
Based on the authors’ extensive work in this field, Dynamics of the 
Chemostat: A Bifurcation Theory Approach explores the use of 
bifurcation theory to analyze the static and dynamic behavior of the 
chemostat.

The authors first survey the major work that has been carried out 
on the stability of continuous bioreactors. They next present the 
modeling approaches used for bioreactive systems, the different 
kinetic expressions for growth rates, and tools, such as multiplicity, 
bifurcation, and singularity theory, for analyzing nonlinear systems.

The text moves on to the static and dynamic behavior of the basic 
unstructured model of the chemostat for constant and variable 
yield coefficients as well as in the presence of wall attachment. It 
then covers the dynamics of interacting species, including pure and 
simple microbial competition, biodegradation of mixed substrates, 
dynamics of plasmid-bearing and plasmid-free recombinant 
cultures, and dynamics of predator–prey interactions. The authors 
also examine dynamics of the chemostat with product formation 
for various growth models, provide examples of bifurcation theory 
for studying the operability and dynamics of continuous bioreactor 
models, and apply elementary concepts of bifurcation theory to 
analyze the dynamics of a periodically forced bioreactor.

Using singularity theory and bifurcation techniques, this book 
presents a cohesive mathematical framework for analyzing and 
modeling the macro- and microscopic interactions occurring in 
chemostats. The text includes models that describe the intracellular 
and operating elements of the bioreactive system. It also explains 
the mathematical theory behind the models.
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Preface

Since its invention in the late forties of the last century, the chemostat has
become a ubiquitous tool for studying microbial physiology and metabolism.
Despite its simplicity, the chemostat is known to often present operational
problems that manifest themselves in the form of multiple steady states and
the occurrence of undesired oscillations for some range of operating parameters
of the unit. These instabilities can pose safety hazards and adversely affect
the optimization of the bioreactive system. An early detection of difficult
operating regions in the bioreactor would allow the removal or at least the
reduction of these operational problems in the early stage of process design,
and this would ultimately improve the operability of the unit.

The study of the stability of the chemostat for various biological systems
has been receiving attention in the literature since the sixties. The models
used for these studies varied in complexity and included combinations of
(un)structured and (non)segregated models. The tools, on the other hand,
used for the stability analysis included linearized stability, continuation tech-
niques, and arguments from the theory of asymptotically autonomous systems
as well as the singularity theory. The latter approach found considerable ap-
plications in chemical reaction engineering due to the work of Balakotaiah
and Luss in the 1980s [42, 43, 44, 45, 46] on the analysis of the multiplicity
of the continuous stirred tank reactor. The singularity theory can provide a
useful framework for classifying branching phenomena in which different types
of multiplicity of the nonlinear model can be delineated. This classification is
usually combined with the construction of bifurcation diagrams that can yield
substantial information on the prevailing dynamics. These diagrams can also
be used to determine if the model supports the steady state and dynamic be-
havior observed experimentally, and can also guide the design of experiments.

The first application of the singularity theory to study the behavior of the
chemostat was carried out by Ajbar and Ibrahim [26] in the late nineties who
analyzed the multiplicity of the basic unstructured model of the chemostat
with substrate inhibition and constant yield coefficient. This book is based on
the work of the author that covered various applications of the use of elemen-
tary concepts of bifurcation theory to analyze the static and dynamic behavior
of the chemostat. The book’s organization includes three introductory chap-
ters: The first chapter includes a survey of the major work carried out in
the literature for the study of stability of continuous bioreactors. The second
chapter presents the different modeling approaches used for the description

xiii
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of the bioreactive system, as well as an overview of the different kinetic ex-
pressions for growth rates. The third introductory chapter presents a practical
introduction to some tools used for the analysis of nonlinear systems. These
include concepts of multiplicity, bifurcation as well as an introduction to the
singularity theory. The book is afterwards divided into five application parts.
The first part (Chapters 4 and 5) studies the static and dynamic behavior of
the basic unstructured model of the chemostat for both cases of constant and
variable yield coefficients as well as in the presence of wall attachment.

The second part (Chapters 6–10) deals with the dynamics of interacting
species, including pure and simple microbial competition, biodegradation of
substitutable substrates, dynamics of plasmid-bearing and plasmid-free re-
combinant cultures, and dynamics of predator–prey interactions. The third
part (Chapters 11–13) covers the dynamics of chemostat with product forma-
tion for various growth models. The fourth part (Chapters 14–17) provides
examples of the use of bifurcation theory to study the operability and dynam-
ics of some models of continuous bioreactors. A final chapter (Chapter 18) is
devoted to the application of elementary concepts of bifurcation theory to an-
alyze the dynamics of a periodically forced bioreactor. The book also includes
an appendix that provides some theoretical background that supplements the
materials covered in the introductory Chapter 3. These include the implicit
function theorem, Lyapunov–Schmidt reduction technique, and center mani-
fold theory, as well as some tools used to analyze the dynamics of periodically
forced systems.



Chapter 1

INTRODUCTION TO STABILITY

OF BIOREACTORS

1.1 Introduction

Nonlinear models of continuous bioreactors are known to exhibit a variety of
phenomena ranging from steady-state multiplicity to sustained oscillations.
The study of the complex behavior exhibited by these models is not only of
theoretical relevance, for these phenomena are rather common in a number
of processes. Examples include the multiple steady states exhibited by some
cultures [378, 379] and the oscillatory behavior observed during the continuous
growth of some populations [87, 151, 274] as well as the unstable behavior
found in continuous cultures of recombinant DNA [268]. Large fluctuations
or instabilities in bioreactors can pose safety hazards and adversely affect the
productivity of the unit.

In this regard, continuous cultures of Hybridoma cells, for instance, are
known to exhibit multiple steady states under specific operating conditions.
Studies showed that different steady states can be obtained when this mam-
malian cell culture, grown under the same operating conditions but different
initial metabolic states, is switched from fed-batch operation to continuous
mode [119, 379]. The existence of this complex behavior is attributed to the
existence of multiple metabolic pathways for cell growth, as Hybridoma cells
are known to utilize both glucose and glutamine as substitutable substrates
serving the needs of the cells [49, 377].

Continuous bioreactors are also known to exhibit complex oscillations.
Experimental observations of this behavior are numerous and are associated
with several microbial populations such as Saccharomyces cerevisiae [75, 177,
252, 270, 301, 343, 362], Klebsiella pneumoniae [246], and Zymomonas mo-
bilis [66, 87, 175, 243]. Saccharomyces cerevisiae, for instance, is an important
micro-organism in a number of industries, including, baking, food manufac-
turing, and genetic engineering. Different types of oscillatory behavior were
observed for the baker’s yeast. These behaviors, that include sudden appear-
ance and disappearance of oscillations, can occur in both anaerobic [75, 301]
and aerobic cultures under glucose-limited environments [290, 343]. The un-
derlying mechanisms behind such oscillatory behavior have been a subject
of intensive research in the literature [129, 177, 252, 270, 301, 343, 380]. In
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2 DYNAMICS OF THE CHEMOSTAT

strictly anaerobic conditions, it appears that it is the alternation of conflicting
effects of ATP (adenosine triphosphate) molecules on the glycolysis pathway
that causes the birth of oscillations [129]. In aerobic cultures, on the other
hand, the phenomenon is connected with a periodic change in the metabolic
pathway of the cell and a simultaneous synchronization of the budding pro-
cess [290, 343].

Zymomonas mobilis is another important micro-organism commonly used
to perform alcoholic fermentation for both food and energy purposes. Contin-
uous cultures of this micro-organism, using glucose as the main carbon source,
are also known to exhibit oscillatory behavior for long periods and for a wide
range of operating parameters [175, 243]. This adversely affects ethanol pro-
duction and reactor operability. The underlying cellular mechanisms causing
oscillations are different from those of S. cerevisiae, since Z. mobilis has spe-
cial metabolic features, as the micro-organism does not metabolize glucose
through the glycolytic pathway and cannot oxidize its carbon source. Various
studies [87, 175, 243] provided interpretation and modeling of the oscillatory
behavior in the continuous cultures of this micro-organism.

Steady-state multiplicity and oscillatory behavior are also known to occur
as a result of competition between various populations. An important exam-
ple is the problem of plasmid stability and strain reversion in recombinant
DNA cultures [150, 158]. In such cultures, the genetic modification usually
takes place through the insertion of a plasmid to code for the production of
a desired protein. In some cases, the plasmid is not transfered during repro-
duction introducing therefore a plasmid-free micro-organism into the process.
This variant, having a competitive advantage over the plasmid-bearing strain,
causes the instability of the bacterium-plasmid system. The study of the sta-
bility of such systems is important for the analysis of the outcomes of the
competition between plasmid-free and plasmid-bearing organisms.

Oscillatory behavior is also known to occur in predator–prey interac-
tions. Experimental evidence was reported in a number of biological sys-
tems [71, 103, 180, 241, 356] such as the predation by the amoebae Dic-
tyostelium discoideum on E. coli bacteria [356] and the simultaneous continu-
ous cultivation of Azotobacter vinelandii and protozoan T. pyriformis [180].

Steady-state multiplicity and oscillations also occur in bioreactors used for
wastewater treatment. Biological treatment processes are important units for
hazardous substance disposal. Static multiplicity was shown, for instance, to
occur in continuous nitrification processes [319], as well as in some activated
sludge reactors, where protozoa is known to prey on unflocculated bacteria
and induces predator–prey dynamics in the reactor [41].

The afromentioned studies recognize that metabolic regulation in the form
of control of enzyme synthesis and activity is responsible for nonlinear be-
havior in bioreactors. However, equally important are the findings that the
conditions for the existence of steady-state multiplicity and/or oscillatory be-
havior are strongly dependent on bioreactor operating conditions such as dilu-
tion rate, inlet feed conditions, dissolved oxygen concentration, and agitation
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speed. Therefore, while the cellular mechanisms for the occurrence of these
complex phenomena may still not be fully understood for a number of mi-
crobial systems, what is certain is that the occurrence of such phenomena is
caused by the mutual interactions between the microbial adaptation strate-
gies to the environment and the modifications produced in the culture broth
by both the cell metabolism and the dilution process [70]. This points to the
need to develop appropriate models that can describe the intracellular and
operating elements of the bioreactive system, but also to the need to use an
appropriate theoretical framework for the mathematical analysis of these mod-
els, especially given the large number of operating and kinetic parameters in
such systems.

1.2 Stability Studies of Continuous Bioreactors

As noted by Alhumaizi and Aris [33], it seems that one necessary requirement
for any chemical or biochemical reacting system to exhibit “exotic” behavior
such as multiplicity or oscillatory behavior is that it should have some kind of
“feedback mechanism.” Some intermediate species or products of the process
must be able to affect the rate of earlier steps. This effect may be thermal as in
the case of an irreversible exothermic chemical reaction, when the increase in
the temperature affects the reaction rate. The feedback may also be chemical
as in the case of nonmonotonic (or inhibited) growth or in autocatalytic (e.g.,
enzymatic) reactions, when a product of reaction increases the reaction rate
and thus its own production rate. In this regard, the study of the stability of
the continuous stirred tank bioreactor (CSTBR) (the famous chemostat) has
been receiving attention in the literature since the sixties. In the following, we
present a survey of some major studies that were carried out for the stability
analysis of these units.

The existence of multiple steady states in the chemostat with a single
substrate-inhibited growth was studied by Andrews [35] and by Chi et al. [78],
who showed the existence of two steady states with inhibitory substrates. The
authors also found that the region of multiplicity varies with substrate feed
concentration, activity of biological material on the reactor wall, and the rela-
tive surface area to volume ratio. Aris and Humphrey [37], on the other hand,
analyzed the multiplicity problem of the pure and simple competition char-
acterized by substrate inhibition. The authors found that the steady states
depend on the relative disposition of the growth curves of each species and
identified more than thirty distinct types of situations. The experimental ev-
idence for the existence of multiple steady states and the transition from one
state to another were presented, respectively, by Pawlowsky et al. [282] for
phenol oxidation and DiBiasio et al. [94] for methanol bioxidation. The ex-
periments included the determination of growth rate, yield, and intermediate
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metabolite concentration. This information was used to interpret the stability
behavior in terms of biochemistry and bioenergetics of substrate metabolism.
A theoretical investigation of dynamic behavior of the chemostat was carried
out by Agrawal et al. [7], while Mihail and Straja [247] carried out a theoreti-
cal analysis of the multiplicity of the chemostat with cell recycle and substrate
inhibition kinetics. The stability and multiplicity phenomena of the activated
sludge process were studied by Rozich and Gaudy [304] for a single species
system growing on a toxic waste, and by Bertucco et al. [59] for substrate in-
hibition kinetics and constant solids recycle. Sheintuch [318, 319] also carried
out a theoretical study of the stability of activated sludge reactors as well as
the continuous nitrification process. The authors found that under the same
operating conditions and with different initial conditions, a state of either
complete oxidation to nitrate or partial oxidation to nitrite could be reached.
Sidhu et al. [322] also studied the stability of the treatment of wastewaters
in the activated sludge process. Using a biochemical model consisting of two
types of bacteria and two types of ciliated protozoa, the authors studied the
performance of a single tank system compared to that of a two-reactor cascade
configuration. The authors [259] also carried out a study of the stability and
performance of flow reactors compared to membrane reactors, when the ki-
netics of the biodegradation are described by the Contois growth model [81].
Recently, the same authors [261] carried out a stability analysis of a struc-
tured model of activated sludge reactor. The biochemical processes occurring
within the reactor were represented by the activated sludge model number 1
(ASM1) [147].

The dynamic features of continuous commensalistic cultures with self and
cross inhibition were studied by Sheintuch [317], while a detailed bifurcation
analysis was carried out later by Parulekar and Lim [275]. The authors dis-
covered seven steady states in these systems, including a complete washout
state, two partial washout states, and four coexistence states.

The dynamics of recombinant cells, on the other hand, were investigated
by Chang and Lim [76] for a chemostat containing antibiotic resistant cells.
Both the existence of multiple steady states and the occurrence of oscillatory
behavior were examined. Sensitivity analysis for several kinetic parameters,
such as susceptibility of the plasmid-free cells to an antibiotic, were also carried
out. The stability of the chemostat for plasmid-bearing, plasmid-free mixed
recombinant cultures was studied, using local stability analysis by Ryder and
DiBiasio [311], and later in a more elaborate way by Stephanopoulos and
Lapidus [337]. The authors used a general method based on an index theory of
singular points to determine the stability portrait of competitive interactions
according to mutual dispositions of the growth curves. Recently, Alhumaizi et
al. [32] revisited the stability of recombinant DNA using elementary concepts
of singularity theory.

Smith and Waltman [329] compiled in their excellent book their exten-
sive work on the dynamics of the chemostat. They included, in particular,
the general chemostat, the competition on three trophic levels, the chemostat
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with an inhibition, and the variable yield model. The authors showed that
global stability results can be obtained in many of the studied systems. Zhang
and Henson [378] used the bifurcation theory to study the behavior of three
bioreactor models used for the growth of Hybridoma cells, Zymomonas mobilis
and Saccharomyces cerevisiae organisms. The authors illustrated the useful-
ness of bifurcation tools in analyzing the transient behavior of the chemostat.
The multiplicity of the well-known cybernetic model was, on the other hand,
analyzed in detail by Namjoshi et al. [254].

Other studies for bioreactor stability include the static multiplicity of a
temperature-controlled chemostat [197], where the problem of temperature
stabilization in a reactor equipped with a heat exchanger was investigated. The
steady-state analysis of polysaccharide production by Methylomonas mucosa
was carried out in [223]. The authors found two nontrivial steady states for a
single continuous stirred tank bioreactor. The dynamic study of a bioreactor
subject to product inhibition was carried out by Lenbury et al. [214], who
studied the behavior of the process in terms of multiplicity and existence of
limit cycles. Edissonov [106], on the other hand, examined the effect of medium
viscosity on multiplicity patterns of a chemostat.

The stability analysis of continuous membrane bioreactors was carried out
by Lenbury et al. [215]. Bifurcation analysis showed the ability of the stud-
ied model to simulate oscillatory and other complex dynamic behavior, which
was observed in experimental data. Garhyan and Elnashaie [121] examined
the membrane bioreactor for ethanol production. The authors used the model
developed by Jöbses et al. [175] to give an exhaustive picture of bifurcations
occurring in the dynamical system. The authors also showed theoretically
the existence of chaotic behavior. Pinheiro et al. [287] studied the bifurcation
analysis of an aerated continuous flow chemostat in which microbial growth
was subjected to gaseous substrate limitation. The influence of mass trans-
fer on the system dynamic behavior was studied. Dutta et al. [104], on the
other hand, carried out an experimental and theoretical investigation of the
multiplicity of the chemostat for microbial reduction of sulfur dioxide.

The dynamics of continuous biofilm reactors were studied by Russo et
al. [310] for the conversion of phenol. The study showed that the reciprocal
effects of free cells and immobilized biofilm yielded rich bifurcational patterns
of the steady-state solutions. Lee and Lim [205], on the other hand, carried
out a stability analysis of a model for continuous prefermentation of cheese
culture. The authors showed that the proposed model simulated experimental
data well and also predicted steady-state multiplicity.

Ho and Li [154] analyzed the occurrence of multiple steady states in a
continuous stirred tank bioreactor involving two-substrates, enzyme-catalyzed
reactions. The authors also examined the effect of substrate feed concentra-
tion, flow rate, and rate of product formation on the existence of bistabil-
ity. Lapshenkov and Kharitonova [202] studied the dynamics of cultivation
of aerobic micro-organisms in a well-stirred reactor using the first Lyapunov
method. Vásquez-Bahena et al. [359], on the other hand, carried out experi-
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mental work to validate the steady-state multiplicity in a continuous stirred
tank reactor during hydrolysis of sucrose by invertase. The authors uncovered
two stable steady states and also showed the theoretical existence of a third
metastable state. Staniszewski and Koter [333] carried out a theoretical anal-
ysis of steady states for ester hydrolysis in an enzymatic membrane reactor
with product retention. The effects of product acidity, enzyme properties, and
transport properties on the structure of steady states were discussed. Ho and
co-workers [80, 152, 153] carried out an extensive study of multiplicity induced
by a family of enzymatically catalyzed reaction network in a continuous stirred
tank reactor. The system involved esterification of ethanol and oleic acid by
lipase [152], oxidation of monophenols by tyrosinase [80], and the production
of L-DOPA (L-3,4-dihydroxyphenylalanine) [153]. The authors uncovered a
wide range of phenomena including bistability and hysteresis. Xiu et al. [374]
studied the effect of metabolic overflow and substrate growth inhibition on the
existence of static multiplicity and sustained oscillations in some continuous
cultures. Recently, Astudillo and Alzate [40] compiled several experimental
and theoretical studies on the stability behavior of fermentation systems for
bioethanol production with S. cerevisiae and Z. mobilis. The authors stressed
the importance of these stability studies for the understanding of productivity
in industries producing bioethanol.

1.3 Methodologies for Stability Analysis

Concerning the methodologies used in the literature for the stability analysis,
one can note that for chemically reacting systems, besides local stability anal-
ysis, the following techniques were used: (1) continuation techniques [192]; (2)
singularity theory [33, 45, 130]; (3) Lyapunov–Schmidt decomposition [46, 353]
(4); Newton polyhedron [229]; (5) method of projections [170]; (6) Carleman
linearization [355]; and the reductive perturbation method [169]. These meth-
ods differ in their scopes and objectives, and their discussion, except the sin-
gularity theory, is beyond the scope of the book. But it should be noted that
other than the singularity theory, the other approaches do not, in princi-
ple, require that the model equations be reduced (or reducible) to a single
steady-state equation. As for the stability of the chemostat, besides local sta-
bility analysis [95, 311] and continuation techniques [278], the singularity the-
ory [26, 70] and the arguments from the theory of asymptotically autonomous
systems [329] were used for the stability analysis. In the latter approach, the
method consists in exploiting the conservation present in the chemostat model,
to reduce the study of the behavior of the original high (e.g., three or four)
dimensional model to that of a simpler lower order (e.g., two) dimensional
system. This allows, in many cases, to obtain global results for the dynamics
of the system.
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Continuation (or path following) is, on other hand, a set of techniques
that are concerned with tracing out paths of solutions of nonlinear problems
as a parameter is varied. In general, the nonlinear model of the bioreactor can
exhibit a number of multiplicity (or bifurcation) behaviors. Even if a process
is not intentionally operated near a singularity, it may pass through it in the
course of time due to variations of one or more of its operating parameters.
Such a passage would change the process stability behavior. Continuation
techniques allow the detection of parameter values at bifurcation points where
the number and nature of solutions change. These techniques can lead to more
insights about the behavior of the system than time-stepped solutions, as they
can locate both stable and unstable solutions. The continuation procedure
usually starts with locating a stable steady-state or periodic solution for a
given set of parameters. This can be done by dynamic simulation. Then, one
of the parameters is varied to allow the continued calculation of solutions, a
procedure carried out commonly through predictor-corrector schemes [192].

The results of continuation calculations are typically presented in the form
of bifurcation diagrams where the change of state variables is shown as a
function of model parameters. Continuation techniques have gained wide ac-
ceptance in analyzing nonlinear systems. However, they cannot provide a full
picture of the dynamic behavior of the process. An important objective in
the study of the stability of nonlinear models is to find a general picture in
which the parameter space of the studied model can be divided in a system-
atic way and samples of different multiplicity behavior can be taken. Because
of the generally large number of parameters a nonlinear model can include,
the classification of the parameter space is a challenging task. The singular-
ity theory can provide a framework in which different types of multiplicity
can be classified according to conditions that depend on the number of van-
ishing derivatives of the equilibrium points. Basic ideas of singularity theory
were known to Thom [350] and were formally developed by Mather [239, 240].
The subject was extended further by Arnold [38, 39]. The two monographs by
Golubitsky and Schaeffer [132] and Golubitsky et al. [133] systematized the de-
velopment of singularity theory and combined it with group theory in treating
bifurcation problems with symmetry. The major advantage of the singularity
theory is that the investigation of bifurcations of a system around a point, if
local and limited to static solutions, can be reduced to a system of algebraic
equations. If the system is low dimensional and amenable to a single algebraic
equation then the theory usually can provide systematic classification of the
model behavior. The singularity theory found considerable applications in the
analysis and classification of the multiplicity behavior of chemically reactive
systems since Balakotaiah and Luss [42, 43, 44, 45, 46] applied it to the anal-
ysis of the continuous stirred tank reactor (CSTR). Other applications of the
singularity theory included the work of Alhumaizi and Aris [33], who applied
the theory to study the dynamics of a two-compartment tank reactor chem-
ical system. Russo and Bequette [307] used the theory to study the impact
of process design on the multiplicity behavior of a continuous stirred tank
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reactor. The authors used the same bifurcation tools to study the operability
of a polymerization application [309]. Ajbar et al. [24, 25], on the other hand,
used the singularity theory to study the stability of gas-phase fluidized bed
reactors.

For bioreactive systems, when the chemostat is described by an unstruc-
tured and nonsegregated model, the bioreactor model consists generally of a
low order lumped parameter system, described by simple ordinary differential
equations. These models are generally amenable to analytical manipulations
and the singularity theory can be a powerful tool for the analysis. Unlike the
approach followed by Smith and Waltman [329], the singularity theory is lo-
cal in nature. However, the theory provides a useful framework for classifying
branching phenomena in which different types of multiplicity of the nonlinear
model can be found. This classification is usually combined with the construc-
tion of bifurcation diagrams using continuation techniques. These diagrams
can yield clear and substantial information on dynamics in terms of different
model parameters. However, while quite useful, the singularity theory is not
perfect. Beside its local nature, the method may require substantial symbolic
and numeric computation, especially when the nonlinear singularities for pe-
riodic points are to be determined. The method also gives little information
about the bifurcations of periodic orbits as well as global phenomena that
occur in dynamical systems [70].

The first application of the singularity theory to study the behavior of
the chemostat was carried out by Ajbar and Gamal [26] who analyzed the
multiplicity of the basic unstructured model of the chemostat with substrate
inhibition and constant yield coefficient. The authors went on to apply the the-
ory to study a variety of bioreactive systems, including cell growth with wall
attachment [12], the dynamics of pure and simple microbial competition [23],
the biodegradation of substitutable substrates [17, 22], the competition be-
tween plasmid-bearing and plasmid-free organisms [18, 32], the dynamics of
predator–prey interactions [30, 31], and the stability behavior of large classes
of unstructured kinetic models [13, 16]. The authors also used the theory to
investigate the operability of some continuous bioreactors [15, 19, 29].



Chapter 2

INTRODUCTION TO

BIOREACTORS MODELS

2.1 Introduction

A bioreactor is a vessel in which a biological reaction or change takes place.
The biological system may include enzymes, micro-organisms, animal cells,
plant cells, and tissues. The bioreactor is a place where an optimum environ-
ment is provided to meet the needs of the biological system so that a high
productivity of the bioprocess is achieved. Bioreactors are also considered
as crude models of natural ecosystems since they are used to study, under
controlled laboratory conditions, the different types of interactions that arise
between micro-organisms inhabiting the same environment [375]. Bioreactors
of various types are used extensively for the manufacture of useful bioprod-
ucts and in the biological treatment of wastes. Bioproducts are used directly
as drugs or food or are used indirectly as materials in pharmaceutical, food,
and chemical industries. Biological treatment processes, on the other hand,
when properly designed and operated, have the potential to be a relatively
cost-effective method for hazardous substance removal.

The fermentation process typically begins with the addition of a small
amount of living cells, i.e., inoculum to the liquid medium, containing the
nutrients needed for the growth of the organism. During the growth process
of the organism, the number of cells increases and forms the commonly known
biomass. Gas is occasionally sparged in the bioreactor to supply required oxy-
gen and to remove carbon dioxide, which is a product of the metabolic cycle
of the cell [41, 62, 321].

2.2 Continuous Bioreactors

Bioreactors can be operated in three basic modes: batch, fed-batch, and con-
tinuous. The mode of operation depends on type of cells, the desired bioprod-
uct, and the environmental conditions. Moreover, depending on the require-

9
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ment of cells for oxygen, the cultivation can be anaerobic, aerobic, or even
microaerobic [112].

The cell growth undergoes typically the following different phases [41, 62,
321]: lag phase, exponential growth, deceleration growth phase, stationary
phase, and death phase. In lag phase, cells adapt to their environment after
inoculation. Cell mass may increase a little. During the exponential growth
phase, the specific growth rate is constant at its maximum value. Cells multi-
ply rapidly increasing the cell mass and in the same time producing primary
metabolites. This is the period of balanced growth. The exponential growth
phase is followed by the deceleration phase, where the cell mass growth rate
decreases either because one of the medium components, oxygen or substrate,
becomes limiting or because the growth is inhibited by the formation of a
by-product. The growth rate eventually declines and the culture enters the
stationary phase where the cell mass growth rate is constant while cells are
still active producing secondary metabolites. The last phase is the death phase
where cell mass decreases and may contain dead cells as well as cells that can-
not induce growth [69].

In a continuous flow bioreactor, fresh nutrient medium is continuously
supplied to a well-mixed culture, while products and cells are simultaneously
withdrawn. Bioreactors reach after some time steady-state conditions where
cell mass growth, product formation, and substrate concentration remain con-
stant. Two types of continuous flow bioreactors are commonly used: the plug
flow bioreactor (PFBR) and the continuous stirred tank bioreactor (CSTBR),
i.e., the chemostat. In plug flow mode, substrate and cell concentrations vary
with the axial position in the reactor. An ideal PFBR resembles a batch re-
actor in which distance along the fermenter replaces incubation time.

In an ideal chemostat, the continuous feed and withdraw of the cultural
broth makes the bioreactor volume constant during the operation. In order to
maintain high cell concentration and thus high productivity in the reactor, a
fraction of the biomass may be separated from the outlet stream and circulated
back to the bioreactor, i.e., bioreactor with cell recycle.

The cellular growth in the bioreactor is typically limited by one essential
nutrient while other nutrients are in excess. Most continuous bioreactors re-
quire some control elements such as level and pH. Based on type of control,
continuous flow bioreactors can be further classified to other groups. Turbido-
stat, nutristat, or pH-auxostat are some common classifications [8, 73, 360]. In
a turbidostat, a constant biomass concentration is maintained by regulating
the feed rate through an optical density (turbidity) controller. In a nutristat
the substrate concentration is regulated through a feeding strategy. The pH-
auxostat is, on the other hand, based on the measurement of pH, a parameter
that is easier to measure than substrate or biomass concentrations. This type
of bioreactor is suitable when the medium acidity is affected by cell growth.

Compared to batch and fed-batch operation, continuous processes provide
constant environmental conditions for growth and product formation. They
also yield higher productivity and products of uniform quality. They how-
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ever suffer from certain disadvantages such as equipment failure, infection by
other micro-organisms, and genetic instability, i.e., spontaneous mutations in
cells [268].

2.3 Modeling Bioreactors

The objective of mathematical modeling is the development of sets of mathe-
matical expressions that can capture the essentials aspects of the bioreactor.
Mathematical models are valuable tools, since they are abstract equations
that can be solved and analyzed using computer calculations. It is therefore
safer and cheaper to perform tests on the model using computer simulations
than to carry out repetitive experimentations and observations on the real
system. Modeling can be used to assist in the design of equipment, to predict
behavior, to interpret data, and to control and optimize the bioreactor.

Modeling bioreactive systems is a challenging task. Bioreactors are highly
complex systems with reactions occurring both on the macroscopic reactor
scale and on the microscopic cellular scale. Each cell is a reactor in its own
sense where a complicated series of reactions take place. These reactions occur
simultaneously and are regulated by internal cellular controls. Reactions oc-
curring in both macroscopic and microscopic levels influence each other, and
are also influenced by the properties of the surrounding environment. Fur-
thermore, cells can be different and can be in various stages of growth. The
metabolic activity of cells in each of the phases may also be different.

Bioreactor models can be classified in a number of ways. They can be classi-
fied according to how they are derived (i.e., theoretical, empirical, and semiem-
pirical). They can also be classified according to the level of details in the de-
scription of cell and population models (i.e., (un)structured, (non)segregated).

2.3.1 Theoretical, Empirical, and Semiempirical Models

Theoretical models are obtained from fundamental principles, such as laws
of conservation (balances) along with other biochemical and chemical princi-
ples such as growth kinetics, transport phenomena equations, etc. This first-
principle model is capable of explaining the underlying physics of the process
and is particularly suitable for process design and optimization [235]. The
mathematical description may result, however, in a model with a large num-
ber of equations with many parameters needed to be estimated. Theoretical
models may be further classified to steady-or unsteady-state models. When
the physical state of the system remains constant with time, the system is said
to be at steady state. Unsteady-state models, on the other hand, represent the
situation when the process state variables (dependent variables) change with
time. Models that describe unsteady-state situations are also called dynamic
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and transient models. Theoretical models can also be classified as lumped or
distributed parameter models. Lumped parameter models are those in which
state variables and other parameters have or are assumed to have no spatial
dependence, i.e., they are considered to be uniform over the entire system. In
this case time (for unsteady-state models) is the only independent variable.
The ideal chemostat is an example of such systems. Distributed parameter
models, on the other hand, are those in which state variables are a function
of both time and spatial position. In this case, modeling takes into account
the variation of the dependent variables with time and from point to point
throughout the entire system (e.g., the plug flow bioreactor). A number of the-
oretical models were developed in the literature to describe processes ranging
from single cell [173] to complex biological systems [368].

Empirical models are, on the other hand, based on experimental process
data. These models are developed using data-fitting techniques. Models ob-
tained exclusively from experimental data are also known as black-box models.
Such models do not provide a detailed description of the underlying physics
of the process. However, they can provide a fair description of the dynamic
relationship between inputs and outputs, and are more adequate for control
design and implementation [271, 314]. The wide application of these models in
investigation is, however, quite limited, since the parameters describing these
types of models are restricted to specific data groups and can be rarely used
in different experimental conditions.

Semiempirical models are somehow between the two previous models for
which uncertain or poorly known process parameters are determined from
process data [89].

2.3.2 Unstructured vs. Structured Models

The description of microbial kinetics requires the combination of a cell model
with a population model. In the literature, cell models are classified based on
the level of details in the description of the cell and its intra cellular processes.
Unstructured models represent the simplest philosophies used to model the
biological system. These models assume fixed cell composition and do not
consider the variations of intracellular properties within the cell. All cellular
components are lumped in the total biomass concentration. Typically, unstruc-
tured models describe the state of the bioreactor based on a single limiting
substrate and consider only substrate uptake, biomass growth, and product
formation. Thus, the biological component of the system depends directly on
the macroscopic reactor variables. These models are known to provide a fair
representation of the biological process when the cell response time to changes
in surroundings is negligible [41, 321]. When, on the other hand, the cell com-
position or the morphology of the cell culture are important variables, different
studies showed that these types of models are unable to describe adequately
the dynamic experiments [265].

Structured models, on the other hand, take explicitly into consideration the
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intra cellular processes. The biomass is no longer assumed of fixed composition
but is rather structured into several components or functional groups that are
connected with each other, and are also connected with macroscopic reactor
conditions through material balances [41, 54, 265, 321]. Structured models
include therefore a greater level of details about the biochemical phenomena
occurring within the cell. These models have therefore a higher prediction ca-
pability than unstructured models, and they can be used to describe growth
processes at different operation conditions with the same parameters group.
An example of structured models include compartment, cybernetic, and mech-
anistic models. In compartment models, the biomass is divided into different
components while the kinetics for individual reactions are usually described by
empirical expressions. Despite the empirical nature of these models, they are
often based on well-established cellular mechanisms and can simulate certain
characteristics of experiments [92, 265]. Cybernetic models were proposed by
Ramkrishna and co-workers [253, 296] for the description of cellular growth on
multiple substrates. The cybernetic approach attributes to micro-organisms
the ability to adjust to the prevalent conditions such that the available re-
sources are utilized in the most effective manner.

Mechanistic models are, on the other hand, complex types of structured
models. They are formulated at the molecular level and can take into consid-
eration key features of individual cells such as cellular geometry [265].

2.3.3 Nonsegregated vs. Segregated Models

Population models are needed, along the cell model, to describe microbial ki-
netics. These models can be classified to segregated and nonsegregated models.
Nonsegregated models consider the entire culture to be homogeneous where
cells are uniform and have equal properties. These models consider there-
fore only one morphological form of the culture. Segregated models, on the
other hand, take into account the distribution of population properties such
as age, size, morphology, etc. When mass conservation is used to describe
the intercellular structure, the model is a mass-structured model. If age is
used to differentiate cells in a population, then the model is an age-structured
model [146, 331]. Morphologically structured models are variants of segre-
gated models when only a finite number of morphological forms is considered,
compared to an infinite number, in other segregated models.

A rigorous model of a biological system should account for all cell complex-
ities and is typically both a structured and a segregated model. In addition to
being difficult to formulate and solve, the quantification of the entire biolog-
ical system needed in these models require the measurement of a large num-
ber of variables and rates, which is generally beyond the scope of reasonable
measurement techniques. Simplified models can be obtained by neglecting ei-
ther the intracellular processes (unstructured and segregated models) [54, 100]
or by neglecting the cell heterogeneity (structured and nonsegregated mod-
els) [74, 177, 297], or by neglecting both aspects (unstructured and nonsegre-
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gated). Unstructured and nonsegregated models are the simplest models, and
are typically lumped parameter systems consisting of few nonlinear ordinary
differential equations that are generally amenable to rigorous analysis.

2.4 Kinetic Models for Cell Growth

Reactions occurring in the bioreactor can be represented, for unstructured
and nonsegregated models, roughly as follows [41, 321]:

Substrate (S) + Cells (X) → Product (P) + Cells (X) (2.1)

The reaction stoichiometry can be defined through yield coefficients, Y (I/J)
between species I and J .

YI/J =
I produced

J consumed
where I is (X or P ) and J is (S or O2) (2.2)

Growth is usually characterized by the specific growth rate µ. It is defined
by [321]:

µ =
1

X

dX

dt
(2.3)

or equivalently

dX

dt
= µX (2.4)

where X is the cell mass. In order to account for the energy required for cell
maintenance and cell death, an endogenous decay term kdX representing the
rate of decay in the cell mass is often used to correct the cell growth rate. The
net cell growth rate is therefore rx = µX − kdX, where kd is the endogenous
decay coefficient. A number of expressions are often used to describe cell-
specific growth rate µ, as summarized in the following.

2.4.1 Substrate-Limited Growth

The dependence of the specific growth rate on the substrate is usually in the
form of saturation kinetics, meaning that there exists a maximum growth
rate that cannot be exceeded even with the increase in limiting substrate. For
cellular systems, these kinetics are described by the Monod equation [249]

µ =
µmaxS

KS + S
(2.5)
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where µmax is the maximum specific growth rate when S >> KS . The Monod
equation adequately describes substrate-limited growth only when the growth
is slow and the population density is low.

A number of alternatives to the Monod equation are available in the liter-
ature [41, 321]:

• Blackman equation

µ = µmax if S ≥ 2KS (2.6)

µ =
µmax

2KS
S if S < 2KS (2.7)

This expression often fits data better than the Monod equation but the
discontinuity in the equation is problematic.

• Contois equation [81]

µ =
µmaxS

KXX + S
(2.8)

The Contois equation is the most commonly used model to account for
biomass-dependent growth rate.

2.4.2 Growth Models with Inhibition

The cell growth rate may be inhibited by substrate, product, or other in-
hibitors [41, 321].

2.4.2.1 Substrate Inhibition

Two forms of substrate inhibition can be found: competitive and noncompet-
itive inhibition. The mechanisms of these inhibitions are equivalent to those
found in the kinetics of enzyme-catalyzed reactions [321]. The growth with
noncompetitive substrate inhibition has the following form:

µ =
µmax

(1 + KS

S )(1 + S
KI

)
(2.9)

When KI >> KS the growth rate takes the form

µ =
µmaxS

KS + S + S2

KI

(2.10)

which is the well-known Haldane growth model [86].
For competitive substrate inhibition, the growth rate has the following

form

µ =
µmaxS

KS(1 + S
KI

) + S
(2.11)

Substrate inhibition may be in general alleviated by slow and/or intermittent
addition of substrate to the medium.
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2.4.2.2 Product Inhibition

The secretion of any bioproduct can also be inhibitory to microbial growth.
Examples of product inhibition models are [41, 321]:

µ =
µmaxS

(S + KS)
(1 − P

Pm
)
n

(2.12)

µ =
µmaxS

(S + KS)
e
( −P

KP
)

(2.13)

where Pm is the product concentration at which the growth stops.

2.4.2.3 Inhibition by Toxic Compounds

The presence of toxic compounds in the growth medium can inhibit the growth
of cells or even lead to cell death. Examples of growth models inhibited by a
toxic compound (I) are [321]:

Competitive inhibition : µ =
µmaxS

KS(1 + I
KI

) + S
(2.14)

Noncompetitive inhibition : µ =
µmax

(1 + KS

S )(1 + I
KI

)
(2.15)

2.4.2.4 Multiple Substrates

Multiple substrates may limit the growth rate simultaneously. Each limiting
substrate may be modeled with equations presented before. One class concerns
the simultaneous utilization of two substitutable substrates that are serving
the same need for the micro-organism. The two substrates may be involved
in an uncompetitive cross-inhibitory interaction with utilization rates, that
could be represented as follows [50]:

µ1 =
µ1S1

K1 + S1 + S2
1/KI + K3S1S2

(2.16)

and

µ2 =
µ2S2

K2 + S2 + K4S1S2
(2.17)

The culture grows on substrate S1 following Haldane inhibition kinetics. In
the absence of S1 the culture grows on substrate S2 following Monod kinetics.
When the medium contains both S1 and S2 the culture utilizes both of them
simultaneously. Other growth models proposed in the literature include [381]:

µ = µmax(
S1

S1 + K1
)(

S2

S2 + K2
) (2.18)

µ =
µmax(

µmax1

K1
S1 +

µmax2

K2
S2)

µmax + µmax1

K1
S1 + µmax2

K2
S2

(2.19)
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2.5 Product Formation

When it comes to the formation of metabolic products we can distinguish
between three classes [265, 321]:

• Growth associated products: These primary metabolites are synthesized
simultaneously to microbial growth. An example is the production of
constitutive enzymes.

• Nongrowth associated products: These products are formed when there
is no growth, i.e., a stationary phase. A number of secondary metabo-
lites, such as most antibiotics from the Streptomyces species and some
industrially important enzymes such as proteases from Bacillus subtilis,
and recombinant proteins are nongrowth associated products.

• Mixed-growth-associated products are, on the other hand, formed during
the deceleration and stationary phases. Examples of these products are
lactic acid and xanthan gum.



This page intentionally left blankThis page intentionally left blank



Chapter 3

INTRODUCTION TO STABILITY

AND BIFURCATION THEORY

3.1 Introduction

In this introductory chapter we present some fundamental concepts associated
with the stability of nonlinear systems. These issues include static multiplicity,
dynamics associated with Hopf points, and the singularity theory as well as
some numerical tools used to generate the bifurcation diagrams. The reader
should be cautioned that the material in this chapter represents a scratch on
the surface of these issues. Nevertheless, the material is presented in a simple
and practical manner. The goal is to provide the reader with practical tools to
study many of the nonlinear phenomena encountered in unstructured kinetic
models of bioreactors. Some concepts and definitions, not directly needed in
the materials presented in this chapter, are provided in the Appendix. Details
about nonlinear systems and bifurcation theory can be found, for instance,
in [136, 198, 237, 303, 315, 354, 366] while the singularity theory and some of
its useful applications are available in [33, 39, 42, 43, 44, 45, 46, 70, 132, 133,
227]. Details about continuation techniques can, on the other hand, be found
in [98, 134, 183, 192, 199, 315].

We consider in the following a system described by the following set of
first-order ordinary differential equations (ODEs), written in a vectorial form

dx

dt
= f(x, λ)

x(0) = x0 (3.1)

where t represents time, x = (x1, x2, · · · , xn) is the vector of state variables,
f = (f1, f2, · · · , fn) is a vector of nonlinear functions, λ = (λ1, λ2, · · · , λm) is
the set of model parameters, and x0 is the vector of initial conditions. We also
assume that f does not depend explicitly on the independent variable (t). In
this case, the system is said to be autonomous. The system described by the set
of first-order ODEs (Equation (3.1)) is also called a lumped parameter system,
since the state variables are invariant in all space dimensions and vary only
with time. The ideal chemostat is an example of lumped parameter systems.
The number (n) of equations, which is also the number of state variables, is
refered to as the dimension of the system. The time invariant solutions of the

19
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FIGURE 3.1: Types of steady-states nodes. (a) stable node when the eigen-
values are unequal; (b), (c) proper and improper stable nodes when the eigen-
values are equal.

dynamic system (Equation (3.1)) satisfy dx
dt

= 0, and are called steady states.
They are also called stationary points, equilibrium points, or critical points.
The steady-state solutions (xs) satisfy the following set of algebraic equations

f(xs, λ) = 0 (3.2)

Since fi(x) are generally nonlinear algebraic equations, Equation (3.2) may
have more than one solution xs. In this case we have a situation of multiple
steady states, also called steady-state (static) multiplicity.

3.2 Local Stability of Steady States

The local stability of the steady state (xs) can be determined by examining
the properties of Equation (3.1) when it is linearized around xs. The Jacobian
matrix J of the linearized system of Equation (3.1), at steady state, consists
of n2 first-order partial derivatives

Jij =
∂fi

∂xj
(xs), (i, j = 1, 2, · · · , n) (3.3)

According to the result attributed to Lyapunov [315], the real parts of the
eigenvalues of the Jacobian matrix J , evaluated at the stationary solution xs,
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FIGURE 3.2: (a) Saddle steady state; (b) Stable focal steady state; (c) Limit
cycle.

determine its stability. The steady state xs is asymptotically stable if the real
parts of all the eigenvalues are negative. If one eigenvalue has a positive real
part then the steady state is unstable.

While the stability of xs depends on the sign of the real parts of the eigen-
values, the nature of the solution x(t) around the steady state depends essen-
tially on the nature of eigenvalues. The different cases pertinent to the nature
of the steady state are presented in the following section for a two-dimensional
system (i.e., n = 2 in Equation (3.1)), for which there are two state variables
(x1, x2) and two eigenvalues. The reader may consult the references [315, 358]
for a detailed discussion of these cases.

• Case 1: Real and unequal eigenvalues of the same sign:
In this case, the steady state is called a node. When both eigenvalues are
negative the steady state is a stable node and the trajectories approach
the neighborhood of the node (Figure 3.1a). When, on the other hand,
the eigenvalues are positive, the steady state is an unstable node. The
directions in Figure 3.1a are reversed, as trajectories leave the neighbor-
hood of the node.

• Case 2: Real and equal eigenvalues:
In this case, the steady state is either a proper or improper node. For
a proper node each trajectory has a different slope (Figure 3.1b) while
for an improper node all trajectories approach the node tangentially
with the same slope (Figure 3.1c). For an unstable node the direction of
trajectories is away from the steady state.
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FIGURE 3.3: (a) Static limit point (SLP); (b) Static bifurcation point
(SBP); (c) Static cusp point (SCP).

• Case 3: Real and unequal eigenvalues of the opposite sign:
In this case, the steady state is called a saddle point. Because one of
the eigenvalues is positive, the saddle point is inherently unstable, as
shown in Figure 3.2a. The two stable manifolds (onset) that enter the
saddle point are called separatrices. They divide the phase space into
attracting basins.

• Case 4: Complex eigenvalues with a nonzero real part:
When the eigenvalues are complex conjugates, the steady state is called
focal (spiral) (Figure 3.2b). The local stability of the focal steady state
is determined by the negativity of the real part of the eigenvalues. For
an unstable focal the direction of trajectories is away from the steady
state.

• Case 5: Pure imaginary eigenvalues:
When the eigenvalues are purely imaginary, the trajectory is locally a
pure rotation and forms a closed curve called the limit cycle (periodic
orbit), as shown in Figure 3.2c.
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FIGURE 3.4: (a) SLP separating two stable branches; (b) SLP separating
unstable branches; (c) Hysteresis.

3.3 Steady-State Multiplicity

The multiplicity of steady states describes the situation when more than one
solution of Equation (3.2) occurs for certain values of the free parameter vector
λ. Generally, it is of importance to find the variations of the steady-state solu-
tion (xss) with a certain slowly changing variable λk. The graph showing the
dependence of xss on λk, for fixed values of the other parameters (λi, i 6= k),
is called a bifurcation diagram. The variable λk is called the bifurcation vari-
able. The objective of bifurcation theory is to characterize the changes in the
qualitative dynamic behavior of the nonlinear system as key parameters are
varied. The bifurcation diagram consists usually of different branches that of-
ten meet at certain points. These points are called steady-state branch points.
Commonly encountered points are:

• Static limit point (SLP): The point at which two branches of the steady-
state solution have joined limiting tangents is called a static limit point
(SLP). At the SLP two branches of the steady states are born or anni-
hilate each other (Figure 3.3a). Another name for the static limit point
is the static turning point. Locally there are no solutions on one side of
a turning point and two solutions on the other side.

• Static bifurcation point (SBP): At this point two and only two curves
possessing distinct tangents cross each other (Figure 3.3b).
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FIGURE 3.5: (a) Supercritical perfect pitchfork; (b) Subcritical perfect
pitchfork; (c) Transcritical imperfect pitchfork.

• Static cusp point (SCP): This is the point of contact between two curves
of steady states having the same tangent (Figure 3.3c).

These different branch points connect steady state branches and give rise
to a variety of bifurcation diagrams. In the following we will review the most
common bifurcation diagrams encountered in nonlinear systems.

The simplest bifurcation diagram is the saddle node bifurcation (Figure
3.4a) where a stable branch is separated from an unstable branch by a static
limit point. It is a convention to distinguish between stable and unstable
branches by using a continuous curve for the former and a dashed curve for the
latter. It should be noted that a SLP does not always separate stable steady
states from unstable ones. Situations can arise when two unstable branches
such as saddle and unstable node meet at a SLP (Figure 3.4b). In some cases,
the SLP are born in pairs, resulting in the hysteresis bifurcation phenomenon
(Figure 3.4c). The bifurcation diagram for the hysteresis consists of two stable
branches connected to a middle unstable branch by two static limit points. It
can be seen that for some values of the bifurcation parameter between the two
SLPs, three solutions exist (the stable upper branch, the stable lower branch,
and the unstable middle branch).

The third qualitatively different bifurcation diagram occurs when a static
limit point and a static bifurcation point coincide with each other. This bifur-
cation point is called a static bifurcation limit point (SBLP). It is also called
a perfect pitchfork point (Figure 3.5). The terminology of supercritical and
subcritical classification for the perfect pitchfork is widely used. A supercriti-
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FIGURE 3.6: Perturbed bifurcation diagrams for the pitchfork.

cal perfect pitchfork has stable branches on both sides of the static bifurcation
limit point (Figure 3.5a). A subcritical pitchfork, on the other hand, has un-
stable branches on both sides of the static bifurcation limit point (Figure
3.5b). When the static limit point and the static bifurcation limit point do
not coincide with each other, the pitchfork is called a transcritical imperfect
pitchfork (Figure 3.5c). It should be noted that perturbations in the perfect
pitchfork can yield other bifurcation diagrams, as shown in Figure 3.6.

Besides saddle node, hysteresis and pitchfork, additional bifurcation dia-
grams can arise in nonlinear systems. These include the formation of an isola
and the growth of isola into mushroom bifurcation, as shown in Figures 3.7(a–
b). Winged cusp bifurcation (Figure 3.8a) is an other example of additional
branching phenomena that may be exhibited by nonlinear systems. Perturba-
tions in the basic winged cusp may yield extra sets of bifurcation diagrams,
as shown in Figure 3.8.

3.4 Dynamic Bifurcation

Besides steady-state multiplicity, we present in this section the second impor-
tant property of nonlinear systems which is the existence of regular periodic
oscillations. In contrast to linear systems, it is possible for the autonomous
system (Equation (3.1)) to have solutions that form a closed curve in the phase
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FIGURE 3.7: (a) Isola; (b) Mushroom.

space. The solution is called limit cycle (or periodic attractor). It was already
mentioned in Section 3.2 that a limit cycle for a two-dimensional system is
associated with pure imaginary eigenvalues. It was Hopf [315] who proved the
following theorem for a n-dimensional system that characterizes the bifurca-
tion from equilibria to limit cycles. This bifurcation is commonly known as
Hopf bifurcation.

Theorem 1 Assume that the critical point is located at (x0, λ0). The eigen-
values µ of the Jacobian matrix J depend naturally on λ, i.e., µ(λ). Assume
the following hypotheses:

• Hypothesis (H1): At the equilibrium point, the Jacobian matrix J has
simple eigenvalues ±iw and has no other eigenvalues on the imaginary
axis.

• Hypothesis (H2) (also called the transversality hypothesis):

d(Re(µ(λ0))

dλ)
6= 0 (3.4)

Where Re(µ) is the real part of µ. This condition gives a guarantee that
the real part of the complex eigenvalue changes its sign when passing
through the Hopf bifurcation point.

• Hypothesis (H3) (also called the stability hypothesis): The condition for
this hypothesis describes the boundary at which the limit cycle changes
its stability.
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FIGURE 3.8: Perturbed bifurcation diagrams for the winged cusp.

The theorem states that if hypotheses (H1), (H2), and (H3) hold then there
exists a unique birth of limit cycles emanating from (x0, λ0). �

The different hypotheses in this theorem are reexamined in a later section
when Hopf bifurcation degeneracies are discussed.

3.5 Numerical Techniques

The bifurcation diagrams of the autonomous system described by Equation
(3.1) can be efficiently obtained using continuation techniques [192, 315]. A
number of software including AUTO [98], LOCBIF [183], CONTENT [199],
DIVA [137], MATLAB R© codes [93], and DIANA [189] have been developed
for numerical bifurcation analysis of nonlinear models. The AUTO continua-
tion package is perhaps the most widely used. AUTO can trace out the entire
steady-state branches, locate static limit points, and continue these points in
two parameters space as well as locating Hopf bifurcation points and continue
them. The capabilities of AUTO also include the determination of torus and
period-doubling bifurcations among other features. In addition to continuity
diagrams, the classical phase plane and time-trace diagrams for the simulation
of dynamic behavior can be generated using standard ODE’s solvers such as
IVPAG [168] and DASSL [65]. Compared to dynamic simulation (i.e., time
traces), continuation methods have the advantage of locating both stable and
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unstable solutions. Bifurcation diagrams can also be useful in determining if
the model can predict the steady-state or dynamic behavior observed in the
real process [121, 378]. However, as useful as they are, continuity diagrams are
obtained when only one bifurcation parameter is varied at a time. Therefore,
they cannot provide the complete picture as far as the effect of other model
parameters is concerned. One important objective would be to find a general
picture in which the parameter space can be divided into different regions that
have different static or dynamic behavior. The classification of the parameter
space is a challenging task since the number of parameters in the model can be
quite large. The singularity theory, presented in the next section, can provide
a general framework for classifying branching phenomena in which different
types of multiplicity in the nonlinear model are delineated.

3.6 Singularity Theory

The singularity theory is a useful mathematical tool for studying bifurcation
problems. By reducing a singular function to a simple form, the properties
of multiple solutions of a bifurcation problem can be determined from a fi-
nite number of derivatives of the singular function. The theory of singular-
ity of smooth real-valued scalar functions of vector arguments is also known
as elementary catastrophe theory, while its generalization to vector-valued
functions of vector arguments is called singularity theory. Basic ideas of sin-
gularity theory were known to Thom [350] and were formally developed by
Mather [239, 240]. The subject was extended further by Arnold [39]. Golu-
bitsky and Schaeffer [132, 133] developed a special form of the singularity
theory (the singularity theory with a distinguished parameter) that can pre-
dict all types of local bifurcation diagrams. Here we present a brief overview
of the method. Details can be found in [132, 133] while useful summaries are
available in [33, 42, 43, 44, 45, 46, 70].

For a large number of models, the set of Equations (3.2) can be reduced,
through algebraic manipulations, to a single nonlinear algebraic equation

f(x, θ, δ1, δ2, · · · , δp) = 0 (3.5)

where θ is the bifurcation parameter and δi are other fixed-control parame-
ters. A singularity is defined as being the solution (x0, θ0) of Equation (3.5)
that satisfies fx(x0, θ0) = 0. Without loss of generality we assume that the
singularity under question is located at the origin, i.e., (x0, θ0) = (0, 0). The
primary goal is to find an equation, as simple as possible, whose solution has
the same qualitative behavior as that of Equation (3.5), and whose bifurcation
diagram can easily be obtained by elementary computation. This problem is
known as the recognition problem. For a given algebraic equation, such as
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Equation (3.5), the recognition problem is therefore to find the simplest poly-
nomial equation for which the solution is in one-to-one correspondence with
that of the given equation in a neighborhood of the bifurcation point. This
polynomial is called the normal form of the given function, and can be de-
termined solely by the values of a finite number of derivatives of the given
function at the bifurcation point.

The first step to achieve this goal is to ignore differences that are not
essential. For instance, a change in coordinates should not change the nature
of the bifurcation problem. This leads to the following definition:

Definition 1 The functions f and g are said to be contact equivalent when
their qualitative features are the same, i.e., there exist smooth functions T
and X such that the following holds

f(x, θ) = T (x, θ)g(X(x, θ), Λ(θ)) (3.6)

with

T (0, 0) 6= 0, X(0, 0) = Λ(0) = 0, Xx(0, 0) > 0, Λθ(0, 0) > 0 (3.7)

�

For example, the bifurcation problem

f(x, θ) = 1 − θ − cos(x) = 0 (3.8)

is contact equivalent to the following bifurcation problem

g(y, λ) = y2 − λ = 0 (3.9)

since

f(x, θ) = 2g(sin(
x

2
),

θ

2
) (3.10)

Thus, the local features of a nonlinear equation can be determined by the
analysis of features of a much simpler contact equivalent polynomial equation.

The second step towards a classification of a singularity is to investigate
the stability of the bifurcation problem.

Definition 2 f(x, θ) is said to be structurally stable if the function f(x, θ)+
g(x, θ, ε) is contact equivalent to f(x, θ) in the neighborhood of the origin for
all sufficiently small smooth functions g(x, θ, ε). �

As an example, consider the following saddle node bifurcation problem

f(x, θ) = x2 − θ = 0 (3.11)

This bifurcation problem is structurally stable. For example, if f(x, θ) is per-
turbed to the following problem:

f1(x, θ) = x2 − θ − εx = 0 (3.12)
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the behavior of both bifurcation problems is qualitatively the same for small
values of ε. On the other hand, the following bifurcation problem

f2(x, θ) = x3 − θ = 0 (3.13)

is unstable since the slightly perturbed new problem

f3(x, θ) = x3 − θ − εx = 0 (3.14)

does not preserve the same qualitative features of the original problem f2.
Figure 3.9 shows examples of bifurcation diagrams that can be obtained for
ε > 0 and ε < 0.

In the following the concept of unfolding is introduced to study specifically
the stability of such bifurcation problems.

Definition 3 An unfolding of f(x, θ) is an m-parameter family

U(x, θ, α1, α2, · · ·αm) (3.15)

with

U(x, θ, 0, 0, · · · , 0) = f(x, θ) (3.16)

Here α1, α2, · · · , αm are additional parameters. �

As an illustration, the expression f3 (Equation (3.14)) is an unfolding of f2

(Equation (3.13)). Attaching an additional term is also an unfolding. Hence,
the definition is still too general to be useful for classification. This leads to
the following definition.

Definition 4 A universal unfolding is an unfolding with two features:

• It includes all possible small perturbations of f(x, θ) up to contact equiv-
alence.

• It uses the minimum number of parameters (α1, α2, · · · , αm).

The number m is called the codimension of f(x, θ). It is the lowest dimension
of the parameter space α, which is necessary to observe a given bifurcation
phenomena. �

As an example, the following bifurcation problem

f4(x, θ) = x3 + ε2x − θ = 0 (3.17)

is an unfolding of f2 (Equation (3.13)). However, it is not universal since by
including the positive term ε2, the bifurcation problem f4 cannot explain the
original diagram (Figure 3.9) for negative values of ε. On the other hand, the
following bifurcation problem,

f5(x, θ) = x3 − ε1x
2 − ε2x− θ = 0 (3.18)
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FIGURE 3.9: Perturbed bifurcation diagrams for the bifurcation problem
f3(x, θ) = x3 − θ − εx = 0.

can describe the diagrams of Figure 3.9, but it is not a universal unfolding,
since compared to f3, it requires two parameters ε1 and ε2 instead of one.
Therefore, the universal unfolding of f2 is f3 since it possesses the minimum
number of parameters that are needed to describe all the perturbed bifurcation
forms.

The bifurcation problem of Equation (3.5) can be stable for most values
of the parameter vector δ. But there exists a set of values of δ at which
this function has the most degenerate singularities. Perturbing the system
around these points results in forming several qualitatively different stable
bifurcation diagrams. These singular points are characterized by the vanishing
of a finite number of derivatives of f with respect to x and with respect to
the bifurcation parameter θ. In addition, there always exists a normal form
that is contact equivalent to f next to these singular points. We present in the
following [33] a special case of a more general theorem proved by Golubitsky
and Schaeffer [132]. The following theorem provides the universal unfolding
for singularities characterized by vanishing the derivatives of f with respect
to x only.
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Theorem 2 Suppose that f(x, θ) has a singular point (x, θ) = (0, 0) that
obeys

f(0, 0) = 0,
∂f i(0, 0)

∂xi
= 0 (i = 1, 2, · · ·j) (3.19)

ζ =
∂i+1f(0, 0)

∂xi+1

∂f(0, 0)

∂θ
6= 0 (3.20)

Then locally f(x, θ) is contact equivalent to the normal forms

xj+1 + θ, ζ > 0 (3.21)

xj+1 − θ, ζ < 0 (3.22)

The universal unfolding is

U(x, θ, α) = xj+1 − αj−1x
j−1 − · · · − α1x ± θ (3.23)

�

The theorem states that bifurcation problems can be represented by polyno-
mials that can be seen as normal forms, and that if such singular points exist,
the maximum number of solutions of Equation (3.5) next to the singular point
is (j + 1).

Table 3.1 summarizes the results for systems that have a maximum of
three solutions. The normal forms for all singularities of these systems are
polynomial functions with cubic or quadratic order in x. Table 3.2 shows the
universal unfoldings of the normal forms. In the following section, we present
the conditions for the existence of the various singularities shown in Table 3.1.

TABLE 3.1: Codimensions and normal
forms, ε = ±1, δ = ±1

Type Codimension Normal form

Saddle node 0 εx2 + δθ

Isola center 1 ε(x2 + θ2)

Mushroom 1 ε(x2 − θ2)

Hysteresis 1 εx3 + δθ

Pitchfork 2 εx3 + δθx

Winged cusp 3 εx3 + δθ2
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TABLE 3.2: Universal unfoldings for
some singular functions

Type Universal unfolding

Saddle node εx2 + δθ

Isola ε(x2 + δθ2 + α)

Hysteresis εx3 + δθ + αx

Pitchfork εx3 + δθx + α1 + α2x
2

Winged cusp εx3 + δθ2 + α1 + α2x + α3θx

3.6.1 Codimension-0 Singularities

The conditions for the appearance of a saddle node (codimension-0) singularity
are that

f = fx = 0 (3.24)

with the requirement that fxx 6= 0.

3.6.2 Codimension-1 Singularities

3.6.2.1 Hysteresis

The conditions for the appearance/disappearance of a hysteresis bifurcation
are that

f = fx = fxx = 0 (3.25)

so that the steady-state condition must be satisfied (f = 0) and the first two
partial derivatives of f with respect to steady-state solutions must vanish. In
addition, a number of other derivatives must remain nonzero

fθ 6= 0, fxθ 6= 0, fxxx 6= 0 (3.26)

3.6.2.2 Isola and Mushroom

The requirements for the appearance of an isola and the growth of an isola
into a mushroom are that

f = fx = fθ = 0 (3.27)

with the additional requirements

fxθ 6= 0, fxx 6= 0, fθθ 6= 0 (3.28)
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3.6.3 Codimension-2 Singularities

The conditions for the appearance of a pitchfork bifurcation are:

f = fx = fθ = fxx = 0 (3.29)

and

fxθ 6= 0, fxxx 6= 0 (3.30)

3.6.4 Codimension-3 Singularities

The recognition problem for the winged-cusp singularity is solved by the fol-
lowing conditions

f = fx = fθ = fxx = fxθ = 0 (3.31)

with

fxxx > 0, fθθ > 0 (3.32)

3.6.5 Hopf Degeneracies

In this section we present how the singularity theory can also be used to ex-
amine Hopf degeneracies. Degenerate Hopf occurs when one or more Hopf
hypotheses are violated. We present the results [33] developed by Golubit-
sky and Langford [131] and Golubitsky and Schaeffer [132] who studied the
dynamics near these Hopf degeneracies. There are three types of Hopf degen-
eracies, I, II, and III, and are associated respectively with the failure of Hopf
Hypotheses (H1), (H2), and (H3). In the course of this section, we treat a gen-
eral n-dimensional dynamical system described by Equation (3.1). Moreover,
the analysis is also illustrated by applying the results to a three-dimensional
system (n = 3 in Equation (3.1)). The eigenvalues µ of the (3 × 3) Jacobian
matrix J are the solutions of the characteristic matrix equation

det(J − µI) = 0 (3.33)

where I is the identity matrix. This equation yields

−λ3 + S1µ
2 − S2µ + S3 = 0 (3.34)

where S1, S2 , and S3 are the three invariants of J

S1 = j11 + j22 + j33 (3.35)

S2 = det(
j11 j12

j21 j22
) + det(

j22 j23

j32 j33
) + det(

j11 j13

j31 j33
) (3.36)

S3 = det(J) (3.37)
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The j11, j12, · · · are the elements of J . The conditions of Hopf bifurcation in
terms of the coefficients S1, S2, and S3 can be derived by setting µ = iw into
Equation (3.34) to yield the following conditions,

F := S1S2 − S3 = 0 (3.38)

S2 > 0 (3.39)

3.6.6 Type I Degeneracies

Type I Hopf degeneracies occur when the first hypothesis (H1) of the Hopf
bifurcation theorem fails. This occurs when more than one eigenvalue or com-
plex conjugate pair of eigenvalue of the Jacobian matrix have simultaneously
zero real parts. When the eigenvalues of the Jacobian matrix evaluated at
steady state are on the imaginary axis, the model is structurally unstable. Any
variations in the model parameters change the eigenvalues and consequently
alters the topology of the local dynamics. When static bifurcation occurs, it
involves steady-state bifurcation that leads to multiple steady states. At Hopf
bifurcation point, the steady state becomes unstable and periodic branches,
which may be stable or unstable, emanate from the Hopf point. To illustrate
the methodology for the analysis of type I degeneracies, let’s consider the
following (n-order) system

dx

dt
= f(x, θ, α) (3.40)

where x is the vector of n state variables, θ is the bifurcation variable, and α
is a vector of constant parameters. The system of Equations (3.40) can always
be written using deviation variables x̃ = x−xss where xss is the steady-state
solution. The obtained model in deviation variables form can be linearized
locally to the following form

dx̃

dt
= J(xss, θ, α)x̃ + g(x̃, θ, α) (3.41)

where J is the Jacobian matrix and g contains terms that are at least quadratic
in x̃. Let’s assume that the Jacobian matrix has a N eigenvalues with zero
real parts at the point (xss, θ0, α0), then the next step is to make use of the
center manifold theory [33, 136, 366] (presented in the Appendix) to reduce
the system (Equation (3.41)) to the following N -dimensional system

dz

dt
= Φz + Ψ(z, θ, α) (3.42)

where the matrix Φ, of order N ×N , is in the Jordan form and its eigenvalues
have zero real parts at (xss, θ0, α0). Therefore, it can be seen that the reduced
system (Equation (3.42)) preserves the local dynamic features of the original
system.

In the following section, we present a description of type I degeneracies.
The conditions for the occurrence of these degeneracies are applied to a three-
dimensional system (n = 3 in Equation (3.1)).
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3.6.6.1 F1 Degeneracy

This degeneracy, called F1, corresponds to the simplest interactions between a
Hopf point and a static limit. In this case, the imaginary part of the complex
conjugate eigenvalues pair associated with the Hopf point goes to zero as the
Hopf point and the turning point collapse, resulting in a double zero eigenvalue
with the following Jordan block of size two:

(

0 1
0 0

)

This Jordan block form indicates that there is only one eigenvector corre-
sponding to two zero eigenvalues. The conditions for this degeneracy, for a
three-dimensional system, are found by substituting µ1 = 0 and µ2 = 0 into
the characteristic Equation (3.34), to yield:

S2 = S3 = 0 (3.43)

Close to F1 degeneracy one can expect steady-state multiplicity and pe-
riodic attractors. One might also observe some global bifurcation phenomena
such as homoclinic orbits that connect a saddle point to itself by a closed
orbit [33, 132, 366].

3.6.6.2 F2 Degeneracy

In this second class of type I degeneracies, a Hopf point remains a Hopf point
as it passes through the limit point so that three eigenvalues are critical. The
Jordan block for this degeneracy, called F2, has the following form





0 −w 0
w 0 0
0 0 0





The conditions for this degeneracy for a three-dimensional system are:

S1 = 0 (3.44)

S3 = 0 (3.45)

S2 > 0 (3.46)

Close to F2 degeneracy, in addition to static multiplicity, periodic solutions
and homoclinic orbits, one can anticipate heteroclinic orbits (closed orbits
that connect distinct fixed points), and also quasi-periodic oscillations [33,
181, 200, 201].
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3.6.6.3 G1 Degeneracy

For the case of triple-zero eigenvalues, called G1 singularity, the Jordan block
form is





0 1 0
0 0 1
0 0 0





The conditions for this degeneracy in term of the characteristic coefficients
are:

S1 = S2 = S3 = 0 (3.47)

The G1 degeneracy may produce a variety of phenomena ranging from steady-
state multiplicity to chaos [33, 230, 288].

3.6.7 Type II and III Degeneracies

Type II and III degeneracies occur, respectively, when the second (transver-
sality) and the third (stability) hypotheses of the Hopf theorem fail. In order
to define these singularities, let’s first formalize the (H2) and (H3) hypotheses.

Assume that the system (Equation (3.40)) has conjugate eigenvalues µ and
µ̄ around point (x0, θ0) that can be written as

µ(θ) = ν(θ) + iw(θ) (3.48)

Let’s also assume without loss of generality that the steady-state point under
consideration (x0, θ0) is transformed to the origin (0, θ0). The next step is
to make use of the central manifold theory [136, 366] as well as a series of
successive coordinates transformations [33, 258, 366] to show that the orbit
structure near the point (0, θ0) is determined by the following simple two-
dimensional normal form,
(

ẋ1

ẋ2

)

=

(

ν(θ) −w(θ)
w(θ) ν(θ)

)(

x1

x2

)

+

(

(a(θ)x1 + b(θ)x2)(x
2
1 + x2

2)
(b(θ)x1 + a(θ)x2)(x

2
1 + x2

2)

)

+High order terms (3.49)

where a and b are constant depending on θ. In polar coordinates, the system
(Equation (3.49)) is written conveniently as

ṙ = ν(θ)r + a(θ)r3 + O(r5 ) (3.50)

θ̇ = w(θ) + b(θ)r2 + O(r4 ) (3.51)

Expanding the coefficients ν and w in Equations (3.50–3.51) around θ = θ0

and neglecting higher order terms yields

ṙ = ν ′(θ0)θr + a(θ0)r
3 (3.52)
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θ̇ = w(θ0) + w′(θ0) + b(θ0)r
2 (3.53)

It can be seen from Equation (3.52) that the second hypothesis of the Hopf
theorem, namely the transversality hypothesis, can be written formally as

ν ′(θ0) 6= 0 (3.54)

The stability, on the other hand, of the periodic orbit emanating from the
Hopf point is determined by the sign of the coefficient a := a(θ0) in Equation
(3.52) [33, 366]. The periodic orbit is asymptotically stable when a is nega-
tive and unstable for positive values of a. The third Hopf hypothesis can be
therefore written formally as

a 6= 0 (3.55)

The case of a < 0 is referred to as supercritical bifurcation where stable limit
cycles (commonly shown by dots) emerge from the Hopf point (Figure 3.10).
The case of a > 0 is known as subcritical bifurcation where unstable periodic
solutions (circles) emanate from the Hopf point (Figure 3.10). In the following

θ

x

(a)

(b)

(c)

FIGURE 3.10: Examples of (a) Subcritical periodic branch; (b) supercriti-
cal; (c) at least one eigenvalue is positive.

section, we discuss the degeneracies associated with the failure of H2 and H3
hypotheses. But first, we introduce the following definition for a general high
order degeneracy of these two types.
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Definition 5 Introducing a Taylor expansion of the model normal form
(Equations (3.50–3.51)) yields

ṙ = ν ′(θ0)θr + a1(θ0)r
3 + a2(θ0)r

5 + · · · (3.56)

θ̇ = w(θ0) + · · · (3.57)

where a1 = a is the stability coefficient. Suppose that at the Hopf point we
have the following conditions:

ν = ν ′ = · · · = νk = 0, νk+1 6= 0 (3.58)

a1 = a2 = · · · = am = 0, am+1 6= 0 (3.59)

where νj denotes the derivative of order j of ν with respect to the bifurcation
parameter θ. A Hkm Hopf degeneracy is defined as a degeneracy that satisfies
conditions of Equations (3.58–3.59). This degeneracy is of codimension k +
m + 1. �

The singularity theory can be used to analyze the dynamics near these Hopf
degeneracies. This makes use of the Lyapunov–Schmidt reduction technique to
reduce the bifurcation problem to a single implicitly defined function. Some
details of the technique are presented in the Appendix. We present in the
following some examples of type II and type III degeneracies.

θ

x

H 10

H 20

FIGURE 3.11: Examples of bifurcation diagrams resulting from H10 and
H20 singularities.
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TABLE 3.3: Normal forms and unfoldings for H01 and H02 singularities

Type Normal form Universal unfolding Nondegeneracy conditions

H01 x(±x2 + θ2) x(±x2 + θ2 + α) a10 > 0(or < 0), a02 > 0

H02 x(x2 ± θ3) x(x2 ± θ3 + α1 + α2θ) a10 > 0(or < 0), a03 > 0

3.6.8 Examples of Type II Degeneracies

A large family of type II degeneracies occur for k = 0 in Equations (3.58–
3.59). The resulting H0m family of degeneracies is of codimension m + 1.
The first member of the H0m family corresponds to m = 1. The resulting
H01 degeneracy describes the appearance of two Hopf points while the H02

degeneracy involves the interactions between three Hopf points. The H0m

family can be described qualitatively as being associated with the appearance
of (m + 1) nondegenerate Hopf points.

Instead of using Equations (3.58–3.59), the conditions for the H0m singu-
larity are written more conveniently using the characteristic coefficients

F = Fθ = Fθθ = · · · = dmF

dθm
= 0,

dm+1F

dθm+1
6= 0 (3.60)

with F being defined by Equations (3.38–3.39).
Far from the turning points, the implicit function theorem can be used

to define xss(θ) as an invertible function, and this is sufficient to write the
conditions (Equation (3.60)) in the following more convenient form [111]:

F = Fx = Fxx = · · · = dmF

dxm
= 0,

dm+1F

dxm+1
6= 0 (3.61)

Using these equations, the conditions for the appearance of the H01 singularity
are therefore:

F = Fx = 0, Fxx 6= 0 (3.62)

This condition is equivalent to the simplest type of the static bifurcation, i.e.,
the turning points of the steady-state curve in the bifurcation diagram. H01

represents therefore the turning points of the Hopf points curve.
As for the H02 singularity, it is defined using the following conditions:

F = Fx = Fxx = 0, Fxxx 6= 0 (3.63)

This singularity is analogous to the hysteresis singularity for the static mul-
tiplicity. Table 3.3 shows the normal forms associated with H01 and H02 sin-
gularities. The definition of the coefficients a10, a02, a03 are given in the ap-
pendix.
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3.6.9 Examples of Type III Degeneracies

This type of degeneracy occurs when the third hypothesis (H3) of the Hopf
theorem is violated. This type may allow for individual Hopf points to produce
periodic limit points and therefore multiple periodic orbits. A large family
of Type III degeneracy occurs for m = 0 in Equations (3.58–3.59). The first
member of this family is the H10 singularity. It is associated with the transition
from subcritical to supercritical Hopf bifurcation. This transition may lead
to the formation of a limit point on the periodic branch (Figure 3.11). The
second member is the H20 singularity. This singularity allows the formation
of a hysteresis loop in the periodic branch, and this leads to the formation
of multiple periodic orbits (Figure 3.11). Table 3.4 shows the normal forms

TABLE 3.4: Normal forms and unfoldings for H10 and H20 singularities

Type Normal form Universal unfolding Nondegeneracy conditions

H10 x(x4 ± θ) x(x4 ± θ + αx2) a01 > 0(or < 0), a20 > 0

H20 x(x6 ± θ) x(x6 + ±θ + α1x
2 + α2x

4) a01 > 0(or < 0), a30 > 0

of H10 and H20 singularities. The definition of the coefficients describing the
degeneracy conditions are also given in the appendix.



This page intentionally left blankThis page intentionally left blank



Chapter 4

THE BASIC MODEL OF IDEAL

CHEMOSTAT

4.1 Introduction

We start our study with the basic unstructured model of the ideal chemostat.
We consider the continuous bioreactor with cell recycle shown in Figure 4.1.
The purge fraction W containing the biomass is operated directly from the
bioreactor. Ideal conditions are assumed to prevail in the settler. The cell
mass is assumed to be formed with a growth rate rx proportional to biomass
concentration X, i.e., rx = rX, where r is the specific growth rate, assumed
to depend only on the substrate. The substrate utilization rate rs is assumed
to be a linear function of the cell growth rate rx, i.e., rs = −rx/Y where Y
is the yield coefficient, assumed to be independent of the substrate and cell
composition. In many cases, it is needed to account for the energy required for
cell maintenance and cell death. An endogenous decay term kdX representing
the rate of decay in the cell mass is used to correct the cell growth rate. The
net cell growth rate is therefore, rX−kdX, where kd is the endogenous decay
coefficient.

The unstructured model hence established does not recognize any inter-
nal structure of the cell nor a diversity between the cell forms. However, it
includes the most fundamental observations concerning microbial growth pro-
cesses: that the rate of cell mass production is proportional to biomass concen-
tration and that there is a decrease in cell mass also proportional to biomass
concentration. The quality of the model predictions is variable but it increases
whenever the substrate concentration is high enough in the major part of the
bioreactor to permit equilibrium of the internal cell composition, the so-called
balanced growth condition [263].

As was mentioned in the first chapter, the stability of the basic model of
the chemostat was the subject of several investigations in the literature [7, 59,
94]. Useful results on the stability of the chemostat can also be found in the
excellent textbooks [41, 265, 321], while a study of the stability of the model
using different tools than the singularity theory was carried out in the book
of Smith and Waltman [329].

The present chapter has two objectives. One objective is to provide a
general framework for the analysis of static multiplicities in the chemostat

43
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model, using the singularity theory. The relative simplicity of the reactor-
settler model allows the description of the steady-state behavior of the system
in form of a single nonlinear algebraic equation. The singularity theory can
therefore provide a useful tool for the classification of the different branching
phenomena in the model. The second objective is to study the dynamic bifur-
cation of the bioreactor model. General conditions for the existence of Hopf
points with respect to the selected growth kinetics are derived. The periodic
behavior is examined for both constant and variable (substrate dependent)
yield coefficient.

Bioreactor


WQ


(1+R)Q


S

f

,
 X


f


Q


X

R


RQ


S, X


(1+R-W)Q
 (1-W)Q
Settler


FIGURE 4.1: Schematic diagram of a bioreactor with cell recycle.

4.2 Process Model

The unsteady-state mass balance equation for the substrate S is given by

QSf + QRS − rXV

Y
= QWS + Q(1 + R − W )S + V

dS

dt
(4.1)

or equivalently

QSf − QS − rXV

Y
= V

dS

dt
(4.2)
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Introducing the dilution rate D = Q
V , the mass balance is written as

D(Sf − S) − rX

Y
=

dS

dt
(4.3)

The mass balance equation for the biomass X is

QXf + RQXR + (r − kd)X = Q(1 + R)X + V
dX

dt
(4.4)

Ideal conditions in the settler allow the following simple relation between the
exit biomass X and the recycle biomass XR concentrations

XR = X(
1 + R − W

R
) (4.5)

Substituting in Equation (4.4) for the recycle biomass concentration yields

QXf − QWX + (r − kd)XV = V
dX

dt
(4.6)

or equivalently

D(Xf − WX) + (r − kd)X =
dX

dt
(4.7)

The specific growth rate r is assumed to be described by the Haldane rela-
tion [305] with three adjustable parameters

r =
µmS

ks + S + S2/ki
(4.8)

where µm is the maximum specific growth rate, ks is the saturation constant,
and ki is the substrate inhibition constant. The mass balances (Equations
(4.3, 4.7)) are rendered dimensionless using the following variables

S̄ =
S

ks
, X̄ =

X

ksY
, K =

ki

ks
, t̄ =

t

µm
, D̄ =

D

µm
, β =

kd

µm

The dimensionless model is therefore,

D̄(S̄f − S̄) − r̄X̄ =
dS̄

dt̄
(4.9)

D̄(X̄f − WX̄) + (r̄ − β)X̄ =
dX̄

dt̄
(4.10)

The growth rate r in dimensionless form is given by

r̄ =
S̄

1 + S̄ + S̄2

K

(4.11)

Monod growth is obtained as a limiting case of Equation (4.11) when the
dimensionless inhibition constant K takes on large values, i.e., K → +∞.
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4.3 Static Analysis

We start by carrying out a steady-state analysis of the bioreactor model.
The steady-states equations are obtained by setting the right-hand sides of
Equations (4.9, 4.10) to zero. The combination of both of these equations
yields

D̄(S̄f − S̄) + D̄X̄f − X̄(β + D̄W ) = 0 (4.12)

By introducing Equation (4.12) and then Equation (4.11) into Equation (4.9),
a third-order polynomial can be obtained for the substrate concentration S̄,

F (S̄) := aS̄3 + bS̄2 + cS̄ + d = 0

with

a = 1
KS̄f

b = − 1
K + 1

S̄f
− 1

S̄f (β+D̄W)

c = −1 + 1
S̄f

+ 1
β+D̄W

+
X̄f

S̄f (β+D̄W)

d = −1

(4.13)

The steady states of this model are bounded. The substrate concentration S̄
is bounded by the feed conditions S̄f , while the maximum concentration of
the biomass is obtained by setting S̄ = 0 in Equation (4.12), to yield

X̄ =
D̄(S̄f + X̄f )

β + D̄W
(4.14)

We are interested in the way the steady state S̄ depends on the positive system
parameters. The dilution rate appearing in Equation (4.13) is selected to be
the bifurcation parameter. The steady-state Equation (4.13) is cubic in S̄, so
for a given value of D̄ there will be either one or three real positive roots. In
the following, we examine the occurrence of various static singularities for this
equation.

4.3.1 Codimension-1 Singularity

Hysteresis

Recasting the results mentioned in Chapter 3, the conditions for the appear-
ance/disappearance of a hysteresis loop are that

F = FS̄ = FS̄S̄ = 0 (4.15)
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In addition a number of other derivatives must remain nonzero, namely FD̄,
FS̄D̄, and FS̄S̄S̄ . The hysteresis conditions for the model are then

F = aS̄3 + bS̄2 + cS̄ + d = 0 (4.16)

FS̄ = 3aS̄2 + 2bS̄ + c = 0 (4.17)

FS̄S̄ = 6aS̄ + 2b = 0 (4.18)

Equation (4.18) has one solution S̄ = − b
3a . Substituting this solution in Equa-

tions (4.16–4.17) yields the following relations for the hysteresis singularity

b2

3a
= c (4.19)

b3

27a2
= −1 (4.20)

These two equations are also equivalent to b = −3a
2
3 and c = 3a

1
3 . Recast-

ing the expressions of a and b from Equation (4.13) yields the following two
relations for the term ζ = 1

β+D̄W

ζ = 1 − S̄f

K
+

3S̄
1
3

f

K
2
3

(4.21)

and

ζ =
−1 + S̄f +

3S̄
2
3
f

K
1
3

S̄f + X̄f
(4.22)

Combining these two relations, an expression for the biomass feed concentra-
tion X̄f can be obtained as a function of model parameters S̄f and K,

X̄f =
−K + 3(KS̄f )

2
3 − 3K

1
3 S̄

4

3

f + S̄2
f

K + 3(KS̄f )
1
3 − S̄f

(4.23)

Equation (4.23) and either Equation (4.21) or Equation (4.22) define the con-
ditions for the hysteresis singularity. Next, we check that the other derivatives
at these conditions remain nonzero. It can be noted that FS̄S̄S̄ cannot vanish
for any values of system parameters, since

FS̄S̄S̄ = 6a =
6

KS̄f
6= 0 (4.24)

The FD̄ condition requires, on the other hand, that

FD̄ =
WS̄(S̄ − S̄f − X̄f)

S̄f (β + D̄W )2
6= 0 (4.25)
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FD̄ vanishes only at S̄ = 0 and at S̄ = S̄f + X̄f . Barring the trivial case of
S̄ = 0, the second vanishing point is physically realistic only if X̄f = 0 (i.e.,
clean feed conditions). This case is to be discussed in a later section, as it
gives rise to an other singularity. The other derivative condition is FD̄S̄ 6= 0.
Since

FD̄S̄ =
W (2S̄ − S̄f − X̄f )

S̄f (β + D̄W )2
(4.26)

The condition is equivalent to

S̄ 6= S̄f + X̄f

2
(4.27)

or equivalently, by recasting the expressions of b and c from Equation (4.13),
to

ζ 6= 1 − 5S̄f

K
+

X̄f

6K
(4.28)

Equating this condition with any of conditions (Equation (4.21)) or Equa-
tion (4.22) does not yield any real solutions for the model parameters. We con-
clude therefore that the condition of Equation (4.28) is never violated. Figure
4.2a shows an example of the hysteresis branch set for X̄f = 0.05, β = 0 and
W = 1. The hysteresis boundary (H0) divides the parameter space (S̄f , K)
into two regions H1 and H2. For any parameter combination in region (H1)
(e.g., S̄f = 5.0 and K = 4) the bifurcation diagram, obtained with the Soft-
ware AUTO [98], has two limit points, as shown in Figure 4.2b. Any abrupt
change in the reactor operating parameters can cause the system to jump
from a high conversion point to a low conversion operating point. If a sample
parameter combination (S̄f , K) is, on the other hand, moved from region H1

towards the hysteresis boundary (H0) then the two turning points collapse
into one limit point, as shown in Figure 4.2c, for values of S̄f = 3.52358 and
K = 4. After the boundary is crossed towards region H2, the hysteresis dis-
appears, as shown by the continuation diagram of Figure 4.2d, for values of
S̄f = 3 and K = 4.

Isola and Mushroom

The second possible qualitative change that can occur in the steady-state
locus is the appearance of an isola and the growth of an isola into a mush-
room. The requirements, mentioned in Chapter 3, for these two changes are
that

F = FS̄ = FD̄ = 0 (4.29)
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FIGURE 4.2: (a) Branch sets for the hysteresis singularity; (b) Continu-
ity diagram showing hysteresis in region H1; (c) Continuity diagram for the
boundary H0; (d) Continuity diagram for region H2; solid line, stable branch;
dashed line, unstable; circle, limit point.

with the additional requirements that

FS̄D̄ 6= 0, FS̄S̄ 6= 0, FD̄D̄ 6= 0 (4.30)

From the expression of FD̄ in Equation (4.25), we see that the possible steady-
state solutions of FD̄ = 0 are S̄ = 0 and S̄ = S̄f +X̄f , but it is straightforward
to see that the requirement FD̄D̄ 6= 0 is not satisfied for any model parameters,
since

FD̄D̄ =
−2W 2S̄(S̄ − S̄f − X̄f )

S̄f (β + D̄W )3
(4.31)

vanishes at the considered steady states. The model cannot therefore exhibit
an isola or mushroom singularity.
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FIGURE 4.3: (a) Branch sets for the pitchfork singularity; (b) Continuity
diagram for region B1; (c) Continuity diagram for the boundary B0; (c) Con-
tinuity diagram for region B2; solid line, stable; dashed line, unstable; circle,
limit point; triangle, bifurcation point.

4.3.2 Codimension-2 Singularity

The conditions for the single scalar function to undergo a pitchfork bifurcation
are that

F = FS̄ = FD̄ = FS̄S̄ = 0 (4.32)

and

FS̄D̄ 6= 0, FS̄S̄S̄ 6= 0 (4.33)

The pitchfork conditions for our example are

aS̄3 + bS̄2 + cS̄ + d = 0 (4.34)

3aS̄2 + 2bS̄ + c = 0 (4.35)

6aS̄ + 2b = 0 (4.36)

WS̄(S̄ − S̄f − X̄f )

S̄f (β + D̄W )2
= 0 (4.37)
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FIGURE 4.4: Bifurcations diagrams for Monod growth; (a) Sterile feed con-
ditions; (b) Case of nonsterile feed with X̄f = 0.05.

Equation (4.37) has one physically realistic solution S̄ = S̄f + X̄f , provided
that X̄f = 0, while Equations (4.34–4.36) yield the same steady-state solu-
tion S̄ = − b

3a
and the same conditions of Equations (4.21–4.23), previously

obtained for the hysteresis singularity. The steady-state equation S̄ = − b
3a

should be then equal to S̄ = S̄f . Taking Equation (4.19) into consideration,
this is equivalent to −c = bS̄f . Recasting the expressions of c and b from
Equations (4.13) yields

S̄f =
√

K (4.38)

Substituting in Equation (4.21) or Equation (4.22) yields

ζ = 1 +
2√
K

(4.39)

or equivalently

D̄ =
1

W
(

1

1 + 2√
K

− β) (4.40)

Washout conditions occur if the dilution rate is larger than the critical value
defined by Equation (4.40). The condition FS̄D̄ 6= 0, on the other hand, is
automatically satisfied. Figure 4.3 summarizes the branch set for the pitchfork
singularity. Equation (4.38) defines the boundary B0 for the pitchfork in the
(S̄f , K) plane. This boundary, shown in Figure 4.3a, divides the plane in two
regions. For values of parameters S̄f and K (e.g., S̄f = 5 and K = 4) in region
B1, the continuation diagram of Figure 4.3b shows an imperfect pitchfork
where a region of instability separates the limit point and the bifurcation
point located on the washout line. The system has three steady branches where
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the upper one is physically unrealistic. Operating the reactor for dilution rates
smaller than the critical value is possible in the lower branch. If the parameters
S̄f and K move on the boundary itself B0 (e.g., S̄f = 2 and K = 4) then the
limit point and the bifurcation point collapse in one point yielding a perfect
pitchfork, as shown in Figure 4.3c. The same washout conditions exist for this
bifurcation as the critical dilution rate is the same. For values of parameters
in region B2 (e.g., S̄f = 1.5 and K = 4), the continuity diagram is shown
in Figure 4.3d. The limit point in this case moves to the other side of the
bifurcation point and occurs on the physically unrealistic branch.

Finally, it should be noted that the pitchfork singularity obtained for X̄f =
0 is the highest singularity the model can exhibit. A codimension-3 singularity,
i.e., winged cusp requires that the following conditions be satisfied

F = FS̄ = FD̄ = FS̄S̄ = FS̄D̄ = 0

But it can be seen that conditions FD̄ = 0 (Equation (4.25)) and FS̄D̄ =
0 (Equation (4.26)) are incompatible since they would lead to the relation
S̄f + X̄f = 0, which is not physically realistic.

4.3.3 Monod Kinetic Model

The investigation carried out so far with Haldane kinetics can be used to
recover the bifurcation behavior for the case of Monod growth. As the di-
mensionless inhibition constant K takes on large values, i.e., K → +∞, the
steady-state Equation (4.13) becomes quadratic

F (S̄) = bS̄2 + cS̄ + d = 0 (4.41)

with the coefficient b and c becoming

b = 1
S̄f

− ζ
S̄f

c = −1 + 1
S̄f

+ ζ +
ζX̄f

S̄f

d = −1

For a quadratic equation like Equation (4.41), the singularity theory defines
a simple bifurcation (codimension-0), defined by the following conditions

F = 0, FS̄ = 0, and FS̄S̄ 6= 0 (4.42)

The second condition FS = 2bS̄+c = 0 defines one possible solution S̄ = − c
2b

.
Substituting in condition F = 0 yields

c2 = −4b (4.43)

This condition is satisfied only if b ≤ 0, which is equivalent to having

ζ =
1

β + D̄W
≥ 1 (4.44)
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The condition FS̄S̄ 6= 0, on the other hand, implies that ζ 6= 1. So for ζ > 1,
the condition c2 = −4b is equivalent to

(S̄f + X̄f )2ζ2 + 2(X̄f − S̄f (1 + S̄f + X̄f))ζ + (1 + S̄f )2 = 0 (4.45)

The discriminant of this quadratic equation is ∆ = −16S̄f X̄f (1 + S̄f + X̄f ).
Therefore, the equation does not have real solutions unless X̄f = 0. For this
case, the solution of Equation (4.45) yields

ζ = 1 +
1

S̄f
(4.46)

which is obviously greater than 1. The critical dilution rate D̄c can be defined
from Equation (4.46) as follows

D̄c =
1

W
(
1

ζ
− β) =

1

W
(

S̄f

1 + S̄f
− β) (4.47)

Washout conditions occur for any dilution rate larger than D̄c. Figure 4.4a
shows the continuation diagram for X̄f = 0, W = 1, and β = 0. The system
features two stable branches where the upper one is not physically realistic.
For the case where the biomass feed exists (X̄f 6= 0), the system features a
unique steady-state solution, and the continuity diagram is shown in Figure
4.4b, for the case of X̄f = 0.05, W = 1, and β = 0 .

4.4 Dynamic Behavior for Constant Yield Coefficient

In this section we investigate the existence of periodic behavior in the model.
As was mentioned in Chapter 1, the existence of oscillatory behavior under
suitable operating conditions has long been known in continuous cultures of
some micro-organisms such as S. cerevisiae [146, 274] and Z. mobilis [174].
The two-dimensional system exhibits a Hopf bifurcation point if the Jacobian
matrix has pure imaginary eigenvalues. The Jacobian matrix for this model is

J =

[

f1S̄ f1X̄

f2S̄ f2X̄

]

(4.48)

where f1 and f2 denote the left-hand sides of the mass balances in Equations
(4.9–4.10). Substituting the expressions of the gradients yields

J =

[

−D̄ − r̄′X̄ −r̄
r̄′X̄ −WD̄ + r̄ − β

]

(4.49)

where r̄′ is the first derivative of r̄. The eigenvalues λ of the Jacobian matrix
are the solutions of the characteristic equation

λ2 − λ(f1S̄ + f2X̄) + f1S̄f2X̄ − f1X̄f2S̄ = 0 (4.50)
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The conditions for this equation to have pure nonzeros eigenvalues are that

f1S̄ + f2X̄ = 0 (4.51)

f1S̄f2X̄ − f1X̄f2S̄ > 0 (4.52)

These relations are equivalent to

−D̄(1 + W ) − r̄′X̄ + r̄ − β = 0 (4.53)

WD̄2 − D̄(r̄ − β) + r̄′X̄(WD̄ + β) > 0 (4.54)

Substituting Equation (4.53) into Equation (4.54) yields,

r̄′X̄(D̄(W − 1) + β) > D̄2 (4.55)

The steady-state form of Equation (4.10) is equivalent to

r̄ − β = −D̄(X̄f − WX̄)

X̄
(4.56)

Substituting in the first Hopf condition (Equation (4.53)) and expanding
yields,

r̄′X̄ = −D̄(X̄f + X̄)

X̄
(4.57)

Using, on the other hand, the combination of steady-state Equations (4.9,
4.10) yields

X̄ =
D̄(S̄f − S̄ + X̄f )

β + D̄W
(4.58)

Finally, substituting for r̄′X̄ (Equation (4.57)) and (β + D̄W ) (Equation
(4.58)) in the second Hopf condition (Equation (4.55)) yields

−(X̄f + X̄)(S̄f − S̄) > X̄2
f (4.59)

The left-hand side of this inequality is always negative, therefore the condi-
tion is never satisfied. This analysis was carried out without reference to the
explicit expression of the growth model. We conclude therefore that the biore-
actor model, cannot predict periodic behavior for any growth rate. This quite
interesting result is more general than the one found by Crooke et al. [85]
and Ivanitskaya et al. [172], since the studied model takes into consideration
cell maintenance and eventual nonsterile feed conditions. This result reflects
a fundamental weakness of the basic unstructured kinetic model. Since the
metabolic activity is described solely by the specific growth rate and the yield
coefficient, it does not recognize any internal structure of the cell nor a di-
versity between cell forms, and thus fails to describe situations where the
cell composition or the morphology of the cell culture are important vari-
ables. The inadequacy of the unstructured model manifests itself in its failure
to predict transient behavior following sudden changes in operation parame-
ters [265] and, as shown in this analysis, in predicting oscillatory behavior for
any growth rate.
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4.5 Dynamic Behavior for Variable Yield Coefficient

We consider in this section the case for which the yield coefficient is vari-
able. We relax the previous assumptions by neglecting the endogenous term
(i.e., kd = 0), assuming no recycle (W = 1) and that the yield coefficient
depends solely on the substrate. We will make use of the original equations
in dimensional form. The Jacobian matrix for the model in dimensional form
(Equations (4.3, 4.7)) is given by

J =

[

−D − ( r
Y )′X − r

Y
r′X −D + r

]

(4.60)

A similar analysis to the previous section reveals that Hopf conditions are:

f1S + f2X = −2D − (
r

Y
)′X + r = 0 (4.61)

f1Sf2X − f1Xf2S = D2 − Dr + D(
r

Y
)′X +

r̄r̄′X

Y
− (

r

Y
)′rX > 0

(4.62)

Substituting Equation (4.61) into Equation (4.62) yields the following condi-
tion for the existence of Hopf points,

r2X
Y ′

Y 2
> D2 (4.63)

It can be concluded that, necessarily, the yield should be in such a way that
Y ′ > 0. At the steady state (Equation (4.3)), we have that

D =
rX

Y (Sf − S)
(4.64)

Combining Equation (4.3) with Equation (4.7) yields

X = Y (Sf − S) + Xf (4.65)

Substituting these two equations in Equation (4.63) yields the following con-
dition for the existence of Hopf points

Y ′ >
Y

(Sf − S)
+

Xf

(Sf − S)2
(4.66)

It is interesting to note that the Hopf condition in this case is independent
of the specific growth rate. For the practical case of sterile feed Xf = 0, this
condition is reduced to

Y ′

Y
>

1

Sf − S
(4.67)
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The occurrence of a Hopf bifurcation is therefore conditioned by the inequality
Y ′(s) > 0 and the condition of Equation (4.67). While the condition Y ′(s) > 0
is satisfied at least in the neighborhood of S = 0 for every growth rate, the
condition of Equation (4.67) is not always guaranteed. This is particularly the
case when the yield is constant. In the following, we consider the case when
the yield coefficient is assumed to depend linearly on the substrate:

Y = Y0 + Y1S (4.68)

The variability of the yield coefficient was shown in the literature to be the
case for a number of microbial populations [347]. The linear model for the de-
pendence of the yield coefficient on the substrate was proposed, for instance,
by Ivanitskaya et al. [172] to describe the continuous growth of S. cerevisiae.
The yield for this organism is known to depend on the substrate concentra-
tion. This is attributed mainly to the Crabtree effect [290], as the yield for
fully oxidative and fully fermentative regimes are known to be significantly
different [274]. The variability of the yield coefficient depends therefore on the
coexistence of these mechanisms. The relative impact of these pathways on the
microbial metabolism is, on the other hand, affected by the inhibitive action
that glucose has on the oxidative pathway at high substrate concentration.

The choice of a linear model to describe the variations of the yield is also
due to its simplicity. The coefficients of the linear relationship have a meaning
of a regression of the experimental values.

For the linear dependence of the yield, the Hopf condition of Equation
(4.67) requires that Y1

Y > 1
Sf −S , which also necessarily requires that Y1

Y >
1

Sf
. As was explained in [70], a large dependence of the yield coefficient on

the substrate (i.e., large value of Y1) results in a negative feedback effect
caused by the substrate concentration. But high values for this quantity induce
quicker growth and a higher biomass yield, which in turn leads to a decrease in
substrate concentration. These effects coupled with the autocatalytic nature
of the reaction, leads to the occurrence of dynamical bifurcation.

In the following, we describe in detail the dynamic bifurcation induced by
the linear dependence of the yield coefficient on the substrate. The Haldane
relation is chosen to describe substrate inhibited kinetics,

r =
µmS

ks + S + S2

ki

(4.69)

The model is rendered dimensionless using the following variables,

S̄ =
S

Sf
, X̄ =

X

Y0Sf
, λ =

Y1Sf

Y0
, D̄ =

D

µm

β =
ks

Sf
, γ =

Sf

ki
, t̄ = tµm, r̄ =

r̄

µm
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The model in dimensionless form is

dS̄

dt̄
= D̄(1 − S̄) − r̄X̄

λS̄ + 1
(4.70)

dX̄

dt̄
= −D̄X̄ + r̄X̄ (4.71)

The dimensionless specific growth rate is

r̄ =
S̄

β + S̄ + γS̄2
(4.72)

The combination of the steady states of Equations (4.70, 4.71) yields,

X̄ = (1 − S̄)(λS̄ + 1) (4.73)

Substituting in the steady state form of Equation (4.70) yields the following
algebraic equation,

F (S̄) := (1 − S̄)(−D̄ + r̄) (4.74)

This equations predicts washout conditions, i.e., S̄ = 1, X̄ = 0 unless

r̄ = D̄ (4.75)

With the selected form of the specific growth rate (Equation (4.72)), the
steady-state Equation (4.75) is quadratic in S̄. The nontrivial solution r̄ = D̄
exhibits a static limit point when FS̄ = 0 (Equation (4.74)), i.e., r̄′ = 0. The
first derivative of the growth rate is given by

r̄′ =
β − γS̄2

(β + S̄ + γS̄2)2
(4.76)

and vanishes at

S̄max =

√

β

γ
(4.77)

The static limit point occurs on the washout line when S̄ = 1. Substituting in
Equation (4.77) yields

β = γ (4.78)

This relation defines the boundary between two types of static behavior, as it
is seen later.

The singularity theory also predicts a number of singularities for the dy-
namic bifurcation. As mentioned in Chapter 3, the F1 degeneracy involves
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the interaction between a Hopf point and a static limit point. It is defined
by solving the static limit point conditions (FS̄ = 0), i.e., (r̄′ = 0) (Equation
(4.77)) and the equality derived from the Hopf condition (Equation (4.67)),
which becomes in dimensionless form

Y ′

Y
=

1

1 − S̄
(4.79)

or equivalently

λ

λS̄ + 1
=

1

1 − S̄
(4.80)

Substituting the condition r̄′ = 0 (Equation (4.77)) into Equation (4.80) yields
the following condition for the F1 singularity,

β =
γ

4
(1 − 1

λ
)2 (4.81)

The H01 singularity, also discussed in Chapter 3, corresponds to the appear-
ance or coalescence of two Hopf points. The condition for this singularity are:

H = HS̄ = 0, HS̄S̄ 6= 0 (4.82)

where

H := f1S̄ + f2X̄ (4.83)

with

f1S̄f2X̄ − f1X̄f2S̄ > 0 (4.84)

Since there is no simple analytical relation that can be derived from these
conditions, the set of Equations (4.82) is solved numerically for (β, γ) to define
the boundaries of this singularity. The complete static and dynamic branch
set consists of Equation (4.78) defining the static singularity, together with
Equations (4.81–4.82) that define, respectively, the F1 and H01 singularities.
The branch set is shown in Figure 4.5 in the parameter space (β, γ), for λ = 10.
The branch set is divided in four regions. In region (a), Figure 4.6a shows an
example of a continuity diagram for (β, γ) = (0.1, 0.8). An unstable branch
can be seen to separate the static limit point (SLP) and the bifurcation point
(BR) corresponding to the crossing with the washout line. The static limit
point occurs at dilution rate

D̄LP = r̄(S̄ = S̄max) =
1

1 + 2
√

βγ
(4.85)

The bifurcation point (BR), on the other hand, occurs at dilution rate D̄BR,
obtained by setting S̄ = 1 in Equation (4.75), yielding

D̄BR =
1

β + 1 + γ
(4.86)
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FIGURE 4.5: Complete branch set in the parameter space (β, γ) for vari-
able yield model; solid line, static singularity; dashed line, F1 singularity;
semidashed line, H01 singularity.

The continuity diagram is also characterized by the existence of a Hopf
point. Stable periodic branches emanate from the HB point and terminate as
they collide with the static branch. For conditions between the Hopf point
(HB) and the bifurcation point (BR), oscillatory behavior is inevitable. For
dilution rates between BR and SLP, there is a situation of bistability where
washout and oscillations coexist for any values of the dilution rate. Figure
4.7 shows an example of this situation for D̄ = 0.580. Small fluctuations
of around 3 percent in the dilution rate pushes the process from oscillatory
behavior to washout conditions. When crossing the boundary (Figure 4.5)
separating regions (a) and (b), a second Hopf point appears as a result of
the H01 singularity. The continuity diagram, shown in Figures 4.6 (b1–b2)
for (β, γ) = (0.2, 0.8), is characterized by the presence of two Hopf points in
addition to the static limit point. A third stable branch also exists between
the larger Hopf point and the limit point. Similarly to the previous diagram
(Figure 4.6a), oscillations are the only attractors for dilution rates between
the HB point and the bifurcation point (BR), while these oscillations coexist
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FIGURE 4.6: Continuity diagrams in the different regions of Figure 4.5: (a)
Imperfect pitchfork in region (a); (b1) Two Hopf points and a middle stable
branch in region (b); (b2) Details of region (b); (c) Imperfect pitchfork in
region (c); (d) Monod-like behavior in region (d).

with the washout line for dilution rates between BR and the largest HB point.
When crossing to region (c) of Figure 4.5, the two Hopf points disappear. The
steady-state portrait (Figure 4.6c), obtained for (β, γ) = (0.5, 0.8), exhibits a
limit point with no HB point. For conditions between BR and SLP, the process
exhibits bistability. The operation on the lower static branch may also drift
towards washout conditions. Finally, when the parameters (β, γ) cross the
static line to region (d) (Figure 4.5), the limit point moves to the other side
of the washout line. A Monod-like behavior is expected, as shown in Figure
4.6d, obtained with (β, γ) = (1, 0.8).
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FIGURE 4.7: Time traces showing different behavior in region (a) of Figure
4.6a: (a) Autonomous stable oscillations for D̄ = 0.580; (b) Small fluctuations
in dilution rate move the oscillatory behavior to washout.

4.6 Concluding Remarks

The singularity theory was used to reexamine the bifurcation mechanisms
of the basic unstructured model of the chemostat with cell recycle. It was
shown that for Haldane substrate inhibition kinetics, the pitchfork singularity
that occurs for sterile feed is the highest singularity the model can predict.
The investigation of Hopf points has shown that for the case of a constant
yield coefficient, neither the presence of a maintenance term nor the assump-
tion of spatial inhomogeneity due to the wall attachment of micro-organisms
can produce an oscillatory behavior. It seems therefore that the variability
of the yield coefficient with the substrate is a necessary requirement for the
two-dimensional model to produce a dynamic bifurcation. This also joins the
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results obtained in [286]. For the important case of linear dependence of the
yield coefficient on the substrate, the analysis carried out in this chapter has
shed some light on some dynamic degeneracies predicted by the model. Re-
cently, this analysis has been extended by Cammarota [70] who uncovered
more features regarding Hopf points including the computation of the loci of
the H10 singularity.



Chapter 5

THE CHEMOSTAT WITH WALL

ATTACHMENT

5.1 Introduction

Attachment of microbial cells to the walls of bioreactors is not an uncommon
phenomenon. The usual assumption in most applications involving continuous
stirred tank bioreactor systems is that the flow rate is fast enough that wall
growth can be neglected. However, in many cases, micro-organisms attached
to solid surfaces might form a film ranging from a monocellular layer to a thick
layer of slime [250]. A biofilm, for instance, consists of microbial cells attached
to a solid surface that are usually embedded in a matrix of organic polymers
produced by the extracellular polymeric substances (EPS). A good example
is the nitrification process where extracellular polymers are excreted and em-
beded in a slime matrix [99, 138]. The modeling of microbial growth and wall
attachment is an important issue. Besides operational problems caused by mi-
crobial fouling of the internal surfaces of the bioreactor, a more-or-less loose
wall growth leads to the enrichment of cells in the bioreactor and could have
important ramifications on the stability characteristics of the unit. It should
be noted that the ability of bacteria to attach to surfaces is not only of in-
terest to bioreactors. This issue is of considerable interest to many industries,
including medical, food industry, and membrane-based processes. In the latter
applications, the development of biofilms on the surface of membrane-based
separation systems such as those used in the desalination process is an impor-
tant issue, since biofouling can lead to the deterioration or even the failure of
the separation process.

Attachment of microbial cells is a complex process controlled by diverse
characteristics of the growth medium, substratum, and cell surface [102, 269].
In the literature, Topiwala and Hamer [352] were first to propose a model
that allows for the growth of a monocellular layer attached to the walls of
the chemostat. Among the model assumptions are that the attachment of
microbial cells to the solid surface is irreversible and that the population
density on the surface is constant. Both of these assumptions were relaxed
in the model proposed later by Baltzis and Fredrickson [47] for their study
of the competition between microbial populations when one of them exhibits
wall attachment. The density of the attached cells was, however, not allowed

63
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to exceed a maximum value, characteristic of the surface and the microbial
species. Ratnam et al. [298] also studied the effects of attachment of bacteria
to chemostat walls in a microbial predator–prey relationship. Later, Sambanis
and Fredrickson [312] investigated the stabilizing effect of cell wall attachment
on the feeding-saprotrophy model. Smith and Waltman [329], and Pilyugin
and Waltman [285] provided a thorough stability analysis of the chemostat
with wall attachment using the basic unstructured model. Abu-Reesh [5], on
the other hand, examined the optimal design of chemostats in a series in the
presence of microbial wall growth. Dokianakis et al. [99] proposed a general
kinetic model based on the modified Topiwala and Hamer model for describing
the oxidation of nitrites by autotrophic nitrifiers, when an active biomass is
both in suspension and attached to reactor walls. The attached biomass was
included in the model as a planar biofilm with uniform properties.

Other approaches were also followed to model microbial wall attachment.
Jones et al. [176], for instance, examined the stability of a simple conceptual
model of biofilm formation developed by Freter et al. [115] for the implanta-
tion of Escherichia coli in the intestinal tract. The authors found two steady-
state regimes, namely, the complete washout of the microbes from the reactor
and the successful colonization of both wall and bulk fluid. Efforts have also
been directed towards understanding the complex structural heterogeneity
of the formed layers with the goal of shedding light on the mechanisms of
the development of biofilms, i.e., the actual placement of daughter cells after
cell division. This issue is complicated since it involves the challenging task
of understanding the relationships between physical, chemical, and biologi-
cal processes occurring at very different spatial and temporal scales [96]. In
this regard, models of different complexity were proposed to distribute the
newly formed biomass. These include models that consider biofilms as layered
steady-state films [266] as well as models based on the cellular automaton
approach [203, 284, 367]. These models are quite complex and may involve
two- or three-dimensional biofilm models [105].

In the previous chapter of this book, we have introduced the effect of
wall attachment during the study of the basic unstructured model describ-
ing the chemostat. In this chapter, we propose a more complex model for
cell wall attachment. The model assumes two morphological variants of the
microbial cell: A variant that remains attached to the wall and another one
that is sloughed off into the liquid medium. The two forms are connected by
metamorphosis reactions. The model, which reduces in the limit to the Topi-
wala and Hamer model, assumes explicitly the reversibility of wall attachment
through the dynamic exchange of material from medium to the wall and vice
versa. Models that assume morphological variations between individual cells
have been used by a number of authors for the study of the growth of a variety
of organisms [61, 127, 265]. Despite their empirical nature, the metamorphosis
reactions may have some biological meaning, and can model complex systems
where all the mechanisms are not yet known. For the case of wall growth, the
assumption of the existence of two morphological forms connected by sim-
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ple first-order exchange kinetics provides a simple approach describing the
complex phenomena associated with wall attachment. The objective of this
chapter is to study, using the proposed model, the effect of wall growth on
the stability characteristics of the chemostat, for both the substrate inhibited
and Monod kinetics.

5.2 Process Model

We denote by X and Xw both the morphological forms and also their cor-
responding biomass concentrations. The two morphological forms interact for
both the substrate and for a joint exchange of biomass. The exchange of
biomass is assumed to be represented by simple first-order kinetics through
transfer rate coefficients k1 (from X to Xw) and k2 (from Xw to X). The
metabolic activity in each morphological form is assumed to be defined in
terms of specific growth rate and yield coefficient, assumed identical for both
forms.

The unsteady-state mass balance equations, for the case of sterile feed, of
the different species are given by

dX

dt
= rX − k1X + k2Xw − DX (5.1)

dXw

dt
= rXw + k1X − k2Xw (5.2)

dS

dt
= − r

Y
(X + Xw) + D(Sf − S) (5.3)

Sf is the substrate feed concentration, Y the yield of biomass on substrate

(assumed constant) and D = Q
V is the chemostat dilution rate. k1X and k2Xw

are respectively the rate of the metamorphosis reactions by which X is con-
verted to Xw and Xw is converted to X. It can be noted that, unlike the
basic unstructured model with wall attachment, the balance equations for the
biomass concentrations in the proposed model also account for the transfer
rates, in addition to dilution rate and specific growth rate. The Haldane equa-
tion is selected to describe substrate-inhibited growth. The specific growth
rate is given by

r =
µmS

ks + S + S2/ki
(5.4)

The mass balances (Equations (5.1–5.3)) are rendered dimensionless using the
following variables:

S̄ =
S

Sf
, X̄ =

X

Y Sf
, X̄w =

Xw

Y Sf
, β =

ks

Sf
, γ =

Sf

ki
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k̄1 =
k1

µm
, k̄2 =

k2

µm
, D̄ =

D

µm
, t̄ = µmt

The growth rate r in dimensionless form becomes

r̄ =
S̄

β + S̄ + γS̄2
(5.5)

The dimensionless mass balances equations for the different species are:

dX̄

dt̄
= r̄X̄ − k̄1X̄ + k̄2X̄w − D̄X̄ (5.6)

dX̄w

dt̄
= r̄X̄w + k̄1X̄ − k̄2X̄w (5.7)

dS̄

dt̄
= −r̄(X̄ + X̄w) + D̄(1 − S̄) (5.8)

Combining Equations (5.6–5.7) yields,

d(X̄ + X̄w)

dt
= −D̄X̄ + r̄(X̄ + X̄w) (5.9)

From this equation and Equation (5.8), it can be seen that the proposed
model is reduced to the model of Topiwala and Hamer, if X̄w is considered as
being the maximum dimensionless concentration, assumed constant, of cells
attached to the wall. Moreover, for the limiting case of X̄w = 0, k̄1 = 0, and
k̄2 = 0, the proposed model is reduced to the basic homogeneous unstructured
model of the chemostat, studied in the previous chapter.

The steady-states equations of the proposed model are obtained by setting
the left-hand sides of Equations (5.6–5.8) to zero. At steady state, Equation
(5.9) becomes,

−D̄X̄ + r̄(X̄ + X̄w) = 0 (5.10)

Substituting this equation in Equation (5.8) yields the steady-state value of
X̄ ,

X̄ = 1 − S̄ (5.11)

The steady-state expression for X̄w, on the other hand, is given by

X̄w =
k̄1

k̄2 − r̄
X̄ (5.12)

The requirement k̄2 > r̄ is necessary for a meaningful existence of X̄w. More-
over, the combination of Equations (5.10–5.12) yields the following expression
for the dilution rate,

D̄ =
k̄1 + k̄2 − r̄

k̄2 − r̄
r̄ (5.13)
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Since the term k̄2 − r̄ is always positive, it can be concluded from Equation
(5.13) that D̄ > r̄. Finally, substituting Equations (5.11–5.12) into the sub-
strate mass balance, Equation (5.8) yields, a single algebraic equation that
depends only on S̄ as a state variable,

F (S) := (1 − S̄)[r̄2 − r̄(D̄ + k̄1 + k̄2) + D̄k̄2] = 0 (5.14)

This equation exhibits two solutions: a washout solution, i.e., S̄ = 1, X̄ =
X̄w = 0, and a nontrivial solution when

r̄2 − r̄(D̄ + k̄1 + k̄2) + D̄k̄2 = 0 (5.15)

With the selected form of the growth rate (Equation (5.5)), the steady-state
Equation (5.15) is of a fourth order in S̄.

5.3 Static Analysis for Inhibition Kinetics

A rigorous analysis of the static behavior [12] showed that the model can
not predict hysteresis or isola-mushroom singularities. The crossing of the
nontrivial solution (Equation (5.15)) with the washout line represents the main
feature of the static behavior of the model. The nontrivial branch exhibits a

static limit point when the condition r̄′(S) = 0 is satisfied, i.e., S̄ =
√

β
γ
.

The static limit point occurs on the washout line for S̄ = 1. Substituting this
condition into r̄′ = 0 leads to the simple relation,

β = γ (5.16)

This condition defines the limit of two types of behavior, as it will be seen later.
To the condition of Equation (5.16) should be added the condition k̄2 > r̄ that
defines a meaningful existence of Xw. This condition is equivalent to

k̄2γS̄2 + (k̄2 − 1)S̄ + k̄2β > 0 (5.17)

A simple analysis of this quadratic inequality reveals four different cases for
the meaningful existence of Xw. Let ∆ be the discriminate of the quadratic
equation and S̄1, S̄2 its real roots,

S̄1 =
−(k2 − 1) −

√
∆

2k2γ
,S̄2 =

−(k2 − 1) +
√

∆

2k2γ
(5.18)

then the following cases are possible:

1. When ∆ < 0 or ∆ > 0 with k̄2 > 1, the condition k̄2 > r̄ is always
satisfied and Xw is meaningful. Note that condition k̄2 > 1 is equivalent
to k2 > µm, i.e., the mass transfer rate k2 from Xw to X is larger than
the maximum specific growth rate.
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2. When ∆ > 0 and k̄2 < 1, three cases can be delineated depending on
the relative location of the roots S̄i(i = 1, 2):

(a) The first case corresponds to S̄2 < 1. A meaningful existence of
Xw is possible for the following range of substrate concentrations,
0 < S̄ < S̄1 and S̄2 < S̄ < 1.

(b) The second case corresponds to S̄1 < 1 < S̄2. A meaningful exis-
tence is possible for 0 < S̄ < S̄1.

(c) The third condition corresponds to 1 < S̄1. A meaningful existence
of Xw is always satisfied.

The branch set illustrating these different behaviors consist of Equation (5.16)
together with ∆ = 0 and S̄1 = 1 or S̄2 = 1. The condition ∆ = 0 is equivalent
to

βγ =
1

4
(1 − 1

k̄2
)
2

(5.19)

while the conditions S̄1 = 1 or S̄2 = 1 (Equation (5.18)) are equivalent to

β =
1

k̄2
− 1 − γ (5.20)

Figures 5.1(a–b) show the complete branch set in the parameter space
(γ, β) for two cases: k̄2 = 0.5 < 1 and k̄2 > 1. For k̄2 < 1, a total of five
qualitatively different regions can be depicted, as shown in Figure 5.1a. Region
(a) corresponds to both ∆ < 0 and β < γ. The steady-state portrait (D̄, S̄)
for this region is shown in Figures 5.2(a–c), for example for (β, γ) = (1, 5).
An unstable branch separates the static limit point (SLP) and the bifurcation
point (BR) corresponding to the crossing with the washout line. The static
limit point corresponds to FS̄ = 0, i.e., r̄′(S̄) = 0, and occurs at the maximum
value S̄max defined by

S̄max =

√

β

γ
(5.21)

The value of the specific growth rate r̄ at the optimum value is given by

r̄max =
1

1 + 2
√

βγ
(5.22)

At the static limit point, the dilution rate is obtained from Equation (5.13)

D̄LP =
(1 + 2

√
βγ)(k̄1 + k̄2) − 1

(1 + 2
√

βγ)k2 − 1

1

(1 + 2
√

βγ)
(5.23)

The dilution rate corresponding to the crossing with the washout line is ob-
tained by setting S̄ = 1 in Equation (5.13), yielding

D̄BR =
(1 + β + γ)(k̄1 + k̄2) − 1

(1 + β + γ)k̄2 − 1

1

1 + β + γ
(5.24)



THE CHEMOSTAT WITH WALL ATTACHMENT 69

0.0 0.5 1.0 1.5 2.0

γ

0.0

0.5

1.0

1.5

β
(a)

(b)

(c)

(d)

(d) (e)

0.0 0.5 1.0 1.5

γ

0.0

0.5

1.0

1.5

β

(a)

(b)

(a)

(b)

FIGURE 5.1: Branch sets for the model with substrate inhibition: (a) k̄2 =
0.5; (b) k̄2 > 1; solid line corresponds to β = γ; dashed line corresponds to
∆ = 0 (Equation (5.19)); semidashed line corresponds to the roots S̄1 = 1 or
S̄2 = 1 (Equation (5.20)).

The operation of the bioreactor above D̄LP leads to washout, while a stable
operation is possible for dilution rates smaller than D̄BR. For conditions be-
tween D̄BR and D̄LP , the steady-state portrait is characterized by bistability.
The concentration X̄ (Figure 5.2b) is seen to decrease monotonically from its
maximum value of 1. The behavior of the other morphological form Xw is
nonmonotonic. The concentration of Xw (Figure 5.2c) can be seen to increase
from its initial value and reaches a maximum value before decreasing.

As the pair (β, γ) moves to the boundary separating regions (a) and (b),
the unstable region of Figure 5.2a becomes narrower, as the static limit point
moves closer to the bifurcation point. On the boundary itself, the two points
collapse in one identical point, as it can be seen in the continuity diagram of
Figure 5.3, obtained with (β, γ) = (1, 1). The upper static branch is physically
unrealistic. When the parameters (β, γ) move to the other side of the bound-
ary and into region (b) of Figure 5.1a, the static limit point occurs on the
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FIGURE 5.2: Continuity diagrams (a)–(c) for region (a) of Figure 5.1a; solid
line, stable branch; dashed line, unstable.

physically unrealistic branch. A monotonic and stable behavior is expected in
this region, as shown in Figures 5.4(a–c), obtained with (β, γ) = (1.5, 0.5). The
behavior of X̄ and X̄w, on the other hand, shows a stable decreasing trend.
Moving from region (b) to region (c), the discriminate ∆ become positive and
a meaningful existence of Xw is also possible for all operating parameters.
The steady-state portrait is shown in Figures 5.5(a–c) for (β, γ) = (0.75, 0.3).
In this region, a stable and monotonic increase in the substrate, although dif-
ferent from that of the previous region, can be seen. It can also be seen that
while the biomass form X̄ decreases monotonically, the profile of X̄w shows a
maximum before decreasing. When crossing to region (d) (Figure 5.1a), the
meaningful existence of Xw is satisfied only for substrate concentrations up to
the first root S̄1 of the existence Equation (5.18). An example of static behav-
ior in this region (Figures 5.6(a–c)), obtained with (β, γ) = (0.25, 0.5), shows
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FIGURE 5.3: Continuity diagram on the boundary between region (a) and
(b) of Figure 5.1a.

a stable increase in the substrate, until the maximum value S̄1 is reached.
The concentration of X̄ decreases until it reaches the asymptotic value of
1 − S̄1. The behavior of X̄w with the dilution rate is however unbounded. As
both S̄ and X̄ approach their saturation values, the constant k̄2 approaches
the specific growth rate r̄, and X̄w (Equation (5.12)) increases continuously
with the dilution rate. Finally, in region (e) the meaningful existence of Xw is
satisfied for conditions smaller than S̄1 and larger than S̄2. The continuity di-
agram is shown in Figures 5.7(a–c), for (β, γ) = (0.08, 2.0). It can be seen that
the substrate concentration continues to increase until the asymptotic value
S̄1 is approached. Moreover, an unstable branch can be seen to separate the
stable branch and the washout line. The unstable branch corresponds to the
other asymptotic value S̄2, and crosses the washout line at the dilution rate
D̄BR (Equation (5.24)). Therefore, for any dilution rate larger than D̄BR the
process is characterized by bistability. Finally, for the second case of k̄2 > 1,
the branch set is characterized by the line β = γ alone, since a meaningful
existence of Xw is always satisfied. The branch set for any value of k̄2 > 1
is shown in Figure 5.1b. Two regions can be delineated: A region similar to
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FIGURE 5.4: Continuity diagrams (a)–(c) for region (b) of Figure 5.1a; solid
line, stable; dashed line, unstable.

region (a) (Figure 5.2) and a region of monotonic and stable behavior similar
to region (b) (Figure 5.4).

5.4 Static Analysis for Monod Growth

The dynamics of the bioreactor for Monod kinetics can be recovered from the
analysis carried out in the previous section. As the dimensionless inhibition
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FIGURE 5.5: Continuity diagrams (a)–(c) for region (c) of Figure 5.1a; solid
line, stable; dashed line, unstable.

constant goes to zero, the specific growth rate becomes,

r̄ =
S̄

β + S̄
(5.25)

Since r̄′(S̄) = β
(β+S̄)2

is always positive, a simple monotonic behavior is ex-

pected. The condition k̄2 > r̄ for the meaningful existence of Xw is equivalent
to

(k̄2 − 1)S̄ + k̄2β > 0 (5.26)

and gives birth to two qualitatively different regions:

1. When k̄2 > 1 or k̄2 < 1 with 1 < k̄2β
1−k̄2

, the condition k̄2 > r̄ is always
satisfied and Xw is meaningful.
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FIGURE 5.6: Continuity diagrams (a)–(c) for region (d) of Figure 5.1a; solid
line, stable; dashed line, unstable.

2. When k̄2 < 1 with k̄2β
1−k̄2

< 1, a meaningful existence is satisfied for

0 ≤ S̄ ≤ S̄1 := k̄2β
1−k̄2

.

The branch set for Monod growth consists therefore in the curve S̄1 = 1, i.e.,
k̄2 = 1

β+1
shown in Figure 5.8a. In region (a) of this figure, the continuity

diagram (Figure 5.8b), obtained with (k̄2, β) = (1.5, 0.5), shows a monotonic
increase in the substrate. A stable and safe behavior is possible for dilution
rates below the point of crossing with the washout region (Equation (5.24)),
i.e.,

D̄BR =
(1 + β)(k̄1 + k̄2) − 1

(1 + β)k̄2 − 1

1

1 + β
(5.27)
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FIGURE 5.7: Continuity diagrams (a)–(c) for region (e) of Figure 5.1a; solid
line, stable; dashed line, unstable.

For region (b), the steady-state portrait (Figure 5.8c), obtained with (k̄2, β) =
(0.5, 0.5), shows the substrate concentration increasing until the saturation
value of S̄ = S̄1 is reached, since the meaningful existence of Xw is possible
only for substrate values lower than S̄1.

In the next section a quantification of the stabilizing effects of wall attach-
ment is formalized.
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FIGURE 5.8: (a) Branch sets for the static behavior with Monod kinetics;
(b) Continuity diagram for region (a); (c) Continuity diagram for region (b);
solid line, stable; dashed line, unstable.

5.5 Quantification of the Stabilizing Effect of Walls
Attachment

The simple homogeneous unstructured model can be recovered from the pro-
posed model by setting k̄1 = k̄2 = 0 and X̄w = 0, to yield at steady state,

D̄(1 − S̄) − r̄X̄ = 0 (5.28)

−D̄X̄ + r̄X̄ = 0 (5.29)
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FIGURE 5.9: Stabilization of the steady-state operation by wall attach-
ment. Simulations results for fluctuations in the dilution rate: (a) Homoge-
neous model; (b) Model with wall attachment.

It can be seen from Equation (5.29) that the model exhibits washout, i.e.,
S̄ = 1, X̄ = 0 unless

F (S) := r̄ − D̄ = 0 (5.30)

Similarly to the analysis carried out for the original model, the boundary
for the static behavior is defined when the condition r̄′ = 0 is satisfied at
the washout line, i.e., S̄ = 1. This is also equivalent to the condition β = γ
(Equation (5.16)), already derived. The unstructured model exhibits therefore
for β < γ a behavior similar to Figure 5.2a, where an unstable steady state
exists for all D̄ < r̄max (Equation (5.22)), together with the stable steady state
with S̄ < S̄max. Washout conditions occur for any dilution rate D̄ > r̄max. The
bioreactor model also exhibits, for β > γ, a Monod-like behavior similar to
Figure 5.4a. In this case, washout conditions occur for D̄ > r̄(S̄ = 1) = 1

β+1+γ .
Comparing the steady-state behavior of the proposed model to its coun-

terpart of the homogeneous model, it can be seen that the region of stable
and safe behavior extends to r̄max for the homogeneous model, compared to
D̄LP (Equation (5.23)) for the proposed model. The difference D̄LP − r̄max

represents therefore the enhanced in the range of stability of the reactor as a
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result of wall attachment. Recasting the expression of D̄LP (Equation (5.23))
yields,

D̄LP − r̄max =
k̄1r̄max

k̄2 − r̄max
(5.31)

From this equation, it can be seen that the range of stability increases with
the increase in k̄1 as a result of higher exchange rates from X to Xw. Similarly,
a lower exchange rate from Xw to X would also increase the range of stability.
To illustrate the improvement in the stability of the bioreactor, we consider
the example treated by Villadsen [361], for the treatment of a carbon-lean
waste stream consisting of chlorinated toluene. The following parameters are
used for the simulations, ks = 10 mg/L, ki = 2 mg/L, µm = 0.2 h−1, Ysx =
0.4 g/g, and Sf = 100 mg/L. The corresponding dimensionless variables are
β = 0.1, γ = 50, S̄max = 0.04472, r̄max = 0.18274. Two stable conditions are
considered:

Condition 1 : D̄ = 0.18250, S̄ = 0.04223 (5.32)

Condition 2 : D̄ = 0.25, S̄ = 0.02025, k̄1 = 1, k̄2 = 1.5 (5.33)

The first case corresponds to conditions just smaller than r̄max while the
second case correspond to dilution rate D̄ larger than r̄max.

Figure 5.9a shows that for the homogeneous model, small fluctuations
in the dilution rate D̄ leads to washout in the first case, while with wall
attachment, stable and small amplitude oscillations in S̄ are obtained (Figure
5.9b) for large fluctuations of about 25 percent in D̄, and for a space velocity
0.25 h−1 much larger than r̄max.

Another note is to be made about the stabilizing effect of wall attachment
compared to that of cell recycle. A practical configuration [361] for the enrich-
ment of the reactor medium consists in sending the effluent from the reactor
to a cell separator, which divides the stream into one stream v that leaves the
system with cell concentration xe = fx and one stream vR with cell concen-
tration xR = βx, which is returned to the reactor inlet. A simple mass balance
on the reactor settler [361] yields the following steady-state mass balance for
the biomass

−fD̄X̄ + r̄X̄ = 0 (5.34)

It can be seen that the model with cell recycle exhibits washout conditions
unless

F := −fD̄ + r̄ = 0 (5.35)

A similar analysis to previous sections shows that the recycle does not change
the shape of the steady-state portraits. The model with cell recycle would
predict, for the same condition of Equation (5.16), similar static behavior to
that shown in Figures (5.2a,5.4a). Washout conditions for cell recycle occur
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for D̄ > r̄max

f . The increase in the stability of the homogeneous reactor due to

cell recycle is therefore represented by the difference r̄max

f − r̄max. Comparing

this relation to Equation (5.31), we can derive an expression for the fraction
f that would yield the same enhanced stability as wall attachment,

1

f
− 1 =

k̄1

k̄2 − r̄max
(5.36)

or equivalently

f =
k̄2 − r̄max

k̄1 + k̄2 − r̄max
(5.37)

As an example, for the values of k̄1, k̄2, and r̄max, presented in the previous
section, a cell recycle with f = 0.570 would yield the same improved stability
as cell wall attachment.

5.6 Concluding Remarks

The work in this chapter has presented a morphological perspective on the
modeling and stability behavior of microbial growth and attachment to the
wall of the chemostat. The analysis of the static stability has revealed that
depending on the values of kinetic parameters, the proposed model can pre-
dict a variety of behavior. In summary, regions (a) and (b) of Figure 5.1 offer
almost similar behavior. Both predict an increase in substrate concentration
with dilution rate until washout occurs. Also both variants of biomass decrease
with dilution rate. The only difference is that region (a) predicts a region of
bistability with washout for some range of dilution rate. Region (c) offers a
similar trend to region (b) except that the variant of biomass attached to
the wall shows a maximum with dilution rate. Regions (d) and (e), on the
other hand, predict a different behavior. Both regions predict an unbounded
increase in the variant of the biomass attached to the wall. This occurs when
the mass transfer coefficient of wall to medium approaches the specific growth
rate. Both regions predict the substrate concentration to reach an asymptotic
value with dilution rate. The only difference is that region (d) does not pre-
dict washout while region (e) predicts bistability between nontrivial steady
state and washout, for some range of dilution rates. The analysis was also
useful in quantifying the stabilizing effects of wall attachment relative to the
homogeneous unstructured model with and without cell recycle.

Finally, we should point out two areas where the proposed model may be
improved. The assumed first-order exchange kinetics may be substituted by
more complex kinetic expressions. Also, because of the high substrate concen-
tration in the boundary layer of the liquid near the surface, the assumption
of equal growth rate for the two morphological forms may be relaxed.
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Chapter 6

PURE AND SIMPLE MICROBIAL

COMPETITION

6.1 Introduction

In this chapter, we start the study of chemostat dynamics induced by interact-
ing species. Mixed cultures of micro-organisms, inhabiting the same environ-
ment, often interact with each other, either in a direct way, i.e., when there is
contact between them or indirectly when the interactions occur as a result of
an alteration in the abiotic environment. Competition for nutrients and other
resources is the most common indirect interaction that occurs between micro-
bial species inhabiting the same environment. The environment may be either
a natural ecosystem or an industrial bioprocess. Bioreactors are often used for
the study of microbial competition since the number and type of microbial
species can be well controlled, and the system can be isolated from other in-
teractions that may occur between the competing micro-organisms [118, 279].

According to the classification provided by Fredrickson and Stephanopou-
los [113], the competition is considered to be simple when the interacting
species compete for a single resource that is affecting the growth rate of all
of them, and is consumed by the interacting populations. The competition is
also said to be pure when microbial populations interact in no other way ex-
cept the competition for a single rate-limiting nutrient. The pure and simple
competition is a subject that was studied for decades both theoretically and
experimentally [37, 47, 48, 67, 113, 140, 159, 221, 244, 245, 334, 346, 370].
These studies revealed parts of the richness of the dynamics of competition.

For an ideal chemostat with sterile feed and constant operating conditions,
that simulates a spatially homogeneous and time-invariant environment, it
is established that two competing cultures cannot coexist except at discrete
values of dilution rate, when the specific growth curves of the two species cross
at a positive value of the substrate concentration. However, at these values of
dilution rate the system is structurally unstable [291]. The coexistence of two
competing populations in a chemostat is only a theoretical outcome. Operating
the bioreactor at the exactly required dilution rates is not possible, since
fluctuations are always possible [334] that will eventually cause the dominance
of one specie and the extinction of the other. This result is a variation of the
competitive exclusion principle [142].

81
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In this chapter, the problem of pure and simple competition in a biore-
actor with cell recycle and under time-invariant feed conditions is revisited.
Two objectives are sought from this chapter. The first objective is to provide
a unified framework, using the singularity theory, for the analysis of static
bifurcation induced in the bioreactor by the competing cultures. The second
objective is to study the dynamic bifurcation. The combination of results of
both static and dynamic analysis helps to draw a useful picture of the different
modes of behavior induced in the bioreactor by the competing species.

6.2 Process Model

We consider a bioreactor with cell recycle similar to that of Figure 4.1. Two
microbial populations (X1) and (X2) are growing on the substrate (S). The
unsteady-state mass balances for the different species are established in the
following:

Substrate S

The mass balance for substrate S is given by

QSf + QRS − r1X1V

Y1
− r2X2V

Y2
= QWS + Q(1 + R − W )S + V

dS

dt
(6.1)

where r1 and r2 are the specific growth rates associated respectively with X1

and X2. Equation (6.1) yields

Sf − S − θ(
r1X1

Y1
+

r2X2

Y2
) = θ

dS

dt
(6.2)

where θ = V
Q is the reactor residence time (i.e., inverse of dilution rate).

Biomass X1

The mass balance for X1 is given by

QXf 1 + RQXR1 + r1X1V = Q(1 + R)X1 + V
dX1

dt
(6.3)

Ideal conditions in the settler allow the following simple relation between the
exit biomass X1 and the recycle biomass XR1 concentrations,

XR1 = X1

(

1 + R − W

R

)

(6.4)
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Substituting in Equation (6.3) for the recycle biomass concentrations yields,

Xf 1 − WX1 + θr1X1 = θ
dX1

dt
(6.5)

Biomass X2

The mass balance for the biomass of X2 is similar to Equation (6.5)

Xf 2 − WX2 + θr2X2 = θ
dX2

dt
(6.6)

The two competing cultures X1 and X2 are assumed to grow on substrate S
following Haldane inhibition growth rates

rj =
µjS

Kj + S + S2/KIj
j = 1, 2 (6.7)

The mass balances are suitably rendered dimensionless using the variables
shown in Table 6.1. The dimensionless model is, therefore,

S̄f − S̄ − θ̄(r̄1X̄1 + ηr̄2X̄2) =
dS̄

dt̄
(6.8)

X̄f 1 − WX̄1 + θ̄r̄1X̄1 =
dX̄1

dt̄
(6.9)

X̄f 2 − WX̄2 + θ̄r̄2X̄2 =
dX̄2

dt̄
(6.10)

The dimensionless expressions of the specific growth rates are given, on the
other hand, by

r̄1 =
S̄

1 + S̄ + γ1S̄2
and r̄2 =

φS̄

α + S̄ + γ2S̄2
(6.11)

The steady-state equations are obtained by setting the right-hand sides of
Equations (6.8–6.10) to zero. Equations (6.9-6.10), in particular, would yield,

X̄1 =
X̄f 1

W − r̄1θ̄
and X̄2 =

X̄f 2

W − r̄2θ̄
(6.12)

By introducing Equations (6.12) into the steady-state form of Equation (6.8),
an algebraic equation is obtained for S̄,

F (S̄) := S̄f − S̄ − θ̄(
r̄1X̄f 1

W − r̄1θ̄
+ η

r̄2X̄f 2

W − r̄2θ̄
) (6.13)
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TABLE 6.1: Definition
of dimensionless variables

Parameter Definition

θ̄ µ1θ
S̄ S

K1

t̄ t
θ

X̄1
X1

Y1K1

X̄2
X2

Y2K1

α K2

K1

γ1
K1

KI1

γ2
K1

KI2

η Y1

Y2

φ µ2

µ1

TABLE 6.2: Coefficients of the polynomial (Equation (6.14))

a0 αS̄fW 2

a1 −θ̄W S̄f (α + φ) − θ̄W (αX̄f1 + ηφX̄f 2) + W 2(αS̄f + S̄f − α)

a2 φS̄f θ̄2 + θ̄W (α + φ − S̄f − φS̄f ) + W 2(γ2S̄f + αγ1S̄f + S̄f − α − 1)
+φθ̄2(X̄f 1 + ηX̄f 2) − θ̄W (X̄f 1 + ηφX̄f2)

a3 −φθ̄2 + θ̄W (1 + φ) − θ̄W S̄f (γ2 + φγ1) − θ̄W (γ2X̄f 1 + γ1ηφX̄f 2)
+W 2(−γ2 + γ1S̄f + γ2S̄f − αγ1 − 1)

a4 θ̄W (γ2 + φγ1) − W 2(γ1 + γ2) + γ1γ2S̄fW 2

a5 −γ1γ2W
2

Substituting in Equation (6.13) for the expressions of r̄1 and r̄2 (Equation
(6.11)), a single fifth-order polynomial is obtained for the substrate concen-
tration S̄,

F (S̄) := a5S̄
5 + a4S̄

4 + a3S̄
3 + a2S̄

2 + a1S̄ + a0 = 0 (6.14)

The coefficients ai are listed in Table 6.2. The residence time appearing ex-
plicitly in the coefficients of Equation (6.14) is selected to be the bifurcation
parameter. The steady-state Equation (6.14) is of the fifth order in S̄, so for
a given value of θ̄, a maximum of five steady-state solutions are possible.
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6.3 Static Bifurcation for Substrate Inhibition

6.3.1 Hysteresis Singularity

The conditions for the appearance/disappearance of a hysteresis loop are

F = FS̄ = FS̄S̄ = 0 (6.15)

In addition, a number of other derivatives must remain nonzero, namely Fθ̄,
FS̄θ̄, and FS̄S̄S̄ .

TABLE 6.3: Nominal
parameters

Parameter Value

α 1.063995
γ1 0.059918
γ2 0.103665
η 1.137778
φ 1.122631
S̄f 6

X̄f 1 0.001
X̄f 2 0.001
W 0.1

Before we establish these boundaries, a simple analysis can be carried out
to determine the conditions for the first derivative FS̄ to vanish, since it is
also a requirement for the existence of a static limit point (SLP). Using the
expression of F in Equation (6.13), it can be seen that the first derivative FS̄

is such that

−FS̄ = 1 + θ̄WX̄f 1

r̄′1
(W − r̄1θ̄)2

+ θ̄WηX̄f 2

r̄′2
(W − r̄2θ̄)2

(6.16)

where r̄′i(i = 1, 2) are the first derivatives of r̄i. It can be seen from Equation
(6.16) that for the condition FS̄ = 0 to be satisfied, it is necessary that either
r̄′1 or r̄′2 are negatives. Recalling that

r̄′1 =
1 − γ1S̄

2

(1 + S̄ + γ1S̄2)2
and r̄′2 =

φ(α − γ2S̄
2)

(α + S̄ + γ2S̄2)2
(6.17)

Necessary conditions for the occurrence of static limit points are then

1

γ1
≤ S̄2 or

α

γ2
≤ S̄2 (6.18)

Since S̄ is always bounded by the feed condition S̄f , it is necessary then to
have

γ1S̄
2
f ≥ 1 or

γ2

α
S̄2

f ≥ 1 (6.19)
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FIGURE 6.1: Branch sets (a)–(c) for the hysteresis singularity.

With these conditions established, the set of nonlinear Equations (6.15)
can be solved to determine the limits of the hysteresis region. The simulations
are carried out using the kinetic and operating parameters shown in Table
6.3. Figures 6.1(a–c) show the hysteresis boundaries in the parameter spaces
(S̄f , X̄f1) (S̄f , X̄f2), and (S̄f , W ). The conditions Fθ̄, FS̄θ, and FS̄S̄S̄ were
evaluated numerically along the hysteresis surface and no point was found to
violate the conditions. When crossing the boundaries in Figures 6.1(a–c), the
number of static limit points in the bifurcation diagrams increase/decrease by
two. The boundaries in Figure 6.1a, for instance, divide the parameter space in
three regions. Region (a) is characterized, for any combinations of (S̄f , X̄f 1),
by the absence of static limit points, i.e., a unique steady-state solution. The
expected behavior in this region is shown in the continuity diagram of Figure
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FIGURE 6.2: Continuity diagrams (a)–(c) for the different regions of Figure
6.1; solid line, stable branch; dashed line unstable; circle, static limit point.

6.2a, obtained, for example, with (S̄f , X̄f1) = (3.5, 0.003). When crossing the
boundary separating regions (a) and (b), two static limit points are born. A
hysteresis characterizes the nature of the model in region (b). Figure 6.2b
shows an example of the behavior in this region, obtained with (S̄f , X̄f1) =
(4.5, 0.003). Region (c), on the other hand, is characterized by the presence of
four limit points, since two extra SLP are born when crossing the boundary
between regions (b) and (c). A maximum of five steady-state solutions are
expected in this region, as it can be seen in the continuity diagram of Figure
6.2c obtained with (S̄f , X̄f1) = (5.6, 0.001). In addition to stable low and
high conversions branches, a third stable branch exists in the middle. The
same three modes of behavior are found in the parameter space (S̄f , X̄f2)
(Figure 6.1b). The effect of the purge fraction, on the other hand, can be seen
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in Figure 6.1c. It can be seen that when the other operating parameters are
invariant, a change in the purge fraction has no effect on the static behavior
of the bioreactor.
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FIGURE 6.3: Branch sets for the double limit singularity; solid line, bound-
aries for the hysteresis singularity with four static limit points; dashed line,
boundaries for the double limit singularity.

6.3.2 Double Limit Singularity

The existence of four static limit points in the model is an indication of po-
tential richness, since the relative location of the limit points can change in
the bifurcation diagram. A typical example of this behavior is provided by
the double limit singularity when the number of static limit points does not
change but their relative positions do. This singularity is defined by the fol-
lowing relations

F (S̄1) = F (S̄2) = 0 (6.20)

and

FS̄(S̄1) = FS̄(S̄2) = 0 (6.21)

with

S̄1 6= S̄2 (6.22)

These relations require that two distinct points S̄1 and S̄2 satisfy the steady
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FIGURE 6.4: Continuity diagrams (c1–c5) for the different regions of Figure
6.3.

state and also limit point conditions. Figure 6.3 shows the boundaries of the
double limit singularity in the parameter space (S̄f , X̄f1). The region of four
static limit points (region (c) in Figure 6.1) can be in fact divided in five
different subregions. Figures 6.4(c1–c5) show the various expected behaviors.
All these regions predict five steady-state solutions in a small or large range of
residence time, except region c5 (Figure 6.4c5), where the maximum number
of steady-state solutions at any residence time is three.

6.3.3 Isola and Mushroom

The requirements for the existence of isola or mushroom are:

F = FS̄ = Fθ̄ = 0 (6.23)
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with the additional requirements that

FS̄θ̄ 6= 0, FS̄S̄ 6= 0, Fθ̄θ̄ 6= 0 (6.24)

Taking the derivative of F (Equation (6.13)) with respect to θ̄ yields

−Fθ̄ =
r̄1X̄f 1W

(W − r̄1θ̄)2
+

r̄2X̄f 2W

(W − r̄2θ̄)2
(6.25)

Since all the terms involved in this equation are positive, the requirement
that Fθ̄ = 0 implies necessarily that either one of the following conditions are
satisfied,

r̄1 = 0 and r̄2 = 0 (6.26)

or

X̄f 1 = 0 and X̄f 2 = 0 (6.27)

The first conditions are satisfied for the case of S̄ = 0 while the second condi-
tions correspond to clean feed conditions. But both of these conditions would
violate the requirement that Fθ̄θ̄ 6= 0 since

Fθ̄θ̄ =
2X̄f1r̄

2
1W

(W − r̄1θ̄)3
+

2X̄f 2r̄
2
2W

(W − r̄1θ̄)3
(6.28)

vanishes exactly at these conditions. The model cannot therefore exhibit an
isola or mushroom singularity.

6.3.4 Pitchfork Singularity

The conditions for the pitchfork are

F = FS̄ = Fθ̄ = FS̄S̄ = 0 (6.29)

and

FS̄θ̄ 6= 0, FS̄S̄S̄ 6= 0 (6.30)

Since the conditions for the existence of a pitchfork include the condition Fθ̄ =
0 as in the case of isola and mushroom, it is clear that the only possible cases
where the system can predict a pitchfork are those of conditions (Equations
(6.26–6.27)). For the case S̄ = 0, the first derivatives of the rates, (Equation
(6.17)), are r′1 = 1 and r′2 = φ. Since both of these terms are positive, the
condition FS̄ = 0 cannot be satisfied. Moreover, the derivative with respect
to S̄ of Fθ̄ (Equation (6.25)) yields

−FS̄θ̄ = WX̄f1

[

r̄1

(W − r̄1θ̄)2

]′
+ WX̄f 2

[

r̄2W

(W − r̄2θ̄)2

]′
(6.31)

It is clear that the condition FS̄θ̄ 6= 0 is violated at clean feed conditions. The
model cannot therefore exhibit codimension two singularity or a higher one.
In the next section we carry out an investigation of the dynamic bifurcation
of the model.
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6.4 Existence of Periodic Solutions

The conditions for the occurrence of Hopf points are (Equations (3.38–3.39))

F1 := S1S2 − S3 = 0 (6.32)

S2 > 0 (6.33)

The elements of the Jacobian matrix are given explicitly by taking the deriva-
tives of Equations (6.8–6.10), yielding

j11 = −1 − θ̄(X̄1 r̄
′
1 + ηX̄2r̄

′
2), j12 = −θ̄r̄1, j13 = −θ̄ηr̄2

j21 = θ̄X̄1r̄
′
1, j22 = −W + r̄1θ̄, j23 = 0

j31 = θ̄X̄2r̄
′
2, j32 = 0, j33 = −W + r̄2θ̄ (6.34)

The first derivatives of r̄i are given by Equation (6.17). The F1 degeneracy,
is defined by solving the steady-state equation (F = 0) (Equation (6.14)),
the Hopf condition (Equation (6.32)), and the condition (S2 = 0). Figures
6.5(a–c) show the static and dynamic bifurcation diagrams in the parameter
space (S̄f , X̄f1), (S̄f , X̄f 2), and (S̄f , W ). The boundaries of the double variety
singularity are omitted from the analysis since they do not change the nature of
the dynamic bifurcation of the model. When crossing the boundaries for the F1

curve (indicated by a dashed line), the number of Hopf points in the continuity
diagrams increases/decreases by one. Moreover, it can be seen that the Hopf
boundary and one of the boundaries of the hysteresis surface intersect. This
adds interesting features, as five different regions can be depicted in the model.
Regions (a),(b), and (c) are unchanged. They are characterized respectively
by no static limit point (SLP) or Hopf point (HB), two SLPs and no HB and
four SLPs with no HB. Region (d) is characterized, on the other hand, by the
presence in this order of a Hopf point and two static limit points. Figure 6.6a
shows an example of the continuity diagram for this region, obtained with
(S̄f , X̄f1)= (4.4, 0.0002). Figure 6.6b shows, on the other hand, an example
of the behavior expected in region (e), obtained with (S̄f , X̄f 1)= (5.6, 0.001).
The model is characterized by the presence in this order of two static limit
points, one Hopf point and two static limit points. In both regions (d) and
(e), periodic branches (enlarged in Figures 6.6(a–b)) emanate from the HB
and terminate as they collide with the static branches. Moreover, the location
of the periodic branch between static branches introduces bistability where
oscillations coexist with the high and low conversion static branches. Figures
6.7(a–c) show time traces for the dilution rate of 6.71077 and three sets of
initial conditions.

The same five modes of behavior can be seen in Figure 6.5b showing the
effect of the other biomass feed (X̄f 2). As for the effect of purge fraction shown
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in Figure 6.5c, it can be seen that only four modes of behavior exist. Mode (e)
exists but at physically unrealistic values of the purge fraction, i.e., W > 1.
Moreover, contrary to the static case, the Hopf boundary increases with the
purge fraction, and hence a change in the purge fraction has effects on the
dynamic behavior of the system. Following changes in the purge fraction, the
behavior of the bioreactor can move from region (b) to region (d) characterized
by the presence of oscillations. The existence of oscillatory behavior in the
model is due to the presence of inhibitory kinetics. In the following section,
we show that Monod kinetics can not produce this behavior.
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6.5 Monod Kinetics Model

As the dimensionless inhibition constants γ1 and γ2 go to zero, the specific
growth rates (Equation (6.11)) become

r̄1 =
S̄

1 + S̄
and r̄2 =

φS̄

α + S̄
(6.35)

Recasting the expression of FS̄ (Equation (6.16)) yields

−FS̄ = +1 + θ̄2X̄f 1

r̄′1
(W − r̄1θ̄)2

+ ηθ̄2X̄f 2

r̄′2
(W − r̄2θ̄)2

(6.36)



94 DYNAMICS OF THE CHEMOSTAT

0
 2
 4
 6


 
t
  
 
 
 


0.1


0.125


0.15


 
X
f
1


0
 2
 4
 6


 
t
  
 
 
 


0


0.1


0.2


0.3


0.4


 
X
f
1


(
c
)


(
b
)


0
 100
 200
 300
 400


 
t
  
 
 
 


29


30


31


32


33


34


 
X
f
1


(
a
)


FIGURE 6.7: Time traces showing bistability: (a) Period oscillations ob-
tained with initial conditions (S̄, X̄f1, X̄f2, W ) = (3, 31, 9, 0.1); (b) Low con-
version attractor obtained with initial conditions (1, 0.1, 0.1, 0.1); (c) High
conversion attractor obtained with initial conditions (1, 0.1, 50, 0.1).

with

r̄′1 =
1

(1 + S̄)2
and r̄′2 =

φα

(α + S̄)2
(6.37)

These two elements are positive, hence all the terms in FS̄ are positive. The
condition FS̄ = 0 is thus never satisfied and the model always predicts a
unique static solution.

6.5.1 Periodic Solutions for Monod Kinetics

In this section we investigate if Monod kinetics alone are capable of producing
an oscillatory behavior in the model. It can be noted that at stationary points,
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the two components j22 and j33 (Equation (6.34)) are equal to

j22 = −X̄f 1

X̄1
, j33 = −X̄f 1

X̄2
(6.38)

with

j11 = −(j22 + w), j13 = −η(j33 + w) (6.39)

The term F1 := (S1S2 − S3) can be obtained analytically,

−F1 = w(j21 + ηj31)
2 + (j21 + ηj31)(w +

2X̄f 1X̄f 2

X̄1X̄2
) + (

X̄f 1

X̄1
+

X̄f 2

X̄2
)2

+(w + 1)(
X̄f 1

X̄1
j21 +

X̄f 2

X̄2
j31η) +

X̄f 1

X̄1
(1 + 2j31η + j2

31η
2 + j31η

X̄f 1

X̄1
)

+
X̄f 2

X̄2
(1 + 2j21 + j2

21 + j21
X̄f2

X̄2
) + (j21j31η +

X̄f 1X̄f 1

X̄1X̄2
)(

X̄f 1

X̄1
+

X̄f 2

X̄2
)(6.40)

It can be seen that −F1 is composed only of positive terms and cannot vanish.
The terms j21 and j31 are, on the other hand, positive since the first derivative
of the growth rates r̄1 and r̄2 for Monod kinetics are always positive. As it
can be noted from this analysis, the results obtained are more general than
the assumption of Monod kinetics. The model can not produce any oscillatory
behavior if the first derivatives of both growth rates are positive.

6.6 Case of Sterile Feed

When X̄f 1 = X̄f 2 = 0 Equation (6.12) predicts two solutions. A trivial one,
i.e., X̄1 = X̄2 = 0 that corresponds to washout conditions S̄ = S̄f , and
nontrivial solutions if either one of the following conditions are satisfied

r̄1 =
W

θ̄
or r̄2 =

W

θ̄
(6.41)

Should the first condition alone be satisfied, this would correspond to X̄1 6= 0
and similarly for the second condition. Should, on the other hand, the two
conditions be simultaneously satisfied then a coexistence of the two cultures
is expected. The two species coexist therefore when the growth rates r̄1 and
r̄2 cross. The bifurcation diagrams depend on the relative positioning of the
two growth rates. The number of configurations resulting from these crossings
can be quite large. The static behavior for clean feed conditions will be re-
examined in detail in a later chapter for the interesting case of competition
between plasmid-bearing, plasmid-free recombinant DNA cultures.
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6.6.1 Periodic Solutions for Sterile Feed Conditions

In this section we investigate the existence of periodic solutions for the case
of clean feed conditions.

(a)(X̄1 = 0, X̄2 6= 0), (b)(X̄1 6= 0, X̄2 = 0), (c)(X̄1 6= 0, X̄2 6= 0) (6.42)

The first case corresponds necessarily to W − r̄1θ̄ 6= 0 and W − r̄2θ̄ = 0. The
Jacobian matrix (Equation (6.34)) is reduced to

J =





j11 j12 j13

0 j22 0
j31 0 0



 (6.43)

It is easy to check that the eigenvalues λ of the Jacobian matrix satisfies

(j22 − λ)(λ2 − λj11 − j13j31) = 0 (6.44)

The first egienvalue λ = j22 is real. For the quadratic equation to have pure
imaginary eigenvalues it is necessary to have,

j11 = 0 and j13j31 < 0 (6.45)

However, since X̄1 = 0, Equation (6.34) yields j11 = −1 − ηj31. Therefore,
j31 = −1

η
and the product j13j31 is equal to −θηr2

−1
η

= θr2, which is always

positive. This violates the condition of Equation (6.45). Therefore, no Hopf
point can be expected in the model. A similar analysis can be carried out for
the case of (X̄1 6= 0, X̄2 = 0).

The third, theoretical, solution corresponds to condition (c) of Equation
(6.42), which is also equivalent to

−W + r̄1θ̄ = 0 and − W + r̄2θ̄ = 0 (6.46)

The Jacobian matrix in this case is reduced to

J =





j11 j12 j13

j21 0 0
j31 0 0



 (6.47)

The eigenvalues λ satisfy

λ = 0 or (λ2 − λj11 − j21j12 − j31j13) = 0 (6.48)

For the quadratic equation to have pure nonzero imaginary eigenvalues, it is
necessary to have,

j11 = 0 and j21j12 + j31j13 < 0 (6.49)

But it can be noted using Equations (6.34, 6.46) that j12 = −W and
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j13 = −ηW . The condition of Equation (6.49) is equivalent to j21 + ηj31 > 0.
However, it can be seen from Equation (6.34) that j11 = −1−j21−ηj31. Since
j11 = 0, this results in j21 + ηj31 = −1, which results in a contradiction.

The analysis in this section was carried out without reference to the ex-
plicit expression of the growth expressions. We conclude therefore that the
model can not exhibit periodic behavior for the case of clean feed conditions
regardless of the selected growth rates.

6.7 Concluding Remarks

The classical problem of pure and simple competition has been revisited using
the singularity theory. The investigation has added more information on the
previously known dynamics. Specifically, the analysis of static bifurcation for
nonsterile feed and substrate inhibition kinetics has shown that the model
can exhibit a maximum of five steady-state solutions. The analysis of dynamic
bifurcation has revealed that the two competing cultures can coexist in a state
of limit cycle for a wide range of parameters. However, these self-sustained
oscillations are not orbitally stable and any variations in the feed conditions
can annihilate them and bring the system to a stable steady state. The effect
of substrate feed, biomass feed, and purge fraction on the relative location of
point attractors and limit cycles was studied. While the purge fraction has
no effect on the static behavior of the model, it can affect the existence of
oscillatory behavior. The general treatment offered by the theory was used to
recover the stability characteristics with Monod kinetics. An analysis of the
conditions for the existence of oscillations has revealed that inhibitory kinetics
are necessary for the occurrence of oscillatory behavior.

Finally, it should be noted that the problem of competition between two
microbial species was further investigated in the literature from at least two
perspectives. The first approach consists in the study of periodic variations of
the bioreactor operating parameters. This mimics the seasonal variations in
natural environments. Closely related to the principle of competitive exclu-
sion [142] mentioned in the introduction, is the paradox of the plankton put
forward by Hutchinson [162], who observed the coexistence of many species
of phytoplankton in a relatively homogeneous environment while competing
for a limited number of resources. This paradox was explained by Hutchin-
son [162] who suggested that seasonable variations of environment conditions
provide the competitive advantage to each of the populations for periods of
time and allow them to coexist. Studies have also shown that when the feed
conditions of the chemostat are periodically varied, the two competing popu-
lations can coexist not only in a state of limit cycle [139, 160, 281, 336] but in a
chaotic state as well [211, 212]. Experimental evidence of such coexistence was
established, for instance, in [88] who showed that periodic variations in pH
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managed to achieve stable coexistence of S. cerevisae and E. coli competing
for a glucose rate-limiting nutrient.

The second approach followed in the literature for the dynamics of two
competing species is the introduction of spatial heterogeneity in the envi-
ronment. This can be simulated in the chemostat by imperfect mixing, mi-
crobial wall attachment, and/or configuration of two or more interconnected
chemostats (i.e., the gradostat) [226]. The dynamics of competition in the gra-
dostat was investigated by a number of authors [196, 213, 328, 335]. Recently
Gaki et al. [118] studied the dynamics of competition for the case of nonsterile
feed in a gradostat and showed the existence of complex dynamics, including
quasi-periodic states and bifurcations of limit cycles via period-doubling se-
quences.



Chapter 7

STABILITY OF CONTINUOUS

RECOMBINANT DNA CULTURES

7.1 Introduction

In the previous chapter, we indicated that bifurcation diagrams for the dynam-
ics of competing microbial populations, for the case of sterile feed conditions,
depend essentially on the relative position of cell growth rates. The num-
ber of possible configurations can be quite large. In this chapter, we examine
the outcomes of competition for the important case of interactions between
plasmid-bearing and plasmid-free recombinant DNA cultures.

The ability to manufacture desired bioproducts through genetically altered
organisms represents one of the major developments in biotechnology. Genetic
modification commonly takes place through the insertion of a plasmid to code
for the production of the desired protein. The stability of bacterium-plasmid
system during prolonged continuous cultivation is however limited, since the
formation of large amounts of foreign protein is always detrimental to the host
cell that tends to lose plasmid and return to its unaltered form. Moreover, cells
that lose the capacity to make the target protein have often growth advantage
over the more productive strains, leading to genetic instability [321]. The
instability of continuous cultures of recombinant plasmid DNA was studied
both experimentally and theoretically since the late 1970s [9, 18, 31, 108, 150,
156, 158, 167, 184, 208, 209, 220, 228, 232, 268, 311, 313, 337]. This instability
is known to be caused by at least the following factors: (1) segregational
instability that occurs when a portion of cells in the population lose their
plasmids during reproduction; (2) instability when some cells retain plasmids
but alter their forms to reduce the harmful effects on the cell; (3) mutations
in host cells that alter cellular regulation and result in reduced target protein
synthesis; (4) growth disadvantage of plasmid-bearing strains, compared with
plasmid-free strain variants, and the variants containing plasmids with altered
structure.

Among the various models proposed in the literature for modeling ge-
netic instability, the model proposed in the 1980s by Cooper et al. [82] and
Stephanopoulos and Lapidus [337] has probably been the most widely studied.
The model describes the segregational instability of the recombinant strains
by considering only two types of cells: plasmid-bearing and plasmid-free. The

99
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model describes the dynamics of the competing populations by taking into
consideration the probability of spontaneous plasmid loss in cell division and
plasmid conjugal transfer between cells. Despite its simple unstructured na-
ture, the model was shown [311, 337] to provide a fair quantification of gen-
eral dominance trends and coexistence characteristics in recombinant cultures.
The stability analysis of the model was carried out in a number of studies.
Ryder and DiBiasio [311], for instance, carried out a local stability analysis
for general growth kinetics. Since the coexistence was found to be unstable,
the authors suggested an operational strategy involving feedback control to
ensure stability. Stephanopoulos and Lapidus [337] were probably the first
to study in detail the different static behavior the model can predict. Using
arguments from index theory, the authors determined steady-state portraits
of the competitive interactions, based on the shape and mutual disposition of
the specific growth rates. The analysis was carried out assuming the growth of
both strains to follow Monod and/or Haldane substrate-inhibition kinetics.
The authors also reached the widely accepted conclusion that a stable par-
tial washout steady state with only parental cell growth is not possible, and
that the coexistence of the two species is the best outcome that can be hoped
for. However, the study left unanswered the possibility of the model to predict
periodic behavior. Hsu et al. [158], on the other hand, carried out a global sta-
bility analysis of the model for the case when the growth rates of both strains
are substrate-uninhibited. The authors showed that the model cannot pre-
dict any nontrivial periodic solutions. Later, Luo and Hsu [228] extended the
global asymptotic analysis of the model to the case when the growth rates of
the competing cells are substrate-inhibited. Using a reduction approach [348]
similar to their previous work [158], the authors examined the global stability
characteristics of the reduced system for both static and periodic conditions.

In this chapter, we reexamine the stability of the recombinant system us-
ing the singularity theory. The first part of this chapter analyzes the model
for arbitrary growth kinetics. The analysis of dynamic bifurcation allows the
derivation of necessary conditions for the existence of Hopf points, for arbi-
trary growth kinetics. The conditions derived in this work are very simple: the
model can predict a Hopf point only if the first derivatives of the growth rate
of plasmid-bearing cells is positive and that of plasmid-free cells is negative.
The importance of this result is that it can help to readily screen, beforehand,
the growth rates that do not have the ability to produce an oscillatory be-
havior in the model. The singularity theory also allows the study of a number
of Hopf degeneracies, which identifies regions in the model parameter space
where one, two, or more Hopf points can occur.

In the second part, the different analytical conditions for static and dy-
namic behavior of the model are applied explicitly to specific forms of growth
rates. In this regard, Monod growth rate is selected to be the uninhibited form
while Haldane growth is selected as the substrate-inhibited form. For the static
behavior, it is shown that simple analytical conditions (quadratic for the most
part) are derived in terms of model parameters, which allows the systematic
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classification of the parameter space into regions of different features. For the
periodic behavior, it is shown that the conditions for the existence of Hopf
points are reduced to a polynomial that may lend itself to mathematical ma-
nipulations. The combination of results of both static and dynamic analysis
helps to construct a picture composed of 45 different regions. Unlike the ap-
proach followed by of Hsu et al. [158] and Luo and Hsu [228], the singularity
theory is local in nature. However, the theory provides a useful framework for
classifying the branching phenomena predicted by the model. This classifica-
tion is combined with the construction of bifurcation diagrams using continu-
ation techniques. These diagrams can yield clear and substantial information
on the outcomes of the competition in terms of different model parameters.
The practical implication of the resulting dynamics on the yield/selectivity of
the chemostat are also investigated.

7.2 Process Model

The following is the unstructured model [337] describing the interactions be-
tween substrate S, plasmid-bearing X1, and plasmid-free X2 species:

dS

dt
= D(Sf − S) − r1X1

Y1
− r2X2

Y2
(7.1)

dX1

dt
= −DX1 + (1 − p)r1X1 (7.2)

dX2

dt
= −DX2 + r2X2 + pr1X1 (7.3)

D is the dilution rate, r1 and r2 are the specific growth rates for plasmid-
bearing and plasmid-free cell populations, respectively, p the probability (as-
sumed constant) that upon division a plasmid is lost or becomes modified and
Yi (i = 1, 2) are the corresponding yields (also assumed constants). The model
is rendered dimensionless using the following variables:

S̄ =
S

Sref
, S̄f =

Sf

Sref
, X̄1 =

X1

Y1Sref
, X̄2 =

X2

Y2Sref
(7.4)

r̄1 =
r1

rref
, r̄2 =

r2

rref
, D̄ =

D

rref
, t̄ = rref t, η =

Y1

Y2
(7.5)

Sref and rref are reference quantifies for S and r1, respectively. The dimen-
sionless model equations are:

dS̄

dt̄
= D̄(S̄f − S̄) − (r̄1X̄1 + r̄2X̄2) (7.6)
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dX̄1

dt̄
= −D̄X̄1 + (1 − p)r̄1X̄1 (7.7)

dX̄2

dt̄
= −X̄2(D̄ − r̄2) + ηpr̄1X̄1 (7.8)

The steady-state equations are obtained by setting the left-hand sides of Equa-
tions (7.6–7.8) to zero. Equations (7.7-7.8), in particular, would yield,
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FIGURE 7.1: (a) Example of mutual disposition of growth rates for Monod-
Monod case; (b) Branch set for Monod-Monod case.

X̄1(−D̄ + (1 − p)r̄1) = 0 (7.9)

and

X̄2 =
ηpr̄1X̄1

D̄ − r̄2
(7.10)
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Equation (7.9) implies that X̄1 = 0 or D̄ = (1−p)r̄1. Substituting successively
these conditions in the steady-state forms of Equations (7.6,7.8) yields the
following three possible steady states:

• X̄1 = 0, X̄2 = 0 and S̄ = S̄f . This corresponds to total washout condi-
tions.

• X̄1 = 0, X̄2 = S̄f − S̄ and D̄ = r̄2, which corresponds to washout of
plasmid-bearing cell populations.

• X̄1 > 0, X̄2 > 0 and D̄ = (1−p)r̄1 which corresponds to the coexistence
of the two populations. The concentrations X̄1 and X̄2 in this case are
given by
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FIGURE 7.2: Details of region MM1 of Figure 7.1b: (a) Growth rates; (b)
Continuity diagram; solid line, stable; dashed line, unstable.

X̄1 =
(1 − p)((1 − p)r̄1 − r̄2)(S̄f − S̄)

(1 − p)r̄1 − (1 − ηp)r̄2
(7.11)

X̄2 =
ηp(1 − p)r̄1(S̄f − S̄)

(1 − p)r̄1 − (1 − ηp)r̄2
(7.12)

The combination of Equations (7.11–7.12) yields the following useful relation
between the species concentrations X̄1, X̄2, and S̄,

1 − ηp

1 − p
X̄1 + X̄2 + S̄ = S̄f (7.13)
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The productivity (P ) and the selectivity (Y ) are defined respectively by

P := D̄X̄1 and Y :=
X1

X2
=

(1 − p)r̄1 − r̄2

ηpr̄1
(7.14)

It can be noted that a washout of plasmid-free cells is not possible. As noted
in [337], given that p > 0, there is a continuous seed of X2 cells from the
plasmid-bearing population so that the derivative in Equation (7.8) cannot
vanish.
In the course of this analysis, the dilution rate D̄ is selected as the main bi-
furcation parameter. The bifurcation diagram in the parameter space (S̄, D̄)
has always, as a solution, the total washout line (S̄ = S̄f ), in addition to the
solutions corresponding to the plasmid-bearing washout and/or that corre-
sponding to the coexistence of the two cell populations.
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FIGURE 7.3: Details of region MM2 of Figure 7.1b: (a) Growth rates; (b)
Continuity diagram; (c) Productivity; (d) Selectivity; solid line, stable; dashed
line, unstable.

7.3 Dynamic Bifurcation

The elements of the Jacobian matrix are given explicitly by taking the deriva-
tives of Equations (7.6–7.8), yielding

j11 = −D̄ − (r̄1S̄X̄1 + r̄2S̄X̄2), j12 = −r̄1, j13 = −r̄2 (7.15)
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j21 = (1 − p)r̄1S̄X̄1, j22 = −D̄ + (1 − p)r̄1, j23 = 0 (7.16)

j31 = r̄2S̄X̄2 + ηpr̄1S̄X̄1, j32 = pηr̄1 j33 = −D̄ + r̄2 (7.17)

The Hopf conditions are given by Equations (3.38–3.39). Simplified expres-
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FIGURE 7.4: Details of region MM3 of Figure 7.1b: (a) Growth rates; (b)
Continuity diagram; (c) Productivity; (d) Selectivity; solid line, stable; dashed
line, unstable.

sions for the terms Si (i = 1, 3) (Equations (3.35–3.37)) are obtained using the
software MATHEMATICA [238], for the important case of the coexistence of
cells (i.e., D̄ = (1 − p)r̄1)

S1 = −2(1 − p)r̄1 + r̄2 − (r̄1S̄X̄1 + r̄2S̄X̄2) (7.18)

S2 = (1 − p)2r̄2
1 + (p − 1)r̄1r̄2 + (1 − p)r̄1(r̄1S̄X̄1 + r̄2S̄X̄2) +

r̄1S̄X̄1((1 − p)r̄1 − (1 − ηp)r̄2) (7.19)

S3 = −(1 − p)r̄1r̄1S̄[(1 − p)r̄1 − (1 − ηp)r̄2]X̄1 (7.20)

Algebraic manipulations yield the following useful relations,

D̄S2 + S3 = −D2(S1 + D̄) (7.21)

Substituting in the first Hopf condition F1 := S1S2 − S3 yields

F1 := (S1 + D̄)(S2 + D̄2) = 0 and S2 > 0 (7.22)
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Since S2 is required to be positive, these Hopf conditions are reduced to

(S1 + D̄) = 0 and S2 > 0 (7.23)

From Equation (7.18), the condition S1 + D̄ = 0 is equivalent to

[(1 − p)r̄1 − r̄2] + (r̄1S̄X̄1 + r̄2S̄X̄2) = 0 (7.24)

The first term of this equation is positive (to ensure the meaningful coexistence
of cells), therefore this equation requires necessarily that

r̄1S̄ < 0 or r̄2S̄ < 0 (7.25)

Using Equation (7.19), the second Hopf condition S2 > 0 is equivalent after
some manipulations to

S2 = r̄1S̄ [(1− p)r̄1 − (1 − ηp)r̄2]X̄1 > 0 (7.26)

Since from Equation (7.12), the term ((1− p)r̄1 − (1− ηp)r̄2) is positive, then
the condition of Equation (7.26) is equivalent to

r̄1S̄ > 0 (7.27)

Combining Equation (7.25) and Equation (7.27), we conclude that the neces-
sary conditions for the occurrence of Hopf points are

r̄1S̄ > 0 and r̄2S̄ < 0 (7.28)

These Hopf conditions are simple and are given explicitly in term of first
derivatives of the growth rates. This result can help to readily screen growth
kinetics that do not have the ability to produce an oscillatory behavior in the
model. In the following we examine the occurrence of some Hopf degeneracies.

7.3.1 F1 Degeneracy

The F1 degeneracy is determined by solving the steady-state equations, the
condition S2 = 0 (Equation (7.19)), and the static limit point condition, S3 =
0 (Equation (7.20)). Since from Equation (7.12) the term ((1−p)r̄1−(1−ηp)r̄2)
is strictly positive and barring the trivial cases of p = 1, r̄1 = 0, the condition
S3 = 0 (Equation (7.20)) yields r̄1S̄ = 0. Substituting in S2 (Equation (7.19))
yields

S2 = (1 − p)r̄1((1 − p)r̄1 − r̄2 + r̄2S̄X̄2) (7.29)

At the F1 singularity this term vanishes, which yields,

X̄2 =
r̄2 − (1 − p)r̄1

r̄2S̄

(7.30)
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FIGURE 7.5: (a) Example of mutual disposition of growth rates for
inhibition-Monod case; (b) Branch set for inhibition-Monod case.

Substituting for X̄2 (Equation (7.30)), the steady-state value of X̄1 (Equa-
tion (7.10)) and D̄ = (1 − p)r̄1 in the steady-state Equation (7.6) yields the
following condition for the occurrence of the F1 singularity

S̄f − S̄H +
[(1 − p)r̄1 − r̄2][(1− p)r̄1 − (1 − ηp)r̄2]

ηp(1 − p)r̄1r̄′2
= 0 (7.31)

with S̄H satisfying the condition r̄′1(S̄H) = 0. Equation (7.31) represents,
therefore, general conditions with respect to any growth rates for the occur-
rence of the F1 singularity. When crossing the curve(s) defining this singularity,
the number of Hopf points in the continuity diagram increases/decreases by
one.
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FIGURE 7.6: Details of region IM1 of Figure 7.5b: (a) Growth rates; (b)
Continuity diagram; solid line, stable; dashed line, unstable.

7.3.2 H01 Singularity

The H01 singularity corresponds to the appearance or coalescence of two Hopf
points in the bifurcation diagram. The conditions for this singularity are:

F1 = F1S̄ = 0, F1S̄S̄ 6= 0 S2 > 0 (7.32)

with F1 = S1S − 2 − S3. Using Equation (7.22), the conditions of Equation
(7.32) are equivalent to

S1 + D̄ = 0, (S1 + D)S̄ = 0, (S1 + D)S̄S̄ 6= 0 and S2 > 0 (7.33)

Since no simple analytical conditions can be derived for this singularity, the
conditions of Equations (7.33) are solved numerically to delineate the bound-
aries for this singularity.

In the next section, we provide a detailed analysis of these singularities
for the case when the growth rates r1 or r2 follow Monod and/or Haldane
substrate-inhibited kinetics.
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FIGURE 7.7: Details of region IM2 of Figure 7.5b: (a) Growth rates; (b)
Continuity diagram; solid line, stable; dashed line, unstable.

7.4 Applications to Monod/Haldane Substrate-Inhibited
Kinetics

The expressions for rj take the form,

rj =
µjS

Kj + S + S2/KIj
, (j = 1, 2) (7.34)

where the KIj(j = 1, 2) are the inhibition constants. Using the following
reference quantities in Equations (7.4–7.5),

Sref = K1 and rref = µ1 (7.35)

the dimensionless expressions for the specific growth rates are

r̄1 =
S̄

1 + S̄ + γ1S̄2
and r̄2 =

φS̄

α + S̄ + γ2S̄2
(7.36)

with the following definitions

α =
K2

K1
, γ1 =

K1

KI1
, γ2 =

K1

KI2
, φ =

µ2

µ1
(7.37)

The model contains eight independent parameters D̄, S̄f , γ1 , γ2, φ, α, p, and η.
Monod growth rates are obtained as a limiting case of Equation (7.36) as the
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FIGURE 7.8: Details of region IM3 of Figure 7.5b: (a) Growth rates; (b)
Continuity diagram; solid line, stable; dashed line, unstable.

dimensionless inhibition constants γ1 and γ2 take on small values, i.e., γj → 0,
(j = 1, 2). For the sake of simplicity we will assume equal yields for the two
cells, i.e. η = 1. Moreover, since in practice the maximum specific growth of
plasmid-free cells is greater than that of plasmid-bearing cells, the quantity φ
(Equation (7.37)) is assumed to be larger than unity. In the following, we treat
systematically both the static and dynamic bifurcation for the following four
cases: (1) Both cells grow following Monod kinetics (Monod-Monod) (2) the
growth of plasmid-bearing cells is substrate inhibited while that of plasmid-
free cells is of the Monod form (inhibition-Monod) (3) the Monod-inhibition
case, and (4) the inhibition-inhibition case. The objective of the analysis is to
construct practical branch sets that delineate the various bifurcation behavior.
But first we derive some useful relations from the general discussion carried
out in previous sections. For η = 1, the steady-state condition of Equation
(7.13) is reduced to

X̄1 + X̄2 + S̄ = S̄f (7.38)

The condition (1 − p)r̄1 = r̄2 for the crossing of growth rates is equivalent
to the quadratic equation,

aS̄2 + bS̄ + c = 0 (7.39)

with

a = (1 − p)γ2 − φγ1, b = (1 − p) − φ, c = α(1 − p) − φ (7.40)
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It can be noted that since φ is always greater than unity and since the prob-
ability p is restricted between 0 and 1, then the term (b) is always negative.
The crossing points of the two growth rates, if they exist, are solutions of
Equation (7.39)

S̄1 =
−b −

√
∆

2a
and S̄2 =

−b +
√

∆

2a
(7.41)

In the chosen parameter space (D̄, S̄), the crossing of the plasmid-bearing
washout curve with the total washout line occurs at the dilution rate obtained
by substituting S̄f in (D̄ = r̄2), to yield

D̄ =
φS̄f

α + S̄f + γ2S̄2
f

(7.42)
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FIGURE 7.10: Details of region MI2 of Figure 7.9b: (a) Growth rates; (b)
Continuity diagram; solid line, stable; dashed line, unstable; circles, unstable
periodic branches.

The crossing, on the other hand, of the coexistence curve with the total
washout line is obtained by substituting S̄f in (D̄ = (1 − p)r̄1), to yield

D̄ =
(1 − p)S̄f

1 + S̄f + γ1S̄2
f

(7.43)

The first derivatives of r̄1 and r̄2 are given by

r̄1S̄ =
1 − γ1S̄

2

(1 + S̄ + γ1S̄2)2
and r̄2S̄ =

φ(α − γ2S̄
2)

(α + S̄ + γ2S̄2)2
(7.44)

In the (D̄, S̄) space, the curve of the coexistence of two cells may have a static
limit point if (1 − p)r̄1S̄ = 0. This occurs at

S̄ =
1√
γ1

(7.45)

Since S̄ is constrained by S̄f , a necessary condition for the existence of static
limit points is that

γ1 ≥ 1

S̄2
f

(7.46)

Similarly, the existence of a static limit point on the plasmid-bearing washout
curve is conditioned by r̄2S̄ = 0, and occurs at

S̄ =

√

α

γ2
(7.47)
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FIGURE 7.11: Details of region MI3 of Figure 7.9b for (S̄f = 8, α = 1, γ1 =
0, γ2 = 0.2, φ = 1.4, p = 0.01): (a) Growth rates; (b) Continuity diagram; solid
line, stable; dashed line, unstable; dots, stable periodic branches.

For the same arguments, a necessary condition for the existence of static limit
points is that

γ2 ≥ α

S̄2
f

(7.48)

As for the occurrence of Hopf points in the model, besides the necessary
conditions of Equation (7.28), the original conditions of Hopf points (Equation
(7.22)) can be explicitly detailed. Substituting for X̄1 (Equation (7.11)) and
X̄2 (Equation (7.12)), the Hopf condition (Equation (7.22)) is reduced to a
polynomial of seventh-order in S̄. This results indicates that the model can
predict up to seven Hopf points.

7.4.1 Monod-Monod Case

For the Monod-Monod case, the specific growth rates (Equation (7.36)) are
reduced to the following forms

r̄1 =
S̄

1 + S̄
and r̄2 =

φS̄

α + S̄
(7.49)

Before the analysis is carried out any further, it can be noted that for this
case (Monod-Monod) the first derivative r̄2S̄ is always positive. Therefore,
the model cannot predict any periodic behavior, since the necessary Hopf
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conditions of Equation (7.28) are never satisfied. For the static behavior we will
show how a systematic approach can be used to construct a branch set where
all the different possible behaviors can be expected. The approach followed
for the Monod-Monod case will serve as an example for the other cases to be
discussed in later sections. To construct the branch set, we start by showing
in Figure 7.1a, one scenario of the mutual disposition of the two growth rates,
(1−p)r̄1 and r̄2. The point of crossing is obtained from Equation (7.39), which
is reduced to

bS̄ + c = 0 (7.50)

Since b is always negative, the existence of a positive solution to this equation
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FIGURE 7.12: Dynamics showing bistability in region MI3, for D̄ = 0.7321:
(a) Initial conditions (S̄, X̄1, X̄2) = (2.83, 1.4678, 3.6969) lead to oscillations;
(b) (S̄, X̄1, X̄2) = (2.73, 0.01, 5.27) lead to plasmid-bearing washout.

depends on the sign of c. The equation (c = 0) represents therefore one condi-
tion forming the branch set. Should a real and positive solution to Equation
(7.50) exist, then it should also satisfy the natural constraint S̄ < S̄f . The
condition S̄ = S̄f is therefore another element of the branch set. The branch
set can be represented in any model parameters space. We select (φ, α) as the
parameter space. The condition c = 0 yields the following line

φ = (1 − p)α (7.51)

while equation S̄ = S̄f yields another line

φ = α
1 − p

1 + S̄f
+

(1 − p)S̄f

1 + S̄f
(7.52)

Equations (7.51–7.52) are therefore lines that form the branch set, shown
in Figure 7.1b. The branch set exists only for φ > 1 as indicated in earlier
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FIGURE 7.13: Details of region MI4 of Figure 7.9b: (a) Growth rates; (b)
Continuity diagram; (c) Productivity; (d) Selectivity; solid line, stable; dashed
line, unstable.

sections. There are only three behaviors that can be found for arbitrary values
of model parameters. We start with region MM1 of Figure 7.1b. It can be
seen (Figure 7.2a) that plasmid-free cells always outgrow their counterparts,
i.e., r̄2 > (1 − p)r̄1, and therefore no coexistence of cells is possible. The
corresponding steady-state portrait (Figure 7.2b) shows two curves: a stable
curve that corresponds to washout of plasmid-bearing cells, and the horizontal
total washout line. The crossing of the two curves occurs at the dilution rate
corresponding to the bifurcation point BP2, solution of (Equation (7.42))
with γ2 = 0. (The subscript 2 in BP2 is associated with the growth rate
r2). Operating conditions smaller than BP2 lead to plasmid-bearing washout
while larger values lead to the total washout. The second region (MM2) of
the branch set of Figure 7.1b arises when the line c = 0 is crossed. This
leads to the existence of a positive and meaningful (i.e., < S̄f ) solution to
the coexistence equation. The two growth rates can be seen to cross in Figure
7.3a. The associated continuity diagram is shown in Figure 7.3b. Besides the
plasmid-bearing washout curve and the total washout line, Figure 7.3b also
has the coexistence curve. The crossing (CP ) of the plasmid-bearing washout
curve and the coexistence curve occurs at the substrate concentration, solution
of Equation (7.50). For dilution rates smaller than CP , the operation of the
bioreactor leads to the stable coexistence of the two cells. Values larger than
CP and smaller than BP2 lead to plasmid-bearing washout, while larger values
than BP2 lead, as in the MM1 case, to a total washout. For the MM2 region,
and since the coexistence of the two cells is possible, Figures 7.3(c-d) show
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the variations of productivity and selectivity with the dilution rate. It can
be seen that the productivity reaches a maximum while the selectivity is a
decreasing function. In the rest of the analysis and for the sake of space, the
plots of productivity and selectivity are omitted for most regions, except for
those that are deemed necessary. The third region MM3 of the branch set
(Figure 7.1b) arises when the line of S̄ = S̄f is crossed. The crossing point
CP of the two growth rates is not meaningful anymore, i.e., S̄ > S̄f . Figure
7.4a shows that plasmid-bearing cells always outgrow their counterparts. The
corresponding steady-state portrait is shown in Figure 7.4b. The coexistence
curve is stable and extends until its crossing with the total washout line at
BP1, the solution of Equation (7.43) with γ1 = 0. Values of dilution rates
smaller than BP1 lead to the stable coexistence since the plasmid-bearing
washout curve is always unstable. Larger values than BP1 lead, on the other
hand, to total washout.
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FIGURE 7.14: Details of region MI5 of Figure 7.9b: (a) Growth rates; (b)
Continuity diagram; (c) Productivity; (d) Selectivity; solid line, stable; dashed
line, unstable.

7.4.2 Inhibition-Monod Case

For the inhibition-Monod case, the specific growth rates are given by Equation
(7.36) with γ2 = 0. Similarly to the Monod-Monod case, since the growth rate
r̄2S̄ is always positive, the model cannot predict any oscillatory behavior. The
crossing of the growth rates is still given by the quadratic Equation (7.39–
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7.40) with γ2 = 0. Note that for this case both terms b and a = −φγ1 are
negative. Therefore, it can be seen from Equation (7.41) that the root S̄2 is
always negative and the two growth rates (1 − p)r̄1 and r̄2 can cross only at
one point S̄1. To construct branch sets for this example we proceed following
the same approach used for the Monod-Monod case. We choose to represent
the branch set in the parameter space (α, γ1). Figure 7.5a shows an example
of the disposition of the growth rates. The crossing of the growth rates is
conditional on the discriminant ∆ of Equation (7.39) being positive. ∆ = 0 is
therefore one element of the branch set. It corresponds to the curve

γ1 =
−(1 − p − φ)2

4φ(α(1 − p) − φ)
(7.53)

Should the root exist then it should satisfy 0 ≤ S̄ ≤ S̄f . The conditions
S̄ = 0 and S̄ = S̄f are two other elements of the branch set. They correspond
respectively to the vertical line

α =
φ

1 − p
(7.54)

and to the line

γ1 =
α(1− p)

φS̄2
f

+
(1 − p)S̄f − φ(1 + S̄f )

φS̄2
f

(7.55)

The inhibition nature of the growth root r̄1 introduces other elements in the
branch sets. First, the occurrence of the static limit points is conditioned by
Equation (7.46). Therefore, γ1 = 1

S̄2
f

is another element of the branch set.

It separates regions of occurrence of the static limit from regions of Monod-
like behavior. Should the limit point exist then, from Figure 7.5a, it can be
seen that another element of the branch set is the position of the limit point
relative to the root. The condition LP1 = CP is therefore another element of
the branch set. It is equivalent to

γ1 =
(φ − 1 + p)2

(2φ − (1 − p)α)2
(7.56)

Finally, as can be seen from Figure 7.5a, the location of the y-values of limit
point LP1 relative to that of BP2 constitutes another, and the last element of
the branch set. This condition is equivalent to

(1 − p)r̄1(LP1) = r̄2(S̄f ) (7.57)

and yields

γ1 =
1

4
(
(α + S̄f )(1 − p)

φS̄f
− 1))2 (7.58)
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FIGURE 7.15: Details of region MI8 of Figure 7.9b: (a) Growth rates; (b)
Continuity diagram; (c) Productivity; (d) Selectivity; solid line, stable; dashed
line, unstable.

Figure 7.5b shows the general form of the branch set. It can be noted that
not all the regions are new. In fact only three new regions (IM1, IM2, IM3) are
found in the branch set. Below the horizontal line, no limit point exists and the
growth rate r̄1 exhibits a Monod-like behavior. Therefore, all the regions below
this line have been discussed earlier in the branch set of the Monod-Monod
case. The new IM1 region of the branch set is shown in Figure 7.6a. There
is a limit point (LP1), and the crossing CP of the growth rates occurs after
the limit point. The corresponding steady-state portrait is shown in Figure
7.6b. The presence of the limit point introduces a saddle-node bifurcation. For
dilution rates smaller than that of crossing CP , the operation of the bioreactor
leads to a stable coexistence. For values of dilution rates between CP and
LP1, the steady-state portrait is characterized by bistability, i.e., coexistence
of two stable branches: the branch of cell coexistence and that of plasmid-
bearing washout. Different start-up conditions or fluctuations in operating
parameters (S̄f or D̄) can cause the operation of the bioreactor to jump from
one branch to the other. Values of dilution rates larger than LP1 and smaller
than BP2 lead to plasmid-bearing washout, while larger values than BP2 lead
to total washout. The IM2 region is obtained from Figure 7.5b, after crossing
the LP1 = BP2 line. Figure 7.7a shows that the maximum y-value of LP1 is
larger than that of BP2. This is reflected in the steady-state portrait (Figure
7.7b), as the dilution rate for LP1 is larger than that of BP2. This introduces
new changes in the static behavior as the region of bistability between the



STABILITY OF CONTINUOUS RECOMBINANT DNA CULTURES 119

 
X
1
>
0
,
 
X
2
>
0


 
X
1
=
0


 
X
1
=
 
X
2
=
0


L
P
2


L
P
2


B
P
2


B
P
2


B
P
1


(
1
-
p
)
 
r
1


 
r
2


B
P
1


(
a
)
 (
b
)


 
D


 
S


 
S


G

r


o

w


t
h

 
R


a

t
e


s


 
D


P

r
o


d

u


c

t
i


v

i
t


y


 
D


S

e


l
e

c


t
i

v


i
t

y


(
d
)
(
c
)


FIGURE 7.16: Details of region MI10 of Figure 7.9b: (a) Growth rates; (b)
Continuity diagram; (c) Productivity; (d) Selectivity; solid line, stable; dashed
line, unstable.

curve of plasmid-bearing washout and that of the coexistence extends from
CP to BP2. Moreover, another region of bistability exists between BP2 and
LP1, and involves the coexistence branch and the total washout line. The
last new region (IM3) of Figure 7.5b, is obtained after crossing the S̄1 = S̄f

line, so the crossing root S̄1 becomes larger than S̄f . Figure 7.8a shows that
plasmid-bearing cells always outgrow their counterparts. The corresponding
continuity diagram (Figure 7.8b) shows that for all dilution rates smaller than
BP1, a stable coexistence is the only outcome of the competition. For dilution
rates between BP1 and LP1, the operation of the bioreactor may also lead to
total washout while for dilution rates larger than LP1, total washout occurs.
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FIGURE 7.17: Example of mutual disposition of growth rates for inhibition-
inhibition case.

7.4.3 Monod-Inhibition Case

For the Monod-inhibition case, the specific growth rates are given by Equa-
tion (7.36) with γ1 = 0. We first start with the dynamic behavior. Unlike the
previous cases and since r2S̄ may take negative values, the Hopf conditions
(Equation (7.28)) may be satisfied for this case, and an oscillatory behav-
ior cannot be ruled out. Moreover, the condition r̄2S̄ < 0 implies that Hopf
points have to occur in the region of existence of static limit points. As for
the static branch set, it is constructed in a similar way to the previous cases,
for example in the parameter space (α, γ2). Note that for this case the term
(a = (1−p)γ2) of Equation (7.40) is always positive and since b is negative then
the second root S̄2 (Equation (7.41)) is always positive. Therefore, unlike the
inhibition-Monod case there is the possibility of two crossings of the growth
rates, with S̄1 being always smaller than S̄2. Figure 7.9a shows an example
of the mutual disposition of the two growth rates. The branch set consists of
the following elements. Similarly to the previous case, the conditions ∆ = 0,
c = 0, and S̄1 = S̄f are the first three elements of the branch set. They sep-
arate regions of real, positive, and meaningful (≤ S̄f ) crossings to regions of
no crossings. Also because of the inhibition nature of r̄2, the occurrence of
static limit points is conditioned by γ2 = α

S̄2
f

, which is another element of the

branch set. It separates regions of occurrence of static limit points from re-
gions of Monod-like behavior. The relative position of the limit point LP2 and
the root S̄2 introduces another element in the branch set. Finally, the relative
position on the y-axis of LP2 and BP1 is the last element of the branch set.
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Figure 7.9b shows the branch set for this case. Similarly to the previous case,
there are a number of regions that are similar to the Monod-Monod case. The
branch set introduces a total of ten new different regions. The discussion of
all these regions would be a lengthy exercise. Instead, we prefer to examine
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FIGURE 7.18: (a) Branch set for inhibition-inhibition case for c < 0; (b)
Enlargement of (a).

features of key emerging regions. Region MI2 (Figure 7.10a) corresponds to
the existence of one crossing and a limit point that occurs before the crossing
and above BP1. The corresponding continuity diagram (Figure 7.10b) shows
the existence of a Hopf point as a result of dynamic bifurcation. The peri-
odic branches are, however, unstable. Region MI3 (Figure 7.11a) is similar
to region MI2 except that the y-value of LP2 is smaller than that of BP1.
The continuity diagram (Figure 7.11b) shows the existence of a Hopf point
and stable periodic branches emanating from it. Around the Hopf point, a
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FIGURE 7.19: (a) Branch set for inhibition-inhibition case for c > 0; (b)
Enlargement of (a).

stable periodic behavior exists. However, this periodic behavior also coexists
with the static branch corresponding to plasmid-bearing washout. Therefore,
different initial conditions can lead to either oscillations or to plasmid-bearing
washout, as shown in Figures 7.12(a-b). Regions MI4 (Figure 7.13), MI5 (Fig-
ure 7.14), MI8 (Figure 7.15), and MI10 (Figure 7.16) do not predict any Hopf
point but they exhibit interesting features for the profiles of productivity and
selectivity. These features are discussed in a later section.

7.4.4 Inhibition-Inhibition Case

For the case of inhibition-inhibition, the growth rates are given by Equation
(7.36). Figure 7.17 shows an example of mutual disposition of growth rates.
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FIGURE 7.20: Details of region I2 of Figure 7.18b for (S̄f = 8, α = 1.1, γ1 =
0.020, γ2 = 0.1, φ = 1.2, p = 0.01): (a) Growth rates; (b) Continuity diagram;
(c) Productivity; (d) Selectivity; solid line, stable; dashed line, unstable; dots,
stable periodic branch; thick solid lines, average values.

Two limit points, as well as two crossings, are possible. We choose to represent
the branch set in the parameter space (γ1, γ2). To construct the static branch
set, the following conditions are considered. First, ∆ = 0 defines the region of
the existence/absence of crossings between the growth rates. S̄ = S̄f defines
the region of meaningful/unmeaningful crossings. Since the terms a and c of
the crossing Equation (7.39–7.40) can have arbitrary signs then both a = 0
and c = 0 are elements of the branch set. However, since c does not depend
on γ1 or γ2, two separate branch sets are possible: one for c < 0 and another
one for c > 0. The case of c = 0 (Equations (7.39–7.40)) introduces only
one nontrivial crossing and does not produce any new regions. In addition to
these conditions, the following other elements constitute the branch set. First,
Equations (7.45, 7.48) define regions of existence/absence of static limit points.
The condition LP1 = LP2 defines the relative position of static limit points
while the condition (1 − p)r̄1(LP1) = r̄2(LP2) defines the relative position of
the y-values (dilution rates) of LP1 and LP2. The two conditions LP1 = S̄1

and LP2 = S̄2 define, on the other hand, the relative position of the static
limit points vis-à-vis the roots. Finally, the conditions (1 − p)r̄1(LP1) = BP2

and r̄2(LP2) = BP1 define the relative position of the dilution rates associated
with each limit point to those associated with S̄f . The analytical expressions
of all these conditions are quite simple and can be derived in a similar manner
to previous cases.

For the dynamic bifurcation, both the F1 and the H01 singularity are de-
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fined for the inhibition-inhibition case and are shown in the branch sets along
with static branches. Figures 7.18(a–b) and Figure 7.19(a–b) show the branch
sets respectively for c < 0 and c > 0. The combination of static and dy-
namic branches gives birth to a total of 10 new regions for the case of c < 0
and 19 new regions for c > 0. The rest of emerging regions are either Monod-
inhibition (MI) or inhibition-Monod (IM) branches, and were discussed earlier.
Once again we limit the discussion to key new regions. Regions I2 (Figure 7.20)
and I3 (Figure 7.21) feature one Hopf point with stable periodic branches em-
anating from them. Region I6 (Figure 7.22), on the other hand, features two
Hopf points with only one exhibiting stable periodic branches. Of all these
regions, regions I2 (Figure 7.20) and I3 (Figure 7.21) feature new and inter-
esting behavior. It can be seen in the enlargement of the continuity diagrams
(Figure 20b and even clearer in Figure 7.21b) that stable periodic branches are
the only attractors between LP2 and HB. Unlike other regions for which sta-
ble periodic behavior coexists with static branches, all start up conditions for
the region between LP2 and HB lead to an oscillatory behavior. Regions II6
(Figure 7.23) and II13 (Figure 7.24) do not involve any Hopf points but they
offer some new features as far as the selectivity is concerned. These regions
are discussed in a later section.
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FIGURE 7.22: Details of region I6 of Figure 7.18b: (a) Growth rates; (b)
Continuity diagram; solid line, stable; dashed line, unstable; dots, stable pe-
riodic branches; circles, unstable periodic branch.

7.5 Implication of Resulting Dynamics

The number (forty-five) of different regions found in this analysis is quite
large. In order to carry out some kind of comparison between these regions,
some of their key features are summarized in Table 7.1. This table can enable
some insights about the possible effects that various limiting substrates can
have on recombinant culture stability, and about the desired rate properties
to be looked for in screening media formulations. Five criteria for comparison
are selected: The first criteria is the number of regions of dilution rate where
coexistence is possible. There are regions that do not predict a coexistence of
cells, regions where the coexistence is limited to one range of dilution rates,
and regions where coexistence is possible at small as well as at large dilution
rates. The second characteristic concerns the existence/absence of bistability
in the diagram. This includes bistability between cell coexistence and plasmid-
bearing washout, bistability between coexistence and total washout as well as
bistability between periodic branch and plasmid-bearing washout and/or total
washout. The third feature is whether a Hopf point exists and whether stable
or unstable periodic branches emanate from the point.

These three criteria concern the general aspects of the continuity diagram
(D̄, S̄). We add to these criteria, some aspects associated with profiles of pro-
ductivity and selectivity. The fourth feature, therefore, concerns the stability
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FIGURE 7.23: Details of region II6 of Figure 7.19b: (a) Growth rates; (b)
Continuity diagram;(c) Productivity; (d) Selectivity; solid line, stable; dashed
line, nstable.

nature of point of maximum productivity, i.e., stable/unstable, while the fifth
feature concerns whether the maximum point occurs in a region of bista-
bility. It is understood that if it is desired to operate the bioreactor at an
unstable point or in a bistability region then a stabilizing effect (for example
through feedback control) is needed. Table 7.1 summarizes the regions and
their five features. Out of the total of forty-five regions, nine regions offer
some interesting behavior. We will discuss these regions as well as the needed
plasmid modifications that could achieve the desired mutual disposition of
the growth rates. Region MM3 (Figure 7.4) certainly offers a desired scenario
since it guarantees the outgrowth of plasmid-bearing cells over their counter-
parts over the whole range of substrate concentrations. However this cannot
be achieved unless external change is applied, such as coding for antibiotic
resistance [156, 330].

Region MI10 (Figure 7.16) offers a variation on MM3 where the plasmid-
free cell is inhibited at high substrate concentrations while the plasmid-bearing
cell is of the Monod form. Substrate inhibition was observed, for instance, in
methanol utilizing organisms. Region MI10 may also offer an advantage over
region MM3 in term of selectivity, since the selectivity is expected to be large
when the difference between the growth rates is wide (Equation (7.14)). The
scenario of MI10 could be achieved by further incorporation of a plasmid
that deregulates growth inhibition of plasmid-bearing cells. In the MM2 case
(Figure 7.3), both growths are of the Monod form with plasmid-bearing cells
growing faster at smaller substrate concentrations. This could be achieved by
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FIGURE 7.24: Details of region II13 of Figure19b: (a) Growth rates; (b)
Continuity diagram;(c) Productivity; (d) Selectivity; solid line, stable; dashed
line, unstable.

cloning the gene for the enzyme responsible for growth limitation in the re-
combinant plasmid. MI8 (Figure 7.15) presents a variation of MM2 where the
plasmid-free cells are inhibited at larger substrate concentrations. Again this
scenario can be achieved through the same approach applied to the MI10 re-
gion. Region MI4 (Figure 7.13), besides its obvious features (Table 7.1), offers
another advantage in terms of selectivity, since the plasmid-free cells are in-
hibited at larger substrate concentrations while the growth of plasmid-bearing
cells is of the Monod form. The maximum productivity can also be seen to
occur after LP2. Moreover, since the selectivity increases with the dilution
rate, it could be beneficial to operate at values of dilution rates slightly larger
than that of maximum productivity. The productivity will decrease slightly
at the benefit of a larger selectivity. Again for the scenario of MI4 to be pos-
sible, further incorporation of a plasmid that deregulates growth inhibition of
plasmid-bearing cells is required. MI5 region (Figure 7.14) offers the advantage
of coexistence in two regions of the dilution rate with the maximum produc-
tivity occurring at a larger dilution rate. Similarly to region MI4, region MI5
also offers an advantage in terms of selectivity. The increasing profile of selec-
tivity in the larger dilution rates region also suggests that a small sacrifice in
productivity can be compensated for by a larger selectivity. The mutual dis-
position of growth rates in region MI5 is however quite distorted. It is an open
question whether it is possible to achieve this type of growth rates disposition.
Region II13 (Figure 7.24) is a variation of MI5 where the plasmid-bearing cell
outgrows its counterpart in two different regions but plasmid-bearing cells are
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inhibited. It can be seen that the maximum productivity occurs in regions of
small dilution rates, while the selectivity is decreasing. In terms of selectiv-
ity this region is not attractive. Region II6 (Figure 7.23) represents the case
when plasmid-bearing cells outgrow their counterparts in two regions, while
both cells are inhibited at large substrate concentrations. Two regions of co-
existence are therefore possible with the maximum productivity occurring in
the region of smaller dilution rates. It can also be seen that the selectivity
increases in the region of larger dilution rates. Therefore, it may be beneficial
to operate in this region. However, the point of operation may be unstable
and a feedback control is needed.

It can be noted that all the discussed regions do not exhibit a Hopf point.
The issue to be investigated is whether there is any benefit from operating
the bioreactor at a periodic regime. Our simulations for all regions that have
Hopf(s) point(s), with the exception of region I3 (Figure 7.21), showed that
the selectivity is smaller than if the chemostat is operated at static branches.
Region I3 (Figure 7.21) offers, however, a different perspective on this subject.
It should be recalled that in region I3 periodic behavior is the only attrac-
tor between LP2 and the Hopf point. Shown in the small boxes of Figures
7.21(c–d) are respectively the average productivity and average selectivity of
the periodic branches emanating from the Hopf point. Away from the Hopf
point, the selectivity increases and exceeds even the value associated with the
point of maximum productivity. Therefore, it may be beneficial to operate the
bioreactor at this stable limit cycle.

7.6 Concluding Remarks

The stability behavior of the classical unstructured model for the competition
between plasmid-bearing and plasmid-free cells was revisited using a combi-
nation of bifurcation and continuation techniques. The analysis of the model
stability has offered a clear, yet simple picture of the dynamics of competi-
tive growth which, at the end, has the most profound effect on the plasmid
stability. Simple necessary conditions in terms of growth rates were also de-
rived for the existence of Hopf points in the model. These general conditions
were applied to Monod/Haldane substrate-inhibited growth models. Practical
branch sets in terms of model parameters were readily constructed for Monod-
Monod, Monod-inhibition, inhibition-Monod and inhibition-inhibition cases.
The richness of the model was demonstrated by the large number of different
behaviors found in it. But there is still room for further investigation. The
analysis has revealed that the model can predict a maximum of seven Hopf
points, but our numerical investigation revealed only two Hopf points. The ex-
istence of more than two Hopf points is certainly not ruled out. Would this be
the case then this will give rise to a number of new singularities that connect
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TABLE 7.1: Summary of the regions and their characteristics

Region Criteria I II III IV V

MM1 0 No No No
MM2 1 No Yes No
MM3 1 No Yes No
IM1 1 Yes Yes No
IM2 1 Yes Yes Yes
IM3 1 Yes Yes No
MI1 0 No Hopf-unstable No No
MI2 1 Yes Yes Yes
MI3 1 Yes Hopf-stable Yes No
MI4 1 No Yes No
MI5 2 No Yes No
MI6 2 Yes Hopf-stable Yes No
MI7 2 Yes Hopf-unstable Yes No
MI8 1 No Yes No
MI9 2 No Yes No
MI10 1 No Yes No

I1 1 Yes Yes No
I2 1 Yes Hopf-stable Yes No
I3 1 Yes Hopf-stable Yes Yes
I4 1 Yes Yes Yes
I5 1 Yes Hopf-unstable Yes Yes
I6 1 Yes 2 Hopfs-one stable No No
I7 1 No No No
I8 1 No No No
I9 1 No No No
I10 1 Yes Hopf-stable Yes Yes
II1 1 Yes Yes Yes
II2 1 Yes Yes Yes
II3 1 Yes Yes Yes
II4 1 Yes Hopf-stable Yes No
II5 2 Yes Yes No
II6 2 Yes Yes No
II7 2 Yes Yes No
II8 2 Yes Yes No
II9 2 Yes Yes No
II10 2 Yes Yes No
II11 1 No No No
II12 2 No Yes No
II13 2 No Yes No
II14 2 Yes Yes Yes
II15 1 Yes Yes Yes
II16 1 Yes Yes Yes
II17 2 Yes Yes Yes
II18 2 Yes Yes Yes
II19 2 Yes Yes Yes
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the different Hopf points, and this would certainly add more richness to the
model. From a practical point of view, the study of Hopf points is useful from
two perspectives. On one hand, it helps to investigate whether the operation
of the chemostat in a periodic region can be beneficial in terms of productiv-
ity and selectivity. On the other hand, it helps to study if strange chaotic or
nonchaotic behavior can emerge from the bifurcation of periodic attractors.
Our investigation did not encounter any such behavior but given the richness
of the model, this cannot be ruled out and it deserves further investigation.

Finally, it should be noted that a number of studies investigated ways to
improve the stability of these systems. These include introducing changes in
feeding strategy, the alteration of the medium in such a way as to favor the
plasmid-bearing organism and the operation of the bioreactor under cycling
conditions [77, 195, 204, 276, 277, 330, 338, 339, 345, 372].



Chapter 8

BIODEGRADATION OF MIXED

SUBSTRATES

8.1 Introduction

The simultaneous biodegradation of mixed wastes is an important class of bi-
ological processes. In a number of applications, the growth of the biomass in
a microbial system is not limited by one nutrient, but rather by two or more
nutrients that are serving the needs of the micro-organism simultaneously. In
wastewater applications, for instance, it is known that the availability of mul-
tiple carbon/energy sources often enhances the biodegradation of recalcitrant
compounds. Mixed-substrate growth is also important in ecology, since mi-
crobial growth in a natural mixed-substrate environment plays a fundamental
role in maintaining global environmental balance. The growing interest in in-
situ microbial degradation of groundwater sources, contaminated by different
pollutants, is another example of the need for better understanding of the
mixed-substrate growth.

Nutrients generally can be grouped according to their physiological func-
tion [381]. Homologous nutrients, also called perfectly substitutable sub-
strates [294] or mixed substrates [257] are nutrients that accomplish the same
physiological function during growth. Examples of such mixtures include pairs
of carbon and energy sources (e.g., glucose, fructose), nitrogen sources (e.g.,
ammonia, nitrate) or electron acceptors (e.g., oxygen, nitrate) [107, 255]. Het-
erologous nutrients, also called noninteractive or complementary nutrients, are
on the other hand, nutrients that satisfy different physiological requirements
of the cell. For example, nitrogen (e.g., ammonium) and a carbon source (e.g.,
glucose) are heterologous substrates since one cannot be replaced by the other,
at least when they contain no C or N, respectively. A classification of nutrients
to other subgroups is also available in the literature [381].

One important goal in modeling microbial growth under dual nutrients is
the development of adequate growth kinetics. Zinn et al. [381] provided an ex-
cellent review of modeling approaches and some resulting models. Some of the
commonly used models include simple extension of Monod growth (Equation
(2.18)) [245], and the sum of growth rates on individual nutrients (Equation
(2.19)) [216, 217, 218], as well as cybernetic models [342]. But as was men-
tioned in [381], some of these models suffer from lack of experimental valida-
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tion while others such as cybernetic models require a detailed quantification
of the microbial system, which is sometimes beyond reasonable measurement
techniques.

In this chapter, we study the stability of the biodegradation of mixed
wastes in a continuous bioreactor modeled by an unstructured model. The
objective is to delineate the different static behaviors the model can predict
and study its implications on the outcome of the biodegradation [17, 22]. The
selected growth rates are based on the experimental work of Baltzis el al. [50,
210, 364] who showed that cross-inhibitory expressions are the most adequate
kinetic models for predicting the growth of a pure culture of Pseudomonas
putida in a media containing phenol and glucose. These growth models were
successfully used in stability and optimization studies in cyclically operated
bioreactors [50, 210, 364].

8.2 Bioreactor Model

We consider a bioreactor with cell recycle similar to the one in Figure 4.1.
A microbial culture (X) is capable of utilizing two dissimilar substrates (S1)
and (S2). The balance equations around the reactor for the different species
are:

Sf 1 − S1 − θ
r1X

Y1
= θ

dS1

dt
(8.1)

Sf 2 − S2 − θ
r2X

Y2
= θ

dS2

dt
(8.2)

Xf − WX + θ(r1 + r2)X = θ
dX

dt
(8.3)

where θ = V
Q is the reactor residence time (inverse of dilution rate), r1, r2

are respectively the specific growth rates associated with utilization of S1

and S2, and W is the purge fraction. The two substrates are involved in an
uncompetitive cross inhibitory interaction with utilization rates, given by

r1 =
µ1S1

K1 + S1 + S2
1/KI + K3S1S2

(8.4)

and

r2 =
µ2S2

K2 + S2 + K4S1S2
(8.5)
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In the absence of S2 , the culture grows on substrate S1 following Haldane
inhibition kinetics. In the absence of S1, the culture grows on substrate S2

following Monod kinetics. When the medium contains both S1 and S2, the
culture utilizes both of them simultaneously with the modified growth rates.
The mass balances are suitably rendered dimensionless using the variables

TABLE 8.1:
Dimensionless variables

Parameter Definition

θ̄ θµ1

S̄1
S1

K1

S̄2
S2

K2

t̄ t
θ

X̄ X
Y1K1

α K1

KI

γ Y1K1

Y2K2

µ µ2µ1

λ1 K2K3

λ2 K1K4

shown in Table 8.1. The dimensionless model equations are:

S̄f 1 − S̄1 − θ̄r̄1X̄ =
dS̄1

dt̄
(8.6)

S̄f 2 − S̄2 − θ̄γµr̄2X̄ =
dS̄2

dt̄
(8.7)

X̄f − WX̄ + θ̄(r̄1 + µr̄2)X̄ =
dX̄

dt̄
(8.8)

The dimensionless growth rates are given by

r̄1 =
S̄1

1 + S̄1 + αS̄2
1 + λ1S̄1S̄2

(8.9)

and

r̄2 =
S̄2

1 + S̄2 + λ2S̄1S̄2
(8.10)
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TABLE 8.2: Nominal values
of parameters

Parameter Nominal Value

α 0.0599
λ1 1.1936
λ2 0.244
γ 0.7136
µ 0.9365

S̄f 1 4.
S̄f 2 2
X̄f 0.1

8.3 Static Analysis

A simple relation involving the three species can be obtained by multiplying
the steady-state forms of Equation (8.6) and Equation (8.8) by γ and summing
up Equations (8.6–8.8). This yields

X̄ =
S̄f 1 − S̄1

w
+

S̄f 2 − S̄2

γw
+

X̄f

w
(8.11)

Substituting for X̄ in the steady-state form of Equation (8.6) yields,

S̄f 1 − S̄1 =
θ̄S̄1

1 + S̄1 + ᾱS2
1 + λ1S̄1S̄2

(
S̄f 1 − S̄1

w
+

S̄f 2 − S̄2

γw
+

X̄f

w
) (8.12)

By expanding this relation, the substrate concentration S̄2 can be obtained
explicitly as a function of S̄1 and the other model parameters,

S̄2 =
f1(S̄1)

f2(S̄1)
(8.13)

where

f1(S̄1) := −(S̄f 1 − S̄1)(1 + S̄1 + αS̄2
1) +

S̄1θ

w
(S̄f 1 − S̄1) +

S̄1θ̄

w
(X̄f +

S̄f 2

γ
)

(8.14)

f2(S̄1) :=
θ̄S̄1

γw
+ λ1S̄1(S̄f 1 − S̄1) (8.15)
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Another relation is obtained by dividing the steady-state form of Equation
(8.6) by Equation (8.7), yielding a relation between S̄1 and S̄2 that does not
involve the residence time θ̄,

S̄f 1 − S̄1

S̄f 2 − S̄2
=

r̄1

µγr̄2
(8.16)

Substituting for the expressions of the growth rates (Equations (8.9–8.10))
and expanding Equation (8.16) yields,

µγ(S̄2S̄f 1 − S̄1)(1 + S̄1 + αS̄2
1 + λ1S̄1S̄2) = S̄1(S̄f 2 − S̄2)(1 + S̄2 + λS̄1S̄2)

(8.17)

Finally, substituting Equation (8.13) into Equation (8.17) yields a single seven-
order polynomial in S̄1.

The steady states of the model are bounded. The substrate concentrations
S̄1 and S̄2 are bounded by the feed conditions S̄f1 and S̄f2, while the maximum
concentration X̄max of the biomass is obtained by setting S̄1 = S̄2 = 0 in
Equation (8.11) to yield

X̄max =
S̄f 1

w
+

S̄f 2

γw
+

X̄f

w
(8.18)

In the following, we study the occurrence of static singularities in the model.

8.3.1 Hysteresis

The conditions for the appearance/disappearance of a hysteresis loop are that

F = FS̄1
= FS̄1S̄1

= 0 (8.19)

In addition to Fθ̄, FS̄1θ̄, and FS̄1S̄1S̄1
being non-nil.

The set of nonlinear Equations (8.19) is solved to determine the limits
of the hysteresis regions using the nominal values of the model kinetic and
operating parameters, shown in Table 8.2. Figures 8.1–8.2 show the hystere-
sis boundaries in the parameter space of the different model parameters. The
boundary lines divide each of the parameter space in two regions. Region (I)
is characterized by the presence of two static limit points. Figure 8.3a shows
an example of the behavior in this region for (S̄f 1, S̄f 2) = (3.5, 3). If the pa-
rameters of the model move on the boundary itself then the two static limit
points collapse in one point, as shown in the continuity diagram of Figure
8.3b, obtained with (S̄f 1, S̄f2) = (2.141, 3). When crossing the boundary to
region (II), the two static limit points disappear and a unique steady-state
solution is found, as shown in the continuity diagram of Figure 8.3c, obtained
with (S̄f 1, S̄f 2) = (1, 3). It should be noted that although the general model
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FIGURE 8.1: Branch sets for hysteresis singularity.

Equation (8.17) predicts a maximum of seven steady-state solutions, the stud-
ied model with the values of kinetic parameters was unable to predict more
than three steady-state solutions. The other four solutions are either complex
or physically unrealistic.

Figures 8.1–8.2 also allow the analysis of the effect of the model parameters
on the stability of the bioreactor. It can be seen in the domain (S̄f 2, S̄f1) that
an increase in the feed concentration S̄f 2 enlarges the domain of hysteresis
(region I), since multiplicity can occur for smaller values of S̄f 1. An increase
in cell feed concentration X̄f reduces the region of instability and allows to
operate at larger values of S̄f 1 without the occurrence of hysteresis. Small
values of the cross-substrate inhibition constant λ1, stabilize the process (re-
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FIGURE 8.2: Branch sets for hysteresis singularity.

gion II is larger) while larger values of λ1 also increase the stability, although
mildly.

In contrast to λ1, the increase in the other cross-substrate inhibition con-
stant λ2, enlarges the instability of the process. The increase in the self-
substrate inhibition constant (α) also increases region I of hysteresis. The
effect of an increase in γ can be seen to enlarge the region of Monod-like be-
havior. It can be recalled that γ incorporates the ratio of the yield coefficients
and the dimensional saturation constants. Finally, increasing the product (µ)
of the maximum specific growth rates also increases the stability of the pro-
cess.
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FIGURE 8.3: Continuity diagrams for the different regions of Figure 8.1:
(a) Three solution in region (I); (b) The two static limit point collapse in on
point on the boundary; (c) Unique solution in region (II); solid line, stable
branch; dashed line, unstable.

8.3.2 Isola and Mushroom

The conditions for these two changes are:

F = FS̄1
= Fθ̄ = 0 (8.20)

with the additional requirements that

FS̄1θ̄ 6= 0, FS̄1S̄1
6= 0, Fθ̄θ̄ 6= 0 (8.21)

To establish the conditions for the existence of isola, we start with the steady-
state form of Equation (8.6) that gives an implicit relation for S̄1,

F (S̄1) := S̄f 1 − S̄1 − θ̄r̄1X̄ = 0 (8.22)
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FIGURE 8.4: Branch sets for the pitchfork singularity.

Substituting for the expression of X̄ from Equation (8.11) yields,

F (S̄1) := S̄f 1 − S̄1 − θ̄r̄1(
S̄f 1 − S̄1

w
+

S̄f 2 − S̄2

γw
+

X̄f

w
) (8.23)

This relation is linear in θ̄, since the explicit relation between S̄2 and S̄1

(Equation (8.13)) does not involve θ̄. Taking the derivative of F with respect
to θ̄ yields then

Fθ̄ = −r̄1(
S̄f 1 − S̄1

w
+

S̄f 2 − S̄2

γw
+

X̄f

w
) (8.24)

The condition Fθ̄ = 0 for the existence of the isola, requires that one of the
two terms of Equation (8.24) vanishes. Condition r̄1 = 0 implies necessarily
that S̄1 = 0. The second term is, on the other hand, always positive, since
S̄f 1 ≥ S̄1, S̄f2 ≥ S̄2, and X̄f ≥ 0. This term vanishes only if

S̄1 = S̄f 1, S̄2 = S̄f 2, X̄f = 0 (8.25)
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FIGURE 8.5: Branch sets for the pitchfork singularity.

This corresponds to washout conditions. However, since F is linear in θ̄, the
term Fθ̄θ̄ is always equal to zero, thus violating the condition (Equation (8.21))
of the existence of isola. We conclude therefore that the model cannot exhibit
an isola or mushroom singularity.

8.3.3 Pitchfork Singularity

The requirements for pitchfork singularity are

F = FS̄1
= Fθ̄ = FS̄1S̄1

= 0 (8.26)

and

FS̄1 θ̄ 6= 0, FS̄1S̄1S̄1
6= 0 (8.27)

Since the condition of the existence of a pitchfork includes the condition Fθ̄ =
0, as in the case before of the isola and mushroom, it is clear that the only
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FIGURE 8.6: Continuity diagrams for the different regions of Figure 8.4: (a)
Imperfect pitchfork in region (I); (b) Perfect pitchfork on the boundary; (c)
The limit point is located on the upper physically realistic branch in region
(II); solid line, stable branch; dashed line, unstable; circle, static limit point;
square, bifurcation point.

possible cases when the system can predict a pitchfork are either when S̄1 = 0
or at the washout conditions.

For the case S̄1 = 0 the model (Equations (8.6, 8.8)) is reduced to

S̄f 2 − S̄2 − µγr̄2X̄θ̄ = 0 (8.28)

X̄f − wX̄ + µr̄2X̄θ̄ = 0 (8.29)

The specific growth rate r̄2 (Equation (8.10)) becomes,

r̄2 =
S̄2

1 + S̄2
(8.30)

Eliminating the rate r̄2 (Equations (8.28–8.29)) yields a simple relation be-
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tween X̄ and S̄2,

X̄ =
S̄f 2 − S̄2

γw
+

X̄f

w
(8.31)

Substituting back in Equation (8.28) results in a second-order polynomial in
S̄2,

F (S̄2) := a2S̄
2
2 + a1S̄2 + a0 = 0 (8.32)

where

a0 = −S̄f 2w, a1 = −µS̄f 2θ̄ − w + S̄f 2w − µγθ̄X̄f , a2 = µθ̄ + w (8.33)

A quadratic equation such as Equation (8.33) cannot predict a pitchfork singu-
larity since the third-order derivative FS̄2S̄2S̄2

is always zero. The only remain-
ing case for which a pitchfork singularity can exist is at washout conditions
(Equation (8.25)). However, at clean feed conditions of X̄f = 0, Equation
(8.8)

X̄ =
X̄f

w − (r̄1 + µr̄2)θ̄
(8.34)

predicts washout conditions, i.e., X̄ = 0, unless the rate expressions satisfy
the following relation

w − (r̄1 + µr̄2)θ̄ = 0 (8.35)

It follows that the pitchfork singularity occurs when the washout line (Equa-
tion (8.25)) crosses the curve defined by Equation (8.35). The system of
Equations (8.26) can be solved numerically at this crossing point to define
the boundaries of the pitchfork singularity. These boundaries are shown in
Figures 8.4–8.5. For any combinations of model parameters in region (I), an
imperfect pitchfork is expected, as shown in the continuity diagram of Figure
8.6a, obtained for example, with (S̄f 1, S̄f2) = (7, 0.5). It can be seen that
an unstable region separates the static limit point and the bifurcation point
that occurs at the crossing of the curve with the washout line. The model
exhibits three steady states where the upper one is not realistic. If the model
parameters move on the boundary itself then the limit point and the bifurca-
tion point collapse in one point, yielding a perfect pitchfork, as shown in the
continuity diagram of Figure 8.6b, obtained with (S̄f 1, S̄f2) = (2.86, 0.5). For
values of the parameters in region (II), the continuity diagram obtained with
(S̄f 1, S̄f2) = (1, 0.5) is shown in Figure 8.6c. The static limit point in this
case moves to the other side of the washout line, and occurs on the physically
unrealistic branch.

Similarly to the hysteresis, the branch sets of Figures 8.4–8.5 allow the
delineation of the effect of parameters on the stability of the process. For the
case of pitchfork singularity, it is region (II) that provides a stable regime for
all dilution rates.
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8.3.4 Winged-Cusp Singularity

The requirements for a winged-cusp singularity are:

F = FS̄1
= Fθ̄ = FS̄1S̄2

= FS̄1θ̄ = 0

Since this set of conditions includes the condition Fθ̄ = 0, it follows that the
winged-cusp singularity may exist for washout condition only. Next, we will
show that the condition Fθ̄ = 0 and FS̄1θ̄ = 0 are incompatible. Taking the
derivative of Fθ̄ (Equation (8.24)) with respect to S̄1 yields

−wFθ̄S̄1
=

∂r1

∂S1
(S̄f 1 − S̄1 +

S̄f 2 − S̄2

γ
+ X̄f) − r̄1(1 +

1

γ

∂S̄2

∂S̄1
) (8.36)

At washout conditions, Equation (8.36) yields,

FθS1
=

r̄1

w
(1 +

1

γ

∂S̄2

∂S̄1
) (8.37)

Excluding the condition r̄1 = 0, i.e., S̄1 = 0, it can be seen that for the term
Fθ̄S̄1

to vanish, it is necessary that 1 + 1
γ

∂S2

∂S1
is zero.

Recasting the steady-state form of Equation (8.7) and substituting for the
expression of X̄ (Equation (8.11)) and the rate r̄2 (Equation (8.10)) yields,

w(S̄f 2 − S̄2)(1 + S̄2 + λ2S̄1S̄2) = µγθ̄S̄2(S̄f 1 − S̄1 +
S̄f 2 − S̄2

γ
+ X̄f ) (8.38)

Differentiating each side of the equation yields,

∂S̄2

∂S̄1
=

g1

g2
(8.39)

where:

g1 := λ2S̄f 2S̄2 − λ2S̄
2
2 + µγθS̄2/w (8.40)

g2 :=
µγθ̄

w
(S̄f 1 − S̄1 + (S̄f 2 − 2S̄2)/γ + X̄f ) − λ2S̄f 2S̄1 + 1

+2λ2S̄1S̄2 + 2S̄2 − S̄f 2 (8.41)

Substituting for washout conditions (Equation (8.25)) yields,

∂S̄2

∂S̄1
=

γµS̄f 2θ̄

w + wλ2S̄f 1S̄f 2 − µS̄f 2θ̄
(8.42)

The term 1
γ

∂S̄2

∂̄S1
+ 1 is equal then to

1 + λ1S̄f 1S̄f 2 + S̄f 2

1 + λ2Sf 1Sf 2 −
µSf 2

θ

w

(8.43)
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This term vanishes only if

1 + λ2S̄f 1S̄f 2 + S̄f 2 = 0 (8.44)

which is impossible given that all the terms involved are positive. We conclude
therefore that the model cannot exhibit winged-cusp singularity, and that the
highest singularity the model can predict is the pitchfork singularity.

8.4 Concluding Remarks

The analysis of the basic unstructured model describing the biodegradation
of mixed wastes has shown that pitchfork is the highest singularity the model
can predict. The model, which was based on experimentally validated kinet-
ics, showed in particular that for sterile feed conditions, the model predicts
two critical residence times. For the operations below the smaller value (i.e.,
the larger dilution rate), washout is the only outcome of the biodegradation.
Between the two critical residence times, the operation of the bioreactor can
lead to either washout or to the survival state. For operations above the larger
critical value (i.e., the smaller dilution rate), the operation leads to the sur-
vival state. The lumped nature of the model, like similar unstructured models
of mixed substrates [144, 349] does not allow it to predict any richer dynamic
behavior. Examples of experimental findings in the chemostat with mixed
substrates include the existence of more than one stable survival state [363]
and the preferential utilization of one of the available substrates [107]. These
rich behaviors can only be predicted by structured models. A number of such
models were proposed in the literature [186, 255, 257, 293]. Some proposed
models [186, 293] made use of the well-known cybernetic approach that al-
lows for the regulatory mechanisms to be described by optimality principles
that are assumed to be followed by microbes. Narang et al. [257], on the
other hand, developed a model based on the well-known idea that the growth
patterns in mixed substrate environments are dictated by the enzymes that
catalyze the transport of substrates into the cell. The author [255] went on to
carry out a study of static multiplicity and showed that the model can cap-
ture the sequential and simultaneous substrate utilization patterns observed
experimentally [107]. These include the occurrence of regions of dilution rates
where one of the substrates is preferentially utilized as well as a region where
both substrates are utilized simultaneously. In another study, the same au-
thors [300] used the model developed in [257] to construct practical operating
diagrams and also to carry out a comparative study with other models of
gene regulation in mixed-substrate microbial growth [256]. Other modeling
approaches were also proposed by Brandt et al. [63, 64] who formulated a
model for slow microbial adaptation involving the synthesis of new enzymes
in response to changes in the availability of substitutable substrates.



Chapter 9

PREDATOR–PREY

INTERACTIONS

9.1 Introduction

Predator–prey interactions are quite common in many natural ecosystems
as well as in waste treatment bioreactors. The study of predation is therefore
important for understanding the dynamics of ecosystems and is also important
for the optimization of the biological treatment of wastes. In activated sludge
reactors, for instance, protozoa is known to play a valuable role by preying on
unflocculated bacteria and thereby clarifying the reactor effluent [41].

Describing the consumption process in predator–prey interactions has been
a research topic in population dynamics since the early work of Lotka and
Volterra in the 1920s. For continuous cultures, a number of unstructured ki-
netic models with a variety of growth rate expressions were proposed to model
predator–prey–substrate interactions [71, 103, 180, 241, 356]. In this regard,
Tsuchiya et al. [356] proposed a saturation model for both growth of predator
on prey and prey on a limiting substrate for the modeling of interactions be-
tween the amoeba Dictyostelium discoideum and E. coli bacteria. The authors
showed that their proposed model managed to reproduce the experimental
characteristics of the oscillations and also to predict the operating conditions
at which oscillations occur. Moreover, the saturation model was able to predict
oscillations that are independent on start-up conditions, i.e., hard oscillations
that are more reminiscent of actual predator–prey behavior in real life. This
saturation model was however unable to predict the type of oscillatory behav-
ior found by Jost et al. [180] during the simultaneous continuous cultivation of
Azotobacter vinelandii and protozoan T. pyriformis. These oscillations were
found to occur only in a range of dilution rates. The authors proposed a “mul-
tiple saturation” model for the predator growth rate in order to predict this
type of oscillatory behavior.

This chapter reexamines the dynamics of predator–prey interactions in
continuous cultures but for a general class of unstructured kinetic models.
Using arbitrary expressions for growth rates of prey on substrate and predator
on prey, it is shown that closed analytical conditions can be derived that
identify the regions of oscillatory behavior in these models. These analytical
conditions can be used to construct practical diagrams, in terms of kinetic
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and operating parameters, that delineate the regions where different behaviors
are predicted by the model. Examples of behavior found in predator–prey–
substrate interactions include the coexistence of species in a nontrivial steady
state, in a state of sustained oscillations, or eventually one specie or all of
them washout from the chemostat.

9.2 Bioreactor Model

A general unstructured kinetic model for substrate S, prey X, and predator
Y is described by the following equations:

dS

dt
= D(Sf − S) − 1

YS
µ(S)X (9.1)

dX

dt
= −DX + µ(S)X − 1

YP
p(X)Y (9.2)

dY

dt
= −DY + p(X)Y (9.3)

S, X, and Y are the concentrations of substrate, prey, and predator, respec-
tively, Sf is the substrate feed concentration, D is the dilution rate and YS and
YP the yields (assumed constant) for prey growth on substrate and predator
growth on prey, respectively. µ(S) and p(X) are general expressions for the
specific growth rates for prey and predator, respectively. The model equations
are rendered dimensionless using the following variables,

S̄ =
S

Sref
, µ̄ =

µ

µref
, X̄ =

X

YSSref
, Ȳ =

Y

SrefYSYP
(9.4)

p̄ =
p

µref
, D̄ =

D

µref
, t̄ = tµref (9.5)

Sref and µref are reference quantities for S and µ, respectively. The model in
dimensionless form is

dS̄

dt̄
= D̄(S̄f − S̄) − µ̄(S̄)X̄ (9.6)

dX̄

dt
= −D̄X̄ + µ̄(S̄)X̄ − p̄(X̄)Ȳ (9.7)

dȲ

dt̄
= −D̄Ȳ + p̄(X̄)Ȳ (9.8)
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The following relations can be derived for the model steady-state points. Equa-
tions (9.6–9.8) yield implicit expressions of X̄ and Ȳ as function of S̄,

X̄

p̄
=

(S̄f − S̄)

µ̄(S̄)
(9.9)

Ȳ =
(S̄f − S̄)(µ̄(S̄) − p̄(X̄))

µ̄(S̄)
(9.10)

Adding Equations (9.9) and (9.10) yields the following expected steady-state
relation between the three species,

X̄ + Ȳ + S̄ = S̄f (9.11)

9.3 Existence of Oscillatory Behavior

The different elements jik of the Jacobian matrix are given by

j11 = −D̄ − µ̄S̄X̄, j12 = −µ̄, j13 = 0 (9.12)

j21 = µ̄S̄X̄, j22 = −D̄ + µ̄ − p̄X̄ Ȳ , j23 = −p̄, (9.13)

j31 = 0, j32 = p̄X̄ , j33 = −D̄ + p̄ (9.14)

µ̄S̄ and p̄X̄ represent respectively the first derivative of µ̄ and p̄ with respect
to S̄ and X̄ . The coefficients Si (Equations (3.35–3.37)) of Hopf condition
F1 := S1S2 − S3 = 0 are given by

S1 = −2p̄ − p̄X̄ Ȳ + µ̄ − µ̄S̄X̄ (9.15)

S2 = p̄2 + 2p̄p̄X̄ Ȳ − p̄µ̄ + p̄µ̄S̄X̄ + p̄X̄ µ̄S̄X̄Ȳ (9.16)

S3 = −p̄2p̄X̄ Ȳ − p̄p̄X̄ µ̄S̄X̄Ȳ (9.17)

Algebraic manipulations reduce the first Hopf condition to the following ex-
pression:

F1 := (S1 + p̄)(S2 + p̄2) = 0 (9.18)

Since the second Hopf condition requires S2 to be positive, the first Hopf
condition of Equation (9.18) is equivalent to

S1 + p̄ = 0 (9.19)

or equivalently by substituting the expression of S1 (Equation (9.15))

µ̄ − p̄ − p̄X̄ Ȳ − µ̄S̄X̄ = 0 (9.20)



148 DYNAMICS OF THE CHEMOSTAT

The following useful relation also holds between S1 and S2,

(S1 + p̄)p̄ + S2 = p̄X̄ Ȳ (p̄ + µ̄S̄X̄) (9.21)

Taking into consideration Equation (9.19), the second Hopf condition is there-
fore reduced to

S2 = p̄X̄ Ȳ (p̄ + µ̄S̄X̄) > 0 (9.22)

The conditions of Equations (9.20, 9.22) along with the steady-state Equa-
tions (9.9–9.10) represent the conditions, in terms of arbitrary growth rates
µ̄(S̄) and p̄(X̄), for the existence of a Hopf point in the model. Before the
analysis is carried out any further, it can be noted that if both growth rates
µ̄ and p̄ are monotonic, i.e., µ̄S̄ > 0 and p̄X̄ > 0, then the second Hopf condi-
tion S2 > 0 (Equation (9.22)) is always satisfied. If, on the other hand, µ̄S̄ is
positive while the growth rate p̄(X̄) of the predator is inhibited by the prey,
i.e., p̄X̄ < 0 for all values of X̄ , then the condition S2 > 0 is never satisfied
and the model cannot predict any oscillatory behavior.

9.4 Construction of Operating Diagrams

In this section, we show how a systematic construction of operating diagrams
(S̄f , D̄) can be carried out for arbitrary specific growth rates µ̄(S̄) and p̄(X̄).
The construction of such diagrams is useful in delineating regions with differ-
ent modes of interactions between prey and predator populations. The line(s)
showing the loci of Hopf points can be constructed by solving Equations (9.20,
9.22) defining the Hopf points for each values of S̄f and D̄. The line(s) rep-
resenting the predator washout Ȳ = 0, i.e., X̄ = S̄f − S̄ are obtained by
substituting X̄ = S̄f − S̄ into Equation (9.10), to yield

µ̄(S̄) = p̄(X̄ = S̄f − S̄) (9.23)

The real solution S̄ of this equation is then substituted into the dilution rate
expression

D̄ = p̄(X̄ = S̄f − S̄) (9.24)

to yield an explicit relation between D̄ and S̄f . The line defining the complete
washout S̄ = S̄f , X̄ = 0, and Ȳ = 0 is defined, on the other hand, explicitly
by

D̄ = µ̄(S̄f ) (9.25)

In the following, we apply these general results to the study of dynamics of two
popular growth models that were investigated experimentally in the literature,
namely the saturation [356] and multiple saturation models [180].



PREDATOR–PREY INTERACTIONS 149

9.5 Application to the Saturation Model

For the saturation model, both specific growth rates µ̄ and p̄ follow Monod
kinetics,

µ =
µmS

KS + S
and p =

µpX

KX + X
(9.26)

This model was shown [356] to predict the hard oscillations that occur in
predation by the amoebae Dictyostelium discoideum on E. coli bacteria in a
chemostat where glucose was the limiting substrate. We will show that the
analytical conditions derived in the previous section can provide a deep insight
into the problem of oscillatory coexistence, including the determination of the
exact location of Hopf points. The model equations are rendered dimensionless
using the variables defined in Equations (9.4–9.5), with

Sref = KS , µref = µm, λ =
µp

µm
, K̄ =

KX

YSKS
(9.27)

The dimensionless expressions of the specific growth rates are

µ̄ =
S̄

1 + S̄
, p̄ =

λX̄

K̄ + X̄
(9.28)

In the first step of the analysis, we will delineate the domains where a mean-
ingful existence of species is possible. Substituting for the expressions of µ̄(S̄)
and p̄(X̄) in Equations (9.9–9.10) yields the following nontrivial steady-state
expressions for S̄, X̄ , and Ȳ ,

(λ − D̄)S̄2 + (D̄(S̄f − 1) − λ(S̄f − 1) + K̄)S̄ + (D̄ − λ)S̄f = 0 (9.29)

X̄ =
λ(S̄f − S̄)(1 + S̄)

S̄
− K̄ (9.30)

and

Ȳ = S̄f − S̄ − X̄ (9.31)

Substituting for the expression of X̄ (Equation (9.30)) into Equation (9.31)
yields the following quadratic condition for a meaningful existence of Ȳ , i.e.,
Ȳ > 0,

S̄2(1 − λ) + S̄(S̄f − λS̄f + λ + K̄) − λS̄f > 0 (9.32)

together with the natural constraints

0 < S̄ < S̄f (9.33)
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These simple quadratic Equations (9.29, 9.32) can be solved for given val-
ues of model parameters S̄f , λ, and K̄ to determine the domains where the
predator is not washed out. The location of Hopf points, on the other hand,
is determined by the two Hopf conditions of Equations (9.20, 9.22). It can
be noted that since both specific growth rates µ̄ and p̄ are monotonic, their
first derivatives µ̄S̄ and p̄X̄ are positive. The second Hopf condition S2 > 0 of
Equation (9.22) is therefore always satisfied. Recasting the expression of the
first Hopf condition (Equation (9.20)) and using the steady-state Equation
(9.10) yields the following equation for Hopf points

p̄(X̄)Ȳ

S̄f − S̄
= p̄X̄ Ȳ + µ̄S̄X̄ (9.34)

Substituting the expression of Ȳ from Equation (9.31) yields,

p̄ − p̄X̄

S̄f − S̄
= p̄X̄(S̄f − S̄) − X̄p̄X̄ + µ̄S̄X̄ (9.35)

Substituting into this equation the expression for the first derivatives µ̄S̄ =
1

(1+S̄)2
and p̄X̄ = λK̄

(K̄+X̄)2
, and then the explicit expression of X̄ (Equation

(9.30)), yields the following cubic equation defining the loci of Hopf points in
terms of the model parameters,

(1 − λ)

λS̄2
f

S̄3 +
(−K̄ − S̄f + λS̄f )

λS̄2
f

S̄2 − S̄

S̄f
+ 1 = 0 (9.36)

The real root(s) of this equation determines the value of the substrate at
which the Hopf point(s) occur. The corresponding values of X̄ and Ȳ can be
obtained explicitly from Equations (9.30–9.31), while the value of the dilution
rate is obtained through the relation D̄ = p̄(X̄). A deeper analysis of this
cubic equation shows that the equation has always one and only one positive
and meaningful (smaller than S̄f ) root for any values of the model parame-
ters S̄f , K̄, and λ. This result implies that the saturation model can always
predict oscillatory behavior for any values of the model kinetic (λ, K̄) or op-
erating parameters (S̄f ). The results also indicates that two Hopf points are
not possible with this model.

An example of dynamics that can be expected with the saturation model
is provided in the bifurcation diagram of Figures 9.1(a–b) for the following
parameters S̄f = 1000, λ = 0.96, K̄ = 264.0. The following solutions can be
identified in the diagram: (1) the complete washout solution seen on the top of
the diagram (branch (ABC)); (2) a region where only the predator is washed
out (Ȳ = 0) (branch (BED)). This line is derived from the model equations
by setting Ȳ = 0 to yield

D̄ = µ̄(S̄) =
S̄

S̄ + 1
(9.37)



PREDATOR–PREY INTERACTIONS 151

0
 0.5
 1
 1.5
 2


 
D


0


500


1000


 
S


(
a
)


A
 B
 C


D
 E


F


G


(
b
)


0
 0.5
 1


 
D


0


500


1000


 
S


F


E


A
 B


D


G


C


0.6
 0.75
 0.9


 
D


0


2


4


6


 
S
 E


H

D


F
 B
 (
c
)


FIGURE 9.1: (a) Continuity diagram for the saturation model; (b) Enlarge-
ment of Figure 9.4a; (c) Enlargement of behavior around point E; solid line,
stable branch; dashed line, unstable; square, Hopf point; dots, stable periodic
branch.

The model also predicts a stable nontrivial static coexistence of species
(branch (EFG)) that corresponds to Equations (9.29–9.31). The continuity
diagram is also characterized by the presence of a Hopf point, solution of
Equation (9.36), at S̄HB = 54.831, X̄HB = 659.910, ȲHB = 285.258, and at
the dilution rate D̄HB = 0.685. Stable periodic branches enlarged in Figure
9.1b can be seen to emanate from the Hopf point. The continuity diagram
of Figure 9.1b predicts therefore three different behaviors. For dilution rates
smaller than the Hopf point (F), periodic branches are the only stable at-
tractors, since the total washout line is unstable. In this region the species
coexist in a stable oscillatory mode regardless of initial populations values.
An example of the stable limit cycle is shown in Figure 9.2 for D̄ = 0.5. For
dilution rates between E and F (Figure 9.1b), the species coexist on a static
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FIGURE 9.2: Phase plane showing limit cycle in Figure 9.1b, for D̄ = 0.5.

nontrivial branch, again for any initial conditions since the total washout line
is unstable. The region of dilution rates extending from the origin and up
to point E is therefore characterized by the coexistence of species either in a
state of limit cycle or in a static mode regardless of initial population values.
For dilution rates between point E and B (Figure 9.1b), the operation of the
chemostat leads to predator washout for any initial conditions. Finally, values
of dilution rates larger than B lead to a total washout. Moreover, it can be
seen that another unstable branch (EH) emanates from point E (Figure 9.1c).
This branch was not shown in the original diagrams (Figures 9.1(a–b)) since
it corresponds to negative values of predator concentrations (Y ) and hence is
not physically realistic.

The general analytical conditions of Equations (9.23–9.25) can be used
to construct branch sets delineating the different dynamic regions that re-
sult from species interactions. The line of predator washout is obtained using
Equations (9.23–9.24), yielding

D̄ =
λ(S̄f − S̄1)

K̄ + S̄f − S̄1
(9.38)

where S̄1 is the solution of the predator washout condition (Equation (9.32)),
i.e.,

S̄1 =
−(S̄f (1 − λ) + λ + K̄) +

√

(S̄f (1 − λ) + λ + K̄)2 + 4λ(1 − λ)S̄f

2(1 − λ)
(9.39)

The complete washout line is, on the other hand, defined by Equation (9.25),
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FIGURE 9.3: Bifurcation diagram showing the different outcomes of
predator–prey–substrate interactions; (A) region of oscillations; (B) region of
static coexistence; (C) region of predator washout; (D) region of total washout.

to yield

D̄ =
S̄f

1 + S̄f
(9.40)

Figure 9.3 shows the four possible scenarios in the operating parameter
space (S̄f , D̄). Region (A) is the region where hard oscillations are expected,
(B) is the region where static coexistence of the two species is possible. As
the substrate feed concentration increases, this region can be seen to narrow
at the benefit of region (C) of predator washout. At larger dilution rates, the
complete washout (region D) is the only outcome of interactions between the
species.

9.6 Application to the Multiple Saturation Model

The second example for a prey dependent model corresponds to the following
specific growth rate for the predator

p(X) =
µpX

2

(K1X + X)(K2X + X)
(9.41)
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This “multiple saturation model” was proposed in [180] to model oscillations
found in the simultaneous cultivation of Azotobacter vinelandii and protozoan
T. pyriformis. As was observed by the authors, the oscillatory behavior was
confined to a range of dilution rates. Our analysis in the previous section
of the simple saturation model has shown its inability to predict this type of
behavior. The model is rendered dimensionless using Equations (9.4–9.5). The
specific growth rate p̄(X̄) takes the form

p̄(X̄) =
λX̄2

(K̄1 + X̄)(K̄2 + X̄)
(9.42)

An example of the behavior of this model is shown in Figures 9.4(a–b)
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dots, stable periodic branch.
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for the following values of model parameters, S̄f = 1000, λ = 0.8, K̄1 =
300, K̄2 = 100. It can be seen that two Hopf points instead of one charac-
terize the behavior of the model. The two Hopf points occur respectively at
dilution rates D̄1HB = 0.201 and D̄2HB = 0.281. Stable periodic branches,
enlarged in Figure 9.4b, can be seen to connect the two points. The bifurcation
diagram is also characterized, as in the previous example, by the existence of
the washout line (ABC), the line of predator washout (GDB), and the line of
static coexistence of species (lines DE and FG). The “multiple saturation”
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FIGURE 9.5: Operating diagram showing the different outcomes of
predator–prey–substrate interactions for multiple saturation model; (A) re-
gion of oscillations; (B) region of static coexistence; (C) region of predator
washout; (D) region of total washout.

model predicts therefore similar regions to the simple saturation model. The
only new feature of the model is its ability to predict oscillations that are
confined within a specific range of dilution rates. It can also be noted that an
unstable branch (DH), not shown in the original diagrams of Figures 9.4(a–b),
is seen to bifurcate from point D. This unstable branch corresponds to neg-
ative values of predator concentrations and hence is not physically realistic.
The operating diagram (S̄f , D̄) (Figure 9.5) showing the different behaviors
is constructed in a similar way to the previous example. The line defining the
complete washout is unchanged from Equation (9.40), since it depends solely
on µ̄(S̄). The line defining the predator washout is, on the other hand, ob-
tained by first solving Equation (9.24), yielding the following cubic equation
for S̄,

a0S̄
3 + a1S̄

2 + a2S̄ + a3 = 0 (9.43)
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with
a0 = (1 − λ), a1 = (−K̄1 − K̄2 − 2S̄f − λ + 2λS̄f )

a2 = (K̄1K̄2 + K̄1S̄f + K̄2S̄f + S̄2
f + 2λS̄f − λS̄2

f ), a3 = −λS̄2
f

The line of predator washout is defined by D̄ = p̄(S̄f − S̄), yielding

D̄ =
λ(S̄f − S̄)2

(K̄1 + S̄f − S̄)(K̄2 + S̄f − S̄)
(9.44)

where S̄ is the real solution of Equation (9.43). Figure 9.5 shows that region
(A) of stable oscillations exists only for values of S̄f larger than a certain value.
Moreover, region (A) can also be seen to increase, in terms of the dilution rate,
as S̄f increases. Smaller values of S̄f yield region (B) of static coexistence while
larger values of dilution rates yield either region (C) of predator washout or
region (D) of total washout.

Figures 9.6(a–c) show the domains of oscillatory behavior in the other
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parameter spaces (S̄f , K̄1), (S̄f , λ), and (K̄2, K̄1). Figure 9.6a shows that the
oscillatory behavior (region A) is possible only for S̄f larger than a certain
value. For constant K̄1, the range of periodic behavior can be seen to increase
with S̄f . The effect, on the other hand, of λ is shown in Figure 9.6b. It can
also be seen that for each value of S̄f , the periodic behavior is confined to a
specific range of λ. Figure 9.6c shows, on the other hand, that the region of
periodic behavior narrows with increasing values of either K̄1 or K̄2.

9.7 Concluding Remarks

The dynamics of interactions between predator, prey, and a limiting substrate
in a continuous bioreactor were reinvestigated with the help of elementary
concepts of bifurcation theory. Using an unstructured kinetic model, general
analytical conditions with respect to arbitrary specific growth rates of prey on
substrate and predator on prey were established that describe the conditions
for the occurrence of an oscillatory behavior. Moreover, these analytical con-
ditions have permitted the systematic construction of bifurcation diagrams
in any parameters space and in particular in the operating parameters space
(substrate feed concentration vs. dilution rate). These general results were
applied to two experimentally validated models. In this regard, it was shown
that the model with Monod growth for both prey and predator always predicts
oscillatory behavior, for any values of its parameters.

The analysis of the multiple saturation model has revealed its ability to
predict two Hopf points. Hard oscillations are expected within the dilution
rates corresponding to the two Hopf points. For both models, practical dia-
grams in different parameter spaces were constructed. This allowed the delin-
eation of regions of hard oscillations, regions of static coexistence, regions of
predator washout and regions of total washout. In the next chapter, the issue
of predator–prey interaction is reexamined for another class of unstructured
models, namely ratio-dependent models.
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Chapter 10

RATIO-DEPENDENT MODELS

10.1 Introduction

The previous chapter covered a general class of models for predator–prey in-
teractions for which the predator growth rate was assumed to depend solely
on prey density, while the effects of predator population were ignored. These
are called strictly prey-dependent models and constitute the classical class of
predator–prey models. Despite their rich dynamics and their ability to dupli-
cate real-life behavior of many biological systems, the strictly prey-dependent
models were shown to be unable to predict a number of experimental ob-
servations. These models cannot predict, for instance, the situation in which
both populations can either coexist or become extinct depending on their ini-
tial values. This type of mutual extinction was, for instance, observed in the
protozoan, Paramecium and its predator Didinium [3, 124].

Attempts to remedy the shortcomings of prey-dependent models started
by recognizing that predator density could have a direct effect on its growth
rate. A number of such predator-dependent models were proposed in the lit-
erature [91]. Arditi and Ginzburg [36] suggested that the essential properties
of predator-dependence could be implemented by a simpler form in which the
predator growth rate is assumed to depend on the ratio of prey to predator
abundance, thus the name of “ratio-dependent model.” This model has since
been studied extensively in the literature [28, 51, 53, 56, 97, 114, 157, 185, 187,
371, 373]. These theoretical studies have shown that ratio-dependent models
can provide much richer dynamics. Unlike strictly prey-dependent models,
ratio-dependent models predict that even if there is a positive steady state,
both prey and predator can still go extinct [191]. Mathematically, much of
the rich dynamics provided by ratio-dependent models occur on the boundary
and close to the origin. The reason is that the origin, being a complicated
singular point, provides interesting dynamics of its own.

In this chapter, we extend the study of the dynamics of ratio-dependent
models to a chemostat involving interactions between one predator, one prey,
and a limiting substrate. It is shown that closed analytical conditions can be
derived even for arbitrary growth rates for the occurrence of stable oscilla-
tory behavior in the model. The different static behaviors are also delineated,
including the coexistence of predator and prey populations or their mutual
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washout depending on their initial values. The analysis carried out in this
chapter sheds some light on the conditions for the existence of this unique
feature and its implications on the behavior of predator–prey interactions.

10.2 Process Model

The following general unstructured kinetic model is written for substrate S,
prey X, and predator Y populations, using the same notation as in the pre-
vious chapter,

dS

dt
= D(Sf − S) − 1

YS
µ(S)X (10.1)

dX

dt
= −DX + µ(S)X − 1

YP
p(X, Y )Y (10.2)

dY

dt
= −DY + p(X, Y )Y (10.3)

When the specific growth rate p(X, Y ) of predator on prey depends on prey X
alone, i.e., p(X, Y ) = p(X), the model is the classical strictly prey-dependent
model. When p(X, Y ) depends on the ratio X

Y
, i.e., p(X, Y ) = p(X

Y
), the model

is called ratio-dependent. In the following, we examine in detail the dynamics
when the following expressions are selected for both specific growth rates,

µ =
µmS

KS + S
and p =

µp
X
Y

K + X
Y

(10.4)

The prey grows following Monod kinetics while the predator growth rate (p)
has a Monod-like form in (X

Y ). The model is rendered dimensionless using the
following variables:

S̄ =
S

KS
, S̄f =

Sf

KS
, µ̄ =

µ

µm
, X̄ =

X

YSKS
, Ȳ =

Y

KSYSYP
(10.5)

t̄ = tµm, p̄ =
p

µm
, D̄ =

D

µm
, λ =

µP

µm
, K̄ = KYP (10.6)

The model equations in the dimensionless form are

dS̄

dt̄
= D̄(S̄f − S̄) − µ̄(S̄)X̄ (10.7)

dX̄

dt̄
= −D̄X̄ + µ̄(S̄)X̄ − p̄(X̄, Ȳ )Ȳ (10.8)

dȲ

dt̄
= −D̄Ȳ + p̄(X̄, Ȳ )Ȳ (10.9)
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The dimensionless growth rates are given by

µ̄ =
S̄

1 + S̄
and p̄ =

λ X̄
Ȳ

K̄ + X̄
Ȳ

(10.10)

The parameter λ and K̄ have the following physical interpretation. For large
prey concentrations (X̄), the term p̄Ȳ becomes λȲ . Substituting in the preda-
tor balance (Equation (10.9)), it can be seen that λ represents the asymptotic
predator growth rate for an “infinite” prey concentration. The parameter λ
is therefore called “predator growing ability”. When, on the other hand, the
predator concentration (Ȳ ) is large, then the term p̄Ȳ becomes ( λ

K̄
)X̄ . Substi-

tuting in the prey balance (Equation (10.8)), it can be seen that the term ( λ
K̄

)
represents the asymptotic prey death rate due to predation, for an “infinite”
predator concentration. It is refereed to as the “consumption ability”.

The analysis of the model (Equations (10.7–10.9)) reveals the following
equilibrium points:

• Total washout, i.e., (S̄ = S̄f , X̄ = 0, Ȳ = 0).

• Predator washout defined by (µ̄(S̄) = D̄, X̄ = S̄f − S̄, Ȳ = 0). The
dependence of S̄ on the dilution rate D̄ is given explicitly by solving
µ̄(S̄) = D̄ to yield

S̄ =
D̄

1 − D̄
(10.11)

• A nontrivial static coexistence of species defined by solving Equations
(10.7–10.9) to yield,

X̄ =
(S̄f − S̄)(λ

µ̄ − K̄)

1 − K̄
(10.12)

Ȳ = S̄f − S̄ − X̄ =
(S̄f − S̄)(1 − λ

µ̄)

1 − K̄
(10.13)

Substituting the expression of X̄ into the steady-state form of Equation (10.7)
yields the explicit dependence of S̄ on D̄, for the case of static coexistence,

S̄ =
λ
K̄

− D̄( 1
K̄

− 1)

1 − ( λ
K̄

− D̄( 1
K̄

− 1))
(10.14)

In the first step of the analysis, we construct the branch set for the meaningful
existence of the interacting species. A simple mathematical analysis of Equa-
tions (10.12–10.13) for the meaningful existence of X, Y , and S̄, i.e., X̄ > 0,
Ȳ > 0, and 0 < S̄ < S̄f , leads to the following cases, depicted in the branch
set of Figure 10.1a.
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• Region (A) of Figure 10.1a is defined by λ <
S̄f

1+S̄f
and

λ(1+S̄f )

S̄f
< K̄ < 1.

In this region X is meaningful for 0 < S̄ < λ
K̄−λ

, while Y is meaningful

for λ
1−λ

< S̄ < S̄f

• Region (B) of Figure 10.1a is defined by λ <
S̄f

1+S̄f
and K̄ <

λ(1+S̄f)

S̄f
.

In this region X is meaningful for all values 0 < S̄ < S̄f , while Y is
meaningful for λ

1−λ < S̄ < S̄f

• Region (A´) of Figure 10.1a is defined by λ <
S̄f

1+S̄f
and K̄ > 1. In this

region X is meaningful for λ
K̄−λ

< S̄ < S̄f , while Y is meaningful for

0 < S̄ < λ
1−λ

• Region (B´) of Figure 10.1a is defined by λ >
S̄f

1+S̄f
and K̄ >

λ(1+S̄f)

S̄f
.

In this region X is meaningful for λ
K̄−λ

< S̄ < S̄f , while Y is meaningful

for all values 0 < S̄ < S̄f .

• Region (C) of Figure 10.1a. This region includes any region other than
A, B, A´, and B´. In this region either the prey or predator is not
meaningful for all values 0 < S̄ < S̄f .

10.3 Existence of Periodic Solutions

The elements of the Jacobian matrix are

j11 = −D̄ − µ̄S̄X̄, j12 = −µ̄, j13 = 0 (10.15)

j21 = µ̄S̄X̄, j22 = −D̄ + µ̄ − p̄ X̄
Ȳ

, j23 =
X̄

Ȳ
p̄ X̄

Ȳ

− p̄ (10.16)

j31 = 0, j32 = p̄ X̄
Ȳ

, j33 = −D̄ + p̄ − X̄

Ȳ
p̄ X̄

Ȳ

(10.17)

µ̄S̄ is the first derivative of µ̄ with respect to S̄ and p̄ X̄
Ȳ

is the derivative of p̄

with respect to v = X̄
Ȳ

. The terms Si (i = 1, 3) (Equations (3.35–3.37)) of the
first Hopf condition F1 = S1S2 − S3 = 0 are given by

S1 = −2p̄ + µ̄ − µ̄S̄X̄ − p̄ X̄

Ȳ

(1 +
X̄

Ȳ
) (10.18)

S2 = p̄2 + 2p̄p̄ X̄

Ȳ

− p̄µ̄ + p̄µ̄S̄X̄ + p̄ X̄

Ȳ

µ̄S̄X̄ + 2p̄p̄ X̄

Ȳ

X̄

Ȳ
− p̄ X̄

Ȳ

µ̄
X̄

Ȳ
+ p̄ X̄

Ȳ

µ̄S̄

X̄2

Ȳ
(10.19)

S3 = −p̄2p̄ X̄
Ȳ

− p̄p̄ X̄
Ȳ

µ̄S̄X̄ − p̄2p̄ X̄
Ȳ

X̄

Ȳ
+ p̄p̄ X̄

Ȳ

µ̄
X̄

Ȳ
− p̄p̄ X̄

Ȳ

µ̄S̄

X̄2

Ȳ
(10.20)
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FIGURE 10.1: (a) Branch sets for the ratio-dependent model; (b) Changes
in the branch set as result of dynamic bifurcation. The dashed line is the line
of Hopf points; (c) Simplified branch set showing the six qualitatively different
regions.

The following useful relations can be obtained between the terms Si, (i = 1, 3),

S2

p̄
+

S3

p̄2
+ S1 = −p̄ (10.21)

(S1 + p̄)p̄ + S2 = (p̄ + µ̄S̄X̄)(1 +
X̄

Ȳ
)p̄ X̄

Ȳ

− p̄ X̄
Ȳ

µ̄
X̄

Ȳ
(10.22)

Using Equation (10.21), the first Hopf condition F1 = S1S2−S3 = 0 is reduced
to the simpler and more convenient form

F1 = (S1 + p̄)(S2 + p̄2) = 0 (10.23)
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Since S2 is required to be positive, the first Hopf condition is reduced to

S1 + p̄ = 0 (10.24)

or equivalently by using the expression of S1 (Equation (10.18)), to

µ̄ − p̄ − µ̄S̄X̄ − p̄ X̄
Ȳ

(1 +
X̄

Ȳ
) = 0 (10.25)

Substituting, on the other hand, Equation (10.24) into Equation (10.22) yields
the following expression for S2

S2 = (p̄ + µ̄S̄X̄)(1 +
X̄

Ȳ
)p̄ X̄

Ȳ

− p̄ X̄

Ȳ

µ̄
X̄

Ȳ
(10.26)

Equation (10.25) also implies that

p̄ + µ̄S̄X̄ = µ̄ − p̄ X̄
Ȳ

(1 +
X̄

Ȳ
) (10.27)

Substituting this equation into Equation (10.26), yields the following simpler
form for the second Hopf condition S2 > 0

S2 = p̄ X̄
Ȳ

[µ̄ − p̄ X̄
Ȳ

(1 +
X̄

Ȳ
)2] > 0 (10.28)

Note that the Hopf conditions (Equations (10.25, 10.28)) were derived for
arbitrary expressions of growth rates µ̄ and p̄. For the selected growth rate
(p) (Equation (10.10)), substituting for X̄ (Equation (10.12)), Ȳ (Equation

(10.13)) and the first derivative p̄ X̄
Y

= λK̄

(K̄+ X̄
Ȳ

)2
into Equation (10.25) yields

the following expression for the first Hopf condition,

(λ − K̄µ̄)(−µ̄2 + µ̄λ + λµ̄S̄(S̄f − S̄)) = 0 (10.29)

Since p̄ X̄
Ȳ

is positive, Equation (10.28) requires that

µ̄ >
p̄ X̄

Ȳ

(X̄ + Ȳ )2

Ȳ 2
(10.30)

Substituting the equation X̄ + Ȳ = S̄f − S̄ and the expression of Ȳ (Equation
(10.13)) into Equation (10.30) yields the following simple condition,

µ̄ >
K̄µ̄2

λ
(10.31)

or equivalently

K̄µ̄

λ
< 1 (10.32)
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It can be seen from Equation (10.29) that Hopf points should satisfy one of
the two conditions,

µ̄ =
λ

K̄
(10.33)

−µ̄2 + λµ̄ + λµ̄S̄(S̄f − S̄) = 0 (10.34)

However, Equation (10.33) violates the second Hopf condition (Equation
(10.32)). This leaves the two conditions (Equations (10.32, 10.34)) as the Hopf
conditions. Note also that these equations were derived for the general expres-
sion for µ(S̄) but not for that of p̄( X̄

Ȳ
). For the explicit form µ̄(S̄) = S̄

1+S̄
, the

Hopf conditions (Equations (10.32, 10.34)) are reduced to

S̄2(λ − 1) + λS̄f = 0 (10.35)

and

K̄S̄

1 + S̄
< λ (10.36)

It can be concluded from Equation (10.35) that the Hopf point necessarily
occurs for predator growing ability λ smaller than unity, and exactly at

S̄ =

√

λS̄f

1 − λ
(10.37)

The Hopf point is meaningful, i.e., S̄ < S̄f , provided that λ <
S̄f

1+S̄f
. The Hopf

point should satisfy the condition of S2 > 0 (Equation (10.36)). Substituting
Equation (10.37) in Equation (10.36) yields

K̄ < λ +

√

λ(1 − λ)

S̄f
(10.38)

This condition is added to the parameter space (K̄, λ) along with other lines
in Figure 10.1b. This line (dashed) divides region A of Figure 10.1a, into two
subregions A1 and A2. The Hopf point is absent from region A1 while it is
always expected in regions A2 and B. The different regions of the branch set in
Figure 10.1b can be lumped into six regions of qualitatively different behavior,
shown in Figure 10.1c.

10.4 Dynamics Near the Washout Line

Before the behavior in each region of Figure 10.1c is analyzed, it should be
noted that parts of the richness of the ratio-dependent model depend on the
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FIGURE 10.2: Continuity diagram for region (C) of Figure 10.1c; (ABC),
total washout line; (DB), predator washout line; solid line, stable branch;
dashed line, unstable branch.

stability characteristics of the washout line, since the behavior of the model
near the total washout line O : (S̄ = S̄f , X̄ = 0, Ȳ = 0) is rather complicated.

On one hand, the growth rate p̄ = λX̄
K̄Ȳ +X̄

is not defined at the washout line.
On the other hand, by introducing the following change for the independent
variable, dt̄? = (K̄Ȳ + X̄)dt̄, the model Equations (10.7–10.9) become

dS̄

dt̄?
= D̄(S̄f − S̄)(K̄Ȳ + X̄) − S̄

1 + S̄
X̄(K̄Ȳ + X̄) (10.39)

dX̄

dt̄?
= −D̄X̄(K̄Ȳ + X̄) +

S̄

1 + S̄
X̄(K̄Ȳ + X̄) − λX̄Ȳ (10.40)

dȲ

dt̄?
= −D̄Ȳ (K̄Ȳ + X̄) + λX̄Ȳ (10.41)

It can be seen from the new equations that the origin (O) is an equilibrium
point for which all the eigenvalues are equal to zero. Such points are qualified in
the literature [179] as being a nonanalytical vector field. In order to study the
stability near the washout line (O), we make use of the procedure previously
adopted by a number of authors [57, 58, 179]. The first step consists in making

the following change of variables, S̄ = S̄, X̄ = X̄, Ū = Ȳ
X̄

. This transforms

in a nondegenerate way the first quadrant of the (X̄, Ȳ )-plane, except X̄ = 0,
into the first quadrant of the (X̄, Ū)-plane, and “blows-up” point (O) into the
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Ū -axis. The transformed model equations with S̄, X̄ , and Ū = Ȳ
X̄

are

dS̄

dt̄
= D̄(S̄f − S̄) − S̄

1 + S̄
X̄ (10.42)

dX̄

dt̄
= −D̄X̄ +

S̄

1 + S̄
X̄ − λX̄

K̄Ū + 1
Ū (10.43)

dŪ

dt̄
=

λU

K̄Ū + 1
− S̄

S̄ + 1
Ū +

λŪ2

KŪ + 1
(10.44)

The elements of the Jacobian matrix J are

j11 = −D̄ − 1
(1+S̄)2

X̄, j12 = − S̄
1+S̄

, j13 = 0 (10.45)

j21 = 1
(1+S̄)2

X̄, j22 = −D̄ + S̄
1+S̄

− λ Ū
K̄Ū+1

, j23 = −λX̄
(K̄Ū+1)2

(10.46)

j31 = − Ū
(1+S̄)2

, j32 = 0, j33 = −S̄
1+S̄

+ λ(1+K̄Ū2+2Ū)

(K̄Ū+1)2
(10.47)

It can be shown that O1 := (S̄ = S̄f , X̄ = 0, Ū = 0) is an equilibrium point
for the modified model for which the eigenvalues are:

−D̄,−D̄ +
S̄f

1 + S̄f
, λ− S̄f

1 + S̄f
(10.48)

The second step is to make the following change of variables, S̄ = S̄, Ȳ =
Ȳ , W̄ = X̄

Ȳ
. Similarly to the previous case, this procedure transforms in

a nondegenerate way the first quadrant of the (X̄, Ȳ )-plane, except Ȳ = 0,
into the first quadrant of the (Ȳ , W̄)-plane and “blows-up” point O into the

W̄ -axis. The transformed model equations with S̄, Ȳ and W̄ = X̄
Ȳ

are

dS̄

dt̄
= D̄(S̄f − S̄) − S̄W̄ Ȳ

1 + S̄
(10.49)

dȲ

dt̄
= −D̄Ȳ +

λW̄ Ȳ

K̄ + W̄
(10.50)

dW̄

dt̄
=

S̄W̄

1 + S̄
− λ(W̄ + W̄ 2)

K̄ + W̄
(10.51)

The elements of the Jacobian matrix J are

j11 = −D̄ − 1
(1+S̄)2

W̄ Ȳ , j12 = − S̄W̄
1+S̄

, j13 = − S̄Ȳ
1+S̄

(10.52)

j21 = 0, j22 = −D̄ + λW̄
K̄+W̄

, j23 = λK̄Ȳ
(K̄+W̄ )2

(10.53)

j31 = W̄
(1+S̄)2

, j32 = 0, j33 = S̄
1+S̄

− λ(K̄+2K̄W̄+W̄2)

(K̄+W̄ )2
(10.54)

Similarly to the previous case, it can be seen that O2 := (S̄ = S̄f , Ȳ = 0, W̄ =
0) is an equilibrium point for which the eigenvalues are:

−D̄,−D̄,
S̄f

1 + S̄f
− λ

K̄
(10.55)
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These results can be combined to provide the behavior of the original model

near the total washout line (point O). It can be seen that for λ <
S̄f

1+S̄f
and

λ
K̄

>
S̄f

1+S̄f
(which corresponds to region B of Figure 10.1c), point O1 (Equa-

tion (10.48)) is a stable node for D̄ >
S̄f

1+S̄f
and a saddle for D̄ <

S̄f

1+S̄f
, while

point O2 (Equation (10.55)) is a stable node for all dilution rates D̄. Therefore,
in region B, the topological structure in the neighborhood of the washout line,

for D̄ <
S̄f

1+S̄f
, consists of two sectors: a saddle sector and an attracting node

sector. Therefore, unlike the strictly prey-dependent models, the washout line
for the ratio-dependent model, can have its own basin of attraction, for some
values of model parameters. This has important implications on the types of
behaviors the model can predict, as it will be seen in the following discussion
of the different regions of Figure 10.1c.
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FIGURE 10.3: Continuity diagrams for region (B) of Figure 10.1c; (ABCD)
total washout line; (EGD) predator washout line; (BFG) static coexistence
line; solid line, stable branch; dashed line, unstable branch; semidashed line,
region with saddle sector and attracting node sector; square, Hopf point; bold
line, stable periodic branch.
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FIGURE 10.4: Dynamics for D̄ = 0.47 in region (B) of Figure 10.3; (a) The
start-up conditions (S̄, X̄, Ȳ ) = (3, 0.7, 0.8) lead to stable limit cycle; (b) The
initial conditions (S̄, X̄, Ȳ ) = (3, 0.002, 0.8) lead to total washout.

10.5 Bifurcation Diagrams

The branch set of Figure 10.1c provides a classification of the behavior of the
model in terms of its parameters λ, K̄ , and S̄f . The effect of the dilution rate
D̄ is included by constructing continuity diagrams where D̄ is the bifurcation
parameter. Each continuity diagram consists of three static branches: the to-
tal washout line, the curve of predator washout (Equation (10.11)), and the
branch of static coexistence (Equation (10.14)). These equations are explicit
in D̄ and can be readily solved for the remaining values of model parameters.
A number of results can be obtained for the relative position of these curves in
the continuity diagrams. First, the curves of static coexistence and predator
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FIGURE 10.5: Dynamics for D̄ = 0.60 in region (B) of Figure 10.3; (a)
Start-up conditions (S̄, X̄, Ȳ ) = (3, 0.9, 0.6) lead to nontrivial coexistence; (b)
(S̄, X̄, Ȳ ) = (3, 0.002, 0.8) lead to total washout.

washout (Equations (10.11–10.14)) cross at

D̄ = λ, S̄ =
λ

1 − λ
(10.56)

Therefore, provided that the crossing is meaningful, i.e., S̄ < S̄f , the predator
is washed out when the dilution rate D̄ is larger than its growing ability λ.
The curve of static coexistence, on the other hand, crosses the total washout
line at the dilution rate, solution of Equation (10.14), with S̄ = S̄f ,

D̄ =
S̄f (K̄ − λ) − λ

(S̄f + 1)(K̄ − 1)
(10.57)
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FIGURE 10.6: Continuity diagrams for region (A2) of Figure 10.1c; (ABC),
total washout line; (BEF), predator washout line; (DE), static coexistence
line.

Finally, the curve of predator washout crosses the total washout line at dilution

rate D̄ =
S̄f

1+S̄f
. Therefore, when the dilution rate exceeds this critical value

total washout occurs. In the following section we examine the bifurcation
diagrams for each region of Figure 10.1c.

10.5.1 Coextinction of Species

Figure 10.2 shows an example of continuity diagram for region C, for the
following parameters: S̄f = 5, K̄ = 0.7, and λ = 0.9. In this case, the oper-
ation of the reactor leads to total washout (line ABC), since the only other
branch that exists is the predator washout line (DB), which is unstable. A to-
tal washout or “coextinction” of species in this region can be interpreted in the

following way. Due to its high growing ability λ >
S̄f

1+S̄f
and high consump-

tion ability λ
K̄

>
S̄f

1+S̄f
, the predator population is “overefficient.” It grows

so quickly that all preys are consumed, which also leads to the extinction of
predators.

10.5.2 Conditional Coexistence

Region B of Figure 10.1c corresponds to λ
K̄

>
S̄f

1+S̄f
and λ <

S̄f

1+S̄f
. It is char-

acterized by a relatively smaller predator growing ability λ. The consump-
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FIGURE 10.7: Continuity diagrams for region (A1) of Figure 10.1c; (ABC),
total washout line; (BEF), predator washout line; (DE), static coexistence
line.

tion and growing ability generate balanced dynamics that allow the mutual
coexistence of the species. Figure 10.3 shows an example of continuity dia-
gram for the following set of parameters: S̄f = 5, K̄ = 0.75, and λ = 0.7.
Three branches can be seen in the diagram: the total washout line (ABCD),
the predator washout line (EGD), and the nontrivial coexistence of species
(BFG). The diagram is also characterized by the presence of a Hopf point, as
in the solution of Equation (10.37). The diagram is therefore characterized for
some range of dilution rates by the coexistence of species either in a static or
periodic mode. The peculiarities of the ratio-dependent model are illustrated
when Figure 10.3 is analyzed in more detail. Note that point D of Figure 10.3

corresponds to D̄ =
S̄f

1+S̄f
. For values of D̄ <

Sf

1+Sf
(smaller than point D),

the analysis carried out in previous sections has shown that the topological
structure near the washout line consists of a saddle sector and an attracting
node sector, providing the washout line with its own basin of attraction. Con-
sequently, for region between C and F (enlarged in the smaller diagram of
Figure 10.3), the model predicts the coexistence of species in an oscillatory
mode. However, unlike prey-dependent models, the species can also reach to-
tal washout depending on their initial conditions. Figures 10.4(a–b) show an
example of this situation for D̄ = 0.47 and two sets of initial conditions.
For initial conditions (S̄, X̄, Ȳ ) = (3, 0.7, 0.8), the system eventually reaches
a stable limit cycle. When, on the other hand, initial conditions are selected
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FIGURE 10.8: Continuity diagrams for region (A´) of Figure 10.1c; (ABC),
total washout line; (BEF), predator washout line; (DE), static coexistence
line.

such that the ratio of prey to predator is small (S̄, X̄, Ȳ ) = (3, 0.002, 0.8), the
system is attracted towards the origin and total washout occurs.

For dilution rates between F and G (Figure 10.3), the species coexist in
a nontrivial steady-state mode, but again the species can also reach washout
depending on initial conditions. Figures 10.5(a–b) show an example of this
behavior for D̄ = 0.60 and two sets of initial conditions. Start-up conditions
(S̄, X̄, Ȳ ) = (3, 0.9, 0.6) lead the system into a nontrivial steady state while
identical initial conditions to the previous example (S̄, X̄, Ȳ ) = (3, 0.002, 0.8)
lead to total washout. The ratio-dependent model exhibits therefore a unique
behavior that distinguishes it from strictly prey-dependent models. The model
foresees, for the same parameters, the coexistence of regions of total washout
(“coextinction”) and regions of species coexistence. These regions can be
therefore qualified as regions of conditional coexistence of species.

10.5.3 Unconditional Coexistence

Going back to Figure 10.1c, it can be seen that region A2 is characterized
by an even smaller predator growing ability λ and also by a much smaller

consumption ability, i.e., λ
K̄

≤ S̄f

1+S̄f
. Figure 10.6 shows the continuity diagram

for this region, obtained with (S̄f , K̄, λ) = (5, 0.9, 0.7). From the origin (not
included) and up to the Hopf point (D) (enlarged in the smaller diagram), the
species coexist in a state of stable limit cycle for any initial conditions.
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FIGURE 10.9: Continuity diagrams for region (B´) of Figure 10.1c;
(ABCD), total washout line; (FC), predator washout line; (EB), static co-
existence line.

For dilution rates between points D and E, the species coexist in a state of
nontrivial equilibrium, again for any initial conditions. For dilution rates be-
tween E and B, the predator is washed out while for dilution rates larger than
point B, total washout occurs. Region A2 imparts to the system a behavior
similar to the one found in prey-dependent models. The coexistence of species
either in a state of limit cycle or in a static mode is independent of initial
conditions. This region is therefore qualified as an area of “unconditional co-
existence of species.” When crossing the line of Hopf points and into region A1

of Figure 10.1c, the Hopf point disappears but the topological structure near

the washout line for D̄ <
S̄f

1+S̄f
is unchanged from region A2. The continuity

diagram for this region is shown in Figure 10.7, for (S̄f , K̄, λ) = (5, 0.8, 0.40).
Region A1 also imparts to the model an “unconditional coexistence” behavior.

10.5.4 Predator Growing Ability Larger Than Its Consump-

tion Ability

The behavior of the model up to this point was analyzed for values of K̄ < 1,
which corresponds to the case when predator growing ability (λ) is smaller
than its consumption ability ( λ

K̄
). This is the usual assumption made in the

study of predator–prey interactions, for it is assumed that the prey is the
only food available to the predator. The other case is when K̄ > 1 can also
be of interest as well. This can be the case when the predator feeds on other
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resources in such a way that the prey is the limiting factor. Regions A´ and
B´ in the branch set of Figure 10.1c correspond to this situation. Figure 10.8
shows an example of a bifurcation diagram for region A´, for (S̄f , K̄, λ) =
(5, 1.5, 0.40). The diagram is similar to region A1, except that the substrate
concentration is seen to increase with the dilution rate on the coexistence
branch.

The other region (B´) offers an interesting feature of the ratio-dependent
model. An example of the behavior in this region is shown in the diagram of
Figure 10.9, obtained with (S̄f , K̄, λ) = (5, 1.2, 0.9). Three branches can be
seen in the diagram: the total washout line (ABCD), the nontrivial steady-
state coexistence (EB), and the predator washout branch (FC). For dilution
rates smaller than point B, all initial conditions lead to a stable coexistence
of species. For dilution rates larger than B, the operation of the bioreactor
leads to a total washout for all initial conditions. Region (B´) offers therefore
the unique feature of a direct transition from coexistence to total washout
without going through predator washout. The reason for this behavior is that
the crossing between the coexistence and the predator washout curves occurs
at the value of λ

1−λ (Equation (10.56)), which is in this case larger than S̄f .

10.6 Concluding Remarks

The dynamic characteristics of a ratio-dependent model when applied to a
continuous bioreactor were investigated in this chapter. General analytical
conditions with respect to arbitrary growth rates of prey on substrate and
predator on prey were established that describe the conditions for the occur-
rence of an oscillatory behavior in the model. The analysis of an example for
which both prey and predator grow following a Monod-like behavior, has re-
vealed the exact location of the one single Hopf point predicted by the model.
Branch sets were also constructed that revealed some of the peculiarities of
the model.

In summary, the studied ratio-dependent model can predict essentially
four scenarios: (1) coextinction of species for all initial conditions, (2) preda-
tor washout and survival of prey for all initial conditions, (3) coexistence
(either static or oscillatory) of species, for all initial conditions, and (4) coex-
istence or coextinction depending on initial conditions. As was mentioned in
the introduction, all these behaviors were observed in real life but the strictly
prey-dependent models are not able to produce the fourth scenario.

Looking back at the branch set of Figure 10.1c, it can be seen that the

line λ =
S̄f

1+S̄f
represents a hard boundary for the system, since crossing this

line from region (B) to (C) leads to the coextinction of the species for any
dilution rate. This mode of extinction results from high predator efficiency in
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dealing with the prey, which results in the extinction of the predator itself.
For given predator–prey growth parameters λ and K̄ , increasing the substrate
feed concentration narrows the domain C of coextinction at the expense of re-
gion B of conditional coexistence. Moreover, within regions of coexistence B,
A1, and A2, it is possible to alter the dynamics of the chemostat through the

manipulation of the dilution rate. The curve D̄ =
S̄f

1+S̄f
can also be considered

as a hard boundary, since operating the chemostat at larger dilution rates
leads to total washout. Within regions B, A1, and A2, the predator is washed
out when the dilution rate D̄ exceeds its growing ability λ. Predators under
these conditions are unable to grow fast enough to compensate for their death

rates. The line λ
K̄

=
S̄f

1+S̄f
is another boundary for the system. It separates

regions of unconditional coexistence from regions where the coexistence is de-
pendent on initial conditions. The mode of extinction that occurs in region B
is different from that of region C, and occurs when the initial prey/predator
ratio is very low. This means that altering the ratio of prey to predator may
lead to the collapse of the whole system and the extinction of both species.
When the predator growing ability is larger than its consumption ability, the

line λ
K̄

=
S̄f

1+S̄f
can be considered as a hard boundary for the system, since

crossing it from the region of coexistence B´ leads to coextinction. Moreover,
in this case it is possible to force a direct transition from coexistence to coex-
tinction without going through a region of predator washout. This is possible
by selecting the substrate feed concentration S̄f smaller than λ

1−λ .



Chapter 11

MODELS WITH PRODUCT

FORMATION

11.1 Introduction

In this part of the book, we revisit the unstructured model, already studied
in Chapter 4, by including the dynamics associated with the formation of a
metabolic product. The continuous bioreactor is described by the following
unstructured model for the biomass X, a limiting substrate S, and a desired
nonbiomass product P,

dX

dt
= µX − DX (11.1)

dS

dt
= D(Sf − S) − σX (11.2)

dP

dt
= εX − DP (11.3)

µ is the specific cell growth rate, σ is the cell mass specific net utilization rate
of limiting substrate, and ε is the cell mass specific net production rate. We
also assume clean feed conditions, i.e., no cells or product enter the bioreac-
tor through the feed. In its most general form defined by Equations (11.1–
11.3), the rates µ, σ, and ε may, theoretically, depend on the process state
variables X, S, and P , and may not be related. However, as pointed out by
Parulekar [272], the general unstructured model described by Equations (11.1–
11.3) can be classified in a practical way based on eventual relations among
the specific growth rates µ, ε, and σ. In this part of the book, we examine
the stability behavior of three large classes of models derived from the general
Equations (11.1-11.3). The classification is inspired, but different from the one
proposed in [272].

• Type I models: For this class of models, both the substrate utilization
rate σ and the product formation rate ε are linear functions of cell growth
rate µ,

σ = Yxsµ + ms (11.4)

177
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ε = Yxpµ + mp (11.5)

where Yxs and Yxp are the yield coefficients, assumed constant, and ms

and mp are the maintenance coefficients, also assumed constants. More-
over, no restriction is imposed on the explicit form of cell growth rate
µ (on which both σ and ε depend) as it is allowed to depend arbitrarily
on X, S and P . For type I models, strictly growth associated products
are characterized by the following direct relationship

ε = Yxpµ (11.6)

while for nongrowth associated products, the specific rate of product
formation is constant, i.e.,

ε = mp (11.7)

Mixed-growth-associated products are, on the other hand, described by
Equation (11.5). This class of models, based on a variety of kinetic ex-
pressions, was used in several investigations to model a number of im-
portant bioprocesses, including the alcohol fermentation [52, 155, 206,
207, 219, 248, 320], the ammonium lactate fermentation [341], propi-
onic acid production from Propionibacterium shermanii [145], and the
production of a number of secondary metabolites [6, 194, 306].

• Type II models: For this class, the specific rate σ of substrate utilization
and the specific rate ε of product formation are related directly by

σ = aε (11.8)

For this type of model, the kinetics of the bioprocess are described by
both cell growth rate µ and product formation rate ε. Both these rates
can have independent kinetic expressions. This class of models was used
in the literature to model a number of bioprocesses, including ethanol
fermentation of cellulose-hydrolystate [126, 272, 357].

• Type III models: For these models, the utilization rate of the limiting
substrate is linearly proportional to cell growth rate but not to the
formation of the desired product

σ = aµ (11.9)

Similarly to type II models, the kinetics of the bioprocess can be de-
scribed by both the cell growth rate µ and the product formation rate ε.
This type of model was, for instance, used by Aiba and Shoda [10] and
Aiba et al. [11] for ethanol production from glucose by Saccharomyces
cerevisiae.
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11.2 Type I Models

We start with the class of models for which the specific rate ε of product
formation and the substrate utilization rate σ are given as a linear function
of the cell growth rate µ. In the first part of this work, general analytical
conditions are derived for the occurrence of Hopf points in these models. This
allows the classification of cases where an oscillatory behavior is possible.

The model (Equations (11.1–11.3)) can be suitably rendered dimensionless
by introducing the following variables,

S̄ =
S

Sr
, X̄ =

YxsX

Sr
, P̄ =

P

Pr
, α =

YxpSr

YxsPr
, βs =

ms

Yxsµr
, βp =

mpSr

aµrPr

D̄ =
D

µr
, t̄ = tµr , µ̄ =

µ

µr
(11.10)

where Sr and Pr and µr are reference terms for S and P and µ, respectively.
The model in a dimensionless form is given by

dX̄

dt̄
= −D̄X̄ + µ̄X̄ (11.11)

dS̄

dt̄
= D̄(S̄f − S̄) − (µ̄ + βs)X̄ (11.12)

dP̄

dt̄
= (αµ̄ + βp)X̄ − D̄P̄ (11.13)

The steady-state value of X̄ is related to S̄ by the simple relation,

X̄ =
S̄f − S̄

1 + βs

µ̄

(11.14)

An implicit relation for P̄ is obtained by,

P̄ =
(αµ̄ + βp)

µ̄

(S̄f − S̄)

1 + βs

µ̄

(11.15)

11.2.1 Existence of Periodic Solutions

The elements of the Jacobian matrix are given by

j11 = µ̄X̄X̄ + µ̄ − D̄, j12 = µ̄S̄X̄, j13 = µ̄P̄ X̄ (11.16)
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j21 = −(µ̄X̄X̄ + µ̄ + βs), j22 = −D̄ − µ̄S̄X̄, j23 = −µ̄P̄ X̄ (11.17)

j31 = αµ̄X̄X̄ + (αµ̄ + βp), j32 = αµ̄S̄X̄, j33 = αµ̄P̄ X̄ − D̄ (11.18)

The Hopf conditions are given by:

F1 := S1S2 − S3 = 0 (11.19)

S2 > 0 (11.20)

where Si (i = 1, 3) were defined in Chapter 3. The following expressions for
these terms are:

S1 = −2µ̄ + (αµ̄P̄ + µ̄X̄ − µ̄S̄)X̄ (11.21)

S2 = 2µ̄X̄(µ̄S̄ − µ̄X̄ − αµ̄P̄ ) + X̄(βsµ̄S̄ − βpµ̄P̄ ) + µ̄2 (11.22)

S3 = µ̄2X̄(αµ̄P̄ + µ̄X̄ − µ̄S̄) + µ̄X̄(βpµ̄P̄ − βsµ̄S̄) (11.23)

Using the steady-state condition (µ̄ = D̄), algebraic manipulations allow the
derivation of the following useful relation for the first Hopf condition (Equation
(11.19)),

F1 = (S1 + µ̄)(S2 + µ̄2) (11.24)

Since S2 is required to be strictly positive (Equation (11.20)), the first Hopf
condition F1 = 0 is equivalent to:

S1 + µ̄ = 0 (11.25)

Recasting the expression of S1 from Equation (11.21) yields,

µ̄ = (αµ̄P̄ + µ̄X̄ − µ̄S̄)X̄ (11.26)

This relation along with S2 > 0 form the conditions for the occurrence of Hopf
points in the model. In the following section, these two Hopf conditions are
used to analyze the behavior of some important cases of the studied models.

The first case pertains to bioprocesses for which the rate µ depends exclu-
sively on S. This basic unstructured model was used extensively in the liter-
ature. Examples of growth rate expressions include both monotonic and non-
monotonic growth kinetics [41], as was mentioned in the introductory Chapter
2. For this type of models, the conditions µ̄X̄ = µ̄P̄ = 0 hold. Substituting in
the Hopf condition (Equation (11.26)) yields the simple relation

µ̄ = −µ̄S̄X̄ (11.27)

The condition S2 > 0 (Equation (11.22)) becomes,

S2 = X̄µ̄S̄(βs + 2µ̄) + µ̄2 > 0 (11.28)
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Substituting Equation (11.27) into Equation (11.28) yields,

S2 = −βsµ̄ − µ̄2 (11.29)

The second Hopf condition S2 > 0 is therefore never satisfied. This result joins
the conclusion reached in Chapter 4, and shows that the basic unstructured
model cannot predict periodic behavior for any form of cell growth rate even if
product dynamics are included, as long as the cell growth rate depends solely
on the substrate and the yield is assumed to be constant.

The second example of models corresponds to the case for which the prod-
uct is strictly growth associated (α 6= 0 and βp = 0), and for which the
rate µ depends on both S and P with the condition µP < 0 being satisfied.
Case studies of these bioprocesses include a number of models for alcohol for-
mations processes [52, 155, 206, 219, 320] and production of ethanol by Z.
mobilis [207, 248]. Examples of kinetic expressions reported in the literature
include the following expressions,

µ(S, P ) = µ1(S)µ2(P ) (11.30)

where µ2(P ) can have one of the following forms,

µ2(P ) =
KP

KP + P
(11.31)

µ2(P ) = (1 − P

Pm
)n (11.32)

µ2(P ) = exp(−αP ) (11.33)

It can be noted that the condition µP < 0 is satisfied in all these examples. For
these types of models, the condition µ̄X̄ = 0 holds. The two Hopf conditions
S2 > 0 (Equation (11.22)) and F1 = 0 (Equation (11.26)) are reduced in this
case to

2µ̄X̄(µ̄S − αµ̄P ) + X̄βsµ̄S̄ + µ̄2 > 0 (11.34)

and

µ̄ = (αµ̄P̄ − µ̄S̄)X̄ (11.35)

Substituting Equation (11.35) into Equation (11.34) yields

X̄βsµ̄S̄ > µ̄2 (11.36)

This condition requires µ̄S̄ to be positive. However, since µ̄P̄ was assumed to
be negative, Equation (11.35) requires µ̄ to be negative, which is impossible.
Again this simple analysis was carried out without the explicit expressions of
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µ̄(S̄, P̄ ). The only requirement is for µ̄P̄ to be negative, which is the most likely
effect expected from the product. We conclude therefore that these types of
models cannot predict oscillatory behavior regardless of the form of the kinetic
expressions.

For the general case of α 6= 0 and βp 6= 0, the two Hopf conditions S2 > 0
(Equation (11.22)) and F1 = 0 (Equation (11.26)) are not incompatible and
do not exclude the existence of Hopf points. These conditions can be used to
construct, in terms of model parameters, the domains for which an oscillatory
behavior is possible. In the next section, a case model belonging to this class
is analyzed in detail. The kinetic rate µ(S, P ) is assumed to have the following
form

µ(S, P ) = µ1(S)µ2(P ) (11.37)

with

µ1(S) =
µmS

KS + S + S2

KI

(11.38)

and

µ2(P ) = (1 − P

Pm
)n (11.39)

The model is based on Haldane substrate inhibition with the product inhibit-
ing the maximum specific growth rate through µ2(P ). This model was used
in a number of case studies [6, 145, 194, 341].

Neglecting the maintenance term βs, the model is rendered dimensionless
in the form of Equations (11.11–11.13) with Sr = KS , Pr = Pm, and µr = µm.
The dimensionless specific growth rate is given by

µ̄ =
S̄

1 + S̄ + γS̄2
(1 − P̄ )n := µ̄1(S̄)µ̄2(P̄ ) (11.40)

First, the model equations at steady state are reduced to one algebraic equa-
tion by substituting Equation (11.13) in the steady-state form of Equation
(11.11) to yield a single algebraic equation that depends only on S̄ as a state
variable.

F (S̄) := (S̄f − S̄)(−D̄ + µ̄) (11.41)

The state variable P̄ that appears in µ̄ is implicitly related to S̄ by Equation
(11.15). Equation (11.41) predicts washout conditions, i.e., S̄ = S̄f , X̄ = 0,
and a nontrivial solution

µ̄ = D̄ (11.42)

The number of solutions this equation may have depends on the coefficient n
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in Equation (11.39), and therefore a large number of static behaviors can be
expected. Here the analysis is limited to the static feature that occurs when
the limit point of Equation (11.42) crosses the washout line. The nontrivial
solution (Equation (11.42)) exhibits a static limit point FS̄ = 0 when dµ̄

dS̄
= 0.

Taking the first derivative of the growth rate (Equation (11.40)) yields

dµ̄

dS̄
= µ̄1S(1 − P̄ )n − nµ̄1(1 − P̄ )n−1 dP̄

dS̄
= 0 (11.43)

The derivative dP̄
dS̄

can be obtained analytically using the implicit relation of
Equation (11.15). The crossing of the nontrivial solution with the washout
line occurs for S̄ = S̄f . Using this condition and noting that P̄ = 0 (Equation

(11.15)), the derivative dP̄
dS̄

is reduced to

dP̄

dS̄
= −α − βp

µ̄1(S̄f )
(11.44)

Substituting back into Equation (11.43) yields the condition for the occurrence
of the static limit point on the washout line

µ̄1S(S̄f ) + n(αµ̄1(S̄f ) + βp) = 0 (11.45)

With the expression chosen for µ̄1(S̄) (Equation (11.40)), the derivative µ̄1S̄

is given by

µ̄1S =
1 − γS̄2

(1 + S̄ + γS̄2)2
(11.46)

The condition of Equation (11.45) is equivalent then to

1 − γS̄f
2

(1 + S̄f + γS̄f
2
)2

+ n(
αS̄f

1 + S̄f + γS̄f
2 + βp) = 0 (11.47)

This condition separates two types of behavior. The static behavior for the
case when the product is strictly growth associated can also be described by
the above relation, by setting βp = 0, to yield

1 − γS̄f
2

(1 + S̄f + γS̄f
2
)

+ nαS̄f = 0 (11.48)

11.2.2 Hopf Singularities

The H01 singularity that corresponds to the appearance or coalescence of two
Hopf points is given by the following conditions,

F1 = F1S̄ = 0, F1S̄S̄ 6= 0, S2 > 0 (11.49)
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where F1 is defined by Equation (11.19). It can be seen from Equation (11.19)
that since S2 > 0, the condition F1 = 0 is equivalent to S1 + µ̄ = 0. The
condition F1S̄ = 0 implies therefore that

S1S + µ̄S̄ = 0 (11.50)

which can be obtained analytically by taking the derivative of Equation
(11.21). The two analytical conditions of Equations (11.26, 11.50) along with
the steady-state equations can be used to determine the boundaries of the
H01 singularity.

The complete branch set for the studied model consists therefore of (Equa-
tion (11.47)) together with that of the H01 singularity (Equations (11.24,
11.50)).
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FIGURE 11.1: (a)–(c) Branch sets in different parameter spaces; solid line,
static singularity; dashed line, H01 singularity.
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FIGURE 11.2: Bifurcation diagrams of Figure 11.1: (a) regions (I); (b)
boundary between (I) and (II); solid line, stable branch; dashed line, unstable
branch; SLP, static limit point; BR, bifurcation point.

Figures 11.1(a–c) show the complete branch sets in the different parameter
space (S̄f , γ), (S̄f , α), and (S̄f , βp). The nominal values used for the simula-
tions are:

α = 6.310−3, βp = 1.210−3, γ = 0.8, n = 1 (11.51)

Each of the branch sets is divided into three regions. In region (I), Figure
11.2a shows an example of the bifurcation diagram for (S̄f , γ) = (1, 0.3). It
can be seen that an unstable region separates the static limit point (SLP) and
the bifurcation point (BR) that occurs on the crossing of the curve with the
washout line (the upper branch being physically unrealistic). A safe operation
of the bioreactor is possible only for values of dilution rate smaller than that
corresponding to the static limit point, defined by D̄LP = µ̄(S̄max), where
S̄max is the root of dµ̄

dS̄
= 0 (Equation (11.43)). For dilution rates smaller than
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FIGURE 11.3: Bifurcation diagram in regions (II) and (III) of Figure 11.1:
(a) The static limit point moves to the upper physically unrealistic branch in
region (II); (b) Two Hopfs exist in region (III); (c) Enlargement of region (b)
showing stable periodic branch connecting the two Hopf points.

D̄BR, a unique steady state exists. D̄BR is obtained by setting S̄ = S̄f into
Equation (11.42) with P̄ = 0. This yields

D̄BR =
S̄f

1 + S̄f + γS̄f
(11.52)

For conditions between D̄BR and D̄LP , the steady-state portrait is char-
acterized by bistability. If the parameters of the model move on the boundary
separating regions (I) and (II), then the static limit point (SLP) and the bi-
furcation point (BR) collapse in one point, as shown in Figure 11.2b, obtained
with (S̄f , γ) = (1.885, 0.3).

When the parameters move to region (II), the static limit point is located



MODELS WITH PRODUCT FORMATION 187

10500
 11000
 11500
 12000


 
t


0


4


8


12


16


 
S


(
a
)


0.7
 0.8
 0.9
 1


 
P


0


4


8


12


16


 
S


(
b
)


FIGURE 11.4: Simulations showing periodic oscillations for D̄ = 0.05: (a)
Time domain; (b) Phase space.

on the other side of the washout line and occurs on the physically unrealis-
tic branch. An example of behavior in this region is shown in Figure 11.3a,
obtained with (S̄f , γ) = (10.0, 0.3). In this case, the model exhibits a unique
solution, and the safe operation of the reactor is possible for the dilution rate
smaller than D̄BR. When moving from region (I) to region (III), the H01

boundary is crossed giving rise to two Hopf points. The continuity diagram,
(Figure 11.3b), obtained for example for (S̄f , γ) = (35.0, 0.3), is character-
ized by the presence of two Hopf points at dilution rates D̄1 = 0.0468 and
D̄2 = 0.0575, respectively, in addition to the presence of a static limit point at
D̄LP = 0.318. The same phenomenon of bistability found in region (I) exists
for any conditions between the static limit point (SLP) and the bifurcation
point (BR). However, the interesting feature in this region is that sustained
oscillations do exist for any dilution rate between the two Hopf points. The
dynamic bifurcation, enlarged in Figure 11.3c, shows a periodic branch con-
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necting the two Hopf points. Figures 11.4(a–b) show an example of this limit
cycle for D̄ = 0.05.

The branch sets of Figure 11.1(a–c) also allow a useful study of the effect
of the model parameters. It can be seen from Figure 11.1a that the region of
static multiplicity (region I) exists only for values of an inhibition constant
larger than a certain value. As a consequence, the bioreactor would not exhibit
any multiplicity for Monod-like behavior, i.e., γ = 0. Similarly, the existence of
oscillatory behavior (region II) is confined to values of an inhibition constant γ
larger than a certain value. It can also be seen that as the substrate inhibition
increases, the region of oscillatory behavior widens at the expense of region
(I) of static bistability. The branch set (S̄f , α) (Figure 11.1b) shows that both
regions of static multiplicity and periodic behavior are confined to values of
α smaller than certain values. The range of oscillatory behavior can be seen
to decrease with increasing α. Finally, the branch set (S̄f , βp) of Figure 11.1c
shows that static multiplicity (region I) is possible only for values of βp smaller
than a critical value. However, contrary to the effect of α, static multiplicity
exists for the asymptotic value of βp = 0, for any value of S̄f . The region
of oscillatory behavior (region III), on the other hand, is confined to certain
values of S̄f , and becomes narrower with increasing S̄f .



Chapter 12

MODELS WITH PRODUCT

FORMATION: TYPE II MODELS

12.1 Process Model

For type II models, the specific rate σ of substrate utilization is directly pro-
portional to the specific rate ε of product formation,

σ = aε (12.1)

where a is a positive stoichiometric constant while µ and ε are allowed to
have general dependence on S and P . It can be noted that when both the
maintenance terms ms and mp of the previous type I model (Equations (11.4–
11.5)) are negligible then type I model becomes a special case of type II model,
since in this case the rates σ and ε are related by

σ =
Y xs

Yxp
ε (12.2)

Type II models are, therefore, more general since independent expressions
can be assumed for µ and ε. The model Equations (11.1–11.3) can be suitably
rendered dimensionless by introducing the following variables,

S̄ =
S

Sref
, X̄ =

aX

Sref
, P̄ =

P

Pref
, D̄ =

D

µref
(12.3)

t̄ = tµref , µ = µref µ̄, ε = εref ε̄, λ1 =
εref

µref
λ2 =

εrefSref

aµrefPref
(12.4)

where Pref , Sref , εref , and µref are reference terms for P , S, ε, and µ, re-
spectively. The model in dimensionless form is given by

dX̄

dt̄
= µ̄X̄ − D̄X̄ (12.5)

dS̄

dt̄
= D̄(S̄f − S̄) − λ1ε̄X̄ (12.6)

189
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dP̄

dt̄
= λ2ε̄X̄ − D̄P̄ (12.7)

We assume that the rates µ̄ and ε̄ are given by the following forms:

µ̄(S̄, P̄ ) = µ̄1(S̄)µ̄2(P̄ ) (12.8)

ε̄(S̄, P̄ ) = ε̄1(S̄)ε̄2(P̄ ) (12.9)

As was mentioned in the previous chapter, this class of models was used in
the literature to model a number of bioprocesses such as ethanol fermentation
of cellulose-hydrolystate [126, 272, 357].

12.2 Static Analysis

The steady-state values of X̄ and P̄ are related to S̄ by the simple relations,

X̄ =
µ̄(S̄f − S̄)

λ1ε̄
(12.10)

and

P̄ =
λ2ε̄X̄

µ̄
=

λ2

λ1
(S̄f − S̄) (12.11)

The model equations at steady state are reduced to one algebraic equation by
substituting Equation (12.10) into the steady-state form of Equation (12.6),
to yield a single algebraic equation that depends on S̄ as a state variable.

F (S̄) := (S̄f − S̄)(D̄ − µ̄) (12.12)

The state variable P̄ that appears in µ̄ is explicitly related to S̄ by Equation
(12.11). In the following we study the static singularities the model can exhibit.

12.2.1 Hysteresis Singularity

The conditions for the appearance/disappearance of a hysteresis loop are

F = FS̄ = FS̄S̄ = 0 (12.13)

In addition, the following other derivatives must remain nonzero, namely FD̄,
FS̄D̄, and FS̄S̄S̄ . Excluding the trivial washout condition S̄ = S̄f , the condition
F = 0 (Equation (12.12)) yields

µ̄ = D̄ (12.14)
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Taking into consideration this equation, the conditions FS̄ = 0 and FS̄S̄ = 0
are equivalent to

µ̄S̄ = 0 and µ̄S̄S̄ = 0 (12.15)

or equivalently, by taking into consideration the general form of µ̄ (Equation
(12.8))

0 =
dµ̄

dS̄
= µ̄1S̄(S̄)µ̄2(P̄ ) + µ̄1(S̄)µ̄2P̄ (P̄ )

dP̄

dS̄
(12.16)

0 =
d2µ̄

dS̄2
= µ̄1S̄S̄(S̄)µ̄2(P̄ ) + 2µ̄1S̄(S̄)µ̄2P̄ (P̄ )

dP̄

dS̄
+ µ̄1(S̄)µ̄2P̄ P̄ (P̄ )(

dP̄

dS̄
)2

+µ̄1(S̄)µ̄2P̄ (P̄ )
d2P̄

dS̄2
(12.17)

The first derivative dP̄
dS̄

is obtained analytically by taking the derivative of
Equation (12.11) to yield,

dP̄

dS̄
= − λ̄2

λ1
(12.18)

The second derivative d2P̄
dS̄2 is zero. Substituting in Equations (12.16–12.17)

yields the following simplified equations for the hysteresis singularity,

µ̄1S̄(S̄)µ̄2(P̄ ) − λ2

λ1
µ̄1(S̄)µ̄2P̄ (P̄ ) = 0

(12.19)

µ̄1S̄S̄(S̄)µ̄2(P̄ ) − 2λ2

λ1
µ̄1S̄(S̄)µ̄2P̄ (P̄ ) + (

λ2

λ1
)2µ̄1(S̄)µ̄2P̄ P̄ (P̄ ) = 0

(12.20)

The other hysteresis condition FD̄ = S̄f − S̄ vanishes only at the trivial
washout condition while FD̄S̄ = −1 6= 0 is always satisfied. The condition
FS̄S̄S̄ 6= 0, on the other hand, will be evaluated numerically along the hystere-
sis boundaries.

12.2.2 Isola and Mushroom Singularities

The requirements for these two changes in the steady-state behavior are that

F = FS̄ = FD̄ = 0 (12.21)

with the additional requirements that

FS̄D̄ 6= 0, FS̄S̄ 6= 0, FD̄D̄ 6= 0 (12.22)

It can be seen by taking the derivative of F (Equation (12.12)) with respect
to D̄ that FD̄D̄ is always zero, implying that the model cannot exhibit a
mushroom or isola singularity.
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12.2.3 Pitchfork Singularity

The pitchfork conditions are

F = FS̄ = FD̄ = FS̄S̄ = 0 (12.23)

and

FS̄D̄ 6= 0, FS̄S̄S̄ 6= 0 (12.24)

Excluding the washout solution, the conditions FS̄ = 0 and FS̄S̄ = 0 are
equivalent to Equations (12.15). The condition FD̄ = 0 (Equation (12.12)),
on the other hand, requires that S̄ = S̄f , i.e., X̄ = 0 and P̄ = 0. Substituting
the conditions S̄ = S̄f and P̄ = 0 into Equations (12.15), yields the conditions
for the pitchfork singularity

dµ̄

dS̄
(S̄ = S̄f , P̄ = 0) = 0 and

d2µ̄

dS̄2
(S̄ = S̄f , P̄ = 0) = 0 (12.25)

or equivalently,

µ̄1S̄(S̄f )µ̄2(0) − λ2

λ1
µ̄1(S̄f )µ̄2P̄ (0) = 0 (12.26)

µ̄1S̄S̄(S̄f )µ̄2(0) − 2λ2

λ1
µ̄1S̄(S̄f )µ̄2P̄ (0) + (

λ2

λ1
)2µ̄1(S̄f )µ̄2P̄ P̄ (0) = 0 (12.27)

The other pitchfork condition FS̄D̄ = −1 6= 0 is always satisfied while the con-
dition FS̄S̄S̄ 6= 0 will be evaluated numerically along the pitchfork boundaries.

In the following section, we provide explicit examples of this static analysis
for some case models used in the literature.

12.3 Case Model 1

We start the examples with models based on the well-known Haldane substrate
inhibition kinetics with the product inhibiting the maximum specific growth
rate. The growth rate µ(S, P ) is assumed to have the following form:

µ(S, P ) = µ1(S)µ2(P ) (12.28)

with

µ1(S) =
µ1mS

K1S + S + S2

K1I

(12.29)
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and

µ2(P ) = 1 − P

P1m
(12.30)

A similar relation is assumed for ε

ε(S, P ) = ε1(S)ε2(P ) (12.31)

with

ε1(S) =
µ2mS

K2S + S + S2

K2I

(12.32)

and

ε2(P ) = 1 − P

P2m
(12.33)

The model is rendered dimensionless in the form of Equations (12.5–12.7),
using the following variables

Sref = Sf , Pref = P1m, µref = µ1m and εref = µ2m (12.34)

The dimensionless model parameters are

S̄f = 1, λ1 =
µ2m

µ1m
and λ2 =

µ2mSf

aµ1mP1m
(12.35)

while the dimensionless kinetic rates are

µ̄ =
S̄

β1 + S̄ + γ1S̄2
(1 − P̄ ) := µ̄1(S̄)µ̄2(P̄ ) (12.36)

and

ε̄ =
S̄

β2 + S̄ + γ2S̄2
(1 − λ3P̄ ) := ε̄1(S̄)ε̄2(P̄ ) (12.37)

with

βi =
KiS

Sf
(i = 1, 2), γi =

Sf

KiI
(i = 1, 2) and λ3 =

P1m

P2m
(12.38)

The first and second derivatives of µ̄1 are given by

µ̄1S̄ =
β1 − γ1S̄

2

(β1 + S̄ + γ1S̄2)2
(12.39)

µ̄1S̄S̄ =
−2γ1S̄

(β1 + S̄ + γ1S̄2)2
− 2(1 + 2γ1S̄)(β1 − γ1S̄

2)

(β1 + S̄ + γ1S̄2)3
(12.40)



194 DYNAMICS OF THE CHEMOSTAT

0 0.5 1 1.5 2

γ1

0

0.5

1

1.5

2

λ2

(a)

LP,BP

(I)

(II)

BP,LP

0 0.003 0.005 0.007 0.01

β1

0

0.005

0.01

0.015

0.02

λ2

LP,BP

BP,LP

(I)

(II)

(b)

0 0.5 1 1.5 2

γ2

-2

-1.5

-1

-0.5

0

0.5

1

λ2

(c)

LP,BP

(I)

(II)

BP,LP

FIGURE 12.1: (a)–(c) Branch sets for the first case model.

Similar relations hold for ε̄1S̄ and ε̄1S̄S̄ with β2 and γ2 replacing β1 and γ1.
The derivatives for µ̄2(P̄ ) and ε̄2(P̄ ) are given by

µ̄2P̄ = −1 and ε̄2P̄ = −λ3 (12.41)

while the second derivatives µ̄2P̄ P̄ and ε̄2P̄ P̄ are zero. Using these derivatives
and applying the pitchfork conditions of Equations (12.25–12.27) at S̄ = S̄f =
1 and P̄ = 0 yields

β1 − γ1

(β1 + 1 + γ1)
+

λ2

λ1
= 0 (12.42)

−3β1γ1 + γ2
1 − β1

(β1 + 1 + γ1)
+

λ2

λ1
(β1 − γ1) = 0 (12.43)
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FIGURE 12.2: Continuity diagram in the different regions of Figure 12.1:
(a) Imperfect pitchfork in region (I); (b) Perfect pitchfork on the boundary of
(I) and (II); (c) The static limit point moves to the upper physically unrealistic
branch in region (II); solid line, stable branch; dashed line, unstable. LP, static
limit point; BR, bifurcation point.

These useful analytical relations represent the boundaries for the pitchfork
singularity, in terms of the model kinetic and operating parameters.

As for the hysteresis singularity, it can be noted that since µ̄2P̄ P̄ = 0,
Equations (12.19, 12.20) for the hysteresis boundaries are reduced to,

µ̄1S̄µ̄2 =
λ2

λ1
µ̄1µ̄2P̄ (12.44)

µ̄1S̄Sµ̄2 =
2λ2

λ1
µ̄1S̄µ̄2P̄ (12.45)

Combining these relations yields,

2µ̄2
1S̄ = µ̄1µ̄1S̄S̄ (12.46)
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Substituting the expressions of µ̄1 (Equation (12.36)), µ̄1S̄ (Equation (12.39))
and µ̄1S̄S̄ (Equation (12.40)) into Equation (12.46) reduces it to the following
relation,

γ1S̄
2 + S̄ + β1 = 0 (12.47)

This relation cannot hold since all the terms involved are positive. We conclude
therefore that the model cannot exhibit a hysteresis singularity.

Figures 12.1(a–c) show examples of the branch set in the parameter spaces
(λ2, γ1), (λ2, β1) and (λ2, γ2), for the following nominal values:

β1 = 0.476, γ1 = 4.91510−3, β2 = 0.6667, γ2 = 3.33410−3

λ1 = 3.5, λ2 = 1.89110−2, λ3 = 0.763 (12.48)

Each of the branch sets is divided into two regions. For any combinations of
model parameters in region (I), an imperfect pitchfork is expected, as shown
in the continuity diagram of Figure 12.2a, obtained with (λ2, γ1) = (0.05, 1). A
safe operation of the bioreactor is possible for values of dilution rates smaller
than that corresponding to the static limit point defined by

D̄LP = µ̄(S̄max) (12.49)

where S̄max is the root of dµ̄
dS̄

= 0 (Equation (12.16)). Substituting in Equation
(12.49) for the partial derivatives of µ̄1S̄ (Equation (12.39)) and µ̄2P̄ (Equation
(12.41)) yields the following quadratic equation for S̄max

β1(1 − λ2

λ1
) +

2β1λ2

λ1
S̄max + (−γ1 +

λ2

λ1
+

γ1λ2

λ1
)S̄2

max = 0 (12.50)

For the set of chosen parameters, the static limit point occurs at S̄max =
0.70201 and at dilution rate D̄ = µ̄(S̄ = S̄max) = 0.41836.

Moreover, for dilution rates in Figure 12.2a smaller than D̄BR, a unique
steady state exists. D̄BR is obtained by setting S̄ = S̄f = 1, i.e., P̄ = 0 into
Equation (12.14) to yield

D̄BR =
1

β1 + 1 + γ1
(12.51)

For dilution rates between D̄BR and D̄LP , the steady-state portrait is
characterized by bistability. The operation of the process on the lower static
branch may drift to washout conditions as a result of fluctuations in process
operating conditions. If the parameters of the model move on the boundary
separating regions (I) and (II), then the static limit point (LP) and the bifurca-
tion point (BR) collapse in one point yielding a perfect pitchfork, as shown in
Figure 12.2b, obtained with (λ2, γ1) = (0.7407, 1). When the parameters move
to region (II), the static limit point is located on the other side of washout
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conditions and occurs on the physically unrealistic branch. An example of the
steady-state portrait in this region is shown in Figure 12.2c, obtained with
(λ2, γ1) = (1, 1). In this case, the model exhibits a unique solution, and the
safe operation of the reactor is possible for dilution rate smaller than D̄BR.

The branch sets of Figures 12.1(a–c) also allow a useful analysis of the
effect of model parameters. It can be seen from Figure 12.1a that bistability
(region I) exists only for values of the dimensionless inhibition constant γ1

larger than β1 (= 0.476, for the chosen nominal values of Equation (12.48)).
This region also widens, as expected, with increasing γ1. Figure 12.1b shows,
on the other hand, that the region of bistability exists for a large range of the
dimensionless substrate saturation constant β1.

A final note should be made about the effect of kinetic parameters
β2, γ2, λ3, pertinent to the product synthesis rate ε̄ (Equation (12.37)). It
can be seen from the general Equations (12.26-12.27) and Equations (12.42–
12.43) that the pitchfork boundaries are independent of ε̄. Consequently, these
boundaries are insensitive to variations of any of the parameters β2, γ2, or
λ3, as can be seen in Figure 12.1c. For the chosen nominal values (Equation
(12.48)), this boundary is negative and physically unrealistic. Consequently
the behavior of the process for any value of γ2 is characterized by region (II)
where a Monod-like behavior, similar to Figure 12.2c, prevails.

12.4 Case Model 2

The second example pertains to the following form of µ2(P ) and ε2(P ),

µ2(P ) =
K1P

K1P + P
(12.52)

ε2(P ) =
K2P

K2P + P
(12.53)

The model is rendered dimensionless using the definitions of Equation (12.34)
with

Pref = K1P and λ2 =
µ2mSf

aµ1mK1p
(12.54)

The dimensionless cell growth rate becomes

µ̄ = µ̄1(S̄)µ̄2(P̄ ) (12.55)

with µ̄1(S̄) given by Equation (12.36) and

µ̄2(P̄ ) =
1

1 + P̄
(12.56)
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The dimensionless rate of product synthesis becomes

ε̄ = ε̄1(S̄)ε̄2(P̄ ) (12.57)

with ε̄1(S̄) given by Equation (12.32) and

ε̄2(P̄ ) =
1

1 + λ3P̄
(12.58)

with λ3 = K1P

K2P
.

The first and second derivatives of the growth rates are given by

µ̄2P̄ (P̄ ) =
−1

(1 + P̄ )2
, µ̄2P̄ P̄ (P̄ ) =

2

(1 + P̄ )3
(12.59)

ε̄2P̄ (P̄ ) =
−λ3

(1 + λ3P̄ )2
, ε̄2P̄ P̄ (P̄ ) =

2λ2
3

(1 + λ3P̄ )3
(12.60)

The branch sets for hysteresis and pitchfork singularities for this example
are shown (Figures 12.3(a–c)) in the parameter spaces (λ2, γ1), (λ2, β1), and
(λ2, γ2), for the nominal values

β1 = 4.710−2, γ1 = 1.65, β2 = 0.1, γ2 = 1, λ1 = 0.5, λ2 = 0.7, λ3 = 1 (12.61)

The relative position of the boundaries of the hysteresis (dashed line) and the
pitchfork (solid line) singularities divides the branch set of Figure 12.3a into
three different regions. For parameters in region (I) the continuity diagram, as
shown in Figure 12.4a for (λ2, γ1) = (0.1, 1.2), is characterized by the presence
of two static limit points located on the opposite side of the washout line. Since
the upper branch is physically unrealistic, the operation of the bioreactor
in this region is similar to region (I) of the previous model (Figure 12.2a).
The operation of the reactor, in this region, is characterized by bistability for
dilution rates between the bifurcation point BR (defined by Equation (12.51))
and the static limit point LP1, defined by Equation (12.49). Substituting for
the expressions of µ̄1 (Equation (12.36)), µ̄1S̄ (Equation (12.39)), and µ̄2P̄

(Equation (12.59)) into Equation (12.49) yields the positions of the static
limit points,

β1(1 +
λ2

λ1
) + (−γ1 +

λ2

λ1
− γ1λ2

λ1
)S̄2

max +
2γ1λ2

λ1
S̄3

max = 0 (12.62)

When the pair of parameters crosses the boundary of the pitchfork singularity
and moves to region (II), the second static limit point LP2 moves to the
physically realistic branch, as shown in the continuity diagram of Figure 12.4b,
obtained with (λ2, γ1) = (0.35, 1.2). The operation of the bioreactor in this
case is quite complex as can be seen in the enlargement of the continuity
diagram (Figure 12.4c). For dilution rates smaller than that of LP2 (D̄LP2 =
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FIGURE 12.3: (a)–(c) Branch sets for the second case model.

0.433), the process settles on the lower nontrivial steady state for any start-
up conditions. For dilution rates between LP2 and LP1 (D̄LP1 = 0.4425),
two stable nontrivial branches coexist. For the narrow conditions between
LP1 and BR (D̄BR = 0.4450), the lower stable branch coexists with washout
conditions.

When the parameters move to region (III), the hysteresis line is crossed
and therefore the two static limit point disappear. An example of the steady-
state portrait is shown in Figure 12.5a, for (λ2, γ1) = (0.45, 1.2). Similarly to
region (II) of the previous model (Figure 12.2c), the process does not exhibit
any bistability and the safe operation of the bioreactor is possible for dilution
rates smaller than D̄BR. However, the evolution trend of the substrate with
the dilution rate is qualitatively different from Figure 12.2c.

The branch set is also shown in the parameter space (λ2, β1) (Figure 12.4b).
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FIGURE 12.4: Continuity diagram in the different regions of Figures 12.3(a–
b): (a) region (I); (b) region II; (c) Enlargement of region (b); solid line, stable
branch; dashed line, unstable; LP, static limit point; BR, bifurcation point.

It can be seen that a fourth region (IV) appears in the diagram that is charac-
terized by the presence of two static limit points in the physically unrealistic
region. The evolutionary trend of the substrate with the dilution rate is simi-
lar to region (II) of the previous model (Figure 12.2c), as can be shown in the
continuity diagram of Figure 12.5b, obtained with (λ2, β1) = (0.07, 2).

The branch sets of Figure 12.3(a–c) also allow a useful analysis of the
effect of model parameters. It can be seen from Figure 12.3a that as the
substrate inhibition constant γ1 increases, the region (II) characterized by the
two physically realistic limit points widens at the expense of both regions (I)
of one static limit point and region (III) of stable behavior. Moreover, for
small values of γ1 , the behavior of the process is dominated by the pitchfork
singularity where the process is either stable (region III) or exhibits bistability
with washout conditions (region I).
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FIGURE 12.5: Continuity diagram in the different regions of Figures 12.3(a–
b) (a) region (III); (b) region (IV); solid line, stable branch; dashed line,
unstable; LP, static limit point; BR, bifurcation point.

The effect of the substrate saturation constant β1 (Figure 12.3b) shows
that region (II) of coexistence of two nontrivial stable branches is confined
only to a smaller region (β1 < 0.45) and (λ2 > 0.195). As β1 increases,
region (I) narrows and the process is dominated by a stable behavior, either
in region (III) or in region (IV). The effect of the other substrate-inhibition
constant γ2 is shown in Figure 12.3c. Similarly to the observations made in the
previous section, both the hysteresis (dashed line) and pitchfork (solid line)
are insensitive to changes in γ2. The region (I) of bistability is confined to
values of λ2 smaller than 0.2972. The region (II) of coexistence of two stable
branches extend to λ2 = .7135. For higher values, the region (III) of stable
behavior dominates.
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FIGURE 12.6: (a)–(c) Branch sets for the third case model.

12.5 Case Model 3

The third and last example consists of the following form of µ2(P )

µ2(P ) = e−αP (12.63)

The model is rendered dimensionless using the following variables

S̄ref = Sf , Pref =
1

α
and λ3 =

µ2mSfα

aµ1m
(12.64)

yielding,

µ̄2(P̄ ) = e−P̄ (12.65)
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while µ̄1(S̄) is still given by Equation (12.36).
The complete branch set for this case is shown in Figures 12.6(a–c). The

branch sets are qualitatively similar to the previous example. Three different
regions can be seen in the parameter space (λ2, γ1), i.e., a region of stable
behavior (region III), a region of bistability between the nontrivial steady
state and washout conditions (region I), and a region (II) of coexistence of
two stable nontrivial steady states. Moreover, a fourth region, similar to the
previous case can be found in the parameter space (λ2, β1) (Figure 12.6b).
Finally, the boundaries of the hysteresis and pitchfork singularities can be
seen to be insensitive to variations in γ2 (Figure 12.6c), with region (II) being
confined to a narrow domain between λ2 = 0.1679 and 0.1711.



This page intentionally left blankThis page intentionally left blank



Chapter 13

MODELS WITH PRODUCT

FORMATION: TYPE III MODELS

13.1 Bioreactor Model

For type III models, the specific rates of cell growth and substrate utilization
are related by the linear equation

σ = aµ (13.1)

where a is a positive stoichiometric constant. The model Equations (11.1–11.3)
can be suitably rendered dimensionless by introducing the following variables,

S̄ =
S

Sref
, X̄ =

aX

Sref
, P̄ =

P

Pref
, D̄ =

D

µref
(13.2)

t̄ = tµref , µ = µref µ̄, ε = εref ε̄, α =
εrefSref

aµrefPref
(13.3)

where Pref , Sref , εref , and µref are reference quantities for P , S, ε, and µ,
respectively. The model in dimensionless form is given by

dX̄

dt̄
= −D̄X̄ + µ̄X̄ (13.4)

dS̄

dt̄
= D̄(S̄f − S̄) − µ̄X̄ (13.5)

dP̄

dt̄
= αε̄X̄ − D̄P̄ (13.6)

We assume that the rates µ̄ and ε̄ are given by the following forms,

µ̄(S̄, P̄ ) = µ̄1(S̄)µ̄2(P̄ ) (13.7)

ε̄(S̄, P̄ ) = ε̄1(S̄)ε̄2(P̄ ) (13.8)

As was mentioned in Chapter 11, this class of model was, for instance, used by
Aiba and Shoda [10] and Aiba et al. [11] for ethanol production from glucose
by Saccharomyces cerevisiae.

205
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13.2 Static Singularities

The steady-state values of X̄ and P̄ are related to S̄ by the simple relations,

X̄ = (S̄f − S̄) (13.9)

and

P̄ =
αε̄X̄

µ̄
(13.10)

or equivalently

P̄
µ̄2(P̄ )

ε̄2(P̄ )
=

αε̄1(S̄)(S̄f − S̄)

µ̄1(S̄)
(13.11)

Similarly to the previous models, the following single variable algebraic equa-
tion can be obtained from the steady-state equation,

F (S̄) := (S̄f − S̄)(D̄ − µ̄) (13.12)

The state variable P̄ that appears in µ̄ is implicitly related to S̄ by Equation
(13.11).

13.2.1 Hysteresis Singularity

Excluding the trivial washout condition S̄ = S̄f , the condition F = 0 (Equa-
tion (13.12)) yields

µ̄ = D̄ (13.13)

Taking into consideration this equation, the conditions FS̄ = 0 and FS̄S̄ = 0
are equivalent to

µ̄S̄ = 0 and µ̄S̄S̄ = 0 (13.14)

or equivalently, by taking into consideration the general form of µ̄ (Equation
(13.7))

0 =
dµ̄

dS̄
= µ̄1S̄(S̄)µ̄2(P̄ ) + µ̄1(S̄)µ̄2P̄ (P̄ )

dP̄

dS̄

0 =
d2µ̄

dS̄2
= µ̄1S̄S̄(S̄)µ̄2(P̄ ) + 2µ̄1S̄(S̄)µ̄2P̄ (P̄ )

dP̄

dS̄
+ µ̄1(S̄)µ̄2P̄ P̄ (P̄ )(

dP̄

dS̄
)2

+µ̄1(S̄)µ̄2P̄ (P̄ )
d2P̄

dS̄2
(13.15)
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The first derivative dP̄
dS̄

is obtained analytically by taking the derivatives of
both sides of Equation (13.11) to yield,

dP̄

dS̄
f(P̄ ) = αg(S̄) (13.16)

where

f(P̄ ) :=
µ̄2

ε̄2
+

P̄ µ̄2P̄

ε̄2
− P̄ µ̄2ε̄2P̄

ε̄22
(13.17)

and

g(S̄) :=
−ε̄1
µ̄1

+
(S̄f − S̄)ε̄1S̄

µ̄1
− (S̄f − S̄)µ̄1S̄ ε̄1

µ̄2
1

(13.18)

The second derivative d2P̄
dS̄2 is obtained by taking the derivative of Equation

(13.16) to yield,

d2P̄

dS̄2
f(P̄ ) + (

dP̄

dS̄
)2fP̄ (P̄ ) = αgS̄(S̄) (13.19)

with

gS̄(S̄) =
−(µ̄1S̄ ε̄1 − µ̄1ε̄1S̄)

µ̄2
1

− ε̄1S̄

µ̄1
+

(S̄f − S̄)ε̄1S̄S̄

µ̄1

−(S̄f − S̄)ε̄1S̄µ̄1S̄

µ̄2
1

+
ε̄1µ̄1S̄

µ̄2
1

− (S̄f − S̄)ε̄1S̄µ̄1S̄

µ̄2
1

−(S̄f − S̄)ε̄1µ̄1S̄S̄

µ̄2
1

+ 2(S̄f − S̄)µ̄1µ̄
2
1S̄ ε̄1 (13.20)

and

fP̄ (P̄ ) : =
(ε̄2µ̄2P̄ − ε̄2P̄ µ̄2)

ε̄22
+

µ̄2P̄

ε̄2
+

P̄ µ̄2P̄ P̄

ε̄2
− P̄ µ̄2P̄ ε̄2P̄

ε̄22

− µ̄2ε̄2P̄

ε̄22
− P̄ ε̄2P̄

ε̄22
− P̄ µ̄2ε̄2P̄ P̄

ε̄22
+ 2P̄ µ̄2ε̄

2
2P̄ ε̄32

(13.21)

13.2.2 Pitchfork Singularity

Similarly to the previous model, the conditions for the pitchfork singularity
are

dµ̄

dS̄
(S̄ = S̄f , P̄ = 0) = 0 and

d2µ̄

dS̄2
(S̄ = S̄f , P̄ = 0) = 0 (13.22)
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or equivalently,

0 =
dµ̄

dS̄
= µ̄1S̄µ̄2 + µ̄1µ̄2P̄

dP̄

dS̄

0 =
d2µ̄

dS̄2
= µ̄1S̄S̄µ̄2 + 2µ̄1S̄µ̄2P̄

dP̄

dS̄

+µ̄1 + µ̄2P̄ P̄ (
dP̄

dS̄
)2 + µ̄1µ̄2P̄

d2P̄

dS̄2
(13.23)

In the next section, we provide explicit examples of this static analysis for
some case models used in the literature.

13.3 Case Model 1

The growth rate µ(S, P ) is assumed to have the following form

µ(S, P ) = µ1(S)µ2(P ) (13.24)

with

µ1(S) =
µ1mS

K1S + S + S2

K1I

(13.25)

and

µ2(P ) = (1 − P

P1m
)n1 (13.26)

A similar relation is assumed for ε

ε(S, P ) = ε1(S)ε2(P ) (13.27)

with

ε1(S) =
µ2mS

K2S + S + S2

K2I

(13.28)

and

ε2(P ) = (1 − P

P2m
)n2 (13.29)

The model is rendered dimensionless in the form of Equations (13.4–13.6)
using the following variables,

Sref = Sf , Pref = P1m, µref = µ1m and εref = µ2m (13.30)
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The dimensionless model parameters are

S̄f = 1 and α =
µ2mSf

aµ1mP1m
(13.31)

The dimensionless growth rates are

µ̄ =
S̄

β1 + S̄ + γ1S̄2
(1 − P̄ )n1 := µ̄1(S̄)µ̄2(P̄ ) (13.32)

and

ε̄ =
S̄

β2 + S̄ + γ2S̄2
(1 − λP̄ )n2 := ε̄1(S̄)ε̄2(P̄ ) (13.33)

with

βi =
KiS

Sf
(i = 1, 2), γi =

Sf

KiI
(i = 1, 2) and λ =

P1m

P2m
(13.34)

The first and second derivatives of µ̄1 are given by

µ̄1S̄ =
β1 − γ1S̄

2

(β1 + S̄ + γ1S̄2)2

µ̄1S̄S̄ =
−2γ1S̄

(β1 + S̄ + γ1S̄2)2
− 2(1 + 2γ1S̄)(β1 − γ1S̄

2)

(β1 + S̄ + γ1S̄2)3
(13.35)

Similar relations hold for ε̄1S̄ and ε̄1S̄S̄ with β2 and γ2 replacing β1 and γ1.
The derivatives for µ̄2(P̄ ) and ε̄2(P̄ ) are given by

µ̄2P̄ = −n1(1 − P̄ )n1−1, µ̄2P̄ P̄ = n1(n1 − 1)(1 − P̄ )n1−2 (13.36)

ε̄2P̄ = −n2λ(1 − λP̄ )n2−1, ε̄2P̄ P̄ = n2(n2 − 1)λ2(1 − λP̄ )n2−2 (13.37)

Using these derivatives and applying the pitchfork conditions of Equation
(13.23) yields

β1 − γ1

(β1 + 1 + γ1)2
+

n1α

(β2 + 1 + γ2)
= 0 (13.38)

aα2 + bα + c = 0 (13.39)

with

a =
n1(−1 − n1 + 2λn2)(1 + β1 + γ1)

(1 + β2 + γ2)2

b =
2n1(β2 − γ2)

(1 + β2 + γ2)2

c =
2(−β1 − 3β1γ1 + γ2

1 )

(1 + β1 + γ1)3
(13.40)
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It should also be noted that these general equations for pitchfork singu-
larity can be used to recover the static behavior for Monod growth kinetics
γ1 = 0 and/or γ2 = 0, as well as to recover the important case when the prod-
uct synthesis rate ε is proportional to the specific cell growth rate µ. In this
case, the dimensionless rates µ̄ and ε̄ are equal. Therefore, by setting β1 = β2,
γ1 = γ2, λ = 1, and n1 = n2 into Equations (13.40), the pitchfork conditions
are reduced to,

β1 − γ1

β1 + 1 + γ1
+ n1α = 0 (13.41)

n1(n1 − 1)α2 +
2n1α(β1 − γ1)

(β1 + 1 + γ1)
+

2(γ2
1 − 3γ1β1 − β1)

(β1 + 1 + γ1)2
= 0 (13.42)
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FIGURE 13.1: (a)–(c) Branch sets for the first case model.
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FIGURE 13.2: Continuity diagrams (a)–(c) in the different regions of Figure
13.2; solid line, stable branch; dashed line, unstable branch; SLP, static limit
point; BR, bifurcation point.

The complete branch set for this model consists therefore in the hys-
teresis singularity along with the pitchfork singularities (Equations (13.38–
13.39)). Figures 13.1(a–c) show examples of branch sets in the parameter
spaces (α, γ1), (α, γ2), and (α, λ), for the following nominal values:

β1 = 0.047, γ1 = 0.50, β2 = 0.06, γ2 = 0.3333, λ = 1.2, n1 = 1, n2 = 1(13.43)

The crossing of the boundaries of the hysteresis (dashed line) and the pitchfork
(solid line) singularities divides each of the branch sets (Figures 13.1(a–c)) into
five different regions. For any combinations of model parameters in region (I)
of Figure 13.1a, an imperfect pitchfork is expected, as shown in the steady-
state portrait of Figure 13.2a, obtained for example with (α, γ1) = (0.01, 0.2).
A safe operation of the bioreactor is possible only for values of a dilution rate
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FIGURE 13.3: Continuity diagrams (a)–(c) in the different regions of Figure
13.2; solid line, stable branch; dashed line, unstable branch; SLP, static limit
point; BR, bifurcation point.

smaller than that corresponding to the static limit point, defined by

D̄LP = µ̄(S̄max) (13.44)

where S̄max is the root of dµ̄
dS̄

= 0. For dilution rates smaller than D̄BR, a

unique steady state exists. D̄BR is obtained by setting S̄ = S̄f = 1, i.e., P̄ = 0
into Equation (13.13) to yield

D̄BR =
1

β1 + 1 + γ1
(13.45)

For dilution rates between D̄BR(= 0.802) and D̄LP (= 0.834), the steady-state
portrait is characterized by bistability where more than one attractor exists
for any value of the dilution rate.
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If the parameters of the model move on the boundary separating regions (I)
and (II) (Figure 13.1a), then the static limit point (SLP) and the bifurcation
point (BR) collapse in one point yielding a perfect pitchfork, as shown in the
steady-state portrait of Figure 13.2b, obtained with (α, γ1) = (0.13709, 0.2).

When the parameters move to region (II), the static limit point is located
on the other side of washout conditions and occurs on the physically unrealistic
branch. An example of a steady-state portrait in this region is shown in Figure
13.2c, obtained with (α, γ1) = (0.15, 0.2).

For parameters in region (III), the continuity diagram, as shown in Figure
13.3a for (α, γ1) = (0.2, 1.0), is characterized by the presence of two static
limit points located on the opposite side of the washout line. Since the upper
branch is physically unrealistic, the operation of the bioreactor in this region
is similar to region (I) (Figure 13.2a). When the pair of parameters move
to region (IV), the second static limit point (SLP2) moves to the physically
realistic branch, as shown in the continuity diagram of Figure 13.3b, obtained
with (α, γ1) = (0.4, 1.0). For dilution rates smaller than that of SLP2 (D̄LP2 =
0.4781), the process settles on the lower nontrivial steady state for any start-up
conditions. For dilution rates between SLP2 and BR (D̄BR = 0.48852) two
stable branches coexist. For the narrow conditions between BR and SLP1

(D̄LP1 = 0.48865), the lower stable branch coexists with washout conditions.
Finally, when the parameters move to region (V) the hysteresis line is crossed
and therefore the two static limit points disappear. An example of a steady-
state portrait is shown in Figure 13.3c for (α, γ1) = (0.5, 1.0). The evolutionary
trend for the substrate with the dilution rate is qualitatively different from
region (II) (Figure 13.2c).

The branch sets of Figures 13.1(a–c) also allow a useful analysis of the effect
of model parameters. It can be seen from Figure 13.1a that the hysteresis line
exists only for values of γ1 larger than a certain value (γ1 = 0.43, for the chosen
nominal values). The process therefore cannot exhibit multiplicity when the
cell growth rate µ̄ exhibits Monod kinetics, i.e., γ1 = 0, even if the other
substrate-inhibition constant γ2 is nonzero. Moreover, for smaller values of γ1

the behavior of the process is dominated by the pitchfork singularity where
the process is either stable (region II) or exhibits bistability with washout
conditions (region I). As the substrate inhibition constant γ1 increases, both
regions (IV) and (V) of multiplicity widen at the expense of region (III). In
fact, for all values of γ1 larger than 1.5 and α larger than 0.40, the operation
of the process settles on region (IV) where the model predicts the coexistence
of two stable solutions, for some range of dilution rates, and the coexistence
of a stable solution with washout conditions for a smaller range of dilution
rates.

The effect of the other substrate-inhibition constant γ2 , pertinent to the
product formation rate ε, is shown in Figure 13.1b. It can be seen that unlike
γ1, the behavior of the process, for larger values of γ2, is dominated by the
pitchfork singularity. The hysteresis boundaries exist only for values of γ2

smaller than a certain value (γ2 = 0.40 for the chosen nominal parameters).
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Moreover, the region of hysteresis (region IV) widens for decreasing values
of γ2. Unlike Figure 13.1a, the branch set predicts hysteresis even when the
product formation rate ε exhibits Monod growth kinetics, i.e., γ2 = 0.

Figure 13.1c shows the effect of λ on the static behavior of the process.
The same five regions are found in this branch set. It can be noted that one
of the pitchfork boundaries consists of a horizontal line. This corresponds
to Equation (13.38), which does not depend on λ. It can also be seen that
region (IV) of multiplicity increases with increasing λ. For smaller values of λ
(λ ≤ 1.024 and α ≤ 0.263) the operation of the process (region I) is dominated
by the coexistence of a stable branch with washout conditions.

13.4 Case Model 2

The second example pertains to the following form of µ2(P ) and ε2(P )

µ2(P ) =
K1P

K1P + P
(13.46)

ε2(P ) =
K2P

K2P + P
(13.47)

The model is rendered dimensionless using the definitions of Equations (13.4–
13.6) with

Pref = K1P and α =
µ2mSf

aµ1mK1p
(13.48)

The dimensionless cell growth rate becomes

µ̄ = µ̄1(S̄)µ̄2(P̄ ) (13.49)

with µ̄1(S̄) given by Equation (13.32) and

µ̄2(P̄ ) =
1

1 + P̄
(13.50)

The dimensionless rate of product synthesis becomes

ε̄ = ε̄1(S̄)ε̄2(P̄ ) (13.51)

with ε̄1(S̄) given by Equation (13.33) and

ε̄2(P̄ ) =
1

1 + λP̄
(13.52)
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FIGURE 13.4: (a)–(c) Branch sets for the second case model.

with λ = K1P

K2P
. The first and second derivatives of the growth rates are given

by

µ̄2P̄ (P̄ ) =
−1

(1 + P̄ )2
, µ̄2P̄ P̄ (P̄ ) =

2

(1 + P̄ )3
(13.53)

ε̄2P̄ (P̄ ) =
−λ

(1 + P̄ )2
, ε̄2P̄ P̄ (P̄ ) =

2λ2

(1 + P̄ )3
(13.54)

Applying the general pitchfork conditions of Equation (13.23) yields the fol-
lowing relations

β1 − γ1

(β1 + 1 + γ1)2
+

α

(β2 + 1 + γ2)
= 0

aα2 + bα + c = 0 (13.55)
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with

a = 2λ(1 + β1 + γ1)

b = 2(β2 − γ2)

c =
2(−β1 − 3β1γ1 + γ2

1)

(1 + β1 + γ1)
(13.56)

For the asymptotic case of µ̄ = ε̄, the pitchfork conditions (Equations (13.55–
13.56)) become,

β1 − γ1

β1 + 1 + γ1
+ α = 0

2α2 +
2α(β1 − γ1)

(β1 + 1 + γ1)
+

2(γ2
1 − 3γ1β1 − β1)

(β1 + 1 + γ1)2
= 0 (13.57)

The branch sets for the hysteresis and pitchfork singularities for this example
are shown (Figures 13.4(a–c)) in the parameter spaces (α, γ1), (α, γ2), and
(α, λ), for the nominal values

β1 = 0.00733, γ1 = 0.9, β2 = 0.01466, γ2 = 1.2, λ = 0.25

Similarly to the previous example, five different regions are found in each of
the branch sets. It can be seen from Figure 13.4a that an increase in γ1 reduces
the region of pitchfork. However, unlike the previous example, the region (V)
of monotonic and stable behavior is confined to a narrower domain.

Figure 13.4b shows the effect of the other substrate-inhibition constant γ2.
It can be seen that region (IV) of coexistence of two stable branches widens
with decreasing γ2. Furthermore, and unlike the previous example, this model
does not predict any hysteresis behavior for Monod-like kinetics, i.e., γ2 = 0.
Region (III) of stable behavior can also be seen to widen with increasing γ2

at the expense of region (I) of bistability.
Finally, the effect of the ratio λ of product saturation constants is shown

in Figure 13.4c. The same five behaviors can be found in the diagram.

13.5 Concluding Remarks

This part of the book (Chapters 11, 12, 13) investigated the stability of three
large classes of unstructured models of continuous bioreactors with product
formation. The class of models was classified according to the relationships
between the substrate utilization rate, the cell growth rate, and the product
formation rate. The kinetic expressions were allowed to depend arbitrarily on
substrate, cell, and product. The three classes of models, based on a variety
of kinetic expressions, were used in several investigations to model a number
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of important industrial bioprocesses. Models belonging to type I are those
for which both the substrate utilization rate and the product formation rate
are linear functions of cell growth rate. A number of interesting results were
obtained for this class of models. It was shown that the unstructured kinetic
model for which the cell growth rate depends exclusively on the substrate,
with the yield coefficient being constant, cannot produce oscillatory behavior
even if the product dynamics are included. The same result was shown to hold
for many cases for which the product is strictly growth associated. It was also
shown that for a number of important cases, the occurrence of oscillatory be-
havior is conditioned mainly by the kinetics of product formation. Analytical
results were derived that allowed the classification of the parameter space into
regions of unique solutions, regions of coexistence between nontrivial steady
states and washout conditions as well as regions of periodic behavior.

Models belonging to type II, are those for which the nonbiomass product
formation rate is proportional to the utilization rate of limiting substrate.
Models belonging to type III, on the other hand, are those for which the
rate of utilization of limiting substrate is proportional to cell growth rate.
The stability analysis of type II and type III models was limited to steady-
state multiplicity. Analytical results were derived that allowed the systematic
classification of the multidimensional parameter space into regions of unique
solutions and regions of multiplicity resulting from pitchfork and hysteresis
phenomena. These general results were illustrated for some case models. Prac-
tical pictures in terms of kinetic and operating parameters were constructed
for each of these models. These pictures allowed the delineation of regions of
unique stable behavior, regions of coexistence of two stable nontrivial branches
as well as regions of coexistence of a stable nontrivial branch with washout
conditions. It is hoped that this classification can be useful in the understand-
ing of the bioreactor operational features and can help in the control and
optimization tasks.
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Chapter 14

OPERABILITY OF NONIDEAL

BIOREACTORS

14.1 Introduction

As we have seen in previous chapters of this book, bioreactors models can
predict operational problems that manifest themselves essentially in the form
of input and output multiplicities, and the occurrence of oscillatory behavior.
Input multiplicities arise when different values of a manipulated input variable
produce the same value of a desired controlled output variable. The occurrence
of such behavior is known to affect the closed-loop performance, regardless of
the selected control scheme [308]. Output multiplicities arise when the same
value of an input variable produces different values of the output variable.
The hysteresis phenomenon is the most common form of output multiplicity
and is associated with the existence of a region of open-loop unstable be-
havior. Output multiplicities are also known to adversely affect the control
performance of the bioreactor [292]. The study of the operability (interactions
between design and control) is a useful task. An early detection of difficult
operating regions in bioreactors would allow the removal or at least the re-
duction of these operational problems in the early stage of process design, and
this would ultimately improve the operability of the bioreactor. The detection
of operational problems in bioreactors is best carried out through the study
of the behavior of the open-loop process. This task requires two elements: a
good model and adequate tools for the analysis. The singularity theory was
proved to be a useful tool for this task. The theory, which was successfully
used to study the operability of chemical reactors [109, 120, 308, 309, 325],
can help to delineate how the design and operating parameters influence the
operating characteristics of the bioreactor.

In this chapter, we analyze the operability of a large class of unstructured
models of bioreactors with cell recycle, while in the next chapter the oper-
ability of a special case pertinent to the prefermentation of cheese culture is
investigated. There are a number of aspects that make the analysis in this
chapter quite general. First a nonideal bioreactor is considered. The nonideal
mixing follows the Lo–Chollette model [224, 225]. The nonideal behavior is
described by the fraction of the total volume, which is perfectly mixed and
by the fraction of the feed entering the perfectly mixed zone. This model was

219
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used to study the effect of nonideal mixing on input and output multiplicities
of a proportional-integral (PI)-controlled nonideal, continuous stirred tank re-
actor (CSTR) [283], and was also used to investigate the complex dynamics of
a bioreactor model under a PI controller [163]. The second aspect concerns the
selection of growth kinetics. The analysis is carried out for arbitrary substrate-
dependent growth rate expressions. The third generality aspect concerns the
variations of the yield coefficient. Both constant and substrate-dependent yield
coefficients are considered. As was shown in Chapter 4, variable yield mod-
els can predict the existence of oscillatory behavior in bioreactors. After the
general conditions for the existence of the different static and dynamic bifur-
cations are derived, for arbitrary growth rate and yield coefficients, a specific
example is provided to illustrate the analysis.
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FIGURE 14.1: (a) Schematic diagram of the bioreactor-settler system; (b)
Schematic diagram of the bioreactor with nonideality features.
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14.2 Process Model

We consider the continuous bioprocess shown in Figure 14.1. The process con-
sists of a bioreactor and a settler. Nonideal behavior is assumed to prevail in
the bioreactor. The nonideality follows the Lo-Cholette model [224, 225]. The
parameter m represents the fraction of the reactor volume, which is perfectly
mixed. The parameter n represents, on the other hand, the fraction of the
reactant feed that enters the zone of perfect mixing. The substrate concentra-
tion in the mixed part of the bioreactor is denoted by S1. The feed conditions
consist of the feed flow rate Q, and the substrate and biomass feed concen-
trations Sf and Xf . The recycle conditions are described by the recycle ratio
R and the recycle biomass concentration XR. The settling unit is described
by the fraction w of the sludge wasted after passing through the settling unit.
The growth rate of the biomass is denoted by r, which depends arbitrarily on
the substrate S1, i.e., r = r(S1). The yield coefficient is denoted by Y and
is an arbitrary positive function of the substrate, i.e., Y = Y (S1) > 0. The
mass balances of both substrate and biomass are described by the following
equations:

• Substrate mass balance:

n(QSf + RQS) − r(S1)XmV

Y (S1)
= nQ(1 + R)S1 + mV

dS1

dt
(14.1)

• Biomass mass balance:

n(QXf + RQXR) + r(S1)XmV = nQ(1 + R)X + mV
dX

dt
(14.2)

• Balance around the bioreactor:

nQ(1 + R)S1 + (1 − n)(QSf + RQS) = Q(1 + R)S (14.3)

• Balance around the settler:

Q(1 + R)X = RQXR + wQXR (14.4)

Equation (14.3) yields the following relation between the concentrations S1

and S,

S1 =
S(1 + Rn) + Sf (n − 1)

n(1 + R)
(14.5)

Taking the derivatives yields

dS1

dt
=

(1 + Rn)

n(1 + R)

dS

dt
(14.6)
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Substituting for the expression of S1 and dS1

dt (Equations (14.5–14.6)) in the
substrate mass balance (Equation (14.1)), and rearranging yields

QSf − QS − r(S1)XmV

Y (S1)
=

mV (1 + Rn)

n(1 + R)

dS

dt
(14.7)

The settler balance (Equation (14.4)) yields,

XR =
(1 + R)X

(R + w)
(14.8)

Substituting this equation in Equation (14.2) and rearranging yields

nQXf − nw(1 + R)

R + w
QX + r(S1)mV X = mV

dX

dt
(14.9)

Introducing the dilution rate D = Q
V , the mass balances (Equations (14.7,

14.9)) are equivalent to

D(Sf − S) − r(S1)Xm

Y (S1)
=

m(1 + nR)

n(1 + R)

dS

dt
(14.10)

and

nDXf − n(1 + R)w

R + w
DX + r(S1)mX = m

dX

dt
(14.11)

For the asymptotic case of n = m = 1, Equation (14.5) yields S1 = S and we
recover the model for the ideal bioreactor with cell recycle

D(Sf − S) − r(S)

Y (S)X
=

dS

dt
(14.12)

DXf − (1 + R)w

R + w
DX + r(S)X =

dX

dt
(14.13)

14.3 Static Singularities

The nonlinear model (Equations (14.10, 14.11)) can exhibit a number of static
multiplicities that can influence the control of the process. The study of these
multiplicities and the associated control ramifications can be suitably carried
out within the framework of the singularity theory. The starting point of the
analysis is to see whether the steady-state equations of the model can be
reduced to a single variable algebraic equation. This is fortunately the case.
The model (Equations (14.10, 14.11)) is written in the following form

D(Sf − S) − r(S1)Xm

Y (S1)
= λ

dS

dt
(14.14)
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nDXf − nαDX + r(S1)mX = m
dX

dt
(14.15)

with

λ =
m(1 + nR)

n(1 + R)
and α =

(1 + R)w

R + w)
(14.16)

Combining the steady-state forms of Equation (14.14) and Equation (14.15)
yields the following equation for X

Y (S1)D(Sf − S) + nDXf − nXDα = 0 (14.17)

or equivalently

X =
Y (S1)(Sf − S) + nXf

nα
(14.18)

Substituting Equation (14.18) into Equation (14.14), at the steady state, yields
the following single variable equation in S̄,

D(Sf − S) − m
r(S1)

Y (S1)

(Y (S1)(Sf − S) + nXf)

nα
= 0 (14.19)

or by recasting the value of α (Equation (14.16)),

D(Sf − S) − r(S1)

Y (S1)

m(R + w)

nw(1 + R)
(Y (S1)(Sf − S) + nXf) = 0

(14.20)

Denote by F (S, u) the left-hand side of Equation (14.20)

F (S, u) : = D(Sf − S) − r(S1)

Y (S1)

m(R + w)

nw(1 + R)
(Y (S1)(Sf − S) + nXf )

(14.21)

where S is the output (controlled variable) and u is the selected input or
manipulated variable, which is a distinguished parameter in the singularity
theory. It can be seen that the single algebraic Equation (14.21) includes a
number of potentially variable parameters. These include the dilution rate D,
the substrate feed concentration Sf , the biomass feed concentration Xf , the
recycle ratio R, and the fraction w of sludge wasted. The parameters m and n
can be considered as “design” parameters since they depend on mixing condi-
tions. The selection of the controlled variable for the bioreactor is obviously an
important issue. In a number of applications, pH or temperature are used as
regulation variables for optimizing the microbial growth [360]. These variables
are easier to measure and control and have negligible perturbations. However,
variables subject to large fluctuations such as substrate concentration, selected



224 DYNAMICS OF THE CHEMOSTAT

in this work, can be just as important for growth optimization [101]. Large lev-
els of substrate can be toxic for the microbial growth while too little can force
an early stationary or decay phase. For these reasons, the control of bioreac-
tors based on substrate concentration has become an important issue in many
applications such as the production of bioproducts of high added value, alco-
holic fermentation, and wastewater biotreatment, where strict environmental
regulations require limits on organic matter released in effluents [234, 295].
The use of substrate as a controlled variable is not however without practical
implementation problems. The lack of reliable on line sensors for the substrate
may require the use of observers to estimate the unmeasured states [234].

In the following section, we examine which of the mentioned model pa-
rameters, if chosen as manipulated variables, can lead to multiplicity in the
nonlinear model. From a control point of view, both input and output mul-
tiplicities should be considered. The necessary conditions for the existence of
input multiplicity for the variable u are that

F =
∂F

∂u
= 0 (14.22)

while the necessary conditions for output multiplicity are that

F =
∂F

∂S
= 0 (14.23)

Input or output multiplicities, when they occur, manifest themselves in the
form of specific behavior, as the selected manipulated variable is varied. The
simplest static bifurcation is the saddle-node bifurcation (Figure 3.4a), which
is one form of output multiplicity. The necessary conditions for the existence
of this singularity are given by Equation (14.23), in addition to:

∂F

∂u
6= 0 and

∂2F

∂S2
6= 0 (14.24)

The second static multiplicity is the formation of an isola and the development
of an isola into a mushroom, as shown in Figures 3.7(a–b). These singularities
can involve both input and output multiplicities. They arise when the following
conditions are satisfied

F = FS = Fu = 0 (14.25)

FSu 6= 0, FSS 6= 0, Fuu 6= 0 (14.26)

The third qualitative change is the appearance of hysteresis singularity that
produces output multiplicity. The conditions for the hysteresis singularity are
that

F = FS = FSS = 0 (14.27)
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Fu 6= 0, FSu 6= 0, FSSS 6= 0 (14.28)

The last singularity to be considered is the pitchfork singularity (Figure 3.6a).
Pitchfork singularity is an example of both input and output multiplicities, as
can be seen in Figure 3.6 showing the perturbed forms of the pitchfork. The
conditions of the existence of pitchfork are

F = FS = Fu = FSS = 0 (14.29)

and

FSu 6= 0, FSSS 6= 0 (14.30)

By characterizing the type of static singularity the model can predict, one
can understand how to minimize or even eliminate the associated multiplicity.
In particular, if the multiplicity between the output variable S and any of
the operating parameters is eliminated then the bioreactor will be generally
easier to control and safer to operate, since the process gain would remain
with the same sign over the operating region of interest. However, this does
not guarantee that the bioreactor is asymptotically stable, since limit cycles
can also occur. Periodic behavior is examined in a later section. The derivatives
of F (Equation (14.21)) with respect to the different parameters are given by:

∂F

∂D
= Sf − S,

∂F

∂R
=

mr(S1)(w − 1)(Y (S1)(Sf − S) + nXf )

n(1 + R)2wY (S1)

(14.31)

∂F

∂w
=

mr(S1)R(Y (S1)(Sf − S) + nXf )

n(1 + R)w2Y (S1)
,

∂F

∂Sf
= D − mr(S1)(R + w)

n(1 + R)w

(14.32)

∂F

∂Xf
=

−mr(S1)(R + w)

(1 + R)wY (S1)
,

∂F

∂m
=

−r(S1)(R + w)(Sf − S) + nXf )

n(1 + R)wY (S1)

(14.33)

∂F

∂n
=

−mr(S1)(S − Sf )(R + w)

n2(1 + R)w
(14.34)

Using the steady-state Equation (14.21) and substituting in the Equations
(14.31–14.34) yields,

∂F

∂R
=

D(Sf − S)(w − 1)

(1 + R)(R + w)
,

∂F

∂w
=

DR(Sf − S)

w(R + w)
(14.35)
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∂F

∂Sf
=

nDXf

Y (S1)(Sf − S) + nXf
,

∂F

∂Xf
=

−nD(Sf − S)

Y (S1)(Sf − S) + nXf

(14.36)

∂F

∂m
=

−D(Sf − S)

m
,

∂F

∂n
=

D(Sf − S)2Y (S1)

n(Y (S1)(Sf − S) + nXf )
(14.37)

In examining these equations, we can conclude that the following conditions
should be satisfied for the system to exhibit input multiplicities (Fu = 0) for
the selected variables:

• For u = D, input multiplicity implies necessarily that S = Sf .

• For u = R, this implies that D = 0, w = 1, or S = Sf .

• For u = w, this implies that D = 0, R = 0, or S = Sf .

• For u = Sf , this implies that D = 0, n = 0, or Xf = 0.

• For u = Xf , this implies that D = 0, n = 0, or S = Sf .

• For u = m, this implies that D = 0 or S = Sf .

• For u = n, this implies that D = 0 or S = Sf .

Barring the trivial cases of D = 0 and n = 0, S = Sf , w = 1, and R = 0, it can
be seen that input multiplicity is possible only for Xf = 0, i.e., sterile feed. If
input multiplicity is ruled out then we can rule out the existence of isola and
mushroom singularities as well as the occurrence of pitchfork singularities,
since all of these singularities require that Fu = 0. The case of sterile feed
(Xf = 0) is examined in more detail in a later section.

As for output multiplicities, the existence of the hysteresis singularity is
defined by the conditions of Equations (14.27–14.28). It can be noted that
since input multiplicity Fu = 0 is not satisfied except for the cases w = 1,
R = 0, i.e., no recycle and Xf = 0, we therefore anticipate that output
multiplicity may exist for other parameters. However, the condition FSu 6= 0
should be satisfied. Taking the derivatives FS and FSS of Equation (14.21)
yields

FS = −D − m(R + w)

nw(1 + R)
(rS1

(Sf − S) − r(S1) + nXf (
r

Y
)S) (14.38)

FSS = − m(R + w)

nw(1 + R)
(rS1S1

(Sf − S) − 2rS + nXf (
r

Y
)SS) (14.39)

Taking the derivative FuS (with u being one of the model parameters) yields:

FDS = −1, FSfS = − m(R + w)

nw(1 + R)
rS , FXf S = −m(R + w)

w(1 + R)
(

r

Y
)S (14.40)
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FmS = − (R + w)

nw(1 + R)
(rS(Sf − S) − r(S1) + nXf (

r

Y
)S) (14.41)

FnS =
−m(R + w)

n2w(1 + R)
(rS(Sf − S) − r(S1) + nXf (

r

Y
)S) (14.42)

FRS = − m(1 − w)

nw(1 + R)2
(rS(Sf − S) − r(S1) + nXf(

r

Y
)S) (14.43)

FwS =
−mR

n(1 + R)w2
(rS(Sf − S) − r(S1) + nXf (

r

Y
)S) (14.44)

Using the condition FS = 0 (Equation (14.38)), these derivatives are reduced
to

FmS =
D

m
, FnS =

Dm

n
(14.45)

FRS =
D(1 − w)

(1 + R)(R + w)
, FwS =

DR

w(R + w)
(14.46)

It can be seen therefore that barring the trivial cases of D = 0, m = 0,
w = 1, and R = 0, the conditions FmS 6= 0, FnS 6= 0, FRS 6= 0, FwS 6= 0
are always satisfied. The conditions FXf S and FSf S are, on the other hand,
non-nil when rS1

and ( r
Y

)S1
are non-nil. We conclude therefore that output

multiplicity in the form of hysteresis is possible in the bioreactor for nonsterile
feed conditions.

14.3.1 Case of Sterile Feed

The case of Xf = 0 warrants more discussion, since it arises in the condi-
tions pertinent to input multiplicity. The steady-state value of X is given by
Equation (14.18)

X =
Y (S1)(Sf − S)

nα
(14.47)

Substituting this equation in Equation (14.21) yields the following algebraic
equation that depends solely on S,

F (S, u) := (Sf − S)(D − m(R + w)

nw(1 + R)
r(S1)) = 0 (14.48)

The washout solution S = Sf always exists for the sterile feed case. The other
solution satisfies the following condition,

F (S, u) = D − m(R + w)

nw(1 + R)
r(S1) = 0 (14.49)
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For this equation, the hysteresis conditions yield

F = 0, rS = 0, and rSS = 0 (14.50)

Let us examine the non-nil conditions

Fu 6= 0, FSu 6= 0 and FSSS 6= 0 (14.51)

When u = D, it can be seen that FD = 1, therefore FSD = 0, and no
hysteresis can be found for D. This also holds for all other variables, n, w,
and R. We conclude therefore that hysteresis singularity cannot exist for the
sterile feed case. With FDD = 0, we also rule out the existence of isola and
mushroom singularities for D, and the same holds for the other parameters.
As for pitchfork singularity, the requirements are that

FS = Fu = 0 and FuS 6= 0 (14.52)

When u = D, we have that FD = 1 6= 0. Therefore, pitchfork singularity
cannot exist. For the other parameters the condition FS = 0 requires that
rS = 0 but as it was shown previously, this violates the condition FuS 6= 0.
Therefore, the only singularity that may exist for sterile feed is the simple
saddle-node bifurcation defined by

F = 0 and FS = 0 (14.53)

TABLE 14.1:
Nominal values of
parameters

Parameter Value

β 0.1
γ 2
R 1.5
w 0.1
n 0.1
m 0.1
δ 5

X̄f 0.1
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FIGURE 14.2: (a)–(c) Continuity diagrams showing periodic behavior ema-
nating from Hopf point; solid line, stable branch; dashed line, unstable branch;
LP1and LP2, static limit points; HB, Hopf point.

14.4 Dynamic Bifurcation

In this section we investigate the existence of Hopf points in the studied model.
The conditions for the occurrence of Hopf points are:

f1S + f2X = 0 (14.54)

f1Sf2X − f1Xf2S > 0 (14.55)
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where f1 and f2 denote the left-hand sides of Equations (14.10–14.11). Sub-
stituting for these expressions yields

f1S =
(−D − mX( r

Y )S)

λ
, f1X =

−mr

Y (S)λ
(14.56)

f2S = XrS , f2X =
(−nαD + mr)

m
(14.57)

The condition f1S + f2X = 0 is equivalent to

−D

λ
− mX

λ
(

r

Y
)S − nαD

m
+ r = 0 (14.58)
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FIGURE 14.4: Continuity diagrams for the case of γ = 0.286 in Figure
14.3b, showing periodic behavior emanating from the two Hopf points; solid
line, stable branch; dashed line, unstable branch; HB1 and HB2, Hopf points.

while the condition f1Sf2X − f1Xf2S > 0 is equivalent to

nαD2 − mrD + nαDmX(
r

Y
)S − rm2X(

r

Y
)S +

rm2X

Y
rS > 0

(14.59)

Before the analysis is carried out any further we examine the important
case of the constant yield coefficient. For this case, the second Hopf condition
(Equation (14.59)) is equivalent to

nαD2 − mrD + nαDmX
rS

Y
> 0 (14.60)

which is also equivalent to

nαD − mr + nαmX
rS

Y
> 0 (14.61)

The first Hopf condition (Equation (14.58)), on the other hand, is equivalent
to

mXrS

λY
=

−D

λ
− nαD

m
+ r (14.62)

Substituting Equation (14.62) into Equation (14.60) yields

nαD − mr + nαλ(r − D

λ
− nαD

m
) > 0 (14.63)



232 DYNAMICS OF THE CHEMOSTAT

4.2
 4.4
 4.6
 4.8
 5


D


0.8


0.85


0.9


0.95


1


S


H
B
1


L
P
1


L
P
2


H
B
2


FIGURE 14.5: Continuity diagrams for the case of γ = 0.35 in Figure 14.3b;
solid line, stable branch; dashed line, unstable branch; LP1 and LP2, static
limit points; HB1 and HB2, Hopf points.

which is equivalent to

r(nαλ − m) >
n2α2λD

m
(14.64)

Recasting the expression of α and λ from Equation (14.16), it can be shown

that (nαλ−m) = (wn−1)R
R+w , which is always negative (since the product wn is

smaller than 1). The condition of Equation (14.64) is therefore never satisfied.
We reach therefore the important conclusion that the unstructured model even
with nonideality cannot exhibit oscillatory behavior for constant yield, regard-
less of the expression of the substrate-dependent growth rate. This result joins
the conclusion reached in Chapter 4 that showed that neither the presence of
a maintenance term nor the assumption of spatial inhomogeneity due to the
adhesion of micro-organisms to the reactor wall can cause the appearance of
limit cycles in the model. It seems therefore that a dependence of the yield
coefficient on the substrate is a necessary condition for the existence of limit
cycles in the two-dimensional model, a result that was proved before for the
case of the basic model of the ideal chemostat by Ajbar [14] and Pilyugin and
Waltman [286].
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FIGURE 14.6: Continuity diagrams for the case of γ = 0.46 in Figure 14.3a;
solid line, stable branch; dashed line, unstable branch; LP1 and LP2, static
limit points; HB1 and HB2, Hopf points.

14.5 Application to a Case Model

In this section we consider a model with Haldane growth rate [305] and linear
dependence of the yield on the substrate.

r(S) =
µmS

KS + S + S2/KI
(14.65)

Y (S) = a + bS (14.66)

As was shown in Chapter 4, variable yield models were used successfully to pre-
dict oscillatory behavior in bioreactors. The original model (Equations (14.10,
14.11)) with growth rate (Equation (14.65)) and yield expression (Equation
(14.66)) is rendered dimensionless using the following variables

S̄ =
S

Sf
, S̄1 =

S1

Sf
, X̄ =

X

aSf
, D̄ =

D

µm
, t̄ = tµm (14.67)

β =
Ks

Sf
, γ =

Sf

KI
, δ =

bSf

a
(14.68)
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FIGURE 14.7: Diagram showing the domain of hysteresis (solid line) and
Hopf points (dashed line) in parameter spaces: (a) (D̄, R); (b) (D̄, w).

The model (Equations (14.10–14.11)) in dimensionless form is given by

D̄(1 − S̄) − r̄(S̄1)X̄m = λ
dS̄

dt̄
(14.69)

nD̄X̄f − nαD̄X̄ + r̄X̄m = m
dX̄

dt̄
(14.70)

with

r̄(S̄1) =
S̄1

β + 1 + γS̄2
1

(14.71)

S̄1 =
S̄(1 + Rn) + (n − 1)

n(1 + R)
(14.72)
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FIGURE 14.8: Diagram showing the domain of hysteresis (solid line) and
Hopf points (dashed line) in parameter spaces: (a) (D̄, m); (b) (D̄, n).

λ =
m(1 + nR)

n(1 + R)
, α =

(1 + R)w

R + w)
(14.73)

For this specific model, the algebraic steady-state equation (F (S̄) = 0) (Equa-
tion (14.21)) consists of a polynomial of fourth order. In the following, the
simulations are carried out using the nominal values of the parameters shown
in Table 14.1. Figure 14.2 shows the bifurcation diagram. The figure is char-
acterized by the existence of two stable branches separated by an unstable
region. There is also the appearance of a Hopf point as a result of dynamic
bifurcation. Therefore, for dilution rates smaller than LP2, the operation of
the bioreactor leads to high conversion. Between the Hopf point HB and LP1,
the operation of the bioreactor may lead either to oscillatory behavior or to
the low conversion branch.

Two-parameter diagrams are useful to delineate the effect of model param-
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FIGURE 14.9: Continuity diagrams for the case of sterile feed; solid line,
stable branch; dashed line, unstable branch; LP, static limit point; HB, Hopf
point; BR, bifurcation point.

eters. Figure 14.3 shows the effect of the inhibition constant γ. The dashed
line of the Hopf point exhibits a minimum (sign of H01 degeneracy) and ter-
minates along another static branch. A number of behaviors can be delineated
in the diagram. We start with the point of minimum of Hopf points (dashed
line). It can be seen in the enlargement of Figure 14.3a (shown in Figure
14.3b) that the minimum A1 of Hopf points is lower than that of the static
branch A2. Therefore, for region extending between A1 and A2 only Hopf
points are expected. An example of this behavior is shown in Figure 14.4, for
γ = 0.286. For dilution rates between the two Hopf points, oscillatory behav-
ior alone is to be expected. This is an interesting result, since it shows that
oscillatory behavior alone can exist for some range of dilution rates without
the occurrence of any static multiplicity. Going back to Figure 14.3b, it can
be seen that above point A2 and until the first crossing A3, the behavior of
the system is characterized by the existence in this order of a HB, HB, LP,
and LP. An example of this behavior is shown in Figure 14.5 for γ = 0.35.
Again oscillatory behavior alone is expected for dilution rates between the
two Hopf points. However, hysteresis is also expected between the two limit
points. Going back to Figure 14.3a, another behavior is expected between the
first crossing A3 and the second one A4. Here the system is characterized by
the occurrence in this order of a HB, LP, HB, and LP. Figure 14.6 shows
an example of this behavior for γ = 0.46. For this case and because of the
relative location of Hopf and static limit points, it can be seen that between
HB1 and LP2 only oscillatory behavior exists. For dilution rates between LP2
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Hopf point (dashed line) and washout critical point (semidashed line) of Figure
14.9: (a) (D̄, β); (b) (D̄, γ).

and HB2, oscillations coexist with the upper stable branch, while for values
between LP2 and LP1 simple hysteresis occurs. Figure 14.7a shows the effect
of the recycle ratio and the purge fraction. For each value of the recycle ratio,
a Hopf point (dashed line) is expected between two static limit points. It can
also be seen that both hysteresis and Hopf regions increase with increasing
values of the recycle ratio. Figure 14.7b shows that the Hopf line also exists
for each value of the purge fraction w, although the region of periodic be-
havior, in terms of dilution rate, is quite narrow. The effect of nonideality of
the bioreactor is shown in Figures 14.8(a–b). We recall that the nonideality is
described by the fraction m of the reactor volume, which is perfectly mixed
and the fraction n of the reactant feed that enters the zone of perfect mixing.
It can be seen that for each value of m (Figure 14.8a) or that of n (Figure
14.8b), a Hopf point is expected between two static limit points. It can also
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FIGURE 14.11: Continuity diagrams for γ = 0.3 of Figure 14.10b; solid
line, stable branch; dashed line, unstable branch; LP, static limit point; HB1

and HB2, Hopf points; BR, bifurcation point.

be noted that increasing the mixing in the reactor (by increasing the value of
m) widens the region of hysteresis (the two solid lines) and also widens the
region between the Hopf point and the limit point. This shows that increas-
ing the mixing widens (in terms of the dilution rate) the region of instability
(either hysteresis or periodic behavior). The effect of the other parameter n
is shown in Figure 14.8b. It can be seen that for all values of n the region of
periodic behavior is narrow (in terms of dilution rates). Moreover, for n near
the asymptotic values of n = 1 (perfect case) or n = 0 (imperfect case), the
hysteresis region is narrow. The domain of instability (i.e., hysteresis) is larger
for values of n in the middle (in this case for values between 0.1 and 0.4).

As was mentioned in the analysis carried out in previous sections, the
sterile feed case can give rise to saddle-node bifurcation. Figure 14.9 shows
the continuity diagram for this case. The diagram is characterized by the
presence of single Hopf and limit points. The point BR is the bifurcation
point resulting from the crossing of the total washout line with the nontrivial
steady state. The effects of saturation constant β and inhibition coefficient γ
are shown in Figures 14.10(a–b). For this case, the Hopf line forms a minimum
(degeneracy) and collides with the static limit point (another degeneracy).
For values of γ smaller than the minimum point A1, the bifurcation diagram
exhibits no Hopf point. For values of γ between A1 and A2 (the crossing with
the washout line), the bifurcation diagram is characterized by the occurrence
in this order of HB, HB, BR, and LP. An example of this behavior is shown
in Figure 14.11 for γ = 0.3. For dilution rates between the two Hopf points,
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FIGURE 14.12: Continuity diagrams for γ = 0.35 of Figure 14.10b; solid
line, stable branch; dashed line, unstable branch; LP, static limit point; HB1

and HB2, Hopf points; BR, bifurcation point.

stable oscillatory behavior is inevitable. For dilution rates between HB2 and
BR, the lower static branch is the only outcome of the dynamics. Between BR
and LP, there is bistability between the static branch and the total washout
line, while for dilution rates larger than LP, total washout occurs. Going back
to Figure 14.10b, it can be seen that for values of γ between A2 and A3, the
bifurcation diagram is characterized by the occurrence of HB, BR (washout),
HB, and LP. An example of this behavior is shown in Figure 14.12 for γ = 0.35.
It can be seen that for dilution rates between the HB and BR points, stable
oscillatory behavior is inevitable. For dilution rates between BR and HB2, the
oscillatory behavior coexists with the washout line. Between HB2 and LP, the
lower static branch coexists with the total washout line, while for values larger
than LP, total washout occurs.

The effect of some bioreactor parameters are shown in Figure 14.13. In the
same diagram are plotted the loci of the limit point (LP), the Hopf point (HB),
and the bifurcation point (BR) for the washout line. The plots for (D̄, m) and
(D̄, n) show that for each value of the parameters m or n, the bifurcation
diagram is characterized by the occurrence of BR, HB and LP points. Similarly
to the case of nonsterile feed, it can be seen that an increase in mixing (Figure
14.13a) substantially widens the region of bistability between the limit point
and the BR (washout line). The region between LP and HB also increases, but
modestly with the increase in m. The effect of the other nonideality parameter
n is shown in Figure 14.13b. It can be seen that close to the asymptotic cases
of n = 1 or n = 0, the domain of bistability decreases but the unsafe range of
operation is larger for values of n in the middle.



240 DYNAMICS OF THE CHEMOSTAT

0
 1
 2
 3
 4
 5


 
D


0.2


0.4


0.6


0.8


1


n

(
a
)


0
 1
 2
 3
 4


 
D


0


0.04


0.08


0.12


0.16


0.2


m



(
b
)


FIGURE 14.13: Diagram showing the domain of limit point (solid line),
Hopf point (dashed line) and critical washout point (semidashed line) of Figure
14.10: (a) (D̄, m); (b) (D̄, n).

14.6 Concluding Remarks

This chapter has investigated in some detail the operability of a large class
of unstructured kinetic models of a bioreactor-recycle system. A number of
features has made the analysis quite general. The model of the bioreactor
assumes nonideal behavior by dividing the bioreactor into a well-mixed region
and an unreacted region. The analysis was made for a general growth rate
expression and for general dependence of the yield coefficient on the substrate.
The analysis of the model static and dynamic singularities has shed some
light on the operability of the bioreactor. The analysis has shown that input
multiplicity cannot occur in the studied model. However, output multiplicity
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in the form of hysteresis in the case of nonsterile feed and saddle node in the
case of sterile feed are possible. The study has also shown that when the yield
coefficient is independent of the substrate, the model even with nonideality
cannot predict periodic behavior regardless of the expression of the growth
rate. These general results were illustrated for the case of substrate-inhibition
growth rate with linear dependence of the yield on the substrate, for both cases
of sterile and nonsterile feed conditions. The study of this example has allowed
the delineation of the different interactions between the static and Hopf points.
For the case of nonsterile feed conditions, it was found that an increase in
the substrate-inhibition constant increases the instability of the process in
the form of hysteresis and/or the appearance of stable limit cycles. However,
depending on the values of this kinetic parameter a variety of behaviors can
be found. For cultures with weak substrate-inhibition effects, it is interesting
to note that the model predicts that the only operational problem in the
bioreactor is the occurrence of spontaneous stable periodic behavior for some
range of dilution rates with no appearance of any static multiplicity. If the
substrate-inhibition effect is stronger, then the model predicts, in addition to
stable oscillations, the existence of a different region of static multiplicity at
larger dilution rates. For even stronger inhibition effects, the model predicts
the existence of distinct regions of dilution rates, where periodic behavior and
hysteresis are expected. But the model also predicts a region of dilution rates
where oscillations can exist or die out, depending on the start-up and/or feed
conditions. For cultures subject to very strong substrate-inhibition effects, the
operational problems in the chemostat manifest themselves in the presence
of hysteresis for some range of dilution rates while periodic behavior is also
expected in a smaller range of dilution rates. However, all the oscillations are
dependent on start-up and/or feed conditions. For the practical case of sterile
feed conditions, the same patterns are also observed, except that the static
multiplicity consists of a saddle node bifurcation instead of a hysteresis, and
the oscillations for some cases coexist with the unsafe washout region. For the
effect of operating parameters, it was found that the region of unsafe behavior
(bistability or periodic behavior) increases with the increase in the recycle
ratio but decreases with the increase in the purge fraction. The increase in
the mixing widens, in terms of the dilution rates, the region of unsafe behavior.
The increase, on the other hand, in the fraction of the reactant feed that enters
the zone of perfect mixing tends to decrease the unsafe behavior but only past
certain values.
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Chapter 15

OPERABILITY OF

PREFERMENTATION OF CHEESE

CULTURE

15.1 Introduction

This chapter addresses the issue of bioreactor operability when applied to a
continuous prefermentation of cheese culture. Cheese production is tradition-
ally a batch process, but with an-ever increasing cheese consumption, the mass
production of cheese is of great interest to the dairy industry. For this reason,
the study of a potential continuous process for cheese production would help
to achieve two goals: The first is to study the improvement in the bioreactor
productivity while the second objective is to analyze the potential operating
problems that may be inherent in the continuous bioprocess. A number of
models were developed in the literature for cell growth and lactic acid pro-
duction [90, 178, 267, 332, 376]. These models were, however, limited to either
constant or optimal controlled pH values. These models may present some
shortcomings since the cheese prefermentation process is known to be a hy-
drogen ion dependent process, as the pH of milk changes with cell growth
and lactic acid production. Funahashi et al. [116] proposed a kinetic model
that can predict both growth and lactic acid production in prefermentation
without external pH control. The proposed model was shown to simulate un-
controlled pH experiments. The same authors, in another study [117, 205],
carried out a local stability analysis for the model and showed that for given
values of kinetic parameters, the model can predict static multiplicity. The
authors also studied the case when a seed tank was added to the bioreactor.
Their analysis showed that the addition of the seed tank provided a stabilizing
effect on the bioreactor dynamics.

This chapter studies the operability of the same bioreactor model. The
static analysis enables the derivation of analytical results that determine the
exact type of multiplicity predicted by the model. Saddle-node, hysteresis, and
pitchfork singularities are shown to occur in the bioreactor model. The effect
of bioreactor parameters on the occurrence/removal of these instabilities is
also discussed.

243
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FIGURE 15.1: Schematic diagram of the bioreactor-seed tank system.

15.2 Process Model

The balance equations for the concentrations of cells (X), lactose (S), and
lactic acid (P ) in the bioreactor, shown in Figure 15.1, are given by the fol-
lowing:

dX

dt
=

F2Xf − F3X

V
+ µX (15.1)

dS

dt
=

F1Sf − F3S

V
− σX (15.2)

dP

dt
=

F2Pf − F3P

V
+ πX (15.3)

d[H+]

dt
=

F1[H
+]1 + F2[H

+]2 − F3[H
+]

V
+ νX (15.4)

dV

dt
= F1 + F2 − F3 (15.5)

Xf , Sf , and Pf are the feed concentrations. [H+],[H+]1, and [H+]2 are re-
spectively hydrogen ion concentrations in the bioreactor, in the feed, and in
the seed tank. F1, F2, F3 are respectively the lactose, the seed, and the exit
feed rates. µ is the specific growth rate of cells, σ the lactose consumption
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rate, π the lactic acid production rate, and ν the hydrogen ion production
rate. These kinetic rates have the following expressions:

µ =
µ0[H

+]

K1 + [H+] + [H+]2/K2
(15.6)

σ =
σ0[H

+]

K3 + [H+] + [H+]2/K4
(15.7)

π =
π0[H

+]

K5 + [H+] + [H+]2/K6
(15.8)

ν =
ν0[H

+]

K5 + [H+] + [H+]2/K6
(15.9)

The model rational and assumptions were given in [116, 205]. It can be noted
that the specific kinetic rates (Equations (15.6–15.9)) are assumed to depend
solely on hydrogen ion concentration. The authors [116, 205] showed that this
assumption is appropriate when the system involves high lactose and low lactic
acid concentrations.

Introducing the dilution rate D = F3

V
, the ratio of seed to substrate feed

rate α = F2

F1
, and using the fact that F3 = F1 + F2, the steady-state model

can be written as follows

D(
αXf

1 + α
− X) + µ([H+])X = 0 (15.10)

D(
Sf

1 + α
− S) − σ([H+])X = 0 (15.11)

D(
αPf

1 + α
− P ) + π([H+])X = 0 (15.12)

D(
[H+]1
1 + α

+
α[H+]2
1 + α

− [H+]) + ν([H+])X = 0 (15.13)

It can be noted that since the specific growth rates depend only on [H+], the
mass balance equations for cells and [H+] concentrations (Equations (15.10,
15.13)) do not include lactose or lactic acid concentrations. These two equa-
tions can be, therefore, considered as a two independent variables system.
Equation (15.10), in particular, would yield,

X =
αDXf

(1 + α)(D − µ([H+])
(15.14)

Substituting in Equation (15.13) yields the following algebraic equation for
[H+],

[H+]1
1 + α

+
α[H+]2
1 + α

− [H+] +
αXf

(1 + α)

ν([H+])

(D − µ([H+]))
= 0 (15.15)
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Substituting for X (Equation (15.14)) in Equations (15.11–15.12) yields the
expressions for S and P , respectively

S =
Sf

1 + α
− σ([H+])

D
X (15.16)

P =
αPf

1 + α
+

π([H+])

D
X (15.17)

Examining Equation (15.15), it can be seen that the model equations have
collapsed into a single algebraic equation. Equation (15.15) is written in the
following compact form,

F ([H+], u) = 0 (15.18)

where [H+] is the output (controlled variable) and u is the selected input
(manipulated variable). Excluding the kinetic parameters, assumed constant,
it can be seen that Equation (15.18) includes a number of variable parameters.
These include the dilution rate D, the ratio α of seed to substrate feed rates,
the feed pHs ([H+]1 and [H+]2) and cell feed concentration Xf . The two
other operating parameters Sf and Pf that exist in the original model are
not present in this Equation (15.15). This is due, as mentioned before, to the
decoupling between Equations (15.10, 15.13), on one hand, and Equations
(15.11, 15.12), on the other hand. Consequently, for this model, these two
parameters do not have an effect on the model multiplicity.However, they have
an effect on setting boundaries for the meaningful existence of steady-state
solutions of the model, since the natural constraints X > 0 and 0 < S < Sf

should always be satisfied.

15.3 Static Multiplicity

In the following section, we examine which of the mentioned parameters, if
chosen as the manipulated variable, can lead to multiplicity in the nonlinear
model. The necessary conditions for the existence of input multiplicity for the
variable u are:

F =
∂F

∂u
= 0 (15.19)

while the necessary conditions for output multiplicity are:

F =
∂F

∂[H+]
= 0 (15.20)
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We turn now our attention to examine the conditions for input or output
multiplicity in the model. In a later section, the different singularities are
studied. The derivatives of F (Equation (15.15)) with respect to [H+]1, [H+]2,
D, α, and Xf yield, respectively

∂F

∂[H+]1
=

1

1 + α
(15.21)

∂F

∂[H+]2
=

α

1 + α
(15.22)

∂F

∂Xf
=

α

(1 + α)

ν

(D − µ)
(15.23)

∂F

∂D
= − αXf

(1 + α)

ν

(D − µ)2
(15.24)

∂F

∂α
= − [H+]1

(1 + α)2
+

[H+]2
(1 + α)2

+
Xfν

(D − µ)(1 + α)2
(15.25)

TABLE 15.1: Model
parameters

Parameter Value

K1(g/l) 4 × 10−7

K2(g/l) 6.85× 10−6

K3(g/l) 4.88× 10−8

K4(g/l) 4.2× 10−6

K5(g/l) 1.5× 10−6

K6(g/l) 3.91× 10−6

µ0(h
−1) 0.51

ν0(h
−1) 3.35× 10−7

π0(h
−1) 3.35

σ0(h
−1) 1.02

Sf (g/l) 80
Xf (g/l) 5.5
Pf(g/l) 5.9

pH1 6.7
pH2 5.5

D(h−1) 0.35
α 0.03
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A number of conclusions can be reached from these equations. First, since
∂F

∂[H+]1
(Equation (15.21)) is always non-nil, the model cannot predict input

multiplicity with respect to feed pH ([H+]1). From Equations (15.22–15.23),
we see that the existence of input multiplicity with respect to [H+]2 or Xf is
only possible when α = 0, i.e., the case when no seed tank is present. This
particular case is treated in a later section. From Equation (15.24), it can also
be seen that input multiplicity with respect to the dilution rate can only occur
when α = 0 or Xf = 0. Again, these special cases are treated independently
in a later section. The derivative of F with respect to α (Equation (15.25))
provides, on the other hand, explicit conditions for the existence of input
multiplicity. We conclude therefore that for the general case of α 6= 0 and
Xf 6= 0, the model can predict input multiplicity only when α is varied.
Moreover, with the absence of input multiplicity for [H+]1, [H+]2, and D,
we anticipate that isola, mushroom and pitchfork singularities cannot occur
with any of these parameters, and can only occur when α is allowed to vary.
Therefore, we see that α is an important variable that warrants some type of
control such as a feedforward ratio control. In the following, we examine in
more detail the occurrence of static singularities for α, i.e., (u = α). It can
be noted from Equation (15.25) that if Fα is zero then Fαα also vanishes. We
conclude therefore that an isola-mushroom singularity cannot occur for α. As
for the occurrence of a pitchfork singularity, it can be noted that the condition
Fα = 0 leads, from Equation (15.25), to

−[H+]1 + [H+]2 +
Xfν([H+])

D − µ([H+])
= 0 (15.26)

Combining this equation with that of F = 0 (Equation (15.15)) leads to the
simple condition

[H ] = [H+]1 (15.27)

Therefore, the pitchfork conditions are equivalent to the following algebraic
equations, evaluated at [H+] = [H+]1,

Fα = 0, F[H+] = 0, F[H+][H+] = 0 (15.28)

This leads to the following system of algebraic equations, again evaluated at
[H+] = [H+]1,

−[H+]1 + [H+]2 +
νXf

D − µ
= 0 (15.29)

−1 +
αXf

(1 + α)

d( ν
D−µ)

d[H+]
= 0 (15.30)

d2( ν
D−µ

)

d[H+]2
= 0 (15.31)

This system can be solved to construct branch sets that delineate the do-
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FIGURE 15.2: Continuity diagram showing pitchfork singularity in param-
eter spaces: (a) (α, pH); (b) (α, P); solid line, stable branch; dashed line,
unstable branch.

mains where a pitchfork can occur. But first, we show an example of pitchfork
behavior obtained with values of model parameters, shown in Table 15.1, with
Xf = 1.41 g/l, pH1=6.33, pH2=8.49, and D=0.5 h−1. The continuity diagram
is shown in Figure 15.2. It can be seen that for values of α smaller than 5.95 a
single stable branch is possible, while for larger values, the system is charac-
terized by three branches. The value of occurrence of multiplicity (α = 5.95)
is rather large, but with possible variations in model kinetic parameters, it is
not ruled out that the qualitative behavior of Figure 15.2 can occur within
more realistic values of α. However, this investigation is limited to the effects
of operating parameters. Next, we study the effect of these parameters on the
boundaries of the pitchfork. Figure 15.3a shows the effect of a slight increase
in the pH of the feed, from 6.33 to 6.4. It can be seen that the structure of
the basic pitchfork has completely changed. This is expected, since as was
seen in Figure 3.6, perturbations around the basic pitchfork can lead in some



250 DYNAMICS OF THE CHEMOSTAT

0 3 6 9 12 15

α 

5.5

6

6.5

7

7.5

pH

(a)

0 3 6 9 12 15

α 

5.5

6

6.5

7

7.5

pH

(b)

FIGURE 15.3: Continuity diagrams showing the effect on the pitchfork sin-
gularity (Figure 15.2) of: (a) an increase in pH of feed; (b) a decrease in pH
of seed tank; solid line, stable branch; dashed line, unstable branch.

cases to other multiplicity behaviors. Compared to Figure 15.2a, where the
multiplicity is born at α = 5.95, it can be seen in Figure 15.3a that an increase
in the feed pH increases the range to around α = 12. Therefore, an increase
in feed pH has a stabilizing effect on the bioreactor. Figure 15.3b shows, on
the other hand, the effect of a decrease in the pH of the seed tank. Again, the
pitchfork singularity has changed, and the range of multiplicity is pushed to
larger values of α. Figure 15.4a shows the effect of an increase in cell feed con-
centration, from 1.41 to 1.45 (g/l). It can be seen that the increase in Xf also
stabilizes the bioreactor. Finally, Figure 15.4b shows the effect of a decrease
in the dilution rate, from 0.50 to 0.49 h−1. It can be seen that a decrease in
D also has a stabilizing effect on the bioreactor, since the range in terms of α
of the stable steady-state uniqueness is increased.

Having examined input multiplicities, we turn our attention to the study
of possible output multiplicities. Taking the derivatives F[H+], F[H+][H+ ] yields
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FIGURE 15.4: Continuity diagrams showing the effect on the pitchfork (Fig-
ure 15.2) of: (a) an increase in cell feed concentration Xf ; (b) decrease in
dilution rate D; solid line, stable branch; dashed line, unstable branch.

the following conditions for hysteresis, together with the condition F = 0,

−1 +
αXf

(1 + α)

d( ν
D−µ)

d[H+]
= 0 (15.32)

d2( ν
D−µ)

d[H+]2
= 0 (15.33)

Using the expression of F[H+] (Equation (15.32)), it can be seen that its does
not involve [H+]1 or [H+]2. Therefore F[H+],[H+]1 = F[H+][H+ ]2 = 0, and the
hysteresis cannot exist if either [H+]1 or [H+]2 is varied. For Xf , we can
see that F[H+]Xf

is non-nil except for the particular case of α = 0. When,
on the other hand, α or D are chosen as input variables then the conditions
Fα[H+] and FD[H+] can be shown to be non-nil except when Xf or α = 0.
We conclude therefore that the model cannot predict hysteresis except when
α or D are varied. Figure 15.5 shows an example of hysteresis behavior as
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a function of α. The multiplicity in the hysteresis loop exists for values of α
extending from 0.011 to 0.037. Hysteresis boundaries are, on the other hand,
shown in Figures 15.6(a–c). Hysteresis behavior is confined between the two
curves. Figure 15.6a shows that hysteresis exists only for pH1 values larger
than 6.05. Moreover, as the values of pH1 increase, the hysteresis domain (in
terms of α) also increases. Figure 15.6b shows the hysteresis boundary in the
(α, Xf) space. Again, the hysteresis is possible only for values of Xf larger
than a certain value, i.e., 0.12 g/l. The hysteresis domain is seen to increase
with increasing values of Xf . The effect of the dilution rate is, on the other
hand, shown in Figure 15.6c. It can be seen that the hysteresis is confined to
values of α smaller than 0.052.

Hysteresis can also occur when the dilution rate is selected as the manip-
ulated variable. Figure 15.7 shows an example of hysteresis for model param-
eters given in Table 15.1. This output multiplicity occurs for dilution rates in
the range of 0.33 h−1 to 0.36 h−1. Similar branch sets to Figures 15.6(a–c) can
be constructed that show the effect of the operating parameters. However, we
choose to show this effect directly on the continuity diagrams. Figure 15.8a
shows that hysteresis is attenuated with a decrease in pH1 values. When the
value of pH1 is reduced to 6.0, a stable behavior is found for all values of
dilution rates. Similarly, Figure 15.8b shows that a decrease in values of pH2

also stabilizes the behavior of the bioreactor. Figure 15.9a shows, on the other
hand, that an increase in cell feed concentration Xf reduces the multiplicity
region. For values of Xf = 12 g/l, the hysteresis disappears. Finally, Figure
15.9b shows that an increase in α also attenuates the hysteresis multiplicity.
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FIGURE 15.6: Diagram showing the domain of hysteresis in parameter
spaces: (a) (pH1, α); (b) (Xf , α); (c) (D, α).

15.3.1 Case of Absence of Additional Seed Tank

The results of the previous section have shown that the case when the biore-
actor is not equipped with a seed tank (α = 0) is an important case that
should be treated separately. For this case, the model steady-state Equations
(15.10–15.13) become

−DX + µ([H+])X = 0 (15.34)

D(Sf − S) − σ([H+])X = 0 (15.35)

−DP + π([H+])X = 0 (15.36)
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D([H+]1 − [H+]) + ν([H+])X = 0 (15.37)

The primary difference is that the model predicts, for the case of α = 0, the
existence of total washout, (X = 0, S = Sf , P = 0, H = H1), as a trivial
steady-state solution. The additional nontrivial steady state occurs when

F := µ([H+]) − D = 0 (15.38)

Substituting for the expression of µ([H+]) yields the following equation

D

K2
[H+]2 + [H+](D − µ0) + DK1 = 0 (15.39)

This equation provides steady-state values of [H+] as a function of D, while
the species concentrations are given by

X =
−D([H+]1 − [H ])

ν([H+])
(15.40)

S = Sf − σ([H+])X

D
(15.41)

P =
π([H+])X

D
(15.42)
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FIGURE 15.8: Continuity diagrams showing the effect on the hysteresis
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The only operating parameters that may produce multiplicity are [H+]1 and
D. However, it is straightforward to check that the model cannot predict
any multiplicity as [H+]1 is varied. As for the dilution rate, Equation (15.38)
predicts a simple saddle-node bifurcation, defined by F = 0, F[H+] = 0, and
F[H+][H+ ] 6= 0. The condition F[H+] = 0 requires, from Equation (15.38), that
µ′([H+]) = 0. This occurs at the limit point (LP) defined by

[H+] =
√

K1K2, DLP =
µ0

√
K2

2
√

K1 +
√

K2

(15.43)

The washout line crosses the nontrivial steady state at the bifurcation point
(BR) defined by substituting [H+] = [H+]1 in Equation (15.38), to yield

DBR =
µ0[H

+]1

K1 + [H+]1 + [H+]1
2

K2

(15.44)
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Depending on the relative position of the limit point (LP) (Equation
(15.43)) and the bifurcation point (BR), different behaviors in the model are
obtained. The condition DBR = DLP represents therefore a boundary for the
model. This condition is equivalent to

[H+]1 =
√

K1K2 (15.45)

0.3 0.35 0.4

D (h-1)

5

5.5

6

6.5

7

pH

α=0.03

α=0.06

α=0.02

(a)

(b)

0.3 0.35 0.4

D (h-1)

5

5.5

6

6.5

7

pH

(a)

XF=3.0 g/l

XF=5.5 g/l

XF=12.0 g/l

FIGURE 15.9: Continuity diagrams showing the effect on the hysteresis of:
(a) changes in Xf ; (b) changes in α; solid line, stable branch; dashed line,
unstable branch.

For [H+]1 =
√

K1K2, the bifurcation diagram, (Figure 15.10a), shows a
perfect pitchfork. However, since the meaningful existence of cell (i.e., X >
0) requires, from Equation (15.40), that [H+] > [H+]1, then the unstable
upper branch is physically unrealistic. For dilution rates smaller than DLP ,
the operation of the bioreactor leads to the nontrivial lower steady state while
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for dilution rates larger than DLP , total washout occurs. The case [H+]1 <√
K1K2 is shown in Figure 15.10b. In this case the bifurcation point BR is

smaller than the limit point. The upper unstable branch is still physically
unrealistic. Between BR and LP points, there is multiplicity in the form of
bistability between the lower nontrivial steady state and the total washout.
The case of [H+]1 >

√
K1K2 is shown in Figure 15.10c. The position of points

BR and LP has changed. However, since the whole upper branch is physically
unrealistic then this case is similar to the case of a perfect pitchfork (Figure
15.10a).

The final case to be analyzed is when the seed tank is cell-free, (i.e., α 6= 0
and Xf = 0) and contains only product Pf and hydrogen ion [H+]2 feeds. The
original model Equations (15.11–15.13) are unchanged with the exception of
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Equation (15.10) that becomes,

−DX + µX = 0 (15.46)

For this case, the model always has as a steady-state solution, the following
“modified” washout solution,

X = 0, S =
Sf

1 + α
, P =

αPf

1 + α
, [H+] =

[H+]1
1 + α

+
α[H+]2
1 + α

(15.47)

The nontrivial steady-state solution corresponds to

µ = D (15.48)

and

X = −
D(

[H+ ]1
1+α +

α[H+]2
1+α − [H+])

ν([H+])
(15.49)

The expressions for S and P are identical to Equations (15.16–15.17). Since the
equation defining the pH (Equation (15.48)) is the same as in the previous case
(α = 0, Xf 6= 0), therefore when D is selected as the manipulated variable,
the same previously discussed pitchfork behavior of Figures 15.10(a–c) occurs.
The only difference is that the pitchfork boundary is defined by

[H+]1
1 + α

+
α[H+]2
1 + α

=
√

K1K2 (15.50)

This equation is reduced to Equation (15.45) when α = 0.

15.4 Concluding Remarks

In this chapter, the effects of operating parameters on the steady-state behav-
ior of a bioreactor for cheese prefermentation were analyzed. The singularity
theory was used to classify the different multiplicities the model can predict.
For the case when the bioreactor is equipped with a seed tank, the analysis
has shown that the two important manipulated variables that can lead to
input and output multiplicities are the dilution rate and the ratio of seed to
lactose feed rates. The analysis also allowed the study of the effect of the other
operating parameters, such as hydrogen ion and cell feed concentrations. In
this regard, a pitchfork singularity can only occur with variations in the ratio
of feeds while hysteresis is possible with variations of any of the two param-
eters. When pitchfork singularity occurs, the improvement of the stability of
the bioreactor can be achieved by a reduction in the dilution rate, an increase
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in the feed pH, a decrease in seed tank pH, or an increase in cell feed con-
centration. When hysteresis occurs, as the ratio of feeds is manipulated, the
instability of the bioreactor can be reduced by a decrease in feed pH or a
decrease in cell feed concentration. When, on the other hand, hysteresis oc-
curs with variations in the dilution rate, then the stability can be improved
through reducing the feed pH, increasing the ratio of feed rates, or increas-
ing the cell feed concentration. The analysis also covered the case when the
bioreactor is operated without any seed tank. In this case it was shown that
when the dilution rate is chosen as the manipulated variable, the behavior
of the bioreactor is reduced to a pitchfork. A simple algebraic equation was
derived between the feed pH and the kinetic parameters associated with cell
growth rate. The algebraic equation can be used to select values for feed pH
that reduces the multiplicity in the bioreactor.

The results of this chapter have provided practical guidelines on the se-
lection of operating parameters that can eliminate difficult operating regions
associated with steady-state multiplicity, and that can consequently improve
the operability of the bioreactor.
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Chapter 16

BIODEGRADATION OF

WASTEWATER

16.1 Introduction

Bioreactors of different configurations are used for the biodegradation of mu-
nicipal and industrial wastes. These include flow bioreactors with or without
recycle, suspended batch reactors (SBR), and plug flow reactors (PFR), among
other configurations. Among all types of bioreactors, flow reactors have been
used extensively in the treatment of industrial wastewaters. One advantage
they offer over other types of bioreactors is that they produce a greater op-
erational stability in response to shock loads. In this chapter, we investigate
the performance of a continuous stirred tank bioreactor with the following
features: (1) the bioreactor is considered for the case of a gaseous limiting
substrate. This situation occurs in aerobic growth subjected to oxygen lim-
itation and accounts for the mass transfer of oxygen; (2) the growth rate
is assumed to follow the Contois model [81]. This biomass growth-dependent
model is qualitatively different from substrate-dependent growth models stud-
ied in previous chapters and also studied by Pinheiro et al. [287]. The Contois
growth model was used in a number of biodegradation studies of different food
and industrial wastes [55, 60, 125, 161, 171, 190, 260]. The methodology in
this chapter consists of the analysis of an unstructured model for the aerated
bioreactor. Unlike structured models [147], simpler unstructured models are
better suited for rigorous analysis and may provide useful insights in the com-
plex dynamics of the process. The complexity of the real microbial system is
accounted for by allowing the kinetic rates in the model to take on a wide but
reasonable range. This allows a general analysis of the effect of operating and
kinetic parameters [21].

261
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16.2 Bioreactor Model

We consider a continuous bioreactor where the feed conditions consist of feed
flow rate Q and substrate concentration Sf . V is the volume of the bioreactor,
X and S are, respectively, the cell and substrate concentrations in the output
stream, and ε is the volumetric fraction of bubbles. The growth rate of the
biomass is denoted by r, which depends on substrate S and biomass X, i.e.,
r = r(S, X). The yield coefficient is denoted by Y and is a function of the
substrate, i.e., Y = Y (S). The oxygen transfer from the gas bubbles to cells is
assumed to be limited by oxygen transfer through the liquid film surrounding
the gas bubbles. The oxygen transfer rate (OTR) from the gas to liquid phase
is given by

OTR = kLa(S? − S) (16.1)

where kL is the oxygen transfer coefficient, a the gas-liquid interfacial area,
and S? is the saturation concentration. The mass balances of both biomass
and substrate are described by the following equations:

• Biomass mass balance:

(1 − ε)V
dX

dt
= −QX + (1 − ε)V r(S, X)X (16.2)

• Substrate mass balance:

(1 − ε)V
dS

dt
= Q(Sf − S) + kLaV (S? − S) − (1 − ε)V

r(s, X)

Y (S)
X (16.3)

These equations are rendered dimensionless using the following variables

S̄ =
S

S?
, X̄ =

X

Y (S?)S?
, r̄ =

r

rref
, t̄ = trref (16.4)

where rref is a reference quantity for the growth rate r. The dimensionless
dilution rate is given by

D̄ =
D

rref
with D =

Q

(1 − ε)V
(16.5)

The model in dimensionless form becomes

dX̄

dt̄
= −D̄X̄ + r̄(S̄, X̄)X̄ (16.6)

dS̄

dt̄
= D̄(S̄f − S̄) + δ(1 − S̄) − r̄(S̄, X̄)

Ȳ (S̄)
X̄ (16.7)
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with

δ =
kLa

rref(1 − ε)
and Ȳ (S̄) =

Y (S)

Y (S?)
(16.8)

Using the specific case of the Contois growth model,

r(S, X) =
µmS

KX + S
(16.9)

and a linear model for the yield coefficient,

Y (S) = a + bS (16.10)

the dimensionless model is obtained by setting in Equations (16.4–16.5)

rref = µm and K̄ = KY (S?) (16.11)

The dimensionless growth rates and the dimensionless yield coefficient are
given by

r̄ =
S̄

K̄X̄ + S̄
, Ȳ (S̄) =

1 + λS̄

1 + λ
with λ =

bS?

a
(16.12)

The dimensionless model (Equations (16.6–16.7)) is therefore,

dX̄

dt̄
= −D̄X̄ +

S̄X̄

K̄X̄ + S̄
(16.13)

dS̄

dt̄
= D̄(S̄f − S̄) + δ(1 − S̄) − S̄X̄(1 + λ)

(K̄X̄ + S̄)(1 + λS̄)
(16.14)

It can be seen that the model includes the following operating parameters: Sf ,
D̄, and δ. The parameters λ and K̄ are, on the other hand, kinetic parameters.
In particular, δ is associated with oxygen rate transfer while λ is associated
with the yield coefficient.

16.3 Steady-State Analysis

The analysis of steady-state solutions (Equations (16.13–16.14)) shows that
the model has the following steady states:

• Washout solution, i.e., X̄ = 0. Substituting in Equation (16.14) yields
the value of the substrate at the washout condition

S̄ =
D̄S̄f + δ

D̄ + δ
(16.15)
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• A nontrivial steady state that can be obtained by solving Equation
(16.13) for X̄ to yield

X̄ =
S̄(1 − D̄)

D̄K̄
(16.16)

Substituting in Equation (16.14) yields the following quadratic equation
for S̄,

a2S̄
2 + a1S̄ + a0 = 0 (16.17)

with

a2 = −(D̄ + δ)K̄λ (16.18)

a1 = −1 + δK̄(−1 + λ) − λ + D̄(1 + λ + K̄(−1 + S̄fλ)) (16.19)

a0 = K̄(δ + D̄S̄f) (16.20)

The discriminant of the quadratic equation ∆ = a2
1 − 4a2a0 is equal to

∆ = (−1 + δK̄(−1 + λ) − λ + D̄(1 + λ + K̄(−1 + S̄fλ)))2

+ 4(D̄ + δ)K̄2(δ + D̄S̄f )λ (16.21)

The discriminant is always positive and it can be shown that the equation has
only one positive solution.

Next we examine the stability of steady-state solutions. The Jacobian ma-
trix for this model is

J =

[

f1S f1X

f2S f2X

]

(16.22)

where f1 and f2 denote the right-hand sides of the mass balances in Equations
(16.13–16.14). The eigenvalues λ of the Jacobian matrix are the solutions of
the characteristic equation

λ2 − λ(f1S + f2X) + f1Sf2X − f1Xf2S = 0 (16.23)

Taking the derivatives yields,

f1X̄ = −D̄ +
S̄2

(S̄ + K̄X̄)2
(16.24)

f1S̄ =
K̄X̄2

S̄ + K̄X̄)2
(16.25)
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FIGURE 16.1: (a) Diagram showing the behavior of the bioreactor model;
(b) Enlargement of (a) showing periodic branches connecting the two Hopf
points; solid line, stable branch; dashed line, unstable branch; square, Hopf
point; dots, stable periodic branch.

f2X̄ = − S̄2(1 + λ)

(S̄ + K̄X̄)2(1 + S̄λ)
(16.26)

f2S̄ = −D̄ +
−(δ(S̄ + K̄X̄)2(1 + S̄λ)2) + X̄(1 + λ)(−K̄X̄ + S̄2λ)

(S̄ + K̄X̄)2(1 + S̄λ)2
(16.27)

For the washout solution (X̄ = 0), substituting in Equations (16.24–16.27)
yields the eigenvalues,

λ1 = 1 − D̄, λ2 = −D̄ − δ (16.28)

The washout solution is therefore stable provided that D̄ > 1. The value
D̄w = 1 represents the dilution rate at which the washout solution crosses the
nontrivial steady-state solution.
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FIGURE 16.2: Examples of oscillations in Figure 16.1, for D̄ = 0.3.

16.4 Dynamic Behavior of the Model

It was seen from the last section that, besides the washout solution, the model
can predict only one nontrivial steady-state solution. However, this does not
exclude the existence of periodic solutions predicted by the model. The con-
ditions for Hopf points are

f1S + f2X = 0 (16.29)

f1S̄f2X̄ − f1X̄f2S̄ > 0 (16.30)

These conditions are not easily amenable to analytical manipulations. There-
fore, by recasting the expression of the gradients (Equations (16.24–16.27)),
the conditions for Hopf points are solving numerically.

Before numerical simulations are shown, it is worth to carry out at this
point a comparison between the dynamics of the bioreactor with the biomass
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FIGURE 16.3: Diagrams showing the domain of Hopf points in parameter
spaces: (a) (D̄, S̄f ); (b) (D̄, K̄).

dependent growth rate against the case when the growth rate depends solely
on substrate [287, 305]. A similar model to Equations (16.6–16.7) can be
written for the case when the growth rate depends solely on the substrate
(i.e., r̄ = r̄(S̄)):

dX̄

dt̄
= −D̄X̄ + r̄(S̄)X̄ (16.31)

dS̄

dt̄
= D̄(S̄f − S̄) + δ(1 − S̄) − r̄(S̄)

Ȳ (S̄)
X̄ (16.32)

The washout solution (X̄ = 0) yields the same value for the substrate as
Equation (16.15)

S̄w =
D̄S̄f + δ

D̄ + δ
(16.33)
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spaces: (a) (D̄, λ̄); (b) (D̄, δ̄).

Substituting in Equation (16.31) yields the critical value of the dilution rate
at which the washout solution crosses the nontrivial steady state,

D̄w = r̄(S̄ = S̄w) (16.34)

The interesting remark to be made is that for the Contois growth model,
the critical value of the dilution rate D̄w is constant (= 1) and especially, it
does not depend on the feed concentration. This is not the case for Equation
(16.34) when the growth rate depends on the substrate. Therefore, with the
Contois growth model, it is possible to feed the bioreactor with wastewater
containing dilute concentrations. For the case when the growth rate depends
solely on the substrate, washout may occur if the substrate feed concentration
is low [260].

An other aspect of comparison concerns the occurrence of Hopf points on
both models, for the important case of constant yield coefficient, i.e., Ȳ =
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FIGURE 16.5: Performance of the bioreactor: (a) Efficiency; (b) productiv-
ity; square, Hopf point.

1 in Equation (16.3). The Hopf conditions of Equations (16.29, 16.30) are
equivalent under these conditions to the following simpler forms:

f1S̄ + f2X̄ = −r̄ + r̄S̄X̄ − r̄X̄X̄ = 0 (16.35)

f1S̄f2X̄ − f1X̄f2S̄ = −r̄(r̄S̄X̄ − r̄X̄X̄) + δr̄X̄X̄ > 0 (16.36)

The following simpler relation can be obtained between the two equations,

f1S̄f2X̄ − f1X̄f2S̄ = −r̄(f1S̄ + f2X̄ + r̄) + δr̄X̄X̄ (16.37)

Substituting for the first Hopf condition (Equation (16.35)) in Equation
(16.37) yields,

f1S̄f2X̄ − f1X̄f2S̄ = −r̄2 + δr̄X̄X̄ > 0 (16.38)
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FIGURE 16.6: Effect of S̄f on the performance of the bioreactor: (a) Ef-
ficiency; (b) productivity; solid line, S̄f = 20; dashed line, S̄f = 10; square,
Hopf point.

This condition requires therefore that

δr̄X̄X̄ > r̄2 (16.39)

It can be seen from this condition that if r̄X̄ is negative then the condition
of Equation (16.39) is never satisfied for any growth rate, and the model can
not predict Hopf points. This is particularly the case for the Contois growth
model where r̄X̄ is negative for all values of X̄ . This is also true when the rate
depends only on the substrate, i.e., r̄X̄ = 0. These results show that even with
oxygen limitation, the existence of periodic behavior for the two dimensional
model is conditioned mainly by the variability of the yield coefficient. When
this coefficient is constant, the model can not predict periodic solutions for
any growth rate that depends solely on the substrate. The same results hold
when the specific growth rate is inhibited by the biomass. These results join
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FIGURE 16.7: Effect of δ on the performance of the bioreactor: (a) Effi-
ciency; (b) productivity; solid line, δ = 1.5; dashed line, δ = 0.5; square, Hopf
point.

the ones found in Chapter 4 where it was shown that neither the presence
of a maintenance term nor the assumption of spatial inhomogeneity due to
wall attachment of microorganisms can produce an oscillatory behavior. It
seems therefore that the variability of the yield coefficient with substrate is a
necessary requirement for the two dimensional model to produce a dynamic
bifurcation.

In the following section, we provide explicit examples of the results that
were derived in the previous section using the following nominal values
S̄f = 20, δ = 1.5, K̄ = 0.1, λ = 20. We start with showing the steady-state be-
havior. Figure 16.a shows the continuity diagram. The curve (AB) in the figure
corresponds to the nontrivial steady state while the curve (CD) corresponds
to the washout solution (X̄ = 0). The two curves cross at D̄ = 1. In addition
to these two branches, the appearance of a region of instability between the
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FIGURE 16.8: Effect of K̄ on the performance of the bioreactor. (a) Effi-
ciency; (b) productivity; solid line, K̄ = 0.1; dashed line, K̄ = 0.05; square,
Hopf point.

two Hopf points (HB1 and HB2) can also be seen. Figure 16.1b shows periodic
branches connecting the two HB points. For dilution rates smaller than HB1

(D̄ < D̄ = 0.258), the process settles on the lower nontrivial steady state. For
dilution rates between the two Hopf points (0.258 < D̄ < 0.338), the process
settles on stable periodic oscillations, regardless of start-up conditions. An
example of the oscillatory behavior is shown in Figure 16.2 for D̄ = 0.3. For
dilution rates larger than HB2 (D̄ > 0.384) and up to point (B) (D̄ = 1), the
process settles on the nontrivial steady state, while for dilution rates larger
than (D̄ = 1), washout occurs.

At this point, it is useful to show the effect of the different operating and
kinetic parameters on the existence of periodic behavior in the model. Figure
16.3a shows the effect of the substrate feed concentration. The loop shows
the loci of the two Hopf points HB1 and HB2. So it can be seen that for
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FIGURE 16.9: Effect of λ on the performance of the bioreactor: (a) Effi-
ciency; (b) productivity; solid line, λ = 20; dashed line, λ = 60; square, Hopf
point.

each value of feed concentration below the value of S̄f = 32 (the cusp), the
model exhibits two Hopf points. Keeping in mind that the critical dilution
rate for washout conditions is D̄ = 1, it can be seen that the values at which
the points (HB1 , HB2) occur are below the washout point and are therefore
meaningful. For values of S̄f larger than the cusp, the model does not exhibit
any periodic solutions and the behavior is similar to Figure 16.1a but without
the occurrence of regions of oscillations.

Figure 16.3b shows the effect of the kinetic constant (K̄). Again, for values
of K̄ smaller than the cusp (K̄ < 0.13), two Hopf points (HB1 & HB2) are
expected in the diagram. The effect of λ is shown in Figure 16.4a. It can
be recalled that λ (Equation (16.12)) incorporates both the yield coefficient
and the saturation concentration. Small values of λ are associated with weak
dependence of the yield on the substrate. It can be seen from Figure 16.4a,
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that the two Hopf points are expected only for values of λ larger than a
certain critical value (λ > 13). This also shows that for the case of constant
yield coefficient (λ = 0), the model cannot predict oscillatory behavior.

As for the effect of δ, it is shown in Figure 16.4b. The dimensionless variable
δ essentially incorporates the effect of oxygen transfer. It can be seen that a
periodic behavior is possible for all values of δ smaller than the cusp (δ < 2.4).
It can also be concluded that even with the absence of oxygen limitations (very
small values of δ), the model can exhibit a periodic behavior.

16.5 Performance Analysis

Having investigated in some detail the different static and dynamic behaviors
of the bioreactor, we turn our attention in this section to investigate the
performance of the unit. The performance of the bioreactor can be expressed
in a number of ways, depending on the goal of the biodegradation. We present
in the following the definition of two of these performance criteria. Let (S)
denotes the exit substrate concentration (i.e., the solution of the quadratic
Equation (16.17)),

• The process efficiency is defined by

Eff = 100(1− S

Sf
) (16.40)

• The reactor productivity is defined by

Pr = QX (16.41)

In the dimensionless form, the efficiency and the productivity are defined by

Ēff = 100(1− S̄

S̄f
) (16.42)

and

P̄r = D̄X̄ (16.43)

It should be noted that explicit expressions for the efficiency and produc-
tivity can be obtained by directly substituting the solution S̄ of Equation
(16.17) into Equations (16.42–16.43). Figures 16.5(a–b) show an example of
variations of the efficiency and the productivity with the dilution rate. Fig-
ure 16.5a shows that the productivity is relatively constant for small dilution
rates (D̄ < 0.25), and then decreases continuously. The two square points
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represent the two Hopf points HB1 and HB2. Between these two points the
static branch is unstable and stable periodic branches exist. So the efficiency
or the productivity between these two points should be calculated as the time
average of the periodic oscillations. The productivity, on the other hand, ex-
hibits an interesting behavior in Figure 16.5b. It reaches a maximum around
the dilution rate of D̄ = 0.6 before decreasing. As mentioned in a number of
studies [256–257], the average efficiency or productivity within the periodic
regimes are never larger than that of the static branch. The operation of the
bioreactor between these points should be therefore avoided.

Next, the effect of the different operating and kinetic parameters on the ef-
ficiency and the productivity are examined. Figures 16.6(a–b) show the effect
of decreasing the feed concentration S̄f from 20 to 10. It can be seen that for
small dilution rates (D̄ < 0.3) the efficiency is unchanged. It is larger between
dilution rates 0.3 and 0.8 and then decreases slightly. As to the productivity,
a clear effect can be seen in Figure 16.6b, since the productivity for S̄f = 10
is much smaller. Moreover, the maximum value is reached at a larger dilution
rate. Taking into consideration the solution of Equation (16.17), we can ex-
plicitly obtain the asymptotic values of the efficiency and productivity as the
feed concentration takes on large values:

Ēff (S̄f → ∞) = 100(1 − D̄

(D̄ + δ)S̄f
) (16.44)

and

P̄r(S̄f → ∞) =
D̄(1 − D̄)

(D̄ + δ)K̄
(16.45)

This asymptotic expression (Equation (16.45)) can yield explicit relations for
the dilution rate D̄max at which the maximum productivity P̄rmax is obtained.

D̄max = −δ + (δ + δ2)
1
2 (16.46)

P̄rmax =
1

K̄ + 2δK̄ + 2K̄(δ + δ2)
1
2

(16.47)

Figures 16.7(a–b) show, on the other hand, the effect of δ on the performance.
It can be recalled that δ is associated with oxygen mass transfer. It can be
seen that a decrease in δ from 1.5 to 0.5, substantially deteriorates the effi-
ciency when the dilution rate is larger than 0.4. As to the productivity, the
decrease in δ increases it, but the dilution rate at which the productivity
reaches a maximum is practically unchanged. The asymptotic values of the
performances are:

Ēff(δ → ∞) = 100% (16.48)
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and

P̄r(δ → ∞) =
1 − D̄

K̄
(16.49)

Figures 16.8(a–b) show the effect of the kinetic constant K̄. It can be seen
that a decrease of K̄ from 0.1 to 0.05 has a large effect on the efficiency,
which increases at larger dilution rates. The decrease in K̄ also increases the
productivity at larger dilution rates. Following the same analysis for S̄f and
δ, we can obtain the asymptotic values for efficiency and productivity,

Ēff (K̄ → ∞) = 100
δ(−1 + S̄f )

(D̄ + δ)S̄f
(16.50)

and

P̄r(K̄ → ∞) =
(1 − D̄)(δ + D̄S̄f )

(D̄ + δ)S̄f
(16.51)

The effect of λ is shown in Figures 16.9(a–b). It can be recalled that λ is
associated with the yield coefficient. The value of λ was increased from λ = 20
to λ = 60. It can be seen that the effect of λ on both the efficiency and the
productivity is negligible. The asymptotic values of the efficiency and the
productivity for large values of λ are:

Ēff (λ → ∞) = 100
(1− D̄) + δK̄(−1 + S̄f )

(D̄ + δ)K̄S̄f
(16.52)

and

P̄r(λ → ∞) =
(1 − D̄)(−1 + D̄ + δK̄ + D̄K̄S̄f )

(D̄ + δ)K̄2
(16.53)

Finally, it should be noted that similar expressions to Equations (16.46–16.47)
can be readily derived for the other cases.

16.6 Concluding Remarks

This chapter investigated the static and dynamic behavior of a continuous flow
bioreactor for the aerobic biodegradation of municipal and industrial wastes.
The unstructured kinetic model for the bioreactor accounted for oxygen lim-
itation. The growth rate was assumed to follow the Contois model while the
yield coefficient was assumed to depend linearly on the substrate. The analysis
showed the ability of the model to predict oscillations for some range of kinetic
and operating parameters. The analysis of the loci of periodic points allowed
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the determination of the effects of substrate feed concentration and oxygen
mass transfer on the existence of dynamic bifurcation. It was also found that
the more dependent the yield on the substrate is, the larger is the range of
dilution rates for which oscillations are expected. The analysis of the perfor-
mance of the bioreactor was carried out by plotting both the process efficiency
and productivity. It was found that the efficiency has a decreasing trend with
the dilution rate while the productivity reaches a maximum. The effect of
the different model parameters on the performance was studied. Because of
the relative simplicity of the model, the analysis allowed the derivation of ex-
plicit analytic expressions for both the efficiency and the productivity. Thus,
a decrease in the feed concentration was found to increase the efficiency for a
relatively wide range of dilution rates, but it has the effect of decreasing the
productivity. Decreasing the oxygen transfer was found to decrease the effi-
ciency at larger dilution rates while the productivity is increased over a wide
range of dilution rates. The increase in the dependence of the yield coefficient
on the substrate was found not have much effect on the performance of the
bioreactor. The results in this chapter, therefore, yielded information about
the behavior of the bioreactor that may help in the definition of its working
operational conditions and in the development of control and optimization
policies.
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Chapter 17

DYNAMICS OF ACTIVATED

SLUDGE REACTORS

17.1 Introduction

The heterogeneity and the complexity of activated sludge processes pose a con-
tinuous challenge to developing models that can incorporate all the necessary
levels of information concerning the process, and be accurate enough for the
adequate control and safe operation of the bioreactor. The complete quantifi-
cation of the microbial system requires the understanding of the complex bio-
logical and physico-chemical interactions in the process, and the measurement
of a large number of reaction rates, which is often beyond the scope of rea-
sonable measurement techniques. This task is particularly complicated when
dynamic modeling is sought. Simple and unstructured steady-state models
are generally sufficient for the purpose of plant design. However, these models
are generally inadequate for dynamic analysis. Because of the generally low
levels of substrate in the chemostat, a transient experiment, such as change
in flow rate, can result in drastic changes in the cell environment, and the
unstructured model may break down [110, 264]. Moreover, as was shown in
Chapter 4, the basic unstructured model fails to predict periodic behavior for
any growth rates.

Structured models, on the other hand, with different degrees of complexity
can supplement the inadequacies of unstructured models. Structured models
take into account the inevitable changes in cell population composition, since
the model microbial kinetics are constructed on the basis of at least some of
the knowledge accumulated in the vast repository of fundamental biochemistry
and microbiology. Structured models, however, may sometimes suffer from
over detailed information that cannot be verified, making them inappropriate
for practical use. A good structured model should have a reasonable number
of parameters to provide it with some levels of flexibility [141, 164, 316].

In this chapter, the dynamic characteristics of a flexible model of activated
sludge process with solids recycle are studied. The proposed model, also stud-
ied by Ajbar and Ibrahim [27], is a simplified version of a structured model
used by Andrews [35], and Busby and Andrews [68] for the dynamic simulation
and control of activated sludge processes. The model is structured upon sub-
strate and intermediate component growth-depending processes. The model

279
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kinetics are based, on the other hand, on substrate and intermediate product
inhibitory effects.

17.2 Process Model

The proposed model

Substrate (S) → Particulate product (Xs) → Biomass (Xa)

is structured upon two processes: (1) the formation of an intermediate par-
ticulate product (Xs) depending on the substrate; and (2) an active biomass
(Xa) synthesis. The model is a simplified version of the original Andrew’s
model [35, 68] for the activated sludge process where the decay rate is as-
sumed negligible. This assumption is acceptable when operating at low cell
residence time.

The substrate S is converted to a slowly biodegradable particulate product
following a substrate-inhibition growth rate

µ1 =
µmS

(S + Ks + αS2)
(17.1)

Substrate-inhibition models are fundamental in predicting stability char-
acteristics of activated sludge reactors such as the occurrence of hystere-
sis [128, 305].

TABLE 17.1: Values of Model
Parameters

Parameter Value Reference

Ki (mg/l) 10 [86]
Ks (mg/l) 10 [148]
Kx (mg/l) 700 [92]
Sf (mg/l) 500
W 0.1
Xaf (mg/l) 80
Xsf (mg/l) 20
Yx/s 0.50 [148]
α (l/mg) 0.02 [86]
µ̄m (hr−1) 3.0 [148]

Besides the direct inhibitory effects due to the substrate, a delayed in-
hibitory effect caused by the intermediate product is also assumed. The growth
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FIGURE 17.1: (a) Two-parameter continuation diagram showing the loci
of the static limit points (SLP) and the Hopf (HB) points; (b) Enlargement
of (a) showing the details of the intersection of the SLP and HB curves; solid
line, static limit point; dashed line, Hopf point.

of the intermediate product is assumed to affect the maximum growth rate
µm negatively

µm =
µ̄mKi

Ki + Xs
(17.2)

where Ki is the inhibition constant. The biomass growth rate, on the other
hand, depends on the intermediate product following the common Monod
model

µ2 =
µmXs

Kx + Xs
(17.3)

where µ2 is the specific growth rate and Kx is the saturation constant for
biomass synthesis. The intermediate product inhibition affects therefore both
the substrate uptake rate and the biomass growth rate through the term
µm. This is in agreement with observations made in [302] on the influence of
particulate intermediate products on the performances of microbial cultures.

Equations (17.1-17.3) form the model kinetics. In the following section, the
unsteady-state balance equations around a reactor settler, similar to Figure
4.1, are written for the different species.
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FIGURE 17.2: (a)–(c) Continuity diagrams for feed conditions Sf = 100mg
l .

The system exhibits the classical Monod behavior.

Substrate S

The substrate is consumed to produce the intermediate particulate product
Xs. The unsteady-state component balance yields

QSf + QRS − V
µ1

Yx/s
Xa = QWS + Q(1 + R − W )S + V

dS

dt
(17.4)

with Yx/s as the yield coefficient, assumed constant. Equation (17.4) is also
equivalent to

D(Sf − S) − µ1

Yx/s
Xa =

dS

dt
(17.5)

where D is the dilution rate.
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FIGURE 17.3: Continuity diagram for feed condition Sf = 150mg
l showing

hysteresis.

Particulate intermediate product Xs

The particulate product Xs is consumed to produce the biomass. A com-
ponent balance yields

QXsf + QRXsR + V (µ2 − µ1)Xa = QWXs + Q(1 + R − W )Xs + V
dXs

dt
(17.6)

The assumed ideal conditions in the settler allows the following simple relation
between the recycle XsR and the effluent Xs concentrations

XsR = Xs
(1 + R − W )

R
(17.7)

Equation (17.6) is then equivalent to

D(Xsf − WXs) + (µ2 − µ1)Xa =
dXs

dt
(17.8)

Active biomass Xa

The component balance equation for the biomass is

QXaf + QRXaR + V µ2Xa = QWXa + Q(1 + R − W )Xa + V
dXa

dt
(17.9)
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FIGURE 17.4: (a) Continuity diagram for feed conditions Sf = 221mg
l . The

two Hopf points are connected by stable periodic branches; solid line, stable
branch; dashed line, unstable branch.

Similar to the intermediate product (Equation (17.7)), a simple relation links
the recycle XaR and the effluent Xa biomass concentrations

XaR = Xa
(1 + R − W )

R
(17.10)

Equation (17.9) is equivalent then to

D(Xaf − WXa) + µ2Xa =
dXa

dt
(17.11)

Equations (17.5, 17.8, 17.11) form the model of the bioreactor. Besides the
reactor operating parameters, i.e., feed conditions and purge fraction, the
nominal values of the other model parameters are given in Table 17.1. These
nominal values, as shown in the table, are taken from realistic ranges given in
the literature.

17.3 Results and Discussion

In the beginning of this analysis, it is helpful to build an overall picture of
the possible bifurcation mechanisms that the model may exhibit. This task is
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FIGURE 17.5: Continuity diagram for feed conditions Sf = 500mg
l ; PD,

period-doubling; TR, torus bifurcation; solid line, stable branch; dashed line,
unstable branch.

best achieved by showing both the loci of the static limit points and the Hopf
points in a two-parameter continuation diagram. Figures 17.1(a–b) show the
SLP curve and the HB curve, for instance, in the parameter space (D,S̄f ).
It can be seen from this figure that the loci of the HB points (dashed lines)
consists of two lines that form a minimum at point A2, i.e., a sign of H01

singularity. An oscillatory behavior is expected in the model for any value of
the substrate feed concentration larger than A2 (Sf = 221.20mg

l ). It can also
be seen from the shape of the HB curve that the range of oscillatory behavior
increases with the values of substrate feed concentration.

Similar to the HB curve, the loci of the static limit points, shown by solid
lines, consist of two lines that form a cusp at point A1. Static limit points
are expected in the model for any values of feed concentrations larger than
A1 (Sf = 108.45mg

l ). The diagrams of Figures 17.1(a–b) also show that the
HB curve crosses the SLP curve respectively at points A3 and A4 (enlarged
in Figure 17.1b). These points are degenerate, since they give rise to type F1

degeneracy. The two curves can also be seen to collapse in one line along the
left branch of the diagram. This gives birth to another type of degeneracy,
i.e., the F2 degeneracy. It should be noted that, as mentioned in Chapter 3,
an interesting dynamic behavior can be found in the vicinity of degenerate
points A2, A3, and A4.

In order to have a better understanding of the different bifurcation mech-
anisms in the system, the diagram of Figure 17.1a is divided into different
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FIGURE 17.6: Continuity diagram for feed conditions Sf = 1200mg
l ; PD,

period-doubling; TR, torus bifurcation; solid line, stable branch; dashed line,
unstable; dots, stable periodic branch; circles, unstable periodic branch.

regions, and the static and dynamic bifurcation for each region are studied in
some detail.

17.3.1 Monod-Like Behavior

This region extends below the value of Sf that corresponds to the cusp formed
by the SLP curves, at Sf = 137.2mg

l
(point A1 in Figure 17.1a). This region is

characterized by the absence of any limit or Hopf point. A simple behavior is
then expected in this region. Figures 17.2(a–c) show the continuity diagram,
for example, for Sf = 100mg

l . This behavior is similar to the behavior that
can be encountered in unstructured models with Monod growth kinetics. The
behavior of the assumed particulate intermediate species Xs follows a similar
behavior to the substrate S while the active biomass concentration Xa is seen
to decrease with the dilution rate.

17.3.2 Hysteresis Behavior

This region extends from the cusp formed by the SLP curves (point A1 on
Figure 17.1) to the value of Sf = 219.2mg

l
(point A2) that corresponds to the

minimum formed by the loci of the HB points. This region is characterized
by the presence of two limit points but no Hopf points. Figure 17.3 shows
an example of this behavior, which is characteristic of substrate-inhibition
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FIGURE 17.7: (a) Poincaré bifurcation diagram for the largest Hopf point
in Figure 17.6; (b) Corresponding largest Lyapunov exponent.

kinetics. Hysteresis behavior was reported experimentally in activated sludge
reactors [59, 282].

17.3.3 Periodic Behavior

This region corresponds to values of Sf extending above the point where the
HB curves form a minimum, i.e., (point A2 in Figure 17.1b) to just below the
point where the HB curves cross the SLP curves, i.e., Sf = 222.6mg

l ) (point
A3 in Figure 17.1b). This region is characterized by the presence respectively,
in this order, of a static limit point, static limit point, Hopf point, and Hopf
point. The static and dynamic bifurcation are shown in Figure 17.4 for the
value of Sf = 221mg

l . A stable periodic branch can be seen to connect the two
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FIGURE 17.8: (a) Enlargement of Figure 17.7a; (b) Enlargement of Figure
17.7b.

Hopf points. Stable oscillations are the only attractors for any dilution rates
between the two Hopf points.

17.3.4 Complex Behavior

The next region to be studied extends from the first crossing of the SLP and
the HB curves (point A3 of Figure 17.1a) until the second crossing (point A4).
Here the system is characterized by the presence, in this order, of a static
limit point, Hopf point, static limit point, and Hopf point. An example of
behavior in this region is shown in Figure 17.5, for Sf = 500mg

l . Dynamics
around the smallest Hopf point indicate that the stable periodic branches that
emanate from the Hopf point lose their stability through the period-doubling
(PD) sequence. Period-doubling bifurcation occurs when one of the Floquet
multipliers crosses the unit circle at −1 on the real axis, while the other



DYNAMICS OF ACTIVATED SLUDGE REACTORS 289

200
 400
 600


t
i
m
e
 
(
h
)


0


200


400


600


800


S

(
m


g

/
l

)


(
a
)


5500
 5600
 5700
 5800


X
a
 
(
m
g
/
l
)


0


200


400


600


800


S

(
m


g

/
l

)


(
b
)


FIGURE 17.9: Dynamics for D = 0.380 of Figure 17.8: (a) Time trace; (a)
Phase plane.

multipliers remain inside the unit circle. In this phenomenon, one starts with
a system with a periodic motion, then as the bifurcation parameter is varied,
the system undergoes a secondary bifurcation to a periodic motion twice the
period of the original solution. A brief review of the stability of limit cycles
is given in the appendix. Bifurcation around the largest Hopf point shows
that stable periodic branches emanate from the Hopf point and then lose
their stability through a torus bifurcation. Bifurcation to a torus occurs when
the Floquet multipliers leave the unit circle transversally. The motion of the
system near the torus bifurcation is characterized by a quasi-periodic behavior.

The last region to be discussed extends from the second crossing of the
SLP and the HB curves (point A4 in Figure 17.1a) to larger values of the
feed condition Sf . This region is the subject of F2 degeneracy, mentioned in
previous sections. The two-parameter continuation diagram is characterized
by the occurrence, in this order, of a static limit point, Hopf point, Hopf point,
and a static limit point. The continuity diagram, for example, for the value of
Sf = 1200mg

l , is shown in Figure 17.6. Again in this region, a period-doubling
sequence and torus bifurcation characterize the behavior emanating from the
two Hopf points.

The complex dynamics predicted by the model in the last two regions
can be conveniently visualized using a Poincaré bifurcation diagram. This
technique consists in plotting discrete points (also called return points) of
crossing between the trajectories and a hypersurface of dimension (n − 1),
where n is the dimension of the model. The return points are taken such
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that the trajectories intersect the hypersurface transversally and in the same
direction.

Since period-doubling bifurcations (Figures 17.5–17.6) occur at a very
small range of the dilution rate, we focus on the bifurcations around the
largest Hopf points. Figure 17.7a shows the Poincaré bifurcation diagram for
the largest Hopf point of Figure 17.6. On the scale of this figure, the dia-
gram looks like an alternation of periodic regimes interrupted by chaotic-like
strips via period-adding bifurcation. As the dilution rate increases further
and beyond D = 0.378, the periodic windows decrease in width and a chaos-
like regime persists. The characteristics of chaos-like strips are confirmed by
computing the largest Lyapunov exponents (LLE). A chaotic attractor has
at least one positive Lyapunov exponent. These exponents can be computed
efficiently using the technique and algorithm of Wolf et al. [369]. An overview
of Lyapunov exponents and their computations is provided in the appendix.
Figure 17.7b, plotted on the same scale as Figure 17.7a, shows the chaos-like
strips are effectively chaotic regimes, as seen from the positive values of LLE.
The details of the bifurcation mechanisms are illustrated in the enlargement
of Figure 17.8. It can be seen that starting from a period-1 attractor, a high
periodicity attractor emerges from a chaotic strip.

The period attractor culminates into a chaotic strip and a period-7 attrac-
tor regime emerges. From there, it can be seen that the bifurcation mechanism
is that of reverse period-adding, where the periodicity of the periodic attrac-
tor decreases after emerging from a chaotic regime. However, starting from
the emerging period-3 attractor, the bifurcation goes through a period-adding
mechanism leading to a period-4 attractor that itself goes into a complicated
period-adding and reverse period-adding bifurcation, and emerges as a period-
2 attractor. The period-2 attractor starts again a sequence of period-adding
bifurcation that continues until chaotic regimes dominate (Figure 17.8a). Fig-
ure 17.9 shows an example of chaotic behavior for D = 0.380. The oscillations
are clearly not periodic as confirmed by the positive value of the largest Lya-
punov exponent.

17.4 Concluding Remarks

The behavior of unstructured models investigated in previous chapters was
limited, in its complexity, to the existence of simple oscillatory behavior. Nu-
merical simulations were not successful in predicting any nonperiodic behavior
such as the one found in the analysis carried in this chapter for the structured,
yet simple model of an activated sludge reactor. Even within the limited range
of values of operating parameters, the current model was able to predict a
variety of complex behavior ranging from simple Monod and hysteresis to pe-
riodic, quasi-periodic, and period-doubling sequences culminating into chaotic
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regimes. The model in question was lately reinvestigated in [165], and more
complex behavior was uncovered, including the occurrence of four static limit
points. The complex (i.e., chaotic) behavior predicted by the current model
as well as similar models for activated sludge reactors [165, 166] are still to be
confirmed experimentally. However, the application of bifurcation theory to
predict real-life complex nonperiodic behavior in continuous bioreactors is an
issue that was investigated by a number of authors. Zhang and Henson [378],
for instance, studied the structured cybernetic models proposed by Guardia et
al. [135] for Hybridoma cells as well as the model of Jones and Kompala [177]
for growth of Saccharomyces cerevisiae. The authors applied bifurcation the-
ory to these models in order to predict complex periodic behavior exhibited
by these continuous cultures, including the sudden appearance and disappear-
ance of sustained oscillations. Garhyan et al. [123, 233], and Garhyan and El-
nashaie [121, 122], on the other hand, developed structured models for ethanol
fermentation, carried out necessary experimental validation and investigated
the complex bifurcation behavior of the bioreactor, including period-doubling
sequences leading to different types of periodic and chaotic attractors.
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Chapter 18

COMPLEX DYNAMICS IN

FORCED BIOREACTORS

18.1 Introduction

The rich dynamics exhibited by the different models studied in previous chap-
ters were all uncovered when the chemostat was operated under time-invariant
conditions. In this chapter, we investigate the dynamic charcteristics of an un-
structed model of the chemostat when it is periodically forced. The dynamics
of continuous bioreactors subject to periodic forcing of one or more bioreactor
feed conditions were studied both theoretically and experimentally by a num-
ber of authors [4, 194, 272, 273, 281, 306, 339]. These studies showed that
suitable periodic variations in one of the bioreactor inputs, e.g., dilution rate
and feed concentration can, in a number of cases, improve the time-average
performance of the continuous bioprocess vis-á-vis its operation at a stable
nontrivial steady state. In the aforementioned studies, the periodic forcing
was carried out around a stable steady state, i.e., a point attractor for which
the periodic operation of the bioreactor can only yield periodic behavior. In
this chapter a different situation is examined for which the chosen center of
forcing is itself a stable limit cycle. The bioreactor model selected for this
investigation consists of the classical unstructured model for which the yield
coefficient is linearly proportional to the substrate. This model was studied
in Chapter 4 and was shown to predict oscillatory behavior for a wide range
of model kinetic and operating parameters. The objectives of this chapter are
twofold. The first objective is to examine the different nonlinear patterns that
arise in the bioreactor when the substrate feed concentration is periodically
varied around a limit cycle. The results of the investigation illustrate the in-
teractions between the feed inputs, i.e., substrate feed concentration and the
nonlinearities of the bioreactor. These results also show the impredictibility of
the behavior of the bioreactor resulting from these parametric perturbations.
Dramatic changes can be expected in the nature of the emerging dynamic
behavior of the forced process [20].

The second objective of this chapter is to investigate the effect of forcing
on the performance of the bioreactor. It is shown that for constant forcing
frequency, the time-average substrate consumption can be substantially im-
proved by a suitable choice of the forcing amplitude.

293
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A final note is to be made about the methodology used in this investiga-
tion and the novelty of the present work. Unlike the periodic forcing of point
attractors for which a number of analytical techniques, such as the π crite-
rion [272, 273, 327, 340, 365] are available to provide theoretical guidance for
the optimization task, it is not the case for forcing limit cycles. The analysis
of the periodically forced model, in this case, is best achieved through numer-
ical investigation. Moreover, while the study of periodically forced chemically
and biochemically reactive systems was carried out for a number of cases in
the literature [83, 182, 242, 280, 326], the effect of forcing a limit cycle on
the performance of the bioreactor was investigated in a limited number of
studies [2].

18.2 Process Model and Presentations Techniques

The classical unstructured model of the continuous bioreactor, previously dis-
cussed in Chapter 4, is revisited

dS

dt
= D(Sf − S) − rX

Y
(18.1)

dX

dt
= −DX + rX (18.2)

Both sterile feed and negligible maintenance needs are assumed. The yield is
assumed to depend linearly on the substrate,

Y = Y0 + Y1S (18.3)

The Monod equation is chosen to describe the growth kinetics,

r =
µmS

ks + S
(18.4)

The model is rendered dimensionless using the following variables,

S̄ =
S

ks
, X̄ =

X

Y0ks
, λ =

Y1ks

Y0
, D̄ =

D

µm
t̄ = tµm, r̄ =

r

µm

The model in the dimensionless form is given by

dS̄

dt̄
= D̄(S̄f − S̄) − r̄X̄

λS̄ + 1
(18.5)

dX̄

dt̄
= −D̄X̄ + r̄X̄ (18.6)
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FIGURE 18.1: (a) Continuity diagram of the unforced system; (b) location
of the centers of forcing (Pi, i = 1, 5) used in the numerical investigation; solid
line, stable branch; dashed line, unstable.

with the dimensionless specific growth rate given by

r̄ =
S̄

1 + S̄
(18.7)

In the first part of this investigation, the behavior of the autonomous, i.e.,
unforced model is examined. The following values of the model parameters
are used:

µm = 0.3 hr−1, Y0 = 0.01, Y1 = 0.03, ks = 1.75 g/l , Sf = 35 g/l (18.8)

The corresponding values of the model dimensionless parameters are λ = 5.25
and S̄f = 20. Figure 18.1a shows the corresponding continuty diagram in the
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parameter space (S̄, D̄). The diagram is characterized by two stable branches
connected to an unstable branch in the middle by two Hopf points occurring
respectively at D̄HB1 = 0.3157 and D̄HB2 = 0.9037. The operation of the
bioreactor for any dilution rates between the two Hopf points will lead to
stable oscillations for any start-up conditions. Moreover, for dilution rates
larger than the crossing of the static branch with the washout line at D̄BR :=

S̄f

1+S̄f
= 0.9523, the operation of the bioreactor leads to washout.

Next, we examine the dynamics of the process when the substrate feed
concentration is periodically varied. The centers of forcing chosen in this in-
vestigation occur at conditions between the two Hopf points and correspond
therefore to stable limit cycles. The substrate feed concentration S̄f , chosen
to be the forcing variable, takes the following form

S̄f = S̄f0 + Amsin(2πff t) (18.9)

where S̄f0 = 20 is the nominal value, and Am and ff are respectively the
forcing amplitude and frequency.

In the course of this investigation, three different points (P1, P2, P3)
are forced. They correspond, respectively, (Figure 18.1b) to D̄P1

= 0.33,
D̄P2

= 0.75, and D̄P3
= 0.85. All of these points correspond to limit cy-

cles and to different locations between the two Hopf points. One objective of
the investigation is to study the effects of the position of the center of forc-
ing on the dynamics of the forced system. For each case, the ratio

ff

f0
of the

forcing frequency to the system natural frequency is taken to be equal to 3.
The investigation of the periodically forced system is suitably carried out us-
ing a Poincaré map. The phase projection of the trajectories are inspected at
specific times ts which are multiples of the forcing period, i.e., ts = m2πff .
The resulting Poincaré diagram is also called the stroboscopic map and the
points are known as stroboscopic points. Transient or chaotic motions appear
as scattered dots on the map while the emergence of a periodic attractor of
order m would be seen as jumps between m fixed points. The forcing period
is chosen to strobe the system because it is always present in the response of
the forced system, be it periodic, quasi-periodic, or chaotic.

It is clear that the simplicity of presentation is lost when the strobing pe-
riod is not accurately determined. A shooting method [192], explained in the
appendix, was used for the accurate determination of these natural frequen-
cies.

18.3 Results and Discussion

The effect of variations in the forcing amplitudes at constant frequency are
shown in the stroboscopic diagram of Figure 18.2a, when the center of forcing
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FIGURE 18.2: (a) One-parameter stroboscopic diagram for the forcing of
point P1 of Figure 18.1b; (b) Variations of the maximum Lyapunov exponent;
(c) Variations of ratio of cycle-average substrate concentration in the reactor
to cycle-average concentration in the reactor feed.

is point (P1). The limiting case of this region is the autonomous oscillatory
system (Am = 0.00). It can be seen that even at small forcing amplitudes,
three branches emerge on the stroboscopic diagram of Figure 18.2a. This corre-
sponds to frequency locking as three subharmonic saddles and three nodes are
born on the surface of a three-dimensional torus, and the system is entrained
by the forcing frequency. Each of the three branches undergoes a period-
doubling bifurcation at Am = 1.152 that abruptly terminates at Am = 1.495
to give birth to a chaotic-like regime. This regime persists until Am = 1.891
where a period-1 attractor emerges. The period-1 attractor, itself, undergoes
a period-doubling bifurcation that terminates at Am = 6.765. Beyond this
value, the system is fully entrained as the forcing term dominates the dynam-
ics of the process, and the only response of the forced system is a stable limit
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FIGURE 18.3: (a) Time trace for the unforced system (Am = 0) of Figure
18.2a; (b) time trace for the point of maximum substrate consumption (point
Q1, Figure 18.2c); (c) Phase plane for dynamics of point (Q1).

cycle. The accurate characterization of the emerging attractors of Figure 18.2a
can be best achieved by computing the largest Lyapunov exponent [369]. The
Lyapunov spectrum is shown in Figure 18.2b where a negative value indicates
a periodic regime while a chaotic attractor is characterized by a positive value
of the spectrum. Expect then for a narrow regime of chaotic behavior, the be-
havior of the forced system of Figure 18.2a is dominated by periodic regimes
of various periodicities.

The effect of amplitude forcing on the performance of the bioreactor can be
seen in Figure 18.2c, showing the variations of ratio of cycle-average substrate
concentration in the reactor to cycle-average concentration in the reactor feed.
Starting with a value of S̄

S̄f
= 0.02561, corresponding to the autonomous

system (Am = 0.0), it can be seen that the average substrate concentration
increases throughout the period-3 attractor. However, a sudden drop to a value
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FIGURE 18.4: (a) One-parameter stroboscopic diagram for forcing point
P2 of Figure 18.1b; (b) Variations of the maximum Lyapunov exponent; (c)
Variations of ratio of cycle-average substrate concentration in the reactor to
cycle-average concentration in the reactor feed.

of S̄
S̄f

= 0.02501 is observed within the chaotic regime at Am = 1.881 (point

Q1, Figure 18.2c). Beyond this point, the substrate concentration increases
steadily throughout the periodic regimes of Figure 18.2a. The time traces
for the unforced periodic attractor (Am = 0) and the maximum substrate
consumption (point Q1, Figure 18.2c) are shown in Figures 18.3(a–b). The
two figures, shown in the same scale, indicate clearly that the fluctuations
of the chaotic oscillations around the mean (Figure 18.3b) are smaller than
those of the unforced system (Figure 18.3a). Moreover, the phase plane of
Figure 18.3c illustrates the aperiodic nature of the point of maximum substrate
consumption.

The analysis carried out for point P1 is repeated for the two other points
P2 and P3 of Figure 18.1b. For each point, the corresponding stroboscopic
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FIGURE 18.5: Characteristics of the intermittent chaos at point Q2 (Am =
9.945) of Figure 18.4a; Second-iterate map; The trajectory is tangent at the
diagonal in two points (i) and (ii).

diagram, Lyapunov spectrum, and the variations of the time-average substrate
concentration are plotted against the forcing amplitude.

As can be seen in the stroboscopic diagram of Figure 18.4a, the move of
the center of forcing from point P1 to P2 has dramatic effects on the emerg-
ing dynamic patterns of the forced bioreactor. Similarly to point P1, three
branches emerge at low forcing amplitudes. However, each of the three emerg-
ing branches undergoes a period-doubling bifurcation yielding a period-6 at-
tractor that persists until Am = 7.952. The period-6 attractor culminates
into a chaotic strip. It can be seen from Figure 18.4a that this chaotic strip
is itself interrupted by small periodic windows. The chaotic strip abruptly
terminates at Am = 9.952 and a period-2 attractor emerges. The period-2 at-
tractor bifurcates again to chaos and gives rise to a period-1 attractor, as the
system becomes fully entrained. Compared to the process dynamics obtained
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FIGURE 18.6: (a) One-parameter stroboscopic diagram for the forcing of
point P3 of Figure 18.1b; (b) Variations of the maximum Lyapunov exponent;
(c) Variations of ratio of cycle-average substrate concentration in the reactor
to cycle-average concentration in the reactor feed.

for point P1 (Figure 18.2a), the emerging patterns (Figure 18.4a) for point
P2 are dominated by larger regimes of chaos, as confirmed by the Lyapunov
spectrum of Figure 18.4b.

The exact mechanism of bifurcation from the chaotic behavior to a pe-
riodic regime is investigated by considering, for example, point Q2 (Figure
18.4a) corresponding to Am = 9.945. This point is located just before the
emergence of a period-2 attractor from the chaotic regime. Figure 18.5 shows
the plot of the second iterate of the substrate S̄(n+2) against S̄(n). It can be
seen that the curve approaches the diagonal and almost becomes tangent at
two points (i) and (ii) (Figure 18.5). The chaotic attractor is thus destroyed
by the mechanism of intermittency [289]. The term intermittency refers to
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FIGURE 18.7: Results of forcing point attractor P4 at D̄ = 0.25 of Figure
18.1b; Variations of ratio of cycle-average substrate concentration in the re-
actor to cycle-average concentration in the reactor feed for different forcing
frequencies; (a) solid line, f1 = 0.14; (b) dashed line, f2 = 0.22; (c) semidashed
line, f3 = 0.72.

oscillations that are periodic for certain intervals (laminar phase) interrupted
by intermittent erratic bursts of periodic oscillations of finite duration.

The effect of amplitude forcing on the substrate consumption is shown
in Figure 18.4c. It can be seen that a substantial increase in the substrate
consumption occurs at the chaotic regime (point Q3, Figure 18.4c). The sub-

strate concentration decreases from S̄
S̄f

= 0.4950 for the unforced process, i.e.,

Am = 0 to S̄
S̄f

= 0.3971 for Am = 9.950, i.e., an improvement of about 20%.

Closer to the other Hopf point (HB2) of Figure 18.1b, the process dy-
namics are shown in Figures 18.6(a–b) when the center of forcing is point
P3 (Figure 18.1b). The three emerging periodic branches abruptly terminate
at Am = 6.103 to give rise to a period-2 regime. The period-2 attractor un-
dergoes a reverse period-doubling sequence that terminates at Am = 18.127
to yield a period-1 attractor, as the process becomes fully entrained. Unlike
the dynamics induced by points P1 and P2 (Figure 18.2a and Figure 18.4a),
the behavior of the forced process for point P3 (Figure 18.6a) is characterized
by the presence of periodic attractors alone with no chaotic regimes. This is
further confirmed by the negative values seen in the Lyapunov spectrum of
Figure 18.6b.

The effect of forcing on the substrate consumption are, on the other
hand, shown in Figure 18.6c. Starting from an initial value of S̄

S̄f
= 0.6316
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FIGURE 18.8: Results of forcing point attractor P5 at D̄ = 0.93 of Figure
18.1b; Variations of ratio of cycle-average substrate concentration in the re-
actor to cycle-average concentration in the reactor feed for different forcing
frequencies; (a) solid line, f1 = 0.14; (b) dashed line, f2 = 0.22; (c) semidashed
line, f3 = 0.72.

corresponding to the unforced process Am = 0, the substrate concentra-
tion increases throughout the period-3 regime but reaches a clear minimum
S̄
S̄f

= 0.6106 at Am = 6.101 (point Q4, Figure 18.6c), that occurs close to the

boundary between the period-3 and period-2 regimes of Figure 18.6a.
Having examined the effect of forcing a stable limit cycle, it is interesting to

compare these results to the conventional approach of forcing a stable steady
state (i.e., point attractor). From a dynamical point of view, the periodic
forcing of a point attractor leads only to limit cycles, compared to the variety
of dynamic behavior (e.g., period-doubling and chaos) that were found when
a limit cycle was forced. As to the effect of forcing on the performance of
the biodegradation, extensive numerical simulations were carried out for this
purpose. In the following we show a sample of results on forcing two point
attractors that occur at dilution rates D̄ = 0.25 and D̄ = 0.93, respectively.
These two points P4 and P5, shown in Figure 18.1b, correspond to stable
steady states located on both sides of the periodic points. Point P4 corresponds
to high steady-state conversion (low substrate concentration) while point P5

is closer to the washout branch. The simulations were carried out for a wide
range of forcing amplitudes Am (i.e., from 0 to 20) and using three distinct
values of forcing frequencies i.e., f1 = 0.14, f2 = 0.22, and f3 = 0.72. Figure
18.7 shows the results of forcing point P4 (D̄ = 0.25). Starting with a value of
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S̄
S̄f

= 0.01667 corresponding to the unforced system (Am = 0.0), it can be seen

that for all the three forcing frequencies, the ratio S̄
S̄f

increases monotonically

with the forcing amplitude. Consequently, compared to the unforced system,
the performance of the biodegradation deteriorates with the increase in the
forcing amplitude for all the studied frequencies. This is unlike forcing a stable
limit cycle, when we have found that the efficiency of the biodegradation can
increase in some regions of the forced system. A number of other remarks can
be made about forcing a point attractor. It can be seen in Figure 18.7 that for
low forcing amplitudes (i.e., Am smaller than 2) the effect of forcing frequency
is negligible while this effect is quite pronounced for larger forcing amplitudes.
For instance, for a forcing amplitude of Am = 10, the increase in the frequency
from f1 to f3 increases the substrate consumption substantially, as the ratio
S̄
S̄f

decreases from 0.0603 to 0.0195. However, even for large values of forcing

amplitudes and frequencies, extensive simulations showed that the value of S̄
S̄f

is always higher than the one corresponding to the unforced system. Another
remark concerns the effect of forcing frequency. When the process is forced
with a large frequency such as f3, the increase in the forcing amplitude does
not have a substantial effect on the biodegradation efficiency. In fact, for the
forcing frequency (f3), the increase in forcing amplitude Am from 0 to 20

changes the substrate consumption S̄
S̄f

from 0.01667 to only 0.0226, while this

change is more pronounced for the smaller forcing frequencies f1 and f2, as
shown in Figure 18.7.

A similar trend to Figure 18.7 can be found in Figure 18.8 showing the
effect of forcing the other point attractor (P5 at D̄ = 0.93). The only pecu-
liarity of this situation is that since point P5 is close to the washout branch,
the forcing may actually lead to washout conditions for large values of forcing
amplitude, as the ratio S̄

S̄f
approaches unity (Figure 18.8).

18.4 Concluding Remarks

This chapter has shed some light on the effects of forcing on the dynamics
as well as on the time-average performance of an unstructured model of the
chemostat. The investigation focused on utilizing the substrate feed concen-
tration to periodically force different points in a region of stable limit cycles
of the unforced system. The numerical investigation has revealed the complex
dynamics resulting from interactions between the nonlinearities of the bioreac-
tor and its feed input. Chaotic as well as nonchaotic regimes emerge from the
periodic system even for small forcing amplitudes. Different mechanisms for
the transition between chaotic and periodic regions, including period-doubling
and period-adding bifurcation have been analyzed. The investigation has also
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shown the dominance of chaotic regimes in the forced process as the center of
forcing is moved away from either Hopf points. Extensive numerical simula-
tions were carried out to study the effect of the forcing on the performance of
the bioreactor. It was found that the time-average performance always dete-
riorates in a region of periodic behavior. However, a substantial improvement
in the substrate consumption can be observed for certain values of forcing
amplitudes. These values seem to occur close to boundaries of transition from
chaotic behavior to a periodic regime, as well as in boundaries of transitions
from a periodic regime to another periodic regime.

It should be noted that the same ideas in this chapter were applied re-
cently [2] to study the dynamics and chaotic behavior of a validated model
of bioethanol fermenter, subject to periodic perturbations in the feed concen-
tration. The investigation revealed that the center of forcing has a significant
effect on the dynamic response of the periodically forced bioreactor. Chaotic
behavior is developed when the center of forcing is relatively close to a ho-
moclinic infinite period orbit, while quasi-periodicity is, on the other hand,
developed when the center of forcing is in the neighborhood of a Hopf point.
The authors [2] concluded that the best policy for the production of bioethanol
is to operate the forced fermenter in frequency-locking regions at small forcing
amplitudes.
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Appendix A

In this appendix, we provide a set of definitions and theorems, as well as
an overview of some numerical techniques connected with nonlinear theory.
These issues were not covered in Chapter 3 and are deemed essential for
understanding some fundamentals aspects of bifurcation problems as well as
some numerical techniques that were used throughout the book.

A.1 Implicit Function Theorem

The implicit function theorem is of fundamental importance in bifurcation
theory. It allows to convert relations to functions by representing the relation
as a graph of the function. The following definitions are adapted from the
excellent references [188, 193, 231, 315].

Consider the following bifurcation problem

f(x, λ) = 0 (A.1)

where x and λ are scalars, and f is a scalar-valued function defined in a
neighborhood of a point (x0, λ0) that satisfies

f(x0 , λ0) = 0 (A.2)

We wish to solve f(x, λ) = 0 for x in terms of λ when λ is small. The the-
orem asserts that if fx is continuous near (x0, λ0) and fx(x0, λ0) 6= 0, then
there exists a unique solution x = φ(λ) for λ sufficiently small. The func-
tions φ are generally defined implicitly. Some simple situations arise when the
functions are derived explicitly. A simple example is the following bifurcation
problem [315],

x2 + λ2 = r2 (A.3)

which defines the equation of a circle of radius r. For this problem we can
explicitly obtain x as function of λ

x = φ(λ) = ±(r2 − λ2)
1
2 (A.4)

which is defined for −r ≤ λ ≤ r. The following theorem provides a general-
ization to the case when both x and f are vectors of dimension n.
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Theorem 1 Assume f to be k-th order differentiable (k ≥ 1) and satisfy
(Equation (A.2)). Assume that fx(x0, λ0) is nonsingular. Then the following
are true:

• There exists a neighborhood of λ such that Equation (A.1) has a unique
solution x = φ(λ), i.e., satisfying f(φ(λ), λ) = 0

• The function φ is k-th differentiable

• fλ(x, λ) + fx(x, λ)dx
dλ = 0

The theorem asserts the existence and uniqueness of an implicitly defined
function φ(λ) that can be continued in the neighborhood of λ until fx becomes
singular.

A.2 Lyapunov–Schmidt Reduction Technique

The Lyapunov–Schmidt reduction, mentioned in Chapter 3 in connection with
Hopf degeneracies, is an important technique in bifurcation theory. The tech-
nique allows the reduction of the dimensionality of the problem to be solved,
so that the study of local solutions can be carried out in a much lower di-
mensional system (sometimes even a single variable equation). The following
summary is adapted from the excellent sources [132, 222, 231, 323]:

Consider the following linearized system,

−λx + Jx + H(x, λ) = 0 (A.5)

where J can be thought of as being the Jacobian matrix and H(x, λ) is a
column matrix that satisfies

H(x, λ) = O(||x||+ |λ|) (A.6)

||.|| denotes some norm in a finite dimensional space and O(z) refers to terms

of order smaller than z, i.e., O(z)
z → 0 when z → 0. Equation (A.5) can also

be written as

(J − λI)x + H(x, λ) = 0 (A.7)

where I is the identity matrix. Assume that the matrix J has a real eigenvalue
λ0 with multiplicity (m ≥ 1). We would like to examine the local behavior of
the system around λ0. The space X = <n can be decomposed into the direct
sum of two invariant subspaces of the operator as follows:

X = X1

⊕

X2 (A.8)
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where X1 is defined as

X1 =
⋃

n∈ℵ
{x ∈ X, (J − λ0I)nx} = 0 (A.9)

The dimension of X1 is m. The matrix J can also be decomposed as:

J = J0 + J1 (A.10)

where
J0 = J |X1 : X1 → X1, J1 = J |X2 : X2 → X2

Next, let’s P : X → X1 and Q = I−P : X → X2 be the canonical projections.
Let’s write any element x ∈ X as

x = u + v (A.11)

where u ∈ X1 and v ∈ X2. Applying the projections P and Q, the original
problem of Equation (A.7) becomes

−λu + J0u + PH(u + v, λ) = 0 (A.12)

−λv + J1v + QH(u + v, λ) = 0 (A.13)

Noting that −λI + J1 : X2 → X2 is invertible, then by the implicit function
theorem, Equation (A.13) can be solved in the neighborhood of u = 0 and
v = 0

v = v(u, λ) with v(u, λ) = O(||u||) (A.14)

Substituting Equation (A.14) into Equation (A.12) yields the following re-
duced m-dimensional equation

−λu + J0u + PH(u + v(u, λ), λ) = 0 (A.15)

This equation is called the bifurcation (or branching) equation.

A.3 Center Manifold

The center manifold reduction is another important technique in bifurcation
theory, also mentioned in Chapter 3 in connection with type II and III Hopf
degeneracies. The technique also allows the reduction of the dimension of an
arbitrary high order system by observing that the interesting dynamics near
a bifurcation occurs on a low dimension subset of the phase space called the
center manifold. The dimension of this space determines the dimension of
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the corresponding normal form. The connection between the center manifold
reduction and the Lyapunov–Schmidt reduction technique, presented in the
previous section, has been investigated by a number of authors [222, 236]. The
following descriptions are extracted from the excellent sources [72, 84, 324].

In order to introduce the center manifold reduction technique, we assume
that the problem under investigation is still defined by Equation (A.1) with
the origin being an equilibrium point. We recall from Chapter 3 that the
eigenvalues of the Jacobian matrix fx(0, 0) of the linearized system determine
the asymptotic stability of the original nonlinear system according to the sign
of the real part of the eigenvalue. For each eigenvalue λ, there is an associated
eigenspace Eλ, described for the case when λ is real, by

Eλ = {v ∈ Rn|(fx(0, 0) − λI)v = 0} (A.16)

We can divide the eigenspace of the Jacobian matrix to three subsets according
to the sign of the real part of the eigenvalue. The stable subspace (Es) is
the eigenspace of the linear system whose base is made by the eigenvectors
corresponding to the negative real part of eigenvalues,

Es = Span{v|v ∈ Eλ and Re(λ) < 0} (A.17)

Similarly, the unstable subset Eu is the eigenspace associated with the posi-
tive real part of the eigenvalues. The eigenspace associated with zero real-part
eigenvalues is called center eigenspace Ec. The linearized system can pro-
vide an accurate behavior of the original nonlinear system. The theorem of
Hartmann-Grossman [143], ensures that the dynamical system is locally topo-
logically equivalent to the linearized one as long as the equilibrium point is
hyperbolic, i.e., no eigenvalues on the imaginary axis. In the case of the exis-
tence of a nontrivial center eigenspace (i.e., different from the null space), the
linearized stability does not apply and the center manifold reduction technique
can provide an analytical tool for this degenerate case.

For the original nonlinear system described by Equation (A.1), the stable,
unstable, and center manifolds denoted by W s, Wu, and W c are generaliza-
tions of the linear subspaces Es, Eu, and Ec. First, we have the following
definition for a stable manifold.

Definition 1 For the equilibrium x = 0, a stable manifold W s is an invariant
manifold of dimension ns that contains x = 0 and is tangent to Es at x = 0.
�

The same definition holds for the unstable Wu and the center W c man-
ifolds. The center manifold possesses the important property that invariant
sets of any type such as equilibria, periodic orbits, and invariant 2-tori will
lie in Wc if they are contained in a neighborhood of x = 0. For these rea-
sons one may restrict attention to the behavior on Wc when analyzing a local
bifurcation.
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In the following, we show how to represent dynamics on the center man-
ifold. Suppose that the system of Equation (A.1) can be written for λ = 0
as

ẋ1 = A1x1 + g1(x1, x2) (A.18)

ẋ2 = A2x2 + g2(x1, x2) (A.19)

where A1 is a matrix that has all eigenvalues on the imaginary axis and A2 is
a matrix with all eigenvalues off the imaginary axis. g1(x1, x2) and g2(x1, x2)
contain nonlinear terms. The main result is that there exists a center manifold
described by a function x2 = h(x1) such that the following equation

ẋ1 = A1x1 + g1(x1, h(x1)) (A.20)

determines the dynamics of Equation (A.1) near the equilibrium point. The
function h(x) obeys the following equation,

dh(x1)

dx1
(A1x1 + g1(x1, h(x1))) = A2h(x1) + g2(x1, h(x1)) (A.21)

Generally, there is no simple analytical solution to Equation (A.21), but h(x)
can be approximated by the power series, φ(x) and solved to an arbitrary
degree. In this case, let N(φ(x)) be the residual in Equation (A.21)

N(φ(x)) =
dφ(x1)

dx1
(A1x1 + g1(x1, φ(x1))) − (A2φ(x1) + g2(x1, φ(x1))(A.22)

The theory says that if N(φ(x)) = O(|x|q) as x → 0 then

h(x) = φ(x) + O(|x|q) (A.23)

In the following we provide a simple illustrating example [72]. Consider
the following system

ẋ1 = ax3
1 + x1x2 − x1x

2
2

ẋ2 = −2x2 + bx2
1 + x2

1x2 (A.24)

The Jacobian matrix at the equilibrium point (0, 0) has zero as an eigenvalue.
The linearization procedure does not work. Compared with Equations (A.18–
A.19), it can be seen that A1 = 0 and A2 = −2. Let x2 = h(x1), then Equation
(A.21) becomes

dh

dx1
(ax3

1 + x1x2 − x1x
2
2) = −2h(x1) + bx2

1 + x2
1x2 (A.25)

Assume a power series expansion,

h(x1) = p0 + p1x1 + p2x
2
1 + p3x

3
1 (A.26)
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Substituting in Equation (A.25) and equating yields

p0 = 0, p1 = 0, p2 = b/2, p3 = 0 (A.27)

Therefore,

h(x1) =
b

2
x2

1 + O(x4
1) (A.28)

Substituting x2 = b
2x2

1, the following equation

u̇ = (a +
b

2
)u3 + O(u5) (A.29)

represents an approximation to the invariant center manifold. Therefore, u = 0
is an unstable equilibrium when (a + b

2
) > 0 and stable for (a + b

2
) < 0. For

(a + b
2
) = 0, high order terms should be included in the approximation.

A.4 Stability of Limit Cycles

Limit cycles such as those studied in Chapters 17 and 18 can lose stability
through a number of mechanisms. The stability of limit cycles is determined
by the eigenvalues of the monodromy matrix [79, 170, 315]. Consider the
following n order system,

ẋ = f(x, λ) with x(0) = x0 (A.30)

Let x(t) be a periodic solution of Equation (A.30) with period T . The mon-
odromy matrix is equal to Φ(T ) where Φ(t) is the solution of the variational
equation

Φ̇ = fx(x, λ)Φ, Φ(0) = I (A.31)

The n eigenvalues of Φ(T ) are called Floquet multipliers. The eigenvalue with
the largest absolute value is called the principal Floquet multiplier. One of the
Floquet multipliers is always constrained to be unity. The remaining (n − 1)
multipliers determine the stability of the limit cycle. The periodic orbit is
stable if all the eigenvalues lie within the unit circle in the complex plane.
When the principal Floquet multiplier crosses the unit circle, the periodic
orbit loses its stability resulting in a dynamic bifurcation. Common types of
dynamic bifurcation are:

• Saddle-node bifurcation: The bifurcation occurs when a stable limit cycle
collides with an unstable one and either the periodic orbit is born or
disappears. In this case, the principal Floquet multiplier leaves the unit
circle through +1. The bifurcation point is also called a periodic limit
point or periodic turning point.
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• Period-doubling bifurcation: This is the bifurcation of a periodic branch
from another branch. The principal Floquet multiplier crosses the unit
circle at -1.

• Neimark or secondary Hopf bifurcation: In an analogy with the Hopf
bifurcation of an equilibrium point, complex Floquet multipliers can
form a complex conjugate pair whose norm cross +1. This results in a
periodic solution bifurcating to a quasi-periodic attractor.

A.5 Poincaré Map

We have seen in Chapter 17, besides continuity diagrams, another tool for the
description of bifurcation mechanisms of an autonomous system is obtained
when discrete points are taken from the crossing of trajectories onto a fixed
hyperplane (Poincaré surface). These discrete points are called return points.
The plotting of one of the coordinates of the return points versus the bifur-
cation parameter is called the Poincaré bifurcation diagram. The plotting of
two of the coordinates of the return points for a specific value of the bifur-
cation parameter is called the two-dimensional Poincaré map [1, 149, 351].
Poincaré maps supplement continuity diagrams and the phase plane (or time
trace) plots for the analysis of autonomous systems. The Poincaré bifurcation
diagram can for instance help to visualize the transition from periodic regimes
to chaos-like regimes. In two-dimensional Poincaré maps, the appearance of
a single fixed point on the Poincaré bifurcation diagram corresponds to a
period-1 solution while k fixed points correspond to the existence of period-k
solutions. Sometimes a two-dimensional Poincaré map becomes a continuous
closed curve. The motion in this case could indicate a quasi-periodic or motion
on the torus. If a two-dimensional map does not consist of either a finite set
of points or a closed curve, and consists instead of an open curve or a fuzzy
collection of points then the motion may be chaotic. Other tools are needed
to characterize the chaotic nature of the attractors. The maximum Lyapunov
exponent (LLE), explained in another section, is one of these tools.

A.6 Routes to Chaos

Theoretical, as well as experimental investigations, have revealed that there
is no unique way to chaos. This was also shown in models studied in Chapters
17 and 18. Some of the possible scenarios are [149, 299, 344, 351]:

• Period-doubling route: Period-doubling is considered to be one of the
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principal routes to chaotic behavior. This scenario has been backed by
strong experimental evidence. In this route, one starts with a system
with a periodic motion, then as the bifurcation parameter is varied,
the system undergoes a secondary bifurcation to a periodic motion with
twice the period of the original motion. The system may bifurcate further
to a periodic solution with forth the period of the first motion and so on.
Successive period-doubling sequences can therefore take place and lead
to chaos. One interesting feature of this route is that the critical value of
the bifurcation parameter, e.g., λ, at which successive period-doubling
bifurcations occur obey the following rule

lim
k→+∞

λk − λk−1

λk+1 − λk
→ δ = 4.66920126 (A.32)

The number δ is called the Feigenbaum number.

• Torus route: In this route proposed by Newhouse et al. [262], chaos
developed through three bifurcations. The system first undergoes a Hopf
bifurcation and then a second transition to a two-dimensional torus.
Chaotic motions occur when the system undergoes another bifurcation
so that the three simultaneous coupled limit cycles are present. This
scenario was also justified experimentally.

• Intermittency route: In this third route, one observes a long period of
regular motions with interrupted bursts of erratic oscillations of finite
durations. As the bifurcation parameter is varied, the chaotic bursts be-
come longer and occur more frequently until the entire motion becomes
chaotic. Three types of intermittencies for the onset of chaos were pro-
posed by Pomeau and Manneville [289].

These three scenarios to chaos, that were found in Chapters 17 and 18, are
considered as local routes, since the transition is marked by a change in the
equilibrium points or limit cycles. Another category of routes are termed global
bifurcation since the transition is due to interactions of trajectories with vari-
ous unstable steady states and limit cycles in the state space. Some examples
are the so-called homoclinic and heteroclinic orbits that may appear suddenly
as the bifurcation parameter is varied [366].

A.7 Type II and III Hopf Degeneracies

In this part of the appendix, we present the methodology developed by Gol-
ubitsky and Langford [131] and modified later by Farr [111] for the study of
type II and III Hopf degeneracies, mentioned in Chapter 3.
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Consider the system of ordinary differential equations (ODEs)

dx

dt
+ F (x, θ) = 0 (A.33)

Suppose that the singularity under investigation is located at the origin and
that the linearization of F at the Hopf point has a pair of eigenvalues ±iw and
no other eigenvalues on the imaginary axis. Applying the Lyapunov–Schmidt
reduction technique to the operator L defined by Lu = du

dx
+Au where A is the

Jacobian matrix of F, Golubitsky and Langford [131] showed that the original
bifurcation problem can be reduced to the following single implicitly defined
function

G(x, θ) = a(x2, θ)x = 0 (A.34)

with

a(0, 0) = 0 (A.35)

where x = 0 is for steady-state solution while the solutions of a = 0 for x 6= 0
represent periodic solutions of the original system. The analysis can be further
simplified by defining z = x2. The H2 and H3 Hopf hypotheses are equivalent
to

aθ 6= 0 (A.36)

az 6= 0 (A.37)

with ν ′ = aθ and a1 = −az

aθ
. The singularity theory can be used to study the

nontrivial solutions of the single scalar function a(z, θ) = 0.
Denote by aij the derivatives of a

aij =
∂i+ja

∂zi∂θj
(A.38)

Next, we present the formulas derived in [111, 131] for the calculations of the
coefficients aij. First, we define the symmetric k-linear form

F k : <n × · · · × <n → <n (A.39)

F k
i (v1, · · · , vk) =

n
∑

m1=1

· · ·
n
∑

mk=1

∂kFi(0, 0)

∂vm1
· · ·∂vmk

(v1, · · · , vk) (A.40)

Similarly,

F k,l(v1, · · · , vk) = (dk
u

∂lF

∂θl
)(0,0)(v

1, · · · , vk) (A.41)
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The bifurcation Equations (A.34) are reduced to the following forms

g1 = p(x2, θ, τ )x = 0 (A.42)

g2 = q(x2, θ, τ )x = 0 (A.43)

The Taylor series expansion for p and q with z = x2 yields

p(z, θ, τ ) =
∑

pijkz
iθjzk (A.44)

q(z, θ, τ ) =
∑

qijkz
iθjzk (A.45)

Define

pijk =
1

(2i + 1)!j!k!

∂2i+1+j+kg1

∂x2i+1∂θj∂τk
(A.46)

Similarly for qijk and g2. The term a can be written as

a(z, θ) =
∑

aijz
iθj (A.47)

The formulas for the coefficients aij are:

a00 = 0 (A.48)

a01 = p010 (A.49)

a10 = p100 (A.50)

a02 = p020 (A.51)

a20 = p200 + p101q100/w (A.52)

a11 = p110 + p101q010/w (A.53)

a03 = p030 + p021q010/w (A.54)

a30 = p300 + p101(q200/w + q101q100/w2)

+p201q100/w + p102q
2
100/w2 (A.55)

Next, we give the formulae for the pijk coefficients. Computation of these
coefficients proceeds in two steps. In a first step, linear algebra problems must
be solved to obtain complex-valued vectors that are coefficients in the Fourier
series for the function w(x, θ, τ). In the second step, these vectors are used to
evaluate p and q coefficients [131, 132]. The first set of vectors are found by
solving

Aa0 = −0.5F 2(c, c̄) (A.56)

(A − 2iwI)a2 = −0.25F 2(c, c̄) (A.57)
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where c is the eigenvector of the Jacobian matrix A corresponding to the
eigenvalue iw. The first-order coefficients are:

a01 = p010 = −0.5Re F11c (A.58)

q010 = 0.5Im d∗F11c (A.59)

a10 = p100 = −0.25Re d∗[F2(c, a0) + F2(c̄, a2)

+0.25F 3(c, c, c̄)] (A.60)

q100 = 0.25Im d∗[F2(c, a0) + F2(c̄, a2) + 0.25F3(c, c, c̄)] (A.61)

where d is the eigenvector of the transpose (A∗) of A corresponding to the
eigenvalue −iw.
For the second-order aij (i+ j = 2), the following linear algebra equations are
to be solved:

(A − iwI)a1 = −1.5[F 2(c, a0) + F 2(c̄, a2) + 0.25F 3(c, c, c̄)]

+0.75d∗[F 2(c, a0) + F 2(c̄, a2) + 0.25F 3(c, c, c̄)] (A.62)

(A − 3iwI)a3 = −1.5F 2(c, a2) − 0.125F 3(c, c, c) (A.63)

Ab0 = −2[F 2(c, ā1) + F 2(c̄, a1)] − 3F 2(a0, a0) − 6F 2(a2, ā2)

−3F 3(c, c̄, a0) − 1.5F 3(c, c, ā2) − 1.5F 3(c̄, c̄, a2)

−0.375F 4(c, c, c̄, c̄) (A.64)

(A − 2iwI)b2 = −2[F 2(c, a1) + F 2(c̄, a3) + 3F 2(a0, a − 2)] − 3[F 3(c, c̄, a2)

+0.5F 3(c, c, a)]− 0.25F 4(c, c, c, c̄) (A.65)

(A − iwI)c1 = −F 11c + 0.5[d∗F 11]c (A.66)

(A − 2iwI)c2 = 2iwa2 (A.67)

Ad0 = −0.5[F 2(c, c̄1) + F 2(c̄, c1) + F 21(c, c̄)] − F 11a0 (A.68)

(A − 2iwI)d2 = −0.5F 2(c, c1) − 0.25F 21(c, c) − F 11a2 (A.69)

The higher order coefficients are now obtained from

p200 = (−1/24)Re d∗[0.5F2(c, b0) + 0.5F2(c̄, b2) (A.70)

+2F 2(a0, a1) + F 2(a2, ā1) + F 2(ā2, a3) (A.71)

+0.5F 3(c, c, ā1) + F 3(c, c̄, a1) + 0.5F 3(c̄, c̄, a3) (A.72)

+3[F 3(c, a2, ā2) + F 3(c̄, a0, a2) + 0.5F 3(c, a0, a0)] (A.73)

+0.25[F 4(c, c, c, ā2) + 3F 4(c, c, c̄, a0) + 3F 4(c, c̄, c̄, a2)](A.74)

+(1/16)F 5(c, c, c, c̄, c̄)] (A.75)



318 Appendix A

p110 = −0.25Re d∗[F2(c1 , a0) + F2(c̄1, a2) + F2(c, d0) (A.76)

+F 2(c̄, d2) + F 21(c, a0) + F 21(c̄, a2) + (2/3)F 11a1 (A.77)

+0.25F 3(c, c, c̄) + 0.5F 3(c, c̄, c1) + 0.25F 31(c, c, c̄) (A.78)

p101 = −0.25Re d∗F 2(c̄, c2) (A.79)

p020 = −0.5Re d∗[F 11c1 + 0.5F 12c] (A.80)

q020 = 0.5Im d∗[F 11c1 + 0.5F 12c] (A.81)

p011 = 0 (A.82)

q002 = 0 (A.83)

Each qi,j,k is obtained from the corresponding pi,j,k by reversing the sign and
taking the imaginary part instead of the real part.

A.8 Stroboscopic Technique

Forced systems such as the one discussed in Chapter 18, can be analyzed
in a number of ways. One way is to compute stroboscopic maps. The phase
portrait of the forced two-dimensional system is three-dimensional spanned
by the two state variables and time. When the forcing term is periodic with
period T , a Poincaré section is obtained simply by plotting the points (x1, x2)
in the plane projection whenever t is the multiple of the period T . Any sur-
face transverse to the bundle of trajectories may be used to define a Poincaré
section, the intersection of the bundle with the surface. The idea of inspecting
the phase projection only at specific times (t = mT ) is to see a sequence of
dots representing the Poincaré mapping. This is also called the stroboscopic
technique [351]. Transient motions appear as scattered dots. The emergence
of a stable fundamental solution would be seen as the repetition of a single
fixed-mapping point. The eventual emergence of stable subharmonics of order
n would be seen as jumps between n fixed points. If the Poincaré map does
not consist of either a finite set of points or closed curve then the motion may
be chaotic. Here the map may consist of an open curve or a fuzzy collection
of points. For small forcing amplitudes of the limit cycle, the main impor-
tant phenomenon is entrainment. In this case, the forcing entrains the system
and the response of the system becomes periodic and its period is an integer
multiple of the forcing period. At larger amplitudes of forcing, only unique
period-1 attractors are found having the same period as the forcing period.
The system is called fully entrained because the forcing completely overpow-
ered the natural system. Between small and very large forcing amplitudes, the
intermediate region gives rise to dynamics that are dependent on the inherent
nonlinearity of each system.
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A.9 Computing Period of Limit Cycle

In this section, we describe the numerical procedure for the accurate determi-
nation of the natural period of limit cycles of the two-dimensional unforced
system studied in Chapter 18. The autonomous system can be written, using
a change of variables, in the following dimensionless form

dx

dt
= Tf(x, λ) (A.84)

with boundary conditions

x0(t) = x0(t = 1) (A.85)

where T is the unknown period of the limit cycle and x0 is the vector of initial
states. The problem is a two-boundary value problem that can be solved using
a shooting method. The integration of Equation (A.84) from t = 0 to t = 1
yields

xi(1) = fi(x
0
1, x

0
2, T ), (i = 1, 2) (A.86)

The solution must satisfy Equation (A.86), which yields

fi(x
0
1, x

0
2, T ) − x0

i (0) = 0, (i = 1, 2) (A.87)

Denote by φi(x
0
1, x

0
2, T ), (i = 1, 2) the two last equations. Note that the three

unknowns are x0
1, x

0
2, and T . A third equation comes from fixing one of the

steady-state components xss1 or xss2 that comes from solving the unforced
system. This anchor equation ensures that the fixed-state variable is lying on
the limit cycle. The system of two nonlinear equations can be solved by the
Newton Method [1]. The Jacobian matrix is

J =

(

∂φ1

∂x0
1

∂φ1

∂T
∂φ2

∂x0
1

∂φ2

∂T

)

(A.88)

which becomes

J =

(

∂f1

∂x0
1

− 1 ∂f1

∂T
∂f2

∂x0
1

∂f2

∂T

)

(A.89)

The different elements of the Jacobian matrix are evaluated by integrating
the following variational equation, simultaneously with Equation (A.84).

Let

Ψi1 =
∂xi

∂x0
1

, (i = 1, 2) (A.90)
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and

Ωi =
∂xi

∂T
, (i = 1, 2) (A.91)

Taking the derivative of Equation (A.84) with respect to x0
1 and T yields the

following variational equation

dΨi1

dt
= T

2
∑

k=1

∂fi

∂xk
Ψki, (i = 1, 2) (A.92)

dΩi

dt
= fi + T

2
∑

k=1

∂fi

∂xk
Ωk, (i = 1, 2) (A.93)

with the following initial conditions

Ψi1(0) = δi1, Ωi(0) = 0, (i = 1, 2) (A.94)

δij is the Kronecker symbol. Integrating these variational equations simulta-
neously with Equation (A.84) to t = 1 gives the elements of the Jacobian
matrix as follows

∂fi

∂x0
1

= Ψi1, (i = 1, 2) (A.95)

∂fi

dT
= Ωi, (i = 1, 2) (A.96)

A.10 Lyapunov Exponents

Lyapunov exponents are important quantitative measures of the sensitive de-
pendence of trajectories of a dynamical system on initial conditions. It is the
average rate of divergence or convergence of two neighboring trajectories in
the phase space. The number of Lyapunov exponents is equal to the dimen-
sion of the dynamical system. When the largest Lyapunov exponent (LLE)
is negative, the system is nonconservative (dissipative) and it attracts to a
fixed point or stable limit cycle. If LLE is zero such systems exhibit Lyapunov
stability, i.e., they are conservative and in a steady-state mode. When, on the
other hand, the LLE is positive, the system is chaotic and unstable. Nearby
trajectories diverge irrespective of how close they are. In order to define in
simple terms the Lyapunov exponents, consider two orbits, a “reference” orbit
and a “test” orbit, separated at initial time by a small phase space distance
h0. If the motion is chaotic, the orbits will, by definition, separate by a phase
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space distance h(t) at an exponential rate [251, 315]. The largest LLE is a
measure of this rate of separation:

LLE = lim
t→∞

1

t
ln

h(t)

h0
(A.97)

Now consider that the dynamical system is described by the following ODE

ẋ = f(x, t) with x(0) = x0 (A.98)

When the perturbation is small, the system can be described by the linearized
system

ḣ = fx(x, t)h (A.99)

The trajectories h(t) satisfy the following equation

h(t) = Φ(t)h(0) (A.100)

where Φ is the fundamental solution matrix satisfying the variational equation

Φ̇ = fx(x, t)Φ, Φ(0) = I (A.101)

Therefore, using some defined norm ||.||, the term ||h(t)||
||h(0)|| = ||Φ(t)h(0)||

||h(0)|| is a

measure of the expansion in the direction of h(0). The direct integration of
Equation (A.101) for a chaotic system is not workable given that at least one
Lyapunov exponent is positive, which implies that the solution is unbounded
as time approaches infinity. In order to remedy the problem, the techniques
to compute the largest Lyapunov exponent rely on a process during which
successive integration/normalization procedures are applied to the fundamen-
tal matrix. To visualize the procedure, let h(T ) be the separation. Define a
rescaling parameter

α1 =
h(T )

h(0)
(A.102)

then

λ(T ) =
1

T
ln(

h(T )

h(0)
) =

1

T
ln(α1) (A.103)

The perturbed orbit is then rescaled. Subsequent rescaling yields

λ(2T ) =
1

2T
ln(

h(2T )α1

h(0)
) =

1

2T
ln(α1α2) (A.104)

λ(3T ) =
1

3T
ln(

h(3T )α2α1

h(0)
) =

1

3T
ln(α1α2α3) (A.105)

This procedure of integration/normalization is repeated for K times. When
K is large enough

LLE =
1

KT

K
∑

i = 1

ln(αi) (A.106)
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Based on the authors’ extensive work in this field, Dynamics of the 
Chemostat: A Bifurcation Theory Approach explores the use of 
bifurcation theory to analyze the static and dynamic behavior of the 
chemostat.

The authors first survey the major work that has been carried out 
on the stability of continuous bioreactors. They next present the 
modeling approaches used for bioreactive systems, the different 
kinetic expressions for growth rates, and tools, such as multiplicity, 
bifurcation, and singularity theory, for analyzing nonlinear systems.

The text moves on to the static and dynamic behavior of the basic 
unstructured model of the chemostat for constant and variable 
yield coefficients as well as in the presence of wall attachment. It 
then covers the dynamics of interacting species, including pure and 
simple microbial competition, biodegradation of mixed substrates, 
dynamics of plasmid-bearing and plasmid-free recombinant 
cultures, and dynamics of predator–prey interactions. The authors 
also examine dynamics of the chemostat with product formation 
for various growth models, provide examples of bifurcation theory 
for studying the operability and dynamics of continuous bioreactor 
models, and apply elementary concepts of bifurcation theory to 
analyze the dynamics of a periodically forced bioreactor.

Using singularity theory and bifurcation techniques, this book 
presents a cohesive mathematical framework for analyzing and 
modeling the macro- and microscopic interactions occurring in 
chemostats. The text includes models that describe the intracellular 
and operating elements of the bioreactive system. It also explains 
the mathematical theory behind the models.
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