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Preface

A large international conference on Advances in Engineering Technologies and
Physical Science was held in Hong Kong during 12-14 March 2014, under the
International MultiConference of Engineers and Computer Scientists 2014 (IMECS
2014). The IMECS 2014 is organized by the International Association of Engineers
(IAENG). IAENG is a non-profit international association for engineers and computer
scientists, which was founded originally in 1968 and has been undergoing rapid
expansions in recent few years. The IMECS conference serves as a good platform
for the engineering community to meet with each other and to exchange ideas. The
conference has also struck a balance between theoretical and application development.
The conference committees have been formed with over 300 committee members
who are mainly research center heads, faculty deans, department heads, professors,
and research scientists from over 30 countries with the full committee list available
at our conference website (http://www.iaeng.org/IMECS2014/committee.html). The
conference is truly international meeting with a high level of participation from many
countries. The response that we have received for the conference is excellent. There
have been more than 600 manuscript submissions for IMECS 2014. All submitted
papers have gone through the peer-review process and the overall acceptance rate is
51.24 %.

This volume contains 33 revised and extended research articles written by
prominent researchers participating in the conference. Topics covered include
engineering physics, engineering mathematics, scientific computing, control theory,
artificial intelligence, electrical engineering, communications systems, and indus-
trial applications. The book offers the state of art of tremendous advances in
engineering technologies and physical science and applications, and also serves as
an excellent reference work for researchers and graduate students working with/on
engineering technologies and physical science and applications.

Gi-Chul Yang
Sio-Iong Ao
Xu Huang
Oscar Castillo
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Active-Force Control on Vibration
of a Flexible Single-Link Manipulator
Using a Piezoelectric Actuator

Abdul Kadir Muhammad, Shingo Okamoto and Jae Hoon Lee

Abstract The purposes of this research are to formulate the equations of motion of
the system, to develop computational codes by a finite-element method in order to
perform dynamics simulation with vibration control, to propose an effective control
scheme using three control strategies, namely active-force (AF) proportional (P),
and proportional-derivative (PD) controls and to confirm the calculated results by
experiments of a flexible single-link manipulator. The system used in this paper
consists of an aluminum beam as a flexible link, a clamp-part, a servo motor to
rotate the link and a piezoelectric actuator to control vibration. Computational codes
on time history responses, Fast Fourier Transform (FFT) processing and eigen-
values—eigenvectors analysis were developed to calculate the dynamic behavior of
the link. Furthermore, the AF, P, and PD controls strategies were designed and
compared their performances through calculations and experiments. The calculated
and experimental results showed the superiority of the proposed AF control com-
pared to the P and PD ones to suppress the vibration of the flexible link
manipulator.
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1 Introduction

Employment of flexible link manipulator is recommended in the space and indus-
trial applications in order to accomplish high performance requirements such as
high-speed besides safe operation, increasing of positioning accuracy and lower
energy consumption, namely less weight. However, it is not usually easy to control
a flexible manipulator because of its inheriting flexibility. Deformation of the
flexible manipulator when it is operated must be considered by any control. Its
controller system should be dealt with not only its motion but also vibration due to
the flexibility of the link.

In the past few decades, a number of modeling methods and control strategies
using piezoelectric actuators to deal with the vibration problem have been inves-
tigated by researchers [1-3]. Nishidome and Kajiwara [1] investigated a way to
enhance performances of motion and vibration of a flexible-link mechanism. They
used a modeling method based on modal analysis using the finite-element method.
The model was described as a state space form. Their control system was con-
structed with a designed dynamic compensator based on the mixed of Hy/Heo. They
recommended separating the motion and vibration controls of the system. Zhang
et al. [2] has studied a flexible piezoelectric cantilever beam. The model of the beam
using finite-elements was built by ANSYS application. Based on the Linear Qua-
dratic Gauss (LQG) control method, they introduced a procedure to suppress the
vibration of the beam with the piezoelectric sensors and actuators were symmet-
rically collocated on both sides of the beam. Their simulation results showed the
effectiveness of the method. Gurses et al. [3] investigated vibration control of a
flexible single-link manipulator using three piezoelectric actuators. The dynamic
modeling of the link had been presented using Euler-Bernoulli beam theory.
Composite linear and angular velocity feedback controls were introduced to sup-
press the vibration. Their simulation and experimental results showed the effec-
tiveness of the controllers.

Furthermore, applications of the AF control strategy to suppress vibration of a
flexible system were done by some researchers [4—6]. Hewit et al. [4] used the AF
control for deformation and disturbance attenuation of a flexible manipulator. Then,
a PD control was used for trajectory tracking of the flexible manipulator. They used
a motor as an actuator. Modeling of the manipulator was done using virtual link
coordinate system (VLCS). Their simulation results had shown that the proposed
control could cancel the disturbance satisfactorily. Tavakolvour et al. [5] investi-
gated the AF control application for a flexible thin plate. Modeling of their system
was done using finite-difference method. Their calculated results showed the
effectiveness of the proposed controller to reduce vibration of the plate. Tavakol-
vour and Mailah [6] studied the AF control application for a flexible beam with an
electromagnetic actuator. Modeling of the beam was done using finite-difference
method. The effectiveness of the proposed controller was confirmed through sim-
ulation and experiment.
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The purposes of this research are to derive the equations of motion of a flexible
single-link system by a finite-element method, to develop the computational codes
in order to perform dynamics simulations with vibration control, to propose an
effective control scheme of a flexible single-link manipulator using three control
strategies namely active-force (AF), proportional (P) and proportional-derivative
(PD) controls and to confirm the calculated results by experiments of the flexible
single-link manipulator.

The flexible manipulator used in this paper consists of an aluminum beam as a
flexible link, a clamp-part, a servo motor to rotate the link and a piezoelectric
actuator to control vibration. Computational codes on time history responses, Fast
Fourier Transform (FFT) processing and eigenvalues—eigenvectors analysis were
developed to calculate the dynamic behavior of the link and validated by the
experimental one. Furthermore, the AF, P, and PD controls strategies were designed
to suppress the vibration. It was done by adding bending moments generated by the
piezoelectric actuator to the single-link. Finally, their performances were compared
through calculations and experiments.

2 Formulation by Finite-Element Method

The link has been discretized by finite-elements [7, 8]. The finite-element has two
degrees of freedom, namely the lateral deformation v(x, ), and the rotational angle
w(x, 1). The length, the cross-sectional area and the area moment of inertia around z-
axis of every element are denoted by /;, S; and I; respectively. Mechanical prop-
erties of every element are denoted as Young’s modulus E; and mass density p;.

2.1 Kinematics

Figure 1 shows the position vector of an arbitrary point P in the link in the global
and rotating coordinate frames. Let the link as a flexible beam has a motion that is
confined in the horizontal plane as shown in Fig. 1. The O—XY frame is the global
coordinate frame while O—xy is the rotating coordinate frame fixed to the root of the
link. A motor is installed on the root of the link. The rotational angle of the motor
when the link rotates is denoted by (7).

The position vector r (x, #) of the arbitrary point P in the link at time ¢ = ¢,
measured in the O—XY frame shown in Fig. 1 is expressed by

r(x,t) = X(x, ) + Y (x,1)J (1)
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X i(t=t)
AT
xi(r=0)

Fig. 1 Position vector of an arbitrary point P in the link in the global and rotating coordinate
frames. O-XY Global coordinate frame. O—xy Rotating coordinate frame
where
X(x,1) = xcos 0(t) — v(x,¢) sin 0(z) (2)
Y(x,1) = xsin 0(¢) + v(x, ) cos 0(¢) (3)
The velocity of P is given by

i(x, 1) = X(x, )1 + Y (x,8)] 4)

2.2 Finite-Element Method

Figure 2 shows the rotating coordinate frame and the link divided by one-dimen-
sional and two-node elements. Then, Fig. 3 shows the element coordinate frame of
the i-th element. Here, there are four boundary conditions together at nodes i and
(i + 1) when the one-dimensional and two-node element is used. The four boundary
conditions are expressed as nodal vector as follow

T
si={vi ¥ vin Vi,} (5)
Then, the hypothesized deformation has four constants as follows [9]

Vi = a + axx; + a3xf + a4x? (6)
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Fig. 2 Rotating coordinate ¥y
frame and the link divided by
the one-dimensional and two-
node elements. o—xy Rotating
coordinate frame

N

Node i

/ Element i
R ] 2 O 0] ——> x
Node 1 Node i+l Node n
Fig. 3 Element coordinate Vi
frame of the i-th element.
o—x; y; Element coordinate av
frame of the i-th element P B
v(x;)
Vit
Vi
W PR Wogs
0; 4 X;
/ . \
Node i I; Node i+1

The relation between the lateral deformation v; and the rotational angle y; of the
node i is given by

av,-
—— 7
= ™)
Furthermore, from mechanics of materials, the strain of node i can be defined by
82\1,'
6 =6y =—Yiamy (8)

ox:

1
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2.3 Equations of Motion
Equation of motion of the i-th element is given by
M,‘Si + C,‘éi + {Ki — Oz(t)Mi] 0, = O(Z‘)fl (9)

where M, C;, K;, 0(¢)f; are the mass matrix, damping matrix, stiffness matrix and
the excitation force generated by the rotation of the motor respectively. The rep-
resentation of the matrices and vector in Eq. (9) can be found in [7]. Finally, the
equation of motion of the system with n elements considering the boundary
conditions is given by

M, +C,b, + |K, — QZ(I)M,,] 8, = 0(1)f, (10)

3 Modeling

Figure 4 shows a model of the single-link manipulator, the clamp-part and the
piezoelectric actuator. The link including the clamp-part and actuator were dis-
cretized by 35 elements. The clamp-part is more rigid than the link. Therefore
Young’s modulus of the clamp-part was set in 1,000 times of the link’s. The
piezoelectric actuator was bonded to a one-side surface of Element 4. A schematic
representation on modeling of the piezoelectric actuator is shown in Fig. 5. Fur-
thermore, a strain gage was bonded to the position of Node 6 of the single-link
(0.11 m from the origin). Physical parameters of the single-link model and the
piezoelectric actuator are shown in Table 1 [8].

The piezoelectric actuator suppressed the vibration of the flexible link manip-
ulator by adding bending moments at Nodes 3 and 6, M3 and Mj to the flexible link.
The bending moments are generated by applying voltages +E to the piezoelectric
actuator as shown in Fig. 5. The relation between the bending moments and the
voltages are related by

v o[ mEm———x

Fig. 4 Computational model of the flexible single-link manipulator
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Fig. 5 Modeling of the i
piezoelectric actuator
V3 Ve
A 1\
Wz W
M; ] T M,
( :
Node 3 Node 6
|
E
Table 1 Physical parameters of the flexible link and the piezoelectric actuator [10]
! Total length m 391 x 107!
I Length of the link m 3.50 x 107"
I Length of the clamp-part m 4.10 x 1072
I, Length of the actuator m 2.00 x 1072
S, Cross section area of the link m? 195 x 1073
S, Cross section area of the clamp-part m? 8.09 x 107*
S, Cross section area of the actuator m? 1.58 x 107>
I, Cross section area moment of inertia around z-axis m* 275 x 10712
of the link
I, Cross section area moment of inertia around z-axis m* 3.06 x 1078
of the clamp-part
I, Cross section area moment of inertia around z-axis m* 1.61 x 107"
of the actuator
E, Young’s Modulus of the link GPa 7.03 x 10
E, Young’s Modulus of the clamp-part GPa 7.00 x 10*
E, Young’s Modulus of the actuator GPa 4.40 x 10
P Density of the link kg/m® 2.68 x 10°
Pe Density of the clamp-part kg/m® 9.50 x 10?
Pa Density of the actuator kg/m® 3.33 x 10°
o Damping factor of the link - 2.50 x 107*

Ms = —Mg = d\E

here d; is a constant quantity.
Furthermore, the voltage to generate the bending moments is proportional to the
strain ¢ of the single-link due to the vibration. The relation can be expressed as

follows

(11)
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1
E=+—c¢ 12
e (12)

here d, is a constant quantity. Then, d; and d, will be determined by comparing the
calculated results and experimental ones.

Computational codes were developed to perform dynamics simulation of the
system based on the formulation that explained above. The validation was done
using time history responses analysis of free vibration, natural frequencies using
Fast Fourier Transform (FFT) processing, vibration modes and natural frequencies
using eigenvalues—eigenvectors analysis and time history responses analysis due to
the base excitation [8].

4 Control Scheme and Strategies

A control scheme to suppress the vibration of the single-link was designed using the
piezoelectric actuator. It was done by adding bending moments generated by
the piezoelectric actuator to the single-link. Therefore, the equation of motion of the
system become

Mnsn + Cn‘sn + Kn - QZ(I)MH 511 = é(t)fn + un(t) (13)

where the vector u,(f) containing M3 and Mj is the control force generated by the
actuator to the single-link.

To drive the actuator, three different control strategies namely AF, P and PD
controls have been designed and examined. Their performances were compared
through calculations and experiments.

4.1 Active-Force Control

Figure 6 shows the block diagram of the AF control that is proposed in this
research. In this strategy, vibration of the system is controlled by canceling bending
moments acting at Nodes 3 and 6 due to the base excitation (excitation bending
moments). The following steps are the way to estimate and cancel the excitation
bending moments.

Firstly, the strain, g5 at Node 6 is measured to estimate the lateral deformation, vg
at the Node 6. Substituting Eq. (6) to Eq. (8) considering the boundary conditions
then the relation between the strain and the lateral deformation can be defined as
follows
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6: Rotation angle of the motor M;;: Component of mass matrix
A : Conversion from &; t0 v; d : Position vector

U,,: Desired bending moments U, : Applied bending moments

U, : Excitation bending moments U,,: Bending moments

Fig. 6 Block diagram of active-force control of the flexible link manipulator. &; Desired strain.
&; Measured strains at Node i. § Rotation angle of the motor. M;; Component of mass matrix.
A Conversion from ¢; to v;. d Position vector. U,,; Desired bending moments. U,, Applied bending
moments. U,, Excitation bending moments. U,,, Bending moments

Ve _xz(xf 3l)
W ex-) 1)

where [, x and y are the length of the link, the position of Node 6 in x and
y directions, respectively.

Secondly, the actual force in the s-domain acting at Node 6 can be defined in the
form of the Newton’s equation of motion as follows

F6(S) :Mii(i:ll)sz V6 (15)

Thirdly, the bending moments acting at Nodes 3 and 6 are estimated using the
following equation

where M;;; = 11y is the component of the mass matrix corresponding to ve.

U,i(s) = £F4(s)d (16)

The vector d that represents the position vector from the reference point to the
position where the excitation force acting can be written as follows

d={0 0 0 I, 0 L 0 ... 0}7 (17)
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Fourthly, based on Fig. 6, the excitation bending moments can be calculated as
Une(s) - Kpa {Unt(s) - Un(s)} (18)

where K, is the non-dimensional proportional gain of the proposed AF control.
Finally, the bending moments applying as a control force to control the vibration
of the system can be calculated as follows

U.(s) = —Upe(s) + Upny (5) (19)

where U, (s) is the desired bending moments which is zero. The negative of U,
(s) indicates that the bending moments used to cancel the vibration of the system.

4.2 Proportional and Proportional-Derivative Controls
Substituting Eq. (12) to Eq. (11) gives

d
Mo =+="¢ (20)
dy

Based on Eq. (20), the bending moments for P and PD controllers can be defined
in s-domain as follows

Un(s) = Geia(s)(ea(s) — e6(s)) (21)
where ¢; and &g denote the desired and measured strains at Node 6, respectively.
The gain of P and PD controllers can be written by a vector in s-domain respec-
tively as follows

Gei(s)={0 0 0 K, 0 —K, 0 ... 0} (22)
and

Ga(s)={0 0 0 K+Kis 0 —(K+Kss) 0 ... 0}7 (23)

A block diagram of the proportional and proportional-derivative controls strat-
egies for the single-link system is shown in Fig. 7.
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s20(s) f,,
+ U, ) +l
L(8)  +
£4(5) —{ 6o 0 ——0O —> ()
P or PD controller Flexible link

Fig. 7 Block diagram of P and PD controls of the flexible link manipulator. &; Desired strain. ¢;
Measured strains at Node i. 6 Rotation angle of the motor. U, Applied bending moments

5 Experiment

5.1 Experimental Set-up

In order to investigate the validity of the proposed control strategies, an experimental
set-up was designed. The set-up is shown in Fig. 8. The flexible link manipulator
consists of the flexible aluminum beam, the clamp-part, the servo motor and the
base. The flexible link was attached to the motor through the clamp-part. In the
experiments, the motor was operated by an independent motion controller. A strain
gage was bonded to the position of 0.11 [m] from the origin of the link.

The piezoelectric actuator was attached on one side of the flexible manipulator to
provide the blocking force against vibrations. A Wheatstone bridge circuit was
developed to measure the changes in resistance of the strain gage in the form of

Piezoelectric Strain
actuator gage
A
| S S
~—
AT
]
L Wheatstone
bridge
T
Motor L
driver
Amplifier
T
1
A4
: Data
Piezo el . ;
€| acquisition [~ — —> Computer
driver (I]Jom‘(l "“—"— ( Controller )
|

Fig. 8 Schematics of measurement and control system [8]. Dashed arrow Measurement of strains.
Thick arrow Vibration control. Thin arrow Motion control
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voltages. An amplifier circuit was designed to amplify the small output signal of the
Wheatstone bridge.

Furthermore, a data acquisition board and a computer that have functionality of
analog to digital (A/D) conversion, signal processing, control process and digital to
analog (D/A) conversion were used. The data acquisition board connected to the
computer through USB port. Finally, the controlled signals sent to a piezo driver to
drive the piezoelectric actuator in its voltage range.

5.2 Experimental Method

The rotation of the motor was set from 0 to z/2 radians (90°) within 0.68 [s]. The
outputs of strain gage were converted to voltages by the Wheatstone bridge and
magnified by the amplifier. The noises that occur in the experiment were reduced by
a 100 [pF] capacitor attached to the amplifier. The output voltages of the amplifier
sent to the data acquisition board and the computer for control process.

The control strategies were implemented in the computer using the visual C++
program. The analog output voltages of the data acquisition board sent to the input
channel of the piezo driver to generate the actuated signals for the piezoelectric
actuator.

6 Calculated and Experimental Results

6.1 Calculated Results

Time history responses of strains on the uncontrolled and controlled systems were
calculated when the motor rotated by the angle of /2 radians (90°) within 0.68 [s].
Time history responses of strains on the controlled system were calculated for the
model under three control strategies as shown in Figs. 6 and 7.

Examining several gains of the AF, P and PD controllers leaded to K,,, = 0.83 [—],
K, =30 [Nm], K; = 0.02 [Nms] as the better ones. Figure 9 shows the uncontrolled
and controlled time history responses of strains at Node 6. The maximum and
minimum strains of uncontrolled system in positive and negative sides were
387.00 x 10”° and —435.00 x 107%, as shown in Fig. 9a. By using AF-controller they
became 66.50 x 107¢ and —88.60 x 10~°, as shown in Fig. 9b. Moreover, by using
P-controller they became 127.00 x 10~¢ and —145.00 x 107, as shown in Fig. 9c. By
adding D-gain they became —124.00 x 10™® and —143.00 x 107%, as shown in
Fig. 9d.

Based on the calculated results, the effect of D-controller was very small compare
to P-controller, therefore using a P-controller will be sufficient for experiment [7].



Active-Force Control on Vibration of a Flexible ... 13

—~_
&0
~

W N
=]
8 8

Strain, &, (X 10)
o

>
S
S O

_600 I L I I I 1
0 1 2 3 4 5 6 7
Time, ¢ [s]
(d)
g 600 T V124 OO T T T T
| | . | | | 1
x 300 e SRR R SR S
s 0 ‘ ! : I i i
E‘: _ - \\ 777777 e e e o
g 30 ] [-143.00 1 " " ]
5 -600 I I I I I 1
0 1 2 3 4 5 6 7
Time, ¢ [s]

Fig. 9 Calculated time history responses of strains at Node 6 for uncontrolled and controlled
systems due to the base excitation. a Uncontrolled system. b Controlled by AF-controller,
K,, = 0.4 [-]. ¢ Controlled by P-controller, K, = 30 [Nm]. d Controlled by PD-controller, K, = 30
[Nm], K; = 0.02 [Nms]
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Fig. 10 Experimental time history responses of strains at 0.11 (m) from the link’s origin for
uncontrolled and controlled systems due to the base excitation. a Uncontrolled system.
b Controlled by AF-controller, K,/ = 125 [—]. ¢ Controlled by P-controller, K,," = 600 [—]

6.2 Experimental Results

Experimental time history responses of the strains on the uncontrolled and con-
trolled systems were measured when the motor rotated by the angle of #/2 radians
(90°) within 0.68 [s]. Experimental time history responses on the controlled system
were measured under the control strategies as shown in Figs. 6 and 7.
Furthermore, the experimental active-force and proportional gains that are non-
dimensional gains, K,,, and K,," were examined. The examination of gains leaded to
K,’=600 [~] and K,,,"= 125 [—], as the better ones. Figure 10 shows the experimental
uncontrolled and controlled time history responses of strains at the same position in
the calculations. The maximum and minimum strains of uncontrolled system
in positive and negative sides were 359.40 x 107 and —440.40 x 107°, as shown in
Fig. 10a. By using AF-controller they became 175.50 x 10~° and —303.50 x 107°, as
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shown in Fig. 10b. Moreover, by using P-controller they became 262.40 x 10~® and
—373.40 x 107°, as shown in Fig. 10c.

It was verified from these results that the vibration of the flexible link manip-
ulator can be more effectively suppressed using the proposed AF-control compared
to the P and PD ones.

7 Conclusion and Future Work

The equations of motion for the flexible link manipulator had been derived using
the finite-element method. Computational codes had been developed in order to
perform dynamic simulations of the system. Experimental and calculated results on
time history responses, natural frequencies and vibration modes show the validities
of the formulation, computational codes and modeling of the system. The active-
force (AF), proportional (P) and proportional-derivative (PD) controls strategies
were designed to suppress the vibration of the system. Their performances were
compared through the calculations and experiments. The calculated and experi-
mental results show the superiority of the proposed AF control compared to the
P and PD ones to suppress the vibration of the flexible single-link manipulator.
A flexible two-link manipulator is being prepared. The control scheme and
strategies presented in this paper will be applied to the flexible two-link system.
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Numerically Stable Computer Simulation
of Solidification: Association Between
Eigenvalues of Amplification Matrix

and Size of Time Step

Elzbieta Gawronska and Norbert Sczygiol

Abstract The constantly increasing demand for efficient and precise computational
solvers becomes the crucial factor deciding about usability of a given domain
specific simulation software. The main idea of this article is the use of eigenvalues
of amplification matrices to determine the size of time step in modeling of solidi-
fication. As far as numerical simulations are concerned it is very important to obtain
solutions which are stable and physically correct. It is acquired by fulfilling many
assumptions and conditions during the construction a numerical model and carrying
out computer simulations. One of the conditions is a proper selection of time
step. The size of time step has a great impact on the stability of used time inte-
gration schemes (e.g. explicit scheme), or on a proper image of physical phenomena
occurring during the simulation (e.g. implicit scheme). The eigenvalues of ampli-
fication matrix in governing equations influence on the appropriate selection of size
of time step in computer simulations. Hence, it allows to better fit the size of time
step and time integration scheme for modeled structure.

Keywords Amplification matrix - Computer simulation - Computer modeling -
Eigenvalues - Explicit scheme - Implicit scheme - Solidification process
Stability - Time step

1 Introduction

Modeling and computer simulation is one of the most effective methods of studying
of difficult problems in foundry and metallurgical manufacture. Numerical simu-
lations are use for optimization of casting production. In many cases they are a
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unique possible technique for carrying out of the experiments which real statement
is complicated. Computer modeling allows defining the major factors for a quality
estimation of alloy castings. Simulations help to investigate interaction between
solidifying casting and changes of its parameters or initial conditions.

A numerical modeling of solidification is known to be a very time consuming
task. The constantly increasing demand for efficient and precise computational
solvers becomes the factor that decides about usability of a given solidification
simulation software. In many cases practitioners require multiple scenarios to be
tested, e.g. for different input parameters, before they make a final decision about the
setup of a given technological process. At the same time increasing size of computer
memory makes it possible to consider problems with increasing size, which in turn
results in increased precision of simulations. There are several possible ways to
tackle this kind of problems. For instance, one can use parallel computers or
accelerated architectures such as GPUs or FPGAs [1]. However, these solutions
require another level of expertise in both, parallel hardware and software, which very
often is not easily available. In papers [2—4] we proposed new method, which relies
on the application of the technique called mixed time partitioning. Our approach
exploits the fact that physical processes inside a mould are of different nature than
those in a solidifying casting. As a result different time steps can be used to run
computations within both sub-domains. Because processes that are modeled in the
casting sub-domain are more dynamic they require very fine-grained time step. On
the other hand a heat transfer within the mould sub-domain is less intense, and thus
coarse-grained step is sufficient to guarantee desired precision of computations.
Obviously, increasing length of a single time step results in decreased computational
load, which in turn greatly improves performance of our approach. In this paper we
put emphasis on determination of stability criteria for the selected integration
method. Mathematical apparatus of the chosen stability analysis method is applied
for the homogeneous form of the semi-discretized (after spatial discretization)
equation of solidification, as the stability is independent of the inhomogeneous
part. The analysis of numerical stability of mixed time partitioning methods for the
structural dynamics [5] and for heat conduction problem was adapted to the solid-
ification problem with temperature-dependent material properties.

2 Solidification in Terms of the Finite Element Method

The finite element method facilitates the modeling of many complex problems. Its
wide application for founding comes from the fact that it permits an easy adaptation
of many existing solutions and technique of solidification modeling.

Computer calculations need to use discrete models, which means problems must
be formulated by introducing time-space mesh. These methods convert given
physical equations into matrix equations (algebraic equations). This system of
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algebraic equations usually contain many thousands of unknowns, that is why the
efficiency of method applied to solve them is crucial.

After essential transformations we obtain an ordinary differential equation
containing only the time derivative [6] as following:

M(T)T + K(T)T = b(T), (1)

where M is the capacity matrix, K is the conductivity matrix, T is temperature
vector and b is right-hand side vector values of which are calculated using boundary
conditions. The global form of these matrices is obtained by summing of coeffi-
cients for all the finite elements. The matrix components are defined for a single
finite element as follows:

M=>" / NN dQ, (2)
0
K = Z/NTN.VNdQ, (3)
‘0

b=>" / Nlg"ndr, (4)
“r

where N is a shape vector in the area €2, N is a shape vector on the boundary I,
n is an ordinary vector towards the boundary I', and q is vector of nodal fluxes.

The system of ordinary differential equations (1) containing time derivative was
obtained as a result of spatial integration and it may only be solved in approxi-
mation. In order to receive an approximate solution it is needed to use the division
of time interval (0,#,,) into sub-intervals (f,f#1) with the length of Af =
tr+1 — & and time integration is performed by the use of one step or multisteps
methods [7]. We used the one step schemes, so-called © schemes, in the following
form:

Tn+1 =T" + (7(M’1+@)71K"+@Tn
+ (M"9)" 'y (1 — @) At
+ (_(MH+@)71KH+@TI’I+1
+ (M) 'prtheur.
Due to a possible dependence of materials properties from the temperature,

namely M, K and b for ® # 0 it is a system of nonlinear equations. To solve this
system iterative methods must be used.



20 E. Gawronska and N. Sczygiol
The forward Euler scheme:
M'T" = M'T" — AK"T" + Arb", (6)
is obtained for one extreme value ® = 0 and the backward Euler scheme:
(Mn+l + AlKn+l)Tn+l — MlH—lTn + Atbn+l, (7)

is obtained for the other extreme value & = 0. And if the values of matrices
coefficients M i K in the Eq. (7) are evaluated on the level of previous time step
then a modified backward Euler scheme is obtained as follows:

(Mn —l—Al‘K")T”+l :MnTn—l-Al‘b’H—l. (8)

3 Basic Equations

In the computer simulations apparent heat formulation (AHC) of solidification is
used [8]:

V- (AVT) = ¢ (T) aa—f 9)

The Eq. (9) is solved by mixed time partitioning method considering:

1. semi-discretization,

2. initial-value problem which consists of given functions T = T(¢) satisfying the
Eq. (9) and being the part of initial conditions T(t =0) =T, for ¢ € (0, T),
T>0,

3. one step @ time integration scheme.

The finite elements mesh consists of two groups elements (e): connected with a
mould (A), where e € A and connected with a casting (B), where e € B. Each of
these can be integrated with the use of different schemes of time integration.

This fact simplifies finding of the critical time step and the stability analysis. If
this division is assumed then it may be written as:

My=> M,Ki=) K.by=) b,
Mp=> M,Kz=)Y Kbs= Zb

All vectors are also divided into parts according to finite elements mesh division

(10)

T= (TATB)T, T= (TATB)T, the upper index T represents transportation. As
above, vector T may be written as:
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T =Vy +VB,
va=M"(by — KuT), (11)
vg =M '(bg — KpT).

In domain connected with a mould the integration is carried out with a bigger
time step (mAt, where m is positive integer) whereas in domain connected with a
casting with a smaller time step (A¢). This allows to build a system of equations on
the basis of Eq. (1) separately for the sub-domain B elements and to carry out
calculations more often for it than for the whole mesh with maintaining condition of
stability.

4 General Outline of Numerical Stability

Numerical method is stable when a little error in any solution stage moves further
with a decreasing amplitude. An error appearing on time level n may be defined as
&, on time level n + 1 as ¢"*!, whereas values of this error may be determined with
equation:

e = ge", (12)

where g is amplification factor connected with integral operator 7 (At, A). The
amplification factor refers to a method error and is connected with time integration
scheme. That is why it is necessary fulfilling one of conditions for stability of the
method: the value of an error on time level n 4+ 1 must not be bigger than value of
an error on time level n. That may be written in this formula:

< 1), (13)
and using the definition of amplification factor (12):
|ge"| <[e"]. (14)
It follows that numerical stability may be achieved if condition:
lsl<1 (15)

is fulfilled. This condition is limited to issues leading to finite solutions.

For the system N of ordinary differential first-order equations an error vector is
defined as ¢". Each coordinate of this vector is an error connected with an appro-
priate dependent variable of the system. For each time step an error is multiplied by
amplification matrix G in order to obtain an error vector in a new time step:
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& = Ge". (16)

Amplification matrix is connected to an integral operator which couples solu-
tions in consecutive time steps. It means that if an error ¢" appeared in a solution T"
on time level n then after some necessary transformations is obtained:

Tn+1 +8n+1 — f(Tn +8”). (17)

Assuming that an error vector has a small amplitude, the Eq. (17) may be
expanded into the Taylor series, taking into account only its two first terms. After
some transformations an expression joining together two time levels is obtained:

g = {%(fT)}ns”. (18)

This expression also defines the amplification matrix in the Eq. (16). The
operator .7 on the right-hand side of this equation is a linear matrix operator. Using
the given integration scheme it is possible to determine an amplification matrix for
it. An error vector on a new time level connects with an error vector in a previous
step. If in a amplification Eq. (16) a matrix G is diagonal then the amplitudes of
each of the error eigenvectors ¢; connected to each other by appropriate eigenvalues
g; of amplification matrix may be written as:

gl = gl (19)

Stability condition must be used separately for amplitudes of each error

eigenvectors:

e < e}, (20)
for all i, that is:
lgil < 1. (21)

Stability criterion defined in a given way is limited to a demand that each
eigenvalue g; of an amplification matrix G was smaller or equal to a unit. In the
paper this condition is used for the stability analysis of the mixed time partitioning
method of solidification issues.
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5 Association Between the Eigenvalues of Amplification
Matrix and Size of Time Step

It is essential to find the criterion to determine the size of time step for the explicit
scheme [2]. If we assume that 6 = 0 the Eq. (33) is reduced to the form:

T = (1 - AM'K)T". (22)

The Eq. (22) is called the evolution equation, because it gives the possibility to
obtain the value of searched size T at the time level n 4 1 from appropriate values
of nodal quantities at the time level n.

In the evolution equation the capacity matrix M can be full or diagonal.
Depending on the type of matrix in the equation of evolution, numerical stability
analysis is combined with carrying out various algebraic operations.

In case of the capacity matrix is diagonal matrix, the calculation of the inverse
matrix, namely M, is very simple and then finding its eigenvalues, necessary to
determine the critical value of time step, is not difficult. However, in case of full
capacity matrix which is symmetric and positively definite, in order to determine
the inverse matrix we need to use the distribution M = LL” or other transforma-
tions which keep the eigenvalues of full matrix. In case of diagonal matrix the
inversion process and searching eigenvalue, which decides about the maximum,
acceptable value of time step, is less complicated. The evolution Eq. (22) after
converting can be written as follows:

Tn+l — GTn, (23)
where amplification matrix G is given as:
G=1-AM"'K (24)

The scheme is explicit if the size T"*! can be received from the Eq. (23), without
solving the system of algebraic equations and if updates of searched quantities can
be repeated m—times according to the formula [9]:

Tn+m — Gm Tn . (25)

Finding the maximum eigenvalues of the amplification matrix is a sufficient
condition for the numerical stability:

Gx = /x, (26)

where G is the matrix of N degree, and N is the number of nodes of sub-domain
connected with casting or mould domain. The analysis of numerical stability is
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conducted separately for each sub-domain on the basis of finite elements inside the
sub-domain.

Using the theory of eigenvalues, eigenvectors and algebraic operations on
matrices it is known that the size G"T" — 0, if m — oo for any T" € RV, if |A;| <1
for i =1...N, moreover, the size G™T" is limited, if m — oo, if |4 <1 for
i = 1...N, if there are linearly independent eigenvectors x; for each |4;| = 1, which
is satisfied because of symmetry of matrices G.

After substituting G from the Eq. (24) to the Eq. (26), multiplying this equation
by M and doing transformations the formula for generalized problem of eigen-
values is received:

1-4
= Mx

K
X At ’

(27)

where (1 — 1)/4t is an eigenvalue of couple of matrices K and M. From the
Eq. (27) it is known that if 1 is equal to the unity then Kx = 0 only if x = 0:

Ji=1— Ay, (28)

As |4;| <1, the size of time step, which can be used to solve the system of
Eq. (33), to be numerical stable and is limited by the inequality:

Hi

A< =, (29)

The most restrictive limitation of the size of time step, which assures the stability
is the case in which g; is the maximum eigenvalue y,,, of the matrix of Eq. (37).
Taking into account the way of assembly of capacity and conductivity matrices, the
Eq. (37) may be written for a definite element e of the given domain:

K©x© — ,u(e)M(e)X("), (30)

whereas the limitation of a size of time step may be written as follows:

At < % (31)
M
In order to find a maximum acceptable size of time step for the casting and
mould domains it is necessary to determine, for all the elements, their biggest
eigenvalues and create from them double inequality. This inequality is limited from
the smallest value to the biggest one:

i << ) (32)

max?

where e = 1.. .ne, and ne is the number of elements in the considered domain.
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6 The Criterion of Determination of the Critical Time Step

In order to determine the criterion of numerical stability of chosen method, oper-
ations converting this equation into general problem of the eigenvalues are con-
ducted. The analysis of stability is carried out to determine the maximum size of
time step, which exceeding may be cause of unsteady solutions.

The one step time integration scheme of the equation obtained after spatial
discretization is presented by the formula:

M+ OAK)T"™ = (M — (1 — ©)AK)T". (33)

The right-hand side vector is not taken into consideration because the homo-
geneous equation is only essential for the numerical stability. If the homogeneous
expression is stable so the inhomogeneous one is also stable [7].

The generalised problem of the eigenvalues is connected with casting domain
B in sub-cycle and with mould domain A in total cycle [3, 4] and can be written in
the universal form:

Ax; = ABx;, i=1,.. N, (34)

where N is a grade of the matrix A i B expressed by the formulas:
A=M—(1-0Y)4K, (35)
B =M+ 04K, (36)

for
0 = @, for e € A,
©') = @, for e € B.

After substituting the Egs. (35) and (36) into the formula (34) and doing the
transformations the expression is received:

KX,‘ = .uiMXi; (37)
where f; is the eigenvalue of couple matrices of M i K form:

P
b

1-0+ 04t (38)

After transformation the homogeneous Eq. (9) can be written as follows:

T+BT =0, (39)



26 E. Gawronska and N. Sczygiol

where B =M~'K. Naturally, such inversion of the matrix M would cause its
asymmetry, therefore Cholesky decomposition is used in this purpose instead of
explicit inversions.

The one step ®@ method is used in a scalar equation, which comes from the
modal decomposition of system of Eq. (39), gives:

" = 1", (40)
where the eigenvalue 1 is expressed by the formula:

1—(1—0)udt

;L, =
1 4+ OuAat

(41)

As far as the Eq. (41) and the inequality || < 1 are concerned, the stability of the
method is obtained if the following condition is satisfied:

24 (20 — 1)udt > 0. (42)

It arises from (42) that for @ > 1/2 the condition of the inequality is always
satisfied, so the method is stable. Moreover, for @ < 1/2 the stability of the method
depends on the size of quotient Az, because of that for the explicit scheme (@ =
0) the size of maximum and accessible time step is strictly connected with the
maximum eigenvalue in a given domain (the casting, the mould).

7 Restrictions Imposed on the Eigenvalues

The solution of N system of Eq. (9) consists of particular integral and comple-
mentary function of the solution of the homogeneous equation [9—11]:

MT + KT = 0. (43)

Substituting T = ¢ #v to the Eq. (43) is obtained an equivalent system of
equations:

/Mv = Kv. (44)

Because of the semi-discretization the Eq. (44) is satisfied for A = /; and v = v;.
The mass matrix M is diagonal and it helps to reduce the analysis of stability. If
this matrix is the full symmetric matrix, the analysis of stability of the equation is
conducted in a different way, however, the effect of both operations is the same as
the criterion limiting the size of time step in the explicit scheme of the integration.
If the matrix M is positively definite, Cholesky decomposition can be executed,
namely M = LL7, where L is lower triangular and non singular matrix. Using such
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distribution in the Eq. (44) and multiplying both sides of the equation by L', it is
obtained:

)\,iLTvi = LilK(Lil)TLTVi, (45)

where Lv; is the eigenvector, and /; is the eigenvalue of the symmetric matrix

P=L'K(L™! )T. The matrix P has the set of linearly independent eigenvalues v;.
If the matrix V is composed of v;, which are the columns of such a matrix and
L7V is orthogonal, it can be written:

VILL'V=V'MV =L (46)

Moreover, on the basis of the Eq. (44) and the Cholesky decomposition process
it can be written:

/11- = /ALiVlTMVi = VITKVI‘. (47)

Substituting T = Vx into the Eq. (43) and left-multiplying both sides by V7 it is
obtained:

V'MVx + VIKVx = 0, (48)
and then:
Ix + Ax = 0, (49)

where A = diag(4;). Such distribution is known as modal decomposition and
allows to write the system of equations in the scalar form:

X,’ + )»ix,' =0. (50)

The problem of the stability is connected with some restrictions of the eigen-
values. For the problems described by the prime row equations, from the Eq. (44)
the eigenvalues and the eigenvectors can be designated. However, the restrictions
imposed on the eigenvalues in the Eq. (47) can be derived from Rayleigh quotient:

vIKv
A== 51
vIMyv (51)
Taking into consideration the way of matrix assembling K i M:
(vTKy,
i — Zl(vl 1 V) , (52)
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where e is an element, and v; is appropriate component of the eigenvector, Rayleigh
quotient for an element can be written as follows:

5 VIKYy,
PG L (53)
vIM“y,

Inserting (53) into (52) and doing certain transformations it is obtained:

= Lo

P >

()

where o; = v/ M;”v; > 0, because the capacity matrix is positively definite. It is

resulted from the Eq. (54) that 4 is determined as the weighted average from ige)

with positively weight, so the restrictions resulting from Rayleigh quotient can be
written as follows:

2 <j<a@ (55)
Estimation of the extreme values is received from the formulas:

min{v/K\v;}

Fon < T (56)
max{v'M;"v;}
T
20 < max{v; KE )v,} ' (57)
min{v/M;"v;}

8 Remarks and Conclusion

There are many types of methods used for the integration with respect to time, but
two of them are basic: explicit and implicit. Explicit methods usually need few
computations per time step, but numerical stability requires small the size of time
step. In practice, a time step which is too small results in any unnecessarily long
entire simulation time. Implicit methods, on the other hand, need many computa-
tions per time step, but allows to use larger the size of time step.

With respect to this problems we proposed to use both explicit and implicit
schemes in this study. By using mixed time partitioning methods, computations in
different parts of modelled domain were carried out by different integration schemes
(E—explicit, I—implicit) and different the size of time step.
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(a) |

Fig. 1 Erroneous results. Errors appearing in computational results for a temperature and b solid
phase fraction are caused by too large time step (e.g. in explicit scheme or when multiplication
factor m > 15)

If a conditionally stable time integration scheme is used, numerical stability
requires less the size of time step than its critical value (Af.;.) calculated on the
basis of stability analysis.

Numerical simulation of solidification was carried out for Al-2%Cu alloy
casting, solidifying in the metal form [6, 12]. Computations were carried out by
using mixed time partitioning methods on the basis of eigenvalues, where m = 15
was the largest acceptable value with respect to the numerical stability criterion.
The time step equal to 0.0035 s was used in the simulations.

We focused on computational framework to simulate solidification of binary
system with casting and mould considered. In our approach, we used a fixed time
step in a casting domain and much larger time steps in other parts of mould, while
maintaining high accuracy (comparable with case when small time step is used for
all domains). We performed series of numerical experiments and noticed the
eigenvalues of amplification matrix strongly affect the size of time step. The proper
selection of the size of the time step is important for the stability of the method and
the accuracy of the results. The simulation results are erroneous and inconsistent
with the physics of the phenomenon after crossing the critical time step (see Fig. 1).

The eigenvalues remain with close relation to the stability of numerical method
and hence with the size of the time step. For explicit schemes of time integration
such a step cannot exceed a certain critical value. For implicit schemes of time
integration the size of the time step cannot be unlimited because exceeding certain
limit can result in omission of important physical phenomena. The use of the
analysis of the relation between the eigenvalues and the size of time step allows to
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designate the maximum permissible size of the time step and to conduct the
computer simulations correctly. The problem of the eigenvalues of the matrices is a
very extensive issue and the works have very deep scientific and practical
justification.
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Modelling of Process Parameters Influence
on Degree of Porosity in Laser Metal
Deposition Process

Rasheedat Modupe Mahamood and Esther Titilayo Akinlabi

Abstract Additive manufacturing process is an advanced manufacturing process
that fabricates component directly from the three dimensional (3D) image of the part
being produced by adding materials layer by layer until the part is completed. Laser
Metal Deposition (LMD) process is an important additive manufacturing technique
that is capable of producing complex parts in a single manufacturing run. A difficult
to manufacture material such as Titanium and its alloys can readily be manufactured
using the LMD process. Titanium and its alloys possess excellent corrosion prop-
erties that made them to find applications in many industries including biomedical.
The biocompatibility of Ti6Al4V made then to be used as implants. Porous implants
are desirable in some applications so as to reduce the weight as well as to aid the
healing and proper integration of the implant with the body tissue. In this chapter, the
effect of laser power and scanning speed on the degree of porosity was investigated
and empirically modelled in laser metal deposition of Ti6Al4V. The model was
developed using full factorial design of experiment and the results were analyzed
using Design Expert software. The model was validated and was found to be in good
agreement with the experimental data.
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1 Introduction

Additive manufacturing (AM) also known as 3D printing [1] is a revolutionary
advanced manufacturing process [2] that produces part in a layer wise manner from
the 3D Computer Aided Design (CAD) model of the part [3]. Laser Material
Deposition (LMD) process belongs to a class of Directed Energy Deposition (DED)
process, as it was classified by the F42 committee on additive manufacturing
standards [1]. Laser Material Deposition, like any other additive manufacturing
technique, can produce a very complex part at no extra cost in a single step. Also,
parts are made by adding materials layer by layer as against the traditional man-
ufacturing processes which remove material in a subtractive manner in order to
shape parts. Complex parts need to be broken down into various parts which are
later assembled using traditional manufacturing process and they generate lots of
scrap. Of all the family of AM technologies, Directed Energy Deposition (DED), of
which LMD belongs, is the only class that can be used to repair worn out com-
ponents [1]. LMD technologies are advantageous in producing customized part
such as medical implants and functionally graded materials [4].

Ti6Al4V is an important Titanium alloy and it is the most widely used titanium
alloy in the aerospace industry and as medical implants because of its high specific
strength to weight ratio and good corrosion resistance [5]. The biocompatibility of
Ti6Al4V is responsible for its wide use as medical implant [6]. Despite all these
good properties, titanium and its alloys are generally referred to as difficult to
machine materials [7]. It becomes uneconomical to produce highly customized part
such as in the case of medical implants using traditional manufacturing processes.
The chemical properties of Titanium make it difficult to machine and it makes the
tool to fail prematurely during cutting operation as a result of galling, which is
the tearing of cutting tool as a result of friction and adhesion of the cutting tool to
the material being cut. LMD offers advantage in producing this important material
especially for medical implants because there is no contact between the material
being processed and the LMD process because it is a tool-less process.

Porosity in some laser metal deposited parts is seen as a defect in most structural
engineering applications [8]. Porosity is of great importance in biomedical appli-
cations, because it aids healing process as well as proper integration of medical
implants and body tissues in case of implants [9, 10]. Porosity is desirable to further
improve compatibility of Titanium alloy implant and human bone. This is because
the modulus of elasticity of titanium is higher than that of the human bone and
causes mismatch in titanium implants and the host bone. By introducing porosity in
the implants, the modulus of elasticity of titanium can be reduced and made to be as
close to the human bone as possible [11-13]. Different methods have been used to
produce various types of porous titanium alloy implants and have been reported in
the literature [14—17]. A number of porous titanium alloys has also been reported
in the literature using additive manufacturing method [18, 19]. Xiong et al. [19]
studied the feasibility of using 3D-printing to fabricate porous titanium implants.
The study revealed that 3D-printing can be used to produce a porous implant with
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properties close to those of human bones. Most of the porous medical implants
produced in the literature have designed porosity [14-19]. That is, they are
produced in such a way that the part is porous. For example the way the porous part
was produced was such that the layers are arranged in such a way that porosity is
left on the part according to the 3D CAD profile of the part.

Processing parameters in LMD process has been shown to affect the evolving
properties as well as the porosity of deposited part [20]. In this chapter, the effect of
laser power and scanning speed on the degree of porosity of laser deposited
Ti6Al4V was investigated. An empirical model was developed using full factorial
design of experiment. It was found that increasing the laser power results in a
decrease in the degree of porosity. The developed model was validated by
producing porous samples outside the process parameters studied. The model was
found to be in good agreement with the experimental data. The detailed results are
presented and explained fully in this chapter.

2 Materials and Methods

2.1 Materials and Substrate Preparation

The materials used in this study comprise of gas atomized Ti6Al4V powder and
5 mm thick 72 mm X% 72 mm hot rolled Ti6Al4V sheet supplied by VSMPO-
AVISMA Corporation, Russia. The powder particle size distribution ranged between
150-200 pm. Before the deposition process, the substrate was sandblasted, washed
and degreased with acetone in order to aid the absorption of the laser beam. The
sandblasting makes the surface of the substrate to become rough. Rough surface aids
laser energy absorption as against shinning surface that reflects most of the laser
beam. Argon gas was used as the carrier gas for the powder as well as for shielding of
the deposit in order to prevent environmental contamination of the powder through
oxidation. The shield gas also protects the hot deposited part from oxidation because,
at high temperature, titanium and its alloys have a high affinity for oxygen.

2.2 Laser Metal Deposition Process

The experimental set-up of the LMD process was achieved using a Kuka robot
carrying in its end effector, a 4 kW Nd-YAG laser and coaxial powder nozzle which
is available at the Council of Scientific and Industrial Research (CSIR) National
Laser Centre (NLC), Pretoria, South Africa. The laser beam diameter was maintained
at 2 mm at a focal distance of 195 mm. To prevent oxidation during the deposition
process, a shielding mechanism was provided using plastic wrapping as shown in
Fig. 1a. The glove box (shielding mechanism) was filled with argon gas to maintain
the oxygen level below 10 ppm. During the LMD process, the laser beam was
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Laser beam
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Fig. 1 a Experimental set-up. b Schematic of the laser metal deposition process (adapted from

[21])

focused on the surface of the substrate. The laser beam generated a lot of heat thereby
creating a melt pool on the substrate. The powder is then focused and delivered into
the melt pool through the powder delivery system and melted. Upon solidification of
the melt pool, a solid track of the metal is left on the path of the laser beam. The
schematic diagram of the laser metal deposition process is shown in Fig. 1b.

The processing parameters in coded form as generated by the Design Expert
software are presented in Table 1. A single track was produced at each processing
parameter. The laser power was set at a low level of 0.4 kW and a high level of
0.8 kW. The scanning speed was also set at a lower level of 0.1 m/s and at a higher
level of 0.2 m/s. The powder flow rate and the gas flow rate were maintained at
constant values of 1.44 g/min and 2 I/min respectively. The settings were entered in
the Design expert software to generate the experimental matrix with two (2) rep-
licates. The lower level setting is coded as —1 and the upper level is coded as 1.

Table 1 Processing

parameters settings Factor 1 Factor 2

Std. Run A: laser power B: scanning speed

R I ROSR VRIS N SR T
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2.3 Material Characterization

After the deposition process, the samples were sectioned along the transverse
direction for porosity analysis. The cut samples were mounted in hot resin, ground
and polished according to the standard metallographic sample preparation of
titanium alloys. The porosity analysis was performed using the BMX optical
microscope equipped with ANALYSIS Docu image processing software to deter-
mine the percentage of porosities.

3 Results and Discussion

The morphology of the Ti6Al4V powder is shown in Fig. 2. The powder is char-
acterized by spherically shaped gas atomized powder. Spherically shaped powder is
preferred more in laser processing because of their better laser absorption property.

The percentages of porosity in the deposited samples were measured at three
different points on each sample and the averages of the percentage porosity are
presented in Table 2.

The result was analyzed in Design Expert and the analysis of variance
(ANOVA) of the selected model is presented in Table 3.

From the table, the Model F-value of 14062.99 implies that the model is sig-
nificant and that there is only a 0.01 % chance that an F-value this large could occur
due to noise. Values of “Prob > F” less than 0.0500 indicate the model terms are
significant and in this case A, B, AB are significant model terms. The analysis of the
coefficient of determinates is presented in Table 4.

From the table, the “Predicted R-Squared” of 0.9996 is in reasonable agreement
with the “Adjusted R-Squared” of 0.9998 because the difference between them is
less than 0.2. The “Adequate Precision” measures the signal to noise ratio. A ratio
greater than 4 is desirable. The ratio of 269.224 for this model indicates an adequate

Fig. 2 Morphology of
Ti6Al4V powder [22]
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Table 2 Average percentage porosities

Std. Run Factor 1 A: Factor 2 B: Response 1 average
order laser power scanning speed porosity (%)
1 1 -1 -1 4.12
2 2 -1 -1 4.05
7 3 1 1 3.98
4 4 1 -1 2.07
5 5 -1 1 11.15
3 6 1 -1 2.12
6 7 -1 1 11.25
8 8 1 1 4.01

Table 3 Analysis of variance (ANOVA) Table

Source Sum of df | Mean square | F-value p-value
squares Prob > F
Model 96.51 3 32.17 14062.99 | <0.0001 Significant
A-laser 42.27 1 42.27 18480.44 | <0.0001
power
B-scanning 40.64 1 40.64 17763.98 | <0.0001
speed
AB 13.60 1 13.60 5944.53 | <0.0001
Pure error 9.150E-003 |4 2.287E-003
Cor total 96.52 7

Table 4 Coefficient of determinates R-square

Std. Dev. 0.048 R-squared 0.9999
Mean 5.34 Adjusted R-squared 0.9998
CV. % 0.90 Predicted R-squared 0.9996
PRESS 0.037 Adequate precision 269.224

signal and this model can be used to navigate the design space. The estimated
model coefficients at 95 % confidence level and their analysis are presented in
Table 5. The Final Equation in Terms of the actual Factors is presented in Eq. (1).

Average porosity (%)
= 5.34—2.30 x Laser Power + 2.25 X Scanning Speed (1)
—1.30 x Laser Power x Scanning Speed
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Table 5 Analysis of the model coefficients terms

Coefficient Standard 95 % CI 95 % CI
Factor Estimate df Error Low High VIF
Intercept 5.34 1 0.017 5.30 5.39
A-laser power —2.30 1 0.017 —2.35 -2.25 1.00
B-scanning speed 2.25 1 0.017 2.21 2.30 1.00
AB —1.30 1 0.017 -1.35 -1.26 1.00

Normal plot of the residuals is shown in Fig. 3. The residuals are seen to be
randomly distributed. The graph of predicted versus the actual experimental data is
shown in Fig. 4. It is seen in this graph that the model is a true representation of the

experimental data.

The main effect plot of Laser power on the percentage porosity is shown in
Fig. 5a. The degree of porosity is seen to reduce as the laser power is increased. The
porosities in the samples are produced as a result of unmelted powder particles or as

a result of gas entrapment in the melt pool that results in a blow-hole kind of

porosity. As the laser power was increased, the laser-material interaction time also
increased, hence there is more melting of the powder taking place thereby reducing
the degree of porosity. The main effect plot of the scanning speed is shown in

Design Expert@® Software
Average Porosity

Color Points by value of
Average Porosity

11.25
2.07

i
-0.06

I
-0.04

Fig. 3 Normal plot of residual

I I
-0.02 0

I
0.02

X1: Residuals

X2: Normal % Probability
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Fig. 4 Graph of predicted versus actual

Fig. 5b. The higher the scanning speed, the higher the average porosity. This is
because as the scanning speed is increased; the laser material interaction time is
reduced thereby causing the quantity of unmelted powder particles to increase
hence, increasing the average porosity. The combine effect of the laser power and
the scanning speed is shown in Fig. 6. The surface plot of the average porosity
against the laser power and the scanning speed shows that the lowest porosity
occurs at the lowest scanning speed and the highest laser power. The highest
porosity is seen at the lowest laser power and the highest scanning speed.

The micrograph of the sample at the lowest laser power of 0.4 kW and the lowest
scanning speed of 0.1 m/s showing the porosities is shown in Fig. 7a and that of the
sample at the highest laser power of 0.8 kW and lowest scanning speed of 0.1 m/s is
shown in Fig. 7b. It can be seen from the Figure that the porosities at low laser
power are smaller in size (see Fig. 7a) while those seen at the highest laser power
are bigger. This can be attributed to the fact that the porosities at high laser power
could be as a result of gas trapped in the belt pool during the deposition process.

4 Model Validation

In order to validate the developed model, the model was used to predict the average
porosity based on the constraints dictated and the results are compared with the
experimental data. Table 6 shows the predicted and actual experimental data. The
experiments are repeated twice.
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Fig. 5 Main effect plot of a Laser power, b Scanning speed

From the Tables 1, 2, 3, 4, 5 and 6, it can be observed that there is good
agreement between the predicted data and that of the actual experimental data. This
shows that the model is a good representation of the experimental data.
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Fig. 6 Surface plot of average porosity against laser power and scanning

Fig. 7 Micrograph of
samples at a 0.4 kW laser
power and 0.1 m/s scanning
speed [sample 1 (run order)]
and b 0.8 kW laser power and
0.1 m/s scanning speed
(Sample 6) [23]
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Table 6 Predicted versus actual experimental data

41

Laser Scanning Predicted average Actual average
power (kW) speed (m/s) porosity (%) porosity (%)
0.6 0.1 3.09 3.12

0.7 0.1 2.592 2.7

0.8 0.15 3.045 2.98

0.8 0.175 3.520 3.49

0.85 0.075 2.200 2.08

5 Conclusions

Porosity is of great importance in medical implants. The effect of laser power and
scanning speed on the degree of porosity and size of porosity was investigated in
this chapter. Design Expert, a statistical software, was used to analyze the results
and develop a model. The study revealed that, the lower the scanning speed, the
lower is the degree of porosity Also, the higher the laser power, the lower the
degree of porosity. The developed model was validated by performing experiments
at processing parameters that are outside those parameters used in the development
of the model. The results are compared to those predicted from the model and it was
found to be in good agreement with one another. It can be concluded that the model
is a good representation of the experimental data and it can be used to design and
produce porous part implants depending on the degree of porosity.

6 Future Work

The future research work is to develop a model for the influence of processing
parameters on the average size of the pore produced in laser metal deposited porous
parts. This will be useful in application requiring specific pore size in porous part or
implant.
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Statistics of End-to-End Distance
of a Linear Chain Trapped in a Cubic
Lattice of Binding Centers

Zbigniew Domanski and Norbert Sczygiol

Abstract Two and three dimensional nanostructured substrates are widely
employed in a variety of biomedically-oriented nanodevices as well as in functional
devices created with the use of DNA scaffolding. In this context spatial arrange-
ments of binding centers influence the efficiency of these substrates. Here, we
concentrate on 3D substrates and we compute and analyze the distribution of dis-
tances (g) between binding centers in the case where the centers are localized in
nodes of a cubic lattice. We find that for this particular lattice the exact node-to-
node probability distribution is a fifth-degree polynomial in g. We merge this
polynomial-shaped distribution with an end-to-end distance distribution of a linear
chain and we find an excellent agreement between it and the corresponding dis-
tribution for a self-avoiding walk in 3D.

Keywords Distance distribution «+ DNA scaffolding - Micropatterned substrates -
Polymer adhesion - Self-avoiding walks - Zigzag path statistics

1 Introduction

Macromolecules are present anywhere in life processes. They are fundamental
constituents of living organisms and plants. Among them polymers are the objects
of long-term, intensive scientific works. Biologically oriented physicists are
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studying polymers theoretically and experimentally and they are trying to find these
polymer’s underlying properties which are valuable for biomedical and techno-
logical purposes [1].

From the engineering sciences point of view numerous polymer-involved
approaches have been elaborated and then implemented in factory processes. One
of such recent advancement in the field of nanotechnology allows 6-nm-resolution
pattern of biding sites [2, 3]. This spectacular resolution is due to the so-called DNA
origami technique [4, 5]. A particularly appealing feature of DNA origami comes
from the precise location of the ends of DNA strand on a given substrate. In this
way, functional devices created via DNA scaffolding can be sized down to reach
sizes of the order of 10°® m or even less.

In order to achieve a few nanometer resolution the binding centers have to be
accurately positioned in a given volume. Then, a functionalized polymer trapped by
a pair of these centers is used as a piece of scaffolding [4]. It is worth to mention
that a successful-polymer-capture takes place if the end-polymer molecules are
sufficiently sensitive to the binding centers. Such an attractive interaction between
the polymer ends and the binding centers creates an additional tension along the
polymer backbone which in turn may result in a formation of knots or a polymer-
strand entanglement. Thus, the polymer-functionalization process, i.e. the attach-
ment of appropriate molecules to polymer’s ends is a subtle process and one should
take care of the resulting attractive forces between the polymer segments and the
armed-polymer-ends.

A biomedical example of a three-dimensional substrate is a silicon-nanopillar
array which allows one to create enhanced-local-interactions between the substrate
and other macromolecules [6]. This nanostructured substrate yields a high capa-
bility to capture cancer cells detached from the solid primary tumor and thus
enables one to isolate these circulating cells from the blood. In this spirit, another
recently reported example of functionalized substrate, the functionalized graphene
oxide nanosheets [7], clearly shows that 3D substrates can operate as valuable bio-
markers for disease diagnosis.

The DNA origami technique and the medical bio-markers employ 3D func-
tionalized substrates [6, 8]. The spatial arrangement of binding centers of these
substrates plays an important role in the capture yield. However, a considerable
scientific activity is concentrated mainly on the biochemical and physical properties
of adhesion process and less attention is paid to the geometry-induced character-
istics of the substrate itself and to the resulting impact on the binding efficiency.

In this work we analyze how the polymer-chain-capture phenomena is influ-
enced by the spacial arrangement of binding centers of a given substrate. For this
purpose we use a simple model of the 3D substrate, i.e. we assume that the binding
centers are periodically arranged in a limited volume of a three-dimensional cubic
lattice. Because of the attractive force between the functionalized-polymer ends and
the binding centers, the polymer feels an effective non-homogeneous electro-
chemical potential. This potential is modulated by the relative positions of the
substrate’s uptake centers and, in consequence, the polymer trajectories resemble
zigzag lines. In such circumstances the Euclidean norm is not adequate to measure
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the distances traversed by the polymer. The lengths of zigzag-like trajectories
should be measured in terms of the taxicab metric in which the distance g between
points x(x,x,x3) and y(y;,y2,y3) is given by

xi—yi|- (1)

q(x,y) = Zi=123

Below we analyze the distributions of such a distance between the functional-
ized-polymer-end points.

2 Distinct Distances in a Simple Cubic Lattice

Consider a set of (L + 1)3 binding centers confined in a simple cubic lattice (SC) in
such a way that the biding centers are represented by the nodes of the SC and the
edges of equal length (¢ = 1) measure the distance between any pair of centers. In
this scenario, the SC is seen as a unit distance grid graph. For a given pair of
binding centers the distance between them is the length of the shortest path between
the corresponding nodes, i.e. the number of edges in such path.

A polymer model can be chosen in a way related to the studied problem. For the
purpose of this work we choose a self-avoiding walk (SAW) [9-11] and we rep-
resent the long polymer body by the path on a lattice. Due to the excluded volume
effect two monomers cannot be closer than their diameter and thus, the SAW is a
path without self-intersections [11]. An example of the SAW is presented in Fig. 1.
The SAW’s paths have been extensively studied from the statistical physics per-
spective and the enumeration of these paths still is the center of interest [11]. Here,
another point of view is taken into account. We are interested in the statistics of

~ o

A el
\ B

Fig. 1 Schematic illustration of the m-segment chain embedded in cubic lattice. Black-filled
circles mark the chain’s terminals: A, B. Here, m = 15 and the end-to-end distance g(A, B) equals
to 3 lattice spacing, i.e. ¢ = 3
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distances between nodes of the finite 3D SC lattice, under assumption that the
distances are measured according to the metric (1). In the literature different
wordings are used for such a distance. Here, we express it as the Manhattan
distance.

In a case of the SC lattice all node-to-node Manhattan distances can be easily
computed and sorted. Since the shortest path between two nodes in this lattice is at
most three segments zigzag line, then a straightforward listing of all different non-
ordered pairs of nodes enables one to assign the Manhattan distance to each pair of
nodes and then to form an appropriate distribution. However, such an approach is
justified if one deals with a primitive Bravais lattice [12], i.e. the lattice which has
only one node in its unit cell. In a case of non-Bravais lattice or a decorated lattice
the shape of the shortest path is not obvious and one has to either rely on the graph-
theory-based tools or use some dedicated algorithms [13].

The graph-theory makes it possible to represent a lattice by the so-called adja-
cency matrix, also termed the connectivity matrix. For a given lattice with n nodes
its adjacency matrix is the n % n matrix A with entries A; = 1 only if i and j nodes
share the same edge. If such an edge does not exist the corresponding entry equals
to zero. A useful property of the adjacency matrix consists in a direct relation
between consecutive powers AX, k € (1,2, ...,n) and the number of distinct paths
in a graph. More precisely, an entry Af; is the number of paths of the length k from
the node i to the node j. It is this property that we use to sum up the number of
Manhattan distance in the SC lattice, i.e. (i) to each pair of nodes we assign the
smallest value of k for which Af; = 0 and then (ii) for each value of £ we count the
number of pairs of nodes related to this value. Since n < oo due to (i) and (ii) we get
the required distribution of Manhattan distances [14, 15].

This is quit a general procedure and we employ it here despite the relative
simplicity of the SC lattice.

3 Results and Discussion

Using the method described in the previous section we compute the number N(L, q)

of pairs of nodes separated by the distance 1<q<3L in the SC with (L + 1)
nodes. Note that the maximum value of the node-to-node distance gm.x = 3L
corresponds to four pairs of nodes located in the opposite corners of the cube,
whereas gmi, = 1 corresponds to all cube’s edges. As a result we get N(L,q), a
fifth-degree polynomial in g

Lan(L)q" 1<q<L

N(L,q) =} 2'=0b,(L)g"; L+1<q<2L (2)
=den(L)gh; 2L+ 1<g<3L
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where, the coefficients a, (L), b,(L) and c,(L) depend on L and they are univariate
polynomials of the degree <5. Specifically, the coefficients a,(L) are of the degree
<3 and they read [16]

ao(L) = (L+1)°

ai(L) = —(L+1) _2

15
ay(L) = (L+1) {2(L+ 1)? — ;}
3
a3(L):—2(L+1)2+é ?
as(L) :%(H 1
1
as(L) = 30
whereas the fifth degree b,(L) and ¢, (L) are of the form
bo(L) = —%(L+ 1) [31(L+ D* = 15(L + 1) +4}
bi(L) :%(L+ 1)2[3(L+ 12— 1} +%
by(L) :—(L+1)[11(L+1)2—2} "
by(L) =5(L+ 1) —%
by(L) = —(L+1)
bs(L) :11_5
and
co(L) = %L2(15 + 17L + 917 +§L3) +1§—7L+4
ci(L) = —9(1+ 5L+%L2 +%L4) —%
cr(L) =3(L+1) [3(L+ 1)? —%]
. (5)
c3(L) = =3(L+ 1) +e
L) = 5 (L+1)
C5(L) = —i

30



48 Z. Domanski and N. Sczygiol

Equation (2) can be written in the form of the probability distribution for g. To
do this we divide (2) by a function

2L =L+ 17 [+ 1)’ -1, (6)

1
2

which is the total number of pairs of nodes in the cube. After such a normalization
we obtain

2

b= (L+1) [(L+ 1) - 1}

N(L,q). 7)

Figure 2 depicts the distribution (7) for values of L = 10, 11, 13 and 14.
With the help of Eq. (7) we can compute the mean value {g) of the node-to-node
distance. It appears that {g) scales with the length N of the functionalized SAW as

(L+1)*(L+2)

<q>:(L+1)2+L+2

(8)

and lim; ., % = 1.

0.1
0.09-
0.08 -
0.07+
0.06 -

P(Lg)
0.04
0.03
0.02-

0.01

0 ! ! ! L lowo
0 5 10 15 q 25 30 35 40 45

Fig. 2 Probability distribution functions p.d. of end-to-end distance g of polymer chain with ends
binded to the nodes of a simple cubic lattice with (L + l)3 nodes: Dark circle, L = 10; Triangle,
L = 11; Circle, L = 13 and Diamond, L = 14. The distance g between any pair of nodes is given
by the smallest number of edges connecting these nodes. The lines are drawn using Eq. (7) and
they are only visual guides
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3.1 The Large L Limit

When one deals with a large number of binding centers, i.e. when L grows sig-
nificantly, instead of distribution (7), a density probability function is more suitable
for characterizing the node-to-node distance distribution. Such a density formula-
tion can be introduced in a straightforward manner. Since N(L, q), Eq. (2), is the
fifth-degree polynomial in ¢ and the normalization function X(L), Eq. (6), is the
polynomial of the order six in L, then

P(L,q) — L H(laxq = %) ~ p(xg) Axy,
1 )

€ (1/L.2/L,...,3), Ax,=7.

Even though the distribution P(L, g) is exact for any L, for L>>1 we retain only
terms of the first order in 1 / L in the functional form of II. In the limit L — oo, the
discrete set (1/L,2/L,...,3) transforms in a dense subset (0,3) C R and

p(x) = lim lim p(x,) (10)

HOCX —X

becomes the exact probability density function of the continuous variable 0 <x <3.
Due to the piecewise nature of N(L,q), see Eq. (2), the function p(x) has the
following form

4(1 — x)x® 4+ x* 15x5 0<x<1,
731+21x722x + 1043 72x4+ix5; 1<x<2,

) =19 4 (11)
?—27x+18x — 6 + x4 ——)c5 2<x<3,
0; elsewhere

The function p(x) is shown in Fig. 3. With the use of (11) we obtain the
following exact formula for the moments ;, = |, ® x*p(x)dx of the random variable x

365 — (k4 8)2F5 + k% 4+ 13k + 43
(k+1)(k+2)(k+3)(k+4)(k+5)(k+6)

W =24 (12)

From the above equation we see that the mean value p; =1 and that the
moments diverge with k — oo.

When a SAW moves freely, i.e. without constraints imposed by a set of binding
centers, the end-to-end distance distribution f is given by [17, 18]

f(x) = ax’'x%exp(—bx?), (13)

where in three dimensions: d = 3,0 = 0.33 and 6 = 2.43. The normalization
condition for the function (13) relates parameters a and b:
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Thus, the above relation yields the probability density function that varies

depending on which of the value of the space-scale-factor 5'/° is chosen, i.e.
pl/o e 4o 176.\°
f(x)zé-r(¥)~(b/x> ~exp[—(b/x)]. (15)

For example, if we take b'/% =1 then the distribution (15) is represented by a
dashed line in Fig. 3. We see that this curve is shifted slightly to the right compared
to the solid line that represents the distribution (10). This shift vanishes when we
equalize the mean value of x taken with respect to (15) with this one computed with
the use of (11). According to (12) the first moment y; = 1. Since moments ny, =

J5X* - f(x)dx equal to
I k+d+o
" bk/éf((d—%) (16)

0
then from p; = m; = 1 we get the value of »'/° = 1.04. The resulting probability
density function is depicted in Fig. 3.
Even though our approach relies on geometry arguments alone, i.e. geometry of

binding-center-lattice is the only constraint that reduces the number of accessible
polymer conformations, we may get some insight into the end-to-end distance
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Fig. 4 Comparision of
probability-density-functions
(pdf) of end-to-end distance x
for 2D substrates. Geometry-
based pdf, Eq. (17):
continuous line versus
distribution with
experimentally adjusted pdf
of DNA end-to-end distance,
Eq. (15) withd = 1.55,0 =
0.44,6 = 2.8 and b'/° = 1:
dashed line

distribution of a real polymer. To see that consider distributions of such distance for
different contour length of DNA molecules adsorbed on a surface. As reported in
[18] these distributions were fitted using Eq. (13) with ¢ = 0.44 and experimentally
measured 6 = 2.58 £ 0.76. Since in 3D a self-avoiding walk is a fractal object with
dimension dy = ¢/(6 — 1) we compare that fit with the function [14]

4(1—x)x+%x3; 0<x<1,
g(x) =1 2(2-x); 1<x<2, (17)
0; elsewhere.

which is an analog of (11) in two dimensions. Figure 4 shows a similarity between
g(x) and the distribution based on measurements reported in [18]. From this figure
it is seen that the both curves are concave down for distances smaller than their
appropriate mean values. It is not the case for the distributions presented in Fig. 3.

3.2 Final Remark

The analytical approach employed in this work rests on the assumption that the
taxicab metric properly characterizes trajectories traced out by the functionalized
polymer-chain when it moves close to, or inside of a volume with periodically
distributed binding centers. Here, only geometrical aspects were considered, i.e. the
number of chain-like polymer conformations was scaled down by the space
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available only. When a real polymer chain is confined in a reduced volume the
number of its conformations is further lowered due to the interactions with the
boundary and the interactions among its own segments. This fact is reflected in the
shape of the end-to-end distance distribution we have obtained. Our distribution is
slightly wider than distributions related to physically founded models of polymer.
Nevertheless, our rough, purely geometrical approach enables us to construct dis-
tributions of end-to-end distance which may serve as envelope distributions.
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Using Modern Multi-/Many-core
Architecture for the Engineering
Simulations

Grzegorz Michalski and Norbert Sczygiol

Abstract The paper presents authorial method for computer simulation of the
process of the casting solidification process using modern multi-/many-core archi-
tectures. The authors have focused above all on the GPU compatible with CUDA
architecture. Presented in the article method enables division the process of the
building a global matrix of coefficients in two independent phases. The first one is
performed only once before the start of a computer engineering simulation, the second
phase is performed at each time step of computer simulation. The reason for such
division is decoupling of computations realised on the GPU from the spatial infor-
mations (e.g. physical coordinates of the nodes) contained in the mesh of finite ele-
ments. Application of presented method enables the computer scientific simulation in
a variety of multicore architectures, such as multi-core CPUs, GPUs, APUs and Intel
Phi. The use of computer engineering simulations multi-core processor allows sig-
nificant acceleration computation, thereby also reduces costs. Presented in the work
results have been obtained by using authorial software built by authors from scratch.

Keywords Casting - Computer simulation - CUDA - Enthalpy - Graphics
processor - High performance computing - Parallel processing - Solidification
processing

1 Introduction into Modern Processors Architecture

The progress of science has an impact on all areas of life, including the development
of computer technology. The tasks appear before engineers from different fields of
science are increasingly complex and require a considerable amount of time to solve
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them. In recent years the dynamic development of multicore processors has had a
direct impact on the availability of advanced high performance solutions for engi-
neers. A few years ago, computers with a high-end graphics card were intended
primarily for computer game players and computer graphics designers. Nowadays,
the situation has dramatically changed. Graphic processors (GPUs—Graphics
Processing Unit) are increasingly being used in high performance computations.
A single GPU has a theoretical computational power several times higher than the
fastest general purpose processors available today. Figure 1 shows the increase in the
theoretical computational power of graphic processors and general purpose proces-
sors in recent years. Computations using a GPU working as a computing accelerator
do not require any additional equipment, such as specialized workstations, and can be
made on an ordinary personal computer equipped with a graphic card that supports
CUDA or OpenCL. As graphic processors, in accordance with their original purpose,
have been designed to efficiently perform mathematical operations on two-dimen-
sional matrices, they should be capable of performing numerical simulations. The
application of modern multi- and many-core architectures, such as graphic proces-
sors, for computational purposes allows huge systems of equations, which may
consist of many millions of variables, to be solved very fast. The algorithms used for
solving such systems of equations are based primarily on standard arithmetic oper-
ations on matrices and vectors. Such algorithms permit efficient parallelization and
implementation for many-cores architecture like graphic processors [1-3].

In this article, the authors present a computer simulation of the casting solidifi-
cation process (enthalpy formulation), one that belongs to a group of unsteady
processes. For processes of this type, a system of equations is built from scratch in
each time step. The matrix of the coefficients of this system of equations and a vector

GO0 T T T T T T T T

Intel (Single Precision) -

nVidia GPU (Single Precision) ---#---

nVidia GPU (Double Precision) "
ATI GPU (Single Precision) B e 3

3000 |- ATI GPU (Double Precision) - -m - IrF 7

4000

T
Il

3000 - o g

T
a
1

2000

Teoretical processing power [Gflops]

1000 F o Fd -
e s L et

= e JEESSSIEUS S ]

RV CLL

e ——— 1 I 1 1

2005 2006 2007 2008 2009 2010 2011 2012 2013 2014
Years [-]

Fig. 1 An increase in theoretical computational power of the GPU and CPU in the recent years
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of right sides are built on the basis of several factors: a description of the finite
elements mesh, the boundary conditions, the material properties and the results
obtained from previous time steps. These operations require a large amount of data in
each time step of the simulation to be processed. Repeatedly sending huge data sets to
the memory of the graphic card may create a real problem. The specific character of
this data (mainly the finite element mesh) makes it difficult to efficiently parallelize
the matrix building process. This difficulty derives from the lack of regularity of the
data that are to be processed. This problem can be clearly seen in the case of GPUs and
SIMT architecture (Single Instruction Multiple Thread), where the conditional exe-
cution of certain parts of the program code has a strong negative impact on the
efficiency of computations. An additional problem is the need to synchronize the
write operations performed during the construction of the system of equations [4—6].

2 Building the System of Equations on Graphic Processors

While performing simulations of unsteady processes the system of equations has to
be built many times (for each time step). Owing to the specific nature of the graphic
processors architecture, this can constitute a real problem and can significantly
decrease the efficiency of computations. This relates to the slow data transfer from
the global memory of the graphic devices (device memory) to the system memory
(host memory), synchronize mechanism and conditional instructions.

As the data transfer from the system memory to the global memory of the graphic
devices should be reduced to a minimum, a good solution is to transfer the description
of the finite element mesh to the graphic device global memory and build the system
of equations using the graphic processor [5—7]. However, it should be remembered
that the finite element meshes that are used nowadays often consist of a few million
nodes. Transferring such a large amount of data is a very time-consuming process
and, moreover this data can reduce the limited resources of the device.

The parallelization operation of the matrix building process on the basis of
the finite element mesh is very complicated. This process requires a lot of condi-
tional instructions and synchronize blocks, which causes a significant decrease in
the performance of computations made on the graphic processor (nVidia GT200 in
this case).

The values of elements in i-row of the coefficient matrix depend on the finite
elements, which include the node connected with the node with index i. A single node
in the finite element mesh can belong to several finite elements. No direct method
exists to identify these finite elements solely on the basis of the node index. These
indices can only be read from the finite element mesh. Figure 2 shows the process of
building the global coefficient matrix. Non-zero elements of the global coefficients
matrix are determined as the sum of several values which depend on those finite
elements which include the pair of nodes with indexes corresponding to the indexes
of the row and column of those elements. Constructing the global matrix of coeffi-
cient in this way definitely makes the parallelization process more difficult.
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Fig. 2 Process of building
the global coefficient matrix

The approach presented in this paper uses a modified way of building the system
of equations which divides this process into two separate phases. The first requires
information from the finite element mesh. This phase is performed only once at the
beginning of the computer simulation. An appropriate transformation of the matrix
obtained from the Finite Element Method makes this part of the matrix independent
from the nodal temperatures and enthalpy values, determined in subsequent time
steps. The second phase is performed in each time step and is dependent on the
nodal temperature values and enthalpy from previous steps.

2.1 New Two-Step Building of the System of Linear Equation
Method

The system of equations resulting from the transformation of a differential equation,
which describes the process of solidification, into the numerical model using the
Finite Element Method can be finally written in matrix formulation (1) [8-10].

MH"! + AK"T" = MH" + Arb""! (1)

The elements of (1), which are built on the basis of the finite element mesh
description are: matrix M (2) and conductivity matrix K (3) [11].
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M¢ = [ N'NdQ (2)
/
KE(T):/A(T)VTN~VNdQ (3)
o

Matrix M is independent from the nodal temperature and enthalpy values in
subsequent time steps. This matrix may be determined at the beginning of the
simulation, before the first time step is executed. This matrix can be used in the
same form in the subsequent time steps. Matrix M is a diagonal matrix, and it is
preferable to store it in the form of a simple vector, as this helps to save priceless
graphic device memory.

In contrast, conductivity matrix K is a temperature function. The element which
causes this dependency is thermal conductivity coefficient 4. The value of the
thermal conductivity coefficient is determined during the building of the matrix of
coefficients for each finite element. If thermal conductivity coefficient 4 is not
dependent on the spatial coordinates, it can be taken out before the integral. After
completing these steps, Eq. (3) assumes the form (4).

K® = A(T) / VIN - VNdQ (4)

Q°

After integration, conductivity matrix K (for triangular elements) takes the form
(5), where K¢ is a local coefficient matrix for the finite element, A the surface area
of the finite element, C;; are coefficients which depend on the spatial coordinates of
the nodes belonging to the finite element.

The value of thermal conductivity coefficient A for the finite element is calculated
as the average value of the thermal conductivity coefficients determined for the
nodes belonging to that finite element. After building the local coefficient matrices,
they are assembled into a global matrix of coefficients K, which contains elements
that are the sum of the products (their factors are different thermal conductivity
coefficient 1). These are average values calculated for each finite element that
includes the corresponding nodes. Such a situation makes it impossible to separate
this part of the matrix, which is temperature-dependent, from that part which is built
on the basis of information contained in the finite element mesh.

In order to find a solution to this problem the authors have developed an
alternative approach to the building of the system of linear equations. This approach
allows the two parts of conductivity matrix K to be separated. It involves the
introduction into the local matrices, values of the thermal conductivity coefficient
A determined for the nodes and not for the finite elements as in the original
approach. After this change is introduced into the Eq. (5) it takes the form (8).
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MT) C3 + G5, CoCx + C31Cxn €1 Cp3 + C31C33
K* = A C21Ca + C31Cxn G, + C3, Cy»Cy + C3Cx3 (5)
C21Co3 + C31C33 CnCos + CpCx3 C35 + Co4

Equations (6) and (7) presents: surface area and coefficients C;; for a triangular
finite element:

A:%(Xl()’z—%)*—xz()’s—,V1)+x3(yl —2)) (6)

Y-y _ -y _ Ny
C21 :'72A3 sz _Y%ZAM C21 — 1)

7A
X3—X2 X1—X3 X2 —X| (7)
G ="5" Co="3" Cuy="3"
(G5, + C3)) 21(C21Co 4 C51C32)  41(Ca1Cos + C31C3)
K =— | 1b(C2iCop + C31C2)  7(C3, + C3,) J2(CCr3 + C3C33)

73(C21Ca3 + C31C33)  13(CnCas + C3nCx3)  73(C35 + C35)
(8)

This approach permits the removal of thermal conductivity coefficient 4 before
the parenthesis in each element of global matrix K. After these steps the solidifi-
cation equation in matrix formulation (1) takes the form described in Eq. (9).

MH"' + A2"K* T = MH" + A" 9)

where / is the diagonal matrix of the thermal conductivity coefficient for each node
of the finite element mesh, determined on the basis of nodal temperatures from the
appropriate time-step, K* is a matrix of coefficients built on the basis of the finite
element mesh description. Matrix K* is built only once at the beginning of the
computer simulation.

This approach allows the process of building the global coefficient matrix to be
divided into two phases. The first phase is independent from the nodal temperatures
values, and thus simultaneously independent from the time steps. Phase one is
performed only once before the first time step of the simulation is performed. In this
stage, matrix K* is built on the basis of information from the finite element mesh.
Additionally, matrix B (calculated on the basis of the boundary conditions), diag-
onal matrix M and the vector (calculated on the basis of the boundary conditions)
with values necessary to build the vector right sides in each time step are created in
this stage.

After this step, the information stored in the mesh of finite elements (coordinates
of the nodes, finite element descriptions, edges and areas) is no longer required for the
process of computer simulation. The second phase of the matrix building process
consists of determining conductivity coefficient 4 for each node. As a result of this
step diagonal matrix 4 is created. This matrix is multiplied by matrix K*. As a result
of the implementation of these operations the non-zero elements of matrix K*
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are multiplied by A values determined for the node whose index corresponds to the
number of the row of the matrix. Since conductivity coefficient matrix A is temper-
ature dependent, this operation must be performed in each subsequent time-step.
This approach simplifies the process of building the global matrix of coefficients on
graphic processors by allowing matrix K* to be built on a general purpose processor.

3 Computer Experimental Numerical Verification

Simulations of the solidification process were carried out for the regions shown
in Fig. 3. Computations were performed with the use of 6 finite element meshes
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(for each one shape), whose sizes ranged from several thousand to several hundred
thousand nodes.

Figure 4a, b shows time required to execute of 200 time steps simulation of
solidification for each analyzed shape (in sequential version of authorial software).
Software with the use of the two-step building of the system of linear equation
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Fig. 4 Execution time of 200 time steps simulation of solidification for each shape (in the
sequential version of authorial software)
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(ASMBL2E), shown in Sect. 2.1, are performed in a shorter time than the
unmodified version (ASMBL). This is due to the extract unchangeable coefficients
from the process of the building a system of equations during subsequent time steps
of simulation and determining them before the start of the simulation process.

Times of simulations performed with the GPUs were compared to the results
obtained with the authorial CPU-based sequential software. This software uses the
approach to building the system of equations which was presented in previous
section. The authors used a Boost Math library for matrix and vector computations
in the sequential implementation. It should also be noted that all matrices are stored
as sparse matrices using Compressed Sparse Row format. Authorial software
(CUDA version) was realized from scratch without use a outside libraries.

The computer simulation on the graphics processor was performed an nVidia
GT200. The GPU-based casting solidification simulation software was run on the
graphic devices:

1. nVidia TESLA C1060 (4 GiB GDDR),
2. GeForce GTX 260 (896 GiB GDDR).

Both the above are equipped with an nVidia GT 200 processor with 240 CUDA
cores which has a peak performance of about 1 Tflops in single float operations.
The authors used CUDA version 3.2 in the graphic processor implementations and
Debian Operating System.

The casting material is aluminum alloy with the addition of copper and the mold
is assumed to be made from steel. The material properties are listed in Table 1. The
initial temperature of pouring was equal to 960 K and this value was the value of
the initial condition temperature for the region of the cast in the performed com-
putations. The initial temperature of the mold was set at 560 K. Newton’s boundary

(a) | | (b) | |

(c)

Fig. 5 Distribution of the solid phase (on shape (3a)). a after 200 time-steps (CPU). b after 200
time-steps (GPU). ¢ after 6,000 time-steps (CPU). d after 6,000 time-steps (GPU)
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Table 1 Physical properties of cast material (Al-2%Cu), and mold

Quantity Unit symbol Value

Thermal conductivity of solid phase EK 262
m

Thermal conductivity of liquid phase &K 104
m

Density of solid phase kg 2,824
m3

Density of liquid phase kg 2,498
m3

Specific heat of solid phase J 1,077
kgK

Specific heat of liquid phase J 1,275
kgK

Solidus temperature K 853

Liquidus temperature K 926

Melting temperature of pure metal K 933

Latent heat of solidification J 390,000
kgK

Thermal conductivity of mold W 40
mK

Density of mold kg 7,500
m’,

Specific heat of mold J 620
kgK

condition is assumed on all the surfaces of the mold, assuming heat exchange with
the environment with a coefficient equal to 100 % The ambient temperature has
a value of 300 K in all boundary conditions. The heat exchange between the casting

and the mold is obtained from a type IV boundary condition, which assumes the
heat exchange through the insulation layer of the conductivity coefficient of the
separating layer to be 800 %

Figure 6a, b shows that speed up depended on the size of the task (number of
nodes in the finite element mesh) for each analyzed shapes. In small tasks the speed
up is minor. This can be explained by the time taken to copy the data from the
system memory to GPU memory and to copy the results into the system memory
from the graphic device memory (first and last time-step). No differences were
noted in the process of the computer simulation implemented on a general purpose
processor and graphics processor. The simulation results (temperature and part of
the solid phase) show that there is a slight difference between the results obtained
with the GPU-based and CPU-based software. These differences are minor and do
not exceed 0.1 % and have no effect on the simulation process. This is illustrated in
Fig. 5 which shows a part of the solid phase after 200 and 6 000 time-steps
of computer simulation of the casting solidification process realized on CPU
(Fig. 5a, c¢) and GPU (Fig. 5b, d). Comparing these figures it can be seen that the
simulation process in both cases is the same.
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4 Remarks

In this article, the authors present a new method of parallelization for the computer
simulation of the casting solidification process and its implementation on graphics
processors compatible with CUDA architecture. The proposed method divides
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the process of building the system of equations into the two phases. This solution
improves the efficiency with which the available system resources are used. The
great advantage of the developed solution is that it is easily adapted to the different
architectures of multicore processors.

The speed up observed during the computer simulation of the casting solidifi-
cation process confirms that the use of graphic processors in engineering simula-
tions brings significant benefits. It was also noted that with an increase in the
number of unknowns in the system of equations, the time needed to solve such a
system increases linearly. At the same time, as the size of the task increases so does
the speed up observed in the computations with the graphic processor. Different
way to speed-up computation in the scientific simulation is a proper using an
eigenvalues and modifying the size of time step [12, 13], the speed-up obtained in
this way are minor.

The modifications to the numerical model produce slight differences in the
temperatures in the nodes. However, these are just minor differences that do not
affect the simulation of the casting solidification process. These differences result
from the different way in which the value of the coefficient of thermal conductivity
sensor is determined for the node, and not for the finite elements. This leads to a
speed up in computations performed in a sequential way (on the CPU).

Having regard to the above results it can be stated that using graphic processors
in engineering simulations seems to be a viable solution as this approach can
significantly reduce the time needed for research.
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A Viscosity Approximation Method
for the Split Feasibility Problems

Jitsupa Deepho and Poom Kumam

Abstract In this paper, we discuss the strong convergence of the viscosity
approximation method for solving the split feasibility problem in Hilbert spaces.
Consider also the iteration process {x,}, where xo € C is arbitrary and x,; =
(1 = o)Pc(I — EA*(I — Pg)A)x, + 0nf (x,),n>1 where «, € (0,1). The main
result present in this paper improve and extend some recent result done by Xu
[Iterative methods for the split feasibility problem in infinite-dimensional Hilbert
space, Inverse Problem 26 (2010) 105018] and some others.

Keywords CQ algorithm - Metric projection - Split feasibility problem - Strong
convergence theorem - Variational inequality problem - Viscosity approximation
method

1 Introduction

Throughout this paper, we assume that H is a real Hilbert space with inner product,
(+,+) and norm || - || and let C be a nonempty closed convex subset of H. A mapping
S: C — Cis called nonexpansive if ||Sx — Sy|| < ||x — y||, Vx,y € C. We use F(S)
to denote the set of fixed points of S, that is, F(S) = {x € C : Fs = s}. It is assumed
throughout the paper that S is a nonexpansive mapping such that F(S) # (). Recall
that a self-mapping f : C — C is a contraction on C if there exists a constant
p € (0,1) and x,y € C such that ||fx — fy|| < pllx — y]|.
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In this paper, we review the computation of fixed points of such general oper-
ators T, by mean so-called viscosity approximation method which formally consists
of the sequence {x,} € C given by the iteration (see [1-5])

Xp+1 = O(nf(xn) + (1 - O(n)Txn (1)

where o, € (0,1) is a slowly vanishing sequence, i.e., lim,_ o, =0 and
Do Oy = 00.

The split feasibility problem (SFP) was introduced by Censor and Elving [6] for
modeling inverse problems which arise from phase retrievals and in medical image
reconstruction [7], and may well known iterative algorithms has been invented to
solve it [7].

In this work, the SFP is formulated as finding a point X satisfying the following
property:

ieC, Az € Q, 2)

where C and Q are the nonempty closed convex subsets of the infinite-dimensional
real Hilbert spaces H; and H,, respectively, and A € B(H;, H,) (i.e., A is a bounded
linear operator from H; to H;).

The SFP was introduced by Censor and Elving [6] for modeling inverse prob-
lems which arise from phase retrievals and in medical image reconstruction [7], and
may well known iterative algorithms has been invented to solve it [7].

We use I' to denote the solution set of SFP :

['={ieC:Aic 0l (3)

and assume that the SFP (2) is consistent [i.e., (2) has a solution] so that I" is closed,
convex and nonempty, it is not hard to see that x € C solves (2) if and only if it
solves the following fixed point equation;

x=Pc(l— 9A°(I - PoA)x, x€C, ()

where P¢ and P are the metric projections onto C and Q, respectively, y > 0 is any
positive constant and A* denotes the adjoint of A. Moreover, for sufficiently small
y > 0, the operator P¢(I — yA*(I — Pg)A) which defines the fixed point equation in
(4) is nonexpansive.

To solve the SFP (2), Byrne [7] proposed his CQ algorithm (see also [8]) which
generates a sequence {x,} by

Xn+1 = Pc(l — 'VA*(I — PQ)A)xn, n ZO, (5)

where 7y € (0,2/1) with A being the spectral radius of the operator A*A.

Very recently, Xu [9] has viewed the CQ algorithm for averaged mappings and
applied Mann’s algorithm to solving the SFP, and he also proved that an averaged
CQ algorithm is weakly convergent to a solution of the SFP.
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In 2014, Deepho and Kumam [10] suggest a hybrid extragradient method for
finding a common element of the set of fixed point sets of an infinite family of
nonexpansive mappings and the solution set of the SFP in real Hilbert spaces.

In this paper, we also regard the CQ algorithm as a fixed point algorithm for
averaged mapping, and try to study the SFP by the following modified viscosity
approximation method;

xo € C, 6
Xn+1 = (1 - “n)PC(I - éA*(I - PQ)A)xn + fxnf(xn)anz 1, ( )

where {o,} C (0, 1). Furthermore, our result extends and improves the result of Xu
[9] from weak to strong convergence theorems.

2 Preliminaries

Throughout the paper, we adopt the following notation: Let {x,} be a sequence and
x be a point in a normed space X. We use x, — x and x,—x to denote strong and
weak convergence to x of the sequence {x,}, respectively.

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, respec-
tively, and let C be a nonempty closed convex subset of H. For every point x € H,
there exists a unique nearest point in C, denoted by Pcx, such that

[lx = Pex|| <[lx—yll, VyeC. (7)

P¢ is called the metric projection of H onto C. It is well known that P¢ is a
nonexpansive mapping of H onto C and satisfies

(x =y, Pcx — Pcy) > ||Pex — Peyl), (8)

for every x,y € H. Moreover, Pcx is characterized by the following properties:
Pcx € C and

<x—ch7y—ch>§0, (9)
e = ¥II* > |lx = Pex]® + ly = Pex|® (10)
forallxe H,y € C.

Some important properties of projections are gathered in the following
proposition.
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Proposition 1 Given x € H and z € C. Then z = Pcx if and only if

(x—zy—20<0, ¥YyeC. (11)

We also need other sorts of nonlinear operators which are introduced below.
Let T,A : H — H be the nonlinear operators.

(i) T is nonexpansive if ||Tx — Ty|| < ||x — y||, Vx,y € H.

(i) T 1is firmly nonexpansive if 27 —I 1is nonexpansive. Equivalent,
T = (I+S)/2, where S : H— H is nonexpansive. Alternatively, T is firmly
nonexpansive if and only if

(x =y, Tx = Ty) > || Tx = Ty|’, x,y € H. (12)

(iii)y T is averaged if T = (1 —a)l + oS, where o € (0,1) and S: H — H is
nonexpansive. In this case, we also say that T is «-averaged. A firmly non-
expansive mapping is %—averaged.

It is well known that both P¢ and I — P¢ are firmly nonexpansive and %—ism.

Proposition 2 [7, 11] We have the following assertions.

1. T is nonexpansive if and only if the complement I — T is %—ism.

2. If T is v-ism and y > 0, then yT is }/’—ism.

3. T is averaged if and only if the complement I — T is v-ism, for some v > %
Indeed, for o € (0,1),T is a-averaged if and only if [ — T is z—a-ism.

4. If Ty is oy-averaged and T, is op-averaged, where ay,0, € (0,1), then the
composite T\ T, is a-averaged, where o = o] + op — 0103

5.If Ty and T, are averaged and have a common fixed point, then
Fix(T\T») = Fix(T\) (" Fix(T»).

Lemma 3 [12] Assume that {a,} is a sequence of nonnegative real numbers such
that

an+1§(1 _Vn)an"_énv (13)

where {7y,} is a sequence in (0,1) and {0,} is a sequences such that

L >0 T = 003
2. limsup,_,. 9./, <0 or > 2 |0n] <oo.

Then, lim,,_, ., a, = 0.
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Lemma 4 [13] Let C be a nonempty closed convex subset of a real Hilbert space
H and T be nonexpansive mapping on C with Fix(T) # 0. If {x,} is a sequence in C
which converges weakly to x and if {(I — T)x,} converges strongly to y, then
y = (I — T)x. In particular, if y =0, then x € Fix(T).

3 Main Results

Let C be a nonempty closed and convex subset of a real Hilbert space H. We define
the sequence {x,} by

{X() eC (14>
Xnp1 = (L= 0)Pc(I — EA™(I — Po)A)xy + ouf (x),n > 1,

where {o,,} C (0, 1) satisfies

C€nH o —0;

(€2) 30 = 00

(C3) Z;O:o ‘an+1 - O‘n| <00.

Theorem 1 Suppose that the SFP is consistent and 0 < & < —= i AH Letf :C — C be

a contraction with constant p € (0, 1). Let {x,} be a sequence defined as in (14). If
the following assumptions are satisfied (CI1)—(C3) then x,, — X, where X is the
unique solution of the variational inequality

(I-fx,x—%)>0, xel. (15)

Proof First we show that the sequence {x,} is bounded. For our convenience, we
take 7 := Pc(I — EA*(I — Pg)A). Then, for any p € I, we have Tp = p. Now, we
observe that

< (1 = o) || Ton = pll + ol () — |
< (1= o) |0 = pll + e ([lF Cea) = f ) + IF(0) =) (16)
< (1= o) |0 — pll + e (plln — pll + If () — PlI)-

[l

Now, we note that the condition 0<¢ < —=- implies that the operator
Pc(I — fA*(I — Pg)A) is averaged. Since [ — Py is ﬁrmly nonexpansive mappmgs
and so is §-average which is 1-ism. Also observe that A*(I — Pg)A is ——-ism so

\AH
that EA*(I — Pg)A is —~—-ism. Further, from the fact that I — EA*(I — Py)A is

fHAH
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gHAH -averaged and P is -averaged, we may obtain that Pc(I — EA*(I — Pp)A) is
J?/ averaged, where

2 2 2
U CAl” L ElAl _ 2+ SAP

a — =
%2 2 2 2 4

(17)

This implies that 7 = %I + (1 — %)S, where U = w € (0,1) for some
nonexpansive mappings S. Note that 7'is also nonexpansive mappings. Hence, we have

1T — pll = [T — Tp|l < [lx0 — pl|- (18)
From the inequalities (16) and (18), we have

[t =PIl < (1= 0w) e = pll + ool = pll + IIF(p) —pII)
= (1 = o + awp)llxa = pl| + 2llf (p) — pll
< (1= (1= p)aw)llxn = pll + ollf (p) = pll

< max{ s, = pll = 1) = I}

By induction

1
[l — P||<max{||xo—19llaf|lf() pl},n=0, (19)

and {x,} is bounded, so are {Tx,} and {f(x,)}.
Next, we claim that

[[%n+1 = xul| — 0. (20)
Indeed we have (for some appropriate constant M > 0)

[0 = 2l = [[(1 = 06) Ty + 0af (xn) = (1 = 0tn—1) Txu—1 + 0p—1f (1)) |
= [[(1 = o) (T — Txn—1) + (00 — 1) (f (Xn—1) — TX1)
+ ot (f (%) — f (n=1))
< (1= o) [[xn — X1 || + [0t — o1 [M + pota]| 0 — X1 |
= (1 = (L = p)oa)|[xn — X1 ]| + |oa — 0tn—1|M.

By Lemma 3, we have ||x,+1 — x,|| — 0.
We now show that

Iy — Toxa|| — 0. (21)
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Indeed from (20) and (C1), we get
(120 = Toxall < ot = Xnget |+ 1 — T (22)
= len = X[l + el 2w — f () [| = . (23)
Next, we will show that

lim sup(X — x,, X — f(%)) <0. (24)

Indeed take a subsequence {x,, } of {x,} such that

lim sup(X — x,,, X — f(X)) = limsup(X — x,,, ¥ — f(X)). (25)

n—oo k—00

We may assume that {x, }—x. It follows from Lemma 4 and (21) that is
x € Fix(T) = I'. Hence from (15), we obtain

limsup(x — x,,, X — f(¥)) = (¥ — x,Xx — f(¥)) <O0. (26)

n—oQ
Finally, we will show that x, — X. As a matter of fact, we get

gt = E|* = [[(1 = o) (T — %) + 0 (F (32) = B

= (1= )| Ty — &> + o2 [f (xa) — X[* + 2000 (1 — o) (T, — %,f () — %)

< (1= 20 + o) s — X% + ol () = X% + 206 (1 = 0) (Tt — %, () — (%))
+ 20, (1 — 0,){Txy, — X, f(X) — X)

< (1= 20 + )l — X|* + o2 [If () — X[* + 20 (1 — ) [l — %]
+ 206, (1 — 04) (T — X, (%) — f(X))

= (1 =20, 4+ &2 + 2pot (1 — o)) o — X[
+ o [2(1 — o) (T, — X, £ (%) — %)) + el (5) — f @]

= (1= )0 = %I + 7,00,

where

Vo =0n(2 — 0 — 2p(1 — o)),

:2(1 = o) (T — %, f (%) — X) + o[ (o) — i'lz .

On
2 —o, —2p(1 — o)

We can see that y, — 0,7, = oo and limsup,_, . J, <0 by (24). By Lemma
3, we conclude that x,, — x. O
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Letting f(x,) = u of iterative scheme (14) in Theorem 1, then we obtain the
followings corollary;

Corollary 5 [14] For any u,xy € C, we define the sequence {x,} by
X1 = (1 — 0)Pc(I — EA™(I — Po)A)x, + otyu,n > 1, (27)

where {o,} is a sequence in (0,1). Suppose that the SFP is consistent and
0< &< 2. Let {x,} be defined as in (27). If the following assumptions are sat-

AT
isfied (C1)~(C3)
C1) oy — 05

(C2) >0 =005
(C3) Zzio ‘Ocn+l - OC,1| <o0.

Then {x,} converges to a solution of the SFP (2).

Remark 6 Theorem 1 and Corollary 5 extend and improve the result of Xu [9] from
weak to strong convergence theorems by using the viscosity approximation method.
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Analytic Method for Solving Heat
and Heat-Like Equations with Classical
and Non Local Boundary Conditions

Ahmed Cheniguel

Abstract In this paper, heat and heat-like equations with classical and non local
boundary conditions are presented and a homotopy perturbation method (HPM) is
utilized for solving the problems. The obtained results as compared with previous
works are highly accurate. Also HPM provides continuous solutions in contrast to
traditional methods, like finite difference method, which only provides discrete
approximations. It is found that this method is a powerful mathematical tool and
can be applied to a large class of linear and non linear problems in different fields of
science and technology.

Keywords Diffusion equation - Exact solution - Heat-like equation - Homotopy
perturbation method - Initial boundary value problems . Non local boundary
conditions - Partial differential equations

1 Introduction

Recently, new analytical methods have gained the interest of researchers for finding
approximate solutions to partial differential equations. This interest was driven by
the needs from applications both in industry and sciences. Theory and numerical
methods for solving initial boundary value problems were investigated by many
researchers see for instance [1-9] and the reference therein. In the last decade, there
has been a growing interest in the new analytical techniques for linear and non
linear initial boundary value problems. The widely applied techniques are pertur-
bation methods. He [10] has proposed a new perturbation technique coupled with
the homotopy technique, which is called the homotopy perturbation method (HPM)
for solving non linear problems. In contrast to the traditional perturbation methods,

A. Cheniguel (>X)

Department of Mathematics and Computer Science, Faculty of Sciences,
Kasdi Merbah University Ouargla, Ouargla, Algeria

e-mail: cheniguelahmed @yahoo.fr

© Springer Science+Business Media Dordrecht 2015 79
G.-C. Yang et al. (eds.), Transactions on Engineering Technologies,
DOI 10.1007/978-94-017-9588-3_7



80 A. Cheniguel

a homotopy is constructed with an embedding parameter p € [0, 1], which is con-
sidered as a small parameter. Homotopy perturbation method has gained reputation
as being a powerful tool for solving linear or non linear partial differential equa-
tions. He [11], applied HPM to solve initial boundary value problems which is
governed by the non linear ordinary (partial) differential equations, the method has
been shown to effectively, easily and accurately solve a large class of linear and non
linear problems with components converging rapidly to exact solutions. Thus the
main goal of this work is to apply the homotopy perturbation method (HPM) for
solving heat and heat-like equations subject to different type of boundary condi-
tions. The obtained results are more accurate than those obtained recently by
Damrongsak et al. [12]. In this paper we consider a one-dimensional heat equation,
one-dimensional and three-dimensional heat-like equations. The implementation of
the method has shown reliable results in that few terms are needed to obtain either
exact solution or to find an approximate solution of a reasonable degree of accuracy
in real physical models. Numerical examples are presented to illustrate the effi-
ciency of the homotopy perturbation method, the obtained results are all in good
agreement with exact ones.

2 The Linear Heat Equation with Dirichlet and Neumann
Conditions

2.1 Problem Definition

We consider the diffusion equation given by

ou O*u

=g 1
% aax2,0<x<l, t>0 (1)

subject to the Initial condition:
u(x,0) = up(x), O0<x<a (2)

and the boundary conditions:

u(0,1) = go(t), t>0 (3)
u(l,t) =g (), t>0 (4)
ue(0,1) = ga(1), >0 (5)
uc(l,1) =g3(t), t>0 (6)
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where the diffusion coefficient a is positive, u(x, t) represents the the temperature at
point (x,7) and f(x,1), go(?), g1(¢), g2(¢), g3(¢) are sufficiently smooth known
functions.

2.2 Analysis of Homotopy Perturbation Method

To illustrate the basic ideas, let X, and Y be two topological spaces. If f and g are
continuous maps of the spaces X info Y, it is said that f is homotopic to g, if there is
continuous map F : X x [0,1] — Y such that F(x,0) =f(x) and F(x,1) = g(x)
for each xeX, then the map is called homotopy between f and g. We consider the
following nonlinear partial differential equation:

Alw)—f(r)=0,reQ (7)
subject to the boundary conditions
B(u,0u/0n) =0, re T (8)

where A is a general differential operator, f is a known analytic function, I' is the
boundary of Q and 9/ denotes directional derivative in outward normal direction
to 2. The operator A, generally divided into two parts, L and N, where L is linear
while N is nonlinear. Using A = L + N, Eq. (7) can be rewritten as follows:

L(v) +N(v) = f(r) =0 9)
by the homotopy technique, we construct a homotopy defined as

H(v,p) : 2 x[0,1] = R (10)
which satisfies:

H(v,p) = (1 —p)(L(v) — L(uo)) + p(A(v) — (1)),
peo,1],re Q.

Or

H(v,p) = L(v) — L(uo) + pL(uo) + p(N(v) — f(r)) = 0,
peo,1], reQ.
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Where p is an embedding parameter, i is an initial approximation of Eq. (7), which
satisfies the boundary conditions. It follows from Eq. (12) that:

H(v,0) = L(v) — L(up) =0 (13)
H(v,1)=A(v)—f(r)=0 (14)

The changing process of p from O to 1 monotonically is a trivial problem.
H(v,0) = L(v) — L(up) = 0 is continuously transformed to the original problem

Hv,1)=A(v) —f(r)=0 (15)

In topology, this process is known as continuous deformation.

L(v) — L(up) and A(v) —f(r) are called homotopic. We use the embedding
parameter p as a small parameter, and assume that the solution of Eq. (12) can be
written as power series of p:

V:P0V<)+p1v1+p2v2 +p3v3+~..+p”vn+... (16)
Setting p = 1 we obtain the approximate solution of Eq. (7) as:

Lt:liH}V:VO—FV]+V2+V3+"'+Vn+"' (17)
p*}

The series of Eq. (17) is convergent for most of the cases. But the rate of the
convergence depends on the linear operator N(v). He [13] has suggested that:

1. The second derivative of N(v) with respect to v should be small because the
parameter may be relatively large i.e. p = 1.
2. The norm of L' (N /dv) must be smaller than one so that the series converges.

2.3 Solution Procedure

The solution is considered in the form below:
v=p% +pvo+p*va 4 (18)
Setting p = 1, we obtain the approximate solution of Eq. (1) as follows:

u:liII}v:v0+v1+v2+~~ (19)

P—
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Substituting Eq. (18) into Eq. (12) and comparing the coefficient of like powers

of p, we have

Hence the approximate or exact solution of problem (1) is obtained as:

ulx,t) =vo+vi+va+vs+---

3 The One Dimensional Heat-Like Equation
3.1 Problem Definition

(20)

(21)

We consider the problem in two cases one-dimensional heat-like equation given by:

u, = a(x) + b(x)uy, 0<x<l,
subject to the initial condition
u(x,0) = x*

and the boundary conditions

u(0,1) =

u(x, t)dx + c; = (1)

o~

u(l,t) = [u(x,0)dt + c; = d(t)

I
o~

(22)

(23)
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3.2 Solution Procedure

Writing the approximate solution in the series form as the following:
v=pvo+pvi+pva P v (26)

Substituting Eq. (26) into Eq. (22) and equating the coefficients of the same
powers of p we get the system of equations as follows:

vor — oy = 0 = vo = up

vi; —a(x) = b(x)vore =0, vi(x,0) =0
t

vi = [(a(x) — b(x)vox)dt
0

Vo = Vi = 0, m(x,0) =0 (27)

t
V) = /le_xdl
0

and so on, we obtain the approximate solution in a series form as below:

4 Three-Dimensional Heat-Like Equation

4.1 Problem Definition

Consider the three-dimensional heat-like equation as
ur = p(x)q(y)r(z) + a(x)un + By + 7(2uzz,  0<x,y,z<1, 0<t<T (28)
subject to the initial and boundary conditions

u(x,y, <, 0) =f(x,y, Z) (29)
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111

u(0,y,2,1) = [ [ [ulx,y,z,t)dxdydz + g1 = ki (t)
000
111

u(17yaza t) = ///M(X,y,z, t)dXdde+g2 = k2(t)
000
111

u(x, O,Z,t) = ///u(xvya@t)dXdde'i_g?) = k3(t)
000
111 (30)

u(x, 1,z,t) = [ [ [u(x,y,z,t)dxdydz + g4 = ka(t)
000
111

M(X,y707l) = // /u(xa))7z7 t)dXdde+g5 = kS(t)
000
111

u(x,y, 1,1) = [ [ [u(x,y,z,t)dxdydz + g6 = ke
000

4.2 Solution Procedure

We just consider three-dimensional equation which includes two other cases.
Substituting Eq. (18) into Eq. (28) and equating the terms with identical powers of
p, we have

poz(vo)t — (up), = 0= vp = u(x,0) (31)

1), = P)g(y)r(z) = (1x)vo) o + (BOIv0),, + (2(2)V0).) =0

t

v = [(p(x)g(y)r(z) + (((x)vo) . + (B)vo)y, + (2(&)vo)))dr - (32)

0

P*(v2), = (P()q(y)r(2) = (ux)vi) o = (BOIv1),, = (V1)) =0

v2 = [(P(x)g(y)r(2) + (1(xX)v1) o + (BOIV1)yy + (2(2)01)..) )t
0
P*(v3), = p()q(y)r(2) = (@(x)v2) = (BOIV2)yy — (1(2)12). =0

t

vs = [(p(0)g(y)r(@) + (1(x)v2) g + (BOI2),y + (7(2)2).) et

0

So we can calculate the terms of )~ vk, term by term and the series solution
thus entirely determined. However, in many cases the exact solution in a closed
form may be obtained. For numerical purposes, we can use the approximation
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u(x,y,z,t) = lim
m—0o0

where

3
|

@m = Vi (33)

T
o

It is worth to mention that the errors are getting smaller with the growing number
of terms in the sum (33).

5 Numerical Examples

5.1 Example 1: One Dimensional Homogeneous Heat
Equation

We consider the one-dimensional diffusion equation:

%:%, 0<x<1,t>0 (34)
with the Initial condition:
u(x,0) = sin(mx). (35)
and the boundary conditions
u(0,1) =0, u(l,r)=0 (36)

To solve (34) with initial condition (35), according to the homotopy perturbation
technique, we construct the following homotopy:

H(v,p) = (1 = p)((vo),~ (u0),) + P(vi = viec) =0 (37)

Substituting of Eq. (16) into Eq. (37) and then equating the terms with like
powers of p, we get the following



Analytic Method for Solving Heat ... 87

(), — (o), = 0, vo = u(x,0) = sin(xx)
), — (), =0, vi(x,00=0

(v1), = —n’sin(mx)
t
vi=[(-m 2 sin(mx)dt = —n? sin(mx) X t
0
(v2)t - (vl)xx =0, n(x0)=0
1 2
vy = /n sin(7x) x tdt = n*sin(mx) x 2 (38)
0
(v3); = (v2)e = 0, 3(x,0) =0
to ? 6 z3
= {) —7” sin(7mx) X idt = —n’sin(mx) X 3
and so on, we can calculate v, as follows:
), — (Wu=1), =0, ,(x,0) =0
(1) sin(m) X ——dt = (= 1) 7 sin(x) x -
vp=[(—1)'n nX) X ———dt = (—1) n7"sin(nx) X =
'é (n—1) n!
Finally, we obtain the approximate solution as follows:
u:lin}v:vo—i-vl+vz+\/3+~~-—|—vn+---
p*}
And this leads to the following solution
u(x, 1) = sin(mx)e ™" (39)

Substituting Eq. (39) into Eq. (34), we conclude that the approximate solution
coincides with the exact one.

5.2 Example 2

Consider the diffusion problem:

U =y, 0<x<1, >0 (40)
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subject to the Initial condition
u(x,0) = cos(mx)
and the boundary conditions:
u,(0,£) =0, u(l,r)=0
solving the Eq. (40) with the initial condition (41), yields:

(v), — (uo), =0, vy = up = cos(mx)

v = —7* cos(mx) X ¢
(m),—(),=0, »n(x0)=0
vy = —ncos(mx) x £2/2!

The next components v, k>3 are calculated as the following:

(vk)t - (vk)xx =0, vk(xﬂ O) =0

vi = (=1)* 7% cos(mx) x & /k!

Combining all the terms in the above gives

u(x, 1) = cos(mx)(1 — 224/ 1+ (n21) /2! — (20) /31 + - -

The series solution is:

u(x,t) = e ™ 'cos(mx)

)

A. Cheniguel

(41)

(44)

5.3 Example 3: One Dimensional Non Homogeneous Heat

Equation

Consider the non homogeneous diffusion equation:
U =ty + (1 — 1)e™" x cos(mx) + 4x — 2
with the initial condition

u(x,0) = cos(mx) + x°
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and the boundary conditions
u(0,) =e™', u(l,t) =—€ +4r+1 (48)
according to HPM algorithm, we have
H(p,v) = (1 =p)((vo), = (u0),) +p(vi = vee —=f) =0 (49)

where f = (72 — 1)e ™ 4+ 4x — 2
by equating the terms with the identical powers of p, yields

(vo), = (o), =0, vo = ug = cos(mx) + x°

(), — (Vo) —4x+2— (7I2 — 1)6_' =0, vi(x,00=0
v = 4xt + cos(mx)(—n’t + (n* — 1) (1 —e™"))
vy — Vi =0, vy = cos(mx)(n't — 7 (n* — 1)(1 —e ™))

vy = cos(mx)((n* — 72) (1 — 1/1! — &™) + (x°1)*/2!))
continuing like-wise we get:

vy = cos(mx) ((n® — n*) (1 — ¢/ 11+ 2/21 —e ") — (1)*/31))
vy = cos(mx) ((n* — 1) (1 — 1/11 4+ 2/21 = £ /3! — e 7") + ()" /41)

and so on we then have
Ushpm = X + 4dxt + cos(mx) (7 (1 — /11 + 2 /21 =P /31 —e™") +e7')  (50)
From this result we deduce that the series solution converges to the exact one:

u(x,t) = x* 4 4xt 4 cos(nx)e”’

5.4 Example 4

Once again, consider the non-homogeneous heat equation with non-homogeneous
Neumann boundary conditions:

Uy = e + (72/2)e" P cos(mx) +x—2, 0<x,<1,6>0 (51)

ux(Oal) =1, ux(lat) =2+t
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and the initial condition
u(x,0) = x* 4 cos(mx) (52)
The theoretical solution is:
u(x, 1) = 2% + xt + e/ Dicos(mx)
now, applying the homotopy perturbation method we get:

PPvor —ue =0, vo=uy= cos(7x) + 2

Plovie — vor — (n2/2)e(*”z/2>’ cos(mx) —x+2=0, vi(x,0) =0

vy = xt + cos(mx) (1 — mt — e~/

P2vo — Vi = 0, va(x,0) =0 (53)
vy = cos(mx)(2 — 72t + ()2 /2! — 267120

PPy —ve =0, 13(x,00=0

v3 = cos(mx) (4 — 27%1 + (221)? /2! — (1) /3! — 4el =7 /2)1)

P v — vy =0, vy(x,0) =0

vy = cos(nx)(8 — 4(n’t) + (r21)? — (21) /31 + (n21)* /41 — 8~ /21y

Continuing in this way, we obtain
u(x,1) :lin}v:voJrvl +vt+vtvgt---
[]—?
or

u(x, 1) = 2 + xt + cos(mx)e /2
+15 [{1 — (m2)2)t/ 11+ ((2)2) 1)2 /2! — (72 /2)1)* /3!
(@20 A= ) = ]

and this leads to the following solution
M(x7 t) = Xz —+ xt + COS(nx)e(7n2/2)t (54)

this solution coincides with the exact one.
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5.5 Example 5: One Dimensional Non Homogeneous
Heat-Like Equation

Consider the problem
w =% +1/20(x%uy,), 0<x<l, 0<t< (55)
subject to the initial condition
u(x,0)=0 (56)

and the boundary conditions
M(O,I)Z .”(xvt)dx+gl:1/6(et_1)v g1=0
(57)

u(l,t) = [u(x,t)dx+ g, = (1/6)¢', g2 =1/6

O — = O~ =

After substitution of Eq. (18) into Eq. (55) and identifying the terms of the same
powers of p, we obtain the system of equations:

PPvor —upe =0, vo=up=0
Pl — (1/20)x%* 0 = 0, vi(x,0) =0

v =Xt

prvy — (1/20)x%vy; =0, v(x,0) =0
vy = x12 /2!

pivy — (1/20)x%vy, =0, v3(x,0) =0
vy =11 /3!

P — (1/20)%v(-1, = 0, v,(x,0) =0

v, =x1" /!
Hence the series solution is given by:

ulx,t) =vo+vi+vatvs+---+v,+---
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or
u(,t) = (L+t/U+2/20+£ /34 4+ /nl+ ) =X
and in a closed form:

u(x,1) = x°(e' — 1)

5.6 Example 6: Three Dimensional Non Homogeneous
Heat-Like Equation

Let us consider the problem
uy = x°y°7 + (1/60)(FPugy + Y21y + 2uz), 0<x,y,z<1,0<t<T
with the following initial condition:
u(x,y,z,0) =0

and the boundary conditions

(58)

(1/2)e

(61)

111
u(0,,2,t) = [ [ [u(x,y,z,t)dxdydz + g1 = 1/216(e' — 1), g1 =0
000
111
u(l,y,z,0) = [ [ [u(x,y,z,t)dxdydz + g» = 1/216(e' — 1) + (1/2)1, g» =
000
111
u(x,0,z,8) = [ [ [u(x,y,z,t)dxdydz + g3 = 1/216(e'), g3 =1/216
000
111
(1,2 0) = [ | e,y 2, Odsdydz + gs = (1/216)(& +3),  gs = (47216)
000
111
u(x,y,0,1) = [ [ [u(x,y,z,t)dxdydz + gs = (1/216)(e' +4), g5 =5/216
000
111
u(x,y, 1,t) = [ [ [u(x,y,z,t)dxdydz + g6 = 1/216(e" + 1), g6 = 1/108
000

According to Egs. (18) and (59) the following terms are calculated successively:
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0. —
p o — ug = 0,

vo:uon

plzvlt - XSySZS - (1/60)(-X2V0xx + yzv()yy + Z2V0zz) = 07 Vi (x?ya

v =y 2 (¢/1!

)

prva — (1/60) (Fviee + ¥ viyy + 2vizz) =0, m(x,,2,0) =0
v =Xy 7 (£ /2!)

Pni\’m - (1/60) (xzv(n—l)xx + yzv(n—l)yy + Z2V(n—l)zz) =0
vy =Xy (1" /n!)

Hence, the approximate solution is given by:

Or

u(x7 y? Z? t)

u(xvyaz7t):V0+vl+v2+"'+vn+"'

=5y

z,0)=0

(1 +t/1!+ (ZZ/ZI) +(t"/nl) +) —x5y525

The solution in the closed form is given as

u(‘x7 y’ Z’ t)

=5y

(e —=1)

This result is in good agreement with the exact one (Tables 1, 2 and 3).

Table 1 Example 1
hy =0.1, h, = 0.004,
3-iterates
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X Uex Unpm [ttex — tppm
0.0 0.0 0.0 0.0
0.1 0.2971 0.2971 0.0
0.2 0.5650 0.5650 0.0
0.3 0.7777 0.7777 0.0
0.4 0.9142 0.9142 0.0
0.5 0.9613 0.9613 0.0
0.6 0.9142 0.9142 0.0
0.7 0.7777 0.7777 0.0
0.8 0.5650 0.5650 0.0
0.9 0.2971 0.2971 0.0
1.0 0.0 0.0 0.0
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Table 2 Example 2

hy = 0.1, h, = 0.004, xi Uex Unpm |ttex — |

3-Iterates 0.0 0.9613 0.9613 0.0
0.1 0.9142 0.9142 0.0
0.2 0.7777 0.7777 0.0
0.3 0.5650 0.5650 0.0
0.4 0.2971 0.2971 0.0
0.5 0.0 0.0 0.0
0.6 —0.2971 —0.2971 0.0
0.7 ~0.5650 ~0.5650 0.0
0.8 ~0.7777 ~0.7777 0.0
0.9 —0.9142 -0.9142 0.0
1.0 —0.9613 —0.9613 0.0

Table 3 Example 3

By = 0.1, hy, = 0.004, i Uex Unpm |ttex — tnpm]

2-Iterates 0.0 0.9960 0.9960 0.0
0.1 0.9589 0.9589 0.0
0.2 0.8490 0.8490 0.0
0.3 0.6802 0.6802 0.0
0.4 0.4742 0.4742 0.0
0.5 0.2580 0.2580 0.0
0.6 0.0618 0.0618 0.0
0.7 ~0.0842 ~0.0842 0.0
0.8 —0.1530 —0.1530 0.0
0.9 —0.1229 —0.1229 0.0
1.0 0.0200 0.0200 0.0

6 Conclusion

The main concern of this work has been to construct an approximate solution to
heat and heat-like equations with different types of boundary conditions using
homotopy perturbation method (HPM). Our approach differs from existing tradi-
tional methods like, finite differences, finite elements, spectral method, ... etc., in
that we find the solution in a closed form without, linearization, discretization,
transformation or restrictive assumptions. The problems solved using (HPM) gave
satisfactory results in comparison to those recently obtained other researchers

(Figs. 1, 2 and 3).
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Fig. 1 Example 1 Variation of the approximate solution for different values of x and ¢

0 o

Fig. 2 Example 2 Variation of the approximate solution for different values of x and 7
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0 o

Fig. 3 Example 3 Variation of the approximate solution for different values of x, y and z when
t = 0.004
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Iterative Algorithms for the Linear Matrix
Equation X + A*XA = I and Some
Properties

Sana’a A. Zarea, Salah M. El-Sayed and Amal A.S. Al-Marshdy

Abstract Two effective iterative methods are constructed to solve the linear matrix
equation of the form X + A*XA = I. Some properties of a positive definite solution
of the linear matrix equation and the iterates generated by first Algorithm are
discussed. Necessary and sufficient conditions for existence of a positive definite
solution are derived for ||A|| <1 and ||A|| > 1. Necessary and sufficient conditions
for existence of a positive definite solution are derived for |A|| <1 and ||A]| > 1.
Several numerical examples are given to show the efficiency of the presented
iterative methods.

Keywords Algorithm - Fixed point iteration - Linear matrix equation - Numerical
analysis - Positive definite solutions - Properties - Two sided iteration

1 Introduction

Considering the linear matrix equation
X+AXA=1, (1)

with unknown matrix X, where A € C"*", [ is the identity matrix of order n.
Equation (1) could be viewed as a special case of the symmetric matrix equations
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X+AXA +---+A XA, = Q. )

where Q is a positive