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Introduction

1.1 Subdivisions of Geometric Objects

Now, everyone knows several applications for which it is necessary to represent
geometric objects in a computer, for instance in the fields of architecture,
computer-aided design and manufacturing, geology, medical simulation, image
synthesis, video games, medical or biological image processing and analysis,
etc.

Representing a geometric object is necessary to compute “information”:

e about the object, for instance computing geometric properties, extract-
ing images, etc. Often, the object is analyzed in some ways;

e using the object, for instance for simulating some phenomenon: physical,
biological, etc.

So various needs lead to very different methods for representing geomet-
ric objects [172, 178, 2]. Among them, many deal with subdivided geometric
objects.

1.1.1 Subdivided Objects

Look at the cube of Fig. 1.1(a). Different parts can be distinguished, according
to:

e geometric properties. A geometric cube can be associated with this cube
of the real world, and it is well-known that a full cube is made by (or
subdivided into) one volume, six faces, twelve edges and eight vertices.
Each of these parts is a connected set of geometric points: for instance,
a face is a part of the boundary of the cube, which contains all coplanar
points; each edge is the intersection of two faces. Note that all faces are
incident to four edges and four vertices: all faces have thus the same
structure.

e color. For instance, the upper face can be itself subdivided into two
parts: one corresponds to the letter, the other to the complement of
the letter in the upper face of the cube. They are 2-dimensional parts,
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(a)

FIGURE 1.1
(a) A cube. (b) A soccer ball.

sharing curves (i.e. their boundaries), in which edges and vertices can
be distinguished, according to geometric linearity. Note that the letter
is a connected set of points, but not its complement.

Similarly, the soccer ball depicted in Fig. 1.1(b) can be approximated by
a sphere (it is a rough approximation, since the ball is made of volumic pieces
of leather, though the sphere is a surface). According to color, pentagonal
and hexagonal faces can be distinguished, i.e. faces such that their boundaries
contain five or six edges and vertices.

The house depicted in Fig. 1.2(a) can also be assimilated to a 3-dimensional
geometric object, in which volumes, faces, edges and vertices can be distin-
guished, according to the material (wood, stone, glass, etc.), geometric prop-
erties, color, or other characteristics. In fact, an image of a house is displayed
in Fig. 1.2(a); this is a 2-dimensional image, which can subdivided into 2-
dimensional regions, according to some property related for instance to color,
intensity, etc.

Handling subdivisions is necessary for various application fields, for in-
stance:

e geology: different layers can be distinguished in the subsoil, according
to the materials they are made of. Layers can be broken by faults, i.e.
they can be made by several blocks. A block can be represented by
a volume, associated with some material, and the boundary of a vol-
ume can be subdivided into faces, edges and vertices according to the
neighbor blocks. A layer corresponds thus to a set of volumes, a fault
corresponds to a set of faces, two layers share a set of faces. A computer
representation of a subsoil part is depicted in Fig. 1.2(b).

e medicine: everybody now has seen images of the human brain (or can
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FIGURE 1.2
(a) A house. (b) Representation of geological layers, in which a drilling is
simulated.

easily find such images), and knows that different anatomical parts
can be distinguished. In order to examine brain diseases, 3-dimensional
brain images are analyzed: an important task consists in identifying the
anatomical parts, in order to extract information about them. This task
is the image segmentation. Then, one can be interested in constructing
a representation of the segmented (i.e. subdivided) brain in order, for
instance, to simulate a surgical procedure.

e study of spatially distributed data: subdivisions can be constructed in
order to study various phenomena. For instance, let P = {p1,...,pn}
be a set of points in the Euclidean plane (these points are called sites).
The Voronoi face associated to p; contains any point of the plane whose
distance to p; is less or equal to its distance to any other site (note that
a Voronol face is a convex polygon). A Voronoi edge contains points
which are equidistant to their two nearest sites, and a Voronoi vertex
is a point which is equidistant to three (or more) nearest sites. This
defines a subdivision of the Euclidean plane, the Voronoi diagram (cf.
Fig. 1.3(a)), which is a basic tool for many applications, for intense in
epidemiology, meteorology, etc.

So, roughly speaking, a subdivided geometric object is composed by cells
of different dimensions (vertices, edges, faces, volumes, etc.), and structural
relations exist between these cells, since the boundary of a cell is made of cells
of lower dimensions. For instance, a cell and a cell of its boundary are said to
be incident; two cells with the same dimension are adjacent if they are both
incident to a third cell.

The general framework of this book is the study of data structures for
the explicit representation of subdivided geometric objects, and operations for
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handling these structures. Two fields are mainly addressed: geometric mod-
eling, and image processing. Indeed, different needs emerge from these fields,
and it is interesting to illustrate some consequences for the design of data
structures and operations. Note that all notions and operations, data struc-
tures and algorithms studied in this book are also useful for other fields in
which subdivided geometric objects are handled, as computational geometry,
discrete geometry, image analysis, etc.

1.1.2 Different Subdivisions

Sometimes, subdivisions satisfy some geometric properties, among which can
be distinguished shape properties or structural properties, which can them-
selves be more or less local or global.

For instance:

e local shape properties: the faces of (the representation of) the soccer
ball are convex on the sphere, as the faces of any Voronoi diagram in
the Euclidean plane. This is not the case for the house, in which concave
faces exist, as for the letter of the cube;

e global shape properties: the soccer ball is a sphere, i.e. all points of the
surface have the same curvature. This is not the case for the cube, in
which sharp edges exist;

e local structural properties: the faces of the soccer ball are pentagons
and hexagons, i.e. any face is incident to five or six edges and vertices.
There is no such regularity for the faces of the house, nor for the faces
of a Voronoi diagram in the Euclidean plane.

e global structural properties: any edge of the soccer ball or of a Voronoi
diagram in the Euclidean plane is incident to exactly two faces. More
precisely, any surface can be constructed by gluing faces along edges,
in such a way that at most two faces share an edge. This is not the
general case. For instance (cf. Fig. 1.3(b)), when simulating the growing
of plants, the structure of the plant is often represented by a tree (in
the meaning of graph theory), and the leaves are represented by parts of
surfaces: so, the representation of the plant is a 2-dimensional complex,
i.e. a geometric object which does not satisfy all structural properties
of a surface.
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FIGURE 1.3
(a) A Voronoi diagram. (b) A plant. Usually, the stems are represented by a
combinatorial tree, the leaves by parts of surfaces.

1.2 Explicit Representations of Subdivisions

1.2.1 Why Explicit Representations?

FEzplicit means that the representation of a subdivision is based upon a repre-
sentation of the cells and their structural relations. More precisely, the struc-
ture of a finite subdivision, i.e. a subdivision containing a finite number of cells,
can be implemented by a discrete data structure. For instance, the structure
of a wire mesh can be represented by a graph: each wire corresponds to an
edge, an extremity of a wire corresponds to a vertex.

The shape of the wire mesh is represented by attributes associated with
the graph, for instance:

e for a piecewise linear shape: the representation of a geometric point is
associated with any vertex; so, each edge is associated with a line seg-
ment joining the two points associated with the vertices incident to the
edge; in order to avoid degeneracies, two distinct points are associated
to two distinct vertices;

e for a piecewise curved shape: a curve (for instance a spline, a Bézier
curve, etc.) is associated with any edge, in such a way that the curves
associated with adjacent edges share extremity points.

Note that in both cases, the attributes defining the shape have to satisfy some
properties in order to fit the structure of the subdivision.

So, the key point for defining data structures for representing subdivisions
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is to focus on the subdivision structure, i.e. the cells and their structural
relations. Often, the data structures are close (in some way) to graphs. So,
structural characteristics (e.g. connectivity) can be efficiently computed on
the data structure, which can be useful in order to provide information about
the object, or to control its construction. The structure of objects can also be
used in order to efficiently compare objects or match objects, e.g. for Pattern
Recognition applications.

At last, remember that the shape is locally defined as attributes of cells:
this is often referred to as the distinction between topology and embedding'. As
mentioned above, the shape attributes have to satisfy some properties in order
to be coherent according to the structure. Moreover, a relative independence
exists between the structure and the shape. For instance, the shape of a wire
mesh can be modified although its structure remains invariant, by modifying
the points associated with the vertices of the graph representing the wire mesh.
Similar modifications can be useful for the animation of articulated mechanical
objects or other applications in geometric modeling, computational geometry,
discrete geometry, computer graphics, image processing and analysis, etc.

Obviously, shape and structure are not completely independent, and, ac-
cording to the operations, each one can influence the other. For instance for
the simulation of the growing of plants, the creation of a new branch changes
the structure of the plant; at the beginning, the branch is so small that it is
quite not visible, then its length increases, modifying the shape of the tree; in
some way, the structure influences the shape. Conversely, when two branches
collide, they can glue to each other: in some way, the shape influences the
structure. More formally, these influences will correspond to the parameters
and results of operations applied to data structures implementing the subdi-
visions.

1.2.2 Some Interests of Explicit Representations

Assume a data structure for handling geometric objects has to be conceived
for a given application. It can be useful to explicitly represent subdivisions, for
instance when the objects are subdivided and when the subdivision itself has
a meaning for the application. For instance, explicitly representing all cells of
geological layers makes it possible to associate their corresponding material
with the volumes. This is similar for all examples discussed above, i.e. it is pos-
sible to represent geometric characteristics, color, material, etc. as attributes
associated with the cells. In other words, much information about the object
can thus be structured according to the subdivision, and can be represented as
attributes of the cells.

Since a subdivision is represented, local operations can be applied to the

ITopology denotes the structure, and embedding denotes the shape.



Introduction 7

cells. For instance, the rounding operation can be applied to vertices and edges
(cf. Fig. 1.4). It consists in:

o first applying chamfering: cf. Fig. 1.4(a) and Fig. 1.4(b). This is a struc-
tural operation, which consists in “expanding” vertices and edges into
faces, the structure of the face depending on the structure of the re-
placed vertex or edge. For instance, a vertex incident to three edges is
basically replaced with a triangular face;

e then computing surfaces patches, which are associated with the cham-
fered cells: cf. Fig. 1.4(c).

The structural relations between cells are also useful or necessary for many
global operations. For instance, when simulating a traversal of a building, the
adjacency relations between the represented rooms make it possible to control
the traversal: obviously, it is not possible, when exiting a room, to enter a
nonadjacent room.

Subdividing a geometric object corresponds in some way to discretize it,
and discretizing a geometric object can be necessary or useful for many pro-
cesses, for instance:

e simulating some phenomena sometimes involve to solve partial differ-
ential equations, for instance simulating fluid flow in geological layers,
heat in buildings, etc. Often (cf. finite element method, finite difference
method, finite volume method), this requires to discretize the object or
the part of geometric space containing the object?, i.e. to compute a
mesh with regular cells (simplices, cubes);

e many processes in computer graphics or in computational geometry han-
dle geometric objects as triangular meshes, since many computations
can be efficiently designed for triangles, e.g. computing the intersection
of a light ray and a triangle for image synthesis purposes.

1.3 Numerous Structures

Numerous data structures have been conceived in order to represent subdi-
visions: cf. chapter 9. In fact, according to the structural properties of the
subdivisions, optimized data structures can be conceived. For instance, it is
possible to represent the structure of any wire mesh with a graph. If the wire
mesh corresponds to a curve, i.e. at most two edges are incident to one vertex,

2A simple example is the computation of a definite integral using the rectangle method.
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o

(a) (b)

FIGURE 1.4

Chamfering and rounding vertices and edges. (a) A cube. (b) Edges e1, es
and vertex v are chamfered. (¢) Rounding, by associating surface patches
with chamfered cells (e1, es, v and other cells have been chamfered).

its structure can be represented by a list. This can be generalized for higher
dimensional geometric objects.
So, these numerous data structures can be classified according to:

e the local structural properties, i.e. the structural properties of cells.
For instance, several simplicial structures have been defined in order to
represent triangulations (for any dimension): cells are vertices, edges,
triangles, tetrahedra, etc. Such structures can be generalized for other
regular cells, for instance cubical structures (cells are vertices, edges,
squares, cubes, hypercubes, etc.), simploidal structures (cells are prod-
ucts of simplices, as cubes are products of edges). Cellular structures
have been defined for representing subdivisions with any cells: in fact,
cells are never “any” cells, they always satisfy some structural proper-
ties.

e the global structural properties, related to the way cells are assembled
together. For instance, a subdivision can always be constructed by tak-
ing cells and gluing them along cells of their boundaries, i.e. by identi-
fying cells of their boundaries. Constraints can be added. For instance,
multi-incidence can be allowed or not, i.e. it is possible, or not, to iden-
tify cells which belong to the boundary of the same cell (e.g. a loop is
created when two vertices incident to the same edge are identified). An-
other example is the following. Many structures have been defined for
representing generalizations of surfaces, i.e. n-dimensional objects which
can be constructed by taking n-dimensional cells, and gluing them by
identifying (n — 1)—dimensional cells, in such a way that at most two
n-cells are incident to a (n — 1)-cell. Many structures have also been
defined for representing a subclass of these generalizations of surfaces,
i.e. for orientable such objects without boundaries, etc.
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1.3.1 Why Numerous Structures?

In fact, there are two questions:
1. why assuming that objects satisfy some properties? Mainly for:

e coherence of representation. Representing a volume by its bound-
ary is a well-known method of Geometric Modeling, applied for in-
stance for CAD applications. For instance, take a simple object of
our real world, e.g. a wooden cube; it corresponds to a volume, and
its boundary is an orientable surface without boundary, made of six
faces, twelve edges and eight vertices. But a nonorientable surface
does not define the boundary of a volume in the 3-dimensional
space. So, when the data structure takes into account that only
orientable surfaces without boundaries can be represented, it is
impossible to construct an object which cannot be represented in
the usual 3-dimensional space;

e optimization of operations. For instance, objects are generally tri-
angulable, and triangulations are well suited for many operations of
computer graphics or computational geometry, e.g. as said above,
it is easy to detect (and compute) the intersection between a light
ray and a triangle;

e but it is not always possible to assume that objects still satisfy prop-
erties. Other operations are not so easy to perform on triangula-
tions, for instance boolean operations (union, intersection, differ-
ence). Such operations, applied to triangulations, do not directly
produce triangulations (cf. Fig. 1.5(a)). A first idea consists in split-
ting simplices when intersections are processed (cf. Fig. 1.5(b)), but
examples exist, showing that the process may be not convergent,
since new simplices are added which perhaps produce new intersec-
tions; so, it could be convenient here to handle cellular structures
instead of simplicial ones;

e and don’t forget some additional costs. As said before, it could be
efficient to handle triangulations, and thus to triangulate cellular
objects; but if some operations are more efficient when applied to
a triangular cell, there are more triangular cells than initial ones,
so more cells to process. Moreover, information can be lost (or ex-
plicit information can become implicit). For instance, assume that
the initial structure has a meaning related to the application, e.g.
wooden cubes are represented. When triangulated, several trian-
gles correspond to each initial square face: either the information
is lost, or it is necessary to compute this information when needed
(for instance here by computing the triangles which are coplanar).

2. why not a general structure? Everybody knows the answer, which stands
for any data structures:
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r $4

(b)

FIGURE 1.5

Boolean operations and simplicial objects. (a) The intersection of two sim-
plicial objects is not a simplicial one. (b) Simplex splitting generates new
intersections.

e optimization of the representation. The example given above about
the representations of wire meshes or wire curves (graphs or lists)
can be generalized for any dimension, and thus for all data struc-
tures conceived for representing subdivisions. In other words, many
structural properties can lead to optimize the representation, by
making implicit some information.

e which can lead to optimize the operations. Remember that vol-
umes sometimes are represented by their boundaries, which are
orientable surfaces without boundary. Intuitively, such a surface
has two sides, one directed towards the inside, the other side di-
rected towards the outside. Assume each side corresponds to a
given color (e.g. black for inside, white for outside). The surface
can be constructed by taking faces having their two sides colored,
one black and the other white, and by identifying edges in such
a way that adjacent faces are colored coherently, i.e. each side of
the surface has one color. Data structures exist, which implement
orientable surfaces: so, when identifying edges, there is no choice,
faces are glued coherently. If the data structure does not take ori-
entability into account, it is necessary to check how the faces are
glued in order to do that in a coherent way; thus the cost of the
operation for the general structure is higher than with a specialized
structure;

e or not. Optimizing the data structure means that no information is
lost; but often, some explicit information within the general struc-
ture becomes implicit within the optimized structure. When the
information is needed for some operations, it has to be computed,
leading to an additional cost.
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1.3.2 Some Interests of Many Structures

It can be interesting to simultaneously handle several data structures for a
given application. For instance for architectural design, a 2-dimensional draw-
ing can be conceived for each floor of the building: a data structure for repre-
senting 2-dimensional subdivisions can here be handled. Then, a 3-dimensional
representation of each floor is constructed, and it is necessary to handle a
data structure for representing 3-dimensional subdivisions. Then, operations
are applied in order to join the different floors, producing a 3-dimensional
representation of the building. Then, and as said above, the 3-dimensional
structure can be discretized (into tetrahedral or cubic meshes) in order to
simulate some physical phenomena; the faces of the 3-dimensional structure
can also be triangulated in order to efficiently produce images of (parts of)
the building.

For geological purposes, surfaces representing faults or frontiers between
layers can be reconstructed from 3-dimensional seismic images. Then, 3-
dimensional subdivisions can be constructed from these surfaces, representing
the different blocks of the layers. For some operations, it can be useful to tri-
angulate the faces of the blocks. For other processes, for instance simulating
oil flow, it can be useful to discretize the subdivisions into tetrahedral or cubic
meshes.

For some applications, for which huge subdivisions can be represented, it
can be useful to simultaneously handle several data structures in order to
represent different parts of a subdivision. Indeed, structural irregularities are
often localized in a subdivision: so, regular parts are represented using spe-
cialized data structures, parts corresponding to irregularities are represented
using more general data structures, and correspondences between data struc-
tures are maintained in order to put all information together.

1.4 Cellular Structures

This book mainly focusses on cellular structures, i.e. for the representation
of subdivisions such that no particular structural property is satisfied by the
cells. Mainly two classes of cellular structures can be distinguished:

e incidence graphs: the nodes of the graph correspond to the cells,
the edges of the graph represent incidence relations between cells.
Such graphs represent unambiguously subdivisions in which no multi-
incidence occurs, i.e. a cell cannot be incident several times to another
cell. For instance, it is not possible to unambiguously represent a loop,
i.e. an edge which is incident twice to a vertex;

e ordered models: such models are based on elements which are more el-
ementary than cells; for instance, it is possible to distinguish the two
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extremities of an edge, and then to represent unambiguously a loop.
Thus, ordered models generalize incidence graphs for the representa-
tion of any subdivision, including subdivisions in which multi-incidence
occurs. This can be useful for geometric modeling, computational geom-
etry or computer graphics, for instance for handling assemblies of curved
geometric objects. In fact, many ordered models have been proposed for
geometric modeling, computational geometry, discrete geometry, com-
puter graphics, image processing and analysis purposes.

This book mainly focusses on combinatorial maps®, which make a subset of
ordered models. Specialized structures, as n-Gmaps, n-maps, chains of maps,
can be distinguished among combinatorial maps, for the representation of
subclasses of subdivisions satisfying some structural properties.

The study of combinatorial maps is interesting in order to understand the
basics of ordered models:

e only the structural part of a subdivision is described by a combinatorial
map; this basic information is the kernel of the whole information which
has to be implemented within a data structure. So, it would be possible
to answer the question: what is the minimal information which has to
be handled in order to represent the structure of a subdivided geometric
object? In fact, the basic elements involved in ordered models do not
directly correspond to the cells of the subdivisions; so, such models are
more difficult to understand than incidence graphs?. It is thus important
for understanding to focus on the essential information;

e the mathematical foundations of combinatorial maps are sound, and it
is possible to formally define the sets of corresponding subdivisions; this
is important, since many classical mathematical notions and properties
can thus be applied to combinatorial maps. Moreover, since the structure
is well-defined, the operations producing combinatorial maps are also
well-defined, i.e. they construct the representations of valid geometric
objects;

e clementary local operations can be conceived. For instance, two basic
operations make it possible to construct any combinatorial map. Such
elementary operations make it possible to:

— carefully control the object during its construction;

— conceive many high-level operations;

3 According to the authors, different meanings are related to the terminology “combina-
torial maps”. Sometimes, it denotes what is called here 2-maps, n-maps, or n-Gmaps. In
this book, it is a general term, denoting any structure based on the principles described in
the following chapters. So, what is called here n-maps, n-hypermaps, n-Gmaps, n-chains of
maps, etc. denote subclasses of combinatorial maps.

4The basics of incidence graphs are more related to our usual intuition about subdivi-
sions, although this intuition can be misleading, for instance when multi-incidence occurs.
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e efficient data structures have been conceived, based on combinatorial
maps, together with operations for handling these structures, for geo-
metric modeling, computational geometry, discrete geometry, computer
graphics, image processing and analysis purposes; based on such struc-
tures and operations, kernels of geometric modeling softwares can be
conceived for handling subdivisions;

e several specialized classes of combinatorial maps can be deduced in order
to represent subdivisions satisfying some structural properties, illustrat-
ing optimization mechanisms;

e the formal links between combinatorial maps and ordered models, com-
binatorial maps and incidence graphs, combinatorial maps and simpli-
cial structures, are well-known; it is thus possible to conceive conversion
operations between all these structures.

1.4.1 Some Historical Milestones

The concept of combinatorial map has first been defined and studied in math-
ematics, more precisely in the field of combinatorics. Originally, a map on
a surface is a cell decomposition of a surface. In his paper “Combinatorial
maps” [212], Vince wrote:
“The classical approach to maps is by cell decomposition of a
surface. A more recent approach, by way of graph embedding, is
taken by Edmonds [103], Tutte [207], and others. Our intention
is to formulate a purely combinatorial generalization of a map,

called a combinatorial map. ...”
So, in the middle of the 1980s, combinatorial maps corresponding to 2-

maps, 2-Gmaps and n-Gmaps were known, and also their relations with sub-
divisions of cellular objects.

Independently, data structures have been defined in geometric modeling,
computational geometry, computer graphics, computer vision and image pro-
cessing for representing cellular objects. The first one is the winged-edge data
structure, defined in the middle of the 1970s by Baumgart, for computer vi-
sion purposes [17]. This structure has been proved to be equivalent (but not
similar in its definition) to 2-maps.

In the middle of the 1980s, several structures were defined, equivalent (and
similar in their definition) to 2-maps and 2-maps, 2-Gmaps and 3-Gmaps, since
people were interested in handling subdivisions of 2D and 3D cellular objects.
At the end of 1980s, structures were proposed, equivalent to n-Gmaps and n-
maps, for the representation of generalizations of surfaces for any dimension.

At the end of the 1980s and during the 1990s, many works dealt with the
definition of data structures for representing “non-manifold” objects, i.e. com-
plex cellular objects, chains of maps [104] being one representative structure
of the results of these works.
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As far as we know, no book exists, in the field of geometric modeling, com-
putational geometry, discrete geometry, computer graphics, image processing
and analysis, about the representation of subdivided geometric objects. More-
over, many works deal with combinatorial maps, for applications in different
fields of mathematics and computer science: many subclasses of combinatorial
maps, related notions and operations have been studied. So, a main goal here is
to gather important notions related to combinatorial maps in a coherent way,
suited for the application of combinatorial maps in geometric modeling, com-
putational geometry, discrete geometry, computer graphics, image processing
and analysis, etc.

1.4.2 Outline

Mainly, two subclasses of combinatorial maps, namely n-Gmaps and n-maps,
are here studied. The book is organized as follows:

e Chapter 2: first, some basic topological notions and vocabulary are intro-
duced, through a presentation of the classification of surfaces; second,
some technical notions are recalled, related to discrete mathematical
structures, as permutations and graphs, which are the bases of data
structures for representing subdivisions, for instance incidence graphs;

e Chapter 3: starting from subdivided geometric objects, it is shown in an
intuitive way how to deduce formal models, i.e. n-Gmaps and n-maps,
for representing the structures of the objects;

e Chapters 4 and 5: these chapters are organized in the same way, since
they are respectively devoted to n-Gmaps and n-maps. All notions re-
lated to these structures are defined; then, elementary operations are
defined, for constructing any n-Gmap and n-map. Data structures and
iterators are deduced from the mathematical definitions. At last, some
useful notions are added;

e Chapter 6: basic operations for handling n-Gmaps and n-maps are de-
fined, such as the closure of a combinatorial map with boundaries, the
removal and contraction of cells, and their inverse operations (insertion
and expansion); other classical operations are also defined, as chamfer-
ing, extrusion and triangulation;

e Chapter 7: combinatorial maps have been implemented and used for
Geometric Modeling and Image Processing purposes; the basics of geo-
metric operations and softwares are illustrated for these two application
fields;

e Chapter 8: the definitions of simplicial structures are recalled; then
cellular objects are defined as simplicial objects structured into cells,
and different subclasses are introduced, mainly cellular quasi-manifolds.
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The equivalence between n-Gmaps and n-dimensional quasi-manifolds
is then stated. The correspondence between n-Gmaps without multi-
incidence and n-surfaces, i.e. a subclass of incidence graphs, is also
stated; it is shown that other classes of combinatorial maps exist, for in-
stance chains of maps for representing n-dimensional cellular complexes;

e Chapter 9: many ordered models have been defined in order to repre-
sent subdivisions. The correspondences between n-Gmaps, n-maps and
several ordered models conceived for representing quasi-manifolds, are
studied in this chapter;

e Chapter 10: this last chapter contains several (partially) concluding re-
marks.
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Preliminary Notions

Two sets of basic notions are studied in this chapter, which is mainly based
upon [1, 125]:

e the first ones are related to the objects we are interested in: subdivi-
sions of geometric objects. They are illustrated by following Griffith’s
approach about surface classification [125], and then extended for higher
dimensions;

e the second ones are related to the representations of these subdivisions.
Here we are interested in defining data structures which can be handled
in geometric softwares: such representations are algebraic ones, based
upon well-known discrete structures equivalent to graphs.

Some notions are not formally defined, since the goal of this chapter is to
give an intuition about (subdivisions of ) quasi-manifolds, and about identifi-
cation, which is the basic construction operation. Quasi-manifolds are formally
defined in chapter 8. See [1, 196, 180, 133] for introductions to topology.

2.1 Basic Topological Notions

Some classical vocabulary is introduced here.

2.1.1 Basic Elements

Balls: cf. Figs. 2.1(a), (b) and (c).
Let R" = {& = (21,...,zn)]z; € R, 1 < i < n} be the usual
n — dimensional space. Let r € R.

e B'(z) = {y € R"|d(z,y) < r}, where d(x,y) denotes the usual Eu-
clidean distance between x and y, is the n-dimensional open ball of
radius r around x in R™;

o B"(x) = {y € R*|d(z,y) < r} is the n-dimensional closed ball of radius
r around x in R";

17
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RN

(2) (b)

o Snl(z) = {y € R"|d(x,y) = r} is the (n — 1)-dimensional sphere of
radius r around x in R".

For instance, B (0) = I} =]—1,1[, B}(0) = I, = [-1,1] and SY = {-1,1}.
Note that it is possible to define n-dimensional balls and (n — 1)-
dimensional spheres in R™ when m > n.

Open and closed sets

Let A C R™. A is an open set of R™ if, for every x € A, there is some € > 0
such that B™(z) C A; note that () and R™ are open sets. Let B C R™. B is a
closed set of R™ if R™ \ B is an open set of R"; note that § and R™ are also
closed sets.

Arbitrary unions of open sets are open sets; finite intersections of open sets
are open sets. Conversely, finite unions of closed sets are closed sets; arbitrary
intersections of closed sets are closed sets. For instance, let B(z) be the inter-
section of all open balls of any radii around z. It is easy to see that x belongs
to B(x), but any other point of R™ does not belong to B(z) (if y # x, y does
not belong to By, . /5(2), so y does not belong to B(z)): so B(x) = {z} is a
closed set, since R™ \ {z} is an open set.

Neighborhood: cf. Fig. 2.1(d).
Let A C R™. A subset N of A is a neighborhood of a point a € A if there
is an open set V in A such that a € V C N.

Interior, closure, boundary: cf. Fig. 2.2.
Let A C R™. A, the interior of A, is the union of all open sets contained
in A: in other words, the interior of A is the biggest open set contained in A.

A, the closure of A, is the intersection of all closed sets which contain A: in
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FIGURE 2.2

(a) A={(z,y))l <z <2and 1 <y <2}

(b) A={(z,y) 1 <z <2and1<y< 2}

(c) A={(z,y))1 <x<2and 1 <y <2}

(d) A ={(z,y)[((z=1lorz=2)and 1 <y <2)or (1 <z <2and (y=1
ory=2))}

other words, the closure of A is the smallest closed set containing A. 9A, the
boundary of A, is A\ A. For instance, for any z and r, B}'(z) is the closure of
Bn*(x), B(z) is the interior of B"(z), S?~!(z) is the boundary of B"(z); it

v

is also the boundary of B"(z). Note also that A = A and A = A for any A.

2.1.2 Continuous Map, Homeomorphism

Let ACR™ and let f: A — R™. fis a continuous map if for any x € A and
for any e > 0 it exists 6 > 0 such that f(Bj(z)) C BY*(f(z)). Equivalently, f
is continuous if and only if f=1(V) is an open subset of A for every open set
V in R™, where f~1(V) is the set of all points = of A such that f(z) € V.
For instance, a continuous map exists between S1(0) and C (depicted in
Fig. 2.3), but no continuous map exists between Si(0) and C” (depicted also
in Fig. 2.3).

f A — Bis a homeomorphism if it is a continuous one-to-one mapping
which has a continuous inverse; in this case, A and B are said homeomorphic
(or topologically equivalent).

For instance (cf. Fig. 2.3), all curves without boundary are homeomorphic,
and all are homeomorphic to the unit 1-dimensional sphere Si(O), where
O = (0,0) € R?; since any point z € S$(O) has a neighborhood which is
homeomorphic to I; =] — 1, 1[C R, any point of any curve without boundary
satisfies the same property. Similarly, all curves with boundary are homeo-
morphic, and all are homeomorphic to I; = [-1,1] C R.

Intuitively, A and B are homeomorphic if you can deform continuously A
in order to get B. For instance, take a wire (cf. Fig. 2.4(a)) and deform it (cf.
Fig. 2.4(b)), it is still the initial wire: nothing but the shape is modified, so
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(a) S1(0) (b) C1(0) (c) SP (e) C’ ) ¢

FIGURE 2.3

S1(0), Ci(0), SP and C are curves without boundary, and all are homeomor-
phic; but they are not homeomorphic to C’ (which is a curve with boundary),
nor to C” (which is not a curve).

(a) (b) (c) (d) (e)

FIGURE 2.4

a) A wire.

b) A deformed wire is still a wire.

¢) Two welded wires are equivalent to a wire.

d) Weld the two extremities of a wire and you get something else.

e) Weld several wires at the extremity of each wire and you get also something
else.

(
(
(
(
(
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a

(a) W

FIGURE 2.5

A homeomorphism exists between W and W', such that a (resp. b,¢,d,e)
is associated with o’ (resp. ¥, ¢, d’,€’). But no homeomorphism exists which
associates the plane containing W with the plane containing W’ and which
associates W and W’ as previously.

the object you get is homeomorphic to the initial wire. More generally, take
any two wires, they are homeomorphic. If you weld two wires at an extremity
of each wire (cf. Fig. 2.4(c)), you get something which is equivalent to a wire
(you can get the resulting object by simply extending a wire), but if you weld
the two extremities of a wire (cf. Fig. 2.4(d)), you get something which is not
equivalent to the initial wire; similarly, if you weld more than two wires at an
extremity of each wire (cf. Fig. 2.4(e)), you get also something which is not
equivalent to a wire. So, the notion of homeomorphism is intuitively related
to that of continuous deformation: in other words, a continuous deformation
does not change the topology, although the notion of topological change is
intuitively related to operations as cutting and pasting in their general cases,
since we have seen in Fig. 2.4(c) that some particular cases of pasting (and
conversely of cutting) do not change the topology.

It is important to be careful with these intuitive interpretation of topo-
logical equivalence. Take five wires a, b, ¢, d, e and weld them in order to
get object W depicted in Fig. 2.5(a). W is homeomorphic to W’ depicted in
Fig. 2.5(b), by associating a with a’, b with o', ¢ with ¢/, d with d’ and e with
e’. If you want a proof, take W and deform it in order to get W’! To do that,
it is necessary to deform the object in the 3-dimensional space: in the plane, it
is impossible to deform W in order to get W’ (with the association of wires as
described above), since e cannot go through the curve made by a, b, ¢ and d.
In other words, a homeomorphism exists between W and W’ which associates
each wire z with the corresponding z’, but no homeomorphism exists between
the plane in which W lies and the plane in which W’ lies, which associates
each wire x with the corresponding wire z’.

Similarly, take a strip of paper (cf. Fig. 2.6(a)) and stick two opposite
“edges”, you get an annulus: cf. Fig. 2.6(b). If you do the same thing, but
you twist twice the strip of paper before sticking, you get an object which
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FIGURE 2.6

(a) A strip of paper.

(b) Stick two opposite edges and get an annulus.

(c) Stick two opposite edges after twisting twice the strip, and get another
annulus, homeomorphic to the annulus depicted in (b).

is also an annulus (even if it is not obvious): cf. Fig. 2.6(c). Moreover, you
cannot deform in the 3-dimensional space the first annulus in order to get the
second one (but you could do that in a higher dimensional space). As before,
the two annuli are homeomorphic, but no homeomorphism exists between the
3-dimensional space and itself, which associates the two annuli.

2.2 Paper Surfaces

‘We have seen in the previous section that when the notion of topological equiv-
alence is taken into account, two types of curves can be distinguished: curves
without boundary, which are all homeomorphic, and curves with boundary,
which are also all homeomorphic. It is also possible to define a categorization
of surfaces, but it is more complicated than for curves. This is the goal of this
section, in which Griffiths’s approach is followed (cf. [125]).

2.2.1 Basic Elements

Assume a sheet of paper is so thin that it has no volume at all: it is called a face
(i.e. a 2-dimensional cell). Moreover, the boundary of the paper sheet is sub-
divided into edges and wvertices (respectively 1-dimensional and 0-dimensional
cells), i.e. for instance, a standard sheet of paper is bounded by four edges
(corresponding to the straight lines of its boundary), meeting two by two at
the four corners of the paper sheet, which correspond to the four vertices. It
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(a) (b) (c) (d)

FIGURE 2.7
(a) A triangle. (b) A square. (c) A pentagon. (d) A hexagon.

is of course possible to handle triangular paper sheets (their boundaries are
made by three edges and three vertices), or any polygonal sheet of paper (cf.
Fig. 2.7). Note that the boundary of any face is a cycle of edges and vertices.

More precisely, the face is the interior of the sheet of paper, and each edge
is the interior of a straight line of the boundary of the sheet of paper (in other
words, a cell does not contain its boundary). So, the set of cells (face, edges,
vertices) makes a partition' of the sheet of paper.

2.2.2 Basic Construction Operation: Identification of Edges

(a) (b) (c)

FIGURE 2.8

(a) Gluing a square with a triangle.
(b) Making an annulus.

(¢) Making a Mobius strip.

Surfaces can be constructed by pasting such paper sheets along their
boundaries, but it is necessary to take the structure of the boundaries into
account: more precisely, the basic construction operation consists in gluing

'Let S be a set; remember that a partition of S is a set of subsets {S;};—1,, such that
the union of all S; is equal to S and the intersection of any two distinct subsets is empty.
For a sheet of paper, that means that the whole sheet is equal to the union of all its cells,
and any two distinct cells have no common points.
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two faces by sticking two edges of their boundaries. Once glued, the two edges
are identified into one edge (cf. Fig. 2.8).

(a)

FIGURE 2.9
Forbidden identifications ((a) of vertices, (b) of edges), since the resulting
objects are not surfaces.

It is forbidden to glue two faces by simply identifying two vertices; it is
also forbidden to glue more than two edges: in both cases, the result is not a
surface (cf. Fig. 2.9).

So a paper surface can be made of a single face, or by many faces glued by
identifying several pairs of edges. It is thus subdivided (i.e. partitioned) into
vertices, edges and faces.

Incidence and adjacency relations

The “boundary” relation corresponds to the incidence relation: more pre-
cisely, an edge (resp. a vertex) which belongs to the boundary of a face is
incident to the face, and conversely, the face is incident to the edge (resp. to
the vertex). Moreover, if a vertex is part of the boundary of an edge (i.e. the
vertex meets the edge), the vertex and the edge are incident to each other.
Usually, adjacency is defined in the following way: two i-cells are adjacent if
they share a common cell in their boundaries. For instance, two faces (resp.
two edges) are adjacent if they share an edge or a vertex (resp. a vertex).
Adjacency is sometimes defined in a generalized way: two cells are adjacent
if they are incident to the same cell: for instance, two vertices are adjacent if
they are incident to the same edge or to the same face.

Surface boundary

A free edge is incident to a single face; it is sewn? when it is incident to
two faces. The boundaries of a subdivided surface are made by the free edges:
moreover, they are cycles of free edges. When a surface has no free edge, it is
without boundary, for instance the surface of a cube, made by gluing six square

2The use of the word “sew” comes from the fact that, for constructing paper surfaces,
instead of gluing faces by sticking two edges into one edge, it is also possible to sew the
faces together around the resulting edge.
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FIGURE 2.10

(a) Correct identifications of vertices (for 1-dimensional objects), producing
curves.

(b) Forbidden identifications of vertices, which do not produce a curve.

faces: the initial twenty-four edges are identified into the resulting twelve sewn
edges of the cube.

Unnecessary constraints

In order to simplify the study of surface construction, assume the bound-
ary of any face contains at least three edges and three vertices. Similarly,
assume that the boundary of an edge contains at least, and thus exactly, two
vertices (in other words, no edge is a loop). Moreover, when two edges are
identified, they belong to the boundaries of two distinct faces: in other words,
it is forbidden to identify two edges incident to a same face.

In fact, these constraints are added in order to reduce the number of possi-
ble configurations obtained when gluing together sheets of paper, but it is still
possible to construct any surface, even when these constraints are satisfied.
For instance, if it is not possible to construct an annulus by identifying a pair
of edges incident to one face, it is possible to construct an annulus by identify-
ing two pairs of edges of two faces! So, with these “unnecessary constraints”,
it is not possible to construct any subdivision of any surface, but it is possible
to construct subdivisions of any surfaces.

These constraints are very different from the two previous ones, added for
constructing only surfaces. This can be observed by considering the following
characteristic property of surfaces, informally stated as: any point of any sur-
face, which is not a boundary point, has a neighborhood (i.e. a “part around”)
which is homeomorphic to an open 2-dimensional ball®. In particular, this is
true for any interior point of any face. More generally:

e when two faces are glued by identifying two free edges, any point of the
resulting edge has a neighborhood which is homeomorphic to an open
2-dimensional ball (since this point results from the identification of two

3A boundary point has a neighborhood homeomorphic to a 2-dimensional half ball.
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distinct boundary points, its neighborhood results from the union of two
2-dimensional half balls which were the neighborhoods of the two initial
points);

e on the contrary, when two faces are glued by identifying two vertices,
the neighborhood of the resulting vertex is homeomorphic to two 2-
dimensional half balls which share a point, i.e. it is not homeomorphic
to a 2-dimensional ball;

e similarly, when three (or more) faces are glued by identifying more than
two edges, the neighborhood of any point of the resulting edge is not
homeomorphic to a 2-dimensional ball. As seen before, this is similar
in dimension 1: assume subdivided curves are constructed by welding
pieces of wires. A piece of wire makes a curve; when two pieces of wires
are welded, they still make a curve; when three pieces of wires are welded
at a same point, they do not make a curve... (cf. Fig. 2.10).

Orientability

The annulus and the Mébius strip (cf. Fig. 2.8) are made similarly (two free
edges, which are not adjacent, are identified), but they are clearly different:
the annulus has two boundaries, the Md&bius strip has only one. Moreover,
assume you handle real sheets of paper, and assume the two sides of each
sheet of paper have different colours, for instance one side black and the other
white: it is possible to get the same colour for each side of the annulus (in fact,
the annulus has still two sides), but it is impossible to get the same colour
along one side of the Md&bius strip, since the Mobius strip has only one side!
This well-known difference is related to orientability.

An edge is always orientable (cf. Fig. 2.11(a)): that means it is possible
to choose a direction for going along this edge, i.e. an origin vertex and an
extremity vertex. Note that any edge can be oriented in two ways, which are
opposite (if you have chosen an origin vertex and an extremity vertex, you get
the opposite orientation by exchanging the two vertices).

A face is always orientable: that means intuitively that it has two sides, i.e.
you can go around all points of the faces by walking and turning always left (or
oppositely always right); this corresponds also to the fact that the boundary
of the face is a cycle of edges and vertices, which can be oriented into one
direction or into the opposite direction (cf. Fig. 2.11(b)). So, orienting a face
consists in choosing an orientation of its boundary, and thus each edge of this
boundary is itself oriented; but the orientations of the edges are coherent along
the boundary of the face.

The idea is quite similar for defining orientable surfaces: all faces are ori-
ented, but in a coherent way, meaning that (cf. Figs. 2.11(c) and (d)):

e any sewn edge is oriented in opposite ways for its two incident faces; this
is not intuitive, but this corresponds to the fact that if you have chosen
to turn left for instance for one face, when the relative orientations of
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FIGURE 2.11

(a) An edge and its two opposite orientations.

(b) A face and its two opposite orientations.

(¢) Coherent orientation of two faces sharing an edge: the boundary of the
surface is coherently oriented, and the common edge has opposite orientations
with respect to its incident faces.

(d) Coherent orientation of an annulus (meaning the annulus is orientable).
(e) Tt is impossible to define a coherent orientation of a Mdbius strip (meaning
the Mobius strip is not orientable).

the common edge are opposite, you have also chosen to turn left for the
other face;

e the free edges make oriented boundaries, i.e. oriented cycles of edges.

When a surface is orientable (i.e. it can be coherently oriented), two op-
posite orientations can be defined (cf. the annulus, for instance). When a
surface is not orientable, it is impossible to define a coherent orientation (cf.
the Mdbius strip, for instance, in Fig. 2.11(e)).

Note also that, when a boundary is coherently oriented, you can close
it by gluing along it a face having the same number of edges, in an oriented
coherent way. As a consequence, if a surface with boundaries is orientable, you
can close it into an orientable surface without boundaries: for instance, you
can close a face by pasting another face along its boundary; you can close an
annulus by pasting two faces along the two boundaries; in both cases you get
a topological sphere (if your paper is extensible, you can modify the resulting
shape in order to get a geometric sphere). But if a surface with boundaries
is nonorientable (i.e. it cannot be oriented coherently in the way described
above), then you can try to close the boundaries in any way, it is impossible
to get an orientable surface without boundaries.

An important property of orientable surfaces without boundaries (as a
sphere, a torus, etc.) is the fact that it can be embedded into the usual
3—dimensional space (i.e. you can give it a shape in this space) in such a
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way that it divides it into three parts: an “internal” (bounded) volume, the
surface itself, and an “external” (unbounded) volume. This is similar in di-
mension 1, but here, all curves are orientable: when embedded into the usual
plane, any curve without boundary divides it into three part: an “internal”
(bounded) face, the curve itself and an “external” (unbounded) face.

2.3 Classification of Paper Surfaces
2.3.1 Topological Surfaces

Several numbers can be associated with any surface paper S:

e (S) is the number of boundaries of S;

o ¢(9) is the Euler characteristic of S, defined by:

() = v(S) —e(5) + ()

where v(S5), e(S) and f(S) are respectively the numbers of vertices,
edges and faces of S.

o ¢(9S) is the orientability factor of S, defined by:
0 if S is orientable;
q(S)=<¢ 1 if S is nonorientable and (b(S) + ¢q(S)) is odd;
2 otherwise.

e g(9) is the genus of S, defined by: g(S) =1 — (b(S) + ¢(S) + ¢(9))/2.

For instance, all polygons depicted in Fig. 2.7 have one boundary; their
Euler characteristic is equal to 1, they are orientable, so their orientability
factor is equal to 0, and their genus is null. All polygons have these character-
istics (all have one boundary, they are orientable, their Euler characteristic is
equal to 1, since they have one face, and vertices and edges in equal numbers),
but other surfaces too, for instance the gluing of a square and a triangle, or
the gluing of two squares: cf. Fig. 2.8(a) and Fig. 2.11(c). The annulus has two
boundaries, its Euler characteristic is equal to 0, it is orientable, so its genus
is equal to 0. The Mobius strip has one boundary, its Euler characteristic is
equal to 0, it is not orientable, so its orientability factor is equal to 1 and its
genus is equal to 0.

All these numbers are integers, and for any paper surface S, b(S), ¢(5)
and g(S) are positive.

A topological surface TSy q4, with 0 < ¢ < 2, is the set of all paper
surfaces S satisfying b(S) = b, ¢(S) = ¢, g(S) = g. Any paper surface belongs
to a unique topological surface TSy 4 4; and any topological surface contains
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Adding a face.

an infinity of paper surfaces. The important fact here is the classification
theorem:

all paper surfaces belonging to a same topological surface are homeomor-
phic, and all homeomorphic paper surfaces belong to the same topological sur-
face.

In order to get a partial intuition of this important property, the construc-
tion of paper surfaces will be studied, by distinguishing several cases of the
identification operation. Note that when a surface is not orientable, any fur-
ther identification of two edges cannot produce an orientable surface (this can
also be proved by studying all the possibles cases of identification and their
impact on the orientation).

Let S be a paper surface of T'Sy, 4,4, such that b > 1, let e be an edge of
a boundary of S, and let ¢ be its Euler characteristic. Let S’ be the result
of an identification involving e and another free edge €/, and let ¥, ¢/, ¢’ and
g’ be respectively its number of boundaries, Euler characteristic, orientability
factor and genus.

Adding a face: Fig. 2.12.

Let F be a paper sheet which does not belong to S, and let ¢’ be an edge
of F.

When e is identified with ¢, the boundary to which e belongs is modified:
in S/, this boundary is made by the same edges, except e which is replaced by
the edges of F, €’ excepted. So V' = b.

Let = be the number of vertices (or edges) of F. The differences between
the numbers of vertices, edges and faces of S’ and S are respectively = — 2,
x —1 and 1 (since four vertices are identified into two vertices, two edges are
identified into one edge, and one face is added to S). So ¢’ =c.

The orientability is not changed. If S is orientable, it can be oriented, and
it is possible to define an orientation of F' in such a way that S’ is coherently
oriented (take for €’ the inverse orientation of e), and thus S’ is orientable. If
S is not orientable, S’ is not orientable too. So ¢’ = ¢, since ¥’ = b and ¢’ = c.

At last, ¢’ = g since ¥’ =b, ¢/ =cand ¢ =q.
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FIGURE 2.13
Removing a boundary.

FIGURE 2.14
Shortening a boundary.

Removing a boundary: Fig. 2.13.

Let e and €’ be such that they belong to a same boundary, and they share
their two extremity vertices v and v’: so their incident boundary contains only
e and ¢’. There is only one possible way to identify e and €/, since loops are
not allowed, and the boundary vanishes. So & = b — 1.

This identification removes one edge (e and ¢’ are identified), so ¢/ = ¢+1.

The orientability is not modified. If S is orientable, it can be coherently
oriented: assume e is oriented from v to v’; thus €’ is oriented from v’ to v,
since they are consecutive in their incident boundary, and this boundary is
coherently oriented; so the edge resulting from the identification of e and €’ is
coherently oriented with respect to its incident faces. So ¢/ = ¢ since ¥’ = b—1
and ¢ =c+ 1.

At last, ¢’ =g since b =b—1,c =c+1and ¢ =q.

Shortening a boundary: Fig. 2.14.

Let e and ¢’ be such that they belong to a same boundary, and they share
exactly one vertex v. There is only one possible way to identify e and ¢/, since
loops are not allowed: in this case, the two vertices v; and v, of e and €’ which
are initially different are identified into one vertex v, and the resulting edge
is incident to two distinct vertices v and vqs.
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Since e and €’ are both incident to v in S, and since v; # vy, the boundary
incident to e and €’ contains other edges. The identification of e and e’ removes
these edges from the boundary, but it still exists, and no new boundary is
created. So b’ = b.

This identification removes one edge (e and ¢’ are identified) and one vertex
(v1 and vy are identified), so ¢’ = c.

The orientability is not modified. If S is orientable, it can be coherently
oriented: assume e is oriented from v to vy; thus e’ is oriented from vy to
v, since they are consecutive in their incident boundary, and this boundary
is coherently oriented; so the edge resulting from the identification of e and
e’ is coherently oriented with respect to its incident faces, and the boundary
remains coherently oriented (the edge before e’ is oriented to vy and the edge
after e is oriented from vy, and they become consecutive in the resulting
boundary, both incident to v13). So ¢’ = ¢ since ¥’ = b and ¢ = c.

At last, ¢’ = g since ¥’ =b, ¢/ =cand ¢ =q.

Note that a paper surface which contains only one face belongs to 151 0,0.
Any paper surface you can construct by “adding a face” or “shortening a
boundary” belongs also to 7'S1 ,0. All these paper surfaces are discs, and they
are homeomorphic to a 2-dimensional closed ball. If you apply “removing a
boundary” to a disc, you get a sphere, i.e. an element of T'Sy g ¢, homeomor-
phic to a 2-dimensional sphere.

Making a boundary, or making a twist: Figs. 2.8(b) and (c)

Let e and €’ be such that they belong to a same boundary, and they do
not share any vertex. So, they are not consecutive in their incident boundary.
Assume the extremity vertices of e (resp. €’) are vy and vg (resp. v} and v}).
There are two ways for identifying e and e’: the first one identifies v; and
v}, ve and v, the second one identifies v; and v}, vy and v]. In one case
(“making a boundary”), a new boundary is created (for instance, an annulus
is constructed from a disc); in the other case (“making a twist”), no new
boundary is created (for instance, a Mobius strip is constructed from a disc).

1. If the case is “making a boundary”:

e by definition, b’ = b+ 1;

e four vertices are identified into two vertices, two edges are identified
into one edge, so ¢ =c¢ — 1;

e it is easy to see that the orientability is not changed by this iden-
tification (if the surface is orientable, it can be oriented, so e and
¢’ are oriented, and there is only one way to identify e and ¢’ in
such a way that the resulting edge is coherently oriented: this way
corresponds to “make a boundary” !). So ¢’ = ¢ since ¥ = b+ 1
and ¢ =c—1;

e g =gsincel =b+1,d =c—1and ¢ =gq.



32 Combinatorial Maps for Computer Graphics and Image Processing
2. If the case is “making a twist”:

e by definition, b’ = b;

e four vertices are identified into two vertices, two edges are identified
into one edge, so ¢ = ¢ — 1;

e it is easy to see that the resulting surface is not orientable: in
particular, if the surface is orientable before identification, there is
only one way to identify e and €’ in such a way that no boundary
is created, and in this case, the resulting edge is not coherently
oriented with respect to its incident faces. We state that ¢/ = ¢+ 1.
Note that you can easily deduce from the identification cases that
b+ c is even if S is orientable: thus, if S is orientable, b’ + ¢’ is
odd and ¢’ = 1. Note also that if S is not orientable, the parity of
b + ¢ is the converse of the parity of b+ c.

e g =gsinced) =b, ¢/ =c—1land ¢ =q+1.

By applying b times “making a boundary” to a disc, you get a sphere with b
boundaries (a disc is thus a sphere with one boundary). If you apply “removing
a boundary” to a Mdbius strip, you get a projective plane. If you apply twice
“making a twist” to a disc, you get a Klein bottle with one boundary: cf.
Fig. 2.15(a) and Fig. 2.16(c). If you apply “removing a boundary” to a Klein
bottle with one boundary, you get a Klein bottle: cf. Fig. 2.15(b).

Note that if you apply “making a twist” several times, you can get a sur-
face such that its orientability factor is greater than 2: we will see below that,
thanks to the exchange theorem, there is no contradiction with the surface
classification as stated at the beginning of this section.

Making a hole, or making two twists: Fig. 2.16.

Let e and €’ be two edges of S such that they are not incident to the same
boundary. The identification of e and e’ has for consequence that the two
boundaries are merged into one boundary. For instance, look at the annulus
of Fig. 2.16(a): there are two ways to identify e and ¢’: in the first case (cf.
Fig. 2.16(b)), you get a torus with one boundary, in the second case you get
the object depicted in Fig. 2.16(c), which is, as we will see, a Klein bottle with
one boundary. More precisely, two cases are distinguished:

1. “Making a hole”. This case is defined by the fact that S’ is orientable
(and thus S is orientable too);

2. “Making two twists”. This case is defined by the fact that S’ is not
orientable.

In both cases, b’ = b—1, since two distinct boundaries are merged into one
boundary, and ¢/ = ¢ — 1, since four vertices are identified into two vertices,
and two edges are identified into one edge. The other characteristics are:
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FIGURE 2.15
(a) A Klein bottle with one boundary. (b) A Klein bottle.

1.

“Making a hole”. By definition, ¢’ = 0, thus ¢’ = g + 1, since ¢’ = gq,
bV=b—1and  =c—1;

“Making two twists”. Note that you can construct the Klein bottle with
one boundary depicted in Fig. 2.16(c)?, starting from the disc depicted
in Fig. 2.16(d) (it is a disc, since it can be constructed by applying twice
“adding a face” to a face), by applying twice “making a twist”, in order
to identify e; and es, then ez and e4. More precisely:

e the identification of e; and es is clearly a twist;

e after this identification, ez and e4 belongs to the same boundary;
they are not adjacent, and their identification does not create a
new boundary: this is thus another twist.

This can be generalized and we get that ¢ = ¢ + 2 and ¢’ = g, since
bV=b—1landc =c—1.

Exchange theorem: Fig. 2.17.

All possible cases have been studied (note that the conditions defining the
cases are exclusive and cover all cases), but the classification described at the
beginning of this section is still not complete, since the orientability factor
can take any positive value: you can add as many twists as you want. The
exchange theorem states that 1'Sy, 4 g = T'Sp,q—2,9+1 When ¢ > 3. For instance,

41t is a Klein bottle, although the relation with the Klein bottle with one boundary
depicted in Fig. 2.15(a) is not obvious! Nevertheless, it is possible to transform the second
one to get the first one. Note that in order to get a proof of equivalence, it would be necessary
to prove that the transformations do not change the topology...
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FIGURE 2.16

(a) An annulus.

(b) A torus with one boundary.

(¢) A Klein bottle with one boundary.
(d) A disc.

look at the object depicted in Fig. 2.17: it is made of several faces M, V, U, K,
B and R. You can construct the surface made by M, K, U and V by applying
“adding a face”, “shortening a boundary” and once “making a boundary”,
so it belongs to 1'S20,0. B is added by “adding a face” and applying once
“making a hole”, so the corresponding surface belongs to 151 o,1. At last, add
R by applying “adding a face” and once “making a twist”, and the resulting
surface belongs to 1'S7,1,1. You can construct the same surface by first gluing
M, K, B, by applying twice “adding a face”. You can add R by applying
“adding a face” and once “making a twist”, so the corresponding surface
belongs to 1'S1,1,0. Add V by applying “adding a face”, once “making a twist”
and then “shortening a boundary”: the surface belongs to T'S; 2. Last, add
U by applying “adding a face” and “making a twist”, and the resulting surface
belongs to 1'S1,3,0. This can be generalized, and we get the exchange theorem
(see [125] for a complete study and proofs):

Let S be a paper surface, such that the characteristics obtained through its
construction are b, q, g. If ¢ > 3, then the characteristics of S are equivalent
tob, q—2, g+ 1. At last, S belongs to the topological surface:

o T'Spo,4, if g =0;
® T'Sp1u, if qis odd; and u =g+ (¢ —1)/2;

o T'Syau, if q is even and not null; and v =g+ q/2 — 1.

2.3.2 Constructing any Subdivision of Any Surface

Now we can forget the “unnecessary constraints” which were useful in order
to simplify the study of surface construction. So, in the general case, an edge
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FIGURE 2.17

First construction: (M,K,U,V) € TSs00; (M,K,UV,B) € TSi91;
(M, K, U,‘/,B,R) c TSl,l,l'

Second construction: (M,K,B,R) € TS110; (M,K,B,R,V) € TS20;
(M, K,B,R, V, U) (S TSL?,’Q.

can be a loop (i.e. incident twice to a vertex), two free edges incident to one
face can be identified.

So, a face is a disc, its boundary is a cycle of edges and vertices which
contains at least one edge and one vertex. Any two free edges can be identi-
fied, involving maybe, “by continuity”, the identifications of vertices of their
boundaries (note that more than two vertices can be identified together).

For instance, two new cases are depicted on Fig. 2.18 (for a complete study,
see [164]):

e two edges incident to one face are identified, involving the creation of a
new boundary made of one edge and one vertex: Fig. 2.18(a); this case
is similar to “making a boundary”;

e two edges, respectively incident to vertices v; and v, v and v (these
three vertices being distinct) are identified®. The initial configuration is
similar to that of “shortening a boundary” (cf. Fig. 2.14), but the edges
are identified in the other way, i.e. the first edge, taken with the orienta-
tion vyv is identified with the other one, taken with the orientation vvs,
inducing thus a twist in the surface and the identification of vertices v,
v1 and vsg;

e often, new cases are “combinations” of the cases studied above. For
instance, adding a face incident to one edge and one vertex can remove
a boundary made by one edge and one vertex (cf. Fig. 2.18(b)). Another
example is the construction of the projective plane: take a face such that
its boundary is made of two edges and two vertices; the identification

5The identification of two edges corresponds to the existence of a homeomorphism be-
tween these two edges. The homeomorphism is “extended” onto the boundaries of the edges
by continuity, and remains usually a homeomorphim; the identification corresponds to the
fact that any pair of corresponding points is identified into one point.
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FIGURE 2.18

(a) The identification of edges e and ¢’ involve the creation of a new boundary,
which is a loop.

(b) Removing a “loop boundary” by adding a face.

of these two edges remove the boundary. Note that the edges can be
identified in two ways: a sphere can be created, but also a projective
plane, according to the way the edges are identified. In the case of the
projective plane, a new twist is added.

Connectivity

Until now, all considered surfaces are connected, i.e. informally, made of
one piece: intuitively, you can walk on the surface between any two of its
points. More formally, a path between two points z and y in X C R", where
z,y € X, means a continuous map v : [0,1] — X, such that v(0) = z and
v(1) = y. z and y are said connected by the path . The path is closed when
7(0) = 4(1).

Let X C R™, and let R be the relation defined on points of X, such that
xRy if and only if x and y are connected by a path in X. R is an equivalence
relation, and its equivalence classes are the connected components of X: in
other words, a path in X exists between any two points of a connected com-
ponent, and no path exists in X between two points of two distinct connected
components.

We can generalize our presentation of surfaces in order to take into account
nonconnected surfaces, i.e. surfaces made of several connected components; the
definition of the characteristic numbers (number of boundaries, orientability
factor, genus) could be adapted, but it is more interesting (since more precise)
to look at the characteristics of each connected component.

2.4 Manifolds, Quasi-manifolds, Pseudo-manifolds, Com-
plexes

2-dimensional manifolds
Let us define a polygon of degree k as a closed disc (i.e. a 2-dimensional
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closed ball) the boundary of which is a cycle of k edges and k vertices, k > 1.
A polygon contains one face (i.e. a 2-dimensional cell), which is the interior
of the polygon: note that each point of the face has a neighborhood which
is homeomorphic to an open disc (i.e. a 2-dimensional open ball). Each edge
(i.e. a 1-dimensional cell) is homeomorphic to a 1-dimensional open ball (and
so is the neighborhood of any point of the edge), and each vertex (i.e. a
0-dimensional cell) is (homeomorphic to) a point. Any subdivision of surface
can be constructed by identifying at most two free edges (and thus the bound-
aries of these edges, by continuity): so, each point of a sewn edge has also a
neighborhood which is homeomorphic to an open disc (and so is any point
of a surface without boundary). This property: each point has a neighborhood
homeomorphic to a disc characterizes surfaces without boundary, also called
2-dimensional manifold without boundary. This property can be extended in
order to characterize any surface (i.e. any 2-dimensional manifold): each in-
terior point has a neighbordhood homeomorphic to a disc, each point of a
boundary has a neighborhood homeomorphic to a “half disc”.

Note that we could define a 1-dimensional manifold in a similar way. The
basic element is here the 1-dimensional closed ball, made of one edge (home-
omorphic to a 1-dimensional open ball, as the neighborhood of any of its
points) and its two extremity vertices. Any subdivision of a curve can be con-
structed by identifying at most two free vertices: so each sewn vertex has also
a neighborhood which is homeomorphic to an open 1-dimensional ball, and so
is the neighborhood of any point of any curve without boundary (also called
1-dimensional manifold without boundary). A curve with boundary can be
characterized by the fact that any interior point has a neighborhood homeo-
morphic to a 1-dimensional ball, and a boundary point has a neighborhood
homeomorphic to a “half 1-dimensional ball”.

n-dimensional simplices

In order to construct n-dimensional “objects”, we need n-dimensional cells.
For this section, we choose n-dimensional simplices, thus some usual defini-
tions are needed. The points vg, ..., vr of R™ are linearly independent if the
vectors v1 —vg, . . ., U — Vg are linearly independent. The line segment between
two points x and y of R™ is the set {z = tx + (1 —t)y,t € [0,1]}. A subset A is
conver if x,y € A implies that the line segment between x and y is contained
in A. The convex hull of a set A is the intersection of all convex sets containing
A.

Let k > 0. A k-dimensional simplex o, or k-simplez, is the convex hull of
k + 1 linearly independent points vg,...,vrx € R™; o is denoted vg...v;. The
points v; are the vertices of o. Let {wy, ..., wm,} be a subset of the vertices of
o, then wy...w,, is a m-dimensional face, or m-face of o: cf. Fig. 2.19. When
m < k, the face is proper else it is principal. Note that a simplex contains
its boundary, which is made by all its proper faces: so a simplex, or any of
its face, is homeomorphic to a closed ball (note also that we could define the
faces, or cells, so that they are homeomorphic to open balls). So a 0-simplex
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FIGURE 2.19

(a) A O-simplex v.

(b) A 1-simplex vivs has two O-faces v1 and vq, and a 1-face v1vs.

(¢) A 2-simplex has three 0-faces, three 1-faces and one 2-face.

(d) A 3-simplex has four 0-faces, six 1-faces, four 2-faces and one 3-face.

is a point, a 1-simplex is a line segment, a 2-simplex is a triangle, a 3-simplex
is a tetrahedron, etc.

Quasi-manifolds, manifolds, pseudo-manifolds and orientability

Let closed n-cells be homeomorphic to n-simplices (cf. Figs. 2.20(a), (b)
and (c)), such that the homeomorphism propagates the structure of simplices,
i.e. a closed n-cell contains an n-cell and its boundary, made of k-cells (0 <
k < n). We can construct n-dimensional quasi-manifolds by taking such closed
n-cells and by identifying pairs of free (n — 1)-cells (and their boundaries).
The identification operation can be defined by considering a homeomorphism
between the two free (n — 1)-cells, extending it on the boundaries of the
(n — 1)-cells by continuity, and then by identifying any points associated by
the “extended homeomorphism”: cf. Figs. 2.20(d), (e) and (f). Note that we
can define several notions as that of free cells, sewn cells, boundaries of quasi-
manifolds, as for the 2-dimensional case.

This construction of quasi-manifolds can be generalized for taking into ac-
count more general cells: cf. chapter 8. Anyway, note that 1- and 2-dimensional
quasi-manifolds are manifolds, i.e. curves and surfaces: there is no difference
between these two notions for dimensions up to 2.

Let us now define a n-dimensional manifold without boundary as an n-
dimensional quasi-manifold without boundary, such that each point has a
neighborhood homeomorphic to an n-dimensional open ball (this definition
can be extended for manifolds with boundaries). These notions are different
for dimensions higher than two, since quasi-manifolds exist, which are not
manifolds:

e a closed n-cell, as defined above (i.e. being homeomorphic to an n-
simplex), is homeomorphic to a closed n-ball, so it is a manifold with
one boundary. We will see later that other definitions of n-cells do not
involve this property (cf. chapter 8);
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FIGURE 2.20
(a) A closed 1-cell.
b) A closed 2-cell.
¢) A closed 3-cell.
d) Two closed 2-cells; arrows at left denote the homeomorphism between two
1-cells, leading to their identification.
(e) An identification of two edges incident to a closed 2-cell.
(f) Construction of a 3-dimensional quasi-manifold (which is a manifold).

(d)

Py
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e other quasi-manifolds can be manifolds: for instance, look at Fig. 2.20(f).

The neighborhood of any point at the boundary of a free 2-cell is a half
3-ball. When two 2-cells are identified, the two half-balls correspond-
ing to two identified points become one 3-ball. For points of identified
edges or vertices, half-balls are glued and make half-balls (since all edges
and vertices belong to the boundary of the resulting object). Instead of
looking at neighborhoods, you can also look at links of points, i.e. the
boundary of neighborhoods, which can also be defined for points of 3-
cells as the intersection of a small 2-sphere centered at the point and
the 3-cell. Such links are discs for boundary points, spheres for interior
points;

look now at the object depicted in Fig. 2.21(a): it is a cube, made by
gluing twenty-four tetrahedra (four tetrahedra are glued for making a
pyramid with a square basis, this square will be a face of the cube, and
six such pyramids are glued together). The link of point v (at the center
of the upper face of the cube) is made of a half-sphere inside the cube,
closed by a disc at the surface of the cube. The boundary of this disc
is made of four parts I1 C f1, lo C fa, I3 C f3, l4 C fy. If face fy is
identified with face fo and face f3 is identified with face f; in such a
way that edges e; and e3 (resp. e5 and eg, er and eg) are identified, and
vertices v; and vz are identified, the resulting object is still a manifold
(and you can construct the resulting object in the usual 3-dimensional
space). For instance, the link of point v becomes a sphere contained in
the resulting object, since Iy (resp. ly) is identified with lo (resp. I3). If
face fy is identified with face f3 and face f, is identified with face f4 in
such a way that edges e1, €2, e3 and e4 are identified together, edge es
(resp. eg) is identified with edge e7 (resp. eg) and vertices vy, ve, v3 and
vy are identified together, the resulting object is still a quasi-manifold,
but it is not a manifold (and you cannot construct the resulting object
in the usual 3-dimensional space): for instance, the link of vertex v is
now obtained by identifying Iy with I3, lo with l4, producing a torus
with one handle (i.e. its genus is equal to 1), which is not the boundary
of a 3-ball; so, the neighborhood of v is not homeomorphic to a 3-ball.

We will see that it is possible to define data structures such that one can

be sure that any instance corresponds to a quasi-manifold; but as far as we
know, no one knows how to define data structures such that one can be sure
that any instance corresponds to a manifold. This corresponds to the fact
that (the structure of) quasi-manifolds can be defined combinatorially, i.e. as
discrete structures (the related mathematical field was named “combinatorial
topology”). This is not the case for manifolds, since, as far as we know, no
one knows how to combinatorially characterize balls: in other word, there is
no discrete computation which makes it possible to know whether an “object”
is a ball or not.

Another aspect is the following: as far as we know, there is no classi-
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(b) (©)

FIGURE 2.21

(a) A cube made by twenty-four tetrahedra.

(b) An orientable 2-dimensional pseudo-manifold.
(c¢) A 2-dimensional complex.

fication for n-dimensional manifolds, similar to that in the 2-dimensional
case, although several notions can be generalized. For instance, orientability
can be defined for quasi-manifolds, and thus for manifolds, and more gener-
ally for pseudo-manifolds. Informally, an n-dimensional pseudo-manifold (cf.
Fig. 2.21(b)) can be constructed by gluing closed n-cells:

e by identifying at most two free (n — 1)-cells and their boundaries (as for
quasi-manifolds);

e by identifying k-dimensional cells, 0 < k < n — 1;

e in such a way that, given any two n-cells ¢ and o', a sequence oy, - - - , 0
exists, such that ¢ = ¢, 0/ = 0, and o; meets 011 in a common
(n — 1)-dimensional cell, 0 < j < p.

The definition of pseudo-manifolds is (structurally) a combinatorial one, as
the definition of quasi-manifold. Moreover, let SM™ (resp. SQM™, SPM™) be
the set of n-dimensional manifolds (resp. quasi-manifolds, pseudo-manifolds):
then SM™ C SQM™ C SPM™". In other words, any manifold is a quasi-
manifold, which is itself a pseudo-manifold. But pseudo-manifolds exist, which
are not quasi-manifolds (cf. for instance Fig. 2.21(b)), as quasi-manifolds exist,
which are not manifolds.

A pseudo-manifold without boundary is such that no free (n—1)-cell exists.
A pseudo-manifold without boundary is orientable if its n-cells can be oriented
coherently, i.e. any two n-cells which share a common (n — 1)-cell induce
opposite orientations on this (n—1)-cell. Note that this definition is consistent
if the definition of n-cell orientation is known. In fact, the boundary of a closed
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n-cell is a manifold (i.e. a pseudo-manifold) of lower dimension. Let us define
the orientation of a closed n-cell (and thus of the corresponding n-cell) as the
orientation of its boundary: since we know how to define an orientation for
n =1, it is thus possible to define an orientation for any n. It is also possible
to define the orientability of pseudo-manifolds with boundaries, and thus the
orientability of any (quasi-)manifold.

Other notions can be extended for any dimension, for instance the Euler
characteristic, which is equal to the alternate sum of the number of cells.
These notions will be studied for quasi-manifolds in following chapters.

At last, note that other sets of objects can be defined. For instance, com-
plexes can be constructively defined in the following way: take a set of closed
cells of any dimensions up to n, and identify cells of the boundaries of the
closed cells; you get an n-dimensional complex (cf. Fig. 2.21(c)).

2.5 Discrete Structures

It is necessary to define data structures in order to handle such quasi-manifolds
(and more generally complexes) in computers. We will distinguish between
the representation of the structure of the object (its “topology”) and the
representation of its shape (its “embedding”, usually in some R™).

For instance (cf. Fig. 2.22), assume a triangulated surface embedded in
R3 is described by a set of triangles, each triangle being defined by three
points. A possible data structure is a list of Triangle, each Triangle being a
tuple of nine floating numbers, defining the coordinates of three points of R3.
This structure does not clearly distinguish between the representations of the
topology and of the shape of the surface. In order to know that two triangles
are adjacent, it is necessary to compare the coordinate values, i.e. to take
the shape into account. Moreover, it is well-known that imprecisions or errors
about floating numbers (as consequences of some computations, for instance)
can lead to inexact representations of the surface. So it may be impossible to
check whether two triangles are adjacent or not.

An alternative representation is the following. A surface still corresponds
to a list of Triangles, but a Triangle is now a tuple of three pointers to
a Point, each Point being a tuple of three floating numbers corresponding
to the three coordinates of a point in R?. The precondition upon the data
structure is the fact that a point (resp. a triangle) is represented only once (two
different Points correspond to two distinct points of R?, two different Triangle
correspond to two distinct triangles). Now, the structure of the triangulation
is represented, “independently” of its shape. For instance, in order to check
whether two triangles are adjacent, pointers to points are compared, producing
an exact information; the coordinates of the points are not involved here.
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FIGURE 2.22

A triangulation S.

A first representation of S is: S = (11,1, T3,T4), T1 = ((0,0), (1,0),(0,1)),
T, = ((1,0),(0,1),(15,1), T5 = ((1,0),(2,0),(15,1), T, =
((0,1),(1.5,1), (1, 2)).

An alternative representation is: S = (T1,T5,75,Ty), Th = (&Py, &Py, &Ps),
T2 = (&Pl,&Pg,&P4), Tg = (&Pl,&P4,&P2), T4 = (&Pg,&P4,&P5),
Py = (0,0), P, = (1,0), P, = (2,0), Py = (0,1), P, = (1.5,1), P5 = (1,2). &P
denotes a reference to point P.

Note that more accurate data structures have been conceived in order to
handle triangulated surfaces (cf. [183] for instance).

The structure of quasi-manifolds can be combinatorially described, i.e. by a
discrete structure. It is also the case for particular subsets of quasi-manifolds,
as orientable quasi-manifolds, or for more general objects as complexes (cf.
the following chapters). But as said before, this is not possible for any subset
of complexes, for instance for manifolds.

2.5.1 Discrete Mappings

The discrete structures we will define are algebras, i.e. they are defined by dis-
crete objects on which functions are defined. Such algebras can be equivalently
defined as graphs and can be easily implemented®. The following definitions
will state the vocabulary.

(Multi)sets, (multi)graphs

An element appears once in a set, it can appear several times in a multiset.
From now on, all (multi)sets are discrete ones, and they are usually finite ones,
i.e. any (multi)set contains a finite number of elements.

An oriented multigraph (resp. graph) is a pair (V, E), where V is a set of

6Graphs (and thus discrete objects on which relations, functions, permutations, etc. are
defined) can be implemented using arrays, or records and pointers, etc. For more details
about possible implementations, see [56].
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() (b)

FIGURE 2.23
(a) A multigraph: V' = {a,b,c}, E = ((a,a), (a,a), (a,b), (b,a), (b,a), (b, c),

(¢,b), (c,a), (c,a)).
(b) A graph: V' = {CL, b, C}’ E = {(CL, b)’ (ba b)ﬂ (b> C)a (C, b)a (Ca C)a (Ca a)7 (av C)}

vertices and E is a multiset (resp. set) of edges, an edge being a pair of vertices
of V (cf. Fig. 2.23). Edge (z,y), where z,y € V, is oriented from x to y, x
is the origin of the edge and y is its extremity; the edge is incident to x and
y, and conversely; when z = y, the edge is a loop. A bipartite oriented graph
is such that its set of vertices can be partitioned into two subsets V7 and V5,
such that each edge is incident to a vertex of V7 and to a vertex of V5. All
classical notions related to graphs, as paths, connected components, etc, are
supposed to be known.

Relations, functions, permutations, involutions, compositions

Let F and G be two sets. A relation R between F' and G is a set of pairs
(z,y) such that x € F and y € G, i.e. it is a subset of F' x G, the cartesian
product of F' and G, which is {(z,y)|z € F,y € G}. An oriented graph can be
associated with any relation (and conversely), i.e. the graph (F U G, R): cf.
Fig. 2.24(a). The graph is bipartite when F' and G are disjoint.

Relation R is symmetric when Ry —> yRux: cf. Figs. 2.24(b) and (c);
in other words, when two vertices = and y are connected by (z,y) in the as-
sociated graph, then they are also connected by (y,z). A nonoriented edge
{z,y} can be defined by a set of two opposite edges (z,y) and (y,z), and a
nonoriented graph can be defined as the graph associated with a symmetric
relation.

A function (or a map) ¢ is a relation such that, for any x € F, there is
exactly one y € G such that (x,y) € ¢; y is denoted ¢(z); so, in the corre-
sponding graph, any vertex corresponding to an element of F' is the origin of
exactly one edge (cf. Fig. 2.24(d)). Let F/ C F', and let G’ C G be the set of
all images of elements of F’ by ¢, i.e. G' = {y € G|3z € F',¢(x) = y}. Then
¢+ F' — G, defined by: Vo € F', ¢'(x) = ¢(x), is the restriction of ¢ to F’,
denoted ¢ = ¢ /. The graph corresponding to ¢’ is a subgraph of the graph
associated with ¢, which contains vertices corresponding to elements of F”,
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FIGURE 2.24

(a) Graph of a relation R: F = {a,b,c}, G = {a,b,d, e}, R = {(a,a), (a,b),
(a,d), (b,a), (b,d),(c,d)}.

(b) Graph of a symmetric relation R: F' = G' = {a,b,c,d,e}, R =
{(a,a), (a,b), (a,d), (b, a), (b,d), (c,d), (d,a), (d,b), (d,c)}.

(¢) Another representation of the nonoriented graph associated with R'.

(d) Graph of a function ¢: F = {a,b,c,d}, G = {b,c}, & = {(a,b), (b,b),
(¢,b),(d,c)}.

(e) A permutation P: F = {a,b,c,d,e, f}, P = {(a,b),(b,c),(c,a),(d,d),
(e,

(
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all edges which have these vertices as origins, and their extremity vertices.

The function is injective (i.e. it is an injection) when, for any z,y € F,
x # y implies ¢(x) # ¢(y); so, in the corresponding graph, any vertex corre-
sponding to an element of G is the extremity of at most one edge.

The function is surjective (i.e. it is a surjection) when, for any y € G,
x € F exists such that y = ¢(z); so, in the corresponding graph, any vertex
corresponding to an element of G is the extremity of at least one edge.

A function is bijective (i.e. it is a bijection or a one-to-one mapping) when
it is injective and surjective: so, in the corresponding graph, any vertex cor-
responding to an element of F' is the origin of an edge, and any vertex corre-
sponding to an element of G is the extremity of an edge.

The inverse bijection ¢~! is a bijection between G and F such that its
graph is obtained by reversing all edges; in other words, ¢(z) = y —

o~ Hy) = .

When F' = G, the bijection is a permutation and the corresponding graph
is a set of elementary cycles, since each vertex is the origin and the extremity
of one edge; note that the inverse of a permutation is also a permutation (cf.
Figs. 2.24(e) and (f)). Let P be a permutation: a fized point for P is any
element x such that P(x) = z; a fixed point corresponds thus to a vertex
incident to a loop in the associated graph.

Id denotes the identity, i.e. any permutation such that Id(xz) = x for any
x. In other words, all elements are fixed points for Id.

An involution I is a permutation which is its own inverse, i.e. I = I,
meaning I(x) =y = I(y) = x. The associated graph is thus a nonoriented
graph, and any connected component is made by either one vertex incident
twice to an edge (i.e. a loop) or two vertices incident to an edge: cf. Fig. 2.25(a).

Let F', G, H be three sets, f and g be two functions: f : F - G,g: G — H,
such that f is surjective. go f : F' — H, the composition of f and g, is defined
by: go f(z) = g(y), with y = f(z), for any € F, i.e. go f(x) = g(f(z)). The
graph corresponding to go f has FFU H as set of vertices, and its edges corre-
spond to paths of length 2 in the union of the graphs’ associated with f and g.

Note that the composition of two bijections is a bijection, the composition
of two permutations is a permutation, the composition of two involutions is a
permutation (cf. Figs. 2.25), and the composition of an involution with itself

7The union of two graphs (V1, E1) and (Va, E2) is (V1 U Va, E1 U Ea).
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FIGURE 2.25
F = {a’7b7cud7euf7g}

(b) Involution I’ —{( ), ,es, ¢ f),(d,a),(eb),(f,c)(g,9)}
(c) I'o I ={(a,d),(d, ), (c,e),(d,b),(e,a), (. 9),(g,¢)}

is the identity (since it is equal to its inverse). Let P be a permutation. P°
denotes Id, P* denotes Po P*~! = P*=1o P (thus P! denotes P, P? denotes
Po P, etc.).

2.5.2 Hypermaps, Group of Permutations, Orbits

Let S = {Pi,...,P:} be a set of permutations defined on a set D.
(D, Py,...,P) is a k-dimensional hypermap®; the associated graph is the
union of the graphs (D, Py), ..., (D, Py): cf. Fig. 2.26.

Let 8" = {P;,,...,P;;} be asubset of S. (S’) is the group of permutations,
or permutation group, generated by S’: it is the set of all permutations P such
that P is either Id, a permutation of S’ or its inverse, or any composition
of permutations of S’ and their inverses. For instance, let I and I’ be the
involutions depicted in Figs. 2.26(a) and (b). (I,I') is {Id,I,I',I'oI,IoI' Io
I'ol,I'olol,...}.

The orbit of an element d of D relatively to S’ is the set (S")(d) = O(d) =
{P(d)|P € (S')}. It is the set of all elements which can be reached, start-
ing from d, by applying any composition of (inverses of) permutations of S’
(note that d belongs to any of its orbits, since Id belongs to any permuta-
tion group). (S’)(d) denotes also, according to the context, the sub-hypermap

(O(d), Piyjo(ay> - - - Pi1|0(d))’ where Pj, 54 18 the restriction of P, to O(d)

8 As n-Gmaps and n-maps to which this book is mainly devoted, hypermaps are partic-
ular classes of combinatorial maps: the relations between these structures are explained in
chapter 8.
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FIGURE 2.26

D ={a,b,c,d,e, f,g}.

(a) Involution I = {(a, a), (b,¢), (¢, b), (d,e), (e,d), (f,9), (g, [)}.
(b) Involution I’ = {(a,b), (b, a), (c, c)),( ), (e;q),(f,d),(g,e)}.

(
(¢) 2-dimensional hypermap ( 1,1'), containing two connected components.

(note that these restrictions are well defined, due to the orbit definition). When
S’ = S, the corresponding orbit of d is the connected component incident to
d. For instance, look at the 2-dimensional hypermap depicted in Fig. 2.26(c):
the connected component incident to a (resp. f) contains elements a = Id(a),
b=I'(a), c = T o I'(a) (vesp. | = Id(f), d = I'(f), e = Lo I'(f), g = I(})).
At last, note that several compositions can produce the same element, for
instance e=ToI'(f)=I'"o I(f), f=IoI' oloI'(f), etc.

Let H = (D, Py,...,Py) and H = (D', P[,...,P]) be two hypermaps.
¢ : D — D' is an isomorphism between H and H' if ¢ is a bijection between
D and D', such that: Vd € D, Vi € {1,...,k}, ¢(Pi(d)) = P/(¢(d)). H and
H' are isomorphic (by ¢). The corresponding graphs are isomorphic, and for
each i, edges corresponding to permutation P; are associated with edges cor-
responding to permutation P;.

2.5.3 Partial Functions, Partial Permutations, Partial Invo-
lutions and Related Notions

Let F’, F, G be three sets such that F/ c F. If f : F/ — G is a function,
then it is a partial function from F to G; so, either f(z) € Gif x € F' C F,
either f(x) is undefined if x € F \ F’: in this last case, denoted f(z) = &,
no edge has x as origin in the associated oriented graph (cf. Fig. 2.27(a)). All
previous notions related to functions can be extended for partial functions.
For instance, an alternative definition of a partial permutation is the following
(cf. Fig. 2.27(b)): a partial permutation is a function P : FU{@} — F U {&}
such that:
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FIGURE 2.27

(a) F=G= {aa b,C, dv €, f,g}§ f = {(b, C)a (C> d)v (6, d)v (fa g)v (gv f)} is a par-
tial function.

(b) F = {a’ b7 c? d? e) f’ g}; P = {(a7 ®)7 (b7 c)? <C7 d)) (d7 e)? (67 @)’ (f’ 9)7 (g7 f),
(@, 2)} is a partial permutation.

(¢c) F ={a,b,c}; I ={(a,b),(b,a)(c,?),(,)} is a partial involution.

2. Vr1,20 € F, P(x1) = P(x2) # @ = 21 = X2.

In other words, @ denotes the “undefinition”. Let I’ be the subset of F'
such that P is defined on the elements of F’. So, for any = € F', P(x) # &,
and, for any # € F'\ F/, P(z) = @. P71, the inverse of P, is defined by:

1. P7Y(2) =g;

2. Let y € F; if x € F exists such that P(x) = y, then P~1(y) = z, else
Py =2.

Note that, for any x € F, either P(z) = @, or P~}(P(z)) = .

A partial involution I is a partial permutation such that, Vax € F, either
P(z) =@, or P(x) # @ = P(P(x)) =z (cf. Fig. 2.27(c)).

Hypermaps can be defined using partial permutations instead of permu-
tations. Assuming that f(&) = @ for any partial function, it is easy to define
the composition of partial permutations, and thus also the permutation group
related to a set of partial permutations. The orbit of an element related to
a set of partial permutations is defined as before, but @ does not belong to
the orbit; let S = {Py,..., Py} be a set of partial permutations defined on F:
(S)(z) = {P(x)|P € (S)} \ {@}, for x € F. As before, it denotes also this set
of elements together with the partial permutations of S.
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2.6 Incidence Graphs

Many discrete structures have been proposed in order to represent the topol-
ogy of subdivided objects. An important subset of such data structures is that
of incidence graphs, also referred to as orders, and several classes of incidence
graphs have been defined, in order to represent different classes of subdivided
objects [102, 195, 18, 84].

FIGURE 2.28
(a) A 2-dimensional complex. (b) The corresponding incidence graph.

For instance, look at the 2-dimensional complex depicted in Fig. 2.28(a);
this complex satisfies an important topological property: there is no multi-
incidence within this complex. More precisely, this property can be defined as
follows for the 2-dimensional case:

1. any 2-dimensional (resp. 1-dimensional) cell is incident once to any 1-
dimensional (resp. 0-dimensional) cell of its boundary. In other words,
if you think at the construction of such a complex by identifying edges
or vertices:

e before any identification, each face has a boundary made by at
least three edges and three vertices;

e before any identification, the boundary of each edge is made by
exactly two vertices;

e two edges (free or not) can be identified if they are not incident to
a same face;

e 10 loop is produced by any identification (of edges, of vertices);
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2. for a given face and a given vertex, at most one “corner” of the face is
incident to the vertex (cf. Fig. 2.29(a) for a counter-example).

(b)

FIGURE 2.29

(a) Two corners of face fi, namely (eq,v1,€e6) and (es,v1, e4) share vertex vy:
face f1 is adjacent to itself through this vertex.

(b) A surface subdivision in which face f; is incident twice to edge es.

(¢) The corresponding incidence graph.

Incidence graphs can describe the topology of n-dimensional complexes in
which no multi-incidence occurs (see chapter 8 for a precise study of inci-
dence graphs and their associated complexes). In order to construct the graph
associated with such a complex (cf. Fig. 2.28(b)):

1. associate a vertex of the graph with any cell; moreover, associate also
the dimension of the cell with the corresponding cell (this is not a re-
quirement, several definitions of incidence graph omit dimensions, which
can be retrieved from other informations represented by the graph): in
Fig. 2.28(b), the dimension of cells is represented by the height of the
graph vertices;

2. for each pair of incident i- and (i — 1)-dimensional cells, associate an
oriented edge between the corresponding vertices of the graph.

In fact, this graph is that of the incidence relation between i- and (i — 1)-
dimensional cells; in the graph, a vertex corresponding to an ¢-dimensional
cell is the origin of edges the extremities of which are the vertices associated
with the (i — 1)-dimensional cells of its boundary. The idea at the basis of
incidence graphs is thus simple and intuitive. Note that other variants have
been proposed in order to represent classes of complexes or more general
objects, for instance complexes from which subparts have been removed [195].

But, as far as we know, multi-incidence is never taken into account. Such
structures are not ordered models, in the meaning of [39]; for instance, the
order of the cells in the boundary of a higher-dimensional cell is not explicitly
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represented, it has to be computed from an incidence graph. Look at face f; of
the complex depicted in Fig. 2.28(a): its boundary is made by vertices vy, vyg
and vy, edges ey, e5 and eg. If you turn around the face, you encounter these
cells in a sequence equivalent to (v1, eq,v4, €6, v7,€5) (or its inverse sequence),
which describes the “order” of these cells in the boundary of f;. In order to
extract this sequence from the incidence graph, you have to travel through
the graph, starting from vq, then going to its incident edge e4, then going to
the other incident vertex vy, and so on.

Look now at the complex and its corresponding incidence graph depicted in
Figs. 2.29(b) and (c). First, note that face f; is incident twice to es; thus there
is multi-incidence, and the associated graph does not describe unambiguously
the topology of this complex! Anyway, try to turn around face fi, starting
from vertex v; along edge e;; then we have to go to the other incident vertex
v, but now there are two incident edges different from ey, i.e. e and e3: so,
what information in the graph makes it possible to choose e; in order to follow
the boundary of f;?

Note also that it may be difficult to define subclasses of incidence graphs
dedicated to particular complexes. For instance, it is possible to construct
incidence graphs in which a 1-cell is incident to more than two 0-cells; so,
what are the properties that an incidence graph has to satisfy in order to
represent a quasi-manifold? Such properties have been defined (cf. [84], for
instance), but they are not intrinsic to the definition of incidence graphs,
contrary to “ordered” structures as n-Gmaps and n-maps (cf. chapter 4 and
chapter 5).

Since only complexes in which no multi-incidence occurs can be represented
with incidence graphs, only particular embeddings can be associated, usually
linear embeddings, i.e. a 0-cell is associated with a point, a 1-cell is associated
with a line segment, a 2-cell is associated with a part of a plane, etc., and
these embeddings of cells satisfy the incidence relations between cells (e.g. the
point associated with a 0O-cell which is incident to a 1-cell is the extremity of
the line segment associated with the 1-cell).

Many applications in geometric modeling, computational geometry, dis-
crete geometry, computer graphics, image processing and analysis require to
handle nonlinear objects, e.g. parametric curves and surfaces, etc., and ob-
jects in which multi-incidence can occur. Thus, many “ordered” models have
been proposed (e.g. [17, 214, 203, 39, 165, 104]). Note also that it is often
more easy to conceive construction operations for handling ordered models
than for handling incidence graphs. n-Gmaps (resp. n-maps) are an archetype
of ordered models dedicated to the representation of the topology of quasi-
manifolds (resp. oriented quasi-manifolds), that is why this book is devoted
to these structures.



3

Intuitive Presentation

In this intuitive introduction, we show how to represent the topology of subdi-
visions of quasi-manifolds, introduced in chapter 2. n-maps and n-Gmaps are
presented in Section 3.1 and Section 3.2. Both models have their own advan-
tages and drawbacks. n-maps allow to describe oriented subdivisions while n-
Gmaps allow to describe oriented and nonoriented subdivisions. n-maps need
twice less memory than n-Gmaps for representing oriented quasi-manifolds.
However algorithms are more complex to write for n-maps than for n-Gmaps
due to an inhomogeneous definition. For these reasons, both models are in-
teresting and could be chosen depending on the specific needs of a particular
application.

In this chapter, the different models are introduced, starting from the
object to describe, by applying successive decompositions to cells. Note that
this construction is only useful to understand the concept of darts, which
is the basic element of combinatorial maps, and the different links between
these darts. In practice, n-maps and n-Gmaps are handled through high level
operations.

|
3.1 n-maps

n-maps can be introduced in the following way: given an oriented quasi-
manifold, the intuitive construction consists in decomposing all cells by de-
creasing dimensions until obtaining isolated oriented edges, and in keeping at
each step the relations between decomposed elements.

3.1.1 Objects without Boundary

First let us start by considering oriented quasi-manifolds without boundary.

3.1.1.1 1D

Look at the 1D oriented quasi-manifold without boundary given in Fig. 3.1(a),
i.e. a closed polygonal curve with all the edges oriented in a coherent way.
The quasi-manifold is composed by five edges (labeled from e; to e5) and five

93
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FIGURE 3.1

(a) A 1D oriented quasi-manifold without boundary.

(b) The decomposition of the polygonal curve produces a set of isolated ori-
ented edges linked by (1.

(¢) A representation of the corresponding 1-map. The darts are drawn as
oriented edges; (5 is not explicitly represented: it is suggested by the edge
adjacencies.

vertices (labeled from v; to vs). In order to obtain the 1-map describing this
polygonal curve, the curve is decomposed into edges by splitting each vertex
in two, producing the set of isolated oriented edges drawn in Fig. 3.1(b). These
oriented edges are the atomic elements, called darts, which are at the basis of
the 1-map definition. A relation is defined on these darts, called 31, in order to
link an oriented edge and the next oriented edge of the polygonal curve that
shared a common vertex before the split. Note that, since the quasi-manifold is
without boundary, it is sure that for each edge, there is exactly one such edge.
The set of darts plus the relation £; is the 1-map describing the initial 1D
oriented quasi-manifold (see Fig. 3.1(c)). By is a permutation, i.e. a bijection
from the set of darts to the set of darts.

Each vertex and each edge of the 1D quasi-manifold is described by exactly
one dart in the corresponding 1-map. In the example of Fig. 3.1, vertex vy and
edge ey are described by dart 1: more generally each dart corresponds exactly
to a pair of a vertex and an oriented edge (dart 1 corresponds to the pair
(v1,€e1)). Note that only the first extremity of the oriented edge is described
by the dart; the second extremity will be described by the dart linked by (3.

Multi-incidence can be taken into account, as for the example shown in
Fig. 3.2(a) where vertex vy is incident twice to edge e; which is thus a loop.
In this case, the corresponding 1-map shown in Fig. 3.2(c) contains only one
dart which is linked with itself by ;.

Several 1D oriented quasi-manifolds can be simultaneously represented. In
such a case, the whole set of polygonal curves can be described by one 1-map,
each polygonal curve being described as a distinct connected component of
the 1-map. By definition, two darts di; and ds belong to the same connected
component if there is a path of darts two by two linked by 1 between d; and
dy. For any dart d, (81)(d) is the orbit of d related to $: it is the connected
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Sioiel

FIGURE 3.2

(a) A 1D oriented quasi-manifold without boundary which is loop (i.e. an edge
having the same vertex for its two extremities).

(b) The decomposition produces one oriented edge linked with itself by ;.
(¢) Representation of the corresponding 1-map.
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FIGURE 3.3

(a) Three disjoint 1D oriented quasi-manifolds without boundary.

(b) The corresponding 1-map contains three connected components, one for
each polygonal curve.

component containing d, and it is easy, starting from d, to retrieve all the
darts of its connected component, by applying 81 as many times as possible.
An example of three disjoint 1D oriented quasi-manifolds is presented in
Fig. 3.3(a), and the corresponding 1-map in Fig. 3.3(b). This 1-map contains
three connected components, one for each 1D oriented quasi-manifold, which
correspond to the sets of darts {1,2,3,4,5}, {6,7,8,9} and {10, 11,12}.

3.1.1.2 2D

The same process can be applied for 2D oriented quasi-manifolds without
boundary, i.e. closed oriented surfaces, as for the example given in Fig. 3.4(a).
The quasi-manifold is composed by four faces, labeled from f; to f4, nine
edges and seven vertices. Note the presence of the unbounded face f; which
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(b) The decomposition of the surface produces a set of isolated oriented faces

(a) A 2D oriented quasi-manifold without boundary.
linked by Ss.

FIGURE 3.4

(¢) The decomposition of the oriented polygonal curves describing the bound-
ary of the isolated oriented faces produces a set of isolated oriented edges
linked by ;.

(d) Representation of the corresponding 2-map. Darts and 5 are represented
as above. Two darts associated by 2 are linked by a gray line segment.
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is required since the object is without boundary. First, the oriented surface
is decomposed by splitting each edge in two, producing the set of isolated
oriented faces drawn in Fig. 3.4(b). Since the initial quasi-manifold is coher-
ently oriented (i.e. all faces have the same orientation), a correct orientation
is retrieved for each split edge, i.e. two edges describing the same edge before
the split are oriented in reverse directions. The information that two split
edges described the same edge in the initial object is represented by adding
a relation (35 linking the two edges. Note that this relation is symmetric and
thus 85 in an involution, i.e. a bijection from the set of edges onto the set of
edges, which is equal to its inverse.

The boundary of each isolated face is a 1D oriented quasi-manifold thus
the construction presented above for the 1D case applies: each closed oriented
polygonal curve is decomposed by splitting each vertex in two, producing a
set of isolated oriented edges (cf. Fig. 3.4(c)) which is the set of darts of the 2-
map describing the initial 2D oriented quasi-manifold. As in 1D, a ; relation
is added in order to link an oriented edge and the next edge of the same face
that shared a common vertex before the split.

Note that the two relations 81 and (5 are directly defined on the oriented
edges (which are the darts) during the decomposition process. Thus the 2-
map is the set of darts plus £, a permutation, and B, an involution (cf.
Fig. 3.4(d)). Note also that each edge of the 2D quasi-manifold is described
by exactly two darts in the corresponding 2-map. Darts are drawn by black
arrows, sometimes numbered or labeled. By relation is represented by gray
segments across the two darts in relation (for example 82(1) = 5, 52(2) = 17),
and (1 relation is implicitly represented because two darts in relation are
drawn consecutively (for example 81(1) = 2, 51(2) = 3).

Each dart of a 2-map describes a part of a vertex v, a part of an oriented
edge e and a part of an oriented face f of the initial 2D oriented quasi-manifold,
these three cells v, e and f being incident to each other. Moreover, v is the
origin of the oriented edge e. For example dart 1 in Fig. 3.4(d) describes in
Fig. 3.4(a) a part of vertex vy, a part of edge es and a part of face fo (and
vy, eg and fo are all together incident). The parts of vertex, edge and face
corresponding to each dart of the 2-map of Fig. 3.5(a) are represented in
Fig. 3.5(b).

The fact that each dart describes a part of a vertex, a part of an edge and
a part of a face has an important consequence on the definition of cells in
n-maps. Indeed, it is necessary to consider the set of all the darts which are
part of a same cell in order to describe the whole cell. These sets of darts can
be retrieved from a given dart d thanks to some specific orbits:

e (1)(d) is the face containing dart d;
e (f2)(d) is the edge containing dart d;
o (B2 0B71)(d) is the vertex containing dart d.

For example, in the 2-map given in Fig. 3.5(a), the vertex containing dart
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FIGURE 3.5
(a) 2-map of the example of Fig. 3.4.
(b) Representation showing for each dart, its corresponding parts of vertex,

oriented edge and oriented face.

1is (Ba 0 By 1)(1) = {1,6,9}; the edge containing dart 1 is (B2)(1) = {1,5}
and the face containing dart 1 is (81)(1) = {1,2,3,4}. More generally, each
cell is composed by the set of all the darts that are part of the same cell; the
structure of the cell is given by the 3; relations (see Fig. 3.6).

This decomposition process can be applied for any 2D oriented quasi-
manifold without boundary. A subdivision of a plane is depicted in Fig. 3.4,
a subdivided torus is depicted in Fig. 3.7.

As for the 1D case, several 2D oriented quasi-manifolds can be simultane-
ously represented. Each quasi-manifold is described by a distinct connected
component, the whole 2-map describes all the considered objects. Two darts
dy and ds belong to the same connected component if there is a path of darts
two by two linked by 1 or by 82 between d; and ds. For any dart d, (81, 52)(d)
denotes the connected component containing d: starting from d, the set of all
the darts of its connected component is retrieved by applying 51 and (s as
many times as possible.

3.1.1.3 3D

Of course, a similar process can be used to decompose a 3D oriented quasi-
manifold without boundary in order to obtain a 3-map. The 3D quasi-manifold
depicted in Fig. 3.8(a) is composed by three volumes (a hexahedron in dark
gray, a pyramid with square base in light gray plus an unbounded volume), ten
faces, sixteen edges and nine vertices. First, the quasi-manifold is decomposed
into isolated oriented volumes by splitting each face in two. This produces the
set of isolated oriented volumes shown in Fig. 3.8(b); the information that two
split faces described the same face before the split is represented by adding a
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(a) (b) (c)

FIGURE 3.6

Examples of cells in the 2-map of Fig. 3.5(a).
(a) The 0-cell (vertex) containing dart 1.

(b) The 1-cell (edge) containing dart 1.

(c) The 2-cell (face) containing dart 1.

(a) (b)

FIGURE 3.7

(a) A 2D oriented quasi-manifold without boundary, which is a subdivision of
a torus surface in one face, two edges and one vertex.

(b) This 2-map containing four darts describes the previous subdivision.
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(a)

FIGURE 3.8

(a) A 3D oriented quasi-manifold without boundary.

(b) The decomposition of the 3D oriented quasi-manifold produces a set of
isolated oriented volumes linked by fs.

(¢) The decomposition of the oriented surfaces describing the boundary of the
isolated volumes produces a set of isolated oriented faces linked by 5.

relation (s linking the two faces (which is symmetric). Each volume can be
described by its boundary which is an oriented surface, i.e. a 2D oriented quasi-
manifold without boundary. Thus the decomposition process presented above
for 2D quasi-manifolds can be applied. Each oriented surface is decomposed
into isolated faces by splitting each edge in two. This produces the set of
isolated oriented faces given in Fig. 3.8(c). Each face can be described by its
boundary which is an oriented polygonal curve.

Then each oriented polygonal curve is decomposed into oriented edges by
splitting each vertex in two, producing the set of isolated oriented edges given
in Fig. 3.9(a): this is the set of darts of the 3-map. In order to obtain the
3-map describing the original 3D oriented quasi-manifold, all 8 relations are
transferred on the darts. This is straightforward for §; and (5 since they
are already defined on the oriented edges which correspond exactly to the
darts. But this is not the case for 83 which links pairs of oriented faces. Since
these oriented faces are split in darts by the same decomposition process,
two isomorphic sets of darts are obtained at the end. Thus the (3 relation
between two oriented faces can be directly reported on the darts that describe
the two faces. Two darts are linked by B3 if they belong to two faces linked by
B3, and if they belong to two split edges that were the same edge before the
decomposition. Since the two split parts of a same face are coherently oriented
(i.e. in reverse directions), and since all the darts of these two parts are linked
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(c)

FIGURE 3.9

(a) The decomposition of the oriented polygonal curves describing the bound-
ary of the isolated faces of Fig. 3.8(c) produces a set of isolated oriented edges
linked by 5.

(b) Corresponding 3-map.

(¢) Zoom on the face separating the hexahedron and the pyramid.

two by two by 3, we get the important property that 8; o 3 is an involution,
i.e. By 0 B3 = B30 Byt This property can be checked in Fig. 3.9(c) which
is a zoom on the face separating the hexahedron and pyramid: f3(15) = 33,
B3(16) = 36, B3(17) = 35 and F5(18) = 34. Note that 8; o B3 is an involution;
for example 31 o $5(15) = 34 and 31 o B3(34) = 15.

Figure 3.9(b) shows the representation of 3-maps, where each dart is drawn
as an oriented segment; two darts linked by (3; are drawn consecutively; two
darts linked by B3 are drawn in parallel with reverse orientations, and joined
by a small gray segment; generally (3 relations are not graphically represented,
since they can be retrieved from the shapes of faces. However, some (3 relations
are sometimes explicitly drawn in order to emphasize some specific relations.

Figure 3.10 shows the three volumes of the 3-map given in Fig. 3.9(b).
Figure 3.10(a) represents the volume describing the unbounded volume sur-
rounding the hexahedron and the pyramid.

In a 3-map, each dart corresponds to a part of a vertex v, a part of an
edge e, a part of a face f and a part of a volume vol of the initial 3D oriented
quasi-manifold, these four cells v, e, f and vol being incident to each other.
As in the previous 2D case, the set of the darts describing a cell corresponds
to a specific orbit:

e (B, P2)(d) is the volume containing dart d;
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(a) (b) (c)

FIGURE 3.10
(a), (b) and (c): separated representations of the three volumes of the 3-map
given in Fig. 3.9(b).

e (f1,085)(d) is the face containing d;
e (2, 83)(d) is the edge containing d;
e (B20B7 ", Bz 0B ) (d) is the vertex containing d.

Some examples of cells of the 3-map depicted in Fig. 3.9(b) are represented
in Figs. 3.10 and 3.11. Figure 3.10 gives the three volumes of the 3-map. In
Fig. 3.11, darts belonging to the considered cell are drawn in bold black.
(a) represents the face containing dart 18, described by the eight darts of
(81, B3)(18), (b) the edge containing dart 18, described by the six darts of
(B2, B3)(18), and (c) the vertex containing dart 18, described by the ten darts
of (B2 0 B ", B3 0 B )(18).

As for the previous dimensions, several 3D oriented quasi-manifolds can
be simultaneously represented. In this case, each quasi-manifold is described
by a distinct connected component of the same 3-map that describes all the
considered objects. Two darts d; and ds belong to the same connected compo-
nent if there is a path of darts two by two linked by 1, 82 or by 53 between d;
and dy. For any dart d, (01, B2, B3)(d) is the connected component containing
dart d.

3.1.2 Objects with Boundary

The process of successive decompositions introduced in the previous section
can be applied also in order to extract n-maps from oriented subdivisions of
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FIGURE 3.11

Examples of cells in a 3-map.
(a) Face containing dart 18.
(b) Edge containing dart 18.
(¢) Vertex containing dart 18.

quasi-manifolds with boundaries. The principle is similar, i.e. cells are pro-
gressively decomposed by decreasing dimensions, the only difference being
that i-cells that belong to a boundary are not split, because these cells belong
to the boundary of only one (i + 1)-cell.

3.1.2.1 1D

In 1D, an oriented quasi-manifold with boundary is an open oriented polygonal
curve. In the example depicted in Fig. 3.12(a), the object is composed by four
edges (labeled from e; to e4) and five vertices (labeled from v; to ws). The
curve is decomposed into edges by splitting each vertex in two, except vertices
that belong to a boundary (vertex vy and vs in this example). Indeed, such a
vertex belongs to the boundary of only one edge and thus does not need to
be split. As before, a dart represents an oriented edge and its origin vertex.
Thus, four darts exist, corresponding to (v, e1), (va,e2), (vs,e3) and (vy,eq).
vs is not explicitly represented in this case'.

The dart describing a nonsplit vertex has no dart before it in the oriented

IThis is generally not a problem because this case does not occur in practice. Moreover,
if needed, this case can be considered specifically to retrieve the missing vertex. Indeed, a
dart corresponds to an oriented edge; it is thus possible to explain all notions by associating
an oriented edge and its two incident vertices with a dart. We chose to describe all notions
related to n-maps by associating an oriented edge and its origin vertex with a dart in order
to simplify several explanations.
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FIGURE 3.12

(a) A 1D oriented quasi-manifold with boundary.

(b) The decomposition of the polygonal curve produces a set of isolated ori-
ented edges linked by (.

(¢) Corresponding 1-map.

polygonal curve (dart 1 in the example). At the other extremity of the polyg-
onal curve, there is one edge (e4 in the example) which has only its starting
vertex described. In the corresponding 1-map, the dart describing this edge
has no successor for 8y (dart 4 in the example): to encode this fact, the par-
ticular value @ is used, and (1(4) = &. More generally dart d is 1-free iff
£1(d) = @.

As for 1D quasi-manifolds without boundary, each dart describes a vertex
and an edge. Due to the presence of 1-free darts, 8y relation is no more a
permutation but a partial permutation (several darts can be linked to @ by

p1).

3.1.2.2 2D

In 2D, an oriented quasi-manifold with boundary (an oriented surface with
boundary, see example in Fig. 3.13) is decomposed into isolated faces by split-
ting each edge in two, except edges that belong to a boundary (such as edge
es in this example). Indeed, such an edge belongs to the boundary of only one
face and thus does not need to be split. By definition, the corresponding dart
is free and it has @ as image by (2. Then each polygonal curve, with or with-
out boundary, is decomposed. This produces the 2-map shown in Fig. 3.13(d)
that contains twelve darts. Darts 2,3,7,10,11,12 belong to a boundary, so
they are 2-free as they have & as image by B2 (for example §2(2) = @ and
dart 2 is said 2-free).

By comparison with the case of 2D oriented quasi-manifold without bound-
aries, fs is now a partial involution and no more an involution. There is no
modification for the definition of cells, however different types of cells can be
distinguished. A vertex and a face can be either a cycle of darts (case without
boundary) or a sequence of darts (case with boundary); and an edge can be
composed by one dart (case with boundary) or two darts (case without bound-
ary). There is also no difference for the definition of connected components.
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FIGURE 3.13

(a) A 2D oriented quasi-manifold with boundary.

(b) The decomposition of the surface produces a set of isolated oriented faces
linked by Ss.

(c¢) Result of the decomposition of the oriented polygonal curves describing
the boundary of the isolated oriented faces.

(d) Corresponding 2-map.
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(b) (c)

FIGURE 3.14

(a) A 3D oriented quasi-manifold with boundary.

(b) The decomposition of the 3D oriented quasi-manifold produces a set of
isolated oriented volumes linked by fs.

(¢) The decomposition of the oriented surfaces describing the boundary of the
isolated volumes produces a set of isolated oriented faces linked by (5.

3.1.2.3 3D

The 3D oriented quasi-manifold with boundary given in Fig. 3.14 is composed
by three volumes (a hexahedron in dark gray and two pyramids with square
bases), thirteen faces, eighteen edges and nine vertices. It is decomposed into
isolated volumes (see Fig. 3.14(b)) by splitting each face in two, except faces
that belong to a boundary. In the example, only three faces do not belong to
a boundary (two faces between the cube and the two pyramids, and one face
between the two pyramids). Indeed, a face that belongs to a boundary belongs
to only one volume and thus does not need to be split. For these faces, there
is no other face in relation by B3 and thus by definition their darts have @&
as image by [3: these darts are 3-free. Then each oriented surface, with or
without boundary, is decomposed, producing a set of isolated oriented faces
(see Fig. 3.14(c)).

Lastly each oriented curve, with or without boundary, is decomposed into
a set of isolated oriented edges that correspond to darts (see Fig. 3.15(a)). The
different S relations are reported on darts similarly than for the case without
boundary, producing the 3-map represented in Fig. 3.15(b). Darts belonging
to a boundary do not have another dart in relation by (3. For such a dart
d, B3(d) = @ and d is 3-free (e.g. darts 1,2,3,4 in this example). Look at
the face separating the hexahedron and the white pyramid (see Fig. 3.15(c)):
B3(5) = 12, B3(6) = 11, B3(7) = 10 and B3(8) = 9. It can be checked that
B10 83 is a partial involution (for example 81 083(6) = 12 and 1 035(12) = 6).

By comparison with the case of 3D oriented quasi-manifold without bound-
ary, O3 is no more an involution but a partial involution, and 31 o 3 is also a
partial involution (as a partial permutation and a partial involution are com-
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FIGURE 3.15

(a) The decomposition of the oriented polygonal curves describing the bound-
ary of the isolated faces of Fig. 3.14(c) produces a set of isolated oriented
edges linked by ;.

(b) Corresponding 3-map.

(¢) Zoom on the face separating the hexahedron and the white pyramid.

posed). Note that the 3D oriented quasi-manifold can contain one or several
connected components.

There is no modification for the definitions of edges, faces and volumes,
however the definition of vertices is different. Indeed, when the 3-map has
no boundary, the set of darts that belong to the same vertex than d is (89 o
61_1, B3 oﬁl_1> (d). By definition of orbits, this set of darts contains all the darts
that can be obtained from d using any combination of 82 o 81 Land B3 o By L
and their inverses. A possible combination is 2 o 81 Lo (B3 o By 1)*1 equals
to (2 o f3. However when considering 3-maps with boundary, this equality
is no more satisfied for 1-free darts. If dart d is such that fS5(d) is 1-free,
B1 oﬁgl(d) = @ and thus By0 87 o f oﬁg_l(d) = &; and if B3(d) is not 2-free,
B2 o Bs(d) # 2.

For this reason, if only the darts of the orbit (8 o 51_1,63 o 51_1>(d) are
taken into account, some darts that describe the same vertex than d could
be omitted. This problem is illustrated in Fig. 3.16 for a 3-map having two
volumes sharing a face having only two darts {5,9} such that $3(5) = 9. This
face has a I-boundary because £1(5) = @ and £1(9) = @. (B2 0 f;*, B3 0
By 1) (1)={1,2} because B0 f; (1) = 2, and all other combinations give & or
dart 1: B0 87 1(2) = @, B0 By 1(2) = @, B0 By (1) = @, frofa(1) = 2,
B10oPs(l) =@, f1052(2) =1, p1 0 83(2) = @: all the darts that describe the
same vertex than dart 1 are not reached.

To solve this problem, 35 o 33 is added to the considered orbit. Thus, the
set of darts describing the same vertex than d is given by the orbit (8; o
Bl_l,ﬂg o 61_1,52 o f3)(d). In the example given in Fig. 3.16, adding B2 o 53
to the generators of the orbit solve the problem: (85 o Bf17ﬁ3 o ﬁfl,/jQ o
B3)(1) = {1,2,3,4,5}. Note that, as for the other cells, the structure of a
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FIGURE 3.16
The definition of vertices for 3-maps without boundary cannot be directly
applied for 3-maps with 1-boundaries.

vertex is given by the relations between the darts of the corresponding orbit.
However, contrary to cells of dimension different to 0, these relations are here
the composition of two permutations, and thus some darts are used, that do
not belong to the vertex.

Several cells for the 3-map depicted in Fig. 3.15(b) are represented in
Fig. 3.17. Darts belonging to the considered cell are drawn in bold black. (a)
represents the volume containing dart 13, described by the twenty four darts
of (B1,52)(13), (b) the face containing dart 13, described by the eight darts
of (81,03)(13), (c) the edge containing dart 13, described by the six darts
of (B2, 33)(13), and (d) the vertex containing dart 13, described by the nine

darts of (81 o B2, 81 0 B3, B2 0 B3)(13).

3.1.3 Generalization in Any Dimension

The process of successive decompositions can be generalized in any dimension.
Starting from an nD oriented quasi-manifold with or without boundary, all
the cells are successively decomposed by decreasing dimensions, from n to 2.
At the end of this process, a set of isolated oriented edges is obtained, which
correspond to the darts of the n-map, plus n relations on these darts. 3 is a
partial permutation while o, ..., 3, are partial involutions.

Each dart d corresponds to an n+ 1 tuple of cells (co, ..., c,) and all these
cells are incident to each other. A dart describes a part of a vertex, a part of
an oriented edge, a part of an oriented face ...a part of an oriented n-cell.
Each i-cell containing dart d is thus a set of darts that can be retrieved thanks
to some specific orbits.

For objects with boundaries, a particular value @ is used and f;(d) = @
encodes the fact that dart d has no neighbor dart for ;.
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FIGURE 3.17

Examples of cells in a 3-map.
(a) Volume containing dart 13.
(b) Face containing dart 13.
(¢) Edge containing dart 13.
(d) Vertex containing dart 13.

3.2 n-Gmaps

For n-Gmaps, the process of successive decompositions is similar to the one
explained in the previous section for n-maps. There are only two differences:

1. the original object is not oriented (it can be orientable or not);

2. one more decomposition is applied: instead of ending the process with
edges, the edges are decomposed into isolated vertices.

Due to these similarities, n-Gmaps are explained using the same examples
presented in the previous section, and all the decomposition steps are not
explained again, but only the last one.
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(b) (c)

FIGURE 3.18

(a) A 1D quasi-manifold without boundary.

(b) The decomposition of the polygonal curve produces a set of isolated edges
linked by «;.

(c) The decomposition of the pair of vertices describing the boundary of the
isolated edges produces a set of isolated vertices linked by ayg.

(d) Representation of the corresponding 1-Gmap. Darts are represented by
black segments, each one being incident to a black disc symbolizing «;, and
to a small gray segment symbolizing .

3.2.1 Objects without Boundary

First let us start with quasi-manifolds without boundary.

3.2.1.1 1D

Look at the 1D quasi-manifold without boundary represented in Fig. 3.18(a).
The curve is decomposed into isolated edges by splitting each vertex in two:
Fig. 3.18(b). A relation «; links two edges that shared a common vertex before
the split. Note that since the quasi-manifold is without boundary, it is sure
that all vertices are paired. Then the boundary of each edge is decomposed
into vertices, producing the set of isolated vertices, called darts, drawn in
Fig. 3.18(c): a relation ag links the two darts that belonged to the same edge
before the split. The set of darts plus the two relations g and «; is the 1-
Gmap describing the initial 1D quasi-manifold (see Fig. 3.18(d)). o and ay
being symmetric, they are involutions.

Darts are drawn by segments, sometimes numbered or labeled. Two darts
linked by «; are drawn consecutively, joined by a small disk (for example
a1(1) = 10 and aq(2) = 3), and two darts linked by g are drawn con-
secutively, separated by a small gray segment (for example ap(l) = 2 and
010(10) = 9)

Each vertex and each edge of the 1D quasi-manifold is described by exactly
two darts in the corresponding 1-Gmap. In the example of Fig. 3.18, vertex v
is described by darts 1 and 10, and edge e; is described by darts 1 and 2. For
this reason, each dart corresponds exactly to a pair of a vertex and an edge
(dart 1 corresponds to the pair (v1,e1)).

The initial 1D quasi-manifold can have multi-incident cells, as the exam-
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FIGURE 3.19

(a) A 1D quasi-manifold without boundary which is a loop.

(b) The decomposition produces two vertices linked together both by ag and
7.

(c) Representation of the corresponding 1-Gmap.

ple shown in Fig. 3.19(a) where vertex vy is incident twice to edge e;. The
corresponding 1-Gmap shown in Fig. 3.19(c) contains only two darts which
are linked together both by oy and a;.

A 1-Gmap can represent several 1D quasi-manifolds and thus can con-
tain several connected components: see for instance three disjoint 1D quasi-
manifolds (Fig. 3.20(a)) and the corresponding 1-Gmap (Fig. 3.20(b)) which
contains three connected components corresponding to sets of darts {1, ...,10},
{11,...,18} and {19,...,24}. Two darts d; and dy belong to the same con-
nected component if there is a path of darts between d; and ds, i.e. a sequence
of darts linked by «g and a;. For any dart d, {(ag, «1)(d) is the connected com-
ponent containing d, and it is easy, starting from d, to retrieve all the darts of
its connected component, by applying o and «; as many times as possible.

3.2.1.2 2D

The same process can be applied for 2D quasi-manifolds without boundary.
The quasi-manifold given in Fig. 3.21(a) is composed of four faces, labeled from
f1 to fa, nine edges and seven vertices. The decomposition process applied to
the example given in Fig. 3.4 page 56 for 2-maps produces here the set of
isolated edges given in Fig. 3.21(b) plus two relations: as links two split edges
and a7 links two split vertices. The only difference with 2-maps is the fact
that the quasi-manifold is not oriented and thus no element is oriented, and
each relation is symmetric. Thus «; and «s are involutions.

Then one more decomposition is added: the boundary of each edge is de-
composed into vertices, producing a set of isolated vertices plus the relation
g that links two vertices that belonged to the same edge before the decom-
position (cf. Fig. 3.21(c)). These isolated vertices are the darts of the 2-Gmap
describing the initial 2D quasi-manifold.

In order to obtain the 2-Gmap describing the original 2D quasi-manifold,
all the o relations are propagated onto darts. This is straightforward for ag
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FIGURE 3.20

(a) Three disjoint 1D quasi-manifolds without boundary.

(b) The corresponding 1-Gmap which contains three connected components:
one for each polygonal curve.

and o since they are already defined on the isolated vertices which correspond
exactly to the darts. But this is not the case for ap which links edges. Since
two linked edges are both described by two darts, the as relation between
the two edges can be directly propagated on the corresponding four darts. As
these four darts are linked two by two by as, ag o as is an involution.

The corresponding 2-Gmap is represented in Fig. 3.21(d). aw is represented
by gray segments across the extremities of the two darts in relation (for ex-
ample as(1) = 19 and a2(2) = 20). Note again that the composition of oy
and as is an involution, i.e. ag o ag = (agp © 042)*1 = ap o ay: for example,
ag o ap(l) = az(2) = 20, and ag o az(1) = ap(19) = 20.

Each dart of a 2-Gmap describes a part of a vertex v, a part of an edge
e and a part of a face f of the initial 2D quasi-manifold, these three cells
v, e and f being incident to each other. For example dart 2 in Fig. 3.21(d)
describes in Fig. 3.21(a) a part of vertex v1, a part of edge e; and a part of
face fo. Fig. 3.22(b) represents the parts of vertex, edge and face of each dart
of the 2-Gmap of Fig. 3.22(a).

The fact that each dart describes a part of a vertex, a part of an edge and
a part of a face has an important consequence for the definition of cells in
n-Gmaps. Indeed, the set of all the darts which are part of a same cell has to
be taken into account in order to describe the whole cell. Such sets of darts
can be retrieved from a given dart d thanks to some specific orbits:

e {(ap,a)(d) is the face containing dart d;
o {(ap,az)(d) is the edge containing dart d;
e (o, a)(d) is the vertex containing dart d.

For example, in the 2-Gmap given in Fig. 3.22(a), the vertex contain-
ing dart 2 is (g, @2)(2) = {2,3,10,11,20,21}; the edge containing dart 2 is
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FIGURE 3.21

(a) A 2D quasi-manifold without boundary.

(b) The decomposition of the surface produces isolated faces, and the decom-
position of the polygonal curves describing the boundary of the isolated faces
produces isolated edges linked by relations oy and «s.

(¢) The decomposition of the pair of vertices describing the boundary of the
isolated edges produces a set of isolated vertices linked by ag.

(d) Representation of the corresponding 2-Gmap.

(g, @2)(2) = {1,2,19,20} and the face containing dart 2 is {(ag,@1)(2) =
{1,2,3,4,5,6,7,8}. More generally, each cell is composed by the set of all the
darts that are part of the same cell; the structure of the cell is given by the
«ay; relations (see Fig. 3.23).

This decomposition process is valid for any 2D quasi-manifold without
boundary: cf. Fig. 3.24 for an example with a torus.

A 2-Gmap can have several connected components. Two darts d; and do
belong to the same connected component if there is a path of darts two by two
linked by «g, a1 or by ay between dy and dy. For any dart d, {ag, a1, as)(d)
denotes the connected component containing d: starting from d, the set of all
the darts of its connected component can be retrieved by applying «g, o1 and
9.
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FIGURE 3.22

(a) 2-Gmap of the example of Fig. 3.21.

(b) Representation showing for each dart, its corresponding parts of vertex,
edge and face.

3.2.1.3 3D

Of course, a similar process can be applied to a 3D quasi-manifold without
boundary in order to obtain a 3-Gmap. The decomposition process applied to
the example given in Figs. 3.8 and 3.9 page 60 for 3-maps produces the set of
isolated edges given in Fig. 3.25(b) plus three relations: as links two split faces,
as links two split edges and «a; links two split vertices. The only difference
with the same process for 3-maps is the fact that each relation is symmetric
since the 3D quasi-manifold is not oriented and thus the three relations aj,
a9 and «as are involutions.

Then, the boundary of each edge is decomposed into vertices, producing a
set of isolated vertices plus the relation a that links two vertices that belonged
to the same edge before the decomposition (cf. Fig. 3.25(c)). These isolated
vertices are the darts of the 3-Gmap.

In order to obtain the 3-Gmap describing the original 3D oriented quasi-
manifold, all « relations are propagated onto the darts. For ag, a7 and ag,
this is done as above for the 2D case. The a3 relation links split faces into
pairs: since these faces are split into darts by the same decomposition process,
each split face corresponds to an orbit for ag and a1, and two corresponding
split faces are isomorphic. Thus the ag relation between two split faces can
be directly propagated on the corresponding darts. Two darts are linked by
as if they belong to two corresponding split faces, and if they belong to two
split vertices (resp. edges) that were the same vertex (resp. edge) before the
decomposition. Since all the darts of the two split parts of a same face are
linked two by two by as, ap o az and oy o ag are two involutions.

The corresponding 3-Gmap is given in Fig. 3.26(a). a3 is generally not
represented in figures since it can be retrieved from the shapes of faces. Look
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Examples of cells for the 2-Gmap of Fig. 3.22(a).
(a) The 0-cell (vertex) containing dart 2.

(b) The 1-cell (edge) containing dart 2.

(c¢) The 2-cell (face) containing dart 2.

at the face separating the hexahedron and pyramid given in Fig. 3.26(b):
az(l) =9, az(2) = 10, ..., a3(8) = 16 (and conversely). Thus, it can be
checked that ag o a3 and a; o a3 are involutions: for example ag o ag(1) =
ap(9) = 10 and ag o a3(10) = ap(2) = 1, and a; o az(1) = @1(9) = 16 and
a0 a3(16) = a1 (8) = 1.

Figure 3.27 shows the three volumes of the 3-Gmap given in Fig. 3.26(a).
Figure 3.27(a) is the volume describing the unbounded volume surrounding
the hexahedron and the pyramid.

In a 3-Gmap, each dart corresponds to a part of a vertex v, a part of an
edge e, a part of a face f and a part of a volume vol of the initial 3D quasi-
manifold, these four cells v, e, f and vol being incident to each other. As in
the previous 2D case, each cell corresponds to a specific orbit:

e (g, a1,az)(d) is the volume containing dart d;

(d)
o (o, aq,as3)(d) is the face containing d;
(d)

e (g, as,a3)(d) is the edge containing d;

( )
( )
( )
( )

e (a1, a,as)(d) is the vertex containing d.

Several cells of the 3-Gmap given in Fig. 3.26(a) are represented in Figs. 3.27
and 3.28. Figure 3.27 gives the three volumes of the 3-Gmap. In Fig. 3.28, darts
belonging to the considered cell are drawn in bold black. (a) represents the
face containing dart 1, described by the sixteen darts of (ag, a1, a3)(1), (b) the
edge containing dart 1, described by the twelve darts of (ag, @z, a3)(1), and (c)
the vertex containing dart 1, described by the twenty darts of (a1, ag, ag)(1).

As for the previous dimensions, several 3D quasi-manifolds can be de-
scribed by one 3-Gmap containing several connected components. T'wo darts
dy and ds belong to the same connected component if there is a path of darts
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FIGURE 3.24

(a) A 2D quasi-manifold without boundary which is a subdivision of a torus
surface into one face, two edges and one vertex.

(b) The 2-Gmap containing eight darts which describes the previous subdivi-
sion.

two by two linked by ag, a1, as or by az between d; and ds. For any dart d,
(g, 1, g, ar3)(d) is the connected component containing dart d.

3.2.2 Objects with Boundary

The principle is similar for subdivisions of quasi-manifolds with boundaries.
Cells are progressively decomposed by decreasing dimensions, except ¢-cells
that belong to a boundary, to obtain n-Gmaps.

3.2.2.1 1D

The 1D quasi-manifold with boundary given in Fig. 3.29 is decomposed into
edges by splitting each vertex in two, except vertices that belong to a bound-
ary (v; and vs in this example). Then each edge is decomposed into vertices
producing the darts. Only one dart corresponds to a nonsplit vertex: to en-
code this fact, a;(d) = d (in the example, a1(1) = 1 and a;(8) = 8): dart d
is 1-free. As for 1D quasi-manifolds without boundary, each dart describes a
part of a vertex and of an edge. Moreover, thanks to the convention used to
describe free darts, oy and «; are still involutions.

3.2.2.2 2D

The 2D quasi-manifold with boundary given in Fig. 3.30 is decomposed, using
the same decomposition process than for the example given in Fig. 3.13 page 65
for 2-maps, producing the set of isolated edges given in Fig. 3.30(b) plus two
relations: as links two split edges and «a; links two split vertices. Edges that
belong to a boundary are not split, and for such an edge as is equal to the
identity. Then each edge with or without boundary is decomposed, producing
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FIGURE 3.25

(a) A 3D quasi-manifold without boundary.

(b) The decomposition of the 3D quasi-manifold, then the decomposition of
the surfaces describing the boundary of the isolated volumes and then the
decomposition of the polygonal curves describing the boundary of the isolated
faces produces a set of isolated edges linked by relations a1, as and as.

(¢) The decomposition of the pair of vertices describing the boundary of the
isolated edges produces a set of isolated vertices linked by ayg.

(b)

FIGURE 3.26
(a) 3-Gmap describing the 3D quasi-manifold without boundary given in

Fig. 3.25(a).
(b) Zoom on the face separating the hexahedron and pyramid.
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(a) (b) (c)

FIGURE 3.27
(a), (b) and (c): separated representations of the three volumes belonging to
the 3-Gmap given in Fig. 3.26(a).

the darts (see Fig. 3.30(c)). The 2-Gmap given in Fig. 3.30(d) contains twenty-
four darts. The twelve darts corresponding to the boundary of the surface are
5,6,7,8,13,14,15,16,17, 18,23, 24: for example as(5) = 5 and dart 5 is said
2-free.

As for the case of 2D quasi-manifold without boundaries, «g, a1 and asg
are all involutions. Cells are defined as before, however different types of 1-
cells can be distinguished: an edge can be composed by one, two or four darts.
Note also that a 2-Gmap can still describe several connected components of
2D quasi-manifolds with or without boundaries.

3.2.2.3 3D

The decomposition process applied to the 3D quasi-manifold with boundary
given in Fig. 3.31 (using the same decomposition process than for the example
given in Figs. 3.14 and 3.15 page 66 for 3-maps) produces the set of isolated
edges given in Fig. 3.31(b) plus three relations: a3z links two split faces, s
links two split edges and «; links two split vertices. Each relation is symmetric
and thus a1, as and a3 are involutions. In the example, only three faces do
not belong to a boundary (two faces between the cube and the two pyramids,
and one face between the two pyramids). All other faces are not split and for
them, a3 is equal to identity. Then each edge with or without boundary is
decomposed, producing the darts (see Fig. 3.31(c)).

The final 3-Gmap describing the 3D quasi-manifold with boundary given in
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Examples of cells in a 3-Gmap.
(a) Face containing dart 1.

(b) Edge containing dart 1.

(c) Vertex containing dart 1.

Fig. 3.31(a) is represented in Fig. 3.32. Darts corresponding to the boundary
of the 3D quasi-manifold are 3-free, i.e. they are fixed points for as. Look
at the face separating the hexahedron and pyramid, given in Fig. 3.32(b):
a3(1) =9, a3(2) =10, ..., a3(8) = 16 (and conversely). agoas and a;joag are
involutions on these darts, and this is also the case for the darts corresponding
to the boundary.

A 3-Gmap composed by several connected components can represent sev-
eral 3D quasi-manifolds with or without boundaries and the definition of cells
is unchanged.

Several cells of the 3-Gmap given in Fig. 3.32(a) are represented in Fig. 3.33.
Darts belonging to the considered cell are drawn in bold black. (a) repre-
sents the volume containing dart 17, described by the forty eight darts of
(v, a1, a2)(17), (b) the face containing dart 17, described by the sixteen darts
of {ag, a1, a3)(17), (c) the edge containing dart 17, described by the twelve
darts of (o, a2, @3)(17), and (d) the vertex containing dart 17, described by
the eighteen darts of (ag, oy, a2)(17).

3.2.3 Generalization in Any Dimension

As for n-maps, the process of successive decompositions can be generalized in
any dimension. Starting from an nD quasi-manifold with or without boundary,
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FIGURE 3.29

(a) A 1D quasi-manifold with boundary.

(b) The decomposition of the polygonal curve produces a set of isolated edges
linked by a;.

(¢) The result of the decomposition of the pair of vertices describing the
boundary of the isolated edges.

(d) Representation of the corresponding 1-Gmap.

l& 3
v

(a) A 2D quasi-manifold with boundary.

(b) The decomposition of the surface in isolated faces, then the decomposition
of the polygonal curves describing the boundary of the isolated faces produces
a set of isolated edges linked by relations «; and as.

(¢) Result of the decomposition of the pair of vertices describing the boundary
of the isolated edges.

(d) Representation of the corresponding 2-Gmap.
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(a) (b) (c)

FIGURE 3.31

(a) Example of 3D quasi-manifold with boundary.

(b) Result of the decomposition of the 3D quasi-manifold into isolated vol-
umes, the decomposition of the surfaces describing the boundary of the iso-
lated volumes and the decomposition of the polygonal curves describing the
boundary of the isolated faces.

(c) Result of the decomposition of the pair of vertices describing the boundary
of the isolated edges.

(a) (b)

FIGURE 3.32

(a) 3-Gmap describing the 3D quasi-manifold with boundary given in
Fig. 3.31(a).

(b) Zoom on the face separating the hexahedron and the white pyramid.
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FIGURE 3.33

Examples of cells in a 3-Gmap.
(a) Volume containing dart 17.
(b) Face containing dart 17.
(c) Edge containing dart 17.
(d) Vertex containing dart 17.

all the cells are successively decomposed by decreasing dimensions, from n to
1. At the end of this process, a set of isolated vertices is obtained, which
correspond to the darts of the n-Gmap, plus n + 1 involutions on these darts
Qpy ...y Qp.

Each dart d corresponds to an n + 1 tuple of cells (co,...,c,) and all
these cells are incident to each other. A dart describes a part of a vertex, a
part of an edge, a part of a face ...a part of an n-cell. Each i-cell containing
dart d is thus a set of darts that can be retrieved thanks to some specific
orbits. As before, the notion of incidence and of adjacency between cells can
be transposed directly on the corresponding set of darts.

For objects with boundaries, «;(d) = d encodes the fact that dart d has
no neighbor dart for «;. This is different for n-maps, for which the convention
is: B;(d) = @. Indeed, for n-maps, a dart d such that 8;(d) = d is a loop (cf.
chapter 8 for explanations based on simplicial interpretation).



4

n-Gmaps

An n-Gmap is a combinatorial data structure allowing to describe an
n-dimensional orientable or nonorientable quasi-manifold with or without
boundary. An intuitive presentation of n-maps and n-Gmaps is provided in
the previous chapter.

In this chapter, n-Gmaps are defined in Section 4.1, as the basic notions of
cells, incidence and adjacency relations between the cells. Some basic opera-
tions allowing to modify existing n-Gmaps are presented in Section 4.2. These
operations allow to add/remove darts, increase/decrease the dimension of an
n-Gmap, merge/split n-Gmaps; the sew/unsew operations allow to identify
cells. It is shown in Section 4.3 that these operations make a small basis of
operations allowing to build any n-Gmap. Moreover, multi-incidence between
cells can be taken into account with n-Gmaps, and some specific configurations
related to multi-incidence are illustrated, such as dangling cells and folded
cells. In Section 4.4, a possible data structure for implementing n-Gmaps is
presented, and also some algorithms allowing to develop a computer software
handling n-Gmaps. Section 4.5 contains some additional notions related to
n-Gmaps.

In this book, n-Gmaps are studied before n-maps, because their definition
is simpler: it is homogeneous, i.e. all functions involved in their definition are
involutions. This simplifies many definitions and algorithms.

4.1 Basic Definitions

As explained in the previous chapter, an n-Gmap is defined by a set of darts
on which act n + 1 involutions, satisfying some composition constraints. This
leads to the following definition of n-Gmaps.

Definition 1 (n-Gmap) An n-dimensional generalized map, or n-Gmap,
with 0 < n, is an (n + 2)-tuple G = (D, «y, . . ., a,) where:

1. D is a finite set of darts;
2. Vi €{0,...,n}: a; is an involution on D;

3. Vie{0,....n—=2},Vje{i+2,...,n}: o; 0 is an involution.

83
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FIGURE 4.1

Examples of 1-Gmap, 2-Gmap and 3-Gmap.
(a) A 1-Gmap (D, ap, aq).

(b) A 2-Gmap (D, ap, a1, az).

(¢) A 3-Gmap (D, ag, a1, iz, i3).

A 0-Gmap (D, o) represents the structure (the topology) of a set of iso-
lated vertices, or pairs of vertices (corresponding thus to 0-spheres); a 1-Gmap
(D, a, a1) represents the structure of a set of polygonal curves with or without
boundaries (cf. Fig. 4.1(a)); a 2-Gmap (D, ag, a1, ) represents the structure
of a set of surfaces (cf. Fig. 4.1(b)); a 3-Gmap (D, ag, a1, ae, a3) represents
the structure of assemblies of volumes (cf. Fig. 4.1(c)). ..

As seen before, darts can be linked with themselves for some involutions
when describing objects with boundaries. Dart d is i-free if it is linked with
itself by «;, and it is i-sewn otherwise (cf. Def. 2 and example in Fig. 4.2).

Definition 2 (i-free, i-sewn) Let G = (D, aq,...,a,) be an n-Gmap, d €
D, andi€{0,...,n}:

o d is i-free if a;(d) = d;
o d is i-sewn with dart dy € D if a;(d) = dy and d # ds.

When a dart is free for an involution, it is a fized point for this involution.

For practical applications, it may be useful to handle objects with bound-
aries. Usually, a 3-dimensional subdivided object embedded into the usual
3-dimensional Euclidean space has 2-dimensional boundaries, which are sur-
faces without boundaries: it is composed by volumes, which boundaries are
also surfaces without boundaries. So, these objects can be represented by a
3-Gmap, such that all darts are 0-sewn, 1-sewn, 2-sewn, and some darts can
be 3-free. More generally, all involutions are often without fixed points, except
Q-

However, in all generality, boundaries can exist in all dimensions: for in-
stance, assume an n-dimensional object is cut by another object, for instance
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FIGURE 4.2

A 2-Gmap with 0-boundary, 1-boundary and 2-boundary.

For example, dart 1 is O-free, i.e. ag(1) = 1. Thus dart 1 belongs to an edge
incident to only one vertex.

Dart 2 is 1-free, i.e. a1(2) = 2, so it belongs to an edge, such that no other
edge is incident to the same vertex and to the same face.

Dart 3 is 2-free, i.e. a3(3) = 3, thus dart 3 belongs to an edge which is incident
to only one face.

by an (n — 1)-dimensional hyperplane: this hyperplane can cut cells of any di-
mensions, creating boundaries of any dimensions. An é-boundary (or a bound-
ary in dimension 7) corresponds to the fact that darts can be i-free (for any
i).

As we have seen in the intuitive presentation, an n-Gmap can have different
connected components. The set of darts that belong to the same connected
component than a given dart can be retrieved, thanks to Def. 3: a connected
component corresponds to an orbit for all involutions.

Definition 3 (connected component) Let G = (D, «o,...,ay) be an n-
Gmap and d € D. {ag,...,an)(d) is the connected component containing d.

As said before, according to the context, an orbit denotes either a set of
darts or this set of darts with the corresponding involutions. Thanks to this
definition, we can directly test if a given n-Gmap is connected, i.e. made of
only one connected component, simply by testing if the connected component
of a dart is the set of all the darts of the n-Gmap (cf. Def. 4).

Definition 4 (connected n-Gmap) Let G = (D, ay,...,a,) be ann-Gmap.
G is connected iff {«g, ..., an)(d) is equal to D, with d € D.

Remember that a graph can be associated with a discrete structure such as
an n-Gmap: a node of the graph corresponds to a dart, and an edge numbered
1 links two nodes corresponding to two darts linked by «; (when a dart is a
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fixed point for some involution, the corresponding edge in the graph is a loop).
So, many notions related to graph theory can be directly applied to n-Gmaps.
For instance, as for graph theory, the notion of connexity is related to the
notion of path given in Def. 5.

Definition 5 (path) Let G = (D, «aq,...,qy) be an n-Gmap and d,d’ € D.
A path between d and d' is a sequence of darts (di,...,dy) such that dy = d,
dp =d and Vi € {2, .. .,k}, d; = O‘ki(di—l); with k; € {0, ce ,TL}.

Given any pair of darts d and d’ that belong to the same connected com-
ponent, there exists a path between d and d’. Reciprocally, if d and d’ do not
belong to the same connected component, there is no path between d and d’.

As seen in the previous chapter, a dart corresponds to an (n + 1)-tuple of
incident cells of different dimensions (vertex, edge, face, volume ... ). In other
words, a dart describes a “small part” of each cell, this explains why cells are
not the basic elements of n-Gmaps, contrary to incidence graphs for instance.
A consequence is the fact that very local notions and operations can be defined:
for instance, if an edge is a loop, we can distinguish its two extremities, even
if it is incident to only one vertex (cf. example in Fig. 3.19 page 71). More
generally, n-Gmaps naturally take multi-incidence into account, and this can
be useful for representing free-form objects.

As seen in the intuitive presentation, a cell containing a given dart corre-
sponds to a specific orbit (cf. Def. 6).

Definition 6 (i-cell) Let G = (D, o, ...,a,) be an n-Gmap, d € D, and
i €{0,...,n}. The i-dimensional cell (or i-cell) containing d is
Cl(d) = <040, ey Oy gy e e ey Otn>(d)

The cells can equivalently be defined as connected components of the (n —
1)-Gmap of cells defined in Def. 7.

Definition 7 ((n — 1)-Gmap of i-cells) Let G = (D, o, ...,qy,) be an n-
Gmap, n > 0, and i € {0,...,n}. The (n — 1)-Gmap of i-cells is G., =
(D, gy oy i1, Qg 1, -« - ). When n =0, D is the set of 0-cells.

Thanks to this definition of cells, incidence and adjacency relations be-
tween cells can be easily expressed (cf. Def. 8).

Definition 8 (incidence and adjacency) Let G = (D, ay,...,a,) be an
n-Gmap, d,d' € D, and i,j € {0,...,n}, i # j.

o cells ¢;(d) and cj(d') are incident iff ¢;(d) Ne;(d") # 0;

o cells ¢;(d) and c;(d") are adjacent iff 3d1 € ¢;(d) and Idy € ¢;(d'),
d1 7é dg, such that d1 = Oéi(dg).
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Note that, according to this definition, a cell is never incident to itself since
1 must be different from j, but it can be adjacent to itself: for instance a loop
is adjacent to itself, and more generally cells can be multi-incident to other
cells: cf. Section 4.3.

It is possible to test if two n-Gmaps describe the topology of the same
subdivision, i.e. the same set of cells and the same structure of incidence
relations. This corresponds to the isomorphism notion. Two n-Gmaps are iso-
morphic if there is a one-to-one mapping between their darts which preserves
all involutions (cf. Def. 9).

Definition 9 (isomorphism) Two n-Gmaps G = (D, g, ...,ay) and G' =
(D', af, ... ah) are isomorphic if there exists an isomorphism mapping D
onto D', i.e. a one-to-one mapping [ : D — D', such that Vd € D, Vi €
{0,...,n}: flai(d)) = oi(f(d)).

It is also possible to test if an n-Gmap G’ is included in a second n-
Gmap G, or in other words if there exists a part of G being isomorphic to G'.
An n-Gmap is subisomorphic to a second one if an injective mapping exists
between the darts of the first n-Gmap onto the darts of the second n-Gmap
that preserves all the involutions inside the concerned part of the second n-
Gmap (cf. Def. 10 and example in Fig. 4.3).

Definition 10 (subisomorphism) Ann-Gmap G' = (D', af, ..., al) isiso-
morphic to a submap of G = (D, «ay, . .., ) if there exists a subisomorphism
between D' and D, i.e. an injective mapping f : D' — D, such that Vd € D',
Vie{0,...,n}:

e if d is not i-free, then f(a4(d)) = a;(f(d));
o otherwise, either f(d) is i-free, or Vdy, € D', f(dy) # a;(f(d))).

4.2 Basic Operations

In the previous section, several basic definitions concerning n-Gmaps have
been introduced. Now some basic operations are defined, allowing to modify
existing n-Gmaps. Note that many high level operations have been defined,
sometimes based on these basic ones, allowing to directly construct and modify
n-Gmaps. Even if the basic operations introduced here can be directly used
to interactively construct an object, their interest is mainly theoretical by
providing a small basis of operations allowing to build any n-Gmap. The high
level operations usually handle orbits, as cells for instance, although basic
operations handle directly the darts and the involutions. All these operations
take as input an n-Gmap and produce another n-Gmap which is the result of
the operation.
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FIGURE 4.3

Submap isomorphism example.

(a) A 2-Gmap G.

(b) 2-Gmap G’ which is a submap of G as it is obtained from G by deleting
the six darts in c2(5) and the ten darts in co(7).

(¢) 2-Gmap G” which is not isomorphic to a submap of G as the injection f
that respectively matches darts 1” to 4” to darts 1 to 4 does not verify the
conditions of Def. 10: dart 1” is 2-free and it is matched with dart 1 which is
2-sewn with dart 3 which is itself matched with 37 (i.e. f=1(3) = 3").

4.2.1 Basic Tools

The first basic tool consists in adding a new dart in an n-Gmap. To guaranty
the validity of the n-Gmap, the new dart is isolated, i.e. it is free for all
dimensions (Vi € {0,...,n}, a;(d) = d). This operation can be used several
times to add any number of isolated darts in the n-Gmap.

Definition 11 (add isolated dart) LetG = (D, ay,...,a,) be ann-Gmap.
The n-Gmap obtained from G by adding an isolated dart d, d ¢ D, is G4q =
(Du{d},ap,...,al), where Vi € {0,...,n}, o is defined by:

e Ve e D, aol(e) = a;(e);
o ol(d) = d.

The inverse operation given in Def. 12 consists in removing an isolated
dart.

Definition 12 (remove isolated dart) Let G = (D, «a,...,ay) be an n-
Gmap and d € D be an isolated dart, i.e. Vi € {0,...,n}, o;(d) = d. The
n-Gmap obtained from G by removing d is G_q = (D\{d}, ay,...,al,), where
Vi € {0,...,n}, of is the restriction of a; to the set of remaining darts, i.e.

i = Qi|p\{d}-
Since only isolated darts are removed, the result of the operation is an

n-Gmap. Note that any dart can be removed, but it is necessary to isolate it
by applying (maybe several times) the unsew operation (cf. Section 4.2.3).
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The operation which increases the dimension of an n-Gmap is straightfor-
ward, and its definition is given in Def. 13. Increasing by one the dimension of
an (n — 1)-Gmap G leads to create one n-cell for each connected component
of G. All i-cells, for 0 < i < n — 1, are not modified by this operation.

Definition 13 (increase dimension) Let G = (D, ag,...,a,—1) be an (n—
1)-Gmap. The n-Gmap obtained from G by increasing its dimension is GT =
(D, ag, .-, 1, ), where au, is the identity on D, i.e. ¥d € D, a,(d) = d.

The operation which decreases the dimension of an n-Gmap G is defined
in Def. 14. This operation is the inverse of the increase dimension operation.
It leads to the disappearance of all the n-cells that were in G.

Definition 14 (decrease dimension) Let G = (D, ayg,...,ap) be an n-
Gmap such that ¥d € D, a,(d) = d. The n-Gmap obtained from G by de-
creasing its dimension is G~ = (D, g, ..., 0p—1).

Note that this operation is restricted to an n-Gmap which has all its darts
n-free, in order to get the inverse of the operation which increases the dimen-
sion. However, it is possible to first n-unsew all the non n-free darts, and then
to decrease the dimension of the resulting n-Gmap.

Two distinct n-Gmaps can be merged into a same n-Gmap, which con-
nected components are thus the connected components of the initial n-Gmaps
(cf. Def. 15). The number of cells (resp. of connected components) of the
resulting n-Gmap is the sum of the numbers of cells (resp. of connected com-
ponents) of the two initial n-Gmaps.

Definition 15 (merge) Let G = (D, ag,...,an) and G' = (D', &, ..., al,)
be two n-Gmaps such that D N D' = (). The n-Gmap obtained by merging G
and G' is GUG' = (D", oy, ...,al), defined by:

e D"=DUD';

"o\ " _ O‘i(d) if d € D;
e Vde D" Vie{0,...,n}, ai(d)—{ al(d) ifdeD.

The reverse operation consists in splitting a given n-Gmap in two. It is
based on the restrict operation defined in Def. 16: it takes as input a given
n-Gmap and a subset of darts which correspond to a set of connected compo-
nents, and build the n-Gmap restricted to this set of darts.

Definition 16 (restrict) Let G = (D, ayp,...,a,) be an n-Gmap, and D’ C
D, such that ¥d € D', Vi € {0,...,n}, a;(d) € D'. The n-Gmap obtained
by restricting G to D" is G|pr = (D', oy, ...,q;), where Vi € {0,...,n},
OZ/L = Oéi|D/ .
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Note that the restrict operation is only possible if the given set of darts D’
corresponds to a set of connected components. Indeed, otherwise, we would
obtain some darts linked with some elements that do not belong to D’, contra-
dicting the involution definition and thus the definition of n-Gmaps. However,
we can use the restrict operation for any set of darts simply by using first the
required unsew operations to isolate this set of darts.

The split operation, given in Def. 17 takes as input an n-Gmap G and
a subset of darts D', and produces two n-Gmaps by using twice the restrict
operation: a first time for D’ and the second time for D\ D’.

Definition 17 (split) Let G = (D, ao,...,a,) be an n-Gmap, and D' C D
such thatVd € D', Vi € {0,...,n}, a;(d) € D'. The two n-Gmaps obtained by
splitting G along D' are G41(D') = G|p: and Gs2(D") = Gp\pr-

It is straightforward to prove that each operation is the inverse of its
corresponding operation. For that, we have to show that starting from G,
using an operation then the corresponding inverse operation, we obtain an
n-Gmap G’ which is isomorphic to G: for each operation, it is easy to choose
the parameters of the operations which lead to this conclusion.

4.2.2 Sew Operations

Intuitively, the i-sew operation allows to “link” some i-free darts by ay, for
a given ¢. In order to satisfy the “composition constraint” of the n-Gmap
definition (i.e. a; o ¢ is an involution for |i — j| > 2), we often need to put
in relation not only two darts but several darts: for instance, if we link two
darts by as in a 2-Gmap, it is necessary to link also the darts which are
associated by «g. For the i-sew operation, we choose to put in relation the
minimal number of darts such that the result of the operation is an n-Gmap.

In fact, the i-sew operation implies some identifications of cells: for in-
stance, when two darts are sewn by as in a 2-Gmap, the corresponding edges
are identified into a single edge: this identification can involve the identifica-
tion of the vertices incident to the initial edges.

For this reason, it is not always possible to apply the i-sew operation:
the cells to identify must have the same structure. More precisely, the two
cells must be isomorphic to each other. Indeed, when two cells have different
structures, we do not know how to do their identification. For example it is not
possible to sew a cube and a tetrahedron since we do not know how to identify
a square face with a triangle face. So, before defining the sew operation, we
need to be able to test if a sew is possible. The property of “being i-sewable”
is detailed in Def. 18.

Definition 18 (i-sewable) Let G = (D, aq,...,ay,) be an n-Gmap, i €
{0,...,n}, d,d" € D. Let o4 denotes (ag,...,Qi—2,Qit2,...,an)(d), and oz
denotes (g, ..., 0i—9, Qiya,...,a,)(d"). d isi-sewable with d' if d # d’, a;(d) =
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d, a;(d') = d' and if a isomorphism!' f exists between og and og, such that
f(d) = d’'. Moreover, if oq = oq then f = f=1.

Considering the whole orbits («og,...,q@i—2,12,...,a,)(d) and
{0y -y Qi—a, @ity ..., an)(d') is required in order to satisfy after the
sew the condition that «; o o is an involution when [¢ — j| > 2: in fact, the
i-sew operation will “link” together all the darts of o4 with the darts of oy .
d and d’ must be i-free, so all the darts in o4 and o4 are also i-free since
a; o ¢y are involutions when |i — j| > 2. d and d’ must be different (otherwise
nothing will be changed by the i-sew). At last, note that it is possible that
04 = og': the corresponding sew will create folded cells (see Section 4.3).

Note that any pair of free darts is always sewable in any 0-Gmap and in
any 1-Gmap. Indeed in these cases, orbits o4 and o4 contain only one dart,
and the set {0,...,4 —2,i4+2,...,n} is empty. This means that we can sew
without precondition any pair of free darts in any 0-Gmap and in any 1-Gmap.

The notion of being i-sewable is used to define the i-sew operation in
Def. 19. After applying the i-sew operation, all the darts in o4 and o4 are
linked by «;. This implies the identification of the two (i — 1)-cells containing
darts d and d’. Moreover, several other cells can be identified i.e. the j-cells
incident to the two identified (¢ — 1)-cells, with j € {0,...,i —2,i+1,...,n}
(cf. below for some examples).

Definition 19 (i-sew) LetG = (D, o, ..., ay) be ann-Gmap, i € {0,...,n},
d,d € D such that d and d' are i-sewable by the isomorphism [ of Def. 18.
The n-Gmap obtained from G by the i-sewing of d and d' is Gi-sew(d,d') =
(D, g, ..y i1, 0, Qg 1, - -« Qi ), Where o is defined by: Ve € D,

hd Zf€ € 04, Oé;(e) - f(e);
o ifog# oy and e € oy, o(e) = f1(e);
o otherwise, aj(e) = a(e).

Given an n-Gmap and two i-sewable darts, the i-sewing operation consists
simply in linking all the darts in o4 with their “equivalent” darts in o4. More
precisely, « is directly given by «; and isomorphism f. So, the i-sew of d and
d' produces the same n-Gmap than the i-sew of any dart d” of og and f(d”)
of oq’ .

An example of 0-sew operation in a 0-Gmap is shown in Fig. 4.4. Two
isolated vertices are grouped to form a O-sphere (i.e. a pair or vertices) by
linking the two corresponding darts by «g. As said above, the 0-sew operation
in 0D concerns only the two given darts.

An example of 1-sew operation in a 1-Gmap is shown in Fig. 4.5. Two

IRemember that f is an isomorphism between o4 and oy iff:

Ve € 04,¥5 € {0,...,i—2,i+2,...,n}, f(oj(e)) = aj(f(e))
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FIGURE 4.4

0-sew operation in a 0-Gmap.

(a) 0-Gmap G = (D, ap = Idp) contains two isolated darts.

(b) The corresponding 0D quasi-manifold having two isolated vertices.
(¢) 0-Gmap Go-sew(1,2): ap(l) =2 (and conversely).

(d) The corresponding 0D quasi-manifold.

2283 Vo3
(a) (b)

FIGURE 4.5

1-sew operation in a 1-Gmap.

(a) 1-Gmap G = (D, ap, 1 = Idp) contains four darts.

(b) The corresponding 1D quasi-manifold having two edges and four vertices.
(¢) 1-Gmap Gi-sew(2,3): a1(2) = 3 (and conversely).

(d) The corresponding 1D quasi-manifold. Two vertices vy and vs in (b) are
identified into vertex vj.




n-Gmaps 93

FIGURE 4.6

1-sew operation in a 3-Gmap.

(a) Partial representation of 3-Gmap G. Zoom on a face separating two vol-
umes which has a 1-boundary.

(b) 3-Gmap Gi-sew(1,2): a1(1) =2 and «;1(3) =4 (and conversely).

distinct vertices are identified by linking the two corresponding darts by ;.
As said above, the 1-sew operation in 1D concerns only the two given darts.

A second example of 1-sew operation is presented in Fig. 4.6, but now in
a 3-Gmap. In the inital 3-Gmap shown in Fig. 4.6(a), the face between the
two volumes contains sixteen darts and has a 1-boundary. Indeed, darts 1, 2,
3 and 4 are 1-free. The 1-sew operation is applied to darts 1 and 2, producing
the 3-Gmap shown in Fig. 4.6(b) where dart 1 is 1-sewn with dart 2, and dart
3 is 1-sewn with dart 4. Indeed, o; = (a3)(1) = {1,3}, 02 = (@3)(2) = {2,4}
and the isomorphism f between oy and o3 is such that f(1) =2 and f(3) = 4.
Note that the same result is obtained if the 1-sew operation is applied to darts
3 and 4.

An example of 2-sew operation in a 2-Gmap is presented in Fig. 4.7. The
two 1-cells containing darts 1 and 7 are identified, involving the identification
of their two extremities. The 2-sew operation is possible, since the two edges
to identify have the same structure. Note that in a 2-Gmap, there are only
two possible configurations for an edge having a 2-free dart: either it is made
of a dart O-free, or it is made of two darts linked by aq. In the first case, there
is only one way to 2-sew the darts of two edges. In the second case, there are
two possibilities for sewing two edges e; and eg, since one dart of e; can be
2-sewn with any of the two darts of es. These two possibilities explain why
nonorientable objects can be represented: two darts can be sewn in order to
make a torsion along an edge (see example in Fig. 4.8).

For 3-Gmaps, the 2-sew operation is similar and there is no additional
constraint. Indeed, orbits o4 and og4 are related to involution g as for 2-
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FIGURE 4.7

2-sew operation in a 2-Gmap.

(a) 2-Gmap G = (D, ap, a1, ap = Idp) containing twelve darts.

(b) The corresponding 2D quasi-manifold having two faces, six edges and six
vertices.

(¢) 2-Gmap Gao-sew(1,7): az2(1l) =7 and as(2) = 8 (and conversely).

(d) The corresponding 2D quasi-manifold. Edges e3 and e4 are identified into
edge e}; vertices v; and vy (resp. vz and v5) are identified into vertex v (resp.

vh).

Gmaps, and thus the two only possible configurations are either a dart 0-free,
or two darts linked by «g. The only difference for the 3D case is that the 2-sew
operation can lead to the identification of two volumes if the two 2-sewn darts
did not belong to the same volume before the operation.

An example of 3-sew operation in a 3-Gmap is presented in Fig. 4.9. Two
2-cells are identified by linking two by two by ag all the darts belonging to
the two initial faces. This identification of faces involves the identification of
the boundaries of the two faces (each pair of edges and each pair of vertices
of the two faces in relation by the isomorphism f are identified two by two).
Such 3-sew operation is not always possible: the two initial faces must be 3-

4 2

7
8 3 s 1§
1 L 2 L g3 1 8l 5
|

FIGURE 4.8

Illustration of the two possibilities to identify two edges.

(a) 2-Gmap G representing a square.

(b) 2-Gmap Ga-sew(3,8) which is orientable: it describes an annulus.

(¢) 2-Gmap Ga-gsew(3,7) which is nonorientable: it describes a Mobius strip.
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FIGURE 4.9

3-sew operation in a 3-Gmap.

(a) 3-Gmap G = (D, ag, a1, g, a3 = Idp) containing ninety-six darts.

(b) The corresponding 3D quasi-manifold having two volumes, twelve faces,
twenty-four edges and sixteen vertices.

(¢) 3-Gmap Gs-sew(1,9): as(l) =9, a3(2) = 10, a3(3) = 11, a3z(4) = 12,
as(5) =13, as(6) = 14, as(7) = 15 and «3(8) = 16 (and conversely).

(d) The corresponding 3D quasi-manifold. Let denote a cell by a sequence of
its incident vertices. Faces (v1,v2,v3,04) and (vs,vg,07,08) are identified into
one face (vi,v5,05,0}). Edges (v1,v2) and (ve,vs) (resp. (ve,v3) and (vs,vs),
(v3,v4) and (vg,v7), (vg,v1) and (v7,v6)) are identified into edge (v],v4) (resp.
(vh,0%), (v5,0), (vy,0])). Vertices v1 and vg (resp. ve and vy, v3 and vs, v4 and
v7) are identified into vertex v (resp. v}, v§, vj).
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(a) (b)

FIGURE 4.10

Two examples of non 3-sewable darts in a 3-Gmap.

(a) Darts 1 and 2 are not 3-sewable. We cannot define a one to one mapping
since the two 2-cells do not have the same number of darts.

(b) Darts 3 and 4 are not 3-sewable. If we consider the one to one map-
ping f defined starting from f(3) = 4, we have ag(f(3)) = ao(4) = 4 while
f(ap(3)) # 4. This is not an isomorphism.

sewable, i.e. they must have the same structure. In this example, it is easy
to verify that darts 1 and 5 are 3-sewable. 01 = {1,2,3,4,5,6,7,8} and 0o =
{9,10,11,12,13,14,15,16} are isomorphic, isomorphism f is defined by f(i) =
i+38, for 1 <i < 8, and for each dart e € 01 we have ag(f(e)) = f(ap(e)) and
a1(f(€)) = flar(e)).

Fig. 4.10 illustrates two cases where the 3-sew operation cannot be applied.
In the first example, darts 1 and 2 are not 3-sewable since faces c2(1) and c2(2)
do not have the same number of darts. Thus no one to one mapping exists
between o0; and os2. In the second example, the two faces ¢2(3) and c2(4) do
not have the same structure: the first one has no 0-boundary while the second
one has one 0-boundary. Thus no isomorphism exists between o3 and oy4.

4.2.3 Unsew Operations

The i-unsew operation, defined in Def. 20, is the inverse of the i-sew operation.
It is always possible to i-unsew non i-free darts.

Definition 20 (i-unsew) Let G = (D,aq,...,a,) be an n-Gmap, i €
{0,...,n} and d € D be a non i-free dart. The n-Gmap obtained from G by
i-unsewing d and a;(d) is Gi-ynsew(d) = (D, @, .., Qi1, Qb Qig1,y ..oy Qp),
where o is defined by: Ve € D,

o ifec (..., 0—2,05,Qi12,...,a,)(d), ai(e) =e;

e otherwise, of(e) = a;(e).
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The i-unsew operation consists in setting «; to the identity for each dart e
in the orbit {(ag, ..., ®i—2, @i, Qita, ..., ay)(d). So, the i-unsew applied to any
dart of this orbit produces the same result.

It is easy to prove that i-sew and i-unsew are inverse from each other:
applying i-sew to two i-free darts d and d’, and then applying i-unsew to d,
produces the original n-Gmap; applying i-unsew to dart d, which is non i-free,
and then applying i-sew to d and d’, such that d and d’ were originally linked
by «;, produces the original n-Gmap. As a consequence, we can see examples of
unsew operations by looking at the examples of sew operations and regarding
figures in reverse direction. For example, considering the 3-Gmap given in
Fig. 4.6(b), applying the 1-unsew operation to dart 1 produces the 3-Gmap
given in Fig. 4.6(a). As another example, starting from the 3-Gmap given in
Fig. 4.9(c), applying the 3-unsew operation to dart 1 produces the 3-Gmap
given in Fig. 4.9(a).

4.3 Completeness, Multi-Incidence

In this section, we show that any n-Gmap can be built thanks to the basic
operations. For that, two basic construction methods allowing to build an n-
Gmap are proposed: the first one consists in applying an iterative creation
process, which increases progressively the dimension of the n-Gmap starting
from 0 until the dimension of the object, and at each step sews some darts for
the new dimension; the second one consists in starting directly in the dimen-
sion of the object, in adding some isolated darts, and in sewing some darts
for any dimension. Note that as for the basic operations, the main interest
of these construction methods is mainly theoretical, and generally high level
operations are used for practical applications.

4.3.1 Construction by Increasing Dimensions

The first construction method corresponds to the inverse of the decomposition
process described for the intuitive presentation of n-Gmaps (cf. Section 3.2).
It starts in 0D with a set of darts and «g equal to the identity. This set of
darts describes a set of isolated vertices. Then some darts are 0-sewn, in order
to group the corresponding vertices into pairs. The dimension is increased by
adding o initialized to the identity. This produces a set of isolated edges
whose boundaries are the previous pairs of vertices. Then, some darts are 1-
sewn in order to glue the corresponding edges together, by identifying vertices.
This produces a set of subdivided curves. The dimension is increased by adding
as initialized to the identity, producing a set of isolated faces whose boundaries
are the previous subdivided curves. Now some darts are 2-sewn in order to
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FIGURE 4.11

Construction of a 2D object by applying the first method. The first line shows
the different n-Gmaps, and the second line the corresponding objects.

(a) 0-Gmap (D,Idp) corresponds to (d), a set of isolated vertices.

(b) 0-Gmap (D, o) obtained after seven 0-sews. This 0-Gmap corresponds to
the pairs of vertices shown in (e).

(¢) 1-Gmap (D, ap,Idp) corresponds to the set of isolated edges shown in (f).

identify some edges and maybe their boundaries. This glues the corresponding
faces along their edges, producing a set of subdivided surfaces, and so on.

This process can be generalized in any dimension. For that, the two fol-
lowing operations are iteratively applied:

e increase the dimension by adding «,, initialized to the identity;

e n-sew some darts to identify some (n — 1)-cells (and their boundaries).
Remember that the identification of two (n — 1)-cells is possible only if
they have the same structure.

An example showing the whole process of a 2D object construction is
presented in Figs. 4.11 and 4.12. It starts with a 0-Gmap containing only
isolated darts (see Fig. 4.11(a)), corresponding to isolated vertices (see (d)).
Seven 0-sew operations are applied in order to pair the corresponding vertices
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(d)

FIGURE 4.12

Following Fig. 4.11.

(a) 1-Gmap (D, ag, 1) obtained from Fig. 4.11(c) after seven 1-sew opera-
tions. This 1-Gmap corresponds to the two polygonal lines shown in (d).

(b) 2-Gmap (D, ag, a1,Idp) which corresponds to the two faces shown in (e).
(c) 2-Gmap (D, ap, a1, az) obtained after one 2-sew operation. In (f) the cor-
responding 2D subdivided object.

together (for example between darts 1 and 2, or between darts 3 and 4). This
produces the 0-Gmap shown in (b), which corresponds to the subdivision
given in (e). Now the dimension of the 0-Gmap is increased in order to obtain
the 1-Gmap shown in (c¢) where a; is equal to the identity. This operation
transforms all the paired vertices into edges (see (f)).

The construction continues in Fig. 4.12. Seven 1-sew operations are applied
in order to construct polygonal lines by grouping isolated edges (for example
between darts 1 and 6, or between darts 2 and 3). This produces the 1-Gmap
shown in Fig. 4.12(a) (corresponding to the subdivision given in (d)). Now the
dimension of the 1-Gmap is increased in order to obtain the 2-Gmap shown
in (b), where as is equal to the identify. This operation transforms all the
polygonal lines into faces (see (e)). Lastly the 2-sew operation is applied to
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darts 1 and 7. This produces the 2-Gmap shown in (c), which corresponds to
the subdivided surface shown in (f).

A second example is presented in Fig. 4.13, showing the construction of
a 3D object. The first steps are similar to the previous 2D example. Starting
from a 0-Gmap made of isolated darts (not shown), 0-sew and increase dimen-
sion operations are applied, producing the 1-Gmap shown in (a). Then 1-sew
operations are applied, and the dimension of the 1-Gmap is increased (see
(b)). Then 2-sew operations are applied, and the dimension of the 2-Gmap is
increased (see (c)). The last step is the application of 3-sew operation. This
produces the 3-Gmap shown in (d), which corresponds to the 3D subdivided
object shown in (h).

The inverse operations can be applied in order to destroy a given n-Gmap:
this corresponds exactly to the decomposition process used for the intuitive
presentation of n-Gmaps (cf. Section 3.2). First, n-unsew operations are ap-
plied until having all the darts n-free, then the dimension of the n-Gmap
is decreased. This process is iterated until obtaining a 0-Gmap in which «q
is equal to the identity. As examples for this “destruction process”, we can
consider the examples given for the construction process in reverse direction
(given in Figs. 4.11, 4.12 and 4.13), by applying i-unsew (resp. decrease di-
mension) operations instead of i-sew (resp. increase dimension) operations.

4.3.2 Construction Directly in a Given Dimension

The second construction method consists in working directly in dimension n.
Starting from an empty n-Gmap, the operation which adds an isolated dart is
applied as many times as necessary. Next, i-sew operations can be applied in
this n-Gmap, for i € {0,...,n} (contrary to the previous construction where
only k-sew operations can be applied to a k-Gmap).

An example of construction is presented in Fig. 4.14: it corresponds to
the same object than in Figs. 4.11 and 4.12, but now the second construction
method is applied. The main differences with the first one are:

e the initial n-Gmap has its final dimension, and contains isolated darts
(here a 2-Gmap, see Fig. 4.14(a));

e sew operations can be applied in any order; for example 0-sew opera-
tions can be first applied (see Fig. 4.14(b)), then 2-sew operations (see
Fig. 4.14(c)) and finally 1-sew operations (see Fig. 4.14(d)).

A second construction of the object depicted in Fig. 4.13 is presented in
Fig. 4.15. The initial 3-Gmap contains a set of isolated darts (not shown).
Then the sew operations can be applied in any order. For example, they can
be applied in the same order than in Fig. 4.13: start by 0-sew operations, then
1-sew operations, then 2-sew operations and finish by 3-sew operation. The 3-
Gmaps obtained after each step are similar to the ones in Fig. 4.13(a), (b), (c)
and (d), the only difference being the dimension of the Gmaps, which is always
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(e) () (2) (h)

FIGURE 4.13

Construction of a 3D object by applying the first method (partial represen-
tation). The first line shows the different n-Gmaps, and the second line the
corresponding objects.

(a) 1-Gmap (D, ag,Idp) corresponds to (e), a set of isolated edges.

(b) 2-Gmap (D, g, 1, Idp) obtained after forty 1-sew operations, and one in-
crease dimension operation. This 2-Gmap corresponds to eleven faces, shown
in (f).

(¢) 3-Gmap (D, ag, a1, a9,Idp) obtained after twenty 2-sew operations and
one increase dimension operation. This 3-Gmap corresponds to the 3D subdi-
vided object shown in (g) containing two volumes.

(d) 3-Gmap (D, ap, a1, a9, a3) obtained after one 3-sew operation, and (h)
the corresponding 3D subdivided object.
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FIGURE 4.14

Construction of a 2D object by applying the second method. The first line
shows the different 2-Gmaps, and the second line the corresponding objects.
(a) 2-Gmap (D,Idp,Idp,Idp) corresponds to (e), a set of isolated faces with
boundaries.

(b) 2-Gmap (D, ap,Idp,Idp), obtained after seven 0-sew operations, corre-
sponds to the object shown in (f).

(¢) 2-Gmap (D, ap,Idp, as), obtained after one 2-sew operation, corresponds
to the object shown in (g).

(d) 2-Gmap (D, ap, a1, a2), obtained after seven 1-sew operations, corresponds
to the object shown in (h).
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(b) (c)

LSS
b

FIGURE 4.15

Construction of a 3D object by applying the second method (partial repre-
sentation). In this example, the different 3-Gmaps are depicted, but not the
corresponding objects.

(a) 3-Gmap (D, ag,Idp,Idp,Idp).

(b) 3-Gmap obtained after four 3-sew operations.

(¢) 3-Gmap obtained after thirty-six 1-sew operations.

(d) 3-Gmap obtained after twenty 2-sew operations.

3 along the whole construction process. For this reason, the corresponding
cellular objects are different since each dart describes always a part of a vertex,
an edge, a face and a volume (contrary to the construction shown in Fig. 4.13).

Another order is chosen in Fig. 4.15. First, 0-sew operations are applied,
producing the 1-Gmap shown in (a). Then 3-sew operations are applied (see
(b)). As these operations concern non 0-free darts, they modify ag for pairs
of darts linked by «g. This is required in order to satisfy the constraint that
o g is an involution. Then 1-sew operations are applied (see (¢)). The four
1-sew operations between darts that are not 3-free imply the modification of
ay for the darts linked by ag (in order to satisfy the constraint that ay o ag
is an involution). Last, 2-sew operations are applied, producing the 3-Gmap
shown in (d).

The inverse operations can be applied in order to destroy a given n-Gmap.
i-unsew operations can be applied in any order, until having all the darts iso-
lated, then all these isolated darts are removed, producing an empty n-Gmap.
As examples of these destruction operations, we can consider the examples
given for the construction operations in reverse direction (given in Figs. 4.14
and 4.15), by applying i-unsew instead of i-sew operations.

At last, note that for practical applications, working directly in the re-
quired dimension is more flexible, since sew (and/or unsew) operations can be
applied in any order.
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4.3.3 Completeness

Now we show that any n-Gmap can be constructed thanks to the two construc-
tion methods. First, we show that any n-Gmap can be destroyed by following
the inverse processes; then, since any basic operation has an inverse operation,
any n-Gmap can be constructed by applying the inverse sequence of inverse
operations.

Let start with the first method.

Theorem 1 (Completeness of the first method for n-Gmap construc-
tion or destruction) Any n-Gmap can be transformed into a set of isolated
darts in dimension 0, by a sequence of unsew and decrease dimension oper-
ations, unsew being always applied for the highest possible dimension. Con-
versely, any n-Gmap can be constructed starting from a set of isolated darts
in dimension 0, by using only the increase dimension and sew operations, sew
being always applied for the highest possible dimension.

The proof of this theorem is easy. For the first part of the theorem, let us
start from an n-Gmap G. For each non n-free dart d, the n-unsew operation
is applied. This operation can always be applied for any non n-free dart, and
it increases at least by two the number of n-free darts. Thus, at the end, an
n-Gmap having all its darts n-free is obtained. Now the decrease dimension
operation can be applied, producing an (n — 1)-Gmap. The process can be
iterated until obtaining a 0-Gmap which is composed by a set of isolated
darts of dimension 0. In order to prove the second part of the theorem, let us
consider the previous operation sequence in reverse order, by replacing each
operation by its inverse operation (decrease dimension by increase dimension
and i-unsew by i-sew). This sequence transforms the set of isolated darts in
dimension 0 into G.

A similar theorem and proof can be stated for the second construction
method.

Theorem 2 (Completeness of the second method for n-Gmap con-
struction or destruction) Any n-Gmap can be transformed into an empty
n-Gmap by a sequence of i-unsew and remove isolated darts operations. Con-
versely, any n-Gmap can be constructed starting from an empty n-Gmap by
using only the add isolated darts and i-sew operations.

The proof of the first part of this theorem is based upon the fact that an
i-unsew operation can be applied to any non i-free dart, increasing at least
by two the number of non i-free darts. And when a dart is isolated, it can
be removed. This produces a sequence of operations which at last destructs
the n-Gmap: in order to get the initial n-Gmap, the inverse operations can be
applied in reverse order, proving thus the theorem.
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(d)

FIGURE 4.16

A 2-sew operation in a 2-Gmap that creates a multi-incidence.

(a) 2-Gmap G = (D, ag, a1, a3 = Idp) contains eight darts.

(b) The corresponding 2D quasi-manifold contains one face, four edges and
four vertices.

(¢) 2-Gmap Ga-sew(3,8) describes a cylinder.

(d) The corresponding 2D quasi-manifold. Edges e; and es are identified into
edge €/ ; vertices v1 and vy (resp. vy and v3) are identified into vertex v} (resp.
vh). Edge €] is incident twice to the face.

4.3.4 Multi-Incidence

Any n-Gmap can be constructed by the basic construction operations. Let
us now study possible configurations that can be made. Indeed, there are
two cases for sew operations: the first one is the identification of two distinct
cells; the second one is the identification of one cell with itself. For practical
applications, identification is (almost) always applied to two distinct cells.

4.3.4.1 Identification of Two Distinct Cells

This standard case has already been illustrated in all the examples given in
Section 4.2.2. But note that an important property of n-Gmaps is the fact
that it is possible to represent subdivisions containing multi-incident cells. It
is thus possible to describe complex subdivisions using few cells: for instance, it
is possible to construct a torus starting with a single four-sided face, leading
to the minimal subdivision of the torus. The first part of the construction
consists in applying the 2-sew operation to two darts that belong to the same
square face, but not to two consecutive edges. In the example of Fig. 4.16, for
instance, darts 3 and 8 are 2-sewn. This folds the face on itself, producing a
cylinder (if darts 3 and 7 were 2-sewn, a Mdbius strip would be obtained, cf.
Fig. 4.8(c) page 94). In this cylinder, the face is incident twice to the edge
containing dart 3, since 3 and 8 = a3(3) both belong to the edge and to the
face. In order to get a torus, darts 1 and 6 are 2-sewn: this has for result to
identify the two edges which make the boundary of the cylinder into one edge,
which is also incident twice to the face.

A dangling cell corresponds to a particular case of multi-incidence. A 2D
example is depicted in Fig. 4.17: two darts are 2-sewn, which belong to two
consecutive edges of a same face. This creates a dangling edge, i.e. an edge
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FIGURE 4.17

A 2-sew operation creating a dangling edge in a 2-Gmap.

(a) 2-Gmap (D, ag, a1,Idp) containing fourteen darts.

(b) The corresponding 2D quasi-manifold has one face, seven edges and seven
vertices.

(c) 2-Gmap Ga-gew(1,2).

(d) The corresponding 2D quasi-manifold. Edges e; and es are identified into
edge e}; vertices v; and vy are identified into vertex v]. Edge €] is dangling.

which is incident twice to a face (since darts 1 and as(1) = 2 belong to the
same face and to the same edge), and which has one of its two vertices incident
only to this edge (since az(1) = 2 = «;(1)). Dangling edges can be created
in any dimension. In 3D, a similar construction can create dangling faces by
using the 3-sew operation. More generally, dangling cells can be created in
any dimension.

4.3.4.2 Identification of a Cell with Itself

The second possible case of the sew operation consists in identifying a cell
with itself, if at least an automorphism different from the identity exists, i.e.
an isomorphism mapping the cell onto itself. The identification of the cell with
itself leads to a folded cell. Such identifications are illustrated in Figs. 4.18
and 4.19. In the first example, the 2-sew operation is applied in a 2-Gmap
between a dart and its image by «g: so, initially, both darts belong to the
same edge. Indeed, this is allowed by the definition of sewable and sewing
operations, and as we can see in Fig. 4.18(c), this results into a 2-Gmap.
However, the corresponding 2D quasi-manifold shown in Fig. 4.18(d) is quite
unusual: indeed, edge €}, which results from the identification of edge e; with
itself, is incident to one face and to one vertex: this is not a dangling edge as
in the example of Fig. 4.17; note also that it is not a loop, since a loop which
does not belong to a boundary is incident to two different faces.

A similar example is presented in Fig. 4.19 for 3-sew operation in a 3-
Gmap. Starting from a 3-Gmap representing a cube, a dart of a face (dart 1)
is 3-sewn with the dart belonging to the same face but to the opposite edge
(dart 6). This is possible because the face has seven automorphisms different
from the identity, and this association between darts 1 and 6 corresponds to
one of these automorphisms. After the 3-sew, as(1) = 6, a3(2) = 5, as(3) =4,
a3(8) = 7 (and conversely). This produces a 3-Gmap which has a folded face
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FIGURE 4.18

A 2-sew operation creating a folded cell in a 2-Gmap.

(a) 2-Gmap (D, ag, a1,Idp) contains eight darts.

(b) The corresponding 2D quasi-manifold has one face, four edges and four
vertices.

(¢) 2-Gmap Ga-sew(5,6): ag(5) = az(5) = 6.

(d) The corresponding 2D quasi-manifold. Edge ey is folded on itself. It is
incident to only one vertex v}, which is the result of the identification of v;
and v, although it is not a loop.

and two folded edges. As for the previous case in 2D, the face is not a dangling
face, since its boundary is made of three edges, one edge being incident to two
vertices and the other edges being folded ones. The original face (v, v2,v3, v4),
is transformed into a face incident to two vertices v] and v5. Edges (v1,v2)
and (vg,v3) are identified into edge (v}, v}); edge (v1,v4) is folded into an
edge incident to vertex v] and edge (va,v3) is folded into an edge incident to
vertex vh. Note that, as seven automorphisms different from the identity map
the face onto itself, seven different identifications of the cell with itself can be
done, each one leading to a different 3-Gmap. But in each case, the resulting
face is folded.

Although n-Gmaps with folded cells seem strange, their topological inter-
pretation is well defined (cf. chapter 8). Anyway, this specific identification is
generally not applied for usual applications. It can be easily avoided, either
in a constructive way, by adding a constraint to the definition of the sew op-
eration, or directly by adding a constraint to the definition of n-Gmaps. In
the first case, the i-sew operation is restricted in order to take as input two
darts belonging to two distinct orbits (g, ..., @2, @jta,...,ay). In the sec-
ond case, a constraint is added to the definition of n-Gmaps, which requires
that any non i-free dart d & (ag,...,q;—2,®it2,...,0,)(a;(d)). Note that it
is easy to test if the constraint is satisfied, by searching such darts during a
traversal of the n-Gmap.
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FIGURE 4.19

A 3-sew operation creating folded cells in a 3-Gmap.

(a) 3-Gmap (D, ag, a1, a2,Idp) contains forty-eight darts.

(b) The corresponding 3D quasi-manifold has one volume, six faces, twelve
edges and eight vertices.

(c) 3-Gmap G3-sew(1,6).

(d) The corresponding 3D quasi-manifold. Face (v1, ve, v3,v4) is folded on it-
self. It is incident twice to the edge (v}, v}), which is the result of the identifica-
tion of the two edges (v1,v2) and (vy4,vs3). Moreover, the two edges containing
darts 3 and 7 are folded as they are incident twice to the same vertex.

4.4 Data Structures, Iterators and Algorithms

In this section, data structures and algorithms are defined in order to handle
n-Gmaps in computer softwares. We choose to use an algorithmic language
to facilitate the coding in different programming languages. To simplify nota-
tions, we do not make the distinction in algorithms between a pointer to an
element and the element itself.

The objective is here to describe one way to encode darts and involutions.
Here we choose the solution based on structures with pointers, but it is easy
to modify the algorithms given here to deal with other possibilities. Note that
we describe here only the combinatorial part of the data structure. You can
see chapter 7 for two examples showing how is it possible to represent the
geometrical part. The solution presented here is the one used for example in
Moka, a 3D geometrical modeler based on 3-Gmaps [211].

4.4.1 Data Structures

As we have seen in the definition of n-Gmaps, the basic element is the dart.
Thus the main data structure is the one which implements the darts. In di-
mension n, a dart structure contains an array Alphas of n + 1 pointers to
represent the different «; links.

In addition to the n+ 1 pointers, a dart structure contains an array Marks
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of Boolean which serves to mark darts. These marks are used in several algo-
rithms in order to test in constant time if a dart is already processed. They
also can be used to mark some part of an n-Gmap having a specific property.
The number of marks is defined by a constant number, NB_MARKS, which can
be fixed by the users depending on their requirements. Generally, 8 is enough
for usual applications. In our algorithms, marks satisfy an important invari-
ant: all darts are always unmarked for unused marks. This invariant allows
us to avoid initialization of marks in algorithms, and it is often more efficient
to unmark only the marked darts at the end of each algorithm instead of
unmarking all the darts.

Listing 4.1
Dart data structure for n-Gmaps

structure Dart

{

pointer to Dart Alphas[n+1];
Boolean Marks[NB_MARKS] ;

};

The nGMap structure is mainly composed by a set of darts Darts, and a
set of integer FreeMarks allowing to manage Boolean marks. Note that the
dimension n of the nGMap could be a global constant, a template argument or
a parameter of the function that creates an n-Gmap.

Listing 4.2
nGMap data structure

structure nGMap

{

set of Dart Darts;
set of integer FreeMarks ;

s

An nGMap has a set of free marks, i.e. marks that are not in use. When
creating a new nGMap, we add in the set of free marks all the integers be-
tween 0 and NB_MARKS — 1 which correspond to all the available marks (see
Algorithm 1).

When an algorithm needs a mark, we just get an index from this set and
remove it from this set (cf. Algorithm 2). As said above, marks satisfy the
invariant: all darts of gm are unmarked for this new mark. We can use this
mark during the algorithm, and at the end, unmark all the marked darts and
free the mark by adding it in the set of free marks (cf. Algorithm 3). Before
to free a mark, the user must ensure that all the darts of gm are unmarked
for this mark. This test is not done in Algorithm 3 because it is costly, but it
can be added for debugging purpose.

We can test if a mark is free or reserved by testing if it belongs to FreeMarks
or not. Moreover, given a reserved mark i, we can test if a dart d is marked or
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Algorithm 1: createNGMap(n): create a new n-Gmap

Input: n: the dimension of the n-Gmap.
Output: An empty new n-Gmap.
gm < a new nGMap;
gm.Darts < ();
gm.FreeMarks < (J;
for i + 0 to NB_MARKS — 1 do
L add i in gm.FreeMarks;
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return gm;

Algorithm 2: reserveMarkNGMap (gm) : reserve a new mark for n-Gmaps

Input: gm: an n-Gmap.
Output: The index of a new reserved mark;
—1 if there is no more available mark.
1 if gm.FreeMarks is empty then return -1;
2 i < an element of gm.FreeMarks;
3 remove i from gm.FreeMarks;
4 return i;

Algorithm 3: freeMarkNGMap (gm,i): free a reserved mark for n-Gmaps

Input: gm: an n-Gmap having all its darts unmarked for mark 1i;
i: the index of a reserved mark.
Result: Free the reserved mark i.
1 add i into gm.FreeMarks;




n-Gmaps 111

not by looking directly at d.Marks[i] (see Algorithm 4), and we can mark/un-
mark this dart by setting d.Marks[i] to true/false (see Algorithms 5 and 6).

Algorithm 4: isMarkedNGMap(d,i): test if a dart is marked for n-
Gmaps

Input: d: a dart;
i: the index of a reserved mark.
Output: True iff d is marked for mark 1.
1 return d.Marksl[il;

Algorithm 5: markNGMap(d,i): mark a dart for n-Gmaps

Input: d: a dart;
i: the index of a reserved mark.
Result: Mark dart d for mark i.
1 d.Marks[i] + true;

Algorithm 6: unmarkNGMap(d,i): unmark a dart for n-Gmaps

Input: d: a dart;
i: the index of a reserved mark.
Result: Unmark dart d for mark i.
1 d.Marks[i] « false;

The complexity of all these algorithms is in constant time because we use
only atomic operations and no loop, except in Algorithm 1 but in this case
NB_MARKS is a constant value. We use a stack to store the set of free marks,
allowing constant time access to a new free mark and constant time insertion
and removal of elements.

Note that it is possible to add in the nGMap data structure an array
of Boolean masks which define, for each mark, the values corresponding to
marked /unmarked. Thanks to these masks we are able to reverse in constant
time the value of a mark for all the darts of the n-Gmap. This is very effi-
cient to unmark all the darts of the n-Gmap when we know that they are all
marked.

4.4.2 Iterators

As we have seen before, cells are defined thanks to the orbit notion. Thus it is
important to be able to iterate through the darts belonging to a given orbit of
an n-Gmap. Hopefully, this can be achieved easily thanks to Algorithm 7. This
algorithm is generic since it allows to run through any orbit (a;,,...,a;,)(d)
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for any valid sequence (i1,...,1x) and any dart d. We say that the sequence
(i1,...,1x) is valid if:

o Vje{l,....k}:1i; €{0,...,n}k
o Vi le{l,... .k} j#l=1; #1,.

A sequence of integers is used here, because the order of the integers can be

taken into account in algorithms (cf. for example Algorithm 20 page 122).
Note that, by definition of orbits, we need to consider functions a;; and

their inverses oy ! However as we only deal with involutions, oy 1 Q.

Algorithm 7: Generic iterator for n-Gmaps

Input: gm: an n-Gmap;

d € gm.Darts: a dart;

(i1,...,1x): a valid sequence of integers between 0 and n.
Result: Run through all the darts of (s, ,...,as,)(d).
ma < reserveMarkNGMap (gm);

P + an empty stack of pointer to Dart;
push(P,d);
markNGMap (d,ma);
while P is not empty do
cur < top(P);
// process dart cur
pop (P);
for j < 1 to k do
if not isMarkedNGMap (cur.Alphas[ij|,ma) then
L markNGMap (cur.Alphas|ij]|,ma);
push (P,cur.Alphas[ij]);

© 00 N O kA W N

e
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unmark all marked darts for ma;
freeMarkNGMap (gm,ma);

=
[

Algorithm 7 makes a breadth first traversal. For that we use a stack of
darts to process. We take a dart, cur, which belongs to (e, ..., as,)(d), and
we process it. Then for each ij in the sequence, we know that o (cur) belongs
also to (ai,,...,a:,)(d). So, we test if this dart is marked. Indeed, if it is the
case this dart was already processed. Otherwise, we need to process it and for
that it is enough to add it in the stack of dart to process. So, we mark it in
order to not reconsider it later and push it in the stack.

At the end of the algorithm, we must unmark all the marked darts in order
to satisfy the property that all the darts are always unmarked for nonused
marks. This can be achieved easily by reusing the same algorithm to iterate
onto these darts and reversing the role of marked and unmarked darts.

The complexity of this algorithm is linear in the number of darts of
(@iy, ... a4, )(d), because each dart is considered exactly twice (a first time
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during the main loop, a second time during the unmarking step), and all
operations are atomic ones.

Algorithm 7 can for example be used with the sequence (0,...,i — 1,7+
1,...,n) in order to iterate through all darts of the i-cell ¢;(d) containing
a given dart, for any 7 € {0,...,n}. For instance, we can use the sequence
(0,1,2) to iterate through all the darts of the volume containing a given dart
in a 3-Gmap.

Note that this generic algorithm can be optimized in several specific cases
by using the properties of n-Gmaps. For example we can avoid the use of stack
P to iterate through the darts of a face in a 3-Gmap because it exists a linear
order allowing to iterate through these darts: for instance, given dart d, we
apply successively ap and a4 in order to traverse orbit (ag, a1)(d), then apply
as to d, and apply again successively oy and «a;. This optimization is based
upon the fact that ag o a3 and ay o a3 are involutions. The traversal of other
orbits can be optimized in this way for similar reasons.

This algorithm is a basis for several other algorithms allowing to iterate
through some specific cells based on incidence and adjacency relations. We
illustrate this by showing three useful examples. In the first one, detailed in
Algorithm 8, we run through one dart per each i-cell of an n-Gmap. This
algorithm allows us to process each i-cell exactly once.

Algorithm 8: Iterator over one dart per each i-cell for n-Gmaps

Input: gm: an n-Gmap;
ie€{0,...,n}.
Result: Run through one dart per each i-cell of gm.
ma < reserveMarkNGMap (gm);
foreach dart d € gm.Darts do
if not isMarkedNGMap (d,ma) then
// process dart d
L mark all the darts in ¢;(d) for ma;

U oA W N
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unmark all darts for ma;
freeMarkNGMap (gm,ma);

~

Algorithm 8 runs through all darts of the n-Gmap, and for each nonmarked
dart d, it marks the darts of the i-cell ¢; (d) containing d. Note that these darts
are marked by using Algorithm 7 with the sequence (0,...,i—1,i+1,...,n).
To optimize the algorithm, we use in Algorithm 7 the same mark ma reserved
in Algorithm 8 (indeed, as the goal of line 5 is to mark all the darts in ¢;(d),
it is useless and inefficient to use a local mark in Algorithm 7 for iterating
through these darts, and to unmark these darts at the end of the iterator).
At the end of Algorithm 8, we need to unmark all the marked darts. Here we
are in the case where all the darts of the n-Gmap are marked, thus we can
simply negate the mask of mark ma.
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The complexity of Algorithm 8 is linear in the number of darts of the n-
Gmap because each dart is considered in the first loop (line 2 of the algorithm),
and thus each dart is marked exactly once in line 5.

A second example given in Algorithm 9 consists in iterating through one
dart per each i-cell incident to a given j-cell for two given dimensions i and
3, with 1 # j.

Algorithm 9: Iterator over one dart per each i-cell incident to a j-cell
for n-Gmaps

Input: gm: an n-Gmap;
d € gm.Darts: a dart;
ie{0,...,nk
j €{0,...,n}: with i # j.
Result: Run through one dart per each i-cell incident to ¢5(d).
ma ¢— reserveMarkNGMap (gm);
foreach dart e € ¢5(d) do
if not isMarkedNGMap (e,ma) then
L // process dart e

[SLU VU VR

mark all the darts in ¢;(e) for ma;

unmark all marked darts for ma;
freeMarkNGMap (gm,ma);

N o

This algorithm is similar to the previous one, by replacing the loop over all
the darts of the n-Gmap by a loop over all the darts of ¢j(d) (loop achieved
by using Algorithm 7). Thanks to the definition of incidence in n-Gmaps, we
are sure that during this loop we discover at least one dart of each incident
i-cell, and by using a mark, we ensure to process each i-cell only once. To
unmark all the marked darts, we reuse the same algorithm by reversing the
role of marked and unmarked darts.

The complexity of this algorithm is linear in the number of darts discovered
during the traversal, i.e. in the number of darts of ¢;(d) plus the number of
darts of the incident cells.

The last example given in Algorithm 10 allows to run through one dart
per each i-cell adjacent to a given i-cell.

Once again we use the same principle than for the two previous examples,
but here, we have to test dart a;(e) for each e € ¢;(d). Indeed, due to the
definition of adjacency relations in n-Gmaps, we know that all adjacent i-cells
to ¢;(d) can be reached by such a dart.

The complexity of this algorithm is linear in the number of darts discovered
during the traversal, i.e. in the number of darts of ¢;(d) plus the number of
darts of the adjacent cells.

Note that we generally implement the iterators as data structures (like
iterators in STL [12]) allowing to start a traversal, move to the next position,
get the current element pointed by the iterator and test if the iterator has



n-Gmaps 115

Algorithm 10: Iterator over one dart per each i-cell adjacent to an
i-cell for n-Gmaps

Input: gm: an n-Gmap;
d € gm.Darts: a dart;
ie€{0,...,n}.
Result: Run through one dart per each i-cell adjacent to c¢;(d).
ma < reserveMarkNGMap (gm);
foreach dart e € ¢;(d) do
if not isMarkedNGMap (e.Alphas[i|,ma) then
L // process dart e.Alphasli]

[ N I S

mark all the darts in ¢; (e.Alphas[i]) for ma;

(=)

unmark all marked darts for ma;
7 freeMarkNGMap (gm,ma);

reached its end position (i.e. the traversal is finished). Some algorithms given
in next sections use this type of implementations (for example Algorithms 19
and 20 page 121).

4.4.3 Basic Tools

We propose now algorithms implementing the basic tools defined in Sec-
tion 4.2.

Algorithm 11 implements a method to test if a given dart is i-free or not.
It only consists in looking if a;(d) is equal to d or not.

Algorithm 11: isFreeNGMap(d,i): test if a dart is i-free for n-Gmaps

Input: d: a dart;
ie€{0,...,n}.
Output: True iff d is i-free.
1 return d.Alphas[i] = d;

The algorithms which add isolated darts and remove isolated darts are
straightforward since they only add or remove elements in the set of darts. In
Algorithm 12, when we create a dart, we initialize all the « links to the new
dart itself, so that it is i-free in all dimensions. Moreover we initialize all its
marks to false so that it is unmarked for all the possible marks.

Remember that the remove dart operation can be applied only for isolated
darts. Thus Algorithm 13 takes an isolated dart as input and removes it from
the set of darts. Testing if d is isolated is easy: we test if d is i-free for all
i€{0,...,n}.

The complexity of these three algorithms is in constant time as n and
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Algorithm 12: createDartNGMap (gm): create a new isolated dart in an
n-Gmap

Input: gm: an n-Gmap.
Output: A new isolated dart added in gm.
Dart d < a new Dart;
add d in gm.Darts;
for i + 0 ton do
| d.Alphas[i] ¢ d;
for i +— 0 to NB_MARKS — 1 do
L d.Marks[i] + false;

B W N =

[« 3

7 return d;

Algorithm 13: removeIsolatedDartNGMap(gm,d): remove an isolated
dart in an n-Gmap

Input: gm: an n-Gmap;
d € gm.Darts: an isolated dart.
Result: d is removed from gm.
1 remove d from gm.Darts;

NB_MARKS are constants, and we can use a container of darts allowing constant
time insertion and removal of elements.

Now we present the two algorithms that respectively increase and decrease
the dimension of a given n-Gmap. In practice, these operations create a new
n/-Gmap which is a copy of the initial n-Gmap, but in the case of increase
dimension we add a new involution, and in the case of decrease dimension we
remove one. Thus we start first by defining Algorithm 14, which copies a given
n-Gmap into a second n/-Gmap, by copying only the «; links for 7 between 0
and the smaller dimension between n and n'.

During the copy, we need to keep an association between each dart in the
original n-Gmap and its corresponding dart in the copy. This is done through
an associative array (which can be for example a hash table or a binary search
tree). Note that if n < n’, we do not need to initialize «; for the new darts
when n < 7 < n’ as this is done by the algorithm that creates a new dart.
Note also that we copy the free marks, and the values of all the marks for all
the darts. Depending on specific needs, we can remove these copies of marks
so that gm’ have no reserved mark.

Algorithm 15 implements the operation that increase the dimension of a
given n-Gmap: it only creates a new (n + 1)-Gmap gm’ and then copies gm
into gm’.

Algorithm 16 implements the operation that decrease the dimension of a
given n-Gmap: it only creates a new (n—1)-Gmap gn’ and then copies gm into
gm’. Note that we require here that the given n-Gmap has all its darts n-free.
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Algorithm 14: copyNGMap (gm,gm’): copy an n-Gmap into a second n’-
Gmap

Input: gm: an n-Gmap;
gm’: an n'-Gmap.

Result: Copy gm into gm’ until minimum(n,n’).
1 gm'.Darts <« (J;
2 gm’.FreeMarks < gm.FreeMarks;
3 assoc < an empty associative array between darts;
4 foreach dart d € gm.Darts do
5 | assoc[d] « createDartNGMap(gm');

6 k < min(n, n');
7 foreach dart d € gm.Darts do

8 d’ + assocld];

9 for i +— 0 to k do

10 | d.Alphas[i] + assoc[d.Alphasl[i]];
11 for i <~ 0 to NB_MARKS — 1 do

12 | d Marks(i] ¢ d.Marks[i];

Algorithm 15: increaseDimNGMap(gm): increase the dimension of an
n-Gmap
Input: gm: an n-Gmap.
Output: The (n + 1)-Gmap obtained from gm by increasing its
dimension.
1 gm’ < createNGMap(n + 1);
2 copyNGMap (gm,gm’);
3 return gm';
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We can add a test in the algorithm to check if this precondition is satisfied.
Moreover we can also remove this requirement as it is possible to decrease
the dimension of an n-Gmap even if it has some darts n-sew. In this case, we
obtain the same result than if we first n-unsew all these darts, then decrease
the dimension.

Algorithm 16: decreaseDimNGMap (gm): decrease the dimension of an
n-Gmap

Input: gm: an n-Gmap having all its darts n-free.
Output: The (n — 1)-Gmap obtained from gm by decreasing its
dimension.
1 gm’ < createNGMap(n — 1);
2 copyNGMap (gm,gm’);
3 return gm';

The complexity of these three algorithms is linear in the number of darts
#d of the given n-Gmap times the complexity for accessing an element in
the associative array. This access can be done in O(log #d) for hash table or
binary search tree, thus the complexity is in O(#d.log#d). Note that hash
tables allow constant time access in average by using a correct hash function.

Now we present the two algorithms allowing to merge two given n-Gmaps,
and to restrict a given n-Gmap to a subset of its darts. As for the two previous
algorithms, these operations build as result a new n-Gmap which in the case
of merge is a copy of the two initial n-Gmaps, and in the case of restrict is
a partial copy of the initial n-Gmap. For this reason, the two algorithms use
once again an associative array to link the original darts and the copy ones.

Algorithm 17 implements the merge operation of two given n-Gmaps. This
operation is always possible, as in our data structure, two different n-Gmaps
have necessarily two different sets of darts (while this could be not the case
for another implementation of n-Gmaps).

In the new n-Gmap, we consider that a mark is free if it is free in both n-
Gmaps gm and gm'’: this explains line 2 which initializes gm”.FreeMarks as the
intersection of both sets of free marks. In the associative array, we associate
with each original dart its corresponding copy, both for gm and for gm’. After
having created all the darts, we only need to make the same links between
the new darts than the original links in the initial n-Gmaps. This is directly
done thanks to the associative array.

Algorithm 18 implements the operation that restricts an n-Gmap to a given
subset of darts. As seen in Def. 16 page 89, this operation is only possible if
the subset of darts corresponds to a set of connected components. Thus we
start to test if this property is satisfied, and construct the restricted n-Gmap
only when it is the case. Note that we could propose different variants, for
example that unsew all the nonfree darts linked with a dart that does not
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Algorithm 17: mergeNGMaps (gm,gm’) : merge two given n-Gmaps

Input: gm, gn’: two n-Gmaps.
Output: The n-Gmap obtained by merging gm and gm’.
gn” + createNGMap(n);
gn’” FreeMarks < gm.FreeMarks N gm’.FreeMarks;
assoc < an empty associative array between darts;
foreach dart d € gm.Darts U gm’.Darts do

L assoc[d] « createDartNGMap (gm);

QR W N =

foreach dart d € gm.Darts U gm’.Darts do
d’ + assocl[d];
for i <~ 0 ton do
L d’.Alphas[i] « assoc[d.Alphasl[i]];

10 for i < 0 to NB_.MARKS — 1 do
11 | d’Marks[i] ¢ d.Marks[i];

© 0w N o

12 return gm’;

belong to D’, or a nonsafe version that does not make the test and assume the
user gives always a set of connected components. . .

The complexity of the merging operation is linear in the number of darts
of the two given n-Gmaps (#d; and #dz) times the complexity for accessing
an element in the associative array, i.e. in O((#d1 + #d2). log(#d1 + #d2)).
The complexity of the restrict operation is linear in the number of darts in
D’ times log |D’'| (this corresponds to the cost of the copy), plus the cost of
the initial test (checking whether the subset of darts corresponds to a set of
connected components: lines 1 — 3). The test complexity is O(|D’|.log |D'|) if
D’ is a container where searching an element is achieved in log. However this
test can be done in O(|D’|) by first marking all the darts in D', then reiterate
through all these darts and just verify if for each dart d, a;(d) is marked. The
global complexity of Algorithm 18 is thus in O(|D’|.log |D’|).

4.4.4 Sew/Unsew Operations

Now we present the i-sew operation and its inverse which is the i-unsew op-
eration. As seen in Section 4.2.2 when introducing the sew operation, it is
not always possible to i-sew two darts: they must be i-sewable. Algorithm 19
allows to test if two given darts are i-sewable or not. This algorithm follows
directly the i-sewable definition given in Def. 18 page 90. Its main principle
is to run simultaneously through the two orbits o4 and o4/, to progressively
build the isomorphism while testing it is indeed an isomorphism.

Firstly in line 1, we verify that d # d’ and that d and d’ are i-free. If it is not
the case, the two darts are not i-sewable. Secondly we create two generic it-
erators that correspond to the two orbits og = {ag,...,@i—2,Qi42,...,0,)(d)
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Algorithm 18: restrictNGMap(gm,D’): restrict an n-Gmap to a subset
of darts
Input: gm: an n-Gmap;
D’ C gm.Darts: a subset of darts.

Output: The n-Gmap obtained by restricting gm to D’.
foreach dart d € D' do

for i + 0 ton do
L L if d.Alphas[i] ¢ D’ then error;

w N =

4 gm' < createNGMap(n);

5 gm'.FreeMarks < gm.FreeMarks;

6 assoc < an empty associative array between darts;
7 foreach dart d € D’ do

8 L assoc[d] < createDartNGMap (gm');

9 foreach dartd € D' do

10 d’ + assocld];

11 for i +— 0 ton do

12 | d.Alphas[i] + assoc[d.Alphasl[i]];
13 for i <~ 0 to NB_MARKS — 1 do

14 | d Marks(i] - d.Marks[i];

15 return gm’;
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Algorithm 19: sewableNGMap(gm,d,d’,i): test if two darts are i-
sewable for n-Gmaps

Input: gm: an n-Gmap;
d, d’ € gm.Darts: two darts;
ie{0,...,n}

Output: True iff d is i-sewable with d’.

1 if d = d’ or not isFreeNGMap(d,i) or not isFreeNGMap(d’,i) then

2 L return false;

3 it < generic iterator(gm,d,(0,...,1i —2,i+2,...,n));

4 it’ + generic iterator(gm,d’,(0,...,1 —2,i4+2,...,n));

5 f < an empty associative array between darts;

6 while it is not to its end and it’ is not to its end do

7 f[it] « it/;

8 foreach j €{0,...,i—2,i+2,...,n} do

9 if it.Alphas[j] is defined in £ and
f[it.Alphas[j]] # it’.Alphas[j] then

10 L return false;

11 advance it to its next position;

12 advance it’ to its next position;

13 if it s not to its end or it’ is not to its end then
14 L return false;

15 return true;
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and oy = (@, ...,Qi_9,Q349,...,0,)(d’). During the main loop, for each pair
of darts pointed by it and it’, we consider all the darts in the neighborhood of
it that are already considered. Indeed, we already have built the isomorphism
between these darts through the associative array f, and we need to test if the
local property of the i-sewable operation is satisfied (i.e. f(a;(it)) = ay(it’),
with £(it) = it’). When it is not the case, we directly return false as we know
that the two darts d and d’ are not i-sewable. Otherwise we continue the main
loop until finishing at least one iterator. If only one iterator has finished, the
two darts are not i-sewable (the two orbits do not have the same number of
darts); otherwise, they are i-sewable, and we return true.

The complexity of the i-sewable algorithm is linear in the number of darts
#d in the smaller orbit among o4 and o4 times log #d. Indeed, we stop the
main loop as soon as one iterator has reached its end position, and all opera-
tions are atomic except the access to an element in the associative array which
is in log, and the inner loop (line 8) is bounded by n which is a constant.

The i-sew operation is given in Algorithm 20, for i € {0,...,n}. This al-
gorithm follows directly the definition of the i-sew operation (see Def. 19
page 91). The main loop consists to run through the two orbits oy =
{0y« vy Qim2, Qigay ..oy an)(d) and og = (g, - .+, Qi—2, Qiqa, ...,y )(d"), and
put in relation all pairs of darts by «;.

Algorithm 20: sewNGMap(gm,d,d’,i): i-sew two darts for n-Gmaps

Input: gm: an n-Gmap;
d, d’ € gm.Darts: two i-sewable darts;
ie{0,...,n}.
Result: i-sew darts d and d’.
1 it < generic iterator(gm,d,(0,...,1 —2,i 4+ 2,...,n));
2 it’ « generic iterator(gm,d’,(0,...,1 —2,i 4+ 2,...,n));
3 while it is not to its end do
4 it.Alphas[i] + it/;
it’.Alphas[i] + it;
advance it to its next position;
advance it’ to its next position;

N o wm

The key point of this algorithm is the use once again of the two generic
iterators (gm,d,(0,...,i—2,i+2,...,n)) and (gm,d’,(0,...,i—2,i+2,...,n))
to iterate through the two orbits by using the same « links. Since we know
that d and d’ are i-sewable, and since the generic iterator uses the indexes
given in the sequence in the same order, at each step of the while loop, the
two iterators point to two darts in relation by isomorphism f of Def. 19. For
this reason, we only need to put the two pointed darts in relation by «;, then
move the two iterators to their next positions. Note that the relation is done
in both directions as a; is an involution. The algorithm ends when the two
iterators reach their end positions.
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The complexity of this algorithm is linear in the number of darts in the
orbit (@, ..., Qi—2, @12, ..., ) (d).

The i-unsew operation is given in Algorithm 21, for i € {0,...,n}.
As for the i-sew algorithm, it follows directly the i-unsew definition
(see Def. 20 page 96). It runs through all the darts of the orbit
(gy .. yi_2,Q549,...,0,)(d), and we i-link dart «;(e) to itself, and dart
e to itself.

Algorithm 21: unsewNGMap(gm,d,i): i-unsew two darts for n-Gmaps

Input: gm: an n-Gmap;
d € gm.Darts: a non i-free dart;

ie{0,...,n}.
Result: i-unsew darts d and «;(d).
1 foreach dart e € (ag,...,qi_2,Qi42,...,0,)(d) do

2 (e.Alphas[i]).Alphas[i] < e.Alphasli];
3 e.Alphas[i] + e;

The complexity of the unsew algorithm is linear in the number of darts of
the traversed orbit (g, ..., 592,319, ..,Q,)(d).

4.5 Complements

In this section, some additional definitions are provided: boundary map, du-
ality, orientability, and we conclude by providing a classification of 2-Gmaps,
corresponding to the classification of surfaces.

Note that the algorithms corresponding to these new notions are not pro-
vided, but they are not complicated to retrieve. For the boundary map and the
dual map, the principle is similar to the copy of an n-Gmap, while modifying
the « links according to the definitions.

4.5.1 Boundary Map

For many applications, n-Gmaps are such that all involutions, except a,, are
without fixed points, i.e. no dart d exists, such that «;(d) = d with i < n: so,
the boundary of each n-cell corresponds to an (n — 1)-quasi-manifold without
boundary, but the n-dimensional quasi-manifold corresponding to the n-Gmap
can have boundaries, which correspond to the connected components of the
(n —1)-Gmap of the boundaries.

Let us consider an n-Gmap G without boundary except for dimension n.
Gy is the (n — 1)-Gmap of the boundaries of G: it corresponds thus to an
(n — 1)-quasi-manifold without boundary. It is defined by keeping all the n-
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free darts of G and all the a;, Vi € {0,...,n—2}. a},_; is defined by following,
for each n-free dart, the path of darts ay,—1 o (o, © an,l)k to jump over darts
that do not belong to the boundary until obtaining an n-free dart. For n =1
or n = 2, any component of Gy represents a boundary of G (see example in
2D in Fig. 4.20). For n > 3, any component of Gy represents an (n — 1)-quasi-
manifold which recovers a boundary of G.

The boundary notion is generalized in Def. 21 in order to define the i-
boundary map for any n-Gmap. Given an n-Gmap G, the i-boundary map
G, is an n-Gmap which covers the different ¢-boundaries of G. More precisely
there is a one to one mapping between the different i-boundaries of G and the
connected components of Gp,.

Definition 21 (i-boundary map) Let G = (D, ayp,...,q,) be an n-Gmap,
andi € {0,...,n}. Thei-boundary map Gs, = (D', , ..., al,) is the n-Gmap
defined by:

1. D' ={d € D|d is i-free};

2.Vd € D':
o Vje{0,...,i—2,i+2,...,n}, aj(d') = a;(d);
o oi(d) =d'; aj,(d)=d;

° O[;;_l(d/) = ;—10° (O[i o Ctifl)k(d’)
k being the smaller integer s.t. a;_1 o (o o a;_1)*(d') is i-free.

Note that there are two possible cases for the definition of «_,(d"). The
first case is when an i-free dart d”” # d’ is reached when following the path of
dart a;;_10(ajoa;_1)k(d’). In this case, o, (d') = d". The second case is when
an (i — 1)-free dart is reached when following the path a;_1 o (a; 0 a;—1)*(d’).
In this case, the path goes forward until obtaining d’ which is the first i-free
dart of the path, and of_,(d") = d’. Note also that, by definition, all the darts
in an i-boundary map are i-free and (i + 1)-free.

Note also that the generalized i-boundary map has the same dimension
than the initial n-Gmap. This is required for ¢ < m in order to associate
correctly during the closure operation (cf. Section 6.1 page 185) darts of initial
n-Gmap with darts of i-boundary map. However this is not required for ¢ = n
as there is no dimension higher than i.

This generalized definition of the i-boundary map can be used to retreive
the classical boundary of an n-Gmap G, when all involutions except «, are
without fixed points. First Gy, is computed, then its dimension is decreased
(by definition each dart d in Gy, is such that «,(d) = d), producing G.

Definition 22 (boundary map) Let G be an n-Gmap without boundary ex-
cept possibly for dimension n. The (n — 1)-Gmap of the boundaries is Gy =
G, .
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FIGURE 4.20

(a) 2-Gmap G with 2-boundary.

(b) The corresponding 2-boundary map Gg, = (D', o), oy, oy = Idp). 1-Gmap

Go = G, = (D', ap,a]) corresponds to a closed curve, i.e. to the boundary
2

of the surface represented by G.

Figure 4.20 shows an example of a 2-Gmap with a 2-boundary and its
corresponding 2-boundary map. A second example is given in Fig. 4.21 that
shows a 3-Gmap with a 3-boundary and the corresponding 3-boundary map.
Note that in both cases, we get the (n — 1)-Gmap of the boundaries by de-
creasing their dimension. The third example given in Fig. 4.22 shows a case
where we obtain d’ for the definition of a)_,(d’) (for darts 1, 6, 12 and 15).

Figure 4.23 shows the 1-boundary map of the 2-Gmap given in Fig. 4.22(a)
(which has 1-boundaries and 2-boundaries) and in Fig. 4.24 an example of 1-
boundary map for a 3-Gmap.

Given an n-Gmap G with i-boundaries, it is then possible to “fill” all i-
boundaries by linking the n-Gmap with a copy of its i-boundary map G, .
More precisely, each dart of G belonging to a boundary is linked by «; with
its corresponding dart of the copy of Gg,: this produces the i-closure of the
n-Gmap detailed in Section 6.1.

4.5.2 Duality

Duality is a classical notion that, for geometrical objects, is the link between
two objects having similar structure, but regarding their dimensions in reverse
order. A classical example is a planar graph embedded in a plane, which de-
scribes vertices, edges and faces. Its dual graph, embedded also in the plane, is
a planar graph where each vertex (resp. edge, face) corresponds to a face (resp.
edge, vertex) of the initial graph. Another classical example is the Delaunay
subdivision of a set of points which is the dual of the Voronoi subdivision of
the same set of points.
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FIGURE 4.21

(a) 3-Gmap G with 3-boundary (three volumes two by two adjacent).

(b) The corresponding 3-boundary map Gy, = (D', af), o, o, o = Idp). 2-
Gmap Gy = Gy, = (D', ap, 0}, a3) corresponds to a surface, which is the
boundary of the 3-dimensional manifold represented by G.

FIGURE 4.22

(a) 2-Gmap G with 1-boundaries and 2-boundaries.

(b) The corresponding 2-boundary map Gg, = (D', o, o}, afy = Idp). For
example, darts 6 and 23 are 1-free in G, since 6 = a3 o (az 0 a1)?(6) and
ag o (g 0 a1)?(23) = 23 are 2-free in G. Gy, is given in Fig. 4.23.
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FIGURE 4.23 FIGURE 4.24
1-boundary  map  Go, (a) Partial representation of 3-Gmap G.
of the 2-Gmap given in Zoom on the face separating two volumes
Fig. 4.22(a) composed with which has a 1-boundary.
four darts describing two (b) The corresponding 1-boundary map
isolated edges. Go, = (D',af,0f = Idp,a, = Idp,a}).

Darts 1 and 2 (resp. 3 and 4) are 0-sewn in
Go,, and darts 1 and 3 (resp. 2 and 4) are
3-sewn in G, .

For n-Gmaps, defining the dual consists in reversing the order of the «
involutions (see Def. 23).

Definition 23 (Dual n-Gmap) Let G = (D,ag,...,a,) be an n-Gmap.
The dual n-Gmap of G is G* = (D, ..., ap).

By definition of cells in n-Gmaps, i-cells are transformed into (n — i)-cells.
Thanks to this definition, it is straightforward to prove that G** = G.

An example of a 2-Gmap G = (D, «ap,a1,as) without boundary is
presented in Fig. 4.25, and also its corresponding dual 2-Gmap G* =
(D, ag,a1,ap). G is composed by seven vertices, nine edges and four faces,
while G* is composed by four vertices, nine edges and seven faces.

As illustrated in Fig. 4.26, the dual map definition is valid for n-Gmaps
with boundaries. In this example, 2-Gmap G = (D, ag, a1, az) has boundaries
in all dimensions. Its dual is 2-Gmap G* = (D, ag, a1, o). G is composed by
five vertices, five edges and three faces, while G* is composed by three vertices,
five edges and five faces.

4.5.3 Orientability

n-Gmaps can describe the topology of orientable and nonorientable quasi-
manifolds (cf. chapter 3). Definition 24 allows to test if a given n-Gmap is
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FIGURE 4.25

(a) 2-Gmap G = (D, ap, a1, a2) without boundary.

(b) The dual 2-Gmap G* = (D, as, a1, «p). The vertex located down left (resp.
down right, up left, up right) corresponds to the square face down (resp. the
triangle, the square face up, the external face) in Fig. 4.25(a).
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(a) (b)

FIGURE 4.26
(a) 2-Gmap G = (D, ap, a1, @) having boundaries in all dimensions.
(b) The dual 2-Gmap G* = (D, ag, a1, ap).
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FIGURE 4.27

Orientable and nonorientable 2-Gmaps.

(a) An orientable 2-Gmap. E is the set of darts in black, and F5 is the set
of darts in gray. Any pair of darts d,d’ such that d = a;(d’) belong to two
different sets, Vi € {0,1,2}.

(b) A nonorientable 2-Gmap. It is not possible to define two sets Eq and FEs
satisfying the orientable condition.

orientable or not. It is orientable if the set of darts can be split in two such
that any involution links two darts belonging to two different sets.

Definition 24 (Orientable n-Gmap) An n-Gmap G = (D, «q,...,ay) i
orientable if D = FEi U FE5, such that E1 N Ey = &, and, ¥d € D, Vi €
{0,...,n}, d is not i-free = d and a;(d) do not belong to the same set Eq or
FE5. G is nonorientable otherwise.

Two 2-Gmaps are shown in Fig. 4.27, the first one being orientable while
the second one not. In the first case, two sets of darts can be defined, which
satisfy the orientable condition. In the second case, this is not possible: for
instance, if By = {1,3,5,7} and Ey = {2,4,6,8}, these two sets satisfy the
orientable condition for «p and «y, but not for as because as(3) = 7, and
darts 3 and 7 both belong to F7. And any other pair of sets F; and Fy does
not satisfy the orientable condition for ag or cr;. We will see in Section 5.5.2
page 178 how to compute an orientation of any orientable n-Gmap.

The orientable condition can also be defined in a similar way for any i-cell
(and more generally for any orbit): cf. Def. 25. The only difference with the
definition of orientable n-Gmap is to consider here only the darts of the given
cell, and all involutions except «;.

Definition 25 (Orientable i-cell) An i-cell ¢ in an n-Gmap G =
(D, ap,...,qa,) is orientable if ¢ = Ey U Esy, such that F1 N Ey = &, and
Vdeec, VjeA{0,...,n}, j #1, d is not j-free = d and a;(d) do not belong to
the same set Eq1 or E5. ¢ is nonorientable otherwise.

If an n-Gmap is orientable, then all its i-cells are orientable for all i €
{0,...,n} (and more generally all its orbits are orientable). However the re-
verse is not true. An n-Gmap can be nonorientable even if all its cells are
orientable as we can see in Fig. 4.27(b). Indeed, this 2-Gmap is nonorientable,
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while all its cells are orientable. For example face co(1) is orientable, as «s is
not taken into account, but only o and «;.

When an n-Gmap is orientable, the two subsets F; and Es5 correspond
to the two orientations of the corresponding quasi-manifold, and these two
orientations are inverse from each other (see Fig. 4.27(a)). When all involutions
are without fixed points, sets E;7 and Es are equal to the two orbits for {a; o
g, ...,y 0 ap} (cf. Section 5.5.2 where the links between n-maps and n-
Gmaps are studied).

4.5.4 Classification of 2-Gmaps

Thanks to the definitions given in this chapter, given a connected 2-Gmap G
having no 0 nor 1-boundary, it is possible to compute the different topological
characteristics of G introduced in Section 2.3 for the classification of paper
surfaces:

e b(G) is the number of 2-boundaries of G, i.e. the number of connected
components of Gg;

e x(G) is the Euler-Poincaré characteristic of G:
X(G) = —#(a2) + #(a0, 1) + #{ao, az) + #(a1, a2)
#() denotes the number of orbits, see Section 8.3.2.1 page 329 for details
on this characteristic;

e ¢(G) is the orientability factor of G defined by:
0 if G is orientable;
q¢(G) =< 1 if G is nonorientable and (b(G) + ¢(G)) is odd;
2 otherwise.

e g(G) is the genus of G defined by ¢g(G) =1 — (b(G) + x(G) + q¢(G)) /2.

These characteristics make it possible to define a classification of con-
nected 2-Gmaps by the triple (b(G), ¢(G), g(G)) related to the classification
of the associated surfaces. Note that we can classify nonconnected 2-Gmaps
by classifying each of its connected component. The following array gives some
characteristics of usual surfaces:

Type of surface (b(G), ¢(G), 9(G))
Sphere (0,0,0)
Torus (0,0,1)
Double torus (0,0,2)
Disk (1,0,0)
Annulus (2,0,0)
Projective plane (0,1,0)
Klein bottle (0,2,0)
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Note that the number of n-boundaries, the Euler-Poincaré characteristic
and the orientability notion are defined for any n-Gmaps whatever their di-
mension is (cf. Section 8.3.2.1 page 329 for Euler-Poincaré characteristic), but
for n > 2, they do not provide a classification.
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n-maps

An n-map is a combinatorial data structure allowing to describe an n-
dimensional oriented quasi-manifold with or without boundary. The main
difference with n-Gmaps introduced in the previous chapter is the fact that
n-maps cannot describe nonorientable quasi-manifolds. The main interest of
n-maps comparing to n-Gmaps is to use twice less darts for representing ori-
entable quasi-manifolds’. The main drawback is the “inhomogeneity” of the
definition, which often involves more complex algorithms. We structure this
chapter as for n-Gmaps, in order to emphasize the similarities and the dif-
ferences between the two data structures. n-maps are defined in Section 5.1,
as the basic notions of cells, incidence and adjacency relations between the
cells. Some basic operations allowing to modify existing n-maps are presented
in Section 5.2. These operations allow to add/remove darts, increase/decrease
the dimension of an n-map, merge/split n-maps; the sew/unsew operations
allow to identify cells. We show in Section 5.3 that these operations make a
small basis of operations allowing to build any n-map. Moreover, it is pointed
out that it is possible to take multi-incidence between cells into account, and
some specific configurations are illustrated, related to multi-incidence such as
dangling cells and folded cells. A possible data structure for implementing
n-maps is proposed in Section 5.4, and also some algorithms allowing to de-
velop a computer software handling n-maps. Some additional notions related
to n-maps are presented in Section 5.5. The relations between n-maps and
n-Gmaps are studied in Section 5.5.2.

5.1 Basic Definitions

As seen in chapter 3, an n-map is defined by a set of darts on which permu-
tations and involutions act, which satisfy some constraints. This leads to the
following definition of n-maps.

Definition 26 (n-map) An n-dimensional combinatorial map, or n-map,
with 0 <mn, is an (n + 1)-tuple M = (D, p1, ..., Bn) where:

1When an orientable quasi-manifold is represented, the corresponding n-Gmap represents
the two possible orientations, but the corresponding n-map represents only one orientation.
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1. D 1is a finite set of darts;
2. 1 is a partial permutation on D; let By denote ﬂfl;
3. Vie{2,...,n}: B is a partial involution on D;

4.¥1€{0,...,n =2}, Vj € {3,...,n}, such that i +2 < j, B;0B; is a
partial involution.

10
11

(b) (c)

FIGURE 5.1

Examples of 1-map, 2-map and 3-map.
(a) A T-map (D, ).

(b) A 2—map (D,ﬂl, /32)

(C) A 3_map (Da ﬁlv BQa 63)

A 0-map (D) is a set of darts representing isolated vertices, a 1-map (D, 51)
represents the structure of oriented polygonal curves (cf. Fig. 5.1(a)), a 2-
map (D, 81, B2) represents the structure of oriented subdivided surfaces (cf.
Fig. 5.1(b)), a 3-map (D, 51, B2, B3) represents the structure of assemblies of
oriented volumes (cf. Fig. 5.1(c)). ..

Bo = 51_1 is a partial permutation. For ¢ € {2,...,n}, §; is a partial
involution, and thus §; = 3; L

Since all § relations are partial relations, darts can be linked with &: this
corresponds to the fact that n-maps can describe objects with boundaries.
Dart d is i-free if it is linked with @ by §;, and it is i-sewn otherwise (cf.
Def. 27 and example in Fig. 5.2).

Definition 27 (i-free, i-sewn) Let M = (D, f1,...,Bn) be an n-map, d €
D, and i € {0,...,n}:

e d is i-free if B;(d) = &;
e d is i-sewn with dart dy € D if 5;(d) = da.
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FIGURE 5.2

A 2-map with 1-boundary and 2-boundary.

For example dart 1 is O-free, i.e. 5p(1) = @. Thus dart 0 belongs to an edge
which has no previous edge in the same face.

Dart 2 is 1-free, i.e. 51(2) = @. Thus dart 2 belongs to an edge which has no
next edge in the same face.

Dart 3 is 2-free, i.e. £2(3) = &, so it belongs to an edge which is incident to
only one face.

In all generality, boundaries can exist in all dimensions; in practical appli-
cations, nD objects are often without boundary, except for dimension n, i.e.
there are no free darts except for 3,.

Note that a 0-boundary (i.e. an edge incident to only one vertex, as for in-
stance an edge cut by a plane) corresponds to a dart free for all ¢ € {1,...,n}.
Indeed, as soon as a dart d; is i-sewn with a dart do, for i € {1,...,n}, the
edge containing dart d; is incident to two vertices: the vertex containing dart
dq, and the vertex containing dart dy (cf. definition of cells below).

As seen in the intuitive presentation, an n-map can contain different con-
nected components. The set of darts belonging to the same connected com-
ponent than a given dart can be retrieved, thanks to Def. 28. This is the set
of darts of the orbit made of all the permutations.

Definition 28 (connected component) Let M = (D, (1,...,3,) be an n-
map, and d € D. (B1,...,Bn)(d) is the connected component containing d.

As said before, according to the context, an orbit denotes either a set of
darts, or this set of darts together with the corresponding 3 relations. Thanks
to this definition, it can be directly tested if a given n-map is connected, i.e.
made of only one connected component, simply by testing if the connected
component containing a dart is the set of all the darts of the n-map (cf.
Def. 29).

Definition 29 (connected n-map) Let M = (D, p1,...,0,) be an n-map.
M is connected if ($1,...,0n)(d) is equal to D, with d € D.
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As for graph theory, the notion of connexity is related to the notion of
path given in Def. 30.

Definition 30 (path) Let M = (D, 51,...,8n) be an n-map and d,d’ € D.
A path between d and d' is a sequence of darts (dy,...,dg) such that di = d,
dip =d and Vi e {2, .. .,k}, d; = quy(dz’—l) € D, with k; € {0, .. .,n}.

Given any pair of darts d and d’ that belong to the same connected com-
ponent, a path exists between d and d’. Reciprocally, if d and d’ do not belong
to the same connected component, there is no path between d and d'.

In an n-map, a dart corresponds to an (n + 1)-tuple of oriented cells of
different dimensions (vertex, edge, face, volume ... ), each pair of cells in this
tuple being incident. Moreover, the vertex is the origin of the oriented edge. In
other words, a dart describes a “small part” of each oriented cell (this explains
why cells are not the basic elements of n-maps). A consequence is the fact that
very local notions and operations can be defined: for instance, if an edge is a
loop, its two extremities can be distinguished, even if it is incident to only one
vertex. More generally, n-maps naturally take multi-incidence into account,
and this can be useful for representing free-form objects.

As we have seen in the intuitive presentation, a cell containing a given dart
corresponds to some specific orbit (cf. Def. 31).

Definition 31 (i-cell) Let M = (D, f1,...,8n) be an n-map, d € D and
i €{0,...,n}. The i-dimensional cell (or i-cell) containing d is ¢;(d):

L4 Zf’L = 0; CO(d) = <{B] Oﬂle],k € {1’ . 'ﬂn}7 j < k}>(d)7
e otherwise, c;(d) = (B1,...,Bi—1, Bit1,- -, Bn)(d).

The cells can equivalently be defined as the connected components of the
(n—1)-map of cells defined in Def. 32. For ¢ = 0, this property is only satisfied
for n-maps without 1-boundary. Indeed, in such a map, the 0-cell definition
is equal to the simplified form (85 o Bo,..., B, © Bp) while this is not true
for n-maps with 1-boundary (as shown for the example given in Fig. 3.16
page 68).

Definition 32 ((n — 1)-map of i-cells) Let M = (D, S1,...,58,) be an n-
map, withn > 1, and i € {0,...,n}. The (n — 1)-map of i-cells is M, :

L4 ZfIL:O: Mco = (D7B201807"'7ﬂnoﬂo);
e otherwise, M., = (D, (1,...,Bi-1,Bit1,- -+, 5n)-

Thanks to this definition of cells, the incidence and adjacency relations
between cells can be directly retrieved (cf. Def. 33).

Definition 33 (incidence and adjacency) Let M = (D, fS1,...,08,) be an
n-map, d,d € D, and i,j € {0,...,n}, i #j:
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(a) (b)

FIGURE 5.3

(a) 3-map M. For example, 51(1) =2, 51(2) =3, f1(3) =4 and 51 (4) = 1.
(b) The inverse 3-map M ~!. For example, 31(1) = 4, 31(4) = 3, 31(3) = 2
and 31(2) = 1.

o cells ¢;(d) and cj(d") are incident iff ¢;(d) Ne;(d") # 0;

o cells ¢;(d) and ¢;(d') are adjacent iff two darts dy and dy exist, such that
dy € Ci( ), dy € Cl‘(dl), and:

- ZfZ =0: dl = ﬂk(dg) with k S {0, N 77’L},‘
— ZfZ >0:d; = 51(d2) or dy = ﬁ,(dl)

Note that there are two different cases for the adjacency definition: a first
one for O-cells and a second one for i-cells when ¢ > 0. Two vertices are incident
if two darts exist in the two vertices which are linked by any By. For ¢ > 0,
the two darts must be linked by ;. Note that the second condition of the
adjacency definition (dy = 5;(d1)) is required for ¢ = 1, but not if 4 is greater
than 1, because in this case (; is an involution. Note also that, according to
this definition, a cell is never incident to itself, since i must be different from
j; but it can be adjacent to itself: for instance a loop is adjacent to itself, and
more generally cells which are multi-incident to other cells: cf. Section 5.3.

An n-map M describes an nD oriented quasi-manifold. The inverse of M
describes the same quasi-manifold, but with the reverse orientation (cf. Def. 34
and example in Fig. 5.3).

d
d

Definition 34 (inverse) Let M = (D, 31,...,3,) be an n-map. The n-map
inverse of M is M~ = (D, 87", B2, - - -, Bn)-

It can be tested if two n-maps describe the same subdivision, through
the isomorphism notion. Two n-maps are isomorphic if there is a one-to-one
mapping between their darts which preserves all relations (cf. Def. 35).
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FIGURE 5.4

Submap isomorphism.

(a) 2-map M.

(b) 2-map M’ is a submap of M as it is obtained from M by deleting darts
11 to 18.

(¢) 2-map M" is not isomorphic to a submap of M, as the injection f that
respectively matches darts 1” to 10” with darts 1 to 10 does not verify the
conditions of Def. 36: dart 4" is 2-free and it is matched with dart 4 which is
2-sewn with dart 2 which is itself matched (i.e. f=1(2) = 2").

Definition 35 (isomorphism) Two n-maps M = (D, B1,...,58,) and M’ =
(D', B1,...,0B.) are isomorphic if there exists an isomorphism mapping D onto
D', i.e. a one-to-one mapping [ : DU{@} — D' U{@} such that f(2) = @,
andVd € D, Vi € {1,...,n}, f(Bi(d)) = B.(f(d)).

We can also test if an n-map M’ is included in a second n-map M, i.e. if
there exists a part of M being isomorphic to M’. M’ is subisomorphic to M
if an injective mapping exists between the darts of M’ onto the darts of M
which preserves all the relations inside the concerned part of M (cf. Def. 36
and example in Fig. 5.4).

Definition 36 (subisomorphism) An n-map M' = (D', 5},...,0},) is iso-
morphic to a submap of M = (D, f1,...,Bn) if there exists a subisomorphism
between D’ and D, i.e. an injective mapping f : D' U{&} — DU {&} such
that f(@) =@, andV¥d € D', Vi€ {1,...,n}:

o if d is not i-free, then f(5i(d)) = Bi(f(d));

o otherwise, either f(d) is i-free, or Vdy, € D', f(dy) # B:(f(d))).

5.2 Basic Operations

In the previous section, several basic definitions concerning n-maps have been
introduced. Now we present some basic operations allowing to modify existing
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n-maps. Note that many high level operations have been defined, sometimes
based on these basic ones, allowing to construct and modify n-maps. Even if
the basic operations introduced in this section can be directly used to inter-
actively construct an object, their interest is mainly theoretical: they provide
a small basis of operations allowing to build any n-map. The high level oper-
ations usually handle orbits, as cells for instance, although basic operations
handle directly the darts and the S functions. All these operations take an
n-map as input, and produce another n-map which is the result of the opera-
tion.

5.2.1 Basic Tools

The first basic tool consists in adding a new dart in an n-map. To guaranty the
validity of the n-map, the new dart is isolated, i.e. Vi € {0,...,n}, 8;(d) = @.
This operation can be used several times to add any number of isolated darts
in the n-map.

Definition 37 (add isolated dart) Let M = (D, f1,...,0,) be an n-map.
The n-map obtained from M by adding an isolated dart is Myq = (D U
{d}, B4, ..., 80); Vie {1,...,n}, Bl is defined by:

e Vee D, ﬂ;(e) = 51‘(6){
. B(d) = 2.

The inverse operation given in Def. 38 consists in removing an isolated
dart.

Definition 38 (remove isolated dart) Let M = (D, f,...,0,) be an n-
map, and let d € D be an isolated dart, i.e. ¥i € {0,...,n}, B;i(d) = @.
The n-map obtained from M by removing d is M_q = (D \ {d},By,...,0L);
Vi € {1,...,n}, B is the restriction of B; to the set of remaining darts, i.e.
B; = Bip\(ay-

Since only isolated darts are removed, the result of the operation is ob-
viously an n-map. Note that any dart can be removed, but it is necessary
to isolate it by applying (maybe several times) the unsew operation (cf. Sec-
tion 5.2.3 for the definition of the unsew operation).

The operation which increases the dimension of an n-map is straightfor-
ward: cf. Def. 39. Increasing the dimension of an (n — 1)-map M by one
leads to create one n-cell for each connected component of M. For any i in
{0,...,n — 1}, no i-cell is modified by this operation.

Definition 39 (increase dimension) Let M = (D, f1,...,n-1) be an (n—
1)-map. The n-map obtained from M by increasing its dimension is M+ =
(D, p1,...,Bn), where By, is defined by: ¥d € D, 5, (d) = &.
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The operation which decreases the dimension of an nm-map is defined in
Def. 40. This operation is the inverse of the increase dimension operation. It
leads to the disappearance of all the n-cells of M.

Definition 40 (decrease dimension) Let M = (D, f1,...,53,) be an n-
map such thatVd € D, B,(d) = @. The n-map obtained from M by decreasing
its dimension is M~ = (D, 31,...,Bn-1)-

Note that this operation is restricted to an n-map which has all its darts n-
free, in order to get the inverse of the operation which increases the dimension.
However, it is possible to first n-unsew all the non n-free darts, and then to
decrease the dimension of the resulting n-map.

Two distinct n-maps can be merged into a same n-map, which connected
components are thus the connected components of the initial n-maps (cf.
Def. 41). Its number of cells (resp. of connected components) is the sum of the
numbers of cells (resp. of connected components) of the two initial n-maps.

Definition 41 (merge) Let M = (D, 51,...,8,) and M' = (D', B1,...,5.)
be two n-maps such that DN D' = (). The n-map obtained by merging M and
M is MUM' = (D",BY,...,5) defined by:

e D" =DUD';

"o\ " _ Bi (d) if d € D;

e Vde D" Vie{l,...,n}, B8/(d) = { B(d)  otherwise.

The reverse operation consists in splitting a given n-map in two. It is based
on the restrict operation defined in Def. 42: it takes as input a given n-map
and a subset of darts which correspond to a set of connected components, and
build the n-map restricted to this set of darts.

Definition 42 (restrict) Let M = (D,fB1,...,08,) be an n-map, and let
D’ C D be such thatVd € D', Vi € {0,...,n}, B;(d) € D'. The n-map obtained
by restricting M to D" is Mip = (D', B1,...,[;,), such that Vi € {1,...,n},
ﬁz/ = 51‘\1)/'

Note that the restrict operation is only possible if the given set of darts D’
corresponds to a set of connected components. Otherwise, some darts would
be linked with darts that do not belong to D’, contradicting the permutation
and involution definitions, and thus the definition of n-maps. However, the
restrict operation can be applied to any set of darts, simply by applying first
the required unsew operations for isolating this set of darts.

The split operation, given in Def. 43, takes as input an n-map M and
a subset of darts D’, and produces two n-maps by using twice the restrict
operation: a first time for D’ and the second time for D \ D’.

Definition 43 (split) Let M = (D, f,..., ) be an n-map, and let D' C D
be such that Vd € D', Vi € {0,...,n}, Bi(d) € D'. The two n-maps obtained
by splitting M along D" are My (D") = Mpr and Mg (D') = Mip\pr-
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It is straightforward to prove that each operation is the inverse of its
corresponding operation. For that, it suffices to show that, starting from M,
and applying an operation and then the corresponding inverse operation, the
resulting n-map M’ is isomorphic to M. For each operation, it is easy to
choose the parameters of the operations which lead to this conclusion.

5.2.2 Sew Operations

The i-sew operation allows to “link” some i-free darts by ;, for a given 1.
In order to satisfy the “composition constraint” of the n-map definition (i.e.
Bi o B; is a partial involution for | — j| > 2), we often need to put in relation
not only two darts but several darts: for instance, if two darts are linked by
B3 in a 3-map, it is necessary to link also the darts belonging to the two
faces containing these two darts. For the i-sew operation, we choose to put in
relation the minimal number of darts such that the result of the operation is
an n-map.

In fact, the i-sew operation implies some identifications of cells: for in-
stance, when two darts are sewn by [5 in a 2-map, the corresponding edges
are identified into a single edge: this identification can involve the identifica-
tion of the vertices incident to the initial edges.

For this reason, it is not possible to apply the i-sew operation to any set
of darts: the cells to identify must have the same structure, i.e. they have to
be isomorphic to each other. Indeed, when two cells have different structures,
we do not know how to identify them. For example it is not possible to sew
a cube and a tetrahedron since we do not know how to identify a square face
with a triangle face. So, before defining the sew operation, it is necessary to be
able to test if a sew is possible. The property of “being i-sewable” is detailed
in Def. 44.

Definition 44 (i-sewable) Let M = (D,S,...,B8,) be an n-map, i €
{1,...,n}, d,d" € D. Let o4 denote (f1,...,Bi—2,Bit2,--,Bn)(d), and og
denote (B1,...,Bi—2,Bit2,---,Bu)(d). d is i-sewable with d' if B;(d) = @,
ﬂfl(d’) = @ and an isomorphism?® f exists between oq4 and the inverse of oy,
such that f(d) = d'. Moreover, if og = ogq then f = f~1.

Considering the whole orbits (B1,...,8i—2,Bit2,...,0n)(d) and
(B1y.-y Biza, Bitay .-+, Bn)(d') is required in order to satisfy, after the
sew, the condition that 3; o 8; is a partial involution when |i — j| > 2. In fact,
the i-sew operation will “link” together all the darts of o4 with the darts of
oq'- d must be i-free and d’ must be i~!-free (to consider correctly the case
when ¢ = 1), so all the darts in o4 and o4 are also free since ; o 3; are partial

2f is an isomorphism between o4 and the inverse of o4 iff:

Ve € 04,%j € {1,...,i—2,i+2,...,n}, f(B;(e)) = B; ' (f(e))
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involutions when |i — j| > 2. Note that a dart can be i-sewn with itself; more
generally, it is possible that o = o4/: the corresponding sew will create folded
cells (see Section 5.3).

Note that any pair of free darts is always i-sewable in any 1-map and in
any 2-map; for these cases, orbits o4 and o4 contain only one dart, and the set
{1,...,i—2,i+2,...,n} is empty. So, no precondition is required for sewing
darts in 1-maps and in 2-maps. Similarly, it is always possible to 2-sew free
darts in 3-maps.

The notion of “being i-sewable” is used to define the i-sew operation in
Def. 45. When applying the i-sew operation, all the darts in o4 and oy are
linked by ;. This implies the identification of the two (i — 1)-cells containing
darts d and d’. Moreover, several other cells can be identified i.e. the j-cells
incident to the two identified (i — 1)-cells, with j € {0,...,i—2,i+1,...,n}
(cf. below for some examples).

Definition 45 (i-sew) Let M = (D, B1,...,0n) be an n-map, n > 0, i €
{2,...,n}, and let d,d’ € D be such that d and d' are i-sewable by the iso-
morphism f of Def. 44. The n-map obtained from M by the i-sewing of d and
d' is Mi-sew(d,d") = (D, B1,...,Bi-1, 8} Bi+1,-- -+ Pn), where 3] is defined by:
Ve e D,

e ife € og, Bi(e) = fle);
e ifog # o4 and e € oy, 5;(6) = ffl(e);
o otherwise, Bi(e) = Bi(e).

(2

Given an n-map and two i-sewable darts, the i-sew operation consists
simply in linking all the darts in o4 with their “equivalent” darts in o4. More
precisely, (. is directly given by £; and isomorphism f. So, the i-sew of d
and d' produces the same n-map than the i-sew of any dart d” of o4 and the
corresponding dart f(d”) of og.

As often for n-maps, there is a special case for the dimension 1, described
in Def. 46; this is due to the fact that ; is a partial permutation, as other
(B’s are partial involutions. More precisely, there are two differences with the
generic definition for other dimensions: first, 81 being a partial permutation,
the inverse relation has not to be defined; second, given two darts e and
e/ = f(e), it is necessary to define 51(e) = ¢ if e has the same orientation
than d, and 1 (e’) = e otherwise (see example in Fig. 5.6) to obtain a correct
orientation of all the linked darts. e has the same orientation than d if e €

<{5z Oﬂjwi?j € {37"'7n}7 i< J}>(d)

Definition 46 (1-sew) Let M = (D, 31,...,8,) be an n-map,and let d,d’ €
D be such that d and d' are 1-sewable by the isomorphism f of Def. /4. Let
o1 denote ({BioB;|Vi,j € {3,...,n}, i < j})(d). The n-map obtained from M
by the 1-sewing of d and d' is My_sew(d,d') = (D, By, B2, ..., Bn), where 5] is
defined by: Ve € D,
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SN

FIGURE 5.5

1-sew operation in a 1-map.

(a) 1-map M = (D, f; = @) contains two isolated darts.

(b) The corresponding 1D quasi-manifold having two oriented edges (e; and
e2) and two represented vertices (vy and vs).

()

(d

1-map Mi-sew(1,2): now, 51(1) = 2.
represented vertice.

) The corresponding 1D quasi-manifold having two oriented edges and two

e ifec€og:if e €01 then Bi(e) = f(e),
else B1(f(e)) = e;

e otherwise, Bi(e) = Pi(e).

An example of 1-sew operation in a l-map is shown in Fig. 5.5. Two
isolated darts are linked by ;. Note that in this case there is no identification
of represented cells (since we are in the special case where an edge has only one
of its vertex represented). As said above, the 1-sew operation in 1D concerns
only the two given darts.

A second example of 1-sew operation is represented in Fig. 5.6, but now in
a 3-map. In the initial 3-map shown in Fig. 5.6(a), the face {1, ..., 8} between
the two volumes has a 1-boundary. Indeed, darts 4 and 8 are 1-free. The 1-
sew operation is applied to darts 4 and 1, producing the 3-map shown in
Fig. 5.5(b): dart 4 is 1-sewn with dart 1, and dart 8 is 1-sewn with dart 5.
Indeed, o4 = (B3)(4) = {4,5}, o1 = (B3)(1) = {1,8} and the isomorphism
f between o4 and o; is such that f(4) =1 and f(5) = 8. f1(4) = f(4) =1
because 4 € ()(4); 51(8) = 1(f(5)) = 5 because 5 & ()(4). Note that the same
result is received if the 1-sew operation is applied to darts 8 and 5.

An example of 2-sew operation in a 2-map is presented in Fig. 5.7. The
two 1-cells containing darts 3 and 4 are identified, involving the identification
of their two extremities. The 2-sew operation is always possible for any pair
of 2-free darts in a 2-map, since in this case, o4 and o4 contain only one dart
each.

For 3-maps, the 2-sew operation is similar as there is no additional con-
straint. Indeed, orbits o4 and o4 contain only dart d and dart d’ respectively.
Thus it is always possible to 2-sew any pair of 2-free darts. Note that the 2-
sew operation can lead to the identification of two volumes, if the two 2-sewn
darts did not belong to the same volume before applying the operation.
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(a) (b)

FIGURE 5.6
1-sew operation in a 3-map.

(a) Partial representation of 3-map M. Zoom on a face separating two volumes,
which has a 1-boundary.

(b) 3-map Mi-gew(4,1): now, 81(4) =1 and (;(8) = 5.

1 2
6 5

(a)
FIGURE 5.7

2-sew operation in a 2-map.

(a) 2-map M = (D, 51, 82 = &) contains six darts.

(b) The corresponding 2D quasi-manifold has two oriented faces, six edges
and six vertices.

(c) 2-map Ma-sew(3,4): 52(3) =4 (and B2(4) = 3).

(d) The corresponding 2D quasi-manifold. Edges e3 and e4 are identified into
edge €/ ; vertices v1 and vy (resp. vz and vs) are identified into vertex v} (resp.
vh).
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FIGURE 5.8

3-sew operation in a 3-map.

(a) 3-map M = (D, f1, 82, B3 = @) contains 48 darts.

(b) The corresponding 3D quasi-manifold has two oriented volumes, twelve
oriented faces, twenty-four oriented edges and sixteen vertices.

(¢) 3-map Gs-sew(1,5): B3(1) =5, B3(2) = 8, B5(3) = 7 and B3(4) = 6 (and
conversely).

(d) The corresponding 3D quasi-manifold. Let denote a cell by a sequence of
its incident vertices. Faces (v1,v2,v3,v4) and (ve,vs,vs,v7) are identified into
one face (v],v5,v5,0)). Edges (vi,v2) and (ve,vs) (resp. (ve,v3) and (vs,vs),
(vs,v4) and (vs,v7), (v4,v1) and (v7,v6)) are identified into edge (v],v4) (resp.
(vh,08), (v5,0}), (vy,0])). Vertices vy and vg (resp. v2 and vy, v3 and vs, v4 and
v7) are identified into vertex v] (resp. vj, v§, v}).
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(a) (b)

FIGURE 5.9

Two examples of non 3-sewable darts in a 3-map.

(a) Darts 1 and 5 are not 3-sewable. It is not possible to define a one to one
mapping, since the two 2-cells do not have the same number of darts.

(b) Darts 8 and 12 are not 3-sewable. Let f be the one to one mapping defined
by £(8) = 12, £(9) = 15, £(10) = 14 and f(11) = 13. (f(8)) = A(12) = @
while f(8;(8)) = f(11) = 13. This is not an isomorphism.

An example of 3-sew operation in a 3-map is presented in Fig. 5.8. Two
2-cells are identified by linking two by two by 3 all the darts belonging to the
two initial faces. This identification of faces involves the identification of the
boundaries of the two faces (each pair of edges and each pair of vertices of the
two faces in relation by the isomorphism f are identified two by two). Such
3-sew operation is not always possible: the two initial faces must be 3-sewable,
i.e. they must have the same structure. In this example, it is easy to verify
that darts 1 and 5 are 3-sewable. 04 = {1,2,3,4} and o3 = {5,6,7,8} are
isomorphic, the isomorphism f is defined by f(1) =5, f(2) =8, f(3) = 7 and
f(4) = 6, and for each dart e € o1, B1(f(e)) = f(B; ().

The 3-sew operation cannot be applied to the two examples depicted in
Fig. 5.9. In the first example, darts 1 and 5 are not 3-sewable since faces ca(1)
and c3(5) do not have the same number of darts. Thus no one to one mapping
exists between o; and os. In the second example, the two faces c2(8) and
¢2(12) do not have the same structure: the first one has no 1-boundary while
the second one has one 1-boundary. Thus no isomorphism exists between og
and o1s.

5.2.3 Unsew Operations

The i-unsew operation is defined in Def. 47 (in Def. 48 for the specific case of
the l-unsew operation); it is the inverse of the i-sew operation. It is always
possible to i-unsew non i-free darts.

Definition 47 (i-unsew) Let M = (D,f1,...,58,) be an n-map, i €
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{2,...,n} and let d € D be a non i-free dart. The n-map obtained from M by

i-unsewing d and B’L(d) 18 Mi—UTLS€'IU(d) = (D7 ﬁlu o 7ﬂi71u 627 ﬂi+17 o 7571);
where B. is defined by: Ve € D,

° Zf@ € <ﬂ17 s 7/81'—27Bi76i+23 s a/BYL>(d)7 B;(e) = J;
o otherwise, Bi(e) = Bi(e).

The i-unsew operation consists in setting 3; to @ for each dart of the orbit
(B1,- -, Biz2, Biy Bixas - - -, Bn)(d). So, the i-unsew applied to any dart of this
orbit produces the same result.

For the l-unsew operation given in Def. 48, two different orbits must
be considered: first o1 = ({8; o B;|Vi,j € {3,...,n}, i < j})(d) is all the
darts of the first edge having the same orientation than d, second oy =
(B3, Bn)(B1(d)) \ ({Bio B|Vi,j € {3,...,n}, i < j})(B1(d)) is all the darts
of the second edge having the opposite orientation than d. Each dart in 0; and
in 09 must be linked by 5, with &, all the other relations are not modified. In
case of a folded edge, 01 U 0g is the set of all the darts of the folded edge.

Definition 48 (1-unsew) Let M = (D, f1,...,0,) be an n-map and d € D
be a non 1-free dart. Let o1 denote ({8; o B;|Vi,j € {3,....n}, i < j})(d)
and oy denote (B3, ..., Bn)(B1(d))\ ({BioB;|Vi,j € {3,...,n}, i < j})(B(d)).
The n-map obtained from M by 1-unsewing d and 51(d) is Mi-ynsew(d) =
(D, B4, B2, .-, Bn), where By is defined by: Ve € D,

e ife€oyUoy: Bi(e) = o;
o otherwise: 81(e) = Pi(e).

It can be proven that i-sew and i-unsew are inverse from each other: ap-
plying i-sew to two i-free darts d and d’, and then applying i-unsew to d,
produces the original n-map; applying i-unsew to dart d, which is non i-free,
and then applying i-sew to d and d’, such that d and d’ were originally linked
by B;, produces the original n-map. As a consequence, we can see examples
of unsew operations by looking at the examples of sew operations and regard-
ing figures in reverse direction. For example, considering the 3-map given in
Fig. 5.6(b) and applying the l-unsew operation to dart 4, the 3-map repre-
sented in Fig. 5.6(a) is obtained. As another example, starting from the 3-map
given in Fig. 5.8(c), the 3-map given in Fig. 5.8(a) is obtained by applying
the 3-unsew operation to dart 1.

5.3 Completeness, Multi-Incidence

Any n-map can be built thanks to the basic operations, by following one
of the two basic construction methods. The first one consists in applying
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an iterative creation process: the dimension of the n-map is progressively
increased, starting from 1 until the dimension of the object; at each step,
some darts are sewn for the new dimension. The second one consists in starting
directly with the dimension of the object, in adding some isolated darts, and
in sewing some darts for any dimension. Note that, as for the basic operations,
the main interest of these construction methods is mainly theoretical: usually,
high level operations are used for practical applications.

5.3.1 Construction by Increasing Dimensions

The first construction method is the inverse of the decomposition process
described for the intuitive presentation of n-maps (cf. Section 3.1). The process
is initialized in 1D with a set of darts having ; equal to @. This set of darts
describes a set of isolated oriented edges. Then some darts are 1-sewn, in order
to glue the corresponding edges together. The 1-map describes the structure
of oriented polygonal lines. The dimension of the map is increased by adding
(o, initialized to @. The 2-map describes the structure of isolated oriented
faces, whose boundaries are the previous oriented polygonal lines. Now, some
darts are 2-sewn in order to identify some edges and maybe their boundaries.
So, the faces are glued along their boundary edges. The 2-map describes the
topology of oriented subdivided surfaces, and so on.

This process can be generalized for any dimension. For that, the two fol-
lowing operations are iteratively applied:

e increase the dimension by adding (,, initialized to @;

e n-sew some darts in order to identify some (n—1)-cells (and their bound-
aries). Remember that the identification of two (n — 1)-cells is possible
only if they have the same structure.

An example showing the whole process of a 2D object construction is
presented in Fig. 5.10. The initial 1-map contains only isolated darts (see (a)),
corresponding to isolated oriented edges (see (e)). Seven 1-sew operations are
applied in order to form oriented polygonal lines by gluing isolated edges (for
example, 1-sewing darts 1 and 2, or darts 2 and 3). The 1-map shown in (b)
corresponds to the subdivision given in (f). Now the dimension of the 1-map
is increased in order to obtain the 2-map shown in (c), where S5 is equal to @.
This operation transforms all the oriented polygonal lines into oriented faces
(see (g)). Lastly, the 2-sew operation is applied to darts 1 and 5, producing
the 2-map shown in (d); it corresponds to the subdivided 2D object shown in
(h).

A second example showing the construction of a 3D object is presented
in Fig. 5.11. The first steps are similar to the previous 2D example. Starting
from a 1-map made of isolated darts (see (a)), 1-sew operations are applied;
then the dimension of the 1-map is increased (see (b)). 2-sew operations are
applied, then the dimension of the 2-map is increased (see (c)). The last step
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FIGURE 5.10

Construction of a 2D object by using the first method. The first line shows
the different n-maps, and the second line the corresponding objects.

(a) 1-map (D, 81 = @) corresponds to (e), a set of isolated oriented edges.
(b) 1-map (D, 31) obtained after seven 1-sew operations. This 1-map corre-
sponds to the two oriented polygonal lines shown in (f).

(¢c) 2-map (D, 51, B2 = @) corresponds to the two oriented faces shown in (g).
(d) 2-map (D, 1, 32) obtained after one 2-sew operation. In (h) the corre-
sponding 2D subdivided object.



150 Combinatorial Maps for Computer Graphics and Image Processing

FIGURE 5.11

Construction of a 3D object by using the first method (partial representation).
The first line shows the different n-maps, and the second line the correspond-
ing objects.

(a) 1-map (D, 81 = @) corresponds to (e), a set of isolated oriented edges.
(b) 2-map (D, B1, 32 = @) obtained after forty 1-sew operations and one in-
crease dimension operation. This 2-map corresponds to eleven oriented faces,
shown in (f).

(¢) 3-map (D, B1, B2, B3 = &) obtained after twenty 2-sew operations and one
increase dimension operation. This 3-map corresponds to the 3D subdivided
object shown in (g) containing two volumes.

(d) 3-map (D, B1, B2, B3) obtained after one 3-sew operation, and (h) the cor-
responding 3D subdivided object.
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corresponds to the 3-sew operation, producing the 3-map shown in (d): it
corresponds to the 3D subdivided object shown in (h).

The inverse operations can be applied in order to destroy a given n-map:
this corresponds exactly to the decomposition process described for the intu-
itive presentation of n-maps (cf. Section 3.1). First, n-unsew operations are
applied until having all the darts n-free, then the dimension of the n-map
is decreased. This process is iterated until obtaining in 1D a set of darts on
which (7 is equal to &. As examples of this “destruction process”, we can con-
sider the examples given for the construction process in reverse direction (cf.
Figs. 5.10 and 5.11), and apply i-unsew (resp. decrease dimension) operations
instead of i-sew (resp. increase dimension) operations.

5.3.2 Construction Directly in a Given Dimension

The second basic construction method consists in working directly in dimen-
sion n. Starting with an empty n-map, the operation which adds an isolated
dart is applied as many times as necessary. Next, any i-sew operation can be
applied, for ¢ € {1,...,n} (contrary to the previous construction where only
k-sew operations can be applied to a k-map).

Fig. 5.12 represents an example of the construction of the object depicted
in Fig. 5.10, applying this second construction method. The main differences
with the first one are:

e the initial map is an n-map having its final dimension, and containing
isolated darts (here a 2-map, see Fig. 5.12(a));

e different sew operations can be applied, in any order; for example, 1-
sew operations can be first applied (see Fig. 5.12(b)), and then the
2-sew operation; conversely, 2-sew operations can be first applied (see
Fig. 5.12(c)), then 1-sew operations. In both cases, the same 2-map is
obtained: cf. Fig. 5.12(d).

A second construction of the object depicted in Fig. 5.11 is presented in
Fig. 5.13. The initial 3-map contains a set of isolated darts (see (a)). Then the
sew operations can be applied in any order. For example, the same order than
in Fig. 5.11 can be followed: start by 1-sew operations, then 2-sew operations
and finish by 3-sew operation. The 3-maps obtained after each step are similar
to the ones in Fig. 5.11(a), (b), (¢) and (d), the only difference being the
dimension of the maps which is always 3 along the whole construction process.
For this reason, the corresponding cellular objects are different since each dart
describes always a part of a vertex, an edge, a face and a volume (contrary to
the objects shown in Fig. 5.11).

Another order is chosen in Fig. 5.13. First, 3-sew operations are applied;
the resulting 3-map is shown in (b). Then, 1-sew operations are applied, pro-
ducing the 3-map shown in (c). The four 1-sew operations between darts that
are not 3-free imply the modification of f; for the darts linked by (33 (in order
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FIGURE 5.12

Construction of a 2D object by applying the second method. The first line
shows the different 2-maps, and the second line the corresponding objects.
(a) 2-map (D, 31 = @, B2 = &) corresponds to (e), a set of isolated oriented
faces with boundaries.

(b) 2-map (D, 51,82 = @) obtained from (a) after seven 1-sew operations; it
corresponds to the object shown in (f).

(¢) 2-map (D, 1 = &, [2) obtained from (a) after one 2-sew operation; it
corresponds to the object shown in (g).

(d) 2-map (D, 1, B2) corresponds to the 2D oriented subdivided object shown
in (h). This 2-map is either obtained from (b) after one 2-sew operation, or
obtained from (c) after seven 1-sew operations.
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FIGURE 5.13

Construction of a 3D object by applying the second method (partial rep-
resentation). In this example, the different 3-maps are drawn, but not the
corresponding objects.

(a) 3-map (D, 1 = &, 02 = &, B35 = @), i.e. a set of isolated darts.

(b) 3-map obtained after four 3-sew operations.

(¢) 3-map obtained after thirty-six 1-sew operations.

(d) 3-map obtained after twenty 2-sew operations.

to satisfy the constraint that 81 o 83 is a partial involution). Lastly, 2-sew
operations are applied, producing the 3-map shown in (d).

The inverse operations can be applied in order to destroy a given n-map.
Different i-unsew operations can be applied in any order, until all the darts
are isolated; then, all these isolated darts are removed, producing an empty
n-map. As example of these destruction operations, consider the examples
given for the construction operations in reverse direction (cf. Figs. 5.12 and
5.13) and apply i-unsew operations instead of i-sew operations.

At last, note that for practical applications, working directly in the re-
quired dimension is more flexible, since sew (and/or unsew) operations can be
applied in any order.

5.3.3 Completeness

Any n-map can be constructed thanks to the two construction methods.

Theorem 3 (Completeness of the first method for n-map construc-
tion or destruction) Any n-map can be transformed into a set of isolated
darts in dimension 0, by a sequence of unsew and decrease dimension oper-
ations, unsew being always applied for the highest possible dimension. Con-
versely, any n-map can be constructed starting from a set of isolated darts in
dimension 0, by using only the increase dimension and sew operations, sew
being always applied for the highest possible dimension.
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The proof of this theorem is easy. First, it is proved that any n-map can
be decomposed into a set of darts in dimension 0 by applying a sequence of
decrease dimension and unsew operations. Let M be an n-map. The n-unsew
operation is applied to any non n-free dart. This operation can always be
applied to a non n-free dart, and it increases at least by two the number of
n-free darts. Thus, at the end, all the darts of the resulting n-map are n-free.
Next, the decrease dimension operation can be applied, producing an (n — 1)-
map. The process can be reiterated until obtaining a 0-map composed by a
set of isolated darts. In order to prove the second part of the theorem, let us
consider the previous operation sequence in reverse order, and replace each
operation by its inverse operation (decrease dimension by increase dimension
and i-unsew by i-sew). This sequence transforms the 0-map into M.

A similar theorem and proof can be stated for the second construction
method.

Theorem 4 (Completeness of the second method for n-map con-
struction or destruction) Any n-map can be transformed into an empty
n-map by a sequence of i-unsew and remove isolated darts operations. Con-
versely, any n-map can be constructed starting from an empty n-map by ap-
plying the add isolated dart and i-sew operations.

The proof of the first part of this theorem is based upon the fact that an
i-unsew operation can be applied to any non i-free dart, increasing at least by
two the number of i-free darts. And when a dart is isolated, it can be removed.
We get thus a sequence of operations which at last destructs the n-map; in
order to get the initial n-map, the inverse operations can be applied in reverse
order, proving thus the theorem.

5.3.4 Multi-Incidence

Any n-map can be constructed by the basic construction operations; possible
configurations are now studied. Indeed, there are two cases of sew operations:
the first one is the identification of two distinct cells; the second one is the
identification of one cell with itself. For practical applications, identification
is (almost) always applied to two distinct cells.

5.3.4.1 Identification of Two Distinct Cells

This standard case has already been illustrated in all the examples given in
Section 5.2.2. But note that an important property of n-maps is the fact that
it is possible to represent subdivisions containing multi-incident cells. It is thus
possible to describe complex subdivisions using few cells. For instance, it is
possible to construct a torus starting with a single four-sided face, leading to
the minimal subdivision of the torus. The first part of the construction consists
in applying the 2-sew operation to two darts which belong to the same square
face, but not to two consecutive edges. In the example of Fig. 5.14 darts 2
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FIGURE 5.14

2-sew operation in a 2-map, creating multi-incidence.

(a) 2-map M = (D, p1, B2 = &) contains four darts.

(b) The corresponding 2D quasi-manifold has one oriented face, four edges
and four vertices.

(c) 2-map Ms-sew(2,4) describes a cylinder.

(d) The corresponding 2D quasi-manifold. Edges e; and es are identified into
edge e} ; vertices v1 and vy (resp. v and v3) are identified into vertex v] (resp.
vh). Edge €] is incident twice to the face.

and 4 are 2-sewn. This folds the face on itself, producing a cylinder. In this
cylinder, the face is incident twice to the edge containing dart 2, since 2 and
4 = f35(2) both belong to the edge and to the face. In order to get a torus,
darts 1 and 3 are 2-sewn. The two edges, which make the boundary of the
cylinder, are thus identified into one edge, which is also incident twice to the
face.

A dangling cell corresponds to a particular case of multi-incidence. A 2D
example is depicted in Fig. 5.15: two darts which belong to two consecutive
edges of a same face are 2-sewn. This creates a dangling edge, i.e. an edge
which is incident twice to a face (since darts 1 and [S2(1) = 2 belong to
the same face and to the same edge), and which has one of its two vertices
incident only to this edge (since 82(1) = 2 = $;1(1)). Dangling edges can be
created in any dimension. In 3D, a similar construction can create dangling
faces by applying the 3-sew operation. More generally, dangling cells can be
constructed in any dimension.

5.3.4.2 Identification of a Cell With Itself

The second possible case of the sew operation consists in identifying a cell
with itself, if at least an automorphism different from the identity exists,
i.e. an isomorphism mapping the cell onto itself. This leads to a folded cell.
Such identifications are illustrated in Figs. 5.16 and 5.17. In the first example,
the 2-sew operation is applied in a 2-map between a dart and itself. Indeed,
this is allowed by the definitions of “being sewable” and sewing operation;
as shown in Fig. 5.16(c), this results into a 2-map, corresponding to the 2D
quasi-manifold shown in Fig. 5.16(d). Note that edge €/, which results from
the identification of edge e; with itself, is incident to one face and to one
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FIGURE 5.15

2-sew operation in a 2-map, creating a dangling edge.

(a) 22map M = (D, 81, B2 = &) contains seven darts.

(b) The corresponding 2D quasi-manifold has one oriented face, seven edges
and seven vertices.

(¢) 2-map Ms-gew(1,2).

(d) The corresponding 2D quasi-manifold. Edges e; and es are identified into
edge e}; vertices vy and vy are identified into vertex v]. Edge €] is dangling.

vertex: this is not a dangling edge as in the example of Fig. 5.15; note also
that it is not a loop, since a loop which does not belong to a boundary is
incident to two different faces.

A similar example is presented in Fig. 5.17. The 3-sew operation is applied
in a 3-map. The initial 3-map represents a cube, and a dart of a face (dart 1)
is 3-sewn with the dart belonging to the same face but to the opposite edge
(dart 3). This is possible because the face has four automorphisms, and this
association between darts 1 and 3 corresponds to one of these automorphims.
After the 3-sew, 83(1) = 3, 83(2) = 2, 83(3) = 1 and B3(4) = 4. The resulting
3-map has a folded face and two folded edges. As for the previous case in 2D,
the face is not a dangling face since its boundary is made of three edges, one
edge being incident to two vertices and the other edges being folded ones. The
original face (v, ve, v3,vy4), is transformed into a face incident to two vertices
v and vj. Edges (v1,v2) and (v4,v3) are identified into edge (v],v5); edge
(v1,v4) is folded into an edge incident to vertex v{ and edge (ve,vs) is folded
into an edge incident to vertex v5. Note that, as four automorphims map the
face onto itself, four different identifications of the cell with itself can be done,
each one leading to a different 3-map. But in each case, the resulting face is
folded.

This specific identification is generally not applied for usual applica-
tions. It can be easily avoided, either in a constructive way, by adding a
constraint to the definition of the sew operation, or directly by adding a
constraint to the definition of n-maps. In the first case, the i-sew oper-
ation is restricted in order to take as input two darts belonging to two
distinct orbits (81,..., Bi—2, Bita,---,On). In the second case, a constraint
is added to the definition of n-maps, which requires that any dart d &
(B1y.-,Biza, Bita,- -, Bn)(Bi(d)). Note that it is easy to test if the constraint
is satisfied, by searching such darts during a traversal of the n-map.
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FIGURE 5.16

2-sew operation in a 2-map, creating a folded cell.

(a) 22-map M = (D, 81, B2 = &) contains four darts.

(b) The corresponding 2D quasi-manifold has one oriented face, four edges
and four vertices.

(¢) 2-map Ms-gew(1,1).

(d) The corresponding 2D quasi-manifold. Edge e; is folded on itself. It is
incident to only one vertex v, which is the result of the identification of v;
and wve, although it is not a loop.

FIGURE 5.17

3-sew operation in a 3-map, creating folded cells.

(a) 3-map M = (D, 81, B2, B3 = &) contains twenty-four darts.

(b) The corresponding 3D quasi-manifold has one oriented volume, six faces,
twelve edges and eight vertices.

(c) 3-map Msz-sew(1,3).

(d) The corresponding 3D quasi-manifold. Face (v1,v2,v3,v4) is folded on it-
self. It is incident twice to edge (v}, v}), which is the result of the identification
of edges (v1,v2) and (v4,vs). Moreover, the two edges containing darts 2 and
4 are folded, as they are incident twice to the same vertex.
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5.4 Data Structures, Iterators and Algorithms

In this section, data structures and algorithms are defined in order to handle
n-maps in computer softwares. We choose to use an algorithmic language to
facilitate the coding in different programming languages. To simplify nota-
tions, we do not make the distinction in algorithms between a pointer to an
element and the element itself.

The objective here is to describe one way to encode darts and relations.
We choose a solution based on structures with pointers, but it is easy to
modify the algorithms in order to deal with other possibilities. Note that
only the combinatorial part of the data structure is described here. You can
see chapter 7 for two examples showing how is it possible to represent the
geometrical part. The solution presented here is the one used for example in
the Combinatorial Maps package of CGAL [61].

5.4.1 Data Structures

The basic element of the definition of n-maps is the dart. Thus the main data
structure is the one which represents the darts. In dimension n, a dart struc-
ture contains an array Betas of n+ 1 pointers for representing the different 3;
links. We choose here to explicitly encode 3y relations for efficiency reasons.
Indeed, in algorithms, it is often needed to retrieve the two neighbor darts in
a same face of a given dart. This operation is performed in constant time if 5y
is encoded, while it is needed to iterate through the face otherwise (or even
worse, to iterate through all the darts of the n-map if the considered face has
a 1-boundary).

Listing 5.1
Dart data structure for n-maps

structure Dart

{

pointer to Dart Betas[n+1];
Boolean Marks[NB_MARKS] ;

b

In addition to the n+ 1 pointers, a dart structure contains an array Marks
of Boolean which serves to mark darts. These marks are used in several algo-
rithms in order to test in constant time if a dart is already processed. They
also can be used to mark some part of an n-map having a specific property.
The number of marks is defined by a constant number, NB_MARKS, which can
be fixed by the users depending on their requirements. Generally, 8 is enough
for usual applications. In the algorithms, marks satisfy an important invari-
ant: all darts are always unmarked for unused marks. This invariant allows
us to avoid initialization of marks in algorithms, and it is often more efficient
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to unmark only the marked darts at the end of each algorithm instead of
unmarking all the darts.

The nMap structure is mainly composed by a set of darts Darts, and a
set of integer FreeMarks allowing to manage Boolean marks. Note that the
dimension n of the nMap could be a global constant, a template argument or a
parameter of the function that creates an n-map. null_dart is a specific dart
which is used to describe free darts. As said in the definition of n-maps, a
dart d is i-free if §;(d) = @. Here using a dart for & instead of a specific value
(such as NULL) allows us to use null_dart as a sentinel during algorithms (cf.
for example Algorithm 29). Note that this specific dart does not belong to the
set of darts of the n-map.

Listing 5.2
nMap data structure

structure nMap
{
set of Dart Darts;

set of integer FreeMarks ;
Dart null_dart;

}s

An nMap has a set of free marks, i.e. marks that are not in use. When creat-
ing a new nMap, we add in the set of free marks all the integers between 0 and
NB_MARKS — 1, which correspond to all the available marks (see Algorithm 22).
Moreover we initialize the special dart null_dart to be linked with itself for
all B;. This will allows us to compose several § links without previously testing
the special case of free darts. Lastly all the marks of null_dart are initialized
to false.

Algorithm 22: createNMap(n): create a new n-map

Input: n: the dimension of the n-map.
Output: An empty new n-map.
cm < a new nMap;
cm.Darts < (;
cm.FreeMarks < (J;
for i <~ 0 ton do
L cm.null _dart.Betas[i] + cm.null dart;

for i + 0 to NB_MARKS — 1 do
add i in cm.FreeMarks;
cm.null dart.Marks([i] « false;

G W N =
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9 return cm;

When an algorithm needs a mark, we just get an index from this set and
remove it from this set (cf. Algorithm 23). As said above, marks satisfy the
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invariant: all darts of cm are unmarked for this new mark. We can use this
mark during the algorithm, and at the end, unmark all the marked darts and
free the mark by adding it in the set of free marks (cf. Algorithm 24). Before
to free a mark, one must ensure that all the darts of cm are unmarked for this
mark. This test is not done in Algorithm 24 because it is costly, but it can be
added for debugging purposes.

Algorithm 23: reserveMarkNMap(cm): reserve a new mark for n-maps

Input: cm: an n-map.
Output: The index of a new reserved mark;
—1 if there is no more available mark.
1 if cm.FreeMarks is empty then return -1;
2 i < an element of cm.FreeMarks;
3 remove i from cm.FreeMarks;
4 return i;

Algorithm 24: freeMarkNMap(cm,i): free a reserved mark for n-maps
Input: cm: an n-map having all its darts unmarked for mark i;
i: the index of a reserved mark.
Result: Free the reserved mark i.
1 add i into cm.FreeMarks;

We can test if a mark is free or reserved by testing if it belongs to FreeMarks
or not. Moreover, given a reserved mark i, we can test if a dart d is marked or
not by looking directly at d.Marks[i] (see Algorithm 25), and we can mark/un-
mark this dart by setting d.Marks[i] to true/false (see Algorithms 26 and 27).

Algorithm 25: isMarkedNMap(d,i): test if a dart is marked for n-maps

Input: 4: a dart;
i: the index of a reserved mark.
Output: True iff d is marked for mark i.
1 return d.Marksl[il;

Lastly, Algorithm 28 describes the function that gives, for a given index 4,
the index of the inverse permutation of f3;, denoted inv(z).

The complexity of all these algorithms is in constant time, because only
atomic operations are applied, and no loop exists, except in Algorithm 22;
but in this case n and NB_MARKS are constant values. A stack is used to store
the set of free marks, allowing constant time access to a new free mark and
constant time insertion and removal of elements.

Note that it is possible to add in the nMap data structure an array of
Boolean masks which define, for each mark, the values corresponding to
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Algorithm 26: markNMap(d,i): mark a dart for n-maps

Input: d: a dart;
i: the index of a reserved mark.
Result: Mark dart d for mark i.
1 d.Marks[i] + true;

Algorithm 27: unmarkNMap(d,i): unmark a dart for n-maps

Input: 4: a dart;
i: the index of a reserved mark.
Result: Unmark dart d for mark i.
1 d.Marks[i] « false;

marked/unmarked. Thanks to these masks we are able to reverse in constant
time the value of a mark for all the darts of the n-map. This is very efficient
to unmark all the darts of the n-map when we know that they are all marked.

5.4.2 Iterators

As we have seen before, cells are defined thanks to the orbit notion. Thus is it
important to be able to iterate through the darts belonging to a given orbit of
an n-map. Hopefully, this can be achieved easily thanks to Algorithm 29. This

algorithm is generic since it allows to run through any orbit (fi,, ..., B, )(d)
for any valid sequence (iy,...,1r) and any dart d. We say that the sequence
(i1,...,1x) is valid if:

e Vje{l,....k}:i; €{0,...,n}k
o Vi le{l,... ki j#l=1; #1ig;
[ OE(il,...7ik)<:>].€(il,...,ik).

A sequence of integers is used, because the order of the integers can be taken
into account in algorithms (cf. for example Algorithm 43 page 172).

Note that, by definition of orbits, we need to consider functions g;, and
their inverses Bi_j ! When i; > 1, By, is a partial involution and thus Bi_j 1=

Algorithm 28: inv(i): return the inverse index of i for n-maps
Input: i € {0,...,n}.
Output: The inverse index of i.

1 if i =0 then return 1;

2 else if i =1 then return 0;

3 return i;
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Bi,- For i; = 0 and ij = 1, we ensure by the third validity condition that
inv(ij) is present in the sequence, and thus we are sure that Bi_j ! will also be
considered.

Algorithm 29: Generic iterator for n-maps

Input: cm: an n-map;

d € cm.Darts: a dart;

(i1,...,1x): a valid sequence of integers between 0 and n.
Result: Run through all the darts of (5;,,..., 8i,)(d).
ma < reserveMarkNMap (cm);

P + an empty stack of pointer to Dart;

push(P,d);

markNMap (d,ma) ;

markNMap (cm.null_dart,ma);

while P is not empty do

cur < top(P);

// process dart cur

pop (P);

for j «+ 1 to k do
if not isMarkedNMap (cur.Betas[i;],ma) then

markNMap (cur.Betas[ij],ma);

L push (P,cur.Betas[ij]);

© 00 N O AW N -
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14 unmark all marked darts and cm.null_dart for ma;
15 freeMarkNMap (cm,ma);

Algorithm 29 makes a breadth first traversal. For that we use a stack of
darts to process. We take a dart, cur, which belongs to (5i,,..., 8i,)(d), and
we process it. Then for each ij in the sequence, we know that 3; (cur) belongs
also to (Bi,, ..., B, )(d). Thus we need to process it and for that it is enough
to add it in the stack of dart to process. Before to do so, we test if this dart is
marked. Indeed, if it is the case, this dart was already processed. Otherwise,
we mark it in order to not reconsider it later and push it in the stack.

At the end of the algorithm, we must unmark all the marked darts in order
to satisfy the property that all the darts are always unmarked for nonused
marks. This can be achieved easily by reusing the same algorithm to iterate
onto these darts and reversing the role of marked and unmarked darts.

The complexity of this algorithm is linear in the number of darts of
(Biys- -, Pi,)(d), because each dart is considered exactly twice (a first time
during the main loop, a second time during the unmarking step), and all
operations are atomic ones.

Algorithm 29 can for example be used with the sequence (0,...,i — 1,7+
1,...,n) in order to iterate through all darts of the i-cell ¢;(d) containing a
given dart, for any ¢ € {1,...,n}. For instance, the sequence (0, 1,2) is used
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to iterate through all the darts of the volume containing a given dart in a
3-map.

Note that this generic algorithm can be optimized for several specific cases
by using the properties of n-maps. For example, the use of stack P can be
avoided, when iterating through the darts of a face in a 3-map, because a linear
order exists for these darts. For instance, given dart d, we apply successively
B1 in order to traverse orbit (8;)(d), then apply S5 to d, and apply again
successively (1. This optimization is based upon the fact that 1 o 3 is a
partial involution. The traversal of other orbits can be optimized in this way
for similar reasons.

The generic iterator algorithm allows to iterate through all the darts of
a given orbit, and in particular through the darts of any cells containing a
given dart. However, there is the special case of vertices (0-cells), since the
definition of O-cells does not follow the same principle than the definition of
other cells. This is done in Algorithm 30.

Algorithm 30: Vertex iterator for n-maps

Input: cm: an n-map;
d € cm.Darts: a dart.
Result: Run through all the darts of ¢o(d).

1 ma ¢ reserveMarkNMap (cm);

2 P + an empty stack of pointer to Dart;

3 push(P,d);

4 markNMap(d,ma);

5 markNMap (cm.null dart,ma);

6 while P is not empty do

7 cur < top(P);

8 // process dart cur

9 | pop(P);

10 fori <~ 1ton—1do

11 for j« i+ 1tondo

12 if not isMarkedNMap (cur.Betas[j|.Betas[i],ma) then
13 markNMap (cur.Betas[j].Betas[i],ma);

14 L push(P,cur.Betas[j].Betas[i]);

15 if not isMarkedNMap (cur.Betas[inv(i)].Betas[j],ma) then
16 markNMap (cur.Betas[inv(i)].Betas[j]|,ma);

17 L push(P,cur.Betas[inv(i)].Betas[j]);

18 unmark all marked darts and cm.null_dart for ma;
19 freeMarkNMap (cm,ma);

The principle of this algorithm is similar to the principle of Algorithm 29.
The only difference is about the considered relations. We follow here the defi-
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nition of 0-cells in an n-map (cf. Def. 31) and thus we need to consider j3; o 3;
for any 1 <1 < j < n, and their inverses.

The complexity of Algorithm 30 is linear in the number of darts of ¢y(d)
(because n is constant).

These two algorithms are a basis for several other algorithms allowing to
iterate through some specific cells based on incidence and adjacency relations.
We illustrate this by showing three useful examples. In the first one, detailed
in Algorithm 31, we run through one dart per each i-cell of an n-map. This
algorithm allows us to process each i-cell exactly once.

Algorithm 31: Iterator over one dart per each i-cell for n-maps

Input: cm: an n-map;
ie€{0,...,n}.
Result: Run through one dart per each i-cell of cm.
ma < reserveMarkNMap (cm);
foreach dart d € cm.Darts do
if not isMarkedNMap(d,ma) then
// process dart d
L mark all the darts in ¢;(d) for ma;

U oA W N

unmark all darts for ma;
freeMarkNMap (cm,ma);

N o

Algorithm 31 runs through all darts of the n-map, and for each nonmarked
dart 4, it marks the darts of the i-cell ¢; (d) containing d. Note that these darts
are marked by using Algorithm 29 with the sequence (0,...,i—1,i+1,...,n)
for i1 > 0 or Algorithm 30 for i = 0. To optimize the algorithm, we use in
Algorithms 29 and 30 the same mark ma reserved in Algorithm 31 (indeed, as
the goal of line 5 is to mark all the darts in ¢;(d), it is useless and inefficient to
use a local mark in Algorithms 29 or 30 for iterating through these darts, and
to unmark these darts at the end of the iterator). At the end of Algorithm 31,
we need to unmark all the marked darts. Here we are in the case where all the
darts of the n-map are marked, thus we can simply negate the mask of mark
ma.

The complexity of Algorithm 31 is linear in the number of darts of the n-
map because each dart is considered in the first loop (line 2 of the algorithm),
and thus each dart is marked exactly once in line 5.

A second example given in Algorithm 32 consists in iterating through one
dart per each i-cell incident to a given j-cell for two given dimensions i and
j, with i # j.

This algorithm is similar to the previous one, by replacing the loop over all
the darts of the n-map by a loop over all the darts of ¢;(d) (loop achieved by
using Algorithms 29 or 30). Thanks to the definition of incidence in n-maps,
we are sure that during this loop we discover at least one dart of each incident
i-cell, and by using a mark, we ensure to process each i-cell only once. To
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Algorithm 32: Iterator over one dart per each i-cell incident to a j-cell
for n-maps

Input: cm: an n-map;
d € cm.Darts: a dart;
ie{0,...,n};
j €{0,...,n}: with i # j.
Result: Run through one dart per each i-cell incident to cj(d).
ma < reserveMarkNMap (cm);
foreach dart e € ¢4(d) do
if not isMarkedNMap(e,ma) then
// process dart e
L mark all the darts in ¢;(e) for ma;

QU W N =
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unmark all marked darts for ma;
7 freeMarkNMap (cm,ma);

unmark all the marked darts, we reuse the same algorithm by reversing the
role of marked and unmarked darts.

The complexity of this algorithm is linear in the number of darts discovered
during the traversal, i.e. in the number of darts of ¢;(d) plus the number of
darts of the incident cells.

The last example given in Algorithm 33 allows to run through one dart
per each i-cell adjacent to a given i-cell, for i > 0.

Once again we use the same principle than for the two previous examples,
but here, we have to test dart Si(e) for each e € ¢;(d). Indeed, due to the
definition of adjacency relations in n-maps, we know that all adjacent i-cells
to ¢;(d) can be reached by such a dart. For i = 1 it is also required to test
Bit(e), ie. Bole). It is easy to modify this algorithm to consider the case
i = 0 thanks to Def. 33.

The complexity of this algorithm is linear in the number of darts discovered
during the traversal, i.e. in the number of darts of ¢;(d) plus the number of
darts of the adjacent cells.

Note that we generally implement the iterators as data structures (like
iterators in STL [12]) allowing to start a traversal, move to the next position,
get the current element pointed by the iterator and test if the iterator has
reached its end position (i.e. the traversal is finished). Some algorithms given
in next sections use this type of implementation (for example Algorithms 42
and 43 page 171).

5.4.3 Basic Tools

We propose now algorithms implementing the basic tools defined in Sec-
tion 5.2.
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Algorithm 33: Iterator over one dart per each i-cell adjacent to an
i-cell for n-maps

Input: cm: an n-map;
d € cm.Darts: a dart;
ie{l,...,n}.
Result: Run through one dart per each i-cell adjacent to c¢;(d).
1 ma ¢ reserveMarkNMap (cm);
2 foreach dart e € ¢;(d) do
3 if not isMarkedNMap(e.Betas[i],ma) then
a // process dart e.Betas[i]
5 L mark all the darts in ¢; (e.Betas[i]) for ma;

if i =1 and not isMarkedNMap (e.Betas[0],ma) then
L // process dart e.Betas[0]

=N o

mark all the darts in ¢; (e.Betas[0]) for ma;

9 unmark all marked darts for ma;
10 freeMarkNMap(cm,ma);

Algorithm 34 implements a method to test if a given dart is i-free or not.
It only consists in looking if 8;(d) is equal to null_dart or not.

Algorithm 34: isFreeNMap(cm,d,i): test if a dart is i-free for n-maps

Input: cm: an n-map;
d € cm.Darts: a dart;
ie€{0,...,n}.
Output: True iff d is i-free.
1 return d.Betas[i] = cm.null dart;

The algorithms which add isolated darts and remove isolated darts are
straightforward since they only add or remove elements in the set of darts.
In Algorithm 35, when we create a dart, we initialize all the § links to
cm.null_dart, so that it is i-free in all dimensions. Moreover we initialize
all its marks to false so that it is unmarked for all the possible marks.

Remember that the remove dart operation can be applied only for isolated
darts. Thus Algorithm 36 takes an isolated dart as input and removes it from
the set of darts. Testing if d is isolated is easy: we test if d is i-free for all
i€{0,...,n}.

The time complexity of these three algorithms is constant as n and NB_MARKS
are constants, and we can use a container of darts allowing constant time in-
sertion and removal of elements.

Now we present the two algorithms that respectively increase and decrease
the dimension of a given n-map. In practice, these operations create a new n’'-
map which is a copy of the initial n-map, but in the case of increase dimension



n-maps 167

Algorithm 35: createDartNMap(cm): create a new isolated dart in an
n-map

Input: cm: an n-map.
Output: A new isolated dart added in cm.
Dart d < a new Dart;
add d in cm.Darts;
for i +~ 0 ton do
| dBetas(i] + cmnull dart;

for i < 0 to NB_MARKS — 1 do
L d.Marks[i] + false;

B W N =
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7 return d;

Algorithm 36: removeIsolatedDartNMap(cm,d): remove an isolated
dart in an n-map

Input: cm: an n-map;
d € cm.Darts: an isolated dart.
1 remove d from cm.Darts;

we add a new relation, and in the case of decrease dimension we remove one.
Thus we start first by defining Algorithm 37, which copies a given n-map into
a second n’-map, by copying only the 3; links for ¢ between 0 and the smaller
dimension between n and n'.

During the copy, we need to keep an association between each dart in the
original n-map and its corresponding dart in the copy. This is done through
an associative array (which can be for example a hash table or a binary search
tree). Note that if n < n’, we do not need to initialize 8; for the new darts
when n < 4 < n as this is done by the algorithm that creates a new dart.
Note also that we copy the free marks, and the values of all the marks for all
the darts. Depending on specific needs, we can remove these copies of marks
so that cm’ have no reserved mark.

Algorithm 38 implements the operation that increase the dimension of a
given n-map: it only creates a new (n + 1)-map cm’ and then copies cm into
cm’.

Algorithm 39 implements the operation that decrease the dimension of a
given n-map: it only creates a new (n — 1)-map cm’ and then copies cm into
cm’. Note that we require here that the given n-map has all its darts n-free.
We can add a test in the algorithm to check if this precondition is satisfied.
Moreover we can also remove this requirement as it is possible to decrease
the dimension of an n-map even if it has some darts n-sew. In this case, we
obtain the same result than if we first n-unsew all these darts, then decrease
the dimension.

The complexity of these three algorithms is linear in the number of darts
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Algorithm 37: copyNMap (cm, cm’) : copy an n-map into a second n’-map

Input: cm: an n-map;
cm’: an n/-map.

Result: Copy cm into cm’ until minimum(n,n’).
cm’.Darts + 0;
cm’.FreeMarks < cm.FreeMarks;
assoc < an empty associative array between darts;
assoc[cm.null dart] < cm’.null dart;
foreach dart d € cm.Darts do

L assoc[d] « createDartNMap(cm’);
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k < min(n, n');
foreach dart d € cm.Darts do
d’ + assocld];
10 for i <~ 0 to k do
11 L d’.Betas[i] + assoc[d.Betasl[i]];

12 for i + 0 to NB_.MARKS — 1 do
13 | d Marks[i] - d.Marks[i];

©

Algorithm 38: increaseDimNMap(cm): increase the dimension of an
n-map

Input: cm: an n-map.
Output: The (n + 1)-map obtained from cm by increasing its
dimension.
1 cm’ < createNMap(n + 1);
2 copyNMap (cm,cm’);
3 return cm’;

Algorithm 39: decreaseDimNMap(cm): decrease the dimension of an
n-map

Input: cm: an n-map having all its darts n-free.
Output: The (n — 1)-map obtained from cm by decreasing its
dimension.
1 cm’ « createNMap(n — 1);
2 copyNMap (cm,cm’);
3 return cm’;
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#d of the given n-map times the complexity for accessing an element in the
associative array. This access can be done in O(log #d) for hash table or binary
search tree, thus the complexity is in O(#d.log#d). Note that hash tables
allow constant time access in average by using a correct hash function.

Now we present the two algorithms allowing to merge two given n-maps,
and to restrict a given n-map to a subset of its darts. As for the two previous
algorithms, these operations build a new n-map, which in the case of merge
is a copy of the two initial n-maps, and in the case of restrict is a partial copy
of the initial n-map. For this reason, the two algorithms use once again an
associative array to link the original darts and the copy ones.

Algorithm 40 implements the merge operation of two given n-maps. This
operation is always possible, as in our data structure, two different n-maps
have necessarily two different sets of darts (while this could be not the case
for another implementation of n-maps).

Algorithm 40: mergeNMaps (cm,cm’): merge two given n-maps

Input: cm, cm’: two n-maps.
Output: The n-map obtained by merging cm and cm’.
cm” < createNMap(n);
cm” FreeMarks < cm.FreeMarks N cm’.FreeMarks;
assoc < an empty associative array between darts;
assoc[cm.null dart] < cm”.null dart;
assoc[cm’.null dart| + cm”.null dart;
foreach dart d € cm.Darts U cm’.Darts do

L assoc[d] « createDartNMap (cm”);
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foreach dart d € cm.Darts U cm’.Darts do
d’ + assocl[d];

10 for i + 0 to n do

11 L d’.Betas[i] + assoc[d.Betasl[i][;

12 for i + 0 to NB_MARKS — 1 do
13 | d Marks[i] - d.Marks[i];

©

14 return cm”;

In the new m-map, we consider that a mark is free if it is free in both
n-maps cm and cm’: this explains line 2 which initializes cm”.FreeMarks as the
intersection of both sets of free marks. In the associative array, we associate
with each original dart its corresponding copy, both for cm and for cm’. After
having created all the darts, we only need to make the same links between the
new darts than the original links in the initial n-maps. This is directly done
thanks to the associative array.

Algorithm 41 implements the operation that restricts an n-map to a given
subset of darts. As seen in Def. 42 page 140, this operation is only possible
if the subset of darts corresponds to a set of connected components. Thus we
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start to test if this property is satisfied, and construct the restricted n-map
only when it is the case. Note that we could propose different variants, for
example that unsew all the nonfree darts linked with a dart that does not
belong to D', or a nonsafe version that does not make the test and assume the
user gives always a set of connected components. . .

Algorithm 41: restrictNMap(cm,D’): restrict an n-map to a subset of
darts

Input: cm: an n-map;

D’ C cm.Darts: a subset of darts.

Output: The n-map obtained by restricting cm to D’.
1 foreach dart d € D’ do

for i + 0 ton do
L L if d.Betas[i] € D’ then error;

w N

cm’ + createNMap(n);
cm’.FreeMarks < cm.FreeMarks;
assoc < an empty associative array between darts;
assoc[cm.null dart] «+ cm’.null _dart;
foreach dart d € D' do
L assoc[d] < createDartNMap (cm’);

10 foreach dart d € D’ do

© 00 N o o s

11 d’ + assocld];

12 for i +— 0 to n do

13 | d.Betas|i] - assoc[d.Betas][i]];
14 for i <~ 0 to NB_MARKS — 1 do

15 | d Marks(i] - d.Marks[i];

16 return cm’;

The complexity of the merging operation is linear in the number of darts
of the two given n-maps (#d; and #ds) times the complexity for accessing
an element in the associative array, i.e. in O((#d1 + #d2).log(#d1 + #d>)).
The complexity of the restrict operation is linear in the number of darts in
D’ times log |D’| (this corresponds to the cost of the copy), plus the cost of
the initial test (checking whether the subset of darts corresponds to a set of
connected components: lines 1 — 3). The test complexity is O(|D’|.log [D’|) if
D’ is a container where searching an element is achieved in log. However this
test can be done in O(|D’|) by first marking all the darts in D', then reiterate
through all these darts and just verify if for each dart d, a;(d) is marked. The
global complexity of Algorithm 41 is thus in O(|D’|.log|D’|).
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5.4.4 Sew/Unsew Operations

Now we present the i-sew operation and its inverse which is the i-unsew op-
eration. As seen in Section 5.2.2 when introducing the sew operation, it is
not always possible to i-sew two darts: they must be i-sewable. Algorithm 42
allows to test if two given darts are i-sewable or not. This algorithm follows
directly the i-sewable definition given in Def. 44 page 141. Its main principle
is to run simultaneously through the two orbits o4 and o4/, to progressively
build the isomorphism while testing it is indeed an isomorphism.

Algorithm 42: sewableNMap(cm,d,d’,i): test if two darts are i-
sewable for n-maps

Input: cm: an n-map;
d, d’ € cm.Darts: two darts;
ie{l,...,n}

Output: True iff d is i-sewable with d’.

1 if not isFreeNMap(d,i) or not isFreeNMap(d’,inv(i)) then

2 L return false;

3 if d = d’ then return true;

4ifi=1o0r i=2then

5 S+ (i+2,...,n); it < generic iterator(cm,d,S);

6 it’ « generic iterator(cm,d’,S);

7 else

8 S+ (0,1,...,i—2,i+2,...,n); it + generic iterator(cm,d,S);
9 it’ « generic iterator(cm,d’,(1,0,2,...,i —2,i +2,...,n));

10 f + an empty associative array between darts;
11 f[cm.null dart]| + cm.null dart;
12 while it is not to its end and it’ is not to its end do

13 flit] « it/;

14 foreach j € S do

15 if it.Betas[i] is defined in £ and
f[it.Betas[i]] # it/.Betas[inv(i)] then

16 L return false;

17 advance it to its next position;

18 advance it’ to its next position;

19 if it is not to its end or it’ is not to its end then
20 L return false;

21 return true;

Firstly in line 1, we verify that d is i-free and that d is inv(i)-free.
If it is not the case, the two darts are not i-sewable. Secondly if d = d’
they are always sewable. Thirdly we create two generic iterators that cor-
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respond to the two orbits og = (f1,...,Bi—2,Bit2,...,0n)(d) and oy =
(B1y.--y Biz2, Bitas -+, Bn)(d’). Note that if i > 2 we use two different se-
quences, one starting with (0,1) and the second one starting with (1,0). This
allows to iterate through the two orbits in reverse directions, and thus to follow
the i-sewable definition. During the main loop, for each pair of darts pointed
by it and it’, we consider all the darts in the neighborhood of it that are
already considered. Indeed, we already have built the isomorphism between
these darts through the association array f, and we need to test if the lo-
cal property of the i-sewable operation is satisfied (i.e. £(f;(it)) = ﬁj_l(it’),
with £(it) = it’). When it is not the case, we directly return false as we know
that the two darts d and d’ are not i-sewable. Otherwise we continue the main
loop until finishing at least one iterator. If only one iterator has finished, the
two darts are not i-sewable (the two orbits do not have the same number of
darts); otherwise, they are i-sewable, and we return true.

The complexity of the i-sewable algorithm is linear in the number of darts
#d in the smaller orbits among o4 and oy times log #d. Indeed, we stop
the main loop as soon as one iterator has reached its end position, and all
operations are atomic except the access to an element in the associative array
which is in log, and the inner loop (line 14) is bounded by n which is a
constant.

The i-sew operation is implemented by Algorithm 43, for i € {2,...,n}.
This algorithm follows directly the definition of the i-sew operation
(see Def. 45 page 142). Mainly, we run through the two orbits o4 =
(Biy---s Biz2, Biva, -+, Bn)(d) and og = (B1,. .., Bi—2, Biv2,---,Bn)(d'), and
put in relation two by two all pairs of darts by ;.

Algorithm 43: sewNMap(cm,d,d’,i): i-sew two darts for n-maps

Input: cm: an n-map;
d, d’ € cm.Darts: two i-sewable darts;
ie{2,...,n}
Result: i-sew darts d and d’.
if i =2 then
it < generic iterator(cm,d,(4,...,n));
it/ « generic iterator(cm,d’,(4,...,n));

[

4 else
it <« generic iterator(cm,d,(0,1,...,i —2,i+2,...,n));
| it’ « generic iterator(cm,d’,(1,0,2,...,1 = 2,1 +2,...,n));

7 while it is not to its end do
it.Betas[i] + it/;

it’.Betas[i] «+ it;

10 advance it to its next position;
11 advance it’ to its next position;
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The key point of this algorithm is the use once again of the two generic
iterators. If i > 2, we use the two sequences (0,1,...,1—2,1+2,...,n) and
(1,0,2,...,4 —2,i+2,...,n) to iterate through the two orbits by using the
same (3 links, except for Sy and 31 which are used in reverse order (if i = 2 the
two orbits are considered in the same order as they do not contain ;). Since
we know that d and d’ are i-sewable, and since the generic iterator uses the
indexes given in the sequence in the same order, at each step of the while loop,
the two iterators point to two darts in relation by isomorphism f of Def. 45.
For this reason, we only need to put the two pointed darts in relation by f;,
then move the two iterators to their next positions. Note that the relation is
done in both directions as 3; is a partial involution (because i € {2,...,n}).
The algorithm ends when the two iterators reach their end positions.

Algorithm 44 shows the special case of 1-sew operation. Its principle is
similar to the previous algorithm. The only difference is that there are two
cases depending if it € ({f; 0 5;|Vi,j € {3,...,n}, i < j})(d) or not (as seen
in Def. 46 page 142).

Algorithm 44: 1sewNMap(cm,d,d’): 1-sew two darts for n-maps

Input: cm: an n-map;
d, d’ € cm.Darts: two 1-sewable darts.
Result: 1-sew darts d and d'.
it <+ generic iterator(cm,d,(3,...,n));
it/ « generic iterator(cm,d’,(3,...,n));
while it is not to its end do
if it € ({BioB;|Vi,j €{3,...,n}, i <j})(d) then i + 1;
else i + 0;
it.Betas[i] + it’;
it’.Betas[inv(i)] + it;
advance it to its next position;
advance it to its next position;

© 00 N O AW N -

The complexity of the two sew algorithms is linear in the number of darts in
the orbit (81, ..., Bi—2, Bita,- .., Bn)(d). In the 1-sew algorithm, all the darts
in ({B8; 0 B;|Vi,j € {3,...,n}, i < j})(d) are marked. Testing if it belongs to
this orbit is done in constant time by testing if it is marked.

The i-unsew operation is given in Algorithm 45, for i € {2,...,n}.
As for the i-sew algorithm, it follows directly the d-unsew definition
(see Def. 47 page 146). It runs through all the darts of the orbit
(B1y- -, Biz2,Bita,- .-, Bn)(d), and we i-sew darts §;(e) and e to &.

Note in this algorithm that we use the fact that an i-free dart is linked
with the sentinel cm.null _dart to avoid to test this special case.

Lastly, Algorithm 46 gives the 1-unsew operation. As seen in the definition
(Def. 48 page 147), there are two orbits to consider: o1 = ({f; o 3;|Vi,j €
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Algorithm 45: unsewNMap (cm,d,i): i-unsew two darts for n-maps

Input: cm: an n-map;
d € cm.Darts: a non i-free dart;
ie{2,...,n}
Result: i-unsew darts d and 3;(d).
1 foreach dart e € (B1,...,Bi—2,Bi+2,---,0n)(d) do
2 (e.Betas[i]).Betas[i] + cm.null dart;
3 L e.Betas[i] + cm.null dart;

{3,...,n},i < j})(d) and 03 = (B, ..., Ba) (B (d)\ ({BioB;|¥i, j € {3,...,n},
i < jH(Bi(a)).

Algorithm 46: lunsewNMap(cm,d): 1-unsew two darts for n-maps

Input: cm: an n-map;
d € cm.Darts: a non 1-free dart.
Result: 1-unsew darts d and 1 (d).
1 foreach dart e € (fs,...,5,)(d) do
2 if e € ({B;0B;|Vi,j €{3,...,n}, i < j})(d) then
3 (e.Betas[l]).Betas[0] «+ cm.null_dart;
4 L e.Betas[l] + cm.null dart;

5 foreach dart e € (03, ..., 0,)(d.Betas[l]) do

6 if e & ({Bi o B|Vi,j € {3,....,n}, i < j})(dBetas[l]) then
7 (e.Betas|l]).Betas[0]  cm.null dart;

8 L e.Betas[l] + cm.null dart;

The complexity of the two unsew algorithms is linear in the number of
darts of the traversed orbit (51,...,Bi—2, Bit+2,-..,On)(d). For the 1-unsew
operation, the darts belonging to ({; 0 3;|Vi,j € {3,...,n}, i < j})(d) and to
({Bi o Bj|Vi,j € {3,...,n}, i < j})(F1(d)) are marked. Test if a dart belongs
to these orbits or not can thus be done in constant time.

5.5 Complements

In this section, some additional definitions and properties are studied: the
notion of boundary map; the relations between n-Gmaps and n-maps; a clas-
sification of 2-maps, corresponding to the classification of surfaces; the duality
notion.

Algorithms corresponding to these new notions are not described, but they
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are not complicated to retrieve. For the boundary map and the dual map, the
principle is similar to the copy of an n-map, while modifying the § links
according to the definitions.

5.5.1 Boundary Map

For many applications, n-maps are such that there are no free darts except
for B,, i.e. no dart d exists, such that 3;(d) = @, for ¢ < n: so, the boundary
of each n-cell corresponds to an (n — 1)-quasi-manifold without boundary,
but the n-dimensional quasi-manifold corresponding to the n-map can have
boundaries, which correspond to the connected components of the (n—1)-map
of the boundaries.

More precisely, let us consider an n-map M without boundary except for
dimension n. My is the (n — 1)-map of the boundaries of Mj; it corresponds
thus to an (n — 1)-quasi-manifold without boundary. It is defined by keeping
all the n-free darts of M and all the 3;, Vi € {1,...,n —2}. 8], is defined
by following the path of darts 8, 1 o (3, © B,_1)* to jump over darts that
do not belong to the boundary until obtaining an n-free dart. For n = 1
or n = 2, any component of My represents a boundary of the quasi-manifold
associated with M (see example in 2D in Fig. 5.18). For n > 3, any component
of My represents an (n — 1)-quasi-manifold which recovers a boundary of the
quasi-manifold associated with M.

The boundary notion is generalized in Def. 49 in order to define the i-
boundary map. Given an n-map M, the i-boundary map My, is an n-map
corresponding to the parts of M incident to i-free darts.

Definition 49 (i-boundary map) Let M = (D, f1,...,5,) be an n-map,
and i € {2,...,n}. The i-boundary map My, = (D', 31, ..., ) is the n-map
defined by:

1. D' ={d € D|d is i-free};
2.vd € D':
o Vje{l,...,i—2,i+2,...,n}, Bi(d) = p;(d);
d B;(d/) =9 6£+1 (d/) =9
o Bi_1(d') = Bi—10(Biofi1)"(d)
k being the smaller integer s.t. B;_1 o (B; o Bi_1)*(d') is i-free.

Note that there are two possible cases for the definition of 8]_;(d’). The
first case is when an i-free dart d”’ is reached when following the path of dart
Bi—1 0 (Bi o Bi—1)*(d’). In this case, B/_;(d') = d”. The second case occurs
when & is reached when following the path. This second case occurs if a dart
of the path B;_1 o (B; o Bi_1)k(d’) is (i — 1)-free; thus, 8_,(d') = @, since &
is i-free. Note also that by definition all the darts in an i-boundary map are
i-free and (¢ + 1)-free.
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FIGURE 5.18

(a) 2-map M with 2-boundary.

(b) The corresponding 2-boundary map My, = (D', 81, 85 = &). 1l-map My =
(D', B1) corresponds to a closed curve, i.e. to the boundary of the surface
represented by M.

Note also that the i-boundary map has the same dimension than the initial
n-map. This is required for ¢ < m in order to associate correctly during the
closure operation (cf. Section 6.1 page 185) darts of initial n-map with darts
of i-boundary map. However this is not required for ¢ = n as there is no
dimension higher than 1.

The i-boundary map can be used to retreive the classical boundary: when
an n-map is without boundary except for dimension n, My, is computed,
then its dimension is decreased (by definition, each dart d in My, is such that

Bn(d) = @).

Definition 50 (boundary map) Let M be an n-map without boundary ex-
cept possibly for dimension n. The (n — 1)-map boundary map Mgy = M, .

Figure 5.18 shows an example of a 2-map with a 2-boundary and its corre-
sponding 2-boundary map. A second example is given in Fig. 5.19, showing a
3-map with a 3-boundary and the corresponding 3-boundary map. Note that
in both cases, the (n — 1)-map of the boundaries is obtained by decreasing
their dimension. The third example given in Fig. 5.20 shows a case where we
obtain & for the definition of 8;_,(d’) (for darts 7 and 11).

There is a special case for the 1-boundary map, defined in Def. 51.

Definition 51 (1-boundary map) Let M = (D, (1,...,05,) be an n-map.
The 1-boundary map My, = (D', 31,...,08.) is the n-map defined by:

1. D' ={d € D|d is 1-free};
2.¥d e D':
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(a) (b)

FIGURE 5.19

(a) 3-map M with 3-boundary (three volumes two by two adjacent).

(b) The corresponding 3-boundary map My, = (D', 51, 8%, 55 = &). 2-map
My = (D', B, 85) corresponds to a surface, which is the boundary of the
3-dimensional manifold represented by M.

(a) (b)

FIGURE 5.20
(a) 2-map M with 1-boundaries and 2-boundaries.
(b) The corresponding 2-boundary map My, = (D', 81, 85 = &). Darts 7 and

11 are 1-free in My, since 31 o (B2 0 B1) (7) = @ and By 0 (B2 0 B1)°(11) = &
in M. Mp, is given in Fig. 5.21.
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FIGURE 5.21 (a) (b)
1-boundary map My, of the
2-map given in Fig. 5.20(a). FIGURE 5.22
My, is composed by two iso- (a) Partial representation of 3-map M. Zoom
lated darts. on a face separating two volumes which has

a 1-boundary.

(b) The corresponding 1-boundary map
My, = (D', 8 = @, 05 = 2, 5%). Darts 4 and
8 are 3-sewn in My, .

e Vje{3,...,n}, 5}(d’) = 3;(d"), where d" = BE(d),
k being the smaller integer s.t. BE(d') is O-free;

o Bi(d) =0; By(d) = 0.

The main difference with the definition of the i-boundary map for i €
{2,...,n} concerns the definition of 5}(d’). Instead of being directly equal to
B;(d), we need to retrieve §;(d"”’), where d” the second extremity of the (31)
orbit. This is due to the fact that §8; is not an involution, and also to satisfy
the constraint of the n-maps definition (i.e. 81 o 8; is a partial involution for
any j € {3,...,n}). To retrieve the second extremity of the (8;) orbit, Sy is
applied, starting from dart d’ as many times as necessary until obtaining a
0-free dart. Note that all the darts in a 1-boundary map are 1-free and 2-free
(see two examples in Figs. 5.21 and 5.22).

Given an n-map M with i-boundaries, it is then possible to “fill in” all
i-boundaries by linking the n-map with a copy of its i-boundary map Moy, .
More precisely, each dart of M belonging to a boundary is linked by 5; with
its corresponding dart of the copy of Mp,: this produces the i-closure of the
n-map detailed in Section 6.1.

5.5.2 Links between n-maps and n-Gmaps

Let G = (D, g, ...,a,) be an n-Gmap, and let @ be its associated quasi-
manifold. G is orientable (resp. connected, without boundary) iff @ is ori-
entable (resp. connected, without boundary): cf. chapter 8. Let @ be ori-
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entable, connected and without boundary (and so is G). @ can be oriented
in two ways, inverse each from the other. Similarly, G “contains” these two
inverse orientations; more formally, it contains two orbits F; and F, for
{a1 o ag, ..., 0 ap}. Note that, for any i, 0 < ¢ < n, for any dart d of
E; (resp. Es), a;(d) belongs to Es (resp. Fy). E; and Es correspond to the
two possible orientations of G (and Q).

More precisely, for any i, 1 < ¢ < n, let §; denote «; o ag. O(G), the
n-map of the orientations of G, is defined as (D, f1,..., (). It is an n-map,
which contains two connected components M; = (E1761\E1 e ,6,1“31) and
My = (Es, Biipys- - ,BmE2), and M7 and M are inverse each from the other.
M; (resp. M) is an orientation of G, and corresponds thus to an orientation
of Q.

Conversely, given two connected n-maps M; and M> which are inverse
to each other, it is possible to construct an n-Gmap G, such that O(G), its
n-map of the orientations, contains two connected components isomorphic to
M and to M.

At last, note that:

e if G is connected without boundary, G is not orientable iff O(G), its
n-map of the orientations, contains one connected component. In this
case, the oriented quasi-manifold associated with O(G) is the recovering
quasi-manifold of @ (as for instance, a projective plane can be recovered
by an oriented sphere, or a Klein bottle can be recovered by an oriented
torus);

e if G is connected with boundaries, its n-map of the orientations contains
one connected component.

These relations between n-Gmaps and n-maps can be generalized.

Definition 52 (transformation of an n-map into n-Gmap) Let M =
(D, B1,...,Bn) be an n-map, where D = {dy,...,di}. The corresponding n-
Gmap is G = (DU D', a,...,oy), where D' = {d},...,d,} is such that
DND =0, and Vi € {1,...,k}:

o ao(d;) =d and ap(d}) = d;;

e if d; is O-free in M then ay(d;) = d; else ai(d;) = ap(Bo(d;));

o if d; is 1-free in M then aq(d}) = d} else ai1(d}) = B1(d;);

o Vje{2,...,n}, ifd; is j-free in M then a;(d;) = d; and oj(d}) = d,
else Oéj(di) = ao(ﬁ](dl)) and Oéj(d;) = ,Bj(dz)
An intuitive explanation of the relation between M and G is the following.

To transform an n-map M into a corresponding n-Gmap G, each dart d; of
M is associated with an inverse dart d; in G. An example of conversion of a
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FIGURE 5.23

Conversion between a 2-map and a 2-Gmap.
(a) A 2-map M.

(b) The corresponding 2-Gmap G.

2-map into a corresponding 2-Gmap is presented in Fig. 5.23. Black darts of
G are the initial darts of M, while gray darts are new darts.

Each dart d; in M describes in G a part of the same cells, the opposite
dart being d}; these two darts are thus 0-sewn together: so, ag is an involution
without fixed points. In order to define other involutions «;, it is necessary to
distinguish when darts are i-free or not. Moreover, there is a special case for
aq since (57 is a permutation, i.e. to take into account the orientation of M.

The reverse conversion, defined in Def. 53, allows to transform an ori-
entable n-Gmap into a corresponding n-map describing the same orientable
quasi-manifold. More precisely, an orientable n-Gmap has two possible orien-
tations, thus two n-maps correspond to these two possible orientations, each
n-map being the inverse of the second one.

Definition 53 (Orientation of an n-Gmap) Let G = (D, aq,...,a,) be
an orientable n-Gmap, E1 and Fy the two sets defined by the orientation.
Vi e {l,...,n}, B; is defined by: Vd € D,

e if d is O-free in G or ag(d) is i-free in G, B;(d) = &;
e otherwise, B;(d) = a; o ag(d).

n-map My = (Ev, B1g,s- -, Bng,) @5 one orientation of G. The second ori-
entation is n-map Moy = (E2,51|E2, o 7ﬁn‘E2).

As example, reconsider Fig. 5.23 in the reverse order. Starting from the 2-
Gmap G given in (b), it can be transformed into the corresponding 2-map M in
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(a), which is one orientation of G. Black darts belong to this first orientation,
gray darts belong to the second orientation.

At last, let G be an orientable n-Gmap, and let M be one of its orientation.
Note that G has twice the number of darts of M. Thus, in order to describe an
orientable quasi-manifold, the memory space occupation is the main advantage
of an n-map. However, the main advantage of n-Gmaps is related to their
homogeneous definitions, leading to generic algorithms without special cases,
which are thus simpler to conceive.

5.5.83 Classification of 2-maps

Given a connected 2-map M having no 0 nor 1-boundary, it is possible to com-
pute the different topological characteristics of M introduced in Section 2.3
for the classification of paper surfaces:

e b(M) is the number of 2-boundaries of M, i.e. the number of connected
components of Mgy;

e x(M) is the Euler-Poincaré characteristic of M:
X(M) = #(B2 0 Bo) — #(B2) + #(B1) + [{d|B2(d) = d}|
#() denotes the number of orbits, see Section 8.3.2.2 page 331 for details
on this characteristic;

e ¢(M) is the orientability factor of M: g(M) = 0, since a 2-mabp is always
orientable;

o g(M) is the genus of M defined by g(M) =1 — (b(G) + x(G))/2.

These characteristics make it possible to define a classification of connected
2-maps by the pair (b(G), g(G)) related to the classification of the associated
surfaces. Note that nonconnected 2-maps can be classified, by classifying each
of their connected components. The following array gives some characteristics
of usual surfaces:

Type of surface (b(G), g(G))
Sphere
Torus

(
(
Double torus (
(
(

)

)

Disk

Annulus

)
0
0,
0
1
2

O O N O
R g e P |

)
)

Note that the number of n-boundaries and the Euler-Poincaré characteris-
tic are defined for any n-maps whatever their dimensions is (cf. Section 8.3.2.2
page 331 for Euler-Poincaré characteristic); but for n > 2, no complete clas-
sification exists.
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5.5.4 Duality

Remember that duality is a classical notion which makes the link between two
objects having a similar structure, but regarding their dimensions in reverse
order.

The definition of duality for n-maps can be easily deduced from the def-
inition of duality for n-Gmaps and from the links between n-Gmaps and n-
maps. Let G = (D, ay,...,a,) be an orientable n-Gmap without boundary,
and let O(G) = (D, p1,- .., 0x,) be its n-map of the orientations; so, for any 4,
1<i<n,B;i=a;0ap Let G* = (D, ay,...,qq) be the dual of G.

In order to satisfy the relations between the associated quasi-manifolds, it
is clear that O(G)*, the dual of O(G), has to be the n-map of the orientations
of G*, i.e. O(G*). The definition of O(G)* can thus be easily deduced:

elet n = 1. G = (D,a9,01) and O(G) = (D,51 = aq o ); G* =
(D, a1,a0), and O(G*) = (D, B = ap o a);

e let n > 1; then for any ¢ > 1, 5; = a; 0 is an involution, i.e. §; = ,Bi_l.
G=(D,ag,...,ay), and O(G) = (D,f1 = a1 0Qq,...,0n = @n o qp).
G* = (D,an,...,a), and O(G*) = (D,8f = ap_100ap,...,0:_ ;| =
aroay, B = apoay). B =Bt =Bp. For 1 <i<n-—1,58f =a, oa,
= n_i0aoagoay = fBniof, = Buiofn.

This leads to the following definition.

Definition 54 (dual) Let M = (D,f,...,5,) be an n-map without n-
boundary. The dual n-map of M is M* defined by:

e ifn=1, M* = (D,B");
o otherwise, M* = (D, -1 0 Bny. -, 010 Bn, Bn).

To ensure that the composition 3; o 8,, can be done without loss of any
relation, the n-map must be without n-boundary. This ensures that f3,, # @&
and thus that composing 3; with 3, gives @ only when §8; = @. This property
is required to guaranty the important property that M** = M. For all other
dimensions i # n, the n-map can have i-boundary.

By definition of cells, i-cells are transformed into (n — ¢)-cells by duality.
Thanks to this definition, it is straightforward to prove that M** = M.

An example of a 2-map M = (D, 31, 82) without boundary is presented
in Fig. 5.24, as its corresponding dual 2-map M* = (D, ;1 o B2,02). M is
composed by seven vertices, nine edges and four faces, and M* is composed
by four vertices, nine edges and seven faces.

As illustrated in Fig. 5.25, the dual definition is still valid for n-maps
with boundaries. In this example, the 2-map M = (D, 1, 82) is without 2-
boundary, but with 1-boundaries. Its dual is 2-map M* = (D, ;1 o B2, 82)
is also without 2-boundary, but with 1-boundaries. M is composed by six
vertices, five edges and five faces, and M* is composed by five vertices, five
edges and six faces.
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FIGURE 5.24

(a) 2-map M = (D, 1, B2) without boundary.

(b) The dual 2-map M* = (D, 8102, 82). The vertex located down left (resp.
down right, up left, up right) corresponds to the square face down (resp. the
triangle, the square face up, the external face) in Fig. 5.24(a).
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FIGURE 5.25
(a) 2-map M = (D, 1, B2) is without 2-boundary, but with 1-boundaries.
(b) The dual 2-map M* = (D, 81 o B2, f2).
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6

Operations

In this chapter, some operations allowing to modify n-maps and n-Gmaps are
defined. The corresponding algorithms handle the data structures introduced
in Section 4.4 page 108 and Section 5.4 page 158. The first operation given
in Section 6.1 is the closure operation, allowing to fill boundaries. The second
and third operations given in Section 6.2 and Section 6.3 allow to remowve and
contract an i-cell, by merging the two incident (i41)- or (¢ —1)-cells. For these
three operations, the definitions and algorithms are stated for both n-maps
and n-Gmaps, pointing out the differences and allowing to understand how
to define an operation on n-maps by adapting the corresponding definition on
n-Gmaps.

Then, the insertion and the expansion operations are defined in Section 6.4
and in Section 6.5; they are the two inverse operations of the removal and
contraction. The chamfering operation is defined in Section 6.6, the extru-
sion operation in Section 6.7, and the triangulation operation in Section 6.8.
For these five operations, the definitions are stated only for n-Gmaps; the
transposition for n-maps is left to the reader.

Note that all these operations are defined here in the most generic way.
The only constraints are required in order to guaranty the validity of the op-
eration, i.e. to ensure that a valid n-Gmap or n-map is obtained. In order
to satisfy some specific needs depending on a given application, it is often
required to add more restrictive constraints (like for example the preservation
of the connectivity for the removal operation, or the preservation of the genus
of a surface for the insertion operation). These constraints can be tested in
a preliminary step before applying the generic operation. Note also that, de-
pending on the application, additional specific properties make it possible to
optimize some operations.

6.1 Closure

The closure operation allows to fill boundaries. As seen in the two previous
chapters, boundaries can exist in any dimension. Thus, we define the i-closure
operation, which fills i-dimensional boundaries. This operation is based on
the definition of the i-boundary map. Intuitively, each connected component

185



186 Combinatorial Maps for Computer Graphics and Image Processing

of the i-boundary map allows to close one boundary by identifying its darts
with the corresponding i-free darts of the n-Gmap or the n-map.

6.1.1 For n-Gmaps

The i-closure operation for an n-Gmap G is defined in Def. 55. It consists in
creating new darts, one for each i-free dart in G. Then, the new darts are
linked between them by «;, Vj € {0,...,n}, j # i, by using the corresponding
links in the i-boundary map Gy, (cf. Def. 21 page 124); each new dart is linked
by a; with its corresponding dart in G.

Definition 55 (i-closure) Let G = (D, «q,...,a,) be an n-Gmap, i €
{0,...,n}, and Go, = (D', o, ...,al) be the corresponding i-boundary map.

The i-closure of G is the n-Gmap G,_.1,s¢ = (D", 04, ..., a;) defined by:

1. D" = Du{dy,...,d/p }, where {dy,...,d/p } is a set of new darts,
such that a bijection f maps D' onto {df,... 7er/\}"

2. V5 €{0,...,n} s.t. j #i:

e Vd e D, of(d) = a;(d);

o Vd' e I, af(f(d)) = faj(d)).
3.¥de D\ D', &/ (d) = a;(d);
JVd € D/, ol(d) = f(d), o (f(d)) = d.

The links between D” \ D (i.e. the new darts) and D’ (i.e. the darts of
i-boundaries of G) are defined through the bijection f. Note that any bijection
between the two sets of darts can be considered, as the order of the new darts
has no importance. Note also that D’ C D, by definition of boundary map:
this explains why new darts are added to D and linked with D’.

The 1-closure operation is illustrated in Fig. 6.1. Starting from the 1-
Gmap with boundary depicted in (a), the 1-Gmap shown in (b) is obtained
by applying the 1-closure operation; note that this 1-Gmap has no boundary.
In the initial 1-Gmap, there are two 1-free darts (numbered 1 and 6); thus
two new darts (numbered 7 and 8) are created; moreover, f(6) (resp. f(1))
is arbitrarily set to 7 (resp. 8). As the two darts 1 and 6 are 0-sewn in the
1-boundary map Gp,, the corresponding darts 7 and 8 are also 0-sewn in
G\ close: @1(1) =8 (resp. af (6) = 7), since f(1) =8 (resp. f(6) = 7).

Another example of the 1-closure operation is presented in Fig. 6.2; it is
here applied to a 3-Gmap. In this example, four darts, namely 1, 6, 7 and 12,
are 1-free darts; thus four new darts are created, numbered 13, 14, 15 and 16,
and are respectively associated with 1, 6, 7 and 12 by bijection f. As darts
1 and 6 are O-sewn in the 1-boundary map Gp,, the corresponding darts 13
and 14 are also 0-sewn in G|_;]oge (this is similar for darts 7 and 12, and
the corresponding darts 15 and 16). Moreover, as 6 and 12 are 3-sewn in the
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FIGURE 6.1
1-closure for 1-Gmap.
(a) A 1-Gmap G with 1-boundary.

(b) The 1-Gmap G_.oge- 7 and 8 are new darts, such that f(6) = 7 and
1) =s.

FIGURE 6.2
1-closure for 3-Gmap.

(a) A 3-Gmap G with 1-boundary, 2-boundary and 3-boundary. The four darts
1,6, 7 and 12 are 1-free.

(b) The 3-Gmap G_¢]yge- Dart 13, 14, 15 and 16 are new darts, respectively
associated with darts 1, 6, 7 and 12.



188 Combinatorial Maps for Computer Graphics and Image Processing

FIGURE 6.3

2-closure for 2-Gmap.

(a) A 2-Gmap G with 2-boundary. Darts 5,6,7,8,13,14,15,16,17,18,23,24
are 2-free.

(b) The 2-Gmap G New darts are numbered from 25 to 36.

2-close’

I-boundary map Go,, 14 and 16 are also 3-sewn in G_.] e (this is similar
for 1 and 7, and the corresponding darts 13 and 15). o/ (1) = f(1) = 13 (resp.
o (6) = 14, o (7) = 15 and o/ (12) = 16).

An example of 2-closure operation in a 2-Gmap is presented in Fig. 6.3.
Starting from the 2-Gmap with 2-boundary depicted in (a), the 2-Gmap shown
in (b), obtained by applying the 2-closure operation, has no more 2-boundary.
In this example, there are twelve 2-free darts, thus twelve new darts numbered
from 25 to 36 are created. These new darts are linked by of with their cor-
responding darts. Moreover, these new darts are linked between them by o
and of, according to the corresponding involutions of the 2-boundary map
Ga,.

We can see in Fig. 6.4 a 2-Gmap which has 1-boundaries and 2-boundaries.
In this case, the 2-closure operation produces a 2-Gmap without 2-boundary,
but it still has 1-boundaries.

Thanks to the i-closure definition, it is straightforward to define a clo-
sure operation that removes all the boundaries in all dimensions. For that,
all the possible i-closure operations are successively applied, from ¢ = 0 to
i = n. For example, starting from the 3-Gmap given in Fig. 6.2(a) (which has
no 0-boundary), and applying the 1-closure operation, the 3-Gmap shown in
Fig. 6.2(b) is obtained: this 3-Gmap has no 1-boundary. Then the 2-closure
operation is applied, producing the 3-Gmap given in Fig. 6.5(a), which has no
2-boundary. Finally, the 3-closure operation is applied, producing the 3-Gmap
in Fig. 6.5(b), which has no 3-boundary, and thus no boundary at all.

Algorithm 47 implements the i-closure operation for n-Gmaps. This al-
gorithm follows directly the i-closure definition (see Def. 55). Note that the
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FIGURE 6.4
2-closure for 2-Gmap.
(a) A 2-Gmap G with 1-boundaries and 2-boundaries.

(b) The 2-Gmap G,_.]oge- New darts are numbered from 25 to 32. This 2-
Gmap has no 2-boundary, but it still has 1-boundaries.

FIGURE 6.5

Closure for 3-Gmap.

(a) The 3-Gmap G’ obtained from Fig. 6.2(b) by applying the 2-closure oper-
ation. Darts 17 to 32 are new darts.

(b) The 3-Gmap G; —close” The eighty black darts are new darts, describing
the external volume encfosing the two initial cubes.
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i-boundary map is not explicitly computed; nevertheless, the new darts are
linked according to its definition.

Algorithm 47: closeNGMap(gm,i): i-close an n-Gmap

Input: gm: an n-Gmap;
ie{0,...,n}.

Result: gm is i-closed.

1 foreach i-free dart d € gm.Darts do

2 d’ + createDartNGMap (gm);

3 d’.Alphas[i] « d; d.Alphas[i] + d’;

a foreach j €{0,...,i—2,i+2,...,n} do

5 d” « d.Alphas[j];

6

7

8

if not isFreeNGMap(d,j) and not isFreeNGMap(d”,i) then
d’.Alphas[j] + d”.Alphas[i];
L d”.Alphas[i].Alphas[j] < d’;
9 if i > 0 then
10 d” «+ d.Alphas[i — 1];
11 while not isFreeNGMap(d”,i) and not
isFreeNGMap(d”.Alphas[i],i — 1) do
12 | d” « d”.Alphas[i].Alphas[i — 1];
13 if not isFreeNGMap(d”’,i) then
14 d’.Alphas[i — 1] + d”.Alphas][i];
15 L d”.Alphas[i].Alphas[i — 1] « d;

In this algorithm, the new darts are created and linked by a; with the cor-
responding i-free darts. This corresponds to item 4 of the i-closure definition.
Then, the other « links are defined according to the definition of the boundary
map. ;41 is initialized to the identity for all new darts (second item of the
i-boundary map definition): this is a result of the createDartNGMap function.

For all j in {0,...,i —2,i+42,...,n}, a; is deduced from the definition
of aj on the i-free dart d. Indeed, a; o v is an involution. As a;(d) = d’ and
aj(d) = d”, it is necessary that o;(d’) = a;(d”); since d' = f(d), a;(d’) =
a;(d"”) is equivalent to o (f(d)) = f(a}(d)): this corresponds to item 2 of the
i-closure definition (remember that, in this algorithm, «; stands also for o
and o).

Note that a;j can be defined only if d is not j-free and d” is not i-free.
Indeed, if d is j-free then d’ must be also j-free; thus, there is nothing to do
as darts are created free in all dimensions. If d” is i-free, the o link between
d’ and a;(d”) cannot yet be defined: the new dart associated with o;(d) is
not yet created. This definition will be done in a future step of the algorithm,
when dart «;(d) will be processed. Indeed, it will be possible to define the
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aj links when processing a;(d); this is why this definition is done in both
directions.

;1 is initialized by following the path of darts a;_; o (a3 o a;_1)*(d)
until obtaining either an i-free dart, or a dart such that its dart associated
by «; is (i-1)-free. The first case corresponds to the definition of o _; in the
i-boundary map. However, in this case, it is not possible to define a;_1, as the
second dart concerned by this definition is not yet created: the definition will
be done when the second extremity of this path will be processed. For this
second dart, the first dart is no longer i-free, because its corresponding dart is
already created and linked with it by a;. However, the new dart is (i-1)-free
since it was not yet (i-1)-linked, and this corresponds to the second case. So,
a;—1(d") = a3(d"), and reciprocally. As d’ = f(d) and «;(d"”) = f(ai—10(a;0
a;_1)*(d)), this is equivalent to o ;(f(d)) = f(ai_1 o (a3 o as_1)¥(d)); this
corresponds to item 2 of the i-closure definition.

The complexity of Algorithm 47 is linear in number of darts of gm. Indeed,
each dart is considered exactly once in the main foreach loop. In this loop,
each operation is atomic except the while loop (line 11) which is linear in
number of darts in the path a; 1 o (a; o a;_1)*(d). However these darts are
considered exactly twice, the first time when d is processed, and the second
time when the second i-free dart is processed. In other words, these paths
are disjoint for different pairs of i-free darts. So, the overall complexity of the
algorithm is linear in number of darts of the n-Gmap.

To illustrate the behavior of this algorithm, consider the 2-Gmap given
in Fig. 6.4(a), and apply the 2-closure algorithm. Darts are processed in any
order, and there is nothing to do for non 2-free darts. So, for example, start
with dart d = 5. A new dart d’ = 26 is created, and darts 5 and 26 are 2-
sewn. The first loop (line 4) considers only j = 0. As d” = 6 is 2-free, the
new dart is not 0-sewn. The second loop (line 11) allows to define ;. Starting
from d” = 4, d” = 18 is reached after one iteration; it is 2-free, thus a; is
not defined for d’. Then another 2-free dart is processed, for example d = 17.
As for the previous case, a new dart d’ = 28 is created, darts 17 and 28 are
2-sewn, o and «; are not defined for new dart 28. Now if dart d = 18 is
considered, a new dart d’ = 27 is created, and darts 18 and 27 are 2-sewn.
First, as d” = 17 is not 2-free, a(27) is defined as as(17) = 28, and a(28) is
defined as 27 (lines 7 and 8). Second, starting from d” =9, d” = 5 is reached
after one iteration; dart 5 is not 2-free, but as(5) is 1-free. Thus «4(27) is
defined as as(5) = 26, and a4 (26) is defined as 27 (lines 14 and 15).

The principle is similar in 3D. Consider for example the 3-Gmap given in
Fig. 6.5(a), and apply the 3-closure operation. If dart d = 32 is first processed,
a new dart d’ = 32’ is created, and darts 32 and 32" are 3-sewn. The first loop
(line 4) considers j € {0,1}, but in both cases, a;(32) is 3-free. The second
loop (line 11) allows to define as. Starting from d” = @2(32), &’ = 19 is
obtained after one iteration; it is 3-free, and thus «s is not defined for dart
32'. Consider now d = 31; a new dart d’ = 31’ is created, and darts 31 and 31’
are 3-sewn. During the first loop, darts 31’ and 32’ are 0-sewn. Consider now
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d = 20; a new dart d’ = 20’ is created, and darts 20 and 20" are 3-sewn. No
sew is done during the first loop; darts 20’ and 31’ are 2-sewn, as dart d” = 31
is obtained, which is such that a3(31) is 2-free, and which is not 3-free.

6.1.2 For n-maps

The i-closure operation, for ¢ > 2, is defined in Def. 56 for an n-map M.
As for n-Gmaps, new darts are created, one for each i-free dart in M; these
darts are linked between them for 3;, Vj € {1,...,n}, j # 4, according to
the corresponding links in the inverse of the i-boundary map My, (cf. Def. 49
page 175); each new dart is linked by §; with its corresponding dart in M.

Definition 56 (i-closure) Let M = (D,(1,...,5,) be an n-map, i €
{2,...,n}, and Ma_i1 = (D', B,...,B]) be the inverse of the i-boundary map
of M. The i-closure of M is the n-map M, (D", BY,...,B) defined
by:

1. D" = Du{dy,...,d }, where {dY,...,d/p } is a set of new darts,
such that a bijection f maps D' onto {d},... >dle'\};

-close —

2.Vje{l,...,n} s.t. j#i:

e Vde D, pi(d) = B;(d);

o Vd' € D', BI(f(d)) = f(B}(d)))-
3. ¥de D\ D', B/(d) = Bi(d);
4. vd € D', BI'(d) = f(d), B/(f(d)) =d.

The 2-closure operation is illustrated in Fig. 6.6. Starting from the 2-map
with boundary given in (a), the 2-map shown in (b), obtained by applying
the 2-closure operation, has no 2-boundary. In the initial 2-map, six darts are
2-free, thus six new darts are created, numbered from 13 and 18. These new
darts are linked by (5 with their corresponding darts. Moreover, these new
darts are linked between them by 37, according to the corresponding links in
the inverse of the 2-boundary map My, L

The 2-map depicted in Fig. 6.7 has 1-boundaries and 2-boundaries. In this
case, the 2-closure operation produces a 2-map without 2-boundary, but it
still has 1-boundaries.

The 1-closure operation is defined in Def. 57.

Definition 57 (1-closure) Let M = (D, f31,...,8s) be an n-map, with n >
0, and My, = (D', 51,...,08,,) be the corresponding 1-boundary map. The 1-

closure of M is the n-map M,_.j s = (D", BY,...,B,) defined by:

1. D" = Du{dy,...,d/p }, where {dY,...,d/ } is a set of new darts,
such that a bijection f maps D' onto {d},... ’dle'\};
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(a) (b)

FIGURE 6.6

2-closure for 2-map.

(a) A 2-map M with 2-boundary. Darts 2,3,7,10,11,12 are 2-free.
(b) The 2-map M,_.jpge- New darts are numbered from 13 to 18.

(a) (b)

FIGURE 6.7
2-closure for 2-map.
(a) A 2-map M with 1-boundaries and 2-boundaries.

(b) The 2-map M,_.]ose- New darts are numbered from 12 to 15. This 2-map
has no 2-boundary, while it still has 1-boundaries.
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(a) (b)

FIGURE 6.8
1-closure for 1-map.
(a) A 1-map M with 1-boundary.

(b) The 1-map M, _.jyge- Dart 4 is new.

2.Vje{2,...,n}:

o Vd € D, B(d) = B;(d);

o Vd' € D', B/(f(d)) = f(Bj(d)).
3. ¥d e D\ D', B/(d) = B1(d);

4. vd € D', By(d) = f(d), B{(f(d)) = B (d)
k being the smaller positive integer s.t. B¥(d) is 0-free.

There are two differences with the definition of the i-closure for ¢ > 2.
First, the 1-boundary map Mp, is considered and not its inverse. Indeed, all
darts in D’ are 1-free, thus My, = Ma_ll. Second, 87 (f(d)) is not equal to d,
since (1 is not an involution. It is equal to 8§ (d), k being the smaller positive
integer such that $§(d) is O-free. Intuitively, 3; defines polygonal lines, and
0o is the second extremity of the open polygonal line incident to d.

The 1-closure operation is illustrated in Fig. 6.8. Starting from the 1-map
with boundary depicted in (a), the 1-map without boundary shown in (b) is
obtained by applying the 1-closure operation. In the initial 1-map, there is
one 1-free dart (numbered 3), thus one dart (numbered 4) is created. 87 (3) =
f(3) =4, since dart 4 is the new dart corresponding to dart 3. However, it is
more complex to define 37 (4), since it is necessary to retrieve the O-free dart
belonging to the same polygonal line. So, 5¥(3) has to be computed, where k is
the smaller positive integer such that 35(3) is O-free. Thus 37 (4) = p2(3) = 1.

Another example of the 1-closure operation is presented in Fig. 6.9, but
here for a 3-map. There are two 1-free darts numbered 3 and 4, thus two
new darts (numbered 7 and 8) are created. As darts 3 and 4 are 3-sewn in
the 1-boundary map My, , the corresponding darts 7 and 8 are also 3-sewn
in M,_ose- B1(3) = f(3) = 7, since dart 7 corresponds to the 1-free dart 3
(similarly, 8{(4) = 8), and 37(7) = 82(3) = 1 (similarly, 8} (8) = B2(4) = 2).
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FIGURE 6.9
1-closure for 3-map.

(a) A 3-map M with 1-boundary, 2-boundary and 3-boundary. Darts 3 and 4
are 1-free.

(b) The 3-map M

1-close- Dart 7 and 8 are new darts associated with darts 3
and 4.

As for n-Gmaps, a closure operation can be defined for removing all bound-
aries for all dimensions. For that, all the possible i-closure operations are ap-
plied, from ¢ = 1 to i = n. For example, starting from the 3-map given in
Fig. 6.9(a), the 1-closure operation produces the 3-map shown in Fig. 6.9(b),
which has no 1-boundary. Then, the 2-closure operation produces the 3-map
given in Fig. 6.10(a), which has no 2-boundary. Finally, the 3-closure opera-
tion produces the 3-map given in Fig. 6.10(b), which has no 3-boundary, and
thus no boundary at all.

Algorithm 48 implements the i-closure operation for n-maps and for i €
{2,...,n}. This algorithm follows directly the i-closure definition (see Def. 56).
As for Algorithm 47, the i-boundary map is not explicitly computed.

In this algorithm, the new darts are created and linked by (; with the
corresponding i-free darts (cf. item 4 of the i-closure definition). Then, the
other § links are defined, according to the definition of the boundary map.
Bit1 is initialized to @ for all the new darts (second item of the i-boundary
map definition), by definition of the createDartNMap function.

All j, such that |i — j| > 2, have to be considered, thus two cases occur:
if i = 2, this is the set {4,...,n}; otherwise, this is the set {0,1,...,1 —
2,i+2,...,n}. For all j in this set, 3; is deduced from the definition of 3,
for the i-free dart d. Indeed, f3; o 3y is a partial involution. As f;(d) = d’
and f35(d) = d”, it is necessary to have f;(d’) = p;(d”). Since d’ = f(d),
defining Bfl(d’) = B;(d”) is equivalent to define ﬁg’_l(f(d)) = f(B;(d)):
this corresponds to item 2 of the i-closure definition (remember that in the
algorithm, §; denotes also 5} and S.).
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(a)

FIGURE 6.10

Closure for 3-map.

(a) The 3-map M’ obtained from Fig. 6.9(b) by applying the 2-closure oper-
ation. Darts 9 to 16 are new darts.

(b) The 3-map Mé_ lose” The forty black darts are new darts, describing the
external volume encclosing the two initial cubes.

Algorithm 48: closeNMap(cm,i): i-close an n-map

Input: cm: an n-map;
ie{2,...,n}.
Result: cm is i-closed.

1ifi=2then S+ {4,...,n}

2 else S« {0,1,...,1—2,i4+2,...,n}

3 foreach i-free dart d € cm.Darts do

a d’ < createDartNMap(cm);

5 d.Betas[i] + d’; d'.Betas[i] « d;

6 foreach j € S do

7 d” + d.Betas[j];

8 if not isFreeNMap(cm,d,j) and not isFreeNMap(cm,d” i)

then

9 d’.Betas[inv(j)] + d”.Betasl[i];

10 L d”.Betas[i].Betas[j] + d’;

11 d” « d.Betas[inv(i — 1)];

12 while not isFreeNMap(cm,d”,i) and not
isFreeNMap(cm,d”.Betas[i],inv(i — 1)) do

13 L d” « d” Betas[i]|.Betas[inv(i — 1)];

14 if not isFreeNMap(cm,d”,i) then

16 d”.Betas[i].Betas[inv(i — 1)] + d’;

15 L d’.Betas[i — 1] + d”.Betasl[i];
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Note that f; is defined for d only if d is not j-free and d” is not i-free.
Indeed, if 4 is j-free, then d’ must be also j-free, and thus there is nothing
to do as darts are created free in all dimensions. If d” is i-free, it is not
possible yet to define the f; links between d' and f;(d”), as the new dart
associated with (;(d) is not yet created. This will be done in a future step of
the algorithm, when dart 3;(d) will be processed. This is why this definition
is done in both directions.

;1 is initialized by following the path of darts B; %, o (8; 0 8;*;)¥(d) until
obtaining either an i-free dart or a dart such that its associated dart by S;
is (inv(i — 1))-free. The first case corresponds to the definition of 5] _; in
the i-boundary map. However, it is not possible to define 8;_1 as the second
dart concerned by this definition is not yet created. The definition will be done
when the second extremity of this path will be processed. For this second dart,
the first dart is no longer i-free, because its corresponding dart has already
been created, and linked with it by f;. However, the new dart is (inv(i—1))-
free as it is not yet (inv (i —1))-linked. In this second case, 8;_1(d’) is defined
as 31(d”), and reciprocally. As d’ = f(d) and 3;(d”) = f(B; Y, o(Bi0B;t)F(d)),
this is equivalent to 87, (£(d)) = £(8; o (8: 0 8",)*(d)), which corresponds
to item 2 of the i-closure definition.

Note that 8;; is used, because the i-closure definition uses the inverse of
the i-boundary map (this is only necessary for i = 2).

The complexity of Algorithm 48 is linear in number of darts of cm. Indeed,
each dart is considered exactly once in the main foreach loop. In this loop,
each operation is atomic except the while loop (line 12) which is linear in
number of darts in the path 8%, o (8; o 8;-%,)*(d). However these darts are
considered exactly twice, the first time when d is processed, and the second
time when the second i-free dart is processed. In other words, these paths are
disjoint for each different pair of i-free darts. So, the overall complexity of the
algorithm which is linear in number of darts of the n-map.

The behaviour of this algorithm can be illustrated on the examples pro-
vided in Fig. 6.7(a) and Fig. 6.10(a). Since it is close to the behavior of Algo-
rithm 47, this is left to the reader.

The 1-closure operation for n-maps is implemented by Algorithm 49. It
is similar to Algorithm 48, the two main differences are that both 8y and (5,
links have to be defined, and second that 3;_1 does not exist.

As for Algorithm 48, a new dart d’ is created and linked by S; with an
existing 1-free dart. Then, e = 8F(d) is computed, such that k is the smallest
integer such that e is O-free. e and d’ are 1-sewn. Then, during the foreach
loop (line 7), the technique of the general algorithm is followed in order to
link new dart d’ with its neighbors, for each j € {3,...,n}.

The complexity of Algorithm 49 is also linear in number of darts of cm, for
the same reasons than for the general i-closure algorithm.

The behaviour of this algorithm can be illustrated by considering the 3-
map depicted in Fig. 6.9(a). In this 3-map, there are only two 1-free darts.
Let us start with d = 3; a new dart d’ = 7 is created, and darts 3 and 7 are
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Algorithm 49: 1closeNMap(cm): 1-close an n-map

Input: cm: an n-map.

Result: cm is 1-closed.

1 foreach 1-free dart d € cm.Darts do

2 d’ « createDartNMap(cm);

3 d.Betas[l] < d’; d’.Betas|[0] <+ d;

4 e < d;

5 while not isFreeNMap(cm,e,0) do e + e.Betas[0];
6 d’.Betas[l] < e; e.Betas[0] + d’;

7 foreach j € {3,...,n} do

8 d” < d.Betas[j];

9 if not isFreeNMap(cm,d,j) and not isFreeNMap(cm,d”,0)
then

10 d’.Betas[j] + d”.Betas|0];

11 L d"” .Betas|[0].Betas[j] + d’;

1-sewn. Then, after the while loop (line 5), dart e = 1 is reached, and darts 7
and 1 are 1-sewn. During the foreach loop (line 7), only j = 3 is considered,
and thus d”/ = 6. However, as dart 6 is O-free, 83 is not updated for dart 7.
Then dart d = 4 is considered: a new dart d’ = 8 is created, and darts 4 and
8 are 1-sewn. Dart e = 2, and darts 8 and 2 are 1-sewn. At last, since dart
d = 4 is not 3-free and dart d” = B5(4) = 1 is not O-free, darts 8 and 7 are
3-sewn.

6.2 Removal

The remowval operation consists in removing a given i-cell ¢ while merging the
two (i + 1)-cells incident to ¢ when they exist; when there is only one (i + 1)-
cell incident to ¢, no cells are merged. The basic operation is the i-removal,
which consists in removing an i-cell. Two examples are depicted in Fig. 6.11.
Starting from the 2D object in Fig. 6.11(a), first, the two edges e; and ey are
removed, producing the object given in Fig. 6.11(b). The two faces incident
to edge e; in the initial object are merged into one face (this is similar for the
two faces incident to edge e2). Then, the two vertices v; and v are removed,
producing the object in Fig. 6.11(c). The two edges incident to vertex v; are
merged into one edge (as the two edges incident to vertex vs).

Given an nD object, the i-removal operation is defined for i € {0,...,n —
1}. Indeed, for i = n, there is no (i + 1)-cell incident to c. Moreover, it is
not possible to remove any i-cell: at most two (i + 1)-cells are incident to ¢,
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(a) (b)

FIGURE 6.11

Examples of removal operation.

(a) A 2D object.

(b) The result of the removal of the two edges e; and es.
(c) The result of the removal of the two vertices v; and vs.

in order to be able to merge these cells when removing c. It is for example
impossible to remove vertex vz in Fig. 6.11(c): vz is incident to three edges,
which cannot be merged into one edge.

6.2.1 For n-Gmaps

Before studying the definitions and algorithms of removal for n-Gmaps [77],
let us analyze some examples in 1D and in 2D. For instance, vertex {6,7}
is removed from the 1-Gmap G depicted in Fig. 6.12(a): this invalidates g
for darts 5 and 8. Indeed, these darts are linked by «g to one removed dart.
In order to define a(5), i.e. the new value for ao(5), a path of darts is con-
structed, starting from ag(5), by applying ag o ;. Dart 8 is the first dart of
this path which does not belong to the removed vertex, so ag(5) = 8. For
dart 8, a similar construction leads to state a((8) = 5 (and thus «f is still an
involution). The removal of vertex {6,7} produces the 1-Gmap Gg,({6,7})
(cf. Fig. 6.12(b)); the two edges incident to the removed vertex are merged
into one edge.

Look now at the 2-Gmap G in Fig. 6.13(a); let us remove the edge {3,4,9, 10}.
Removing these darts invalidates «; for darts 2, 5, 11 and 18. As before, a
path is constructed for each dart. For instance for dart 2, this path starts
with «;(2), and it is constructed by applying «; o ag. Dart 11 is the first dart
of this path which does not belong to the removed edge, so o (2) = 11. The
same process is applied for the other darts, so of(11) = 2, o4 (5) = 18 and
oy (18) = 5. The 2-Gmap Gg, ({3,4,9,10}) is constructed: cf. Fig. 6.13(b); it
corresponds to the initial 2-Gmap, where the edge {3, 4,9, 10} is removed, and
its two incident faces are merged.

Now, vertex {2,3,15,20} is removed from the 2-Gmap depicted in
Fig. 6.14(a). ag is modified for darts 1, 4, 16 and 19: for each of these darts,
a path of darts is followed, starting from «g and applying ag o a;. Thus
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FIGURE 6.12
0-removal for 1-Gmap.
(a) 1-Gmap G.

(b) 1-Gmap G, ({6,7}).

FIGURE 6.13

1-removal for 2-Gmap.

(a) 2-Gmap G.

(b) 2-Gmap Grg, ({3,4,9,10}).
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FIGURE 6.14

0-removal for 2-Gmap.

(a) 2-Gmap G.

(b) 2-Gmap G, ({2,3,15,20}).

FIGURE 6.15

1-removal of a dangling edge.

(a) 2-Gmap G; edge {3,4,5,6} is a dangling edge.
(b) 2-Gmap Grg, ({3,4,5,6}).

ap(1) = 4, ap(4) = 1, op(16) = 19 and a((19) = 16. This produces the
2-Gmap Gpg,({2,3,15,20}) in Fig. 6.14(b); it corresponds to the initial 2-
Gmap, where the vertex {2,3,15,20} is removed, and its two incident edges
are merged.

In these three examples, two (i + 1)-cells are incident to the removed i-cell,
and they are merged into one (i + 1)-cell by the operation. In the example of
Fig. 6.15, only one face is incident to edge {3,4, 5,6}, which is thus a dangling
edge. This edge is the only edge incident to vertex {4,5}, thus its removal
involves also the removal of vertex {4,5}: cf. Fig. 6.15(b).

Before defining the i-removal operation, the i-removability condition is de-
fined in Def. 58: it characterizes the cells which can be removed. As explained
above, an i-cell can be removed if it has at most two (i + 1)-cells incident.

Definition 58 (removable cell) An i-cell C in an n-Gmap G =
(D, «p, ..., a) is removable if:
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e i =n—1;
e or0<i<n-—1, and, Vd € C, a;11 0 a;y2(d) = ajy2 0 ajy1(d).

Note that an (n — 1)-cell is always removable in an n-Gmap. This is a
consequence of the quasi-manifold definition: in nD, at most two n-cells are
incident to a given (n — 1)-cell. When 0 < ¢ < n — 1, the condition “Vd € C,
it1 © @iya(d) = @19 0 a;11(d)” ensures that at most two (i + 1)-cells Cy,
incident to a given dart d of C, and Cy, incident to a;41(d), are incident to
C (possibly with C; = C5).

The i-removal operation is defined in Def. 59. It can be applied to a re-
movable i-cell C; as explained above, removing C invalidates «; for the darts
linked with C. Let DY denote this set of darts. The resulting n-Gmap is ob-
tained by removing all the darts of C', and by redefining «; for the darts of
D?. For each dart d € D, the path of darts (c; o a1 1)* o a;(d) is followed
until obtaining a dart belonging to D*. All others «;, j # i, are not modified,
nor «; for the darts which do not belong to D?.

Definition 59 (cell removal) Let G = (D, ayg,...,a,) be an n-Gmap and
C be a removable i-cell. Let D® = a;(C) \ C be the set of darts i-linked with
C which do not belong to C. The n-Gmap resulting from the i-removal of C
in G is Gg,(C) = (D', a,...,a), defined by:

e D'=D\C;

Vi€{0,...,n}, j #i, of = ajp;

Vd € D'\ DS, al(d) = ai(d);

Vd € D, al(d) = (av; o a1)¥ 0 i (d),

K2
k being the smaller positive integer s.t. (c; o a;y1)* o ai(d) € DS,

The path of darts followed for modifying c; corresponds to (o 1)*oay,
k being the smaller positive integer such that a dart which belongs to D is
reached. For the four previous examples, k is always equal to 1. But k& can be
greater than 1, for instance for configurations in which multi-incidence occurs,
as illustrated in Fig. 6.16. In the initial 2-Gmap in Fig. 6.16(a), an edge is
a loop. When this edge is removed, the path of darts associated with dart 5
(resp. 12) is (4 = a1(5),2 = a1 o az 0 a1(5),12 = (a1 0 a2)? 0 a1(5)) (resp.
(3,1,5)).

As illustrated in Fig. 6.17, other configurations can lead to k > 1, for
instance when the n-Gmap has boundaries. In this example, the initial 2-
Gmap in Fig. 6.17(a) has one 1-boundary; edge {1,2,9, 10} is incident to this
boundary. For its removal, the path associated with 8 is (1 = «;(8),9 =
aj oazo1(8),8 = (a1 0oaz)? oai(8)). Thus, after applying the 1-removal,
edge {7,8} is incident to the boundary.

It is easy to prove that, given a removable i-cell C' of an n-Gmap G,
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14 .13 1413 12 11
15 15 50l |s 10
16 16 19| 9
17 18 17 .18 7,8
(b)
FIGURE 6.16

1-removal of a loop in a 2-Gmap.
(a) 2-Gmap G; edge {1,2,3,4} is a loop.
(b) Gr, ({1,2,3,4}).

FIGURE 6.17

1-removal of an edge in a 2-Gmap with boundaries.
(a) 2-Gmap G.
(b) GR1 ({17 23 95 10})
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Gg,(C), obtained by removing C from G, is an n-Gmap. For that, the condi-
tions of the n-Gmap definition have to be checked. This can be done, thanks
to the removable property, which allows to commute ;41 and ;2.
Note that the removal operation can be extended in order to simultane-
ously remove several disjoint cells of same or different dimensions (see [77]).
Algorithm 50 allows to check that a given i-cell is removable or not. This
is a direct implementation of the corresponding definition.

Algorithm 50: isRemovableNGMap (gm,d,1): test if an i-cell is remov-
able for n-Gmaps

Input: gm: an n-Gmap;
d € gm.Darts: a dart;
ie€{0,...,n}.
Output: True iff ¢;(d) is removable.
if i = n then return false;
if i =n — 1 then return true;
foreach dart d’ € ¢i(d) do
if d’.Alphas[i + 2].Alphas[i + 1] # d’.Alphas[i + 1].Alphas[i + 2]
then
L return false;

W N =

w

6 return true;

The i-removal operation is implemented by Algorithm 51. Instead of build-
ing the new n-Gmap Gg,(C), the algorithm directly modifies the given n-
Gmap G. This allows to avoid to copy the initial n-Gmap when this is not
required. If needed, G, (C) is obtained by first copying G (using Algorithm 14
page 117), second by modifying the copy by applying Algorithm 51.

As explained above, «; is only modified for darts linked with the removed
i-cell (denoted by D). So, the first step consists in marking all the darts of
the removed i-cell, in order to be able to test in constant time if a given dart
belongs to this cell or not. «; is modified by the main loop of the algorithm
(line 3). To retrieve all the darts of D, we iterate through the darts of the
removed i-cell. For each dart d’' of C, let di = «a;(d’). If di does not belong
to D®, nothing has to be done. If d; belongs to D?, the corresponding path
of darts for (a; o aH_l)k oy is followed until a nonmarked dart ds is reached,
i.e. dy belongs to D¥. Then d; and dy are linked by «; (line 9). At the end
of the main loop, all darts of D® have been processed, and the darts of C are
removed. Note that there is no dart to unmark, as all the marked darts have
been removed.

The complexities of Algorithms 50 and 51 are linear in the number of
darts of the removed i-cell. For the i-removal operation, each path of darts is
considered twice: a first time for dart d; and a second time in reverse direction
for the second extremity of the path. The first time allows to define «;(dy) = da
and the second time to define a;(ds) = dy. The algorithm can be modified
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Algorithm 51: removeNGMap(gm,d,i): remove a given i-cell for n-
Gmaps
Input: gm: an n-Gmap;
d € gm.Darts: a dart such that ¢;(d) is removable;
ie{0,...,n—1}.
Result: Remove the i-cell ¢;(d).
1 ma ¢ reserveMarkNGMap (gm);
2 mark all the darts in ¢;(d) for ma;
3 foreach dart d' € ¢;(d) do

a d; + d'.Alphas[i];

5 if not isMarkedNGMap(d;,ma) then

6 dy + d’.Alphas[i + 1].Alphas[i];

7 while isMarkedNGMap (ds,ma) do

8 L dy + do.Alphas[i + 1].Alphas[i];
9 d;.Alphas[i] < dg;

10 foreach dart d’ € ¢;(d) do
11 L remove d’ from gm.Darts;

12 freeMarkNGMap (gm,ma);

in order to consider each path exactly once, but it is necessary to conceive a
more complex algorithm.

6.2.2 For n-maps

Now the definitions and algorithms of the removal operation for n-maps are
studied. They are similar to the ones conceived for n-Gmaps; but as usual
for n-maps, special cases occur when S is taken into account. First, several
examples are studied, in fact the ones used for n-Gmaps.

An example of O-removal in 1D is provided in Fig. 6.18. Vertex {4} is
removed, and 31(3) is stated to 5, producing the 1-map in Fig. 6.18(b). The
two edges incident to vertex {4} are merged. Note the difference with the same
operation for 1-Gmap. For a 0-removal, §; is modified for a 1-map, while af is
modified for a 1-Gmap (0 being the dimension of the removed cell). Moreover,
the path of darts is now oriented, as 1 is a partial permutation and not an
involution.

An example of 1-removal in a 2-map is depicted in Fig. 6.19. Starting from
the initial 2-map in Fig. 6.19(a), edge {4,5} is removed. 51 is modified for
darts 3 and 9. A path of darts is constructed for dart 3, starting from [;(3)
and applying 1 0f8s. Dart 6 is obtained, which does not belong to the removed
edge; thus, 81(3) = 6. Similarly, 51(9) = 1. At last, the two darts 4 and 5 are
removed, producing the 2-map in Fig. 6.19(b); edge {4, 5} is removed, and its
two incident faces are merged. Here, the principle is exactly the same than for
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(b)

FIGURE 6.18
0-removal for 1-map.
(a) 1-map M.

(b) 1-map Mg, ({4}).

(a) (b)

FIGURE 6.19
1-removal for 2-map.
(a) 2-map M.

(b) 2-map My, ({4,5)).
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FIGURE 6.20
0-removal for 2-map.
(a) 2-map M.

(b) 2-map Mg, ({1,8}).

AN .6 > AN 6 >
5 LN 7
134! ’ 5
. 4 R 4 1Y
~ - < <
(a) (b)
FIGURE 6.21

1-removal of a dangling edge in a 2-map.
(a) 2-map M; edge {2,3} is dangling.
(b) 2-map Mp, ({2,3}).

the 1-removal for 2-Gmaps. The only difference is that 5, is modified for the
two darts 3 and 9 (which are 0-sewn with a dart of the removed edge), but
not for the two darts 1 and 6 (which are 1-sewn with a dart of the removed
edge), while a4 is modified for the four corresponding darts in the associated
2-Gmap. Moreover, as in the previous example, the paths of darts are now
oriented.

An example of 0-removal in a 2-map is illustrated in Fig. 6.20, showing
that the modifications are slightly different for the dimension 0. Vertex {1, 8}
is removed from the initial 2-map in Fig. 6.20(a). 8] is computed for the two
darts 7 and 10, by following the path of darts 1 o 8;. However, this is not
sufficient, since darts 7 and 10 are linked by §s with darts 8 and 1. It is thus
necessary to define 85(7) = 10 and 35(10) = 7. This example shows that the
0-removal operation is a special case for n-maps: all 8 have to be modified,
not only ;.

The example in Fig. 6.21 shows the removal of a dangling edge.
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The removability condition is defined in Def. 60: it is the direct transpo-
sition of the same definition for n-Gmap. The only difference is the use of
B;f»ll instead of (;41; since ;41 is a partial involution for ¢ > 0, this differ-
ence is important only for ¢ = 0. For example in the 2-map of Fig. 6.20(a),
the vertex {1,8} is O-removable, because 81 o S2(1) = B2 o Bo(1) = 8 and
BioB2(8) = B2 o Bo(8) =1.

Definition 60 (removable cell) An i-cell C in an n-map M =
(D, B, ..., 0Bn) is i-removable if:

o i=n—1;
e or0<i<n-—1, andVd € C, Biy1 0 Bita(d) = BHQOBZ-;ll(d).

The i-removal operation, for ¢ > 1, is defined in Def. 61. It is also a direct
transposition of the same definition for n-Gmap. Let D be the set of darts
i-linked with the removed i-cell C. f; is modified for all darts of D®; in fact,
B; ! is used in order to take correctly into account the case when i = 1. For
each dart d € D®, the path of darts (8; 0 Bi;1)* o Bi(d) is followed, until either
a dart in D is reached, which is the second extremity of the path, or & is
obtained, when the n-map has boundaries. These two cases correspond to the
same condition: k is the smaller positive integer such that the dart of the path
does not belong to C.

Definition 61 (cell removal) Let M = (D, (1,...,By) be an n-map and C
be a removable i-cell, i > 1. Let DS = 3;71(C)\ C. The n-map resulting from
the i-removal of C' in M is Mg, (C) = (D', 584,...,5)), defined by:

e D'=D\C;
v] € {1,771}, .] #Z; B.; :B“D/)
vd € D'\ D¥, Bi(d) = Bi(d);

vd € D%, Bi(d) = (B o Bit1)* o Bi(d),
k being the smaller positive integer s.t. (B; o Bir1)F o Bi(d) ¢ C.

A loop is removed in the example depicted in Fig. 6.22. The path associated
with dart 6 begins with 51 (6) = 2; then dart 1, which belongs to the removed
edge, is obtained by applying (1 o 82. Thus (1 o §5 is applied once more, and
dart 3 is reached, which does not belong to the removed edge.

A 2-map with a 1-boundary is depicted in Fig. 6.23. The removed edge
{1,7} is incident to this boundary. The path of darts associated with dart 4
corresponds to 8y o B2 o 81, producing @ which does not belong to C'; thus,
k=1and 8(4) = 2.

The 0-removal operation is defined in Def. 62. As seen above, all 3; have to
be modified. This is due to the fact that the darts of a vertex are linked with
other darts by 3; (while this is not true for other i-cells, i > 0). §; is modified,
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pd e pa 6
S8 S3 A A
9 9 713 5
V__10 v_10 v 4
(b)
FIGURE 6.22
Removal of a loop in a 2-map.
(a) 2-map M; edge {1,2} is a loop.
(b) 22map Mg, ({1,2}).
N 4 >
5 3 5
6 _ 2 _ 6
~ ~
(b)
FIGURE 6.23
Removal of an edge in a 2-map with boundaries.
(a) 2-map M.

(b) 2-map Mg, ({1,7}).
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FIGURE 6.24

Removal of a vertex in a 3-map.

(a) A 3D subdivided object.

(b) Corresponding 3-map M (partial representation).
(¢) 3-map Mg, ({1,3,6,8,10,11}).

by following the path of darts 3; o (B1)*, for all the darts in B{l (C)\ C. First,
(1 is applied as many times as necessary to reach a dart which does not belong
to C, then 8; is applied.

Definition 62 (0-cell removal) Let M = (D, S1,...,053,) be an n-map and
C be a removable 0-cell. The n-map resulting from the 0-removal of C' in M
is M, (C) = (D', p4,...,0B), defined by:

e D'=D\C;
e Vjie{l,....n},Vde D'

—ifd¢ 871 (C)\C, Bj(d) = B;(d);

— otherwise, $}(d) = f; o (B1)"(d),
k being the smaller positive integer s.t. 3; o (81)k(d) ¢ C.

Look again at Fig. 6.20; C' = {1,8}. For j = 1, 8, (C)\ C = {7,10}; thus,
B;(7) = 2 and 3 (10) = 8. For j = 2, B, 1(C)\ C = {7,10}, thus 85(7) = 10
and $5(10) = 7. k =1 for all cases.

An example of O-removal in 3D is presented in Fig. 6.24. Vertex {1, 3,6, 8,
10,11} is removed from the 3-map depicted in Fig. 6.24(b) (only darts around
the removed vertex are drawn). The vertex is O-removable, because 31 o B2 =
P20y for each of its darts (for example $10082(1) = [205p(1) = 10). For j =1,
BrHO)\ C = {2,4,5,7,9,12}, and, for example, (](2) = B1(8). For j = 2,
By H(C)\ C = {2,4,5,7,9,12}, and, for example, 35(2) = B2 0 £1(2) = 9. For
§=3,8;HC)\C = {2,4,5,7,9,12}, and, for example, 55(2) = B3051(2) = 7.

Algorithm 52 allows to check that a given i-cell is removable or not. This
is a direct implementation of the corresponding definition.
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Algorithm 52: isRemovableNMap(cm,d,i): test if an i-cell is remov-
able for n-maps

Input: cm: an n-map;
d € cm.Darts: a dart;
ie€{0,...,n}.
Output: True iff ¢;(d) is removable.
if i = n then return false;
if i =n — 1 then return true;
foreach dart d’ € ¢i(d) do
if d’.Betas[i + 2].Betas[i + 1] # d’.Betas[inv(i + 1)].Betas[i + 2]
then
L return false;

W N =

[}

6 return true;

The i-removal operation, for 1 <14 < n—1,is implemented by Algorithm 53.
This algorithm is very similar to the i-removal operation for n-Gmaps. The
differences are related to the facts that 51 is a partial permutation (and not a
partial involution like other 3;), and that an i-free dart is linked with @. First,
B; !is applied in order to initialize the first extremity d;. Second, after the
computation of the two extremities of the path, four possible configurations
are taken into account, depending if these extremities are equal to or different
from @. At last, if ¢ = 1, By(d2) is also defined (line 12), in order to consider
only once the path, which is oriented in this case.

The 0-removal operation is implemented by Algorithm 54. The definition of
(1 is similar to the general case, by following the path of darts corresponding
to (B1)*. Only darts in By(C)\C are processed (cf. test in line 5). dg, the second
extremity of the path, is computed, and the four possible configurations are
taken into account. The main difference with the general case is the additional
loop (line 14), allowing to define §;, Vj € {2,...,n}. According to Def. 62,
B (d1) has to be set to Bio(B1)*(dr): since da = B1o(B1)*(d1), BF(d1) = Bo(da)
and thus 3}(d1) is set to 3 o Bo(dz). Note that if d is j-free or equal to &,
nothing has to be done since d; ¢ ﬂj_l(C’)\C. Note also that if d» = @, B}(d1)
is set to @ (cf. line 16), since & is linked with itself for all 8. At last, if d; = @
and dg # @, B{(dz) is set to @ (line 19), since no dart is linked with da by 81
(all the darts of the path belong to the removed vertex).

The main loop of Algorithm 54 iterates through the darts of ¢y(d). How-
ever, since the (3; links of darts in 3 L)\ C are modified, the use of the
vertex iterator defined in Algorithm 30 page 163 could lead to errors. So, the
darts belonging to cy(d) are stored in a data structure (for example a stack)
before the loop; then, they are processed by using this data structure, and not
the vertex iterator.

As for the removal operation for n-Gmaps, the complexities of Algorithm 52,
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Algorithm 53: removeNMap(cm,d,i): remove an i-cell for n-maps

Input: cm: an n-map;
d € cm.Darts: a dart such that ¢;(d) is removable;
ie{l,....,n—1}
Result: Remove the i-cell ¢;(d).
1 ma ¢ reserveMarkNMap (cm);
2 mark all the darts in ¢;(d) for ma;
3 foreach dart d’ € ¢;(d) do

a d; + d'.Betas[inv(i)];

5 if not isMarkedNMap(cm,d;,ma) then

6 dy + d’.Betas[i + 1].Betas[i];

7 while isMarkedNMap (cm,ds,ma) do

8 L dy < dg.Betas[i + 1].Betasl[i];

9 if dy # cm.null _dart then

10 if dy # cm.null _dart then

11 d;.Betas[i] «+ do;

12 L if i =1 then ds.Betas|[0] «+ dj;
13 else

14 L d;.Betas[i] + cm.null dart;

15 else

16 if ds # cm.null dart then

17 | dg.Betas[inv(i)] - cmnull dart;

18 foreach dart d’ € ¢;(d) do
19 L remove d’ from cm.Darts;

20 freeMarkNMap (cm,ma);
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Algorithm 54: OremoveNMap (cm,d): remove a 0-cell for n-maps

Input: cm: an n-map;
d € cm.Darts: a dart such that ¢o(d) is removable.
Result: Remove the 0-cell ¢o(d).

1 ma ¢ reserveMarkNMap (cm);

2 mark all the darts in ¢y(d) for ma;

3 foreach dart ' € ¢y(d) do

4 d; + d’.Betas|0];

5 if not isMarkedNMap(cm,d;,ma) then

6 dy + d'.Betas|[l];

7 while isMarkedNMap (cm,ds,ma) do

8 L dy + dg.Betas[l];

9 if dy # cm.null_dart then

10 if dy # cm.null dart then

11 L d;.Betas[l] « dg; d2.Betas|0] < dy;
12 else

13 L d;.Betas[l] + cm.null dart;

14 for j + 2 ton do

15 if not isFreeNMap(cm,d;,j) then
16 L L d;.Betas[j] < dz.Betas[0].Betas[j];
17 else

18 if dy # cm.null _dart then

19 | dg.Betas[0] + cm.null dart;

20 foreach dart d’' € ¢y(d) do
21 L remove d’ from cm.Darts;

22 freeMarkNMap (cm,ma);
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FIGURE 6.25

Contraction operation.

(a) A 2D object.

(b) The result of the contraction of edges e; and es.

Algorithm 53 and Algorithm 54 are linear in number of darts of the removed
cell.

6.3 Contraction

The contraction operation is the dual of the removal operation. It consists in
removing a given i-cell ¢ while merging the two (i —1)-cells! incident to ¢ when
they exist. When only one (i — 1)-cell is incident to ¢, no cells are merged.
The contraction operation is illustrated in Fig. 6.25. Starting from the 2D
object in Fig. 6.25(a), the two edges e; and ey are contracted, producing the
object in Fig. 6.25(b). The two vertices incident to edge e; in the initial object
are merged into one vertex (this is similar for the two vertices incident to edge

62).

6.3.1 For n-Gmaps

In 1D, as illustrated in Fig. 6.26, the edge contraction is the dual of the vertex
removal. In this example, edge {7, 8} is contracted: this corresponds to modify
ay for darts 6 and 9. So, a path of darts is computed, starting from a4 (6) and
applying a; o ag. Dart 9 is the first dart of this path which does not belong to
the contracted edge: thus, o4 (6) = 9. Similarly, dart 6 is obtained for dart 9,
thus o} (9) = 6. The resulting 1-Gmap G¢, ({7,8}) is depicted in Fig. 6.26(b):
note that the two vertices incident to edge {7, 8} are merged.

n nD, duality associates an i-cell ¢ and an (n — i)-cell ¢*; thus, an (i 4 1)-cell incident
to ¢ corresponds to a (n —i—1)-cell incident to ¢*. Let j = n —4: contracting a j-cell merges
its incident (5 — 1)-cells.
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FIGURE 6.26
1-contraction for 1-Gmap.
(a) 1-Gmap G.

(b) 1-Gmap Ge, ({7,8}).

(a) (b)

FIGURE 6.27
1-contraction for 2-Gmap.

(a) 2-Gmap G.

(b) 2-Gmap G¢, ({3,4,9,10}).
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FIGURE 6.28
2-contraction for 2-Gmap.
(a) 2-Gmap G.

(b) 2-Gmap G¢,({1,2,3,4}).

In 2D, the edge contraction is the dual of the edge removal: cf. Fig. 6.27.
In this example, edge {3,4,9,10} is contracted, by modifying a; for the four
darts 2, 5, 11 and 18. For each dart, a path of darts is followed, starting
with oy and applying a; o ap. In the resulting 2-Gmap G¢, ({3,4,9,10}) (cf.
Fig. 6.27(b)), edge {3,4,9,10} is contracted and its two incident vertices are
merged.

In 2D, the face contraction is the dual of the vertex removal: cf. Fig. 6.28.
Face {1,2,3,4} is contracted by modifying ay for the four darts 5, 6, 13
and 14. For each dart, a path of darts is computed, starting with as and
applying as o ag. In the resulting 2-Gmap G¢,({1,2,3,4}) (cf. Fig. 6.28(b)),
face {1,2,3,4} is contracted, and its two incident edges are merged.

The contractibility condition characterizes the i-cells which can be con-
tracted: cf. Def. 63. This condition can be deduced from the i-removability
condition, by replacing ¢ + 1 (resp. i + 2) by ¢ — 1 (resp. i — 2), according to
duality.

Definition 63 (contractible cell) An i-cell C in an n-Gmap G =
(D, «p, ..., ay) is contractible if:

o i =1;

e orl<i<mn, and, ¥d € C, aj—1 0a;—2(d) = aj—2 0 a;_1(d).

The i-contraction operation can be deduced from the i-removal operation,
by duality. Let C' be a contractible i-cell. The n-Gmap resulting from the
i-contraction of C is obtained by removing the darts of C, and by modifying

«; for the darts linked with C|, by following the paths of darts corresponding
to (O(z' ] Oéi_l)k O .

Definition 64 (cell contraction) Let G = (D, «y,...,a,) be an n-Gmap
and C be a contractible i-cell. Let D° = a;(C) \ C be the set of darts i-linked
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FIGURE 6.29

1-contraction of a dangling edge.

(a) 2-Gmap G; edge {3,4,5,6} is a dangling edge.
(b) 2-Gmap G¢, ({3,4,5,6}).

with C which do not belong to C'. The n-Gmap resulting from the i-contraction
of Cin G is Go, = (D', ), ...,al,) defined by:

e D'=D\C;
o Vje{0,...,n}, j#1i, a;‘:ajm/;

o Vde D'\ DS, al(d) = ay(d);

e Vd e DS, Oé;(d) = (Oéi ] Oli_l)k o Oéi(d),

k being the smaller positive integer such that (c; o a;_1)F o ai(d) € D5.

As for the removal operation, k can be greater than 1. For instance, a
dangling edge is contracted in the example presented in Fig. 6.29. Starting
from dart 2, the path of darts corresponding to (a; o ag)? o a1 leads to dart
7, which does not belong to the contracted edge. Note that removing or con-
tracting edge {3,4,5,6} produce, in this configuration, the same 2-Gmap.

It is easy to prove that given an n-Gmap G and a contractible i-cell C,
G, (C) obtained by the contraction of C' in G is an n-Gmap. Note that the
contraction operation can be extended in order to simultaneously contract
several disjoint cells of same or different dimensions. Moreover, a general op-
eration can be defined in order to simultaneously contract and remove several
disjoint cells of same or different dimensions (see [77]).

The algorithms implementing the test of i-contractibility condition and
the contraction operation, given in Algorithms 55 and 56, correspond to the
algorithms described for the removal operation, in which i + 1 (resp. i + 2) is
replaced by ¢ — 1 (resp. i — 2).

The complexities of these two algorithms are the same than the complexi-
ties for the removal operation, i.e. linear in number of darts of the contracted
cell.
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Algorithm 55: isContractibleNGMap(gm,d,i): test if an i-cell is con-
tractible for n-Gmaps

Input: gm: an n-Gmap;
d € gm.Darts: a dart;
i e€{0,...,n}
Output: True iff ¢;(d) is contractible.
if 1 =0 then return false;
if i =1 then return true;
foreach dart d’' € ¢;(d) do
if d’.Alphas[i — 2].Alphas[i — 1] # d/.Alphas[i — 1].Alphas[i — 2]
then
L return false;

W N =

S

6 return true;

Algorithm 56: contractNGMap(gm,d,i): contract an i-cell for n-
Gmaps

Input: gm: an n-Gmap;
d € gm.Darts: a dart such that ¢;(d) is contractible;
ie{l,...,n}.
Result: Contract the i-cell ¢;(d).
1 ma ¢ reserveMarkNGMap (gm);
2 mark all the darts in ¢;(d) for ma;
3 foreach dart d’ € ¢;(d) do

a d; « d'.Alphas[i];

5 if not isMarkedNGMap(d;,ma) then

6 dy + d’.Alphas[i — 1].Alphas[i];

7 while isMarkedNGMap (ds,ma) do

8 L dy + dp.Alphas[i — 1].Alphas][i];
9 d;.Alphas[i] + do;

10 foreach dart d’ € ¢;(d) do
11 L remove d’ from gm.Darts;

12 freeMarkNGMap (gm,ma);
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(a) (b)

FIGURE 6.30
1-contraction for 1-map.
(a) 1-map M.

(b) 1-map Mc, ({4}).

FIGURE 6.31
1-contraction for 2-Gmap.
(a) 2-map M.

(b) 2-map Me, ({4, 5}).

6.3.2 For n-maps

As explained above, the i-contraction operation is the dual of the (n — 7)-
removal operation. In 1D, as illustrated in the example given in Fig. 6.30,
the 1-contraction is the dual of the O-removal. In this example, edge {4} is
contracted, by setting 31(3) = 5. Note that this produces the same 1-map
than the removal of vertex {4}.

Figure 6.31 represents an example of 1-contraction in a 2-map. Edge {4, 5}
is contracted by modifying £y for darts 3 and 9, by following paths of darts
related to 81 o B1. So, 81(3) =1 and B1(9) = 6. Edge {4, 5} is contracted and
its two incident vertices are merged.

For the example represented in Fig. 6.32, face {1,2} is contracted, by
modifying (B, for darts 3 and 7, by following paths of darts related to B2081005.
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FIGURE 6.32
2-contraction for 2-map.
(a) 2-map M.

(b) 2-map Me, ({1,2}).

So, B5(3) = 7 and B4(7) = 3. Face {1,2} is contracted and its two incident
edges are merged.

The contractibility condition is defined in Def. 65. This definition is the
direct transposition of the same definition for n-Gmaps. The only difference
is the use of 5;_12 instead of ay_o; this is important for ¢ = 2 and i = 3, since
(1 is a partial permutation.

Definition 65 (contractible cell) An i-cell C in an n-map M =
(D, p1,...,Bn) is contractible if:

o =1,

J

e orl<i<n,andVde C, Bi—10fi—2(d) = ,8;12 o Bi—1(d).

Note that when ¢ = 2, this condition becomes 1 0 8y(d) = 31 061(d). Thus
a face, i.e. a 2-cell, is contractible if each of its darts is either a loop, i.e. it
is linked with itself by (81, or belongs to a cycle of two darts linked by ;.
Indeed, all other configurations are prohibited by this condition.

The i-contraction operation, for ¢ > 2, is defined in Def. 66.

Definition 66 (cell contraction) Let M = (D,S,...,05,) be an n-map,
and C' be a contractible i-cell, i > 2. Let D = B;(C)\ C. The n-map resulting
from the i-contraction of C in M is M¢c, = (D', B1,...,8.), defined by:

° D/:D\C;
Vj€{17~~'7n}¢j7éi’ ﬁézﬂﬂDl’.
Vd € D'\ D%, Bj(d) = Bi(d);

vd € D%, Bi(d) = (B; 0 Bi—1)* 0 Bi(d),
k being the smaller positive integer s.t. (B; o Bi—1)¥ o Bi(d) ¢ C.
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FIGURE 6.33

1-contraction of a dangling edge.

(a) 2-map M; edge {2,3} is dangling.
(b) 22map Mc, ({2,3}).

The 1-contraction operation is defined in Definition 67 (cf. Figs. 6.30 and
6.31). There are two differences with the general case. First, the set of darts
for which 3 has to be modified is D = 35(C) \ C: Sy is applied, instead of
(1, since (1 is a partial permutation. Second, a path of darts corresponding
to (31)*(d) is followed until obtaining a dart which does not belong to C.

Definition 67 (1-cell contraction) Let M = (D, f1,...,[5,) be an n-map,
and C be a contractible 1-cell. Let D° = 3o(C)\ C. The n-map resulting from
the 1-contraction of C in M is Mo, = (D', 81,...,8.,), defined by:

e D'=D\C;
L d v]€{277n}7 ﬂ;zﬂﬂD/:
i VdED/\DS; Bi(d):ﬁl(d);

e Vd e DS: Bi(d) = (51)k(d)7
k being the smaller positive integer s.t. (31)*(d) ¢ C.

An example of 1-contraction is presented in Fig. 6.33. Edge {2, 3} is dan-
gling: cf. Fig. 6.33(a). D° = {1}, and 3|(1) = 4 (with k& = 2). Note that the
same 2-map is produced by the removal of edge {2,3} .

Algorithm 57 implements the test of the contractibility condition. This is
a direct implementation of the corresponding definition.

The i-contraction operation is implemented by Algorithm 58, for i > 2
and Algorithm 59 implements the 1-contraction operation.

As for the contraction operation for n-Gmaps, the complexities of these
algorithms are linear in number of darts of the contracted cell.
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Algorithm 57: isContractibleNMap(cm,d,i): test if an i-cell is con-
tractible for n-maps

Input: cm: an n-map;
d € cm.Darts: a dart;
ie{0,...,n}
Output: True iff ¢;(d) is contractible.
if 1 =0 then return false;
if i =1 then return true;
foreach dart d’ € ¢i(d) do
if d’.Betas[i — 2].Betas[i — 1] # d’.Betas[i — 1].Betas[inv(i — 2)]
then
L return false;

W N =

[S)]

6 return true;

Algorithm 58: contractNMap(cm,d,1): contract an i-cell for n-maps

Input: cm: an n-map;
d € cm.Darts: a dart such that ¢;(d) is contractible;
ie{2,...,n}
Result: Contract the i-cell ¢;(d).
1 ma < reserveMarkNMap(cm);
2 mark all the darts in ¢;(d) for ma;
3 foreach dart d' € ¢;(d) do

4 d; + d’.Betas[i];

5 if not isMarkedNMap(cm,d;,ma) then
6 dy < d’.Betas[i — 1].Betas][i];

7 while isMarkedNMap(cm,ds,ma) do
8 L do + dg.Betas[i — 1].Betas|i];
9 if d; # cm.null dart then

10 if do # cm.null_dart then

11 | diBetas[i] ¢ dy;

12 else

13 L d;.Betas[i] < cm.null dart;
14 else

15 if do # cm.null_dart then

16 L dy.Betas[i] < cm.null dart;

17 foreach dart d' € ¢;(d) do
18 L remove d’ from cm.Darts;

19 freeMarkNMap (cm,ma);
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Algorithm 59: 1contractNMap(cm,d): contract a 1-cell for n-maps

Input: cm: an n-map;
d € cm.Darts: a dart such that ¢;(d) is contractible.
Result: Contract the 1-cell ¢;(d).
1 ma ¢ reserveMarkNMap (cm);
2 mark all the darts in ¢;(d) for ma;
3 foreach dart d’ € ¢;(d) do

a d; < d’.Betas|0];

5 if not isMarkedNMap(cm,d;,ma) then
6 dy + d’.Betas[l];

7 while isMarkedNMap (cm,ds,ma) do
8 L dy + dg.Betas][l];

9 if dy # cm.null _dart then

10 if dy # cm.null _dart then

11 L dj.Betas[l] + do; do.Betas[0] « dj;
12 else

13 L d;.Betas[l] + cm.null_dart;
14 else

15 if dy # cm.null _dart then

16 L dy.Betas[0] + cm.null dart;

17 foreach dart d’ € ¢;(d) do
18 L remove d’ from cm.Darts;

19 freeMarkNMap(cm,ma);




224 Combinatorial Maps for Computer Graphics and Image Processing

FIGURE 6.34

0-insertion for 1-Gmap.

(a) Two 1-Gmaps G and C, linked by bijection ~.
(b) 1-Gmap G1,(C, 7).

6.4 Insertion

The insertion operation is the inverse of the removal operation. It consists in
adding a new i-cell inside an existing (i+1)-cell, possibly cutting this (i+1)-cell
in two. The insertion operation is defined in this chapter only for n-Gmaps;
the conversion for n-maps can be done without particular difficulty. Since
insertion is the inverse of removal, the examples presented in Section 6.2.1
illustrate also the insertion operation, but starting here from the results.

Look at 1-Gmaps G and C in Fig. 6.34(a). C describes a 0-cell, which is in-
serted into a 1-cell of G, producing 1-Gmap Gy, (C, ) presented in Fig. 6.34(Db).
7 is a bijection (represented by gray dashed curves in the figures), which maps
C onto the darts of the 1-cell; more precisely, v(a) = 5 and ~(b) = 6. The set
of darts of the resulting 1-Gmap is the union of the two sets of darts of G and
C} its involutions are either defined according to G (when two darts of G are
concerned), or to C' (when two darts of C' are concerned), or to v otherwise
(i.e. when a dart of G and a dart of C' are concerned).

Two 2-Gmaps G and C are represented in Fig. 6.35(a). C describes an edge,
which is inserted into a face of G, producing 2-Gmap G, (C, ), represented in
Fig. 6.35(b). Bijection v describes the way the 1-cell is inserted into the face:
more precisely, y(a) = 2, v(b) = 11, v(c) = 10 and 7(d) = 3. The construction
of the resulting 2-Gmap is similar to the 1D case.

Note that if the insertion is defined according to v/, defined by +/(a) =
3,7'(b) = 11,4'(¢) = 10,4/(d) = 2, the face in which the edge is inserted is
not split. The resulting 2-Gmap is not orientable; more precisely, its topolog-
ical characteristics are that of a Mobius strip. This illustrates the interest of
describing by bijection v the way the cell is inserted.

Examples of O-insertion and l-insertion in a 2-Gmap are presented in
Figs. 6.36 and 6.37. In Fig. 6.37, C describes a dangling edge, and +y is defined
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FIGURE 6.35

1-insertion for 2-Gmap.

(a) Two 2-Gmaps G and C, linked by bijection 7.
(b) 2-Gmap G1,(C,7).

(a)

FIGURE 6.36

0-insertion for 2-Gmap.

(a) Two 2-Gmaps G and C, linked by bijection ~.
(b) 2-Gmap Gr,(C,).
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FIGURE 6.37

1-insertion of a dangling edge.
(a) Two 2-Gmaps G and C, linked by bijection 7. The edge in C is dangling.
(b) 2'Gmap Gh (Cv ’7)

only for a subset of the darts of C, i.e. ay(b) = ¢, a1(¢) = b,v(a) = 2,7(d) = 3.
Note that since darts b and ¢ are linked by «; in C, they are still linked by
oy in Gp, (C, ). This illustrates the interest of describing the cell to insert by
an n-Gmap.

The general i-insertion operation takes three parameters as input:

e n-Gmap G, in which an i-cell is inserted;
e n-Gmap C, describing the i-cell to insert;

e v, the function describing the way the i-cell is inserted. More precisely,
v is a bijection between a subset BV’ of the darts of C, and a subset
BV of the darts of G.

The insertion can be achieved if C is i-insertable into G according to v (cf.
Def. 68). More precisely, four conditions have to be satisfied:

e ( contains exactly one removable i-cell. This condition is required for
ensuring the invertibility of insertion and removal operations;

e the darts of BV’ are i-free in C, since these darts will be i-linked with
the darts of BV

e ~ commutes with involution a; in G and C for all darts in BV U BV,
for all j such that |¢ — j| > 2. This conditions ensures that the resulting
o is an involution in the resulting n-Gmap;

e the fourth condition is also required to ensure the invertibility of inser-
tion and removal operations: the paths of darts followed if C' is removed
in the resulting n-Gmap lead to the darts linked by «a; in the initial

n-Gmap.
Definition 68 (insertable cell) Let G = (D,aq,...,ap) and C =
(D', ag,...,al) be two n-Gmaps, © € {0,...,n}, and v be a bijection from

BV’ C D' to BV C D. C is i-insertable into G according to v if:
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o (' contains exactly one removable i-cell;
o Vd' € BV', d' isi-free;
e Vje{0,...,n} st |i—j|>2:

—Vd e BV s.t. aj(d) € BV, v oa;(d) = o, oy 1(d);
—Vd' € BV s.t. o(d') € BV, yo o/ (d') = a; o y(d);

e Vde BV, a;(d) =vo(a,0a)foa, 0y 1(d),
k being the smaller positive integer s.t. (o, 0a})Foal, 0y~ (d) € BV'.

For instance in Fig. 6.35, BV = {2,3,10,11} and BV’ = {a,b,¢,d}. The
two first conditions are obviously satisfied (C' is removable, and Vd € BV, d is
1-free). The third condition is trivially satisfied (there is no j € {0,1,2} such
that |1 — j| > 2). The fourth condition is also satisfied: for example, a1 (2) = 3
and v o af oy~1(2) = 3 (k = 0); this is similar for the other darts of BV.

For Fig. 6.36, BV = {1,2,13,14} and BV’ = {a,b,¢,d}. C is O-removable.
The darts of BV’ are O-free. The third condition is satisfied: for example,
v Loay(l) =d=alhovy~t(1) (this is similar for the other darts). The fourth
condition is also satisfied: for example, ag(1) = 2 and yo of oy~ (1) = 2
(k = 0); this is similar for the other darts in BV.

The i-insertion operation is defined in Def. 69. The n-Gmap resulting from
the i-insertion of C'in G is Gy, (C, ) its set of darts is the union of the two sets
of darts of G and C} its involutions are defined according to the involutions
of G (when two darts of G are concerned), or that of C' (when two darts of
C' are concerned), or according to vy otherwise (when one dart of G and one
dart of C' are concerned).

Definition 69 (insertion) LetG = (D, «q,...,a,) and C = (D', af, ..., ab,)
be two n-Gmaps, BV C D, BV' C D', v be a bijection from BV’ onto BV,
such that C is an insertable i-cell according to . The n-Gmap resulting from
the i-insertion of C' in G is Gr,(C,v) = (D", af, ..., al) defined by:

« D'=DUD';
e Vje€{0,...,n}, j#i:

Vd € D,a(d) = a;(d); Vd' € D',aff(d') = aj(d');

e VYde D\ BV, a/(d) = a;(d); Vd' € D'\ BV', &/ (d') = of(d');

e Vd € BV, o/(d) =v71(d); Vd € BV', &J/(d') =~(d).

The definition of the resulting n-Gmap Gy, (C,~) is straightforward, the
complex part of the definition being the i-insertability condition, which guar-

anty the validity of the operation.
Algorithm 60 is a direct implementation of the i-insertability condition.
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Algorithm 60: isInsertableNGMap(gm,c,i,assoc): test if an i-cell is
insertable for n-Gmaps

Input: gm, c: two n-Gmaps;

ie{0,...,n}

assoc: a mapping from c.Darts to gm.Darts.
Output: True iff ¢ can be inserted in gm according to assoc.
if ¢ contains more than one i-cell then return false;
if the i-cell in c is not removable then return false;
assoc™! < an associative array between darts, inverse of assoc;
foreach dart d € assoc do
if not isFreeNGMap(d,i) then return false;
d’ + assocld];
foreach j €{0,...,i—2,i+2,...,n} do
if d.Alphas[j] € assoc and
assoc[d.Alphas[j]] # assoc[d].Alphas[j] then
9 L return false;

® O AW N

10 if d’.Alphas[j] € assoc™! and
assoc![d’.Alphas[j]] # assoc~![d’].Alphas[j] then
11 L return false;

12 dp + d.Alphas[i + 1];

13 while d; ¢ assoc do
14 | dy.Alphas(i].Alphas(i + 1];
15 | if assoc[dy] # d'.Alphas[i] then return false;

16 return true;
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The mapping assoc, corresponding to « in Def. 68, is implemented as
an associative array (for example a hash table or a binary search tree) from
c.Darts to gm.Darts. Testing if a dart d belongs to assoc is equivalent to
test if d belongs to BV’ in the insertability condition definition. assoc™! is
computed from assoc (assoc™! corresponds to y~1), and it is stored into a
second associative array. It allows to test if a given dart d belongs to BV.
Note that, by definition of assoc and assoc™!, iterating through the darts
of assoc (thus BV') and considering d’ < assoc[d] is equivalent to iterate
through the darts of assoc™! (thus BV).

The i-insertion operation is implemented by Algorithm 61. Instead of
building a new n-Gmap Gy, (C,~), n-Gmap gm is modified in order to ob-
tain an n-Gmap which is isomorphic to Gy, (C,7v). So, the Alphas[i] links
have to be modified only for the darts of assoc and of assoc™!.

Algorithm 61: insertNGMap(gm,c,i,assoc): insert an i-cell in an n-
Gmap

Input: gm: an n-Gmap;
c: an n-Gmap, which is an insertable i-cell according to assoc;
ie€{0,...,n}
assoc: a mapping from c.Darts to gm.Darts.
Result: Insert the i-cell ¢ in gm along assoc.
1 foreach dart d' € c.Darts do
add d’ in gm.Darts;
remove d’ from c.Darts;
if d’ € assoc then
d’.Alphas[i] + assoc[d’];
L assoc[d’].Alphas[i] + d/;

(=B VI V]

The complexity of Algorithm 60 is linear in the number of darts #d of the
n-Gmap c times the complexity for accessing an element in the associative
array log #d. Indeed, it is possible to iterate through the i-cell ¢ in linear
time, in order to test if ¢ contains more than one i-cell. Then, it is possible
again to test in linear time if this i-cell is removable. The number of elements
in assoc is bounded by the number of darts in ¢, thus each access in assoc or
assoc™! is done in log #d. At last, the complexity of the loop over the path
of darts (o}, 0a})?oa),; oy7!(d) is bounded by the number of darts in c,
because the considered paths are disjoint. This gives the global complexity of
the algorithm.

The complexity of Algorithm 61 is also linear in number darts #d of the
n-Gmap c times log #d. This is straightforward, since all darts in ¢ are pro-
cessed, using the links described by assoc.
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FIGURE 6.38
Links between the four operations: removal, contraction, insertion and expan-
sion.

6.5 Expansion

The expansion operation is the inverse of the contraction operation. It consists
in adding a new i-cell inside an existing given (¢ — 1)-cell, possibly cutting this
(¢ — 1)-cell in two. As before, the expansion operation is defined here only for
n-Gmaps; the conversion for n-maps can be done without particular difficulty.

Figure 6.38 summarizes the links between the four operations: removal,
contraction, insertion and expansion.

The expansibility condition and the expansion operation, defined in Defs. 70
and 71, are directly deduced from the insertability condition and the insertion
operation, by duality (i.e. ¢ + 1 is replaced by i — 1).

Definition 70 (expansible cell) Let G = (D,aqp,...,a,) and C =
(D', ag,...,al) be two n-Gmaps, © € {0,...,n}, and v be a bijection from
BV’ C D' to BV C D. C is i-expansible into G according to v if:

o (C contains exactly one contractible i-cell;

o Vd' € BV' d' is i-free;

o Vje{0,...,n} st |[i—j|>2:
—Vd € BV s.t. aj(d) € BV, v ' o (d) = oy (d);
- Vd' € BV' s.t. j(d') € BV, yod(d') = aj oy(d');

e Vde BV, a;j(d) =vo(d_jod))foa, oy~ 1(d),

k being the smaller positive integer s.t. (o, oal)koal_,oy~1(d) € BV'.
Definition 71 (expansion) Let G = (D, ap,...,a,) andC = (D', &, ..., al)
be two n-Gmaps, BV C D, BV' C D', v be a bijection from BV’ onto BV,
such that C is an expansible i-cell according to . The n-Gmap resulting from
the i-expansion of C in G is Gg,(C,v) = (D", af,...,al), defined by:
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FIGURE 6.39

1-expansion for 2-Gmap.

(a) Two 2-Gmaps G and C, linked by bijection ~.
(b) 2-Gmap Gg, (C,7).

° D/,:DUD,;
o Vje{0,...,n}, j#i:

Vd € D,a’j(d) = aj(d); Vd' € D',a(d") = aj(d');

o Vde D\ BV, o/(d) = a;(d); Vd' € D'\ BV, o//(d) = a(d');
o Vde BV, o(d) =7 1(d); Vd € BV, ol(d') =~(d').

Note that the definition of the i-expansion operation is the same than the
definition of the i-insertion operation, the only difference being the fact that
an expansible i-cell is taken into account instead of an insertable i-cell.

Since the expansion operation is the inverse of the contraction operation,
the examples presented in Section 6.3.1 illustrate also the expansion opera-
tion, but starting here from the results. Fig. 6.39 represents a l-expansion
in a 2-Gmap. Starting from Fig. 6.39(a), the edge described by 2-Gmap C' is
expanded into 2-Gmap G according to v, producing G, (C, ) represented in
Fig. 6.39(b).

Figure 6.40 illustrates a 2-expansion in a 2-Gmap. Starting from
Fig. 6.40(a), the face described by 2-Gmap C is expanded into 2-Gmap G,
according to 7. This produces Gg,(C, ), represented in Fig. 6.40(b).

Since expansion and insertion are very similar, the corresponding algo-
rithms are also very similar: cf. Algorithms 62 and 63. Thus, the complexities
of these two algorithms are also linear in the number of darts #d of the n-
Gmap c times log #d.
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FIGURE 6.40

2-expansion for 2-Gmap.

(a) Two 2-Gmaps G and C| linked by bijection ~.
(b) 2-Gmap Gg,(C, 7).

Algorithm 62: isExpansibleNGMap(gm,c,i,assoc): test if an i-cell is
expansible for n-Gmaps

Input: gm, c: two n-Gmaps;
ie{0,...,nk
assoc: a mapping from c.Darts to gm.Darts.
Output: True iff ¢ can be expanded in gm according to assoc.
if ¢ contains more than one i-cell then return false;
if the i-cell in ¢ is not contractible then return false;
assoc™! < an associative array between darts, inverse of assoc;
foreach dart d € assoc do
if not isFreeNGMap(d,i) then return false;
d’ « assocl[d];
foreach j €{0,...,i—2,i+2,...,n} do
if d.Alphas[j] € assoc and
assoc[d.Alphas[j]] # assoc[d].Alphas[j] then
9 L return false;

® N O A W N

10 if d’.Alphas[j] € assoc™! and
assoc™![d’.Alphas[j]] # assoc~![d’].Alphas[j] then
11 L return false;

12 dy < d.Alphas[i — 1];

13 while d; ¢ assoc do
14 | do.Alphas(i].Alphas(i — 1];
15 | if assoc[dy] # d'.Alphas[i] then return false;

16 return true;
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Algorithm 63: expandNGMap(gm,c,i,assoc): expand an i-cell in an
n-Gmap

Input: gm: an n-Gmap;
c: an expansible i-cell according to assoc;
ie{0,...,n};
assoc: a mapping from c.Darts to gm.Darts.
Result: Expand the i-cell ¢ in gm along assoc.
1 foreach dart d' € c.Darts do

2 add d’ in gm.Darts;

3 remove d’ from c.Darts;

4 if d’ € assoc then

5 d’.Alphas([i] + assoc[d'];

6 L assoc[d’].Alphas[i] + d/;
N

6.6 Chamfering

The chamfering operation takes an i-cell as parameter, and replaces it by an
n-cell. It allows to smooth an object by rounding its sharp cells. In 2D, vertices
or edges can be chamfered (cf. examples in Fig. 6.41). In both cases, when
no multi-incidence occurs, the chamfered cell is replaced by a new face which
has as many edges in its boundary than the number of faces incident to the
chamfered cell. For instance in Fig. 6.41:

e when the vertex is chamfered, the new face is incident to three edges;
e when the edge is chamfered, the new face is incident to two edges.

Note that only the given cell is chamfered: for instance, when chamfering an
edge, its incident vertices are not chamfered.

In 3D, vertices (cf. Fig. 6.42), edges (cf. Fig. 6.43) or faces can be cham-
fered. When no multi-incidence occurs, the chamfered cell is replaced by a
volume, which has as many faces in its boundary than the number of volumes
incident to the chamfered cell. For instance in Fig. 6.42, the new volume is
incident to eight faces; in Fig. 6.43, the new volume is incident to four faces.
Note again that only the given cell is chamfered, not its incident cells.

The chamfering operation presented here is a basic operation. As illus-
trated in Fig. 6.44, it is a basis for a generalized chamfering operation, which
consists in applying several times the basic chamfering operation. In this ex-
ample, starting from the 3D object represented in Fig. 6.44(a), edge e is first
chamfered, then the two vertices incident to edge e before its chamfering
are chamfered. This produces the object represented in Fig. 6.44(b), after a
cleanup step which merges several new cells.
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(a) (b) (c)

FIGURE 6.41

(a) A 2D subdivided object describing the surface of a cube.
(b) Chamfering vertex v.

(c) Chamfering edge e.

(a) (b)

FIGURE 6.42

(a) A 3D subdivided object made of eight cubes.
(b) Chamfering vertex v.
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(a)

FIGURE 6.43
(a) A 3D subdivided object made of four cubes.
(b) Chamfering edge e.

(a)

FIGURE 6.44

(a) A 3D subdivided object made of four cubes.
(b) The result of the generalized chamfering operation applied to edge e.

<

(b)

(b)
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The i-chamfering operation is defined in Def. 72. This operations takes as
input an n-Gmap G and one of its i-cell C. It mainly consists in creating new
sets of darts D7, for each i + 1 < j < n. Intuitively, each D’ corresponds to
the j-cells required to chamfer the initial i-cell.

Definition 72 (chamfering) Let G = (D, aq, ..., a,) be an n-Gmap, C be
one of its i-cells, with i € {0,...,n — 1}. The n-Gmap resulting from the
i-chamfering of C in G is Gi—chf(c) = (D, ay,...,al) defined by:

e Vje{i+1,...,n}, let DI be a set of new darts, such that a bijection
0’ maps C onto DI. Let ¢ be the identity on C;

o« D'=DUl,,, D’

o 1.Yje{0,...,n}, j#i+1,Vde D, a(d) = a;(d);
2. Vd € D\O, a;“(d) = Ozi+1(d),'
3. ¥d e C, o ,(d) = ¢ TH(d).

eVje{i+1,...,n},VdeC:

bR {0, i 1), (e (@) = o (n(d);
5.V € {iy.nrj — 1, b (99(d) = o (apa ();
6. o;(¢7(d)) = ¢’ H(d);

7if § <n, o (¢ (d) = @ (d);

8. Vke{j+2,....n}, &) (¢! (d) = ¢’ (ag(d)).

The chamfering operation is illustrated in Fig. 6.45; it is applied to vertex
C = {1,2,3,4,5,6} of a 2-Gmap describing the surface of a cube. D! =
{11,218, 31, 41 51 61} and D? = {12,22,3% 42 52,62} are the sets of new darts,
@l (resp. p?) associates darts d and d' (resp. d?).

o’ involutions are defined on D by items 1 — 3 of the definition. For the
example, nothing is changed, except for the darts of C, which are 1-linked with
the darts of D! according to ¢! (item 3): so, each dart incident to a corner
of a face in the initial object is now linked with a new dart (for instance,
o (1) = 11); this is the first part of the insertion of a new edge into each
corner of each face.

o’ involutions are defined on the new darts by items 4 — 8 of the definition:

e for D':

— each edge inserted into an initial face is constructed, by defining o,
according to «; (item 5); this is the second part of the insertion of a
new edge into each corner of each face (for instance, af (1) = 21);

— o} is defined, according to the definition of ] for the darts of C
(item 6): so af is an involution (for instance, o/ (1') = 1); this is
the last part of the insertion of a new edge into each corner of each
face;
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(a) (b)

FIGURE 6.45
0-chamfering for 2-Gmap.

(a) 2-Gmap G describing the surface of a cube (partially drawn).
(b) 2-Gmap G_.,¢({1,2,3,4,5,6}).

— each dart of D! is 2-linked with its corresponding dart of D?
(item 7): this is the first part of the insertion of the new face (for
instance, af(1!) = 12);

o for D?:

— the face is constructed, by defining «f, and o, according to a; and
a (item 5); this is the second part of the insertion of the new face
(for instance, afy(1?) = 22 and «/; (1?) = 62); this is the second part
of the insertion of the new face;

— each dart of D? is 2-linked with its corresponding dart of D?
(item 6): so, o is an involution (for instance, ah(1?) = 11); this is
the last part of the insertion of the new face.

The application of the chamfering operation to an edge C' = {1,2,3,4} in
a 2-Gmap is illustrated in Fig. 6.46. D? = {12,22 32 42} is the set of new
darts. Nothing is changed for the darts of D, except that the darts of C' are
linked with the corresponding new darts by o4 (items 1 — 3): this is the first
part of the insertion of the new face (for instance, a4 (1) = 12). For D*:

e «f is defined, according to ag (item 4); this is the first part of the
construction of the new face (for instance, af(1?) = 2%);

e o} is defined, according to ag (item 5); this is the second part of the
construction of the new face (for instance, o (1%) = 32);
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(a) (b)

FIGURE 6.46

1-chamfering for 2-Gmap.

(a) 2-Gmap G describing the surface of a cube (partially drawn).
(b) 2-Gmap G_.,¢({1,2,3,4}).

e o, is defined, according to the definition of o, for the darts of C' (item 6);
so, o is an involution (for instance, y(1?) = 11). This is the last part
of the insertion of the new face.

The i-chamfering operation is implemented by Algorithm 64. As above,
the given n-Gmap is modified, instead of building a new n-Gmap as result of
the operation. The algorithm is a direct translation of the definition. First,
new darts are created, and stored into phi associative arrays (there is an
associative array phi[j] for each j € {i,...,n}). Then, the « links are defined
for these darts according to the definition.

Remember that «;41 is modified for the darts of ¢;(d) (line 18). In order
to avoid side effects, this is done in a second loop, after having defined all
the a links for the new darts. Thus, the definition of the links for these new
darts is based on the original « links of the n-Gmap. Moreover, and due to
the same reason, it is also necessary to be careful for the second loop, in order
to correctly iterate through the darts of ¢;(d). For that, the darts of ¢;(d) are
stored in a data structure (for example a stack) during the first loop (line 2);
the iteration of the second loop is done through this data structure, and not
through a cell iterator (line 17).

The complexity of Algorithm 64 is linear in the number of darts #d of the
chamfered i-cell times log #d. Indeed, n being a constant, the loops iterating
through j and k (lines 7, 8, 10 and 15) are bounded and thus can be considered
as constants, and the accesses to the associative array are done in log time.
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Algorithm 64: chamferingNGMap(gm,d,i): chamfer an i-cell for n-

Gmaps

[SLE VU VR

© 0w N3 o

11

12
13
14

15
16

17
18

Input: gm: an n-Gmap;
d € gm.Darts: a dart;
ie{0,...,n—1}.
Result: Chamfer the i-cell ¢;(d).
phi < an array of n — i 4+ 1 empty associative arrays between darts;
foreach dart d’' € ¢;(d) do
phi[i][d]  d';
for j« i+ 1tondo
| phi[j][d'] + createDartNGMap(gm);

foreach dart d’' € ¢;(d) do
for j«<i+1tondo

fork< 0toi—1do

L phi[j][d’].Alphas[k] + phi[j][d’.Alphas[k]];
for k< ito j—1do

L phi[j][d’].Alphas[k] + phi[j][d’.Alphas[k + 1]];
phi[j][d'].Alphas[j] < phi[j — 1][d'];

if j <n then

| phi[j][d'].Alphas(j + 1] - phi[j + 1][d'];
for k< j+2 ton do

L phi[j][d’].Alphas[k] + phi[j][d’.Alphas[k]];

foreach dart d’ € ¢;(d) do
| d’.Alphas[i + 1]  phi[i + 1][d’];

<

FIGURE 6.47

Example of extrusion operation.

(a) A 2D object (a face) and a path.

(b) The result of the extrusion of the face along the path.

(a) (b)
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FIGURE 6.48

Extrusion for 1-Gmap.

(a) 1-Gmap G describing the object, and 1-Gmap G’ describing the path.
(b) 2-Gmap Gexr(G').

6.7 Extrusion

The extrusion operation takes as parameters an nD object and a path (i.e.
a curve); it builds an (n + 1)D object by “moving” the nD object along the
path. In the example presented in Fig. 6.47, a face is extruded along a path,
producing the volume corresponding to the trace of the face moved along the
path.

More formally, the operation takes as input an n-Gmap G, which describes
the object, and a 1-Gmap G’, which describes the path. An (n + 1)-Gmap
Gextr(G') is built, corresponding to the extrusion of G along G'.

Each n-cell of G is extruded as many times as the number of edges in the
path. Thus the number of (n + 1)-cells produced by the extrusion operation
is the number of n-cells of G times the number of edges of G’. Similarly,
n + 1 darts of Gexty(G’) are issued from one dart of G and one dart of G'.
The extrusion operation mainly consists in linking these darts according to a
involutions of G and G'.

Look at Fig. 6.48: two darts dd’® and dd'! are associated with each pair of
darts (d,d’), such that d (resp. d') belongs to G (resp. G’). These darts are
linked together according to the following rules:

o of(dd®) = d(af(d"))°. For example, o (al®) = a2°;
o of(dd'") = (ap(d))d’*. For example, af (all) = b1l;
° Oz/(dd/o)

(dd”™)

o of(dd"”

dd* (and reciprocally). For example, of (al1?) = all;

(a1 (d))d". For example, a5 (b1°) = 1
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o afj(dd) = d(ca/y(d))!. For example, oy (b2!) = b31.

In Fig. 6.49, a 2-Gmap is extruded along a path. Three darts in Goxtr(G'),
dd®, dd'* and dd'?, correspond to each pair (d,d’), such that d (resp. d') is a
dart of G (resp. G'). The rules for linking the darts are similar to the 1D case:

1

o o/ (dd®) = d(al,(d'))°. For example, o (al®) = a29;
0 0 ple, &g

o of(dd'") = (ap(d))d’*. For example, af (all) = b1l;
= (ap(d))d"™. For example, o (al?) = b1?;

= dd'* (and reciprocally). For example, of (a1°) = all;

U
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o off ddll = (g d dll. For example, oy h].l = ill'
3 ple, ag )
® (3

These rules can be generalized for dimension n, and the extrusion operation
is defined in Def. 73. n + 1 bijections ¢* are defined in order to associate the
different darts issued from the same pair of original darts (i.e. ¢*(dd') = dd"").
The first three items in the definition define o for the darts of D?, the three
next items define o for the darts of D", and the last four items define o
for the darts of D!,..., D"~! (note that the definitions for D and D" are
simply particular cases of the general definitions).

Definition 73 (extrusion) LetG = (D, ao,...,a,) be ann-Gmap and G’ =
(D', af, ) be a 1-Gmap. The (n + 1)-Gmap resulting from the extrusion of
G along G' is G opp(G') = (D", af, ..., ap ), defined by:

e Vj €{0,...,n}, let DI be a set of new darts, such that a bijection ¢’
maps D x D' onto D7 ;

e D' = U;-L:ODJ ;

eVde D,Vd € D':

ag(¢°(d, d')) = ¢°(d, ap(d));

ai(¢%(d, d)) = '(d, d');

Vie{2,....,n+1}, af (¢°(d,d)) = ¢ (ei-1(d), d');
Vi € {0, .. =1}, & (¢™(d,d") = p™(a;(d), d");

e v =~
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FIGURE 6.49

Extrusion for 2-Gmap.

(a) 2-Gmap G describing the object to extrude along the path G'.

(b) 3-Gmap Gextr(G').

(¢) Zoom on the resulting 3-Gmap, showing the darts issued from dart a.
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5. ap(e™(d,d)) = "1 (d,d');
6. anyi(¢"(d,d)) = ¢"(d, 0 (d)).
e Vje{l,...,n—1},Vde D,Vd € D':

7. ¥i€40,...,j — 1}, of (P! (d, d')) = ¢’ (ei(d), d');
8. a;’(gpj(d, d/)) = SDj_l(d7 d/);
9. o1 (P7(d,d)) = T TH(d,d');
10. Vi€ {j+2,...,n+1}, o/ (p(d,d)) = ¢ (;—1(d),d").

The extrusion operation is implemented by Algorithm 65. Contrary to the
previous operations, the n-Gmap gm is not modified. A new (n + 1)-Gmap
is built, which is the result of the extrusion of gm along the path defined
by gm’. Indeed, it is not possible to modify gm, since the dimension of the
resulting Gmap is n + 1. The algorithm follows directly the definition. First,
the darts of gm’ are created, and the bijections (¢’ are stored in n+1 associative
arrays. Second, all pairs of darts (d,d’) are processed, in order to define all «
involutions.

Note that contrary to the chamfering algorithm, no side effects can occur,
since the given n-Gmap is not modified.

The complexity of Algorithm 65 is linear in the number of darts #d; of
the n-Gmap gm times the number of darts #ds of the 1-Gmap gm’ times
log(#d1 + #d2).

Note that several operations can be deduced from the extrusion opera-
tion. For instance, let G be a connected n-Gmap and () be the associated
quasi-manifold. The cone operation, applied to G, creates a (n + 1)-Gmap,
denoted Geone, such that its associated quasi-manifold is the cone of @ (cf.
Section 8.1).

Definition 74 (cone) Let G = (D, ay,...,an) be an n-Gmap. The (n+1)-
Gmap resulting from the cone of G is Geone = (D", af, ..., a0, ), defined
by:

o Vj €{0,...,n}, let DI be a set of new darts, such that a bijection

maps D onto D7; let D' be a set of new darts, such that a bijection ¢’
maps D onto D’;

o D' =D Ul DI

e Vde D:
1. ag(¢°(d)) = ¢'(d);
2. o (¢°(d)) = ¢'(d);
3 Vie{2,...,n+1}, & (p°(d) = ¢ (a;_1(d));
JViE {0, n— 1}, all(g(d) = p"(i(d));
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Algorithm 65: extrudeNGMap(gm,gm'): extrude an n-Gmap along a
path
Input: gm: an n-Gmap;

gn’: a 1-Gmap.
Output: The (n + 1)-Gmap result of the extrusion of gm along gm’.
phi < an array of n + 1 empty associative arrays from pairs of darts to
darts;

fary

2 gn” + createNGMap(n + 1);

3 foreach dart d € gm.Darts do

4 foreach dart d' € gm’.Darts do

5 for i +— 0 to n do

6 L L phi[i][(d,d')] + createDartNGMap (gm");

7 foreach dart d € gm.Darts do

8 foreach dart d’ € gm’.Darts do

9 phi[0][(d,d)].Alphas[0] + phi[0][(d,d’.Alphas|0])];

10 phi[0][(d,d)].Alphas[1] « phi[l][(d,d")];

11 for i< 2ton+1do

12 L phi[0][(d,d)].Alphas[i] < phi[0][(d.Alphas[i — 1],d’)];
13 for i<~ 0ton—1do

14 L phi[n][(d,d’)].Alphas[i] «+ phi[n][(d.Alphas[i],d’)];

15 phi[n][(d,d)].Alphas[n] + phi[n — 1][(d,d")];

16 phi[n][(d,d’)].Alphas[n + 1] < phi[n][(d,d".Alphas[1])];
17 for j«~1ton—1do

18 for i+ 0toj—1do

19 | phi[j][(d, &)] Alphas[i] « phij][(d.Alphas[i], &)}
20 phi [3][(d, 4] Alphas[j] < phi[j — 1][(d,&)};

21 phi[j][(d,d")].Alphas[j + 1] « phi[j + 1][(d,d")];

22 fori< j+2ton+1do

23 L phi[j][(d,d")].Alphas[i] < phi[j][(d.Alphas[i — 1],d’)];
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FIGURE 6.50
1-triangulation for 2-Gmap.
(a) 2-Gmap G.

(b) 2-Gmap G {4,5,9,16}).

1-triangulation (

5. ap(p"(d)) = ¢"7H(d);
6. oy (9" (d)) = " (d).
e Vje{l,...,n—1},Vd € D:
7. ¥i€{0,....5 =1}, of (¢*(d)) = ¢ (e (d));
8. o (¢?(d)) = ¢’ (d);
9. o1 (7 (d)) = ¢’ (d);
10. Vi€ {j+2,...,n+ 1}, o (p(d)) = ¢’ (i—1(d));
e Yde D:
11. ag(¢'(d)) = ©°(d);
12. Vie{l,....,n+ 1}, o/ (¢'(d)) = ¢'(;—1(d)).

The cone operation can be generalized in order to create cones on the cells
of an n-Gmap: this corresponds to the triangulation, described in the next
section.

6.8 Triangulation

The last operation presented in this chapter is the triangulation. This opera-
tion comnsists in splitting a given i-cell by inserting a vertex inside it.

As illustrated in Fig. 6.50, the 1-triangulation operation consists in adding
a vertex inside an edge. For each dart d of the edge, a new dart d is created:
ah(d) = d° a)(d°) = (ap(d))?, and af(d®) = (az2(d))? (and reciprocally).
Other « links are not modified.

The 2-triangulation operation consists in adding a vertex inside a face. The
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(a)
FIGURE 6.51
2-triangulation for 2-Gmap.
(a) 2-Gmap G.
(b) 2-Gmap Gz—triangulation({17 2,3,4,5,6,7,8}).

initial face is split into k faces, one for each of its k incident edges: cf. Fig. 6.51.
Two darts d° and d! are created for each dart d of the face: af(d’) = dt,
0h(d) = db, al(d) = (ao(d)°, ab(@®) = (ar(d))’, and aj(d) = (ay(d)!
(and reciprocally). Other « links are not modified.

The operation is similar in higher dimension. Fig. 6.52(a) represents the
result of the 3-triangulation of the 3-cell of a 3-Gmap representing a cube. A
zoom on one volume is represented in Fig. 6.52(b): three new darts d°, d' and
d? are created for each dart d of the volume: afy(d°) = d*, af(d?) = (ap(d))?,
0h(@°) = (ao(d)°, ah(d) = &2, aj(d) = &, ah(d®) = (a1(d))°, ah(dl)
(1 (d))', aj(d”) = (a2(d))’, a4(d') = (az(d))*, and a4(d®) = (az(d))* (and
reciprocally). Other « links are not modified.

This process can be generalized for any dimension. The general -
triangulation operation for n-Gmaps is defined in Def. 75. This operation
takes as input an n-Gmap G and one of its i-cell C. As for the two previous
operations, new sets of darts D7 are created for each j € {0,...,i— 1}, associ-
ated with the initial darts by bijections (7. Item 1 states that the o’ links are
not modified for the darts which do not belong to C. Item 2, 3 and 4 define
the o/ links for the darts of D°. The next 2 items define the o/ links for the
darts in C. They are not modified, except for o_;. The last five items give
the definitions of o' links for the darts of D*, Vk € {1,...,i —1}.

Definition 75 (triangulation) Let G = (D, ap,...,ay) be ann-Gmap, and
C be one of its i-cells, with 1 < ¢ < n. The n-Gmap resulting from the i-

triangulation of C in G is Gi—tm’angulation(c) = (D, a,...,ah), defined by:

o Vje{0,...,i—1}, let DI be a set of new darts, such that a bijection
0! maps C onto DI. Let ¢ be the identity on C;

i—1 i .
o D' =DUZ{ Di;

e 1.¥deD\C,Vje{0,...,n}, o(d) = ai(d).
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i

FIGURE 6.52

3-triangulation for 3-Gmap.

(a) The result of the 3-triangulation of the 3-cell in a 3-Gmap representing a
cube.

(b) Zoom on one volume issued from the 3-triangulation.

e Vde(C:

2. ap(¢°(d)) = ¢'(d);
Vi€ {1, i}, ab(°(d)) = (e 1(d));
Vi {it 1. n}, ol (@(d) = ¢ (a5 (d));
Vji€{0,...,n}, j#i—1, &(d) = a;(d);
aj_1(d) = ¢ 1(d);
o Wke{l,....i—1},VdeC:

7. Y5 €{0,....k =2}, (" (d)) = ¥*(a;(d));
8. a1 (¢M(d) = ¢* 1 (d);
9. aj (" (d)) = L**1(d);
10. Vj e {k+1,...,i}, oz;v(gok(d)) = o*(aj—1(d));
11. Vj e {i+1,...,n}, oj(¢"(d) = ¢"(a;(d)).

This operation is implemented by Algorithm 66. The n-Gmap gm is mod-
ified in order to obtain the result of the i-triangulation operation. The op-
eration is similar to the two previous operations: new darts are created and
stored in phi associative arrays (there is one associative array phi[j] for each
j €{0,...,1i}). « involutions are modified for these darts, according to the
definition. The algorithm returns a dart belonging to the new vertex, since
this dart could be used after the operation.

S v S
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Algorithm 66: triangulationNGMap(gm,d,i): triangulation of an i-
cell for n-Gmaps

Input: gm: an n-Gmap;
d € gm.Darts: a dart;
ied{l,...,n}
Result: Make a triangulation of the i-cell ¢;(d).
Output: A dart of the new vertex.
phi < an array of i + 1 empty associative arrays between darts;
foreach dart d’' € ¢;(d) do
for j« 0Otoi—1do
L phi[j][d’] + createDartNGMap (gm);
pii]fa]  d'
foreach dart d’ € ¢;(d) do
phi[0][d'].Alphas[0] < phi[l][d];
for j <+ 1 to ido
L phi[0][d’].Alphas|j] + phi[0][d’.Alphas[j — 1];
10 for j«i+1tondo

[ N VN

© w N o

11 L phi[0][d’].Alphas[j] + phi[0][d’.Alphas[j]];

12 fork+1toi—1do

13 for j« 0tok—2do

14 L philk][d’].Alphas[j] + phi[k]|[d’.Alphas[]]];

15 philk][d].Alphas[k — 1] < phi[k — 1][d’];

16 philk][d’].Alphas[k] < philk + 1][d];

17 for j« k+1toido

18 | phi[k][d'].Alphas[j] < phi[k][d’.Alphas[j — 1]};
19 for j«i+1tondo

20 L philk][d’].Alphas[j] + phi[k][d’.Alphas[j]];

21 foreach dart d’' € ¢;(d) do
22 | d.Alphas[i — 1] « phili — 1][d'];

23 return phi[0][d];
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(a) (b)

FIGURE 6.53

(a) A 2D object.

(b) The result of the 1-triangulation operation applied to the edges of (a).
(c) The result of the 2-triangulation operation applied to the faces of (b). This
is the barycentric triangulation of the initial object.

As for the chamfering operation, the «;_; links are modified for the darts
in ¢;(d) (line 22). To avoid side effects, this modification is done in a second
loop, after having defined the « links for the new darts. Moreover, the darts of
¢;(d) are stored in a data structure during the first loop (line 2); the iteration
of the second loop is done through the data structure, and not through a cell
iterator (line 21). At last, the algorithm returns one dart belonging to the new
vertex, as it can be used in other algorithms (as we will see in Algorithm 74
page 265).

The complexity of Algorithm 66 is linear in the number of darts #d of the
given i-cell times log #d.

The barycentric triangulation of a given n-Gmap can be defined by ap-
plying the i-triangulation operation to the i-cells of the n-Gmap, from i = 1
to i = n. For example, look at the 2D object represented in Fig. 6.53(a). It
contains 12 vertices, 17 edges and 6 faces. The 1-triangulation operation is ap-
plied to all its edges, producing the 2D object represented in Fig. 6.53(b). This
object contains 29 vertices, 34 edges and 6 faces. Then, the 2-triangulation
operation is applied to all its faces, producing the 2D object represented in
Fig. 6.53(c). This object contains 35 vertices, 84 edges and 50 faces. This is
the barycentric triangulation of the initial object: a vertex corresponds to each
cell of the initial object.
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7

Embedding for Geometric Modeling and
Image Processing

In the previous chapters, all the main notions about n-Gmaps and n-maps
have been defined, and also related data structures and algorithms. How-
ever, only the combinatorial aspects have been studied corresponding to the
structure (or topology) of the associated subdivisions. But the combinatorial
description is not sufficient for many applications. It is often needed to asso-
ciate different information to cells. For example a material (resp. a color, a
length) can be associated with each volume (resp. each face, each edge) of a
3D object.

Most applications require to describe the geometry of the subdivided ob-
ject. This is done through a specific type of information which is called an
embedding!. For instance a point in R? can be associated with each vertex of
a 2D subdivided object, or a B-spline curve with each edge. .. Different types
of embeddings are introduced in Section 7.1. We show how they can be associ-
ated with n-Gmaps and n-maps, and discuss the corresponding modifications
for the operations. Then an example of conception of a 3D geometrical mod-
eler based on 3-Gmaps is detailled in Section 7.2 and an example of conception
of a 2D image processing framework is given in Section 7.3. These two appli-
cations illustrate the different interests of using combinatorial maps: they can
be used in different applications, with different dimensions and different types
of embeddings.

7.1 Embedding

Generally speaking, an embedding of an n-map M into a space E is an appli-
cation f from the sets of cells of M onto E which “preserves the structure”
of M: that means that each i-cell of M is associated with an i-dimensional
part of E (this part of E is called the embedding of the i-cell) so that any two
incident cells of M are associated with incident parts of E. Intuitively, the

1This denomination comes from the fact that this information makes it possible to embed
the structure of the subdivision into a geometric space, providing a shape to this structure.

251
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FIGURE 7.1

Example of embedding of a 2-map in R2. Embedding of vertices is represented
by dashed lines, embedding of edges is represented by lines and embedding of
faces is not represented.

embedding of M has the same structure than M. Note that the mechanisms
explained here are valid for both n-maps and n-Gmaps.

A classical way consists in embedding an n-map in the Euclidean space
R?. Note that the dimension n of the n-map is not necessarily equal to d, the
dimension of the Euclidean space. n will be referred to as the combinatorial
dimension, and d will be referred to as the ambient dimension.

A 2-map embedded into R? is represented in Fig. 7.1. Each vertex of the
2-map is associated with a point in R? (for example vertex {1,6} is associated
with point (0,2) and vertex {7} is associated with point (1,3)); each edge is
associated with an open segment (for example edge {6} is associated with seg-
ment ](0,2), (1,3)[ and edge {1,5} is associated with segment ](0, 2), (2, 2)[);
each face is associated with an open surface area (face {5,6,7} is associated
with the surface area defined by {(x,y) € R?ly > 2 and y < = — 2 and
y < —xz+4} and face {1,2, 3,4} is associated with the surface area defined by
{(z,y) e R?|x >0 and x <2 and y > 0 and y < 2}).

We can verify that this example is a correct embedding by checking that
two incident cells in the 2-map are associated with two incident elements of the
plane and reciprocally. For example vertex {1,6} associated with point (0, 2)
is incident to edge {1, 5} associated with segment ](0, 2), (2, 2)[ and point (0, 2)
belongs to the boundary of the segment.

This 2-map is “linearly embedded” into R?: vertices are associated with
points, edges are associated with segments and faces are associated with poly-
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FIGURE 7.2
Embedding a 2-map in R?: edges and faces are implicitely embedded.

gons. More generally, a linear embedding consists in associating a part of an iD
hyperplane with each i-cell. This type of embedding is often used because it is
simple to handle. However many other types of embedding exist. For example
splines can be used to embed edges or nurbs surfaces to embed faces. However
even in these cases, the embedding still consists in associating iD geometrical
elements to i-cells, and constraints related to the incidence between the cells
still have to be satisfied. The choice of a given embedding will depend on the
specific needs of the applications.

Note that it can be avoided to explicitly describe all the geometrical ob-
jects, when some of them can be computed using the embedding of other
cells and the incidence relations in n-maps. This is for example the case for
the linear embedding presented above, explained here for n = 2 in order to
simplify. In this case, the embedding of any edge is the open segment which
extremities are the two points associated with the two vertices incident to the
edge. Thus it is not necessary to explicitly associate open segments with edges
as they can be retrieved from the 0-embedding. Similarly, the embedding of
any face is a part of a plane which boundary contains all segments associated
with the incident edges. Thus it is also not necessary to explicitly describe
this 2-embedding as it can be retrieved thanks to the 1-embeddings. So it is
possible to only associate points with vertices in order to linearly embed a
2-map (cf. Fig. 7.2). This is usually the way linear embeddings are defined,
for any n. Note that consistency constraints still have to be satisfied: for in-
stance, the points associated with two vertices incident to the same edge have
to define a line segment, i.e. they must be different; the points associated with
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the vertices incident to a face have to be coplanar, otherwise the shape of the
face is not defined; etc.

Conversely, a dual approach can be followed, explained here for linear
embedding and n = 2 in order to simplify; but in fact, it is usually applied
for nonlinear embedding (e.g. trimmed surfaces: cf [2]). Associate a plane of
R3 with any face. The plane is the support space of the face. The surfaces
associated with two adjacent faces which share an edge intersect along a line:
this line is the support space of the common edge. All lines associated with the
edges which share a vertex intersect on a point, which is the embedding of the
vertex. The line segment associated with an edge is defined by its support line,
delimited by the points associated with its incident vertices. Similarly, the part
of plane associated with a face can be retrieved from its support plane, and
the lines associated with its incident edges. In fact, all embedding information
can be retrieved from the support spaces associated with the faces, since the
embedding of other cells can be deduced. Here also, consistency constraints
still have to be satisfied: for instance, the planes associated with two edges
which share an edge have to be different. This approach can be generalized for
higher dimensions, and also for nonlinear embedding. For instance, support
spaces associated with faces are often free-form surfaces (e.g. nurbs).

The main interests of implicit embedding are:

1. decrease the memory size: there are less geometrical elements to store
and less links to describe;

2. simplify the operations: only one type of embedding is handled;

3. increase the guaranty of validity: some validity constraints of some cell
embedding can be implied by the use of the embedding of incident cells.

As a main drawback, there is an additional cost since it can be necessary
to explicitly compute (information about) the different implicit embeddings;
but generally this cost is small.

There are several possibilities for associating an embedding with an i-cell.
However as cells are set of darts, this association is always done through darts.
For example a pointer can be added to each dart, that points to the embed-
ding of the i-cell containing the dart. This solution allows a direct access to
all embeddings. However it requires to update the pointers of all darts of the
i-cell to initialize its embedding. Moreover, there is one pointer for each dart
and for each dimension ¢ having an embedding. It is also possible to create
an associative array that links each dart of an i-cell with its corresponding
embedding. This allows to add or remove a certain embedding without mod-
ifying the dart data structure. Moreover if a hash-table is used, the access to
the embedding of a dart can be done in constant time in average. As a last
example, it is possible to link only one dart per i-cell with the corresponding
i-embedding. Some memory space is saved since describing less relations are
described; moreover this can speed up some operations modifying the links
between darts and embedding, since there is only one dart to modify. However,
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this slows down the access to an embedding for a given dart, as it is necessary
to iterate through all the darts of its i-cell to find the dart linked with the
embedding.

7.2 Geometric Modeling

n-Gmaps and n-maps have been used in geometric modeling to construct and
modify geometric objects. This section focuses on the conception of MOKA
[211], a 3D geometrical modeler based on 3-Gmaps. The choice of 3-Gmaps
was taken in order to simplify the implementation of data structures and
operations, thanks to their homogeneity. Many implementation choices are
dimension independant. First, we explain the linear embedding of n-Gmaps in
R? in Section 7.2.1. Then geometric operations are described in Section 7.2.2.
At last, an example of object construction is provided in Section 7.2.3.

7.2.1 Embedding of n-Gmaps in R¢

As explained above, an n-Gmap is linearly embedded into R¢ by associating
a point in R? with each vertex of the n-Gmap. The other cells are implicitly
embedded. For representing this association between a vertex and a point,
we chose to link one dart of each vertex with its corresponding point. This
choice was done in order to favor the modification operations, since only one
association between a dart and its embedding need to be modified in order to
modify the embedding. This solution is made to the detriment of the access
operation to the embedding, since all the darts belonging to the vertex need
to be traversed to find the one having the link. Note that the choice of the
dart linked with the point has no importance: any dart of the same vertex can
be chosen.

Such an embedding for a 3-Gmap describing a cube adjacent to a pyramid
is illustrated in Fig. 7.3(a). Nine points are associated with the nine vertices
of the 3-Gmap, and one dart of each vertex is linked with its associated point.
Figure 7.3(b) shows a snapshot of this object represented in MOKA.

In order to represent this embedding, the Dart data structure (introduced
in Section 4.4 page 108) is modified by adding a pointer (called Point) to a
structure describing the associated point. A point is represented by an array of
d double corresponding to the coordinates (see structure GeometricalPoint).
The Point pointer is set to NULL for darts not linked with a point (some
advanced programming technique make it possible to avoid to represent this
pointer for darts not linked with a point, by using two different classes of
darts).

Listing 7.1
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FIGURE 7.3
(a) Embedding of a 3-Gmap in R3.
(b) Snapshot of this object described in MOKA.

dD point data structure

structure GeometricalPoint
{ double coord[d] ; };

Basic methods allow to manage geometrical points associated with n-
Gmaps. Retrieve the point associated with a given vertex is described in
Algorithm 67. The darts of the vertex are checked: if the current dart has
a non NULL Point pointer, the associated point is returned. If all the darts are
linked with NULL, the vertex has no associated point. This case is not supposed
to occur when the n-Gmap is correctly embedded, but it can happen during
the construction of new objects.

The complexity of Algorithm 67 is linear in the number of darts in ¢o(d).
Note that half of the darts are checked in average, because the loop ends as
soon as a dart associated with a Point is found.

Algorithm 68 implements the method that sets the point associated with
a given vertex to a given value p. First it is checked if a point is already
associated with the vertex (line 1). When this is not the case, a new point
is created and associated with dart d (lines 3 and 4). Lastly the value of the
point is set to p (line 5).

The complexity of Algorithm 68 is also linear in the number of darts in
¢o(d), due to the first search of an existing point.

Algorithm 69 describes the method for deleting a point associated with a
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Algorithm 67: getPoint (d): get the geometrical point associated with
a vertex
Input: gm: an embedded n-Gmap;
d € gm.Darts: a dart.
Output: The geometrical point associated with co(d).
foreach dart e € ¢o(d) do
L if e.Point # NULL then

W N =

L return e.Point;

4 return NULL;

Algorithm 68: setPoint(d,p): set the geometrical point associated
with a vertex
Input: gm: an embedded n-Gmap;
d € gm.Darts: a dart;
p: a geometrical point.
Result: Set the geometrical point associated with ¢o(d) to p.
p’ < getPoint(d);
if p’ = NULL then
p’ < create new GeometricalPoint;
L d.Point <p/;

W N =

5 set the point in p’ to p;
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given vertex. The complexity of this algorithm is also linear in the number of
darts in ¢o(d).

Algorithm 69: deletePoint(d): delete the geometrical point associ-
ated with a vertex

Input: gm: an embedded n-Gmap;

d € gm.Darts: a dart.

Result: Delete the geometrical point associated with co(d).
1 foreach dart e € ¢y(d) do
2 if e.Point # NULL then
3 delete e’.Point;
4
5

e’.Point < NULL;
return;

7.2.2 Geometric Operations

Several combinatorial operations for handling n-Gmaps have been presented
in Section 4.4 and chapter 6 (pages 108 and 185). These operations must
be modified for handling embedded n-Gmaps in order to update accordingly
the embeddings. Hopefully, this can be done easily, due to the distinction
between the topology of the object and its embedding. Indeed, darts and «
links correspond to the topology of the object, while the set of geometrical
points correspond to the embedding. As illustrated in the following, operations
can deal only with the topology, only with the embedding or simultaneously
with both.

Generally when a vertex is modified, the associated geometrical point must
also be modified. Operations modifying vertices in an n-Gmap are: the creation
of a new vertex; the destruction of an existing vertex; the merging of several
vertices; the split of one vertex. The corresponding embedding operations
are: the creation of a new geometrical point; the deletion of the associated
geometrical point; the removing of all the geometrical points except one; the
duplication of the geometrical point. Note that some combinatorial operations
do not involve embedding modification. This is for example the case of the
i-close operation, for i > 0 (see Section 6.1 page 185). Indeed, this operation
does not create new vertex and there is no merge nor split of existing vertices.
The new darts created by the operation are linked with existing darts, so they
will belong to existing vertices. All resulting vertices corresponds to initial
vertices and their embeddings are not modified.

7.2.2.1 Cube Creation

Algorithm 70 describes the topological creation of a cube in an n-Gmap
(n > 2). Six square faces are created, and 2-sewn (cf. Fig. 7.4(a)). Creat-
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ing a square face is straightforward: it consists in creating eight darts, two
by two sewn by «g and a; (algorithm not given here). Since this operation is
purely combinatorial, all the darts play the same role.

Algorithm 70: createTopoCube (gm): create a topological cube in an
n-Gmap
Input: gm: an n-Gmap, n > 2.
Output: A dart of the new topological cube created in gm.
1 for i +~ 0 to 5 do
2 L d[i] + one dart of a new square face created in gm;

3 sewNGMap (gm,d[0], d[4].Alphas[0].Alphas[1].Alphas[0],2);

4 sewNGMap (gm,d[0].A1phas[0].Alphas[1], d[3].Alphas[0].Alphas[1],2);

5 sewNGMap (gm,d[0].Alphas[0].Alphas[1].Alphas[0].Alphas[1],
d[2].Alphas[0].Alphas[1],2);

6 sewNGMap (gm,d[0].Alphas[1],d[1].Alphas[0].Alphas[1],2);

7 sewNGMap (gm,d[5],d[2].Alphas[1],2);

8 sewNGMap (gm,d[5].A1phas[0].Alphas[l], d[1].Alphas[1].Alphas[0],2);

9 sewNGMap (gm,d[5].Alphas[l].Alphas[0].Alphas(1],d[4].Alphas[1],2);
[5].

10 sewNGMap (gm,d[5].Alphas[1],d[3].Alphas[1].Alphas[0],2);

11 sewNGMap (gm,d[1].Alphas[1].Alphas[0].Alphas][1],
d[2].Alphas[1].Alphas[0].Alphas(1],2);

12 sewNGMap (gm,d[1], d[4].Alphas(1].Alphas([0].Alphas[1],2);

13 sewNGMap (gm,d[2],d[3 }Alphas[ ].Alphas[0].Alphas[1],2);

14 sewNGMap (gm,d[3],d[4],2)

15 return d[0];

A geometrical layer can easily be added in order to create a cube embedded
in RZ. Since the combinatorial operation creates new vertices, the geometrical
layer consists in creating new dD points. Once the topological cube created,
dD points are associated with the corresponding darts. Algorithm 71 describes
the geometrical creation of a cube in R? (cf. Fig. 7.4(b)).

Note that this algorithm can be improved, since no point is associated with
any dart when the topological cube is created. It is thus possible to avoid the
tests done in the setPoint function to search for a dart in the vertex that is
already associated with a geometrical point.

7.2.2.2 Geometrical Sew

A second example of geometrical operation is described in Algorithm 72: the
geometrical i-sew operation. Several vertices can be merged when applying
the combinatorial operation; thus, the additional geometrical layer consists in
removing the geometrical points associated with these merged vertices. This
removing is a preliminary step, added to Algorithm 20 page 122 which imple-
ments the combinatorial i-sew operation. Note that no vertices are identified
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FIGURE 7.4
(a) Creation of a topological cube in an n-Gmap, n > 2.
(b) Embedding of this topological cube in R3.

by the 0-sew operation, and thus there is no modification of the embedding
in this case.

When two vertices are merged, only one of the associated points has to be
kept. The two i-cells are traversed by the iterator it and it’. If it and it’ do
not belong to the same vertex, the second geometrical point is removed. After
all removings, the n-Gmap is not correctly embedded, because some vertices
are not associated with geometrical points. However, this is corrected by the
i-sew operation. Since only one dart of a vertex is linked with a geometrical
point, no other modification is necessary.

The complexity of this geometrical i-sew operation is the same than the
one of the topological sew, i.e. it is linear in the number of darts in the orbit
(gy .-y Qli—2, tjra, ..., p)(d). Indeed, a mark can be used in order to test
each vertex exactly once in line 5.

An example of geometrical 3-sew between two isolated volumes is described
in Fig. 7.5. The two volumes are glued after the operation, thanks to the
identification of the two faces containing darts d and d’. It can be verified in
Fig. 7.5(b) that the embedding is correctly updated: all the 3D points linked
with the vertices incident to the face containing dart d’ before the sew are
removed, and they are merged with the corresponding vertices of the face
containing dart d. Note that the geometry of the pyramid is deformed, since
the four 3D points associated to the vertices incident to the face containing
dart d’ are modified.

Note that in the proposed version, the operation is not symmetric: the
geometrical result of 3-sew(d,d’) is different from the result of 3-sew(d’,d).
Instead of keeping the first points, other solutions can be used to update the
geometry, such as for example compute the average of the two points.
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Algorithm 71: createGeomCube (gm): create a cube in an n-Gmap em-
bedded in R?

Input: gm: an embedded n-Gmap, n > 2.

Output: A dart of the new cube created in gm.

d + createTopoCube(gm);

setPoint(d, (0,2,2));

setPoint (d.Alphas[0], (2,2,2));

setPoint (d.Alphas[1]. Alphas[O], (0,0,2));

setPoint (d.Alphas[l].Alphas[0].Alphas|1 } Alphas[0], (2,0,2));

[SLEN VU VR

d’ < d.Alphas[2].Alphas[l].Alphas[0].Alphas[1].Alphas[2];
setPoint (d’,(0,2,0));

setPoint (d’.Alphas[0], (2,2,0));
setPoint (d’.Alphas[1].Alphas[0],
10 setPoint (d’.Alphas[0].Alphas[l].
11 return d;

© 0w N3 o

(0,0,0));
Alphas|0 ] (2,0,0));

7.2.2.3 Geometrical Removal

Algorithm 73 implements the modification of the removal operation (intro-
duced in Section 6.2.1 page 199) for embedded n-Gmaps. When a cell is re-
moved, two types of modifications can occur: first, some darts of some vertices
are removed: so it is necessary to ensure that the darts linked with geometrical
points still exist after the operation; second, some vertices could disappear: so
the associated points have to be removed.

In the algorithm, we iterate through all the darts in ¢;(d) not already
considered (line 2). Indeed in the second loop (line 5) all darts in the vertex
¢o(d’) have to be processed only once. For that, the darts already considered
are marked during the second loop (line 5).

For each vertex incident to the removed i-cell, we test if all its darts are
removed or not. If they are all removed, the associated geometrical point is
also removed (line 12); otherwise (line 13), we test if the dart linked with the
geometrical point belongs to ¢;(d). In this case, the dart will be deleted by
the operation, and the link between the vertex and its associated point will
be lost. To solve this problem, the geometrical point is associated with a dart
not removed by the operation (line 14). Here, a second mark is used to test
in constant time if a dart belongs to ¢;(d) or not.

Note that there is a special case for the 0-removal operation (line 15): in
this case the only geometrical modification is the removal of the geometrical
point associated with the removed vertex.

At last, the combinatorial i-removal operation is applied since the embed-
ding is now correct (line 16).

The complexity of Algorithm 73 is the same than the one of the combi-
natorial operation: it is linear in the number of darts of the removed i-cell.
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Algorithm 72: geomSewNGMap (gm,d,d’,1): i-sew two darts for embed-
ded n-Gmaps

Input: gm: an embedded n-Gmap;
d, d’ € gm.Darts: two i-sewable darts;
ie{0,...,n}.

Result: i-sew darts d and d’ by updating the embedding.

1 if i # 0 then

2 it < generic iterator(gm,d,(0,...,1 —2,i+2,...,n));
3 it’ « generic iterator(gm,d’,(0,...,1 —2,i 4+ 2,...,n));
4 while it is not to its end do

5 if it’ € ¢p(it) then

6 L deletePoint (it’);

7 advance it to its next position;

8 advance it to its next position;

9 sewNGMap(gm,i,d,d’);

Thanks to the two marks, all operations are in constant time and no dart is
processed twice.

This operation is illustrated in Fig. 7.6 by the 1-removal in an embedded
2-Gmap. The initial embedded 2-Gmap is given in Fig. 7.6(a) where the edge
{3,4,5,6} will be removed. Let us suppose that dart 3 is first processed. Then
we iterate through all the darts in ¢y(3). Dart 6 is found which is linked with
a geometrical point, thus e’ is set to 6. Next dart 2 is found which does not
belong to the removed edge thus todelete is set to false and d; is set to 2.
The vertex is not totally removed, and thus we only test if the dart linked
with the geometrical point will be removed or not. Here dart 6 belongs to
the removed edge, thus the embedding is updated by linking the geometrical
point with dart 2. All darts in ¢o(3) are already considered thus they are no
longer considered again in the first loop. Then dart 4 is found (for example); it
belongs to the second vertex incident to the removed edge. We iterate through
all the darts in this vertex {4,5}. Dart 4 is found. Since it is linked with a
geometrical point, e’ is set to 4, but the two darts belong to the removed
edge thus todelete remains true. This means that the vertex will be removed
during the combinatorial operation, and thus the associated geometrical point
is deleted. The resulting embedded 2-Gmap is given in Fig. 7.6(b).

7.2.2.4 Geometrical Triangulation

A last example of operation for embedded n-Gmaps is the triangulation oper-
ation given in Algorithm 74. A new vertex is created, while there is no mod-
ification for existing vertices. Thus the additional geometrical layer consists
only to create a new geometrical point and to associate it with the new vertex,
denoted ¢y(d’). Since no point is associated with this new vertex when it is
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FIGURE 7.5
(a) An embedded 3-Gmap describing two isolated volumes.
(b) The 3-Gmap obtained after the geometrical 3-sew of darts d and d’.

created, we can avoid to search if a dart is already linked with a geometrical
point before to set the point of ¢y(d’).

We can define the point as the barycenter of a given cell. To compute the
barycenter of an i-cell, we iterate through all the vertices incident to this i-
cell, and sum up the points associated with all these vertices. As usual, darts
belonging to vertices already considered are marked in order to avoid to sum
up several times the same geometrical point.

7.2.3 Example of Modeling of an Object

Now the use of MOKA for constructing geometrical objects with embedded
3-Gmaps is illustrated. The first available operations are the creation of some
basic objects: polylines, polygons, cubes, pyramids, spheres, torus (see exam-
ples in Fig. 7.7). Of course all these operations create the combinatorial and
the geometrical parts of the objects thanks to darts, a links and 3D points.
Operations can be applied on the basic objects, for instance translation, ro-
tation, scaling, closure, removal, contraction, insertion, expansion, extrusion,
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Algorithm 73: geomRemoveNGMap(gm,d,i): remove an i-cell for em-
bedded n-Gmaps
Input: gm: an embedded n-Gmap;
d € gm.Darts: a dart such that ¢;(d) is i-removable;
ie{0,...,n—1}.
Result: Remove the i-cell ¢;(d) and update the embedding.

1 if 1 # 0 then

2 foreach dart d’ € ¢;(d) not already considered do
3 todelete ¢ true;

4 e/ « NULL;

5 foreach dart e € ¢o(d’) do

6 if e € ¢;(d) then

7 todelete + false;

8 L di < e;

9 if e.Point # NULL then

10 L e « e

11 if todelete then

12 L delete e’.Point; e’.Point < NULL;

13 else if ¢’ € ¢;(d) then

14 | di.Point ¢ e’.Point; e’.Point - NULL;

15 else deletePoint(d) ;
16 removeNGMap (gm,d,i);

chamfering, Boolean operation. .. An example of construction of a lantern? is
illustrated in Fig. 7.8.

A square and a path of ten edges are created (Fig. 7.8(a)). Then the
four vertices of the square are chamfered in order to smooth the four corners
(Fig. 7.8(b)). The face is extruded along the path giving the volume shown
in Fig. 7.8(c). In the next step (Fig. 7.8(d)), the geometry of the points are
modified, to make the shape of the lantern: All the points belonging to a same
level (i.e. having the same 2z coordinate) are selected, and are translated along
the z axis to position the points correctly; then a homothety is applied in or-
der to reduce the size of the selected section. Then, the four main faces of the
lantern are subdivided (Fig. 7.8(e)): given a face and a number of subdivisions
k, the corresponding operation subdivides the face into k? faces. This opera-
tion applied the insertion operation several times: vertices are inserted along
the boundary of the face and into the inserted edges, and edges are inserted
between these new vertices. In the last step, the four central faces resulting

2This construction is inspired from the 3D Studio Max tutorial “Modeling a Lantern
Using Splines and Loft”.
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FIGURE 7.6
(a) An embedded 2-Gmap G.

(b) The 2-Gmap Gg, ({3,4,5,6}) obtained from G by using the geometrical
1-removal operation of the dangling edge {3,4,5,6}.

Algorithm 74: geomTriangulationNGMap(gm,d,i,p): geometrical tri-
angulation of an i-cell for embedded n-Gmaps
Input: gm: an embedded n-Gmap;
d € gm.Darts: a dart;
ie{l,...,nk
p: a geometrical point.
Result: Make a triangulation of the i-cell ¢;(d) around the point p.
1 d’ « triangulationNGMap(gm,d,i);
2 setPoint(d’,p);
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from these subdivisions are removed. The object shown in Fig. 7.8(f) is the
final lantern.

Many other operations are available in MOKA. Among them, one is very
useful for geometric modeling: the corefinement, which is a basis for Boolean
operations. For example, this operation can create the windows of the lantern,
as illustrated in Fig. 7.9. The two last steps of the previous construction
method (subdivide the four main faces and remove the central faces) are re-
placed by the creation of a beam across the lantern (Fig. 7.9(a)), and by the
subtraction operation between the lantern and this first beam to bore the
lantern in a first direction (cf. Fig. 7.9(b)). A second beam is created in the
second main direction (Fig. 7.9(c)), and the subtraction operation between the
lantern and this second beam is applied to bore the lantern in the second di-
rection (cf. Fig. 7.9(d)). Note that the resulting object is not exactly the same
as the object constructed by the first method. Here, a 2-closed 3-Gmap with
two handles is constructed, while a 3-Gmap with four 2-boundaries results
from the first construction.

Another example is depicted in Fig. 7.10: the construction of a screw by
applying the Boolean operations. In the first line, the intersection operation
between the extrusion of a hexagon and an ellipse is applied: this creates the
head of the screw. In the second line, firstly the union operation is applied to
the head of the screw and a cylinder; secondly the subtraction operation is
applied between the result of the union and a spiral. This produces the final
screw shown bottom right.

The construction of a Klein bottle is illustrated in Fig. 7.11. First a square
face and an extrusion path are created (Fig. 7.11(a)). A third path is also
created, describing a scaling coefficient for the extrusion of the face along the
extrusion path. The corresponding extruded object is shown in Fig. 7.11(b); it
does not have a constant size along the path. This is not yet a Klein bottle since
this is a surface with two 2-boundaries corresponding to the two extremities
of the path. These boundaries are identified by applying the 2-sew on the four
pairs of darts in these two boundaries, producing the Klein bottle given in

FIGURE 7.7
Example of basic objects available in MOKA.
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FIGURE 7.8

Construction of a lantern using MOKA.

(a) Creation of a square and a path of ten edges.
(b) Chamfering of the four vertices of the square.
(c) Extrusion of the face along the path.

(d) Translation and homothety of some points.
(e)

(f)

A
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Subdivision of the four big faces.
Removal of the four central faces.
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FIGURE 7.9

Construction of a lantern with corefining using MOKA.

(a) Creation of a beam across the lantern.

(b) Result of the subtraction of the beam from the lantern.

(c) Creation of a beam across the lantern in the second main direction.
(d) Result of the subtraction of the second beam from the lantern.

FIGURE 7.10
Construction of a screw with corefining using MOKA (images from [126]).
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(a) (b)
(c) (d)
FIGURE 7.11

Construction of a Klein bottle using MOKA.

(a) Creation of a square, an extrusion path and a scaling path.

(b) Result of the extrusion.

(c) Result after the 2-sew applied to the four pairs of darts in the 2-boundaries.
(d) Final result obtained after a smoothing step.
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(a) (b)

(d)

FIGURE 7.12

Use of Moxka for building reconstruction (images from [134]).
(a) Initial data: a 2D Autocad plan of a building.

(b) Result of the reconstruction.

(¢) Zoom on a spiral staircase.

(d) Rendering of a spiral staircase.

Fig. 7.11(c). The auto-intersection of the Klein bottle is only geometric: there
is no vertex nor edge in this intersection. Indeed, it is not possible to embed
a Klein bottle in R? without auto-intersection. Lastly a smoothing operation
using splines is applied to obtain the final result given in Fig. 7.11(d).

MoxkA was used for different projects, for which users need to describe real
3D objects, with possibly multi-incidence and mixing different types of cells.
For example, MOKA was used to describe physical objects in order to propose
a topology-based physical simulation [177, 176], or to define a discrete pyramid
representing objects in images with different discrete embeddings [72, 92].

The MOKAARCHI project [134, 136] is based on MOKA for the reconstruc-
tion of 3D buildings from 2D autocad plans (see Fig. 7.12).

MoKA was also used as the basic kernel for the construction of 3D ge-
ological models; and several specific operations were conceived for handling
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FIGURE 7.13
Use of MoKkA for geological description (images from [126]).

FIGURE 7.14
The corefining operation is applied in order to drill a well in the geological
basement.
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these models [29, 126] (see Fig. 7.13). For example, a well can be drilled in
the geological basement by applying the corefining operation (see Fig. 7.14).

7.3 Image Processing

n-Gmaps and n-maps can be used to describe partitions of labeled images into
regions and thus efficient image processing algorithms can be conceived. This
fits into structural image processing methods, as n-Gmaps and n-maps
can be considered as natural extensions of graphs for describing regions of
labeled images. Indeed, in 2D, a 2-map or a 2-Gmap is a representation of a
planar graph.

7.3.1 Preliminary Notions

Each pixel of a 2D image is associated with a label, a value from a finite set of
labels. Two pixels (x,y) and (2/,y') are 4-adjacent if |x —2'|+ |y — /| = 1, i.e.
the two pixels share one edge of their boundaries. Two different pixels (x,y)
and (a',y") are 8-adjacent if maz(jx — 2'|, |y — ¥'|) = 1, i.e. the two pixels
share either an edge or a point of their boundaries. A list of pixels is a k-path
(with k = 4 or 8) if each pair of successive pixels in the path are k-adjacent.
A set of pixels is k-connected if any pair of pixels of the set are linked by a
k-path of pixels of the set. A region in a labeled image is a maximal set of
4-connected pixels having same label. A lexicographic order exists on pixels:
(x,y) < («,y) if © <2’ or (x = 2’ and y < y’). This order is extended on
regions: R; < R; if min(R;) < min(R;), min(R) being the minimal pixel of
region R.

These notions are illustrated in Fig. 7.15(a). Pixel a is 4-adjacent to pixels
b, ¢, d and e, and 8-adjacent to pixels b, ¢, d, e, f, g, h and i. There are 6 regions
in this image, labeled from R; to Rg. An additional region is considered,
labeled Ry and called the infinite region, which is the complementary of the
image.

The interpizel framework [145, 143, 146, 141, 142] refers to pixels, linels
which are unit segments separating each pair of 4-adjacent pixels and pointels
which correspond to the extremities of linels (cd. Fig. 7.15(b)). Mainly, the
interpixel framework make it possible to define a topology for 2D images, sim-
ilar to the classical topology. For instance, curves can be defined as particular
sets of linels and pointels, and properties can be defined, similar to that of
curves in Euclidean space.

Given a 2D labeled image, it is often necessary to describe the regions
and the different adjacency relations between these regions. Indeed, this in-
formation is required by many image processings, such as region merging used
in bottom-up segmentation algorithms. The first data structure proposed to



Embedding for Geometric Modeling and Image Processing 273

IIIIIIIIIIIIII
I-lllllll I!!!lll
TN LN IR HiEm
I IR 4| CICIT
I N TC EE R
LI I NT M OB TE 0 IT W)
I NN

FIGURE 7.15
(a) A 2D labeled image. (b) The interpixel elements.

describe such information was the region adjacency graph (RAG): a vertex
corresponds to each region of the image, and two vertices are linked by an
edge if the two corresponding regions are adjacent [193]. The RAG has sev-
eral advantages: this is a simple data structure (a graph) which can be defined
for any dimension. Given a region, it is easy to retrieve all its adjacent regions.
Merging two adjacent regions can be done in the RAG by contracting the edge
linking the two corresponding vertices. However, there are also several draw-
backs. First, a RAG does not take the multi-adjacency into account. When two
regions are adjacent several times, there is only one edge in the corresponding
RAG. Second, the regions adjacent to a given region are not ordered®, and
this order is often important for operations. Third, a RAG does not describe
all the cells of the subdivision corresponding to a labeled image. In 2D, only
2-cells are described (which are regions), and some 1-cells (which are frontiers
separating regions) corresponding to edges of the RAG.

Several solutions were proposed to solve these drawbacks, such as dual
graphs [217, 152] for example. But this ad hoc solution is defined only in
2D and cannot be extended for higher dimension. In order to propose a
generic definition, including the description of the multi-adjacency and the
order relations, many works have concluded that a good solution consists in
basing this definition on n-maps, and similar solutions have been proposed
[95, 110, 32, 66]. Here, the solution defined in [66] for 2D labeled images is
described, one of its main advantages is that it can be extended in 3D [59].

7.3.2 2D Topological Map

A 2-map is used in order to describe the subdivision corresponding to a given
2D labeled image. The edges of the 2-map describe the boundaries of the

3 Although an order exists between 2D regions in a 2D Euclidean space.
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FIGURE 7.16

(a) 2-map describing the 2D labeled image of Fig. 7.15(a).

(b) Enclosure tree of regions associated with this 2-map. Son relations are
drawn by black segments, and samecc relation by grey arrows.

regions (see Fig. 7.16(a)). Two adjacent regions share a part of their boundary:
this part is described in the 2-map by an edge, which contains two darts.
Indeed, thanks to the infinite region Ry, the 2-map is without boundary for all
dimensions. In the example (cf. Fig. 7.16(a)), regions R; and Ry are adjacent,
and in the 2-map, edge {3,5} describes this adjacency relation. Moreover,
when two regions are multi-adjacent (such as regions Ry and Rs, which are
adjacent twice), there are two corresponding edges in the 2-map (edges {2, 7}
and {4,9}).

As 2-maps are ordered models, the order on the boundaries around re-
gions is naturally taken into account. For example, starting from dart 1 which
belongs to region R, applying (5, relations produces the sequence of darts
(1,2,3,4), which allows to iterate through the external boundary of R; in a
clockwise direction. When a region has k holes (e.g. region R3 has 1 hole), it
has k internal boundaries, one for each hole. Starting from one dart belong-
ing to an internal boundary, and applying (1 relations, we iterate through
the internal boundary in a counterclockwise direction. The sequence of darts
(11,12,13) is obtained for the internal boundary of region Rj. These two
different directions are coherent (clockwise for external boundaries, counter-
clockwise for internal boundaries): when iterating through a boundary, the
region is always to the right of the oriented boundary.

The 2-map describes the subdivision of the image in regions. Faces corre-
spond to regions. Edges correspond to adjacency relations between regions,
i.e. to parts of their common boundaries. Vertices correspond to adjacency
relations between boundaries. Thanks to 2-map properties, all the incidence
and adjacency relations between the cells are described in an ordered way.
However there is a problem for regions with holes. In this case (as region Rs
in the example), the region has several boundaries (one external and k inter-
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nals), and no link exists between these different boundaries in the 2-map: they
correspond to distinct connected components.

To solve this problem, an enclosure tree of regions is added to describe
all enclosed relations. Intuitively a region R; is enclosed by a region R; if R;
is surrounded by R;. More precisely, R; is enclosed by R; if all the 8-paths
starting from a pixel of R; and going to a pixel of Ry traverse region R;.
Region R; is directly enclosed by region R; if it is enclosed by R; and if there
is no region Ry such that R; is enclosed by Ry and Ry is enclosed by R;.

In our example, region R, is enclosed by region R3 because all the paths
starting from a pixel of Ry traverse region R3 to go to Ry. Region Ry is not
enclosed by region Rj, because some paths going from Ry to Ry exist which
do not contain pixels of Ry. Ry is enclosed by Rs and by Ry, but it is only
directly enclosed by Rs.

The “directly enclosed” relations are encoded by an enclosure tree of re-
gions. This tree has one node for each region of the image, its root corresponds
to the infinite region Ry. A region R; is son of region R; in the tree if R; is
directly enclosed by R;. All the regions sons of R; are grouped by 8-connected
components thanks to the samecc relation: two regions belonging to the same
connected component and having the same father belong to the same list of
regions with the samecc relation. Only the smaller regions (smaller for the lex-
icographic order) sons of each 8-connected component are described as sons
of R; in the tree, other regions will be retrieved thanks to the samecc relation.

The enclosure tree of regions and the 2-map are linked. Each dart of the
2-map knows its region denoted by d.Region, and each region knows one of its
darts denoted by R.Representative. This dart must belong to the external
boundary of R and the corresponding edge must contain the smaller pointel
of the external boundary of R (smaller in term of lexicographic order).

Figure 7.16(b) describes the enclosure tree of regions associated with the
2-map given in Fig. 7.16(a) (cf. Fig. 7.15(a) for the labeled image). The three
regions Ry, Ry and R3 are directly enclosed in region Ry, and they belong
to the same 8-connected component. The smaller region is R;, which is son
of Ry in the tree, the two other regions Rs and Rj3 being linked with R; by
the samecc relation. Similarly, the three regions R4, Rs; and Rg are directly
enclosed in region Rg, and they belong to the same 8-connected component.
The smaller region is R4 which is son of R3 in the tree, the two other regions
Rs5 and Rg being linked with R4 by the samecc relation.

All the boundaries of a given region R can be retrieved thanks to the enclo-
sure tree of regions and to the links between the tree and the 2-map. The exter-
nal boundary of R is given by (/1)(R.Representative). All internal bound-
aries are obtained by (51)(82(R'.Representative)) for all regions R’ son of
R (since R’ is the smaller region of an 8-connected component and thanks
to the properties of Representative, we know that f2(R'.Representative)
belongs necessarily to one internal boundary of R, cf. Fig. 7.16).

To encode the enclosure tree of regions, the Dart data structure (given in
Section 4.4 page 108) is modified by adding a pointer (called Region) to a
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structure describing the regions. This structure contains the different pointers
to represent the tree (in a classical implementation: father, brother, son), plus
the samecc pointer that gives the next region belonging to the same connected
component, plus the pointer Representative that gives the representative
dart of the region.

Generally additional information is associated with regions, which will be
useful for different image processing operations: for example the mean color
(the mean value of all the colors of the pixels belonging to the region), and
the region size (its number of pixels). Note that depending on the need of the
operations, some information can be associated with some specific cells: for
example a gradient can be associated with each edge of the topological map
(the sum of all the differences of colors of pixels separated by the edge).

The 2-map plus the enclosure tree of regions describes fully the topological
information contained in the labeled image. Now the 2-map is embedded in
order to describe also the geometrical information. 2D images correspond to
discrete geometrical space: vertices of the 2-map correspond to pointels, edges
to sets of linels and regions to sets of pixels. This embedding is described
through a matrix of interpixel elements. This matrix contains a Boolean for
each pointel and each linel of the given 2D image. The value of a linel is true
if it separates two pixels belonging to two different regions. The value of a
pointel is true if it has more than two true incident linels.

Each dart d of the 2-map is linked with a pair (p,!) denoted by d.Emb.
p is the first pointel of the frontier associated with the edge containing dart
d, and [ is the direction of the first linel of this frontier (considering the
frontier oriented clockwise or counterclockwise depending if d belongs to an
external or internal boundary). This direction is a value in the set {0, 1,2, 3}
corresponding respectively to the four possible directions right, up, left and
down. The pointel p associated with a dart d has a true value in the interpixel
matrix, except if the edge containing d is a loop. This case occurs for a directly
enclosed region R having no other region in its 8-connected component (called
also an isolated region, you can see an example in Fig. 7.24). In this case, the
frontier separating R from its enclosed region is a cycle, and all the pointels
of this cycle have two true incident linels, thus they are all false. Any pointel
of the cycle can be linked with d and can be used as a starting point. This is
the only case where the embedding of a dart is linked with a pointel off in the
interpixel matrix (but a linel on). For all other configurations, the embedding
of a dart is always a pointel and a linel which are on in the interpixel matrix.

To encode the embedding of the 2-map in the interpixel matrix, the Dart
data structure (given in Section 4.4 page 108) is modified by adding a data
called Emb, which is a structure describing the pair (p, ).

Figure 7.17(b) describes the interpixel embedding of the 2-map shown in
Fig. 7.17(a). Some links between darts and pairs (p, ) are given in Fig. 7.17(c).

This embedding is implicit. The links between darts and interpixel ele-
ments do not describe the embedding of all the cells, but allow to compute
them. Embedding of vertices is directly encoded as each dart is associated
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FIGURE 7.17

(a) 2-map.

(b) Its embedding in the interpixel matrix.
(¢) Some links between darts and pairs (p, ).

with a pointel (darts belonging to the same vertex are necessarily associated
with the same pointel). Edge embedding can be retrieved by iterating through
true linels starting from the initial linel given by the pair (p, 1), and following
the true linels until obtaining either a true pointel or the initial linel (when
the frontier is a cycle). At last, region embedding can be retrieved starting
from a pixel inside the region, and applying a flood fill algorithm stopped by
true linels. The initial pixel is retrieved thanks to the pair (p,l) associated
with the external boundary of the region and taking into account that this
boundary is oriented clockwise.

The model composed with the 2-map describing the 2D labeled image,
together with the enclosure tree of regions, and its embedding in the inter-
pixel matrix is called 2D topological map. Using these three components, it is
possible to conceive efficient high level operations of 2D image processing.

7.3.3 Operations
7.3.3.1 Topological Map Construction

The first operation defined is the construction of a 2D topological map from
a 2D labeled image. Algorithm 75 implements an incremental solution, which
mainly consists in iterating through all the pixels of the image line by line,
in creating a square associated with the current pixel and, depending on the
local configuration, in removing the two edges to the left and to the up of the
current pixel and the vertex to the left and up corner of this pixel. During
the scan line of the image, last denotes the dart to the left of the current
pixel and wup the dart to the up. An important invariant is the fact that
the 2-map describing the pixels smaller than the current pixel (according to
lexicographic order) is already build. This invariant is required to 2-sew the
square corresponding to the current pixel to the former 2-map.
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Algorithm 75: Incremental construction of a 2D topological map

Input: I: a 2D labeled image of ny X no pixels.
Output: The 2D topological map corresponding to I.

1 c¢m < createNMap(2);
2 last < Build the upper border of the image in the 2-map cm;
3 emb + an interpixel matrix of size (ny + 1,1y + 1) initialized to false;
4 for j <+ 0 to ny do
5 for i < 0 to n; do
6 up < computeUpFromLast (c¢m,last);
7 tmp < createSquare(cm,last,up,(i,j),n1);
8 V + ¢o(last);
9 if pizel (i —1,7) belongs to the same region than pizel (i,j) then
10 V + V\ c1(last);
11 L removeNMap (cm,last,1);
12 else switch on linel ((4, ), 3) in emb;
13 if pizel (i,7 — 1) belongs to the same region than pizel (i,j) then
14 V +« V\ e (up);
15 removeNMap (cm,up,1);
16 else switch on linel ((¢,7),0) in emb;
17 if V ={vg,...} # 0 then
18 if isRemovableNMap (cm,vy,0) then
19 L if vg.Betas[l] # vy then removeNMap (cm,vg,0);
20 else switch on pointel (7, j) in emb;
21 last < tmp;

22 Remove all the darts connected with last;
23 tree < Compute the enclosure tree of regions;
24 return (cm, emb,tree)

FIGURE 7.18
(a) 2D labeled image folded on a cylinder.
(b) Initial border created in the 2-map before to start the construction.
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In order to take into account the boundaries with the infinite region, the
image is extended by one pixel all around it, these additional pixels belonging
to the infinite region. In order to avoid special cases for these pixels and
thus to simplify the algorithm, each last pixel of a line is identified with the
first pixel of the next line (see Fig. 7.18(a)). Making these identifications is
equivalent to fold the image on a cylinder with a shift on the lines, so that we
can now iterate through the entire image by only advancing the current pixel
in x direction.

In order to satisfy our invariant for the first pixel of the image (pixel (0, 0)),
an upper border is first built in the 2-map (cf. Fig. 7.18(b)). It is composed
by one dart to the left of the first pixel, and all the darts to the up of the
pixels in the first line of the image. This border is extended for one pixel to
the right of the image to consider the infinite region. To simulate the folding
on a cylinder, 5y links the dart to the left of the first pixel and the dart to the
up of the last pixel of the first line (represented by the dashed curve in the
figure). It is enough to add one pixel in the column to the right of the image
because, thanks to the cylinder, the last pixel of a line is also the first pixel of
the next line. The dart to the left of the first pixel is the first last dart, ready
to be 2-sewn with the square describing pixel (0,0). Thanks to this border,
each pixel of the image can be processed without special case for first and last
columns and lines.

In the main loop of the construction algorithm (line 4 and 5) we consider
pixel (i, 7). First a square is created and 2-sewn with darts last and up. This
is done in Algorithm 76, where first four darts are created and linked by
B1 (lines 1 to 5). Then dart res[0] is 2-sewn with dart last, and dart res[1]
with dart up (lines 6 and 7). Lastly the embedding of the four new darts is
initialized given (z,y) the position of the up-left pointel. To take into account
the bending of the image on a cylinder, the position of pointels are computed
modulo the width of the image plus one. The function returns dart res[2] which
is the dart to the right of the new square, i.e. the next last when processing
the next pixel of the image.

Note that during the main loop of the construction algorithm, only last
dart is kept since up dart can be computed from last thanks to Algorithm 77
(where mainly we turn around the vertex containing dart last until obtaining
a 2-free dart).

In the next step of the construction algorithm, the two edges containing
the darts last and up and the vertex containing dart last are considered in
order to test if they must be removed or kept. The edge containing last must
be removed if pixel (i—1, j) belongs to the same region than the current pixel.
Indeed in this case, there is no frontier between these two pixels. Note that if
1 =0, pixel (—1, j) belongs to the infinite region Rg. Thus, if the current pixel
belongs also to the infinite region (when j = ns), both pixels belong to the
same region; otherwise, they belong to two different regions. If ¢ = nq, pixel
(i,7) belongs to the infinite region and both pixels belong to the same region
only if pixel (i — 1,7) belongs also to the infinite region (when j = ny).
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Algorithm 76: createSquare(cm,last,up, (x,y),w): create a new
square 2-sewn with darts last and up

W N =

© 0w N o wm

10
11

Input: cm: a 2D topological map;
last: the dart to the left of the current pixel;
up: the dart to the up of the current pixel;
(x,y): the coordinates of the up-left pointel of the square;
w: the width of the image.

Result: Create a new square 2-sewn with darts last and up, with
(x,y) as coordinates of the up-left pointel of the square
(modulo w+ 1 in z-axis).

Output: The dart to the right of the new square.

for i + 0 to 3 do

res[i] - createDartNMap(cm);
if i > 0 then
L res[i].Betas[0] <— res[i — 1]; res[i — 1].Betas[l] < res[i];

es[0].Betas[0] < res[3]; res[3].Betas[l] + res[0];
Tes[O].Betas[2] + last; last.Betas[2] + res[0];
res[l].Betas[ | + up7 up. Betas[2] «+ res[l];

2 (et DY+ 1) g g+ (o 1)/ (04 1);
res[0].Emb < ((x,y + 1),1); res[1].Emb < ((x,y),0);
res[2].Emb <[—2}(( y'),3); res[3].Emb + ((z/,y’ + 1), 2);
return res|2|;

Algorithm 77: computeUpFromLast (cm,last): get the dart up to the
current pixel given the dart to its left

1
2
3

4

Input: cm: a 2D topological map;
last: the dart to the left of the current pixel.
Output: up the dart up to the current pixel.
up < last.Betas[0];
while not isFreeNMap (cm,up,2) do
L up < up.Betas[2].Betas[0]

return up;
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Similarly, the edge containing up must be removed if pixel (¢, j—1) belongs
to the same region than the current pixel. If j = 0, pixel (i,5 — 1) belongs
to the infinite region, and both pixels belong to the same region if pixel (4, j)
belongs also to the infinite region (and the same for j = ns). An edge is
removed by applying the 1-removal operation given in Section 6.2.2 page 205.
When an edge is not removed (lines 12 and 16), the corresponding linel is
switched on in the interpixel matrix because it separates two pixels belonging
to two different regions.

Lastly, we test if the vertex containing dart last needs to be removed.
For that, before to process edges, the set of darts in cg(last) are stored in V'
(line 8). When an edge is removed, the darts of the edge are removed from
V (lines 10 and 14). Indeed, since these darts are removed, they no longer
belong to the vertex incident to last. After processing the edges, if V' is empty
(line 17), there is no more vertex to process. Otherwise, there is at least one
dart vg € V. If ¢o(vg) is removable and if dart vg is not a loop, the vertex has
to be removed. If the vertex is removable but the edge is a loop, the vertex
must be kept; otherwise, this involves to remove also the edge and thus to
lose one boundary. Lastly if the vertex is not removable, pointel (7, j), which
is the pointel corresponding to vertex co(vg), is switched on. Indeed, in this
case more than two linels are incident to this pointel.

This is the end of the processing of pixel (4, 7). The last dart is moved on
the dart to the right of the last created square, which is the next last dart for
the pixel (i + 1, j). Note that, thanks to the folding on the cylinder, there is
no special processing for the last pixel of a line: the next last of a line is equal
to the first last of the next line.

During the construction of the 2-map, information associated with regions
and with the different cells can be computed. For example, to compute the
mean color of each region, we sum up the color of each pixel added to a given
region, and we increment its number of pixels. After the construction of the
topological map, the mean color is directly computed by dividing the sum of
colors by the number of pixels. As another example, to compute the gradient
of each edge, it is possible to initialize the gradient of the edge containing
dart last by the absolute value of the difference of colors of the two pixels
separated by this edge (and similarly for the edge containing dart up), and to
initialize the length of these two edges to 1. Then, when a vertex is removed,
the two gradients (and the two lengths) of the two incident edges are added.
At the end of the construction, each edge is associated with the sum of the
gradients of all of its linels and with its length. Thanks to these two values,
the gradient of each edge can be directly computed.

Figure 7.19 illustrates the first steps of our construction algorithm for
the 2D image used in our previous example. The initial border is given in
Fig. 7.18(b). The 2-map after the creation of the square corresponding to
pixel (0,0) is depicted in Fig. 7.19(a). This pixel does not belong to the same
region than pixel (—1,0) nor than pixel (0, —1) which belong both to Ry, thus
the two edges are not removed. Then the vertex co(last) is tested: since it is
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FIGURE 7.19

a) After the creation of the square for pixel (0,0).
b) After processing pixel (0,0).

¢) After the creation of the square for pixel (1,0).
d) After processing the two edges.

e) After processing pixel (1,0).

f) After the creation of the square for pixel (2,0).
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FIGURE 7.20

a) After processing pixel (12,0).

b) After the creation of the square for pixel (13,0).

c¢) After processing the two edges.

d) After processing pixel (13,0).

e) Same configuration with last dart drawn before the first pixel of the next
line thanks to the modulo for x coordinates.

(f) After processing pixel (13,1).
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FIGURE 7.21
(a) After processing pixel (13,2).
(b) After processing pixel (13, 3).
(c) After processing pixel (13,4).
(d) After processing pixel (13, 5).
(e) After processing pixel (13, 6).
(f) After processing pixel (13,7).

removable and dart last is not a loop, the vertex is removed, producing the 2-
map given in (b). Then the square corresponding to pixel (1,0) is created (see
(¢)). The edge between pixel (0,0) and (1,0) is removed because the two pixels
belong to the same region (see (d)). Then the vertex satisfies the conditions
and is thus removed (see (e)). Lastly (f) shows the 2-map after the creation
of the square corresponding to pixel (2,0).

Figure 7.20(a) shows the 2-map after processing all the pixels up to pixel
(12,0). The next pixel is (13,0), the last pixel of the first line. As for other
pixels, a square describing this pixel is created (see (b)). Since the last pixel of
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FIGURE 7.22

(a) After processing pixel (0, 8).

(b) After processing pixel (1, 8).

(c) After processing of pixel (12, 8).
(d) After processing pixel (13, 8).

a line belongs to the infinite region, it does not belong to the same pixel than
its pixel to its left (except for the last line), and it belongs to the same region
than the pixel to its up. Thus the edge containing last is kept and the edge
containing up is removed, producing the 2-map shown in (c). Then the vertex
containing last is removed (cf. (d)). This 2-map is equivalent to the one drawn
in (e) due to the folding of the image in a cylinder. Indeed the two pointels
associated with darts last and f;(last) have n; + 1 as x coordinate. Thanks
to the modulo computation (cf. Algorithm 76 line 8), they are moved to x = 0
and to the next line. The obtained configuration, regarding pixel (0,1), is
similar to the initial configuration of the initial border for pixel (0,0). There
is a dart to the up of each pixel of the second line, and a dart to the left of
the first pixel. The pixels of the second line can thus be processed. The 2-map
obtained after processing of all the pixels of the second line is shown in (f).
The different 2-maps obtained after processing each last pixel of the differ-
ent lines of the image are shown in Fig. 7.21. The 2-map is progressively built,
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while the initial border goes progressively down. After having considered all
the pixels of the image, the 2-map given in Fig. 7.21(f) is obtained.

The last step consists in processing the pixels of the last line which belong
to the infinite region. As illustrated in Fig. 7.22, the initial border is progres-
sively disconnected from the 2-map describing the image. After processing the
last pixel of the image (pixel (13,8) in our example), the 2-map describing the
image is extracted. Since this last pixel belongs to the same regions than its
left and up regions, both edges containing darts last and up are removed and
thus the border is disconnected from the rest of the 2-map. This border is no
longer useful, and it can be removed (line 22). At last, the enclosure tree of
regions is computed (line 23 of the extraction algorithm). The algorithm is
not described here (cf. [66]). The topological map is then computed, i.e. its
three parts: the 2-map, its embedding and the enclosure tree of regions.

The complexity of Algorithm 75 is linear in the number of pixels of the
image. Indeed, all these pixels are processed once, and all the operations ap-
plied in the loop are either atomic, or linear in the number of darts of the
considered cells (vertices and edges), and no cell is considered twice.

The construction algorithm can be modified for different uses, by replacing
the test if pixels belong to same region (lines 9 and 13). For instance, given
a 2D image, a pre-segmentation can be computed while simultaneously con-
structing the corresponding topological map. Pixels are compared according
to the distance between their colors: they belong to the same region if this
distance is smaller than a threshold given by the user. This modified version
can be useful to decrease the memory space occupation of the topological map
when processing big images.

7.3.3.2 Region Merging

Algorithm 78 describes the merging operation of two regions in a topological
map. This operation takes as input a topological map plus a dart d which
belongs to an edge which separates the two regions to merge. It uses as a basic
tool the edge removal operation (given in Algorithm 53 page 212). However, as
regions can be multi-adjacent, it is necessary to iterate through all the darts
belonging to co(d) (i.e. the same face containing d) and to remove all the edges
separating the two regions to merge. Moreover, when an edge is removed, all
linels associated with this edge must be switched off (line 5 of the algorithm).

After the foreach loop, all the edges separating the two regions are removed
and their corresponding embeddings are switched off. Now, each removable
vertex incident to a non loop edge has to be removed. Indeed after the removal
of an edge, a vertex which was not removable can become removable. In this
case, the vertex must be removed, so that each edge corresponds exactly to
an adjacency relation between regions. The last operation is the updating
of the enclosure tree of regions. Indeed, the merging of the two regions can
modify the enclosed relations. Note that these last two steps concern only
the two modified regions and thus modifications are local ones. So, only the
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vertices incident to the removed edges are checked, as the regions containing
and enclosed by the two merged regions.

Algorithm 78: mergeRegions(cm,d): merge two regions in a topologi-
cal map

Input: cm: a 2D topological map;
d: a dart.
Result: cm is modified by merging the two regions d.Region and
d.Betas[2].Region.
Ry <+ d.Betas[2].Region;
merge information of d.Region and Ry;
foreach dart d’ in cy(d) do
if d’.Betas[2].Region = Ry then
switch off all the linels between d’.Emb and d’.Betas[2].Emb;
L removeNMap (cm,d’,1);

S A W N -

7 remove each removable vertex incident to a non loop edge;
8 update the enclosure tree of regions of cm;

Let us consider the topological map of our example (given in Fig. 7.16)
where the merge algorithm is applied to dart 2, which separates regions R;
and R3. In the main loop, edges {2,7} and {4,9} are removed, which both
belong to common boundary of these two regions. For the embedding, the five
linels corresponding to these two edges are switched off. This is achieved by
starting from the pair (p,l) given by d’.Emb, and following the path of linels
until obtaining the second extremity of the path given by d’.Betas[2].Emb. All
the linels in the path have exactly one successor thus there is no ambiguity
when following the linels. In our example, when edge {2, 7} is removed, we
start from the pair 2.Emb = (a,3). This linel is switched off, as the next one
(the second linel of the edge). Then pointel b is obtained which is the pointel
of the dart 7 = (33(2): the end of the path is reached. Similarly, when edge
{4,9} is removed, its three linels are switched off.

This produces the 2-map shown in Fig. 7.23(a), which is not a topological
map because some adjacency relations are represented by more than one edge.
Region R} = R; U R3 is now adjacent once to region Ry and once to region
Ry but each of these two adjacency relations is described by two edges in the
2-map.

To solve this problem, the four vertices incident to the removed edges will
be checked during the next step of the algorithm. Vertices {3,6} and {8,22}
are removed, because they are removable and incident to non loop edges.
After these removals the two other vertices {1,21} and {5, 10} are incident to
loops: thus they are not removed (otherwise a boundary between two different
regions would be completely removed). This produces the 2-map shown in
Fig. 7.24. Note that when a vertex is removed, the embedding is updated by
switching to off its corresponding pointel. In our example, the two pointels a
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FIGURE 7.23

(a) 2-map obtained from the 2-map of Fig. 7.16(a) after the removal of the
two edges between regions R; and Rs.

(b) Its embedding in the interpixel matrix.

21

FIGURE 7.24

(a) 2-map obtained from the 2-map of Fig. 7.23(a) after the removal of re-
movable vertices incident to non loop.

(b) Its embedding in the interpixel matrix.
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and b are switched off, because the corresponding vertices are removed, and
the two pointels ¢ and d are switched off, because the corresponding vertices
are incident to loops. For instance, 1.Emb = (d,2) and 21.Emb = (d,0) and d
is now off.

The last step of the merging algorithm is the updating of the enclosure
tree of regions (the algorithm is not provided here). The first modification
consists in removing the node in the tree corresponding to the second region,
and in moving all the sons of this node as son of the node corresponding to
the first region. Indeed, the two regions are now merged into one region, which
contains all the regions enclosed initially in the two merged regions.

Then the enclosed relations are updated when the merging of the two
regions creates new enclosed regions, or removes enclosed regions. In our ex-
ample, the merging of regions R; and R3 has created a new enclosed region.
Indeed, R» is now enclosed in R} while Ry was not enclosed neither in R;
nor in R3 before the merging. All sons of R} can be reconstructed in the
tree by iterating through all of its darts, and by grouping these darts by con-
nected components relative to (f1). Each connected component corresponds
to a boundary of the new region: the first is the external boundary, the others
are internal boundaries. For each internal boundary, we iterate through the
corresponding connected component, reaching thus all the regions enclosed in
the new region and belonging to the same connected component.

7.3.3.3 Image Segmentation

The region merging operation is the basic tool for the generic image segmenta-
tion method, described in Algorithm 79. This algorithm follows a bottom-up
approach: it consists in merging adjacent regions according to a given oracle.
This is a direct translation of similar algorithms defined on region adjacency
graphs. First (line 1), a list of darts is constructed, having one dart per each
edge of the topological map. Then all the darts in this list are processed so
each edge is processed exactly once. For each dart d, Oracle says if the edge
containing d must be removed, and when this is the case the mergeRegions
algorithm is applied in order to merge the two regions around the given edge.

Algorithm 79: 2D image segmentation with topological map

Input: cm: a 2D topological map describing a labeled image;
Oracle: an oracle.

Result: cm is modified to describe the segmentation of the labeled
image according to Oracle.

List < one dart per edge of cm;

foreach dart 4 in List do

L if Oracle(d) then

W N =

L mergeRegions (cm,d);
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This segmentation algorithm is generic, because it is guided by Oracle
which can be any user defined function. In the following, different oracles are
defined for gray level images, but similar functions can be defined for color
images. A first simple oracle is defined in Algorithm 80, by using the mean
gray level of each region, and allowing to merge two regions if the distance
between their two mean gray levels is smaller than a given threshold 7 defined
by the user.

Algorithm 80: criterionMeanGray(d): merging criterion based on
mean gray level

Input: 4: a dart.

Result: true iff d.Region and d.Betas[2].Region must be merged.
1 R; < d.Region; Ry < d.Betas[2].Region;
2 dist < |Ry.mean_gray — Ro.mean_grayl|;
3 return dist < T;

This criterion is computed by adding the sum of all the pixel gray levels and
the size of each region to the information associated with each region. Thanks
to these two values, the mean gray level of each region is computed in constant
time. These two values can be computed directly during the construction
algorithm (Algorithm 75). Moreover they can be updated incrementally in
constant time when two regions are merged (line 2 of Algorithm 78).

The main advantage of this criterion is its simplicity. However it does not
produce very good segmentation results. A better solution is proposed in [105]
using external and internal contrasts. e.ext is the external contrast associated
with each edge e of the topological map. It is the minimal gray level difference
between two 4-adjacent pixels separated by a linel belonging to edge e. R.int
is the internal contrast associated with each region R of the topological map.
It is the maximal gray level difference between two pixels belonging to the
minimal spanning tree of pixels in R. Intuitively, R.int is the maximal value
separating two pixels in R according to minimum paths linking these pixels
(minimum in term of gray value differences).

The external contrast can be initialized during the construction algorithm.
When a new edge is created, its external contrast is initialized as the gray value
difference of the two pixels separated by the edge. When a vertex is removed,
the two incident edges are merged and the external contrast of the resulting
edge is updated by keeping the minimum value of the two initial edges. The
internal contrast can also be initialized and updated during the segmentation
algorithm. Indeed, R.int is equal to 0 if all the pixels in R have the same gray
level value, and R].int = e.ext when two regions Ry and Ry are merged along
edge e, e being the edge with the smallest external contrast separating the
two regions.

Thanks to these contrasts, we can decide if two regions must be merged or
not using Algorithm 81. Given a dart d belonging to the edge with the smallest
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external contrast separating two regions R; and Ry, the algorithm tests if the
external contrast of the edge is smaller than the minimum internal contrast
of the two merged regions. Instead of directly consider the internal contrast, a
value given by the function f(R) is added, which allows to weight the internal
contrasts when they are not significant. The authors of [105] propose to use
f(R) = k/|R|, where |R| is the number of pixels in R and k is a parameter
defined by the user allowing to tune the method.

Algorithm 81: criterionContrast(d): merging criterion based on
contrasts
Input: d: a dart belonging to the edge with the smallest external
contrast separating regions d.Region and d.Betas[2].Region.
Result: true iff d.Region and d.Betas[2].Region must be merged.
1 Ry «+ d.Region; Ry + d.Betas[2].Region;
2 return ¢ (d).ext < min(Ry.int + f(Ry), Ra.int + f(R2));

In order to use this criterion, a preliminary step is added in the segmen-
tation algorithm, allowing to sort all the edges regarding their external con-
trast. So, the list of darts is sorted just after its construction (after line 1 of
Algorithm 79). Then, in the foreach loop, these edges will be processed by
increasing external contrast order.

A third merging criterion is defined in Algorithm 82, but contrary to the
two previous ones, a geometrical criterion is used instead of a colorimetric one.
Two regions are merged if the size of the smaller one is smaller than a threshold
¢ defined by the user. This operation can be used after a segmentation process,
to clean up the result of the segmentation by removing all the small regions,
which can often be considered as noise. Additional information is the size of
each region, stored in all regions, initialized during the construction algorithm
and updated during the region merging method.

Algorithm 82: criterionSize(d): merging criterion based on regions
size
Input: 4: a dart.
Result: true iff d.Region and d.Betas[2].Region must be merged.
1 Ry < d.Region; Ry < d.Betas[2].Region;
2 minsize < min(R;.size, Ry.size);
3 return minsize < g;

Some results of the segmentation algorithm using 2D topological map are
presented in Fig. 7.25 for three 2D images: fruits, bike and hut, with sizes
800 x 600 pixels. These images are segmented according to the mean gray level
criterion, producing the images given in the left column. Then these images
are segmented again, but now with the size of regions criterion, producing the
images given in the right column. The size of regions criterion allows us to
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FIGURE 7.25

Image segmentation using the mean gray level criterion (left column), then

the size of regions criterion (right column).
(a) 7=20. (b) ¢ =20. (¢) 7 =35. (d) ¢ =20. (e) 7 = 30. (f) ¢ = 20.
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TABLE 7.1

Information on the different topological maps obtained by segmentation using
mean gray level and size criteria. Original is the topological map constructed
from the nonsegmented image; Segmented is the topological map obtained
from the segmentation using the mean gray level criterion; Small regions is
the final topological map obtained from the segmentation using the size of
regions criterion.

Original Segmented Small regions

Image  #Darts  #Regions #Darts #Regions #Darts #Regions
Fruits 1,661,114 384,798 21,092 5,005 2,292 475
Bike 1,782,074 423,081 32,254 7,944 1,406 304
Hut 1,807,908 435,105 43,668 10,940 4,054 878

clean up the results of the first segmentation method. These results illustrate
one interest of our image segmentation algorithm which can start from any
image partition (i.e. from an image already segmented or not). This allows to
chain up several steps using different criteria.

The results obtained with the same images by using the criterion based
on contrasts are shown in Fig. 7.26. This second criterion preserves better the
boundaries of the object (this is for example visible for the fruits).

The two tables 7.1 and 7.2 describe the numbers of darts and of regions of
the corresponding topological maps obtained in our experiments. The numbers
of darts and regions of the topological map extracted from a nonsegmented
image are important (414 000 regions, and 1,750,000 darts in average). After
the segmentation step, there are 7,600 regions and 25,500 darts in average.
Then the segmentation based on the size of regions produces topological maps
having small numbers of darts and regions (470 regions and 1,940 darts in
average).

Other operations have been defined on 2D topological map: we can cite for
example a robust region filling algorithm [65], a deformable partition method
preserving the topology of the whole partition [74], a topological criterion
allowing to control the evolution of the Betti numbers during the segmentation
[100] or a method to approximate the digital polygonal curves of an image [69].
Indeed, the main advantage of topological map is to fully describe the topology
of the image partition, while allowing easily to add geometric and colorimetric
information. Moreover efficient operations can be defined for modifying the
partition. For these reasons, they are a very good basic tool for efficient image
processing methods.

Moreover, topopological maps and corresponding operations introduced in
this chapter have been extended in 3D [59]. Lastly, a hierarchical represen-
tation based on topological maps has been proposed [44, 45, 200] in order to
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FIGURE 7.26

Image segmentation using the contrasts criterion (left column), then the size
of regions criterion (right column).

(a) k = 17000. (b) < = 20. (c) k = 17000. (d) ¢ = 20. (e) k = 17000. (f) ¢ = 20.
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TABLE 7.2

Combinatorial Maps for Computer Graphics and Image Processing

Information on the different topological maps obtained by segmentation using
contrasts and size criteria. Original if the topological map constructed from
the nonsegmented image; Segmented is the topological map obtained after the
segmentation using the contrasts criterion; Small regions is the final topolog-
ical map obtained after the segmentation using the size of regions criterion.

Original Segmented Small regions

Image  #Darts  #Regions #Darts #Regions #Darts #Regions
Fruits 1,661,114 384,798 11,228 4,485 1,050 320
Bike 1,782,074 423,081 25,360 10,013 1,320 401
Hut 1,807,908 435,105 19,448 7,480 1,532 446

represent different segmentations of a same image at different levels. All these
works illustrate the interest of n-maps for image processing.



8

Cellular Structures as Structured Simplicial
Structures

So far we have been concerned with the definitions of n-Gmaps and n-maps,
construction operations and embedding definitions for applications in geomet-
ric modeling, computational geometry, discrete geometry, computer graphics,
image processing and analysis. But note that only examples of geometric ob-
jects which can be associated with n-Gmaps and n-maps have been provided.
An important question remains: what are the geometric objects which cor-
respond to n-Gmaps and n-maps, and more generally to cellular structures,
including incidence graphs?
For instance:

e assume an incidence graph contains an edge incident to three vertices:
is it possible to associate a geometric object with it!?

e assume a 2-dimensional incidence graph or a 2-Gmap describes a subdi-
vided torus. Add a 3-dimensional cell which has the torus as boundary
(by adding a 3-dimensional cell to the incidence graph, which is inci-
dent to all the faces of the torus or by increasing the dimension of the
2-Gmap). What is the corresponding object? a full torus®?

In fact, it is always possible to associate a simplicial analog with any cellu-
lar structure. This simplicial analog is a triangulation: it is made of simplices,
i.e. vertices, edges, triangles, tetrahedra, etc., and it formally describes the
topology of the object which is associated with the cellular structure.

But it looks strange to define the interpretation of a cellular structure
as a simplicial object. Why not establish a direct relation between cellular
structures and “subdivided objects”3?

e classical objects in topology are simplicial complexes (cf. Section 8.1.1)
and CW-complexes [174, 1, 115] (cf. Section 8.1.2). The cells of these
objects are homeomorphic to balls, and we have seen above that cellular
structures exist, which cells do not correspond to balls. Moreover, as far
as we know, no combinatorial characterization of balls exists, i.e. it is

1Yes
2No
3Note that “subdivided objects” are so far not formally defined!
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not possible to check a cellular structure in order to know if (a subpart
of) it corresponds to a ball: so, given a cellular structure, it is not even
possible to decide whether a C'W-complex can be directly associated
with it.

CW-complexes exist, which cannot be triangulated. But all cellular
structures (as n-Gmaps or incidence graphs) have a simplicial analog.
That means that only triangulable objects are taken into account by
these cellular structures. This corresponds to the fact that these cellu-
lar structures are combinatorial structures (defined by a set of discrete
objects on which discrete applications act), and that only simplicial ob-
jects (and objects derived from simplicial ones) have a combinatorial
characterization (cf. Section 8.1.1 and Section 8.1.2).

The intuitive idea of simplicial analogs is related to the classical notion

of barycentric triangulation. Let O be a k-dimensional “subdivided object”
in R™, such that all its cells are convex ones (as a consequence, any cell is
homeomorphic to a ball). The barycentric triangulation of O is constructed
incrementally in the following way (cf. Fig. 8.1):

e “triangulate” all vertices: it simply consists in replacing all vertices of

O by vertices numbered 0 (note that 0 is the dimension of the vertices);

triangulate all edges. Given an edge, it consists in adding a new vertex
numbered 1 at the barycenter of the edge (1 being the dimension of
the edge), and in replacing the edge by its triangulation related to this
new vertex, i.e. by two edges both incident to this new vertex and to an
extremity of the initial edge;

triangulate all faces. Given a face, it consists in adding a new vertex
numbered 2 at the barycenter of the face (2 being the dimension of the
face), and in replacing the face by its triangulation related to this new
vertex, i.e. by a set of triangles, each incident to a vertex numbered 0,
to a vertex numbered 1 and to a vertex numbered 2;

iterate this process for all i-cells, for ¢ increasing from 3 to k; the last
triangulation produces the barycentric triangulation of O.

Note that any main i-dimensional simplex of the barycentric triangula-

tion (i.e. a simplex which is not incident to a higher-dimensional simplex) is
incident to ¢ + 1 vertices, numbered from 0 to i. More generally:

e there is a bijection between initial i-dimensional cells and vertices num-

bered i;

e the interior of any initial i-dimensional cell corresponds to the associated

vertex numbered 7, and all j-dimensional simplices (1 < j < ¢) which are
incident to this vertex and such that their incident vertices are numbered
by integers lower than or equal to i.
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(a)

FIGURE 8.1

(a) Initial 2-dimensional geometric object.

(b) Barycentric triangulation of 0-cells.

(¢) Barycentric triangulation of 1-cells.

(d) Barycentric triangulation of 2-cells, producing the barycentric triangula-
tion of the initial object.

So, given a geometric object, satisfying some geometric properties, it is
possible to associate a geometric simplicial analog. Now, geometry will be
omitted; more generally, we will see how to associate a simplicial (combina-
torial) analog with any cellular structure studied in this book (n-Gmap or
incidence graph). The vertices of the simplicial analog will also be numbered,
providing a representation of the initial cells; when the cellular structure can
be associated with a geometric object with convex cells in R™, the simplicial
analog of the cellular structure corresponds to the barycentric triangulation
of the geometric object.

First, two main classes of simplicial (combinatorial) structures will be stud-
ied, together with the relations between theses classes. Then, the simplicial
analogs of cellular (combinatorial) structures will be defined. At last, several
consequences will be deduced from the correspondences between simplicial
and cellular structures.

|
8.1 Simplicial Structures

8.1.1 Abstract Simplicial Complexes

This section is mainly based upon [1].

Abstract simplicial complezes
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Definition 76 (abstract simplicial complex) An abstract simplicial com-
plex K is a set of nonempty subsets of a given finite set V' such that:

1. {v} € K for every v € V;
2.1Coe K — 7K.

The elements of K are called simplices. Let o € K such that |o| =i+ 1;
o is called an (abstract) i-dimensional simplex, or i-simplex. The elements of
V' are called vertices, and any vertex v € V is assimilated with the 0-simplex
{v} € K.

Let 0 € K. 7 C o is a face of o: if 7 = o, then it is the principal face of o,
or main face, else it is a proper face of . The boundary of ¢ is the set of its
proper faces; it is an abstract simplicial complex. The star (resp. proper star)
of o is the set of simplices of which o is a face (resp. a proper face): so, o is
contained in its star, but not in its proper star. A principal, or main, simplex
of K is such that its proper star is empty.

Ezample. Let Vo, = {v1,v2,v3,04,05,06}, and Ko, = {{v1}, {va}, {vs},
{U4}7 {U5}’ {Uﬁ}v {Ulv UQ}7 {Ulv U3}7 {U27 U3}7 {U27 U6}7 {U3a U4}v {U?’v U5}v {U3’ Uﬁ}v
{va,v5}, {vs,v6}, {v1,v2,v3}, {va, vs, 06}, {vs,v4,v5}}. The boundary of
{v1,v9,v3} is {{v1}, {va},{vs}, {v1,v2}, {v1,v3}, {va,v3}}. The star of {vs}
(resp. {'U27 03}) is {{U3}a {Uh 7)3}, {027 U3}7 {037 U4}7 {’U37 05}7 {’U37 UG}7 {’U1, V2, 03}7
{va,v3,v6},{vs,v4,v5}} (resp. {{va,v3},{v1,va,v3}, {v2,v3,06}}). Note that
K., as any abstract simplicial complex, is completely defined by its main
simplices {vs,vg}, {v1,v2,v3}, {ve,vs,v6}, {vs,v4,v5}, due to property 2 of
Def. 76.

Functions can be defined on abstract simplicial complexes.

Definition 77 (abstract simplicial map) Let K and L be abstract simpli-
cial complexes. An abstract simplicial map f : K — L is a map from the
vertices of K to the vertices of L which satisfies: if vg,v1,...,v; are vertices
of a simplex in K, then f(vo), f(v1),...,f(v;) are vertices of a simplex in
L. If f is bijective, f is called an isomorphism, and K and L are said to be
isomorphic.

Ezample. An abstract simplicial map exists between the abstract simplicial
complex K., defined in the previous example and the abstract simplicial
complex K/ defined as follows: let V, = {v], v}, v5, v}, vg}, and K., = {{v|},
{va}, {vs}, {vi}, {6}, {v1, vo}, {v1, 05}, {vh,vs}, {vh, w6}, {vg, vi}, {vs, 05},
{v], vh,v5}, {vh,vh,vs}}. This abstract simplicial map associates vy with v,
vg with v}, v with v}, vy with v}, vs with v§, ve with vg,

Simplicial Complezes
Let K be an abstract simplicial complex: K is a combinatorial object. A
geometric object can be associated with K, it is the geometric realization of K:
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cf. Fig. 8.2(a) (resp. Fig. 8.2(b)), representing the geometric realization of K.,
(resp. K!), defined in the previous examples. More precisely, the geometric
realization of an abstract simplicial complex is a simplicial complez, as defined
below.

The points Py, Py, ..., P; of R™ are said to be linearly independent if the
vectors Py — Py, Po— Py, ..., P;— P, are linearly independent. The line segment
between two points z and y in R™ is the set {z = tx + (1 — t)y|t € [0,1]}. Let
A CR"™ Ais convezif x,y € A implies that the line segment between x and y
is contained in A. The convexr hull of B C R" is the intersection of all convex
sets containing B.

Definition 78 (simplex) Leti > 0. Ani-dimensional simplex o, or i-simplez,
is the convez hull of i + 1 linearly independent points Py, Py, ..., P;.

o is denoted Py P; ... P;. The points P; are the vertices of 0. Let h <i: 7
is an h-dimensional face of o if it is an h-simplex which vertices are vertices
of 0. Every point w of o can be written uniquely in the form:

w:Z)\ij,/\j S [0,1]V],ZA] =1

=0 =0

The A; are the barycentric coordinates of w. w is an interior point of o if
Aj > 0 for all j; else it is a boundary point of o. The interior (resp. boundary)
of o is the set of all its interior (resp. boundary) points.

Definition 79 (simplicial complex) A simplicial complez is a finite set of
simplices in some R™ satisfying:

1. 0 € K = all faces of o belong to K;

2. if o,7 € K, then either c N7 = (), either c N7 is a common face of o
and T.

The subset | K| = (ULGJK o) of R™ is the underlying space of K. The dimen-
sion of K is defined to be —1 if K = (, and the maximum of the dimensions
of the simplices of K otherwise.

Functions can be defined on simplicial complexes: cf. Fig. 8.2.

Definition 80 (simplicial map) Let K and L be simplicial complexes. A
simplicial map f : K — L is a map from the vertices of K to the ver-
tices of L which satisfy: if Py, Py, ..., P; are vertices of a simplex in K, then
f(Po), f(P1),..., f(P;) are vertices of a simplex in L. If f is bijective, f is
called an isomorphism, and K and L are said to be isomorphic.
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FIGURE 8.2

(a) A simplicial complex.

(b) A simplicial complex, image of the simplicial complex of (a) by the sim-
plicial map which associates P; and Pj, P, and Pj, P; and Pj, P, and Py, Ps
and P}, Ps and Pj.

Simplicial maps induce continuous maps on the underlying spaces. Let
f + K — L be a simplicial map. Define |f| : |K| — |L| as follows: if
x € |K|, then z belongs to the interior of a unique simplex PyP; ... P; of
K;let x = Z;:O ./\ij’ where )\; are the barycentric coordinates of x, and
define | f|(z) = 2% Ajf(P;). |f| is continuous; if it is a homeomorphism, it
is called a linear homeomorphism. Note that |f| is a linear homeomorphism if
and only if f is an isomorphism.

Geometric realization

Every simplicial complex K determines an abstract simplicial complex
AK)={{Py, P1,...,P;}|PoP; ... P; is an i-simplex of K}.

Conversely:

Definition 81 (geometric realization of an abstract simplicial complex)
Let K be an abstract simplicial complex. A geometric realization of K is a pair
(p,GR(K)), where GR(K) is a simplicial complex and ¢ is a bijection between
the vertices of K and the vertices of GR(K), such that {vg,v1,...,v;} is an
i-simplex of K if and only if o(vo)p(v1) ... (v;) is an i-simplex of GR(K).

FEvery abstract simplicial compler has a unique geometric realization, up to
isomorphism.

Note also that a simplicial map between simplicial complexes induces an
abstract simplicial map between the corresponding abstract simplicial com-
plexes; conversely, an abstract simplicial map between two abstract simplicial
complexes induces a simplicial map between their geometric realizations.

Operations
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(a) Adding vertices.

(b) Several cones: for instance, 1-simplex {D, E'} is the cone of 0-simplex {D}
according to vertex E; 2-simplex {4, B,C} is the cone of 1-simplex {4, B}
according to vertex C.

(c) Several identifications of vertices, namely B with F', C with D, then C = D
with G.

Every abstract simplicial complex can be constructed, starting from an
empty abstract simplicial complex corresponding to an empty set of vertices,
by the three following operations (cf. Fig. 8.3). Let K be an abstract simplicial
complex and V be its set of vertices:

1. adding a vertex to V and the corresponding 0-simplex to K;

2. creating a cone: given a vertex v, and a subcomplex K’ of K, this
operation consists, for any i-simplex o = {vg, v1,...,v;} of K’, to add
to K the (i 4+ 1)-simplex {vg,v1,...,v;,v} and all its faces, excluding
simplices which still belong to K. A particular case is the following. An
isolated i-simplex o is a main i-simplex together with its boundary, such
that all its faces are only incident to o and to its faces (i.e. the simplex
is a connected component). Any isolated i-simplex can be constructed,
starting from an isolated (i —1)-simplex 7, by adding a new vertex v and
by making a cone between 7 and v. So, any isolated i-simplex can be
constructed by applying ¢ times this operation, starting from an isolated
0-simplex.

3. identifying two vertices v and v’: this operation consists in replacing
v and v’ by a new vertex v”, sometimes denoted v = v/, in V and in
all simplices of K (note that an abstract simplicial map exists between
the initial and the resulting abstract simplicial complexes). It is clear
that something is changed only if v # v’. Moreover, since abstract sim-
plices are sets of vertices, and abstract simplicial complexes are sets of
simplices, identifying two vertices can lead to:

e degenerate a simplex: it is the case when v and v’ both belong
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to a simplex. For instance, identifying v3 with vs in the abstract
simplicial complex K., corresponding to Fig. 8.2(a) leads to the
degeneracy of 1-simplex {vs,v5} into O-simplex {vs = v5}, and of
2-simplex {vs, v4,v5} into 1-simplex {vs = v, v4};

e identify other simplices. Obvioulsy, O-simplices {v} and {v'} are
identified into {v = v’}. Other simplices can be identified: for
instance, identifying v3 with vs in the abstract simplicial com-
plex K., corresponding to Fig. 8.2(a) leads to the identification
of {vs,vs} with {vs,vs}, of {vs,vs} with {vs,vs}.

8.1.2 Semi-Simplicial Sets

This section is mainly based upon [174].

Semi-Simplicial Sets

Definition 82 (semi-simplicial set) An n-dimensional semi-simplicial set
S = (K, (dj)j=0,.n) is defined by (cf. Fig. 8.4):

o K=( 0 K;), where K; is a finite set of elements called i-simplices;
i=0
e Vj € {0,...,n}, face operator d; : K — K is s.t.%:

- Vi e {1,7TL},VJ € {0,...,i}, dj K, — Kifl,' V] > 1, dj 8
undefined on K;, and no face operator is defined on Ky;

— commutation property of face operators: Vi € {2,...,n}, Vo € K,
Vi k €{0,....i}, di(d;(0)) = dj_1(dr(0) for k < j.

Let o be an i-simplex of S. Simplex 7 is a k-face of o if a sequence of face
operators dj, ,,--- ,d;, exists such that 7 =d;, (---d;, ,(0)) (note that, due
the commutation property of face operators, any sequence of face operators
is equivalent to a unique sequence of face operators such that the indices of
the operators decrease, i.e. j;_1 > ... > ji). If the sequence is empty, then
7 = o and 7 is the principal, or main, face of o; else 7 is a proper face of
o. The boundary of o is the set of its proper faces (sometimes together with
the related face operators: in this case, the boundary is a semi-simplicial set).
The star (resp. proper star) of o is the set of simplices of which o is a face
(resp. proper face). A principal, or main, simplex is such that its proper star
is empty. An oriented graph can be associated with any semi-simplicial set:
it is thus easy to extend some notions related to graphs, as that of connected
component for instance.

Note that, contrary to abstract simplicial sets, semi-simplicial sets allow
multi-incidence between simplices. For instance, an edge can be incident twice
to a vertex (it is a loop); more generally, an i-simplex can be incident to less

4do, - -+ ,d; associate its (i 4+ 1) (i — 1)—faces with each i—simplex.
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FIGURE 8.4

(a) A semi-simplicial set. An i-simplex is represented as a geometric i-simplex,
and face operators are represented by arrows (d; corresponds to arrows num-
bered j). B is a 0-face of P, since do(d2(P)) = d1(do(P)) = B. The boundary
of simplex P contains simplices A, B,C,G, H,I. The star of simplex B con-
tains simplices B, G, P, 1,Q, J.

(b) Another semi-simplicial set, such that a semi-simplicial set morphism ex-
ists between the semi-simplicial sets depicted on (a) and (b). Note that N’ is
incident twice to C’, and that 2-simplex R’ is incident to 0-simplices C’ and
D’. Note also that I’ and M’ have the same boundary, as K’ and O’.

(¢) (resp. (d)) Geometric realization of the semi-simplicial set depicted on (a)
(resp. (b)).
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than ¢ + 1 vertices. Moreover, distinct i-simplices can be incident to the same
vertices; they can even share the same boundary.

Functions can be defined on semi-simplicial sets.

Definition 83 (semi-simplicial set morphism) Let S = (K, (d;)j=o,..n)
and S’ = (K, (d;)jzo,,,,m) be semi-simplicial sets. A morphism f:S — S’ is
a map from the simplices of K to the simplices of K' which satisfy:

e Vi,0<i<n,f:K;— K
o Vi,0 <i<n,Voe K;,Vj0<j<i,f(dj(o)) =d;(f(o)).

If f is bijective, f is called an isomorphism, and S and S’ are said to be
isomorphic.

A semi-simplicial set morphism exists between the two semi-simplicial sets
depicted on Fig. 8.4(a) and (b), which associates any simplex Z with simplex
7', except E which is associated with C’.

CW -complexes
This paragraph is based on [180].

Let B™ (resp. B™) denotes an n-dimensional closed (resp. open) ball. In this
paragraph, an n-dimensional open cell denotes a space which is homeomorphic
to B™.

Definition 84 (CW-complex) A CW-complex is a space X and a collec-
tion of disjoint open cells {e,} whose union is X, such that:

1. X is Hausdorff>;

2. for each open n-cell e, of the collection, there exists a continuous map
fa @ B® — X that maps B™ homeomorphically onto e, and carries
OB™, i.e. the boundary of B™, onto a finite union of open cells, each
dimension less than n;

3. a set A is closed in X if AN eé, is closed in é, for each «, where €,
denotes the closure of e .

Schematically, a CW-complex is a set of balls “glued” together by contin-
uous attaching functions.

Geometric realization

CW -complexes exist, which cannot be directly associated with semi-simplicial
sets; more generally, and as said above, CW-complexes exist, which are even
not triangulable.

5i.e. distinct points of X have disjoint neighborhoods.
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Conversely, the geometric realization of a semi-simplicial set is a CW -
complez. Let S = (K, (d;)j=o,....n) be a semi-simplicial set. For ¢ = 0 to n, for
any i-simplex ¢, associate a closed i-dimensional ball with ¢, and define the
attaching function f, in such a way that it “satisfies” the face operators, i.e.
it carries the boundary of the ball onto the union of cells corresponding to
d;(o), for 0 < j <.

Any semi-simplicial set has a unique geometric realization, up to isomor-
phism (cf. Fig. 8.4(c) and (d)). Note also that a semi-simplicial set morphism
between semi-simplicial sets induces a continuous function between the corre-
sponding geometric realizations.

So, a simplex of a semi-simplicial set can have a nonconvex shape. In prac-
tice, semi-simplicial sets can be embedded using Bézier triangular spaces [155],
for instance.

Operations

Any semi-simplicial set can be constructed, starting from an empty semi-
simplicial set, by the three following operations (cf. Fig. 8.5). Let S = (K =
( ﬁo K;),(dj)j=o,..n) be an n-dimensional semi-simplicial set:

1. adding a new 0-simplex to Kjy;

2. creating a cone: let v be a 0-simplex of Ky, and K’ be a subset of K such
that (K’, (d;/K’)) is a semi-simplicial set. Let K” be a set of simplices,
such that a bijection ¢ exists between K’ and K”. More precisely, for
0 < j < n, @ associates j-simplices of K’ and (j + 1)-simplices of K”.

Then, for any j-simplex 7 of K”:

o if j=1,di(7) = p~1(7) and do(7) = v;
e else d;(7) = ¢ (1) and for 0 < k < j, di(7) = (di(¢(7))).

As for abstract simplicial complexes, it is possible to derive an operation
for constructing an isolated i-simplex, starting from an isolated (i — 1)-
simplex (remember that an isolated i-simplex is an i-simplex together
with its boundary; it is a connected component of the semi-simplicial
set, and it is incident to ¢ + 1 distinct 0-simplices);

3. identifying two simplices. Let o1 and o9 be two i-simplices, which have
the same boundary, i.e. V5,0 < j <4, dj(o1) = dj(o2) (the condition
is trivially satisfied if ¢ = 0). Then o7 and o9 are replaced by a new
i-simplex p, such that:

L4 V‘],O S] < Zadj(/i) = dj(o—l);
o V7 € K;11,Y¥5,0 < j <i+41,if d;(r) = 01 or d;j(T) = 02, then
d;(7) is modified in order to be equal to p.
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FIGURE 8.5

(a) Adding 11 vertices to an empty semi-simplicial set.
(b) Creating 1- and 2-simplices as cones.

(c) Identifying vertices. Next, the semi-simplicial set depicted on Fig. 8.4(b)
is obtained by identifying two 1-simplices.
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Nothing is really changed when o1 = g2. When o1 # o9, contrary to ab-
stract simplicial complexes, there are not “side” effects: all simplices re-
main in K, except o1 and oo which are replaced by u: no other simplices
are identified, and no simplex is degenerated. Note that a semi-simplicial
set morphism exists between the initial and the resulting semi-simplicial
sets. At last, note also that this operation can be generalized. Given any
two i-simplices, the generalized operation first identifies the boundaries
of the simplices by applying several times the basic identification oper-
ation, and then identifies the i-simplices themselves.

8.1.3 Conversions of Simplicial Structures

Semi-simplicial sets are a “more general” structure than abstract simplicial
complexes: as said above, semi-simplicial sets allow multi-incidence between
simplices, but abstract simplicial complexes do not. That means that a semi-
simplicial set can be associated with any abstract simplicial complex, but the
converse is not true. More precisely:

1. Let K be an abstract semi-simplicial set defined on the set of vertices
V. A semi-simplicial set can be associated with K in the following way.
Define an order on the vertices of V. Associate with any simplex (which
is a set of vertices) the sequence of its vertices according to the order
defined on V, and associate a simplex in the semi-simplicial set with
this sequence. Define now the face operators in the following way: let o
be an i-simplex associated with a sequence (vo, ...,vj,...,v;); for any
7,0 < j <4, dj(o) is the (i — 1)-simplex associated with the sequence
(vo,...,Uj,...,v;), where ¥; denotes that v; is removed. For instance,
the semi-simplicial set corresponding to the abstract simplicial complex
depicted on Fig. 8.2(a), where the order of the vertices corresponds to
the order of the points, i.e. from P; to Pg, is depicted on Fig. 8.4(a).
Note that the commutation property of face operators is satisfied by this
construction. Note also that several nonisomorphic semi-simplicial sets
can be associated with a single abstract simplicial complex, depending
on the order chosen on V.

2. Conversely, let S be a semi-simplicial set, such that:

e any i-simplex o is incident to (i 4 1) distinct O-simplices; in other
words, the set V(o) = {do(ds(...d;(...d;(0)))),0 < j < i} con-
tains (4 + 1) O-simplices;

e for any i,1 < ¢ < n, for any distinct i-simplices ¢ and 7, the sets
of vertices incident to o and 7, i.e. V(o) and V (1), are distinct.

In this case, an abstract simplicial complex K can be associated with S:
the set of vertices associated with K is the set of O-simplices of .S, and
the simplices of K are the sets of vertices associated with the simplices
of S.
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At last, note that a simplex of an abstract simplicial complex is not ori-
ented: it is a set of vertices, and no order is defined on this set.

On the contrary, a simplex of a semi-simplicial is implicitly oriented. For
instance, let o be an i-simplex incident to ¢ + 1 distinct vertices, and let
vj = do(dy(...dj(...di(0)))) for 0 < j < i. The sequence (v, ..., ..., ;)
corresponds to an orientation® of o. This orientation notion can be generalized
for ¢-simplices incident to less than ¢ 4+ 1 vertices. But if the simplices are
oriented, the orientability notion has no meaning in general for semi-simplicial
sets, since the orientability notion is defined for a subclass of semi-simplicial
sets: cf. Section 8.2.

8.2 Numbered Simplicial Structures and Cellular Struc-
tures

See for instance [39, 165, 85].

8.2.1 Numbered Simplicial Structures

Numbered semi-simplicial sets

Definition 85 (numbered semi-simplicial set) A numbered — semi-
simplicial set (S,v) is an n-dimensional semi-simplicial set S together with a
function v : Ko — [0,n], where Ky is the set of 0-simplices of S, such that:

o for any main 0-simplex o of S, v(o) =0;

e for any i,1 < i < n, for any main i-simplex o of S, the set of integers
associated by v with the set of 0-simplices incident to o is [0,1].

A consequence of this definition is that any i-simplex is incident to (i 4 1)
distinct vertices: cf. Fig. 8.6(a). Moreover, it is possible to define the face oper-
ators (d;)j—o,... » in such a way that, for any 4,0 < i < n and for any i-simplex
o, v(vg) < ... < v(v) < ...<v(v), where v; = do(di(...d;(...d;(0)))) for
0 < j < ¢; note that if ¢ is a main simplex, v(v;) = j, for 0 < j <. If i = 0,
o is said to be numbered (v(0)), else o is numbered (v(vg),...,v(v;)). Note
that semi-simplicial sets exist, which cannot be numbered: cf. Fig. 8.6(b).

An i-dimensional cell, or i-cell, is a 0-simplex numbered (), together with
all incident j-simplices numbered (vy, ...,vj_1,1), 1 < j <i: cf. Fig. 8.6(c).

6For instance, take an n-sided polygon P, incident to vertices P, ..., P,. The sequence
of vertices S = (Pi,...,P,) defines an orientation of P; any sequence S’ obtained from
S by applying an even number of transpositions corresponds to the same orientation; any
sequence S” obtained from S by applying an odd number of transpositions corresponds to
the inverse orientation.
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FIGURE 8.6

(a) A numbered semi-simplicial set. Note that the numbering of face operators
corresponds to the numbering of 0-simplices.

(b) A semi-simplicial set which cannot be numbered.

(c) Cells of the numbered semi-simplicial set of (a).



310 Combinatorial Maps for Computer Graphics and Image Processing

I

| 1
0 h \
.0 0

0% yo
\

(Y

1
1
(a) (b)

FIGURE 8.7

(a) Adding 0-simplices.

(b) Creating isolated 1-simplices by cones on 0-simplices.

(c) Creating isolated 2-simplices by cones on 1-simplices.

(d) Identification of O-simplices. The numbered semi-simplicial set of
Fig. 8.6(a) can now be constructed by identifying some 1-simplices.

Any numbered semi-simplicial set can be constructed by the three following
operations, starting from an empty semi-simplicial set (cf. Fig. 8.7):

e adding a new 0-simplex numbered (0);

e creating an isolated i-simplex numbered (0, ...,%), by adding a new 0-
simplex numbered (7) and making a cone between this 0-simplex and an
isolated (i — 1)-simplex;

e identifying two i-simplices o1 and o9, if they satisfy the following con-
dition: either ¢ = 0 and v(o1) = v(o2), either i # 0 and o; and o2
have the same boundary. This operation can be generalized: given two
i-simplices o1 and o9 which have the same numbering, the generalized
operation first identifies the boundaries of o7 and o9, by applying sev-
eral times the basic identification operation, and then identifies oy and
oo themselves.

Numbered simplicial quasi-manifolds

Definition 86 (numbered simplicial quasi-manifold) An n-dimensional
numbered simplicial quasi-manifold is a numbered semi-simplicial set which
can be constructed by the following operations, starting from an empty semi-
simplicial set (cf. Fig. 8.8(a)):

e adding isolated n-simplices;
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(a) (b) (c)

FIGURE 8.8

(a) A 2-dimensional numbered simplicial quasi-manifold: it can be con-
structed by adding isolated 2-simplices numbered (0, 1,2), and by identifying
1-simplices, in such a way that at most two 2-simplices are incident to any
1-simplex. Note that cells (together with their boundaries) can exist, which
are not numbered simplicial quasi-manifolds: for instance, edges exist, made
of three 1-simplices numbered (0, 1) incident to a 0-simplex numbered 1.

(b) A pseudo-manifold.

(¢) A cube. The upper face is subdivided into four triangles which share vertex
v, corresponding to the center of the initial face of the cube. Identify two by
two the four triangles, as depicted by the two arrows (this is not possible in the
usual 3-dimensional space). The resulting quasi-manifold does not correspond
to a manifold, since the neighborhood of v is a cone on a torus.

e identifying (n— 1)-simplices and their boundaries, in such a way that at
most two n-simplices are incident to any (n — 1)-simplez.

This notion corresponds to a particular case of the well-known notion
of pseudo-manifold (cf. Fig. 8.8(b)). A pseudo-manifold X is the geometric
realization of an n-dimensional semi-simplicial set S such that:

e S is homogeneous, i.e. any k-simplex of S is a k-face of an n-simplex,
0<k<n

e every (n — 1)-simplex is a face of at most two n-simplices”;

"taking multi-incidence into account: that means that, if 7 is an (n — 1)-simplex, at
most two distinct pairs (o1,41) and (o2,42) exist, such that 0 < i1,i2 < n and d;, (01) =
di,(02) =T.
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a) A 0-dimensional quasi-manifold.
b) Cellular cones.

¢) Identification of vertices.

d) Cellular cones.

e) Identification of edges.
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o for any distinct n-simplices o and o', a sequence of n-simplices o1, ..., 0,
exists in S, such that o1 = 0, 0, = ¢/, and for 1 < i < p, an (n — 1)-
simplex exists, which is a common face of o; and ;1.

It is easy to prove that numbered simplicial quasi-manifolds satisfy the
three properties above.

Cellular quasi-manifolds

Definition 87 (cellular quasi-manifold) An n-dimensional cellular quasi-
manifold S is an n-dimensional numbered simplicial quasi-manifold such that

(cf- Fig. 8.9):

e ifn =20, then S is a set of 0-simplices numbered (0), which are parti-
tioned into connected components consisting of one or two 0-simplices;

e if n >0, then S can be constructed by the two following operations:

1. creating cellular cones on an (n — 1)-dimensional cellular quasi-
manifold S’. This operation consists in making a cone on each
connected component of S’, the new vertex associated with the
connected component being numbered n;

2. identifying two (n — 1)-dimensional cells. Let ¢ and ¢z be two
(n — 1)-dimensional cells of S, such that each (n — 1)-simplex of
c1 (resp. cz) is incident to only one n-simplex, and such that an
isomorphism ¢ exists between ¢ and co:

x if ¢1 # co, the operation consists in identifying the (n — 1)-
simplices of c1 and ¢z (and their boundaries) according to ¢;
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x if c1 = ca, ¢ is an automorphism, and the operation can be
applied if = ¢~ and ¢ is not the identity on ci. In this case
also, the operation consists in identifying the (n—1)-simplices
of ¢1 (and their boundaries), according to ¢. c1 is said to be
bent on itself.

A connected component of a 0-dimensional cellular quasi-manifold made
by two vertices corresponds to 0-sphere. A cellular cone on such a connected
component creates an edge incident to two vertices. Curves are constructed
by identifying extremity vertices of such edges. Cellular cones on closed curves
produce faces, which can be glued together by identifying edges. We get here
the construction of paper surfaces as presented in chapter 2. More formally, the
geometric realization of any 2-dimensional cellular quasi-manifold is a surface,
i.e. a 2-dimensional manifold. This property is not true for higher dimensions.
3-dimensional cellular quasi-manifolds exist, such that their geometric real-
izations are not manifolds: cf. Fig. 8.8(c) and Section 2.4.

Note that a cell is defined as a cone on a cellular quasi-manifold (this is
the answer to a question in chapter 2: what is a cell?). Note also that the in-
terior of a cell is always the interior of a cellular quasi-manifold, whatever the
way cells are glued together. This is due to the fact that cells are identified
together, and not simply parts of cells (as for numbered simplicial quasi-
manifolds). At last, the geometric realization of a cellular quasi-manifold is
always a pseudo-manifold, since a cellular quasi-manifold is a numbered sim-
plicial quasi-manifold.

8.2.2 Simplicial Interpretation of n-Gmaps

Numbered simplicial quasi-manifolds and premaps

Let @ = (S,v) be a numbered simplicial quasi-manifold, where S = (K =
( 0 K;),(dj)j=o,....n)- Remember that @ can be constructed by adding iso-
lated n-simplices, and by identifying (n — 1)-simplices, such that any (n — 1)-
simplex is incident to at most two n-simplices. Since the numbering of any
n-simplex is [0,n], the numbering of any (n — 1)-simplex is [0,n] — {i} for
some 7,0 < ¢ < n. The construction of @) is then completely represented by
the set of n-simplices and (n + 1) adjacency functions denoted for instance
a; : K, = K,,0 <i<n, such that, for any n-simplex o:

e cither a;(0) = o0, and o is the single n-simplex incident to its (n—1)-face
numbered [0, n] — {i};

e cither a;(0) = 0/ # 0, and o and ¢’ are the two n-simplices incident to
the same (n — 1)-face numbered [0, n] — {i}.

Note that any a; is an involution.

Let us now define n-premaps.
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FIGURE 8.10
(a) A 2-dimensional numbered simplicial quasi-manifold.
(b) The corresponding premap.

Definition 88 (n-premap) An n-dimensional premap, with 0 < n, is an
(n+ 2)-tuple P = (D, o, . .., ) where:

1. D is a finite set of darts;
2. Vi€ {0,...,n}, a; is an involution on D.

It is clear that (K,,aq,...,a,) as defined above is an n-premap: cf.
Fig. 8.10. So, any numbered simplicial quasi-manifold can be associated with
a unique n-premap. For instance in Fig. 8.10, dart 1 (resp. 2, 3, 4, 5, 6, 7, 8,
9, 10) is associated with 2-simplex A (resp. B, C, D, E, F, G, H, I, J). E
and F' share a 1-simplex numbered (1,2), thus ag(5) = 6 and ag(6) = 5; E
is the single 2-simplex incident to its 1-face numbered (0,2), so a;1(5) =5; E
and D share a 1-simplex numbered (0, 1), thus a2(5) =4 and as(4) = 5.

Conversely, let P = (D,ap,...,a,) be an n-premap. Let I be any

nonempty sequence (jo,...,7;) C [0,n]: associate with the set of orbits
(o, .., QGgy ey O,y ooy i), denoted ()7, a set of simplices numbered
(j07 s 7]1)

For instance in Fig. 8.10:

e A (resp. B,C,D,E F,G,H,I,J) is associated with (}(1) =
)

(dio, i1, iz) (1) = <>[0,2]\{0, (1) (resp. ()(2), ((3), ((4), O(5), ((6),
0(7); 0(8), ((9), ((10));

e l-simplices numbered (1,2), namely L (resp. N, P,m,n,o0,p), corre-
spond to (ap)(1) = <>02]\{1 23(1) (resp. (@0)(3), (ao)(5), (@0)(7),
(20)(8), (a0)(9), (ap)(10)); 1-simplices numbered (0,2), namely
k (resp. 1,q,7,@Q,S,U), correspond to (a1)(6) = {)[0,2)\10,2}(6)
(resp.  {a1)(1), (@1)(4), (a1} (5), (1)(2), {ar)(8), (1) (3));  1-simmplices
numbered (0, 1), namely K (resp. M, O, R, T), correspond to (as)(1) =
(0,217 f0,13(1) (resp. (a2)(2), (@2)(4), {a2)(7), (a2)(9));
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e (O-simplices numbered (2), namely b (resp. d, f,h), correspond to
(ag,a1)(1) = (oz2\(23(1) (resp. (o, a1)(8), (o, 1)(3), (@0, a1)(5));
O-simplices numbered (1), namely ¢ (resp. e,i), correspond to
(a0, a2)(7) = ()o,20\{13(7) (resp. (a0, 2)(9), {0, a2)(1)); O-simplices
numbered (0), namely a (resp. g,j), correspond to (ai,a9)(l) =
Oo.21\{03 (1) (resp. (a1, a2)(4), (a1, a2)(2)).

The face operators are defined in the following way: let I =
(Jos---sJ1y---5Ji) be such that i > 1, d be a dart, and o be the simplex
associated to ()(o,n)\1(d); then di(o) is the (i — 1)-simplex associated with
()[0.n]\(1— {51 }) (d). For instance in Fig. 8.10:

o do(A) = L, since A is associated with (), 2]\{0,1,2}( ) = ()(1) and L
is associated with ()o,2\(f0,1,2}—{0})(1) = {@0)(1); di(A) = I, since I
is associated with ()o.9)\({0,1,23—111)(1) = (a1)(1); d2(A) = K, since
K is associated with ()[o,2\({0,1,2}—{2})(1) = {(2)(1); note that this is
coherent with the fact that, for any ¢,0 < ¢ < n, a; corresponds to
an “adjacency relation” between n-simplices sharing a common face
obtained by d;;

e do(K) =i (resp. di(K) = a), since K is associated with ()[o.2)\{0,1}(1) =
(a2)(1) and i (resp. a) is associated with ()2 (13(1) = (a0, a2)(1)
(resp. ()jo,21\f03(1) = (a1, 2)(1)); do(l) = b (resp. di(l) = a), since
| is associated with ()i.2\{0,2}(1) = (a1)(1) and b (resp. a) is associ-
ated with ()02 {23(1) = (@0, a1)(1) (resp. ()jo,2)\{03(1) = (o, a2)(1));
do(L) = b (resp. di(L) = i), since L is associated with ()jo.2)\{1,2}(1) =
(o)(1) and b (resp. i) is associated with ()jg 2\ 23(1) = (a0, a1)(1)
(resp. (0.2 (13 (1) = (o, a2)(1));

At last, any O-simplex corresponding to an orbit (onpn =
(agy .-+, A4y ... ) is numbered ¢ (and this is coherent with the num-
bering of face operators).

So, any m-premap can be associated with a unique n-dimensional num-
bered simplicial quasi-manifold.

In conclusion, n-dimensional numbered simplicial quasi-manifolds are equiv-
alent to n-premaps, and the conversion processes described above are inverse
to each other.

Cellular quasi-manifolds and n-Gmaps

The conversion processes described above still apply for n-dimensional cel-
lular quasi-manifolds and n-Gmaps. So, n-dimensional cellular quasi-manifolds
are equivalent to n-Gmaps.
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More precisely, a 0-dimensional cellular quasi-manifold is a set of compo-
nents, each component contains one or two vertices numbered 0. Each con-
nected component of a 0-Gmap G = (D, «g) contains one or two darts: so,
the orbits ()jop {0} = () correspond in the first case to one vertex numbered 0,
and in the second case to two vertices numbered 0.

Assume an (n — 1)-dimensional cellular quasi-manifold @ is equivalent
to an (n — 1)-Gmap G = (D,«aq,...,a,—1). Let Q" be the n-dimensional
cellular quasi-manifold defined by constructing cellular cones for all connected
components of Q; let G' = (D, «y, . .., @n—1, , = Id), where Id is the identity
on D, be the n-Gmap deduced from G by increasing its dimension. Then @’
is equivalent to G'. In fact (cf. Fig. 8.11):

e any i-simplex o numbered {jo,...,7;} in @ is a simplex of
Q'. Let d be a dart, such that o corresponds to orbit O =
(g, ..oy QGgy ey Ojyyeoyan_1)(d) in G; o corresponds also to orbit
O = (a,..., 0, ...,05,,...,0n_1,05)(d) in G’, and O and O are

equal since o, = Id,

e aunique (i+1)-simplex o/, numbered {jo, . .., j;, n}, is associated with o
in Q'": ¢’ corresponds to the orbit (ag, ..., &, ..., 05, ..., n_1,0d,)(d)
in G’, which clearly is equal to O;

e at last, for each connected component of ), a unique O-simplex
numbered n is created in @', corresponding to the unique orbit
(g, ..., an_1) in G’ associated with the corresponding connected com-
ponent in G.

Assume an n-dimensional cellular quasi-manifold @) is equivalent to an n-
Gmap G = (D, o, ...,0n—1,0y). Let ¢; and co be two (n — 1)-cells, incident
respectively to (n — 1)-simplices o1 and o4, such that oy # o2, o1 (resp. 02)
is incident to a unique m-simplex, and an isomorphism ¢ associates ¢; and
co, with ¢(01) = 09 (and ¢ = ¢~ if ¢; = o). Let dy (resp. d2) be the
dart of D corresponding to the n-simplex incident to oy (resp. o3): note that
(an)(d1) = {d1} corresponds to o1 (resp. (a,)(d2) = {d2} corresponds to o3).
Let Q' be the n-dimensional cellular quasi-manifold defined by identifying c;
and ¢y according to ¢; let G’ = (D, ayg, ..., an—_1,al) be the n-Gmap deduced
from G by n-sewing d; and dy. Then @’ is equivalent to G’. In fact:

e isomorphism ¢ induces an isomorphism ¢ between orbits

(g, an—2)(dy) and {(ag,...,an—2)(d2) (or an automorphism
such that ¢/ = ¢/~1 on orbit (ap, ..., a,_2)(d1) if ¢ is an automorphism
on c1);

e identifying o1 and o2 (and all simplices corresponding by ¢) corre-
sponds to link d; and dy by «f, (and all darts corresponding by ¢'),
since (o) (dy) = {dy,d2}.
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FIGURE 8.11

(a) A connected 1-dimensional cellular quasi-manifold.

(b) The connected 2-dimensional cellular quasi-manifold obtained by a cellular
cone.

(¢) The 1-Gmap corresponding to (a).

(d) The 2-Gmap corresponding to (b). ¢ (resp. j) in (a) corresponds to orbit
()(1) (resp. {ap)(1)) in (c). ¢ (resp. j) in (b) corresponds to orbit (as)(1)
(resp. {ap,az)(1)) in (d). i’ (resp. j'), associated with 4 (resp. j), corresponds
to orbit ()(1) (resp. (ap)(1)) in (d). The connected component of (a) (resp.
of (b)) corresponds to orbit (cg, a1)(1) in (c) (resp. to orbit (ag, a1, az)(1) in
(d)); 0-simplex v numbered (2) in (b) corresponds to orbit (ag, a1)(1) in (d).

So, n-Gmaps correspond to cellular quasi-manifolds and premaps corre-
spond to numbered simplicial quasi-manifolds. The interior of any cell of any
cellular quasi-manifold corresponds to the interior of a cellular quasi-manifold;
this is not the case for any cell of a numbered simplicial quasi-manifold. This
corresponds to the fact that, given any n-Gmap, the involutions which indices
differ from at least 2 commute; this is not the case for any premap.

Orientable quasi-manifolds and (hyper)maps

Let @ be an n-dimensional numbered simplicial quasi-manifold, and let
P =(D,ay,...,a,) be the associated premap. Remember that simplices are
implicitly oriented within semi-simplicial sets. For instance, look at the 2-
dimensional simplicial quasi-manifold in Fig. 8.12: assume 2-simplices are ori-
ented according to their numbering, i.e. their orientations corresponds to the
sequence (0,1,2). So, the orientation of a 2-simplex is the inverse of the ori-
entations of the 2-simplices which share a 1-simplex with it. This property
can be extended for any dimension. That means that, given an n-simplex o
corresponding to a dart d in P, its orientation is inverse from the n-simplices
corresponding to darts a;(d), for 0 <i <mn.

Let @ be a connected quasi-manifold without boundary, i.e. any (n — 1)-
simplex is incident to two distinct n-simplices; this means that P is connected
too, and that all involutions in P are without fixed points. @ is orientable if
it is possible to orient all n-simplices in a coherent way. This can be checked
in the following way. Choose an n-simplex with its implicit orientation; for
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FIGURE 8.12

In a numbered simplicial quasi-manifold, the implicit orientation of an n-
simplex is inverse from the implicit orientations of the n-simplices which share
an (n — 1)-simplex with it.

the simplices which share an (n — 1)-simplex with it, choose the inverse of
their implicit orientation; iterate this process, i.e. traverse the whole quasi-
manifold by adjacency. If all simplices are coherently oriented, @) is orientable
(and oriented), else @ is not orientable. Another way consists in choosing
also an n-simplex with its implicit orientation, and to traverse all simplices
which must have this orientation, i.e. the simplices adjacent to the simplices
adjacent to the initial simplex, and then iterate this process. At the end,
either the half of the simplices of ) have been traversed, and @ is orientable
(the set of traversed simplices corresponds to one orientation, the remaining
simplices correspond to the other orientation), either all simplices of @ have
been traversed and () is not orientable.

This process can be applied for the associated connected premap P. Let
H = (D,a; 0o «p,...,a, 0 «ap) be the hypermap of the orientations of P. H
contains at most two connected components: either H contains two connected
components, and P is orientable (as @), either H contains one connected com-
ponent, and P is not orientable (as Q).

Conversely, let H = (D, B1,...,3,) be a connected n-hypermap. H~1 =
(D, By, ..., B71) is the hypermap inverse of H. Let H' = (D', 3,...,/.),
such that D N D' = (), and an isomorphism ¢ exists, which maps H onto
the inverse of H' (in other words, H' is a copy of H~1). Define P = (D U
D' mo, ..., 7T), with:

. _ 1.
® To|p = ¢; To|pr = P

o for 1 <i<mn,mp=po¢;mp =pFiod '

P is a connected orientable premap, such that its hypermap of the orien-
tations contains two connected components, which are H and H’.
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A particular case is the relation between n-Gmaps and n-maps, which

satisfy similar properties. Let G = (D, ay,...,ay) be a connected n-Gmap,
such that all involutions are without fixed points, and let C be its associated
cellular quasi-manifold. Let M = (D, ay o ag, ..., © ap): it is the n-map of

the orientations of G. M contains at most two connected components. It M
contains two connected components, G is said orientable, and C is orientable,
else GG is said not orientable, and C' is not orientable.

Conversely, let M be a connected n-map. It is possible to construct, using
M and an n-map inverse of M, a connected orientable n-Gmap, such that its
map of the orientations contains two connected components, which are the
two initial maps.

All these notions can be extended for n-dimensional numbered simplicial
quasi-manifolds with boundaries (resp. cellular quasi-manifolds with bound-
aries), n-premaps (resp. n-Gmaps) and n-hypermaps with partial permuta-
tions (resp. n-maps with partial permutations).

Some remarks about cellular quasi-manifolds

So, n-Gmaps corresponds to cellular quasi-manifolds, and their cells cor-
respond to the interior of quasi-manifolds. A key point is the fact that quasi-
manifolds can be combinatorially defined: they are more general than mani-
folds, but as far as we know, no other class has been defined such that:

e it contains manifolds;
e it can be combinatorially defined;

e and it is strictly contained in the set of quasi-manifolds.

So, as far as we know, the set of quasi-manifolds is the “smallest” set which
contains manifolds and which can be combinatorially defined, i.e. such that
the combinatorial definition of the structure takes directly into account the
expected properties. Of course, it is possible to define subclasses by adding
properties which can combinatorially defined and computed: for instance, n-
Gmaps without multi-incidence can be defined, which are equivalent to n-
surfaces, i.e. a subset of incidence graphs (cf. Section 8.2.4)%; n-Gmaps can be
restricted in order that the homology of all cells is that of balls (cf. [4]); but the
representation itself, as a set of darts on which involutions act, is not modified.

Such remarks can also be stated for cells of quasi-manifolds. Such a cell is
more “general” than a simplex, which can also be combinatorially defined; but
it is necessary for some applications in geometric modeling or image analysis to

8Similarly, the definition of incidence graphs makes it possible to represent cells which are
not quasi-manifolds; n-surfaces are defined as incidence graphs satisfying some properties;
but the representation itself, as a set of cells on which incidence relations act, is not modified.
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FIGURE 8.13
(a) A 2-dimensional complex.
(b) The corresponding incidence graph.

handle more “general” cells than simplices®. For instance, boolean operations
(union, intersection, difference), even applied to simplicial “objects”, produce
nonsimplicial “objects”.

Several applications handle “objects” with convez cells (i.e. excluding multi-
incidence between cells), but note that:

e convexity is not a combinatorial property;

o for several applications, cells can be nonconvex ones, for instance when
cells are embedded as (parts of) free-form spaces (e.g. splines).

So, as far as we know, cells of quasi-manifolds make the “smallest” subset
such that the structure of cells is not regular, as simplices or products of
simplices, and which can be combinatorially characterized.

8.2.3 Simplicial Interpretation of Incidence Graphs

Remember the definition of incidence graphs given in chapter 2: an incidence
graph is a set of vertices, integers and oriented edges, such that (cf. Fig. 8.13):

e cach vertex of the graph is associated with an integer, called its dimen-
sion; a vertex associated with ¢ is called an i-cell;

e for any ¢ > 1, each i-cell is linked by oriented edges with at least one
(i — 1)-cell (and there is at most one edge between an i-cell and an
(¢ — 1)-cell).

90r other cells which can be combinatorially characterized, as cubes or more generally
simploids, which are products of simplices.
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FIGURE 8.14

(a) Two corners of face fi, namely (e, v1,eg) and (es, v1, e4) share vertex vy:
face f1 is adjacent to itself through this vertex.

(b) A surface subdivision in which face f; is incident twice to edge es.

(¢) The corresponding incidence graph.

We claimed that such incidence graphs cannot take multi-incidence into
account, but it seems possible to deduce incidence graphs from subdivisions
in which multi-incidence occurs: cf. Fig. 8.14. It is thus necessary to precisely
define the geometric objects which can be unambiguously associated with such
incidence graphs.

The key notion here is the notion of cell-tuple [39]. Let ¢; be a main i-cell,
i.e. a cell which is not the extremity of an edge in the incidence graph: for
instance, fi, f2, e7, eg in Fig. 8.13 are main cells. Let (cy, ..., ¢;) be a sequence
of cells, such that:

e for any 7,0 < j <4, ¢; is a j-cell;
e for any j,0 < j <4, there is an edge between c;j;1 and c;.

Associate now an i-simplex {co, ..., ¢;} with (cg,...,¢;); if you generalize
this process for all main cells, you get the main simplices of an abstract sim-
plicial complex. Moreover, this abstract simplicial complex can be numbered,
by associating its dimension with each vertex of the complex, since any vertex
of the complex corresponds to a cell of the incidence graph: cf. Fig. 8.15.

Look now at Fig. 8.15(b), in which is depicted the cellular quasi-manifold
corresponding to Fig. 8.14(b). This cellular quasi-manifold corresponds to a
2-Gmap, but it is not an abstract simplicial complex: several edges share
the same boundaries; for instance there are two edges incident to vertices
corresponding to ve and fi: so, it is not possible to associate an incidence
graph with the subdivision depicted on Fig. 8.14(b).

Look now at the incidence graph depicted on Fig. 8.14(c): this incidence
graph does not describe the topology of the surface depicted on Fig. 8.14(b).
If you construct the associated abstract simplicial complex, you will see that
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FIGURE 8.15

(a) The numbered abstract simplicial complex corresponding to the incidence
graph of Fig. 8.13.

(b) The cellular quasi-manifold corresponding to the subdivision depicted in
Fig. 8.14(b): it is not an abstract simplicial complex, since several edges share
the same boundaries.

(¢) The cellular quasi-manifold corresponding to the subdivision depicted in
Fig. 8.14(a).

only one 2-simplex is incident to vertex vs, i.e. {vs, ea, f1}, and this does not
correspond to the cellular quasi-manifold depicted on Fig. 8.15(b).

This is also the case for the subdivision depicted on Fig. 8.14(a). If you
construct the incidence graph which seems naturally corresponds to this sub-
division, and then the associated abstract simplicial complex, you will see
that only one 1-simplex links the O-simplices associated with vy and f;; but
there are two such 1-simplices in the cellular quasi-manifold associated with
the subdivision: cf. Fig. 8.15(c), and once again, these two 1-simplices share
the same boundary, so it is not an abstract simplicial complex: as before, this
denotes multi-incidence.

In conclusion, any incidence graph has a simplicial analog, which is a (num-
bered) abstract simplicial complex. But if you try to intuitively deduce an
incidence graph from a given subdivision, be careful with multi-incidence!
That is why incidence graphs are often used for representing subdivisions
with convex cells, avoiding thus multi-incidence: such subdivisions are reqular
CW -complezes [39, 139]: cells are homeomorphic to balls (due to the convexity
property), and no multi-incidence occurs (for the same reason).

8.2.4 n-Gmaps and Incidence Graphs

Definitions and properties
n-surfaces make a subclass of incidence graphs, which are close to n-
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Gmaps. Some preliminary definitions are needed in order to define n-surfaces:
cf. Fig. 8.16.

Let G be an incidence graph, and let ¢! be a vertex of G. The closure of ¢
is the subgraph of G such that ¢’ is its root; in other words, it contains c, all
vertices ¢ such that a path from ¢’ to c¢* exists in G’ (so k < i), and all edges
of G linking these vertices. The boundary of ¢! is the closure of ¢! minus ¢’
and its incident edges. Let G~ be the graph deduced from G by reversing all
edges; the star (resp. proper star) of ¢’ is the subgraph of G' which corresponds
to the closure of ¢! (resp. the boundary of ¢!) in G~. The neighborhood of
¢ in G is the subgraph of G which contains all vertices of the star and the
boundary of z, and all edges linking these vertices. The strict neighborhood of
¢! is the neighborhood of ¢ minus ¢! and all its incident edges, plus all edges
(c¢**1,¢=1) such that edges (¢'*1,¢!) and (cf, ¢~ 1) exist in G.

Definition 89 (n-surfaces) [84, 85]

1. An incidence graph is a 0-surface if it is composed by exactly two vertices
e and ¢°, and no edges;

2. an incidence graph G is an n-surface, n > 0, if it is connected and for
any vertex ¢*, the strict neighborhood of ¢ is an (n — 1)-surface.

Remember that a O-sphere is a set of two points: the structure of a 0-sphere
corresponds thus to a 0-surface. The property characterizing an n-surface is
a local property which has to be satisfied for any vertex of the graph, i.e. for
any cell of the associated subdivision. The correspondence with n-Gmaps will
be explained below.

Note that the dimension of all main cells is n. Moreover, n-surfaces satisfy
the following switch property: cf. Figs. 8.16(f) and (g). Let G be an n-surface,
to which two vertices ¢" ™! and ¢! are added, and edges which link ¢”*! with
any vertex numbered n, and any vertex numbered 0 with ¢~!. Then for any
cells % and y7, b(z*) N s(y?) is either empty or made of exactly two elements,
where b(z?) (resp. s(y?)) is the set of vertices numbered i — 1 in the boundary
of z* (resp. the set of vertices numbered j + 1 in the star of y7).

Conversion between n-surfaces and connected n-Gmaps without boundary
and without multi-incidence

Let S be an n-surface. Let D be the set of all (n+1)-cell tuples (cg, ..., ¢p),
i.e. such that |(co,...,cn)| = n + 1: in other words, an (n + 1)-cell tuple
corresponds to a main simplex in the associated numbered semi-simplicial
set. Let t = (co,...,Ciy...,¢n) € D, with 0 < ¢ < n: due to the switch

property, a unique cell tuple ¢ = (co,...,c},...,cp,) exists in D, which shares
all cells with ¢ except ¢;; then define switch;(t) = t' and switch;(t") = t. It
has been shown that G = (D, switchy, ..., switch,) is a connected n-Gmap

which satisfies [5]:
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FIGURE 8.16

a) The incidence graph describing the 2D object given in Fig. 8.13(a).

b) The closure of f;.

¢) The star of v;.

d) The neighborhood of ey.

e) The strict neighborhood of ey.

f) A part of a surface subdivision.

(g) The part of the incidence graph which corresponds to (f), illustrating
the switch property. For instance, (e1, f1,¢?) (resp. (vi,e1, f1), (¢, v1,e1))
corresponds to (e1, f3,c®) (resp. (v, ez, f1), (c71,v3,e1)).

(
(
(
(
(
(
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1. G is without boundaries, i.e. all involutions switch; are without fixed
points;

2. G is without multi-incidence, i.e.1°

Vd e D,VI C N ={0,...,n}, Onvr(d) = (0w (i (d)-

el

The equivalence between n-surfaces and connected n-Gmaps without
boundary and without multi-incidence leads to the fact that the simplicial
analog of any n-surface is an n-dimensional cellular quasi-manifold. The local
property characterizing n-surfaces, namely the strict neighborhood of any cell
is an (n — 1)-surface, corresponds to the fact that any i-cell of an n-Gmap is
an (n — 1)-Gmap.

|
8.3 Some Consequences

8.3.1 Chain of Maps

Definition and basic operations

For several applications, it can be useful to handle other classes of “ob-
jects”, for instance subdivided “objects” which cells are quasi-manifolds but
which are not quasi-manifolds themselves. This leads to the definition of chains
of maps:

Definition 90 (chain of maps) [104]/ An n-dimensional chain of maps is
a tuple C' = ((G")i=0,....n» (0V)i=1,....n) such that (cf. Fig. 8.17(a) and (b)):
1. Vi, 0 <i<n, G'= (D,a,...,al ;,al = w) is an i-dimensional
generalized map such that w is undefined on D?;
2. Vi, 1 <i<n, ot: Dt —)Di’l;
fori>2, o satisfies, for any dart d of D*:

(a) for any j,0 < j < i—2, 0*(ai(d)) € {0(d), i~ (o*(d))} (in other
words, ' is a function which associates an orbit (o, ,al_,) of

G with (a subset of) an orbit (aé_l, e ,aﬁ:é) of Gi71Y);
(b) ci=toolo ag_l(d) =il ogi(d).

10This property simply expresses the fact that two distinct simplices are incident to
distinct sets of vertices in the associated cellular quasi-manifold, i.e. that this cellular quasi-
manifold is a numbered abstract simplicial complex; so, it corresponds to an incidence
graph.
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Any connected component of an i-Gmap is an i-dimensional cell, or i—cell:
that is why a! = w is undefined, in order to describe only the interior of the
cell. The cells are linked by face operators o.

Chains of maps can be constructed in the following way: take isolated
cells and their boundaries, and then identify cells (cf. Fig. 8.17(e) and (f)).
More precisely, note first that a chain of maps can be associated with any
n-Gmap (cf. Fig. 8.17(c) and (d) and the conversion process below). So,
an isolated i-cell ¢; is the chain of maps which corresponds to an i-Gmap
G% = (D%, qq,...,05" |, ;" = Id) containing a unlque connected compo-
nent. The canonical boundary of G% is (D%, ag', ..., a;" ;). The chain of maps
associated with G contains thus an i-cell and 1ts canonical boundary (cf.
Fig. 8.17(e)). It is then easy to define an operation for identifying two i-cells
G = (D%, ag,...,05 ,af" = w) and G = (Dci,ag;,...,afg‘_l,af; = w)
such that:

1. a function ¢ : D% — D¢ exists, such that for any d € D¢, for any
J,0<j <i—1, p(aj(d)) € {v(d), aj;(cp(d))}; in other words, a corre-
spondence exists between the cells, which have thus common elements
in their structures;

2. for any d € D, o%(d) = o%(p(d)). In other words, the two cells share
the same boundary.

The operation consists in modifying ¢**! for any dart d’ € G**! such that
ot(d") = d € G in order that o1 (d') = (d), and in removing G¢:.

Subclasses of chains of maps have been defined: for instance, when for any
i > 1, 0* is a isomorphism between an orbit (af,...,a!_,) of the boundary
of an i-cell and an (i — 1)-cell, there is a strict correspondence between the
structure of i-cells and their boundaries. Such properties can be used in order
to define optimized data structures.

Conversion between n-Gmap and n-dimensional chains of maps
Let G = (D, o, - - an) be an n-Gmap. The n-dimensional chain of maps
= ((G" = (D%, ad,...,al_,w))izo....n, (01)i=1,.. ) can be associated with
G, where (cf. Figs. 8.17(c) and (d)):

1. for any i,0 < i < n, there is a bijection (’ between the set of orbits
{(@iy1,--.,ap) of G and D' For instance in Figs. 8.17(c) and (d):

e all darts of D? in (d) correspond to orbits () in (c);

e all darts of D! in (d) correspond to orbits () in (c); for instance
a (resp. k) corresponds to (az)(1) (resp. (az)(11));

2)(1
e all darts of D in (d) correspond to orbits (ay,az) in (c); for in-
stance, A (resp. B) corresponds to {aq, a2)(1) (resp. (a1, asz)(2));
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FIGURE 8.17

(a) The chain of maps corresponding to the incidence graph of Fig. 8.13.

(b) A chain of maps with multi-incidence.

(¢) The 2-Gmap corresponding to the cellular quasi-manifold depicted in
Fig. 8.15(b).

(d) The chain of maps corresponding to the 2-Gmap of (c).

(e) Isolated cells.

(f) Identifying 0-cells. The identification of two 1-cells will produce the chain
of maps depicted in (a).
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2. for any i,0 < i < n, for any ,0 < j <i—1, for any dart d € D?, aé(d) =
O ((it1s- - an)(aj(d)), where d € D and ¢ ({aviy1,...,an)(d)) =

d. For instance in Figs. 8.17(c) and (d):

e involutions 2 and o2 in (d) correspond to ap and «; in (c), since
()(d) is equivalent to d;

e a}(a) = b since a corresponds to (as)(1) and b corresponds to
{ag)(ap(1)); similarly, af(k) = [ since k corresponds to {(ag)(11)
and [ corresponds to (az)(12), where 12 = ap(11);

3. for any i,1 < i < n, for any dart d € D?, o'(d) = p'({a;,...,a,)(d)),
where d € D and ¢*({ajy1,...,a,)(d")) = d. For instance in
Figs. 8.17(c) and (d):

e 02(1) = a in (d), since a corresponds to (as)(1) in (c);

e ol(a) = A (resp. o*(I) = F) in (d) since a corresponds to (as)(1)
and A corresponds to (g, a2)(1) (resp. ! corresponds to {ag)(12)
and F' corresponds to (a1, as9)(12)) in (c).

Simplicial interpretation of chains of maps

A simplicial analog can be associated with any chain of maps C' = ((G* =
(DY ad, ... ot ,w))izo....n, (0")i=1,..n). The conversion is easily deduced
from that of n-Gmaps. For any i,0 < i < n, the simplicial interpretation of G*
is that of any i-Gmap, but it describes the interior of i-cells, since o = w is
undefined; so, all orbits involving a! do not exist, meaning that all simplices in
the simplicial interpretation of G* are incident to a vertex numbered i. All face
operators linking simplices which are internal to an i-cell are defined as for
the simplicial interpretation of any i-Gmap. Face operators linking simplices
issued from different cells correspond to face operators o. More precisely, let
7 be such that 0 <17 <n:

1. let J be any nonempty sequence {jo,...,jrt C [0,4], such that ji = i;
associate a set of simplices numbered (jo,...,Jjr = i) with the set of
orbits ()o,i\s of G*;

2. assume k > 0. Let [ be such that 0 < [ < k—1, d be a dart of D* and & be
the simplex associated with ()[0,i\jo.....j,....js=i} (d). Then d;(o) is the
simplex associated with () .\ o & o 1 (d). di(o) is the simplex

,,,,, jeony (@ T (0(d)));

3. each vertex corresponding to an orbit ()[o i\ i} of G' is numbered 1.

associated with ()i . 11\ (o

It is also possible to define conversion processes between equivalent sub-
classes of chains of maps and incidence graphs, as for connected n-Gmaps
without boundary and without multi-incidence and n-surfaces.

Note also that other subclasses of combinatorial maps can be defined,
according to the topological properties which have to be satisfied (cf. [104] for
instance).
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8.3.2 [Euler-Poincaré Characteristic for Combinatorial Maps

The Euler-Poincaré characteristic is a well-known topological invariant'': if
two subdivisions are homeomorphic, then their Euler-Poincaré characteristics
are equal. The converse assertion is used in practice, i.e. if the Euler-Poincaré
characteristics of two subdivisions are different, it is sure that the subdivisions
are not homeomorphic.

The Euler-Poincaré characteristic of an n-dimensional simplicial “object”
is the alternate sum of the number of i-simplices, for 0 < i < n, i.e.:

n

X = (—1)|Ki]

=0

where K is the set of i-simplices.

8.3.2.1 For n-Gmaps

The definition of the Euler-Poincaré characteristic of an n-Gmap can be easily
deduced from the simplicial interpretation of n-Gmaps, since an orbit for 4
involutions corresponds to an (n — 4)-simplex.

Definition 91 (Euler-Poincaré characteristic of an n-Gmap) LetG =
(D, ag,...,a,) be an n-Gmap, with n > 0. Its Euler-Poincaré characteristic
X(G) is:

n

X(G) =Y (-1 > H( gy Oy, )

=0 0<kp<...<k;i—1<n
where # (g, . .., Q,_, ) is the number of orbits {(aug, ..., 0p,_,).
For instance:

e when n =0, x(G) = #() = |D|, i.e. it is equal to the number of vertices
in the associated cellular quasi-manifold;

o when n = 1, x(G) = —#() + #(a1) + #(ao), i.e. it is equal to the
numbers of vertices numbered (0) and (1) minus the number of edges of
the associated cellular quasi-manifold. When G is connected and with-
out 0 and 1-boundary, i.e. it corresponds to a closed polygonal curve,
#lag) = #{oq) = #()/2; thus x(G) = 0, it is the Euler-Poincaré
characteristic of a circle. When G is connected, without 0-boundary
but with 1-boundaries, i.e. it corresponds to an open polygonal curve,
#{ag) = #()/2 and #(a1) = 1+ #()/2; thus x(G) = 1, it is the Euler-
Poincaré characteristic of a segment;

HSeveral topological invariants have been defined and studied, orientability for instance.
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FIGURE 8.18

Examples of 2-Gmaps and their Euler-Poincaré characteristics.
(a) G describes a disk: x(G1) = 1.

(b) G2 describes an annulus: x(G2) =

(¢) G3 describes a Mobius strip: x(G3) =

(d) G4 describes a torus: x(G4) = 0.

e when n = 2, X(G) = #() — #(a0) — #{a1) — #{az) + #(ao, 1) +
#{, ag) + #{a1, ), i.e. it is equal to the number of triangles minus
the number of edges (numbered (1,2), (0,2), (0,1)) plus the number of
vertices (numbered (2), (1), (0)). Four examples of 2-Gmaps are depicted
in Fig. 8.18, together their Euler-Poincaré characteristics. For instance,
for G depicted in Fig. 8.18(a): #() = 12, #{(wo) = #{(a1) = 6, #{ae) =
10, #{ap, 1) = 2, #{ag,a2) = 5 and #{a1,as) = 4. Thus x(G;) =
12—6—-6—10+2+5+4 = 1: this is the Euler-Poincaré characteristic
of a disk. Note that the Euler-Poincaré characteristics of an annulus, of
a Mobius strip and of a torus are equal;

e when n = 3, x(G) = —#() + #(ao) + #(a1) + #(a2) + #{az) —
#(ow, an) —F# (0, az) — # (o, ag) —# (a1, o) —F# (o, az) —#(az, az) +
#(o, o, a2) + #(og, aq, az) + #(o, ag, as).

For a 2-Gmap having no 0 nor 1-boundary, #(ag) = #(a1) = #()/2. Thus
the previous formula x(G) = #() — #(a) — #{a1) — #{a2) + #{ap,01) +
#{ag,as) + #{a1,as) can be simplified: x(G) = —#{as) + #{ap,a1) +
#{ag, az) + #{a1, az). This formula can be rewritten into x(G) = (#(a;1 o
ag) + #{ag o ) + #{az 0 a1) — | D|)/2 by using properties on orbits and the
fact that G has no 0 nor 1-boundary (see [165] for details).
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(a)

FIGURE 8.19
(a) 2-Gmap G5, with 1-boundary and 2-boundary, describes a disk: x(G5) = 1.
(b) 3-Gmap Gg describes a 3D ball: x(Gg) = 1.

If the 2-Gmap has no 0 nor l-boundary and no folded cell, #{a2) =
2#(ayg, az) and the previous formula becomes x(G) = #(ao, a1) —#{ap, az) +
#{a1, ag). This gives the classical definition of the Euler-Poincaré character-
istics equals to the number of vertices minus the number of edges plus the
number of faces.

2-Gmap G5 depicted in Fig. 8.19(a) contains 1-boundary and 2-boundary.
#() = 36, #{ag) = #(a1) = 19, #{ag) = 21, #{ap, 1) = 5, #{ag, az) = 11
and #(ay,ag) = 8: thus x(G2) =36 — 19— 19— 21 + 5+ 11 + 8 = 1: this is
the Euler-Poincaré characteristic of a disk.

3-Gmap Gy depicted in Fig. 8.19(b) is such that #() = 80, #{w) =
#<(Jé1> = #<042> = 40, #(Oé3> = 72, #<0407041> = 11, #(Oéo,(lg) = 20,
#<Oéo,0¢3> = 36, #<051,042> = 13, #<061,0é3> = 36, #<Olg,0¢3> = 32,
#{ao, a1, a2) = 2, #{ao, a1, a3) = 10, #(ao, aa, az) = 16, #(a1, a2, a3) = 9:
thus x(G2) = —804+40+40+40+72—11-20—36—13—36—324+2+10+16+9 =
1, it is the Euler-Poincaré characteristic of a 3D ball.

At last, the definition of the Euler-Poincaré characteristic, and thus its
computation, can be simplified for n-Gmaps satisfying some properties, for
instance when there is no folded cell.

8.3.2.2 For n-maps

The definition of the Euler-Poincaré characteristic of an n-map is based upon
the correspondence between an n-map M and an equivalent n-Gmap G (see
Section 5.5.2); each dart of the m-map is described by two darts joined by
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agp in the corresponding n-Gmap. Let us consider here the case where M
is without boundary. By definition, G is also without boundary. The Euler-
Poincaré characteristic of G is:

X(G) :Z(il)(nil) Z #<O‘koa'-~aaki—1>'
=0

i 0<ko<...<k;i—1<n

This sum can be decomposed into four parts:

x(G) = (=1)"#(+
(D@D Y o)+

0<ko<n

(_1)(”—1) Z #<a0aak1a-~-7aki,1>+

0=ko<ki<..<ki_1<n

(=1)(n=D > #{arg, -, ).

0<ko<...<ki—1<n

- 1

||
N

7

For the first sum, (—1)"#() = (=1)"|D¢| (|D¢| is the number of darts of
G which is equal to 2|D| the number of darts of M).

For the second sum, since G is without boundary, #{ay,) = % for any

ko € {0,...,n}. This gives (—1)" =D S, #{ag,) = (=1)"=D (n+1) 122l
By definition of orbits, (o, ..., k1) = (Qky © Qs - -+, Qhy_; © Qg )-
This property is used for the two last parts of the sum. First:

<Oz(), Qyyeee 7011%.71) = <Ozk1 cCQp,...,0, ,© Ozo)

= <Bk1a"'75ki_1>~

Here the definition of the conversion between n-maps and n-Gmaps is used to
link ax; o ag and By;.
Second:

<ak07' : 'aaki—1> :<ak1 O kg y- vy Aly_y Oak0>

(Bry © Bros -5 Brs_1 © Breo)-

Here ay; o ay, is transformed into ag; o ag o g o a, and the definition of
the conversion between n-maps and n-Gmaps is used to obtain Sy, o By, (here
kj > 1 thus 4, is an involution).

This gives the following Euler-Poincaré characteristic of an n-map without
boundary:

Definition 92 (Euler-Poincaré characteristic of an n-map) Let M =
(D, p1, ..., Bn) be an n-map without boundary, with n > 0. Its Euler-Poincaré
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FIGURE 8.20

Examples of 2-maps and their Euler-Poincaré characteristics.
(a) My describes a sphere: x(M;) = 2.

(b) My describes a torus: x(Ms) = 0.

characteristic x(M) is the alternated sum:

X(M) =(=1)"""Y(n — 1)| D[+

(DO ST B B+

2 0<ki<..<ki_1<n

-

7

I

s
||
v

(1) > #(Bk1 © Bros - -+ Bri_y © Bro)-

0<ko<...<k;i—1<n

Note that it is possible to extend this formula to consider n-maps with
boundary, but the definition becomes more complex since the case of free
darts has to be taken into account.

For 1D, the previous definition becomes x(M) = 0. Any 1-map M without
boundary (i.e. closed polygonal curves) has the Euler-Poincaré characteristic
of a circle.

For 2D, the previous definition becomes x(M) = —|D|+ #(B81) + #(B2) +
#(P2001). Figure 8.20 shows two examples of 2-maps and their corresponding
Euler-Poincaré characteristics. For M given in Fig. 8.20(a), |D| = 6, #(f1) =
3, #(B2) = 3, #{(B2081) = 2: thus x(M1) = —6+3+3+2 = 2: this is the Euler-
Poincaré characteristic of a sphere. For M, given in Fig. 8.20(b), |D| = 4,
#<61> = 1, #<62> = 2, #(52 061> = 1: thus X(Mg) =—4+14+241=0: this
is the Euler-Poincaré characteristic of a torus.

For 3D, the previous definition becomes x (M) = 2|D| — #(B1) — #(B2) —
#(Bs) + #(B1, B2) + #(B1, Bs) + #(B2, B3) — #(B2 0 B1) — #(B3 0 B1) — #(B3 0
B2) + #(B2 0 B1, B3 0 B1).

In 2D, the Euler-Poincaré characteristics of a 2-map without 1-boundary
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but possibly with 2-boundary can be computed by using the correspondence
between a 2-map M and an equivalent 2-Gmap G. In this case, the 2-Gmap
has no 0 nor 1-boundary and thus x(G) = —#{as) + #{ag, a1) + #{ag, az) +
#{aq, ag). Since G is without 0-boundary, #(as2) = 2#{(ap, az) — [{d|ap(d) =
aa(d)}]. Indeed, for a dart d such ag(d) = ag(d), there is one orbit (o) for
one orbit (g, as), while for other darts, there are two orbits (as) for one orbit
(v, av2). Then the correspondence between M and G gives the Euler-Poincaré
characteristics of a 2-map:
X(M) = #(B2 0 fo) — #(B2) + #(b1) + |{d|B2(d) = d}|.

If the 2-map has no 1-boundary and no folded cell, |{d|ao(d) = az2(d)}| =0
and the previous formula becomes x (M) = #(B2 o fo) — #(B2) + #(B1). This
gives the classical definition of the Euler-Poincaré characteristics equal to the
number of vertices minus the number of edges plus the number of faces.

Let us consider the 2-map M3 obtained from 2-map M; given in Fig. 8.20(a)
where we remove the two darts 5 and 6. #(51) = 1, #(82) = 3, #(B2060) = 2
and |{d|B2(d) = d}| = 0: thus x(M3) =1 —3+ 2+ 0 = 0: this is the Euler-
Poincaré characteristic of an annulus.



9

Comparison with Other Cellular Data
Structures

In this chapter, n-maps and n-Gmaps are compared with related cellular data
structures. Many different data structures have been proposed in order to
describe subdivided objects. They can be classified according to:

e the dimension of the represented objects;

e the topological properties of the represented objects: non-manifold,
pseudo-manifold, quasi-manifold, orientable, nonorientable...

e the type of cells: regular cells, as triangles (and more generally sim-
plices), quadrangles (and more generally cubes, simploids), general
cells...

Remember that n-maps allow to represent n-dimensional orientable quasi-
manifolds with general cells; and n-Gmaps allow to represent n-dimensional
orientable and nonorientable quasi-manifolds with general cells. Thus, we limit
in this chapter the comparison with data structures corresponding to these
two classes (see also for instance [164, 208]). A more general discussion is
conducted in the next chapter 10.

Schematically, the first work about data structures for representing subdi-
vided geometric objects is the definition of the winged-edge data structure by
Baumgart at the beginning of the 1970s [17]. Then, during the 1980s, many
works in geometric modeling and computational geometry dealt with the defi-
nition of data structures for representing orientable (quasi-)manifolds without
boundaries, then general (quasi-)manifolds, for dimension 2, then dimension 3,
at last dimension n (cf. next section). At the end of the 1980s and during the
1990s, many data structures for representing complexes have been conceived,
from dimension 2 to dimension n (see for instance [102, 195, 216, 104, 159]).

In parallel, several authors studied data structures and operations for
representing simplicial objects (e.g. [90]). Some ideas, as the representation
of adjacency relations between n-cells, when handling n-dimensional quasi-
manifolds, were applied for simplicial structures as for cellular structures (see
for instance [183]).

Note that during the 1990s and 2000s, the definition of subclasses close to
manifolds was a subject of great interest, for simplicial structures, incidence
graphs and ordered cellular structures (see for instance [89, 91, 85, 39, 165]).

335
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Since the beginning of the 2000s, two very interesting research directions
are explored:

e the conception of hierarchical structures, for instance for representing
objects at different detail levels (e.g. [88, 200, 148)); this is also a subject
of interest for the image analysis community since the beginning of the
1990s (e.g. [151, 44, 197, 188)]);

e the compression of the representation, for instance for the storage of
huge subdivisions (e.g. [204, 190, 129]).

9.1 History of Combinatorial Maps

The first work about combinatorial maps started in the 1960s in mathematics,
more precisely in the field of combinatorics, in order to represent planar graphs
embedded in the plane. They were introduced in [103] to describe polyhedral
surfaces, then formally defined in [206, 137]. In the different works, different
names were used: planar maps, topological graphs, constellations or rotation
systems. These concepts were used in combinatorial graph theory, for problems
of compact encoding of planar graphs, enumeration of rooted planar graphs
or for the map-coloring problem [54, 55, 191, 192].

When a graph is embedded in a plane, edges are ordered around vertices,
for instance according to a clockwise orientation. It is then possible to define
a function f, giving for each edge its next edge around one of its vertex.
However, since each edge has two different successors, one for each extremity
vertex, each edge has two associated edges and thus f is not a function®. This
problem can be solved by cutting each edge in two half-edges: so, each half-
edge has only one extremity, and thus only one successor by f. This cutting
requires to add a relation between the two half-edges issued from the same
edge. This gives the original definition of planar maps: a planar map is a set
of half-edges (called “darts” according to the terminology of combinatorial
maps), plus two functions defined on these half-edges: o, which gives the next
half-edge around its incident vertex, and «, which gives the other half-edge
issued from the same edge. Formally, o is a permutation and « is an involution.

Thanks to these two functions, the notions of vertices, edges and faces can
be retrieved. A vertex is the cycle of half-edges obtained from a given half-
edge, by applying o until going back to the initial half-edge. An edge is the
set of two half-edges linked by «. Since a planar map describes a planar graph
embedded in the plane, cycles of edges describe the boundary of faces. Given
a half-edge h, the next half-edge of the face is o o a(h), denoted p(h). A face

1Note that this is the basis of the winged-edge data structure, defined in the 1970s for
computer vision purposes: cf. Section 9.2.1.
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10 13 10|

FIGURE 9.1

Planar map and link with 2-maps.

(a) Planar graph embedded in the plane.

(b) Corresponding planar map. D = {1,...,18} is the set of half-edges; o is
represented by gray arrows; « links two half-edges sharing a little perpendic-
ular segment.

(¢) Corresponding 2-map (D, ¢, a).

is thus the cycle of half-edges obtained from a given half-edge, by applying ¢
until going back to the initial half-edge.

As illustrated in Fig. 9.1, planar maps are equivalent to 2-maps without
boundary, where darts correspond to half-edges, 81 to ¢ and 5 to «. Fig-
ure 9.1(b) shows a planar map, and Fig. 9.1(c) the corresponding 2-map. For
example: 0(1) =7, 0(7) =9 and 0(9) = 1; a(1) = 2 and a(2) = 1; ¢(2) =7,
©(7) =6, p(6) =4 and ¢(4) = 2.

Planar maps have been extended during the 1980s by several works in the
field of combinatorics, leading to notions equivalent to 2-Gmaps [47] and to
n-Gmaps [212].

In the 1980s, similar notions were retrieved by works related to geometric
modeling, computational geometry and computer graphics. For instance, the
half-edge data structure [214] is basically a 2-map without boundary. Several
versions and variants were also defined [172, 86] (see Section 9.2.2). The quad-
edge data structure is close to 2-Gmaps: cf. Section 9.3.1; the facet-edge data
structure is close to 3-Gmaps: cf. Section 9.3.2. The radial-edge data structure
[216] has been defined in order to represent 2-dimensional complexes, i.e. 2D
non-manifolds. In fact, this structure is very close to 3-maps, extended to
take into account several “non-manifold configurations”: cf. Section 9.2.3 and
Section 9.2.4.

At the end of the 1980s, 2-maps were extended in 3D [9, 10, 203] and in nD
[162, 165]. In the original definition, n-maps allow to describe n-dimensional
orientable quasi-manifold without boundary. The extension for representing
n-dimensional orientable quasi-manifold with or without boundary was made
formally much later [189, 83], even if many people use since a long time in
many different softwares different implementations of modified n-maps allow-
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TABLE 9.1
Winged-edge pointers, and relations with 2-maps. Each edge corresponds to
two darts linked by (3o

name vertex1 vertex2 right_face left_face
pointer to vertex vertex face face
in 2-maps emby(d) embo(B2(d))  emby(B2(d)) embs(d)

name | prev_left_face next_left_face prev_right_face next_right_face
pointer to | winged edge winged edge  winged edge winged edge
in 2-maps Bo(d) Bi(d) B1(B2(d)) Bo(B2(d))

ing boundaries. Also at the end of 1980s, n-Gmaps were introduced in the
field of geometric modeling [162, 165].

Simultaneously, at the end of the 1980s, several works related to image
processing started to use combinatorial maps in order to describe 2D seg-
mented images: they extended previous works based on region adjacency
graphs [36]. These works were pursued in the 1990s: several image process-
ing algorithms have been proposed, based on 2-maps and some variants (such
as the topological graph of frontier [109, 110] or discrete maps [36, 95, 40]).
Mainly, image edition methods [16, 116, 37] and image segmentation algo-
rithms [42, 41, 33, 32, 3, 144, 43, 66] were concerned. In the beginning of the
2000s, previous works were extended for processing 3D images, thanks to the
use of 3-maps [34, 58, 59, 15, 98, 100, 97].

9.2 Oriented Cellular Quasi-Manifolds
9.2.1 Winged-edge

The first data structure defined in order to describe 2D subdivisions for com-
puter vision purposes is the winged-edge data structure [17].

The main element of this data structure is the winged-edge, which is an
edge having eight pointers to different incident cells. The main structural in-
formation is related to the four pointers which make it possible to access the
incident edges by turning clockwise and counterclockwise around the incident
vertices: cf. Fig. 9.2. The winged-edge is often used for solid modeling, i.e. for
representing the surface which bounds a polyhedron. By convention, clock-
wise ordering corresponds to a view from outside of the polyhedron, and this
ordering is used for traversing the subdivision.

In addition to the list of winged-edges, there is also a list of vertices and
a list of faces. Different information is associated with vertices and faces: for
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FIGURE 9.2

(a) Winged-edge representation of the 2D quasi-manifold without boundary
depicted in Fig. 3.4(a) page 56. The eight pointers from edge e; are drawn by
arrows.

(b) Corresponding 2-map.

example, a 3D point is associated with each vertex, a color is associated with
each face, and a pointer is associated with each vertex (resp. face), making it
possible to access one of its incident winged-edge.

Winged-edges allow to represent oriented 2D manifold without boundary:
they are equivalent to 2-maps without boundary. Each winged-edge corre-
sponds to a pair of darts linked by 2; relations between the winged-edges can
easily be translated in corresponding relations in the 2-map (see Table 9.1).
Note that the lists of vertices and faces often exist in 2-maps data structures
(cf. chapter 7), when 0- and 2-embeddings are defined; in this case, embed-
dings are often linked with one of the darts of the associated cells, in order to
access the structural information from a given embedding.

A winged-edge structure is represented in Fig. 9.2(a); it corresponds to
the 2D object depicted in Fig. 3.4(a) page 56; the corresponding 2-map is
represented in Fig. 9.2(b). For example, vertexl(e;) = vy, vertex2(e;) =
vy, left_face(e;) = fa, rightface(e;) = f3, prevleft_face(e;) = e,
next_left_face(e;) = eq, prev_right_face(e;) = eg, next_right_face(e;) = es.

A simplified version of the winged-edge data structure was proposed, in
which all pointers are not represented [179]. This version uses less memory
space, but it allows only the traversal of the boundary of a face in the clockwise
direction. Note that this memory optimization can also be done for 2-maps ,
by not explicitly representing By in the dart data structure. An extension of
winged-edges has also been proposed in [48], in order to describe 2-manifolds
with or without boundary.
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TABLE 9.2
Half-edge relations and link with 2-maps

name | vertex face previous next opposite
pointer to | vertex face half-edge half-edge half-edge
in 2-maps | emby(d) embs(d)  Po(d) B1(d) B2(d)

9.2.2 Half-edge

One problem related to the winged-edge data structure is the fact that pointers
between edges correspond to adjacency relations between edges according to
some vertex (or face). A simple way to illustrate this problem is to consider
a subdivision of an orientable surface without boundary in which an edge e
is a loop: so, vertexl(e) = vertex2(e). The traversal of the incident cells in a
coherent way is possible, but it is more complicated for e than for an edge
which is incident to two distinct vertices. Since traversals can be complicated,
it can be necessary to conceive complex modification operations.

To solve this problem, the winged-edge data structure was modified by
splitting each edge in two heal-edges. A half-edge is incident to exactly one
face and to exactly one vertex: so, no confusion can arise, even when multi-
incidence occurs.

This idea is the basis of the definition of the face-edge data structure
[214], the half-edge data structure [172], and the DCEL data structure [86]
(DCEL, for Doubly Connected Edge List). These three data structures are
equivalent, the only difference being the names of the relations between the
half-edges (e.g. opposite is called sometimes twin or pair, previous is called
sometimes prev). This is probably the data structure which is the most used
for describing surface meshes with irregular faces. See [140] for a comparison
of different versions of half-edges, and for an efficient implementation.

The main element of the half-edge data structure is the half-edge: four
pointers associate the half-edge with incident cells: cf. Fig. 9.3.

In addition to the list of half-edges, there is also a list of vertices and a list
of faces. Each vertex and each face is associated with some information, and
a pointer links it to one of its incident half-edges.

Half-edge data structures allow to represent oriented 2D manifolds with-
out boundary. They are directly equivalent to 2-maps without boundary: for
instance, half-edges correspond to darts (see Table 9.2). The two lists of ver-
tices and faces exist also in 2-map data structures, when 0- and 2-embeddings
are defined.

Figure 9.3(a) shows a half-edge data structure which represents the 2D
object depicted in Fig. 3.4(a) page 56. Half-edges are numbered from 1 to 18.
For example, previous(4) = 1, next(4) = 3, opposite(4) = 9, vertex(4) = v;
and face(4) = fa.
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FIGURE 9.3

(a) Half-edge data structure, corresponding to the 2D quasi-manifold without
boundary depicted in Fig. 3.4(a) page 56.

(b) Corresponding vertex-edge data structure.

The vertex-edge data structure [214] is a dual version of the face-edge data
structure. Pointers next and previous are replaced in order to turn around
vertices instead of turning around faces. Half-edges and opposites are the
same for the two data structures. These two representations are duals: turning
around vertices for one data structure consists in turning around faces for the
other data structure. As seen in Section 5.5.4 page 182, it is easy to transform
one representation into its dual. Let us call nexty, previousy and oppositey
the pointers of the dual representation, the following properties hold for each
half-edge h and its corresponding dual half-edge hg:

e oppositey(hg) =opposite(h);
e previous,(hg) =opposite(previous(h));
e nextq(hg) =next(opposite(h)).

Figure 9.3(b) shows the vertex-edge structure corresponding to
the face-edge structure represented in Fig. 9.3(a). For example,
opposite(4) =opposite(4) = 4, previousy(4) =opposite(previous(4)) = 5, and
nextq(4) =next(opposite(4)) = 8.

The half-edge data structure is equivalent to the corner table data struc-
ture [194]. Corners are equivalent to half-edges, next, previous and opposite
corners relations are equivalent to next, previous and opposite relations for
half-edges. Note that for triangular meshes, the corner table can be encoded
in a compact way by only two arrays of integers and a set of rules. Note also
that the half-edge data structure can be encoded in a similar compact way.

At last, the half-edge data structure has been extended in order to repre-
sent 2-manifolds with or without boundary [168].
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TABLE 9.3
Edge-use relations, and correspondence with 3-maps

name | vertex_ptr ccw_ptr cw_ptr radial_ptr mate_ptr
pointer to | vertex-use edge-use edge-use edge-use edge-use

in 3-maps | emby(d) Bo(d) B1(d) Ba2(d) B3(d)

9.2.3 Radial-edge

The radial-edge data structure was defined in [215] as an extension of the
winged-edge data structure, in order to represent 2D mon-manifolds, i.e. 2-
dimensional complexes: remember that a 2-dimensional complex can be con-
structed by adding isolated i-cells, for 0 < ¢ < 2, and by identifying isomorphic
j-cells, for 0 < 7 < 1. So, more than two faces can be incident to the same
edge; vertices or edges can exist, such that they are not incident to a face.

The main notion of a radial-edge data structure is the edge-use element.
Let (f,e) be any pair of incident face and edge. Two edge-use elements are
associated with (f,e). More precisely, remember that f can be oriented by
defining a coherent orientation of its incident edges; then each edge-use as-
sociated with (f,e) corresponds to a possible coherent orientation of f and
e.

Several relations are defined on edge-use elements. Let f be a face and e
be an edge incident to f:

e the edge-use elements associated with f are organized into two inversely
oriented cycles, according to ccw_edge_use; cw_edge_use is the inverse of
ccw_edge_use;

e let f/ be a face such that it is directly adjacent to f by e, i.e. f and f’
share e and, starting from f, f’ is reached by turning around e without
traversing another face. The two coherently oriented cycles of edge-use
elements corresponding to (f,e) and (f,e’), according to their direct
adjacency, are linked by radial_edge_use;

e the two edge-use elements corresponding to (f,e) are linked by
mate_edge_use.

Figure 9.4(b) shows an example of radial-edge data structure, which rep-
resents a 2D object embedded in R, composed by three square faces incident
to an edge. Only edge-uses are drawn in this figure, represented by arrows,
some of them being numbered. For example ccw_ptr(l) = 7, cw_ptr(1) = 8,
radial_ptr(1) = 2 and mate_ptr(1) = 6.

In addition to the list of edge-uses, ten other entities are represented and
linked together. There are six “topological entities”: model is the 3D modeling
space, region is a volume, shell is a boundary surface, face-use is one face,
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(single vertex shell case)

(single vertex loop case)

(a) (b)

FIGURE 9.4
(a) The eleven topological elements of the radial-edge data structure.
(b) Radial-edge representation of three square faces incident to a same edge.

loop-use is a boundary of a face, vertez-use is a vertex; and four “geomet-
rical entities”: face, loop, edge and wvertexr, which contain the corresponding
geometric information and/or attributes associated with the “topological en-
tities”. Top-down and bottom-up hierarchical relationships are represented,
i.e. each topological entity of dimension ¢ has a list of its incident elements
of dimension 7 — 1 and i + 1. Wireframe allows to represent paths of isolated
edges which do not belong to a boundary of a face, and single vertex allows to
represent isolated vertices, either in a shell or in a loop. Figure 9.4(a) shows
these different entities and their links.

The radial-edge data structure has been designed in order to represent
the topology of 2-dimensional complexes embedded in R3. Thus, solids can be
implicitly represented by their boundary surfaces, and assemblies of such solids
can be represented by the radial-edge data structure. So, this structure makes
it possible to represent 3-dimensional subdivided objects. More precisely, if
the topology of a 2D complex is described, there is no reason to define an
order between the faces, through the different pointers acting on the edge-
use elements. Take for instance three edges, choose one vertex for each edge,
and identify these three vertices: you get a 1-dimensional complex. Embedded
in R3, there is no order defined on the adjacent edges. But if the object
is embedded into R?, an order can be defined on the edges, corresponding
to the fact that faces exist (in this case, one face around the edges); the
object with its embedding space is a 2-dimensional manifold. This is similar for
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TABLE 9.4
Oriented-edge relations, and correspondence with 3-maps
name | svert sedg sfac snxt ssym radial
pointer to | vertex edge face oriented- oriented- oriented-

edge edge edge
in 3-maps | embo(d) embi(d) embs(d)  B1(d) B2(d) B3(d)

the radial-edge data structure. Basically, edge-use elements plus the relations
defined on them, i.e. the underlying ordered structure, define 3-dimensional
oriented quasi-manifolds. Note that this ordered structure is equivalent to 3-
maps, as illustrated in Table 9.3. The other elements of the radial-edge data
structure generalize the set of objects which can be represented; for instance,
the boundary of a face can be made of several cycles of edges; the boundary
of a face can be made of a single vertex; a vertex can be incident to a volume
and to a path of edges which are not incident to higher dimensional cells, etc.

9.2.4 Handle-face

The handle-face data structure [169] is an extension of the half-edge data
structure, designed in order to describe 3D orientable quasi-manifolds with or
without boundary. It is very similar to the radial-edge data structure.

The main notion is the oriented edge; an oriented edge corresponds to an
edge-use element in the radial-edge data structure, and to a dart in a 3-map:
cf. Table 9.4. Oriented edges represent the boundary of half-faces, thanks to
pointer snzt, and they are linked with their belonging cells. There are two
pointers ssym and radial, which link neighbor oriented edges into pairs 2.

The handle-face data structure makes it possible to represent 3D quasi-
manifolds with boundary; thus, the radial pointer is defined only for edges that
do not belong to a boundary. Note also that the radial pointer defined here
links two opposite half-faces; in the original radial-edge data structure, the
radial pointer links two edge-use elements, i.e. two opposite half-faces along
an edge.

In addition to the oriented edges, nine other entities are represented and
linked together: 3-manifold, surface, boundary surface, face, half-face, edge,
surface-edge, vertex and surface vertex. Each entity has two different versions,
depending if it belongs to a boundary or to the interior. Moreover, top-down
and bottom-up hierarchical relationships are represented, i.e. each topological
entity of dimension ¢ has a list of its incident elements of dimension 7 — 1 and
i+1. For this reason, this data structure is, similarly to the the radial-edge data

2Note that in the paper [169], these two last pointers belong to the surface edge node,
and not to the oriented edge node; but the two solutions are equivalent.
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structure, a mix between an incidence graph and an ordered data structure.
Several constraints are defined between the different relations in order to guar-
anty the topological validity of the model (for example ssym(ssym(oe)) = oe
or radial(radial(oe)) = oe).

Partial Entity Structure [159] and Open VolumeMesh [150] are very similar
to the radial-edge and to the handle-face data structures: their basic element is
also a kind of half-edge, with a relation defined in order to describe half-faces,
plus a radial and an opposite pointers, and additional entities and top-down
and bottom-up relations between these entities.

9.2.5 Nef Polyhedron

A n-dimensional Nef-polyhedron is defined as the set of points in R™ gener-
ated by a finite number of intersection and complement operations of open
halfspaces. So, Nef polyhedra can be n-dimensional manifolds with or with-
out boundary, or non-manifolds mixing different dimensional parts. They were
first defined by the mathematician W. Nef [182, 24]. Data structures, algo-
rithms and implementation are described in [131], and [130] provides a free
available implementation in 3D.

The main interest of Nef-polyhedron is to be closed for Boolean operations,
which are set union, set intersection, set difference, set complement, interior,
exterior, boundary, closure. The main difference between Nef-polyhedra and
other data structures introduced in this chapter is the fact that the definition
of Nef-polyhedra is a geometric one (intersection of halfspaces), and not a
topological one. For this reason, it is not possible here to make a clear distinc-
tion between the combinatorial part of the data structure and its embedding.
Due to these intrinsic differences, a comparison is not directly possible between
Nef polyhedra, and n-maps and n-Gmaps.

9.3 Orientable and Nonorientable Cellular Quasi-
Manifolds

9.3.1 Quad-edge

The basic element of the quad-edge data structure [127] is the quad-edge,
i.e. an oriented and directed edge. Let e be an edge, and let vy, va, f1, fo
be its incident vertices and faces. Intuitively, a direction of e corresponds
to the choice of v; or vy as origin vertex, the other being the destination
vertex (the edge is directed from its origin to its destination). Similarly, an
orientation of e corresponds intuitively to the choice of f; or fo (the edge is
oriented towards a face; this corresponds to a clockwise or counterclockwise
orientation, according to vy or vy). Since the direction and the orientation are
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TABLE 9.5
Quad-edge relations, and correspondence with 2-Gmaps

name data dual flip onext sym
pointer to | vertex quad-edge quad-edge quad-edge quad-edge
in 2-Gmaps | embg(d)  dual(d) as(d) az(ar(d))  as(ap(d))

independent, four quad-edges are associated with each edge. Moreover, the
quad-edge data structure simultaneously represents the primal and the dual
subdivision: so, a dual edge (i.e. four quad-edges) of the dual subdivision is
associated with any edge (i.e. four quad-edges) of the primal subdivision.

Several functions are defined on the quad-edges. Given a quad-edge e,
sym gives the quad-edge describing the same edge with the opposite direc-
tion and the same orientation; flip gives the quad-edge describing the same
edge with the same direction and the opposite orientation; dual gives the
dual quad-edge, and onext gives the next quad-edge around the origin vertex
(considering the orientation of the quad-edge). Several constraints are defined
between these relations in order to guaranty the topological validity (for ex-
ample flip(flip(e)) = e, flip(onext(flip(onext(e)))) = e, where flip = dual o
sym o dual). It is shown in [127] that it is possible to retrieve all topological
relations for a given oriented and directed edge: its origin/destination vertex,
its left /right face and its next/previous edge around a vertex/face.

The quad-edge data structure makes it possible to represent orientable and
nonorientable 2D manifolds without boundary. It is equivalent to 2-Gmaps,
when a 2-Gmap and its dual are handled simultaneously: cf. Table 9.5.

Figure 9.5(a) shows a quad-edge data structure representing the 2D object
given in Fig. 3.4(a) page 56; Fig. 9.5(b) shows the two corresponding 2-Gmaps.
For example sym(1) = 3, dual(1) = 1’, onext(1) = 8, data(1) = v, flip(1) = 2.

In [127], authors defined rot(e) as a shortcut for dual(flip(e)). Thanks to
this shortcut, all relations can be retrieved by a composition of a constant
number of rot, onext and flip. For example sym(e) = rot(rot(e)), dual(e) =
rot(flip(e)), oprev(e) = rot(onext(rot(e))) (oprev(e) being the previous quad-
edge around the origin vertex) and Inext(e) = rot(onext(rot(rot(rot(e)))))
(Inext(e) being the next quad-edge around the left face).

The structure is implemented using quarter-records: a quarter-record is an
array of four nonoriented quad-edges, corresponding to an edge. A quad-edge
is represented by a triple (e, r, f), where e is a quarter-record, r is the index
of the corresponding nonoriented quad-edge in this quarter-record, and f is a
Boolean indicating the orientation of the quad-edge. Each nonoriented quad-
edge contains a pointer to its belonging cell (a vertex for a primal quad-edge,
and a face for a dual quad-edge), and two pointers to nonoriented quad-edges
in order to encode rot and next. Note that this representation is an efficient
way to represent the theoretical model, and such technique can be used for
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FIGURE 9.5

(a) Quad-edge representation of the 2D quasi-manifold without boundary
given in Fig. 3.21(a) page 73. The four pointers from quad-edge 1 are drawn
by arrows. Dual darts are drawn in grey.

(b) The two corresponding 2-Gmaps. Primal is drawn in black, and dual in
grey (aq is not drawn for the dual).

the other structures presented above (for example 2-maps, 2-Gmaps or half-
edges).

9.3.2 Facet-edge

The facet-edge structure [93] is the 3D extension of the quad-edge structure.
Let f be a face and e be an edge of a 3D manifold. Two coherent cycles of edges
can be associated with f, corresponding to its two orientations. Similarly (and
by duality), two coherent cycles of faces can be associated with e, according to
the chosen direction of rotation around e. Intuitively, the basic element of the
facet-edge structure is the facet-edge pair a = (e, f), where face f is incident
to edge e. Four facet-edge elements correspond to a facet-edge pair, depending
on the two directions of the rings around e and f.

Four functions are defined on the facet-edge elements: fnext gives the
next facet-edge element in the facet-ring, i.e. the facet-edge element with the
same edge and the next facet; enext gives the next facet-edge element in
the edge-ring, i.e. the facet-edge element with the same facet and the next
edge; rev corresponds to the same facet-edge pair, but considering the facet
with its opposite direction; clock corresponds to the same facet-edge pair, but
considering the edge and the facet with their opposite directions. Moreover
the dual is also described; thus, each facet-edge element is associated with its
dual, thanks to the dual function.

The facet-edge structure allows to represent orientable and nonorientable
3D quasi-manifold without boundary. It is equivalent to 3-Gmaps, when a
3-Gmap and its dual are simultaneously represented: cf. Table 9.6.
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TABLE 9.6
Facet-edge relations, and correspondence with 3-Gmaps

name | aOrg Sdual eNext fNext Rev Clock
pointer to | vertex  fe-pair fe-pair fe-pair  fe-pair  fe-pair
in 3-Gmaps | embo(d) dual(d) ai(ao(d)) az(asz(d)) asz(d) ap(as(d))

Eight facet-edge elements correspond to each facet-edge pair: four clocked
and oriented versions of the facet-edge, plus four clocked and oriented ver-
sions of its dual representation. In [93], the authors define a data structure
extending the quad-edge data structure, in order to get a compact encoding:
only four facet-edge pairs are represented in a 2 X 2 matrix, each facet-edge
pair being retrieved by a pointer to the matrix plus two indices, and only two
pointers are explicitly represented: data and next. Once again, such compact
representation can also be adapted to encode other models.

9.3.3 Cell-tuple

Brisson [38, 39] studied the representation of subdivisions of n-dimensional
manifolds without multi-incidence. He pointed out the important relations
between incidence graphs and what he called “ordered models”, making it
possible to:

e formally define properties satisfied by incidence graphs which corre-
spond to quasi-manifolds;

e conceive operations for converting equivalent incidence graphs and or-
dered models.

More precisely, let M be a n-dimensional subdivided manifold without
boundary, such that no multi-incidence occurs. M is thus a regular CW-
complex?: its structure can be described unambiguously by an incidence graph.
Since M is a manifold, it satisfies particular properties studied by Brisson,
mainly the switch property (cf. Section 8.2.4). Let (¢;—1, ¢;, ¢i+1) be three inci-
dent cells of respective dimensions i—1, 4,741, for 0 < ¢ < n (a fictive (—1)-cell
(resp. (n + 1)-cell) is added, incident to all O-cells (resp. all n-cells)). Then
switch(ci—1, ¢i, ¢it1) = ¢, such that ¢} is the only i-cell different from ¢;, which
is also incident to both ¢;—; and ¢; 1. Consequently, switch(c;—1, ¢}, ¢iv1) = ¢;.
Operator switch is thus an involution on the set of triples of incident cells of
consecutive dimensions.

Let C be the set of cell-tuples, i.e. any element (co,...,¢;,...,c,) of C is
such that:

3 Regular means that no multi-incidence occurs.
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o the dimension of cell ¢; is 7, for 0 < j < n,
e ¢; is incident to c¢j41, for 0 < j <n —1.

(i + 1) operators switch; : C' — C can be deduced from operator switch,
by:

- /
SWitCh;(Coy - vy Cim1y Ciy Cig 1y ey Cn) = (COy e vy Cim1y Chy Cigly ey Cn)

where ¢, = switch(c;—1, ¢, ¢iv1). Any switch; operator is thus an involution
on C. (C,{switch;}) is a cell-tuple structure. Note that it is easy to prove
that switch; o switch; is an involution, for 0 < j <7 —2 < i < n. So, any n-
dimensional cell-tuple structure is a n-Gmap: cell-tuples correspond to darts,
and for 0 < i < n, switch; corresponds to ;.

So, starting from subdivisions of manifolds without multi-incidence, Bris-
son:

e pointed out and studied the properties of the associated incidence
graphs;

e deduced the notion of cell-tuple structure;

e showed the link with the barycentric triangulation of the manifold (cf.
Section 8), establishing thus the link between incidence graphs, cell-
tuple structures and their simplicial analogs;

e showed the relations between the cell-tuple structure and close struc-
tures of lower dimensions, namely the quad-edge structure and the facet-
edge structure.

Brisson restricted his work to subdivided manifolds without multi-
incidence. In fact, the property characterizing manifolds, i.e. the neighborhood
of any point is homeomorphic to a ball, is not a combinatorial property: as
far as we know, it is not possible to take this property into account within a
combinatorial structure. So, the results established by Brisson, which are com-
binatorial ones, can be generalized, namely for n-surfaces, the corresponding
n-Gmaps and their simplicial analogs.
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Concluding Remarks

Numerous data structures and operations have been proposed in order to
represent and handle subdivided geometric objects, for various applications
within different fields, e.g. geometric modeling, computational geometry,
discrete geometry, computer graphics, image processing and analysis, etc.
[17, 8, 167, 214, 127, 107, 215, 93, 102, 87, 38, 163, 162, 94, 10, 195, 128,
170, 181, 203, 108, 57, 39, 132, 183, 153, 165, 104, 184, 154, 110, 49, 19, 159,
31, 45, 90, 84, 88, 66, 175, 185, 157, 60, 50, 158].

All structures are based on the representation of the structural information
(topology), the shape (embedding) being represented by attributes associated
with the cells. This distinction between topology and embedding makes it
possible to easily define different data structures corresponding to different
embedding requirements (linear, curved embeddings); this simplifies also the
definition of operations and the reuse of software parts.

Note (and this is reassuring) that the proposed solutions are often similar,
whatever their original field is. More precisely, most topological models
conceived for representing the structural information of subdivisions fit into
a general frame.

General frame

Simplicial structures are the basis of this frame. Two classes can be distin-
guished:

e one is related to abstract simplicial complexes, and multi-incidence be-
tween simplices is not taken into account. So, such structures are usually
linearly embedded, i.e. as simplicial complexes. Basic operations as iden-
tification of vertices can lead to identify other simplices, or to degenerate
simplices;

e the other one is related to (semi-)simplicial sets, and multi-incidence is
taken into account. So, such structures can be embedded with curved
shapes, for instance triangular Bézier spaces. Basic operations modify
only the simplices on which they are applied.

Operations for converting abstract simplicial complexes and semi-
simplicial sets satisfying some properties have been conceived. Moreover, op-
timized structures have been conceived in order to represent subclasses of

351
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abstract simplicial complexes or semi-simplicial sets, mainly for representing
objects close to (quasi-)manifolds (see for instance [183, 90]). For instance:

e quasi-manifolds are defined as objects one can construct by adding n-
simplices and by identifying (n—1)-simplices, in such a way that at most
two n-simplices share a (n — 1)-simplex. This definition is consistent for
semi-simplicial sets. But several problems arise when applied to abstract
simplicial complexes, since the identification of simplices can lead to the
degeneracy of simplices [89];

e optimized data structures have been proposed in order to represent
quasi-manifolds; mainly, n-simplices are represented, together with ad-
jacency relations between n-simplices.

Simplicial objects are well-known in combinatorial topology: several
operations have been defined, as many topological properties and methods for
computing these properties. The fact that the general frame for the definition
of structures for representing subdivisions is based upon simplicial structures
is thus very interesting, since many notions, constructions, properties and
algorithms can be extended for the other structures of this frame. For
instance, it has been possible to extend the definition of cartesian product
from simplicial sets to combinatorial maps [166]; similarly, a topological
property, namely homology, has been directly defined on combinatorial maps,
inspired by the corresponding definition for semi-simplicial sets [78, 4].

Cubic and simploidal structures have been defined in order to represent
subdivisions with cubic cells, and more generally with simploidal cells. They
are based upon simplicial structures, and cartesian product [185, 186]:

e a 2-dimensional cube is the cartesian product of two 1-dimensional
cubes, i.e. two edges; more generally, a n-dimensional cube is the carte-
sian product of n edges. It is possible to deduce cubic sets from semi-
simplicial sets: cubes are the basic elements (as simplices are the basic
elements of semi-simplicial sets), and they are linked by face operators;

e more generally, a simploid is the cartesian product of simplices of any
dimension; for instance, a prism is the cartesian product of an edge and
a triangle. Simploidal sets have been deduced from semi-simplicial sets:
their basic elements are simploids, which are linked by face operators.

Such structures can be useful for image processing and analysis (since
pixels, voxels, and more generally the basic elements of images, are associated
with n-cubes), and also for computer graphics, geometric modeling or com-
putational geometry, for handling assemblies of curved geometric simploids.
As for simplicial structures, optimized structures for representing subclasses
of cubic and simploidal sets can be defined.
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A main interest of structures with regular cells is the fact that consistency
constraints are taken into account within their definitions, and that they are
more efficient than cellular structures for representing subdivisions with reg-
ular cells. The counterpart is the fact that subdivisions with any cells cannot
be directly represented. When such a subdivision has to be represented, it is
necessary to arbitrarily subdivide the cells, and to add information in order
to memorize the initial cells. Moreover, several operations which naturally
produce any cells (as Boolean operations, for instance) cannot be directly
applied on such structures with regular cells.

Cellular structures are also based upon simplicial structures: a numbering
mechanism makes it possible to implicitly define cells as particular subsets of
simplices. Mainly two classes of cellular structures can be distinguished:

e one is related to incidence graphs; they correspond to abstract simplical
complexes structured into cells, and multi-incidence between cells is not
taken into account. Incidence graphs do not naturally integrate consis-
tency constraints about cells: so, cells can be complexes, and not even
quasi-manifolds. Consistency constraints have to be explicitly checked,
for instance based upon the definition of n-surfaces (remember that
n-surfaces are a subclass of incidence graphs corresponding to quasi-
manifolds). In order to simplify, incidence graphs are often linearly em-
bedded by associating convez spaces with cells; cells are thus homeomor-
phic to balls, and such embedded incidence graphs correspond to regular
CW -complezes'. Since the structure itself does not integrate consistency
constraints, operations have to take these constraints into account, but
it is usually difficult. For instance, many operations, usual in Geometric
Modeling, do not produce convex cells;

e the other one is related to combinatorial maps; they correspond to semi-
simplicial sets structured into cells, and multi-incidence between cells is
taken into account. Combinatorial maps naturally integrate consistency
constraints: mainly cells are quasi-manifolds. Since constraints are taken
into account within the structure definition itself, operations can be eas-
ily defined. Moreover, combinatorial maps can be embedded linearly, or
by associating curved spaces with cells. Combinatorial maps can thus
be used for a larger class of applications than incidence graphs. The
drawback is the fact that combinatorial maps, when equivalent to inci-
dence graphs, are generally more space consuming; note that the ratio is
usually not important for applications in geometric modeling, computa-
tional geometry, discrete geometry, computer graphics, image processing
and analysis; and operations for handling combinatorial maps are less
time consuming than operations for handling incidence graphs, since
more constraints have to be checked for these last ones.

1 Regular mainly means that no multi-incidence occurs between cells.
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Operations for converting incidence graphs and combinatorial maps
satisfying both some properties have been conceived. Moreover, optimized
structures have been defined in order to represent subclasses of subdivisions,
as n-Gmaps for n-dimensional quasi-manifolds and n-maps for n-dimensional
oriented quasi-manifolds. Contrary to incidence graphs, the fact that sub-
classes are represented is taken into account within the structure definition,
leading to optimization?.

This general frame for the definition of structures representing subdi-
visions is thus sound, since it is based upon simplicial structures, and safe
mechanisms (cartesian product, numbering for implicit definition of cells). It
is large, from structures with regular cells to structures with any cells, from
complexes to oriented quasi-manifolds. Optimization mechanisms exist, for
defining structures suited for subclasses of subdivisions. Given an application,
it is thus possible to define a structure, well-suited to the requirements of the
application.

Model choice

The choice of a topological model obviously depends on the “nature” of
objects one intends to handle, and also on the operations which have to be
applied, the space/time complexity and the complexity of software develop-
ment [21, 96]. Tt is thus a classical problem: choosing a data structure, taking
into account:

1. the “nature” of objects, i.e. the topological properties satisfied by the
objects. It is possible to always use a general structure conceived in or-
der to represent “any” cellular complex, but it is often space consuming,
maybe also time consuming, since more information has to be handled
compared to an optimized structure. It is also obvious that using a struc-
ture conceived for a subclass in order to handle subdivisions of a larger
class can lead to important errors. For instance, even if it is intuitively
possible to deduce an incidence graph from a subdivision in which some
cells are multi-incident to other cells, the formal interpretation of the
resulting incidence graph does not correspond in any way to the initial
subdivision;

2. the operations applied to the objects. It is impossible to define some
operations for some structures, since these operations naturally create
objects which do not satisfy the implicit properties of the structures
(e.g. Boolean operations for simplicial objects);

2p-surfaces are incidence graphs satisfying some structural property. This property does

not lead to an optimized representation, and it has to be checked in order to know if an
incidence graph represents a quasi-manifold. Conversely, there is a bijection between n-
Gmaps and quasi-manifolds, and n-Gmaps is an optimized representation, compared to
chains of maps, which have been designed for representing cellular complexes.
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3. the space/time costs of structures and operations. Given a class C of
subdivisions (e.g. quasi-manifolds), a structure Sp, corresponding to a
larger class L (e.g. cellular complexes) uses generally more memory space
than an optimized structure S¢ corresponding to C': this corresponds to
the fact that some information is explicit within Sy, and implicit within

Sc.

It is clear that the time complexity of operations has also to be taken into
account: when some operations often need to make explicit some implicit
information, a less efficient model (according to space complexity) could
be a better choice. For instance, it is possible to represent a polyhedron
by a list of faces, but adjacency and incidence relations are thus not
explicitly represented; so, this representation is often not efficient when
constructing objects, since adjacency and incidence information are used
by many construction operations. Conversely, many algorithms do not
need all information contained in the whole geometric data structures,
and specialized structures can be a better choice [190] (e.g. a list of faces
for some rendering algorithms).

4. the cost of operation conception. For instance, the definitions of several
structures do not take into account the constraints of consistency which
have to be satisfied by the represented objects (e.g. an edge incident
to three vertices can be represented by an incidence graph). The con-
struction process has thus to control the object validity. For instance,
FEuler operators have been defined in order to construct any subdivision
of any orientable surface without boundary [173, 171]: each operator
simultaneously creates or removes several cells; so, the conception of
Euler operators for handling incidence graphs, even if not complicated,
is not so easy than the conception of other basic operations defined
for handling structures in which the constraints of consistency are di-
rectly taken into account, e.g. inserting a dart and sewing for n-Gmaps.
Moreover, Euler operators have never been generalized for constructing
n-dimensional quasi-manifolds; is it inefficient, difficult or both?

So, it is clear for us that “one best structure” does not exist, but some
structures can be well suited for particular processes. Thus, conversion
algorithms which can be deduced from the general frame presented in this
book are very important for practical purposes.

Combinatorial maps
When cellular objects have to be handled for some reason (“nature” of
represented objects, or specificities of operations), we think that combinatorial

maps are a good starting point for the design of a data structure:

1. consistency properties are taken into account in the very definition
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of combinatorial maps. For instance, any n-Gmap represents a n-
dimensional quasi-manifold. So, any operation constructing an n-Gmap
construct a valid quasi-manifold; it is not necessary to control its validity
through Euler operators, for instance;

2. few basic operations make it possible to construct any combinatorial
map. It is possible to conceive many low- or high-level operations, in
order to satisfy different construction needs for various applications,
and to prove the validity of these operations;

3. local operations can be defined, for carefully controlling the modifica-
tions of the object during its construction. Global operations have also
been defined, based on these local operations, for instance for differ-
ent processes related to geometric modeling, computational geometry,
discrete geometry, computer graphics, image processing and analysis;

4. optimized structures can be defined for the efficient representation of
subclasses of cellular subdivisions. Since the structures are close to each
other, it is possible to:

e cither reuse for a structure parts of a software conceived for another
structure;

e cither conceive the software in order to efficiently implement several
structures;

5. combinatorial maps are based on a single type of elements, i.e. the darts,
and functions between darts satisfying clear and simple consistency con-
straints. This simplifies the implementation of related data structures
and algorithms.

For representing subdivisions of the plane, and more generally surface sub-
divisions, 2-maps and 2-Gmaps correspond to the kernel of other well-known
data structures. This makes it possible to clearly distinguish the structure
information from the shape information or redundant information added for
optimizing some processes. Based on combinatorial maps, several implemen-
tations have been proposed, including more or less explicit information, in
order to get efficient data structures.

Advantages of combinatorial maps increase for higher dimensions, since
defining specific data structures becomes more difficult. It is thus possible to
safely conceive many local and global construction operations, operations for
computing topological properties, and to deduce efficient implementations for
different types of (linear or curved) embeddings.

More specifically, both m-maps and n-Gmaps correspond to quasi-
manifolds with or without boundary, but n-maps represent orientable
quasi-manifolds while n-Gmaps can also represent nonorientable ones.
However the two structures have their one advantages, and the choice of one
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of them depends on the needs of your specific application. For instance, the
definition of n-Gmaps is “homogeneous”, since all functions are involutions.
This simplifies the definitions of related notions and the conception of
algorithms. The definition of n-maps is more complex since 3y is a partial
permutation while other J; are partial involutions. However n-maps use
twice less darts than n-Gmaps for representing an orientable object. Thus
if memory footprint is a crucial criterion for your application, and if only
orientable objects are handled, using n-maps is perhaps a better solution.
But if nonorientable objects are handled, or if you want to simplify the
implementation of operations by avoiding special cases, which are sometimes
complex, using n-Gmaps is perhaps a better solution.

Some references about n-Gmaps and n-maps

n-maps and n-Gmaps are used for many different works in geometric mod-
eling, computational geometry, discrete geometry, computer graphics, image
processing and analysis, for instance:

e 2D and 3D image segmentation and processing: segmentation [36, 16, 95,
40, 110, 42, 41, 33, 32, 35, 19, 34, 20, 26, 144, 31, 43, 63, 66, 25, 175, 67,
59, 99, 98, 14, 73], discrete operations [81, 82, 100], robust region filling
[65], contour approximation [68, 69], deformable model [101, 75, 74];

e definition of hierarchical models based on combinatorial maps, and use
of these hierarchical models for different applications: [44, 46, 45, 198,
199, 72, 200, 197, 147, 112, 118, 121, 148, 113, 122, 120, 119, 210, 209];

e definition of comparison tools of combinatorial maps; isomorphism and
subisomorphism [71, 70, 83, 202], combinatorial map signature [123,
124], frequent submap discovery [124], edit distance [51, 52, 213, 53];

e definition of generic operations: removal and contraction [77, 72, 112,
113], insertion and expansion [13], chamfering [156], compression [190,
106], thickening [28], cartesian product [166];

e computation of topological invariants: incremental Euler-Poincaré char-
acteristic [80], canonical polygonal schema [64], Betti numbers and ho-
mologie groups [78, 187, 79, 6, 188, 76];

e geometric modeling for geology, architecture, etc. [21, 7, 29, 30, 114,
126, 135, 136, 11];

e animation and simulation for computer graphics: [205, 27, 201, 160, 161,
177, 176, 22, 138, 23, 111].

Several libraries implement some combinatorial maps and high level oper-
ations, for instance:
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e the “Combinatorial maps” package in CGAL [61] is a generic imple-
mentation of n-maps, the “Linear cell complexes” package [62] is the
embedding layer;

e CGoGN [149] is a library implementing n-maps and n-Gmaps, and hi-
erarchical structures deduced from them, for n = 1,2, 3;

o Girl [117] is a 2D image processing software based on 2-maps;
o MoOKA [211] is a geometrical modeler based on 3-Gmaps.

Note that these libraries implement n-maps or n-Gmaps for different n and
various uses, depending on the specific needs of the addressed applications.
This illustrates once again the interest of the generic definitions of n-maps
and n-Gmaps, which are versatile enough for various applications of geomet-
ric modeling, computational geometry, discrete geometry, computer graphics,
image processing and analysis, etc.
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