs are ordered by their arrival times. 

Proof. The proof uses a simple exchange argument as in the standard proof 
of optimality for the EDD (Earliest Due Date) policy in traditional scheduling 
problems. 0 

Our algorithm checks if there exists a schedule having no gaps that completes 
exactly at time T. Assume that the jobs 1, ... ,n are labeled so that a1 ~ a2 ... ~ 
an. The main steps of the algorithm are as follows: 

The Algorithm: 

l. Determine the forced gaps. This allows us to reduce to a problem having no 
forced gaps, which starts at the end of the last forced gap. 
The forced gaps are readily determined by computing the partial sums, 7j = 
2:1=1 ti, for j = 0,1, ... ,n, and comparing them to the arrival times. (We 
define 70 = 0.) The first forced gap, then, begins at the time 7 = 7j* = 
min{7j : 7j < ajH} and ends at time aj-H' (7 = 0 if a1 > 0; 7 = 00 if there 
are no forced gaps.) Subsequent forced gaps, if any, are computed similarly, 
just by re-zeroing time at 7', and proceeding as with the first forced gap. 

2. Let x = D - T be the length of time between the common deadline D and 
our target makespan T. A job i for which ti ~ x is called shori; jobs for 
which ti > x are called long. 
If it is not possible to schedule the set of short jobs, so that each is completed 
and they are all done by time T, then our algorithm stops and returns "NO," 
concluding that going home by time T is impossible. Otherwise, we continue 
with the next step of the algorithm. 
The rationale for this step is the observation that any job of length at most x 
must be completed in any schedule that permits the bureaucrat to go home 
by time T, since its critical time occurs at or after time T. 

3. Create a schedule S of all of the jobs, ordered by their arrival times, in 
which the amount of time spent on job i is ti if the job is short (so it is done 
completely) and is ti - x if the job is long. 
For a long job i, ti - x is the maximum amount of time that can be spent 
on this job without committing the bureaucrat to completing the job, i.e., 
without causing the adjusted critical time of the job to occur after time T. 
If this schedule S has no gaps and ends at a time after T, then our algorithm 
stops and returns "YES." A feasible schedule that allows the bureaucrat 
to go home by time T is readily constructed by "squishing" the schedule 
that we just constructed: We reduce the amount of time spent on the long 
jobs, starting with the latest long jobs and working backwards in time, until 
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the completion time of the last short job exactly equals T. This schedule 
completes all short jobs (as it should), and does partial work on long jobs, 
leaving all of them with adjusted critical times that fall before time T (and 
are therefore not possible to resume at time T, so they can be avoided). 

4. If the above schedule 5 has gaps or ends before time T, then 5 is not a 
feasible schedule for the lazy bureaucrat, so we must continue the algorithm, 
in order to decide which long jobs to complete, if it is possible to go home 
by time T. We use a dynamic programming algorithm Schedule-by-T, which 
we describe in detail below. 

Procedure Schedule-by-T. Let Gi be the sum of the gap lengths that occur 
before time ai in schedule 5. Then, we know that in order to construct a gapless 
schedule, at least fGi/X 1 long jobs (in addition to the short jobs) from 1, ... , i-I 
must be completed. For each i we have such a constraint; collectively, we call 
these the gap constraints. 

Claim. Iffor each gap in schedule 5, there are enough long jobs to be completed 
in order to fill the gap, then a feasible schedule ending at T exists. 

We devise a dynamic programming algorithm as follows. Let T(m, k) be the 
earliest completion time of a schedule that satisfies the following: 

(1) It completes by time Tj 
(2) It uses jobs from the set {I, ... , k}j 
(3) It completes exactly m jobs and does no other work (so it may have gaps, 

making it an infeasible schedule)j 
(4) It satisfies the gap constraintsj and 
(5) It completes all short jobs (of size ~ x). 

The boundary conditions on T(m, k) are given by: 

T(O,O) = OJ 
T(O, n) = 00, which implies that at least one of the jobs must be completedj 
T(m,O) = 00 for m > OJ 
T(m, k) = 00 if there exist constraints such that at least m+l jobs from 1, ... , k 

must be completed, some of the jobs from 1, ... , k must be completed because 
they are short, and some additional jobs may need to be completed because 
of the gap constraints. Note that this implies that T(O, k) is equal to zero or 
infinity, depending on whether gap constraints are disobeyed. 

In general, T(m, k) is given by selecting the better of two options: T(m, k) = 
mini a, ,8}, where a is the earliest completion time if we choose not to execute 
job k (which is a legal option only if job k is long), giving 

a = { T(m, k - 1) if tk > x 
00 otherwise, 

and ,8 is the earliest completion time if we choose to execute job k (which is a 
legal option only if the resulting completion time is by time T), giving 

,8 = {max(ak + tk, T(m - 1, k - 1) + tk) if this quantity is ~ T 
00 otherwise. 
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Lemma 4. There exists a feasible schedule completing at time T if and only if 
there exists an m for which T(m, n) < 00. 

Proof. If T(m, n) = 00 for all m, then, since the gap constraints apply to any 
feasible schedule, and it is not possible to find such a schedule for any number 
of jobs m, there is no feasible schedule that completes on or before T. 

If there exists an m for which T(m, n) < 00, let m* be the smallest such m. 
Then, by definition, T(m*, n) ::; T. We show that the schedule S* obtained by 
the dynamic program can be made into a feasible schedule ending at T. Consider 
jobs that are not completed in the schedule S*; we wish to use some of them to 
"fill in" the schedule to make it feasible, as follows. 

Ordered by arrival times of incomplete jobs, and doing up to ti - x of each 
incomplete job, fill in the gaps. Note that by the gap constraints, there is enough 
work to fill in all gaps. There are two things that may make this schedule infea­
sible: (i) Some jobs are worked on beyond their critical times, and (ii) the last 
job to be done must be a completed one. 

(i). Fixing the critical time problem: Consider a job i that is processed at 
some time, beginning at T, after its critical time, Ci. We move all completed job 
pieces that fall between Ci and T to the end of the schedule, lining them up to 
end at T; then, we do job i from time Ci up until this batch of completed jobs. 
This is legal because all completed jobs can be pushed to the end of the schedule, 
and job i cannot complete once it stops processing. 

(ii). Fixing the last job to be a complete one: Move a "sliver" of the last 
completed job to just before time T. If this is not possible (because the job 
would have to be done before it arrives), then it means that we must complete 
one additional job, so we consider m* + 1, and repeat the process. D 

This completes the proof of our main theorem, Theorem 15. 
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Abstract. This paper describes a method for cloning faces from two 
orthogonal pictures and for generating populations from a small number 
of these clones. An efficient method for reconstructing 3D heads suit­
able for animation from pictures starts with the extraction of feature 
points from the orthogonal picture sets. Data from several such heads 
serve to statistically infer the parameters of the multivariate probability 
distribution characterizing a hypothetical population of heads. A previ­
ously constructed, animation-ready generic model is transformed to each 
individualized head based on the features either extracted from the or­
thogonal pictures or determined by a sample point from the multivariate 
distribution. Using projections of the 3D heads, 2D texture images are 
obtained for individuals reconstructed from pictures, which are then fit­
ted to the clone, a fully automated procedure resulting in 3600 texture 
mapping. For heads generated through population sampling, a texture 
morphing algorithm generates new texture mappings. 

1 Introduction 

Animators agree that the most difficult subjects to model and animate real­
istically are humans and particularly human faces. The explanation resides in 
the universally shared (with some cultural differences) processes and criteria 
not only for recognizing people in general, but also for identifying individuals, 
expressions of emotion and other facial communicative signals, based on the co­
variation of many partially correlated shape, texture and movement parameters 
within narrowly constrained ranges. There are now a number of computer ani­
mation technologies for the construction of 3D virtual clones of individuals, or 
for the creation of new virtual actors [1-5,7-9,11,13]. It is now of increasing 
interest in many applications to be able to construct virtual groups, crowds or 
populations of distinct individuals having some predefined general characteris­
tics. Simple approaches, such as the random mix and match of features, do not 



135 

take into account local and global structural correlations among facial sizes and 
structures, distances between features, their dimensions, shapes, and disposi­
tions, and skin complexion and textures. In Section 2 of this paper, we describe 
an efficient and robust method for individualized face modeling, followed by 
techniques for generating animation-ready populations in a structurally princi­
pled way. The idea is to infer the statistical characteristics of a population from 
pairs of photographs (front and side views) of a relatively small input sample 
of individuals. The characteristics measured are the determinants of shape in a 
procedure for reconstructing individual heads through deformations of a generic 
head. The hypothetical population from which the input sample was drawn can 
then be represented by a small number of eigenvectors and eigenvalues. Any 
number of other head shapes can then be rapidly obtained by random sampling 
from this inferred population followed by application of the deformation method. 
At the same time, the original photos for each individual are used to construct 
a 2D texture image which can then be applied either to the corresponding head, 
or together with texture images from the other photographed heads in random 
proportion, to the new heads output from the random sampling of the hypothet­
ical population. This texture mapping is described in Section 3. The results are 
shown in Section 4. 

2 A hypothetical population of head shapes 

There are precedents for several aspects of our method, including modeling from 
photographs, with feature detection and generic head modification [2-4,8]. Free 
Form Deformations have been used to create new heads from a generic model [4]. 
Statistical methods were used by DeCarlo et a1. [6], randomly varying distances 
between facial points on a geometric human face model, guided by anthropo­
metric statistics. In the present research, however, we combined and improved 
selected elements with a view to a fast, flexible and robust method for creating 
large numbers of model head shapes typical of a given population. Speed means 
not having to manually detect too many feature points per input sample head, a 
restricted number of heads in the sample, and then completely automated pro­
cessing; flexibility requires a method applicable to any sort of population, with 
no requirement for anthropometric or other data bank; and robustness allows for 
a range of non-studio photographic input and statistical procedures that work 
for small samples without generating aberrant shapes. 

2.1 Feature detection 

To reconstruct a photographically realistic head, ready for animation, we detect 
corresponding feature points on both of two orthogonal images - front and side 
- and from these deduce their 3D positions. This information is to be used to 
modify a generic model through a geometrical deformation. Feature detection is 
processed in a semiautomatic way (manual intervention is sparing and efficient) 
using the structured snake method [4] with some anchor functionality. Figure 1 
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depicts an orthogonal pair of images, with feature points highlighted. The two 
images are normalized so that the front and side views of the head have the 
same height, as measured by certain predetermined feature points. The two 2D 
sets of position coordinates, from front and side views, i.e., the (x,y) and the 
(z, y) planes, are combined to give a single set of 3D points. Outside a studio, 
it would be rare to obtain perfectly aligned and orthogonal views. This leads 
to difficulties in determining the (x, y, z) coordinates of a point from the (x, y) 
on the front image and the (y, z) on the side image. Taking the average of the 
two y measurements often results in unnatural face shapes. Thus we rely mainly 
on the front y coordinate, using the side y only when we do not have the front 
one. This convention is very effective when applied to almost orthogonal pairs of 
images. In addition, for asymmetrical faces, this convention allows for retention 
of the asymmetry with regard to the most salient features, even though a single 
side image is used in reconstructing both the right and left aspects of the face. 
A global transformation re-situates the 3D feature points (about 160 of them) 
in the space containing a generic head. A part of feature points are detected by 
manual intervention and others by snake method [4]. We are now in a position 
to deform the generic head (which has a far more detailed construction than 
just 160 feature points) so that it becomes a model for the photographed head. 
However, the deformation process will be identical for these heads as for the 
heads generated by our statistical sampling procedure, so we will describe this 
procedure first. 

2.2 Constructing and sampling from the hypothetical population 

Our approach to generating populations is based on biostatistical notions of 
morphological variation within a community. The underlying hypothesis is that if 
we determine a large number of facial measurements, these will be approximately 
distributed in the population according to a multivariate normal distribution, 
where most of the variation can be located in a few orthogonal dimensions. 
These dimensions can be inferred by principal component analysis [21] applied to 
measurements of relatively few input heads. A random sample from the reduced 
distribution over the space spanned by the principal components yields the facial 
measurements of a new head, typical of the population. 

Inference The 160 feature points are divided into predetermined subsets ac­
cording to the head region where they are defined (mouth, eye, nose, cheek, and 
etc.). Two sets of pre-specified 3D vectors representing distances between feature 
points are calculated for each head. The first set reflects the overall shape pa­
rameters and consists of distances between a central point situated on the nose 
and a number of regional "landmarks", each of them belonging to a different re­
gion. The second set represents local relationships and corresponds to distances 
between the landmarks and the other point in the same region. Denote by n the 
total number of measurements represented by all the distance vectors. The mea­
surements for the H heads are each standardized to Normal [0, 1] and entered 
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into an H x n matrix M. The principal components of variation are found using 
standard procedures, involving the decomposition X LXt = M Mt, where X is 
orthonormal and L contains the eigenvalues in decreasing order. Only those di­
mensions of X with non-negligible eigenvalues, i.e. the principal components, are 
retained. This ensures that we are considering correlations among the measure­
ments for which there is strong, consistent evidence, and neglecting fluctuations 
due to small sample size. 

Sampling For each head in the population being constructed, independent 
samples are drawn from a N[O,l] distribution for each principal component. 
The i-th component is multiplied by Li, where Li is the i-th eigenvalue in L, 
and the feature point distance vectors are then constructed by inverting the 
transformation to X from the original measurement coordinates in n-dimensional 
space, and then inverting the standardization process for each measurement. It 
is then straightforward to position all the new feature points, starting with the 
central point on the nose. Sampling from the principal component space is a 
rapid method for generating any number of feature point sets. 

2.3 Modification of a generic model 

We have a certain set of 3D feature points, which has about 160 points. The 
problem is how to deform a generic model, which has more than a thousand 
points interconnected through a triangulation pattern, to make an individual­
ized smooth surface. One solution is to use the 3D feature points as a set of 
control points for a deformation. Then the deformation of a surface can be seen 
as an interpolation of the displacements of the control points. The particular 
deformation we use is Dirichlet Free-Form Deformations (DFFD)[19] in which 
the position of each surface point is interpolated from that of a number of con­
trol points through the Sibson natural neighbors coordinate system [15). The 
latter is determined by the structure of the generic head. This is a rapid but 
rough method. It does not attempt to locate all points on the head exactly, in 
contrast to automated scanning methods, for example a laser scanner, which cre­
ate enormous numbers of points but do not precisely identify the control points 
necessary to compare heads and to link up with adptive mesh technology[5]. 
Considering the input data (pictures from only two views), the result is quite 
respectable. More important, it greatly limits the size of the data set associated 
with an individual head, and hence processing time, as is necessary in animation 
technology. The imprecision in head shape can be almost compensated for by 
the automatic texture mapping procedures described in the next section 

3 Texture mapping 

Texture mapping imbues the face with realistic complexion, tint and shading, 
and in so doing, it also disguises the approximate nature of shape modeling 
determined by feature point identification only. Texture data is captured from 
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Photos and feature points The generic model An individual 
Fig. 1. Modification of a generic head according to feature points detected on pictures. 
Points on a 3D head are control points for DFFD. 

the two photographic views and a single composite texture image is produced by 
joining them together, with the help of a "multiresolution" smoothing technique. 
The set offeature points identified as in Section 2.1 helps us to project all points 
on a 3D head to the 2D image. The triangulation of (or inherited from) the 
generic head defines texture regions in the image which can then be mapped 
back to the surface of the head. 

3.1 Texture generation 

We first connect the two pictures along predefined feature lines, i.e. connecting 
predetermined feature points which are passed from feature detection process, 
using geometrical deformations and, to avoid visible boundary effects, a mul­
tiresolution technique. This process is fully automatic. 

Image deformation We privilege the front view, since it provides the highest 
resolution for facial features. The side view is deformed to join the front view 
along certain defined feature points lines on the left hand side and, flipped over, 
on the right hand side. The feature lines are indicated on the front image in 
Figure 2 by thick lines. A corresponding feature line is defined for the side image. 
We deform the side image so that the feature line lines up with the one on the 
front view. Image pixels on the right side of the feature line are transformed in 
the same way as the line itself. To get the right part of the image, we deform 
the side image according to the right-hand feature line on the front image. For 
the left part of the image, we flip the side image and deform it according to 
the left-hand feature line on the front image. The resulting three images are 
illustrated in Figure 3 (a). A piecewise linear transformation is depicted, based 
on piecewise feature lines, but smoother deformations are easily produced using 
higher degree feature curves. This geometrical deformation guarantees feature 
points matching between front and side images, while a simple blending on some 
overlapping area or conventional cylindrical projection of front and side views 
[1-3] creates unexpected holes in the final texture image. 
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Multiresolution image mosaic No matter how carefully the picture-taking 
environment is controlled, in practice boundaries are always visible between the 
three segments of the texture image, as in Figure 3 (a). To correct this, the 
three images resulting from the deformation are merged using multiresolution 
[10]. Figure 3 (b) shows how this technique is effective in removing the boundaries 
between the three images. 

Front Side 
( ri!;11t, left ) 

Deform ed si de 
( right, len) 

(a) (b) 
Fig. 2. (a) Thick lines are feature lines. (b) Feature lines on three images. 

(a) (b) 
Fig. 3. Combining the texture images generated from the three (front, right and left) 
images without multiresolution techniques, in (a) and with the technique in (b). 

3.2 Texture fitting 

To find suitable coordinates on the combined image for every point on a head, 
we first project an individualized 3D head onto three planes as shown in Figure 
4 (a). We are guided by the feature lines of Section 3.1 to decide to which plane 
a point on a 3D head is to be projected. This helps us find texture coordinates 
and the mapping of points on the integrated texture image. The final texture 
fitting on a texture image is shown in Figure 4 (b). This results in smoothly 
connected images inside triangles of texture coordinate points, which are ac­
curately positioned. Eyes and teeth are added automatically, using predefined 
coordinates and transformations related to the texture image size. The triangles 
in Figure 4 (b) are projections of triangular faces on a 3D head. Since our generic 
model is endowed with a triangular mesh, the texture mapping benefits from an 
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efficient triangulation of the texture image containing finer triangles over the 
highly curved and/or highly articulated regions of the face and larger triangles 
elsewhere, as in the generic model. 
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(a) (b) 
Fig. 4. Texture fitting giving a texture coordinate on an image for each point on a 
head. (b) Texture coordinates overlaid on a texture image. 

3.3 Textures for statist ically generated heads 

For head shapes newly created through sampling in the principal component 
space, we create texture by combining textures of some of t he input sample heads 
in various, possibly random, proportions . Because of the common triangulation 
inherited from the generic head, each point on the surface of a new head can be 
identified with a point on the texture image of each of the input sample heads. 
The position of each pixel in the triangle that contains it can be written in 
barycentric coordinates, and it can then be identified with corresponding pixels 
(Le. with the same coordinates , in the corresponding triangle) in each of the 
contributing texture images. The color value of the pixel is the sum of the values 
of the corresponding pixels in the contributing texture images, weighted by the 
given proportions. Smoothing of the image pixels is achieved through bilinear 
interpolation among four neighboring pixels. 

4 Results 

4.1 C loning 

Figure 5 shows several views of the head reconstructed from the two pictures in 
Figure l. 

Other examples covering wide range of age and ethnic group are shown in 
Figure 7. Every face in this paper is modified from the SAME generic model 
shown in Figure 1. How individualized the representations are depends on how 
many feature points are identified on the input pictures. We routinely use about 
160 feature points induding many on the eyes, nose and lips. Some points are 
allotted to face and hair outlines, but our generic model currently does not have 
many points on the "hairdo" , so it is not easy to vary hair length, for example. 
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Fig. 5. Several views of a reconstructed head. 

4.2 Real-time animation 

The predefined regions [20] of the generic model are associated with animation 
information, which can be directly transferred to the heads constructed from 
it by geometrical modification in Section 2. Figure 6 shows several expressions 
on a head reconstructed from three pictures, one for front and others for side. 
This extension with input up to four images (two for front and two for side) is 
a generalized method separating shape and texture input sources. 

- -
Fig. 6. Examples of reconstructed heads and several expressions. 

4.3 Creating a population 

We used seven orthogonal photo sets as inputs. Figure 7 shows the input photos 
and output reconstruction. Included are four Caucasians of various ages, an 
Indian, an Asian, and an African. There are three adult females, three adult 
males and a child. The creation of a population is illustrated in Figure 8. The 
eight faces are drawn from the many dozens we generated from the H = 7 sets 
of orthogonal photos in Figure 8 according to the steps in Section 2. All faces are 
animation-ready. The size of the texture image for each person is 256 x 256, which 
has less than 10 KB. The total amount of data for the heads in OpenInventor 
format is small considering their realistic appearance. The size of Inventor format 
(corresponding to VRML format) is about 200 KB. The texture image is stored 
in JPEG format and is from 5 "" 50 KB in size, depending on the quality 
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Fig. 7. Examples of reconstructed heads from pictures. These are ready for immediate 
animation in a virtual world. 

of pictures; all examples shown in this paper have size less than 45 KB. The 
number of points on a head is 1257, where 192 of them are for teeth and 282 
of them are for the eyes. This leaves only 783 points for the individualization of 
the rest of the facial surface. 

Fig. 8. Virtual faces created from seven faces reconstructed from images. 

5 Conclusion 

We have introduced a suite of methods for the generation of large populations of 
realistic faces, enabled for immediate real-time animation, from just a few pairs 
of orthogonal pictures. One key to our technique is the efficient reconstruction of 
animation-ready individualized faces fitted with seamless textures. This involves 
shape acquisition through the modification of a generic model and texture fitting 
through geometric deformation of an orthogonal pair of texture images, followed 
by multiresolution procedures. This technique was robust enough to allow one 
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operator to clone some 70 individuals in five days in public demonstration of a 
computer fair. The procedure is universal, applicable to men and women, adults 
and children, and different races, all using the same generic model. To generate 
a population from a small number of heads such as those produced by the re­
construction technique, the first step is to characterize the shape in more detail 
using vectors between feature points and to calculate the correlation matrix of 
these measurements. Principal component analysis is then applied to discover 
the statistical structure of this input sample, namely a representation of the 
data in terms of a reduced number of significant (and independent) dimensions 
of variability. Each point in this space, for example one chosen at random ac­
cording to the probability distribution inferred from the input, determines all 
the feature points and other characteristics of a new head. The representation of 
a population as a probability distribution has great potential for allotting vari­
ation among face shapes into gender, age, race and residual components with 
eventual feedback to more realistic and efficient modeling. 
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Abstract. We consider the problem of testing the roundness of a man­
ufactured ball, using the finger probing model of Cole and Yap [4]. When 
the center of the object is known, a procedure requiring O(n 2 ) probes 
and O(n2 ) computation time is described. (Here n = Il/ql, where q is the 
quality of the object.) When the center of the object is not known, the 
procedure requires O(n2 ) probes and O(n4) computation time. We also 
give lower bounds that show that the number of probes used by these 
procedures is optimal. 

1 Introduction 

The field of metrology is concerned with measuring the quality of manufactured 
objects. A basic task in metrology is that of determining whether a given manu­
factured object is of acceptable quality. Usually this involves probing the surface 
of the object using a measuring device such as a coordinate measuring machine 
to get a set 5 of sample points, and then verifying, algorithmically, how well 5 
approximates an ideal object. 

A special case of this problem is determining whether an object is round, 
or spherical. For our purposes, an object I is good if there exists two concentric 
spheres lin and lout ofradius l-E and I+E, respectively, such that lin is entirely 
contained in I and I is entirely contained in lout, and bad otherwise. We call the 
problem of deciding whether an object is good or bad the roundness classification 
problem. See Figure 1 for examples of good and bad objects. 

In the field of computational geometry, the algorithmic side of the roundness 
classification problem has received considerable attention and efficient algorithms 
for testing the roundness of a set of 2D [1, 5, 6, 7, 9, 10, 12, 13, 14, 15] and 3D [6] 
sample points are known. However, very little research has been done on probing 
strategies for the roundness classification problem. Notable exceptions are the 
work by Mehlhorn, Shermer, and Yap [11], in which planar objects (disks) are 
considered, Bose and Morin [3], in which disks and cylinders are considered, 
and Fu and Yap [8] in which a probing strategy for finding the near-center of a 
d-dimensional ball using d( d + 1) probes is presented. 

In this paper we describe strategies for testing the roundness of manufactured 
balls. (A ball is a solid object whose surface is a sphere.) We use the finger probing 

* This work was funded in part by the Natural Sciences and Engineering Research 
Council of Canada. 
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2- 2E 

(a) (b) (c) 

Fig. 1. Examples of (a) good and (b,c) bad objects. 

model of Cole and Yap [4]. In this model, the measurement device can identify 
a point in the interior of I and can probe along any ray, i.e., determine the first 
point on the ray that intersects the boundary of I. The finger probing model is 
a reasonable abstract model of a coordinate measuring machine [16]. 

We describe a procedure for testing the roundness of a manufactured ball I 
using O(ljqual(I)2) finger probes. Here Iqual(I)I measures how far the object I 
is from the boundary between good and bad. When the center of I is known in 
advance, the procedure requires O(ljqual(I)2) computation time. When a center 
of I is not known, the procedure requires O(ljqual(I)4) computation time. As 
part of this procedure, we describe a technique for finding a near-center of a 
3-dimensional ball that requires only 10 probes, thus providing an alternative to 
the procedure of Fur and Yap for the for case d = 3. We also give a lower bound 
that shows our procedures are optimal, up to constant factors, in terms of the 
number of probes used. 

The remainder of the paper is organized as follows: Section 2 gives definitions 
and notation used throughout the remainder of the paper. Section 3 describes 
a procedure for find a point near the center of an object. Section 4 discusses 
procedures for testing the roundness of an object. Section 5 gives a lower bound 
on the number of probes needed for this problem. Section 6 summarizes and 
suggests directions for future work. 

2 Definitions, Notation, and Assumptions 

In this section, we introduce definitions and notation used throughout the re­
mainder of this paper, and state the assumptions we make on the object be­
ing tested . For the most part, notation and definitions are consistent with, or 
analagous to, [3, 11] . 

For a point p, we use the notation x(p) , y(p) , and z(p) to denote the x, y, and 
z coordinates of p, respectively. The letter 0 is used to denote the origin of the 
coordinate system. We use the notation dist(a, b) to denote Euclidean distance 
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between two objects. When a and b are not points, dist(a, b) is the minimum 
distance between all pairs of points in a and b. The angle formed by three points 
a, b, and c, is denoted by Labc, and we always mean the smaller angle unless 
stated otherwise. 

A sphere (balQ of radius r centered at a point c is the set of all points p such 
that dist(p, c) = r (dist(p, c) :S r). A sphere (ball) of with radius r = 1 is called 
a unit sphere (unit balQ. Two spheres or balls are said to be concentric if they 
are centered at the same point. 

An object I is defined to be any compact simply connected subset of 3-space, 
with boundary denoted by bd(I). For a point p, we use R(p,1) and r(p,1) to 
denote the maximal and minimal distance, respectively, from p to a point in 
bd(1). I.e., 

For a point p, let 

R(p,1) = maxi dist(p, p') : p' E bd(I)} 

r(p,J) = min{dist(p,p') : p' E bd(I)} . 

qual(p, l) = min{r(p, l) - (1 - E), (1 + E) - R(p, 1)} 

and let 
qual(1) =maxqual(p,1) . 

pEl 

(1) 

(2) 

(3) 

(4) 

Any point CI with qual(cI,1) = qual (I) is called a center of I. Note that 
there may be more than one point with this property, i.e., the center of I is not 
necessarily unique. 

The value qual(1) is called the quality of the object l, since it measure the 
maximum deviation of I from a ball of unit radius. An object I with qUal(l) > 0 
is good while an object I with qual(1) < 0 is bad. A procedure that determines 
whether an object is good or bad is called a roundness classification procedure. 

In order to have a roundness classification procedure that is correct and that 
terminates, it is necessary to make some assumptions about the object I being 
tested. The following assumption is referred to as the minimum quality assump­
tion, and refers to the fact that the manufacturing process can guarantee that 
manufactured objects have a minimum quality (although perhaps not enough 
to satisfy our roundness criteria). The constant 1/30 in the assumption is easily 
met by current manufacturing processes. 

Assumption 1 There exists two concentric balls, lin and lout, with radii 1 - 6 
and 1 + 6, respectively, such that lin ~ I ~ lout, for some 6 < 1/30. 

The minimum quality assumption alone is not sufficient. If the object under 
consideration contains oddly shaped recesses, then it may be the case that these 
recesses can not be probed using finger probes. We say that an on object I is 
star-shaped if there exists a point k E I such that for any point pEl, the line 
segment joining k and p is a subset of I. We call the set of all points with this 
property the kernel of I. There is a region about the center CI of I that is of 
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particular interest. The following assumption ensures that all points in bd(I) 
can be probed by directing probes at a point close to Cl. 

Assumption 2 Let Cl be any center of I. I is a star-shaped object, and its 
kernel contains all points p such that dist(cl,p) :S 0:, for some constant 1 - 6 > 
0: > 26. 

3 Finding a Near-Center 

In this section we describe a procedure for finding a point close to the center, Cl, 

of I. A near-center of I is any point Co such that dist(co, Cl) :S 26. Our procedure 
uses three simple subroutines X(p), Y(p) and Z(p). These subroutines perform 
two probes directed at p. The two probes come from opposite directions, and 
are parallel to the x, y, and z axes, respectively. If the two probes contact I at 
points a and b, then the subroutines return (a+b)j2, i.e., the midpoint between 
a and b. If the probes do not contact I then the routines return the point p. 
Pseudocode is given in Procedure 1. 

Procedure 1 Returns a near-center given a point Po E I. 
1: PI +- X(po) 
2: P2 +- Y(PI) 
3: P3 +- Z(P2) 
4: P4 +- X(P3) 
5: ps +- Y(P4) 
6: return ps 

Theorem 1 Let I be an object with center Cl and satifying Assumption 1. Then 
10 probes and constant computation time suffice to find a point Co such that 
dist ( c I , co) :S 26. 

Proof. The proof involves using Assumption 1 to bound the values of the x, y and 
z coordinates of Pl-5 and is rather long. It is omitted due to space constraints 
but can be found in the full version of the paper [2]. 0 

4 Testing Quality 

Once a center or near-center of I is known, we can obtain an approximation of 
the surface of I by directing probes at this (near) center. In this section, we first 
describe a strategy for directing probes at the (near) center. We then describe 
the entire quality testing procedure for the case when the center of I is known 
in advance. Finally, we describe the procedure for the case when the center of 
I is not known in advance. Proving the correctness of our procedures involves 
bounding the maximum error in our approximation of the surface. 
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4.1 The Probing Strategy 

In this section, we describe a probing strategy for taking G(n2 ) probes directed 
at a point p, where n is an even positive integer. The strategy is designed so 
that for any direction d, there is a probe in some direction "not too far" from d. 
Refer to Figure 2 for an illustration of what follows. 

(b) 

Fig. 2. Illustration of (a) sperical coordinates and (b) partioning the sphere into slices 
and pieces. 

Consider the spherical coordinates (¢, p) of the unit sphere centered at p, 
where angles ¢ and p are in the set [a, 27r). We first divide the sphere into n par­
allel slices, so, ... , Sn-1 , such that slice 8i contains all points where p E [i7r I n, (i + 
l)ll"/nj. Each slice Si is further subdivided into mi = f2nmax{sin(i7r/n),sin((i+ 
1)7r In)} 1 similar pieces, 8iO, ... , Si(mi -1), such that piece Sij contains all points 
in 8i where ¢ E [j7r Imi' (j + 1)7r Imi]' We define the center of a piece 8ij as the 
point with spherical coordinates ((2i + 1)7r/2n, (2j + 1)7r/2m;). 

Lemma 1 Let a be any point in 8ij, and let b be the center of 8ij' Then Lapb :::; 
7r/n. 

Proof. The proof is straightforward. It is omitted due to space constraints but 
can be found in the full version of the paper [2]. 0 

Lemma 2 Z=7:01 mi E G( n 2 ), i. e., the partitioning of the sphere described above 
contains G( n2 ) pieces. 

Proof. That the number of pieces is O(n2) follows from the inequality sin( T) :::; 1. 
That the number of pieces is .n (n 2) follows from the inequality sin( T) 2: 2T I 7r, 
forTE [a,7r/2j. 0 

For some center or near center c, our probing strategy involves directing 
probes along each of the half lines with an endpoint at c and passing through 
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the center of each piece of the sphere centered at c. In the remainder of the 
paper, we will use the notation probe(n, c) to denote the set of probes obtained 
when using this strategy. 

4.2 The Simplified Procedure 

In this section we describe a simplified roundness classification procedure that 
assumes that we know the object being tested is centered at the origin, O. Our 
roundness classification procedure (Procedure 2) tests the roundness of an object 
I by taking a set S of probes in the manner described in the previous section. 
The procedure repeatedly doubles the number of probes until either (1) a set 
of sample points is found that proves that I is a bad object, in which case I is 
rejected, or (2) the quality of the set of sample points is "significantly larger" 
than 0, in which case we can prove that qual(I) > O. 

Procedure 2 Tests the roundness of the object I centered at the origin. 
1: r +- 1 
2: R +- 1 
3: n +- no 
4: L1 +- f(n) E O(I/n) 
5: repeat 
6: S +- probe(n, 0) 
7: if :Jp E S : dist(p,O) > 1 + f or dist(p, 0) < 1 - f then 
8: return REJECT 
9: end if 

10: r +- 1 - f + L1 
11: R +- 1 + f - L1 
12: n +- 2n 
13: L1 +- f(n) 
14: until Vp E S : dist(p, 0) < Rand dist(p, 0) > r 
15: return ACCEPT 

The function f(n) that appears in the procedure is defined as 

and the constant no is defined as 

no = 1'7l,/ arctan(a/(l + J))l 

Lemma 3 Let I be an object with center CI = O. Let S = probe( n, CI), for any 
n 2: no. Then for any point p E bd(I), there exists a point p' E S such that 
dist(p,p') ::; f(n). 
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Proof. We will bound Ix(p) - x(p')I, Iy(p) - y(p')I, and Iz(p) - z(p')I· Refer to 
Figure 3 for an illustration of what follows. 

By Lemma 1, there exists a point p' E 5 such that 

LPCIP' ::; 7f In . (5) 

By orienting the coordinate system so that the plane z = 0 passes through p, p' 
and CI, we can assume, wlog, that 

Iz(p) - z(p')1 = 0 . (6) 

Fig. 3. Constraints on the position of p'. The point p' must be in the shaded region, 
and dist(p,p') is maximized when p' is placed as shown. 

Next note that we can rotate the coordinate system about the z-axis so that 
we can assume, wlog, that x(p) = 0, and 1 - 6 ::; y(p) ::; 1 + 6. Assumption 1 
ensures that dist(O,p') ::; 1 + 6. So, by (5), an upper bound on Ix(p) - x(p')1 is 

Ix(p) - x(p')1 = Ix(p')1 

::; (1 + 6) sin(7fln) 

::; (1 + 15)7f In . 

(7) 

(8) 

(9) 

Since LPCIP' ::; 7f In, the point p' must lie in the cone defined by the inequality 

y(p') :::: Ix(p') I (cos( 7f In) I sin(7f In)) . (10) 

Next we note that the slope of the line through p' and p must be in the range 
[-y(p) 10:, y(p) la], otherwise Assumption 2 is violated. If n :::: no = 7f I arctan(a/y(p)), 
the region in which p' can be placed is bounded, and Iy(p) - y(p') I is maximized 
when p' lies on one of the bounding lines 

h(x) = xy(p)la + y(p) 
fr(x) = -xy(p)la + y(p) 
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Since both lines are symmetric about x = 0 we can assume that x(p') lies on 
it, giving us 

Iy(p) - y(p') 1 'S Iy(p) - fl(X(p'))1 

= Ix(p')y(p)/al 

'S Ix(p')(l + 8)/al 

= (1 + 8)27r / an (11) 

Plugging (9), (11), and (6) into the Euclidean distance formula and simpli-
fying yields the desired result. 0 

Theorem 2 There exists a roundness classification procedure that can correctly 
classify any object I with center c[ = 0 and satisfying Assumptions 1 and 2 
using 0(1/qual(I)2) probes and 0(1/qual(I)2) computation time. 

Proof. We begin by showing that the Procedure 2 is correct. We need to show 
that the procedure never rejects a good object and never accepts a bad object. 
The former follows from the fact that the procedure only ever rejects an object 
when it finds a point on the object's boundary whose distance is less than 1 - 10 
or greater than 1 + 10 from c[. To show the latter, we note that Lemma 3 implies 
that there is no point in bd(I) that is of distance greater than f(n) from all 
points in S. The procedure only accepts I when the distance of all points in S 
from C[ are in the range [1 - 10 + f(n), 1 + 8 - f(n)]. Therefore, if the procedure 
accepts I, the distance of all points in bd(I) from c[ is in the range [1- 10,1 + 8], 
i.e., the object is good. 

Next we prove that the running time is 0(1/qual(I)2). First we observe that 
f(n) E O(l/n). Next, note that the computation time and number of probes 
used during each iteration is linear with respect to the value of n, and the value 
of n doubles after each iteration. Thus, asymptotically, the computation time 
and number of probes used are dominated by the value of n 2 during the last 
iteration. There are two cases to consider. 
Case 1: Procedure 2 accepts I. In this case, the procedure will certainly termi­
nate once .1 'S qual(I). This takes O(1og(l/qual(I))) iterations. During the final 
iteration, n E O(l/qual(I)). 
Case 2: Procedure 2 rejects I. In this case, there is a point on bd(I) at distance 
qual(I) outside the circle with radius 1 + 10 centered at 0, or there is a point in 
bd(I) at distance qual(I) inside of the circle with radius 1 - 10 centered at O. 
In either case, Lemma 3 ensures that the procedure will find a bad point within 
O(log 11/qual(I)I) iterations. During the final iteration, n E 0(11/qual(I)I). 0 

4.3 The Full Procedure 

In the more general (and realistic) version of the roundness classification prob­
lem, we do not know the center of the object being tested. However, Theorem 1 
allows us to use this procedure anyhow. The significance of Theorem 1 is that it 
allows us to find a near-center, Co, of I. As the following lemma shows, knowing 
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a near-center is almost as useful as knowing the true center. Before we state the 
lemma, we need the following definitions. 

1 

l' (n) = ~ ((1 + 36)21f2 + (~a+ :i(4
):2) 2 

n~ = f1f/ arctan(a/(l + 36))l 

Lemma 4 Let I be an object with center C1 and near-center co, and satis­
fying Assumptions 1 and 2. Let 5 = probe(n, co), for any n 2: n~, where 
dist( Co, C1) ::; 26. Then for any point p E bd(I), there exists a point p' E 5 
such that dist(p,p') ::; f'(n). 

Proof. The proof is almost a verbatim translation of the proof of Lemma 3, 
except that we assume, wlog, that Co = O. With this assumption we derive the 
bounds 

Ix(p) - x(p')1 ::; (1 + 3b)(1f/n) 

Iy(p) - y(p')1 ::; (1 + 36)2 1f / n (a - 26)1 

Substituting these values into the formula for the Euclidean distance and sim­
plifying yields the desired result. D 

Lemma 5 Let I be an object with center C1 and near-center Co and satisfying 
Assumptions 1 and 2. Let 5 = probe(n, co), for any n 2: n~, and let Cs be a 
center of 5. Then 

R(cs, 5) ::; R(cs, I) ::; R(cs, 5) + 1'(n) , 

r(cs,5) - f'(n) ::; r(cs'!) ::; r(cs, 5) . 

Proof. The lemma follows from (1), (2) and Lemma 4. The proof is omitted due 
to space constraints but can be found in the full version of the paper [2J. D 

Lemma 6 Let I be an object with center C1 and near-center Co and satisfying 
Assumptions 1 and 2. Let 5 = probe(n, co), for any n 2: n~. Then qual(5) -
f'(n) ::; qual(I) ::; qual(5) 

Proof. The lemma follows from (4) and Lemma 5. The proof is omitted due to 
space constraints but can be found in the full version of the paper [2J. D 

In [6], an algorithm is described that determines, given a set 5 of points in 
3-space, the minimum value of £ such that there exists two concentric closed 
balls lin and lout, with radii 1 - £ and 1 + £, respectively, such that 5 n lin = 0 
and 5 n lout = 5. The running time of the algorithm is 0(1512). Combining 
Lemma 4 with this algorithm, we obtain the following result. 

Theorem 3 There exists a roundness classification procedure that can correctly 
classify any object I satisfying Assumptions 1 and 2 using 0(1/qual(I)2) probes 
and 0(1/qual(I)4) computation time. 
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Proof. We make the following modifications to Procedure 2. In Line 3, we set 
the value of n to n~. In Lines 4 and 13, we replace f (n) with f' (n). In Line 6 
we directed our probes at Co rather than O. In Lines 7 and 14, we replace the 
simple test with a call to the algorithm of [6]. 

Lemma 6 ensures that the procedure never accepts a bad object and never 
rejects a good object. i.e., the procedure is correct. The procedure terminates 
once f'(n) < 1 qual (I) I· This happens after O(1og 1 l/qual(I) I) iterations, at which 
point n E O(11/qual(I)I. 0 

5 Lower Bounds 

In this section, we give a lower bound that shows that any correct roundness 
classification procedure for spheres requires, in the worst case, D(1/qual(I)2) 
probes to determine if I is good or bad. The lower bound uses an adversary 
argument to show that if a procedure uses o(1/qual(I)2) probes, then an adver­
sary can orient a bad object so that its defects are "hidden" from all the probes, 
making the bad object indistigusihable from a similar good object. 

Lemma 7 Let S be a set of n 2 points on the unit sphere. Then, there exists a 
spherical cap c with radius l/n such that c contains no points of S 

Proof. Consider the convex hull of S, which has at most 2n2 - 4 faces. The plane 
passing through a face defines a spherical cap, and the union of these caps cover 
the entire sphere, a surface area of 47l'. By the pigeonhole principle, some face 
f must define a cap c with surface area at least 27l' /n2. Furthermore, since f is 
part of the convex hull, there are no other points of S in this cap. The surface 
area of c obeys the inequality sa(c) :::; 27l'r2, where 1" is the radius of c. Thus, we 
have the inequalities 

yielding 1" 2: l/n. o 

Theorem 4 Any roundness classification procedure that is always correct re­
quires, in the worst case, D(11/qual(I)21) probes to classify a object I with center 
CI = 0 and satisfying Assumptions 1 and 2. 

Proof. We prove the theorem by exhibiting two objects I and I' with qual(I) = 
'ljJ = -qual(I'), for any 0 :::; 'ljJ :::; f, such that I and l' cannot be distinguished 
by any algorithm that uses o(11/qual(I)I) probes. 

The object I is a perfect circle with radius 1 - f + 'ljJ. The object I' is similar 
to I, except that it contains a conic recess of depth 4'ljJ that removes a circle of 
diameter a8'ljJ from the surface of I (see Figure 4). Note that qual(I) = 'ljJ and 
qual(I') = -'ljJ, and that for a = 1/9, J :::; 1/21, and 'ljJ :::; f :::; J, I and I' satisfy 
Assumptions 1 and 2. 

Assume by way of contradiction that there exists a roundness classification 
procedure P that always accepts I and always rejects I' using o(1/'ljJ2) probes. 
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I I' 

Fig. 4. An example of two objects, I and I' that cannot be distinguished using 
o(1/qual(I)2) probes. 

Let 5 be the set of probes made by P in classifying I. By Lemma 7, there exists 
a spherical cap c on the surface of I with radius w( 'IjJ) such that c contains no 
point of 5 .1 Therefore, for sufficiently small 'IjJ , c has diameter larger than a8'IjJ 
and an adversary can orient l' so that P does not direct any probes at the conic 
recess in I'. The results of probes performed by, and therefore the actions of P, 
would be the same for I and I'. But this is a contradiction, since we assumed 
that P always correctly classifies both I and I'. 0 

6 Conclusions 

We have described the first roundness classification procedure for balls and given 
lower bounds that show that the procedure is optimal in terms of the number of 
probes used. In the case when the center of the object is known in advance, the 
procedure is also optimal in terms of computation time. 

When the center of the object is not known, our procedure would bene­
fit significantly from an improved algorithm for testing the roundness of a 3-
dimensional point set. The algorithm in [6], which we rely on, solves the prob­
lem by first constructing the Voronoi diagram of the point set, which can have 
quadratic complexity in the worst case. A sub quadratic time algorithm is still 
an important open problem. 
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Abstract. We introduce and study a problem that we refer to as the op­
timal split tree problem. The problem generalizes a number of problems 
including two classical tree construction problems including the Huffman 
tree problem and the optimal alphabetic tree. We show that the general 
split tree problem is NP-complete and analyze a greedy algorithm for 
its solution. We show that a simple modification of the greedy algorithm 
guarantees O(log n) approximation ratio. We construct an example for 
which this algorithm achieves n( lO~orO; n) approximation ratio. We show 
that if all weights are equal and the optimal split tree is of depth O(log n), 
then the greedy algorithm guarantees O( lO~orO; n) approximation ratio. 
We also extend our approximation algorithm to the construction of a 
search tree for partially ordered sets. 

1 Introduction 

Consider a set A = {aI, a2, ... an}, with each element ai having an associated 
weight w(ai) > O. A partition of A into two sets B, A - B is called a split. A 
set S of splits such that for any pair a, b E A there exists a split {B, A - B} in 
S such that a E A and b E B is called a complete set of splits. 

A split tree for a set A with a complete set of splits S is a rooted tree T in 
which the leaves are labeled with elements of A and internal nodes correspond 
to splits in S. More formally, for any node v of a leaf labeled tree T, let L( v) be 
the set of labels of the leaves of the subtree rooted at v. Then a split tree is a 
full binary tree such that for any internal node v with children VI, V2 there exists 
a split {B,B'} E S such that B n L(v) = L(vd and B' n L(v) = L(V2)' Note 
that such a split tree is guaranteed to exist when the set of splits is complete. 
Through out the rest of the paper we assume that the set of splits is complete. 

Then the cost c(T) of a split tree T is defined in the standard way: 

n 

c(T) = L liw(ai), 
i=1 
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** Research supported by the Sloan and Department of Energy Postdoctoral Fellowship 

for Computational Biology. 
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where li is the length of the path from the root to leaf ai. 
The optimal split tree problem is to compute for a given (A, S) a minimum 

cost split tree. The problem is a generalization of the classic Huffman coding 
problem, in which the set of splits S contains all possible splits of A. 

Figure 1 gives an example of two split trees for a common set A = {I, 2, 3, 4, 5}, 
with w(l) = .15, w(2) = .17, w(3) = .17, w(4) = .16,w(5) = .35. Let Ai = {i}, 
for i = 1, ... ,5, A6 = {1,2,3}, and A7 = {2,3,4}. Let S = {{A,A - Adli = 
1, ... 7}. The cost of the first tree is 3(.15+.17)+2(.17+.16+.35), while that of 
the second tree is 3( .16+ .17) + 2 (.17 + .15+ .35). The first tree can be easily seen 
to be the optimal split tree, and the second tree is a suboptimal tree produced 
by the greedy algorithm of the next section. 

The problem generalizes naturally to the case when a split is defined to be a 
partition of the input set into more than two subsets. 

{1,2,3,4,5} 

'A-A, 
{2,3,4} {1,5} 

A-I\...' A/\A-A, 
{4,2} {3} ~ ~~ 

A-A!\, 
{l} {2 } {4} {2} 

a) b) 

Fig. 1. Example of two split trees for set A = {I, 2,3,4, 5} with common split set. (a) 
optimal split tree; (b) tree obtained by the greedy algorithm. 

In this paper we show that the optimal split tree problem is NP-complete. We 
demonstrate that a modification of the greedy algorithm which always chooses 
a best balanced split guarantees O(log n) approximation ratio. We construct an 
example for which this algorithm achieves n( lo~fo; n) approximation ratio. We 
show that if all weights are equal and the optimal split tree is of depth o (log n), 
then the greedy algorithm guarantees OColO~; n) approximation ratio. The re­
sults also hold when the greedy choice is rep1aced by a choice that approximates 
the greedy choice within a constant factor. 

A split tree problem can be viewed as a problem of constructing a search tree, 
where the elements we search for are located in the leaves. Each split corresponds 
to a property that partitions the input set into two (or, in the general case, more) 
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subsets. If the weight corresponds to the probability of accessing a given element, 
then an optimal split tree optimizes expected length of a search path. 

In this context, the split tree problem generalizes the alphabetic tree problem 
[4,8,14]. That is, if we assume that the input set A = {a1, ... an }, is linearly 
ordered and define the set of splits to be n - 1 splits 51, .. . 5n - 1 where 5i = 
(LEi, A - LEi) and LEi = {a E A : a :S ad, the optimal split tree problem 
reduces to the classic optimal alphabetic tree problem. The Hu-Tucker algorithm 
[8] solves the alphabetic tree problem in O(nlogn) time. There is a substantial 
amount of literature concerning variants of this algorithm (e.g. [5, 7, 11]) as well 
as variants of the problem [6, 10, 12, 15]. 

Several generalizations of the alphabetic tree problem for partially ordered 
sets are possible. A search tree for a partially ordered set is a rooted tree of 
degree at most 3 with leaves and internal nodes labeled with elements from A. 
If an internal node is labeled with element ai then the leaves descending from 
this node are partitioned into at most three subtrees that contain respectively 
elements less or equal to ai (LEd, unrelated to ai (Ui ), and greater then ai (Gi ). 
If the set of splits is defined to be the set of all (LEi, Ui , Gi ) then the optimal 
split tree gives optimal search tree. The number of splits is linear in this case. An 
alternative generalization [2] also can be reduced to a split tree probelm. Here 
the splits are defined as { { Li , A - Li}} where Li = {a : a < ai}. Our approach 
results in O(1og n) approximation algorithms for both problems. 

There is a different generalization of the alphabetic tree problem motivated 
by an application to job scheduling which was pointed to us by Julia Abrahams 
[1]. We refer to this generalization as partially ordered alphabetic tree problem. 
Let A be a partially ordered weighted set. Corresponding to this partial order, 
:S, is a set of splits {(X, A - X)} where there are no ai E X and aj ¢ X such that 
ai :S aj. The splits are presented implicitly by the partial order (otherwise, this 
set can be exponential in size with respect to n.) No polynomial time algorithm 
for this problem is known. We can generalize our approach and develop an 0(1) 
approximation algorithm for this problem. 

In the extreme case, when all possible splits are allowed we obtain the fa­
miliar Huffman tree problem [9]. For this case a simple O(nlogn) time optimal 
algorithm is known and a greedy top-down approach gives a solution that is 
within an additive error of O(2: i w(ai)) from optimality [3]. 

The optimal split tree problem can also be viewed as a special case of a more 
general problem related to problems arising in information retrieval via internet. 

Consider a large database of hyperlinked semi-related information; e.g. the 
Web or a CD full of translated Greek documents. A user starts on some "page," 
and selects one of the finite number of links on the page that seems "most 
likely" to lead to the desired destination. However, different users looking at the 
same page have different notions of which link gives the best probability. These 
users can be modeled probabilistically themselves. In addition, the problem is an 
online problem in the sense that the owner of the page can observe the choices 
and destinations of the database's users, and dynamically adjust the links. In the 
simplest formulation of this problem, we ignore the online nature of the problem, 



160 

and we assume that each choice the user makes partitions the pages into two 
groups, and one of the groups is the one to pursue further. For a different query 
by the user, the other group will be the one to continue further. We also flatten 
all the hyperlinks of all the pages into one level. This is precisely the split tree 
problem when the weights of all the elements are equal. 

The paper is organized as follows. In the next section, we show that the opti­
mal split tree problem is NP-complete. Subsequently, in section 3, we show that 
the greedy algorithm in which a split tree is constructed in a top-down fashion, 
using at each internal node v a split leading to a most balanced partition of 
the set, L( v), associated with this node can result in an approximation ratio as 
bad as D(n). We then show that a simple modification guarantees O(logn) ap­
proximation ratio. In section 4, we specify a set of splits for which the modified 
greedy algorithm constructs a split tree of cost D(lognjloglogn) times higher 
than the cost of an optimal split tree. This leaves a gap between proven approx­
imation ratio and the approximation ratio that we achieved in this construction. 
Towards closing this gap we show, in section 5, that if all weights are equal and 
if the optimal split tree is of depth o (log n), then the modified greedy algorithm 
guarantees O( lo~fo~ n) approximation ratio. We conjecture that for the general 

problem the approximation ratio ofthe modified greedy algorithm is e Co~fo~ n). 
Now we introduce some concepts and definitions used in the remaining part 

of the paper. 
If B ~ A then w(B) = 2::aiEB w(ai). We extend the weight function to 

internal nodes v by letting w(v) = w(L(v)). If P is a path, we use c(P) to 
denote the cost of this path defined as c(P) = 2::vEP w(v). 

For any tree T let cent( T) denote a path from the root to a leaf using heavier 
child (ties are broken arbitrarily). Such a path is called a centroid path. If R ~ A 
then a centroid path with respect to R is a centroid path of T considering only 
the weights of leaves in R. That is, from any internal node v, we choose the child 
Vi that maximizes the weight of L( Vi) n R. 

Let centa (T) be a part of a centroid path that starts at the root of tree T 
and ends at the first node of weight no greater than a. Such a path centa (T) is 
called an a-centroid path of T. 

Given a path P in tree T, let adj (P) denote the set of nodes adjacent to 
nodes of P but not belonging to P. A subtree S of T rooted at a node adjacent 
to P but not adjacent to the last node of P is called a side tree of P. 

We use Ti to denote the tree rooted at node i. 

2 Hardness of the split tree problem 

In this section we show, using a reduction from the Exact Cover by 3-Sets (E3C) 
[13], that the split tree problem is NP-complete. In the decision version of the 
split tree problem, the input consists of a set of elements, a set of splits and a 
cost, and the output is "yes" if and only if there exists a split tree with cost 
matching the input cost. 
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The Exact Cover by 3-Sets (E3C) Problem is defined as follows: Given a set 
X with IXI = 3k and a collection X = {Xl,'" Xq} of 3-element subsets of X, 
does X contain an exact cover of X, i.e. a sub collection X' ~ X such that every 
element of X occurs in exactly one member of X'? Exact Cover by 3-Sets is 
known to be NP-complete [13J. 

. . . . 
:'~ .'~ 

Fig. 2. The shape of an optimal split tree when an exact cover exists 

Theorem 1. The split tree problem is NP-complete. 

Proof. (sketch) It is easily seen that the split tree problem is in NP. We establish 
its N P-hardness by specifying a polynomial time reduction from the E3C prob­
lem. Let A = XU{a,b,c}. For any ai, let w(ai) = 1. Let S = {{Xi,A-Xdli = 
I, ... q} U {{ {r}, A - {r}} Ir E A}. We show that there exists an exact cover for 
(X, X) if and only if each optimal split tree for (A, S) has the shape presented in 
figure 2, where iI, ... ik is a permutation of a k-element subsequence of I, ... ,q 
and each encircled 3-element sequence or set denotes any permutation of the 
elements in the corresponding sequence or set. We leave the details to the full 
version of the paper. 

3 An O(log n )-ratio approximation algorithm 

Consider the following top-down construction of a split tree. Starting with the set 
A choose a split in S that gives the most balanced partition of A (ties are broken 
arbitrarily). Formally, choose a split {B,B'} in S such that Iw(B) - w(B')1 is 
minimized. Repeat this process iteratively on each of the two children until 
singleton sets result. (When the set is C, the chosen split {B, B'} minimizes 
Iw(B n C) - w(B' n C) I. We refer to this algorithm as the greedy algorithm. 
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An example of a tree constructed by the greedy algorithm is given in fig­
ure l.b. If the weights can be exponentially unbalanced, we show that this 
algorithm can give an approximation ratio as bad as .I?(n). Consider a set 
A = {X,al,a~,a2,a~, ... ,am,a~}. Let w(x) = ~,w(ai) = w(aD = ~ for 
i = 1, ... m -1 and w(am) = w(a~) = 2';+1. The set of splits S = {Bi' A - Bd 
is defined as follows. BI = {al, ... am}, B2 = {a~, ... a~}, and for i = 3 ... m + 2 
Bi = {ai-2, a~_2}. The optimal split tree and a possible greedy split tree for this 
set of splits is presented in figure 3. The cost of the greedy tree is 8(n) times 
higher than the cost of the optimal tree (which is also a greedy tree but con­
structed using a different greedy choice.) 

Let W = w(A), and let 0: be the minimum node weight. Then this example 
can be modified to demonstrate .I?(min(1og ~, n)) lower bound for the approxi­
mation ratio of the greedy algorithm. In the following lemma we show that this 
bound is tight. 

m 

a) at a' 
m-l m b) 

Fig. 3. An extreme pair of trees that results from different choices of the greedy algo­
rithm in the case of unbalanced weights: (a) the optimal tree (b) the expensive tree. 

Let T* be an optimal split tree for (X,S). Let T be a tree obtained by 
the greedy algorithm. The next lemma estimates the approximation ratio of the 
greedy algorithm. 

Lemma 2. Let 0: be the weight of the lightest element in A. Then c(T) = 
O(1og ~)c(T*). 

To prove Lemma 2 we first establish the following lemma: 

Lemma 3. Let cent(T) = UI, ... , Urn be a centroid path of T and cent(T*) 
VI, ... Vm' be a centroid path of T*. For i = 1, ... m - 1, let Xi be the set of 
leaves of the side tree adjacent to Vi. Similarly, let Xi be the set of leaves of 
the side tree adjacent to Ui. Then for any integers k, k', r such that k < m and 
rk' < m' holds 

k' k 

L W(Xi) 2 (1- 21r) L w(Xi). 
i=l i=l 
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Proof. We demonstrate the proof for the case of r = 1. The proof of the general 
case is an inductive generalization of the argument of r = 1. Let SI, S2, ... Sk 
be the consecutive splits used on C*. Let Si = W(Xi) and Si l ,' .. Sik_l be the 
sequence obtained by sorting. We will show by induction that for any j < k', 
L~=1 w(Xp) ~ 1/2 L~=l Sip' This implies the lemma for r = 1. Because of 
the greedy choice of splits in T, the inequality is obviously true for j = 1. 
Assume that the inequality is true for j and consider the (j + l)th split. Let t 
be the smallest index it in the sequence Sil ... Si k _ l such that the total weight 

of elements from U~=l Xp in Xi, is at most s;, . If it > j the inequality holds. 

Otherwise, it can be shown that the total weight of elements in XH1 is at least 
s~' which is at least Sit. By the inductive hypothesis and the above bound for 

- HI - j+l 
w(Xj+d, we have Lp=l w(Xp) ~ 1/2 Lp=l Sip' 

Now we are ready to prove Lemma 2. 

Proof. (sketch) We proceed by induction on the size of the tree. 
Assume that the maximum leaf weight is bounded by 1/2W. We have that 

c(T) = c( cent(1 /2) W (,1')) + 
iEadj( cent( 1 / 2) W (T) 

Let (Ti)* be an optimal split tree for the set L(Ti ). Note that the total weight 
ofleaves in any side tree of cent(1 /2) (T) is no more than ~ Wand the weight of 
the leaves in the subtree rooted at the last node of cent(1 /2) W (T) is also at most 

(1/2)W. Furthermore, by lemma 3 for r = 1, we have that c(cent(1/2)w(T)) ~ 
1/2c( cent( T*)). Thus by the inductive hypothesis, the last expression is no more 
than 

w "" - W 2c(cent(T*)) + O(1og -2) ~ c((T')*) = O(1og -)c(T*) a _ a 
iEadj( centa (T)) 

If there is a leaf W max heavier than 1/2W then, by lemma 3, and the as­
sumption that all leaves have weight at least a, we argue that the depth of 
this leaf in T is at most log ~ times more than its depth in T*. Therefore 
c(cent(T)) ~ 2wmax log ~ and we can attribute the cost of the centroid path to 
this leaf. Since each leaf has attributed to it a centroid path at most once, the 
total cost of attributed centroid paths is bounded by W log ~ . 

Theorem 4. Optimal split tree can be approximated with a ratio ojO(logn(c(T*))) 

Proof. Take a = W/(n2 logn) and replace the weight of each a-light element by 
a. Let Ta be the greedy tree for the re-weighted set of splits. By Lemma 2, we 
have c(Ta) = O(1ogn)c(T~). Since c(T*) ~ c(T~) + n2a ~ c(T~) + lo~n we have 

that c(Ta) = O(1ogn)c(T*). Let TA be the tree obtained from Ta by restoring 
the changes the weights of a-light elements. Thus we have 

c(TA) ~ c(Ta) = O(logn)c(T*). 
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Remark 1: When considering non-binary splits, we replace the selection of 
the best balanced split with a selection of a multi-split in which the size of 
the minimum set is maximized. Lemma 3 extends naturally to non-binary split 
trees. Thus, this greedy algorithm generalized to non-binary partition can be 
used to construct a search tree for a partial order with an approximation ratio 
of O(logn). 
Remark 2: Theorem 4 extends to the algorithm that chooses approximately 
best balanced split. Namely, if in the best split the ratio of the weight of the 
smaller subset to the weight of the larger subset is 1 : b, the approximately best 
balanced ensures ratio of 1 : kb for some constant k. We leave the proof of this 
fact to the full version of the paper. 

Lemma 5. There exists a polynomial time algorithm that achieves an approxi­
mation ratio of 0(1) to the optimal partially ordered alphabetic tree problem. 

Proof. (sketch) The idea is to construct, at each node, an approximately bal­
anced partition. The partition is constructed iteratively starting with empty sets 
A and B. At any stage we add the smallest minimal element to A or the smallest 
maximal element to B such that the difference between the total weights of the 
two sets is minimized. Then the element added is deleted from the partial order, 
and the process is repeated. It is not hard to show that the resulting partition 
is an approximate balanced split. With this split construction, Remark 2 quar­
antees O(log n) approximation ratio. However, by establishing that the above 
partition enjoys properties similar to those satisfied by that produced by the 
Fano construction [3] for the Huffman coding problem, we can show that our 
construction gives an 0(1) approximation ratio. The details will be presented in 
the complete version. 

4 Lower bound for the performance ratio of the greedy 
algorithm 

In this section, given an set of equal weight elements, we specify a set of splits for 
which the (modified) greedy algorithm constructs a tree of cost n(log n/ log log n) 
times higher than the cost of an optimal tree. Thus the non-constant approxima­
tion ratio of the greedy algorithm is not exclusively due to unbalanced weights. 

Let k be a natural number, and let N be such that n = N k . Let set A be 
described as 

A= {(i1 ,i2 , ... ,ik )li j E {l, ... ,N}}. 

We specify a set of splits for which the greedy algorithm constructs a tree that 
we call the expensive tree. We will show that for this set of splits there exists 
a tree G(logn/loglogn) times less expensive than the expensive tree. We will 
call this tree the cheap tree. One can show that the cheap tree is an optimal tree 
and that it can be produced by the greedy algorithm by choosing a first split 
different from that of the expensive tree. 

We will construct k groups of splits: 
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a) b) 

Fig. 4. A pair of trees that results from different choices of the greedy algorithm: (a) 
the expensive tree (b) the cheap tree. 

Group 1 of splits: Each split in this group is obtained by fixing the value of one 
i j . Namely, let Si,r = {(i1' i2 , ... , ii+1,'" ik)lii = rand i j = 1, ... N fpr i f. j}. 
i.e. Si,r is the set of all vectors for which ith coordinate is equal to r. The first 
group of splits is simply {{Si,r, A - Si,r }Ii = 1, ... k; r = 1, ... N}. Thus each 
split in this group partitions set A in proportion Nk-1 : (N - 1)Nk- 1. 

The expensive tree (see figure 4 a) is obtained using the splits from the first 
group only. The construction of this tree can be divided into k phases. Each 
phase fixes values of one coordinate. Let the first split be {Su, A - Sl,d. Then 
the next N - 2 splits on centroid path are Sl,2, Sl,3, ... Sl,N-1 (not necessarily 
in this order). Thus the first phase reduces sets of k dimensional vectors to 
sets of k - 1 dimensional vectors by fixing the first coordinate in N possible 
ways. In general, ith phase of the construction of the expensive tree fixes the ith 
coordinate using the splits from the first group. In this way it reduces k - i + 1 
dimensional vectors from the previous phase to k - i dimensional vectors. After 
k phases we obtain single element sets. 

We now specify an additional k - 1 groups of splits. These splits will allow 
us to construct a tree of cost D(logn/ loglogn) times lower than the cost of 
the expensive tree while keeping the expensive tree as a possible outcome of 
the greedy algorithm. The cheap tree will be also constructed in k phases, each 
phase reducing the vector dimension by one. 

The first phase of the cheap tree is the same as the first phase of the expensive 
tree except that a different coordinate gets fixed. Let the first coordinate fixed 
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be the last coordinate. 
Group 2 of splits: This group of splits allows for a binary partition of k - 1 
dimensional vectors using binary splits on the first coordinate. Namely, we define 
the following sets: Bik =r,h'.5.s = {(i l , ... in)lik = r, i l :::; s}. The splits in the 
second group are all splits of type {Bik=r,h <s, A - Bik=r,h <s}. Note that these 
splits are more unbalanced than the splits in the first group' Thus the choice of 
the splits in the first phase of both trees remains valid. Since we used the first 
coordinate, which is the same coordinate, adding the second group of splits does 
not affect the construction of the expensive tree. 

The splits in the second group are used in the second phase of the construction 
of the cheap tree. As in the expensive tree, the second phase consists of fixing 
the values of a next coordinate. However the coordinate gets fixed by a binary 
partition (see figure 4 b). 
Group j of splits: In general, group j of splits, 3 :::; j :::; k, allows for binary 
partition of each k - j + 1 dimensional vector resulting from the splits in previous 
j - 1 phases into k - j dimensional vectors. The partition uses dimension j - 1. 
Define Bik =rk,il=rl, ... i;_2=r;_2,i;_1 '.5.r;-l = {(i l , ... in) lik = rk, i l = rl, ... i j- 2 = 
rj_2,i j- l :::; rj_l,i t = I, ... N for j -1 < t < k}. The jth group of splits is 
defined as {B*, A - B*} for all the sets of the form B* defined above. The splits 
in the jth group are used in the jth phase of the construction of the cheap tree. 
The jth phase consists of fixing coordinate j - 1 (coordinates k, 1, ... j - 2 fixed 
in previous phases). This coordinate is fixed using binary partition. 

Since the jth group of splits uses dimension j - 1, i.e. the dimension used in 
j - lth phase of the expensive tree, this group of splits is useless after j - lth 
phase of the expensive tree. Replacing any earlier split with the split of this group 
would lead to a more unbalanced partition. Thus the expensive tree remains a 
greedy tree for the extended set of splits. 

Now we are ready to show that 

Lemma 6. There exists a set of splits for which the greedy algorithm constructs 
a tree which is n( lO~~; n) times more expensive than the optimal tree. 

Proof. The cost of the expensive tree is 
n 

c(Te) = P + nlog N 

where P = N + ~ + ... {N-;/)n + (N-;.l)n. The cost of the cheap tree is c(Tc) = 
.!!. + 2n + {N-l)n + {N-l)n + N( n + 2n + + (N-l)n + (N-})n) + = kP N N .. . N N Jii'i Jii'i ... N2 N . . . . 

Thus we have: 
Tc = P+nlogN = G(loglogn) 
Te kP logn 

5 A tighter upper bound for the greedy algorithm for 
O(log n) depth trees 

In the previous two sections we showed an O(log n) upper bound and an n( lo~ro; n) 
lower bound for the approximation ratio of the greedy algorithm. This leaves a 
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small gap between the two bounds. For the special case when all the weights 
are equal and the optimal split tree is of depth 0 (log n), we now establish that 
the cost of a greedy tree is at most O( lo~fo; n) times higher than the cost of the 
optimal tree. This matches the lower bound up to a constant factor. 

Let T* be an optimal tree of depth O(logn) for (A,S). Let the maximum 
path length in T* be t. For R ~ A, let PR be a centroid path with respect to 
R. Let IRI = i. Since PR has t side trees, there must exist a side tree T' of PR 
such that IL( T') n RI 2: ilt. Let TR be a greedy tree for the set R. Let {B, B'}, 
where IBI S IB'I be the first split used by the greedy algorithm. Then IBI 2: ilt. 
Furthermore, C(TR) = C(TE) + C(TEI) + i, where TR, TE, and TEl are greedy 
trees for sets R, B, and B' respectively. We establish the following property of 
the greedy trees. 

Lemma 7. Let i 2: t, R any subset of A such that IRI = i. Then 

C(TR) S i(logi)-l t . 
ogt 

Proof. We prove the lemma by induction on the cardinality of R. If IRI = t 
then C(TR) S t2 (even when the tree has depth t - 1); thus the inequality holds. 
Assume that the inequality is true for any set of cardinality less than i. For the 
first split (B, B') used in any greedy tree we have ilt S IBI S i/2. Let IBI = j. 
We can easily establish that for all j such that i/t S j < i/2 the following 
inequality holds: 

j(log(j)-l t + (i-j)log(i-j)-l t +iSi(logi)-1 t . 
og t og t ogt 

This establishes the inductive step. 

Applying this lemma for R = A, we have immediately: 

Corollary 8. If an optimal split tree for a unit weight set has depth O(log n) 
then any tree constructed by the greedy algorithm guarantees O(logn/loglogn) 
approximation ratio. 

6 Conclusions and future work 

In this paper we introduced the optimal split tree problem - a problem that 
generalizes naturally the Huffman coding problem. We showed that this problem 
is significantly harder than the Huffman coding problem (it is NP-complete). 
We showed that the greedy algorithm approximates the optimal solution with 
ratio 8(log ~'), and its simple modification quarantees O(logn) approximation 
ratio. We have extended our analysis to allow approximately balanced splits. We 
presented an D( lO~~~ n) lower bound for the approximation ratio of the greedy 
algorithm for equal weights. This, in the case of equal weights, leaves a small 
gap between the two bounds. We conjecture that the approximation ratio of 
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the greedy algorithm for equal weights is eCo~ro~ n)' To support this conjecture 
we showed that in the case when the optimal tree is of depth 0 (log n), the 
approximation ratio is OCo~o~~ n)' 

It would be very interesting to design other polynomial time approximation 
algorithms for this problem. It appears unlikely that bottom-up approaches along 
the lines of the Huffman algorithm are feasible. 
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Abstract. This paper focuses on space efficient representations of trees 
that permit basic navigation in constant time. While most of the previous 
work has focused on binary trees, we turn our attention to trees of higher 
degree. We consider both cardinal trees (rooted trees where each node 
has k positions each of which may have a reference to a child) and ordinal 
trees (the children of each node are simply ordered). Our representations 
use a number of bits within a lower order term of the information theo­
retic lower bound. For cardinal trees the structure supports finding the 
parent, child i or subtree size of a given node. For ordinal trees we sup­
port the operations of finding the degree, parent, ith child and subtree 
size. These operations provide a mapping from the n nodes of the tree 
onto the integers [1, n] and all are performed in constant time, except 
finding child i in cardinal trees. For k-ary cardinal trees, this operation 
takes O(lg 19 k) time for the worst relationship between k and n, and 
constant time if k is much less than n. 

1 Introduction 
Trees are a fundamental structure in computing. They are used in almost every 
aspect of modeling and representation for explicit computation. Their specific 
uses include searching for keys, maintaining directories, primary search struc­
tures for graphs, and representations of parsing-to name just a few. Explicit 
storage of trees, with a pointer per child as well as other structural information, 
is often taken as a given, but can account for the dominant storage cost. 

This cost can be prohibitive. For example, suffix trees (which are indeed 
binary trees) were developed for the purpose of indexing large files to permit 
full text search. That is, a suffix tree permits searches in time bounded by the 
length of the input query, and in that sense is independent of the size of the 
database. However, assuming our query phrases start at the beginning of words 
and that words of text are on average 5 or 6 characters in length, we have an 
index of about 3 times the size of the text. That the index contains a reference 
to each word of the text accounts for less than a third of this overhead. Most of 
the index cost is in storing its tree structure. Indeed this is the main reason for 
the proposal [10, 13] of simply storing an array of references to positions in the 
text rather than the valuable structure of the tree. 

This and many others applications deal with large static trees. The represen­
tation of a tree is required to provide a mapping between the n nodes and the 
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integers [1, nJ. Whatever information need be stored for the application (e.g., 
the location of a word in the database) is found through this mapping. This 
application used binary trees, though trees of higher degree, for example degree 
256 for text or 4 for genetic sequences, might be better. Trees of higher degree, 
i.e. greater than 2, are the focus of this paper. 

Starting with Jacobson [11,12] some attention has been focused on succinct 
representation of trees~that is, on representations requiring close to the infor­
mation theoretic number of bits necessary to represent objects from the given 
class, but on which a reasonable class of primitive operations can be performed 
quickly. Such a claim requires a clarification of the model of computation. The 
information theoretic lower bound on space is simply the logarithm base 2 (de­
noted 19) of the number of objects in the class. The number of binary trees on 
n nodes is Cn == e~1)/(2n + 1); IgCn ~ 2n. Jacobson's goal was to navigate 
around the tree with each step involving the examination of only O(lg n) bits 
of the representation. As a consequence, the bits he inspects are not necessarily 
close together. If one views a word as a sequence of 19(n + 1) consecutive bits, 
his methods can be shown to involve inspecting e(lg 19( n + 1)) words. We adopt 
the model of a random access machine with a 19(n + 1) (or so) bit word. Basic 
operations include the usual arithmetics and shifts. Fredman and Willard [9] 
call this a trans dichotomous model because the dichotomy between the machine 
model and the problem size is crossed in a reasonable manner. 

Clark and Munro [3,4] followed the model used here and modified Jacob­
son's approach to achieve constant time navigation. They also demonstrated 
the feasibility of using succinct representations of binary trees as suffix tries for 
large-scale full-text searches. Their work emphasized the importance of the sub­
tree size operation, which indicates the number of matches to a query without 
having to list all the matches. As a consequence, their implementation was ulti­
mately based on a different, 3n bit representation that included subtree size but 
not the ability to move from child to parent. Munro and Raman [15] essentially 
closed the issue for binary trees by achieving a space bound of 2n + o(n) bits, 
while supporting the operations of finding the parent, left child, right child, and 
subtree size in constant time. 

Trees of higher degree are not as well studied. There are essentially two forms 
to study, which we call ordinal trees and cardinal trees. An ordinal tree is a rooted 
tree of arbitrary degree in which the children of each node are ordered, hence we 
speak of the ith child. The mapping between these trees and binary trees is a well 
known undergraduate example, and so about 2n bits are necessary for represen­
tation of such a tree. Jacobson [11,12] gave a 2n+o(n) bit structure to represent 
ordinal trees and efficiently support queries for the degree, parent or ith child of 
a node. The improvement of Clark and Munro [4] leads to constant execution for 
these operations. However, determining the size of a subtree essentially requires 
a traversal of the subtree. In contrast, Munro and Raman [15] implement node 
degree, parent and subtree size in constant time, but take e(i) time to find the 
ith child. The structure presented here performs all four operations in constant 
time, in the same optimal space bound of 2n + o( n) bits. 
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By a cardinal tree (or trie) of degree k, we mean a rooted tree in which 
each node has k positions for an edge to a child. A binary tree is a cardinal 
tree of degree 2. There are C~ == (kn,;l) /(kn + 1) such trees, so (lg(k - 1) + 
k 19(k/(k - l)))n bits is a good estimate of the lower bound on a representation, 
assuming n is large with respect to k. This bound is roughly (lg k + 19 e)n bits as 
k grows. Our work is the first, of which we know, to seriously explore succinct 
representations of cardinal trees of degree greater than 2. Our techniques answer 
queries asking for parent and subtree size in constant time, and find the ith child 
in O(lg 19 k) time, and better in most reasonable cases. The structure requires 
(fig k 1 + 2)n + o(n) bits. This can be written to more closely resemble the lower 
bound as (flgkl + flgel)n + o(n) bits. 

The rest of this paper is organized as follows. Section 2 describes previous 
encodings of ordinal trees. These two techniques are combined in Section 3 to 
achieve an ordinal tree encoding supporting all the desired operations in constant 
time. Section 4 extends this structure to support cardinal trees. 

2 Previous Work 

First we outline two ordinal tree representations that use 2n + o(n) bits, but do 
not support all of the desired operations in constant time. 

2.1 Jacobson's Ordinal Tree Encoding 

Jacobson's [11] encoding of ordinal trees represents a node of degree d as a 
string of d Is followed by a 0, which we denote 1 dO. Thus the degree of a node 
is represented by a simple binary prefix code, obtained from terminating the 
unary encoding with a O. These prefix codes are then written in a level-order 
traversal of the entire tree. This method is known as the level-order unary degree 
sequence representation (which we abbreviate to LOUDS), an example of which 
is given in Fig. 1 (b). Using auxiliary structures for the so-called rankO and 
selectO operations (see Section 2.2), LOUDS supports, in constant time, finding 
the parent, the ith child, and the degree of any node. 

Every node in the tree, except the root node, is a child of another node, and 
therefore has a 1 associated with it in the bit-string. The number of Os in the 
bit-string is equal to the number of nodes in the tree, because the description 
of every node (including the root node) ends with a O. Jacobson introduced the 
idea of a "superroot" node which simply prefixes the representation with a 1. 
This satisfies the idea of having "one 1 per node," thus making the total length 
of the bit-string 2n. Unfortunately, the LOUDS representation is illsuited to 
computing the subtree size, because in a level order encoding the information 
dealing with any subtree is likely spread throughout the encoding. 

2.2 Rank and Select 

The operations performed on Jacobson's tree representation require the use of 
two auxiliary structures: the rank and select structures [3,4,12,14]. These struc­
tures support the following operations, which are used extensively, either directly 
or implicitly, in all subsequent work, including this paper: 
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Rank: rank(j) returns the number of Is up to and including position j in an 
n bit string. An auxiliary o(n) bit structure [12] supports this operation 
in constant time. ranko(j) is the analogous function counting the Os. 

Select: select(j) returns the position of the jth 1. It also requires an auxil­
iary o(n) bit structure [12]. Jacobson's method takes more than con­
stant time, but inspects only O(lg n) bits. The modification of Clark 
and Munro [3,4] reduces this to 8(1) time. selecto(j) is the analogous 
function locating a O. 

The auxiliary structures for rank [3, 12] are constructed as follows: 
- Conceptually break the array into blocks of length r (lg n )21. Keep a table 

containing the number of Is up to the last position in each block. 
- Conceptually break each block into sub blocks of length fIg 19 n 1. Keep a table 

containing the number of Is within the block up to the last position in each 
subblock. 

- Keep a table giving the number of Is up to every possible position in every 
possible distinct subblock. 

A rank query, then, is simply the sum of three values, one from each table. For 
select, the approach is a bit more complicated, though similar in spirit. 

Traversals on Jacobson's encoding are performed using rank and select as 
follows. To compute the degree of a node given the position in the bit-string, p, 
at which its description begins, simply determine the number of Is up to the next 
O. This can be done using ranko and selecto by taking selecto (ranko (p) + 1) - p. 
To find the parent, selectl(ranko(p)+1) turns out to find the 1 in the description 
of the parent that corresponds to this child. Thus, searching backwards to the 
previous zero (using rankl then selectl) finds the bit before the beginning of the 
description of the parent. Note that the "+1" term is because of the superroot. 
Inverting this formula, the ith child is computed by selecto (rankl (p + i - 1) - 1). 
Of course, we must first check that i is at most the degree of the node. 

2.3 The Balanced Parentheses of Munro and Raman 

The binary tree encoding of Munro and Raman [15] is based on the isomor­
phism with ordinal trees, reinterpreted as balanced strings of parentheses. Our 
work is based upon theirs and we also find it more convenient to express the 
rank and select operations in terms of operating on parentheses, so equate: 
rankopen(j) == rank(j), rankclose(j) == ranko(j) , selectopen(j) == select(j) and 
selectclose(j) == selecto(j). The following operations, defined on strings of bal­
anced parentheses, can be performed in constant time [15]: 

Jindclose(i): find the position of the close parenthesis matching the open paren­
thesis in position i. 

Jindopen( i): find the position of the open parenthesis that matches the dosing 
parenthesis in position i. 

excess(i): find the difference between the number of open and closing parenthe­
ses before position i. 

enclose(i): given a parenthesis pair whose open parenthesis is in position i, find 
its closest enclosing matching parenthesis pair. 
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(b) Jacobson's LOUDS Representation (without 
the superroot). The commas have been added to 
aid the reader. 
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(d) Our DFUDS Representation 

Fig. 1. Three Ordinal Encodings of an Ordinal Tree 

double_enclose (x, y): given two nonoverlap ping parenthesis pairs whose open 
parentheses appear in positions x and y respectively, find a parenthe­
sis pair, if one exists, that most tightly encloses both parenthesis pairs. 
(This is equivalent to finding the least common ancestor in the analogous 
tree.) 

open_of(p) & close_of(p) : select either the open or close parenthesis of the 
parenthesis pair, p, returned by enclose(i) or double_enclose(x, y). 

In this encoding of ordinal trees as balanced strings of parentheses, the key 
point is that the nodes of a subtree are stored contiguously. The size of the 
subtree, then, is implicitly given by the begin and end points of the encoding. 
This representation is derived from a depth-first traversal of the tree, writing a 
left (open) parenthesis on the way down, and writing a right (close) parenthesis 
on the way up. Using the findopen(i) and findclose(i) operations, one can give 
the subtree size by taking half the difference between the positions of the left 
and right parentheses that enclose the description for the subtree of the node. 
The parent of a node is also given in constant time using the encloseO operation 
(described in [15]). An example of this encoding is given in Fig. l(c). 

The problem with this representation is that finding the ith child takes B(i) 
time. However, it provides an intuitive method of finding the size of any subtree. 
Indeed, we will use the balanced parenthesis structure in the next section for our 
ordinal tree representation. 
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3 Our Ordinal Tree Representation 
Munro and Raman's representation is able to give the size of the subtree because 
the representation is created in depth-first order, and so each subtree is described 
as a contiguous balanced string of parentheses. Jacobson's representation allows 
access to the ith child in constant time because there is a simple relationship 
between a node and its children based on rank and select. 

To combine the virtues of these two methods, we write the level-order unary 
degree sequence of each node but in a depth-first traversal of the tree, creat­
ing what we call a depth-first unary degree sequence representation (DFUDS). 
The representation of each node contains essentially the same information as 
in LOUDS, written in a different order. This creates a string of parentheses 
which is almost balanced; there is one unmatched closing parenthesis. We will 
add an artificial opening parenthesis at the beginning of the string to match 
the closing parenthesis (like Jacobson's superroot). We use the redefinitions of 
rank and select in terms of strings of parentheses and the operations described 
in Section 2.3. An example of our encoding is given in Fig. l(d). 

Theorem 1. The DFUDS representation produces a string of balanced paren­
theses on all non-null trees. 

Proof. The construction's validity follows by induction and the observations: 

- If the root has no children, then the representation is '0'. 
- Assume that the method produces p strings, R1 , R2 , ••• ,Rp, of balanced 

parentheses for p different trees. We must prove that the method will produce 
a string of balanced parentheses when all p 'subtrees' are made children of a 
single root node (note that it would not make sense for any of these trees to 
be null, as they would not be included as 'children' of the new root node). 
By definition, we start the representation, Rn , of the new tree with a leading 
'(' followed by p '('s and a single ')' representing that the root has p children. 
So far, Rn is '«P)' meaning that there are p '('S which have to be matched. 
Next, for each i from 1 to p, strip the leading (artificial) '(' from Ri , and ap­
pend the remainder of Ri to Rn. Because R1 , ... , Rp were strings of balanced 
parentheses, we stripped the leading '(' from each, and appended them to a 
string starting with p unmatched '(" the string is balanced. D 

3.1 Operations 

The following subsections detail how the navigation operations are performed 
on this representation. They lead to our main result for ordinal trees. 

Theorem 2. There is a 2n + o(n) bit representation of an n node ordinal tree, 
that provides a mapping between the nodes of the tree and the integers in [1, n] 
and permits finding the degree, parent, i th child and subtree size in constant time. 

Finding the ith Child of a Node. This includes the operation of finding the 
degree of a node. From the beginning of the description of the current node: 

- Find the degree d of the current node, by finding the number of open­
ing parentheses that are listed before the next closing parenthesis (using 
rankclose and selectclose). If i > d, child i cannot be present; abort. 
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- Jump forward d - i positions. This places us at the left parenthesis whose 
matching right parenthesis immediately precedes the description of the sub­
tree rooted at child i. 

- Find the right parenthesis that matches the left parenthesis at the current 
position. The encoding of the child begins after this position. 

Alternatively, assuming that the node has at least i children, the description of 
the ith child is a fully parenthesized expression beginning at position 

findclose (selectclose (rankclose (position) + 1) - i) + 1. (1) 

Finding the Parent of a Node. From the beginning of the description of the 
current node: 

- Find the opening parenthesis that matches the closing parenthesis that comes 
before the current node. (If the parenthesis before the current node is an 
opening parenthesis, we are at the root of the tree, which has no parent, so 
we abort.) We are now within the description of the parent node. 

- To find the beginning of the description of the parent node, jump backwards 
to the first preceding closing parenthesis (if there are none, the parent is the 
root of the tree), and the description of the parent node is after this closing 
parenthesis (or the opening parenthesis in the case of the root node). 

Alternatively, the description of the parent of a node is a fully parenthesized 
expression beginning at position 

selectclose(rankclose(findopen(position - 1))) + 1. (2) 

Note this is correct even when the parent is the root node, because rankclose (i) 
returns 0 if there are no closing parentheses up to position i in the string, and 
selectclose(O) returns O. 

Subtree Size. From the beginning of the description for the current node, the 
number of items in the subtree of the current node is equivalent to the number 
of open parentheses in the string of balanced parentheses that describes the 
subtree. The algorithm is as follows: 

- Find the innermost set of parentheses that enclose the current position. 
- The subtree size is the difference between the number of open parentheses 

up to the closing parentheses of those found above, and those before the 
current position. 

Alternatively, the size of the subtree at the current position is 
rankopen (close_of( enclose(position))) - rankopen (position). (3) 

Equivalently, we can find the subtree size as half the number of characters in the 
string which describes the subtree, or 

l(close_of(enclose(position)) - position) /2J . (4) 

Next we use this data structure to implement cardinal trees. 

4 Our Cardinal Tree Encoding 
A simple cardinal tree encoding can be obtained by a slight modification to 
a binary tree encoding by Jacobson [11,12]. The modified encoding for k-ary 
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trees simply encodes a node by k bits, where the ith specifies whether child i 
is present. We call this the bitmap representation of a node. It can be applied 
to any tree ordering such as level order or, for our present purposes, depth-first 
order. An example of this encoding, for k = 4, is given in Fig. 2. 

Fig. 2. Generalized Jacobson Encoding of a 4-ary Tree: 1111 111111111011 1110 1101 
1001 0000 0011 0000 1111 0010 1111 1001 1101 1100 0011 1101 1011 0000 0000 0000 
0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 
0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000-200 bits. 

This encoding has the major disadvantage of taking kn bits, far from the 
lower bound of roughly (lg k + 19 e )n. This section describes our method for es­
sentially achieving "the lower bound with ceilings added," i.e., (fIg k 1 + fIg e l)n + 
o(n) bits. We use as a component the succinct encoding of ordinal trees from 
the previous section, which takes the I1g e 1 n = 2n (+o( n)) term of the storage 
bound. The remaining storage allows us to use, for each node, dl1g k 1 bits to 
encode which children are present, where d is the number of children at that 
node. 

If k is very small with respect to n (k ::; (1 - €) 19 n), we use the o( n) term 
in the storage bound to write down the bitmap encoding for every type of node, 
because there are only 2k types. The space allocated to each node (dflg k 1 bits) 
can be used to store an index to the appropriate type of node. As the ordinal 
tree representation gives us the node degree, call it d, we only need dl1g k 1 bits 
to distinguish among almost kd types with d children present. 

On the other hand, even when k is a bit larger, we can reduce the decoding 
time (from a more efficient description) to a constant using the "powerful" 19n 
bit words. This idea is the topic of the remainder of the section. Our result is 
related to, but more precise in terms of model, than that of [5]. 

4.1 High Level Structure Description 

The ordinal tree representation in Section 3 gives, in constant time, three of the 
four major operations we wish to perform on cardinal trees: subtree size, ith 
child, and parent. In a cardinal tree, we also want to perform the operation "go 
to the child with label j" as opposed to "go to the ith child". This question 
can be answered by storing additional information at each node, which encodes 
the labels of the present children, and efficiently supports finding the ordinal 
number of the child with a given label. In this way, the cardinal tree operations 
reduce to ordinal tree operations. It remains to show how to encode the child 
information at each node. For simplicity we will assume that k is at most n. If k 
is greater than n, the same results follow immediately from our proofs provided 
we use the (natural) model of I1g k 1 bit words. 
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4.2 Different Structures for Different Ranges 

For each node, we know from the ordinal tree encoding the number of present 
children, d. If d is small, say one or two, we would list the children. If it is large, 
however, a structure such as a bit-vector is more appropriate. In this section we 
handle the details of this process. 

In the case of a very small number of children (a sparse set), we are willing 
to simply list the children that are present. The upper bound on the number of 
items we choose to explicitly list is 19 k, meaning if a binary search is performed 
on this list, it will take at most 19 19 k time to answer membership queries. For 
reasonable values of k, say smaller than the number of particles in the universe, 
19 19 k is a single digit number. Nevertheless, in the interests of stating a more 
general result, we consider packing several I1g k 1 bit indicators into a single I1g n 1 
bit word. An auxiliary table of o(n) bits can be used to detect whether, and if so 
where, a suitably aligned given I1g k 1 bits occur. This can be used either to scan 
the representation of the children that are present, or to replace a binary search 
with a search that branches in one of L 1 + 19 n/ 19 kJ ways. As a consequence, the 
search cost is 0 (lg 19 k / (lg 19 n - 19 19 k)). This search cost is constant, provided 
k is reasonably smaller than n, namely k ::; 2(lg n)l-E for some fixed c > o. 

Moderate sets, those with anywhere between 19 k and k children, are trickier 
and the topic of the next section. 

4.3 Representing Moderate Sets 

This section deals primarily with storing a set of elements to facilitate fast 
searches while requiring near minimal space. This is a heavily studied area, but 
we have the additional requirement that if an element is found, its rank must 
also be returned. 

To solve this problem we will use the method of Brodnik and Munro [2]. The 
method, for sets with the sparseness we are interested in, is as follows: 

- Split the universe, k, into p buckets of equal size (the parameter p will be 
chosen later to optimize space usage). 

- The values that fall into each bucket are stored using a perfect hash func­
tion [6-8]. 

To access the values stored in the buckets, we must index directly into the 
bucket for a given value. We do this by storing an array of pointers to buckets, 
so that given any value x, we search for it in bucket Lx / (k / p) J. Each of these 
pointers occupies I1g dl bits, making the index to the buckets of size p fig dl bits. 

Because each of the subranges is of the same size, the space required to store 
each of the elements is 19(k/p) bits, giving a total of dlg(k/p) bits for the entire 
set. All that is left to describe is the hash function for each bucket. Brodnik 
and Munro refer to the method described by Fiat et at. [7] bounding the space 
needed to store a perfect hash function for bucket i by 6lg di +31g 19(k/p) +0(1) 
where di is the size of the ith bucket. Thus the total space needed to store the 
hash functions for all the p buckets is 3plglg(k/p) + I:f=l 6lgdi + O(p) which 
is at most 3plglg(k/p) + 6plg(d/p) + O(p). The structure of Fiat et at. does 
not support ranks. To support ranks, we store in a separate array the rank of 
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the first element of each bucket. In addition, we create an array that for each 
bucket stores the rank of each element within its bucket. The extra space for 
these arrays is pfIgdl + L:f=l di 19di which is at most pflgdl +dlg(d/p). We also 
need to know the di's, in order to look at the appropriate 19 di bits to find the 
inner rank. But di is simply the difference between the rank of the first element 
of the ith bucket and the first element of the (i+l)st bucket. 

Finally, in the rank structure we also need to know the beginning of the 
information for each bucket. The rank structure takes at most dlg(d/p) bits. So 
keeping a pointer to the first location describing the rank information of every 
bucket takes another plg(dlg(d/p)) bits. Thus the overall space requirement is 
at most 3p fIgdl + dIg k - dlgp+ 3plglg(k/p) + 6plg(d/p) + O(p) + dlg(d/p) + 
pig 19( d/ p). By choosing p = d/ c for a large constant c and using the fact that 
d> 19 k, we have that the space requirement for this range is at most dIg k. 

4.4 Representation Construction & Details 

Construction of the representation of a k-ary cardinal tree is a two stage process. 
First we store the representation of the ordinal tree (the cardinal tree without 
the labels), and any auxiliary structures required for the operations, in 2n+o(n) 
bits. Next, to facilitate an easy mapping from the ordinal representation to the 
cardinal information we traverse the tree in depth-first order (as in creating the 
ordinal tree representation) and store the representation for the set of children 
at each node encountered. If we encounter a moderately sparse node, we also 
store the hash functions in an auxiliary table (separate from everything else). 
Each structure is written using d fIg k 1 bits, and if less than that is required, the 
structure is padded to fill the entire d fIg k 1 bits. 

))) 

Fig. 3. Our Cardinal Tree Encoding of the Tree in Fig. 2 

Navigation. Once we have stored the tree (an example of which is given in 
Fig. 3), we need to be able to navigate efficiently through the tree. Finding the 
parent of a node and the subtree size can both be performed using only the 
ordinal tree structure, but finding the child with label j of a node q requires the 
cardinal information. Now we outline the search procedure and its correctness: 
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- Let p be the beginning position of the representation of node q. 
- Set bp to the number of open parentheses strictly before position p, i.e., 

rankopen (p - 1). 
- Go to position bpfIg k 1 of the array storing the cardinal information, to get 

to the representation of the children of q. 
- From k and d (the degree of node q which can be determined using an ordinal 

operation), we know which type of representation is stored in the the next 
d fIg k 1 bits and we can use the appropriate search for child j. If j is present, 
this search will return its rank within the set of q's children. 

- This rank, r, can then be used to navigate down the tree using the ordinal 
tree operation "rth child." 

Note that the time to execute this procedure is dominated by the cost of 
searching through the cardinal information, as described in Section 4.2. 

4.5 Results 

This representation takes fIg k 1 + 2 + 0(1) bits per node, where the 0(1) term 
is for the structures needed by the ordinal tree (Section 3) as well as the space 
used to store the hash functions (Section 4.3). Compared with the lower bound 
of approximately 19 k + 19 e bits per node, there is a difference of 0.5573 + 0(1) 
bits per node plus the effects of the ceiling on the 19 k term. This ceiling could 
be virtually eliminated by using the Chinese Remainder Theorem, although the 
modification would greatly increase the complexity of decoding the information. 

Theorem 3. There exists a (fIg k 1 + 2) n + o(n) bit representation of a k-ary 
cardinal tree on n nodes that provides a mapping between the nodes of the tree 
and the integers in [1, n] and supports the operations of finding the parent of a 
node or the size of the subtree rooted at any node in constant time and supports 
finding the child with label j in 19l9 k time. More generally finding the child with 
label j can be supported in time O(lg 19 k / (lg 19 n - 19 19 k)), which is constant if 
k ~ 2(1gn)l-e for some fixed e > o. 
Proof. The ordinal tree component of our representation uses 2n + o( n) bits 
and supports, in constant time, finding the parent of any node and finding the 
size of the subtree rooted at any node (Section 3). To find the child with label 
j, we require the cardinal information, stored in n rIg k 1 bits, a table indexing 
the perfect hash functions, which uses o(n) bits (Section 4.3) and the algorithm 
described in Section 4.4. The total space is therefore (2 + fig k l)n + o( n). 0 

This structure is intended for a situation in which k is very large and not 
viewed as a constant. In most applications of cardinal trees (e.g., B-trees or tries 
over the Latin alphabet), k is given a priori. It is a matter of "data structure 
engineering" to decide what aspects of our solution for "asymptotically large" k 
are appropriate when k is 256 or 4. While it may be a matter of debate as to 
the functional relationship between "256" and k, it is generally accepted that 4, 
the cardinality of the alphabet describing genetic codes, is a (reasonably) small 
constant. Simplifying and tuning our prior discussions [1] we can obtain a more 
succinct encoding of cardinal trees of degree 4: 
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Corollary 1. There exists a (3 + 152) n + o( n) bit representation of 4-ary trees 
on n nodes, that supports, in constant time, finding the parent of a node, the 
size of the subtree rooted at any node and the child with label j. 

We note that this is substantially better that the naive approach of repre­
senting each node in the tree of degree 4 by a node and two children in a binary 
tree. The latter would require 6n + o(n) bits. 

Acknowledgment: The last author would like to acknowledge with thanks the 
useful discussion he had with S. Srinivasa Rao. 
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Abstract. The indexing problem is the one where a text is preprocessed 
and subsequent queries of the form: "Find all occurrences of pattern P 
in the text" arc answered in time proportional to the length of the query 
and the number of occurrences. In the diciionar'Y matching pmblern a set 
of patterns is preprocessed and subsequent queries of the form: "Find 
all occurrences of dictionary patterns in text T" are answered in time 
proportional to the length of the text and the number of occurrences. 

In this paper we present a uniform deterministic solution to both the 
indexing and the general dictionary matching problem with one error. 
We preprocess the data in time O(nlog2 n), where n is the text size in 
the indexing problem and the dictionary size in the dictionary matching 
problem. Our query time for the indexing problem is 0 (rnlog n log log n + 
tocc) , where rn is the query string size and tocc is the number of occur­
rences. 
Our query time for the dictionary matching problem is 0 (n log3 d log log cl+ 
too;), where n is the text size and d the dictionary size. 

1 Introduction 

The well known string matching problem that appears in all algorithms text­
books has as its input a text T of length n and pattern P of length Tn over a 
given alphabet E. The output is all text locations where there is an exact match 
of the pattern. This problem has received much attention, and many algorithms 
were developed to solve it (e.g. [14,10,17,5,15]). 
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Two important more general models have been identified quite early, indexing 
and dictionary matching. These models have attained an even greater importance 
with the explosive growth of multimedia, digital libraries, and the Internet. 

The indexing problem assumes a (usually very large) text that is to be prepro­
cessed in a fashion that will allow efficient future queries of the following type. 
A query is a (significantly shorter) pattern. One wants to find all text locations 
that match the pattern in time proportional to the pattern length and number 
of occurrences. The problem is formally defined as follows. Input: Text T of 
length n over alphabet E. Query: pattern P of length m over alphabet E. Goal: 
Preprocess T in time as close to linear as possible, and answer a length-m query 
in time as close to O(m + toee) as possible, where toeeis the number of pattern 
occurrences in the text. 

Weiner's suffix tree [24] in effect solved the indexing problem for exact match­
ing of fixed texts. Succeedingly improved algorithms for the indexing problem 
in dynamic texts were suggested by [12,9] and finally solved by Sahinalp and 
Vishkin [23]. No algorithm is currently known for approximate indexing, i.e. the 
indexing problem where up to a given number of errors is allowed in a match. 

The d'ict'ionary TT/,atching problem is, in some sense, the "inverse" of the indexing 
problem. The large body' that needs to be preprocessed is a set of patterns, 
called the dictionary. The :queriesare texts whose length is typically significantly 
smaller than the total dictionary size. It is desired to find all (exact) occurrences 
of dictionary patterns in the text in time proportional to the text length and 
number of occurrences. Formally, Input: A dictionary D = {Pl , ... p.}, where 
Pi, 'i = 1, ... , s are patterns over alphabet E, and d = 2::==1 IPd, the sum of the 
lengths of all the dictionary patterns. Query: Text T of length n over alphabet E. 
Goal: Preprocess D in time as close to linear as possible, and answer a length-n 
query in time as close to O(n + toee) as possible, where toee is the number of 
occurrences of dictionary patterns that appear in the text. 

Aho and Corasick [1] gave an automaton-based algorithm that preprocesses the 
dictionary in time O(d) and answers a query in time O(n + toee). A logarithmic 
multiple is present for alphabets of unbounded size. Efficient algorithms for a 
dynamic dictionary appear in [2,3,13,4,23]. As in the indexing case, the approx­
imate dictionary matching problem, where all pattern occurrences with at most 
a given number of errors, has proven elusive. In fact, the problem was defined 
by Minsky and Papert [21] as early as 1969, and had no general solution. There 
has been a great deal of progress in probabilistic and randomized solutions for 
the Nearest Neighbor problem [11,16,18]' however, there is currently no known 
efficient deterministic worst-case algorithm. The Nearest Ne'ighbor Problem is 
similar to the dictionary matching problem in that "close" dictionary matches 
to a text are sought. However, there are some significant differences between the 
two. 
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In a recent paper [25], Yao and Yao give a data structure for deterministically 
solving the nearest neighbor problem for the case of one error in the hamming 
metric. They assume that all dictionary patterns are of exactly the same length, 
and that the query text is also of the same length. The preprocessing time and 
space of their algorithm is O(dlogm,) and the query time is O(mloglogs). The 
above result was improved by Brodal and G<}sieniec [6]. They shaved off the 
log factors of all the results in [25]. It should be noted that both above papers 
assume a bounded finite alphabet. 

As remarked above, both these algorithms can easily be extended for longer 
query texts by multiplying the query time by the text length n (i.e. the query 
time for the Yao and Yao algorithm becomes O(mnloglogs), and the Brodal 
and G<}sieniec algorithm becomes O(nm)). However, their methods rely very 
heavily on all patterns having the same length. 

In this paper we present a new approach that solves the single error version of 
both the indexing and dictionary matching problems. Unlike the previous de­
terministic results, our dictionary may have patternii of different lengths. Our 
matching algorithm looks for any patteI'll that appears in the text, within er­
ror distance one, not just for dictionary patterns whose hamming distance from 
the query pattern is one. For dictionary matching our preprocessing time is 
o (d 10g2 d). Our query time is 0 (n log3 d log log d + toee) , where toee is the num­
ber of occurrences found. For the indexing problem our preprocessing time is 
O(nlog2 n) and our query time is O(ndognloglogn + toee). 

Both of our algorithms combine a bidirectional construction of suffix trees, simi­
larly to the data structure in [6], with range queries for efficient set intersections. 
The later is an interesting problem in itii own right. 

2 Suffix Trees and the Indexing Problem 

Definition 1. Let 5[1, m] = 8182 ... Sm-l $ be a string, where the special char­
acter $ is not in E. The s'Uffi:r tree Ts of 5 is a compacted t'rie fo'f' all ,mffixes 
of 5. 

Since $ is not in the alphabet, all suffixes of 5 are distinct and each suffix is 
associated with a leaf of Ts. There are several papers that describe linear time 
algorithms for building suffix trees, e.g. [24,20,7,8]. 

Observation 1 Let 5T lie the s'Uffix t'f'ee of text T. Let P = PI ... Pm be a 
pattern. Start at the s'llffix tree root and follow the labels on the tree as long as 
they match PI ... Pm. If at some point there is no matching label, then P does 
not appear in T. Otherwise, let v be the closest node (from below) to the label 
whe'f'e '/lie stopped. The sta'f'ting location of the suffixes that ar'e leaves ,in the 
subtree rooted at v are precisely all text locations wher'e the patterTI, appears. It is 
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easy to see that this result can be obtained, for a fixed bounded alphabet, in time 
O(rn + tocc). 

3 Indexing with One Error - Bidirectional Use of Suffix 
Trees 

We want to find all locations of a query pattern P in preprocessed text T with 
one error. There are several definitions of errors. The edit distance allows for 
mismatches, insertions and deletions [19], the hamming distance allows for mis­
matches only. Throughout the rest of this paper we will discuss a mismatch 
error, but a similar treatment will handle insertions and deletions. 

For simplicity's sake we make the following assumption. Assume that there are 
no exact matches of the pattern in the text. We will relax this assumption later. 
In section 6 we will handle the case where there may be exact matches of the 
pattern in the text and we are interested in all occurrences with exactly one 
error. 

The main idea: Assume there is a pattern occurrence at text location i with a 
single mismatch in location i + j. This means that PI ... pj has an exact match 
at location i and Pj+2 ... Pm has an exact match at location i + j + l. 

The distance between location i and location 'i + j + 1 is dependent on the 
mismatch location, and that is somewhat problematic. We therefore choose to 
"wrap" the pattern around the mismatch. In other words, if we stand exactly at 
location i + j of the text and look left, we see Pj ... Pl. If we look right we see 

Pj+2" ·Pm· 

This leads to the following algorithm. 

Algorithm Outline 

Preprocessing: 

P,l Construct a suffix tree 5T of text string T and suffix tree 5T R of the string T R , 

where TR is the reversed text TR = tn ... t l . 

P.2 For each of the suffix trees, link all leaves of the suffix tree in a left-to-right 
order. 

P.3 For each of the suffix trees, set pointers from each tree node 'V to its leftmost 
and rightmost leaf in the linked list. 

P.4 Designate each leaf in 5T by the starting location of its suffix. Designate each 
leaf in 5T R by n - i + 3, where 'i is the starting position of the leaf's suffix in 
TR. 
{ The leaf designation was made to coincide for a left-segment and right 
segment of the same error location, } 
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Query Processing: 

For j = 1, ... , Tn do 
1. Find node v, the location of PHI· .. Pm in 5T, if such a node exists. 
2. Find node 'W, the location of Pj-l·· ·Pl in 5T R, if such a node exists. 
3. If v and w exist, find intersection of leaves in the subtrees rooted at v and w. 

end Algorithm Outline 

In s~ction 4 w~ will show how to pro<:~ss st~ps 1. and 2. of tll(; qu~ry proc~ss­
ing for the j's in ovemll linear time, and in s~ctiOll 5 w~ will s~~ an ~fficient 
implementation of st~p 3 of th~ qu~ry processing. 

4 Navigating on the Suffix Trees 

Assume that we have found th~ node in ST wher~ Pj ... Pm r~sid~s. We would 
lik~ to mov~ to th~ nod~ wh~r~ Pj+l ... Pm appears. Similarly, if we hav~ the node 
in 5T R wh~r~ Pi· .. PI ~nds, w~ would lik~ to aITiv~ at th~ nod~ wh~r~ Pi+l ... PI 
ends. 

In ord~r to achiev~ this we r~view th~ traits of one of the algorithms for linear 
time suffix tre~ constructions - Wein~r's algorithm [24]. There is no n~~d to 
understand the details of the algorithm. The only n~cessary information is the 
following. 

Let 5 = 81 ... 8 n $ be a string. The Wein~r construction of suffix tree starts with 
th~ suffix $, then adds the suffixes 8 n $, 8n-18n$, ... ,8182 ... 8 n $. The total 
construction tim~ is linear for finit~ fixed alphah~ts. 

Consid~r the string PmPm-l ... PI %T R, wh~r~ % tf. TR. The W~in~r construction 
will at som~ point -hav~ th~ suffix tr~~ for T R , then add PI %TR, P2Pl %TR , ... , 
PmPm-l ... PI %TR. As point~d out in [2], becaus~ % tf. T R , the total time for 
W~iner's algorithm to add all th~ suffixes that start at the pattern is O('(n). 

Th~ suffix tree part for TR is precisely 5T R, and this part is constructed during 
the preprocessing phas~. For ev~ry query pattern, we simply continue the Weiner 
construction. This, in effect, finds for us the locations we d~sire in total linear 
time. When the qu~ry is over, we retrace our steps and remove the pattern parts 
from 5T R. 

Th~ case for the tree 5T is similar. Consider the str·ing PIP2·· ·Pm%T, where 
% tf. T. The Weiner construction will at somE-~ point have th~ suffix tre~ for T, 
which is the 5T part don~ during pr~proc~ssing. Th~n the Wein~r construction 
adds Pm%T, Pm-1Pm,%T, ... ,lhP2 ... Pm,%T. This, in reality, also finds allloca­
tions we ar~ int~rest~d in, but the ord~r th~y ar~ ~ncount~red is reversed. This 
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fact can be simply circumvented by keeping an array of pointers to all the nec­
essary nodes, and following that array backwards in lockstep with the forward 
movement on tree STR. 

One last necessary detail would be to have a special tag on the new nodes (added 
during the query phase) in order to tell if the final nodes mean an occurrence in 
the original tree or not. 

This use of Weiner's construction clearly indicates that it is indeed possible to 
navigate the trees in linear time in the size of the pattern. In the next section 
we show how to extract the intersection of two sets in time proportional to the 
intersection. 

5 Efficient Set Intersection via Range Queries 

We are seeking a solution to the following problem. 

Definition 2. The subarray intersection problem is defined as follows. Let V[1..n] 
and W[l..n] be two perm'utations of {I, ... ,n}. Preprocess the arrays ,in efficient 
time in a fashion that allows fast solution to the following q'uery. 

Query: Find the inter'section of elements of V['i .. i + k] and W[j .. j + fl. 

We now show that this problem is just a different formulation of the well-studied 
range searching on a grid problem. In the range searching on a grid problem, 
one is given n points in 2-dimensional space. These points all lie on the grid 
[O,l, ... ,U] x [O,l, ... ,U]. Queries are of the form [a,b] x [c,d] and the result are 
all the points in that matrix. 

Lemma 1. Let U = n, if the range searching on a gr'id can be preprocessed in 
time f (n) such that 'replies to quer'ies take g(n) time then the subar'7'ay intersec­
tion problem can be solved with the same time bounds. 

Proof: Since the arrays are permutations, every number between 1 and n ap­
pears precisely once in each array. The coordinates of every number i are [x, y], 
where V[x] = Wry] = i. It is clear that the range search gives precisely the 
intersection. 0 

Overmars [22] shows an algorithm that preprocesses the points in time and space 
O(n log n) and the query time is O(k + v'log U), where k is the number of points 
in the range [a,b] x [c,d]. Therefore we have the following. 

Theorem 2. Let T = tl . , . tn and P = Pl .. 'Pm' Indexing with one error can 
be solved with O(nlogn) pr'eprocessing t'ime and O(tocc + mv'logn) query time, 
where tocc is the number of occurrences of the pattern in the text with (exactly) 
one error. 
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Proof: Since steps P.1. to P.4. can be implemented in O(n) time the total 
preprocessing time i~ dominated by the O(n log n) preprocessing for the ~ubarray 
intersection. 

Step 3. of the query processing can be done in time 0 (tocc+ Jlog n) by combining 
Overmar's result with Lemma 1. We have seen in section 4 that steps 1. and 2. 
of the query processing can be done in total time O(m) for j = i, ... , Tn. This will 
bring our total query time to O(mJlog n + tocc). D 

6 Indexing with One Error when Exact Matches Exist 

Our algorithm assumed that there was no exact pattern occurrence in the text. 
In fact, the algorithm would also work for the case where there are exact pattern 
matches in the text, but it" time complexity would suffer. Our algorithm's main 
idea was checking, for every text location, for exact matches of all ~ubpat.terns of 
all lengths to the left and to the right of that location. If there are exact pattern 
matches, this means that every exact occurrence is reported Tn times. The worst 
case could end up being as bad as O(nm) (for example if the text is An and the 
pattern is Am). 

We propo~e to handle the case of exact occurrences using the following idea. 
Our navigation down the ~uffix trees allows us to position ourselves at all text 
locations that have an exact match to the left and simultaneously all locations 
that have an exact match to the right. In section 5 we saw how to efficiently 
compute the inter~ection of those two sets. What we currently need is really 
a third dimen~ion to the range. We actually need the inter~ection of all suffix 
labels such that the symbol preceding the suffix is different from the symbol at 
that respective pattern location. 

We therefore need to make the following additions to the algorithm. 

Preprocessing: 

{ Recall that each leaf in ST is designated by the starting location of its suffix, 
and each leaf in STR i~ designated by n - 'i + 3 where 'i is the starting location 
of the suffix in TR. } 

P.5 Add to the leaf designated by 'i, in both ST and STR the symbol T[i - 1], 

Range Query Preprocessing: Preprocess for a 3-dimensional range queries 
problem on the matrix [1, ... , n] x [1, ... , n] x E. If E is unbounded, then use only 
the O(n) symbols in T. A~ in section 5, the coordinates of number i with symbol 
a are [:1:, y, a], where V[:I:] = Wry]. 

The only necessary modification in the query processing part of the algorithm 
is in step 3 which becomes: 
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3. If v and w exist, find intersection of leaves in the subtrees rooted at v and 
w where the attached alphabet symbol is not the respective pattern mismatch 
symbol. 

The above step can be implemented by two half infinite range queries on the three 
dimensional range [1, a -1] X [ve, vr] X [we, w,,] and [a + 1, lEI] X [ve, vr] X [we, w,,], 
where we assume that the alphabet symbols are numbered 1, ... , 1171, and where 
ve(we), and vr(wr) are the leftmost and rightmost sons of v (w), respectively. 

Theorem 3. Let T = tl ... tn and P = Pl ... Pm. Indexing 'With one erTor can be 
solved 'With 0 (n log2 n) preprocess'ing time and O( tacc + m log n log log n) query 
time, 'Where tacc is the number of occurences of the pattern in the text 'With at 
most one erTor. 

Proof: The time of the preprocessing stage is affected only by the range query 
preprocessing. By Theorem 7.2 of [22], half infinite range queries on the three 
dimensional range can be preprocessed in time and space 0 (n log2 n). Therefore 
O(n log2 n) is the total preprocessing time. 

If we use the method suggested in [22] and give the highest level to one of the 
index coordinates and use the alphabet symbol as the second coordinate, such 
a query can be implemented in time O( tacc + log n log log n). 0 

7 Suffix Trees and Dictionary Matching 

AmiI' and Farach [2] introduced the use of suffix trees for dictionary matching. 
The idea is the following. 

Let D be a concatenation of all dictionary patterns, with a different separator 
at the end of each pattern (all separators not in E). Construct suffix tree S D of 
D. Mark the leaves that start in a dictionary pattern. 

When a query text arrives, add it to the suffix tree in the Weiner fashion de­
scribed in Section 4. Every node touched by a text suffix that has a marked child 
designates an occurrence of that dictionary pattern. 

8 Dictionary Matching with One Error 

Our aim is to use the bidirectional suffix tree idea of section 3 combined with 
dictionary matching via suffix trees as described in section 7. 

Construct suffix trees S D and S DR, where D is a string of the concatenated 
dictionary patterns, separated by different symbols. Upon the arrival of a text 
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string T, insert T into S D and TR into S DR. Suppose that for location i we 
have ti+ 1 ... tn ending in node 'V of S D and ti -1 ... t1 ending in node w of S DR. 
Consider the paths from the root to 'V in S D and from the root to w in S DR. Any 
node in these paths that has a leaf as a direct child is an indication of a pattern 
suffix that starts at the start of substring ti+1 ... tn and matches the appropriate 
locations in ti+1 ... tn until it concludes (or a pattern prefix that starts at ti-1 

and ends somewhere inside ti-1 ... td. 

As in the indexing case (section 3) label pattern substrings in the different trees 
such that a suffix in SD has the same label as a prefix in SDR that starts one 
location away from the suffix beginning. If that is the case, then our problem is 
reduced to finding the intersection of the set of labels that are direct children of 
nodes on the path from the root to 'V and from the root to 'IV. As in the indexing 
case, let us assume for now that there is no exact match of any pattern in the 
text. This assumption can be relaxed in precisely the same manner as in the 
indexing case. 

The above idea suggests the following algorithm outline. 

Algorithm Outline 

Preprocessing: 

P.1 Construct a suffix tree SD of string D and suffix tree SDR of the string DR, 
where D is the concatenation of all dictionary patterns, with a different separator 
at the end of each pattern (all separators not in E), and where DR is the reversal 
of string D. 

P.2 For suffix tree SD, construct a similar tree S~ in the following way. Start with 
S~ equal to SD with every corresponding node doubly linked. 
(a) Let v be a leaf in SD whose first symbol is the pattern separator of pattern 

.i, and let 'i be the location of pattern / s suffix that starts at the root and 
ends at v. let w be v's father, and :1: be w's father. Delete v from the tree 
S~ and add a new node between :1: and 'IV whose label is index i of pattern 
J. 

(b) Let v be a leaf whose first symbol is not a pattern separator. Assume the 
substring at v is o-a%o-', where 0- is a string over 17, a E 17, % is a separator 
of pattern j, and 'i is the location in pattern .i of the suffix starting at the 
root and ending in v. Then leave v with label 0-, add to it a son 'IV labeled 
index i of pattern j and add a son :1: to w labeled with a. Make sure x is 
doubly linked with v in SD. 

P.3 For suffix tree S DR, construct a similar tree S'rYR in the following way. Start 
with S'rYR equal to SDR with every corresponding node doubly linked. 
(a) Let IJ be a leaf in S DR whose first symbol is the pattern separator of pattern 

.i, and let i be the location of pattern .i + l's prefix that starts at the root 
and ends at IJ. let w be v's father, and x be 'IV's father. Delete v from 
the tree S'rYR and add a new node between x and w whose label is index 
Tnj+1 - i + 3 of pattern .i + I, where Tnj+l is the length of pattern j + 1. 
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{ Note that we are simply labeling the two halves of pattern j + 1 in 
both trees with the same label, in a similar fashion to the way it was 
done in the indexing case. } 

(b) Let v be a leaf whose first symbol is not a pattern separator. Assume the 
substring at v is (J"a%(J"', where (J" is a string over E, a E E, % is a separator 
of pattern j, and i is the location in pattern j + 1 of the prefix starting 
at the root and ending in v. Then leave v with label (J", add to it a son w 
labeled index mj+l - i + 3 of pattern j + 1 and add a son x to w labeled 
with a. Make sure x is doubly linked with v in S DR. 

Query Processing: 

For j = 1, ... , n do 
1. Find node v, the location of the longest prefix of tj+l ... tn in SD. 

2. Find node w, the location of the longest prefix of tj-l ... tl in SDR. 

3. Find intersection of labeled nodes on the path from the root to v in SD and on 
the path from the root to win S~R' 

end Algorithm Outline 

The navigation on the suffix trees SD and SDR is identical to the navigation 
on trees ST and STR as described in section 4. We only need to show how to 
efficiently find the label intersection. This will be seen in the next section. 

9 Efficient Set Intersection on Tree Paths 

We are seeking a solution to the tree path intersection problem defined as follows. 

Definition 3. The tree path intersection problem is defined on two trees Tl 
and T2 each of size t with some nodes having labels from set {I, ... , t}. No two 
different nodes (in the same tree) have the same label. We would like to preprocess 
the trees in efficient time in a manner that allows fast solution to the following 
query. 

Query: For' given nodes v E T1 , W E T2 , find the common labels to the path from 
the root to v in Tl and to the path from the root to w in T2 . 

We will present a method whose preprocessing time is O(tlogt), and where the 
query time is O(log2.5 t + int), where int is the size of the intersection. 

We first need the following lemma that allows tree decomposition into vertical 
paths. 

Definition 4. A vertical path of a tree is a tree path (possibly consisting of a 
single node) where no two nodes on the path ar'e of the same height. 
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Let D be a fixed decomposition of the tree nodes into a set of disjoint vertical 
paths, where every vertex is in some path of D. Each vertex x has a unique path 
to the tree root. Denote by LD(:£) the number of decomposition paths that have 
a non-empty intersection with this path. Let LD(T) = max(LD(;e)) over all tree 
nodes x. 

Lemma 2. Let T be a tree with t ver·tices. There exists a decomposition D of 
the tree such that LD(T) ~ log(t + 1). 

Proof: By induction OIl t. The details are left for the journal versIOn of the 
paper. 0 

Returning to our tree path intersection problem we can show the following. 

Lemma 3. The tr'ee path intersection pmblem can be solved with O(tlogt) pre­
processing and O(int + log2.5 t). 

Proof: Decompose both Tl and T2 in the manner described by Lemma 2. The 
labels on the trees are preprocessed for range queries on a grid using the decom­
position. Full details are left for the final paper. 0 

The bottleneck of dictionary matching with one error is tree path intersection, 
therefore we have the following result. 

Theorem 4. Let D = {PI, ... , Ps } be a dictionary of size d, we can prepm­
cess D in O(dlog d) time s'uch that a te;rt-q'uery tl ... tn can be answer'ed in 
O(n log2.5 d + toce), wher'e tocc is the n'UTnber of occ'urrences of matches with 
exactly one m'ismatch. We can also prepmcess D ,in O(dlog2 d) time such that a 
q'uery is answered in 0 (n log3 d log log d + toee), where toee cO'UTds matches with 
at most one m'ismatch. 

Proof: Left for the journal version. 0 
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Abstract. We investigate the problem of constructing spanners for a given set of 
points that are tolerant for edge/vertex faults. Let S C IRd be a set of n points and 
let k be an integer number. A k-edge/vertex fault tolerant spanner for S has the 
property that after the deletion of k arbitrary edges/vertices each pair of points in 
the remaining graph is still connected by a short path. 
Recently it was shown that for each set S of n points there exists a k-edge/vertex 
fault tolerant spanner with O(k2n) edges which can be constructed in O(nlogn + 
k2n) time. Furthermore, it was shown that for each set S of n points there exists a 
k-edge/vertex fault tolerant spanner whose degree is bouned by O( ck+ 1) for some 
constant c. 
Our first contribution is a construction of a k-vertex fault tolerant spanner with 
O(kn) edges which is a tight bound. The computation takes O(nlogd- 1 n + 
knloglogn) time. Then we show that the same k-vertex fault tolerant spanner 
is also k-edge fault tolerant. Thereafter, we construct a k-vertex fault tolerant 
spanner with O(k2n) edges whose degree is bounded by O(k2). Finally, we give 
a more natural but stronger definition of k-edge fault tolerance which not neces­
sarily can be satisfied if one allows only simple edges between the points of S. 
We investigate the question whether Steiner points help. We answer this question 
affirmatively and prove 8( kn) bounds on the number of Steiner points and on the 
number of edges in such spanners. 

1 Introduction 

Geometric spanners have many applications in various areas of the computer science. 
They have been studied intensively in recent years. Let S be a set of n points in lRd , 

where d is an integer constant. Let G = (S, E) be a graph whose edges are straight 
line segments between the points of S. For two points p, q E lRd , let dist2(p, q) be the 
Euclidean distance between p and q. The length I engt h (e) of an edge e = (a, b) E E is 
defined as dist2(a,b). For a path P in G the length length(P) is defined as the sum of 
the length of the edges of P. A path between two points p, q E S is called a pq-path. 
Let t > 1 be a real number. The graph G is a t-spanner for S if for each pair of points 
p, q E S there is a pq-path in G such that the length of the path is at most t times the 
Euclidean distance dist2(p, q) between p and q. We call such a path a t-spanner path 
and t is called the stretch Jactor of the spanner. If G is a directed graph and G contains a 

* Partially supported by EU ESPRIT Long Term Research Project 20244 (ALCOM-IT) and DFG 
Graduiertenkolleg "Parallele Rechnemetzwerke in der Produktionstechnik" Me872/4-1. 
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directed t-spanner path between each pair of points then G is called a directed t-spanner. 
In order to distinguish the edges of a directed from an undirected graph we use (a, b) 
to denote an edge between the vertices a and b in a directed and (a, b) in an undirected 
graph. 

Spanners were introduced by Chew [7]. They have applications in motion plan­
ing [8], they were used for approximating the minimum spanning tree [17], to solve 
a special searching problem which appears in walkthrough systems [9], and to a fully 
polynomial time approximation scheme for the traveling salesman and related prob­
lems [l3]. 

The problem of constructing a t-spanner for a real constant t > 1, that has O(n) 
edges, has been investigated by many researchers. Keil [11] gave a solution for this 
problem introducing the 8-graph 1, which was generalized by Ruppert and Seidel [14] 
and Arya et al. [2] to any fixed dimension d. These authors gave also an O(nlogd- 1 n) 
time algorithm to construct the 8-graph. Chen et al. [6] proved that the problem of 
constructing any t-spanner for t > 1 takes Q(nlogn) time in the algebraic computation 
tree model [3]. Callahan and Kosaraju [5], Salowe [15J and Vaidya [16] gave optimal 
O(n logn) time algorithm for constructing t-spanners. Several interesting quantities re­
lated to spanners were studied by Arya et al. [1]. They gave constructions for bounded 
degree spanners, spanners with low weight, spanners with low diameter, and for span­
ners having more than one of these properties. The weight w( G) of a graph G is the sum 
of the length of its edges. 

Fault tolerant spanners were introduced by Levcopoulos et al. [4]. For the formal 
definition we need the following notions. For a set S C IRd of n points let Ks denote the 
complete Euclidean graph with vertex set S. If G = (S,E) is a graph and E' ~ E then 
G \ E' denotes the graph G' = (S, E \ E'). Similarly, if S' ~ S then the graph G \ s' is the 
graph with vertex set S\ S' and edge set {(p, q) E E : p, q E S\ Sf}. Let t > 1 be a real 
number and k be an integer, 1 ::; k ::; n - 2. 

- A graph G = (S,E) is called a k-edgefault tolerantt-spanner for S, or (k,t)-EFTS, 
if for each E' C E, IE'I ::; k, and for each pair p, q of points of S, the graph G \ E' 
contains a pq-path whose length is at most t times the length of a shortest pq-path 
in the graph Ks \ E'. 

- Similarly, G = (S,E) is called a k-vertexfault tolerant t-spanner for S, or (k,t)­
VFTS, if for each subset S' C s, lS'I ::; k, the graph G\ S' is a t-spanner for S\ Sf. 

Levcopoulos et al. [4] presented an algorithm with running time O(nlogn+k2n) which 
constructs a (k, t)-EFTSIVFTS with O(k2n) edges for any real constantt > 1. The con­
stants hidden in the O-notation are C~l )O(d) if t\.1. They also showed that Q(kn) is a 
lower bound for the number of edges in such spanners. This follows from the obvious 
fact that each k-edge/vertex fault tolerant spanner must be k-edge/vertex connected. Fur­
thermore, they gave another algorithm with running time O( n logn + c"+ 1 n), for some 
constant c, which constructs a (k,t)-VFTS whose degree is bounded by O(c"+l) and 
whose weight is bounded by O(ck+1w(MST)). 

1 Yao [17] and Clarkson [8] used a similar construction to solve other problems. 
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1.1 New results 

We consider directed and undirected fault tolerant spanners. Our first contribution is 
a construction of a (k,t)-VFTS with O(kn) edges in O(nlogt-I n + knloglogn) time. 
Then we show that the same k-vertex fault tolerant spanner is also a k-edge fault tolerant 
spanner. Our bounds for the number of edges in fault tolerant spanners are optimal up 
to a constant factor and they improve the previous O( k2n) bounds significantly. Further­
more, we construct a k-vertex fault tolerant spanner with O(k2 n) edges whose degree is 
bounded by O(k2) which also improves the previous O(ck+l) bound. 

Then we study Steinerized fault tolerant spanners that are motivated by the follow­
ing. In the definition of (k,t)-EFTS we only require that after deletion of k arbitrary 
edges E' in the remaining graph each pair of points p, q is still connected by a path 
whose length is at most t times the length of the shortest pq-path in Ks \ E'. Such a path 
can be arbitrarily long, much longer than dist2(P, q). To see this consider the following 
example. Let r > 1 be an arbitrarily large real number. Let p, q E S be two points such 
that dist2(p, q) = 1 and let the remaining n - 2 points of S be placed on the ellipsoid 
{x E IRd : d ist2 (p, x) + d ist2 (q, x) = r· t}. Clearly, each t -spanner G for S contains the 
edge between p and q, because each path which contains any third point s E S \ {p, q} 
has a length at least r· t. Therefore, if the edge (p, q) E E' then the graph G \ E' can 
not be a t-spanner for S. However, G \ E' can contain a path satisfying the definition 
of the k-edge fault tolerance. In some applications one would need a stronger property. 
After deletion of k edges a pq-path would be desirable whose length is at most t times 
dist2(p, q). In order to solve this problem we extend the original point set S by Steiner 
points. Then we investigate the question how many Steiner points and how many edges 
do we need to satisfy the following natural but stronger condition of edge fault toler­
ance. Let t > 1 be a real number and k E IN. 

- The graph G = (V, E) with S <:;:; V is called a k-edge fault tolerant Steiner t-spanner 
for S, or (k, t )-EFTSS, if for each E' C E, IE'I ::; k and for each two points p, q E S, 
there is a pq-path P in G \ E' such that I engt h( P) ::; t . dist2 (p, q). 

- Similarly, G = (V, E) with S <:;:; V is a k-vertex fault tolerant Steiner t-spanner for S, 
or (k, t)-VFTSS, if for each V' C V, IV'I ::; k and for each two points p, q E S \ V', 
there is a pq-path P in G \ V' such that! engt h (P) ::; t . d ist2 (p, q). 

To our knowledge, fault tolerant Steiner spanners have not been investigated before. 
First we show that for each set S of n points, t > 1 real constant, and k E IN, a (k,t)­
EFTSSIYFTSS for S can be constructed which contains O(kn) edges and O(kn) Steiner 
points. Then we show that there is a set S of n points in IRd , d ::::: 1, such that for each 
t> 1 and k E IN, each (k,t)-EFTSS for S contains Q(kn) edges and Q(kn) Steiner 
points. In this paper we assume that the dimension d is a constant. 

2 A k-vertex fault tolerant t -spanner with O( kn) edges 

The construction of a k-vertex fault tolerant t-spanner with O(kn) edges is based on a 
generalization of the 9-graph [17,8, 11, 12, 14,4]. First we introduce the notion of ith 
order 9-graph of the point set S, for 1 ::; i ::; n - 1. Then we prove that for appropriate 
9, the (k+ l)th order 9-graph is a (k,t)-VFTS for the given set of points. 
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2.1 The ith order 8-graph 

For the formal description we need the notion of simplicial cones. We assume that 
the points of IRd are represented by coordinate vectors. Let Po, PI, ... , Pd be points in 
IRd such that the vectors (Pi - po), 1 ~ i ~ d, are linearly independent. Then the set 
{po + ,,£1=1 Ai(Pi - po) : Ai ~ 0 for all i} is called a simplicial cone and Po is called 
the apex of the cone (see, e.g., in [10]). Let 8 be a fixed angle 0 < 8 ~ nand C be a 
collection of simplicial cones such that 

1. each cone c E C has its apex at the origin, 
2. UeECc = IRd, 
3. for each cone c E C there is a fixed halfiine Ie having the endpoint at the origin such 

that for each halfiine I, which has the endpoint at the origin and is contained in c, 
the angle between Ie and I is at most 8/2. 

We call such a collection C of simplicial cones a 8-framez. Yao [17] and Ruppert and 
Seidel [14] showed methods how a 8-frame C of (~)O(d) cones can be constructed. As­
suming that the dimension d and the angle 8 are constant we obtain a constant number 
of cones. In the following, the number of cones in C is denoted by Ic!. 

Let 0 < 8 ~ n be an angle and C be a corresponding 8-frame. For a simplicial cone 
c E C and for a point P E IRd, let c(p) be the translated cone {x + P : x E c} and let Ie (p) 
be the translated cone axis {x + P : x E Ie}. For c E C and P, q E IRd such that q E c(p), 
let diste(p, q) denote the Euclidean distance between p and the orthogonal projection 
of q to le(P). 

Now we define the ith order 8-graph Ge,i(S) for a set S of n points in IRd and for 
an integer 1 ~ i ~ n - 1 as follows. For each point pES and each cone c E C, let 
Se(p) := c(p) n S \ {p}, i.e., Se(p) is the set of points of S \ {p} that are contained in 
the cone c(p). For any integer i, 1 ~ i ~ n - 1, let Ni,e(P) ~ Se(p) be the set of the 
min(i, ISe(p) I)-nearest neighbors of p in the cone c(p) w.r.t. the distance diste, i.e., for 
each q E Ni,e(P) and q' E Se(p) \M,e(P) holds thatdiste(p,q) ~ diste(p,q'). Let Ge,i(S) 
be the directed graph with vertex set S such that for each point pES and each cone 
c E C there is a directed edge (p, q) to each point q E Ni ,e(P). 

2.2 The vertex fault tolerant spanner property 

In [14] it is proved that for 0 < 8 < n/3, the graph Ge,l (S) is a spanner for S with 
stretch factor t ~ l-ZSi~(e/Z)' The proof is based on the following lemma which will be 

also crucial to show the fault tolerant spanner property of Ge,i(S) for i > 1. 

Lemma 1. [14] Let 0 < 8 < n/3. Let p E IRd be a point and c E C be a cone. Fur­
thermore, let q and r be two points in c(p) such that diste(p,r) ~ diste(p,q). Then 
distz(r,q) ~ distz(p,q) - (1-2sin(8/2)) distz(p,r). 

Theorem 1. Let S C IRd be a set of n points. Let 0 < 8 < n/3 and 1 ~ k ~ n - 2 be 
an integer number. Then the graph Ge,k+l (S) is a directed (k, l-ZSi~(e/Z))-VFTS for s. 

z The notion of E)-frame was introduced by Yao [17]. We use a slightly modified E)-frame defini-
tion which is suggested by Ruppert and Seidel [14]. 
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Ge,k+l(S) contains O(IClkn) edges and it can be constructed in O(ICI(nlo(-1 n + 
knloglogn)) time. 

Proof Let SI C S be a set of at most k points. We show that for each two points p, q E 
S \ SI there is a (directed) pq-path P in Ge,k+ 1 (S) \ SI such that the length of P is at 
most 1-2si~(e/2) dist2(p, q). The proof is similar to the proof of Ruppert and Seidel [14]. 
Consider the path constructed in the following way. Let Po := P, i := 0 and let P contain 
the single point po. If the edge (pi, q) is present in the graph Ge,k+l (S) \ SI then add 
the vertex q to P and stop. Otherwise, let C(Pi) be the cone which contains q. Choose 
an arbitrary point Pi+l E Nk+l,,.(Pi) as the next vertex of the path P and repeat the 
procedure with Pi+l. 

Consider the ith iteration of the above algorithm. If (Pi, q) E Ge,k+ 1 (S) then the al­
gorithm terminates. Otherwise, if (Pi,q) t/: Ge,k+l(S) then by definition the cone c(pd 
contains at least k + 1 points that are not further from Pi than q w.r.t. the distance 
distc. Hence, in the graph Ge,k+l(S) the point Pi has k+ 1 neighbors in C(Pi) and, 
therefore, in the graph Ge,k+ 1 (S) \ SI it has at least one neighbor in C(pi)' Conse­
quently, the algorithm is well defined in each step. Furthermore, Lemma 1 implies that 
dist2(Pi+ 1, q) < dist2 (Pi, q) and hence, each point is contained in P at most once. There­
fore, the algorithm terminates and finds a pq-path P in Ge,k+ 1 (S) \ SI. The bound on the 
length of P follows by applying Lemma 1 iteratively in the same way as in [14]: Let 
Po, ... , Pm be the vertices on P, Po = P and Pm = q. Then 

L dist2(Pi+l,q):S L (dist2(Pi,q)-(1-2sin(8/2))dist2(Pi,Pi+d). 
O~i<m O~i<m 

Rearranging the sum we get 

L dist2(pi,Pi+d:S 1-2si~(e/2) L (dist2(Pi,q)-dist2(Pi+l,q)) 
O~i<m O~i<m 

= 1-2si~(e/2) dist2(PO, q). 

Hence, the graph Ge,k+ 1 (S) is a (k, 1-2si~(ef2))-VFTS for S. Clearly, it contains O( IClkn) 

edges, where ICI = (d/8)O(d).1t can be constructed in O(ICI(nlo(-1 n+knloglogn)) 
time using the algorithm of Levcopoulos et al. [4]. They compute for each point pES 
and each cone c E C the set Nk,c(p) in order to determine so-called strong approximated 
neighbors. 0 

Corollary 1. Let S be a set ofn points in IRd, t > 1 a real constant, and k an integer, 
1 :S k:S n - 2. Then there is a (k,t)-VFTSfor S with O(kn) edges. Such a spanner can 
be constructed in O(n 10(-1 n + knloglogn) time. 

Proof We set 8 such that t ~ 1-2si~(e/2) and 0 < 8:S 1t/3 and construct Ge,k+l(S), If 

t'\, 1 then the constant factors hidden in the O-calculus are C~ 1 ) O(d) . 

3 k-edge fault tolerant t-spanners 

Levcopoulos et al. [4] claimed that any (k,t)-VFTS is also a (k,t)-EFTS. We give our 
own proof of this fact. The proof is simple and holds also for directed spanners. 
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Theorem 2. Let S be a set ofn points in ]Rd, t > 1 a real constant, and k an integer, 
1 :S k:S n - 2. Then every (directed) (k,t)-VFTSfor S is also a (directed) (k,t)-EFTS 
forS. 

Proof Let G = (S,E) be a (directed) (k,t)-VFfS for S. Let E' C E be a set of at most 
k edges. Consider two arbitrary points p, q E S. Let P' be the shortest (directed) pq­
path in Ks \ E'. Such a path exists, since the set of pq-paths in Ks \ E' is not empty. It 
contains, for example, at least one of the n - 2 paths in Ks of two edges Ps = p, s, q, for 
s E S \ {p, q}, or the immediate path Po = p, q, because at least one of them is distinct 
fromE'. 

We have to show that there is a (directed) pq-path P in G \ E' such that the length of 
P is at most t times the length of P' . The edges e in P' that are contained in G will also 
be contained in P. Consider an edge (u, v) (( u, v) in the directed case) in P' which is not 
contained in G. We show that this edge can be substituted by a uv-path Puv in G \ E' such 
thatlength(Puv ) :S t· dist2(u, v): For each edge e' E E' (for each e' E E' \ {(v, un in the 
directed case) we fix one of its endpoints Pe' such that Pe' E S\ {u, v}. Let S~v:= {Pel: 
e' E E'} (S~v := {Pel: e' E E' \ {(v, un in the directed case). Note that S~v :S IE'I :S k. 
Since G is a (directed) (k, t)-VFTS for S, there is a (directed) uv-path Puv in G\ S~v such 
thatPuv does not contain any edge of E' and length(Puv ) :S t .dist2(u, v). The desired pq­
path P is composed of the edges of P' n G and the uv-paths for the edges (u, v) E P' \ G 
((u, v) E?* \ G in the directed case). Clearly, length(P) :S t ·length(?*). D 

This, together with Corollary 1, leads to 

Corollary 2. Let S be a set ofn points in ]Rd, t> 1 a real constant, and k an integer; 
1 :S k :S n - 2. Then there is a (directed) (k, t )-EFTS for S with O(kn) edges. Such a 
spanner can be constructed in O(nlo(-l n + knloglogn) time. 

The proof of Theorem 2 implies also the following for directed graphs. 

Theorem 3. Let S be a set of n points in ]Rd, t > 1 a real constant, and k an integer; 
1 :S k :S n - 2. Let G = (V, E) be a directed (k, t)-VFTS for S. Let E' C E be a set of at 
most k edges and let E" := {(v, u) : (u, v) E E'}. Then for each two points p, q E S the 
graph G\ (E' U E") contains a pq-path P such that the length of P is at most t times the 
length of the shortest pq-path in Ks \ (E' U E"). 

4 A k-vertex fault tolerant t-spanners with degree O(k2) 

We now turn to the problem of constructing fault tolerant spanners with bounded de­
gree. We proceed similar to the method in [1] which constructs a spanner with constant 
degree. However, we must take much more care, because of the fault tolerant property 
and the goal of keeping the number of edges small. We have shown that for any real 
constant t > 1 we can construct a directed (k, t)-VFTSIEFTS for S whose outdegree is 
O(k). In this section we give a method to construct a (k, t)-VFfS whose degree is O(k2) 
from a directed (k,t 1/ 3)-VFTS whose outdegree is O(k). 

In order to show this construction we need the notion of k-vertex fault tolerant single 
sink spanner. This is a generalization of single sink spanners introduced in [1]. Let V be 
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a set of m points in JRd, v E V, i > 1 a real constant, and k an integer, 1 :::; k :::; m - 2. A 
directed graph G = (V, E) is a k-vertex fault tolerant v-single sink i-spanner, or (k, i, v)­
VFfssS for V if for each u E V \ {v} and each Vi ~ V \ {v, u}, I VII ::; k, there is an 
i-spanner path in G\ Vi from u to v. 

Now let V be a set of m points in JRd, v E V a fixed point, 1 ::; i ::; m - 1 an integer, 
8 an angle, 0 < 8 < Tt/3, and C a 8-frame. We define a directed graph Gv,e';(V) = (V, E) 
whose edges are directed straight line segments between points of V as follows. First we 
partition the set V in clusters such that each cluster contains at most i points. Then we 
build a tree-like structure based on these clusters. For the clustering we use the cones 
ofC. Now we describe this procedure more precisely. 

First we create a cluster cl ({ v}) containing the unique point v. For each cluster that 
we create, we choose a point as the representative of the cluster. The representative of 
cl ( { v} ) is v. The clustering of the set V \ { v} is recursive. The recursion stops if V \ { v} 
is the empty set. Otherwise, we do the following. For each cone c E C let Vc(v) be the set 
of points of V \ { v} contained in c. If a point is contained in more than one cone then 
assign the point only to one of them. If one cone, say c, contains more than m/2 points, 
then partition the points of Vc(v) arbitrarily into two sets Vc~v) and Vc~v) both having at 

most m/2 points. For each nonempty set Vc(v), c E C (or in the case if Vc(v) had to be 

partitioned, for each Vc(v) and Vc~v))' let Ni,c(V) ~ Vc(s) be the set of the min(i, IVc(v) 1)­
nearest neighbors of v in Vc(v) W.r.t. the distance distc. The points contained in the same 
Ni,c(V) define a new cluster cl(Ni,c(V)). Note that in this way we obtain at most ICI + 1 
new clusters. We say that these clusters are the children of cl ( { v}) and cl ( { v}) is the 
parent of these clusters. For each new cluster cl(Ni,c(V)) we choose a representative 
Uc E Ni,c(V) such that distc(v,uc) = max{distc(v,u) : u E Ni,c(V)}. Then, for each set 
Vc(v), c E C (and Vc(v)' V(~v) if exist), we recursively cluster Vc(v) \N;,c(v) using the 
cones around uc . 

After the clustering is done, for each cluster cl of cl ({ v}) we add an edge in Gv,e';(V) 
from each point u E cl to each point w of the parent cluster of cl. Figure 1 shows an 
example for Gv,e,i(V), The dotted lines represent the boundaries of the cones at the 
representatives of the clusters. 

Fig. 1. The directed graph Gv,e,3(V) for a point set V in JR2. 

Lemma 2. Let V be a set of m points in JRd,i v E V a fixed point and 1 ::; k ::; m - 2 
an integer:number. Let 0 < 8 < Tt/3 be an angie and C be a 8-frame. Then the graph 
Gv,e,k+l(V) is a (k'(1_2si~(e/2)f,v)-VFTssSlor V. Its degree is bounded by O(IClk) 
and it can be computed in O( ICI (m logm + kin)) time. 
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Proof For each point U E V let cl (u) denote the cluster containing it. The outdegree of 
each point u E V \ { v} in Gv,e,k+ 1 (V) is bounded by k+ 1, because each point u has only 
edges to the points contained in the parent cluster of cl (u) and the number of points in 
each cluster is bounded by k + 1. (Each internal cluster - i.e., a cluster whIch is different 
from cl (v) and has at least one child - contains exactly k + 1 points). Since each cluster 
has at most Ie! + 1 children, the indegree of the points is bounded by (Ie! + l)(k + 1). 
The bound for the construction time follows from the fact that the recursion has depth 
O(logm). 

Now we prove the fault tolerant single sink spanner property. Consider an arbitrary 
point u E V \ {v}. Let Po := uo, ... , u[, Uo = u and UI = v, be the unique path from u to 
v in Gv,e,k+ 1 (V) such that each internal vertex Ui, 1 :s i < I, is the representative of a 
cluster. Note that 1= O(logm). The length of Po is at most 1-2si~(eI2) dist2(U, v). If the 

edge (u, v) E Gv,e,k+1(V), this claim holds trivially, otherwise, it follows by applying 
Lemma 1 iteratively for the triples ui+ 1, Ui, ui-1, i = 1, ... , I - 1, in the same way as in 
the proof of Theorem 1. 

Now let Vi C V \ {u, v} be a set of at most k points. We show that there is a uv­
path P in Gv,e,k+1(V) \ Vi such that length(P) :s 1-2si~(eI2) length(Po). This will imply 

the desired stretch factor ( 1-2si~(eI2))2. Let P be the path constructed as follows. Let 
Vo := u, i := 0 and let P contain the single point Yo. If Vi = v then stop. Otherwise, let 
Vi+1 be an arbitrary point with (Vi, Vi+1) E Gv,e,k+1(V) \ V'. Add the vertex vi+1 to P and 
repeat the procedure with Vi+ 1. 

················· .. Vl .. 

Fig. 2. The paths Po := uo, ... , u/ and P:= vo, ... , VI. The dotted lines show the cone boundaries. 

The above algorithm is well defined in each step. To see this, consider the ith it­
eration. If the cluster cl (v) is the parent of cl (vd then the algorithm chooses v as vi+ 1 

and terminates. Otherwise, the parent of cl (Vi) contains k + 1 points and, hence, at least 
one point disjoint from V'. The algorithm chooses such a point as vi+ 1. Clearly, the 
algorithm terminates after I = O(logm) steps and constructs a uv-path P = Yo, ... , VI 
(Figure 2) with 

length(P) = L dist2(Vi, Vi+t) 
05,i<1 

:s L (dist2(Vi,Ui+d+dist2(Ui+1,Vi+d) (1) 
05,i<1 

= L (dist2(Vi, Ui+t) + dist2(Ui, vd) + dist2(UI, VI) - dist2(UO, yo) 
O<i<1 ---.....-- "--v---" 
- ~ ~ 

:s L 1-2si~(eI2) dist2(Ui, Ui+1) 
05,i<1 

= 1-2si~(eI2) length (Po) . 

(2) 
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(1) holds because of the triangle inequality and (2) follows by applying Lemma 1 for 
the triples Ui+l, Vi, ui, i = 0, ... , l- 1. Hence, the claimed stretch factor of Gv,e,k+I(V) 
follows. 0 

Theorem 4. Let S be a set ofn points in IRd , t > 1 a real constant, and k an integer, 
1 :S k:S n - 2. Then there is a (k,t)-VFTS G for S whose degree is bounded by O(k2). 
The total number of edges in G is O( k2 n) and G can be constructed in O( n 10(-1 n + 
knloglogn) time. 

Proof Let Go be a directed (k,tl/3)_VFfS for S whose outdegree is O(k), for exmple, 

let Go be the (k+ l)th order a-graph Ge,k+I(S) with t l/3 ~ 1-2Si~(e/2)' For each point 

pES let Nin(P) := {q E S: (q,p) E Go}. Let G be the directed graph with vertex set S 
which is created such that for each pES we construct the graph Gp,e,k+1 (Nin(P) U {p}) 
and we add the edges of Gp,e,k+I(Mn(P) U {p}) to G. 

We can bound the degree of G as follows. For each q E S, the graph G contains the 
edges of Gq,e,k+1 (Nin(q) U {q}). In this VFTssS each vertex p has an in- and outdegree 
O(k). Now for each pES, we have to count the graphs Gq,e,k+1 (Nin(q) U {q}), q E S, 
that contain p. Clearly, the number of such graphs is equal to one plus the outdegree of 
p in Go, which is O(k). Therefore, the degree of each pES in G is O(k2). 

Now we show that G is a (k,t)-VFfS for S. Let S' C s, lSI :S k. Consider two 
arbitrary points p, q E S \ Sf. Since Go is a (k, t l / 3)_ VFTS for S, there is an t 1/3 -spanner 
path Po in Go \ S' between p and q. Furthermore, for each edge (u, v) E Po, there is a t 2/ 3_ 

spanner path Puv in G \ S', because G contains all edges of the graph Gv,e,k+I(Nin(V) U 

{ v}) which is, by Lemma 2, a (k, t2/3, v)-VFfssS for Nin (v) U { v}. Therefore, the path 
P := U{u,V)EPoPuV is contained in G \ S' and P is an t-spanner path between p and q. 0 

5 Fault tolerant spanners with Steiner points 

In this section we show a very simple method which constructs for an arbitrary set S of 
n points in IRd , t > 1, and k E IN, a (k,t)-EFTSS and (k,t)-VFfSS for S with O(kn) 
edges and kn Steiner points. Then we prove the surprising fact that these upper bounds 
on the number of edges and on the number Steiner points in a (k,t)-EFTSS are optimal 
up to constant factors. 

Theorem 5. Let S C IRd be a set ofn points, k E IN, and let t > 1 a real constant. Then 
there is a (k,t)-EFTSS and (k, t)-VFTSS Gfor S with kn Steiner points and O(kn) edges. 

Proof Assume that the Euclidean distance between the closest pair of S is one. Other­
wise, we scale S accordingly. Let E be a real number such that 0 < E:S (t - 1)/3. Let 
t* = t - 2E and let G* = (S, E*) be a t* -spannerfor S with O(n) edges. G* can be com­
puted, for example, using the method described in [5] or in [14]. We construct from G* 
a (k,t)-EFTSSIVFTSS G for S in the following way. Let 0 E IRd be a fixed point and 
let D := {x E IRd : dist2(0,x) = E} be the sphere with radius E whose center is o. Let 
s I , ... , sk be k distinct points on D. (In the case if d = 1, let sl , ... , i be k distinct points 
such that 0 < dist2(0,pi) :S E, 1 :S i:S k.) For each point pES translate the sphere D 
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and the points sl , ... , s" on D such that p becomes the center ofthe sphere. Let pI , ... , l 
denote the translated points around p. We construct the graph G = (V, E) such that 

V := {p,pl, ... ,l: pES} and 

E := {(p,q) : (p,q) E E*} u {(p,pi) : pES, 1 ~ i ~ k} U 

{(pi, qi) : (p, q) E E* , 1 ~ i ~ k}. 

Fig. 3. Example for the graphs G* and G for k = 3, d = 2. 

Clearly, the graph G has kn Steiner points and O(kn) edges. It is obvious that G 
is a k-EFfSS and k-VFfSS for S, because for each pair of points p,q E S and for 
each to-spanner path P* = p,p!, ... ,PI_I,q in G* between p and q, there are k+ 1 edge 
disjoint and up to the endpoints vertex disjoint pq-paths pO = P,PI, ... ,PI_I, q and pi = 
p, pi, Pi. ... , Pi-I' qi, q, 1 ~ i ~ k, in G whose length is at most 

length(P*)+2E ~ t* ·dist2(p,q)+2E ~ t·dist2(p,q). 

Figure 3 shows an example. o 

Now we prove a lower bound on the number of edges and Steiner points which 
shows that the above upper bound is optimal up to a constant factor. 

Theorem 6. For each k E IN, n ~ 2, and t > 1, there exists a set S C IRd ofn points such 
that each (k,t)-EFTSSfor S contains at least Q(kn) Steiner points and Q(kn) edges. 

Proof We give an example for a set S of n points in the plane for which we show that 
each (k,t)-EFfSS for S contains Q(kn) Steiner points and Q(kn) edges. For two points 
p,qE IRd let 

el(p, q) := {x E IRd : dist2(p,x) + dist2(q, x) ~ t· dist2(p,q)}. 

If p, q are two points in S and G is a (k, t) -EFfSS for S then each t -spanner path be­
tween p and q must be contained entirely in el(p, q). Clearly, a path which contains 
a point v outside el(p, q) has a length at least dist2(p, v) + dist2(q, v) which is greater 
than t· dist2(p, q). For p, q E S let Gpq be the smallest subgraph of G which contains 
all t-spanner paths between p and q. Since G is a (k,t)-EFfSS, Gpq must be k-edge 
connected. Otherwise, we could separate p from q in Gpq by deletion of a set E' of k 
edges, and therefore, we would not have any t -spanner path in G \ E'. Since the graph 
Gpq is k-edge connected, Menger's Theorem implies that it contains at least k+ 1 edge 
disjoint pq-paths. Hence, Gpq - and, therefore, el(p,q) - contains at least k vertices 
different from p and q and at least 2k- 1 edges of G. 

Now we show how to place the points of S in order to get the desired lower bounds. 
We construct the set S of n points in the plane hierarchically bottom-up. For simplic­
ity of the description we assume that n is a power of two. Let I be a horizontal line 
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and let 0 be any fixed point of l. We place the points of S on I. We put PI E S to 0 

and P2 E S right from PI such that dist2(PI, P2) = 1. Let E > 0 be a fixed real num­
ber. We translate el (PI, P2) with the points PI and P2 right on I, by a Euclidean dis­
tance t + E. This translation guarantees that el (PI, P2) and the translated ellipsoid are 
distinct. Let P3 and P4 denote the translated points PI and P2, respectively. In gen­
eral, in the ith step, I :S i < logn, we translate the ellipsoid el (PI, P2i) with the points 
PI, ... , P2i right on I, by a Euclidean distance t· dist2(PI, P2i) + E. Denote the translated 
points by P1+2i, ... , P2i+1 (Figure 4). Then the ellipsoids el (PI, P2i) and el (P2i+l, P2i+1) 
are distinct. We say that the ellipsoid el(Pl,P2i+l) is the parent of el(Pl,P2i) and 
el (P1+2i, P2i+I). Furthermore, we call the two children of an ellipsoid siblings of one 
another. We denote by parent (el (., .)) and sib( el (., .)) the parent and the sibling of an 
ellipsoid el (., .), respectively. 

" ,el(P1J,Pz, ) ""''',,, 
" " ,'.", '.' '", 

r;----[-.-----.-~_e[-.-----.-I-----;_e;----[-.----- ... -',--{-e-----.--',-----i---
:, '.PI Pz,) '.P3 pi !:, '.Ps P6-) '-PI Thl) ! 
\"","" ' " '\ ... , ',----,' , '// 

Fig. 4. Example for a set S of n points for which each (k, t )-EFfSS contains at least nl2 Steiner 
points and (3k+3)nI2- (k+ 1) edges, 

Now we count the Steiner points and the edges in an arbitrary (k,t)-EFTSS G for 
the set S. Consider a pair of points P2j-l,P2j E S, I :S j:S n/2. For this pair, there are 
at least k + I edge disjoint paths in G contained entirely in el (P2j-l, P2j). Since, for 
j i- j' the ellipsoids el (P2j-l, P2j) and el (P2j'-I, P2j') are disjoint, each el (P2j-l, P2j) 
contains in the interior at least k Steiner points and 2k + I edges. Furthermore, P2j-1 
and P2j must be (k+ I)-edge connected with the points of sib(el(P2j-I,P2j)). There­
fore, we have at least k + 1 edges contained entirely in parent (el (P2j-1 ,P2j)) that have 
exactly one endpoint in el (P2j-l ,P2j). We can repeat these arguments at each level of 
the hierarchy of the ellipsoids. Then we obtain that the number of edges in G is at least 
(2k+ I)n/2+ (k+ 1 )(n/2-I) = (3k+2)n/2 - (k+ 1) and the number of Steiner points 
is at least kn/2. 

In the case if n is not a power of two, we place 2i points, where 2i- 1 < n < 2i, in 
the same way as described above. Then we remove the points Pn+l, ""P2i. Using the 
above arguments we obtain that for this point set, each (k,t)-EFTSS contains at least 
kl n/2 J Steiner points and (3k+ 2) l n/2 J - (k + 1) edges. This proves the claim of the 
theorem. 0 

6 Conclusion and open problems 

Some interesting problems remain to be solved. Is it possible to construct a (k, t)-VFTS 
whose degree is bounded by O(k)? Levcopoulos et al. [4] studied fault tolerant span­
ners with low weight. Let w(MST) be the weight of the minimum spanning tree of S. 
In [4] it is proven that for each Sa (k,t)-VFTS can be constructed whose weight is 
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O(c"+lw(MST)) for some constant c. Can this upper bound be improved? In [4] it is 
also proven that Q(k2w(MST)) is a lower bound on the weight. Is it possible to con­
struct a (k,t)-VFTS with lower weight using Steiner points? Finally, we do not know 
any results for fault tolerant spanners with low diameter. 

Acknowledgment: I would like to thank Artur Czumaj, Matthias Fischer, and Silvia 
Gatz for their helpful comments and suggestions. 
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Abstract. We describe a data structure, the tiered vector, which is an 
implementation of the Vector ADT that provides O(1/f.) worst case time 
performance for rank-based retrieval and O(nf) amortized time perofor­
mance for rank-based insertion and deletion, for any fixed f. > O. We also 
provide results from experiments involving the use of the tiered vector 
for f. = 1/2 in JDSL, the Data Structures Library in Java. 
Keywords: abstract data type, vector, dynamic array, Java, JDSL. 

1 Introduction 

An array is perhaps the most primitive data structure known; it is hard to 
imagine any non-trivial program that does not use one. Almost all high-level 
languages and assembly languages have some built-in concept for accessing el­
ements by their indices in an array. But an array is a static data type; it does 
not allow for element insertions and deletions, just element replacements and 
accesses. There is nevertheless a great need for dynamic arrays as high-level pro­
gramming structures, for they can free a programmer from having to artificially 
constrain his or her set of elements to be of a certain fixed size. This is in fact the 
motivation for the inclusion of a dynamic array data type in the Java language. 

The Vector jRank-Based-Sequence Abstract Data Type. A Vector, 
or Rank-Based Sequence, is a dynamic sequential list of elements. Each element e 
in a vector is assigned a rank, which indicates the number of elements in front of 
e in the vector. Rank can also be viewed as a current "address" or "index" for the 
element e. If there are n elements currently stored in a rank-based sequence, S, 
then a new element may be inserted at any rank r in {O, 1, 2, ... , n}, which forces 
all elements of rank r, ... , n - 1 in S to have their respective ranks increased 
by one (there are no such elements if r = n, of course). Likewise, an existing 
element may be removed from any rank r in {O, 1,2, ... , n - I}, which forces all 
elements of rank r + 1, ... , n - 1 in S to have their respective ranks decreased 
by one. Formally, we say that the data type Vector or Rank-Based Sequence (we 
use the terms interchangably) support the following operations: 

insertElemAtRank(r,e): Insert an element e into the vector at rank r. 
removeElemAtRank(r): Remove the element at rank r and return it. 
elemAtRank(r): Retrieve the element e at rank r. 
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Standard Implementations. There are two standard implementations of 
the Vector abstract data type (ADT). In the most obvious implementation we 
use an array S to realize the vector. To retrieve an element of rank r from this 
vector we simply return the element located at the memory address S[r]. Thus, 
accesses clearly take constant time. Insertions and deletions, on the other hand, 
require explicit shifting of elements of rank above r. Thus, a vector update at 
rank r takes O(n - r + 1) time in this implementation, assuming that the array 
does not need to grow or shrink in capacity to accommodate the update. Even 
without a growth requirement, the time for a vector update is O(n) in the worst 
case, and is O(n) even in the average case. If the array is already full at the 
time of an insertion, then a new array is allocated, usually double the previous 
size, and all elements are copied into the new array. A similar operation is used 
any time the array should shrink, for efficiency reasons, because the number 
of elements falls far below the array's capacity. This is the implementation, for 
example, used by the Java Vector class. 

The other standard implementation uses a balanced search tree to maintain 
a rank-based sequence, S. In this case ranks are maintained implicitly by having 
each internal node v in the search structure maintain the number of elements 
that are in the subtree rooted at v. This allows for both accesses and updates 
in S to be performed in 0 (log n) time. If one is interested in balancing access 
time and update time, this is about as good an implementation as one can get, 
for Fredman and Saks [5] prove an amortized lower bound of .Q(log n/ log log n) 
in the cell probe model for accesses and updates in a rank-based sequence. 

In this paper we are interested in the design of data structures for realiz­
ing rank-based sequences so as to guarantee constant time performance for the 
elemAtRank(r) operation. This interest is motivated by the intuitive relation­
ship between the classic array data structure and the Vector abstract data type. 
Constant time access is expected by most programmers of a Vector object. We 
therefore desire as fast an update time as can be achieved with this constraint. 
Our approach to achieving this goal is to use a multi-level dynamic array struc­
ture, which we call the "tiered vector." 

Relationships to Previous Work. There are several hashing implemen­
tations that use a similar underlying structure to that of the tiered vector, al­
though none in a manner as we do or in a way that can be easily adapted to 
achieve the performance bounds we achieve. Larson [1] implements a linear hash­
ing scheme which uses as a base structure a directory that references a series of 
fixed size segements. Both the directory and segements are of size l = 2k allowing 
the use of a bit shift and mask operation to access any element within the hash 
table. However, Larson's method is a hashed scheme and provides no means of 
rank-order retrieval or update. 

Sitarski [9] also uses a sk fixed size directory-segement scheme for dynamic 
hash tables, which he terms "Hashed Array Trees." His method provides an 
efficient implementation for appending elements to an array, but does not provide 
an efficient method for arbitrary rank-based insertion or deletion into the array. 
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Our Results. We present an implementation of Vector ADT using a data 
structure we call the "tiered vector." This data structure provides, for any fixed 
constant f > 0, worst-case time performance of O(l/f) for the elemAtRank(r) 
method, while requiring only O(n') amortized time for the insertElemAtRank(r,e) 
and removeElemAtRank(r) methods (which sometimes run much faster than 
this, depending on r). Intuitively, keeping access times constant means we are 
essentially maintaining ranks explicitly in the representation of the vector. The 
main challenge, then, is in achieving fast update times under this constraint. 

Besides providing the theoretical framework for the tiered vector data struc­
ture, we also provide the results of extensive experiments we performed in JDSL, 
the Data Structures Library in Java, on the tiered vector for f = 1/2. These re­
sults show, for example, that such a structure is competitive with the standard 
Java implementation for element accesses while being significantly faster than 
the standard Java Vector implementation for rank-based updates. 

2 A Recursive Definition of the Tiered Vector 

We define the tiered vector recursively. We begin with the base case, VI, a I-level 
tiered vector. 

A I-Level Tiered Vector. The base component, VI, of the tiered vector 
is a simple extension of an array implementation of the well-known deque ADT. 
(The deque (or double-ended queue) is described, for example, by Knuth [7] as 
a linear list which provides constant time insert and delete operations at either 
rank the head or tail of this list.) This implementation provides for constant­
time rank-based accesses and allows any insertion or deletion at rank r to be 
performed in O(min{r, n - r} + 1) time. 

We use an array A of fixed size 1 to store the elements of the rank-based 
sequence S. We view A as a circular array and store indices hand t which 
respectively reference the head and tail elements in the sequence. Thus, to access 
the element at rank r we simply return A[h + r mod l], which clearly takes 0(1) 
time. To perform an insertion at rank r we first determine whether r < n - r. If 
indeed r < n - r, then we shift each element of rank less than r down by 1; i.e., 
for i = h, ... , h + r - 1 mod l, we move A[ i] to A[ i + 1 - 1 mod l]. Altnernatively, 
if r 2 n - r, then we shift each element of rank greater than or equal to r up 
by 1. Whichever of these operations we perform, we will have opened up the 
slot at rank r, A[h + r mod l], where we can place the newly inserted element. 
(See Figure 1.) Of course, this implementation assumes that there is any empty 
"slot" in A. If there is no such slot, i.e., n = l, then we preface our computation 
by allocating a new array A of size 2l, and copying all the elements of the old 
array to the first I slots of the new array. 

Element removals are performed in a similar fashion, with elements being 
shifted up or down depending on whether r < n - r or not. We can optionally 
also try to be memory efficient by checking if n < 1 / 4 after the removal, and if 
so, we can reallocate the elements of A into a new array of half the size. This 
implementation gives us the following performance result: 
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Fig. 1. A I-level tiered vector V implemented with an array A of capacity 4. (a) An 
initial state: V = (2,3); (b) Element 0 is added at rank 0, so V = (0,2,3), which causes 
the head pointer to move in A, but no shifting is needed; (c) Element 1 is added at 
rank 1, so V = (0,1,2,3), which causes 2 and 3 to shift up in A. 

Lemma 1. A 1-level tiered vector, VI can be maintained as a rank-based se­
quence S such that any access is performed in 0(1) worst-case time and any 
update at rank r is performed in O(min{r, n - r} + 1) amortized time. 

Proof. We have already described why accesses run in constant time and why 
an update at rank r runs in time O(min{r, n - r} + 1) if no resizing is needed. 
The amortized bound follows from two simple observations, by using the ac­
counting method for amortized analysis (e.g., see [6]). First, note that any time 
we perform a size increase from I to 21 we must have done I insertions since the 
last resizing. Hence, we can charge growth resizing (which takes 0(1) time) to 
those previous insertions, at a constant cost per insertion. Second, note that any 
time we perform a size decrease from l to l/2 we must have done l /4 removals 
since the last resizing. Thus, we can charge growth resizing to those previous 
removals, at a constant cost per removal. This gives us the claimed amortized 
bounds. 

Note in particular that insertions and removals at the head or tail of a se­
quence S run in constant amortized time when using a I-level tiered vector VI 
to maintain S. 

The General k-Level Tiered Vector. The k-Ievel tiered vector is a set 
of m indexable (k - I)-level tiered vectors, {Vok-I, VIk- I , ... , v::'=il. Each -v;k-I 

vector is of exact size I where l = 2k for some integer parameter k, except possibly 
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the first and last non-empty vectors, which may hold fewer than l elements. The 
vectors themselves are stored in a I-level tiered vector, V, which indexes the first 
non-empty vector to the last non-empty vector. The total number of elements 
a tiered vector may hold before it must be expanded is lm, and the number of 
non-empty V;k-l vectors is always at most In/lJ + 2. 

Element Retrieval. Element retrieval in a tiered vector is similar to meth­
ods proposed by Larson [1] and Sitarski [9], complicated somewhat by double­
ended nature of the top level of the vector V. To access any element of rank r in 
the k-level tiered vector V k we first determine which V;k-l vector contains the 
element in question by calculating i +- f(r - lo)/ll, where lo is the number of 
elements in the first non-empty vector in V (recall that we always begin vector 
indexing at 0). We then return the element in V;k-l by recursively requesting 
the element in that vector of rank r if i = 0 and rank r - (i - I)l -lo otherwise. 

Element Insertion. Insertion into a tiered vector is composed of two 
phases: a cascade phase and a recurse phase. In the cascade phase we make room 
for the new element by alternately popping and pushing elements of lower-level 
queues to the closest end of the top-level vector, and in the recurse phase we 
recursively insert the new element into the appropriate (k - I)-level vector on 
the next level down. 

Let us describe the cascade phase in more detail. Without loss of generality, 
let us assume that r ~ n - r, so we describe the cascade phase as a series of pops 
and pushes from the (k -I)-level vector currently containing the rank-r element 
in V to the last non-empty (k - I)-level vector in V. (The method for popping 
and pushing to the front of V when r < n - r is similar, albeit in the opposite 
direction.) We begin by first determining the (k - I)-level vectors in which the 
elements at rank r and rank n - 1 are located, where the element of rank n - 1 
indicates the last element in the tiered vector. Term these vectors as Vs:/; 1 and 
Ve~-:/' respectively. These vectors are used as the bounds for a series of pair-wise 
pop-push operations. For each vector V;k-l, sub:::; i < end, we will pop its last 
item and push it onto the beginning of the vector V;~ll. Each such operation 
involves an insertion and removal at the beginning or end of a (k-I)-level tiered 
vector, which is a very fast operation, as we shall show each such operation takes 
only O(k) time. Since there are a total of m vectors this cascading phase requires 
a maximum of O(mk) operations. 

In the recurse phase we simply recursively insert the element into Vs:/;l at the 
appropriate rank r' (which is determined as described in the element retrieval 
description above). (See Figure 2.) Thus, if we let h(r,n) denote the running 
time of inserting an element of rank r in a tiered vector of size n, then, assuming 
no resizing is needed, the total running time for this insertion is: 

h(r,n):::; lr/lJIk-1(I,l)+h-l(r',l). 

This implies that h(I,n) is O(k). More generally, we can show the following: 

Lemma 2. Insertion into a k-level tiered vector where expansion is not required 
can be implemented in O(minU r /n1/kl, k2n1 / k , f(n - r) /nl/kl} + k) time. 
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Fig. 2. Insertion of element 1 at rank r in a 2-level tiered vector. 

k-l 
Proof. If we choose i to be 0 (n "), and maintain m to be 0 (f n / ll), then 

h (r, n) is O(minH r /n1/kl, k2n1/ k , f(n - r)/nl/kl} + k), 

by an induction argument that we leave to the reader. 

Note that if r = 1, then the above time bound for insertion is O(k). Also 
note that if k ~ 1 is any fixed constant, then this bound is O(n 1/ k ) for any 
r. Throughout the remainder of our algorithmic description we are going to 
maintain that the size m of the top-level vector is O(n1/ k ). 

Resizing During an Insertion. A special case occurs when the number 
of elements in the tiered vector, n equals the maximum space provided, mi. 
In this case the data structure must be expanded in order to accomodate new 
elements. However, we also wish to preserve the structure of the tiered vector in 
order to insure that the size, i, of the sub lists is kept at O(nk - 1 / k ). We achieve 
this 'by first reseting the fixed length i to i' +- 2i and then creating a new set 
of i'-sized (k - I)-level tiered vectors under the top-level vector V. We do this 
by recursively merging pairs of subvectors, so that the size of each subvector 
doubles in size. This implies, of course that number of non-empty (k - I)-level 
subvectors of V becomes m' = ti'. The total time for performing such a resizing 
is O(n), assuming that m is O(nl - 6) for some constant fJ > 0, which is the case 
in our implementation. As in our description of expansions needed for a I-level 
tiered vector, this linear amount of work can be amortized to the previous n/2 
insertions, at a constant cost each. Thus, we have the following: 

Theorem 1. Insertion into a k-ievel tiered vector can be implemented in amor­
tized time O(minHr/nl/kl,k2nl/k, f(n - r)/nl/kl} + k). 

Expansion is demonstrated in Figure 3, where a 2-level tiered vector of fixed 
subarray size 4 is expanded into a 2-level tiered vector of subarray size 8. 
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Fig. 3. Expansion and reordering of a 2-1evel tiered vector .. 

Element Deletion. Deletion is simply the reverse of insertion and uses 
a similar cascade and recurse process. Without loss of generality, let us again 
assume that r 2: n - r, so that any casing we need to perform is for ranks 
greater than r. As with the insertion operation, we begin by determining in 
which subvectors the elements at rank r and rank n - 1 are located and term 
these subarrays Vs':.!;l and Ve~·;/. Then for each pair of subarrays, Vik - 1 and 
V;~ll, sub :S i :S end, we will pop the head of V;~ll and push it onto the tail of 
Vik - 1 . Since this process is simply the reverse of insert's cascade phase, we are 
guaranteed a maximum of O(m) operations. 

During the second phase we perform a recursive removal in Vs':.!;l to close 
up the space vacated by the removed element. This implies a running time for 
deletion, without resizing, that is essentially the same as that for insertion. 

A special case of delete occurs when the number of elements remaining in 
the tiered vector equals kml. At this point we must reduce the size of the tiered 
vector inorder to preserve the desired asymptotic time bounds for both insertions 
and deletions. We first reset the fixed length l to l' ~ !l and then create a new 
set of size-l' subvectors, by a recursive splitting of the (k - I)-level subvectors. 
Note that by waiting until the size of a tiered vector goes below kml to resize, 
we avoid having resizing operations coming "on the heals" of each other. In 
particular, if we do perform such a shrinking resizing as described above, then 
we know we must have performed n/4 deletions since the last resizing; hence, 
may amortize the cost of this resizing by charging each of those previous deletions 
a constant amount. This give us the following: 

Theorem 2. Insertion and deletion updates in a k-level tiered vector can be 
implemented in amortized time O(minHr/nl/kl,k2nl/k, r(n - r)/nl/kl} + k) 
while allowing for rank-based element access in O(k) worst-case time. 

3 Implementation Decisions and Experiments 

We implemented the scheme described above for k = 2 and performed several 
experiments with this implementation to test various design decisions. Our im­
plementation used JDSL, the Data Structures Library in Java developed as a 
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prototype at Brown and Johns Hopkins University. This implementation was 
tested against the two best-known Java vector implementations: the Java vector 
implementation that is a part of the standard Java JDK language distribution 
and the dynamic array implementation included in JGL, the Generic Library in 
Java. All of our experiments were run on a Sun Sparc 5 computer in single-user 
mode. 

Since our experimental setup used k = 2 we made a simplifying modfication 
in the definition of the tiered vector so that the top-level vector is a standard 
vector sequence S and each vector below it is also a standard vector sequence Si. 
Moreover, we maintain each subvector Si to have size exactly t except possibly 
the very last non-empty vector. This allows us to simplify the access code so that 
searching for an element of rank r simply involves computing the index i +- r r / Zl 
of the vector containing the search element and then computing r - it as the 
rank in that vector to search for. Moreover, we maintain the number of possible 
bottom-level vectors in S to be a power of two, so that we may use a bit shifting 
and masking instead of division to determine which subvector Si holds the rank 
r element. By storing the shift and bit mask values we can reduce the number of 
operations required to retrieve an element from a tiered vector to only two, thus 
holding access time to only twice that of normal array-based vector retrieval. 
These modifications have negligable effects on asymptotic running times, but 
they nevertheless proved useful in practice. 

Subvector Size Test. The choice of size for subvectors in a 2-level tiered 
vector has significant impact on its performance. The following test demonstrates 
the optimal subvector size for the tiered vector. Initially we start with a subvector 
size of ten and for each successive test we increase the subvector size by ten up 
to ten thousand. For each test we preinsert ten thousand elements into the tiered 
vector and then time how long it takes to insert one hundred elements at the 
head of this vector. Thus for the first tests the majority of the time for insertion 
is spent in cascade operations whereas for the final tests the majority of the time 
is spent in recursive shift operations in subvectors. Each test is run ten times 
and the resulting time represents the average of these tests. 

Theoretically, the optimal subvector size should be near 100; however, the 
perfomance graph of Figure 4 shows the actual optimal size is near 750. The 
likely reason for these results is that the cascade operations are computationally 
more expensive than the recursive shifting operations. 

Access Test. The cost of performing an access in a tiered vector should 
clearly be higher than that of a simple vector, but a natural question to ask is 
how much worse is the 2-level tiered vector than a standard vector. The following 
test demonstrates the time taken to retrieve the first one hundred elements from 
a tiered vector, a Java Vector, and a JGL Array. In each successive test a set 
number of elements is preinserted into each vector, starting at one hundred 
elements and increasing in number each successive test by one hundred element 
increments up to ten thousand. We then test to see how much time it takes to 
retrieve the first one hundred elements from each vector. Each test is run one 
hundred times and the resulting times represent the averages of these tests. The 
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Fig. 4. Results of the subvector size experiment. Note that small sizes are very ineffi­
cient, but this inefficiency falls fast as the subarray size grows, it reaches an optimal 
value at 750 and then slowly rises after that. 

choice of the first one hundred elements for retrieval was arbitrary. The results 
are shown in Figure 5. 

Insertion Test. The claimed performance gain for tiered vectors is in the 
running times for element insertions and deletions. The following test demon­
strates the time taken to insert one hundred elements at the head of a tiered 
vector, a Java Vector, and a JGL Array. The testing procedures are the same as 
the access test above. The choice of inserting at the head of each vector was to 
demonstrate worst case behavior in each. 

Regarding the odd, step like behavior of the tiered vector, we note that sud­
den drops in insertion time occur when the vector initially contains near 64, 256, 
1024, and 4098 elements. At these points the tiered vector is full and forced to 
expand, increasing it's subvector size by a factor of four. This expansion there­
fore reduces the initial number of cascade operations required for new insertions 
by a like factor of four. However, as the number of elements in the tiered vector 
increases the number of cascade operations increase linearly until the next forced 
expansion. The full results are shown in Figure 6. 

Deletion Test. The following test demonstrates the time taken to remove 
one hundred elements from the head of a tiered vector, a Java Vector, and a 
JGL Array. The testing procedures are the same as the access test. The choice 
of deleting at the head of each vector is to demonstrate worst case behavior in 
each. The step like behavior of the tiered vector represents points of contraction, 
similar to the behavior in the insert tests. After a contraction the number of cas-
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Fig. 5. Access times in tiered vectors and standard vectors. Note that the access times 
for tiered vectors are comparable with those for JGL arrays and only slightly worse 
than those for Java Vectors. 
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Fig. 6. The results for element insertions. The running times for standard vectors grow 
linearly, as expected, while those for tiered vectors are significantly faster. 



215 

cade operations required for deletion increases by a factor of four and gradually 
decreases as more elements are removed. The full results are shown in Figure 7. 
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Fig. 1. The running times for deletion. The performance of tiered vectors is slightly 
inferior to standard vectors for small-sized lists, but is consistently superior for lists of 
more than 4096 elements. 

Random Test. The following test demonstrates the time taken to insert 
one hundred elements randomly into a tiered vector, Java Vector, and JGL 
Array. The testing procedures are similar to the access test. During testing the 
vectors received the same set of random numbers to insert, though a different 
set of random numbers was generated for each test. Random numbers ranged 
from zero to the number of elements contained in the vector prior to testing. 
The results are given in Figure 8. 
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Abstract. Go-with-the-winners (GWW) is a simple but powerful paradigm 
for designing heuristics for NP-hard optimization problems. We give a 
brief survey of the theoretical basis as well as the experimental validation 
of this paradigm. 

1 Introduction 

Coping with NP-completeness is a fundamental problem in computer science. 
Go-with-the-winners (GWW) was introduced by Aldous and Vazirani [AV94] 
as a new paradigm for designing heuristics for NP-hard problems. The main 
idea behind GWW is that coordinated group search provides a very powerful 
heuristic for boosting the performance of randomized search algorithms. It was 
proved in [AV94J, that a certain tree process that models the performance of 
randomized algorithms such as simulated annealing can be greatly sped up by 
applying the GWW heuristic to it. 

A concrete implementation of GWW for certain optimization problems, most 
notably graph partitioning was given by Dimitriou and Impagliazzo [DI96] [DI98]. 
They showed that GWW finds planted bisections in random graphs provided 
that the edge density in the planted bisection is sufficiently small compared to 
the edge density in the rest of the graph (if 9 = 112m - b < v'mlogn, where b 
is the minimum bisection in a graph with m edges and n vertices). Their proof 
relies on the novel property of local expansion - which may be fundamental 
to the success of search-graph based algorithms in general. In follow up work, 
Carson and Impagliazzo [CI99] have conducted a detailed experimental study of 
GWW for graph bisection, both for random graphs and geometric graphs. Their 
results support the validity of the GWW heuristic. 

2 The Heuristic 

Consider the following model for a randomized optimization algorithm: the state 
space for the algorithm consists of the set of vertices of a rooted tree. For each 
vertex u in the tree, there is a probability distribution p(vlu) which assigns a 
probability to each child v of u. The algorithm probabilistic ally percolates a 
particle from the root to a leaf of the tree. The goal of the optimization problem 
is to pick a deep leaf in the tree - one of depth at least d. 
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Given a randomized algorithm of the above form, the GWW heuristic does 
the following: start with B particles at the root. At each step i, percolate the 
particles independently for one step, and then take all particles that have reached 
leaf vertices at depth i and spread them randomly and uniformly among the re­
maining particles. It was shown in [AV94] that the expected running time of this 
heuristic (to achieve constant success probability) is bounded by a polynomial 
in the parameters of the tree, whereas the original algorithm (represented by the 
tree) runs in exponential time in the worst case. 

The tree process mimics the polynomial time behaviour of simulated anneal­
ing, since the root represents the fact that at high temperature the entire state 
space is well connected. As the temperature is lowered, the state space is effec­
tively partitioned into several distinct components which are separated by cuts 
of low conductance. 

In [DI96][DI98], it was shown how adapt GWW to solve the graph bisection 
problem. The natural analog of temperature here is the size of the edge cut that 
is acceptable - in stage i ofthe algorithm, only cuts with at most m-i edges are 
allowed. Denote the set of all such cuts by M. To percolate the particle down the 
tree, we must map an element of M to M-l. This is harder and is accomplished 
by performing a random walk on N; U M-l. The GWW rule is implemented 
by a predistribution phase where the B particles are redistributed according to 
their down degree (the number of neighbors y E M, and a post distribution phase 
after the random walk where the particles are redistributed inversely according 
to their up degree (the number of neighbors y E M-l. 

To analyze GWW on graph bisection, Dimitriou and Impagliazzo [DI96] in­
troduce the notion of local expansion, and show the remarkable fact that the 
graph on N = Ni U M-l has this property. i.e. there is a polynomial p(n) such 
that every subset S of size at most N /p(n) has at least J.tISI neighbors outside 
of S (for some constant 1'). 

Carson and Impagliazzo [CI99] carry out an extensive experimental analysis 
of GWW for graph bisection. Their results indicate that GWW is very efficient 
and its performance is particularly impressive in cases where the planted bi­
section is not optimal and greedy optimization usually fails. Indeed, they make 
the following informal conjecture: "for most problems where search-graph based 
algorithms perform well, the search graphs have good local expansion." 
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Abstract. In this paper we investigate a new type of Voronoi diagrams 
in which every region is defined by a pair of point sites and some dis­
tance function from a point to two points. We analyze the complexity 
of the respective nearest- and furthest-neighbor diagrams of several such 
distance functions, and show how to compute the diagrams efficiently. 

1 Introduction 

The standard Voronoi Diagram of a set of n given points (called sites) is a 
subdivision of the plane into n regions, one associated with each site. Each site's 
region consists of all points in the plane closer to it than to any of the other 
sites. One application is what Knuth called the "post office" problem. Given a 
letter to be delivered, the nearest post office to the destination can be found by 
locating the destination point in the Voronoi diagram of the post office sites. 
This is called a "locus approach" to solving the problem-points in the plane 
are broken into sets by the answer to a query (in this case, "Which post office is 
nearest?"). All points that give the same answer are in the same set. Answering 
queries is reduced to planar point location once the diagram is computed. 

There have been a number of studies of variants based on non-Euclidean 
distance functions and on sites that are line segments, circles, polygons, and 
other shapes more complicated than points. Another studied variant is the kth­
order Voronoi diagram. Here the plane is broken into regions where all points in 
a given region have the same k sites as their k nearest neighbors. However, even 
in this case the distance measure is based only on the pairwise distance. 

The Voronoi diagram has been rediscovered many times in dozens of fields 
of study including crystallography, geography, metrology, and biology, as well 
as mathematics and computer science. A comprehensive review of the various 
variations of Voronoi diagrams and of the hundreds of applications of them is 
given by Okabe, Boots, and Sugihara lOBS]. 

* Work on this paper by the first author has been supported by the U.S. Army Re­
search Office under Grant DAAH04-96-1-0013. Work by the second author has been 
supported in part by the National Science Foundation under Grant CCR-93-1714. 
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1.1 Our Results 

In contrast with the I-site distance functions studied so far, we define several 
distance functions from a point to a pair of points in the plane. We denote by 
d(a, b) the Euclidean distance between the points a and b, and by A(a, b, c) the 
area of the triangle defined by the points a, b, and c. Given two point sites p and 
q, we define the following distance functions from a point v to the pair (p, q): 

1. Sum of distances: S(v, (p, q)) = d(v,p) + d(v, q); and 
Product of distances: M(v, (p, q)) = d(v,p) . d(v, q). 

2. Triangle area: A(v, (p, q)) = A(v,p, q). 
3. Distance from a line: £(v, (p, q)) = minuE£pq d(v, u), where £pq is the line 

defined by p and q; and 
Distance from a segment: Q(v, (p, q)) = minuEpq d(v, u), where pq is the 
line segment whose endpoints are p and q. 

4. Difference between distances: V(v, (p, q)) = Id(v,p) - d(v, q)l. 

All these 2-site distance functions are symmetric in p and q. (Some of them are 
symmetric in all of v, p, and q, but this has no importance here.) All these func­
tions, like the usual Euclidean distance function, are invariant under translations 
and rotations of the plane. 

Each function represents some "cost" of placing an object at a point v with 
respect to two reference points p and q. The function S can be regarded as a 
variant of the post-office problem, in which one needs to send a message from 
two different offices, so that the receiver will be able to compare the two arriving 
copies of the message and verify its correctness. The function A can also refer 
to envoys sent from v to p and q, where this time the envoys maintain a live 
connection between them, so that the cost is the area swept in between the two 
paths. The function V can measure the quality of a stereo sound, where speakers 
are positioned at the sites. 

For every 2-site distance function F we define the nearest- (resp., furthest-) 
neighbor Voronoi diagram (with respect to F) of a point set S as the partition 
of the plane into regions, each corresponding to a pair of points of S. We denote 
these diagrams by vt1f) (S). The region that corresponds to p, q E S consists of 
all the points v E lR for which F(v, (p, q)) is minimized (or maximized), where 
the optimum is taken over all the pairs of points in S. We denote by "cells" 
the connected components of the diagram. (A region may consist of multiple 
cells.) We summarize in Table 1 the major results of this paper: the bounds on 
the largest diagram complexities for these distance functions. (For some distance 

F S,M A L 9 V 
Nearest-Neighbor Diagram 8(n) 8(n4) 8(n4) 8(n4) Q(n4), O(n4+") 
Furthest-Neighbor Diagram 8(n) 8(n2 ) 8(n2 ) 8(n) 8(n2 ) 

Table 1. Worst-case combinatorial complexities of VJnIJl(S) 
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functions there exist point sets whose respective Voronoi diagram has complexity 
less than that of the worst case.) 

The regular (I-site) nearest-neighbor Voronoi diagram (with respect to the 
Euclidean distance function) can be viewed as the result of blowing circles around 
each point, where each point in the plane belongs to the region of the site whose 
circle sweeps it first. (Similarly, the furthest-neighbor diagram is constructed by 
considering, for each point in the plane, the last circle that sweeps it.) Note that: 
1. All the circles start to grow at the same "time" t = 0 (representing the zero 
distance from the sites); and 2. All the circles grow in the same speed. In this 
paper we describe each 2-site Voronoi diagram as the result of blowing some 
family of shapes around each pair of sites. Each distance function is modeled 
by a different blown shape, and has a different setting of the initial times and 
growing rates of the respective shapes. 

It is well known that the I-site nearest- (resp., furthest-) neighbor Voronoi 
diagram is the xy-projection of the lower (resp., upper) envelope of the surfaces 
modeling the functions that measure the distance from each site. For the Eu­
clidean distance function all the surfaces are copies of the same cone whose apex 
is translated to the sites. For each 2-site distance function we describe the asso­
ciated family of so-called Voronoi surfaces, the xy-projection of whose envelopes 
form the respective Voronoi diagrams. 

In the next sections we analyze the nearest- and furthest-site Voronoi dia­
grams of point sets in the plane w.r.t. the distance functions defined above. 

2 Sum and Product of Distances 

Definition 1. Given two points p,q in the plane, the "distances" S(v, (p,q)) 
and M (v, (p, q)) from a point v in the plane to the unordered pair (p, q) are 
defined as d(v,p) + d(v,q) and d(v,p)· d(v,q), respectively. 

Given a set S of n points in the plane, we wish to find the respective nearest­
neighbor Voronoi diagrams, that is, the partition of the plane into regions, each 
of which contains all the points to which some pair of points of S is the closest 
with respect to the distance function S (or M). 

The curve S(v, (p, q)) = c (for a fixed pair of points p and q and a constant 
c ~ d(p, q)) is an ellipse. (For c < d(p, q) the curve is empty, and for c = d(p, q) 
the ellipse degenerates to a segment.) Thus, vt)(S) can be viewed as the result 
of blowing ellipses around each pair of points of S, so that the two points remain 
the foci of the blown ellipse. Every point v in the plane belongs to the region 
of the pair of sites whose ellipse sweeps it first. In this construction, the ellipses 
starts to grow at different times: the initial ellipse (the analog of the O-radius 
circle) whose foci are the sites p and q is the straight segment that connects 
between p and q. The ellipse starts to grow at time t = d(p, q), since for every 
point v on that segment S(v, (p,q)) = d(p,q). 



222 

The curve M(v, (p, q)) = c (for fixed 
points p, q and c > 0) is more complex. 
For 0 < c ~ d2 (p, q) /4 it consists of two 
"leaves" drawn around p and q and sym­
metric around the bisector of the segment 
pq. (See Figure 1 for an illustration.) When 
c = d2 (p, q)/4 the leaves touch at the mid­
point of pq. For c > ~(p, q)/4 the two 
leaves are merged into one quartic curve. 

Though the blown shapes for both dis-
tance functions are very different from the F· 1 M( ( )) c Ig.. v, p,q = c lor 
growing circles for the Euclidean metric, (2 0) (2 0) d p=-, ,q=, ,an 
it turns out that the respective Voronoi c = 2,3.5,4,5 
diagrams are closely related: 

Theorem 1. Let v ¢ 8 be a point in the plane.1 Also, let (p, q)s and (p, q)M 
be the closest pairs of points of 8 to v according to Sand M, respectively, and 
let p' and q' be the two closest sites of 8 to v with respect to the usual Euclidean 
distance function. Then the (unordered) pairs (p, q)s, (p, q)M and (p', q') are all 
identical. D 

This theorem simply tells us that vtl (8) and vtl (8) are identical to the 
second-order nearest-neighbor Voronoi diagram of 8 with respect to the usual 
Euclidean distance function. (With the only difference that the points of 8 are 

singular points in vt l(8), since M(p, (p,q)) = 0 for all q i- p in 8, hence the 

points of 8 are isolated vertices of vtl (8) in which no Voronoi edge occurs.) It is 
well known that the edges of this diagram (portions of bisectors of pairs of point 
sites) are straight segments. This may seem at first surprising, since the bisectors 
of two pairs of sites (p, q) and (r, s) (for both Sand M) are in general much more 
complex curves. The reason for this is that the Voronoi diagram contains only 
portions of bisectors of pairs which share one site, that is, of the form (p, q) and 
(p, r). The combinatorial complexity of the second-order (Euclidean) Voronoi 
diagram is known to be 8(n) [PS,Lej. The diagram can be computed in optimal 
8(nlogn) time and 8(n) space. 

Similarly, the diagrams vi!) (8) and Vl\l (8) are identical to the second-order 
furthest-neighbor Voronoi diagram of 8 with respect to the usual Euclidean 
distance function. The bounds on the complexity of the diagram and on the 
time needed to compute it are the same as for the nearest-neighbor diagram. 

3 Triangle Area 

3.1 Growing Strips 

Definition 2. Given two points p, q in the plane, the "distance" A(v, (p, q)) 
from a point v in the plane to the unordered pair (p, q) is defined as A( v, p, q), 
the area of the triangle defined by the three points. 

1 We comment below on the anomaly of M (but not of S) at points of S. 
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For a fixed pair of points p and q, the curve A( v, (p, q)) = c, for a constant 
c ~ 0, is a pair of parallel lines at distance 4cjd(p, q) apart. The respective 2-site 
Voronoi diagram is constructed by blowing infinite strips, each strip centered 
at the line epq passing through the points p, q E S. All the strips start to grow 
simultaneously at t = O. The growing rate of the strip defined by the points p 
and q is inversely proportional to d(p, q). Each point v in the plane belongs to 
the region of the pair of sites whose strip sweeps it first (or last). 

The bisector between the regions of two pairs of points (p, q) and (r, s) is a 
straight line. This line passes through the intersection point of epq and ers . Its 
slope is a weighted average of the slopes of the strips. Let epq and ers be the slopes 
of epq and ers , respectively. Assume that d(p, q)ld(r, s) = 11k. Simple calculation 
shows that the slope of the bisector is k sin( ers - epq ) I (1 + k cos(ers - epq )). 

3.2 Nearest-Neighbor Diagram 

We first lower bound the complexity v1n ) (S). The G(n2 ) strips defined by all the 
pairs of points start growing at the same "time," thus their respective regions 
are not empty, and the intersection point of each pair of such zero-width strips is 
a feature of the diagram. It follows that the combinatorial complexity of vt) (S) 
is S7(n4 ). 

We now upper bound the complexity of the diagram. Refer to the growing 
strip that corresponds to two point sites p = (Px, Py) and q = (qx, qy). The 
Voronoi surface that corresponds to p and q consists of a pair of halfplanes, 
both bounded by the line epq , and ascending outward of it. The slope of the two 
halfplanes is 1/2d(p, q). More precisely, the surface that corresponds to p and q 
is the bivariate function of a point v = (vx , vy) 

1 Vx Vy 1 
F~,q(vx,Vy) = A(v,p,q) = "2abs( Px Py 1 ). 

qx qy 1 

Since the surfaces are piecewise-linear bivariate functions in 1R3 , we can apply 
Theorem 7.1 of [SA, p. 179] and obtain a slightly super-quartic upper bound, 
namely, O(n4a(n2)),2 on the complexity of v1n ) (S). However, we can do better 
than that. The complexity of the diagram is no more than the complexity of the 
zone of the plane z = 0 in the arrangement of the planes obtained by extending 
the G(n2 ) halfplanes mentioned above. The latter complexity is G(n4 ) in the 
worst case [ESS] (see also [SA, p. 231, Theorem 7.50]). 

Hence we have the following: 

Theorem 2. The combinatorial complexity ojV1n )(S) is G(n4 ). 0 

Note that this bound applies for all diagrams of sites in general position (no 
three collinear sites, and no point common to three lines defined by the sites) 
and not only for the worst case. 

Figure 2(a) shows three points in the plane, while Figure 2(b) shows the three 

2 a(n) is an extremely slowly growing functional inverse of Ackermann's function. For 
all practical values of n, a(n) does not exceed a very small constant. 
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y * 3.l 
I 

- p - - - I- - - -I- - L> 
I 3 6 x 

(a) Point set (b) Surfaces 

( c) Lower envelope (d) Voronoi diagram 

Fig. 2. Computing vjn) 

respective surfaces in a perspective view. Figure 2(c) shows the same construction 
from below. Figure 2(d) shows the Voronoi diagram of the three points. 

In fact, a single pair of sites can have 8(n4 ) cells in the diagram. To see this, 
put two points p and q very close together and spread all the other points far 
apart. The 8(n2 ) lines passing through all pairs of points form an arrangement 
with 8(n4 ) faces, in which cells begin to "grow" as the strips expand. We can 
position p and q close enough to make their respective strip grow fast enough so as 
to "bypass" all the other strips and grab a piece of each face of the arrangement. 

3.3 Computing yin) (8) 

We obtain V;n) (8) by applying the general divide-and-conquer algorithm of [SA, 
pp. 202-203] for computing the lower envelope of a collection of bivariate func­
tions. The merging step of this algorithm uses the standard line-sweep procedure 
of [PS]. The total running time of the algorithm is O((IMI + IMII + 1M2!) log N), 
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where M, M1 , and M2 are the complexities of the envelopes and the two suben­
velopes, respectively, and N is the number of surfaces. Since M = O(n4) and 

N = O(n2 ), we can compute v,in)(S) in O(n4Iogn) time. The space required by 
the algorithm is dominated by the output size. Therefore the algorithm requires 
O(n4) space. 

3.4 Furthest-Neighbor Diagram 

Theorem 3. The combinatorial complexity of V,ifl (5) is 8(n2 ) in the worst 
case. 

Proof: The lower bound is set by an example. Let n be divisible by 4. Put n 
points evenly spaced around a circle. The center 0 of the circle is a vertex in the 
diagram, shared by the regions of all the pairs of points at distance 7r /2 along 
the circle. Now move from 0 to the right. First we enter the region of the points 
Pl and P2 at distance 7r /4 above and below the negative side of the y axis. Next 
we enter the region that corresponds to the points immediately above (resp., 
below) Pl (resp., P2). When we reach the circle, we are already in the region 
of the points 7r /3 above and below the -y axis. Eventually we reach the region 
that corresponds to the top and bottom points (at 7r /2 above and below the y 
axis). This path traverses n/8 cells. Since there are n possible directions, along 
which we traverse different cells, we have in total n 2 /8 distinct cells. 

The upper bound is obtained as follows. The Voronoi cells in V,ifl (5) that 
correspond to a pair of points p, q E 5 are the intersection of regions containing 
points farther from (p, q) than from (r, s) (according to A), for all pairs of points 
r,s E 5. The "(p,q)-region" (with respect to (r,s)) is a double-wedge in the 
plane, where each wedge is on a different side of the line £pq. Since a wedge is 
convex, there are at most two convex cells that correspond to (p, q), each is the 
intersection of G) - 1 wedges on some side of £pq. In total the number of cells 
is at most twice the number of pairs of points, that is, n(n - 1). 

Saying differently, v,ifl (5) is the upper envelope of G) planes in IR3 , whose 
complexity is 8(n2 ) in the worst case [SA, p. 216, Theorem 7.26J. D 

We can further characterize the pairs of points that have nonempty regions 
in V,ifl(5): 

Theorem 4. 

1. Only pairs of points p, q E 5 where both p and q are vertices of CH(5) (but 

not internal to an edge of the hull) have nonempty regions in V,ifl (5). 
2. Only pairs of vertices p, q E CH(5) that are antipodal to each other have 

infinite cells in V,ifl (S) . 

Proof: 

1. Assume that v)i\p, q) i:- 0 for q ~ CH(S). Let v be a point in V,ifl (p, q). 
Draw through q the line £ parallel to £pv. Denote by q' a vertex of CH(5) on 
the side of £ that does not contain p and v. It is easily seen that A(v, (p, q)) < 
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A(v, (p, q')), contradicting the assumption that v E vi!) (p, q). A similar 
argument shows that a site q on CH(S), which is not a vertex of the hull, 
cannot be part of a pair of points that have a non empty region in vifl (S). 

2. The technical proof is omitted in this extended abstract. 

D 

4 Distance from a Line or a Segment 

Definition 3. Given two points p, q in the plane, the "distance" C(v, (p, q)) from 
a point v in the plane to the unordered pair (p,q) is defined as minuEfpq d(v,u), 
the orthogonal distance from v to the line defined by p and q. Similarly, Q(v, (p, q)) 
is defined as minuEpq d(v, u), the minimum distance from v to a point on the 
line-segment pq. 

The function C is very similar to the function A, with the only difference that 
all the strips around all pairs of point sites grow at the same speed, irrespective of 
the distance between the two points of each pair. Hence, given a set S of n points, 
the complexities of vt)(S) and V~!)(S) are 8(n4) and 8(n2 ), respectively. 

We turn our attention, then, to VJn1fl (S). The growing shape that corre­
sponds to the function Q is a hippodrome, a rectangular shape centered about 
the line segment connecting two point sites, and expanded by two hemicycles, 
attached to the far ends of the shape, with diameter equal to the width of the 
rectangle. 

4.1 Nearest-Neighbor Diagram 

Theorem 5. The combinatorial complexity of vJn) (S) is (for all sets of points 
in general position) 8(n4). 

Proof: The n points of S define 8(n2 ) segments which always have 8(n4) in­
tersection points. This is a consequence of the fact that every planar drawing 
of a graph with n vertices and m ~ 4n edges (without self or parallel edges) 
has D(m3 /n 2 ) crossing points [ACNS,Lel]. (In our case m = (~).) All these 

intersection points are features of vJn) (S). Hence the lower bound. 
The upper bound is obtained by splitting each segment at each intersection 

point with another segment. The complexity of vt) (S) is upper bounded by 
the complexity of the nearest-neighbor Voronoi diagram of the set of "broken" 
segments. Since the latter set consists of 8(n4 ) nonintersecting segments (except 
in their endpoints), its complexity is 8(n4 ) [LD]. D 

The diagram VJn)(S) can be computed in O(n4logn) time and O(n4) space 
by the lower-envelope algorithm of [SA, pp. 202-203] or by the special-purpose 
algorithms of Fortune [Fo] and Yap [Ya] with the same asymptotic running time 
and space complexities. 
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4.2 Furthest-Neighbor Diagram 

Lemma 1. If the region of two point sites p, q in VJ!) (S) is nonempty, then P 
and q are the two extreme points on one side of some direction. 

Proof: Let the region of p, q E S be nonempty, so that there exists some point 
v E 1R2 such that v E VJ!) (p, q). Assume without loss of generality that P is 
closer to v than q, and let u be the point on pq closest to v. We claim that P 
and q are the furthest sites along the direction fffi. Assume to the contrary that 
there exists a site r further than P (or from P and q, if u rf- {p, q}) along fffi. But 

in this case v must belong to the region of (q,r) in VJf)(S), contradicting the 

assumption that v E VJf) (p, q). 0 

Lemma 2. Every cell in VJ!) (S) is convex and infinite. 

Proof: Omitted in this extended abstract. o 

Theorem 6. The combinatorial complexity ofvJ!) (5) is 8(n) in the worst case. 

Proof: Lemmas 1 and 2 dictate the structure of VJ!) (5). Let PI, P2, ... ,PhI 
be the sequence of points (say, clockwise) of S along CH(S), where hI is the 
number of (so-called "outer") hull points of S. Let ql, q2, ... ,qh2 (so-called "in­
ner" hull points) be the vertices of the convex hull of the remaining set, that is, 

CH(5 \ CH(S)). Lemma 1 allows two types of nonempty regions in VJ!)(S): 

1. Regions of pairs of consecutive points along CH(S), that is, of (PI,P2), (P2,P3), 
... , (PhIlPI). 

2. Regions of pairs of the form (Pi,qj), where 1 ::; i ::; hI and 1 ::; j ::; h2. 
Due to Lemma 1 it is mandatory that for a fixed outer-hull point Pi, all the 
inner-hull points qj, for which the region of (Pi, qj) in VJf) (5) is nonempty, 
belong to some continuous range of points along the inner hull of S, say, 
qj', qj'+I, ... , qj" (where indices are taken modulo h2)' Moreover, only qj' 
(resp., qj") may have with Pi-I (resp., PHd a nonempty region in VJ!)(S), 
for otherwise the two-extreme-points property would be violated. 

The structure of VJ!) (S) is now obvious: traversing the diagram rotationally 
around CH(S) (far enough from CH(S) so as to pass through all the cells), we 
alternate between regions of the first type (described above) to (possible) ranges 
of regions of the second type. Namely, we are guaranteed to go through nonempty 
regions of (Pi-I,Pi) and (pi,PHd (where indices are taken modulo hd, possibly 
separated by a range of regions of (pi, qj' ), (pi, qj' +1), ... , (Pi, qj") (where indices 
of the inner-hull points are taken modulo h2)' As noted above, qj" is the only 
point in the range jt ::; j ::; j" that may have, together with PHI, a nonempty 
region in VJf)(S). 

This structure is shown in Figure 3. Points 0-2 belong to the outer hull of 
the point set, whereas points 3-6 belong to the inner hull. The clockwise order 
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(1,2) (0,1) 

.0 

Fig. 3. vJn of seven points 

of VJn contains the cells of (0,1) and (1,2), separated by the cells of (1,3), (1,4), 
(1,5), and (1,6). The cell of (0,3) appears before that of (0,1), and the cell of (2,6) 
appears after that of (1,2). 

It is now easy to upper bound the number of cells in VJn (S). There are 
exactly hl regions of the first type and at most hl + h2 regions of the second 
type. Since 1 :S h1 , h2 :S nand hl + h2 :S n, the diagram VJn (S) contains at 

most 2n nonempty regions. In the worst case, then, the complexity of VJn (S) 
is 8(n). However, the above discussion also implies trivial constructions of arbi­
trary number of points, for which the complexity of VJn (S) is constant. D 

5 Difference between Distances 

Definition 4. Given two points p, q in the plane, the "distance" V(v, (p, q)) 
from a point v in the plane to the unordered pair (p, q) is defined as I d( v, p) -
d(v, q)l. 

For a fixed pair of points p and q, the curve V(v, (p, q)) = c (where c 2: 0) is 
a pair of quadratic curves in the plane. For c = ° this is the bisector of the line 
segment pq. As c grows, the "strip" widens but in a shape different than that 
corresponding to the area function. The borders of the strip advance as a pair of 
hyperbolas with the invariant that the points p and q always remain the foci of 
the hyperbolas. These borders form "beaks" closing away of the initial bisector 
of pq. The function V(v, (p, q)) reaches its maximum value d(p, q) when the two 
beaks close on the two rays, one emanating for p away from q, and the other 
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emanating from q away from p. (This is easily seen from the triangle inequality.) 
The bisectors between pairs of regions in the diagram are quadratic functions. 

5.1 Nearest-Neighbor Diagram 

As with the area distance function, since the 8(n4 ) intersection points of the 
8(n2 ) bisectors of the line segments joining pairs of points in S are all features 
in vt) (S), the combinatorial complexity of the diagram is D(n4 ). We show a 
nearly-matching upper bound (but conjecture, however, that the correct bound 
is 8(n4 )). 

Theorem 7. The combinatorial complexity of V~n\S) is O(nHE ) (for any E > 
0) in the worst case. 

Proof: The collection of 8(n2 ) surfaces Fi>,q fulfills Assumptions 7.1 of [SA, 
p.188]: 

(i) Each surface is an algebraic surface of maximum constant degree. 
(ii) Each surface is totally defined (this is stronger than needed); 

(iii) Each triple of surfaces intersect in at most a constant number of points. 
(This follows from Bezout theorem.) 

Hence we may apply Theorem 7.7 of [SA, p. 191] and obtain the claimed com­
plexity of V~n)(S). D 

As with the area distance function, we apply the same divide-and-conquer 
algorithm with a plane-sweep for the merging step (Theorem 7.16 of [SA, p. 203]). 
In this case M = O(nHE ) and N = O(n2 ). Thus we obtain an O(nHE logn)-time 
and O(nHE)-space algorithm for computing V~n)(S). 

5.2 Furthest-Neighbor Diagram 

Theorem 8. The combinatorial complexity of v~j) (S) is 8(n2 ) in the worst 
case. 

Proof: For every point v E JR,2, the pair p, q E S for which 1)(v, (p, q)) is 
maximized must consist of the nearest and the furthest neighbors of v according 
to the usual Euclidean distance function. Hence, V~j) (S) is the overlay of the 
regular nearest- and furthest-neighbor Voronoi diagrams of S. The complexity 
of this overlay is 8(n2 ) in the worst case. D 

The overlay of the nearest- and furthest-neighbor Voronoi diagrams can be 
computed in O(n2 ) time [EFNN], or in an output-sensitive manner in O(n log n+ 
k) time, where k is the complexity of the overlay, by the algorithm of Guibas 
and Seidel [GS]. 
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6 J AVA Implementation 

We have implemented a Java applet that computes the Voronoi diagrams for the 
distance functions discussed in this paper (and some more functions). The ap­
plet, found in http://middlebury . edu/ "-'dickerso/research/ dfunct. html , 
supports interactive selection of the point set and on-line computation and dis­
play of the Voronoi diagrams. 

7 Conclusion 

In this paper we present a new notion of distance between a point and a pair 
of points, and define a few instances of it. For each such distance function we 
investigate the nearest- and furthest-neighbor Voronoi diagrams of a set of points 
in the plane and methods for computing it. Future research directions include: 

1. The respective diagrams of more distance functions, e.g., the radius of the 
circle defined by a point and two sites. 

2. 2-site distance functions in higher dimensions. 
3. Distance functions from a point to more than 2 points. 
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A Parallel Algorithm for Finding the Constrained 
Voronoi Diagram of Line Segments in the Planet 

Fancis Chill 2, Der Tsai Lee 3, and Cao An Wang 4 

Abstract In this paper, we present an O(~log n) (for any constant 0 ~ ex ~ 1) 

time parallel algorithm for constructing the constrained Voronoi diagram of a set L of n 
non-crossing line segments in E2, using O(nl+Q) processors on a CREW PRAM model. 

This parallel algorithm also constructs the constrained Delaunay triangulation of L in 

the same time and processor bound by the duality. 

Our method established the conversions from finding the constrained Voronoi dia­

gram L to finding the Voronoi diagram of S, the endpoint set of L. We further showed 

that this conversion can be done in O(log n) time using n processors in CREW PRAM 

Illodel. The complexity of the conversion implies that any improvement of the complexity 

for finding the Voronoi diagram of a point set will automatically bring the improvement 

of the one in question. 

1 Introd uction 

The Voronoi diagram and Delaunay triangulation of a point set (called sites), duals 

of one another, are two fundamental geometric constructs in computational geometry. 

These two geometric constructs as well as their variations have been extensively studied 

[PrSh85, Aur91, I3eEp92]. Among these variations, Lee and Drysdale [LeDr81] first 

investigated the Voronoi diagram of a set L of sites: n non-crossing line segments, and 

Kirkpatrick called it Skeleton and provided an 8(n log n} algorithm for constructing the 

diagram. Later Yap [Yap87] presented a divide-and-conquer algorithm with the same 

time bound. 

Lee and Lin [LL86] considered another variation, called constrained Delaunay tri­

angulation (or generalized Delaunay triangulation): the Delaunay triangulation of the 

endpoint set S of L constrained by L itself, and proposed an 0(n2 ) algorithm for con­
structing the triangulation. The O(n2 ) upper bound for the problem was later improved 
to 8(n log n) by several researchers [Che87, WS87, Sei88]. Furthermore, Wang and 
Seidel [WS87, Sci88] showed that the dual of the constrained Delaunay triangulation of 

L is the constrained Voronoi diagram of L. 

The Voronoi diagrams also related to a third geometric structure: convex hull. I3rown 

[Bro79] discovered a well-known reduction of obtaining the Voronoi diagram of a point 
set in E2 from the convex hull of the set of transformed points in E3. By the reduction, 
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4 Department of Computer Science, Memorial University of Newfoundland, St.John's, NFLD, Canada 
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a fast algorithm for convex hull implies a fast algorithm for Voronoi diagram. A more 

popular lift-up transformation: mapping point (x, V) in E2 to point (x, V, x2 + V2) in E3 
wa.q described in [GS83,Ede87]. 

The Voronoi diagram, Delaunay triangulation, and convex hull in parallel algorithm 

setting have been intensively studied too [Ch080, ACGOY88, AP93, MP88]. Most of 

t.hese parallel algorithms adapted CREW PRAM computational model. That is, a mem­

ory is shared by multi-processors such that concurrent reads are allowed but simultane­

ollsly writings to the same memory location by two or more processors are not allowed. 

The first parallel algorithm for constructing the Voronoi diagram of a point set was pro­

posed by Chow [Ch080]. She showed that the convex hull of a point set in E3 could be 

computed in 0(log3n * loglog(n» time, using n processors. Thus, using the well-known 

reduction [Bro79j, she designed an algorithm for the Voronoi diagram of n points in E2 

with the same time and processor bounds. A entirely different approach for the prob­

lem was presented in a paper on parallel computational geometry [ACGOY88], which 

proposed an 0(log3n ) time and n processors algorithm adapting a divide-and-conquer 
method on the points in E2. Clearly, comparing the sequential optimal O(n log n) 
bOllnd, both mentioned algorithms are not optimal in the parallel setting. Great efforts 
have been put on this problem by geometry researchers since then, and whether or not 

one can design an O(log n) time algorithm using n processors becomes an outstanding 

open problem in parallel computational geometry [ACGOY88]. 

Mumbeck and Preilowski [MP88] designed the first time-optimal algorithm for Voronoi 

diagram but using 0(n3) processors. Dadoun and Kirkpatrick presented an 0(log3n * 
lor} * n) algorithm using n processors [DK89] for convex hull in E3. Recently, Amato 

and Preparata proposed an O(~log n) time and O(n1+lI) processors algorithm for any 

constant 0 :5 a :5 1 for convex hull in E3 [AP93], and Preilowski etc. [PDW92] claimed a 

result with the same time and processor bound. Amato, Goodrich, and Romas [AGR94] 

also presented the same result. Rief and Sen gave the first optimal parallel randomized 

algorithm for 3D convex hull [RS92]. Cole, Goodrich, and O'Dunlaing presented a deter­
ministic 0(log2n) time and optimal 0(nl09 n) work algorithm for constructing Voronoi 

diagram of a planar point set [CG096j. Furthermore, Dehne, Deng, Dymond, Fabri, and 

Khokhar showed a randomized parallel 3D convex hull algorithm with Coarse grained 

multicomputers [DDDFK98]. Goodrich O'Dunlaing, and Yap presented 0(log2n) time 

algorithm using n processors in CREW PRAM model for constructing the Voronoi di­

agram of a set of line segments [GOY93]. No previous work of parallel algorithm for 

constrained Voronoi diagram of line segments is known in the authors best knowdlege. 
In this paper, we establish an O(~log n) time (0 :5 a :5 1) and O(n1+lI) processors 

bound for the problems in question. Our algorithm is based on the following idea: first 
we convert the construction of constrained Voronoi diagram of L to the construction 

of the Voronoi diagram of the endpoint set S of L, and obtain the latter through the 

reduction from the convex hull in E3. We shall show that the conversion can be done in 

0(l09 n) time and using n processors in CREW PRAM model. Hence, the complexity 
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of finding this diagram is dominated by that of finding the Voronoi diagram of a point 

set in E2, which in turn is dominated by finding the convex hull of a point set in E3. 
Thus, by the result of [AP93] we establish the bound. Furthermore, our approach also 

yields the following results: 

• a work and time optimal randomized algorithm [RS92] 

• a deterll1inistic O(loln) time and optimal O(nlog n) work algorithm [CG096]. 

• a updating (inserting or deleting a line segment) can be done in O(~log k) time 
and (n + kl+Q) processors [Wan93]. 

The paper is organized as follows. In Section 2, we review some definitions and 
known facts, which are related to our method. In Section 3, we concentrate on how to 
construct the constrained Voronoi diagram of L. In Section 4, we conclude the paper. 

2 Preliminaries 

In this section, we explain (i) the constrained Delaunay triangulation and its dual, 

the constrained Voronoi diagram, and (ii) the reduction from convex hull to Voronoi 

diagram. We use 'site' to denote the Voronoi source data. A point site is regarded as a 

degenerated line segment site. 

2.1 Constrained Delaunay triangulations and constrained Voronoi 

diagrams 

The Constrained Delaunay Triangulation [LL86, Che87, WS87, Sei88] of a set of 
non-crossing line segments L, denoted by CDT(L), is a triangulation of the sites S, the 

endpoints of L, satisfying the following two conditions: (a) the edge set of CDT(L) con­
tains L, and (b) when the line segments in L are treated as obstacles, the interior of the 

circumcircle of any triangle of C DT(L), say /::"ss' s", does not contain any site in S visible 

to all vertices s, s', and s". Essentially, the constrained Delaunay triangulation prob­

lem is Delaunay triangulation with the further constraint that the triangulation must 

contain a set of designated line segments. Figure 1 (a) gives the constrained Delaunay 

triangulation of two obstacle line segments and a point. 
Given a set of line segments L, we can define the Voronoi diagram w.r.t. L as a 

partition of the plane into cells, one for each site in S, such that a point x belongs 

to the cell of a site v if and only if v is the closest site visible from x. Figure l(b) 

illustrates the corresponding Voronoi diagram w.r.t. the set of line segments given in 

Figure l(a). Unfortunately, this Voronoi diagram is not the complete dual diagram of 

CDT(L) [Aur91J, i.e., sOllle of the edges in CDT(L) may not have a corresponding edge 

in this Voronoi diagram. 

In [WS87, Sei88, Lin87, JW93], the proper dual for the constrained Delaunay triangu­

lation problem has been defined as the Constrained (or called Bounded) Voronoi 

diagram of L, denoted by Vc(L). It extends the standard Voronoi diagram by: (i) 
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(a)';';;~ Delauaay lriul&ulalioo of 
L (Iino .. _IS ab IIId cd,lIId pointe). 

·· ................. C~b 
.~.c ..... 

(b)VonJ!>oim-,w.r.LL 

...... 
(e) eoalllninod Voroaoi dia&nm 00 'calODded' space. 

Figure 1: Constrained Delaunay triangulation and Constrained Voronoi diagram 

imagining two sheets or half planes attached to each side of the obstacle line segments; 

(ii) for each sheet, there is a well-defined Voronoi diagram that is induced by only the 

endpoints on the other side of the sheet excluding the obstacle line segment attached 

to the sheet; (iii) the standard Voronoi diagram is augmented by the Voronoi diagrams 

induced by the sheets. Figure l(c) gives an example of Vc(L), the Voronoi diagrams on 

the plane and on the two sheets of the obstacle line segment abo Note that the Voronoi 
diagrams on the two sheets of the obstacle line segment cd happened to be the same as 
the Voronoi diagram on the plane. With this definition of Vc(L), there is a one-to-one 

duality relationship between edges in Vc(L) and edges in CDT(L). It was further proved 

in [Sei88, JW93] that the dual diagrams, CDT(L) and Vc(L), can be constructed from 
each other in sequential linear time. It is easy to see that the two constructs can con­
vert from each other in constant time using linear number of processors. For simplicity, 

we will use terms constrained Voronoi diagram and constrained Delaunay triangulation 

interchangeably in the rest of the paper. 

2.2 A reduction from convex hull in E3 to Voronoi diagram in 
E2 

Fact: [Br079, Ede87] LetS be a set of points in Jtl, and let S' be the set of lift-up 

points in E3 , where the lift-up transformation maps each point s = (x, y) in S to a point 

s' = (x, y, x2 + y2) in S'. There is a one-to-one correspondence between the edges of 

Voronoi diagram Vor(S) and the edges of convex hull CH(S'). 
That is, if slsj is an edge of CH(S'), then Si and s; determine a Voronoi edge of 

Vor(S). 
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In parallel setting, we can design a reduction procedure, Redu(8), which takes a set. 

8 of point sites and returns the Voronoi diagram of 8. 

Redu(S) 
1. Map 8 in E2 to 8' in E3 by lift-up: 8 (x, y) -t 8' (x, y, x2 + y2) for 8(.8 and 8'(.8'. 
2. Find convex hull CH(8') by an existing algorithm, say [AP93]. 
3. Construct Voronoi diagram Vor(8) by finding the Voronoi edges of cell V(8) for 

each 8 of 8. 
4. Return Vor(8). 

Step 1 takes constant time using I 8 I processors, one site per processor, and Step 3 

takes constant time using I 8 I processors since by Euler's formula there are at most 2n 

edges in both CH(S) and Vor(S). Step 2 dominates the time complexity of Redu(S). 

In our case, it is dominated by the bounds in [AP93]. 

3 Finding the Constrained Voronoi diagram of S 

In this section, we first highlight the algorithm, then give it a detail analysis. Let 
L = {it, ... , in} be a set of non-crossing line segment, and let 8 be its endpoint set. 8 is 
regarded as sites and open line segments in L are regarded as obstacles. 

3.1 The high level description of the Algorithm 

Conversion! 

Input: Land S. 

Pf7b 
a e 

(.) (b) 

Figure 2: An illustration of the intermediate structures in the conversion algorithms. 

Part (a) is the Delaunay triangulation of points (a, b, c, d, e, f) with the removal of the 

edges crossing ab, denoted by DTp(L) and Part (b) is the Voronoi diagram of points 

(a,b,c,c,c,f) w.r.t. L, i.e., with the removal or edges crossing L, denoted by Vp(L). 

Output: CDT(L). 
Method: 
1. Construct the Voronoi diagram of S by calling Redu(8). 
2. Assign the sites of 8 to n obstacles such that each obstacle 1; of L takes two 

groups: 8f and 8f with possibly repeated sites. Any 8 belongs to Sf iff at least one of 
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the Delaunay triangles of DT(S) incident to s intersects ii and s is weakly visible to ii, 
and all points in Sf are visible to Ii from the same side. (respectively, for SiR.) 

(* See Figure 2(a), where obstacle ab is associated with S{J, = (a, c, d, b) 
and S;ft- = (b, I, e, a). *) 

3. Construct v"r(Sf) and Vor(SiR) by calling Redu(Sf) and Redu(Sf). 
4. Convert Vor(Sf) and Vor(Sf) into DT(Sf) and DT(Sf). Merge all DT(SF) and 

DT(Sf) with DTp(L) to form CDT(L), where DTp(L) is the DT(S) with the removal 

of all the edges crossing L. 
(* Refer to Figure 2{a) for DTp{L). *) 

3.2 The detail analysis of the Algorithm 

The key of the Conversionl is Step 2. The input to this step is the set L as well as the 

Delaunay triangulation of S. The output is 2n groups of point sites, each obstacle has 
been assigned two groups. Since a site s is assigned to an obstacle l iff a Delaunay triangle 

incident to s is crossed by land sand l is visible each other, a straight-forward method 

would be as follows. First, build a point location data structure over L, say Su, and 
locate the subdivisions in Su for all elements in Sj Then, perform ray shootings outward 

from s along each incident Delaunay edge to find the first obstacle l hit by the rayj 

Finally, assign s to l if the ray meets t ahead the other endpoint of the Delaunay edge. 

For each obstacle l, we divide all these assigned sites into SL and SR according to the 

hitting direction to t. However, this approach is very expensive due to the ray shooting 

operations. The best known algorithm for the ray shooting in arbiteray direction took 
O( -jslog°{l)n) query time using O(s1+<) preprocessing and space for n s: s s: n2 [AS93]. 
Thus, the approch cannot meet the desired bounds. 

Note that the ray shooting for a fixed direction is much easier. 

Fact: [ACG89] Given a set of non-crossing line segments, determining for each 

segment endpoint p the first segment stabbed by the vertical ray enmencing upward 

from p can be performed in 0(i09 n) time using n processors and space, and 0(t09 n) 
preprocessing time in CREW PRAM. 

The further question is whether or not it is sufficient for our problem to apply only 

constant number of ray shootings in a fixed direction. The following lemma implies that 

it is sufficient to shooting a ray from a site in four directions to detect the obstacles 

which first cross the Voronoi cell of this site in the constrained Voronoi diagram, v;,(L). 

Proof (Refer to Figure 3.) Let V(s) be the Voronoi cell associated with s. Let V(s) 
crosses i. Thus at least one Voronoi vertex of V(s), say v, lies on or below i. Note 

by definition that the Dclaunay circle with v as center and vs as radius cannot contain 

inside any of a and b. Note also that v is on or below l. Then, the Delaunay circle must 

be contained by the circle with ab as diameter in the halfplane above the line extending 

I. Thus, the angle Lasb is at least 90°. 0 
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v b' b 

Figure 3: 

Lemma 1 If the Voronoi cell of site s in v;,(L) extends to the sheet attached on obstacle 
l (= ab), then the angle Lasb is at least 90°. 

I , 

, 
, 
, 

I 
I 

I 
I 

, 
: , 
: , 
: , I 

: , I 

: , 
:, 
:, 

I :, 
:, , 
:, 

, 
:, I 

:, I I 
:, , I 

:' I " 
;' , I 

, .f I I 

I 
I 

e 

I i I I 

~:::::: ~ ....... : ..... i'~ .. :::::::::::::::: ::::::::::::::::::::::::: ::!i: 
: J 

Figure 4: 

Clearly, any obstacle crossing a Delaunay triangle in DT(S) must cross one of the 

three Voronoi cells associated to its vertices, and vice versa. Thus, we can detect whether 

or not a Delaunay triangle crossed by some obstacle by Lemma 1. To detect the first 

obstacle crossing this Voronoi cell viewing from this vertex, we shall perform a ray 

shooting starting at that vertex. In particular, We apply the ray shooting method 
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described in Fact [ACG89j twice: one in vertical direction and the other in horizontal 

direction. The obstacles hit by the two vertical and two horizontal rays enmencing from 

a site are the potential crossing obstacles. There are at most four such obstacles for 

each site. By testing the angle formed by the site and the obstacle, we can determine if 

Voronoi cell of the site is crossed by the obstacle hence determine if the corresponding 

sit.e should be assigned to the obstacle. 
Note that Lemma 1 ensures to detect all the Delaunay triangles crossed by some 

obstacle and to identify those vertices whose Voronoi cells crossed by these obstacles. 

However, we must deal with these vertices whose Voronoi cells do not cross any obstacles 

hut, their corresponding Delaunay triangles are crossed by some obstacles. After applying 

the ray shooting as described above, we can delete these Delaunay edges crossed by some 

obstacles. The remaining unidentified vertices of these Delaunay triangles are on the 

boundaries of several closed connected regions. (Refer to Figure 4, where f and 9 are 

such unidentified vertices.) We can group such vertices by checking the neigh borings, 

i.e., if two vertices (or two small groups of vertices) share a non-deleted Delaunay edge, 

each contains some deleted edges, and face the same facet area, then they are put in the 
same group. If one of the site (or small group) is known to belong to an obstacle, then 
all the rest in the group must belong to this obstacle. This grouping operation takes at 
most logarithmic time of the size of the final group. Since one of these undeleted edge 

on the boundary of the area must be the first obstacle crossing these deleted Delaunay 
edges, the entire group is assigned to this obstacle. 

The ray shootings take O(log n) time (by Fact IACG89]), the test of crossing of s 
and l takes constant time (by Lemma 1), and the grouping of the sites whose Voronoi 

cells do not cross obstacles and whose corresponding Delaunay triangles cross the same 

obstacle takes Q(log n) time, and all the above operations use n processors in CREW 

PRAM. Thus, Step 2 can be compeleted in (O(log n), n) bound. 

Step 1 and Step 3 can be performed in (O{log n), n1+0) bound by Redu procedure. 

Step 4 can be done in (0(1), n) bound. 

Theorem 1 Given a set L of n non-crossing line segments in E2, the constrained De­
launay triangulation CDT(L) can be found in O(log n) time using n1+o processors for 
o ::; O! ::; 1 in CREW PRAM model. 

4 Concluding Remarks 

In this paper, we presented an efficient parallel algorithm for finding the Constrained 

Dclaunay triangulation and Voronoi diagram of a set L of non-crossing line segments 

in the plane. Our algorithm may be the first efficient parallel algorithm for finding the 

Constrained Delaunay triangulation of L. 
More significantly, we proved a connection from the standard Voronoi diagram of 

• a point set S to the Constrained Voronoi diagram of L with S as endpoint set, and 
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showed that this two conversion can be done in 0(109 n) time using n processors in 

CREW PRAM model. This implies that any improvement of the complexity for finding 

thc standard Voronoi diagram will automatically bring thc improvcmcnt of thc onc in 

question. 

l3y the same mcthod, updating (inscrting or deleting a linc segmcnt) can be done in 

O(~log k) time and (n + kl+O ) processors. We omit the update portion in this version. 
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Abstract. A polygon P is a street if there exist points (u, v) on the 
boundary such that P is weakly visible from any path from u to v. Opti­
mal strategies have been found for on-line searching of streets provided 
that the starting position of the robot is s = u and the target is located 
at t = v. Thus a hiding target could foil the strategy of the robot by 
choosing its position t in such a manner as not to realize a street. 
In this paper we introduce a strategy with a constant competitive ratio 
to search a street polygon for a target located at an arbitrary point t on 
the boundary, starting at any other arbitrary point s on the boundary. 
We also provide lower bounds for this problem. This makes streets only 
the second non-trivial class of polygons (after stars) known to admit a 
constant-competitive-ratio strategy in the general position case. 

1 Introduction 

In 1991 Klein considered the problem of an agent or robot searching the interior 
of a simple unknown polygon for a visually identifiable target point [13]. The 
competitive ratio, defined as the ratio between the distance traversed by a robot 
and the length of the shortest path between the robot and the target, is a natural 
framework to evaluate the performance of a given search strategy. It is not hard 
to see that in general searching an arbitrary simple polygon with n vertices is 
O(n) competitive (see e.g. [13,16]). 

In the same paper, Klein introduced the class of street polygons, which can 
be searched on-line at a constant competitive ratio under specific restrictions on 
the position of the target. A polygon P is a street if there exists a pair of points 
(u, v) on the boundary such that the interior of the polygon is weakly visible 
from any path from u to v. Specifically, the strategy proposed depends on the 
target being located at v and the starting position of the robot being u. Several 
improved strategies for streets have been proposed under the same assumptions 
[8,14,16,18]. Recently streets have been shown to be searchable at a competitive 
ratio of V2 in the worst case, which is optimal [20, 10], provided, as before that 
s = u and t = v. 

Several other classes of polygons that admit constant competitive ratios have 
been proposed including (i-streets [6,17]' HV-streets [5] and 8-streets [5]. Just as 
with streets, the existence of a constant competitive searching strategy for these 
classes of polygons is also dependent on the position of the target. 
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In 1997, Lopez-Ortiz and Schuierer [15,19] introduced the first non-trivial 
class of polygons known to admit a constant competitive ratio irrespective of 
the starting position of the robot and the target, namely star polygons. 

However it remained an open question if street polygons could be searched at 
a constant competitive ratio when the starting position of the robot is different 
from u and the location of the target is not v, as all known search strategies 
depend heavily on this fact. In this paper we answer this question in the affirma­
tive. This is an important generalization of the restricted street search algorithm, 
as otherwise a hiding target could foil the search strategy of the robot by choos­
ing its hiding position t in such a manner as not to realize a street. This makes 
streets only the second non-trivial class of polygons (after stars) known to admit 
a constant-competitive-ratio strategy in the general case. 

We propose first an algorithm for the case s = u and a free target, Le. t =J. v 
with a competitive ratio of 36.806, and then an algorithm for the general case 
when s =J. u with a competitive ratio of 69.216. This completes all the search 
cases for street polygons. It is also interesting to note that the competitive ratio 
can be improved significantly for rectilinear street polygons using a strategy 
devised for that specific case [4]. 

The paper is organized as follows. In Section 2 we give some basic definitions. 
In Section 3 we present a strategy to search a street polygon when the starting 
position of the robot is s = u but the target is located at an arbitrary point on 
the boundary. In Section 4 we give a strategy for searching street polygons for 
arbitrary location of sand t. In Section 5 we present a lower bound of 9 for the 
search case when s = u and of 11.78 for arbitrary position streets searching. 

2 Definitions 

We assume that the robot is equipped with an on-board vision system that 
allows it to see its local environment. Since the robot has to make decisions 
about the search based only on the part of its environment that it has seen 
before, the search of the robot can be viewed as an on-line problem. As such, 
the performance of an on-line search strategy can be measured by comparing 
the distance traveled by the robot with the length of the shortest path from the 
starting point s to the target location t. The ratio of the distance traveled by 
the robot to the optimal distance from s to t is called the competitive ratio of 
the search strategy. 

We say two points Pl and P2 in a polygon P are mutually visible if the line 
segment P1P2 is contained in P. If A and B are two sets, then A is weakly visible 
from B if every point in A is visible from some point in B. 

Definition 1. Let P be a point in P. The visibility polygon of P is the subset of 
P visible to P and denoted by Vp(p). 

We assume that the robot has access to its local visibility polygon by a range 
sensing device, e.g. a ladar (laser "radar"). 
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p 

Fig. 1. Visibility polygon. Fig. 2. Left and right pockets. 

Definition 2. [13] Let P be a simple polygon with two distinguished vertices, u 
and v, and let Land R denote the clockwise and counterclockwise, resp., oriented 
boundary chains leading from u to v. If Land R are mutually weakly visible, i. e. 
if each point of L sees at least one point of R and vice versa, then (P, u, v) is 
called a street. 

Streets are also known as LR-visibility polygons [3]. 
If the robot does not see the entire interior of P, then the regions not seen 

in P form connected components of P \ Vp(p) called pockets. The boundary of 
a pocket is made of some polygon edges and a line segment not belonging to the 
boundary of P. The edge of the pocket which is not a polygon edge is called 
a window of Vp(p). Note that a window intersects the boundary of P only in 
its end points. More generally, a line segment that intersects the boundary of P 
only in its end points is called a chord. 

A pocket edge of p is a ray emanating from p which contains a window. Each 
pocket edge passes through at least one reflex vertex of the polygon, which is 
also an end point of the window associated with the pocket edge. This reflex 
vertex is called the entrance point of the pocket. 

A pocket is said to be a left pocket if it lies locally to the left of the pocket 
ray that contains its window. A pocket edge is said to be a left pocket edge if it 
defines a left pocket. Right pocket and right pocket edge are defined analogously. 

Definition 3. Given a polygon P, an extended pocket edge from a point s is a 
polygonal chain qo, qI, q2, ... ,qk such that qo = s, and each of qi is a reflex vertex 
of P, save possibly for qk· Furthermore qk-2, qk-I and qk are collinear and form 
a pocket edge with qk-Iqk as associated window. If qk-2qk is a left (right) pocket 
edge, then each of L.qi-Iqiqi+l is a counterclockwise (clockwise) reflex angle. 

Definition 4. We say two pocket edges PI and P2 are clockwise consecutive if 
the clockwise oriented polygonal chain of V(p) does not contain another pocket 
edge between PI and P2. 

Lemma 1. Let (P, u, v) be a street polygon. All left (right) pocket edges anchored 
in u are clockwise (counterclockwise) consecutive. 
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It is easy to verify this by assuming otherwise and noticing then that one of 
the pockets cannot see the opposite boundary chain, as required by the definition 
of street polygons (see e.g. [13] for a more detailed treatment). We call this 
arrangement left-right consecutive pockets. Notice that in general this property 
only holds for the points u and v in P, and is not necessarily the case for other 
points W on the boundary of P. 

Definition 5. A chord between two points WI W2 on the boundary of the polygon 
is said to be wI-minimal if and only if there exists an E > 0 such that for all 
chords with end points (WI, W~) and IW2 - w~ I < E we have IWI w21 < IWI w~ I. 

Notice that wI-minimal chords either form a right angle with the boundary 
at W2, or W2 is a reflex vertex of P. 

A chord uw is clasified as left, right or middle depending on its position with 
respect to the surrounding pockets. That is, if a chord is located between two 
consecutive left (right) pockets is called a left (right, respectively) chord. If the 
chord is located between a right and a left pocket, in clockwise order, then it is 
termed a middle chord. 

3 Searching for a Target from a Restricted Starting Point 

In this section we consider the problem of searching for a target located at an 
arbitrary point t in the interior of a street polygon, with the robot starting from 
the point s = u on the boundary. 

Lemma 2. If c is a chord with endpoints (u, w) in a street polygon (P, u, v), 
then it splits P into two parts PI and P2 , and one of PI and P2 is weakly visible 
from c while the other contains the point v. 

Proof. Clearly v is contained in one of the two parts, assume that it is on the left 
side, PI (the other case is symmetrical). Therefore the entire counterclockwise 
polygonal chain from u to W is contained in P2 . Moreover, we know that the 
polygonal chain from u to W sees the left chain L in Pl. But any line contained 
in the polygon and joining a point in PI with a point in P2 intersects the chord 
c. This implies that the chord weakly sees all points in P2 . 

Observation 1 The point v lies to the right of all but the last left pocket edge 
and to the left of all but the last right pocket edge. 

Theorem 1. There exists a strategy for searching for a target of arbitrary loca­
tion t inside a street (P, u, v) starting from s = u with a competitive ratio of at 
most 36.806. 

Proof. The proof of this theorem is based on the algorithm for star polygons 
first presented in [15] and further improved in [19]. However, there are several 
key differences which result in a significantly larger competitive ratio than the 
case of a star polygon. 
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This algorithm traverses left and right pockets edges alternatively, and in 
order of increasing length, until the entire polygon is seen. The aim of the al­
gorithm is to traverse those pocket edges that form chords, since such chords 
fully explore a portion of the polygon as shown in Lemma 2. Otherwise, if there 
is no pocket edge at a given distance forming a chord, then the robot traverses 
an unexplored pocket edge to its current entrance point. We classify extended 
pocket edges in two groups, Fleft and Fright. The robot starts with the subset of 
currently visible extended pocket edges neft and F~ight' respectively. These sets 
are updated as the robot explores pocket edges and at the same time discovers 
new ones. Given an extended pocket edge E, let lE denote the last point in the 
chain, and PE denote the second to last point of E. 

Fig. 3. Extended pocket edge search. 
Fig. 4. A left pocket inside a right 
pocket. 

Let side E {left, right} and if side = right, then ,side = left and vice versa, 
and let a > 1 be a constant. 

Algorithm Restricted-Start Free-Target Search 
Input: A street polygon (P,u,v) and a starting point s = u (notice that 

the location of v is not required by the algorithm); 
Output: The location of the target point t; 
1 let Fleft (Frighd be the set of extended left (right) pocket edges cur­

rently seen but not explored; 
(* Initially Fleft and Fright contain only simple pocket edges; *) 

2 let P E be the closest entrance point to sand E the pocket edge corre-
sponding to P E; 

3 let d be the distance of PE to s; 
4 if E is a left pocket edge 
5 then let side +-- left 
6 else let side +-- right 
7 while Fleft U Fright is non-empty do 
8 traverse d units on E measuring from s; 
9 if t is seen then exit loop; 
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10 add the new pocket edges seen on this path to F'eft or Fright as 
extended pocket edges starting from Sj 

11 if a new side pocket edge EN is seen inside a ...,side pocket and 
IENI ~d 

12 then let E +- ENj 
13 move to the entrance point of the ...,side pocket and explore 

Ej 
14 remove from Fside all extended side pocket edges to the side side 

of the extended pocket edge E 
15 if IE is reached then remove Ej 
16 move back to Sj 
17 let d +- a . dj 
18 let side +- ...,sidej 
19 if side = left 
20 then let E E F'eft such that PE is the rightmost entrance point 

or pocket forming a chord with d(S,PE) ~ d. 
21 if there is no such edge 
22 then select as E as the leftmost edge in F'eft 
23 else (* side = right *) 

select E analogouslyj 
end while; 

24 move to t; 

An important difference with the star searching algorithm of [15,19]' is that 
in this case it is possible for a left pocket to be contained inside a right pocket 
and vice versa. Figure 4 illustrates one such case, where traversal of a left pocket 
edge leads to the discovery of a further left pocket edge hidden inside a right 
pocket. 

Assume that the new pocket edge is left and is contained in a right pocket (the 
other case is symmetric). When the algorithm sees the new pocket edge it adds 
it to :Fieft. Furthermore, if the length of the new pocket edge is smaller than the 
one currently being explored, then the robot moves on the new pocket edge. This 
causes a detour in the algorithm, since if the robot had known of the existence 
of such hidden pocket, it would have travelled straight to the entrance of the 
right pocket edge and from there to the hidden left pocket edge. Unfortunately 
that edge was not in contention in Step 20. The length of this detour can be 
bounded as follows. 

Claim. Let q be the point on the original pocket edge where the robot discovered 
the new pocket edge, and let w be the entrance to the pocket defined by this 
new pocket edge. Then des, q) + d(q, w) ~ (2a + 1) des, w). 

Proof. Since the new left pocket was hidden inside an unexplored right pocket 
edge, we know that the distance des, w) must be larger than the value d used 
to explore in the last step, as otherwise that pocket would have been explored. 
Therefore we have that d(s,q) ~ ad ~ ad(s,w). Now, the robot must reach w 
from q (see Figure 4). We apply the triangle inequality and obtain d(q, w) ~ 
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d(s, q) + d(s, w) ~ a d(s, w) + d(s, w). Therefore the total distance traversed by 
the robot to reach w is at most d(s, q) + d(q, w) ~ (2a + 1) d(s, w). 

The last observation we need to make is that such a hidden pocket edge 
discovery might happen more than once within one exploration step. That is, 
once the robot starts moving towards the newly discovered pocket edge it might 
discover yet another left pocket edge with entrance w' further inside the right 
pocket. This reflects the case of a street with more than one "funnel structure" 
(see for example [13]). Klein showed that since the shortest path to the hidden 
pocket goes through the entrance of the right visible pocket, the street polygon 
can be decomposed into a sequence of funnel structures. The search strategy 
then has a competitive ratio no greater than the maximum of the competitive 
ratios in each of the consecutive funnel structures [13,16]. 

Note that after the first two iterations the while-loop has the following in­
variant: 

Invariant: All pockets at a distance of d/a2 or less on the side side have 
been explored. 

Clearly the algorithm always terminates, as it either finds the target or it 
eventually explores all pocket edges. In the later case we must ensure that the 
target is also found. This follows from Lemma 1, Lemma 2 and Observation 1. 
Indeed, after exploring the last pocket edge all of the polygon to the left of the 
last left pocket edge has been explored, all of the polygon to the right of the last 
right pocket edge has been explored as well and there are no unseen areas (Le. 
pockets) left to explore. Therefore, the target must have been discovered in the 
last step when the robot reaches the entrance point of the last pocket edge and 
in all cases the target is found. 

The competitive ratio is derived from the Claim 3 and the Invariant. After 
Step 16, the invariant holds because if there was a, say, left pocket at a distance 
of less than d/a2 it means it was part of the set F two steps before. Thus, if it 
was unexplored then, it either was traversed, or another left pocket of length at 
most d/a2 which is to the right of it was traversed. But exploring this second 
edge entails exploring the earlier edge as shown in Lemma 2 and Observation 1. 

------------~~::-

dla 

Fig. 5. Worst case discovery of a target. 

This means that after Step 16 we know that the target must be located inside 
a pocket with entrance point at a distance of strictly greater than d/a2 from s. 
The worst case occurs when the robot sees the target at a distance of d/a2 + f, 

at the very end of a search of length d (see Figure 5). This means that the ratio 
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of the distance traversed by the robot according to Algorithm Restricted-Start 
Free- Target Search to the distance from s to t is at most 

2 ~~o(2 + l/a) ai 1 = 2a2 (2a + 1) 1 
n-2 + 1 +. a a-

This expression is minimized when a = (5 + M)/8 which gives a competitive 
ratio of (151 + 19M) /8 ~ 36.806 as claimed. 

4 Searching in a Street from an Arbitrary Starting Point 

In this section we present an algorithm for searching for a target of arbitrary 
position t in a street polygon, starting from an arbitrary point s on the boundary 
of the polygon. In other words we remove the restriction from the previous section 
that s = u. Moreover, the robot does not need to know the location of u and 
v to explore P. The algorithm is considerably more involved than the one for 
restricted starting position, and the competitive ratio is somewhat larger, as it 
is to be expected. 

A chord c inside a street polygon (P, u, v) splits a polygon in two parts. Pl , 

and P2 • The points u or v may be located both on one of the two parts, or one 
on each part. 

Lemma 3. Consider a chord c in P and assume that u and v are on the same 
side of P, say Pl. Then P2 is weakly visible from c. 

Proof. Since both u and v are in Pl , one of the two polygonal chains from u to 
w is entirely contained in Pl, say the left polygonal chain L from u to v. We 
know that any point on R n P2 , where R is the right polygonal chain from u to 
v, sees at least one point in L. But any line contained in the polygon and joining 
a point in Pl with a point in R n P2 intersects the chord c. This implies that the 
chord weakly sees all points in P2' 

Notice that this lemma holds for any simple path between two points on the 
boundary of the polygon (not just a chord) as long as the points u and v are on 
the same side of the path. 

Definition 6. If the points u and v are one on each side of the chord c, say u in 
Pl and v in P2, then the chord splits each of Land R in two. Let LL = L n Pl, 
LR = LnP2, RL = RnPl and RR = RnP2. 

For example, in Figure 6, the chord c = (s, w) splits the left (clockwise) polygonal 
chain L from u to v in two parts, from u to w and from w to v corresponding 
to LL and LR, respectively. Similarly, the counterclockwise chain R from u to v 
is split into two parts from u to s and from s to v which correspond to RL and 
RR, respectively. 

Lemma 4. In the polygon formed by the chord c = (s, w), LL and RL, there are 
only right pockets on LL and only right pockets in RL visible from c. Similarly, 
for the polygon formed by c, LR and RR, there are only right pockets on RR and 
left pockets on LR visible from c. 
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u 

Fig. 6. Right pockets in LR. 

Proof. Assume otherwise. That is, there is, say a right pocket on LR with an 
associated pocket edge E with entrance point e (see Figure 6). In this case, the 
boundary points delimiting the window edge of this pocket are both in L. Since 
the polygon is a street, every point in the boundary of the pocket can see at 
least one point in R. Now, the two edges (w, s) and (s, e) together form a path 
separating the points in the pocket from the right polygonal chain R. Therefore, 
from Lemma 3 it follows that the pocket must be entirely visible from this path. 
Since the pocket cannot be seen from the pocket edge itself, the pocket must be 
visible from the chord c, which is a contradiction. The same argument applies to 
LL. For RR and RL, the robot moves to wand the argument above also applies. 

A general description of the algorithm is to traverse edges as in the Restricted­
Start Free-Target Search (RSFTS) algorithm described in the previous section 
as long as the pocket edges are left-right consecutive and the entire portion of 
the polygon to the left side of a left pocket edge (and to the right side of a right 
pocket edge) can be seen from the edge. If the portion of the polygon to the left 
of a left pocket edge already explored was not seen in its entirety, we know by 
Lemma 3 that u and v must necessarily be on opposite sides of this pocket edge 
and Lemma 4 applies. The same holds for the right part of the polygon to the 
right of a pocket edge. If the pocket edges are no longer left-right consecutive, the 
robot selects the shortest length minimal middle chord and traverses it, which 
splits the polygon in two parts. In this case, since the chord is of type middle, 
it follows that the points u and v must be on opposite side of the chords, and 
therefore we are in the situation described in Lemma 4 and Definition 6. 

In either case, we are in the situation of Lemma 4 and the robot simply 
searches each side using the RSFTS algorithm. The competitive ratio corre­
sponds then to a four ray search, which gives a different choice of a for RSFTS. 
More formally, 

Theorem 2. There exists a 69.216-competitive strategy that finds a target of 
arbitrary position in a street polygon starting from a point s on the boundary. 

Proof. The algorithm is a modification of RSFTS. Initially the robot executes 
lines 1-21 of RSFTS with the exception of line 7 which now reads: 
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7 while Fleft U Fright is non-empty and the pocket edges appear in con­
secutive left-right order and all the side of a side pocket edge was seen 
do 

Lines 22 onwards are replaced by 

22 if t was found then move to t; 
(* Since we exited the loop without finding t, pockets are not in left-right 
order *) 

23 let M be the set of minimal middle chords; 
24 sort M by increasing length; 
25 traverse the chord c +- min(M); 
26 the chord c splits P in two parts. Let Pi and P2 be those parts; 
27 while target has not been found do 
28 alternatingly apply one step of RSFTS on Pi and P2 ; 

29 endwhile 
30 move to t; 

The invariant is now as follows. 

Invariant: The visibility region of the path explored thus far by the robot 
contains the visibility region of any path of length d/ a4 or less. 

The correctness of the algorithm follows from Lemmas 2-4 and Observation l. 
Lemmas 3 and 4 guarantee that either we can explore the entire polygon using 
RSFTS or the polygon is split into two pieces. Lemma 2 and Observation 1 
guarantee that each of the parts can be explored using RSFTS. 

As before the worst case competitive ratio occurs when the target is located 
at a distance d/a4 + f, and the competitive ratio is given by 

This expression is minimized when a = (7 + v'177) /16 which gives a competitive 
ratio of (71893 + 5251 v'177) /2048 ~ 69.216 as claimed. 

5 Lower Bounds 

In Figure 7 we have a street polygon that provides a 9 lower bound on the 
competitive ratio of searching in streets starting from a point s = u. This polygon 
can be explored, say, by traversing the path (u, v) from which, by definition, the 
entire polygon is seen. Notice that from each indentation we can see the opposite 
polygonal chain somewhere in the upper part of the polygon. As we increase the 
height of the polygon and make the angle of the walls of each indentation go to 
7r /2 the polygon remains a street, yet traversing (u, v) is no longer an efficient 
exploration strategy. Thus the robot is restricted to exploring the base using a 
doubling strategy, which has a 9 competitive ratio (see [2,1,7] for a lower bound 
on doubling and [15, 19] for a more detailed analysis on this general type of 
indented rectangular polygons). 
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s=u 

Fig. 7. Lower bound when s = u. Fig. 8. Lower bound for arbitrary position. 

For the case of searching from an arbitrary position the polygon of Figure 
8 is a street. In this case the indentations along the diagonals, which seem to 
be horizontal, are in fact slanted just enough to actually intersect the vertical 
edges on the opposite side of the street. For example, the extension of the nearly 
horizontal walls of the indentation containing t in the figure above intersect the 
left vertical line just below u. As the distance from u to v is increased, the angle 
of the walls of the indentations goes to zero. In this case the robot is forced to do 
a simplified form of a four ray search, which can be shown to have competitive 
ratio of at least a4 j(a - 1) + a3 . This is minimized for a = (5 + V7)j6 with 
competitive ratio of at least 11. 78. 

6 Conclusions 

We have presented a strategy for on-line searching of a street polygon regardless 
of the starting position of the robot or the location of the target. The strategy 
proposed has a constant competitive ratio. This is in contrast to previous strate­
gies for searching on streets as well as other classes of polygons for which the 
choice of position of the target and the starting position are highly restricted in 
order to achieve a constant competitive ratio. We provided lower bounds for this 
problem. 

We also presented a more efficient strategy for the special case when the 
robot starts from a distinguished point on the polygon but the target is free to 
select its hiding position, and gave a lower bound for this variant as well. 

Acknowledgements: We wish to thank Sven Schuierer for helpful discussions 
on this subject. 
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Abstract. Identifying the common 3-D substructure between two drug 
or protein molecules is an important problem in synthetic drug design 
and molecular biology. This problem can be represented as the following 
geometric pattern matching problem: given two point sets A and B in 
three-dimensions, and a real number E > 0, find the maximum cardinality 
subset S ~ A for which there is an isometry I, such that each point of 
I(S) is within E distance of a distinct point of B. Since it is difficult 
to solve this problem exactly, in this paper we have proposed several 
approximation algorithms with guaranteed approximation ratio. 
Our algorithms can be classified into two groups. In the first we extend 
the notion of partial decision algorithms for E-congruence of point sets in 
2-D in order to approximate the size of S. All the algorithms in this class 
exactly satisfy the constraint imposed by E. In the second class of algo­
rithms this constraint is satisfied only approximately. In the latter case, 
we improve the known approximation ratio for this class of algorithms, 
while keeping the time complexity unchanged. For the existing approx­
imation ratio, we propose algorithms with substantially better running 
times. We also suggest several improvements of our basic algorithms, 
all of which have a running time of O(nS. 5 ). These improvements con­
sist of using randomization, and/or an approximate maximum matching 
scheme for bipartite graphs. 

1 Introduction 

Finding the largest common substructure between two drug or protein molecules 
has important implications in synthetic drug design, and in studying biomolec­
ular recognition and interaction of proteins. Of late, there has been considerable 
effort to develop computational tools to expedite this process ([7,9,15] and the 
references therein). Towards this, a molecule is modelled as a set of points in 
3-D space, each point representing the centre of an atom. Given two such point 
sets, the problem is to find a rigid transformation of one point set relative to the 
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other, so that the number of points of the transformed set which are superim­
posed on the points of the other set is maximized. In computational geometry 
parlance this problem is called the largest common point set problem, or, LCP 
[4]. However, since it is unreasonable to expect an exact match between two 
atom positions, two points are considered to be superimposed if the distance 
between them is less than a predefined constant E, called the point location error 
[9]. Hence the abstract version of the problem is that of finding the LCP of two 
3-D point sets with exact congruence replaced by E-congruence. 

Closely related problems, involving both exact and also E-congruence have 
been extensively studied in computational geometry, references to which can 
be found in [6,13]. There is also a large body of literature on computational 
chemistry which address the substructure identification problem, an overview 
of which can be obtained from [9] and the references therein. However, none 
of them are systematic, but are based on some heuristic. Moreover, they do 
not provide any theoretical guarantee on the size of the substructure obtained, 
compared to the largest common substructure between the two input molecules. 
To address this, Akutsu [3] proposed an approximation algorithm for the protein 
structure alignment problem, with a guaranteed approximation ratio. Akutsu's 
algorithm, when given two 3-D point sets A and B corresponding to the protein 
structures and the constant E, outputs a point set S ~ A of cardinality at least 
as large as that of the LCP of the two sets under E-congruence, by making use of 
an algorithm for point set matching due to Goodrich et al. [11]. The algorithm 
guarantees the existence of a rigid transformation under which each point of S 
is at most within 8E distance of a distinct point of B. 

In this paper we propose algorithms which improve the approximation ra­
tio obtained by Akutsu, without incurring any increase in running time. Next, 
instead of approximating the constraint imposed by E, we propose algorithms 
which approximate the size of the largest common point set, and give upper and 
lower bounds on its size. Our algorithms are based on non-trivial generalizations 
of the notion of partial decision algorithms for solving the E-congruence deci­
sion problem of two equal cardinality point sets in 2-D, due to Schirra [17]. We 
next suggest various modifications of the basic algorithms, resulting in an im­
provement of their run time. The first involves the use of an approximate graph 
matching due to Efrat and Itai [8], and the second is through the use of random 
sampling. The time complexity of our algorithms can be further reduced by a 
considerable amount in the case of protein molecules [6]. However, due to space 
limitations the details of this are skipped in this paper and only the result is 
mentioned. 

In the next section we formally state our abstract geometric problem and 
outline the algorithm due to Akutsu [3] which approximates the E-constraint. 
We then show how this algorithm, in combination with the decision algorithm 
due to Schirra [17], leads to an algorithm for approximating the size of the LCP 
of two point sets. Following this, we state an exact algorithm for finding the LCP 
of two point sets when the underlying isometry is a pure rotation. In Section 
4 we make use of this exact algorithm to improve the approximation ratio of 
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both the algorithms of Section 2, following which we describe the improvements 
concerning running time. Section 6 concludes the paper. Due to space restrictions 
proofs are not presented in this paper; we refer the interested reader to [6]. 

2 Formal Definition and Initial Algorithms 

We mentioned in the last section that a molecule is represented as a set of 
points in 3-D Euclidean space, where each point corresponds to an atom of 
the molecule. Many substructure matching algorithms for proteins additionally 
make use of the sequence property in protein chains [3,10]. However, there is 
now widespread agreement that similarities among distantly related proteins 
are often preserved at the level of their 3-D structures, even when very little 
similarity remains at the sequence level. So we make no assumptions about the 
linear ordering of the atoms (or more specifically amino acids) in the protein 
molecule. 

First we state some definitions. A map I : ~n --+ ~n is called an isometry 
if d(a, b) = d(I(a),I(b)) for all a,b E ~n, where d(·,·) denotes the Euclidean 
metric. A point set S is E-congruent to a point set S I if there exists an isom­
etry I and a bijective mapping l : S --+ S I such that for each point s E S, 
d ( I( s), l (s)) :s: E. In other words, two equal cardinality point sets Sand S I 

are E-congruent if there exists an isometry I for which the bottleneck match­
ing measure [8] between I(S) and S I is at most E. For point sets A, B, and 
real numbers E > 0 and 0 < a :s: 1, a-LCP(A, B, E) is a subset S of A with 
lSI 2:: a min(IAI, IBI) such that S is E-congruent to a subset of B. Clearly, for 
any E, there exists a amax(E) such that a-LCP(A, B, E) exists for all a :s: amax(E) 
and for any a > amax(E), a-LCP(A,B,E) does not exist. Hence, our substruc­
ture identification problem is the following: 

Input: 3-D point sets A, B and a real number E 2:: 0 
Output: amax(E)-LCP(A, B, E) 

Unless otherwise mentioned, from now onwards a point set refers to a point set 
in 3-D, and any isometric transformation is a composition of just a rotation and 
a translation, not including any mirror image. This restricted definition of an 
isometry does not result in any loss of generality, because isometry including 
mirror image just increases the computation time of any of our algorithm by 
only a constant factor. 

2.1 Approximately satisfying the €-constraint 

In this subsection we state the algorithm due to Akutsu [3], modified to the 
context of our problem. Given point sets A, B, and a real number E 2:: 0, in­
stead of approximating a max (E), the algorithm outputs a subset S ~ A of size 
amin(IAI,IBI) which is 8E-congruent to some subset of B, and a 2:: amax(E). 
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Before describing the algorithm, we define a particular transformation on which 
this algorithm is based. 

For two triplets of points P = (PI, P2, P3) and Q = (ql, q2, q3), let TI be 
the translation that takes the point PI to ql. Let RI be the rotation about the 
point TI (PI) such that TI (PI), T2 (P2) and q2 become collinear. Finally, let R2 be 

the rotation about the [RI (TdpI))-RI (TI(P2))] axis, that causes RI(TI(PI)), 

RI (TI (P2)), RI (TI (P3)) and q3 to become coplanar. Now let TpQ be the iso­
metric transformation which is the composition of TI , R I , and R2 , i.e. TpQ (p) = 

R2 (RI(TI (p))). Therefore TpQ(PI) and ql are coincident, TpQ(PI), TpQ(P2) and 

q2 are collinear, and TpQ(pd, TPQ(P2), TpQ(P3) and q3 are coplanar. For point 
sets A, B, and a real real number a, let fmin(a) denote the smallest f for which 
a-LCP(A, B, f) exists. Then the following lemma follows directly from [11]. 

Lemma 1. Let l be the bijective mapping underlying a-LCP(A,B,fmin(a)). 
Let P = (PI,P2,P3) and Q = (ql,q2,q3) be triplets belonging to a-LCP(A,B, 
fmin (a)) and B respectively, such that P2 is the farthest possible point from PI 
and the perpendicular distance from P3 to the line passing through PI and P2 is 
maximized, and l(Pi) = qi, i = 1,2,3. Then the isometry TpQ and the bijective 
mapping l correspond to a-LCP( A, B, 8fmin(a)). 

Definition For point sets A, B, isometry I : A --+ B and a real f > 0, let 
G(I, f, A, B) be a bipartite graph (UUV, E) where U and V represent the points 
of A and B respectively and if u E U is the node corresponding to a E A and 
v E V corresponds to bE B, then E = {(u, v) I d( I(a), b) :S f}. 

Input: Point sets A, B. real number f > 0 
o := OJ 
for all triplets of points P from A 

for all triplets of points Q from B { 
0' : = size of maximum matching in G(Tpq, Sf, A, B) j 
if (0' ~ 0) then 0 := O'j } 

return OJ 

Fig. 1. Algorithm 1. 

Theorem 1. Given point sets A, B, and a real number € 2: 0, Algorithm 1 
returns a real number a in O(nS .5 ) time such that there exists a subset S of 
A of cardinality a min(IAI, IBI), which is 8€-congruent to some subset of Band 
a 2: a max (€). 
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2.2 Approximating ll:m.a", (€) 

Making use of the isometry TpQ stated in Lemma 1, we shall now state a partial 
decision algorithm to decide if a-LC P(A, B, f) exists, when point sets A, B, and 
real numbers a and f are input to the algorithm. This decision algorithm is called 
partial because it is guaranteed to make a decision only for values of (a, f) for 
which f is not too close to fmin(a). When f is too close to fmin(a), the algorithm 
might return DON'T KNOW and such values of f are said to constitute the inde­
cision interval. However, whenever the algorithm returns YES or NO, the answer 
is correct. Algorithm 2 has an indecision interval equal to [~fmin(a),8fmin(a»). 
Using this we then construct an algorithm for approximating amax(f) which re­
turns real numbers at and au, such that al S; a max (f) < au' Finally we analyze 
the approximation ratio of the algorithm. The graph G(TpQ , 10, A, B) has the 
same meaning as that defined in the last subsection. 

Input: Point sets A, B, and real numbers f > 0, 0 < a :5 1 
for all triplets of points P from A 

for all triplets of points Q from B 
if G(TpQ, f, A, B) has a matching of size ~ a min<lAI, IBP 
then return YES; 

decision := NO; 
for all triplets of points P from A 

for all triplets of points Q from B 
if G(TpQ, Bf, A, B) has a matChing of size ~ amin<lAI,IBP 
then decision : = YES; 

if (decision = NO) then return NO else return DON'T KNOW; 

Fig. 2. Algorithm 2. 

Lemma 2. Algorithm 2 always returns the correct answer about the existence 
of a-LCP(A, B, E) if 10 ~ 8Emin(a) or, 10 < ~Emin(a), and it either 'returns the 
correct answer or returns DON'T KNOW if 10 E [~Emin(a),8Emin(a»). 

Theorem 2. Given point sets A, B and a real number 10 > 0, Algorithm 3 runs 
in time O(n8 .5 ) and returns real numbers ° < at S; au S; 1, such that: 

. 1 
max{ a: t > 8tmin(a)} S; at S; amax(t) < au S; mm{ a: t < stmin(a)} 

3 An Exact Algorithm for Finding the LCP under 
Rotation 

Now we shall describe an algorithm which on given point sets A, B, a real number 
t > 0, and a fixed point p, finds a max (10)-LC P( A, B, E) where the underlying 
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Input: Point sets A. B. and a real number! > 0 
M : .. 0; 
for all triplets of points P from A 

for all triplets of points Q from B { 
M' : = size of the maximum matching in G(TpQ,!, A, B); 
if (M' > M) then { M := M'; T := TpQ; } } a, := M/minqAI, IBI>; 

M := 0; 
for all triplets of points P from A 

for all triplets of points Q from B { 
M' := size of the maximum matching in G(TpQ,8!,A,B); 
if (M' > M) then M := M'; } 

a" := (M + l)/minqAI, IBi> i 
return (a" a,,) i 

Fig. 3. Algorithm 3. 

isometry consists only of pure rotation about the point p. To understand this 
algorithm consider t-balls around each point of the set B. As the set A is rotated 
about the point p, points of A move into and out of the t-balls of B. The problem 
is essentially that of finding the rotation for which the maximum number of 
points of A are within distinct balls of B. 

Let Sp denote a sphere centered at p, of radius less than the distance of p 
from the nearest point of either A or B, and let p I be a point on the surface 
of Sp. Now for all possible pairs of points ai E A and bj E B, consider the 
rotation of the set A about the point p for which ai is within the t-ball around 
bj . Let Dij be the circular figure traced out by the point pi on the surface of 
Sp by rotations which cause ai to lie within the t-ball around bj . We refer to 
this circular figure as the dome Dij (see Fig. 4) and is representative of the solid 
angle corresponding to which ai is within the t-ball around bj . 

dome 

Fig. 4. Dome Dij resulting from points ai and bj 
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If there is a rotation R of the set A about the point p such that d(R(ai), bj ) ::; 

E, then obviously Dij I- 0. Now consider every point on the surface of the sphere 
Sp to be associated with a membership vector, which is indicative of all the 
domes to which the point belongs. Each dome partitions the surface of Sp into 
two regions, and all the domes arising out of the points of A and B define a 
partition of the surface of Sp into a number of distinct regions, where a region 
is defined as a set of points having the same membership vector. Therefore, for 
any point on the region Did! n Di212 n ... n Dikik there is a rotation R such 
that d(R(ai/),bj /) ::; E, l = 1,2, ... ,k. This gives rise to a bipartite graph in 
which the nodes correspond to the points of A and B, and the edges consist of 
all pairs (ail' bj /), l = 1,2, ... , k. The region in which this graph has the largest 
maximum matching is our required region, because a rotation corresponding to 
any point in this region finds the largest common point set between A and B. 
To find the largest maximum matching, it is required to traverse through all the 
regions and find the maximum matching in the bipartite graph arising in each 
region. Towards this end we use a space sweep [16]: we sweep a plane h(t) : x = t 
through the sphere Sp, starting from its leftmost end and ending in its rightmost 
end. 

Briefly, the sweep algorithm is as follows. The membership vector of the 
sweep-plane indicating the domes which are intersected by the plane, changes 
only in two situations: (i) the sweep-plane just crossing the left end-point of the 
dome, after which this dome starts intersecting with the sweep-plane (ii) the 
sweep-plane just crossing the right end-point of the dome, after which this dome 
ceases to intersect with the sweep-plane. Our event point schedule, i.e. the se­
quence of abscissae ordered from left to right which define the halting positions 
of the sweep-plane, are made up of the x-coordinates of the left and right end 
points, and all the intersection points of all the domes lying on Sp. 

When the event point is the left end-point of a dome, we update the member­
ship vector of the sweep-plane to indicate that this dome now intersects with the 
sweep-plane. Next we construct the bipartite graph corresponding to this point, 
making use of the information in the sweep-plane membership vector, because 
this point can lie only on the subset of all the domes which intersect with the 
sweep-plane. If the event point is contained in the domes Did!, D i212 , ... ,Dikjk , 
then the corresponding bipartite graph is constructed and the size of its maxi­
mum matching is found. If the event point is an intersection point of a number 
of domes, then we construct the bipartite graph corresponding to this point as 
was done in the previous case, and find the maximum matching in this graph. 
Finally, if the event point is the right end-point of a dome, then we just up­
date the membership vector of the sweep-plane to indicate that from now this 
dome ceases to intersect with the sweep-plane. The largest maximum matching 
obtained over all the graphs is our required result. 

If A and B are of cardinality m and n, then there are O(mn) domes on 
the surface of Sp. Hence there are O(mn) end-points and O(m2n2 ) intersection 
points. Corresponding to each of the O(m2n2 ) event points, constructing the 
bipartite graph takes O(mn) time and finding the maximum matching using 
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Hopcroft and Karp's algorithm [12] takes O(mnJm + n) time. Hence the overall 
time complexity of this algorithm is O(m3n 3Jm + n). In the subsequent sections 
we refer to this algorithm as LCP-ROT(A, B,p, E). 

4 Algorithms with Improved Approximation Ratio 

In this section shall we make use of the algorithm LCP-ROT to improve the 
approximation ratio of the algorithms presented in Section 2. For this we first 
state a lemma which follows from Lemma 5 of [17]. Here, for arbitrary points a 

and b in space, we use tab to denote the translation that maps a to b. 

Lemma 3. Let isometry I, which is a composition of translation and rotation, 
and a bijective mapping l, correspond to a-LCP(A, B, E). Let a E a-LCP(A, B, E). 
There exists a rotation R of the point set taI(a) (A) about the point I( a), such 
that Rand l correspond to a -LC P (taI( a) (A), B, E). Let b be an arbitrary point 
in space. There is a rotation R' of the point set tab (A) about the point b, such 

that R' and l correspond to a-LCP(tab(A),B,E + d(b,I(a))). 

Input : Point sets A. B. real number E > 0 
01 := 0; 
for each point a e A 

for each point b e B { 
01' := LCP-ROT(tab(A),B,b,2E); 
if (01' ~ 01) then 01 := 01'; } 

return 01; 

Fig. 5. Algorithm 4. 

Now consider Algorithm 4. It follows from Lemma 3 that it outputs a real 
number a such that there exists a subset S of A with cardinality a min(jAj, jBj), 
which is 2E-congruent to some subset of B. This is in contrast to Algorithm 1 
which outputs a subset which is 810 congruent to a subset of B. Thus we have 
the following theorem. 

Theorem 3. Given point sets A, B, and a real number 10 > 0, Algorithm 4 runs 
in time O(nS.5 ) and returns a real number a such that there exists a subset S 
of A with cardinality a min(jAj, jBi) which is 2E-congruent to some subset of B 
and a 2: amax(E). 

In exactly the same way, using algorithm LCP-ROT decreases the indeci­
sion interval of Algorithm 2 from [iEmin(a), 8Emin(a)) to [~Emin(a), 2Emin{a)), 
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which leads to the following bounds al and au, in contrast to those obtained by 
Algorithm 3: 

Hence it is a substantially better approximation of amax(E). Details of the algo­
rithm can be found in [6]. 

The indecision interval of [~Emin(a), 2Emin(a)) can be further reduced to 
any arbitrarily small interval [Emin(a) - "Emin(a) + ,), by using a technique 
described in [17]. Doing this however introduces a term (Eh)3 in the running 
time of the algorithm. Here, we cover the E-balls around each point of the set 
B with balls of radius ,. Let B I be the set of points which are the centers of 
these ,-balls. Now instead of testing all possible pairs of points of A and B, 
translations corresponding to all possible pairs of points of A and B I are tested. 
Since (2Eh)3 balls of radius, are sufficient to cover each E-ball, for each point 
of B there are O((Eh)3) additional iterations. This improved decision algorithm 
clearly leads to a better approximation of amax (E). The same technique can be 
applied to Algorithm 4 to reduce the factor of 2 to any 8 > 1, by appropriately 
choosing,. Here also an additional factor of (Eh)3 appears in the running time. 
This is however significantly better than the algorithm by Akutsu [3] which 
obtains the same result but introduces a factor of (Eh)9 in the running time. 

5 Algorithms with Improved Running Time 

In this section we present two different modifications of the basic algorithms 
stated so far, which improve their running time, however, at the expense of the 
approximation ratio. 

5.1 Using an Approximation Algorithm for Maximum Matching 

In all the algorithms presented so far we use the Hopcroft and Karp's algo­
rithm [12] for finding the maximum matching in a bipartite graph, which runs 
in O(n2 .5 ) time. However, when the nodes of the bipartite graph are points in 
some d-dimensional space, and the edges are pairs of points which are within 
some specified distance of each other as in our case, an O(n1.5 10gn) approxi­
mation scheme for finding the maximum matching was given by Efrat and Itai 
[8]. Now consider the graph G(TpQ , E, A, B) in Algorithm 2. The approximate 
graph matching algorithm finds the maximum matching in a graph G where 
G(TpQ, E, A, B) <;;; G <;;; G(TpQ, (1 + 8)E, A, B). Here 8 is a parameter of the al­
gorithm due to Arya et ai. [5] for answering nearest neighbor queries for a set of 
points in ~d, which is used by Efrat and Itai's algorithm. Replacing the Hopcroft 
and Karp's algorithm in Algorithm 2 with this new graph matching algorithm 
results in an improved running time of O(n7.5 10gn), however, at the cost of an 
increased indecision interval which is summarized in the following theorem. 
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Theorem 4. Algorithm 2 with the Hopcroft and Karp's algorithm replaced by 
the approximate graph matching algorithm due to Efrat and Itai [8} with pa­
rameter 8, runs in time O(n7 .5 Iogn) and returns the correct answer about the 

existence ofa-LCP(A,B,E) if 10 2: 8Emin(a), or, 10 < f8(~~~). It either returns the 

correct answer or returns DON'T KNOW for values of 10 E [f8(~~~/' f~t+~a)) U 

[Emin(a),8Emin(a)), and for 10 E [f(li+~)),Emin(a)) it might return any of the 
three possible answers - YES, NO, DON'T KNOW. A transformation TpQ, along 
with the bijective mapping l induced by the matching algorithm that results in 
the decision algorithm to return YES, correspond to a-LCP(A, B, (1 + 8)10). 

Using this new decision algorithm to approximate amax(E) results in the 
following bounds : 

max{a: 10 > 8Emin(a)} :s: al :s: a max ((l + 8)10) 

( ) . { Emin(a) } 
a max 10 < au :s: mm a: 10 < 8(1 + 8) 

In Section 3 we had presented an exact algorithm for finding the LCP between 
two point sets when the underlying isometry is pure rotation. Replacing the 
Hopcroft and Karp's algorithm by the approximate matching algorithm will 
reduce its running time from O(n6 .5 ) to O(n5 .5 Iogn), and thereby speedup the 
overall running time of all the algorithms of Section 4 which make use of it. The 
new bounds al and au, approximating amax(E), however, are as follows, with 
exactly similar results for the other algorithms. 

max{a:E > 2Emin(a)}:S: al:S: a max ({1+8)E) 

( ) . { Emin(a) } 
a max 10 < au :s: mm a: 10 < 2{1 + 8) 

5.2 Improvements using Random Sampling 

In this subsection we use standard random sampling techniques to reduce the 
time complexity of our algorithms, at the cost of a small failure probability. By 
now this technique has become fairly standard for this class of problems [4,9,14]. 
In our improved decision algorithm of Section 4 which has an indecision interval 
of [~Emin (a), 2Emin (a)) for every translation corresponding to pairs of points 
a E A and b E B, our exact algorithm of Section 3 is invoked. Our randomized 
algorithms are based on the scheme of exploring all translations corresponding 
to randomly sampled subsets of the given point sets, instead of the original ones. 
The speedup obtained depends on the ratio of the size of the original sets to that 
of the sampled subsets. If A I is a randomly sampled subset of A and algorithm 
LCP-ROT is invoked for every possible pairs of points from A I and B, then 
we have the following theorem, assuming the use of Hopcroft and Karp's graph 
matching algorithm. Note that we had an improved running time of O(n7 .5 Iogn) 
compared to the O(nS .5 ) obtained without random sampling, by using the ap­
proximate graph matching algorithm described in the last subsection. 



263 

Theorem 5. If point sets A and B are of cardinality n, and the cardinality of the 
randomly sampled multiset A I be a constant k, then the algorithm runs in time 

O(n7.5 ). For any k ~ r ~ In l~q 1, the algorithm returns YES with probability at 

least q, for all E ~ 2Emin(a). For E < ~Emin(a) the algorithm always returns NO, 
and for ~Emin(a) ~ E < Emin(a) it either returns NO or DON'T KNOW. 

Now combining the above two results, we can have a decision algorithm sim­
ilar to the one stated in Theorem 4, but running in O(n6.5 logn) time. However, 
for any E ~ 8Emin(a), such an algorithm returns YES with a probability at least 
q, in contrast to definitely returning a YES. 

All the algorithms presented so far still have time complexity which are rela­
tively high degree polynomials of the size of the point sets. But when the point 
sets in question arise from protein molecules, a further improvement in running 
time can be achieved [6]. Using a simple geometric property of the a-carbon 
backbone structure of proteins along with the improvements suggested above, 
results in an O(n2 .5 logn) algorithm for the common substructure identification 
between two protein molecules. 

6 Concluding Remarks 

Identifying the structural similarities between two drug or protein molecules has 
important applications in biology and chemistry. Towards this we have proposed 
a number of approximation algorithms for finding the LCP of two 3-D point sets 
under E-congruence. These algorithms can be classified into two groups: in the 
first we approximate the size of the largest common point set while satisfying 
the constraint imposed by E, whereas the second group of algorithms only ap­
proximately satisfy E. We have also outlined two techniques which improve the 
running time of our basic algorithms, however, at the cost of the approximation 
ratio. 

In this paper we have modelled molecules as rigid bodies, and considered only 
isometric transformations to superimpose the underlying point sets on one an­
other. Although this treatment is adequate for comparing molecules with strong 
similarities, such a paradigm will fail to identify weak similarities between pairs 
of molecules. To overcome this limitation, more general transformations need to 
be considered in future work. 
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A Tight Bound for 8-Skeleton of Minimum Weight 
Triangulations! 

Cao An Wang 2 and Boting Yang.2 

Abstract 

In this paper, we prove a tight bound for {3 value ({3 = "i2-;a+9) such that being less than this value, 
the {3-skeleton of a planar point set may not belong to the minimum weight triangulation of this set, 
while being equal to or greater than this value, the {3-skeleton always belongs to the minimum weight 
t.riangulation. Thus, we settled the conjecture of the t.ight bound for {3-skelet.on of minimum weight 
triangulation hy Mark Keil. We also present II new sufficient, condition for identifying a subgraph of 
minimum weight triangulation of a planar n-point set. The identified subgraph could be different from 
Ilil the kuown sllhgraphs, and t.he subgraph can be found in 0(n2/og n) t.ime. 

1 Introduction 

Let S = {Sj 1 i = 0, ... , n - I} be a set of n points in a plane such that S is in general position, i.e., no 
three points in S arc collinear. Let SjSj for i '" j denote the line segment with endpoints 8; and 8j, 

and let I.~j"j I denote the weight of SjBj, that is the Euclidean distance between .~j and Sj. 

A 17'iangulation of S, denoted by T(S), is a maximum set of non-crossing line segments with their 
endpoints in S. It follows that the interior of the convex hull of S is partitioned into non-overlapping 
triangles. The weight of a triangulation T(S) is given by 

w(T(S)) = L I SjSj I· 
ijij<T(S) 

A minimum weight triangulation, denoted by MWT, of S is defined as for all possible T(S), 
w(MWT(S)) = min{w(T(S))}. 

MWT(S) is one of the outstanding open problems listed in Garey and Johnson's book [GJ79]. 
The complexity stat.us of this problem is unknown siuce 1975 [SH75). A great deal of works has bccn 
done to seck the ultimate solution of the problem. Basically, there are two directions to attack t.he 
problem. The first one is to identify edges inclusive or exclusive to MWT(S) [Ke94, YXY94, CX96] 
and the second one is to construct exact MWT(S) for restricted classes of point set [Gi79, K180, AC93, 
CGT95]. In (,he first direction, two subdirections have been taken. It is obvious that the intersection 
of all possible T(S)s is a subgraph of MWT(S). Dickerson and Montague [DM9G] have shown that 
the intersection of all local optimal triangulations of S is a subgraph of MWT(S). Dai and Katoh 
pfPsent.ed a variation of t.he local optimal method by restricting the angle of edges of MWT [DK98]. 
This subdirection seems have some flavor of global consideration when k is increased, however, it seems 
diflkult t.o find the intersections as k is increased. 

The second subdirection was first studied by Gilbert [Gi79], who showed that the shortest edge in 
S is in MWT(S). Keil [Ke94] presented that the so-called {3-skeleton of S for {3 = J2 is a subgraph of 
MWT(S), which inspired a wave of research on this direction. Yang [Yan95] extended Keil's result to 
{J = 1.279. Cheng and Xu [CX96] went further to {3 = 1.17682. Yang, Xu and You [YXY94) showed 
that. mutual nearest neighbors are also in MWT(S). Dickerson and Montague [DM96] used LMT 
method. Wang, Chin, and Xu [WCX9G] investigated the case of non-symmetric geometric condition 
for all !'dge in MWT. The edge idelltificat.ion of MWT(S) seems to he a promising approach and has 
t.h!' following merit.s. The more edges of MWT(S) being identified, the less disconnected components 

'This work is partially supported by NSERC grant OPG004l629 . 
'Department of Computer Science, Memorial University of Newfoundland, St.John's, NFLD, Canada AlB 3X5. 

Email: wang@cs.mull.ca 
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in S. Thus, it is possible that eventually all these identified edges form a connected graph so that an 
MWT(S) can he constTllcted by dynamic programming in polynomial time [CGT95]. Even though a 
recent paper [BDE96] shows that there exist point sets which cannot form a connected graph using 
the existing methods, it is still open whether or not some non light-edges can be found in polynomial 
time and they together with the known light edges form a connected graph. Moreover, it has been 
shown in [XZ96] that the increase of the size of subgraph of MWT(S) could improve the performance 
of some heuristics. 

The second direction is to construct exact MWT(S) for restricted classes of point set S. Gilbert 
and Klinesek [Gi79,KI80] independently showed an 0(n3) time dynamic programming algorithm to 
oht.ain an MW'I'(S), whem S is rest.ricted to a simple II-gon. Anagnostoll and Corneil [AC93] gave 
lin O(n3k+l ) time algorithm to find an MWT(S), where S is restricted on k nested convex polygons. 
Meijer and Rappaport [MR93] later improved the bound to O(nk) when S is restricted on k non­
intersecting lines. It was shown in [CGT95] that if given a subgraph of MWT(S) with k connected 
components, then the complete MWT(S) can be computed in 0(nk+2) time. A sparse point set case 
was studied in [WX96]. 

P Vllue 

bl.1th lemma hold IKe"1 

po r. 

"'mole ~lPh lemml holds IChXul p:-I-
n"ft 

p -ateleton bdonlilO MWT 

? 

po_l_ p 
Itnlfh lemma r .... 'KtIlI ""7 

Figure 1: An illustration for the conjecture. 

This paper can be classified as the first direction. The key to the proof of .B-skeleton of MWT 
in Keil's milestone paper is the correctness of two lemmas, namely the length lemma and the remote 
lengt,h lemma. For fJ < ~, there exists a four-point counter-example for the length lemma, Thus, 
fur f3 value less than this bound, the corresponding .B-skeleton may not belong to the minimum weight 
triangulation. Keil conjectured that the fJ-skeleton is the subgraph of minimum weight triangulation 

for .B = ~. Cheng and Xu [CX96] proved that the remote length lemma is still held for .B = '/2'((+9. 
3 

This is very close to the bound conjectured by Keil. However, the ultimate answer for Keil's conjecture 
is still not known. (Refer to Figure 1.) The difficulty of the proof or disproof for this conjecture lies on 
the comparisons of two summations of edge lengths, where a length in one group may not be always 
longer than that in the other group. Remember that all the known techniques for identifying the 
subgraph of MWT are relied 011 t,he fact that every length in one group is always longer thall some 
length in the other group, i.e., there is such a perfect match for the two groups of lengths. We proposed 
a new proof technique t,o compare two summations of lengths, where a length in one group may 1I0t 
be always longer than that in the other group, but the summation of the lengths in the first group 
is greater than that in t.he other group. Utilizing this method, we establish a new tight lower bound 
for /1-skclcton. This technique may be useful for non-light edge identification, a critical barrier for 
t.he seeOlHI approadl. Moreover, we maximize the usage of the two lemmas to obtain a new sufficient 
condition, and we also provide a non-trivial algorithm to identify the subgraph of MWT satisfying 
this condition. The identified subgraph will contain all the subgraphs produced in [Ke94, CX96) and 
some of them cannot be identified uy any previous method. 

The paper is organized a.~ follows. Section 2 surveys the related results in this direction. Section 3 
presents our new tight bound for tJ-skeleton. Section 4 proposes an algorithm for finding a subgraph 
of MW'I'(S) ba.~ed 011 the two lemmas. Finally, we conclude our work. 
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2 A review of previous approaches 

A trivial subgraph of the MWT(S) is the convex hull of S, CH(S), since it exists in any triangulation. 
A simple extension of the above idea is the intersection of all possible triangulations of S called stable 
line segments [MWX96], denoted by 8£(8), such that for the set of all possible triangulations of 8, J, 

SL(S) = n T(S). 
T(S),J 

Anot.her c\a.~s of subgraphs of MWT(S) was identified using some local geometric properties related 
to an edge (Ke94, Yan95, CX96, YXY94]. Keil first pointed out an inclusion condition for an edge in 
MWT(S), so-called fJ-skeleton. 

.. 
Figure 2: An illustration for the remote lemma of Keil (a) and YXY's double circles (b). 

Fact 1 [Ke94]. (1) length lemma: Let x and y be the endpoints of an edge in the .;2-skeleton of 
a set S of points in the plane. Let p and q be two points in S such that the line segment pq intersects 
the se.qment xv. Then Vii is greater than xv, xp, xq, yq, and yp. 

(2) remote length lemma: If x and yare the endpoint.~ of an edge in the .;2-skeleton of S, and 
p,q, r, and s are four distinct points in S other than x and y with p and s lying on one side and q 
and r on the other of the line extending xy. Assume pq and rs cross xv, and pq does not intersect rs. 
Then, either 1 pq 1>1 pi' 1 or 1 rs 1>1 pi' I· (Refer to part (a) of Figure 2). 

With the above Fact, Keil proved that if the shaded disks are empty of points of S, xy is an edge 
of any MWT(S). Thus, .;2-skeleton(S) is a subgraph of MWT(8) and the subgraph can be found 
in O(n log 11) time and 0(11) space. The f3-value wa.~ strengthened to 1.17682 in [CX96]. 

3 A counter example for ,8-skeleton of MWT under ,8 = ....,!,. 
stn'3 

Let. liS consider the idea behind the fJ-skeleton. The empty disks, whose radius is determined by fJ~ 
for the edge xy in qllcstion, will ensure for a sufficiently large {3 that one of any two edges, say pq and 
rs, crossing xy but not crossing each other, will be longer than pr or qs. It also ensures the truth 
of length lemma. This property guarantees that there exists a set of edges including xy which has 
less weight than any corresponding set of edges not including xv. This property is the key for the 
remarkable paper by KeiJ. When {3 = .t..r, Keil conjectured that the {3-skeleton is still a subgraph of 

3 

MWT. We shall show that when .fnr S fJ < v'2'f+9, there exists a set of points whose {3-skelcton 
3 

dons not belong to its MWT. 
Cheng and Xu [CX95] showed that the remote length lemma is true for {3 = ,b'f+9. In this {3 

vallie, the involved edges have the following relationship: (refer to Figure 3) 

1 pq 1=1 pr 1=1 rs 1 - - - - -(1) . 

. ~ () = arcstn-2- - - - - - (2), 

Using the {3 value and equalities (1) and (2), we shall derive Borne relationships between different 
edges and anglcs involved in our proof. 
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p.,-------------=~ 

.... =-----------4t y 

Figure 3: Some relationships among the edges and angles. 

Note that (J = ,12,(333+9 and (J = -.L, we have that sana 

Furthermore, we have that 

. 1 3 
,'ma = - = - - - - - - - - - - - - - - - -(a) 

(J V2../3 + 9 

V 9 ~ coso = VI - sin20 = 1 - 2../3 + 9 = V2../3 + 9 - - - - - (b). 

Noting equality (2), we have that 

.~ .,mO = ---- - - - - - - - - - - - - - - - - - - - - - -(c) 
2 

. [21i J4 -2../3 ../3 - 1 
cosO = VI - sm20 = VI - 4-4- = ---4-- = -2- - - - (d). 

Then, 

. . ~(../3-1) 
sm20 = 2smOcosO = 2 - - - - - - - - - - - (e), 

. 2 2../3 In cos20 = 1 - 2 * sm 0 = 1 - 2 * -4- = 1 - v 3 - - - - - - - (f). 

3.1 The arrangement of sites 

Now, we shall establish a set S of 2n + 4 sites (the value of n will be determined later) Buch that line 
segment xy for x, YES belongs to the (J-skeleton with (J = ~ but xy does not belong to MWT(S). 

'3 
(Refer to Figure 4 for the arrangement.) 
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Figure 4: The arrangement of sites (darken dots) 

Draw two empty disks. say d2 and d2• such that they contain x and y on their boundaries and with 

(J = --,-1.,... and draw two similarly cmpty disks. say dl and d'i with f3 = ,/2?+9. Lct points p,q, r, and ,nul 
.• lic 011 the boulldary of cil I\l1d cii such that these fouc points satisfy equation (1) . 

Note that ci2 U d2 lics inside dl U di. thcn linc scgment pi' will intersect the boundary of d2 at p' 
I\nd "', respcctively. Line segment Pii will intersect the boundary of ci2 at q', and line segment rs will 
intersect the boundary of d2 at s'. 

l3y equality (1), we have that 

I pq' 1=1 TS' 1<1 pi' I - - -(3). 

Now, we choose a pair of points a and b on r'T very close to point r such that the triangle L::.abc 
lies outside d2 and inside dlt where c is the intersection point of s'b and ya. Let m be a point on iiii 
wcy near to /1. and let Cih he an arc of a circle with center at the far right-hand side such that any 
lill!! tangcnt to the circle at the arc em will intersect ray cs. (This will ensure that em will be 'convex, 
w.r.t .. ,q'.'1'.X,Jli and 'concave' w.r .t. y.) We now arrange a site on points x.y,s'. and q'. respectively. 
We also arrange n sites (R = {Ti, T2, .... rn}) evenly on the arc em such that the maximum distance 
from rifR to r or from PifP to P is ~. Symmetrically. we arrange n sites (P = {PI ,P2, ... ,Pn}) near P 
in the sartle manner as those near T. The value of (j is determined as follows. Let f =1 ss' I and let 
II =1 pi' I -max{llIiY II 1 ~ i ~ n}. (Note that I py 1<1 pi' I. This is because both Lxpy and Lxqy 
are less than i. then in triangle 6ypq. py is shorter than N. i.e. shorter than pr by (1).) Obviously, 
11Ii11 1<11'" I· Let ill =1 liT I + I py I -2 I pq' I (we shall later show that I pi' I + I py I> 2 I pq' I). Let 
r _ min{O,flre} 
fI - 2 • 

By the above arrangement, these sites in P and R satisfy the following properties: 
(i) line segments q'Pi and XPi for 1 ~ i ::; n do not cross each other, and line segments s'r; and 

yTi for 1 ~ i ::; n do not cross each other, 
(ii) 

I p(j 1>1 Plq' 1>1 P2q' I> ... >1 p"q' I, 
I rs' 1>1 rls' 1>1 r2 s' I> ... >1 rns' I, 

(iii) 
I ris' 1=1 Piq' 1<1 AA I, i = 1, ... , n. 

(iv) 
I PiY 1<1 Piri I, i = 1, ... , n. 

(v) 
I Plr; 1>1 Pnrn I, I PiY 12:1 PnY I, i = 1, ... , n. 

Condition (i) is satisfied since the arc em is 'convex' with respect to s' and 'concave' with respect 
to y. Hence. the two sets of line segments {s'ri} and {yT;} do not cross each other. Similarly for 
{q'p;} and {xp;} . Condition (ii) is satisfied since all the sites of P lie on arc em which is almost a 
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st.raight line and Lllixq' > 90°. (Similarly for R.) Condition (iii) is true since 1 rs' 1=1 pq' 1=1 pr 1 -E. 

then 1 rs' 1 -~ =1 pr 1 -E - ~ - - - - - (p). J3y (ii). we have 1 rs' 1>1 ris' I. J3y fact that the 
maximum distance from ri to r is ~, we have 1 Pif'i 1>1 pr 1 -0. Replacing 1 ra' I by smaller 1 TiS' I 
in the left-hand of (p) and replacing 1 pr 1 -0 by larger 1 Piri 1 in the right-hand of (p), we have that 
I TiS' I -<5 <I PiTi I -E. Then. I ris' 1<1 PiTi 1 -(E - 0). Note that E ~ 20. (E - <5) > O. Thus. we 
have that I TiS' 1<llliri I.i = 1 ..... n. Condition (iv) is satisfied. Note that 1 pr 1 - 1 PiY I~ 6 and 
note that 1 PiTi 1>1 pr 1 -0 - - -- (q). Replace 1 pr 1 by 1 PiY 1 +6 in the right-hand of (q). we have 
t.hat IPiTi 1>llliY 1 +6 - 6. Note also that {\ ~ 26. then {\ - 0> O. Thus. we have I Wi 1>1 PiY I for 
i = 1 ..... n. Condition (v) is satisfied. In triangle ~PlPnrn, LPlPnrn is obtuse. Thus. 1 Plrn 1>1 Pnrn I. 
In triangle ~1'IPiTi for i = 2 •.... n. LPIPiTi is obtuse. Thus. 1 PITi 1>1 PiTi I. Thus. 1 PlTi 1>1 PnTn I. 
Similarly. In triangle 6PiPHlY. LpiPHlV is obtuse. Then. 1 PiV 1>1 PnV I· 

3.2 The proof 

J3y the above arrangement. all the triangulations of sites S = {q'.x'Pn.Pn-I ..... Pl.rl.r2 ..... Tn.V.a'} 
can be divided into two groups: one contains edge xv and the other does not contain the edge. 

Lemma 1 Let Txy denote the MWT over the fiTst group and let T denote the MWT over the .~ec­

ond group. Then, these two triangulations differ only these internal edges of simple polygon L = 
(q'. x.Pn.Pn-l. · ... PI. r(, T2 •.... rn, y. S'). 

Proof The convex hull of S includes sites (q',x,p(,rl,y,s'). Thus, q'x,XPltPlr(, Fiii,ys', and 
.9'q' belong to any MWT(S). Condition (i) implies that edges XP2, XPa, .... xp", yr2, jji'3, ... , vr", 
1),,1',,-('1',,-1]1,,-2 ..... ]l2PI. Tnr,,_I. r n-Irn-2, ... , r2rl are stable edges and they belong to any MWT(S). 
Thlls, the difference between the above two triangulations is the internal edges of polygon L. 0 

Remark: The point sets P U {x, q'} and R U {V, a'} are mirror symmetric. We only prove one set 
of edges among these sets with equal edge lengths. 

:. ' .. s· 

P, 
P, 

Figure 5: An illustration for the two types of MWT 

Lemma 2 Let E be the internal edges ofT, then E = {q'PI, q'P2, ... ,q'Pn, s'rlo s'r2, ... ,s'rRlPls'}. Let 
Exy be the internal edges of T xy, then Exy = {PIT2,Plra'''',Plrn, VPIoYP2,,,,,YPn,Xjl,iST}. 

Proof Let us consider Exy. In subpolygoll (x,Pn,Pn-l, ... ,PI,Tl,r2, ... ,rn,v), by condition (iv), PiY 
must belong to Ex!!. Theil, PI ri for i = 2, ... , n must also belong to Exy. Clearly, in quadrilateral 
X!/S'q', xs' belongs to Exy. In E, by condition (iii), q'Pi alld s'ri belong to E. Clearly, in quadrilateral 
q'PlrlS', PIS' belongs to E. 0 

Lemma 3 w(Exy) > w(E). 

Proof In triangles ~PTY and ~pq'y, by the law of sines we respectively have that 

Iprl =lpyl ____ 4 
sin(ll' - 8 - (8 - a)) sin8 ( ) 

Ipq'l IPilI 
. ( .. = -. - .. - - - - - -(5) 

sm 1l' - 3 - a) sm3 
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Figurc 6: For thc proof of the lemma 

ThclI, by (4) wc havc that 

sin(20 - 0) 2~ I pr I + I Py 1= ( . 0 + 1)* IllY 1= ( r:::-;;;:: + 1)* I py I - - -(6). 
Sin V2J3 + 9 

(* by (c), (a), (b), (c), and (f) *) 
By (4), we have that 

(* by (a) and (b) *) 

_ sin(!': +0) 
2 1 pq' 1= (2 ~". )* I PY 1 

8ln3 

2 2~ 2 J3 = 2coso + r.;sino* I PY 1= ( r:::-;;;:: + r.;. r:::-;;;::)* 1 PY 1 - - - - (7). 
v3 V2J3 + 9 v3 V2J3+ 9 

Wc Rhall show that 

by the following sequence of reasonings: 

(* take square root on each sides of the inequality *) 

2> J3 ~ 2J3 > 3 

(* multiple J3 on both sides of the inequality *) 

2v1J> 3 ~ V2vIJ + 9> 2vIJ 

(* add 9 011 both sides of the inequality and then take square root on each side *) 

V2v1J+9 > 2vIJ ~ 1 > ~ 
2J3+9 

(* divide each side hy V2J3 + 9.*) 
Thus, we have that 

I pr 1 + IllY I> 21 pq' 1 
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Let 
re =1 pi' 1 + 1 PY 1 -2 1 pq' 1 

Note that 11'nrn 1>1 pi' I -d and I PnY 1>1 PY 1 -~. 
ThclI, 

3d --- 3d 
11'nrn I + I PnY 1>1 pr 1+ 1 PY 1-'2 = 21 pq' 1 +re - '2' 

Dy the definition of d, we have re ~ 2d. Then, we have that re - ¥ > O. Let £' = re - ¥. ThuB, 
we have that 

I Pnrn I + I Pnii I> 21 pel 1 +£', 

It follows by condition (v) that 

IPlri 1 + IPiY I> 2 I pel 1 +£',;= 1, ... ,n. 

Now, let us compare the weight of E and that of Ezy. 

n 

w(E) = 2 L 1 Piq' 1 + 1 PIS' 1 . 
i=1 

n n 

w(Exy) = E 11JiY 1 + E 1 Plr; 1 + I xy I + I xs' I 
i=1 i=2 

n 

= L(lPiY 1 + IPlri D+ 1 xy I-Iplrll + 1 xs'l 
i=1 

n 

> I:(21 pq' I +£')+ I xy I - I Plrl I + I xs' I 
i=l 

n 

= 2 I: I Piq' I +nl + I xy I - I PI rl I + I xs' I . 
i=l 

Thus, 

n n 

w(Exy) - w(E) > 2 I: 11'iq' I +11£'+ I xli I-I Plrl I + I xs' 1-2 I: I Piq' I-I PIS' I 
i=l i=1 

= n£'+ I xy I-I Plrl I + I xs' I-I PIS' I· 
Note that I PIS' 1>1 XS' I and I Plrl 1>1 xy I. Thus, if we require w(Ezy) - w(E) > 0, the following 

condition for 11 must satisfy. 

1 - ---
n> ,(I PIS' 1 - 1 XS' 1 + 1 Plrl 1 - 1 xy D· 

£ 

o 

Theorem 1 The {J = Y2f+9 is the tight lower bound for the {J-skelctoll of minimum weight trian­
gulatiolls. 

Proof Dy using the same method for {3 = ~, we can construct a counter-example for any {3, 
3 

1 < {3 < /2V3+9. 0 
~ 3 
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4 New sufficient condition 

The idea of this condition is to maximize the usage of the length lemma and the remote length lemma 
for identifying the subgraph of MWT. If the sites related to an edge in question satisfy both length 
and remote length Icmmas, then this edge can be shown to belong to the MWT, using the same 
argument a.~ Keil's proof. Clearly, the subgraph identified is more than ,a-skeleton and it must contain 
all the edges of ,a-skeleton in [Ke94, Yan95, CX95). 

Definition: Let E(S) denote the set of all line segments with their endpoints in S. Let E",y be the 
subset of E(S) such that each edge in E(S) crosses edge xy for x, y£S. Let V"'" denote the endpoint set 
of Ex", v"t denote thc suhset of V"I/ on the upper open half plane bounded hy the line extending Xii, 
and Vxy denote that on thc lowcr opcn half plane. Let d(,I, v",t) = mill{\ pq II qfV",t} be the shortest 
disl.am:e hetwccn a point pin V",y and thc subset v",t, similarly d(q, V",-;;) = mi7l{1 pq II pt:V",y} be the 
shortest distance hctween a point q in v"t and the subset V"'Y' Then, V"'" is called remote-Iength­
shaped if for any pair (p,q) in v"t, either I pq 1< d(p, V"y) or I pq 1< d(q, V",y) and any pair (p,q) in 
V"'Y' I pij 1< d(p, v",t) or I pij 1< d(q, v",t)· V"y is called length-shaped if for any pair of (p, q) for p 
and 1/ not in the samc subset, 111q I> max{1 px I, I py I, I qx I, I qy n· 

Uy Keil's proof [Kc94), we have that 

Sufficient Condition: 
xy belong8 to MWT(S) if V",y is both remote-length-shaped and length-shaped. 

5 The algorithm 

A brute-force method to test whether or not a line segment xy satisfies the sufficient condition may 
take 0(1\3). To see this, identifying v",t and V",y takes 0(n2) since there are 0(n2) elements in E",y; 
To test the remote-length-shaped and length-shaped of V",y, we find for each pair (p, q) in v",t that the 
closest point q' in V",y from p and the closest point p' in V"y from q; Then, do the test. Similarly, do 
this for each pair in V",y. The above process takes 0(n3) time since there are 0(n2 ) such pairs and 
each pair takes O(n) time to find their closcst points in the opposite subscts and 0(1) time to do the 
test. Note that E(S) consist.s of 0(1\2) line scgmcnts, a total time of 0(1\5) would be required. 

Thc t.imc complcxity can hc rmlllceci to 0(n4) if one notes that all tll('.fI(1 edges satisfying the length 
lemma belong to the edgcs of greedy triangulation GT(S) and there are O(n) greedy edges. 

The time complexity can be further reduced to 0(n3 ) by noting the following fact. Consider the 
two endpoints of the diameter on v",t, say p and q. If I pq I> max{d(p, V",y) , d(q, V",y)} , then the 
rcmote length lemma is not hold, and v"t is not remote-length shaped. If 1 pq 1< d(p, V"y) , then 
1 ]is 1< d(p, V"y) <I Pli for any point 8 in v",t and any point t in V"Y' Thus, p can be ignored in 
further tests since the edge determined by p ami any point in v"t will satisfy the remote length lemma. 
Similarly, if 1 pij 1< d(q, V",y), then q can be ignored. In any case, after one test, either the sufficient 
condition is not satisfied or at ICIl.~t one vertex can be ignored in further tests. Moreover, the diameter 
cnn he updated in at most O(n) time after onc vertex on the convex hull of v"t is removed, and there 
are at most 0(11) vertic:cR in V:r.t, similarly for points in V"U. Thus, each edge in question takes 0(712) 
I.imc' for the test. 

We can further reduce the total time complexity to 0(n210g n) by using more sophisticated meth­
ods. The basic idea is as follows. Use Primal-Dual method [0'R93) to find V"'U for every edge, say 
xy, in GT(S). Note that each site in primal plane corresponds to a line in dual plane. Then, xy 
Gorresponds to a double-wedge in dual plane. A crossing of any two dual lines inside one of these 
wedges implies the line segment determined by the two corresponding sites in primal plane crosses 
xy if these two sites lie on the opposite sides along the line extending xy. Such pairs of sites can be 
cletected in 0(1I1og 11) time by cheddng thc order of crossover points of theRe dual lincs on the two 
hOllllcl1\ries of a wedge. 

Using greedy triangUlation GT(S) can speed up the searches for the closest sites in V"'II' To do 
so, we assign a copy of GT(S) to each vertex 8. Sort the n - 1 edges ending at 8 in ascending order 
hy their lengths, dcnote them as E.. The greedy edges crossed by the shortest one, say 88' in E., 
will have .,' as the closest vertex of s. Assign (s, 8') to each of these greedy edges and then remove 
I.hese greedy edges from GT(S). Next, the greedy edges in the remainder of GT(S) crossed by the 
second shortest olle in E., sny s.,", will be assigned with (.,,8"). These grccdy edges then be removed. 
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Continue to do this for all 71 - I edges, we obtain the closest pairs (s, si) for each grl'Cdy edge crossing 
87" for some .~i in S - {.~}. By organizing a data structure for GT{S), the crossing of a greedy edge 
al\(I an edge in E. can he det.ccted in logarithmic time. Thus, the above proceRS takes 0(1I1og 11) time. 
Doing this for 71 sites takes 0{1I210g n) time. 

The convex hull can be updated in O{ nlog 11) time by using dynamic maintenance of convex hull 
method (note that we delete a vertex on the convex hull one by one). The diameter can be updated 
also in O(nlog 11) time by using antipodals method. We shall omit the detail of the algorithm here 
and it will be described in the version of our full paper. 

6 Concluding Remarks 

In this paper, we proved a tight lower bound for the f3 value of f3-skeleton of minimum weight triangu­
lation of planar point set. Therefore, settled the conjecture by Keil. We provided a new type of proof 
tcdlllique: the comparison of two summations of distances. This method may be useful for non-light 
('(Igc idcntifkations, which is erucial for the success of finding a connected subgraph in authors opin­
ion. Fnrt.hermore, we proposed a new sufficient condition for MWT, this condition pushed the idea 
invented by Keil into a limit. It seems that the further study of the MWT problem using subgraph 
identification approach should concentrate on non-light edges. 
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Abstract. In this paper we consider several variants of the discrete 2-
center problem. The problem is: Given a set S of n demand points and 
a set C of m supply points, find two "minimal" axis-parallel squares (or 
rectangles) centered at the points of C that cover all the points of S. We 
present efficient solutions for both the static and dynamic versions of the 
problem (i.e. points of S are allowed to be inserted or deleted) and also 
consider the problem in fixed d, d ~ 3 dimensional space. For the static 
version in the plane we give an optimal algorithm. 

1 Introduction 

In this paper we consider the following problem: Given a set S of n demand points 
and a set C of m supply points, find two axis-parallel squares (or rectangles) 
that cover all the points of S and centered at the points of C such that that 
size of largest square (rectangle) is minimized. The measure of size is an area 
or perimeter of the square (rectangle). If C = S then the squares (rectangles) 
called discrete or constrained. 

The problems above continue a list of optimization problems that deal with 
covering a set of points in the plane by two "minimal" identical geometric objects. 
We mention some of them: the two center problem, solved in time O( n log9 n) 
by Sharir [21] and recently in time O( n log2 n) by Eppstein [10], employing 
a randomized algorithm; the constrained two center problem, solved in time 
O(nt log5 n) by Agarwal et al.[l]; the two line-center problem, solved in time 
O(n2log2 n) by Jaromczyk et al.[16] (see also [18,12]); the two square-center 
problem, where the squares are with mutually parallel sides solved in time O(n2 ) 

by Jaromczyk et al.[14]. Hershberger and Suri [13] and Glozman et al.[12] con­
sidered the problem of covering the set S by two axis-parallel rectangles such 
that the size of the larger rectangle is minimized. They present an O(nlogn) 
algorithm for this problem. In [22,19,20] several algorithms are presented that 
deal with a number of squares (rather than 2) that are not constrained. A re­
cent paper of Katz et al. [17] presents three algorithms for various versions of 
the discrete two square problem. In the first version, the squares are axis par­
allel (O( n log2 n) time algorithm is presented), in the second, the squares are 
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allowed to rotate, but remain mutually parallel (O(n2Iog4 n) time algorithm) 
and in the third the squares are allowed to rotate independently (O( n3 log2 n) 
time algorithm). 

We present an optimal algorithm for discrete 2-center problem with O((n + 
m) log(n + m)) running time. The algorithm is quite simple and uses direct 
method. 

For our problem we generalize the definition of constrained objects. We con­
sider a dynamic version when the points of S are allowed to be inserted or 
deleted. We show that if m = o(n), then we obtain the algorithm with the 
sublinear (of the number of points in S) time query for a dynamic version of 
the problem. Our algorithms work for any d-dimensional space. We implicitly 
use Frederickson and Johnson technique of sorted matrices [11], i.e. we embed 
this technique into the decision algorithm in order to speed up the running 
time. This is crucial for the dynamic version of our algorithm, because stan­
dard use of this technique may lead to additional factors of O( n), in the case of 
squares, and O(n2), in the case of rectangles, to the running time. We obtain an 
O(max(nlogn, mlogn(logn + logm))) runtime algorithm for the squares case 
and an O(mnlogmlogn) runtime algorithm for the rectangle case. As for the 
dynamic versions the runtimes for update operations for both algorithms are 
polylogarithmic in n for any values of m. 

This paper is organized as follows. In the next section we present our algo­
rithm for the case of squares and also describe the generalization to the dynamic 
and high dimensional versions. Section 3 deals with the case of rectangles. We 
conclude in Section 4. 

2 Squares 

2.1 Initial approach 

We consider the following problem: Given a set S of n demand points and set C 
of m supply points in d-dimensional space (d ;::: 2), find two axis-parallel squares 
that cover all the points of S and which are centered at the points of C, such that 
the size of the larger square is minimized. Let us call the solution of this problem 
minimal cover. Some variation ofthis problem was considered by [17], where they 
take C = S in the plane and obtain an O(nlog2 n) time and O(nlogn) space 
solution. From now we will call a square (rectangle) discrete or constrained if 
their center lies on some point of C. The main idea of the algorithm of Katz et 
al. [17] was to solve first the decision problem and then apply the sorted matrices 
technique [11] as the optimization scheme. Their decision problem was: Given a 
set S of n points, are there two axis-parallel discrete squares with a given area 
A whose union covers S. To solve the decision problem, they put on each point 
of S an axis-parallel square of size A, thus, obtaining a set P of n squares. The 
decision problem was transformed to answering whether there are two points of 
S which intersect each square of P. 

The problem we solve below is very similar to that of [17] and differs just 
by the fact that the centers of the squares are constrained to be in C instead 
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of S. Our runtime is comparable as well, but our algorithm is simpler and can 
be easily extended to a dynamic version of the problem, where points in S may 
be added or deleted, and to higher dimensional space. Below we present our 
algorithm for the planar case. As in [17], we solve the decision problem and then 
show how we apply two optimization schemes. 

We start with some notations and observations. Given a set of points S, the 
bounding box of S, denoted by B(S), is the smallest axis-parallel rectangle that 
contains S. The bounding box of S is determined by the four points, two from 
each axis : leftmost (smallest coordinate) and rightmost (largest coordinate) 
points in each of the axes, which we denote by Ix,ly,Tx,Ty . We call these points 
the determinatorsof B(S). Denote by Xs (Ys) the sorted list of the points in S 
according to x (y) axis. 

The decision algorithm Let Sl be a square of area A. In the decision algorithm 
we go over all the points of C as a center of Sl. At each step check whether we 
can cover the rest of the points of S (which are not covered by st) by a second 
constrained square S2 of size A. Denote by K the set of points which is not 
covered by Sl. Denote by SVl and Sv, two vertical lines that go through the left 
and right side of Sl, respectively. Similarly, Sh l and Sh, are two horizontal lines 
that go through the bottom and the top sides of Sl, respectively. For SVl (sv,) we 
compute (by a binary search) the nearest point p (q) in Xs from the left (right) 
of SVl (sv,). For Sh l (Sh,) we compute the nearest point p' (q') in Ys that is below 
(above) of Sh l (Sh,). 

Let S~ (Sj) be the set that contains all the points of S with the x-coordinate 
that less or equal (equal or larger) to the x-coordinate of ith point (jth point) 
in the list Xs. Similarly, let SZ (S~) be the set that contains all the points of S 
with the y-coordinate that less or equal (equal or larger) to the y-coordinate of 
kth point (mth point) in the list Ys. 

Observation 1 The determinators of B(K) are defined by the determinators 
of B(S!), B(8j), B(SZ), B(S~). More precisely, the determinators of B(K) are 
the leftmost, rightmost, lowest bottom and highest top points of the set S! U Sj U 

SZ US~. 

This observation provides a way to solve the decision problem. For each point 
in C as the center for the first square Sl we do the following: 

1. Find B(K). If B(K) has a side of length greater than VA, then the answer 
to the decision problem is "no". 

2. Otherwise define the search region R' which is the locus of all points of Loo 
distance at most q. from all four sides of B(K) and search for a point of 
C in R'. As was pointed in [17] R' is an axis-parallel rectangle. 

As in [17] we perform orthogonal range searching [7] to determine whether 
there is a point of C in R'. If there is at least one point the answer is "yes"; 
otherwise it is "no". It remains to explain how we compute efficiently the de­
terminators of B(S~), B(Sj), B(SZ)' B(S~). A bounding box might be empty or 
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degenerate, in which case we compute the rest of determinators for this bounding 
box. We explain the algorithm for B(Sj). 

The rightmost point p of sj has been computed. The leftmost point of Sj is 
the leftmost point of S. Thus, it remains to find the lowest and highest points of 
the set sj. These values can be precomputed for i = 1, ... , n. For the dynamic 
version of the problem maintaining these values will be too costly. Therefore we 
maintain a balanced binary search tree T as follows. The nodes of T contain the 
x-coordinates of the points of S. As we create the tree we maintain at each inner 
node the maximum of the y-coordinates of the points in the subtree rooted at 
this node. Thus, given the point p, the highest and lowest points of B(S;) can 
be found in O(logn) time. Similarly we do for B(Sj), B(S%), B(S:r,). 

Considering the time complexity of the whole algorithm. We spend O( n log n) 
to sort all the points of S and build T. For each point in C as a center for 81 

we compute the determinators of B(SD, B(Sj), B(S%), B(S:r,) in total O(logn) 
time. Checking the search region R' for a point of C takes O(log m) time using 
a standard orthogonal range tree with fractional cascading [7]. We have shown: 

Theorem 2. Given a set S of n demand points and a set C of m center points 
in the plane, one can find whether there exist two axis-parallel squares of area A, 
centered at points of C, that cover all the points of S in time O(max( n log n, m(log n+ 
log m))) using 0(71 + 111 log m) space. 

Optimization If we generalize the observation in [17), we obtain that each 
rectilinear (x or y) distance between the points of C and the points of S (multi­
plied by 2 and squared) can be a potential area solution. Thus there are O(mn) 
potential areas. One possibility for the optimization step is to use Frederickson 
and Johnson algorithm for sorted matrices [11). For example all the potential 
size solutions defined by x distances can by represented as shown below. Define 
a matrix M as following: consider Xs the sorted x order of points of Sand 
also Xc the sorted x order of points of C. Entry (i,j), 1 ::; i ::; m,l ::; j ::; n 
in the matrix M stores the value xf - xJ where xf is the x coordinate of the 
point with index i in Xs and xJ is the x coordinate of the point with index j 
in Xc. The matrix M is sorted, but some of the potential area values appear 
in matrix with negative sign. To overcome this difficulty, we split M into two 
matrices M1 and M2. The positive entries of M1 are equal to M except that the 
negative entries are switched to be O. In M2 the negative entries of M become 
positive and the positive entries of M are switched to O. Clearly, M1 and M2 
are sorted matrices and they represent the set of all possible areas according 
to x-coordinates. Similar procedure works for the y-coordinates, and thus, we 
obtain four sorted matrices that represent all the possible solutions. This tech­
nique works fine in our case, but still has two disadvantages. First disadvantage 
is that it leads to some additive factor to the runtime of the optimization scheme 
(O(mlog(2n/m))) and second is that we need to maintain these matrices under 
deletions and insertions for the dynamic version of our problem. 

Denote by Td the runtime of the decision algorithm after the preprocessing 
step (which is 0 (n log n + m log m) ). Instead of representing all the distances by 
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sorted matrices, we perform a search of the square size for each point c E C as 
a center for Sl. The search is for each axis and in each direction (left, right, up, 
down). Below we describe the algorithm for axis x, center c of Sl and the right 
direction. The size of Sl (and also S2) is defined as follows: 

1. Let the number of points of S that lie to the right of c be 0 :::; k :::; n. We 
denote the x-sorted set of these points by S~-k+1 = {Pn-k+1, ... ,Pn}. 

2. Perform a binary search on the size of Sl. This size is defined by c and some 
of S~-k+1' Namely we perform the following actions. 

(i) Find a median point Pn- ~+1 in the set S~_k+1' 
(ii) Compute the x-distance between c and Pn - ~+1' 

(iii) This distance multiplied by 2 and squared defines the size A. 
(iv) Run the decision algorithm for A. If the answer to the decision problem 

is "yes", then set k = ~ and return to step (ii). If the answer to the 
decision problem is "no", then set k = k + ~ and return to step (ii). 

3. Repeat the above procedure for the remaining directions. 

The smallest size for which the decision algorithm answers "yes" after running 
it for each axis and in each direction is the solution to the optimization problem. 
Clearly, the described algorithm takes O( n log n + Td log n) time. Thus, we have 

Theorem 3. Given a set S of n demand points and a set C of m center points 
in the plane, one can find a minimal cover in time O(max(n log n, m log n(log n+ 
logm))) using O(n + mlogm) space. 

A related lower bound We prove a lower bound to the following (closely 
related to our) problem: Given an integer A and a set S of n demand points and 
a set C of m center points on the line, find two segments of length A centered at 
points of C that cover the largest possible number of points of S. An Q( n log n) 
lower bound under the linear decision tree model is achieved by a reduction 
from the set element uniqueness problem as in [3]. We set C = S and asking the 
question for a limit A = O. The answer is 2 if and only if the elements of the set 
are disjoint. 

The dynamic version In the dynamic version of the problem above points 
may be inserted to or deleted from S. Our algorithm for static version can be 
extended to support dynamic updates and queries. 

The sorted order of the points of S according to x and y coordinates is 
maintained in T as following. When we delete from or insert to T some point 
we should update all the maximum y-values stored at the inner nodes on the 
updating path from the corresponding leaf to the root. In addition, for each node 
v in T we store the information about the number of nodes that are in the left 
and right subtrees of the tree rooted at v. This information is useful to compute 
the median for optimization step (2.i) and to find the set S~-k+1 by a binary 
search in T in o (log n) time. Storing this information does not affect the running 
time of the insertion or deletion, since we can update while walking on the same 
updating path. The update of the tree T takes o (log n) time [5]. When we have a 
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query "What is the minimal cover?" , we can run our decision algorithm together 
with the embeded optimization scheme using T in order to get the answer. Using 
the result from the section 2.1.2 we can conclude by theorem. 

Theorem 4. Given a set S of n demand points and a set C of m center points 
in the plane, where the points of S are allowed to be inserted or deleted, we can 
answer the query "What is the minimal cover?" in O(mlogn(logn + logm)) 
time. The update time is o (log n) for the points of S. The preprocessing time is 
O(nlogn + mlogm). 

Higher dimensions Our algorithm can be generalized to work in any (fixed) 
d-dimensional space, d ;::: 3. The changes we need to perform in order to allow 
this are following: 

1. For the points of C we use d-dimensional orthogonal range tree [6] with a 
query time 0(logd-1 m) for the static version. 

2. We maintain d balanced binary search trees Ti, i = 1, ... , d for the points 
of S, one for each axis. But now each node contains the d - 1 maximal and 
minimal values of the other coordinates. The update scheme of T; is done in 
time O( d log n). 

The rest follows immediately. 

Theorem 5. Given a set S of n demand points and a set C of m center points 
in the d-dimensional space, d;::: 3, one can find a minimal cover (d-dimensional) 

O(max(n log n, m log n(log n + logd-1 m))) 

time. 

Theorem 6. Given a set S of n demand points and a set C of m center points in 
the d-dimensional space, d ;::: 3, where the points of S are allowed to be inserted or 
deleted, we can answer the query "What is the minimal (d-dimensional) cover?" 
in O( m log n(log n + logd-1 m)) time The update time is o (log n) for the points 
of S. The preprocessing time is O(nlogn + mlogd- 1 m). 

2.2 An optimal decision algorithm 

In this part we show that the static version of the discrete 2-center problem in 
the plane can be solved in O((n+m) log(n+m)) time. Recall our problem. Given 
a set S of n points and a set C of m points in the plane, find whether exist two 
squares of area A centered at some points of C that cover the set S. We show how 
to solve the decision problem in linear time. After this we apply the optimization 
technique described in Section 2.1.2 in order to get O((n + m) log(n + m)) time 
algorithm. 

Let S1 and S2 be two required squares. We assume that the S1 is left of 82 
(x-coordinate of the center of 81 is at most the one of 82)' We also assume that 
the 81 is below of 82 (another case is similar). Let p = Mj2. Consider the 
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bounding box B(S) = [lx, rx] x [ly, ry]. It is clear that the center of Sl belongs 
the region R1 =]-oo,lx +p] x [-00, ly +p]. In fact we can assume that it belongs 
to the set of maxima of C n R1 , i.e. the set 

((x,y) E Cn R1 I V(x',y') E CnR1,X' < x or y' < y}. 

Let L1 denote the list of these points sorted by x-coordinate. It can be extracted 
from the sorted points of C in O(m) time. Similarly the center of the square S2 

belongs to the list L2 of points of minima of {(x, y) E C I x 2:: rx - p, y 2:: ry - p} 
which can be obtained in linear time. If one of the lists L1 or L2 is empty, there 
are no required squares such that the center of one square (S2) dominates to 
other one (sd. 

We assume that the lists L1 and L2 are non-empty. For each point p of the 
list L1, the algorithm detects whether a point q in the list L2 exists such that 
the square Sl with center p = (Px, Py) and the square S2 with center q = (qx, qy) 
cover the set S. Let U (p) denote the set of points of S whose y-coordinate are 
greater than Py + p. Let R(p) denote the set of points of S whose x-coordinate 
are greater than Px + p. The set of points outside the square Sl is the union of 
the sets U (p) and R(p). The set U (p) is changing by insertions of points of S 
when the point p steps down the list L 1 . Hence we can compute the leftmost 
points of the sets U(p) for all points p of the list L1. It takes O(n + m) time. 
Similarly the bottommost points of the sets U(p) can be computed by walking 
through L1 from left to right. The set R(p) is updating by insertions only if we 
walk through L1 from right to left. So the leftmost and bottommost points of 
the set R(p) can be computed in linear time. 

The square S2 covers the points outside the square Sl if and only if qx - P 
is at most x-coordinate of the leftmost point of U (p) U R(p) and qy - p is at 
most y-coordinate of the bottommost point of U(p) U R(p). The points q of 
the list L2 = {a1, ... , ak} such that qx - P is at most x-coordinate of leftmost 
point of U(p) form a sublist {a1, ... , aa(P)} (o'(p) = 0 if the sublist is empty). 
Note that o'(p) is non-increasing sequence. We compute o'(p) simultaneously with 
computing the leftmost points of U(p). It can be done in linear time. The points 
q of the list L2 such that qy - p is at most y-coordinate of the bottommost point 
of U (p) form a sub list {a(3 (p), ... , ak} (fJ(p) = k + 1 if the sublist is empty). The 
sequence fJ(p) is non-decreasing and it can be computed simultaneously with 
computing the bottommost points of U(p) in linear time. 

Walking through L1 from right to left, in linear time we can compute indexes 
a' (p) and fJ' (p) that relate to the set R(p). A pair of points p and q = aj form 
the solution if and only if max( o'(p), a' (p)) ::; i ::; min(fJ(p), fJ' (p)). Such a pair 
can be found in linear time if the indexes o'(p), a' (p)), fJ(p) and fJ' (p)) are known. 
We have shown: 

Theorem 7. Given a set S of n demand points and a set C of m center points 
in the plane, one can find whether there exist two axis-parallel squares of area 
A, centered at points of C, that cover all the points of S in O(m + n) time. 
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Remark: Unfortunately, we did not find a way for dynamizing the decision 
algorithm above. Any success in this direction will lead immediately to the better 
results for the dynamic version of the problem. 

3 Rectangles 

We consider first the planar version: Given a set S of n demand points and 
set C of m center points in d-dimensional space (d 2: 2), find two axis-parallel 
rectangles that cover all the points of S and are centered at the points of C and 
size of the larger rectangle is minimized. Let us call the solution of this problem 
minimal rectangular cover. Here we consider the size as a perimeter. Hershberger 
and Suri [13], Glozman et al. [12] and Bespamyatnikh and Segal [4] consider a 
similar problem, but without constraining the centers of the rectangles to be in 
C. They present an algorithm which runs in time O(n logn). Our algorithm runs 
in time O(mn log m log n). 

3.1 The decision algorithm 

Assume we are given a rectangle perimeter A. The general idea is very similar 
to the one used for the squares: we go over all the points in C as a center for the 
first constrained rectangle rl, and at each step we check whether the rest of the 
points can be covered by a second discrete rectangle r2. The difference is that we 
do not know the form of rl and r2. In order to solve this problem our decision 
algorithm tries all possible placements of rl on points of C and checks whether 
the set of points not covered by rl can be covered by a constrained rectangle 
r2. We demonstrate our algorithm for a point c E C. Four lines 11 ,12 ,13 ,14 with 
slopes -1,1, -1, 1 in quadrants in clockwise direction, starting with a positive 
x and y quadrant, respectively, define the locus of all rectangles with a given 
perimeter A, centered at O. The lines have to construct a 450 tilted square 
Q. Assume for a moment that c = O. Consider the S' ~ S that contains all 
the points of S which are inside of intersection Q of the halfplanes defined by 
lines 11 ,12 ,13 ,14 and containing c. Each point s E S' defines two rectangles with 
center c and the given perimeter: where s either determines the width of the 
rectangle, or its height. For the time being we look at the rectangle whose width 
is determined by s. Let s be the point that determines the widest rectangle rl 

and assume w.l.o.g. that s is to the left of c. 
We shrink the width of the rectangle, keeping its corners on the corresponding 

lines until an event happens. An event is when a point of S is added to or deleted 
from the rectangle during the width shrinking. We check if the rest of points of 
S is covered by r2. If it does then we are done; otherwise we continue to shrink 
the rectangle until the next event. We perform the same actions for the height 
as well. 

In order to speed up this algorithm we define four dynamic subsets U, D, 
R, L of S' corresponding to the halfplanes that bound rl. R is the set of all 
the points of S' that contained in the halfplane to the right of the left side of 
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1'1. Similarly, L (U, D) is the set of points of 5' that contained in the halfplane 
to the left (up, down) of the right (upper, lower) side of the rectangle 1'1. We 
define Pr(PI) to be the point x-closest to 1'1 in R (L) and Pu(Pd) to be the point 
y-closest to 1'1 in U (D). Assume that we are shrinking 1'1 in x direction until 
the next event. Assume that the x-closest neighbor of Pr (pt) in R( L) is p~ (p?) 
and the y-closest neighbor of Pu(Pd) in U(D) is p~ (Pd)' Thus, our event is when 
one of p~ ,p? or p~, Pd enters or leaves the rectangle 1'1. If the next event is a 
point from R or L, then the number of points uncovered by 1'1 increases by 1, 
otherwise decreases by 1. We update Pr,PI,Pu,Pd (and also the subsets U, D, R, 
L). We check whether 1'2 can cover the rest of points K C 5 that are uncovered 
by 1'1 by following algorithm. 

We first find the determinators of the bounding box B(K). For the static 
version of this problem, we can precompute for each set 5:, 5j, 5Z, 5:n the 
minimal and maximal values. If the length of some side of B(K) is larger than 
A then the answer to the decision problem is "no". Otherwise we find a search 
region R' for the center of 1'2. It can be done as following. We make a rectangle 
1'2 with a perimeter A and a minimal height such that 1'2 covers B(K) and its 
left lower corner of 1'2 coincides with the left lower corner of B(K). We slide 1'2 

up keeping in touch the left sides of 1'2 and B(K) till the left upper corners of 
1'1 and B(K) coincide. Then we continue sliding 1'2 to the right keeping in touch 
the upper sides of 1'2 and B(K), then up while touching right sides and finally to 
the left while touching down sides till we reach the initial position of 1'2. We look 
onto segments on which the center of the 1'2 lies during the sliding motion of the 
square. This defines a rectangular search region R' where can be found the center 
of the 1'2 that covers B(K), but only for this form of 1'2. Generally, 1'2 can have 
an infinite number of forms. But, as was observed in [13], all the rectangles 1'2, 

with the same perimeter and the same lower left, have their upper right corner 
on particular curve r. In this case of perimeter r is a segment with slope -1. 
Thus we should compute R' as before for all the forms of 1'2 and then take their 
union, thus obtaining the final search region R". The region R" has a form of 
axis-parallel rectangle rotated to 90°. In order to find whether R" contains any 
point of C we perform a standard orthogonal range searching algorithm but only 
for coordinate axes rotated to 90°. 

After preprocessing O(nlogn) time, the algorithm above runs in O(nlogm) 
time for one point Ci E C if the values of B(5l) , B(5j), B(5Z), B(5:n) are pre­
computed before. This is because we can carry each step of the algorithm in 
constant time (except of orthogonal range searching) after computing the first 
time boundaries of the rectangle 1'1. 

Thus, we have 

Theorem 8. Given a set 5 of n demand points and a set C of m center points in 
the plane, one can find whether exist two axis-parallel rectangles of perimeter A 
centered at the points ofC thal cover all the points of Sin O(max(n logn, mn logm)) 
time. 
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3.2 Optimization 

As in the case of squares we embed the optimization step into the decision al­
gorithm. Similar to the squares algorithm, the explicit use of sorted matrix may 
lead to the additional additive factor O(n 2 ) to the runtime for the optimization 
algorithm. We would like to avoid the explicit use of sorted matrices for the 
dynamic version of this problem by embedding the search into the decision algo­
rithm. In our case we obtain that each pair containing one rectilinear x-distance 
and one y-distance between the points of S and the same point in C (multiplied 
by 4 and summarized) can be a potential perimeter solution. The optimization 
scheme is very similar to previous one, but instead of performing a binary search 
for each one of the directions, we define a sorted matrix M whose rows contain 
the sorted x-distances from Ci E C to the points of S and whose columns contain 
the sorted y-distances from Ci E C to the points of S. Note that the number of 
elements in M is n 2 . Denote by TJ the running time of the rectangles decision 
algorithm for point Ci as a center of 1'1. (Thus the total number of potential 
perimeter solution is mn 2 .) Then we can perform a binary search on the ele­
ments of the matrix M, making only a constant number of calls to the decision 
algorithm for point Ci per iteration. As was shown in [11] the overall runtime 
consumed by the algorithm is O(E~lTj logn + n). We obtain 

Theorem 9. Given a set S of n demand points and a set C of m center points 
in the plane, one can find a minimal rectangular cover in O( mn log m log n) time. 

3.3 The dynamic version 

For dynamization of the decision algorithm for rectangles we use the same up­
dating scheme as for the decision algorithm for squares. The update and query 
operations the points of S remain the same. We use the same data structures as 
in the dynamic version of the algorithm for squares. For the optimization step 
we also have to take care of maintaining the sorted matrix for every point of 
C. It can be easily done while maintaining dynamically the sorted order of the 
points of S according to their x and y-coordinates. The difference form the static 
version is using a balanced binary search trees in the decision algorithm. Thus, 
we have 

Theorem 10. Given a set S of n demand points and a set C of m center points 
in the plane, where the points of S are allowed to be inserted or deleted, we can 
answer the query "What is the minimal rectangular cover?" in O( mn log n(log n+ 
logm)) time. The update time is O(logn) for the points of S. The preprocessing 
time is O(n log n + m log m). 

3.4 Higher Dimensions 

Similarly to the case of squares, our algorithm can be generalized to work in 
any (fixed) d-dimensional space, d ;::: 3. The changes are exactly as in the d­
dimensional algorithm for the squares, which include maintaining d-dimensional 
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orthogonal range tree for the points of C, d balanced binary search trees, d sorted 
orders of points. In addition, we perform the d-dimensional decision algorithm 
by fixing one dimension and applying recursively d - I-dimensional decision 
algorithm. For the optimization step the number of potential perimeters is mnd . 

We can represent them as m sorted matrices, each one of the dimension d. 
Each sorted matrix is obtained by cartesian product of d I-dimensional arrays, 
identically to the plane case. If we denote by Td running time of the optimization 
algorithm (static or dynamic) in d-dimensional space, d ~ 3, then we can be 
easily verify that Td = 0 (nTd- 1 ). 

Theorem 11. Given a set S of n demand points and a set C of m center points 
in the d-dimensional space, d ~ 3, one can find a minimal rectangular cover in 
O(mnd-1logd- 1 mlogn) time. 

Theorem 12. Given a set S of n demand points and a set C of m center points 
in the d-dimensional space, d ~ 3, where the points of S are allowed to be inserted 
or deleted, we can answer the query "What is the minimal rectangular cover?" 
in 0 (mn d-l log n (log n + logd-l m)) time. The update time is 0 (log n) for the 
points of Sand o (logd m) time for the points of C. The preprocessing time is 
O(nlogn + mlogd- 1 m). 

4 Conclusions 

In this paper we have presented efficient algorithms for solving static and dy­
namic discrete 2-center problems. We generalize them to the case of rectangles 
and higher dimensional space. It would be interesting to consider polygons or 
disks as covering objects instead of squares and rectangles. The problem of find­
ing an efficient algorithm for dynamic discrete p-center problem, general, but 
fixed p, also remains open. 

One of the directions of our future work is to improve the running time of 
the discrete 2-center algorithms in the higher dimensions using direct method of 
the optimal algorithm in the plane. 
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Abstract. GENE DUPLICATION is the problem of computing an optimal 
species tree for a given set of gene trees under the GENE-DuPLICATION 
MODEL (first introduced by Goodman et al.). The problem is known to 
be NP-complete. We give a fixed-parameter-tractable algorithm solving 
the problem parameterized by the number of gene duplications necessary 
to rectify the gene trees with respect to the species tree. 

1 Introduction 
When trying to resolve the tree of life one usually wants to compute the phylo­
genetic relationships between the organisms based on the data provided by the 
DNA or protein sequences of families of homologous genes. A species tree or evo­
lutionary tree for a given set of taxa is a complete rooted binary tree built over 
the set of taxa representing the phylogenetic relationships between the taxa. A 
gene tree is a complete rooted binary tree formed over a family of homologous 
genes for the set of taxa. Gene trees for different gene families do not necessarily 
agree[8, 5,1,12]. The problem we consider is the determination of the species 
tree for a set of taxa given a set of gene trees. Several models for attacking the 
problem have appeared in the literature, which are related to agreement subtrees 
or consensus trees (see [7,13,10] amongst others). These mathematical models 
are biologically rather meaningless. A biological cost model which has recently 
received considerable attention is the DUPLICATION/Loss MODEL suggested 
in [8] and discussed in [12,9,11,14]. The basic idea is to measure the similar­
ity /dissimilarity between a set of gene trees by counting the number of postulated 
paralogous gene duplications and subsequent gene losses required to explain (in 
an evolutionarily meaningful way) how the gene trees could have arisen with 
respect to the species tree. DUPLICATION AND Loss asks for a given set of gene 
trees and an integer c whether there exist a species tree 5, such that the cost 
(gene duplications and losses) for rectifying the gene trees with 5 is at most c. 
If the species tree is given the minimum cost for rectification is computable in 
linear time [14]. Otherwise, the problem is proven to be NP-complete [11]. 

Problem 1. GENE DUPLICATION 
Input: Gene trees G I , ... , Gk, integer c> o. 
Question: Does there exist a species tree 5, such that the gene-duplication cost 
for rectifying G ll ... , Gk with 5 is at most c? 
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Note that solving GENE DUPLICATION might be very useful for detecting paralo­
gous gene duplications in databases when the gene-duplication rate is low. When 
gene-duplication events are more frequent a helpful variant of the problem could 
be MULTIPLE GENE DUPLICATION [9,6] where the gene duplications of differ­
ent gene trees are not necessarily independent events. In this paper we present a 
fixed-parameter-tractable algorithm solving GENE DUPLICATION parameterized 
by the duplication cost. For an introduction in parameterized complexity see [2], 
for surveys about fixed-parameter tractability we refer to [3,4]. 

2 The Gene-Duplication Model and a Generalization 
In this section we first give a short reminding introduction about the GENE­
DUPLICATION MODEL which is mathematically well formalized in [14] and dis­
cussed in [11,6]. All trees in this paper (gene trees and species trees included) 
are rooted, binary, and leaf labeled. Let T = (V, E, L) be such a tree where V 
is the vertex set, E is the edge set, and L ~ V is the leaf-label set (in short, 
lea/set). For a vertex u E V - L, let Tu be the subtree of T rooted by u. The 
root of each tree T has a left and a right subtree, rooted by the two kids of the 
root root(T) and denoted by 1) and Tr . We denote the leafset L of T as L(T), 
and for a node u E V we denote the leafset of tree Tu short with L ( u) instead 
of L(Tu). For trees Tl = (Vb El , L), T2 = (V2' E2, L), and a vertex v E VI let 
IcaT2 (L(v)) be the least common ancestor of all the leaves in L(v) in tree T2. 
To describe the model, let G = (Ve, Ee, L) be a gene tree and S = (Vs, Es, L) be 
a species tree. We use a function loce,s : Ve -+ Vs to associate each vertex in G 
with a vertex in S. Furthermore, we use a function evente,s : Ve -+ {dup, spec} 
to indicate whether the event in G corresponds to a duplication or speciation 
event. The function M given below maps a gene tree G into a species tree S 
by defining functions loce,s and evente,s, The quantity cost(G, S) = I{ ulu E 
Ve - L, evente,s (u) = dup} I is the minimum number of gene duplications nec­
essary to rectify the gene tree G with the species tree S (cf. [11]). 

M(G,S): for each u EVe - L, loc(u) = Icas(L(u)) and 
event(u) = {spec if loce,~(u') #- loce,s(u), for all u' where u' is a kid of u in G. 

dup otherWIse 
Furthermore for given Gl ,G2, ... ,Gk, and S let cost(Gl,G2, ... ,Gk'S) = 

k 
I: cost(Gj, S). We restate GENE DUPLICATION. 
j==l 

Problem 1. GENE DUPLICATION 
Input: Gene trees G l , ... , Gk, integer c> O. 
Question: Does there exist a species tree S with cost( Gl, G2, ... , Gk, S) ~ c? 

We comment that M (cf. [14]) is just a least common ancestor mapping which 
elegantly clarifies the rather complicated combinatorics describing the GENE­
DUPLICATION MODEL in the original papers. 

In the following we introduce a generalized version ofthe GENE-DuPLICATION 
MODEL, the GENE-DuPLICATION MODEL FOR SPLITS. The more generalized 
version leads us to properties useful for attacking GENE DUPLICATION. 
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Definition 1. Given a leaf set L, we call V = (VIIVr ) a split of L if for V' = 
VI, Vr 1. either V' is a split of L \ (U L(V')) or V' ~ Land 2. U L(Vt} n 
UL(Vr) =0. 
II L(V.) = {Vi if Vi is leafset 

ere , L(Vil) U L(Vir) if Vi is a split (Vi = (Vit!Vir )) . 

Definition 2. Suppose we are given a split V = (Vt!Vr ). We define 

{ {V} if V is leaf set . . 
£'(V) = £.(Vt) U £,(Vr) otherwise . £'(V) (m short, £.) zs called the 

leafset of split V. 

Definition 3. Given a leafset L and a split V of L, we call V complete if 
L(V) = L and incomplete otherwise. 

Note that for a given leafset L each split V defines a (rooted binary) tree over 
leaf set £. of V. A complete split V with IDI = 1 for each DE £'(V) corresponds 
to a species tree. 

Definition 4. For a leafset L we are given splits V = (Vt!Vr ), V' = (V; IV~) 
with leafsets VI, VrV;, V~. We call V' a subsplit of V if VI ~ V; and Vr ~ V~. 

Analogous to the least common ancestor in trees we define the least common 
ancestor in splits. 

Definition 5. Suppose we are given a gene tree G = (V, E, L) and a split V of 
L. For any node u E V define the least common ancestor Ica1)(L(u)) to be the 
least common ancestor in the tree defined by V and £.. Note that if L( u) ~ D 
for an element DE£. then Ica1)(L(u)) = D. 

The cost of a gene tree and a split is defined similarly to the cost of a gene 
tree and a species tree and is a generalization of the definition of the GENE­

DUPLICATION MODEL. 

Definition 6. GENE-DuPLICATION MODEL FOR SPLITS. Let G = (VG, EG, L) 
be a gene tree and V = (Vt!Vr ) be a split of L, V r , VI i- 0. The function 
locG,1) : VG --+ L(V) associates each vertex in G with a set in L(V). The function 
eventG,1) : V G --+ {dup, unknown} indicates whether the event in G caused by the 
split corresponds necessarily to a duplication or not. Furthermore we define 

M(G, V): for each u E VG - L, loc(u) = Ica1)(L(u)) and 

{
unknown if (locG,1)(u) E£.) or (locG,1)(u') i- locG,1)(u),Jor all u' 

event(u) = where u' is a kid of u in G.) 
dup otherwise 

Let Dups(G, V) = {ulu E VG - L, eventG,1)(u) = dup} and cost(G, V) = 
IDups(G, V)I. 

Definition 7. Suppose we are given k gene trees Gl, ... Gk and a split V. We 
define the k -dimensional vector e = [cost( G 1, V), cost( G 2 , V), ... , cost( G k, V)], 

k 
the cost vector of Gl, G 2 ••• , Gk and V. Furthermore define lei = L: cost( Gi, V) 

i=l 
k 

and let Dups(GlJ .. ·,Gk'V) = U Dups(G;,v). 
;=1 
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Definition 8. 1. Given gene trees Gl , G 2 , ••• , Gk and a species tree S, we call 
S optimal if cost( G b G 2 , ••• , Gk, So) is minimized over all the species trees. 

2. For given gene trees G l, G 2 , ••• , G k and a split V we call a species tree So 
optimal depending on V if cost(Gl , G 2 , ••• , Gk , So) is minimized over all the 
species trees S who are a subsplit of V. 

The following two straightforward observations and Lemma 1 provide the main 
ingredients for the fixed-parameter-tractable algorithm described in Section 3. 

Observation 1 Suppose we are given a leafset L and gene trees G l , ... , Gk , 
where L( Gd ~ L (i = 1, ... , k). Let V be a complete split of L with leafsets 
VI and 'Or. Furthermore let S be an optimal species tree depending on V. Then 
Dups(Gb ... , Gk, V) ~ Dups(Gl , ... , G k , S) and cost(Gl , ... , Gk, V) is exactly 
the number of duplications located at the root of S. 

Observation 2 Suppose we are given a leafset L and gene trees Gb ... , Gk, 
where L(G;) ~ L (i = 1, ... , k). Let V, V' be complete splits of L with leaf­
sets VI, 'Or, V;, and V~. Let S be an optimal species tree depending on V and 
let S' be the optimal species tree depending on V'. If Dups(Gl, ... ,Gk,V) ~ 
Dups(Gl, ... ,Gk'V') then cost(Gl,G2 , •.. ,Gk,S)::; cost(GbG2 , ••• ,Gk,S'). 

Lemma 1. Suppose we are given a leafset L and gene trees G and H. Let 
L(G),L(H) ~ L and let V be an incomplete split of L with leafsets VI, 'Or, 
VI, 'Or i- 0. Then either we can supplement the split to a complete split without 
increasing the cost (this subsplit we call a completion) or there are leaves a, b E 
(L - L(V)) such that each of the 4 possibilities for building a split V' of (L(V) U 
{a, b}), with V' is a subsplit of V, increases the cost, that is, cost( G, H, V') > 
cost(G, H, V). We call (a, b) a candidate pair. (Proof omitted.) 

For two gene trees G, H, and a split V we can compute a candidate pair or a 
completion in time in O(n2 ) time naively. 

Lemma 2. Suppose we are given a leafset L. Let Gl , G 2 , ••• , Gk be gene trees, 
L(G;) ~ L (i = 1, ... , k). Let V be an incomplete split of L. Then G ll .. . Gk 
have a completion if and only if each pair of {G I , ... , Gd has a completion. 

These two lemmata lead us to the following theorem. 

Theorem 1. We are given leafset L and gene trees GI , ... , Gk, where L(G;) ~ 
L (i = 1, ... , k). Let V be an incomplete split of L with VI, 'Or are leafsets, 
VI, 'Or i- 0. Then either there is a completion of GI , ... , Gk or there is a candi­
date pair (a, b), a, bEL - L(V). 

For k gene trees and a given split V = (VI, 'Or), VI, Dr i- 0, we can compute a 
candidate pair or a completion in time O(n2 k2 ). 

3 A Fixed-Parameter-Tractable Algorithm 
The properties described in the section above invite us to follow the idea of 
building a bounded search tree (cf. [3,2]) for the following parameterized version 
of the GENE DUPLICATION problem. 
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Problem 2. GENE DUPLICATION (Parameterized Version) 
Input: Gene trees GI, ... , Gk over leafset L, positive integer C. 
Parameter: C 
Question: Does there exist a species tree S with cost(Gt. ... , Gk, S) ~ C? 

The main idea is described as follows. Let ILl = n. We first build all possible 
complete splits V = (VIIVr) of L costing no more than C gene duplications and 
with leafsets VI, Vr .l.e., we keep all the complete splits V of L causing not more 
than C gene duplications at the root of any possible species tree resulting from 
V (cf. Observation 1). Then, recursively, we refine VI and Vr such that VI and 
Vr are complete splits of L(Vt} and L(Vr) and V' = (VtlVr) does not cost more 
than C gene duplications. This will be continued until either we know there is 
no solution of cost at most C or there is a split V of L defining a species tree 
for C. Each node of the search tree consists of a (complete or incomplete) split 
of L, a set of input forests, and C. The search tree is thus organized as a tree of 
height at most C. 

Let cost'(G, V, M) and Dups'(G, V, M) denote the variants of cost and Dups 
when there is a set M =f. 0 attached to the split V. Here we assume that 
at least one element of M belongs to Vr after completing the split. Then 
cost'(G, V, M) = IDups'(G, V, M)I where 

{
DUPS(G,V) ifM=0orVrnM=f.0 

Dups'(G, V, M) = n Dups(G, (VdVr U {e})) otherwise 
eEM 

Note that this variant of the cost function is also computable in polynomial time, 
namely in time O(n2 ). Computing a completion or a candidate pair for a split 
V if M =f. 0 is possible in time O(n3 • k2 ). 

The algorithm below computes the kids of a node in the search tree. The 
search tree is elaborated recursively using this algorithm to explore all possibil­
ities of cost at most C. The algorithm prunes the search tree if the cost exceeds 
C. Otherwise it continues branching until a complete split of L is computed. We 
recurse on VI and Vr for each of the completed splits V = (VtlVr). 

Step 1 Create the root V = (AI ) of the search tree: Pick any leaf A E 
n~=IL(Gi). For each G E {Gt. ... ,Gk} let GI be the subtree of the root 
of G with A E L(Gt}. If there is a completion of V for Gt. ... , Gk then all 
gene trees agree in their leafsets of the left and right subtrees. In this case 
V = (L(Gt}IL(Gr)) for any G. Stop with answer "No". Otherwise attach a set 
M = 0 to V, let G = Gt, compute a candidate pair (a, b), and branch in the 
following way: VI = (VI U {a, b}IVr) and M = L(GI), V 2 = (VI U {a, b}IVr) 
and M = L(Gr), V3 = (VI U {a}IVr U {b}), V 4 = (VI U {b}IVr U {a}), V5 = 
(VIIVr U {a, b} ). For each Vi, i = 1 ... 5 do: If Vir =f. 0 goto Step 4. Otherwise 
goto Step 5. 

Step 2 Compute a candidate pair (a, b) for V, M and Gt. ... , Gk. The candidate 
pair induces branching into the following subsplits of V. VI = (VI U {a, b} IVr), 
V 2 = (VI U {a}IVr U {b}), V3 = (VI U {b}IVr U {a}), V 4 = (VdVr U {a,b}). For 
each Vi do: if M =f. 0 then apply Step 5 for V = VI, else apply Step 4. Apply 
Step 4 for V = V 2 , V 3, V 4 • 
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Step 3 Compute a candidate pair (a, b) for V, M and GIl"" Gk. Pick the 

tree T of the forest of GIl with M ~ L(T). Let NI = Lm), N2 = L(Tr ). 

The candidate pair induces branching into the following subsplits of V. VI = 
(VI U {a, b}IVr ) and M := M n Nil V 2 = (VI U {a, b}IVr ) and M := M n N 2 , 

V3 = (VI U {a}IVr U {b}), V 4 = (VI U {b}IVr U {a}), V5 = (VdVr U {a,b}). 
If Vr = 0 then apply Step 5 for V = VI and V = V 2 • Apply Step 4 for 

V = V 2 , V 3, V 4 • 

Step 4 c := C - cost( GIl' .. , Gk, V). If C < 0 then stop with answer "No". Delete 

all vertices in Dups(G I , ... , Gk, V) from G 1 , ... , Gk. Compute a completion in 

case there exist any. If so, then stop. Otherwise goto Step 2. 

Step 5 C := C - cosf(G I , ... , Gk, V, M). If C < 0 then stop with answer "No". 

Delete all vertices in Dups'(G l , ... ,Gk ,V,M) from G l , ... ,Gk. Compute a com­

pletion if there exist any. If so, then stop. Goto Step 3. 

Since in every branch we decrease C by at least 1, the height of the search tree 

is bounded by C. 

Theorem 2. The overall running time of the algorithm given above is O( 4c n3 k2 ). 

(Proof: A straightforward recurrence.) 

Although GENE DUPLICATION is shown to be fixed-parameter tractable param­

eterized by C it remains open whether DUPLICATION AND Loss is also fixed­

parameter tractable. We suspect the problem to be in FPT when parameterized 

by both the number of duplication and loss events and the number of gene trees. 

We conjecture DUPLICATION AND Loss to be W[l)-hard when parameterized by 

the number of duplications and losses only. 
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Web traversal robots are used to gather information periodically from 
large numbers of documents distributed throughout the Web. In this pa­
per we study the issues involved in the design of algorithms for performing 
information gathering of this kind more efficiently, by taking advantage 
of anticipated variations in access times in different regions at different 
times of the day or week. We report and comment on a number of ex­
periments showing a complex pattern in the access times as a function of 
the time of the day. We look at the problem theoretically, as a generali­
sation of single processor sequencing with release times and deadlines, in 
which performance times (lengths) of the tasks can change in time. The 
new problem is called Variable Length Sequencing Problem (VLSP). We 
show that although the decision version of VLSP seems to be intractable 
in the general case, it can be solved optimally for lengths 1 and 2. This 
result opens the possibility of practicable algorithms to schedule searches 
efficiently when expected access times can be categorised as either slow or 
fast. Some algorithms for more general cases are examined and complexity 
results derived. 

1 Introduction 

As the World Wide Web has grown in size and importance as a medium for 
information storage and interchange, the problem of locating information within 
it has assumed great significance, motivating interest in algorithms for doing this 
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efficiently [1]. We are concerned in particular with searching robots (crawlers or 
spiders) that are used by search engines and web indexing services to periodically 
examine a large subset of the documents stored on the Web. 

Conceptually, the World Wide Web may be modelled as a directed graph, 
and most searching robots proceed by traversing this graph, following the hy­
pertext links embedded in documents [9]. A 'visit' to a node of the structure is 
effected by transferring a document from the location of the node to the loca­
tion from which the search is being conducted. The time required to do this is 
essentially a function only of the relative positions of these two locations within 
the Internet, and of load factors related to other activity on the network. These 
lead typically to variations in access times depending on the time of day or week 
at which the transfer takes place. These variations create the possibility of re­
ducing overall traversal times by scheduling accesses to take account of expected 
access times. 

In this paper we discuss some aspects of algorithms which attempt to make 
use of this information. We assume a single computer is being used to read a 
number of web documents, located at various sites, page by page. The loading 
time of any particular page from any site may be different at different times, 
e.g. access to the page is much slower in peak hours than in off-peak hours. The 
goal is to load the set of pages as quickly as possible. 

We first examine some empirical characteristics of Web access speeds, to 
establish a basis for the use of algorithms of this kind. We then discuss the 
problem in a more theoretical setting. In Section 3 we define a class of simplified 
versions of this problem. We prove that under fairly reasonable assumptions 
some of them are rather difficult to solve exactly in time polynomial in the 
number of sites to be connected. However, if connection times are coarsely 
classified as "high" or "low" we prove that information gathering is possible in 
polynomial time. Sections 5 and 6 describe some approximation results with 
both worst case and average case performance guarantees. Finally in section 7 
we give our conclusions and plans for further work. 

2 Temporal variations in Web access speeds 

Traffic loads on the Internet can be estimated in a relatively simple and non­
intrusive way by performing a ping test which records the travel time of a 
request from source to destination site and back again. Figure 1 shows the 
result of an experiment in which this test was carried out between the Liverpool 
University site and a number of other Internet locations. For each test, one 
Kb of data was sent concurrently to each of the target destinations, and the 
time recorded. This test was repeated at intervals of 10 seconds for one week 
during September 1998, about three days of which are illustrated. In Figure 
1, each point on a graph represents an average of 200 consecutive observations, 
i.e. the graphs record the average access times in overlapping periods of about 
30 minutes. The destinations for which results are presented are, in ascending 
order of the end-points of the graphs, sites in the UK, USA, Italy and Australia 
respectively. 
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Figure 1: Variations in access times to four sites 

The results illustrated demonstrate two things. Firstly, it is clear that access 
times to any particular site can exhibit very considerable temporal variations, 
even after these have been smoothed by the averaging process described above. 
Secondly, the pattern of variation in these access times appears, as one would 
expect, to be influenced by geography. These effects are apparent even though 
the form of the experiment was such as to underestimate the influence of local 
load factors at the destination sites. A test involving fetching documents from 
the destination sites, rather than a ping test , might be expected to demonstrate 
greater local variation. 

Measurements of Web traffic loads using a similar test are carried out sys­
tematically by the Andover News Network, and these are reported on line at 
http://www.internettrafficreport.com/. In this case, the figures reported 
are obtained by averaging the times obtained from a number of geographically 
distributed sources accessing the same destination simultaneously. This pro­
cedure will tend to reduce the influence of local load factors at each source, 
but will also tend to reduce peak variations which might be apparent for single 
paths. The results illustrated at the Andover site are presented as averages 
for individual server sites and for sites within geographic regions, at 15 minute 
intervals, summarised daily and for seven-day and 30-day periods. 

Again, the results presented demonstrate considerable variations in access 
rates observed at each site and within each geographic region. It is also appar­
ent that these variations tend to recur in a more or less predictable pattern. 
For example, Figure 2 plots the variation in access rates reported for European 
servers over two consecutive 24-hour periods, the two graphs being superim-
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posed. The close relationship between these two patterns is apparent. Similar 
periodic behaviour is evident in the pattern of access speeds over a seven-day 
period. 

........ ___ ..i., 

TimeofDa 

Figure 2: European access rates for two consecutive days 

Finally, it can also be observed that the variations in access rates show dif­
ferent patterns in different regions. Figure 3 superimposes the plot of variations 
for sites in Asia on that for those in the USA, for the same 24-hour period. In 
this case, the different peaks of access speed for each region are clearly apparent. 

In summary, these experiments demonstrate that: there are significant vari­
ations in access times obtained at individual sites on the Web, these variations 
tend to exhibit periodicity and hence may be predictable to an extent, and the 
extremes of variation in different geographic areas tend to occur at different 
times of the day and week. These results provide a basis for the design of 
algorithms which make use of information on expected access times. 

3 Theoretical analysis 

The discussion in the preceding section allows us to postulate that, for any 
particular web document that is to be fetched by a robot operating from a fixed 
location, it may be possible to predict an expected access time on the basis of 
historical data. Given that these expected times may vary temporally, we wish 
to order the set of required document-fetching tasks so as to minimise the total 
access time. 

More formally, we define the Variable Length Sequencing Problem (VLSP 
for short) as follows. There are n tasks (sets of pages to be collected), each of 
which will be denoted by an integer in {I, ... ,n} and N E 1N is the general 
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Figure 3: Access rates for USA and Asia over 24 hours 

completion deadline (all tasks must be completed by time N). For each task t 
and unit time i E {l, . . . , N}, let l(t, i) E IN be the length (performance time) of 
task t when started at time i. An execution sequence 0' is a function specifying 
for each task t a starting time O'(t) E {l, ... ,N} with the property that for every 
t if O'(t) = i then no other task k can have O'(k) E {i, . .. , i + l(t, i) - l}. The 
cost of an execution sequence 0', C(O') is k + l(tmax , k) if k = maX{l , ... ,n} O'(t) 
and k = O'(tmax ). The decision version of VLSP asks whether there exists an 
execution sequence, such that C(O') ::; N. 

In this section we prove that VLSP is at least as hard as the problem (SE­
QUENCING for short) of sequencing a number of tasks on a single computer 
with release times and deadlines (for detailed definition see [6, p . 238)) . 

To show this, assume an instance of SEQUENCING with a set of tasks 
T, where l(t) is the length, r(t) E IN is the release time, and d(t) E IN the 
completion deadline for any task t. 

We use the following reduction. The same number of tasks is used in both 
SEQUENCING and VLSP. Let D = maXtETd(t). For any task t in SEQUENC­
ING define length in VLSP as follows: 

{ 
l(t) + r(t) - i for all i < r(t), 

l(t, i) = l(t) for all r(t)::; i ::; d(t) - l(t), 
D - i + 1 for all i > d(t) - l(t). 

Lemma 3.1 VLSP is at least as hard as SEQUENCING. 

Proof: We show that the solution to any instance of sequencing with deadlines 
can be obtained from the solution to VLSP. The right hand side of the equality 
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above consists of 3 constraints. The first constraint says that if we start to 
process task t at any time before its release time r(t) in this instance of the 
sequencing problem, then task t will be always completed at time l(t)+r(t). This 
means that if in the solution of VLSP there is a task t that is executed before its 
release time in the sequencing problem, it can always be executed at time r(t) 
in the sequencing problem without causing any delays. The second constraint 
describes the case in which in both sequencing and VLSP problem execution 
times of a given task are the same. The third constraint prevents execution of 
tasks in VLSP when it is too late to do so, i.e. when in the sequencing problem 
the deadline for task execution is too close. Therefore a solution for VLSP with 
these constraints will also be a solution for SEQUENCING. 0 

Theorem 3.1 VLSP is NP-complete 

Proof: VLSP belongs to NP since it is easy to verify if a given sequence of 
tasks can be executed before the deadline for the completion of all tasks. VLSP 
is NP-complete due to the above reduction and the fact that sequencing with 
release times and deadlines is NP-complete [6]. 0 

4 VLSP with slow/fast completion times 

Motivated by the intractability of the general setting of VLSP we show that 
some instances of the problem can be solved optimally in polynomial time. We 
focus on the possible values of an entry l(t,i). Let S c IN. We define VLSP(S) 
to be the class of instances of VLSP with I (t, i) restricted to the set S for all 
tasks t and i = 1, ... , N. In this section we consider the case when S = {l, 2}. 
This simple abstraction of VLSP has some importance. The values one and 
two are meant to model an environment in which completion times are coarsely 
classified in "slow" or "fast". In practice, this may be a realistic simplification 
since estimates based on historical data will necessarily be imprecise. 

A similar simplification has been used in the context of the Travelling Sales­
man Problem (TSP for short); see e.g. [3, 4, 7]. TSP remains NP-hard even 
in the case when the only legal values for the city distances are 1 and 2. Re­
cently Engebretsen, see [4] has proved that it is NP-hard to approximate TSP 
with distances 1 and 2, within !~g~ - E for any E > O. Surprisingly, however, 
VLSP( {I, 2}) can be solved in polynomial time by the reduction to a classical 
graph theoretic problem. 

Given an instance I of VLSP( {I, 2}) and a value N E {n, n + 1, ... , 2n} two 
types of graphs can be associated with I . 

• Define a bipartite graph EN = (V, E) such that V = TuN, where 
T = {t 1 ,t2 , .. ,tn } corresponds to the set of tasks and N = {1,2, .. ,N} 
represents the sequence of time units. An edge connects nodes ti and j iff 
task i can be performed in one step when started at time j. 
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• Define an almost bipartite graph G N on the same vertex set as B N with 
edge set F = E u {(j, j + 1) : j = 1, .. , N - I}. Edges in E are called 
horizontal edges, all the others are vertical edges. 

Example. If N = 7, n = 4 and l(l,j) = 1 for all j, 1(2,1) = 1 and l(2,j) = 2 
for all j > 1 and l(t, 2h) = 2, l(t, 2h + 1) = 1 for t = 3,4 and all h = 1, ... , (N -
1)/2 the graph BN is shown in Figure 4. 

Tasks Time Steps 

Figure 4: The bipartite graph B N in the given example. 

A matching in a graph is a set of non-adjacent edges. The following Lemma 
relates the existence of a solution to the VLSP( {I, 2}) to the existence of a fairly 
large matching in G N . 

Lemma 4.1 G N has a matching of size n if and only if there is a solution to 
VLSP( {I, 2}) with cost N. 

Proof: Any matching M of size n in G N is formed by h horizontal edges and v 
vertical edges with h + v = n. Define the execution sequence of the associated 
VLSP instance by setting a(t) = j if (t,j) E M and assigning to all other tasks 
a starting time given by the smallest index of one of the vertical edges in M. 

Conversely if the VLSP can be solved in time N and there are h tasks which 
take one time step to complete, then N -h = 2(n-h). We get a matching of size 
n in G N by using h horizontal edges (edge (t, j) E M if and only if 1 (t, j) = 1) 
and n - h vertical edges corresponding to those n - h tasks whose length is two. 
o 

Theorem 4.1 The optimal solution to a given instance of VLSP( {I, 2}) can be 
found in polynomial time. 

Proof: Test all possible values of N between nand 2n and take the smallest N 
such that G N has a matching of size n. One such matching can be found using 
any of the algorithms for finding a maximum cardinality matching in a graph 
(see [8] for example). 0 
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5 Approximation algorithm for VLSP( {I, k}) 

A more general model than the slow/fast access case is obtained if the two 
possible times can be specified arbitrarily. Unfortunately the complexity of 
VLSP ( {k1 , k2}) with kl' k2 E IN is open. In this section we study VLSP ( {I, k} ). 
We define an algorithm which always finds an execution sequence whose cost is 
at most twice the cost C* of the optimal sequence. We prove a technical lemma 
first. 

Lemma 5.1 The number of tasks of length 1 in any execution sequence (J" for 
an instance of VLSP( {I, k}) is nk~~t) . 

Proof: Let x be the number of l's and y the number of k's in the execution 
sequence (J". The result follows since x + y = n (all tasks are processed) and 
x + yk = C((J") (x tasks processed at speed 1 and y at speed k). 0 

Theorem 5.1 For every fixed k E IN, the smallest solution to VLSP( {I, k}) 
can be approximated within constant 2 - to. 

Proof: Let z = 2f::l' We consider an algorithm which, starting from N = n 
up to N = kn performs the following computation 

1. IfN<z 
(a) create the bipartite graph BN; 
(b) find a maximum cardinality matching M in B N; 
(c) all tasks t having an edge (t,j) E M, are executed in time j; 
(d) all remaining tasks are scheduled consecutively in arbitrary order after 
time N. 

2. If N > z simply allocate k steps for each task. 

We focus on the iteration when N takes the value of the cost of the optimal 
execution sequence. If N > z the algorithm will return a solution of length kn. 
Otherwise, by Lemma 5.1, step (b) will find a matching of size at least n~~{' 
in B N. Hence the number of tasks executed with speed k in step (d) is at most 
n - k~~{' = ~~~. The total VLSP completion time generated by the algorithm 

presented above is at most N + ~~~ k = (N - n) k~l (which is an increasing 
function of N). 

Thus the worst case ratio between the size of the solution return by the 
algorithm above and the optimal solution is 

kn 2k - 1 1 
-=--=2--

k 2 n k k 
2k~1 

o 
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6 Probabilistic approach 
One of the problems with NP-completeness results is that they only show the 
existence of particular instances of a problem which under some reasonable 
assumptions are difficult to solve exactly in time which is polynomial in the 
input size. In real life such hard instances may never appear as input values. 
Therefore it is reasonable to study the complexity of our sequencing problems 
under the assumption that input instances (expected access times) only happen 
with a certain probability distribution. 

In this section we study the VLSP problem in the probabilistic setting by 
assuming that each value l(t, i) is chosen independently and uniformly at ran­
dom from a set S c IN. This is equivalent to saying that the input instance is 
chosen uniformly at random among all those instances with the general com­
pletion time and given range set S. Although the model we analyse in this 
section is perhaps an oversimplification of a realistic setting (e.g., we assume no 
dependencies/relations between the time required by a task in two consecutive 
time-steps), it seems to capture some critical issues and leads to algorithms 
which are simple to implement. 

In what follows a statement holds with high probability if it fails with prob­
ability at most l/ne for some c > O. 

We begin with the simple situation when S = {I, ... ,n}. 
We present an algorithm that for random input returns with high probability 

a schedule of cost O(n In n) such that each task is assigned to a time-step where 
it is executed in a single time-unit. 

Algorithm 
Let N = 2 n In nand P be the set of tasks not yet scheduled. Initially P = T. 

for i = 1 to N do 
Let Ai be the set of tasks t with l(t, i) = 1 
if Ai i- 0 then 

Pick a task t independently and uniformly at random from Ai 
ift E P then 

Let i = N + l. 

Assign task t to time-step i 
Remove t from P 

for each t E P sequentially 
Assign task t to time-step i 
Set i = i + l(t, i) 

Theorem 6.1 With high probability the algorithm returns a schedule of cost 
2nlnn. 

Proof: We show that the algorithm terminates in the first loop with high 
probability. For that, let us define the following "coupon collector's algorithm": 

Let B = {I, ... , n} 
Repeat until B = 0 
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With probability 1 - e- 1 

Pick i E {l, ... ,n} independently and uniformly at random 
B=B-{i} 

It is well known (see, e.g., [10, Chapter 3.6]) that with high probability the 
"coupon collector's algorithm" terminates in less than 1.I·n In n· 1_~-1 ::; 2n In n 
rounds. Now, one can easily show that the size of P after i steps of the scheduling 
algorithm in the first loop is stochastically dominated (i.e., informally, it is not 
worse in the probabilistic sense) by the size of B after i steps of the "coupon 
collector's algorithm". (This follows from the fact that Pr[Ai i::. 0] = 1 - (1 -
~)" 2: 1 - e- I , and hence the probability that a random task is chosen in step 
t of the scheduling algorithm is at least 1 - e- 1 .) Therefore after N steps P is 
empty with high probability. 0 

Theorem 6.1 does not seem to give the optimal answer. We are currently 
trying to prove that if the values l(t, i) are random numbers between 1 and n 
then with probability approaching one for n sufficiently large, there exists an 
execution sequence of linear cost. 

Also notice that it is easy to extend the algorithm above to the case when 
S = {kl , ... , k,,}, and 1 ::; kl < k2 < ... < k", to obtain a scheduling of cost 
n(2 In n + kl - 1) with high probability. 

Now we consider the case S= {kl' k2, ... ,km }, for 1 ::; kl < k2 < ... < km 

and m ::; 3 17, " . 

Algorithm 

1. Define a bipartite graph G = (V, W, E) with V = {VI, ... , V,,}, W 
{ WI, ... , w,,}, and E = {( Vt, Wi) : I (t, kl (i - 1) + 1) = kJ}. 

2. Find a maximum cardinality matching M of G. 

3. For each (Vt, Wi) EM do: 
Assign task t to time-step kl (i - 1) + 1. 

4. Let i = n kl + 1. 
For each task t not scheduled in Step 3 do sequentially: 

Assign task t to time-step i. 
Set i = i + I (t, i). 

In the analysis of this algorithm we shall use the following fact. 

Fact 6.1 Graph G has a perfect matching with high probability. 

Proof: (Sketch) It is easy to see that since Pr[(Vt,wi) E E] = ;k 2: 3 ~", 
the expected degree of each vertex is at least 3 In n and the minimum degree 
of G is at least four with high probability. Walkup [11] proved that a random 
directed bipartite graph with n vertices on each side and outdegree at least two 
has a perfect matching (after removal of the orientations from the graph) with 
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high probability. Since G is a random graph with the minimum degree at least 
four, one can easily conclude from the result of Walkup that G has a perfect 
matching with high probability. 0 

Once we know that M is a perfect matching with high probability, the 
following theorem follows immediately. 

Theorem 6.2 With high probability the algorithm returns a schedule of cost 
kl n. 

7 Conclusion 

In this paper we have considered the possibility of using information about 
known or expected page access times to find an efficient ordering of a sequence 
of such accesses. Empirical evidence suggests that it may be possible to esti­
mate the likely access time for any particular Web document to be fetched at 
a particular time of day, and that these access times will vary significantly over 
time, so a good ordering could lead to significant gains for Web crawling robots. 
We have shown that the problem of finding an optimal ordering, in the most 
general case, is a generalisation of a task scheduling problem which is known 
to be computationally hard. In practice, however, the precision of access time 
estimates, based on historical data, is likely to be relatively low. Hence, a rea­
sonable engineering solution may be postulated for cases in which the expected 
access times are categorised with a coarse granularity. We have shown that in 
the simplest such case, an optimal solution may be computationally feasible. In 
other cases, some simple algorithms have been identified which may give useful 
performance. A number of aspects of the analysis remain as open problems: for 
example, what is the complexity of an instance of VLSP with values 1 and 3, is 
it NP-complete? If it is, can we find better approximation than the ~ achieved 
by our approximation algorithm? 

Our analysis, although essentially theoretical, points the way to a number 
of possible practical implementations. In particular, we wish to investigate two 
scheduling strategies. In the first strategy, the Web crawler would make use 
of a matrix of expected access times to implement one of the ordering algo­
rithms suggested above. In the second case, access time data would be obtained 
dynamically while the crawler is in progress, and used to drive a heuristic or­
dering of tasks. We propose to carry out practical experiments to examine the 
performance of such strategies in real situations. 
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Abstract. In this paper we study the map labeling problem of attaching 
rectangular labels to points, but with the novelty that our labels are 
elastic, in the sense that the height and width of each rectangle may 
vary though we require a fixed area. Our main result is a polynomial 
time algorithm for the rectangle perimeter labeling problem, where the 
points to be labeled lie on the boundary of a rectangular map. This 
problem is likely to be relevant in Geographical Information Systems 
(GIS) as maps are displayed dynamically on a computer screen using 
clipping, panning, and zooming. 

1 Introduction 

One of the fundamental tasks in cartography is the labeling of maps-attaching 
text to geographic features. In fact, the label placement problem has been iden­
tified as a key problem by the ACM Computational Geometry Impact Task 
Force [1]. Researchers have developed algorithms and heuristics for labeling fea­
tures that are points, curves, and regions. Wolff and Strijk provide a good bib­
liography of this area of research [13]. 

Many of the issues become simpler when the features to be labeled are points 
because we expect the text to be placed horizontally and close to the associated 
point. Some examples of point features are cities and towns on a large scale 
map, and on a small scale map, drill sites, hospitals, electrical power stations 
and post offices. We want labels that do not overlap and are large enough to 
be readable. The most common formulation of this problem is the point-feature 
label placement problem: given a set of points in the plane, and an axis-parallel 
rectangular label associated with each point, place each label with one corner at 
the associated point such that no two labels overlap. 

The point-feature label placement problem is known to be NP-complete [4,8, 
9,11]. Kucera et al. [10] gave exact sub-exponential time algorithms, though for 
large problem instances these algorithms are not practical. Heuristics have been 
proposed for the problem [2,4,12,3]. Formann and Wagner [4] gave a polynomial 
time algorithm for the case when labels have two candidate positions instead of 
four. 

Traditionally, a label contains just one or two words, e.g. the name of a city. 
We focus on text labels that contain a paragraph or more of information. Such 

* Research partially supported by NSERC. 
** This work was done while the first author was at the University of Waterloo. 
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labels may contain, for example, descriptions of restaurants and tourist sites. 
A paragraph can be formatted to fit into rectangles of different aspect ratios. 

We can write the paragraph out as one long line, or use two lines and about half 
the width, or etc. These rectangles have roughly the same area. (See Figure 1.) 
This leads us to model a text label as an elastic label that has fixed area, but 
varying height and width. We allow height to vary continuously though it is more 
appropriate for text labels to have only a discrete set of heights, corresponding 
to the number of lines. Our methods do extend to this case. 

This is 
a label 

1 This is a label I 

Fig. 1. Text labels. 
Fig. 2. A solution for an instance of the 
rectangle perimeter labeling problem. 

The elastic labeling problem is to choose the height and width of each label, 
and the corner of the label to place at the associated point, so that no two labels 
overlap. The elastic labeling problem is an NP-hard problem since it generalizes 
the point-feature label placement problem. That is, the problem is NP-hard even 
when there is no elasticity just because of the choice of the corners. In [5] we 
show that the problem also remains NP-hard even when we have elasticity but 
no choice about which corner of each label to use. We call this the one-corner 
elastic labeling problem. Note that if we must use the same corner of each elastic 
label the problem can be solved in polynomial time by a sweep algorithm [7]. 

Since the elastic labeling problem remains NP-hard even when we fix the 
corners of the labels, we consider a problem with more constraints, but still of 
practical use. We require that the points lie on the boundary of a rectangular 
map. This rectangle perimeter labeling problem arises, for example, when the 
perimeter of a map is labeled with information about objects that lie beyond 
the boundary of the map, e.g. where the roads lead to. Figure 2 shows a solution 
to an instance of the rectangle perimeter labeling problem. This problem is likely 
to be relevant in GIS as maps are displayed dynamically on a computer screen 
using clipping, panning, and zooming. 

Our main result is a polynomial time algorithm for the rectangle perimeter 
labeling problem. We first tackle two subproblems in which the points lie on 
only two sides of the rectangle, either two adjacent sides (the two-axis labeling 
problem) or two opposite sides (the two-parallel lines labeling problem). 

The rest of this paper is organized as follows. In section 2, we present the 
definitions and notation that will be used. In section 3 we give a brief description 
of the two-axis labeling problem presented in [6], and in section 4 we study the 
two-parallel lines labeling problem. Finally, in section 5, we combine these results 
to solve the general rectangle perimeter labeling problem. 
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2 Definitions and Notation 

An elastic rectangle £ is a family of rectangles specified by a quintuplet (p, a, H, 
W, Q) where p is a point that is a corner of all rectangles in £, a is the area of any 
rectangle in £ (that is all rectangles in £ have the same area), H = [hmin , hmax] 

is the range of the height of the rectangles, W = [wmin , wmax] is the range of 
the width, and Q ~ {I, 2, 3, 4} is a set of possible positions of p allowed in the 
family. The value of the position is I when p is a bottom left corner, 2 when pis 
a top left corner, 3 when p is a top right corner, and 4 when p is a bottom right 
corner. 

L" Ll Jr-,-----

Fig. 3. An elastic rectangle. Fig. 4. Two-axis case. Fig. 5. Two-parallel lines case. 

We use the notation p(£), a(£), H(£), W(£), and Q(£) for the parameters 
of an elastic rectangle £. The point p( £) will be called the anchor of £. 

When Q is a singleton, the family of rectangles £ is described by a hyperbola 
segment tracing out the locus of the corner of the elastic rectangle opposite p. 
Figure 3 shows an elastic rectangle with Q(£) = {I}, with the hyperbola as a 
dashed curve. Note that a discrete set of the rectangles in £ are drawn but we 
are (for now) considering £ to be continuous. 

A realization of an elastic rectangle £, denoted E, is a single rectangle from 
the family-i.e. we must choose a valid height, width, and corner to place at 
p(£). We say that we fix an elastic rectangle when we choose one realization 
from its family. A realization of a set of elastic rectangles means a realization 
of each elastic rectangle in the set. Such a realization is good if the interiors of 
the chosen rectangles are pairwise disjoint. Given a set of elastic rectangles as 
input, the elastic labeling problem is to find a good realization for the set. 

A one-corner elastic rectangle is an elastic rectangle with IQI = 1. The one­
corner elastic labeling problem is the special case of the elastic labeling problem 
where all the elastic rectangles are one-corner elastic rectangles. This problem 
is known to be NP-hard [5]. Our paper is about tractable special cases. 

3 Two-Axis Labeling Problem 

The two-axis labeling problem is a variation of the one-corner labeling problem 
in which the points lie on the positive x and y axes, and the labels lie in the 
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first quadrant. Figure 4 depicts a good realization for an instance of the two-axis 
labeling problem. From [6] we have the following results. 

Theorem 1. [6] There is an algorithm for the two-axis labeling problem with 
running time O(nm), where nand m are the numbers of rectangles in the x and 
y axes, respectively. 

Later on, in section 5, we will need not only Theorem 1, but the following 
stronger result. The algorithm uses dynamic programming. Let Si,j be the sub­
problem of finding a good realization for the first i elastic rectangles in the x-axis 
and the first j elastic rectangles in the y-axis. Subproblem Si,j may have many 
solutions. What we care about is the height and width of the smallest box en­
closing each good realization. The algorithm captures all minimal height-width 
combinations for this smallest enclosing box. Any good realization in this infi­
nite set has all the elastic rectangles fixed except the last one along the x-axis 
or the last one along the y-axis. This permits a concise representation of the set 
of solutions. 

4 Two-Parallel Lines Labeling Problem 

In this section we give a good algorithm for the two-parallel lines labeling prob­
lem: find a good realization for a set of one-corner elastic labels that lie between 
two vertical lines L1 and L 2, with their anchors lying on these lines. 

Figure 5 shows a good realization for an instance of this problem. Figure 6 
shows some of the ways that the elastic rectangles can interact with each other. 

We use a greedy approach, adding elastic rectangles from bottom to top. We 
keep the three most recently added rectangles elastic, and fix the earlier ones. 
We first describe the bottom-to-top ordering of the anchors, and then discuss 
the general step of the algorithm. 

We consider the anchors in each line L1 and L2 in order from bottom to 
top. These two orderings are merged as follows: Initially, let p and q be the 
bottommost anchors of lines L1 and L2, respectively-we take them in either 
order. More generally, let p and q be the most recently considered anchors of 
L1 and L 2, respectively. If p is below q add the next anchor above p on L1 . 

Otherwise, add the next anchor above q on L 2 . If p and q have the same y­
coordinate, make either choice. We call this the smallest-moves-up ordering. For 
simplicity, add two dummy anchors with associated 0 x 0 rectangles at the top 
of the lines L1 and L2 to ensure that all anchors get considered in this ordering. 
See Figure 7 for an example. 

We now describe the general step of the algorithm as it adds elastic rectangles 
based on the smallest-moves-up ordering of anchors. Three of the added elastic 
rectangles remain elastic and the others are fixed. If rand s are the current 
topmost anchors that have been added in each of the two lines, and y(r) ~ y(s), 
and t is the anchor below r on its line, then the rectangles that remain elastic 
are those associated with r, s, and t. Because r was added to the ordering to 
increase the smaller y-coordinate, thus y(t) :S y(s), and the points form what we 
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call a topmost C -shape. We call r, s, and t the top, middle, and bottom points 
of the C-shape respectively. In Figure 8, the anchors in bold are in a C-shape. 
Note that the anchors that form the topmost C-shape are not necessarily the 
three topmost anchors nor the three most recently added anchors -in particular, 
though rand s are topmost, t may not be (see the hollow anchor in Figure 8). 

11 diS 14 

13 

12 
9 

r 
s 

7 S 

t 

Fig. 6. Facing rectangles. Fig. 1. Smallest-moves-up ordering. Fig. 8. C-shape. 

Consider what happens when we add one more elastic rectangle. Its anchor, 
q, enters the topmost C-shape. Another one leaves, and we must fix its elastic 
rectangle. Since the anchor q must be next in smallest-moves-up ordering it must 
be above s on its line. If q lies above r the new topmost C -shape consists of q, r, s, 
and we must fix the elastic rectangle at t. If q lies below r then the new topmost 
C-shape consists of r, q, t, and we must fix the elastic rectangle anchored at s. 

We will find it notationally more convenient to have one symbol for the elastic 
rectangle that leaves the top-most C-shape. We will therefore treat the previous 
step of the algorithm, the one where r, s, t became the top-most C-shape. Let 
u be the anchor that just left the top-most C-shape. Then u lies under s in its 
line. If u is above t then s is the newly added point and r, u, t is the old C-shape; 
and if u is below t then r is the newly added point and s, t, u is the old C-shape. 

Let R, S, T, U be the elastic rectangles at r, s, t, u, respectively. We must 
fix U. A case-by-case analysis seems necessary. We will be able to maintain 
the structure that the bottom and middle anchors of the top-most C-shape are 
bottom anchors of their elastic rectangles (or top anchors of fixed rectangles). 
This simplifies our task in that we may assume u and t are bottom anchors. On 
the other hand, we must now be sure to fix S if s is a top anchor. We will treat 
the four cases where rand s are top/bottom anchors. We can ignore the relative 
vertical order of u and t because we can use the following lemma to reduce to 
the case where the realizations of U and T lie side by side. 

Lemma 1. Suppose we have a top-most C -shape where the middle and bot­
tom points are bottom anchors of their elastic rectangles or top anchors of fixed 
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rectangles. If the minimum height realization, U, of the bottom-most elastic rect­
angle, U, lies below the middle anchor of the C -shape, then we can fix U to U 
without precluding a good realization for the whole set. 

Proof. Outline. We show that if there is a good realization for the whole set 
that uses the rectangles fixed up to now, then there is a good realization for the 
whole set using the rectangles fixed up to now and using U. 

In all cases we will concentrate on the horizontal line, ls, going through the 
point s because we now have full information about the two, three, or four elastic 
rectangles that are active below ls-i.e., that have realizations intersecting the 
region below this line. Two elastic rectangles interact if they have realizations 
that intersect. In all cases we must fix U. Its realization must lie below ls and 
so-of all the rectangles not yet fixed-it interacts only with the other one, 
two, or three elastic rectangles that are active below ls. Because some of these 
elastic rectangles may interact with as-yet-unseen elastic rectangles, we must fix 
U in such a way that we limit as little as possible the choices for these other 
elastic rectangles. We note here, and later will take for granted, that in choosing 
realizations for elastic rectangles, we must take care to avoid the rectangles that 
have already been fixed. 

:5[t :ru: :50: :~r 
Case 1 Case 2 Case 3 Case 4 

Fig. 9. Fixing elastic rectangle U: the 4 cases. 

Case 1. Both rand s are bottom anchors. See Figure 9. We must fix U. U 
interacts only with 7, since no other elastic rectangle is active below ls. Because 
the realizations of U and 7 must lie side by side, we can clearly fix U E U of 
minimum width. To be more formal, if there is a good realization for the whole 
set using the rectangles fixed up to now, we can replace the realization of U by 
U and still have a good realization. 

Case 2. r is a bottom anchor. s is a top anchor. See Figure 9. We must fix U 
and S. U interacts only with 7 and S, since no other elastic rectangle is active 
below ls. If we can find a good realization consisting of U E U, T E 7 and S E S 
such that all three rectangles lie below the line ls, then we should use them; 
fix U to U and S to S. (7 can be fixed to T by applying the simplification of 
Lemma 1.) Otherwise, in any good realization, the rectangle chosen for 7 must 
stick up above ls, and we fix U and S of minimum total width. We claim that 
this does not preclude a good realization of the whole set: 
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Claim. If there is a good realization G for the whole set using the rectangles 
fixed up to now, then we can replace the realizations of U and S as above, and 
still have a good realization. 

Proof. Replacing in G the realizations of U, S, and r to ones that lie below Is 
leaves a good realization. In the other case, the realization of r in G must stick 
above Is, and thus must lie beside the realizations of U and S, so replacing the 
realizations of U and S by ones of minimum total width leaves a good realization. 

We will treat cases 3 and 4 together: 
Case 3 [and 4]. r is a top anchor. s is a bottom anchor [a top anchor]. See 
Figure 9. We must fix U [and S]. U interacts only with rand R [and S] since no 
other elastic rectangle is active below Is. If r must stick up above Is, i.e. there 
is no good realization of U and r [and S]lying below Is, then we are back to 
the same arguments as in case 1 [case 2], and fix U [and S] of minimum [total] 
width. As in case 1 [case 2], we can prove that this does not preclude a good 
realization for the whole set. 

Assume then that there is a good realization of U and r [and S]lying below 
Is. The complication now is that such realizations are not all equally good. In 
particular, we may wish to use a realization of R that goes below Is. If we 
do, we are surely better off (with respect to elastic rectangles above Is) taking 
a realization R E R of maximum height. Thus we find the maximum height 
realization of R that permits good realizations U, T [and S] of U, r [and S]. We 
fix U to U [and S to S]. We claim that this does not preclude a good realization 
of the whole set: 

Claim. If there is a good realization G for the whole set using the rectangles 
fixed up to now, then there is a good realization for the whole set using the 
rectangles fixed up to now and using the realizations for U [and S] specified 
above. 

Proof. Let R' be the realization ofR in G. If R' lies above Is then we can replace 
the realizations of U, r [and S]) in G by the ones specified above. Otherwise R' 
goes below Is and we replace the realizations of U, r, and R [and S] in G by the 
ones specified above. Note that replacing R' by a taller skinnier rectangle does 
not interfere with any other rectangles above Is. 

This completes the description of one step of the algorithm. See [7] for details 
on how to implement these four cases in constant time on a real-RAM model of 
computation by calculating intersections of hyperbolas. 

We have proved the correctness of one step of the algorithm. Correctness of 
the whole algorithm follows by induction. Since each step takes constant time, the 
whole algorithm runs in linear time. We summarize with the following theorem. 

Theorem 2. There is an algorithm for the two-parallel lines labeling problem 
with running time O(n) where n is the number of points, and we assume they 
are given in sorted order along the two lines. 
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We observe (since we will need it later) that the algorithm does not actually 
rely on the fact that the area of an elastic label is constant, but only on the 
fact that the family of rectangles is captured by a hyperbola segment tracing 
the locus of the corner of the rectangle opposite the anchor. 

5 Rectangular Perimeter Labeling Problem 

In this section we combine our algorithms for the two-axis and two-parallel lines 
labeling problems to solve the general rectangle perimeter labeling problem: find 
a good realization of a set of one-corner elastic labels that lie inside a boundary 
rectangle P with their anchors on the perimeter of P. Figure 2 shows a good 
realization for an instance of this problem. 

Fig. 10. A corridor. Fig. 11. Jagged horizontal lines. 

We will show that it suffices to consider a polynomial number of decomposi­
tions of the elastic rectangles into regions in which labels from only two sides of 
the boundary rectangle compete for space. (It is intuitively clear, for example, 
that near a corner of the map only the labels from two sides of the map are 
relevant.) We can then apply our algorithms for the two-axis and two-parallel 
lines cases in these regions. The dashed lines in Figure 10 illustrate one such 
decomposition. We describe the decomposition in subsection 5.1, an algorithm 
to obtain a good realization for a given decomposition in subsection 5.2, and the 
complete algorithm in subsection 5.3. 

5.1 Decomposition 

Suppose we have a good realization for the elastic rectangles inside P. Let k be a 
corner of P. A corner block at corner k is a rectangle C contained in P with one 
corner at k and with the property that any rectangle in the good realization is 
either completely outside the interior of C or is completely inside C. We disallow 
C = P. We allow C to have height or width zero, but in this case consider C to 
be a one-dimensional object whose interior is an open line segment. 

The idea is that inside a corner block we have an instance of the two-axis 
labeling problem. What about the area outside the corner blocks? 



314 

Two corner blocks touch if they are at adjacent corners of P and have some 
common boundary but disjoint interiors. Thus two touching corner blocks com­
pletely cover one side of P (see the two dashed rectangles at the bottom of Pin 
Figure 10). We define a corridor to be four corner blocks with disjoint interiors 
that form two touching pairs covering two opposite sides of P. The area outside 
the four corner blocks of a corridor touches P at most in two opposite sides and 
gives rise to an instance of the two-parallel lines problem. Note that it is possible 
for this area to touch P only on one side, or even on no sides. 

For simplicity we define a one-corner elastic rectangle in the interior of P to 
be left-base, right-base, bottom-base, or top-base if its anchor is in the left, right, 
bottom or top side of P respectively. 

Lemma 2. Any good realization of the elastic rectangles inside P has a corridor. 

Proof. We first prove that there is a jagged horizontal line or a jagged vertical 
line in the free space between the rectangles. See Fig. 11 for examples. To be 
more precise, a jagged horizontal line consists of a horizontal line segment with 
one endpoint on the left side of P, a horizontal line segment with one endpoint 
on the right side of P, and a vertical line segment (possibly empty) joining their 
other endpoints. A point in P is free if it is either in the interior of P but outside 
the interiors of the rectangles, or on the perimeter of P but outside the open 
line segments where the rectangles meet the perimeter of P. 

Let T be a top-base rectangle of maximum height. Attempt to construct a 
free jagged vertical line by walking down one side of T and then continuing this' 
line downward. If it reaches the bottom of P without hitting another rectangle 
we are done. If we are blocked by a bottom-base rectangle we can walk around 
it to get what we want. Otherwise we hit a left- or right~base rectangle. Suppose 
without loss of generality that we hit a left-base rectangle S. Walk along this 
side of S to the right. If by continuing this line we hit the other side of P, or we 
hit a right-base rectangle, we get a free jagged horizontal line. Otherwise we hit 
a bottom-base rectangle B. Note that we cannot hit a top-base rectangle since 
T has maximum height. Walking down B completes our free jagged vertical line. 

It remains to prove that a free jagged line implies a corridor. We will show 
that if there is a free jagged horizontal line then there is a pair of touching corner 
blocks covering the top of P and a pair of touching corner blocks covering the 
bottom of P. Let h be a free jagged horizontal line that is maximal in the sense 
that the region above it is minimal by containment. We claim that h provides 
the outline of two touching corner blocks that cover the top of P. Let v be the 
vertical segment of h. The fact that we cannot shift v over to decrease the area 
above h means that some rectangle above h touches v. If this is a top rectangle, 
we get our corner blocks; if it is a left or right rectangle, we get a higher free 
jagged horizontal line, contradicting the maximality of h. 

So far, we have argued about a nice decomposition assuming that we have 
a good realization. How can we turn these ideas around to help us find a good 
realization? We would like to enumerate all the possible corridors, and for each 
one solve four instances of the two-axis labeling problem for the four corner 



315 

blocks and one instance of the two-parallel lines labeling problem for the area 
outside the corner blocks. 

Since in principle there are an infinite number of possible corridors we need to 
discretize them somehow. What we will do is specify the set of elastic rectangles 
that are to go into each of the four corner blocks, keeping in mind that either 
all top rectangles and all bottom rectangles go into corner blocks, or else all left 
and all right rectangles go into corner blocks. We call this a corridor partition 
of the elastic rectangles. The number of corridor partitions is O(n6 ). 

What remains is to solve the problem: given a corridor partition of the elastic 
rectangles, is there a good realization for the elastic rectangles that respects the 
given partition? We call this the corridor partition realization problem, and solve 
it in the next subsection. 

5.2 Corridor Partition Realization Problem 

In this section we give an algorithm for the corridor partition realization problem 
described in the last paragraph of the previous section. The idea is straightfor­
ward: use the two-axis labeling algorithm to find the best realization for the 
elastic rectangles assigned to each corner block, and then use the two-parallel 
lines algorithm to finish up. The one complication is that there is no best real­
ization for the elastic rectangles assigned to a corner block. 

We need to look more closely at the solutions given by the two-axis labeling 
algorithm. Let k be a corner of P and let S be the set of elastic rectangles 
assigned by the corridor partition to the corner block at k. Let Rl be the elastic 
rectangle in S furthest from k on one axis and R2 be the elastic rectangle in S 
furthest from k on the other axis. The two-axis labeling algorithm finds all good 
realization of S for which the smallest enclosing box is minimal. Any realization 
in this infinite set is captured by two solutions, one where all the elastic rectangles 
in S except Rl are fixed and Rl remains elastic, and the other where all the 
elastic rectangles in S except R2 are fixed and R2 remains elastic. In either of 
these two cases we have what we call an elastic block: a family of rectangles with 
one corner at k and the opposite corner on a segment of a hyperbola. An elastic 
block is in general not an elastic rectangle since it need not have constant area. 
However, as noted in section 4, the two-parallel lines labeling algorithm works 
just as well on elastic blocks as on elastic labels. Since each of the 4 corners has 2 
elastic blocks as possible solutions, we end up with 8 instances of the two-parallel 
lines labeling problem to solve each taking O(n) time. 

Supposing that we have available the results of running the two-axis labeling 
algorithm at each corner of P, this algorithm for the corridor partition realization 
problem takes O(n) time. 

5.3 Algorithm 

Here is our algorithm for the rectangle perimeter labeling problem: Sort the 
anchors along each side of the boundary rectangle P. Run the two-axis labeling 
algorithm once in each corner of P, using all the elastic rectangles on each axis, 
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at a cost of O(n2 ). Then, for each of the O(n6 ) corridor partitions, run the 
corridor partition realization algorithm, using O(n) time. The algorithm has 
running time O(n7 ). 

This running time should clearly be improved. In the remainder of this sec­
tion we outline a way to achieve O(n4) running time. We believe that further 
improvements are possible using the fundamental ingredients we have provided 
so far, namely the algorithms for the two-axis and two-parallel lines versions, 
and the decomposition into a corridor. 

We begin by running the two-axis labeling algorithm in each corner of the 
boundary rectangle, so we have all the corner solutions available to us. This 
takes O(n2 ) time. We will describe how to search for pairs of touching corner 
blocks covering the bottom and top sides of P, working from the bottom to the 
top of P. Our brute force algorithm tried all O(n3 ) possible partitions of the 
elastic rectangles into two potential touching corner blocks covering the bottom 
of P. We gain some efficiency by concentrated on pairs oftouching corner blocks 
that are minimal by containment of their union. We claim that there are O(n2 ) 

possibilities and that we can find them in O(n2 ) time. 
For each of these partitions of the elastic rectangles, we solve in each corner 

to obtain elastic blocks, and then proceed to run the two-parallel lines algorithm 
up the sides of P. We exploit the fact that this algorithm tries to keep the elastic 
rectangles down as much as possible. At each of the O(n) steps ofthis algorithm 
we check if the remaining elastic rectangles can be formed into two touching 
corner blocks covering the top of P. We are looking for a pair of corner blocks 
covering the top of P whose heights are as close as possible to equal. This is 
what allows us to restrict attention to consecutive pairs of points that arise in 
the O(n) steps of the two-parallel lines algorithm. We claim that the search for 
the pair of corner blocks covering the top of P can be done in O(n) time. 

The algorithm can probably be improved further. One possible approach is 
to enhance the two-parallel lines algorithm to capture all solutions, rather than 
just the "greedy" solution, with the hope of avoiding the repeated calls to this 
subroutine. Another possibility is to search for the decomposition using some 
kind of binary search rather than the brute-force search we employed. 

6 Conclusions 

In this paper we addressed the problem of choosing elastic labels to attach to 
points on the boundary of a rectangular map. We gave an algorithm to solve this 
rectangle perimeter labeling problem in polynomial time. Even with improve­
ments, our algorithm, with a running time of O(n4), is impractical. However, 
given that so many problems in map labeling are NP-hard, any polynomial time 
algorithm is a success. We do think that a faster algorithm is possible, and that 
it must be based on the results we have presented: efficient algorithms for the 
two special cases where points lie on only two sides of the map, and a basic 
decomposition result to reduce to these special cases. 
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The rectangle perimeter labeling problem has potential applications for the 
display of dynamic maps on the web and in Geographical Information Systems 
(GIS). When a rectangular window displays only some portion of a map, and 
that portion can change as the user scrolls and zooms, we need information 
about what is beyond the boundary of the map currently visible in the window. 
Text labels around the perimeter of the map in the window would seem useful. 

Since font sizes are discrete, and text labels are displayed using some discrete 
number of lines, a discrete version of the rectangle perimeter problem may be 
more relevant than the continuous version. Our methods carryover to this case. 
See [7]. Also in [7] is a solution to the (much easier) variation of the rectangle 
perimeter labeling problem where the labels lie on the outside of the perimeter 
of the boundary rectangle. 

One natural open problem is the two-corner version of the rectangle perimeter 
labeling problem, where, for example, a point on the bottom of the boundary 
rectangle can have its label above and right, or above and left. 
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Abstract. We present efficient algorithms for two problems of facility 
location. In both problems we want to determine the location of a single 
facility with respect to n given sites. In the first we seek a location that 
maximizes a weighted distance function between the facility and the sites, 
and in the second we find a location that minimizes the sum (or sum of 
the squares) of the distances of k of the sites from the facility. 

1 Introduction 

Facility location is a classical problem of operations research that has also been 
examined in the computational geometry community. The task is to position a 
point in the plane (the facility) such that a distance between the facility and 
given points (sites) is minimized or maximized. 

Most of the problems described in the facility location literature are con­
cerned with finding a "desirable" facility location: the goal is to minimize a 
distance function between the facility (e.g., a service) and the sites (e.g., the 
customers). Just as important is the case oflocating an "undesirable" or obnox­
ious facility. In this case instead of minimizing the largest distance between the 
facility and the destinations, we maximize the smallest distance. Applications for 
the latter version are, e.g., locating garbage dumps, dangerous chemical factories 
or nuclear power plants. The latter problem is unconstrained if the domain of 
possible locations for the facility is the entire plane. Practically the location of 
the facility should be in a bounded region R, whose boundary mayor may not 
have a constant complexity. 

In this paper we consider the following two problems: 

1. Undesirable location. Let S be a set of n points in the plane, enclosed 
in a rectangular region R. Let each point p of S have two positive weights 
Wl(p) and W2(p). Find a point c E R which maximizes 
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where dx (c, p) defines the distance between the x coordinates of c and p, and 
dy (c, p) defines the distance between the y coordinates of c and p. 

2. Desirable location. Given a set 5 of n points and a number 1 :::; k :::; n - 1 
find a point p such that sum of the L1 (Loo) distances from p to all the subsets 
of 5 of size k is minimized. 
For this problem we consider two cases: the discrete case - where p E 5, and 
the continuous case where p is any point in the plane. 

The first problem is concerned with locating an obnoxious facility in a rectan­
gular region R under the weighted Loo metric, where each site has two weights, 
one for each of the axes. An application for two-weighted distance is, e.g., an air 
pollutant which is carried further by south-north winds than by east-west winds. 
For the unweighted case of this problem, where R is a simple polygon with up 
to n vertices and under the Euclidean metric, Bhattacharya and Elgindy [4] 
present an O( n log n) time algorithm. For weighted sites one can construct the 
Voronoi diagram and look for the optimal location either on a vertex of this dia­
gram or on the boundary of the region R. Unfortunately, for weighted sites, the 
Voronoi diagram is known to have quadratic complexity in the worst case, and it 
can be constructed in optimal O( n2 ) time [2]. Thus, the optimal location, using 
the Voronoi diagram, can be found in O( n 2 ) time [9]. The first subquadratic al­
gorithm for the weighted problem under Loo metric and a rectangular R region 
was presented by Follert et al. [10]. Their algorithm runs in O(n log4 n) time. In 
this paper we present two algorithms for the two-weighted Loo metric problem 
in a rectangular region .. The first one has O(n log3 n) running time and it is 
based on the parametric searching of Megiddo [11] which combines between the 
sequential and the parallel algorithms for the decision problem in order to solve 
the optimization problem. The second algorithm has O(n log2 n) running time, 
and uses the different optimization approach that is described by Megiddo and 
Tamir [12]. 

The second problem deals with locating a desirable facility under the min­
sum criterion. Some applications for this problem are locating a component 
in a VLSI chip or locating a welding robot in an automobile manufacturing 
plant. Elgindy and Keil [8] consider a slight variation of the problem under the 
L1 metric: Given a positive constant D, locate a facility c that maximizes the 
number of sites whose sum of distances from c is not greater than D. They also 
consider the discrete and continuous cases. The runtimes of their algorithms are 
o (n log 4 n) for the discrete case and 0 (n 2 log n) for the continuous case. Our 
algorithm for the discrete case runs in time O(n log2 n), and for the continuous 
case in O((n - k)2log2 n + n log n) time. 

It is well known that the metrics L1 and Loo are dual in the plane, in the 
sense that nearest neighbors under L1 in a given coordinate system are also 
nearest neighbors under Loo in a 45 degrees rotated coordinate system (and vice 
versa). The distances, however, are different by a multiplicative factor of V2. In 
what follows we alternate between these metrics to suit our algorithms. 

An outline of the paper is as follows. In Section 2 we present two algorithm for 
solving the first problem. Section 3 describes a data structure and an algorithm 
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for solving the discrete case of Problem 2. Using this data structure and some 
more observations, we show in Section 4 how to solve the continuous case of 
Problem 2. 

2 Undesirable facility location 

In this section we first present a sequential algorithm that answers a decision 
query of the form: given d> 0, determine whether there exists a location c E R 
whose x-distance from each point Pi E S (the distance between the x coordinates 
of c and Pi) is 2: d· Wl (Pi), and whose y-distance to the points of S is 2: d· W2(Pi). 
We will use this sequential algorithm in order to obtain two different algorithms 
for solving our problem. 

The first is based on the parametric search optimization scheme [11] and, tus, 
we provide a parallel version of the decision algorithm in order to use it. Let Ts 
denote the runtime of the sequential decision algorithm, and Tp , resp. P, the time 
and number of processors of the parallel algorithm; then the optimal solution 
(a point c that maximizes d) can be computed in sequential time O(PTp + 
TsTp 10gP) [11]. 

The second uses another optimization approach, proposed in [12]. The main 
idea is to represent a set of potential solutions in a compact, efficient way, use a 
parallel sorting scheme and then look for our solution by some kind of a binary 
search. The running time of the algorithm is O(Ts log n). 

2.1 The sequential algorithm 

The formulation of the decision problem above implies that each point Pi E S 
defines a forbidden rectangular region 

where c cannot reside. Denote by U R the union of all the Ri. An admissible 
location for c exists if and only if R n U R :f; 0. In other words, we are given a set 
of n rectangles Hi and want to find whether U R covers R. When each point has 
the same weight in both axes then the combinatorial complexity of the boundary 
of URis linear. In our case the boundary of U R has 0 (n 2 ) vertices in the worst 
case. 

The problem of finding whether a set of n rectangles covers a rectangular 
region R has been solved in O( n log n) time using the segment tree T [13]. We 
outline this well known sequential algorithm for the sake of clarity of our parallel 
algorithm. 

Denote by L = {Xl, ... X2n} the x coordinates of the endpoints of the hor­
izontal sides of the rectangles. We call the elements of L the instances of T. 
Similarly, let M = {Yl,'" Y2n} be the list of Y coordinates of the endpoints 
of the vertical sides of the rectangles. Assume each list is sorted in ascending 
order. The leaves of the segment tree T contain elementary segments [Yi, Yi+ d, 
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i = 1, ... , 2n - 1, in their range field. The range at each inner node in T contains 
the union of the ranges in the nodes of its children. 

A vertical line is swept over the plane from left to right stopping at the 
instances ofT. At each instance x, either a rectangle is added to the union or it 
is deleted from it. The vertical side v of this rectangle is inserted to (or deleted 
from) T (v is stored in o (log n) nodes and is equal to the disjoint union of 
the ranges of these nodes). The update of T at instance x involves maintaining 
a cover number in the nodes. The cover number at a node counts how many 
vertical rectangle sides cover the range of this node and do not cover the range 
of its parent. If at deleting a rectangle the height of R is not wholly covered by 
all the vertical segments that are currently in T, then the answer to the decision 
problem is "yes". Namely, we found a point in R which is not in UR, and we are 
done. If the answer is "no" then we update T and proceed to the next instance. 
Thus 

Lemma 1. Given a fixed d > 0 we can check in O( n log n) time, using O( n) 
space, whether there exists a point c E R, such that for every point Pi E S the 
following holds: dx(C,Pi) . wl(pd 2': d and dy(C,Pi)' W2(Pi) 2': d. 

2.2 The parallel version and the optimization 

Next we present the parallel algorithm which we believe is of independent inter­
est. In order to produce an efficient parallel algorithm for the decision problem 
we add some information into the nodes of T. This information encaptures the 
cover information at each node, as will be seen below. 

Let L = {Xl, X2, •.• , X2n} be the list of instances as above. Let the projection 
of a rectangle Rj on the x axis be [Xi, Xk]' We associate with Rj a life-span 
integer interval lj = [i, k]. Let Vj be the projection of Rj on the y axis. The 
integer interval lj defines the instances at which the segment Vj is stored in 
T during the sequential algorithm. We augment T by storing the life-span of 
each vertical segment Vj in the o (log n) nodes of T that Vj updates. We further 
process each node in T so that it contains a list of cover two life-ranges. This 
is a list of intervals consisting of the pairwise intersections of the life-spans in 
the node. For example, assume that a node s contains the life-spans [1,7]' [3,4] 
and [5,6]. The list of cover two at s is [3,4] and [5,6]. If a vertical segment is 
to be deleted from s at instances Xl, X2 or X7, then s will be exposed after the 
deletion. But if the deletion occurs at instance X3, X4, X5 or X6 then, since the 
cover of s is 2 at this instance, s will not be exposed by deleting Vj. 

Our parallel algorithm has two phases: phase I constructs the augmented tree 
T and phase II checks whether R gets exposed at any of the deletion instances. 
Phase I The segment tree T can be easily built in parallel in time O(log n) 
using O(nlogn) processors [1]. Unlike in Lemma 1 above, where we store in 
each node just the cover number, here we store for each segment its life-span 
in O(log n) nodes. Thus T occupies now O( n log n) space [13]. Adding the cover 
two life-span intervals is performed as follows. 
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We sort the list of life-spans at each node according to the first integer in the 
interval that describes a life-span. We merge the list of life-spans at each node as 
follows. If two consecutive life-spans are disjoint we do not do anything. Assume 
the two consecutive life-spans [k1k2] and [g1,92] overlap. We produce two new 
life-ranges: 

(a) the life-range of cover at least one - [k1 , max(k2,92)] and 
(b) the life-range of cover at least two - [g1, min(k2,92)]. 

We continue to merge the current life-range of cover at least one from item (a) 
above with the next life-span in the list till the list of life-spans is exhausted. 
We next merge the cover two life-ranges into a list of disjoint intervals by taking 
the unions of overlapping intervals. At this stage each node has two lists of 
life-ranges. But this does not suffice for phase II. For each node we have to 
accumulate the cover information of its descendants. Starting at the leaves we 
recursively process the two lists of life-ranges at the nodes of T separately. We 
describe dealing with the list of cover one. Assume the two children nodes of 
a node s contain intersecting life-ranges, then this intersection interval is an 
interval of instances where all the range of s is covered. We copy the intersection 
interval into the node s. When we are done copying we merge the copied list 
with the node's life-span list as described above, and then merge the list of cover 
two with the copied list of cover two, by unioning overlapping intervals. 
Phase II. Our goal in this phase is to check in parallel whether, upon a deletion 
instance, the height of R is still fully covered or a point on it is exposed. We do 
it as follows. Assume that the vertical segment v is deleted from T at the ph 
instance. We go down the tree T in the nodes that store v and check whether 
the life-span lists at all these nodes contain the instance j in their list of cover 
two. If they do then (the height of) R is not exposed by deleting v. 
Complexity of the algorithm. 

It is easy to show that the life-range lists do not add to the amount of required 
storage. The number of initial life-span intervals is O( n log n). The number of 
initial life-ranges of cover two cannot be greater than that. It has been shown 
[7] that copying the lists in the nodes in the segment tree to their respective 
ancestors does not increase the asymptotic space requirement. The augmentation 
of T is performed in parallel time o (log n) with O( n log n) processors as follows. 
We allocate a total of O(n logn) processors to merge the life-span ranges in the 
nodes of T, putting at each node a number of processors which is equal to the 
number of life-span ranges in the node. Thus the sorting and merging of the 
life-span ranges is performed in parallel in time 0 (log n). 

The checking phase is performed in parallel by assigning 0 (log n) processors 
to each deletion instance. For the deletion of a vertical segment v, one processor 
is assigned to each node that stores v. These processors perform in parallel a 
binary search on the cover two life-ranges of these nodes. Thus the checking 
phase is performed in time 0 (log n). 

Summing up the steps of the parallel algorithm, we get a total of O(logn) 
parallel runtime with O( n log n) processors and O( n log n) space. Plugging this 
algorithm to the parametric search paradigm [11] we get 
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Theorem 1. Given a set 5 of n points in the plane, enclosed in a rectangular 
region R, and two positive weights Wi (p) and W2 (p) for each point p E 5, we can 
find, in O( n log3 n) time, a point c E R which maximizes 

2.3 Another approach 

By carefully looking at the respective Voronoi diagram we have the following 
crucial observation. 

Observation 2 Assume that the optimal solution is not attained on the bound­
ary of the rectangle. Then, w.l.o.g., there is an optimal point c, and two points 
p and q such that either 

or 
w2(p)dy(c,p) = w2(q)dy(c, q) = optimalvalue. 

The above observation with a given assumption implies that the optimal value 
is an element in one of the following four sets: 
51 = {(Px + qx)/(1/Wl(p) + 1/Wl(q)) : p, q E 5}, 52 = {(Px - qx)/(1/Wl(p) -
1/Wl(q)) : p, q E 5}, 53 = {(py - qy)/(1/W2(p) - 1/W2(q)) : p, q E 5}, 54 = 
{(Py + py)/(1/W2(p) + 1/W2(q)) : p, q E 5}. 

Megiddo and Tamir [12] describe how to search for the optimal value r* 
within a set of the form: 5' = {(ai + bj)/(Ci + dj ) : 1 ~ i,j ~ n}. Thus there 
will be given 4n numbers aj, bj, Cj, dj(1 ~ i, j ~ n), and we will have to find two 
elements s, t E 5' such that s < r* ~ t and no element of 5' is strictly between 
sand t. We briefly describe their [12] approach. 

Set 5' consists of the points of intersection of straight lines y = (Ci X - aj) + 
(dj x - bj) with the x-axis. The search will be conducted in two stages. During 
the first stage we will identify an interval [Sl, tl] such that Sl < r* ~ tl and 
such that the linear order induced on {1, ... , n} by the numbers Cj x - aj is 
independent of x provided x E [Sl' ttl. The rest of work is done in Stage 2. 

Stage 1. We search for r* among the points of intersections oflines y = CjX-ai 
with each other. The method is based on parallel sorting scheme. Imagine that 
we sort the set {1, ... , n} by the (Cj x - aj )'s, where x is not known yet. Whenever 
a processor has to compare some CjX - aj with CjX - aj, we will in our algorithm 
compute the critical value Xjj = (aj -aj )/(Cj -Cj). We use Preparata [14] parallel 
sorting scheme with n log n processors and O(log n) steps. Thus, a single step in 
Preparata scheme gives rise to the production of n log n points of intersection 
of lines y = CjX - aj with each other. Given these n log n points and an interval 
[so, to] which contains r*, we can in O( n log n) time narrow down the interval so 
that it will still contain r* but no intersection point in its interior. This requires 
the finding of medians in sets of cardinalities n log n, ~n log n, ~n log n, ... plus 
O(log n) evaluations of the sequential algorithm for the decision problem. Since 
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the outcomes of the comparisons so far are independent of x in the updated 
interval, we can proceed with the sorting even though x is not specified. The 
effort per step is hence O( n log n) and the entire Stage 1 takes O( n log2 n) time. 

Stage 2. When the second stage starts we can ssume w.l.o.g. that for x E 
[Sl, t1] Cx - ai :S Ci+1 - ai+1, i = 1, ... , n - 1. Let j(1 :S j :S n) be fixed and 
consider the set 5j of n lines 5j = {y = CiX - ai + djx - bj , i = 1, ... , n}. Since 
5j is "sorted" over [Sl, t1], we can find in O(log n) evaluations of the sequential 
algorithm for the decision problem a subinterval [s{, t{] such that s{ < r* :S t{, 
and that no member of Sj intersects the x-axis in the interior of this interval. 
We work on the 51's in parallel. Specifically, there will be o (log n) steps. During 
a typical step, the median of the remainder of every 5j is selected (in 0(1) time) 
and its intersection point with the x-axis is computed. The set of these n points 
is then searched for r* and the interval is updated accordingly. This enablesus 
to discard a half from each 5j . Clearly a single step lasts 0 (n log n) time and 
the entire stage is carried out in O( n log2 n) time.. . 

At the end of second stage we have the values {s{} and {tU,j = 1, ... ,n. 
Defining s = maX1~j~n{s{} and t = min1~j~n{t{} we obtain s < r* :S t, and 
no element of 5' is strictly between sand t. 

The case with the optimal solution attained on the boundary of the rectangle 
can be treated as sub case of a previous case. Thus we conclude by a theorem. 

Theorem 3. Given a set 5 of n points in the plane, enclosed in a rectangular 
region R, and two positive weights W1(p) and W2(p) for each point P E 5, we can 
find, in O( n log2 n) time, a point C E R which maximizes 

3 The discrete desirable facility location problem 

The discrete min-sum problem is defined as follows. Given a set S of n points 
in the plane and a number k. Find a point in S such that the sum of distances 
from it to its k nearest neighbors in S is minimized. Our algorithms compute, 
for each point of 5, the sum of distances from it to its k nearest neighbors in 
5, and output a point which minimizes the sum. First we deal with the special 
case of the discrete min-sum problem when k = n - 1. 

3.1 The discrete min-sum problem for k = n - 1 

This min-sum problem appears in [3] with an 0(n2 ) trivial solution. Below we 
present an algorithm that solves this problem for the L1 metric in O(nlogn) 
time. 

The L1 metric is separable, in the sense that the distance between two points 
is the sum of their x and y-distances. Therefore we can solve the problem for the 
x and y-coordinates separately. We regard the x coordinates part. We sort the 
points according to their x-coordinates. Let {PI, ... , Pn} be the sorted points. 
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For each Pi E 5 we compute the sum (1; of the x-distances from Pi to the rest 
of the points in 5. This is performed efficiently as follows. For the point P1 we 
compute (1f by computing and summing up each of the n - 1 distances. For 
1 < i ~ n we define (1i recursively: assume the x-distance between Pi-1 and 
Pi is 8, then (1i = (1'f-1 + 8· (i - 1) - 8· (n - i + 1). Clearly the sums (1; (for 
i = 1, ... n) can be computed in linear time when the points are sorted. We 
compute (1r analogously. Assume the point P E 5 is ith in the x order and ph 
in the y order. The sum of distances from P to the points in 5 is (1ij = (1i + (1J. 
The point which minimizes this sum is the sought solution. 

Theorem 4. Given a set 5 of n points in the plane sorted in x direction and in 
y directions, we can find in linear time a point P E 5 which minimizes the sum 
of the L1 distances to the points in 5. 

We can extend this theorem to the case where the distance to be minimized is 
the sum of squared L2 distances from a point to the rest of the points of S, since 
the separability property holds for this case as well. Assume we have computed 
{(1f, ... ,(1~} above and let T[ = 'L-7=1(Xj - Xi)2. The recursion formula for 
computing all the squared x-distances is easily computed to be 

x x 2 r x r2 Ti = Ti-1 - U(1i_1 - nu 

where the x-distance between Pi-1 and Pi is 8. 

Corollary 1. Given a set S of n points in the plane, sorted in x direction and 
in y direction, we can find in linear time a point P of S which minimizes the 
sum of squared L2 distances to the points in S. 

3.2 The general case 

We turn to the discrete min-sum problem for 1 :s k :s n - 1. We describe the 
algorithm for the Loo metric. It has two phases. In the first phase we find, for 
each point Pi E 5, the smallest square Ri centered at Pi which contains at least 
k + 1 points of S. We also get the square size Ai which is defined as half the side 
length of Ri. In the second phase we compute for each Pi, i = 1, ... , n, the 
sum of the distances from it to the points of S in Ri and pick i for which this 
sum is minimized. 

For the first phase we apply a simple version of parametric searching. As­
sume q = (qx, qy) E 5 is the query point for which we want to find the smallest 
square R which contains at least k + 1 points of S. For a parameter A, denote 
by R(A) a square of size A centered at q. We test whether R(A) contains at 
least k + 1 points of 5 by applying Chazelle's [5,6] orthogonal range counting. 
Namely, given a set of n points in the plane and an orthogonal range, find the 
number of points contained in the range. Chazelle proposes a data structure 
that can be constructed in time O( n log n) and occupies O( n) space, such that 
a range-counting answer for a query region can be answered in time O(logn). 
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Clearly the minimum value of A is the distance from the query point to its 
kth nearest neighbor. Thus candidate values for A are Iqx - Px I and Iqy - Py I for all 
P = (Px,Py) E S. By performing a binary search in the sets {Px I P E S,Px > qx}, 
{Px I P E S,Px < qx}, {py I P E S,py > qy} and {py I P E S,py < qy}, we find 
the smallest A such that R(A) contains at least k + 1 points of S. 

Lemma 2. Given a set S of n points and a positive integer k < n. We can find 
for each point Pi E S the smallest square centered at Pi that contains at least 
k + 1 points of S in total time O(nlog2 n). 

In the second phase we compute, for each point Pi E S, the sum of distances 
from Pi to its k nearest neighbors, namely, the points of S which are contained in 
Ri. In order to compute efficiently the sums of distances in all the squares Ri, we 
apply the orthogonal range searching algorithm for weighted points of Willard 
and Lueker [15] which is defined as follows. Given n weighted points in d-space 
and a query d-rectangle Q, compute the accumulated weight of the points in Q. 
The data structure in [15] is of size O(n logd-l n), it can be constructed in time 
O( n logd-l n), and a range query can be answered in time O(logd n). We show 
how to apply their data structure and algorithm to our problem. 

Let q E S be the point for which we want to compute the sum of distances 
from it to its k nearest neighbors. Let R be the smallest square found for q in the 
first phase. Clearly R can be decomposed into four triangles by its diagonals such 
that the Leo distance between all points of S within one triangle is, wlog, the 
sum of x coordinates of the points of S in this triangle minus the x coordinate of 
q times the number of points of S in this triangle. More precisely, let Llu be the 
closed triangle whose base is the upper side of R and whose apex is q. Denote 
by Uu the sum of the Leo distances between the points in Llu and q, and by Nu 
the number of points of Su = {S - q} n Llu, then 

U u = L pJ - qy . Nu . 

p;ESu 

Our goal in what follows is to prepare six data structures for orthogonal range 
search for weighted points, as in [15], three with the weights being the x coordi­
nates of the points of S and three with the y coordinates as weights, and then 
to define orthogonal ranges, corresponding to the triangles in R for which the 
sums of x (y) coordinates will be computed. 

We proceed with computing U u . Let 11 be the x axis, 12 be a line whose slope 
is 450 passing through the origin, 13 be the y axis and 14 a line whose slope is 
1350 passing through the origin. These lines define wedges (see Figure l(a)): 
(1) Ql-the wedge of points between 11 and 12 whose x coordinates are larger 
than their y coordinates, (2) Q2-the wedge of points between 12 and 13 whose y 
coordinates are larger than their x coordinates, and (3) Q3-the wedge of points 
between 13 and 14 whose y coordinates are larger than their x coordinates. 

Each of these wedges defines a data structure, as in [15]. Observe, e.g., the 
wedge Ql. We transform 11 and 12 into corresponding axes of an orthogonal 
coordinate system, and apply the same transformation on all the points Pi E S. 
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We construct the orthogonal range search data structure for the transformed 
points with the original y coordinates as weights. (Similarly we construct data 
structures for the points of S transformed according to Q2 and Q3, respectively, 
for the y sums, and another set of three data structures for the x sums.) 

13 

I, 
12 q3(q) q2(q) 

q3 q2 q1 q2 

q1 ql!q) 

11 q -- ---> 

(a) 

Fig. I. (a) The regions Qi and (b) Qi(q) 

We denote by Qi(q) the wedge Qi translated by q. Denote by Y;(q) the sum 
of the y coordinates of the points of Sin Qi(q), i = 1,2,3. Then 

L PJ = (Y2(q) + Y3(q)) - (Y2(qt) + Y3(qt)) - Y1(qt) + Y1(q2), 
pjESu 

where ql = (qx - >., qy + >.) and q2 = (qx + >., qy + >.) (see Figure l(b)). If the 
segment [ql, q2] contains points of S we define ql and q2 as ql = (qx - >. - f, qy + 
>. + f) and q2 = (qx + >. + f, qy + >. + f) for some sufficiently small f > O. 

To compute Nu we can use the same wedge range search scheme, but with 
unit weights on the data points (instead of coordinates). In a similar way we 
compute the sum IJd for the lower triangle in R (IJ/ and IJr for the left and right 
triangles in R respectively) and the corresponding number of points N d (M and 
Nr ). 

It is possible that R contains more than k + 1 points - this happens when 
more than one point of S is on the boundary of R. Our formula for the sum of 
the Loo distances should be 

Hence, the second phase of the algorithm, requires O( n log n) preprocessing 
time and space, and then o (log2 n) query time per point Pi E S to determine 
the sum of distances to its k nearest points. Thus, for both phases, we conclude 

Theorem 5. The discrete min-sum problem in the plane for 1 ~ k ~ n - 1 and 
under Loo -metric, can be solved in time O( n log2 n) occupying O( n log n) space. 
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4 The continuous desirable facility location problem 

The continuous desirable facility location problem is defined as follows. Given a 
set S of n points and a parameter 1 ~ k ~ n - 1. Find a point c in the plane such 
that the sum of distances from c to its k nearest points from S is minimized. We 
consider the problem where the distances are measured by the L1 metric. 

We create a grid M by drawing a horizontal and a vertical line through each 
point of S. Assume the points of S are sorted according to their x coordinates 
and according to their y coordinates. Denote by M (i, j) the grid point that was 
generated by the ith horizontal line and the lh vertical line in the y and x 
orders of S respectively. Bajaj [3] observed that the solution to the continuous 
min-sum problem with k = n - 1 should be a grid point. As a matter of fact it 
has been shown that for this problem the point M (l n/2 j, l n/2 j) is the required 
point. (Where for an even n the solution is not unique and there is a whole grid 
rectangle whose points can be chosen as the solution.) 

For k < n - 1, we can pick the solution from O( (n - k )2) grid points, since 
the smallest x-coordinate that c might have is XLk/2J, and the largest xn -rk / 21 
(similarly for y). This is true since in the extreme case where all the k points are 
the lowest leftmost points then according to Bajaj the solution to this k points 
problem is at M(l k/2 1, lk/2 j). Similarly if the k points are located at any other 
corner of M. Thus we remain with (n - k + 1)2 grid points which are candidates 
for the solution c. Applying the discrete algorithm of Section 3.2, with the query 
points being the candidate solutions, we obtain the following theorem. 

Theorem 6. The continuous min-sum problem can be solved in (n log n + (n -
k )21og2 n) time for any positive k ~ n - 1. 
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Abstract. Identifying teams eliminated from contention for first place 
of a sports league is a much studied problem. In the classic setting each 
game is played between two teams, and the team with the most wins fin­
ishes first. Recently, two papers [Way] and [AERO] detailed a surprising 
structural fact in the classic setting: At any point in the season, there is 
a computable threshold W such that a team is eliminated (cannot win 
or tie for first place) if and only if it cannot win W or more games. Using 
this threshold speeds up the identification of eliminated teams. 
We show that thresholds exist for a wide range of elimination problems 
(greatly generalizing the classical setting), via a simpler and more direct 
proof. For the classic setting we determine which teams can be the strict 
winner of the most games; examine these issues for multi-division leagues 
with playoffs and wildcards; and establish that certain elimination ques­
tions are NP-hard. 

1 Introduction 

Consider a sports league with n teams, where specific pairwise games are played 
according to some schedule, and where some of these games have already been 
played. The classic question asks which teams are already eliminated from first 
place. That is, under every win/loss scenario for the remaining games, which 
teams will necessarily win fewer total games than some other team. This problem 
goes back more than thirty years to Alan Hoffman and T. Rivlin [HR70], and 
to B. Schwartz [Sch66]; it is widely used to illustrate linear programming and 
network flow l . 

For team i, w(i) denotes the number of games already won, and g(i) is the 
number of remaining games to be played. In the classic version, no game ends 
in a tie. Define the quantity W(i) = w(i) + g(i) for each team i. Kevin Wayne 
[Way] recently showed the surprising fact (previously unsuspected by us, and not 
suggested in the classic literature) that there is a threshold value W* such that 
any team i is eliminated if and only if W(i) < W*. This fact is all the more sur­
prising because the classic elimination problem is well known and widely taught 

1 See the website http://riot.ieor.berkeley.edu, where the eliminated teams are identi-
fied as the baseball and basketball seasons unfold. 
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in diverse courses in computer science2 , mathematics and operations research. 
Using the existence of the threshold, Wayne also showed how to find W* in 
time proportional to a single network flow computation in a graph with n nodes. 
Previously, the best approaches required a separate flow computation or linear 
programming computation for each team i, and no relationship between the re­
sults of the computations was observed. With Wayne's result, all the eliminated 
teams can now be identified as quickly as one could previously test whether a 
single specific team is eliminated. 

Adler et al. [AEHO] independently established this elimination threshold 
using linear and integer programming formulations for elimination problems. 
They show that the threshold can be computed by solving one linear program 
with 8(n2 ) variables and constraints (one for each pair of teams which play at 
least one more game). They also give a nice overview of the errors which are 
often made by sports writers in determining when a team is eliminated. 

Beyond the classic question, three seemingly more difficult questions in the 
classic setting (single division, no ties) were also examined: 

1. Ql If team i is uneliminated, what is the minimum number of games i can 
win and still at least tie for first place in some win/loss scenario? 

2. Q2 For team i, is there a scenario in which team i is the undisputed winner, 
winning strictly more games than any other team, and if so, what is the 
minimum number of wins for i to be an undisputed winner in at least one 
scenario? 

3. Q3 For team i, is there a scenario where i can at least tie for k'th position, 
i.e., where at most k - 1 teams win strictly more games than does i? 

Question Ql was shown in [GM92] to be solvable in time proportional to 
a single network flow, provided the number of remaining games is O(2n2). Mc­
Cormick eliminated the later requirement in [McC96]. However, the constructive 
method in [Way] implies that the answer to question Ql is W* for every team i 
where W(i) 2: W*. Hence no additional computation is needed for Ql, once the 
classic elimination problem has been solved. 

Question Q2 can be approached by a modification of the ideas in [GM92]' in 
time proportional to a single network flow (for a single team). 

Question Q3 was shown to be NP-complete in [McC96]. 

Until recently, and for all three questions Ql, Q2, and Q3, no threshold-value 
result was suspected that would connect the separate results obtained for each 
team. 

New Results 

In this paper we do seven things. We generalize the threshold-value result of 
[Way] and [AEHO], showing that it holds in a wide range of problem settings, 

2 We have used it for over ten years in graduate algorithms classes. 
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using a pure "scenario argument" not tied to linear programming or network flow 
formulations of any problem setting; we show how the solution to question Q1 
extends to these general settings; back to the classic setting, we solve question Q2 
using an algorithm that runs as fast, or faster than a single additional network 
flow, and which simultaneously gives the answer to Q2 for every team; we extend 
these results to problems of multiple divisions with wild-card advancement to 
playoffs between divisions; we show that the problem of determining if a team 
is eliminated from the wild-card slot is NP-complete; we note that in some 
settings, even when there is a threshold-value result, the problem of computing 
the threshold can be NP-hard; and we establish that computing the probability 
that a given team can come in first is NP-hard, when a probability for the 
outcome of each remaining game is given. 

Due to space limitations we have omitted some of the details from sections 
three and four. Full details can be found in [GM99]. 

2 A general threshold-value result 

In the general setting there is, as before, a history of games already played, and 
a schedule of remaining games. But now, each game results in one of a finite 
set of payoffs for the two teams. For example, in the classic setting, the winner 
gets one point and the loser gets zero; if ties are allowed one might allocate one 
point to each team when a tie occurs, and two points to the winning team, and 
none to the losing team, when a win occurs3 . In a more general setting a winner 
might get three points and the loser gets zero, while a tie gives one point to 
each team4 . Abstractly, each game has a set of possible outcomes, each of which 
is associated with a specific payoff pair (x, y), where one team gets x points 
and the other gets y points. The league leader is the team with the most total 
points. The problem is again to determine which teams have been eliminated, 
i.e., cannot strictly win or tie for the most points, under any scenario for the 
remaining games. In this setting, let w(i) be the points team i has won so far, 
and let g(i) be the maximum possible points that team i could get from it's 
remaining games, and define W(i) = w(i) + g(i). 

For the following result, we use a monotonicity restriction on the possible 
payoffs: 

1. Whenever two teams x and y play, there is some maximum finite payoff x* 
for x and y* for y. 

2. For any permitted payoff pair, (Xl, YI) if Xl < X* then there is also a payoff 
pair (x*, Y2) with Y2 :::; YI. 

3. For any permitted payoff pair, (Xl, yd if YI < y* then there is also a payoff 
pair (X2' y*) with X2 :::; Xl· 

3 It is "folklore" that this setting can be reduced to the classic setting, turning each 
game into two games between the same teams. 

4 Thanks to G. Brinkmann and Rob Irving for bringing to our attention that this is 
the current practice in European soccer. We recently learned that the elimination 
question in this scoring system is NP-Complete [BGHSj. 



333 

Stated differently, we can always improve the payoff of one team to its best 
possible result without increasing the payoff to the other team. Clearly, the 
three settings mentioned above ((1,0); (2,0), (1,1); and (3,0),(1,1)) obey this 
restriction. 

Theorem 1. In any setting where the monotonicity restriction holds, there is a 
threshold W* such that team i is eliminated if and only if W(i) < W*. 

Proof. Let S denote a selection of outcomes for the remaining games (a scenario 
for the remaining games), and let W(S) denote the maximum number of points 
(from games already played and from the remaining games) won by any team 
under scenario S. Over all possible scenarios, define S* as a scenario S where 
W(S) is minimum. Define W* to be W(S*). 

Consider any team i. If W(i) < W(S*), then by the definition of W(S*), team 
i is eliminated in all scenarios. So assume W(i) ~ W(S*). If i is not the leader 
(either strict or tied) in S*, then modify scenario S* so that i receives a total 
of g(i) points from its remaining games (i gets the best possible outcome from 
each game). Thus team i now has W(i) ~ W(S*) points. By the monotonicity 
restriction, no other team receives more points than it received under S*, so 
under the modified scenario, team i is either the undisputed leader, or ties for 
the lead. 

Note that the above proof has no connection to network flow, cuts or linear 
programming, showing that the general threshold phenomenon is not inherently 
related to these structures, or to any other structures used to compute the thresh­
olds. That point is a fundamental contribution of this section. (However, in the 
classic setting, W* and S* can be efficiently computed using network flow, as 
established in [Way] or linear programming [AEHO]. In Section 4.2 we show that 
there are settings where a threshold result exists, but computing the threshold 
is NP- hard). Note also that Theorem 1 has easy extensions to games played 
between more than two teams at a time, provided the natural generalization of 
monotonicity holds. 

Theorem 1 tells us which teams are eliminated. Question Q1 asks the finer 
question of computing the minimum number of points needed by team i to avoid 
elimination. Call this value E(i). 

In the classic setting, E(i) is exactly W* for any uneliminated team i, because 
the only payoff pair is (1,0) [Way] and [AEHO]. In general settings, E(i) is not 
always W* (e.g. when no possible combination of points allows team i to reach 
an exact total of W* points). In addition, computing E(i) may be NP-hard even 
if W* and S* are known, since it can be as hard as a subset sum problem. 

2.1 Problem Q2: Becoming an Undisputed Winner 

We now show how to efficiently solve problem Q2 for all teams simultaneously, 
in the classic problem setting, where (1,0) is the only result. As noted above, 
W* can be computed in time proportional to a single network flow computation 
in a network with O(n) nodes (thus in O(n3 ) time). 



334 

We want to compute for each team the minimum number of games that team 
must win to be the undisputed winner if possible (thus win more games than any 
other team). Clearly any team i such that W(i) > W*, can be the strict winner 
with W* + 1 wins (take a scenario where team i ties for first with W* wins and 
change one loss by i to a win). Thus the only issue to resolve is which teams can 
be undisputed winners with exactly W* wins. Note that not every uneliminated 
team can be the undisputed winner with only W* wins. For example, consider 
teams A, Band C all with 99 wins, and team D with 98 wins. The remaining 
games are A-B and C-D. One of team A or B will be the undisputed winner with 
100 wins if D wins, but even if C wins, it will tie for the lead with A or B. 

We now find the teams which can strictly win with W* wins. Let scenario 
S* be as defined in the proof of Theorem 1, and recall that S* can be computed 
efficiently in the classic setting. By construction, under S* some team has W* 
total wins, and no team wins more than W* games. Let L * be the set of teams 
in S* which win W* games. 

Given a scenario S, we say that team ir is reachable in S from team i l , if 
there is a chain i l , i2, ... , ir such that h beats i2 in at least one new game in S, 
i2 beats i3 in some new game, ... , and ir- l beats ir in some new game. Now 
we modify scenario S* as follows to obtain a new scenario with a minimal set of 
teams with W* wins: 

Set S to S* and L to L * 
WHILE there is a pair of teams i and j such that i is in L, j is reachable in 

S from i, and j wins less than W* - 1 games in S, 
BEGIN 
Reverse the outcome of each game on a chain connecting i and j; let S again 

denote the resulting scenario, and let L be set to L - i, which is again the teams 
that win exactly W* games in the new S. 

{Under this new S, i wins a total of W* - 1 games, j wins at most W* - 1 
games, and the number of games any other team wins is unchanged.} 

END 

The above process terminates within n iterations since a team is removed 
from L in each iteration, and none are added. It is easy to implement this process 
to run as fast as a single network flow computation, and faster implementations 
seem plausible. An alternate, explicit network flow computation is detailed in 
[GM99]. 

Let 1 denote the size of L at the termination of the above process. Clearly, 
1 ~ 1, (otherwise S is a scenario where all teams win less than W* games, 
contradicting the definition of W*). Define T as the final L unioned with all 
teams reachable (under the current S) from some team in L. By construction, 
each team in T - L wins exactly W* - 1 games in the current S. 

Lemma 1. In any win/loss scenario where the winning team wins exactly W* 
games in total, at least 1 teams of T must win W* games in total. 

Proof. Let WT be EiETW(i), the given total number of old games won by teams 
in T; let G(S)r be the total number of new games won by teams in T, in scenario 
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S. By the maximality of T, every new game won by a team in T is played between 
two teams in T. Hence in any scenario, the total number of new games that will 
be won by teams in T must be at least G(S)y, and so the total number of games 
won by teams in T must be at least WT + G(S)y = ITI(W* - 1) + l. It follows 
that in any scenario where W* is the maximum total number of games won by 
any team, at least l teams in T must win W* games. 

Corollary 1. Since l 2: 1, no team outside of T can be the undisputed winner 
(in any scenario) with exactly W* wins. Further, if l > 1, then no team can be 
the undisputed winner with exactly W* wins. 

Lemma 2. If l = 1, then for every team iT in T, there is a scenario where iT is 
the undisputed winner with exactly W* wins. 

Proof. If iT is the single team in the current L, then S is the desired scenario. 
Otherwise, by the definition of T and S, iT is reachable from the single team 
i with W* wins. Reversing the wins along the chain from i to iT results in a 
scenario where iT has exactly W* wins, and all other teams have less than W* 
wins. 

Theorem 2. A team i can be the undisputed winner with exactly W* wins, if 
and only if l = 1 and team i is in T. If i cannot be the undisputed winner with 
W* wins, it can be the undisputed winner with W* + 1 wins if W (i) > W*. 
Hence question Q2 can be answered for all teams simultaneously, as fast (or 
faster) than the time for a single network flow computation, once W* and S* 
are known. 

3 Multiple divisions, playoffs and wild-cards 

Often a sports league will partition the teams into multiple divisions. At the end 
of the season, the (single) team with the best record in each division makes the 
playoffs. In addition to the division winners, the playoffs may include a wildcard 
team, which is a team with the best record among those teams that do not win 
their division. In some sports leagues more than one wildcard team is advanced 
to the playoffs. For example, the current baseball format has three divisions in 
each of two leagues. In each league, the three division winners and a wild card 
team advance to the playoffs. Thus, if we want to determine which teams are 
eliminated from playoff contention or the minimum number of wins needed for 
a team to make the playoffs, we need to consider not only which teams can win 
their respective division, but which teams can be the wildcard team. While we 
can extend our results to more general settings, we restrict our discussion here 
to the classical setting where each game is either won or lost. 

To formalize the problem, assume that the n teams are partitioned into k 
Divisions which we will denote by D 1 , ... ,Dk' At the end of the season the team 
in Division Di with the most wins is the Di Division's winner (we assume that 
if there is a tie for most wins this tie will be broken by a random draw or a 
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playoff before the wildcard team is determined). Over all the divisions, the team 
with the most wins which is not a division winner is the wildcard winner (again 
we assume that if there is a tie, it is broken by a random draw or playoff). A 
team is eliminated from playoff contention only if it cannot win its division and 
it cannot be the wildcard team. 

We will show in Section 4.1, that if the number of divisions is an input to 
the problem, determining if a given team can be the wildcard winner is NP­
Complete. However, for a fixed number of divisions, k, the problem is solvable in 
polynomial time. And, in practice (for existing baseball and basketball leagues) 
integer programming can be used to efficiently determine the minimum number 
of games each team needs to win in order not to be eliminated from playoff 
contention [AEHO]. In this section we also show there is a threshold value of 
wins to avoid elimination from the playoffs which applies to all teams (across all 
divisions) who cannot win their division. That extends the threshold result in 
[AEHO] which was established for each division separately. In [GM99] we solve 
this in the time for O(nk) flows. 

We first examine the winner of a single division. For any division D d , there is 
a number Wd' such that any team i in division Dd can be the division winner if 
and only if W(i) 2:: Wd'. The number Wd' can vary between divisions. This was 
established in [AEHO] using a linear programming formulation. A more direct 
way to establish this result is again by the pure scenario argument: For scenario 
S (for all teams in the league), let Wd(S) be the maximum number of games 
won by any team in division Dd; let Wd' be the minimum Wd(S) over all S, and 
let Sd be a scenario with W';' Then there is a scenario where team i in Dd can 
win the most games (or tie) if W(i) 2:: Wd' - simply change Sd by letting team 
i win all of its remaining games. 

Another important point was established in [AEHO]: there is a scenario where 
some team in division Dd wins exactly Wd' games, and yet every team in division 
Dd loses all of its remaining games played with teams outside of Dd. Again, 
modify scenario Sd by making each team in Dd lose to any team outside of 
Dd. It follows that we can compute Wd' for division Dd in isolation of the other 
divisions (as is done in [AEHO]). Therefore, the computation of Wd' reduces to 
the case of the classical setting with one division. 

We now show a wild-card threshold for teams that cannot win their division 
(in any scenario). We are concerned with which teams among the non-division 
contenders still have a chance to be the wildcard team, and for each such team, 
what is the fewest games it must win to have a chance at the wildcard position. 
Over all possible scenarios for playing out the remaining games, let MW be the 
smallest number of wins for the wildcard team (there may be a tie at MW), and 
let SW be a scenario where the wild card team wins MW games. 

Theorem 3. Any team i which is not a division winner in scenario SW can 
make the playoffs if W (i) 2:: MW. 

Proof. Consider any team i which is not a division winner in SW, and W(i) 2:: 
MW. Change SW to SW' by increasing i's wins until i has MW wins. At that 
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point, the only teams which could possibly have more than MW wins in SW' 
are the k division winners in SW. Thus at most one team per division can beat 
i, so i must now be a division winner or the wildcard team (possibly in a tie). 

Corollary 2. Any team i which cannot win its division is eliminated from the 
playoffs if and only if W (i) < MW. 

Corollary 3. For a team i which can win its division, Dd , but is not the winner 
of its division in scenario SW, the minimum number of games i must win to 
make the playoffs is MIN{Wd', MW}. 

It is interesting to note that the Corollary does not extend to the k teams 
that win their respective divisions in scenario SW [GM99]. 

Theorem 4. When there are k divisions and a wildcard team, we can compute 
MW and also the minimum number of wins needed by the k teams who are 
division winners in scenario SW using O((n/k)k) flows. 

For details see [GM99]. 

4 NP-hard elimination questions 

There are many generalizations of the classic elimination question that have no 
known efficient solution. In this section we examine three natural questions. 

4.1 Multiple divisions and wild cards 

Theorem 5. When there are multiple divisions and wildcard team(s}, the prob­
lem of determining whether a given team t is eliminated from the playoffs is 
NP-complete in the classic setting. 

Proof. The reduction is from the version of SAT where each clause has two or 
three variables and each literal appears in at most two clauses Given a formula 
F with k distinct variables (where each variable is assumed to appear both 
negated and unnegated in F) and c clauses, we create an instance of a k + 1-
division baseball problem. It is convenient to use a bipartite graph H = (A, B), 
representing formula F, to describe this problem instance. The A side contains 
2k nodes, one for each literal that appears in F; the B side contains c nodes, 
one for each clause in F. There is an edge between node i in A and node j in B 
if and only if literal i appears in clause j (so each node in B has two or three 
incident edges). The corresponding baseball schedule is created by letting each 
node in H represent a baseball team, and each edge in H represent a game yet 
to be played. In this problem instance, we assume that every team in A has won 
z games so far, and every team q in B has won z - d(q) + 1 games so far, where 
d(q) is the degree of q in H (thus d(q) is two or three depending on whether the 
clause corresponding to q has two or three variables). Note that a team in A will 
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win more than z total games if it wins any remaining games and a team in B 
will win more than z games only if it wins all its remaining games. 

The k + 1 divisions are next described. For every variable x that appears in 
F, the two teams associated with literals x and x are in a single division, and 
no other teams represented in H are in that division. All the nodes in B are in 
a single division, denoted DB. Team t is also assumed be in division DB, but 
it has played all of its games, winning a total of z games. Since t has no games 
to play, it is not represented in H. We further assume that there is another 
team in DB that has played all its games and has already clinched the title for 
DB. There may be additional teams not represented in H (in order to make the 
divisions bigger and more realistic), but they are all assumed to be eliminated 
from their division title and from contention for the wild-card slot. Hence only 
the teams in A are competing for their respective division titles, and only the 
teams in H together with t are competing for the wild-card slot. 

Now assume there is a satisfying assignment Fs to F; we will construct a 
scenario where team t is at least tied for the wild card slot i.e., at most one team 
from each division wins more games than t. For every variable x in F, we let the 
team associated with literal x (respectively x) win all of its remaining games if 
and only if variable x is set true (respectively false) in Fs. Hence for every literal 
pair (x, x), one of the associated teams wins all of its remaining games, and 
the other looses all of its remaining games. Since the assumed truth assignment 
satisfies F, at least one literal in every clause is set true. Hence every team in 
B loses at least one of its remaining games, and no team in B wins more than z 
games. Thus exactly one team in each division wins more games than does team 
t, and hence team t is still at least tied for the wild-card slot. 

Conversely, consider a scenario where t is at least tied for the wild-card slot. 
That means that no division has two or more teams that strictly win more games 
than does t. It follows that no team in B can win all of its remaining games, 
for then t would place behind two teams in DB. Similarly, it can't happen 
that both teams associated with a variable x can win one (or more) remaining 
games, for then both of these teams would have more total wins than does t. 
So we set variable x true (respectively false) if the team associated with literal 
x (respectively x) wins one or more of its remaining games. Any unset variable 
can be set arbitrarily. This assignment satisfies F. 

Note that in our reduction every node in H can have degree at most 3, and 
therefore every team has at most 3 games left to play the schedule constructed. 
Thus, this problem is hard even if the schedule is almost completed. 

4.2 Thresholds are not always easy to compute 

As established above, threshold results occur in a large variety of problem set­
tings. However, the existence of a threshold does not necessarily imply that it 
is easy to compute the threshold. We have already established that point in the 
case of multiple divisions. However, to make the point clearer, we examine a 
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case where there is a single, simple threshold, but the problem of computing it 
is NP-hard5 . 

In the classic setting, consider the question of whether there is a scenario in 
which a given team i can come in (possibly tied for) k'th place or better, i.e., 
where there are no more than k - 1 teams who win strictly more games than 
does i (k is a variable, given as input - the problem is solvable in polynomial 
time for any fixed k). This is a generalization of the classic elimination question, 
where k = 1. 

It is easy to establish that there is a threshold result for this problem. For 
each scenario S, define Wk(S) as the total points that the k'th ranked team 
obtains in S; define Wk as the minimum of Wk(S) over all scenarios, and let 
Sk be the scenario that gives Wk. If W(i) 2: W k, then there is a scenario in 
which team i comes in k'th or better -simply modify Sk so that team i wins all 
of its remaining games. Hence a team i can come in k'th or better if and only 
if W(i) 2: Wk. However, McCormick [McC96] has established that the problem 
of determining if a given team can come in k'th or better is NP complete. It 
immediately follows that it is NP-hard to compute the threshold Wk. 

4.3 Probability of elimination 

We next examine the elimination question when each remaining game (i,j) is 
associated with a probability Pi,j that team i will win the game, and probability 
Pj,i = 1 - Pi,j that team j will win the game 6. 

We next examine the elimination question when each remaining game (i,j) is 
associated with a probability Pi,j that team i will win the game, and probability 
pj,i = 1 - Pi,j ,that team j will win the game. 

We first show that the problem of computing the number of ways (scenarios) 
that a given team t can avoid elimination is #P-complete. The reduction is from 
the problem of computing the number of perfect matchings in a bipartite graph 
H = (A, B), where IAI = IBI. As before, we interpret each node in H as a team 
and each edge as a remaining game. Each node in A is assumed to have won z -1 
games, each node q in B is assumed to have won z+ 1-d(q) games, where d(q) is 
the degree of q, and team t is assumed to have won z games, with no more games 
to play. Clearly, t is eliminated if any team in B wins all of its games, or any 
team in A wins more than one game. So in a scenario where t is uneliminated, 
every team in B looses at least one game and every team in A wins at most one 
game. Since IAI = IBI, every team in A must win exactly one game, and each 
team in B must lose exactly one game. Representing the outcome of a game by 
a directed edge from the loser to the winner, it is clear that the directed edges 

5 We recently learned that elimination for the European football scoring scheme, men­
tioned in Section 2, has been shown to be NP-complete [BGHSJ, even though (as 
shown in Section 2) there is a single elimination threshold for that scoring scheme. 

6 The results in this section were developed by Greg Sullivan and Dan Gusfield in 
1983 and forgotten for many years. We thank Greg for allowing the inclusion of 
these results in the present paper. 
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from B to A specify a perfect matching in H. Further, each such scenario leads 
to a different perfect matching. Conversely, if we interpret a perfect matching in 
H as a set of games where the B-team loses to the A-team (and the B-teams 
win all the other games), then team t is uneliminated in this scenario. Further, 
each perfect matching leads to a different scenario. Hence the number of perfect 
matchings in H equals the number of scenarios where t is not eliminated. 

Summarizing, we have proved that 

Theorem 6. The problem of computing the number of scenarios where team t 
is un eliminated is #P-complete. 

Turning to probabilities, if we set Pi,j = 1/2 for each remaining game and 
there are G total games remaining, then the probability that t will be unelim­
inated at the end of the season is (1/2)G x (the number of scenarios where t is 
uneliminated). Hence 

Theorem 7. The problem of computing the probability that team t will be elim­
inated is NP-hard. 

5 Conclusions 

The main quesitions for the classic setting are now resolved: how to compute 
thresholds for both ties and strict wins and for wildcard settings. One further 
question of interest occurs when there are tie-breaking rules (for example, if 
teams A and B end up tied for first, but when A and B played each other, A 
won more games, then A is considered the winner). 

For the non-classic setting the NP-hardness of the 3 points for a win, 1 point 
for a tie soccer scoring shows that even simple variants create NP-hard settings 
to compute thresholds. It may be of interest to characterize the exact dividing 
line between settings where it is easy and hard to compute thresholds. 
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Abstract. We present a linear space data structure for maintaining 
graphs with bounded arboricity-a large class of sparse graphs contain­
ing e.g. planar graphs and graphs of bounded treewidth-under edge 
insertions, edge deletions, and adjacency queries. 
The data structure supports adjacency queries in worst case O(c) time, 
and edge insertions and edge deletions in amortized 0(1) and O(c+log n) 
time, respectively, where n is the number of nodes in the graph, and c is 
the bound on the arboricity. 

1 Introduction 

A fundamental operation on graphs is, given two nodes u and v, to tell whether 
or not the edge (u, v) is present in the graph. We denote such queries adjacency 
querzes. 

For a graph G = (V, E), let n = !VI and m = lEI. Two standard ways to 
represent graphs are adjacency matrices and adjacency lists [4,16]. In the former 
case, adjacency queries can be answered in 0(1) time, but the space required is 
8(11,2) bits, which is super-linear for sparse graphs. In the latter case, the space 
is reduced to O(m) words, but now adjacency queries involve searching neighbor 
lists, and these may be of length 8(11,). Using sorted adjacency lists, this gives 
O(log n) worst case time for adjacency queries. 

A third approach is to use perfect hashing, which gives 0(1) query time 
and O(m) space, but has the drawback that the fastest known methods for con­
structing linear space hash tables either use randomization [5] or spend 8(m1+<) 
time [9]. 

There have been a number of papers on representing a sparse graph suc­
cinctly while allowing adjacency queries in 0(1) time, among these [1,3,8,10, 
14,15]. Various authors emphasize different aspects, including minimizing the 
exact number of bits used, construction in linear time and versions for parallel 
and distributed environments. However, all data structures proposed have been 
for static graphs only. 

* Partially supported by the ESPRIT Long Term Research Program of the EU under 
contract 20244 (project ALCOM-IT). 

** BRICS (Basic Research in Computer Science), a Centre of the Danish National 
Research Foundation. 
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In this paper, we study the dynamic version ofthe problem, where edges can 
be inserted and deleted in the graph. This case is stated as an open problem 
in [8]. 

Like [1], we consider the class of graphs having bounded arboricity. The ar­
boricity c of a graph G = (V, E) is defined by 

IE(J)I 
C = InJx IV(J)I- 1 ' 

where J is any subgraph of G with IV(J)I ~ 2 nodes and IE(J)I edges. This 
class contains graphs with bounded genus g (since m ~ 6(g -1) + 3n by Euler's 
formula), in particular planar graphs (where c ~ 3, since g = 0), as well as 
graphs of bounded degree d (c ~ ld/2J + 1), and graphs of bounded treewidth t 
(c ~ t). Intuitively, the graphs of bounded arboricity is the class of uniformly 
sparse graphs. 

More precisely, we consider the problem of maintaining an undirected graph 
G = (V, E) of arboricity at most c under the operations 

- Adjacent(u,v), return true if and only if (u,v) E E, 
- Insert(u,v), E := E U {(u, v)}, 
- Delete(u,v), E:= E\ {(u,v)}, 
- Build (V, E), G := (V, E). 

In this paper, we present an O(m+n) space data structure for storing graphs 
of arboricity bounded by c. The data structure supports Adjacent( u, v) in worst 
case O(c) time, Insert(u,v) in amortized 0(1) time, Delete(u,v) in amortized 
O(c + logn) time, and Build(V, E) in amortized O(m + n) time. 

The data structure is a slight variation of the adjacency list representation 
of graphs, with a simple--almost canonical-maintenance algorithm. Our proof 
of complexity is by a reduction, which shows that the analysis of any algorithm 
for the problem of maintaining such adjacency lists carries over to the presented 
algorithm, with the right choice of parameters (see Lemma 1 for details). 

It is assumed that c is known by the algorithm. It is also assumed that 
at no point is an edge inserted, which already is present or which violates the 
arboricity constraint-i.e. it is the responsibility of the application using the 
data structure to guarantee that the bounded arboricity constraint is satisfied. 
For a given graph, a 2-approximation of the arboricity can easily be computed 
in O(m + n) time [1]. More complicated algorithms calculating the exact value 
are presented in [6]. The extension of the algorithm presented to the case of 
unknown c is discussed in Sect. 4. 

The graphs considered are simple, undirected graphs. However, the data 
structure can easily be extended to allow the annotation of edges and nodes with 
auxiliary information, allowing graphs with self-loops, multiple edges, or directed 
edges to be represented. For simplicity, we assume all nodes to be present from 
the beginning. It is straightforward to extend the structure to allow insertions 
of new nodes. 

When undirected graphs are represented by adjacency lists, an edge normally 
appears in the list of both of its endpoints. A basic observation, used in [1,8], 
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is that if each edge is stored in the list of only one of its two endpoints, then 
adjacency queries Adjacent( u, v) can still be answered by searching the adjacency 
list of both u and v. The advantage gained is the possibility of nodes having short 
adjacency lists, even if they have high degree. 

Storing each edge at only one of its endpoints is equivalent to assigning an 
orientation to all edges of the graph-view an edge (u, v) as going from u to v if v 
is stored in the adjacency list of u. We will therefore refer to such a distribution of 
edges into adjacency lists as an orientation of the graph. Formally, an orientation 
of an undirected graph G = (V, E), is a directed graph G = (V, it) on the same 
set of nodes, where it is equal to E when the elements of it are seen as unordered 
pairs. 

If adjacency queries are to take constant time, the adjacency lists should be 
of bounded length. In other words, we are interested in orientations where the 
outdegree of each node is bounded by some constant Lt We call such orientations 
for Ll-orientations. 

For graphs of arboricity c, a c-orientation always exists. This follows from 
the classical characterization of such graphs (which also gives rise to their name) 
by Nash-Williams: 

Theorem 1 (Nash-Williams [2,11,12]). A graph G = (V,E) has arboric­
ity c if and only if c is the smallest number of sets E1 , .. . ,Ec that E can be 
partitioned into, such that each subgraph (V, E i ) is a forest. 

If we arbitrarily choose a root in each tree in each of the c forests, and orient 
all edges in the trees towards the roots, then each node has outdegree at most 
one in each forest and hence outdegree at most c in the entire graph. 

Finding such a decomposition into exactly c forests is non-trivial. An algo­
rithm was given in [13] which takes O(n2m log2 n) time for graphs of arboricity c. 
This was later improved to O{cnJm + cn log n) in [6]. For planar graphs, where 
c = 3, an O{n log n) algorithm appears in [7]. However, for adjacency queries to 
take O{c) time, it is sufficient to find an o {c)-orientation. A simple O{m + n) 
time algorithm computing a (2c - I)-orientation was described in [1]. 

In this paper, we address the question of how to maintain O(c)-orientations 
during insertions and deletions of edges on graphs whose arboricity stays 
bounded by some constant c. 

Note that, in a sense, the class of graphs of bounded arboricity is the maximal 
class of graphs for which Ll-orientations exist, as any graph for which a Ll­
orientation exists has arboricity at most 2Ll, as IE{J)I ~ LlIV(J) I ~ 2Ll(IV{J)I-
1) for all subgraphs J with IV{J)I ~ 2. 

The rest of this paper is organized as follows: In Sect. 2, we present our algo­
rithm for maintaining Ll-orderings. In Sect. 3, we first prove that the algorithm 
inherits the amortized analysis of any algorithm for maintaining l5-orderings, pro­
vided Ll ~ 215. We then give a non-constructive proof of existence of an algorithm 
with the desired amortized complexity. Section 4 contains further comments on 
the problem of maintaining Ll-orderings, as well as on the presented algorithm. 
Finally, Sect. 5 lists some open problems. 
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2 The algorithm 

As described in the introduction, we reduce the problem of achieving constant 
time adjacency queries for graphs with arboricity at most c to the problem of 
assigning orientations to the edges such that all nodes have outdegree O(c). Our 
data structure is simply an adjacency list representation of the directed graph. 

Our maintenance algorithm guarantees that all nodes have outdegree at 
most Ll, where Ll is a parameter depending on the arboricity c. In Sect. 3 we 
show that Ll = 4c results in the time bounds stated in the introduction. 

Pseudo code for our maintenance algorithm is given in Fig. 1. The list of 
nodes reachable by a directed edge from u is denoted adj[u]. Nodes with degree 
larger than Ll are stored on a stack S, and a node v is pushed onto S when its 
out degree increases from Ll to Ll + 1. 

A query Adjacent( u, v) is answered by searching the adjacency lists of u 
and v. In Insert(u, v), v is first inserted into the adjacency list of u. If u gets out­
degree Ll+ 1, repeatedly a node w with out degree larger than Ll is picked, and the 
orientation of all outgoing edges from w is changed, such that w gets outdegree 
zero. This continues until all nodes have out degree at most Ll. The operation 
Delete(u, v) simply removes the corresponding directed edge, and Build(V, E) 
incrementally inserts the edges (u,v) E E in any order, using Insert(u,v). 

proc Adjacent(u,v) 
return (v E adj[u] or u E adj[v]) 

proc Delete( u, v) 
adj[u] := adj[u] \ {v} 
adj[v] := adj[v] \ {u} 

proc Build(V, E) 
foraH v E V 

adj[v] := 0 
foraH (u, v) E E 

Insert(u,v) 

proc Insert( u, v) 
adj[u] := adj[u] U {v} 
if ladj [u] I = Ll + 1 

S:= {u} 
while S =1= 0 

w:= Pop(S) 
foreach x E adj[w] 

adj[x] := adj[x] U {w} 
if ladj[x] I = Ll + 1 

Push(S, x) 
adj[w]:= 0 

Fig. 1. Pseudo code for the procedures. 

3 Analysis 

We first give some definitions. An arboricity c preserving sequence of edge in­
sertions and edge deletions on a graph G, initially of arboricity at most c, is a 
sequence of operations where the arboricity stays bounded by c during the en­
tire sequence. Given two orientations (V, Ei ) and (V, Ei+1), the number of edge 
reorientations between (V, Ei ) and (V, Ei+d is the number of edges which are 
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present in both graphs but with different orientations, i.e. edges (u, v) where 
(u,v) E Ei and (v,u) E Ei+1 or vice versa. 

The following lemma allows us to compare the presented algorithm with any 
algorithm based on assigning orientations to the edges. 

Lemma 1 (Main reduction). Given an arboricity c preserving sequence (j of 
edge insertions and deletions on an initially empty graph, let Gi be the graph 
after the i'th operation, and let k be the number of edge insertions. 

If there exists a sequence Go, G1 , ... , Glul of 6-orientations with at most r 
edge reorientations in total, then the algorithm performs at most 

Ll+ 1 
(k + r) Ll + 1 _ 26 

edge reorientations in total on the sequence (j, provided Ll ~ 26. 

Proof. We analyze the algorithm by comparing the edge orientations assigned 
by it to the 6-orientations Gi = (V, Ei). An edge (u,v) E Ei is denoted good 
if (u, v) by the algorithm has been assigned the same orientation as in Ei , i.e. 
v E adj[u] and (u, v) E Ei or u E adj[v] and (v, u) E Ei. Otherwise (u, v) E Ei is 
bad. To analyze the number of reorientations done by the algorithm, we consider 
the following non-negative potential: 

Iji = the number of bad edges in the current Ei . 

Initially, Iji = O. Each of the k edges inserted and r edge reorientations in the 
<5-orientations Gi increases Iji by at most one. Deleting edges cannot increase Iji. 
Consider an iteration of the while loop where the orientation is changed of the 
outgoing edges of a node w with outdegree at least Ll + 1. At most <5 outgoing 
edges of w can be good (since the orientations Gi are 6-orientations). By changing 
the orientation of the outgoing edges of w, at most <5 good edges become bad, 
and the remaining at least Ll + 1 - 6 bad edges become good. It follows that Iji 
decreases by at least Ll + 1- 26 in each iteration of the while loop. The number 
of iterations of the while loop is therefore at most (k + r)/(Ll + 1 - 26). The 
total number of times a good edge is made bad in the while loop is at most 
6(k + r)/(Ll + 1- 26), implying that at most k +r + 6(k + r)/(Ll + 1- 26) times 
a bad edge is made good in the while loop. In total, the algorithm does at most 
(k +r)(l + 26/(Ll + 1- 26)) edge reorientations. Rearranging gives the result. 0 

Lemma 2. Let G = (V, E) be a graph with arboricity at most c, let G = (V, E) 
an orientation of G, and let 6> c. In G, if u E V has outdegree at least 6 then 
there exists a node v with outdegree less than 6 and a directed path from u to v 
containing at most fiOgc5/c IVIl edges. 

Proof. In the following, we consider the graph G, and let Vi ~ V be the set 
of nodes reachable from u by directed paths containing at most i edges, i.e. 
Vo = {u} and Vi+l = Vi U {w E V 13w' E Vi : (w',w) E E}. 
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For i ~ 1, we prove by induction that if all nodes in Vi have out degree at 
least IS, then I Vi I > (IS / c) i. Since VI contains u and at least IS nodes adjacent to 
u, we have IVII ~ 1 + IS > IS/c. For i ~ 1, assume IViI > (IS/C)i and all nodes 
in Vi have outdegree at least IS, i.e. the total number of outgoing edges from 
nodes in Vi is at least ISIViI, and by definition of Vi+1 these edges connect nodes 
in Vi+lo Because any subgraph (V', E') of G also has arboricity at most c, i.e. 
lV'l ~ 1 + IE/I/c, we have I Vi +1 1 ~ 1 + (1SIViI)/c > (IS/C)i+l. 

If all nodes in Vi have outdegree at least IS then IVI > IViI > (IS/C)i, from 
which we have i < logo/c IVI and the lemma follows. 0 

Lemma 3. Given an arboricity c preserving sequence of edge insertions and 
deletions on an initially empty graph, there for any IS > c exists a sequence of 
IS-orientations, such that 

1. for each edge insertion there are no edge reorientations, 
2. for each edge deletion there are at most flogo/c 1V11 edge reorientations. 

Proof. Let k denote the number of edge insertions and deletions, and let Gi = 
(V, E i ) denote the graph after the i'th operation, for i = 0, ... , k, with Eo = 0. 
Since G k has arboricity at most c, we by Theorem 1 have a c-orientation (h of 
Gk, which is a IS-orientation since IS ~ c. 

We now construct IS-orientations Gi = (V, Ei ) inductively in decreasing order 
on i. If Gi+1 follows from G i by inserting edge (u, v), i.e. Gi follows by deleting 
edge (u, v) from Gi+1 , we let Ei = Ei+1 \ {(u, v), (v, un. If Oi+l is a IS-orientation, 
then Oi is also a IS-orientation. If Gi+1 follows from Gi by deleting edge (u, v), i.e. 
Gi follows from Gi+l by inserting edge (u, v), there are two cases to consider. If 
u in G i+ 1 has outdegree less than IS, then we set Ei = Ei+ 1 U {( u, v n. Otherwise 
u has outdegree IS in Oi+l, and by Lemma 2 there exists a node v' with outdegree 
less than IS in Oi+l, and a directed path in Oi+l from u to v' containing at most 
pogo/c 1V11 edges. By letting Ei be Ei+1 with the orientation of the edges in p 
reversed, plus the edge (u, v), only the out degree of v' increases by one. In both 
cases Oi is a 15-orientation if Oi+1 is a 15-orientation. 0 

Theorem 2. In an arboricity c preserving sequence of operations starling with 
an empty graph, the algorithm for d/2 ~ 8 > c supporls Insert(u,v) in 
amorlized O( L1~t.2205) time, Build(V, E) in amorlized O(IVI + lEI L1~t~2o) time, 
Delete( u, v) in amortized O( d + L1~t:20 logo / c IV I) time, and Adjacent( u, v) in 
worst case Oed) time. 

Proof. The worst-case time for Delete(u, v) and Adjacent(u, v) are clearly O(Ll), 
and the worst case time for Insert( u, v) is 0(1) plus the time spent in the 
while loop for reorientating edges, and since Build(V, E) is implemented us­
ing Insert(u, v), this takes O(IVI + lEI) time plus the time spent in the while 
loop for reorientating edges. 

Combining Lemmas 1 and 3 gives that for any 8 satisfying Ll/2 ~ 8 > 
c, a sequence of a edge insertions and b edge deletions requires at most 
(a + b pogo / cIVil) L1~t.220 edge reorientations. This implies that the amortized 
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number of edge reorientations for an edge insertion is at most L1~t~20' and that 
the amortized number of edge reorientations for an edge deletion is at most 

L1~t!20 pogo/c 1V11· 0 

One possible choice of parameters in Theorem 2 is .1 = 4c and 6 = ~c, which 
gives: 

Theorelll 3. In an arboricity c preserving sequence of operations starting with 
an empty graph, the algorithm with .1 = 4c supports Insert(u, v) in amortized 
0(1) time, Build(V, E) in amortized O(IVI + lEI) time, Delete(u, v) in amortized 
O(c + log IVI) time, and Adjacent(u, v) in worst case O(c) time. 

4 Discussion 

By Theorem 1 there exists a c-orientation of any graph of arboricity bounded 
by a constant c. Interestingly, by Theorem 4 below such an orientation cannot 
be maintained in less than linear time per operation in the dynamic case. 

Theorelll 4. Let A be an algorithm maintaining orientations on edges during 
insertion and deletion of edges in a graph with n nodes. If A guarantees that no 
node ever has outdegree larger than c, provided that the arboricity of the graph 
stays bounded by c, then for at least one of the operations insert and delete, A 
can be forced to change the orientation of fl(n/c2 ) edges, even when considering 
amortized complexity. 

Proof. For any even integer k > 2, consider the graph on c . k nodes shown 
below (with c = 4). Let the j'th node in the i'th row be labeled Vi,j, where 
i = 0,1, ... , c - 1 and j = 0,1, ... , k - 1. The graph can be decomposed into 
c2 edge-disjoint paths Ta,b, for a, b = 0,1, ... , c - 1, where Ta,b is the path 
through the points va,O , Vb,l, V a ,2 , Vb,3 , ... , Vb,k-l. In Figure 2, the path TO,2 is 
highlighted. 

k 

Fig. 2. 

To this graph, we c times add c - 1 edges between nodes at the rightmost 
and leftmost ends of the graph in such a way that c of the paths Ta,b are con­
catenated into one path. More precisely, for each r = 0,1, ... , c - 1, the c paths 
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Ti,i+rmod c, i = 0,1, ... , c - 1, are concatenated into one path Ur by adding the 
edges (Vi+rmod c,k-l, Vi+l,O), i = 0,1, ... ,c- 2. To exemplify, Uo consists of the 
c horizontal paths Ti,i, i = 0,1, ... ,c - 1, concatenated by the c - 1 new edges 
(VO,k-l, Vl,O), (Vl,k-l , V2,O), . .. ,(Vc-2,k-l , Vc-l,O). 

As the resulting graph G is composed of the e edge-disjoint paths Ur , r = 
0,1, ... ,e - 1, it has arboricity at most e. Its number of nodes n is c . k and its 
number of edges m is e2 (k - 1) + e(c - 1) = e2 k - c. Counting edges gives that 
for any orientation on the edges of this graph with an outdegree of e or less for 
all nodes, at most e of the nodes can have out degree strictly less than c. Hence 
there is a contiguous section of D(kle) columns of the graph where all nodes 
have out degree equal to c. 

Let t be the index of a column in the middle of this section. Now remove the 
edge (VO,k-l , Vl,O) and add the edge (VO,t, Vl,t). The resulting graph still has 
arboricity at most e, as it can be decomposed into the paths U1 , U2 , ... , Uc - 1 

and a tree Uo (derived from Uo by the described change of one edge), all of which 
are edge-disjoint. 

One of the nodes VO,t and Vl,t now has outdegree e+ 1, and the algorithm must 
change the orientation of some edges. Note that the change of orientation of one 
edge effectively moves a count of one between the outdegrees of two neighboring 
nodes. As all paths in the graph between the overflowing node and a node with 
outdegree strictly less than c have length D(kle) = D(nlc2 ), at least this number 
of edges must have their orientation changed. As we can return to the graph G 
by deleting (VO,t, Vl,t) and inserting (VO,k-l , Vl,O) again, the entire process can 
be repeated, and hence the lower bound also holds when considering amortized 
complexity. 0 

In our algorithm, Ll ~ 2c + 2 is necessary for the analysis of Lemma 2. A 
theoretically interesting direction for further research is to determine exactly 
how the complexity of maintaining a Ll-orientation changes when Ll ranges from 
c to 2c. Note that Lemma 2 in a non-constructive way shows that (e + 1)­
orientations can be maintained in a logarithmic number of edge reorientations 
per operation. 

The dependency on c in the time bounds of Theorems 2 and 3 can be varied 
somewhat by changing the implementation of the adjacency lists. The bounds 
stated hold for unordered lists. If balanced search trees are used, the occurrences 
of c in the time bounds in Theorem 3 for Adjacent( u, v) and Delete( u, v) become 
log e, at the expense of the amortized complexity of Insert( u, v) increasing from 
0(1) to O(log c). If we assume that we have a pointer to the edge in question 
when performing Delete( u, v) (i.e. a pointer to the occurrence of v in u's adja­
cency list, if the edge has been directed from u to v), then the dependency on c 
can be removed from the time bound for this operation. 

In the algorithm, we have so far assumed that the bound c on the arboricity 
is known. If this is not the case, an adaptive version can be achieved by letting 
the algorithm continually count the number of edge reorientations that it makes. 
If the count at some point exceeds the bound in Theorem 2 for the current value 
of Ll, the algorithm doubles Ll, resets the counter and performs a Build(V, E) 
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operation. As Build(V, E) takes linear time, this scheme only adds an additive 
term of log c to the amortized complexity of Insert( u, v). If the algorithm must 
adapt to decreasing as well as increasing arboricity, the sequence of operations 
can be divided into phases of length B(IEI), after which the value of L\ is reset 
to some small value, the counter is reset, and a Build(V, E) is done. 

5 Open problems 

An obvious open question is whether both Insert( u, v) and Delete( u, v) can be 
supported in amortized 0(1) time. Note that any improvement of Lemma 3, e.g. 
by an algorithm maintaining edge orientations in an amortized sublogarithmic 
number of edge reorientations per operation (even if it takes, say, exponen­
tial time), will imply a correspondingly improved analysis of our algorithm, by 
Lemma 1. Conversely, by the negation of this statement, lower bounds proved 
for our algorithm will imply lower bounds on all algorithms maintaining edge 
orientations. 

A succinct graph representation which supports Insert( u, v) and Delete( u, v) 
efficiently in the worst case sense would also be interesting. 
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Abstract. The data sets for many of today's computer applications are 
too large to fit within the computer's internal memory and must instead 
be stored on external storage devices such as disks. A major performance 
bottleneck can be the input/output communication (or I/O) between the 
external and internal memories. In this paper we discuss a variety of on­
line data structures for external memory-some very old and some very 
new-such as hashing (for dictionaries), B-trees (for dictionaries and 1-D 
range search), buffer trees (for batched dynamic problems), interval trees 
with weight-balanced B-trees (for stabbing queries), priority search trees 
(for 3-sided 2-D range search), and R-trees and other spatial structures. 
We also discuss several open problems along the way. 

1 Introduction 

The Input/Output communication (or simply I/O) between the fast internal memory 
and the slow external memory (such as disk) can be a bottleneck in applications that 
process massive amounts of data [33]. One promising approach is to design algorithms 
and data structures that bypass the virtual memory system and explicitly manage their 
own I/O. We refer to such algorithms and data structures as external memory (or EM) 
algorithms and data structures. (The terms out-of-core algorithms and I/O algorithms 
are also sometimes used.) We concentrate in this paper on the design and analysis of 
online EM memory data structures. 

The three primary measures of performance of an algorithm or data structure are 
the number of I/O operations performed, the amount of disk space used, and the internal 
(parallel) computation time. For reasons of brevity we shall focus in this paper on only 
the first two measures. Most of the algorithms we mention run in optimal CPU time, 
at least for the single-processor case. 

1.1 Disk Model 

We can capture the main properties of magnetic disks and multiple disk systems by the 
commonly-used parallel disk model (PDM) introduced by Vitter and Shriver [69]. Data 
is transferred in large units of blocks of size B so as to amortize the latency of moving 
the read-write head and waiting for the disk to spin into position. Storage systems such 

* Supported in part by the Army Research Office through MURI grant DAAH04-96-1-0013 and 
by the National Science Foundation through research grants CCR-9522047 and EIA-9870734. 
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as RAID use multiple disks to get more bandwidth [22,39]. The principal parameters 
of PDM are the following: 

N = problem input data size (items); 

Z = problem output data size (items); 

M = size of internal memory (items); 

B = size of disk block (items); 

D = # independent disks, 

where M < Nand 1 S DB S M. The 
first four parameters are all defined 
in units of items. For notational con­
venience, we define the corresponding 
parameters in units of blocks: 

N 
n=-· 

B' 
z 

Z= _. 

B' 
M 

m=Fi· 

t ~ 
Block I/~ 
size B 

For simplicity, we restrict our attention in this paper to the single-disk case D = 1, 
since online data structures that use a single disk can generally be transformed auto­
matically by the technique of disk striping to make optimal use of multiple disks [68]. 

Programs that perform well in terms of PDM will generally perform well when 
implemented on real systems [68]. More complex and precise models have been formu­
lated [59,62,10]. Hierarchical (multilevel) memory models are discussed in [68] and its 
references. 

1.2 Design Goals for Online Data Structures 

Online data structures support the operation of query on a collection of data items. The 
nature of the query depends upon the application at hand. For example, in dictionary 
data structures, a query consists of finding the item (if any) that has a specified key 
value. In orthogonal range search, the data items are points in d-dimensional space lRd , 

for some d, and a query involves finding all the points in a specified query d-dimensional 
rectangle. Other types of queries include point location, nearest neighbor, finding in­
tersections, etc. 

When the data items do not change and the data structure can be preprocessed 
before any queries are done, the data structure is known as static. When the data 
structure supports insertions and deletions of items, intermixed with the queries, the 
data structure is called dynamic. The primary theoretical challenges in the design and 
analysis of online EM data structures are three-fold: 

1. to answer queries in O(logB N + z} I/Os, 
2. to use only a linear amount of disk storage space, and 
3. to do updates (in the case of dynamic data structures) in O(logB N) I/Os. 

These criteria correspond to the natural lower bounds for online search in the com­
parison model. The three criteria are problem-dependent, and for some problems they 
cannot be met. For dictionary queries, we can do better using hashing, achieving 0(1) 
I/Os per query on the average. 

Criterion 1 combines together the I/O cost O(logB N) of the search component 
of queries with the I/O cost O( I z 1) for reporting the output, because when one cost 
is much larger than the other, the query algorithm has the extra freedom to follow a 
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filtering paradigm [19], in which both the search component and the output reporting 
are allowed to use the larger number of I/Os. For example, when the output size Z is 
large, the search component can afford to be somewhat sloppy as long as it doesn't use 
more than O(z) I/Os; and when Z is small, the Z output items do not have to reside 
compactly in only O( r z 1) blocks. Filtering is an important design paradigm in online 
EM data structures. 

For many of the online problems we consider, there is a data structure (such as 
binary search trees) for the internal memory version of the problem that can answer 
queries in O(log N + Z) CPU time, but if we use the same data structure naively in an 
external memory setting (using virtual memory to handle page management), a query 
may require S?(log N +Z) I/Os, which is excessive. 1 The goal is to build locality directly 
into the data structure and explicitly manage I/O so that the log Nand Z terms in 
the I/O bounds of the naive approach are replaced by 10gB Nand z, respectively. The 
relative speedup in I/O performance, namely, (log N + Z)/(logB N + z), is at least 
(log N) / 10gB N = log B, which is significant in practice, and it can be as much as 
Z/z = B for large Z. 

1.3 Overview of Paper 

In Section 2 we discuss EM hashing methods for dictionary applications. The most 
popular EM data structure is the B-tree structure, which provides excellent perfor­
mance for dictionary operations and one-dimensional range searching. We give several 
variants and applications of B-trees in Section 3. We look at several aspects of multi­
dimensional range search in Section 4. The contents of this paper are modifications of 
a broader survey by the author [68] with several additions. The reader is also referred 
to other surveys of online data structures for external memory [4,27,32,56]. 

2 Hashing for Online Dictionary Search 

Dictionary operations consist of insert, delete, and lookup. Given a value x, the lookup 
operation returns the item(s), if any, in the structure with key value x. The two main 
types of EM dictionaries are tree-based approaches (which we defer to Section 3) and 
hashing. The common element of all EM hashing algorithms is a pre-defined hash 
function hash: {all possible keys} --> {O, 1, 2, ... ,K - 1} that assigns the N items to 
K address locations in a uniform manner. 

The goals in EM hashing are to achieve an average of 0(1) I/Os per insert and 
delete, O( r z 1) I/Os per lookup, and linear disk space. Most traditional hashing methods 
use a statically allocated table and thus can handle only a fixed range of N. The 
challenge is to develop dynamic EM structures that adapt smoothly to widely varying 
values of N. 

EM hashing methods fall into one of two categories: directory methods and di­
rectoryless methods. Fagin et al. [29] proposed the following directory scheme, called 
extendible hashing: Let us assume that the size K of the range of the hash function 
hash is sufficiently large. The directory, for d ~ 0, consists of a table of 2d pointers. 
Each item is assigned to the table location corresponding to the d least significant bits 
of its hash address. The value of d is set to the smallest value for which each table 
location has at most B items assigned to it. Each table location contains a pointer to 
a block where its items are stored. Thus, a lookup takes two I/Os: one to access the 

1 We use the notation log N to denote the binary (base 2) logarithm log2 N. For bases other than 2, 
the base will be specified explicitly, as in the base-B logarithm 10gB N. 
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directory and one to access the block storing the item. If the directory fits in internal 
memory, only one I/O is needed. 

Many table locations may few items assigned to them, and for purposes of mini­
mizing storage utilization, they can share the same disk block for storing their items. 
A table location shares a disk block with all the locations having the same k least 
significant bits, where k is chosen to be as small as possible so that the pooled items 
fit into a single disk block. Different table locations may have different values of k. 

When a new item is inserted, and its disk block overflows, the items in the block 
are redistributed so that the invariants on d and k once again hold. Each time d 
is incremented by 1, the directory doubles in size, which is how extendible hashing 
adapts to a growing N. The pointers in the new directory are initialized to point to 
the appropriate disk blocks. The important point is that the disk blocks themselves do 
not need to be disturbed during doubling, except for the one block that splits. 

Extendible hashing can handle deletions in a symmetric way by merging blocks. 
The combined size of the blocks being merged must be sufficiently less than B to 
prevent immediate splitting after a subsequent insertion. The directory shrinks by half 
(and d is decremented by 1) when all the local depths are less than the current value 
of d. 

The expected number of disk blocks required to store the data items is asymptot­
ically n/ In 2 ~ n/O.69; that is, the blocks tend to be about 69% full [54J. At least 
D(n/ B) blocks are needed to store the directory. Flajolet [30J showed on the average 
that the directory uses 8(N I I Bn/B) = 8(N1+ I IB /B2) blocks, which can be super­
linear in N asymptotically! However, in practice the NII B term is a small constant, 
typically less than 2. 

A disadvantage of directory schemes is that two I/Os rather than one I/O are 
required when the directory is stored in external memory. Litwin [50J developed a 
directoryless method called linear hashing that expands the number of data blocks in 
a controlled regular fashion. In contrast to directory schemes, the blocks in directory less 
methods are chosen for splitting in a predefined order. Thus the block that splits is 
usually not the block that has overflowed, so some of the blocks may require auxiliary 
overflow lists to store items assigned to them. On the other hand, directory less methods 
have the advantage that there is no need for access to a directory structure, and thus 
searches often require only one I/O. A more detailed survey of methods for dynamic 
hashing is given in [27J. 

The above hashing schemes and their many variants work very well for dictionary 
applications in the average case, but have poor worst-case performance. They also do 
not support sequential search, such as retrieving all the items with key value in a 
specified range. Some clever work has been done on order-preserving hash functions, 
in which items with sequential keys are stored in the same block or in adjacent blocks, 
but the search performance is less robust and tends to deteriorate because of unwanted 
collisions. (See [32J for a survey.). A much more popular approach is to use multiway 
trees, which we explore next. 

3 Spatial Data Structures 

In this section we consider online EM data structures for storing and querying spatial 
data. A fundamental database primitive in spatial databases and geographic informa­
tion systems (GIS) is orthogonal range search, which includes dictionary lookup as a 
special case. A range query, for a given d-dimensional rectangle, returns all the points 
in the interior of the rectangle. We use range searching in this section as the canonical 
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query on spatial data. Other types of spatial queries include point location queries, ray 
shooting queries, nearest neighbor queries, and intersection queries, but for brevity we 
restrict our attention primarily to range searching. 

Spatial data structures tend to be of two types: space-driven or data-driven. Quad 
trees and grid files are space-driven since they are based upon a partitioning of the 
embedding space, somewhat akin to using order-preserving hash functions, whereas 
methods like R-trees and kd-trees are organized by partitioning the data items them­
selves. We shall discuss primarily the latter type in this section. 

3.1 B-trees and Variants 

Tree-based data structures arise naturally in the online setting, in which the data can 
be updated and queries must be processed immediately. Binary trees have a host of 
applications in the RAM model. In order to exploit block transfer, trees in external 
memory use a block for each node, which can store 8(B) pointers and data values. The 
well-known B-tree due to Bayer and McCreight [12,24,46]' which is probably the most 
widely used EM nontrivial data structure in practice, is a balanced multiway tree with 
height roughly 10gB N and with node degree 8(B). (The root node is allowed to have 
smaller degree.) B-trees support dynamic dictionary operations and one-dimensional 
range search optimally in the comparison model, satisfying the three design criteria 
of Section 1.2. When a node overflows during an insertion, it splits into two half-full 
nodes, and if the splitting causes the parent node to overflow, the parent node splits, 
and so on. Splittings can thus propagate up to the root, which is how the tree grows 
in height. 

In the B+ -tree variant, pictured in Figure 1, all the items are stored in the leaves, 
and the leaves are linked together in symmetric order to facilitate range queries and 
sequential access. The internal nodes store only key values and pointers and thus can 
have a higher branching factor. In the most popular variant of B+ -trees, called B*­
trees, splitting can usually be postponed when a node overflows, by instead "sharing" 
the node's data with one of its adjacent siblings. The node needs to be split only if the 
sibling is also full; when that happens, the node splits into two, and its data and those 
of its full sibling are evenly redistributed, making each of the three nodes about 2/3 
full. This local optimization reduces how often new nodes must be created and thus 
increases the storage utilization. And since there are fewer nodes in the tree, search I/O 
costs are lower. When no sharing is done (as in B+ -trees), Yao [71) shows that nodes 
are roughly In 2 ~ 69% full on the average, assuming random insertions. With sharing 
(as in B*-trees), the average storage utilization increases to about 2In(3/2) ~ 81% [9, 
49). Storage utilization can be increased further by sharing among several siblings, but 
insertions and deletions get more complicated. 

Persistent versions of B-trees have been developed by Becker et al. [13) and Varman 
and Verma [65). Lomet and Salzberg [52) explore mechanisms to add concurrency and 
recovery to B-trees. 

Arge and Vitter [8] give a useful variant of B-trees called weight-balanced B-trees 
with the property that the number of data items in any subtree of height his 8(ah ), 

for some fixed parameter a of order B. (By contrast, the sizes of subtrees at level h in 
a regular B-tree can differ by a multiplicative factor that is exponential in h.) When 
a node on level h gets rebalanced, no further rebalancing is needed until its subtree 
is updated Q(a h ) times. This feature can support applications in which the cost to 
rebalance a node is O(w), allowing the rebalancing to be done in an amortized (and 
often worst-case) way with 0(1) I/Os. Weight-balanced B-trees were originally con­
ceived as part of an optimal dynamic EM interval tree data structure for answering 
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Level 2 

Level I 

Leaves 

Fig. 1. B+ -tree multiway search tree. Each internal and leaf node corresponds to a 
disk block. All the items are stored in the leaves; the darker portion of each leaf block 
indicates how full it is. The internal nodes store only key values and pointers, 8(B) 
of them per node. Although not indicated here, the leaf blocks are linked together 
sequentially. 

stabbing queries, which we discuss in Section 4.1, but they also have applications to the 
internal memory RAM model [8,36). For example, by setting a to a constant, we get a 
simple, worst-case implementation of interval trees in internal memory. They also serve 
as a simpler and worst-case alternative to the data structure in [70) for augmenting 
one-dimensional data structures with range restriction capabilities. 

Weight-balanced B-trees can also be used to maintain parent pointers efficiently 
in the worst case: When a node splits during overflow, it costs 8(B) I/Os to update 
parent pointers. We can reduce the cost via amortization arguments and global re­
building to only 8(logB N) I/Os, since nodes do not split too often. However, this 
approach will not work if the B-tree needs to support cut and concatenate operations. 
Agarwal et al. [1) develop an interesting variant of B-trees with parent pointers, called 
level-balanced B-trees, in which the local balancing condition on the degree of nodes 
is replaced by a global balancing condition on the number of nodes at each level of 
the tree. Level-balanced B-trees support search and order operations in O(lOgB N + z) 
I/Os, and the update operations insert, delete, cut, and concatenate can be done in 
O( (1 + (b/ B) (log", n) 10gb N) I/Os amortized, for any 2 :::; b :::; B /2, which is bounded 
by O((logB N)2). Agarwal et al. [1) use level-balanced B-trees in a data structure for 
point location in monotone subdivisions, which supports queries and (amortized) up­
dates in O((logB N)2) I/Os. They also use it to dynamically maintain planar st-graphs 
using O( (1 + (b/ B)(logm n) 10gb N) I/Os (amortized) per update, so that reachability 
queries can be answered in O(logB N) I/Os (worst-case). It is open as to whether 
these results can be improved. One question is how to deal with non-monotone sub­
divisions. Another question is whether level-balanced B-trees can be implemented in 
O(logB N) I/Os per update, so as to satisfy all three design criteria. Such an improve­
ment would immediately give an optimal dynamic structure for reachability queries in 
planar st-graphs. 

3.2 Buffer Trees 

Many batched problems III computational geometry can be solved by plane sweep 
techniques. For example, to compute orthogonal segment intersections, we can keep 
maintain the vertical segments hit by a horizontal sweep line moving from top to 
bottom. If we use a B-tree to store the active vertical segments, each insertion and 
query will take D(logB N) I/Os, resulting in a huge I/O cost of D(NlogB N), which 
can be more than B times larger than the desired bound of O( n log", n). One solution 
suggested in [67) is to use a binary tree in which items are pushed lazily down the tree 
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in blocks of B items at a time. The binary nature of the tree results in a data structure 
of height", logn, yielding a total I/O bound of O(nlogn), which is still nonoptimal 
by a significant log m factor. 

Arge [5] developed the elegant buffer tree data structure to support batched dynamic 
operations such as in the sweep line example, where the queries do not have to be 
answered right away or in any particular order. The buffer tree is a balanced multi way 
tree, but with degree 8(m), except possibly for the root. Its key distinguishing feature 
is that each node has a buffer that can store M items (Le., m blocks of items). Items in 
a node are not pushed down to the children until the buffer fills. Emptying the buffer 
requires O(m) I/Os, which amortizes the cost of distributing the M items to the 8(m) 
children. Each item incurs an amortized cost of O(m/M) = O(1/B) I/Os per level. 
Queries and updates thus take O((1/B) log", n) I/Os amortized. Buffer trees can be 
used as a subroutine in the standard sweep line algorithm in order to get an optimal 
EM algorithm for orthogonal segment intersection. Arge showed how to extend buffer 
trees to implement segment trees [15] in external memory in a batched dynamic setting 
by reducing the node degrees to 8( Vm) and by introducing multislabs in each node, 
which we explain later in a different context. 

Buffer trees have an ever-expanding list of applications. They provide, for example, 
a natural amortized implementation of priority queues for use in applications like dis­
crete event simulation, sweeping, and list ranking. Brodal and Katajainen [17] provide 
a worst-case optimal priority queue, in the sense that every sequence of B insert and 
delete-min operations requires only O(log", n) I/Os. 

3.3 R-trees and Multidimensional Spatial Structures 

The R-tree of Guttman [37] and its many variants are an elegant multidimensional 
generalization of the B-tree for storing a variety of geometric objects, such as points, 
segments, polygons, and polyhedra, using linear storage space. Internal nodes have 
degree 8(B) (except possibly the root), and leaves store 8(B) items. Each node in the 
tree has associated with it a bounding box (or bounding polygon) of all the elements in 
its subtree. A big difference between R-trees and B-trees is that in R-trees the bounding 
boxes of sibling nodes are allowed overlap. If an R-tree is being used for point location, 
for example, a point may lie within the bounding box of several children of the current 
node in the search. In that case the search must proceed to all such children. 

Several heuristics for where to insert new items into an R-tree and how to rebalance 
it are surveyed in [4,32,34]. The methods perform well in many practical cases, espe­
cially in low dimensions, but they have poor worst-case bounds. An interesting open 
problem is whether nontrivial bounds can be proven for the "typical-case" behavior 
of R-trees for problems such as range searching and point location. Similar questions 
apply to the methods discussed in the previous section. 

The R *-tree variant of Beckmann et al. [14] seems to give best overall query perfor­
mance. Precomputing an R*-tree by repeated insertions, however, is extremely slow. 
A faster alternative is to use the Hilbert R-tree of Kamel and Faloutsos [41,42]. Each 
item is labeled with the position of its center on the Hilbert space-filling curve, and 
a B-tree is built in a bottom-up manner on the totally ordered labels. Bulk loading a 
Hilbert R-tree is therefore easy once the center points are presorted, but the quality of 
the Hilbert R-tree in terms of query performance is not as good as that of an R*-tree, 
especially for higher-dimensional data [16,43]. 

Arge et al. [6] and van den Bercken et al. [64] have independently devised fast bulk 
loading methods for R*-trees that are based upon buffer trees. Experiments indicate 
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Fig. 2. Different types of 2-D orthogonal range queries: (a) Diagonal corner 2-sided 
query, (b) 2-sided query, (c) 3-sided query, (d) general 4-sided query. 

that the former method is especially efficient and can even support dynamic batched 
updates and queries. 

Related linear-space multidimensional structures, which correspond to multiway 
versions of well-known internal memory structures like quad trees and kd-trees, include 
grid files [40,48,55]' kd-B-trees [58), buddy trees [61]. and hB-trees [28,51). We refer 
the reader to [4,32,56) for a broad survey of these and other interesting methods. 

4 Online Multidimensional Range Searching 

Multidimensional range search is a fundamental primitive in several online geomet­
ric applications, and it provides indexing support for new constraint data models and 
object-oriented data models . (See [44) for background.) For many types ofrange search­
ing problems, it is very difficult to develop theoretically optimal algorithms that sat­
isfy the three design criteria of Section 1.2. We have seen some linear-space online 
data structures in Section 3.3, but their query performance is not optimal. Many open 
problems remain. 

We shall see in Section 4.3 for general 2-D orthogonal queries that it is not possible 
to satisfy criteria 1 and 2 simultaneously, for a fairly general computational model: 
At least n (n(log n) /log(logB N + 1)) disk blocks of space must be used to achieve 
a query bound of O((logB Nt + z) 110s per query, for any constant c. A natural 
question is whether criterion 1 can be met if the disk space allowance is increased to 
O( n(log n)1 log (10gB N + 1)) blocks. And since the lower bound applies only to general 
rectangular queries, it is natural to ask whether there are data structures that meet 
criteria 1-3 for interesting special cases of 2-D range searching, such as those pictured 
in Figure 2. Fortunately, the answers to both questions are "yes!", as we shall explore 
in the next section. 

4.1 Data Structures for 2-D Orthogonal Range Searching 

An obvious paradigm for developing an efficient EM data structure is to "externalize" 
an existing data structure that works well when the problem fits into internal memory. 
If the internal memory data structure uses a binary tree, then a multiway tree has 
to be used instead. However, it can be difficult when searching a B-tree to report the 
outputs in an output-sensitive manner. For example, for certain searching applications, 
each of the 8(B) subtrees of a given node in a B-tree may contribute one item to the 
query output , which will require each subtree to be explored (costing several 1/ 0s) 
just to report a single output item. Fortunately, the data structure can sometimes be 
augmented with a set of filtering substructures, each of which is a data structure for a 
smaller version of the same problem, in order to achieve output-sensitive reporting. We 
refer to this approach as the bootstrapping paradigm. Each substructure typically needs 
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to store only 0(B2) items and to answer queries in O(logB B2 + Z'I B) = O(fZ'1 Bl) 
I10s, where Z' is the number of items reported. The substructure is allowed to be 
static if it can be constructed in O(B) I10s, since we can keep updates in a separate 
buffer and do a global rebuilding in O(B) Ii0s when there are 8(B) updates. Such a 
rebuilding costs 0(1) II0s per update in the amortized sense, but the amortization for 
the substructures can often be removed and made worst-case by use of weight-balanced 
B-trees as the underlying B-tree structure. 

Arge and Vitter [8] first uncovered the bootstrapping paradigm while designing 
an optimal dynamic EM data structure for diagonal corner 2-sided 2-D queries (see 
Figure 2(a)) that meets all three design criteria of Section 1.2. Diagonal corner 2-sided 
queries are equivalent to stabbing queries: Given a set of one-dimensional intervals, 
report all the intervals that contain the query value x. (Such intervals are said to be 
"stabbed" by x.) The global data structure is a multiway version of the well-known 
interval tree data structure [25,26), which supports stabbing queries in O(log N + Z) 
CPU time and updates in O(log N) CPU time and uses O(N) space. It is externalized 
by using a weight-balanced B-tree as the underlying base tree, where the nodes have 
degree 8( VJj) so that multislabs can be introduced. Each node in the base tree cor­
responds in a natural way to a one-dimensional range of x-values; its 8( VJj) children 
correspond to subranges called slabs, and the 8( VJj2) = 8(B) contiguous sets of slabs 
are called multislabs. 

Each inputed interval is stored in the lowest node v in the base tree whose range 
completely contains the interval. The interval is decomposed by v's slabs into at most 
three parts: the middle part that completely spans one or more slabs of v, the left end 
that partially protrudes into a slab Wleft, and the right end that partially protrudes 
into a slab Wright. The three parts are stored in substructures of v: The middle part is 
stored in a list associated with the multislab it spans, the left part is stored in a list 
for Wleft ordered by left endpoint, and the right part is stored in a list for Wright ordered 
by right endpoint. 

Given a query value x, the intervals stabbed by x reside in the substructures of the 
nodes of the base tree along the search path for x. For each such node v, we consider 
each of v's multislabs that contains x and report all the intervals in its list. We also 
walk sequentially through the right-ordered list and left-ordered list for the slab of v 
that contains x, reporting intervals in an output-sensitive way. 

The big problem with this approach is that we have to look at the list for each 
of v's multislabs that contains x, regardless of how many intervals are in the list. For 
example, there may be 8(B) such multislab lists, but each list may contain only a few 
stabbed intervals (or worse yet, none at all!). The resulting query performance will be 
highly nonoptimal. The solution, according to the bootstrapping paradigm, is to use a 
substructure in each node consisting of an optimal static data structure for a smaller 
version of the same problem; a good choice is the corner data structure developed by 
Kanellakis et al. [44). The corner substructure is used to store all the intervals from the 
"sparse" multislab lists, namely, those that contain fewer than B intervals, and thus the 
substructure contains only 0(B2) intervals. When visiting node v, we access only v's 
non-sparse multislabs lists, each of which contributes Z' ~ B intervals to the output, 
at an output-sensitive cost of O(Z'IB) I10s, for some Z'. The remaining Z" stabbed 
intervals stored in v can be found by querying v's corner substructure of size 0(B2), 
at a cost of O( r Z"I Bl) l/Os, which is output-sensitive. Since there are O(logB N) 
nodes along the search path, the total collection of Z stabbed intervals are reported in 
a O(logB N + z) I10s, which is optimal. The use of a weight-balanced B-tree as the 
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underlying base tree permits the rebuilding of the static substructures in worst-case 
optimal I/O bounds. 

Stabbing queries are important because, when combined with one-dimensional 
range queries, they provide a solution to dynamic interval management, in which one­
dimensional intervals can be inserted and deleted, and intersection queries can be 
performed. These operations support indexing of one-dimensional constraints in con­
straint databases. Other applications of stabbing queries arise in graphics and GIS. 
For example, Chiang and Silva [23) apply the EM interval tree structure to extract 
at query time the boundary components of the isosurface (or contour) of a surface. A 
data structure for a related problem, which in addition has optimal output complexity, 
appears in [3]. The above bootstrapping approach also yields dynamic EM segment 
trees with optimal query and update bound and O(nlogB N)-block space usage. 

Arge et al. [7) provide another example of the bootstrapping paradigm by devel­
oping an optimal dynamic EM data structure for 3-sided 2-D range searching (see 
Figure 2(c)) that meets all three design criteria. The global structure is an externaliza­
tion of the optimal structure for internal memory-the priority search tree [53)-using 
a weight-balanced B-tree as the underlying base tree. Each node in the base tree cor­
responds to a one-dimensional range of x-values, and its 8(B) children correspond to 
subranges consisting of vertical slabs. Each node v contains a small substructure that 
supports 3-sided queries. Its substructure stores the "Y-set" Y( w) for each of the 8(B) 
slabs (children) w of v. The Y-set Y( w) consists of the highest 8(B) points in w's slab 
that are not already stored in an ancestor of v. Thus, there are a total of 8(B2) points 
stored in v's substructure. 

A 3-sided query of the form [Xl, X2) X [YI, (0) is answered by visiting a set of nodes 
in the base tree, starting with the root, and querying the substructure of each node. 
The following rule is used to determine which children of a visited node v should be 
visited: We visit v's child w if either 

1. w is along the leftmost search path for Xl or the rightmost search path for X2 in 
the base tree, or 

2. the entire Y -set Y (w) is reported when v is visited. 

(See Figure 3.) Rule 2 provides an effective filtering mechanism to guarantee output­
sensitive reporting when Rule 1 is not satisfied: The I/O cost for initially accessing a 
child node w can be charged to the 8(B) points in Y(w) reported from v's substructure; 
conversely, if not all of Y(w) is reported, then the points stored in w's subtree will be 
too low to satisfy the query, and there is no need to visit w. (See Figure 3(b).) 

Arge et al. [7) also provide an elegant and optimal static data structure for 3-
sided range search, which can be used in the EM priority search tree described above 
to implement the substructures containing O(B2) points. The static structure is a 
persistent version of a data structure for one-dimensional range search. When used for 
O(B2) points, it occupies O(B) blocks, can be built in O(B) I/Os, and supports 3-sided 
queries in O( r z' / Bl) I/Os per query, where Z' is the number of points reported. The 
static structure is so simple that it may be useful in practice on its own. 

The dynamic data structure for 3-sided range searching can be generalized using 
the filtering technique of Chazelle [19) to handle general 4-sided queries with optimal 
query bound O(logB N) and optimal disk space usage O( n(log n)/ log (10g B N + 1)) [7). 
The update bound becomes O((logB N)(logn)/log(logB N + 1)). The outer level of 
the structure is a (10gB N + I)-way one-dimensional search tree; each 4-sided query is 
reduced to two 3-sided queries, a stabbing query, and 10gB N list traversals. 



362 

.~ .. 
'. . I·. • 

. . l :· • • • 
' . . 

... 
w, w, ", ", ", 

(.J (b) 

Fig. 3. Internal node v of the EM priority search tree, with slabs (children) Wl, W2, 

... , W5. The V-sets of each slab, which are stored collectively in v's substructure, are 
indicated by the bold points. (a) The 3-sided query is completely contained in the 
x-range of W2. The relevant (bold) points are reported from v's substructure, and the 
query is recursively answered in W2. (b) The 3-sided query spans several slabs. The 
relevant (bold) points are reported from v's substructure, and the query is recursively 
answered in W2, W3, and W5. The query is not extended to W4 in this case because not 
all of its V-set Y(W4) (stored in v's substructure) satisfies the query, and as a result 
none of the points stored in W4'S subtree can satisfy the query. 

Earlier work on 2-sided and 3-sided queries was done by Ramaswamy and Subra­
manian [57] using the notion of path caching; their structure met criterion 1 but had 
higher storage overheads and amortized and/or nonoptimal update bounds. Subrama­
nian and Ramaswamy [63] subsequently developed the p-range tree data structure for 
3-sided queries, with optimal linear disk space and nearly optimal query and amortized 
update bounds. They got a static data structure for 4-sided range search with the same 
query bound by applying the filtering technique of Chazelle [19]. The structure can be 
modified to perform updates, by use of a weight-balanced B-tree as the underlying base 
tree and the dynamization techniques of [7], but the resulting update bound will be 
amortized and nonoptimal, as a consequence of the use of their 3-sided data structure. 

4.2 Other Range Searching Data Structures 

For other types of range searching, such as in higher dimensions and for non orthogonal 
queries, different filtering techniques are needed. So far, relatively little work has been 
done, and many open problems remain. 

Vengroff and Vitter [66] develop the first theoretically near-optimal EM data struc­
ture for static three-dimensional orthogonal range searching. They create a hierarchical 
partitioning in which all the points that dominate a query point are densely contained 
in a set of blocks. Compression techniques are needed to minimize disk storage. With 
some recent modifications by the author, queries can be done in O(logB N + z) I/Os, 
which is optimal, and the space usage is O(n(logn)k j (log (10gB N + l))k) disk blocks 
to support (3 + k )-sided 3-D range queries, in which k of the dimensions (0 ::; k ::; 3) 
have finite ranges. The space bounds are optimal for 3-sided 3-D queries (i.e., k = 0) 
and 4-sided 3-D queries (i.e., k = 1). The result also provides optimal O(log N + Z)­
time query performance in the RAM model using linear space for answering 3-sided 
3-D queries, improving upon the result in [21]. 

Agarwal et al. [2] consider halfspace range searching, in which a query is specified 
by a hyperplane and a bit indicating one of its two sides, and the output of the query 
consists of all the points on that side of the hyperplane. They give various data struc­
tures for halfspace range searching in two, three, and higher dimensions, including one 
that works for simplex (polygon) queries in two dimensions, but with a higher query 
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I/O cost. They have subsequently improved the storage bounds to get an optimal static 
data structure satisfying criteria 1 and 2 for 2-D halfspace range queries. 

The number of I/Os needed to build the data structures for 3-D orthogonal range 
search and halfspace range search is rather large (more than fl(N)). Still, the struc­
tures shed useful light on the complexity of range searching and may open the way 
to improved solutions. An open problem is to design efficient construction and update 
algorithms and to improve upon the constant factors. 

Callahan et al. [18] develop dynamic EM data structures for several online problems 
such as finding an approximately nearest neighbor and maintaining the closest pair of 
vertices. Numerous other data structures have been developed for range queries and 
related problems on spatial data. We refer to [4,32,56] for a broad survey. 

4.3 Lower Bounds for Orthogonal Range Searching 

As mentioned above, Subramanian and Ramaswamy [63] prove that no EM 
data structure for 2-D range searching can achieve criterion 1 using less than 
O(n(logn)/log(logB N + 1)) disk blocks, even if we relax 1 to allow O(logB Nt + z) 
I/Os per query, for any constant c. The result holds for an EM version of the pointer 
machine model, based upon the approach of Chazelle [20] for internal memory. 

Hellerstein et al. [38] consider a generalization of the layout-based lower bound 
argument of Kanellakis et al. [44] for studying the tradeoff between disk space us­
age and query performance. They develop a model for indexability, in which an "ef­
ficient" data structure is expected to contain the Z output points to a query com­
pactly within 0 ( r Z / Bl) = 0 ( r z 1) blocks. One shortcoming of the model is that it 
considers only data layout and ignores the search component of queries, and thus it 
rules out the important filtering paradigm discussed earlier in Section 4. For exam­
ple, it is reasonable for any query algorithm to perform at least 10gB N I/Os, so if 
the output size Z is at most B, an algorithm may still be able to satisfy criterion 1 
even if the output is contained within O(logB N) blocks rather than O(z) = 0(1) 
blocks. Arge et al. [7] modify the model to rederive the same nonlinear space lower 
bound O(n(logn)/log(logB N + 1)) of Subramanian and Ramaswamy [63] for 2-D 
range searching by considering only output sizes Z larger than (10gB Nt B, for which 
the number of blocks allowed to hold the outputs is Z / B = 0 (10gB N)C + z). This 
approach ignores the complexity of how to find the relevant blocks, but as mentioned in 
Section 4.1 the authors separately provide an optimal 2-D range search data structure 
that uses the same amount of disk space and does queries in the optimal O(logB N + z) 
I/Os. Thus, despite its shortcomings, the index ability model is elegant and can provide 
much insight into the complexity of blocking data in external memory. Further results 
in this model appear in [47,60]. 

One intuition from the indexability model is that less disk space is needed to ef­
ficiently answer 2-D queries when the queries have bounded aspect ratio (i.e., when 
the ratio of the longest side length to the shortest side length of the query rectangle is 
bounded). An interesting question is whether R-trees and the linear-space structures of 
Section 3.3 can be shown to perform provably well for such queries. Another interesting 
scenario is where the queries correspond to snapshots of the continuous movement of 
a sliding rectangle. 

When the data structure is restricted to contain only a single copy of each point, 
Kanth and Singh [45] show for a restricted class of index-based trees that d-dimensional 
range queries in the worst case require fl(n 1- 1 / d + z) I/Os, and they provide a data 
structure with a matching bound. Another approach to achieve the same bound is the 
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cross tree data structure of Grossi and Italiano (35), which in addition supports the 
operations of cut and concatenate. 

5 Conclusions 

In this paper we have surveyed several useful paradigms and techniques for the design 
and implementation of efficient online data structures for external memory. For lack 
of space, we didn't cover several interesting geometric search problems, such as point 
location, ray shooting queries, nearest neighbor queries, where most EM problems 
remain open, nor the rich areas of string processing and combinatorial graph problems. 
We refer the reader to [4,31,68) and the references therein. 

A variety of interesting challenges remain in range searching, such as methods for 
high dimensions and nonorthogonal searches as well as the analysis of R-trees and 
linear-space methods for typical-case scenarios. Another problem is to prove lower 
bounds without the indivisibility assumption. A continuing goal is to translate theo­
retical gains into observable improvements in practice. For some of the problems that 
can be solved optimally up to a constant factor, the constant overhead is too large for 
the algorithm to be of practical use, and simpler approaches are needed. 

Online issue also arise in the analysis of batched EM algorithms: In practice, 
batched algorithms must adapt in a robust and online way when the memory allo­
cation changes, and online techniques can play an important role. Some initial work 
has been done on memory-adaptive EM algorithms in a competitive framework (11). 
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