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Preface

The plastic method has been used extensively by engineers for the
design of steel structures, including simple beams, continuous beams,
and simple portal frames. Traditionally, the analysis is based on the
rigid-plastic theory whereby the plastic collapse load is evaluated
through virtual work formulation in which elastic deflection is
ignored. For more complex frames, specialist computer packages for
elastoplastic analysis are usually employed. Current publications on
plastic design method provide means of analysis based on either vir-
tual work formulation or sophisticated plastic theory contained in
specialist computer packages. This book aims to bridge this gap.

The advent of computers has enabled practicing engineers to
perform linear and nonlinear elastic analysis on a daily basis using
computer programs widely available commercially. The results from
computer analysis are transferred routinely to tools with automated
calculation formats such as spreadsheets for design. The use of this
routine procedure is commonplace for design based on elastic, geo-
metrically nonlinear analysis. However, commercially available com-
puter programs for plastic analysis are still a rarity among the
engineering community.

This book emphasizes a plastic analysis method based on the
hinge by hinge concept. Frames of any degree of complexity can be
analyzed plastically using this method. This method is based on the
elastoplastic analysis procedure where a linear elastic analysis, per-
formed either manually or by computers, is used between the forma-
tion of consecutive plastic hinges. The results of the linear elastic
analysis are used in a proforma created in a spreadsheet environment
where the next plastic hinge formation can be predicted automatically
and the corresponding culmulative forces and deflections calculated.
In addition, a successive approximation method is described to take
account of the effect of force interaction on the evaluation of the col-
lapse load of a structure. This method can be performed using results
from analysis obtained from most commercially available computer
programs.

The successive approximation method is an indirect way to
obtain the collapse load of structures using iterative procedures. For
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X Preface

direct calculation of the collapse load without using iterative proce-
dures, special formulations, possibly with ad-hoc computer program-
ming, according to the plastic theory must be used. Nowadays, the
stiffness method is the most popular and recognized method for struc-
tural analysis. This book provides a theoretical treatment for deriva-
tion of the stiffness matrices for different states of plasticity in an
element for the stiffness method of analysis. The theory is based on
the plastic flow rule and the concept of yield surface is introduced.

An introduction to the use of the linear programming technique
for plastic analysis is provided in a single chapter in this book. This
powerful and advanced method for plastic analysis is described in
detail using optimization procedures. Its use is important in an auto-
mated computational environment and is particularly important for
researchers working in the area of nonlinear structural plastic analysis.
This chapter was written by Professor Francis Tin-Loi, a prominent
researcher in the use of mathematical programming methods for
plastic analysis of structures.

In this book, new insights into various issues related to plastic
analysis and design are given, such as the effect of high temperature
on plastic collapse load and the use of plastic rotation capacity as a
limit state for plastic design. Based on the elastoplastic approach, an
interpolation procedure is introduced to calculate the design forces
and deflections at the design load level rather than at the collapse load
level.

In the final chapter of this book, a comparison among design
codes from Australia, Europe, and the United States for plastic design
method is given. This comparison enables practicing engineers to
understand the issues involved in the plastic design procedures and
the limitations imposed by this design method.

Bill Wong
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CHAPTER 1

Structural Analysis—
Stittness Method

1.1 Introduction

Computer programs for plastic analysis of framed structures have
been in existence for some time. Some programs, such as those devel-
oped earlier by, among others, Wang,' Jennings and Majid,> and
Davies,® and later by Chen and Sohal,* perform plastic analysis for
frames of considerable size. However, most of these computer pro-
grams were written as specialist programs specifically for linear or
nonlinear plastic analysis. Unlike linear elastic analysis computer
programs, which are commonly available commercially, computer
programs for plastic analysis are not as accessible. Indeed, very few,
if any, are being used for daily routine design in engineering offices.
This may be because of the perception by many engineers that the
plastic design method is used only for certain types of usually simple
structures, such as beams and portal frames. This perception dis-
courages commercial software developers from developing computer
programs for plastic analysis because of their limited applications.

Contrary to the traditional thinking that plastic analysis is per-
formed either by simple manual methods for simple structures or by
sophisticated computer programs written for more general applica-
tions, this book intends to introduce general plastic analysis methods,
which take advantage of the availability of modern computational
tools, such as linear elastic analysis programs and spreadsheet applica-
tions. These computational tools are in routine use in most engi-
neering design offices nowadays. The powerful number-crunching
capability of these tools enables plastic analysis and design to be per-
formed for structures of virtually any size.

The amount of computation required for structural analysis is
largely dependent on the degree of statical indeterminacy of the
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2. Plastic Analysis and Design of Steel Structures

structure. For determinate structures, use of equilibrium conditions
alone will enable the reactions and internal forces to be determined.
For indeterminate structures, internal forces are calculated by consid-
ering both equilibrium and compatibility conditions, through which
some methods of structural analysis suitable for computer applica-
tions have been developed. The use of these methods for analyzing
indeterminate structures is usually not simple, and computers are
often used for carrying out these analyses. Most structures in practice
are statically indeterminate.

Structural analysis, whether linear or nonlinear, is mostly based
on matrix formulations to handle the enormous amount of numerical
data and computations. Matrix formulations are suitable for computer
implementation and can be applied to two major methods of struc-
tural analysis: the flexibility (or force) method and the stiffness (or dis-
placement) method.

The flexibility method is used to solve equilibrium and compat-
ibility equations in which the reactions and member forces are
formulated as unknown variables. In this method, the degree of stat-
ical indeterminacy needs to be determined first and a number of
unknown forces are chosen and released so that the remaining struc-
ture, called the primary structure, becomes determinate. The pri-
mary structure under the externally applied loads is analyzed and
its displacement is calculated. A unit value for each of the chosen
released forces, called redundant forces, is then applied to the pri-
mary structure (without the externally applied loads) so that, from
the force-displacement relationship, displacements of the structure
are calculated. The structure with each of the redundant forces is
called the redundant structure. The compatibility conditions based
on the deformation between the primary structure and the redundant
structures are used to set up a matrix equation from which the
redundant forces can be solved.

The solution procedure for the force method requires selection of
the redundant forces in the original indeterminate structure and the
subsequent establishment of the matrix equation from the compati-
bility conditions. This procedure is not particularly suitable for com-
puter programming and the force method is therefore usually used
only for simple structures.

In contrast, formulation of the matrix equations for the stiffness
method is done routinely and the solution procedure is systematic.
Therefore, the stiffness method is adopted in most structural analysis
computer programs. The stiffness method is particularly useful for
structures with a high degree of statical indeterminacy, although
it can be used for both determinate and indeterminate structures.
The stiffness method is used in the elastoplastic analysis described
in this book and the basis of this method is given in this chapter.
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Structural Analysis—Stiffness Method 3

In particular, the direct stiffness method, a variant of the general stiff-
ness method, is described. For a brief history of the stiffness method,
refer to the review by Samuelsson and Zienkiewicz.®

1.2 Degrees of Freedom and Indeterminacy

Plastic analysis is used to obtain the behavior of a structure at collapse.
As the structure approaches its collapse state when the loads are increas-
ing, the structure becomes increasingly flexible in its stiffness. Its
flexibility at any stage of loading is related to the degree of statical inde-
terminacy, which keeps decreasing as plastic hinges occur with the
increasing loads. This section aims to describe a method to distinguish
between determinate and indeterminate structures by examining the
degrees of freedom of structural frames. The number of degrees of free-
dom of a structure denotes the independent movements of the structural
members at the joints, including the supports. Hence, it is an indication
of the size of the structural problem. The degrees of freedom of a struc-
ture are counted in relation to a reference coordinate system.

External loads are applied to a structure causing movements at
various locations. For frames, these locations are usually defined
at the joints for calculation purposes. Thus, the maximum number
of independent displacements, including both rotational and transla-
tional movements at the joints, is equal to the number of degrees of
freedom of the structure. To identify the number of degrees of freedom
of a structure, each independent displacement is assigned a number,
called the freedom code, in ascending order in the global coordinate
system of the structure.

Figure 1.1 shows a frame with 7 degrees of freedom. Note that the
pinned joint at C allows the two members BC and CD to rotate indepen-
dently, thus giving rise to two freedoms in rotation at the joint.

In structural analysis, the degree of statical indeterminacy is
important, as its value may determine whether the structure

2O

CIp>

FIGURE 1.1. Degrees of freedom of a frame.
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4 Plastic Analysis and Design of Steel Structures

is globally unstable or stable. If the structure is stable, the degree of
statical indeterminacy is, in general, proportional to the level of com-
plexity for solving the structural problem.

The method described here for determining the degree of statical
indeterminacy of a structure is based on that by Rangasami and
Mallick.®

Only plane frames will be dealt with here, although the method
can be extended to three-dimensional frames.

1.2.1 Degree of Statical Indeterminacy of Frames

For a free member in a plane frame, the number of possible displace-
ments is three: horizontal, vertical, and rotational. If there are n mem-
bers in the structure, the total number of possible displacements,
denoted by m, before any displacement restraints are considered, is

m=3n (1.1)

For two members connected at a joint, some or all of the displa-
cements at the joint are common to the two members and these com-
mon displacements are considered restraints. In this method for
determining the degree of statical indeterminacy, every joint is con-
sidered as imposing r number of restraints if the number of common
displacements between the members is r. The ground or foundation
is considered as a noncounting member and has no freedom. Figure 1.2
indicates the value of r for each type of joints or supports in a plane
frame.

For pinned joints with multiple members, the number of pinned
joints, p, is counted according to Figure 1.3. For example, for a four-
member pinned connection shown in Figure 1.3, a first joint is
counted by considering the connection of two members, a second
joint by the third member, and so on. The total number of pinned
joints for a four-member connection is therefore equal to three. In gen-
eral, the number of pinned joints connecting n members is p = n — 1.
The same method applies to fixed joints.

e L 77

r=1 r=2 r=3 r=2 r=3
(a) Roller (b) Pin (c) Fixed (d) Pin (e) Rigid (= fixed)

FIGURE 1.2. Restraints of joints.
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Structural Analysis—Stiffness Method 5

KK

No. of pins, p=1 No. of pins, p=2 No. of pins, p=3

FIGURE 1.3. Method for joint counting.

v
No. of pins, p=2.5

FIGURE 1.4. Joint counting of a pin with roller support.

For a connection at a roller support, as in the example shown in
Figure 1.4, it can be calculated that p = 2.5 pinned joints and that the
total number of restraints is r = 5.

The degree of statical indeterminacy, f,, of a structure is deter-
mined by

fI:m—Zr (1.2)

a. If f, = 0, the frame is stable and statically determinate.

b. If f, < 0, the frame is stable and statically indeterminate to the
degree f,.

c. If £, > 0, the frame is unstable.

Note that this method does not examine external instability or
partial collapse of the structure.

Example 1.1 Determine the degree of statical indeterminacy for the
pin-jointed truss shown in Figure 1.5.

77

(a) (b)

FIGURE 1.5. Determination of degree of statical indeterminacy in Example 1.1.
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6 Plastic Analysis and Design of Steel Structures

Solution. For the truss in Figure 1.5a, number of members n = 3; num-
ber of pinned joints p = 4.5.

Hence, f;, =3 x3 -2 x45=0 and the truss is a determinate
structure. For the truss in Figure 1.5b, number of members n = 2;
number of pinned joints p = 3.

Hence, [, =3x2—-2x3=0 and the truss is a determinate
structure.

Example 1.2 Determine the degree of statical indeterminacy for the
frame with mixed pin and rigid joints shown in Figure 1.6.

Co D

A F
#77_ —zzz7
FIGURE 1.6. Determination of degree of statical indeterminacy in Example 1.2.

Solution. For this frame, a member is counted as one between two
adjacent joints. Number of members = 6; number of rigid (or fixed)
joints = 5. Note that the joint between DE and EF is a rigid one,
whereas the joint between BE and DEF is a pinned one. Number of
pinned joints = 3.

Hence, f; =3 x 6 -3 x5 —2 x 3= -3 and the frame is an inde-
terminate structure to the degree 3.

1.3 Statically Indeterminate Structures—Direct
Stiffness Method

The spring system shown in Figure 1.7 demonstrates the use of the
stiffness method in its simplest form. The single degree of freedom
structure consists of an object supported by a linear spring obeying
Hooke’s law. For structural analysis, the weight, F, of the object and
the spring constant (or stiffness), K, are usually known. The purpose
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Structural Analysis—Stiffness Method 7

FIGURE 1.7. Load supported by linear spring.

of the structural analysis is to find the vertical displacement, D, and
the internal force in the spring, P.
From Hooke’s law,

F=KD (1.3)

Equation (1.3) is in fact the equilibrium equation of the system.
Hence, the displacement, D, of the object can be obtained by

D =F/K (1.4)
The displacement, d, of the spring is obviously equal to D. That is,
d=D (1.5)
The internal force in the spring, P, can be found by
P=Kd (1.6)

In this simple example, the procedure for using the stiffness
method is demonstrated through Equations (1.3) to (1.6). For a struc-
ture composed of a number of structural members with n degrees of
freedom, the equilibrium of the structure can be described by a num-
ber of equations analogous to Equation (1.3). These equations can be
expressed in matrix form as

{F}nxl = [K]nxn{D}nxl (17)

where {F}, ., is the load vector of size (n x 1) containing the external
loads, [K],,, is the structure stiffness matrix of size (n xn)
corresponding to the spring constant K in a single degree system
shown in Figure 1.7, and {D},, is the displacement vector of size
(n x 1) containing the unknown displacements at designated loca-
tions, usually at the joints of the structure.
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8 Plastic Analysis and Design of Steel Structures

The unknown displacement vector can be found by solving
Equation (1.7) as

{D} = [K]"'{F} (1.8

Details of the formation of {F}, [K], and {D} are given in the following
sections.

1.3.1 Local and Global Coordinate Systems

A framed structure consists of discrete members connected at joints,
which may be pinned or rigid. In a local coordinate system for a mem-
ber connecting two joints i and j, the member forces and the
corresponding displacements are shown in Figure 1.8, where the axial
forces are acting along the longitudinal axis of the member and the
shear forces are acting perpendicular to its longitudinal axis.

In Figure 1.8, M;;, 0;; = bending moments and corresponding
rotations at ends i, j, respectively; N;; u;; are axial forces and
corresponding axial deformations at ends i, j, respectively; and Q;},
v;; are shear forces and corresponding transverse displacements at
ends i, j, respectively. The directions of the actions and movements
shown in Figure 1.8 are positive when using the stiffness method.

As mentioned in Section 1.2, the freedom codes of a structure are
assigned in its global coordinate system. An example of a member
forming part of the structure with a set of freedom codes (1, 2, 3, 4,
5, 6) at its ends is shown in Figure 1.9. At either end of the member,
the direction in which the member is restrained from movement is
assigned a freedom code “zero,” otherwise a nonzero freedom code is
assigned. The relationship for forces and displacements between local
and global coordinate systems will be established in later sections.

) i

M; 6; N, u;

FIGURE 1.8. Local coordinate system for member forces and displacements.
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Structural Analysis—Stiffness Method 9

FIGURE 1.9. Freedom codes of a member in a global coordinate system.

1.4 Member Stiffness Matrix

The structure stiffness matrix [K] is assembled on the basis of the
equilibrium and compatibility conditions between the members. For
a general frame, the equilibrium matrix equation of a member is

{P} = [K.]{d} (1.9)

where {P} is the member force vector, [K,] is the member stiffness
matrix, and {d} is the member displacement vector, all in the mem-
ber’s local coordinate system. The elements of the matrices in Equa-
tion (1.9) are given as

Nl' KH 0 0 K14 0 0 u;

Q; 0 Ky Ky 0 Ky Ko Vi

_ ) ML, | 0 Kz Kz 0 Kz Kszp, _ )
Pr=0n K= 1g, 0 0 ku o o |19y
Qj 0 Ksp Ksz3 0 Ks5 Ksg Vi

M; 0 Kgp Kez 0 Kg Koo 0;

where the elements of {P} and {d} are shown in Figure 1.8.

1.4.1 Derivation of Elements of Member Stiffness Matrix

A member under axial forces N; and N; acting at its ends produces
axial displacements u; and u; as shown in Figure 1.10. From the
stress-strain relation, it can be shown that

Nj :%(uj—u,) (1103)
Nj :%(uj—uj) (1.101))
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10 Plastic Analysis and Design of Steel Structures

/ \ N,
Original position \//V i
T i -

FIGURE 1.10. Member under axial forces.

where E is Young’s modulus, A is cross-sectional area, and L is length
EA
of the member. Hence, K1 = —Ki4 = —Ky41 = Kyy = T
For a member with shear forces Q; Q; and bending moments
M;, M; acting at its ends as shown in Figure 1.11, the end displace-
ments and rotations are related to the bending moments by the
slope-deflection equations as

2EI 3 (Vj—Vl')
M; == [291+9, _T] (1.11a)
2EI 3 (V]'*Vj)
Mj ==~ |20;+0; ==~ (1.11b)
6EI 2EI 4EI
Hence, K62 = 7K65 = F, K63 = T, and K()() = T

By taking the moment about end j of the member in Figure 1.11,
we obtain

_ M;+M; _ 2EI

Qi T 72

[39#39,» - 6<V’Li_v)] (1.12a)

Displaced position

FIGURE 1.11. Member under shear forces and bending moments.
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Structural Analysis—Stiffness Method 11

Also, by taking the moment about end i of the member, we obtain

MM,
sz_( . 7):_Q1. (1.12b)

Hence,

12ET 6EI

Ky= Kss5= —Kps5= —Ksp = I3 and K= Kys= —Ks3= —Kgs = T2

In summary, the resulting member stiffness matrix is symmetric
about the diagonal:

[ EA EA 7
z 0 A 0
12EI 6EI 12EI 6EI
O = = Y -m
0 6EI 4E] 0 6EI 2EI
L2 L 12 L
[Ke] = EA 0 0 EA 0 0 (1.13)
T T
12EI 6EI 12EI 6EI
O - & Y T &
0 6EI 2EI 0 6EI 4E]
L2 L 12 L

1.5 Coordinates Transformation

In order to establish the equilibrium conditions between the member
forces in the local coordinate system and the externally applied loads
in the global coordinate system, the member forces are transformed
into the global coordinate system by force resolution. Figure 1.12
shows a member inclined at an angle « to the horizontal.

1.5.1 Load Transformation

"l

The forces in the global coordinate system shown with superscript “g
in Figure 1.12 are related to those in the local coordinate system by

H}= N;coso — Q; sina (1.14a)
V= N; sina + Q; cosa (1.14b)
M = M; (1.14c)
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12 Plastic Analysis and Design of Steel Structures

" N

v
,t‘/lg Mi /
M9
o J
m? i H
H

g

FIGURE 1.12. Forces in the local and global coordinate systems.

Similarly,
Hf = Nj cosa — Q; sina (1.14d)
V= Njsina + Qj cosu (1.14e)
ME = M, (1.14f)

In matrix form, Equations (1.14a) to (1.14f) can be expressed as
{F¢} = [T|{P} (1.15)

where{F;} is the member force vector in the global coordinate system
and [T] is the transformation matrix, both given as

Hf [cosa —sino O 0 0 07
Vlg sinoe coso O 0 0 0
M 0 0 1 0 0 0
{Fe} H and [T} 0 0 0 cosa —sina O
V;%" 0 0 0 sina cosa O
M Lo 0o o0 0o 0 1]

1.5.2 Displacement Transformation

The displacements in the global coordinate system can be related to
those in the local coordinate system by following the procedure simi-
lar to the force transformation. The displacements in both coordinate
systems are shown in Figure 1.13.

From Figure 1.13,

u; = uf cosa + v§ sino (1.16a)
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Structural Analysis—Stiffness Method 13

FIGURE 1.13. Displacements in the local and global coordinate systems.

vi = —uf sino + v§ cosu (1.16b)
0; = 0 (1.16¢)
uj = uf cosa + v sina (1.16d)
vj = —uf sino 4 v{ coso (1.16¢)
0; = 0¢ (1.16f)

In matrix form, Equations (1.16a) to (1.16f) can be expressed as
{d} = [T]"{D$} (1.17)

where {D$} is the member displacement vector in the global coordi-
nate system corresponding to the directions in which the freedom
codes are specified and is given as

(05} -

R N

and [T]' is the transpose of [T].

1.6 Member Stifiness Matrix in Global Coordinate System
From Equation (1.15),
{F} = [TI{P}
= [T][K J{d} from Equation (1.9)
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14  Plastic Analysis and Design of Steel Structures

= [T][K.][T)'{D%} from Equation (1.17)
(k)3 118

where [K§] = [T][K.][T]" = member stiffness matrix in the global coor-
dinate system.
An explicit expression for [K§] is

[ EA 12EI EA 12EI 6EI EA 12EI EA 12EI 6EI_
Y Rl 2 st o=t 2 =4 2 _ s o=
C L+S i SC(L L3) SL2 <C L+S L3> SC(L L3) SL2
EA 12EI 6EI EA 12EI EA 12EI 6EI
0 BA oel £A I R sy i
N L+C ) CL2 SC(L L3> (S L+C ) CL2
4EI GEI GEI 2EI
L 7 U L
g
[Ke]:
EA 12EI EA 12EI GEI
o B4 @ £A OEL
C i3 +S i SC I i S I
) EA 2 12ET GEI
Symmetric SZT +C i Cor
aE1
L
(1.19)

where C = cos o; S = sin a.

1.7 Assembly of Structure Stiffness Matrix

Consider part of a structure with four externally applied forces, F1, F2,
F4, and F5, and two applied moments, M3 and M6, acting at the
two joints p and g connecting three members A, B, and C as shown in
Figure 1.14. The freedom codes at joint p are {1, 2, 3} and at joint g are
{4, 5, 6. The structure stiffness matrix [K] is assembled on the basis of
two conditions: compatibility and equilibrium conditions at the joints.

1.7.1 Compatibility Condition

At joint p, the global displacements are D1 (horizontal), D2 (vertical),
and D3 (rotational). Similarly, at joint ¢, the global displacements are
D4 (horizontal), D5 (vertical), and D6 (rotational). The compatibility
condition is that the displacements (D1, D2, and D3) at end p of mem-
ber A are the same as those at end p of member B. Thus,
(), = (uf), = D1, (Vf) = (v§), = D2, and (Of)A = (6%)y = D3. The
same condition applies to displacements (D4, D5, and D6) at end g
of both members B and C.
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FIGURE 1.14. Assembly of structure stiffness matrix [K].

The member stiffness matrix in the global coordinate system
given in Equation (1.19) can be written as

kll klZ k13 k14 le kl()
kZl kZZ -Z(23 Z(24 k25 -Z(Z()
kSl k32 k33 k34 k35 k36
Ké| = 1.20
K= ke Ky Key ket Koo ke (1.20
kSl k52 k53 k54 k55 k56
kﬁl k62 k63 k64 k65 k66

12E1
L3’
For member A, from Equation (1.18),

where ki1 = Cz% + 82 etc.

(Hf)A = ot oo+ (Kag) 4 D1+ (kas) 4D + (ka) D3 (1.21a)
(vf)A = it e+ (Ksa) 4Dy + (kss) 4Da + (ksg) ,D3  (1.21D)
(Mf)A = ..... =+ ... =+ ... + (k64)AD1 + (k65)AD2 + (Z(66)AD3 (121C)

Similarly, for member B,

(Hf), = (ki1)gD1 + (k12) gDy + (k13) D3 + (k14) D4 + (K15)3Ds + (K16)3Ds
(1.21d)

(V)5 = (ko1)gD1 + (ka2)gDa + (k23) D3 4 (k24) gDa 4 (Kas5) g Ds + (Kae) 3 Ds
(1.21¢)

(Mg) , = (ka1)gD1 + (k32)gDa + (k33)gD3 + (k3a)gDa 4 (K35)5Ds + (Kae)3Ds
(1.21f)

www. Engi neeri ngEbooksPdf . conr



16 Plastic Analysis and Design of Steel Structures

(Hf)B = (ka1)pD1 + (kaz)gDa + (ka3) pD3 + (Kaa) yDa + (kas) D5 + (kae) g Ds

(1.21g)

(Vf)B = (ks1)gD1 + (ks2) D2 + (Ks3) D3 + (ksa) gDa + (kss)sDs + (ks) 5 Ds
(1.21h)

(M;?)B = (ke1) D1 + (kea)sD2 + (ke3)gDs + (kes)gDa + (kes)5Ds + (kes)5Ds
(1.21i)

Similarly, for member C,

(H) ;= (ki)oD1 + (ki2) D2 + (k13)cDs + woooe + v+ e (1.21j)
(Vf)C = (ka1)eD1 + (kag) oD + (kog) oD + oo + e + (1.21Kk)
(Mf)c = (k31)D1 + (k3p) oD + (K33) D3 + oo+ e 4 (1.211)

1.7.2 Equilibrium Condition

Any of the externally applied forces or moments applied in a certain
direction at a joint of a structure is equal to the sum of the member
forces acting in the same direction for members connected at that
joint in the global coordinate system. Therefore, at joint p,

F1 = (H§) + (H), (1.22a)

F2= (V) +(V8), (1.22b)

M3 = (MF) + (M), (1.22¢)
Also, at joint q,

F4 — (H;?)B + (H),, (1.224)

F5 = (V§) +(VH)q (1.22¢]

M6 = (Mf)B + (M), (1.22f)

By writing Equations (1.22a) to (1.22f) in matrix form using Equations
(1.21a) to (1.211) and applying this operation to the whole structure,
the following equilibrium equation of the whole structure is obtained:
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(1.23)

—_ = N =~~~
o

ki)e
ka)e

—_ = N =~ ~—

g+
g+
+
°

~ O~ ~ T =

(kas
(kss
kes

o O 0
L2 Q09
- 8 =
R G
P
T3 3+ + + e
H X K m oxom
P
<t < <t
<t w0
Y Y
T
M M/
P
LS B N )
— o
HE X = om o om
+ + + 3 B g e
< < < N X X

— N~

(ks
(kss
(kes

M M/

B mom

a a

—~ a0

ST T N
P

+ + + g g g e

R R T

n wn wn

<t b O

Y R

T

ISI
kor)p
k31)p

N N L L .y
+ + + 3T 3 T e
R R T
<+ < <
<t w0
] Y R
SIS

F1
F2
M3
F4
F5
M6
.
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18 Plastic Analysis and Design of Steel Structures

where the “e” stands for matrix coefficients contributed from the
other parts of the structure. In simple form, Equation (1.23) can be
written as

{F} = [K{D}
which is identical to Equation (1.7). Equation (1.23) shows how the
structure equilibrium equation is set up in terms of the load vector
{F}, structure stiffness matrix [K], and the displacement vector {D}.

Close examination of Equation (1.23) reveals that the stiffness
coefficients of the three members A, B, and C are assembled into [K]
in a way according to the freedom codes assigned to the members.
Take member A as an example. By writing the freedom codes in the
order of ends i and j around the member stiffness matrix in the global
coordinate system shown in Figure 1.15, the coefficient, for example,
ksq, is assembled into the position [2, 1] of [K]. Similarly, the coeffi-
cient k45 is assembled into the position [1, 2] of [K]. The coefficients
in all member stiffness matrices in the global coordinate system can
be assembled into [K] in this way. Since the resulting matrix is sym-
metric, only half of the coefficients need to be assembled.

A schematic diagram showing the assembly procedure for the
stiffness coefficients of the three members A, B, and C into [K] is
shown in Figure 1.16. Note that since [K§] is symmetric, [K] is also
symmetric. Any coefficients in a row or column corresponding to zero
freedom code will be ignored.

1.8 Load Vector

The load vector {F} of a structure is formed by assembling the individ-
ual forces into the load vector in positions corresponding to the direc-
tions of the freedom codes. For the example in Figure 1.14, the load
factor is given as that shown in Figure 1.17.

g ka1 ks kKsz Ky Kis Kag
[Ke]A: kit Kiz kaz Kys Kasetasi 11

ksi Koo ks3 Kssekss—Kser1- 2
Ks1 Keo Koz Kes Kes Kes| | 3

FIGURE 1.15. Assembly of stiffness coefficients into the structure stiffness
matrix.
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[KY] of member A

[K9] of member B

.......................................

1 [K] of structure

FIGURE 1.16. Assembly of structure stiffness matrix.

F1
F2
F3
Fi=-< -
73 F4
F5

F6

D 0~ W N =

FIGURE 1.17. Assembly of load vector.

1.9 Methods of Solution

The displacements of the structure can be found by solving Equation
(1.23). Because of the huge size of the matrix equation usually encoun-
tered in practice, Equation (1.23) is solved routinely by numerical
methods such as the Gaussian elimination method and the iterative
Gauss—Seidel method. It should be noted that in using these

www. Engi neeri ngEbooksPdf . conr



20 Plastic Analysis and Design of Steel Structures

numerical methods, the procedure is analogous to inverting the struc-
ture stiffness matrix, which is subsequently multiplied by the load
vector as in Equation (1.8):

{D} = [K]"'{F} (1.8)

The numerical procedure fails only if an inverted [K] cannot be
found. This situation occurs when the determinant of [K] is zero,
implying an unstable structure. Unstable structures with a degree of
statically indeterminacy, f, greater than zero (see Section 1.2) will
have a zero determinant of [K]. In numerical manipulation by compu-
ters, an exact zero is sometimes difficult to obtain. In such cases, a
good indication of an unstable structure is to examine the displace-
ment vector {D}, which would include some exceptionally large
values.

1.10 Calculation of Member Forces
Member forces are calculated according to Equation (1.9). Hence,
P} = [K,{d
{P} = [KJ{ }t (1.24)
= [K.] [T]'{D¢}

where {D%} is extracted from {D} for each member according to its
freedom codes and

12EI 12EI 6EI 12EI 12EI  6EI
ST ¢ o S ‘m o
6EI 6EI 4E] 6EI 6EI 2EI
S ‘w1 S ‘w1
t__
[RJITT = EA EA EA EA
<t S o ¢ s 0
12EI 12EI 6EI 12E1 12E1 6EI
ST °m owm S Yo
6EI G6EI 2EI 6EI 6EI 4EI
S ‘w1 Sm ‘w1

For the example in Figure 1.14,
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r EA EA EA EA T
C T S T 0 —-C T -S T 0

12EI 12EI 6EI 12EI 12EI G6EI
N, B R - R SR - RS R £ P
Q; GEI 6EI 4FE] 6EI 6EI 2EI D,
o) I E A - A - SR Al I I
N i - -C EA  _ S EA 0 C EA S EA 0 D4
Q; L L L L Ds
Mi SlZEI B 12EI 7@ g 12E1 CIZEI 7@ Ds

L3 L3 L2 L3 L3 L2

GEI 6EI 2EI 6EI GEI 4E]

S ¢ T S Y T

In summary, the procedure for using the stiffness method to calculate
the displacements of the structure and the member forces is as follows.

1. Assign freedom codes to each joint indicating the displace-
ment freedom at the ends of the members connected at that
joint. Assign a freedom code of “zero” to any restrained
displacement.

2. Assign an arrow to each member so that ends i and j are
defined. Also, the angle of orientation o for the member is
defined in Figure 1.18 as:

i A

) :

FIGURE 1.18. Definition of angle of orientation for member.

3. Assemble the structure stiffness matrix [K] from each of the
member stiffness matrices.
4. Form the load vector {F} of the structure.
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22, Plastic Analysis and Design of Steel Structures

5. Calculate 1the displacement vector {D} by solving for
(D} = K" {F}.

6. Extract the local displacement vector {D} from {D} and cal-
culate the member force vector {P} using {P} = [K.|[T]'{D5}.

1.10.1 Sign Convention for Member Force Diagrams

Positive member forces and displacements obtained from the stiffness
method of analysis are shown in Figure 1.19. To plot the forces in con-
ventional axial force, shear force, and bending moment diagrams, it is
necessary to translate them into a system commonly adopted for
plotting.

The sign convention for such a system is given as follows.

Axial Force
For a member under compression, the axial force at end i is positive
(from analysis) and at end j is negative (from analysis), as shown in
Figure 1.20.

Shear Force

A shear force plotted positive in diagram is acting upward (positive
from analysis) at end i and downward (negative from analysis) at
end j as shown in Figure 1.21. Positive shear force is usually plotted
in the space above the member.

FIGURE 1.19. Direction of positive forces and displacements using stiffness
method.

Compressive t 1
i

FIGURE 1.20. Member under compression.
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FIGURE 1.21. Positive shear forces.

Bending Moment

A member under sagging moment is positive in diagram (clockwise
and negative from analysis) at end 7 and positive (anticlockwise and pos-
itive from analysis) at end j as shown in Figure 1.22. Positive bending
moment is usually plotted in the space beneath the member. In doing
so, a bending moment is plotted on the tension face of the member.

FIGURE 1.22. Sagging moment of a member.

Example 1.3 Determine the member forces and plot the shear force
and bending moment diagrams for the structure shown in
Figure 1.23a. The structure with a pin at D is subject to a vertical force
of 100 kN being applied at C. For all members, E = 2 x 10® kN/m?,
A =02 m? and I = 0.001 m*.

Solution. The freedom codes for the whole structure are shown in
Figure 1.23b. There are four members separated by joints B, C, and
D with the member numbers shown. The arrows are assigned to

100 2 3 8
6
ikN 3*15,1‘{1.4 7
>—=(0D
B D B I_I (S
T T
2 (|: 4 2 Yo
m m
5m | [1]o [4]o
ad g
E Ob.o OjD,o

A
(a) Frame with applied load (b) Freedom codes

FIGURE 1.23. Example 1.3.
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24  Plastic Analysis and Design of Steel Structures

indicate end i (tail of arrow) and end j (head of arrow). Thus, the orien-

tations of the members are

Member 1: o = 90°
Member 2: o = 0°

Member 3: o = 0°

Member 4: o = 270° or -90°

The [K$] for the members with the assigned freedom codes for

the coefficients is

0 0 0
1.92 x 10* 0 —4.8 x 10*
8 x 10° 0
IKE), = 1.6 x 10°
el] —
Symmetric
1 2 3
2 x 107 0 0
3x10° 3x10°
RS, 4 x10°
Symmetric
4 5 6
1 x 107 0 0
3.75x 10* 7.5 x 10*
IKS], = 2 x 10°
Symmetric
7 8 10
1.92 x 10* 0 —4.8 x 10*
8 x 10° 0
(KE], = 1.6 x 10°
el4q —
Symmetric

1 2
—1.92 x 10* 0
0 —8 x 10°
4.8 x 10* 0
1.92 x 10* 0
8 x 10°
4 5
-2 x 107 0
0 -3 x10°
0 —3x10°
2 x 107 0
3x10°
7 8
—1x107 0
0 —-3.75 x 10*
0 —7.5 % 10*
1x 107 0
3.75 x 10*
0 0
—1.92 x 10* 0
0 —8 x 10°
—4.8 x 10* 0
1.92 x 10* 0
8 x 10°

3
—4.8 x 10*
0
8 x 10*
4.8 x10*
0
1.6 x 10°

@D e = O O O

6

0
3x10°
2 x 10°

—3x10°
4 x10°

9
0
7.5 x 10*
1 x10°
0
—-7.5 % 10*
2 x 10°

O 00NN A~

0
48 x10* |7
0 8

8 x 10*
—4.8 x 10*

By assembling from [K%] of all members, the structure stiffness

matrix is obtained:
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(K] =

[2.0019 x 107

0 48 x 10 -2 x 107
83x10° 3 x10° 0
5.6 x 10° 0
3 x 107
Symmetric

0 0
-3 x10° 3 x 10°
-3 x10° 2% 10°
0 0
3.375x 10° —2.25 x 10°
6 x 10°

1.0019 x 107
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-3.75 x 10*
—7.5 % 10*
0
8.0375 x 10°

[eoNoNoNe}

7.5 x 10*
1x10°

0
-7.5x%10*
2 x 10°

10*

»
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The load vector is given by

{F} =

and {D} = [K] " {F} =

1.354 x 107% )\ m
-9.236x107° | m
—6.770 x 10~* | radian

1354 x 1072 | m
~1.304 x 1072 | m
—3.713 x 107* ( radian

1.353 x107% | m
—3.264 x107° | m

6.733 x 107* | radian
—4.059 x 107* J radian

The member forces can be calculated using {P} = [K.][T]'{D%}.
For member 1, where C = cos 90° =0 and S = sin 90° = 1,

EA EA EA EA
CT ST 0 7CT 7ST 0
12EI 12E1 GEI 12E1 12EI  6EI
S o S m oo
N;
Q| | _gOE  GGEL 4EL (6EI _ GEI 2EI
M S D r S ‘T I
{P}1: T =
N;j oA gFA EA EA
Q C 7 N 7 0 C 7 N 7 0
M; 12EI 12E1 GEI 12E1 12E1 GEI
S o ST YT
6EI GEI 2EI 6EI GEI 4E1
S ‘m T S ‘w71
73.9 ) kN
—6.5 | kN
B 10.8 kNm
-73.9 [ kN
6.5 kN
—43.3 ) kNm
Similarly,
6.5 kN 6.5 kN
739 | kN 261 | kN
433 | kNm ~104.5 | kNm
P}, = AP}; = , and {P}, =
Ph=93 65 (1n 65 (kN {Ps
—-739 | kN 26.1 kN
104.5 ) kNm 0 kNm
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0
1.354 x 1073
—9.236 x 107¢
—6.770 x 107*
26.1 kN
6.5 kN
0 kNm
-26.1 [ kN
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Shear force diagram

73.

6.5 6.5
26.

Bending moment diagram

4330\

104.

10.8 325

FIGURE 1.24. Shear force and bending moment diagrams.

The shear force and bending moment diagrams are shown in
Figure 1.24.

1.11 Treatment of Internal Loads

So far, the discussion has concerned externally applied loads acting
only at joints of the structure. However, in many instances, externally
applied loads are also applied at locations other than the joints, such
as on part or whole of a member. Loads being applied in this manner
are termed internal loads. Internal loads may include distributed
loads, point loads, and loads due to temperature effects. In such cases,
the loads are calculated by treating the member as fixed-end, and
fixed-end forces, including axial forces, shear forces, and bending
moments, are calculated at its ends. The fictitiously fixed ends of
the member are then removed and the effects of the fixed-end forces,
now being treated as applied loads at the joints, are assessed using
the stiffness method of analysis.

In Figure 1.25, fixed-end forces due to the point load and the uni-
formly distributed load are collected in a fixed-end force vector {Pr}
for the member as
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Qe o L0 100 kN Qi Qg;
‘> Fl 20 kN/m ME<
(Y Y Y
Me <A M

FIGURE 1.25. Fixed-end forces.

{Pry=1"y" (1.25)

The signs of the forces in {Pr} should follow those shown in Figure
1.19. In equilibrium, fixed-end forces generate a set of equivalent
forces, equal in magnitude but opposite in sense and shown as Qg;,
Mgi, Qgj, Mg;, being applied at the joints pertaining to both ends i
and j of the member. The equivalent force vector is expressed as

0
—QFi

{Pg} = _](\)/I” (1.26)

If necessary, {Pg} is transformed into the global coordinate sys-
tem in a similar way given in Equation (1.15) to form

{Pi} = [T{Pg} (1.27)

which is added to the load vector {F} of the structure in accordance
with the freedom codes at the joints. Final member forces are calcu-
lated as the sum of the forces obtained from the global structural anal-
ysis and fixed-end forces {Pr}. That is,

{P} = [KcJ{d} + {PF} (1.28)
Fixed-end forces for two common loading cases are shown in

Table 1.1.

Example 1.4 Determine the forces in the members and plot the bend-
ing moment and shear force diagrams for the frame shown in
Figure 1.26a. The structure is fixed at A and pinned on a roller support

www. Engi neeri ngEbooksPdf . conr



TABLE 1.1
Fixed-end forces

Wb(%+0) MF; + MF;

w (load/length) Shear force at end i, Qp; Qri =
aaaaNl~ , L L
r Shear force at end j, Qp; Qrj = wb — Qp
al] b o) w s
! | = L = |J Bending moment at end i, Mg; My = T2 [(L —a)’(L+3a) — (4L — 36)}
| I
Bending moment at end j, Mg; My = f% [(L —¢)*(L+3c) —a’*(4L — Sa)}
2
2
lp Shear force at end i, Qp; QF = P(E) (1 + _a)
Ny 2 L L
. a | b / Shear force at end j, Qp; Qr =P — Qpi
I| I|_ ) Bending moment at end i, Mp; Mo — Pab?
| H=T
P 2
Bending moment at end j, Mg My = %b
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(a) Frame with applied load (b) Freedom
FIGURE 1.26. Example 1.4.

at C. For both members AB and BC, E = 2 x 10® kN/m?, A = 0.2 m?,
I=0.001 m*.

Solution. The structure has 5 degrees of freedom with a degree of stat-
ical indeterminacy of 2. Freedom codes corresponding to the 5 degrees
of freedom are shown in Figure 1.26b. The fixed-end force vector for
member 1 is

0
24
16
{P F } = 0
24
—16
The equivalent force vector is
0 0
-24 10
-16 10
{Pe} = {P %} = 0 1
-24 | 2
16 ) 3
which is added to the externally applied force to form
0 1
—104 | 2
(F}={ 16 %3
0 4
0 5

The orientations of the members are member 1: o = 0°, member
2: o = —45°. The stiffness matrices of the members in the global coor-
dinate system are
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0 0 0 1 2 3
1x 107 0 0 —1x107 0 0 0
3.75 x 10* 7.5 x 10* 0 —3.75x10* 75x10* |0
" 2% 10° 0 -75%x10*  1x10° |O
[Ke)y = 7
1x10 0 0 1
Symmetric 3.75x 10 —7.5x10* |2
2%x10° |3
1 2 3 4 0 5

0473 x 107 —0.4698 x 10°  4.714 x 10* —0.473 x 107 4.698 x 10°  4.714 x 10* |1

0473 x 107 —4.714 x 10* 4.698 x 10° —0.473 x 107 —4.714 x 10* | 2

(K8, = 1.886 x 10° —4.714 x 10*  4.714 x 10*  9.428 x 10* | 3
0473 x 107 4.698 x 10° —4.714 x 10* | 4

Symmetric 0473 x 107 4.714x10* |0

1.886 x 10° | 5

Hence, the structure stiffness matrix is assembled as

1.473 x 107 —4.698 x 10° 4.714 x 10 —4.730 x 10°  4.714 x 10*
4767 x 10°  —2.786 x 10*  4.698 x 10°  4.714 x 10*

K] = 3.886 x 10° —4.714 x 10*  9.428 x 10*
Symmetric 4.730 x 10°  —4.714 x 10*
1.886 x 10°

By solving the structure equilibrium equation, the displacement vec-
tor is determined as

0 m
-2.017x 1072 | m
{D} ={ —1.180 x 10~* } radian
2.013x107°% | m
1.066 x 1073 | radian
0 0 0 kN
66.8 24 90.8 | kN
139.5 16 155.5 | kNm
{P}; = [KJ{d} + {Pr} = 0 o0 (T 0 KN
—66.8 24 —42.8 | kN
127.7 -16 111.7 } kNm
26.3 kN
-26.3 | kN
—111.7 | kNm
{P}2 - [Ke]{d} - —26.3 kN
26.3 kN
0 kNm

The shear force and bending moment diagrams of the structure are
shown in Figure 1.27.
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90.8 155.5

42.8

26.3

C 111.7

26.3

(a) Shear force diagram (b) Bending moment

FIGURE 1.27. Results of Example 1.4.

1.12 Treatment of Pins

Example 1.3 demonstrates the analysis of a frame with a pin at joint D.
The way to treat the pin using the stiffness method for structural anal-
ysis is to allow the members attached to the pinned joint to rotate
independently, thus leading to the creation of different freedom codes
for rotations of individual members. When carrying out elastoplastic
analysis (Chapter 4) for structures using the stiffness method, the
plastic hinges, behaving in a way similar to a pin, are formed in stages
as the loads increase. In assigning different freedom codes to represent
the creation of plastic hinges in an elastoplastic analysis, the number
of degrees of freedom increases by one every time a plastic hinge is
formed. For a structure with a high degree of statical indeterminacy,
the increase in the number of freedom codes from the beginning
of the elastoplastic analysis to its collapse due to instability induced
by the formation of plastic hinges may be large. Elastoplastic analysis
using this method for simulating pin behavior, hereafter called the
extra freedom method, therefore requires increasing both the number
of equilibrium equations to be solved and the size of the structure
stiffness matrix [K], thus increasing the storage requirements for the
computer and decreasing the efficiency of the solution procedure. In
order to maintain the size of [K] and maximize computational effi-
ciency in an elastoplastic analysis, the behavior of a pin at the ends
of the member can be simulated implicitly by modifying the member
stiffness matrix [K,]. This latter method for pin behavior simulated
implicitly in the member stiffness matrix is called the condensation
method, which is described next.

1.12.1 Condensation Method

The rotational freedom for any member can be expressed explicitly
outside the domain of the stiffness matrix. In doing so, the rotational
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freedom is regarded as a variable dependent on other displacement
quantities and can be eliminated from the member stiffness matrix.
The process of elimination is called condensation and hence the name
of this method.

In using the condensation method, while the stiffness matrix of
the member needs to be modified according to its end connection con-
dition, the internal loads associated with that member also need to be
modified. There are three cases that need to be considered for a mem-
ber. They are (i) pin at end j, (ii) pin at end i, and (iii) pins at both ends.

Case i: Pin at end j

Consider part of a structure shown in Figure 1.28. The freedom codes
for member 2 with a pin at end j are {1,2,3,4,5,X} where the rota-
tional freedom X is treated as a dependent variable outside the struc-
ture equilibrium equation, leaving the member with only 5 freedom
codes pertaining to the structure stiffness matrix [K]. Note that the
rotational freedom code ‘6’ belongs to member 3.

From Equation (1.28) for member 2 with internal loads,

[ EA EA T
z o0 -7 0 0
12E1  6EI 12E1  6EI
O T T ° m
N; GEI  4EI 6EI  2EI Ui 0
Q; 0 — _— 0 —— = Vi QFi
M | L L L L 0, . Y
N (T | EA EA u; 0
=29 o == 0 0 i
Mix 12EI  GEI 1261 k1| \Oix M
O - & ° = T
0 6EI  2EI  ,  _G6E A
12 L L2 L
(1.29)

FIGURE 1.28. Member with a pin at end ;.
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where the rotation at end j is 0;x corresponding to a rotational freedom
code ‘X’. Expanding the last equation in Equation (1.29) and given
M;x =0 for a pin, 0;x can be derived as

3 1. .3 M

Oix = —57+Vi *59+IEV; " 4EI/L

(1.30)

By substituting Equation (1.30) into the other equations of Equa-
tion (1.29), a modified 5 x 5 member stiffness matrix, [K,;], and a
modified fixed-end force vector, {P,}, for a member with pin at end j
are obtained:

Nj u;
Qi Vi
M; » = [Kg,'] 0; p + {ij} (1.31)
N;j u;
Qj Vi
where
" EA EA :
- ° o -7 0
3EI  3EI 3EI
O T = Y =
3EI  3EI 3EI
Kl=1 ° = T % "1 1.3
EA EA
A
3EI  3EI 3EI
O - wm Y T
0
3MF7‘
0, QF1_ 9L
s Mo — M
{Pri} = My o =9 Mri——~ (1.33)
0 :
! Qp + 2 Mri
BToor

Equation (1.33) represents the support reactions equal to those of
a propped cantilever beam. Explicit expressions for the coefficients in
{Py;} are given in Table 1.2 in Section 1.12.1.4.
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The member stiffness matrix in the global coordinate system can
be derived as before using a modified transformation matrix, [Tj],
which is given as

[cosa —sina 0 O 0
sine coso O O 0
[T;] = 0 0 1 0 0 (1.34)
0 0 0 cosa —sina
0 0 0 sina cosa |

Accordingly, for a member with a pin at end j, the member stiff-
ness matrix in the global coordinate system is

g | _ [ . 1t
(k8] = [T [K] [T}
EA 3EI EA 3EI 3EI EA 3E EA 3EI
2 =4 2 9= e Qo= 2 =4 2 9= _ = 9
G +8 0 sc(L LS) 873 (c T +S LS) sc( )

EA 0 3EI 3EI EA 3EI EA 2 3EI
S—+C% CLp sc() (SZL+C>

_ 3E] 3EI 3E]
- T ST I
EA 3EI EA 3EI
2 4T 2 9= el
oo cf2)
Symmetric S2 % c? %

(1.35]

The modified fixed-end force vector in the global coordinate sys-
tem,{P‘%f}, can be derived in a way similar to Equation (1.27).

There are two ways to calculate the member forces. The first
way is to use Equation (1.24), for which the end rotation at end j of
the member in {D$} is replaced by 0;x calculated from Equation
(1.30). The second way is to use a form similar to Equation (1.24):

{P} = [K,j] [T} {D5} (1.36a)
where, through Equations (1.32) and (1.34),
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C% S% 0 —C% —s%
_s% C% % S% —C%
—C% —S% 0 C% S%

(1.36b)

The 5 x 1 member displacement vector {D§} in Equation (1.36a)
is extracted from {D} according to the 5 freedom codes {1,2,3,4,5}

shown in Figure 1.28 for the member.

Case ii: Pin at end i

This case is shown in Figure 1.29 where member 2 has a pin at end i
with an independent rotational freedom code Y. The freedom codes
for member 2 with a pin at end i are {1,2,Y,4,5,6}. Note that the free-

dom code 3 belongs to member 1.

By writing

Nj u;
Q; Vi
M; 0y

P — ) =

(= b=
Q; Vi
M; 0;

and given M,y = 0 for a pin at end 1, 0;y can be derived as

8 , 13, Ly Mn
2L 277 4EI/L

Oiy = 5 Vit

FIGURE 1.29. Member with a pin at end i.
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The corresponding matrices for this case can be derived in a way
similar to Case i mentioned earlier. The results are

N; u;
Ql’ Vi
Nf = [ng] u;j p+ (PFj) (1.38)
Qj Vi
Mi 07
where
[ EA EA )
- 9 -7 o 0
3EI 3EI 3EI
O = 0 -
EA EA
Kel=|—7 0 T 0 0 (1.39)
3EI 3EI 3EI
7 L 2
3EI 3EI 3EI
O = 0 - T
0
3MF;
0 _
) QFz ZL
QF1
0 0
{Pp} = (= o 3Mp; (1.40)
QFj Bt 2L
M%f MFi
MFj— D)

Equation (1.40) represents the support reactions equal to those of
a propped cantilever beam. Explicit expressions for the coefficients in
{Pg;} are given in Table 1.2 in Section 1.12.1.4.

coso —sina 0 0 0
sina  cosa 0 0 0
[T;)=1] O 0 cosa —sino 0 (1.41)
0 0 sina cosa O
0 0 0 0 1

www. Engi neeri ngEbooksPdf . conr



38 Plastic Analysis and Design of Steel Structures

Accordingly, for the member with pin at end i, the member stiff-
ness matrix in the global coordinate system is

[ EA 3EI EA 3EI EA 3EI EA 3EI SEI_
C2T+SZ? SC(LLS> (CZL+52L3> SC(LLS) -S$55
SZ%H:Z% -SC %735 - 52%+023LE; c%
Kﬁi = EA 3EI EA 3EI 3EI
x TS T Ve
EA 3EI 3EI
SZT* CZF ~Cor
Symmetric %
(1.42)
and
[ _EA EA EA EA 1
¢cT St ‘¢t Sp 0V
3EI 3EI 3EI 3EI 3EI
S Cm ST ‘oo
EA EA EA EA
KT = | =C7 ST ¢ St 0 (1.43)
3EI 3EI 3EI 3EI  3EI
ST Cr ST ‘B 12
3EI 3EI 3EI 3EI 3EI
S Y S Tt L

The 5 x 1 member displacement vector {D$} is extracted from
{D} according to the 5 freedom codes {1,2,4,5,6} for the member.

Case iii: Pins at both ends i and j
This case is shown in Figure 1.30 where member 2 has a pin at both
ends 7 and j. The freedom codes for member 2 are {1,2,Y,4,5 X}.

Note that the freedom codes 3 and 6 belong to members 1 and 3,
respectively.

FIGURE 1.30. Member with a pin at end 1.
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In this case, substitute M;y = M;x =0 into Equation (1.29), we
obtain

Vi — Vi ij — ZMFj

Oiy = 7T GEI/L (1.44a)
o Vi—Vi MFi — 2Mp7‘
o == ST (1.44b)
and
Nl‘ u;
Qi Vi
N; - [Ken] u; + {PFU} (1-45)
Q; 4
where
1 0 -1 O
EA{ 0O O O O
{Keii}:T 10 1 0 (1.46)
0O 0 0 O
0
0 O — (MFi + Mg;)
o, ;
{Prij} = 0 (= 0 (1.47)
" M i +M .
Qs Qri+ (FLin)

Equation (1.47) represents the support reactions equal to those of
a simply supported beam. Explicit expressions for the coefficients in
{PFij} are given in Table 1.2 in Section 1.12.1.4.

It is noted that [K,;] is in fact the stiffness matrix of a truss
member. The transformation matrix for the member in this case is

c -S 0 O
S € 0 O

Til=15 o o s (1.48)
0O 0 § C

The corresponding stiffness matrix in the global coordinate sys-
tem for a member with pins at both ends is

Cc? CS -C* -CS
EA S2 -Cc§ -8
S| ==
[Keiy} =7 ) cs (1.49)
Symmetric s?
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and

c s -C -S§

EAl0 0 0 0

g gt ===

KT =T e S5 s 11.50]
0 0 0 o0

Modified Fixed-End Force Vector
The explicit expressions for the coefficients of the modified fixed-end

force vectors given in Equations (1.33), (1.40), and (1.47) are summar-
ized in Table 1.2.

TABLE 1.2
Modified fixed-end forces for members with pins

_wb(3+0) +M};1.

w (load/length) Qp
faYaYaYa N BN L L
i | @ QF]' =wb — Qy
a b cly , w
sk > M, = o5 [+ 20b (212~ & — (b + )]
iP Qi =P- Q;;'
. 1" pa2
' i Qi =573 (0 +2L)
a | b @ M Pb(L* - b?)
L Fi 22
3
Moment = %b <2 — % + %)
under load
w (load/length) ” b /b
oYY Qp - (5 + c)
A%I\ b Eid _wb (b
! L ij = T E +a
2 9
Max :W<X a)atX:a+%
2 w
P ua Pb
i l ;% L
777 " Pa
a \II< b 7 Qs =5
L
Moment = P%b
under load
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Procedure for Using Condensation Method
1. For any joints with pins, determine whether the connecting
members have (a) no pin, (b) pin at end i, (c) pin at end j, or
(d) pins at both ends.
2. Use the appropriate stiffness matrix for the cases just given for
all members.

Assign freedom codes to each joint.

Assemble the structure stiffness matrix [K].

. After solving the structure equilibrium equation, calculate
the angle of rotation 0;x or 0;y for each pin using Equations
(1.30), (1.37), or (1.44). Calculate the member forces
accordingly.

SIS

1.12.2 Methods to Model Pin

There are a number of ways to model a joint with a pin using the for-
mulations given in the previous section. Consider a pinned joint con-
necting two members 1 and 2. There are four ways of formulation for
use in the stiffness method of analysis as shown in Figure 1.31.
Figure 1.31a is based on the extra freedom method where both mem-
bers 1 and 2 have independent rotations D3 and D, using the full
6 x 6 member stiffness matrix. Figure 1.31b is based on the condensa-
tion method for member 1 using the formulation for pin at end j as
given in Section 1.12.1.1, whereas member 2 retains use of the full
6 x 6 member stiffness matrix. Figure 1.31c is also based on the con-
densation method for member 2 using the formulation for pin at end i

2 2
(@) (b)
2
X T—P1

Y

(d)

FIGURE 1.31. Modeling pin at a joint.

www. Engi neeri ngEbooksPdf . conr



42, Plastic Analysis and Design of Steel Structures

as given in Section 1.12.1.2, whereas member 1 retains use of the full
6 x 6 member stiffness matrix. Figure 1.31d is based on the condensa-
tion method using the formulation for pin at end j for member 1 and
pin at end i for member 2.

Example 1.5 Determine the displacements and forces in the beam

ABC with a pin at B shown in Figure 1.32. Ignore the effect of axial
force. E = 2000 kN/m?, I = 0.015 m*.

is kN 0 1

Sp gl

£ s 0 1

] © | N 0

A B Cd¥ 5\ B C
L S [ 2%
I |
(a) Beam with pin at B (b) Freedom codes—Extra Freedom

Method

Solution
(i) Extra Freedom Method

When the axial force effect is ignored, a zero freedom code is
assigned to the axial deformation of the members. Thus, the structure
has a total of 3 degrees of freedom shown in Figure 1.32b.

For all matrices, only the coefficients corresponding to nonzero
freedom codes will be shown.

For member 1,

0 0 00 1 2
0
0
0
[Keh = . . |o
Symmetric 5625 —-1125]|1
30 2
For member 2,
0 1 3 00O

. . 0

45 45 1

60 3

[Kg]z = 0

Symmetric 0

0
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Hence,

K]=|-1125 30 0

45 0 60

-5
()
0

By solving the structure equilibrium equation {F} = [K|{D} for

{D}, we obtain
D, —0.395
(Dy={ D, $ ={ —0.148
D3 0.296

Figure 1.33 shows the deflection and rotations of the members.

[ 50.625 —11.25 45}

0.148 "5 0.296

FIGURE 1.33. Deflection and rotations.

The member forces for member 1 are

0 0 0 0
—-5.625 11.25 0 0.556
e e .. .. —11.25 15 0 2.223
Ph=|"" "7 0 o () o
5.625 —11.25 —-0.395 —0.556
I ~1125 30 ~0.148 0
The member forces for member 2 are
[ 0 0 e 0 0
45 45 .. .. . —-0.395 —4.444
45 60 .. .. . 0.296 0
Ph=|""09 o . .. 0o (=) o
—-45 —-45 .. .. .. 0 4.444
45 30 .. .. . 0 —8.891

The member forces for the structure are shown in Figure 1.34.

2.223 kNm 8.891 kNm
L W1

0.556 kNH‘/ 0556 kN‘ v kH4.444 kN
: 4.444 kN

FIGURE 1.34. Member forces.
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44  Plastic Analysis and Design of Steel Structures

(ii) Method of Condensation

In using this method, the stiffness matrix of member 1 is
condensed so that rotation at end j, denoted as X in Figure 1.35,
becomes a dependent variable. The freedom codes of the structure
are also shown in Figure 1.35.

0 ! 0
o Lot

J 0 /-ARO 0
A [

A«

FIGURE 1.35. Freedom codes: method of condensation.

o]

The stiffness matrix of member 1 is given by Equation (1.32) as

0 0 0 0 1
0
0
K], = [KE], = 0
Symmetric . 0
1.4063 | 1
For member 2,
0 1 2 0 0 O
. 0
45 45 1
60 2
[K§]2 = 0
Symmetric 0
0

Hence, the structure stiffness matrix, of size 2 x 2, can be assem-
bled as

46.406 45
[K]—{ 45 60]

m-{]

By solving {F} = [K]{D} for {D}, we obtain

o1 ={01} ={ e |

The load vector is
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The rotation 0;x for member 1 can be obtained from Equation (1.30) as

3 1 3 3

O =—gpvi=30i+arvi=a5al

The member forces for member 2 can be calculated using Equation
(1.36a)

{P}, = [K,] [T;] {D$}

—0.395) = —0.148

0 0 0
v e . .. —1.406 0 0.556
=|. . . . —=50625 0 =< 2223
0 0 0
1.406 —-0.395 —0.556

which are the same as those calculated before.

1.13 Temperature Effects

Most materials expand when subject to temperature rise. For a steel
member in a structure, the expansion due to temperature rise is
restrained by the other members connected to it. The restraint imposed
on the heated member generates internal member forces exerted on the
structure. For uniform temperature rise in a member, the internal mem-
ber forces are axial and compressive, and their effects can be treated in
the same way as for internal loads described in Section 1.11.

1.13.1 Uniform Temperature

The fixed-end force vector {Pp} for a steel member shown in
Figure 1.36 subject to a temperature rise of (T —T,), where T is
the current temperature and T, is the ambient temperature of the
member, is given by

{Pr} = N (1.51)

NE; \| N N |/ Ngj
i ir

FIGURE 1.36. Fixed-end forces for member subject to temperature rise.
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where

Npi = —Np; = ErAa(T — T,) (1.52)

E+ = modulus of elasticity at temperature T,
A = cross-sectional area,
o = coefficient of linear expansion.

As before, the equivalent force vector is {Pg} = —{Pr}.

In Equation (1.52), Etis often treated as a constant for low tem-
perature rise. However, under extreme loading conditions, such
as steel in a fire, the value of E; deteriorates significantly over a
range of temperatures. The deterioration rate of steel at elevated
temperature is often expressed as a ratio of Ep/E,. This ratio has
many forms according to the design codes adopted by different
countries. In Australia and America, the ratio of Er/E, is usually
expressed as

%:1.0+; for 0°C < T < 600°C
(6]
T
(1.53a)
T
690 1_—1000
o < (e}
Y for 600°C < T < 1000°C

In Europe, the ratio of E1/E,, given in tabulated form in the Euro-
code, can be approximated as

Er
E,

Although the coefficient of linear expansion o also varies with
temperature for steel, its variation is insignificantly small. There-
fore, a constant value is usually adopted. The overall effect of rising
temperature and deteriorating stiffness for a steel member is that the
fixed-end compressive force increases initially up to a peak at about
500°C, beyond which the compressive force starts to decrease. The
variation of the fixed-end compressive force, expressed as a dimen-
sionless ratio relative to its value at 100°C using a varying
modulus of elasticity according to Equation (1.53a), is shown in
Figure 1.37. For comparison purpose, the variation of the fixed-end
compressive force using a constant value of E; is also shown in
Figure 1.37.

1 — o-97265%0.9947" (1.53D)
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12.0
0 10.0 1
[=]
e
T 80 ™
g Constant modulus
= of elasticity
8 6.0
x
<
8 40
o Varying modulus
© of elasticity
% 20 /
0.0 T T T T 1
0 200 400 600 800 1000

T (°C)
FIGURE 1.37. Variation of fixed-end compressive force with temperature.

1.13.2 Temperature Gradient

For a member subject to a linearly varying temperature across its cross
section with T, = temperature at the top of the cross section and T}, =
temperature at the bottom of the cross section, the fixed-end force
vector is given by

NF;
0

(Pr} = %}f] (1.54]

0
MFj

where

Nii = —Nigj = / sdA (1.55a)
A

6= Era(T —T,) (1.55b)

In Equation (1.55a), the integration is carried out for the whole
cross section of area A. The stress ¢ at a point in the cross section cor-
responds to a temperature T at that point. In practice, integration is
approximated by dividing the cross section into a number of horizon-
tal strips, each of which is assumed to have a uniform temperature.
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Consider a member of length L with a linearly varying tempera-
ture in its cross section subject to an axial force N. If the cross
section of the member is divided into n strips and the force in
strip i with cross-sectional area A; and modulus of elasticity E; is N,
then, for compatibility with a common axial deformation u for
all strips,

NL  NL N
uiElAli'"iEiAjimiEnAn (1.56)
For equilibrium,
N=N;+..+N;+..+Np (1.57)
Substituting Equation (1.56) into Equation (1.57), we obtain
n
> EiA;
N=- U (1.58)

By comparing Equation (1.58) with Equation (1.9), it can be seen
that for a member with a linearly varying temperature across its cross
section,

n

> EiA;
Ky = —Kpjq = 7 (1.59)
Equation (1.59) can be rewritten as

E, Y mjA;

K :*KM:IT (1.60)
in which
E;

i=—= 1.61
m =7 [L.61)

The value of m; can be obtained from Equations (1.53a) or (1.53b).
The use of Equation (1.60) is based on the transformed section
method, whereby the width of each strip in the cross section is
adjusted by multiplying the original width by m; and the total area
is calculated according to the transformed section.

The stiffness coefficients for bending involving EI can also be
obtained using the transformed section method. The curvature of
the member as a result of bowing due to the temperature gradient
across the depth of the cross section is given as

(Tt - Tb)

K=o (1.62)
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Mg Mg Mg Ty

(=% [/

Tp

FIGURE 1.38. Fixed-end moments under temperature gradient.

Hence, the fixed-end moments at the ends of the member, as shown
in Figure 1.38, are

(Tt - Tb)

MFj = —MFj = —EaIOC d

(1.63)
where d is depth of cross section.

Similar to the calculation of the axial stiffness coefficient in
Equation (1.60), E,l in Equation (1.63) is calculated numerically by
dividing the cross section into a number of horizontal strips, each of
which is assumed to have a uniform temperature. The width of each
strip in the cross section is adjusted by multiplying the original width
by m; so that

n n
E,l = ZEI-L- =E, Zml-lj (1.64)
1 1
where I; is calculated about the centroid of the transformed section.
Example 1.6 Determine the axial stiffness EA and bending stiffness EI
for the I section shown in Figure 1.39. The section is subject to a line-

arly varying temperature of 240°C at the top and 600°C at the bottom.
Use the European curve [Equation (1.53b)] for the deterioration rate of

o

t [ ] 3

A
A4

FIGURE 1.39. Example 1.6.
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the modulus of elasticity. E, at ambient temperature = 210,000 MPa.
A = 7135 mm? I = 158202611 mm* B = 172.1 mm, d = 358.6 mm,
ty = 8§ mm, ty = 13 mm.

Solution. The section is divided into 24 strips, 4 in each of the flanges
and 16 in the web. The temperature at each strip is taken as the tem-
perature at its centroid. The area of each strip is transformed by multi-
plying its width by E7/E,,.

The total area of the transformed section = 4549.9 mm?.

The centroid of the transformed section from the bottom edge = 239.0 mm.
Total EA for the section = 210000 x 4549.9 = 9.555 x 10® N.

The second moment of area of the transformed section = 8.422 x 10’ mm*.
Total EI for the section = 210000 x 8.422 x 10" = 1.769 x 10" N mm?.

Problems

1.1. Determine the degree of indeterminacy for the beam shown in
Figure P1.1.

; ; ’
/7

FIGURE P1.1. Problem 1.1.

1.2. Determine the degree of indeterminacy for the beam shown in
Figure P1.2.

[ (@)

/77

FIGURE P1.2. Problem 1.2.

1.3. Determine the degree of indeterminacy for the continuous beam
shown in Figure P1.3.
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| J J |

oo o s B2 T T

FIGURE P1.3. Problem 1.3.

1.4. Determine the degree of indeterminacy for the frame shown in
Figure P1.4.

—;g;,— e —79;7— e

FIGURE P1.4. Problem 1.4.

1.5. The structure ABC shown in Figure P1.5 is subject to a clockwise
moment of 5 kNm applied at B. Determine the angles of rotation

at A and B using
1. Extra freedom method
2. Condensation method

Ignore axial force effect. EI = 30 kNm?.

5 kNm

3m
3m

FIGURE P1.5. Problem 1.5.

1.6. The structure shown in Figure P1.6 is fixed at A and C and
pinned at B and subject to an inclined force of 300 kN. Determine
the forces in the structure and plot the bending moment and
shear force diagrams. E = 2 x 10® kN/m? I = 1.5 x 107° m*,
A =0.002 m”*.
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1.7.

1.8.

FIGURE P1.6. Problem 1.6.

The frame ABC shown in Figure P1.7 is pinned at A and fixed to a
roller at C. A bending moment of 100 kNm is applied at B. Plot the
bending moment and shear force diagrams for the frame. Ignore
the effect of axial force in the members. E = 210000 kN/m?,

I=0.001 m*.
100 kKNm
e —

4m

5m

FIGURE P1.7. Problem 1.7.

A beam ABC shown in Figure P1.8 is pinned at A and fixed at C.
A vertical force of 5 kN is applied at B. Determine the displace-
ments of the structure and plot the bending moment and shear
force diagrams. Ignore axial force effect. E = 2000 kN/m?

I =0.015 m"*

[$)]
=
=z

1A ||3 Ce
|

FIGURE P1.8. Example 1.8
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1.9. Use the stiffness method to calculate the member forces in the

structure shown in Figure P1.9. E = 2 x 10° N/mm?, A = 6000

mm?, I =2 x 10’ mm*,

FIGURE P1.9. Problem 1.9.

1.10. Plot the shear force and bending moment diagrams for the con-
tinuous beam shown in Figure P1.10. Ignore axial force effect.
E =3 x 10° N/mm? I =2 x 10’ mm*.

60 kN
I S W
B
L.5m _._5m 10m N
f S 1

FIGURE P1.10. Problem 1.10.

1.11. Determine the axial stiffness EA and bending stiffness EI for the
I section shown in Figure 1.39. The section is subject to a line-
arly varying temperature of 150°C at the top and 400°C at
the bottom. Use the European curve [Equation (1.53b)] for the
deterioration rate of the modulus of elasticity. E, at ambient
temperature = 210000 MPa. A = 7135 mm? I = 158202611
mm?* B =172.1 mm, d = 358.6 mm, t,, = 8§ mm, t; = 13 mm.
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CHAPTER 2

Plastic Behavior
of Structures

2.1 Introduction

The early development of plasticity problems in a general finite ele-
ment approach can be attributed to, for example, Marcal and King,'
Yamada and Yoshimura,®> and Zienkiewicz et al.®> The approach has
also been adopted by Ueda et al.* for framed structure applications. The
approach is based on plastic flow theory with due consideration given
to the plasticity conditions of the elements. A similar formulation was
also adopted by Nigam® for dynamic analysis. Unlike the elastic
approach described in Chapter 1, all the work is based on matrix formula-
tion using stiffness methods for analysis extended to the inelastic range.
The complete description of the behavior of a structure from its elastic to
plastic state is termed elastoplastic analysis. Other methods making
use of the stiffness approach to solving plasticity problems for framed
structures include those by Livesley,® Davies,” and Majid,® whose work
was mainly on yielding only by pure bending.

Mathematical programming methods have become an important
area of research in engineering plasticity in recent years. The general
methods of formulation and solution using this approach are typically
referenced by Franchi and Cohn,” Maier and Munro,'° and Tin-Loi and
Pang.!' A detailed description of mathematical programming methods
is given in Chapter 6.

2.2 Elastic and Plastic Behavior of Steel

This section first describes the structural behavior of a cross section
from its elastic state to a fully plastic state under increasing load.
The general elastoplastic behavior of a structure will then be given
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and its application to plastic design method, under certain limita-
tions, is compared with the elastic design method.

Most structural materials undergo an elastic state before a plastic
state is reached. This applies to both material behavior of a cross section
and the structure as a whole. For a simply supported steel beam with a
cross section symmetrical about a horizontal axis under an increasing
load applied at midspan, the general stress and strain variations in the
cross section at midspan from a fully elastic state to fracture are shown
in Figure 2.1. The beam is initially loaded producing an elastic stress
f = f. corresponding to an elastic strain ¢ = ¢, for loading between points
A and B shown in Figure 2.1. When point B is reached, the maximum
stress in the top and bottom fibers of the cross section becomes yielded
such that f =f;, corresponds to a yield strain ¢ =¢,. As the load is
increased further, the cross section undergoes a plastification process
in which the yielded area becomes larger and larger, spreading inward
toward the center of the cross section. This plastification with a rela-
tively constant yield stress f, occurs between B and C, at which the
stress corresponding to strain g starts to increase again. From point C,
the cross section enters into a strain-hardening stage until an ultimate
stress f,, at D is reached. From point D, the stress starts to decrease with
increasing strain until the material fractures at point E. The plastification
process is important for steel in plastic design as it ensures that the
material has adequate ductility for the cross section to sustain loading
beyond its elastic limit at B.

€<E

y e=¢gy
Strain J
f<f, f=f, f=1, f=f,
Stress j\
Strain hardening

U (ii) (iif) (iv) v)

£>¢ e=¢gg €> &g

A & € €

FIGURE 2.1. Stress—strain behavior of a cross section.
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A & €

FIGURE 2.2. Elastic perfectly plastic behavior for steel.

For design purposes, it is prudent to ignore the extra strength
provided by strain hardening, which becomes smaller in magnitude
as the grade strength of steel becomes greater. Hence, for simplicity,
steel is always idealized as an elastic-perfectly plastic material with
a stress—strain relationship shown in Figure 2.2 and the corresponding
cross-section plastification of a symmetric section in Figure 2.3. In
Figure 2.2, the stress—strain relationship for the elastic part AB is lin-
ear and its slope is equal to the modulus of elasticity.

According to the idealized stress—strain relationship, the contin-
uous plastification of a cross section shown in Figure 2.3 under
increasing loading induces continuous increase in bending moment
of the cross section. When the extreme fibers of the cross section
reach the yield strain, ¢, with a yield stress, f;, a yield moment M,
corresponding to a yield curvature «, (see Section 2.3 for the definition
of curvature) at point B, a moment—curvature relationship shown in
Figure 2.4 exists in the section. A further increase in loading causes
partial plastification in the cross section, which signals the start of

e<eg, £> g, €>¢8
Strain mimimidmem e e e e o - ML - -0 Neutral axis
f<f, f=f,
Compression
S A -- Neutral axis
Tension

Elastic Elastic plastic Plastic

FIGURE 2.3. Plastification of a cross section.
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>
A
A

v

FIGURE 2.4. Moment-curvature relationship of a cross section.

its elastic—plastic state. This elastic-plastic state corresponds to an
increase in bending moment from B to D shown in Figure 2.4. When
the cross section becomes fully plastic at point D, the maximum
moment capacity, called plastic moment M,, is reached. A further
increase in loading increases the strains and hence the curvature in
the cross section, whereas the plastic moment remains unchanged.
It should be noted that the line DE in Figure 2.4 is not truly horizontal
and the point D is difficult to define for most cross-sectional shapes.
Unless deflection is a prime consideration, for design purposes the
curved part BD of the moment-curvature relationship is often ignored
and the bending moment is assumed to increase linearly from A to C,
at which time the plastic moment is reached. The ratio of the plastic
moment to the yield moment is called the shape factor. The shape fac-
tor varies for different cross-sectional shapes.

Unloading from a plastic state to an elastic state is also assumed
to follow the path parallel to the elastic curve. It should be realized
that because of this assumption for unloading, the elastic relationship
between stress and strain is no longer unique in the sense that the
behavior of the material may follow any elastic curve if the material
unloads from a plastic state to an elastic state. The unloading phe-
nomenon can be demonstrated in Figure 2.4 in which the section
undergoes unloading at F, from which an elastic path FG, usually par-
allel to AC, is assumed. When the section is fully unloaded, residual
deformation corresponding to a curvature at G exists. Therefore, an
elastoplastic analysis is usually performed in an incremental manner
for a given history of loading in order to trace the unique states of
moment and curvature in the cross section.

In reality, the exact value of M,, is difficult to obtain and its calcula-
tion is only approximate. In an experiment, a rectangular steel bar of
dimensions 3 mm x 13 mm was used as a simply supported beam with
aspan length of 300 mm to support a centrally applied load until collapse.
The beam was bending about its weaker axis. The relationship between
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FIGURE 2.5. Load-deflection curve of a rectangular beam.

the load and the deflection at midspan is shown in Figure 2.5. This exper-
iment shows that the load is slightly increasing at rapidly increasing
deflection when the beam is loaded beyond its theoretical collapse load
at B, indicating the strain-hardening effect. The theoretical collapse
load is estimated to be 13.8 kg, or 135.4 N. Hence, the plastic moment

PL M = 10155 Nmm. The

of the beam section is M, = — =
inverse of the slope of the curve AB has been found to be 0.102 mm/N.

3
Since the inverse of the slope of the curve AB = A8E] where
13 x 33 4 2
I= 5= 29.25 mm®, hence E = 188537 N/mm"~.

These mechanical properties can be used for performing elasto-
plastic analysis of structures made of this type of steel bar. The math-
ematical expression of the general moment—curvature relationship for
a rectangular section is presented next.

2.3 Moment-Curvature Relationship in an
Elastic-Plastic Range

A cross section under increasing bending moment undergoes three stages
of transformation in its plastification process. As shown in Figure 2.4,
they are elastic (AB), elastic—plastic (BD), and fully plastic (DE).

2.3.1 Elastic Behavior

Figure 2.6 shows a small length of a beam under bending with constant
curvature. The shape of the original element ABCD is transformed
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FIGURE 2.6. Part of a beam under bending.

into A’B’C’D’ as a consequence of bending so that the extreme edges
A’B’ and C’D’ are both subtending a common center of circles at O. It
can be seen that A’B’ contracts from AB and therefore the element fibers
along A’B’ are under compression with compressive stress f.. Similarly,
the element fibers along C'D’ are under tension with tensile stress f,.
As aresult, an axis exists along aa where the stress is zero. This is called
the neutral axis at a distance p from the center of the circles at O.

For consistency, the sign convention is that a positive bending
moment causing sagging in the element is associated with a negative
radius of curvature p. The distance y from the neutral axis is measured
positive below the neutral axis.

If the unstrained length along the neutral axis a-a is x and the
length b-b at a distance y from the neutral axis is x/, the axial strain
can be expressed as

x —x
&=
x
2.1
_(pHy)0+p0_ y 2.1)
—p0 p
The curvature x of a cross section is defined as
1
K=— (2.2)
p

Hence, from Equations (2.1) and (2.2), the curvature can be defined as
the slope of the strain diagram shown in Figure 2.7.
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R (R l --- Neutral axis
y

FIGURE 2.7. Curvature and strain of a cross section.

For a bending stress, f, associated with a small area A in the cross
section, the total compression F,. above the neutral axis is given as

F.— [ fo4)
Top
(2.3)
= Ex [ y(0A)

Likewise, the total tension F, below the neutral axis can be
derived as

F. = [foa)

Bottom (24)
= Ek / y(0A)
Bottom
Note that the integrations in Equations (2.3) and (2.4) are about
the neutral axis. For a cross section under pure bending, the sum of

the compression and tension must vanish in order to maintain equi-
librium. Hence,

F.+F, =Ex [y(0A) =0 (2.5)
/

If the location of any horizontal fiber is measured as y’ from a conve-
nient axis, such as the top or bottom edge, and the location of the neutral
axis is y from the same axis, Equation (2.5) can then be written as

Ex [(y/ —7)(0A) =0 (2.6a)
/
or
[vea)
y = AT (2.6b)
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where A is the total area of the cross section. Equation (2.6) is often used
to locate the neutral axis numerically for simple asymmetric sections.

By taking the moment about the neutral axis, the bending
moment of the whole section can be found to be

M= / fy(0A) = Ex / v*(0A) (2.7)
A

A
By defining the second moment of area (or moment of inertia)

as [ = / y2(DA), the stress f at any point in the cross section can be

A
written as

M
Equation (2.8) is based on the simple bending theory in which the
plane section remains plane under applied forces and has been used in
elastic design method for decades. It is valid when the whole section
remains elastic and the modulus of elasticity E remains constant.

2.3.2. FElastic-Plastic Behavior

To illustrate the calculation of the moment-curvature relationship
beyond the elastic limit, a symmetric, rectangular section of dimen-
sions b x d is used. When the extreme fibers of a rectangular section
start to yield with f = f,, the corresponding yield moment M,, shown
in Figure 2.4, is

fyl
M, = =2~ 2.9
" Ymax 1291
or
M, =f,Z (2.10)
where Z = elastic section modulus = % rﬁax and y,ax is the distance of

the extreme fibers to the neutral axis. For a rectangular section, it can
be shown that

b

zZ 2.11
In this case, the yield strain ¢, is related to the yield curvature «, by
d
&y = 5 Ky (2.12)
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b e>gy fy

Strain Stress

FIGURE 2.8. Elastic—plastic behavior.

A further increase in bending moment of the cross section spreads
the yielding inward toward the neutral axis. Suppose that the yielding
is extended to the point where the elastic core is within a distance fd
from the neutral axis. The corresponding strain distribution can be cal-

culated by the constant curvature x shown in Figure 2.8. Hence,

fy = Expd
From Figure 2.8,
d
F, = fyb<§ - ﬁd)
F) = %’bﬂd

Total bending moment, M, about the neutral axis is

ool (109 s (20
52 (3-2p)

=M, <% - 2[32>fr0m Equation (2.10)

(2.13)

(2.14)

(2.15)

(2.16)

The moment-curvature relationship for a rectangular section has
been established through Equations (2.13) and (2.16). A fully plastic
section is achieved only when 8 — 0. In this case, k — oo and the plas-
tic moment for the section is M = M, = 1.5M,,. It should be noted
that when the section starts to yield at § = 0.5, the yield curvature is

-
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FIGURE 2.9. Dimensionless moment-curvature relationship for rectangular
sections.

so that

r_ 0.5 from Equation (2.13) (2.18)
Ky B

Substituting Equation (2.18) into Equation (2.16), a dimension-
less moment—curvature relationship in terms of the moment ratio
M/M,, and curvature ratio x/k, can be established. This relationship
for rectangular sections is shown in Figure 2.9.

The plastic moment of any cross-sectional shape can be derived
similarly in the aforementioned manner and the plastic moment can
be expressed generally as

M, = SM, (2.19)

where S = shape factor of the section. The shape factors for some com-
mon cross-sectional shapes are given in Table 2.1.

TABLE 2.1

Shape factors for common cross sections

Shape Shape factor
Rectangle 1.5
Circular solid 1.7
Circular tube 1.27
Triangle 2.34
I-sections 1.1-1.2
Diamond 2
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For some cross-sectional shapes, the derivation of the moment-
curvature relationship could be tedious. With the computational tools
widely available today, the moment-curvature relationship can be
established easily using the numerical method. This can be done by
dividing the cross section into a finite number of strips, and the
moment capacity of the section is calculated by varying the value of
B as in Equation (2.13) for rectangular sections. The steps for using
the numerical method are described here.

1. Assign a value of p for the partial plastification of the cross

section.

Calculate the curvature x according to Equation (2.13).

. Calculate strains for all strips using ¢ = xy, where y is the dis-

tance of the strip from the neutral axis.

4. Calculate the bending stress of the strip using f = Ee.

5. Calculate the axial force in each strip using F = A;f, where A;
is the area of the strip.

6. Calculate the bending moment of the strip about the neutral
axis using M = Fy.

7. The sum of the moments from all strips is the moment capac-
ity of the section for an assumed value of 8.

8. Repeat steps 1-7, varying the value of f from 0 to the extreme
fibers of the section to obtain the bending moments for varying f.

w1

It should be noted that the sum of the axial forces is zero. Thisis also
the condition for locating the neutral axis if the section is nonsymmetric.

The following example shows the typical procedure for using the
numerical method.

Example 2.1 Determine the moment-curvature relationship and
shape factor of the I section shown in Figure 2.10.

< >| B = 164 mm

l d=311 mm

] T=11.48 mm
—> [—t t=7.71 mm

f, = 355 N/mm?
d | i ’i’B’JN'A' E = 187100 N/mm?2

FIGURE 2.10. Shape factor of I section.
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Solution. This example demonstrates the calculation of the curva-
tures and bending moments of an I section in tabular form, which is
suitable for routine calculation using a spreadsheet such as Microsoft
Excel. The section is divided into 24 horizontal strips, 4 in each of the
flanges and 16 in the web. The results are shown in Table 2.2, in
which only the calculations of some typical strips are shown. When
the neutral axis occurs at a point within a strip, the strip is further
divided into two strips, one below and one above the neutral axis,
and the calculation is performed for each strip accordingly. The
results of the bending moments for varying elastic core distance fd
are shown in Table 2.3. The resulting shape factor for this section is
1.128. It should be noted that for nonsymmetric sections, the location
of the neutral axis can be found such that the sum of the axial forces
of the strips in Table 2.2 is zero.

TABLE 2.2
Moment—curvature computation for fd = 150 mm from neutral axis
Strain at Bending Moment about

Strip centroid stress Axial force in strip neutral axis

No. of strip (MPa) due to bending (kN) (kNm)

1 —0.00195 —-355.0 —-167.1 25.7

21 0.00184 344.2 162.0 23.6

22 0.00188 351.0 165.2 24.5

23 0.00191 355.0 167.1 25.3

24 0.00195 355.0 167.1 25.7
Total = 0 234.4

TABLE 2.3

Results of bending moments for varying elastic core distance fd

Elastic core Moment about neutral

pd (mm) K (mm~) axis (kNm)

0 00 257

15 1.2649 x 1074 256.6

30 6.3246 x 107° 256.1

60 3.1623 x 107° 253.6

90 2.1082 x 107° 249.4

120 1.5812 x 10°° 243.8

150 1.2649 x 107° 234.4

155.5 1.2202 x 10°° 227.8
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Distance of neutral axis from bottom edge = 155.5 mm
K = 355/(187100 x 150) = 1.2649 x 10~°.

The moment-curvature relationship can be used to measure the
extent of the inelastic zone in a member. Take the cantilever beam of
length L subjected to a point load P at its free end shown in Figure 2.11 as
an example. The location of C where the extreme fibers of the beam start
to yield corresponds to the section having a yield bending moment M;,.

The extent of the elastic region is given as

Equation (2.20) is valid so long as PL < Mp. When the beam is at
imminent collapse caused by a collapse load P = P, the section at B is
fully plastic for which the length of the elastic region is a minimum,
denoted by x,mi, and calculated from Equation (2.20). That is,

PoL = Mp (2.21)
By using P = P, and X, = X.min in Equations (2.20) and (2.21),

Xemin _ My 1 (2.22)
L Mp S

Equation (2.22) shows that, for this example, the minimum length

of the elastic zone, or the maximum extent of the inelastic zone, is
inversely proportional to the shape factor of the section. In most struc-
tural shapes used in structures, this is generally true. In general, the
deflection of the structural member depends on the extent of the inelas-
tic zone. For sections with low values of shape factor, such as I sec-
tions, the difference in the member’s deflections calculated with and
without an inelastic zone is very small. In plastic analysis of general
structures, it would be a highly complex task if the inelastic zone such
as that shown in Figure 2.11 is considered. Naturally, a simplified and

A CI: B

Elastic region x, | |
Inelastic region

FIGURE 2.11. Spread of inelastic zone.
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easy-to-use material constitutive relationship that bears some resem-
blance to the actual stress—strain curve is desired. For this reason, the
inelastic zone is usually ignored in engineering practice and the section
is assumed to be elastic until the plastic moment is reached. This is
equivalent to following the bilinear moment-curvature relationship
ACE shown in Figure 2.4. When the section reaches its plastic moment
under this idealization, the section becomes a plastic hinge occupying
infinitesimal length for the inelastic zone. This forms the basis of the
elastoplastic theory for elastic A-perfectly plastic material using the
plastic hinge concept, which is adopted for the subsequent develop-
ment of the work described in this book.

Example 2.2 Determine the inelastic zone length x,, of the simply sup-
ported beam shown in Figure 2.12 when the section under the load
becomes fully plastic. The beam has a uniform rectangular section
with a plastic moment capacity of 165 kNm.

Solution. The section starts to yield at a bending moment of

M
M, = l—g = 110 kNm. The bending moment diagram of the beam is

shown in Figure 2.13. If the lengths of the inelastic zone are x,; to
the left and x,,, to the right of the applied load, then from the geometry
of the bending moment diagram,

| 6m 4m

P
[ i 1
79—|97

777 Xp
|

FIGURE 2.12. Inelastic zone of simply supported beam.

}

{ — )

110] 165(110

FIGURE 2.13. Bending moment diagram.

www. Engi neeri ngEbooksPdf . conr



Plastic Behavior of Structures 69

6 —x, 110
4 — 110
4XP2 = ﬁ Xp2 = ].33 m

Total length of the inelastic zone is 3.33 m.

2.3.3 Fully Plastic Section

Suppose that the stress distribution of a cross section is as shown in
Figure 2.14 so that the total tensile force above the neutral axis X-X
is T and the total compressive force below the neutral axis is C. For
a fully plastic section of arbitrary shape under pure bending, equilib-
rium requires that the net axial force be zero. Hence,

T=[f0A=C (2.23)
/

where A’ is the area above or below the neutral axis.

Equation (2.23) is used to find the location of the neutral axis.
Assume that the yield stress f; is the same throughout the section,
then Equation (2.23) becomes

A = /8A =A.= /8A (2.24)
A, A

where A, and A_ are areas above and below the neutral axis, respectively.
Therefore, for sections made of materials with uniform yield stress, the
neutral axis X-X is also called the equal area axis, which divides the cross
section into two equal parts. For symmetric sections, the equal area axis
coincides with the centroid of the section about which the plastic section
modulus is calculated. For nonsymmetric sections, the locations of the
equal area axis and the centroid of the section are different.

Vi

FIGURE 2.14. Stress distribution for a fully plastic section.
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By taking the moment about X-X,
My =Ty, + Cy.
= (Aye +Acye)fy = Zsfy

where Z¢ = the first moment of area about the equal area axis = plastic
section modulus.

For the rectangular section shown in Figure 2.15, the plastic sec-
tion modulus is given by

2
z=2x (G x§) =2 2.26)

(2.25)

2 "4 4

Comparing Equation (2.26) with the elastic section modulus Z
and from Equation (2.19),
_ MP _ Zsf y _

§=—r_ -
MY ZfY

1.5 (2.27)

which is the same as that obtained from Equation (2.16) for p — 0.

FIGURE 2.15. Plastic section modulus of a rectangular section.

Example 2.3 Determine the plastic section modulus Z; for the
I section shown in Figure 2.16.

Solution
Z = 2[(200 x 40 x 220) + (200 x 40 x 100)]
= 5120 x 10° mm?3

Example 2.4 Determine the plastic moment M, and plastic section
modulus Z for the T section shown in Figure 2.17 if (a) f, = 320 MPa
for the whole section and (b) f, = 320 MPa for the top flange and
fy = 250 MPa for the web.
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Centroid of area
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J e T1oo
40 400
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FIGURE 2.16. Plastic section modulus of an I section.
Centroid of area
200 | _l_
—— 40 -
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11 50
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FIGURE 2.17. Plastic section modulus of a T section.

Solution

(a) Total area = (200 x 40) + (400 x 40) = 24000 mm?*
(40 x y) = 24000/2
J.y =300 mm

71

Z, = (200 x 40 x 120) + (100 x 40 x 50) + (300 x 40 x 150}

= 2960 x 10° mm®
M, = 320 x 2960 x 10°® = 947.2 kNm
(b) Total force = (200 x 40) x 320 + (400 x 40) x 250 = 6560 kN
For half of the force,
(40 x y) x 250 = 6560000/2
y = 328 mm
M, = 320 x (200 x 40 x 92) + 250 x (72 x 40 x 36)
+ 250 x (328 x 40 x 164)
= 799 kNm

www. Engi neeri ngEbooksPdf . conr



72 Plastic Analysis and Design of Steel Structures

2.4 Plastic Hinge

According to the bilinear moment-curvature idealization shown in
Figure 2.4, a section attaining its plastic moment capacity undergoes
plastic rotation without any further increase in bending moment. In
other words, the section behaves like a real hinge while possessing a
fully plastic moment. This hinge behavior, typically pertaining to a plas-
tic hinge, enables a structure to be analyzed continuously by inserting a
plastic hinge at any section reaching its plastic moment. This is the
basic concept for elastoplastic analysis to be performed on structures
using the hinge-by-hinge concept. In tracing the formation of the plastic
hinges, the structure becomes increasingly flexible until its stiffness is
reduced to such a small value that imminent collapse occurs.

For an indeterminate structure under increasing loading, the mag-
nitude of the increase in loads can be calculated by considering the
attainment of plastic moments in sections in an elastoplastic analysis.
Take a fixed-end beam under a point load shown in Figure 2.18 as an
example. The collapse mechanism of the beam requires the formation
of three plastic hinges at A, B, and C.

In carrying out the elastoplastic analysis for this beam, or for any
structure in general, the stiffness-deteriorating nature of the structure
can be visualized by plotting the variation of the load with deflection
at a point. For the fixed-end beam, the variation of the load P with the
vertical deflection at B is plotted and shown in Figure 2.19.

In plotting the load-deflection curve shown in Figure 2.19, it
should be noted that

e each “black dot” represents a plastic hinge at a section in a
fully plastic state; the plastic hinge has attained a bending
moment equal to its plastic moment;

e the elastic state of a structure corresponds to a load level below
the first plastic hinge. Analysis below this load level is called
elastic analysis;

e the elastic—plastic state of a structure corresponds to any load
level between the first and the last plastic hinges. Analysis at
this load level is called elastoplastic analysis;

|

FIGURE 2.18. Collapse mechanism with plastic hinges of a fixed-end beam.
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FIGURE 2.19. Load-deflection curve of a fixed-end beam.

e the behavior of a structure between the formation of consecu-
tive plastic hinges is elastic and can be analyzed elastically;

e a fully plastic state of a structure corresponds to a load level at
which the structure collapses. At this load level, analysis stops;

e the slope of the curve indicates the relative stiffness of the
structure; the stiffness decreases as more sections become plas-
tic hinges. At collapse, the stiffness of the structure is zero.

2.5 Plastic Design Concept

Plastic design makes use of the reserve strength beyond the elastic
state of the structure. The structure’s reserve strength, which allows
structural members to be loaded without failure when their maxi-
mum bending capacity is reached, is utilized through the elastic—
plastic state when the loading is increasing. As a result, a more
economical design due to material saving can be achieved when using
the plastic design method. Plastic design can be viewed as a means
whereby the ability of moment redistribution of steel structures is uti-
lized when the structures are loaded beyond their elastic state. It may
be noted that in adopting a bilinear moment—curvature relationship
for steel, the beneficial effect of strain hardening of the material is
ignored. Thus, as far as plastic analysis is concerned, the theoretical
plastic collapse load is always less than the true load and the resulting
design is always slightly conservative.

2.6 Comparison of Linear Elastic and Plastic Designs

For elastic design, each of the members in the structure must have a
design bending moment capacity (¢M,) greater than the design
moment (M*) obtained from an elastic analysis. The bending moment
capacity, calculated by including the appropriate capacity factor ¢ and
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Load | Design load level

/ Elastic design
- Plastic design g
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FIGURE 2.20. Comparison of elastic design and plastic design.

other design considerations, is often used to represent the plastic
moment M, in plastic analysis. Under the design loading, if one
of the members meets the design requirement such that ¢M,; = M*,
the first plastic hinge occurs exactly at the design load level along
the elastic design curve shown in Figure 2.20. In most cases, the
choice of the section for elastic design leads to ¢M; > M* so that
the first plastic hinge of the structure always occurs at a load level
above the design loading.

In contrast, plastic design requires that the last plastic hinge
occurs at or above the design load level. It is clear from Figure 2.20
that if both elastic and plastic designs satisfy the same design loading,
the plastic design method requires a lighter structure with smaller
member size by utilizing the reserve strength of the structure. It is
noted that for a structure with a high degree of statical indeterminacy,
the reserve strength is large. Therefore, the benefit of using plastic
design is greater for structures with high degrees of statical indetermi-
nacy. However, for determinate structures that require only one plastic
hinge to induce a collapse, there is no difference between elastic and
plastic design methods.

2.7 Limit States Design

Limit states design (LSD), also termed load and resistance factor
design (LRFD) in the United States, is based on realistic loading condi-
tions and material properties as opposed to allowable stress design
(ASD), which is mainly based on prescribed loading and stress limits.
Although the linear elastic design method can be applied to both LSD
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and ASD, only the latter is truly elastic. While linear elastic analysis
is performed using the linear load-displacement relationship, elastic
bending theory is applied to ASD for stress calculation, whereas for
LSD, plastic bending theory is used for moment capacity calculation
of the section.

For steel structures, two major limit states need to be considered
for general design: the ultimate limit state and the serviceability limit
state. There are other limit states that may need special treatment and
are usually classified under “accidental loadings” in design codes. In
the present context, only ultimate and serviceability limit states are
dealt with. Analysis and design for structures at elevated tempera-
tures are also given, albeit briefly.

Ultimate limit state design requires that Equation (2.28) be
satisfied:

S 9P =S, < $Ry (2.28)

in which P; = nominal load of type I, including dead, live, wind, and
snow; y; = corresponding load factor; S, = member actions including
axial force, moment, and shear for member n; ¢ = capacity factor;
R, = nominal member capacity. For plastic design, the loads are
increased proportionally by a common factor «. such that

O¢ Zyl-Pj =8, <¢R, and o, > 1.0 at collapse of structure (2.29)

Equation (2.28) implies that an analysis is performed on the struc-
ture that is subjected to the factored loads, whereas Equation (2.29)
implies that the analysis is performed by increasing the common load
factor o until the structure collapses at o = o.. In both Equations
(2.28) and (2.29), the member actions S} may include both the material
and the geometric effect. In plastic analysis as described in this book,
the geometric effect is not included and is treated separately in design.

2.8 Overview of Design Codes for Plastic Design

Most countries use similar rules for plastic design. In essence, specifi-
cations in plastic design codes require the construction materials to
have adequate ductility for the plastic moment to be fully developed
and sustained until collapse. In addition, for steel material the plastic
hinge should be able to undergo plastic rotation without suffering
from local buckling. Details of the design rules are discussed in Chap-
ter 8. Plastic design codes of practice being used in Australia, the
United States, and Europe are described as they represent the current
design practice in many other countries.
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Plastic design rules developed in the 1960s and 1970s have
been used for a long time. These rules were written on the basis of
simple plastic theory, which was the main concept for analysis at
the time. The simple plastic theory can be applied only to simple
structures using mainly manual methods for analysis. For instance,
the ‘European recommendations for steel construction’ state that
“...clauses will generally apply to: -simple or continuous beams;
-one and two storey frames, braced or unbraced.” Most of these rules
for plastic design are still stipulated in current design codes, although
the advent of computers has allowed advanced nonlinear analysis,
including second-order effects, to be admitted for design.

In the United States, both LRFD and ASD design methods
are used by engineers. Both the LRFD specification (AISC, 1999)'?
and the ASD specification (AISC, 1989)'% have been superseded
by the combined LRFD-ASD national standard (AISC, 2005).'4
The latest specification for structural steel buildings includes an
appendix for ‘Inelastic analysis and design,” which is essentially a
collection of clauses for plastic design rules published in the earlier
specification.

In Australia, specifications for steel structures design are pub-
lished in AS4100.'° Clauses for plastic design are intertwined with
those for elastic design. Second-order effects on bending moment
due to geometry change of both the structural members and the struc-
ture are taken into account by using a moment amplification factor.
This is, in effect, a reduction factor for the collapse load in plastic
analysis.

In Europe, a set of unified structural codes has been published by
a concerted effort through the European community. Eurocode 3
(CEN, 2005)¢ is the specification for steel structures design. Similar
to AS4100, the rules for plastic design are intertwined with those for
elastic design. Different types of analysis for plastic design, including
rigid-plastic, elastic—plastic, and nonlinear plastic, are allowed using
plastic hinges or inelastic zone models.

2.9 Limitations of Plastic Design Method

Although the plastic design method provides some advantages over
the elastic design method, there are limitations to its use. Some of
these limitations are described in this section.

For plastic design, all cross sections must be able to sustain
the plastic moment M, without showing any sign of local buckling.
To achieve this, the sections must be compact (or class 1 and class
2 cross sections in Eurocode 3). A typical plastic hinge attaining its plas-
tic moment without local buckling effect is shown in Figure 2.21a,
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FIGURE 2.21. Beam under bending with and without local buckling effects.

whereas a beam subject to local buckling under bending is shown in
Figure 2.21b.

Unless using an advanced nonlinear plastic analysis for design,
the effect of lateral-torsional buckling on plastic behavior of the struc-
ture is not considered. Therefore, all members designed by the plastic
method should be provided with adequate lateral restraints to prevent
lateral buckling.

The steel material must be ductile enough to undergo plastic
rotation without failure. This ductility and other material require-
ments are provided in most design codes. For example, the following
rules stipulated in AS4100 must be satisfied:

1. Hot-formed, doubly symmetric I sections are used with
f, < 450 MPa.

2. The stress—strain relationship for the steel material must have
the characteristics shown in Figure 2.22.

3. No fatigue assessment is required.

gy = 6¢g

A‘i’{‘—ﬂ

. _— ! =021

y

€20.15

a

€

FIGURE 2.22. Ductility requirements for plastic design.
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Problems

2.1.

2.2.

2.3.

Determine the moment-curvature relationship of the rectangular
section shown in Figure P2.1.

90 mm

360 mm

FIGURE P2.1. Problem 2.1.

Determine the inelastic zone length at midspan for the beam
subject to a uniform distributed load shown in Figure P2.2. The
plastic moment of the rectangular section is 60 kNm. Assume a
linear moment-curvature relationship up to plastic moment.

w (load/length)

FIGURE P2.2. Problem 2.2.

Determine the inelastic zone lengths at A and B for the beam of
uniform rectangular section shown in Figure P2.3 when (a) the section
at A becomes fully plastic and (b) when both sections at A and B
become fully plastic. The plastic moment for the beam = 120 KNm.

Elastic moment at A = 31% and at B = % L = length of beam.

Assume a linear moment-curvature relationship up to plastic
moment.

P
[ bd
Xp2 Xp1
| 5m | 5m
| |

FIGURE P2.3. Problem 2.3.
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2.4. Determine the inelastic zone lengths at A, B, and C for the fixed-end

2.5.

2.6.

beam of the uniform I section shown in Figure P2.4 when (a) the sec-
tion at A becomes fully plastic and (b) when sections at A, B, and C
all become fully plastic. Plastic moment for the beam = 360 kNm.
Shape factor S = 1.2. Assume a linear moment-curvature relation-
ship up to plastic moment.

T Xp3
| 5m | 3m

FIGURE P2.4. Problem 2.4.

Determine the location of the plastic neutral axis y and the plas-
tic moment for the section shown in Figure P2.5 if (a) the section
has a uniform yield stress of 300 MPa and (b) the top and bottom
flanges have a yield stress of 300 MPa and the web has a yield
stress of 200 MPa.

300mm
T —— 20mm

] |e—
10mm

800mm

[ T Z2720mm =
> T
100mm

FIGURE P2.5. Problem 2.5.

Determine the location of the plastic neutral axis and the plastic
section modulus for the section of uniform yield stress shown in
Figure P2.6. a = 140 mm, b = 410 mm, ¢ = 360 mm.

_¢_12 mm
[
T, a b |

10 mm

FIGURE P2.6. Problem 2.6.
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CHAPTER 3

Plastic Flow Rule and
Elastoplastic Analysis

3.1 General Elastoplastic Analysis of Structures

Chapter 2 shows that a plastic hinge sustaining the full plastic
moment behaves like a real hinge while undergoing plastic rotation.
This implies that the behavior of a steel structure between the forma-
tions of consecutive plastic hinges is elastic and can be simulated
using the linear elastic analysis method as described in Chapter 1.
Take a structure with plastic hinges formed at load levels 1, 2, and 3
shown in Figure 3.1 as an example.
Recall that the equilibrium of a structure is expressed as

{F} = [K{D} (3.1)

For elastoplastic analysis, a common load factor is assigned to
the load vector {F} such that by increasing this common load factor,
the formation of the plastic hinges at 1, 2, 3, etc., shown in Figure 3.1
can be traced incrementally until the structure collapses. If the com-
mon load factor corresponding to the formation of the first plastic
hinge at 1 (at a section in one of the members of the structure) is a;,
the solution of Equation (3.1) for the displacement increment vector
{AD}; can be written as

{AD}, = [K] "oy {F} (3.2)

The incremental member force vector at load level 1 can be cal-
culated using

{AP} = [K.JT"{ADS} 3.3)

where the local displacement increment vector {AD3} is extracted
from {AD},.
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Load

O { ; I Elastic behavior

O

Deflection

FIGURE 3.1. Hinge formation of a structure.

Subsequent analysis simulating the behavior of the structure
subject to increment of loads between load levels 1 and 2 requires
modification to the stiffness of the member at the point where the for-
mation of the plastic hinge occurs. This is done by treating the plastic
hinge as an internal pin as described in Section 1.12 of Chapter 1, in
which two methods of pin modeling have been presented. These
methods of pin modeling can also be applied in an incremental elasto-
plastic analysis.

After modification to the member stiffness matrix where the
hinge modeling is made, the incremental load factor can be found
between load levels 1 and 2, hereafter called o, for which the next
plastic hinge at level 2 occurs. The solution for a, is obtained by solv-
ing Equation (3.4):

{AD}, = [Kp] ' ar{F} (3.4)

where [Kp| is the modified structure stiffness matrix, taking into
account the formation of the plastic hinge at 1.

The aforementioned procedure can be repeated until collapse
occurs when the determinant of the structure stiffness matrix
becomes zero. Provided that the same load vector {F} is used for each
incremental step, the collapse load factor of the structure can be
obtained as the sum of the incremental ones and is given as

Oeol = 01 + 0 +.ovvnn. (35)

It can be seen that an important aspect in elastoplastic analysis
is determination of the load level at which the plastic hinge occurs.
For a member with yielding only under pure bending, the criterion
for formation of the plastic hinge is straightforward and is based on
that described in Chapter 2. However, apart from bending moments,
structural members in most structures are also subjected to different
types of actions such as axial forces, shear forces, and torsion. These
forces may affect and usually reduce the plastic moment capacity of
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the section in some or all members and subsequently affect the plastic
collapse loads or load factor of the structure. The influence of these
forces on the plastic moment and the corresponding stiffness of the
structural elements are described in this chapter. The derivation leads
to use of the concept of yield surface whereby the relationship
between the element stiffness matrix and force interactions can be
established. Details of the procedures to deal with the reduced plastic
moment in relation to the calculation of the collapse load factor a.; in
incremental elastoplastic analysis are given in Chapter 4.

3.2 Reduced Plastic Moment Capacity Due to
Force Interaction

The presence of axial and shear forces in a cross section reduces its
plastic moment capacity. In many cases, the effect of axial force is sig-
nificant, even in moderately complex structures, whereas the effect of
shear force is usually small and can be ignored. The interaction for-
mula for the reduced plastic moment capacity of a rectangular section
due to axial force is derived. For the commonly used I sections, the
interaction formula is given without derivation. Use of the interaction
formula leads to the important concept of yield surface in plasticity.
Torsion may also affect the plastic moment capacity of a section.
However, this is the case mainly for slender three-dimensional struc-
tures, which are not dealt with here.

3.2.1 Axial Force

The coexistence of axial force and bending moment occurs when, for
example, an axial force is acting eccentrically about the centroid of
the cross section. This is equivalent to the simultaneous application
of both the axial force acting through the centroid and the eccentric
moment bending about the elastic neutral axis of the section. In this
case, plastification starts at the extreme point on one side of the elas-
tic neutral axis and spreads toward the final plastic neutral axis as the
axial force increases. The formula for the moment-axial force rela-
tionship depends on the shape of the cross section. The following
shows the derivation of the reduced plastic moment M, due to axial
force for a rectangular cross section. The derivation holds when the
same yield stress applies to both compression and tension.

Rectangular Sections

When a compressive axial force N is applied to a rectangular section
subject to bending, its effect is to increase the compression zone of
the section, shifting the plastic neutral axis to a location as shown
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Original plastic
neutral axis due
f, to bending only

pd B - ‘/
------ Shifted plastic

V\ 8
y neutral axis

b

Compression

Tension

Stress distribution Stress distribution  Stress distribution due
due to bending and due to bending to axial force only
axial force only

(a) (b) ()

FIGURE 3.2. Effect of axial force on a rectangular section.

in Figure 3.2. The final stress distribution, shown in Figure 3.2a, can
be split into two parts, one in pure bending as in Figure 3.2b and the
other in pure axial as in Figure 3.2c.

From Figure 3.2,

N N
P~ bar, "N,

where f < 1 and N, = squash load of the section. The value of 8 can be
considered as the magnitude of the applied axial force N in the section
relative to the squash load. The total compressive force C, equal to the
total tensile force T, due to pure bending, is given by

N = (bpd)fy, or (3.6)

C:T:bd“;ﬁ)fy (3.7)
Hence, the reduced plastic moment capacity, M,,, is
_ o d+pd) _bd .
My, = Cx SR 2 f (1 - ) 9
= Mp(l - 52)

where M, is the plastic moment capacity of the section under pure
bending.

I Sections

The derivation of M,, for I sections follows a similar procedure as for
the rectangular sections given earlier. There are two cases to be con-
sidered: the neutral axis in the web and the neutral axis in the flange.
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FIGURE 3.3. Effect of axial force on an I section.

(i) Neutral axis in the web. This is equivalent to a section
carrying an axial force acting on an area equal to BA where
N, A
stress distribution are shown in Figure 3.3.

It can be derived that

and A = 2bT; +t(d — 2Ty). The section and the

B ﬂZAZ
M, = M, (1 412 (3.9)
where Zg is the plastic section modulus given by
d 2
Zg = be(d - Tf) + t<2 - Tf) (3.10)
(ii) Neutral axis in the flange. In this case, the axial force is
t(d—2T
acting on an area equal to BA where f= Nﬁ > % The
P

corresponding reduced plastic moment capacity can be derived as

B 1 (BA — tdy,)*
M,, Mp{1 -z

td,> + TW + 2(pA — tdw)dwl } (3.11)

3.2.2 Shear Force

The magnitude of shear force in a structure is usually so small that it
has little effect on the plastic moment capacity. In the exceptional
case of high shear force, the interaction equation can be derived from
the von Mises yield criterion. For a section with bending stress ¢ and
shear stress 7, the von Mises yield criterion gives

@ +3%=Ff, (3.12)
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For pure shear for which o = 0, the shear yield stress 1, is, according to
Equation (3.12),

fy
Ty = —= 3.13
y \/g ( )
For a rectangular section, a lower bound solution, details of
which can be found in Chen and Sohal,! for the reduced plastic

moment capacity M,,, due to shear force can be derived as

3(V\®
Moo=t [1 (%)

where V is the shear force with a maximum capacity V,, = 1, x area of
section.

(3.14)

2
Equation (3.14) is valid only when VZ < 3 In practice, the ratio
p

V/V, rarely exceeds 2/3. An approximate solution for rectangular sec-
tions proposed by Drucker® for design can also be used:

74 4
w3

For I sections, only the web is usually assumed to resist the shear
force when the magnitude of the shear force is small. For significant shear
force, the bending moment will be reduced. This assumption leads to a
bending moment-shear interaction relationship as plotted in Figure 3.4.
Further simplification of the bending—shear relationship has been made
for design code use. The Australian steel design code adopts the formula
given in Equation (3.16), which is also plotted in Figure 3.4.

(3.15)

1
'§ | _— Bending—shear interaction

& | for typical | sections
08 NI
‘\

| Simplified bending—shear
interaction for design of |

0.6 sections used in Australia

| Bending-shear interaction
for rectangular sections
[Equation (3.15)]

0.4

Moment ratio

0.2

0 0.2 0.4 0.6 0.8 1
Shear force ratio

FIGURE 3.4. Bending-shear interaction.
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My, =M, [1.375 —0.625 <Z)] (3.16)
Vp
Example 3.1 Structure ABC shown in Figure 3.5 is subjected to a load
P acting at A. The column BC of rectangular section has a moment
capacity of 160 kNm and a squash load of 480 kN. Determine the
maximum load P that the column BC can support by assuming failure
by (a) pure bending and (b) axial-bending interaction.

| im
Ll
=
FIGURE 3.5. Example 3.1.
Solution
(a) For yielding at the fixed support C,
Px1=160
P =160 kN

(b) Using the axial-bending interaction equation [Equation (3.8)]
for a rectangular section,

Px1_, (PY
160 480

P = 1453 kN

3.3 Concept of Yield Surface

The variation of the bending moment with axial force in a rectangular
section can be plotted in terms of the dimensionless quantities (M,,/M,)
and B. The resulting curve is called the yield surface because any point
on the yield surface represents a state of the fully yielded cross section
with a bending moment, M, and axial force, N, represented by that point.
For a cross section in an elastic state,

M M
=—<-=Z 3.1
=M, =M, 13.17)
and the forces in the cross section are represented by a point within
the space bounded by the yield surface and the two axes. The yield

surface of a rectangular section is shown in Figure 3.6.
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Yield surface, m= 1-j2

m=1-p

/N=Np

T
1.0 p=NN,

FIGURE 3.6. Yield surface of a rectangular section.

The yield surfaces for the lower and upper bounds of the practical
range of I sections are plotted in Figure 3.7. Because of the complexity
of Equations (3.9) and (3.11), and taking advantage of the narrow range
of the yield surfaces for I sections, a simplified yield surface, repre-
sented by Equation (3.18), is usually adopted for practical design.

m=1.0 for N <0.15 (3.18a)
Np
N

m=1.18(1 - p) for — >0.15 (3.18b)
Np

It should be noted that the coefficient of 1.18 in Equation (3.18b)
changes if the limiting axial force ratio of 0.15 changes. Some
countries adopt different values for this coefficient for design. In
general, the yield surface for any cross-sectional shape is concave out-
ward as typically shown in Figures 3.6 and 3.7. The more concave the
curve is, the relatively stronger the yield surface for the cross section.
Therefore, a yield surface resulting from a straight line joining the

m=1.18 (1-B)

1.0

Yield surface range for | sections
m = M/M,

T
0.15 1.0 B =NNp

FIGURE 3.7. Yield surfaces of steel I sections.
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points m = 1.0 and f = 1.0 represents the minimum strength of any
cross section. This straight line, shown in Figure 3.6, is given by

m=1-8 (3.19)

For a cross section with unknown bending-axial force interaction for-
mulation, Equation (3.19) can be used as a conservative approximation
for design.

3.4 Yield Surface and Plastic Flow Rule

The yield surfaces described for various cross-sectional shapes can be
presented using a yield function ¢ such that for a section in a fully
yielded state under force interaction,

¢(P1,...,Py) =0 (3.20)

where P;,..., P, are the stress resultants. For a structural member in a
plane frame, n = 6 for both ends with three stress resultants, including
bending moment, shear force, and axial force at each end of the mem-
ber. For example, the yield function of a rectangular section can be
written as

p=m+p>—1 (3.21)

For a yielded section satisfying the force interaction condition,
¢ = 0. For a section in an elastic state, ¢ < 0. To ensure that these
two conditions are always satisfied for any section, the force ratios
m and f in Equation (3.21), as well as for other yield functions, are
always positive when the yield surface is represented in a quadrant.

Assume that P4, ..., P, specify a current state of stress resultants
on the yield surface and that a change of state of stress resultants
occurs by the increments AP;, ..., AP, due to an increase in loading
on the structure. Because both the original and the final states of
stress resultants satisfy the yield condition [Equation (3.20)], it follows
that

_9¢
TN

9¢
APL+ ...t g5 APy =0 (3.22)

where the partial derivatives must be taken at the original state of
stress resultants. Equation (3.22) can be written in vectorial form as

Ag = {f}'{AP} =0 (3.23)

A¢

. 9]
where {f} contains elements f; = a—z(f and {AP} represents the vector
i

for the increments of stress resultants. The incremental force vector
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{AP} is of size 6 x 1, corresponding to the three end forces at each end
of a plane frame member. It should be noted that for ¢ containing two
stress resultants, such as m and f in Equation (3.21), {f} represents the
vector containing terms related only to the bending moment and axial
force. From Equation (3.23), the two vectors {f} and {AP} must be
orthogonal to each other according to vector algebra. A geometrical
interpretation of the state of stress with {f} and {AP} at point A on
the yield surface is shown in Figure 3.8.

The orthogonal condition can also be applied to the relationship
between the increments of stress resultants and plastic deformation
as implied by Prager’s® statement that for elastic-perfectly plastic
material, “the stress increment does no work on the increment of
plastic strain”. When applying to frame members, this statement
means that

{Ad,}'{AP} =0 (3.24)

where {Ad,} is the vector of the plastic deformation increments. For
example, for a section yielded under pure bending, Equation (3.24)
holds because the only increment in {AP} is the bending moment,
which is zero for a bilinear moment-rotation relationship. A compar-
ison between Equations (3.23) and (3.24) indicates that {Ad,} and {f}
are acting in the same direction but not necessarily with the same
magnitude. Hence, {Ad,} and {f} can be related by

{Ad,} = A{f} (3.25)

where 1 is an arbitrary scalar factor often termed as the plastic multi-
plier. Equation (3.25) defines the plastic flow rule of structural mem-
bers in frames.

It has been stated, for instance by Kaliszky*, that for nonnegative
work done by stresses going through a cycle of elastic—plastic—elastic
states under changing loads, the increments in strains, and in the cur-
rent case for beam elements, the plastic deformation increment vector,

Elastic domain ¢ < 0 ~
Yield surface ¢=0

(0] P;

FIGURE 3.8. State of stress for a yield function.
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{Ad,}, must be outward normal to the tangent plane at the point on
the yield surface under consideration. Hence, {f} represents the out-
ward normal vector to the yield surface given by Equation (3.20). This
is called the normality rule in plasticity.

For materials in the plastic state, the plastic flow always occurs
in association with a dissipation of mechanical energy. Thus, for an
increment of plastic deformation {Ad,}, the dissipative energy AW
is always positive and is given by

AW = {P}{Ad,} = J{P}{f} >0 (3.26)

where the total stress resultant vector, {P}, is represented by a line
joining the origin at O (see Figure 3.8) to a point on the yield surface.
Because {f} is normal to the concave-outward yield surface, the angle
between {P} and {f} is always less than 90°. Therefore, {P}'{f} is
always positive according to vector algebra. It follows from Equation
(3.26) that A > 0 for a stress resultant vector staying on the yielding
surface.

Suppose that the yield function at point A in Figure 3.8 is given
as ¢ 4. For an increment of loading, the stress point moves to point B
with the yield function given as ¢p. Because both ¢4 and ¢p satisfy
the yield condition, it follows that A¢p = ¢z — ¢, =0, the same as
Equation (3.22). However, if the material undergoes elastic unloading
such that the stress point moves from A to C for which ¢, < 0, it fol-
lows that A¢ = ¢ — ¢4 < 0. For elastic unloading, positive work is
done such that

{Ad,}'{AP} = 2{f}"{AP} > 0 (3.27)

Because A¢ = {AP}'{f} < O, therefore . < 0. The sign of 1 is therefore
used as an indication of whether elastic unloading occurs in an incre-
mental elastoplastic analysis.

In summary, the state of stress in a section can be classified as

Elastic state: 1 =0 and ¢ < 0;

Plastic state to plastic state: 1 >0, ¢ =0 and A¢ = 0;

Plastic state to elastic state (elastic unloading): 1 <0, ¢ < 0 and
Agp < 0.

3.4.1 Plastic Multiplier and General Elastoplastic
Stiffness Matrix

For a section in plastic state, the incremental deformation vector,
{Ad}, consists of both elastic and plastic displacements, depending
on which force components are active in the yield function. For
example, yielding by pure bending induces plastic rotation, whereas
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axial force and shear force induce respective elastic deformation.
Hence,

(Ad} = {Ad.} + {Ad,) (3.28)

where the incremental elastic displacement vector {Ad,} is related to
the incremental force vector by

{AP} = [KeHAde} (329)

It should be pointed out that Equation (3.29) is equivalent to Equation
(1.9) in Chapter 1 in incremental form.

Substituting {Ad,} from Equation (3.28) and {Ad,} from Equa-
tion (3.25) into Equation (3.29), we obtain

{AP} = [KJ{{Ad} - 2{f}} (3.30)

Using Equation (3.30) in Equation (3.23), the plastic multiplier 1 can
be found to be

BRI il
mkan Y 19311

Substituting Equation (3.31) into Equation (3.30), the elastoplastic
stiffness matrix, [Kp|, can be found:

{AP} = [Kp|{Ad} (3.32)

[KeJ{f}{F}' K]
(YK
Equation (3.32) is a general expression for a yielded beam ele-
ment. Since a beam element may be subjected to different combina-
tions of yielding states at its ends, the form of [Kp,] varies according
to the state of yielding and the yield function adopted for plastic
analysis.

where [Kp,] = [K] —

3.5 Derivation of General Elastoplastic Stiffness Matrices

In finite element analysis, elastoplastic stiffness matrix derived in a
form similar to Equation (3.32) has been commonly used in material
nonlinear analysis. Ueda et al.® were among the first to apply the theory
to beam elements in frame analysis. For a beam element, the plastic
state at its two ends is considered and the corresponding elastoplastic
stiffness matrix derived. As shown in Figure 3.9, there are four cases
of yield condition for a beam element to be considered: (a) both ends
i and j are elastic, (b) end i is plastic and end j is elastic, (c) end i is
elastic and end j is plastic, and (d) both ends 7 and j are plastic. Explicit
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Plastic hinge
Stiffness matrix = [K,] Stiffness matrix = [K¢]
e
! J | J
2;=0 24=0 220 %=0
(a) Elastic (b) End i plastic
Stiffness matrix = [Kq] Stiffness matrix = [Kpg;]
. ® ®
i J | J
(c) End j plastic (d) Both ends plastic

FIGURE 3.9. Four yielding cases for beam element.

expressions of [Kp,| for each of these four cases are given. In deriving
[Kp.], the force and displacement vectors for each element are
expressed in two parts corresponding to the two ends i and j such that
Equation (3.28) can be rewritten as

Ad; Ad,; Ad,;
Ad} = . o +{ pl} 3.33
tadj {Adi} {Ade,-} Ady; 18:33)
and
AP;

{AP} = { Apy} (3.34)

For the incremental plastic displacement vector in Equation (3.33),

Adpl' _ fj 0 ;hi

{Adm} a [0 fz}{iz} 19351

according to Equation (3.25). The elastic stiffness matrix can be
expressed as

Ky Kj
K=" 3.36
K= ] 3.6
3.5.1 Both Ends are Elastic
In this case, 4; = 4; = 0. Hence,
[Kpe] = [Ke] (3.37)
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3.5.2 End i is Plastic and End j is Elastic
This case implies that 1; = 0. From Equation (3.30),

{ap | = wdady - [ |1 3.38)

]
Because /;{f;}'{AP;} = 0, therefore

)Lj:{fi}t[Kii K]
{fiY [Kal{fi}

|:§Z:|{fi}{f1‘}t[1<ﬁ K]
{fiY [Kal (£}

¢

ON;

o

In the equations just given, {f;} = 9Q; for a plane frame
o
OM;

member. If ¢ consists of only N and M as in bending-axial interaction
yield function, then 9¢/0Q; = 0.

{(Ad} (3.39)

[KPe} - [KPei] - [Ke} -

(3.40)

3.5.3 End i is Elastic and End j is Plastic

This case implies that 4; = 0. Using a similar procedure as given ear-
lier, 4; and [Kp,] can be derived as

LUK K]

Y R

[ﬁ;ﬂ{f;’}{ﬁ}t[&i Kj;]
i} (K {hi}

{Ad} (3.41)

[Kpe] = [Kpej] = [Ke] — (3.42)

o¢
N,
o9

where {f;} = 2Q;

¢

oM
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3.5.4 Both End i and End ;j are Plastic

In this case, both 4; and Z; need to be evaluated. By writing

[G] = {}8 2}, then

{jj}:[@ K. G]'[GI[K]{Ad} (3.43)

[Kpe] = [Kpeij] = [Ke] — [KJ[G][G* K G]'[G]'[Ke] (3.44)

3.6 Elastoplastic Stiffness Matrices for Sections

Different yield surfaces used for the beam element with different
yield conditions give different expressions for the elastoplastic stiff-
ness matrices. These expressions can be given explicitly on the basis
of the derivations described in Section 3.5. In the following section,
elastoplastic stiffness matrices based on the yield surfaces for I sec-
tions [Equations (3.18)] and for general sections [Equations (3.19)]
are given.

3.6.1 End i is Plastic and End j is Elastic

In this case, {f;} = 0. For I sections, the yield surface consists of two
planes, termed hyperplanes, to be considered. One hyperplane is
where the axial force ratio § < 0.15. The other is where 8 > 0.15.

Case (a): for I sections when f < 0.15 and for any section based
on yielding by pure bending [Equations (3.18a)].

8¢ /ON; 0
{fit =1 04/0Q;i p =4 O (3.45)
O¢p/OM; 1/M,
Expanding Equations (3.39) and (3.40) using Equation (3.45), we get
A= % 0 3/ 2 0 —3/L 1]{ad) (3.46)
1 0 0 -1 0 0
3p/l2 0 0 —3y/L> 3y/L
EI 0 O 0 0
[KPei] - 777L 1 0 0 (347)
Symmetric 3n/L* —3n/L
31
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where n = I/A. The symbols in both Equations (3.46) and (3.47), and in
the following equations, follow those used in Chapter 1.

M
Case (b): for I sections where y = I.ISFP when B > 0.15 or

P
M
=N,
D

for general sections.

Y
Writing {f;} = ML { 0 }, it can be derived that

L |
M,
= [) 6n/L 4y — —6n/L 29]{Ad) (3.48)
4 —g —-2h -4 g —h
b g & b e
s h* 2h -gy h%)2
Symmetric b —e
c
12(y% 6(y*+2
where b:M, c=4(y>+3n), e:w, 82%, and

12
h =2y.

3.6.2 End i is Elastic and End j is Plastic
Case (a): for I sections when p < 0.15 and for any section based on
yielding by pure bending.

In this case, {f;} =0,

2 /ON; 0
{fit =4 090/0Q; » =¢ 0 (3.50)
d¢/OM; 1/M,
Expanding Equations (3.41) and (3.42) using Equation (3.50), we obtain
A,:% [0 3/ 1 0 -3/L 2){ad) (3.51)
1 0 0 -1 0 0
39/  3y/L 0 —3y/L> O
. EI 39 0 -3y/L 0
[KPBZ} - 77_L 1 0 0 (352)
Symmetric 3n/L> 0
0
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M
Case (b): for 1 sections where y = l.lSFp when B > 0.15 or
p
M, .
y = —= for general sections.
Np

Y
Writing {f;} = ML { 0 }, it can be derived that
Pll

M
b=t [0 6wt 2 3 —6n/L 4] {(ad) (3.53)
4 g h -4 —-g 2h
b e &g -b g
_ EI c —-h —e h%*/2
Symmetric b —g
h2

3.6.3 Both Ends are Plastic
Case (a): for 1 sections when f < 0.15 and for any section based on
yielding by pure bending.

The outward normal vector for both ends is given as

0 0
0 0
1/M,; 0
= | D (3.55)
0 0
0 1M,

where M,,; and M,,; are the bending moment capacities at ends i and j,
respectively.

(i) End moments have the same sign.

{jj}:Mpf[g % cl) 8 :% ﬂ{Ad} (3.56)

(ii) End moments have different signs.

{j:;}Mp{g —11//LL (1) 8 711/LL _01]{Ad} (3.57)
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(e}
ol o]

EI

[Kpeij| = L (3.58)

— O O
[N eNoNoNo)

Symmetric

QOO OO0

Case (b): for 1 sections where y = 1.18% when 8 > 0.15 or
p

y = My for 1 ti
’=N general sections.
P

There are two possible forms for the elastoplastic stiffness
matrix depending on the signs of the end moments.

(i) End moments have the same sign; M,; = Mp;.

y 0
0 O
1 |1 O
=510 - (3.59)
0 O
0 1
{if}: My [w 6n/L > +6n —y —6n/L —=* | 3 e
4iJ 202 +3n) Ly 6n/L  —y* =y —6n/L Y +6n
1 -2y/L -y -1 2y/L -7 ]
42/LF 2L /L 4?12 2%/
K] = —3E vy =YLy
PN L(y2 + 3n) 1 —2y/L y
Symmaetric 42 /1> —29?/L
2
L Y J
(3.61)
(ii) End moments have different signs; M,; = —M,;
y O
0 O
1 |1 O
= .62
0 O
0 -1
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{’11} Mpf[”/ 2(2+n)/L 7 +2n =y =2(*+n)/L 3P

20 ) Ly 207+ /L =2 =y 2% +m)/L —(2+2n)
(3.63)
1 0 -y =1 0
0 0O 0 0 O
__EI Py 0 =
[KPeu] - m 1 0 — (364)
Symmetric 0O O
)

In the derivations just given, the sign of M,, depends on the calcu-
lation of the incremental load factors aa, ap, etc. Details of the deter-
mination of the sign of M, are given in Chapter 4.

3.7 Stiffness Matrix and Elastoplastic Analysis

Use of the stiffness matrices derived in Section 3.6 in an incremental
elastoplastic analysis represents a direct satisfaction of the yield con-
ditions for any plastic hinge formed during the analysis. The analysis
gives information on the increment of forces, as well as displacements
for both elastic and plastic components. However, the information on
the plastic displacements generated by the plastic hinges is given
implicitly in the results. That is, the solution of the equilibrium equa-
tion of the structure yields only the total displacement vector {Ad}.
The plastic rotation, for instance, of a plastic hinge must be calculated
separately using Equation (3.25). Hence, simulation of plastic hinge
behavior in an incremental elastoplastic analysis is similar to the con-
densation method for modeling the behavior of a pin as described in
Section 1.12.2 of Chapter 1.

Indeed, the stiffness matrices given in Equations (3.47), (3.52),
and (3.58) for cases of yielding by pure bending are identical to Equa-
tions (1.32), (1.39), and (1.46), respectively, at the corresponding ends
with a pin. For plastic design where limited plastic deformation capac-
ity is a design criterion, separate calculations of the plastic deforma-
tion vector are necessary.

The following example demonstrates the difference between
using the pure bending yield criterion and the bending-axial interac-
tion yield criterion. The effects of these yield criteria on the collapse
load of the structure are also shown. Only the results of the analyses
are given. Details of the elastoplastic analysis are explained in the fol-
lowing chapter.
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Example 3.2 Determine the elastoplastic collapse behavior of the steel
frame ABC shown in Figure 3.10. Member 1 is fixed to a rigid wall at A
while member 2 is fixed to a roller support at C. Yield criteria for both
pure bending and I sections bending about the strong axis [Equations
(3.18)] are used for structural members that have the following
properties: E = 2 x 10% kN/m?, A = 0.0105m? I = 0.000477 m*,
M, =515 kNm.

Solution. Load-deflection curves showing variation of the load factor «
with the horizontal deflection at C for both cases are shown in Figure 3.11.
The corresponding values of load factors and deflections are given in
Table 3.1. The sequence of plastic hinge formation for both cases is (1)
hinge at C of member 2, (2) hinge at B of member 2, and (3) hinge at A of
member 1. The effect of the axial-bending interaction yield criterion
reduces the collapse load factor of the structure from 1.288 for the pure
bending case to 1.069, or by 17%.

10000 kN

FIGURE 3.10. Example 3.2.

Pure bending yield

195 __ = «—criterion

¢ LN

—_
I

Axial-bending yield

075 / criterion
zs )/
0 / T T 1
0

20 40 60
Deflection at C (mm)

o
[

Load factor o

FIGURE 3.11. Load-deflection curves.
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TABLE 3.1
Results of load—deflection for Example 3

Pure bending case Axial-bending interaction case
Load factor o Deflection at C Load factor o Deflection at C
1.118 14.4 0.935 17.2
1.259 18.9 1.023 23.9
1.288 43.9 1.069 49.5

3.8 Modified End Actions

It has been shown in Chapter 1 that when using the condensation
method for modeling pins at the ends of a member subjected to inter-
nal loads, the resulting fixed-end forces vary according to the end con-
ditions. The condensation method is based on modeling of the pins
implicitly by modifying the member stiffness matrix. For example, if
a member includes a pin at one end and is fixed at the other, the mod-
ified fixed-end force vector is derived as equivalent to that of a propped
cantilever beam.

In elastoplastic analysis, where yield is accounted for by pure
bending and the resulting plastic hinge is modeled by a pin, the deriva-
tion of the elastoplastic stiffness matrices in the previous sections of
this chapter results in modified fixed-end force vectors identical to
those derived in Chapter 1. However, for yield being accounted for
by force interactions, the modified fixed-end force vectors in an elasto-
plastic analysis, hereafter termed “modified end actions” vectors to
distinguish them from those used in linear elastic analysis, can be
derived in a similar way.

In the presence of internal loads such as distributed loads,
temperature effects, and support settlement, the equilibrium of a
member with fixed ends in an elastic state can be written in incre-
mental form as

{AP} = [K.J{Ad.} + {APF} (3.65)

where {APg} is the fixed-end force vector. For members with internal
loads, Equation (3.65) should be used instead of Equation (3.29) to
derive the elastoplastic stiffness matrices when the members become
yielded. The corresponding equilibrium equation of the yielded mem-
ber can be written as

{AP} = [Kpe]{Ad} + {APM} (3.66)

where {APM} is the modified end action vector. Again, there are dif-
ferent forms of {APM} according to the plastic states of the member.
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To derive generic and explicit expressions for {APM}, the elastic fixed-

end force vector is written as

ZRrZ

we = {4} -

=2

and the general outward normal vector as

1 Y
{fiy = {ff} :ﬁp (1)

3.8.1 Both Ends are Elastic
In this case, {Ad} = {Ad,} and [Kp,] = [K,]. Hence,

{APY} = {APr}

3.8.2 End i is Plastic and End j is Elastic

(3.67)

(3.68)

Following the same derivation process as in Section 3.5, the plastic

multiplier and the modified end action vector are derived as

o _ Y [KakKs] {Ad) + (£} {APr)

1

{fi Kal{fi}
oy ey

(APT} = {APH} = e T
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3.8.3 End i is Elastic and End j is Plastic

= YK Ky {Ad) + (£} {APR) 3.71)
Uiy [Kql{fid

K10 apay
Y (Kl {1}

Ni(7* + 4n) + 7*N; +7M;
Si(y* + 4n) — 6n(yN; + M;)/L
_ 1 Mi(y* +4n) = 207N + M) 3.72)

72 +4n 4nN; — yM; ’
Si(y* + 4n) + 6n(yN; + M;) /L
7*M; — 4ynN;

{Apgw} — [APp} — [

3.8.4 Both End i and End j are Plastic

Again, two separate cases are considered, depending on the signs of
the end moments.

(i) End moments have the same sign; M,,;, = M,,.
For [G] given as in Equations (3.59), it can be derived that

2\ [GIKHAd} + [GI AP
= GIKI(G] 373

[K)IGIG]'{APF}
[GI'[K.][G]

{APM} = {AP;} -

AN;(y* +3n) — y(yN; + M; — yN; + M;)
28:(y* +3n) — 6n(yN; + M; — yN; + M;) /L
1 AM;(y* +3n) — [(y> + 6n)N; + (> + 6n)M; + °N; — > M;]
2(y% +3n) 2N;(y* 4 3n) + 7(7N; + M; — yNj + M;)
28;(y* +3n) + 6n(yN; + M; — yN; + M;) /L
OM;(y +3n) + [P N; +92M; + (2 + 6n)N; — (y* + 61)M;]
(3.74)
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(ii) End moments have different signs; M,; = M,,.
For [G] given as in Equation (3.62), it can be derived that

AN;(y* +n) — 9(yN; + M; — pN; — M;)
28i(7* +n) = 2 (* + n)(Ni + Nj) + (> +n)(M; + M;)] /L
{ary} — 1 2Mi(* + ) = D(G? + 20)N; + (7 + 20)M; + °Nj + 7> M)
(0 +m) 2N;(»2 + 1) + y(3N; + M; — yN; — M)
28;(7% +m) +2[0(* + ) (Ni + Nj) + (> + n)(M; + M;)]/L
AM; (72 + ) — [PNi + 7" M; +7(* + 2n)N; + (7> + 27)M;]
(3.75)

3.9 Linearized Yield Surface

The normal vector {f} on the yield surface is derived by partial differ-
entiation of the yield function ¢. Therefore, for a linear yield surface
represented by a straight line, {f} contains only constant terms.
For a nonlinear yield surface, such as that of a rectangular section,
{f} contains terms of the current forces. Because [Kp,] is calculated
in terms of {f} and [K,], which is a constant for linear elastic ele-
ments, [Kp,| is a constant if {f} contains only constant terms. Simi-
larly, [Kp,.] is nonlinear if {f} contains current forces for nonlinear
yield surfaces.

Consider a nonlinear yield surface as shown in Figure 3.12a.
Because {f} and {AP} are orthogonal to each other, the increment in
forces of a yielded element will invariably cause violation of the yield
condition as the force vector {AP} drifts from A to B. Methods to

Yield surface ¢ =0 Yield surface ¢ =0

Elastic domain Elastic domain

(a) (b)

FIGURE 3.12. Nonlinear and linear yield surfaces.

www. Engi neeri ngEbooksPdf . conr



Plastic Flow Rule and Elastoplastic Analysis 105

restore satisfaction of the yield condition have been proposed by some
researchers (e.g., Orbison et al.®). The restoration scheme is usually
performed by artificially bringing the force vector point from B to C
on the yield surface. The difficulty in this scheme is that it is hard
to determine the exact location of C. To minimize error, the incre-
mental step of the analysis is set to be small so that points B and C
are close to each other.

For a linear yield surface as shown in Figure 3.12b, the incre-
mental force vector {AP} of a yielded element drifts along the yield
surface so that the yield condition is always satisfied. Therefore, it
may be advantageous in computation to transform a nonlinear yield
surface into a series of linear ones. By doing so, the accuracy of the
solution depends only on the number of linearized hyperplanes
representing the original nonlinear yield surface. Such a scheme
has been implemented in Wong and Tin-Loi” and is commonly
adopted in mathematical programming for elastoplastic analysis
(see Chapter 6).

Problems

3.1. A structure ABC shown in Figure P3.1 is subjected to a load P
acting at A. The column BC of rectangular section has a
moment capacity of 160 kNm and a squash load of 480 kN.
Determine the maximum load P that the column BC can sup-
port by assuming failure by (a) pure bending and (b) axial-bend-
ing interaction.

FIGURE P3.1. Problem 3.1.

3.2. The simply supported frame ABC shown in Figure P3.2 is made
of T sections with a moment capacity of 240 kNm and an axial
capacity of 600 kN. Determine the maximum load factor o that
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l30a kN
A B
60 kN —?\ R
L 4m J_2m ||
| | | 5m
o v

FIGURE P3.2. Problem 3.2.

the column BC can support by assuming failure by (a) pure bend-
ing and (b) axial-bending interaction.
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CHAPTER 4

Incremental Elastoplastic
Analysis—Hinge by Hinge
Method

4.1 Introduction

This chapter describes a method for incremental elastoplastic analysis.
This method gives a complete load-deflection history of the structure
until collapse. It is based on the plastic hinge concept for fully plastic
cross sections in a structure under increasing proportional loading.
Proportional loading applies to a structure with loads multiplied by
a common load factor. This common load factor, first introduced in
Chapter 3 as o (with respective values o, oy, etc. at load levels 1, 2,
etc.) in an incremental elastoplastic analysis, is assumed to increase
until the structure collapses. The method consists of a series of elastic
analyses, each of which represents the formation of a plastic hinge
in the structure. Results for each elastic analysis are transferred to
a spreadsheet from which the location for the formation of a plastic
hinge and the corresponding increment of loading in terms of the
common load factor can be obtained.

For analysis which includes the effect of force interaction on the
plastification of a cross section, the method for using elastoplastic
stiffness matrices for the four cases of yield condition for a beam ele-
ment is applied. In contrast, an iterative method using successive
approximation, with plastic hinges resulting only from yielding by
pure bending, is used as an alternative to include the effect of force
interaction in an incremental elastoplastic analysis. These two meth-
ods have been described in Wong' in which examples with detailed
numerical work were given.
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108 Plastic Analysis and Design of Steel Structures

4.2 Use of Computers for Elastoplastic Analysis

The advent of computers has made structural analysis a good deal eas-
ier. Nowadays, commercial computer software is commonly available
for linear and geometrical nonlinear elastic analyses of structural
frames. Incremental elastoplastic analysis can be considered as a series
of linear elastic analyses performed incrementally, perhaps using com-
mercial computer software, in a step-by-step manner to predict plastic
hinge formation. This technique, in conjunction with spreadsheet
technology, can be used for elastoplastic analysis of large and complex
structures for which member forces and deflections at any level of
loading can be found.

As described in Chapter 3, at a load level being applied to a struc-
ture under a nominal load vector {F}, the common load factor
corresponding to the formation of a plastic hinge is «;. The solution
of Equation (3.1) for the displacement increment vector {AD}, is
given as

{AD}; = [K] " a1 {F} (4.1)

Because {F} is directly proportional to the member forces, an
increase in {F} by a common load factor o; implies the same level
of increase in the member forces. Hence, if {AP} is the vector contain-
ing the member forces for a structure under loading given by {F},
member forces for the same structure under loading given by o, {F}
must be

{AP}, = a; {AP} (4.2)

If the bending moment in {AP} is M, for an arbitrary section in a
structure and the corresponding bending moment in {AP}, is M, then
for a plastic hinge to occur at the section under the pure bending yield
criterion, M must be equal to M,, the plastic moment capacity of the
section. Hence, the value of o; leading to the formation of the plastic
hinge is

xqAl = 75— (43)

At the load level where the load vector is o1 {F}, member forces
in the structure can be calculated by Equation (4.2). For any other sec-
tions not yet yielded, the remaining plastic moment capacity, M,;, is
generally given by

Mrl = Mp — O(1M01 (44)

where M, is the bending moment obtained from {AP}. The remaining
plastic moment capacities for all sections are then used for predicting
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Incremental Elastoplastic Analysis—Hinge by Hinge Method 109

the formation of the next plastic hinge once the yielded section has
been modeled as a hinge and the structure modified according to the
methods described in Chapter 3. A propped cantilever beam is used
to illustrate this procedure.

Example 4.1 A propped cantilever beam is subjected to an increasing
load oP shown in Figure 4.1 where P = 10 kN, L = 12 m, M,, = 27 kNm
for the beam. What is o at collapse?

aP
,‘[ A iB c

L2 | L2 |

FIGURE 4.1. Elastoplastic analysis of a propped cantilever beam.

Solution. It is obvious that two plastic hinges need to occur at A and B
to induce a plastic collapse mechanism. Therefore, two stages of elas-
tic analysis are needed for the calculation of o at collapse. In addition,
the vertical deflection at B can be calculated as « is increasing. Initial
analysis can be carried out by assuming any value for a. For conve-
nience, o is usually set as 1.

Stage 1:

For P = 10 kN, bending moment at A, Ma; = 3PL/16 = 22.5 kNm, and
at B, Mg =5PL/32 = 18.75kNm. Vertical deflection at B,
vy = 7PL3 /768EI = 157.5 /EL.

For the section at A to become plastic, from Equation (4.3), as; =
M, 27

Likewise, for the section at B to become plastic, oap; = % =
27 44 ’
18.75 7

Hence, the first plastic hinge occurs at A with o; = 1.2. At this load
level (for a total load of 1.2 x 10 = 12 kN, the total bending moments
at A and B are 1.2 x 22.5 = 27 and 1.2 x 18.75 = 22.5 kNm, respec-
tively. Total vertical deflection at B is 1.2 x 157.5/EI = 189 /EI.
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B
D
=27 KNm|

E I1 8.75 kNm

(b) Bendin

FIGURE 4.2. Cup-filling analogy for plastic hinge formation.

The aforementioned calculations for bending moments can be
illustrated using a cup-filling analogy as shown in Figure 4.2.

In Figure 4.2, the height of the two empty cups represents the
full plastic moment capacities at A and B. Upon the application of
nominal load P, the bending moments at A and B are represented by
the partially filled cups as shown in Figure 4.2a. The goal of this stage
of calculation is to find a common minimum load factor a; so that, by
multiplying the bending moments shown in Figure 4.2a by o4, one of
the cups is full, representing the occurrence of a plastic hinge. This is
shown in Figure 4.2b in which the remaining plastic moment capacity
at B is shown to be 4.5 kNm (= 27-22.5).

Stage 2:

At this stage of calculation, the plastic hinge at A is modeled as a real
hinge and the structure ABC becomes a simply supported beam as
shown in Figure 4.3.

For P = 10 kN, the increment in bending moment at B, Mg, = PL/4 =
30 kNm and vy, = PL3/48EI = 360/EI.

Mp — OClMgl - 4.5

For the section at B to become plastic, ag) = — L 30 0.15.
oP
A C
B Q

FIGURE 4.3. Stage 2 calculation.
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Hence, oy = 0.15. Total Mg = 22.5 +0.15 x 30 = 27 kNm. Total verti-
cal deflection at B, vz = 189/EI + 0.15 x 360/EI = 243 /EI.

Subsequent analysis after the insertion of a plastic hinge at B
shows no solution or infinite deflections, indicating that the beam
has reached a collapse mechanism.

Total load factor at collapse, o,y = a1 + oy = 1.2 +0.15 = 1.35,
and the collapse load is 1.35 x 10 = 13.5 kN.

A plot of the load factor against the vertical deflection at B is
shown in Figure 4.4. In general, the gradual reduction in the slope
of the load-deflection curve with increasing number of plastic
hinges is an indication of the deterioration of the stiffness of the
structure.

From the example just given, it is obvious that plastic hinge
formation at a section corresponds to the lowest value of load factors
calculated for all sections at each stage of calculation. This pro-
vides a means to identify the locations of plastic hinges without
needing to guess their locations as in traditional plastic analysis.
It is noted that the procedure for calculating the load factor for each
of the sections and for locating the plastic hinges is routine at each
loading stage. This routine procedure enables calculations to be per-
formed in an automated way using tools such as spreadsheets. In the
following section, a spreadsheet procedure is set up to carry out the
routine calculations for each loading stage of the aforementioned
example.

It should be noted that within each loading stage, the analysis is
linear elastic. Therefore, for simple structures, standard formulas can
be used for force and deflection calculations. For complex structures,
forces and deflections can be calculated using commercial structural
analysis computer programs, which are calculation tools commonly
available in most structural engineering design offices.

1.5
1.25 =

0.75
0.5
0.25

Load factor

0 200 400 600
Deflection at B (x1/El)

FIGURE 4.4. Load-deflection curve of a propped cantilever beam.
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For structural analysis by computer, a collapse mechanism is
detected when the determinant of the structure stiffness matrix is
zero. In this case, a “run-time error” is usually signaled by the com-
puter. However, in many cases, an exact zero value for the determi-
nant of the structure stiffness matrix is difficult to detect and,
instead, large deflections are obtained in the solution when the struc-
ture has reached a collapse mechanism.

4.3 Use of Spreadsheet for Automated Analysis

Steps for the routine procedure implemented on a spreadsheet for
elastoplastic analysis of general structures are as described.

1.

2.

Set up a calculation table on a spreadsheet (e.g., Microsoft
Excel) with headings as shown in Figure 4.5.

Perform a linear elastic analysis for the structure subjected to
original loading (with any load factor set as 1); enter the
values of bending moments M, (Column 3) and deflections
Vo (Column 7) from the results of analysis.

. Calculate the load factor o (Column 5) for each member from

Equation (4.3) such that plastic moment is reached at the ends
of the member.

. Choose the smallest load factor o, and calculate the cumula-

tive bending moments (Column 6) and deflections (Column 8)
using o, for all members. For the analysis stage i, o; = o, and
the values of the bending moment M; and deflection v; are
both zero when i = 1.

5. Calculate the residual plastic moments for all other sections
(Column 4); insert a hinge in the structure at the section
where o, is obtained.

6. Repeat steps 2 to 5 until the structure collapses.

Column | Column | Column | Column Column Column Column Column
1 2 3 4 5 6 7 8
FIGURE | Joint Moment | Residual | Load factor Cumulative | Deflection | Cumulative
45 M, plastic M, M, moment Vo deflection
moment 0!=TO M, =M+a, Mg Vi, =Vita, Vo
Mp—M,
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| A 1B )] C | D I E | E I © | du | L g ]

1 Example: Propped cantilever beam
2
3 |StegeNoot Critical load factos, & = 1.2 *1/E /Bl |M; =0

[Wicmber Jdeint | Moment JResidual Plastic JLoad factor  |Cumulative Moment | Deflection | Cumulatioe | Plastic |Mp value
4 Aomeni deleciion momeni [pesiiive
5 M, [ a=(d -MMM] ¥ _=M+c ¥ Ve T, =¥ +R,¥ Wy

6 A | 235 Fij 1.2 270 27 z
4 B 18.76 27 1.44 25 1&87.5 189 27 rig
g 2 B -18.7% -2 1.44 225 27 2
9 C 1] 27 0o 27 2
10| |
11 [Stege No. 2 Critical load facteor, . = 0.15 x1/E <|/El

|Member |Joint | Moment [Residual Plastic [Load Ector Cumulative Moment | Deflection | Cumulative Plastic  |Mp value

12 Aloment deflection mome ni sitive
13 M, | [T ani -M)M| M, =M +ax M Ve IETE M,

12 A 0 [ = 270 %7 z
15 [E 0 4.5 0.156 270 380 243 27 z
16 2 B -0 -45 0.15 =210 27 2
17 C 1] 0.0 Pl
18] |

19 [Total collapse |oad facter=1.35

20

FIGURE 4.6. Spreadsheet for the elastoplastic analysis of a propped cantilever
beam.

7. Theoretical collapse criterion: Determinant of structure stiff-
ness matrix [K] = 0. When using computers, the collapse
mechanism is reached when
¢ Run-time error occurs due to zero determinant
e Dramatic increase in displacements occurs

The final collapse load factor o is the sum of the load factors
o, from all stages of analysis. Although the table in Figure 4.5 is set
up for calculating bending moments and deflections, the table can
be extended to include calculations of axial forces and shear forces,
if desired.

A complete spreadsheet procedure using Excel for the calculation
of the collapse load of the propped cantilever beam in Example 4.1 is
shown in Figure 4.6. The setup of the spreadsheet is self-explanatory.
The total collapse load factor in cell D19 is the sum of the cells E3 and
Ell. It is noted that the plastic moment M, carries a sign that is the
same as that for M, for each of the sections. According to this rule,
the sign of the plastic moment for each section is assigned under col-
umn I while column J gives its absolute value. For structures with
more stages of calculations, the lines for each stage can be repeated
using the copy and paste functions in Excel.

Example 4.2 Determine the collapse load factor o of the portal frame

shown in Figure 4.7. M, = 30 kNm for the columns and M,, = 20 kNm
for the rafter. E = 2 x 108 kN/m?, I = 0.0002 m* and A = 0.015 m?.
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400 kN

Tom

6m

FIGURE 4.7. Elastoplastic analysis of a portal frame.

Solution. The results of analysis and the corresponding spreadsheet
table for each stage of loading are as follow. The location of the plastic
hinge inserted at the end of each calculation stage is also indicated.
Only bending moments at the joints are calculated. In the tables,
results for M, are obtained from linear elastic analysis for a load of
40 kN. It is important to emphasize that M, and M, always have the

same sign.

Analysis Stage No: 1

Critical Load Factor, o, = 0.503

Load
Residual  factor Cumulative
plastic o= moment Plastic
Moment moment M, - M; M, = moment
Member Joint M, Mp-M; — M, = MitoauM, M,
1 1 27.21 30 1.103 13.69 30
2 -21.75 -30 1.379 —-10.94 -30
2 2 -21.75 -20 0.920 -10.94 -20
3 31.00 20 0.645 15.60 20
3 3 31.00 30 0.968 15.60 30
4 —-59.62 -30 0.503 -30 -30
2
3

/ Plastic hinge

FIGURE 4.8. Results of calculations and plastic hinge location for stage 1.
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Analysis Stage No: 2

Critical Load Factor, o, = 0.084

Load
Residual  factor Cumulative
plastic o = moment Plastic
Moment moment M, - M; Mi, = moment
Member Joint M, Mp-M; — M, M; + oM, M,
1 1 65.09 16.31 0.251 19.13 30
2 —47.24 —19.06 0.403 —14.89 -30
2 2 —47.24 -9.06 0.193 —14.89 -20
3 52.61 4.40 0.084 20 20
3 3 52.61 14.40 0.274 20 30
4 0 0 — -30 -30

FIGURE 4.9. Results of calculations and plastic hinge location for stage 2.

Analysis Stage No: 3

Critical Load Factor, o, = 0.073

Load
Residual  factor Cumulative
plastic o= moment Plastic
Moment moment M, —M; Mi = moment
Member Joint M, Mp — M; TO M; + oMy M,
1 1 129.7 10.87 0.084 28.56 30
2 —-70.31 —15.11 0.215 -20 -30
2 2 —70.31 =511 0.073 -20 -20
3 0 0 — 20 20
3 3 0 0 — 20 30
4 0 0 — -30 -30

FIGURE 4.10. Results of calculations and plastic hinge location for stage 3.
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Analysis Stage No: 4 Critical Load Factor, o, = 0.0072
Load
Residual  factor Cumulative

plastic o= moment Plastic

Moment moment M, - M; Mi = moment
Member Joint M, Mp - M; M, M; + oer Mg M,
1 1 200 1.44 0.0072 30 30
2 0 -10 — -20 -30
2 2 0 0 — -20 —-20
3 0 0 — 20 20
3 3 0 0 — 20 30
4 0 0 — -30 -30

FIGURE 4.11. Results of calculations and plastic hinge location for stage 4.

A linear elastic analysis of the structure in Figure 4.11 shows a
dramatic increase in some of the deflections in the structure. This
indicates that collapse of the structure is imminent when the increase
in deflections at collapse may amount to tens of thousand times above
the results in the previous stage of analysis.

Total collapse load factor, o, = 0.503 + 0.084 + 0.073 + 0.0072 =
0.6672 and the total collapse load = 0.6672 x 40 = 26.7 kN.

4.4 Calculation of Design Actions and Deflections

The primary purpose of carrying out plastic analysis is to find the
collapse loads of the structure. For a structurally safe structure, the
collapse loads must be at or above those at the design load level. How-
ever, design actions at ultimate limit states are required only at the
design load level for design checks. Design actions, including bending
moments, shear forces, and axial forces, are not necessarily equal to
those at the collapse load level. The design actions can be obtained
by extracting them from results of the elastoplastic analysis. A proce-
dure used to obtain the design actions from an elastoplastic analysis is
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described. This procedure applies to the calculation of member forces
for the strength limit state, as well as deflections for the serviceability
limit state.

Because an incremental elastoplastic analysis consists of a series
of linear elastic analyses between the formation of plastic hinges,
member forces and displacements at the design load level can be
found by linear interpolation. The linear interpolation calculation is
performed between consecutive plastic hinges, one above and one
below the design load level. This is illustrated in Figure 4.12 in which
the variation of the bending moments with the applied load (or load
factor for multiple loads) of a section is shown.

Figure 4.12 shows that the design load for the structure is Pg.
Suppose that the total load for the formation of a plastic hinge in
the structure above P, is P;, corresponding to a bending moment M,
in a section, and that below P; is P,, corresponding to a bending
moment M, in the same section. The design moment M, for the sec-
tion at design load P; can be calculated by linear interpolation as

P;—P
Mg =M, +=2—"2(M, — M) (4.5)
Py — P,
where Py, M;, P,, and M, are obtained from elastoplastic analysis.
Other forces and displacements can be found in a way similar to Equa-
tion (4.5).

Example 4.3 For the portal frame in Example 4.2, find the design
moments for all members if the design load for the structure is 24 kN.

Solution. The load factor corresponding to the design load is oo = 24/40 =
0.6. Hence, the design load lies between stage 2 (total load factor = 0.587)
and stage 3 (total load factor = 0.66). The moments for all members at
stages 2 and 3 are shown in Table 4.1.

Load

-
Design load,Py [--------=-=-==----—x

P2 ”””””””” ; E \
P Plastic hinge formation

My My M, Bending moment

FIGURE 4.12. Interpolation for design actions.
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TABLE 4.1
Moments at stages 2 and 3

Moment (kNm) at stage 2

Moment (kNm) at stage 3

Joint i Joint j Joint i Joint j
Member 1 19.13 —14.89 28.56 -20
Member 2 —14.89 20 -20 20
Member 3 20 -30 20 -30
TABLE 4.2
Moments at design load level

Design moment (kNm)
Joint i Joint j

Member 1 20.81 —15.80
Member 2 —15.80 20
Member 3 20 -30

The design moments, calculated by linear interpolation using
Equation (4.5), for all members at a design load of 24 kN are shown
in Table 4.2. An example of the calculation for member 1, joint i is

illustrated in Figure 4.13.

Total load
factor o

X e :

Design load, o = 0.6

o=0587 """

! Design moment = 20.81

Va
19.13

Bending moment
28.56

FIGURE 4.13. Interpolation for moments in member 1.
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4.5 Effect of Force Interaction on Plastic Collapse

The presence of axial and shear forces in a cross section reduces its
plastic moment capacity, which, in turn, reduces the collapse load
of the structure. A direct method to take account of the effect of force
interaction is to modify the elastoplastic stiffness matrix in accor-
dance with the three cases of yield condition described in Chapter 3
for the yielded section. An indirect method is to assume yielding by
pure bending for all elements while the collapse load of the structure
is calculated. At the end of the analysis, the reduced plastic moment
capacity due to force interaction is calculated for each element and
the analysis is repeated. This is called the successive approximation
method. Both methods are described here.

4.5.1 Direct Method

This method makes use of the structure stiffness matrix modified to
take account of the formation of plastic hinges. The solution of the
incremental structure equilibrium equation is based on Equation
(3.4) given as

{AD} = [Kp| 'a{F} (4.6)

in which [Kp] is the modified structure stiffness matrix. The various
forms of the member elastoplastic stiffness matrix [Kp,| lead to differ-
ent [Kp] being formulated due to the different force interaction formu-
lations and yield conditions. Thus, this method requires special
computer programming to create [Kp,] and hence [Kp]. In addition,
the plastic deformation at the plastic hinge has been condensed into
[Kp,] and the extraction of the plastic deformation has to be performed
separately. The advantage of using this method is that the force inter-
action condition is always satisfied at any stage of calculation and the
solution for the collapse load is direct.

Calculation of Load Factor
For yield condition based on pure bending, the load factor o for pre-
dicting the formation of a plastic hinge at a section is calculated
according to Equation (4.3). For yield condition based on force interac-
tion, the calculation of o is more complicated. Its calculation is illu-
strated in Figure 4.14 in which a yield surface diagram for a section
with two dimensionless forces m and B is shown. In addition, the sign
of the forces has been considered so that the yield surface is symmet-
ric and consists of four quadrants of hyperplanes.

Suppose that the forces m and f in a section from a linear elastic
analysis of the structure under loading {F} are represented by the vec-
tor OG. Formation of a plastic hinge in the section requires an
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A 1.0 B

-1.0

FIGURE 4.14. Yield surface of a section.

increase in the forces by a load factor o such that the vector OG
is extended linearly to point H on the hyperplane CD as shown in
Figure 4.14. In practice, values of o are calculated for all hyperplanes
connecting the points ABCDEF and the one with the smallest positive
value is chosen. For the section to stay yielded in subsequent analysis,
the force point will move along the yield surface. The following exam-
ple, used previously in Example 3.2, illustrates the various aspects of
this method.

Example 4.4 Determine the collapse load P for the frame ABC shown

in Figure 4.15 using the direct method. For both members AB and BC,

E =2 x 10° kN/m? A = 0.0104 m? I = 0.000475 m*, M, = 515 kNm,

N, = 2600 kN. The members are made of the I section with yield

condition given by m = 1.18(1 — 8) where m = M and f= N for
Mp N,

B > 0.15, otherwise m < 1.

FIGURE 4.15. Steel frame with sequence of plastic hinge formation.
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Solution. A load of P = 1 kN is applied to the structure for initial anal-
ysis. The aim is to find « for a total collapse load of aP. For this struc-
ture, there are three plastic hinges to form before collapse, requiring
three stages of analyses. The calculation of a., is based on geometrical
consideration of the hyperplanes shown in Figure 4.16. More discus-
sion on the use of hyperplanes for calculating a., can be found in
Chapter 6. The sequence of plastic hinge formation is shown in Figure
4.15. Results of the calculations for both members AB and BC are
shown in Table 4.3.

Movements of the forces on the hyperplane for member BC at
different stages of loading are shown in Figure 4.16. For section C,
yielding occurs at stage 1 while section B still remains elastic.

m
A 1.0 B
1.0, o) IC
F Member 10 B
BC, jointB
N Member
-
» BC, joint C
0312, | ¢
—0.812) at stage 2
E [-1.0P

|(-0.291, -0.836) at stage 1

FIGURE 4.16. Movements of forces for member BC.

TABLE 4.3
Results of calculations for Example 4.4
Member AB Member BC
Critical
Axial  Bending Axial  Bending load
force  moment force moment factor
Joint  (kN) (kNm) m (kN) (kNm) m (dter)
Stage 1 i 0 266.8 0.518 -757.3 —-350 —0.680 934.9
j 350 0.680 —430.7 —-0.936
Stage 2 i 0 330.8 0.642 -811.2 —418.1 —0.812 88.5
i 418.1 0.642 —418.1 —-0.812
Stage 3 i 515.0 1 —811.2 —418.1 -0.812 46.0
j 0 418.1 0.812 —418.1 —0.812
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At stage 2, both sections B and C become yielded and remain at the
same point on the hyperplane. The total collapse load for this struc-
ture is 1069.4 kN.

4.5.2 Successive Approximation Method

The direct method for elastoplastic analysis requires the use of unique
elastoplastic stiffness matrices pertaining to individual yield criteria.
Computer software invoking the direct method must be programmed
to include these unique formulations. This poses a problem for struc-
tural designers using this method as such computer software is not
commonly available. As an alternative, a successive approximation
method, based on yielding by pure bending in each iterative cycle,
can be used to circumvent this problem.

It should be kept in mind that a reduction in the plastic moment
capacity in members due to force interaction usually results in a
reduction in the plastic collapse load of the structure. When using
the successive approximation method, the collapse load factor is cal-
culated on the basis of yielding only by pure bending. Because the
total axial forces in the members are not known until the end of the
analysis at collapse, the reduced plastic moment capacity as a conse-
quence of axial force or shear force can be calculated only when the
analysis is completed. The reduced bending moment capacity for each
member can then be calculated and used in a subsequent cycle of
analysis. The number of cycles of analysis to be performed depends
on the degree of accuracy required for the solution. The method
enables the solutions from the analysis cycles to converge to the true
collapse load. However, the procedure could be tedious if the structure
is complex. An alternative, but conservative, approach is to repeat the
cycle of analysis only once. The result would underestimate the col-
lapse load and err on the safe side for design. The procedure for this
method is demonstrated in the following example using the structure
shown in Example 4.4.

Example 4.5 Determine the collapse load P for the frame ABC shown
in Figure 4.15 using the successive approximation method. For
both members AB and BC, E = 2 x 10® kN/m? A = 0.0104 m?,
I = 0.000475 m* M, = 515kNm, N, = 2600 kN. The members are
made of I section with the yield condition given by m = 1.18(1-5)
where m = M and p = N for f > 0.15, otherwise m < 1.
Mp Np

Solution. For each cycle of analysis, the critical load factor is calcu-
lated using the pure bending yield criterion [Equation (4.3)]. Results
of the first cycle of analysis are given in Table 4.4. At the end of itera-
tion cycle 1, the collapse load of the structure is 1287.5 kN and the
total axial force in BC is 999.3 kNN.
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TABLE 4.4
Results of calculations for Example 4.5: Iteration cycle 1
Member AB Member BC
Axial Bending Axial Bending Critical
force moment force moment load
Joint (kN) (kNm) (kN) (kNm) factor (o)
Stage 1 i 0 319.1 -905.7 —418.5 1117.9
j 4185 ~515.0
Stage 2 i 0 400.9 —-999.3 -515.0 141.1
j 515.0 -515.0
Stage 3 1 0 515.0 —-999.3 -515.0 28.5
j 515.0 —515.0

The reduced bending moment capacity of member BC is calcu-
lated and found to be 374 kNm, which is used in the next iteration
cycle of analysis while the bending moment capacity of member AB
remains at 515 kNm. Results of iteration cycle 2 are shown in
Table 4.5.

At the end of iteration cycle 2, the total collapse load is 970.3 kN
and the total axial force in BC is 725.7 kN. The reduced bending
moment capacity of member BC is calculated and found to be
438 kNm, which is used in the next iteration cycle of analysis.

The aforementioned iteration cycle can be repeated as many
times as the accuracy of solution requires. For this example, the col-
lapse load is 1071.5 kN after seven iteration cycles. The iteration
trend is shown in Figure 4.17, where the collapse load is shown to
converge on the exact solution of 1069.4 kNN.

TABLE 4.5
Results of calculations for Example 4.5
Member AB Member BC
Axial  Bending Axial Bending
force  moment force moment Critical load
Joint (kN) (kNm) (kN) (kNm) factor (o)
Stage 1 1 0 231.7 —657.7 -303.9 811.9
j 303.9 -374.0
Stage 2 i 0 291.1 —725.7 -374.0 102.4
j 374.0 -374.0
Stage 3 1 0 515.0 —725.7 -374.0 56.0
j 374.0 -374.0
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FIGURE 4.17. Convergence of solution using successive approximation method.

4.6 Plastic Hinge Unloading

In incremental elastoplastic analysis, it is usually assumed that the plas-
tic hinges, once formed, remain yielded throughout the analysis. This is
true for many structures. However, for some structures, plastic hinges
may unload and become elastic again due to the formation of plastic
hinges elsewhere in the structure. The detection of plastic hinge unload-
ing can be performed by calculating the plastic multiplier A for each plas-
tic hinge as described in Chapter 3. A plastic hinge undergoes unloading
when the value of A is negative. At any stage of analysis when unloading
is detected, the section corresponding to the unloading plastic hinge
becomes elastic and that stage of analysis is repeated with the section
modified as an elastic one. The following structure demonstrates plastic
hinge unloading in the process of increasing loads.

Example 4.6 Determine the collapse load factor P for the single-story,
double-bay frame shown in Figure 4.18 using the direct method. For
all members, E = 2.1 x 108 kN/m? and yielding is based only on pure
bending.

For members AB and HG, A = 0.003m? I = 0.00001 m*,

M, = 45 kNm.
For members BC, CD, DF, and FG, A = 0.004 m?, I = 0.00004 m*,
M, =78 kNm.

For member ED, A = 0.002 m?, I = 0.000005 m*, M, = 17.5 kNm.
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FIGURE 4.18. Example 4.6.

Solution. A curve for the variation of P with the horizontal deflection
at B and the sequence of plastic hinge formation for the structure is
shown in Figure 4.19. The analysis shows that hinge 4 undergoes
unloading after hinge 5 in member FG occuring at a total load factor
P = 0.735. Also, hinge 2 at E undergoes unloading after hinge 6 in
member CD occuring at a total load factor P = 0.747. The section at
E becomes a plastic hinge again when hinge 8 occurs at a total load
factor P = 0.752. At collapse, the total load factor P = 0.769.

0.8
3 !’/.»""_’_’_‘
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o
8
T 04
o
|
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0 20 40 60
Deflection at B (mm)
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9 4 5 1
Unloading
hinges
7 248 3

FIGURE 4.19. Load-deflection curve and hinge formation sequence for
Example 4.6.

www. Engi neeri ngEbooksPdf . conr



126 Plastic Analysis and Design of Steel Structures

4.7 Distributed Loads in Elastoplastic Analysis

The plastic analysis methods described so far have focused on struc-
tures subjected to point loads only. For structures subjected to point
loads, plastic hinges occur at sections either at joints or where the
point loads act. A member with internal point loads can be discretized
into shorter elements connected at joints where the internal point
loads are acting.

For members subjected to distributed load, plastic hinges may
occur within the length of the load along the member. The usual
way of dealing with distributed load in plastic analysis is to simulate
the action of the distributed load by equivalent point loads. The mem-
ber subjected to the distributed load is then discretized into shorter
elements according to the number of equivalent point loads generated.
Although this method is usually satisfactory, the difficulty of deter-
mining an adequate number of equivalent point loads is always pres-
ent, and the accuracy of results is not known. In the following
paragraph, an iterative procedure to locate the plastic hinge for mem-
bers under distributed loads is presented. The method shows conver-
gence both to the correct locations of the plastic hinges in members
and to the correct plastic collapse load.

A member of length L subjected to a distributed load linearly
varying from w; at one end to wy at the other is shown in Figure 4.20.

Assume that the shear force and bending moment at end i of the
member are S; and M;,, respectively, obtained at the completion of an
elastoplastic analysis. The bending moment M, at a distance x from
end i is given by

2
M, = Six — WIZX _(w 62"1)"3 — M (4.7)
The bending moment M, is a maximum when the shear force is zero.
That is,

oM, (wy, — wy)x?

ox = Si—wix— 2L

Sx = =0 (4.8)

[ 1

S| '_X,PMX L /

X

L] ]
M,’< /‘
FIGURE 4.20. Member with a linearly varying distributed load.
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By solving Equation (4.8) for x, the location for the occurrence of
a possible plastic hinge is identified. The member can be discretized
into two with the joint located at the point where maximum M,
occurs and the collapse load can be reevaluated. This procedure can
be repeated until both the location of the plastic hinge and the col-
lapse load of the structure converge with satisfactory accuracy.

Example 4.7 Determine the plastic collapse load factor o and the
location of the internal plastic hinge at a distance x from A for the
fixed-end beam ABC with a UDL of 10 kN/m along AB as shown in
Figure 4.21. Plastic moment capacity of the member, M,, = 100 kNm.

1000 KN/m
! ! )
A 6m B 2m C
—

X
FIGURE 4.21. Example 4.7.

Solution. The beam is discretized into three elements so that a joint
can be arbitrarily assigned within the length AB. In the first instance,
ajoint D is assigned at a distance of 3 m from A and the resulting plas-
tic hinge formation sequence is shown in Figure 4.22a. Elastoplastic
analysis cycle 1 gives a total collapse load factor o = 2.963. Using
Equation (4.8), the location of the maximum bending moment is
found to be 3.75 m from A in element DB and the corresponding bend-
ing moment is 108.3 kNm from Equation (4.7). Obviously, the bend-
ing moment is in violation of the yield condition.

A second elastoplastic analysis is then carried out with a revised
location for the joint D at 3.75 m from A. In this case, the total col-
lapse load factor is found to be 2.844 and the location of the maximum
bending moment remains unchanged at D as shown in Figure 4.22b. It
should be noted that the moving joint D is where the last plastic hinge
occurs. Therefore, in this example, only one adjustment of the plastic
hinge location is required to give the correct collapse load factor using
only one iteration of analysis. A summary of the results is given in
Table 4.6.

sm D 3am Bom C A 3