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2 B The Process of Mathematical Modeling

1.1 WHAT IS MODEL BUILDING?

Definition: modeling is the art of describing in symbolic language a real life
system so that approximately correct predictions can be made regarding the
behavior or evolution of the system under varied circumstances of interest.

We now elaborate on this definition.

First, note that in this definition “modeling” is referred to as an art. As
such one cannot develop rigid preset rules for this task. What can be done,
however, is to point out a pattern that is found to be useful in many cases
and can help the practitioner to avoid many pitfalls.

Furthermore, a model is described as being able to make “correct predic-
tions” about the system. This usually does not mean 100% accuracy. Predic-
tions of many models have a rather wide error margin. The pertinent question,
therefore, is whether these margins are acceptable to the user or not. More-
over, it might turn out that several models are capable of describing the same
phenomena with different degrees of accuracy (and complexity).

Another important aspect of the definition is that a model should be “solv-
able.” A sophisticated but “insolvable” model might be less useful from a prac-
tical point of view than a simple and straightforward one which is capable of
making predictions with acceptable error margins.

One should also bear in mind that every model is constructed with certain
limitations on its validity, and these should be borne in mind by the prospec-
tive user. Thus, in many practical applications it is not that “the model is
incorrect” but it is the application which violates the basic assumptions of the
model used.

A classical example to illustrate these points is given by gravitation theory.
Here we do have at present two concurrent theories which pertain to modeling
the same phenomena viz. Newton’s Law of Gravitation and Einstein’s theory.
Though it is accepted and proven that Einstein’s theory is better and more
accurate, still it is highly complex and “hard to solve.” As a result, in most
terrestrial applications we use Newton’s Law of Gravitation with “acceptable

error margin.”
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As to the problems which require model construction, their source and

scope vary between applied problems in life to attempts to duplicate natural

phenomena and (what might seem to be) intellectual curiosity.

Examples and Illustrations:

1.

In many cases of daily life, we construct “mini-models” without even
paying any attention to these facts; e.g., “How do I get to downtown?”
(by car, by bus, by subway, on foot, or otherwise) requires a model which

depends on:

(a) The distance to downtown,
(b) The time element (How fast do I want to get there?),

¢) Money considerations,

(
(d) Security considerations (Is it safe to ride the subway?),

e) Availability of means (How frequently do the buses run?),

)
)
)
)
)
f)

(
(f) The mood of the person.

Consider a truck company operating in the U.S. with “truck depots and
service centers” in some major cities.

A major problem for such a company is how to dispatch trucks to their

destinations in the most economical way (saving gas and drivers’ time).

How can the wheat crop be increased to feed the growing human popu-

lation?

. What is the cause of global warming and climate change and how can

these effects be mitigated?
How can sound and light be recorded in a better way?
How can rockets be sent to the Moon or the planets?

Why is the sky blue?
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1.2 MODELING FRAMEWORK

As we said above, model building is a creative act for which no preset rules
apply. We do trace here, however, a series of steps which hopefully will be
useful in avoiding costly mistakes and around which one can develop one’s
skills in this field. We would like to stress, moreover, that model building is a
non-sequential process. In some cases, several of these steps will overlap, some
might be “missing” (i.e., not needed), and between others “loops” have to be
made until one may come up with a reasonable (and acceptable) model for

the problem at hand.

We now describe these steps.

STEP 0: Set up as precisely as possible the reasons for constructing the

model and its objectives.

We note here that in many projects a clear statement of these reasons

and objectives might radically influence the model to be built.

Example: The statement “Build a model to predict the weather” is a
rather loose and incomplete statement from a modeling point of view.
Thus, if no statement is made for the reasons and the precise objectives
of the desired model, the problem should be considered as ill-defined. In
fact, as stated above, each of the following might be the actual objective
of the model.

1. Predict the weather for the next hour.
Reason: One wants to go shopping.

Appropriate model: Just look through the window.

2. Predict the weather tomorrow.
Reason: Going on a trip one would like to know how to dress.
Appropriate model: Listen to the weather forecast on the radio or
the Internet.

3. Predict the weather next winter.
Reason: Will it be a good idea to build a ski-motel during the

summer?
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Discussion of an appropriate model: We note, however, that even after
these clarifications the model to be built is not precisely defined since

the word “weather” might have different connotations, for example:

1. The model should predict the temperature to within 10° (should I

take my sweater with me?).

2. The model should predict the temperature, the condition of the
sky, and the possibility of showers (would it be a nice day for a
trip? Should I take a raincoat?).

3. The model should predict the possibility of snow (should I take my

ski gear with me?).

Another point to remember at this stage is that in many instances a
reformulation of the model objectives will be required during the process
of model building. This is especially so if the original scope of the model

turns out to be too large.

Example: The objective of building a model to “cure cancer” requires

many sub-models since there are several types of cancer.

STEP 1: Study the problem as it is in real life.

Example: If one attempts to build a model to improve the performance
of a production line, then it is imperative to go to the factory and study
first hand how this line operates (nothing else will do). In many instances,
one might discover that the problem of improved production depends on

factors which are independent of the line operation.

STEP 2: Data collection and analysis in real life.

At this stage, one studies the phenomenon and its behavior in real life
with the objective of identifying the major factors (i.e., causes) that

influence the phenomenon.
Example 1: Analysis of car accidents.

As result of data collection and its statistical analysis, one might con-
clude that the main factors which have a bearing on the frequency of

car accidents are: driver, road, car, and weather. Each of these can be
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)

further subdivided into several sub-headings; e.g., to define “driver,” we

must specify age, sex, height, sight, mental state (e.g., intoxication), etc.

We note that at this step some very crucial decisions have to be made
viz. to identify those factors that are most important to the problem
at hand. For example, in analyzing car accidents, one might make the
(questionable) assumption that the height of the driver is of little impor-
tance and hence can be ignored. Once again, it is important to keep in
mind the need to strike the balance between model simplicity (i.e., few

variables and easy to solve) and effectiveness (i.e., accurate predictions).

Moreover, at this point one must also decide whether to limit the scope

of the model to be built or to make its objectives more precise.

Example 1: If we started with the objective of curing cancer, we might
decide at this stage to study only the relationship between drug X

and lung cancer.

Example 2: If we wanted to study, originally, the performance of a
given car, we might decide to limit ourselves to the study of a

certain component, e.g., the motor.

STEP 3. Controlled lab studies or simulations.

Studies carried out in the labs enable us to vary the factors that influence
the phenomena under study in a controlled manner and thus study the

influence of each factor separately.

Example : If the strength of a certain material depends on the tem-
perature and pressure, then lab experiments will enable us to study the
strength as a function of one variable only (for a constant value of the
other variables), something that is not easy to achieve in real life situa-

tions.

STEP 4: Construction of a conceptual qualitative model.

As a result of the studies conducted in the previous steps, one should be

able to construct a qualitative model for the phenomena at hand.
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Example 1: “The accident rate depends mainly on the driver’s age
where 25 seems to be the most important in changing driving
habits.”

Example 2: “Pleasure is the main motivating force in human behav-

ior.”

Example 3: “Reliability of a given system decreases with heat and

speed but increases with weight.”

If such a qualitative model is acceptable to the user, then the au-
thor or researcher might feel no further need for a mathematical-
quantitative model (or the model might be hard to quantify, e.g.,
amount of pleasure, motivation, etc.) and therefore may proceed
directly to step 8 (bypassing steps 5, 6, and 7, which are needed
when a mathematical model is constructed).

In many cases, one is required at this stage to make a creative
breakthrough, that is provide a new conceptual framework for the

problem under consideration and its solution.

Example 4: “The Hy-molecule can be represented by a rod whose mass
is concentrated at the end points.” This is Raman Model for the

H>-molecule which earned him the Nobel prize.

STEP 5: Conclusions, predictions, and recommendations that follow for the

qualitative model.

Example 1: “Tomorrow will be partly cloudy.”
Example 2: “Saccharine is carcinogenic.”
Example 3: “Car X is not reliable.”

Example 4: “Mr. X has a strong personality.”

Example 5: “Travel is a pleasurable experience.”

The shortcomings of qualitative models are:

1. Models tend to be limited in scope.
2. Model reliability in making predictions is sometimes questionable.

3. Predictions are qualitative rather than quantitative.
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The points of strength of these models, on the other hand, are:

1. Their meaning is clear to almost everybody.

2. They are hard to question and challenge (sometimes these mod-
els are accepted solely due to the experience and authority of the

person that suggests the model).
3. They are simple in structure.

4. They are based sometimes on long personal experience and intu-

ition.
Example : “Buy stocks in January and sell them in April.”

While qualitative models are accepted and used extensively in the social
sciences, they are rarely acceptable in the natural sciences or engineering.
In these fields, one has to perform the following additional steps which

lead to a mathematical-quantitative model and its solutions.

Remark: Not all mathematical models make quantitative predictions,
e.g., in the stability theory for solutions (or equilibrium points) of dif-

ferential equations.

STEP 6: Abstraction and symbolic representation.

This step sometimes requires a lot of insight and creativity as the true
variables which control the phenomena might be masked by the data.
In the majority of the cases, however, it consists of representing the
variables by symbols, naming the functions and identifying the axioms

or constraints of the model.

Example 1: “We can treat a car as a point particle whose position is given by

the vector x (abstraction and simplification).”

Example 2: “The temperature 7" is a polynomial function of the speed v and
the time t, i.e.,
T = p(v,t)

where p is a polynomial.”
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Example 3: “Let the number of trucks at station A be denoted by N,4. Then
N4 must satisfy Ny < N where N is the total number of trucks op-

erated by the company (symbolic representation and constraint).”

Example 4: “For transportation purposes, it is enough to represent the U.S.
map by a set of discrete points whose location coincide with the

major cities (abstraction and simplification).”
STEP 7: Derive the equations that govern the phenomena.

Example 1: If F is acting on point particle of mass m, and the particle acceler-

ation is denoted by a, then
F = ma.

This is Newton’s Second Law.

Example 2: Denoting by P, V, and T the pressure, volume, and temperature
of a gas, then
PV =RT

where R is a constant. This is the Ideal Gas Law.

Remarks: Broadly, mathematical models are classified as deterministic
versus stochastic (viz. probabilistic). Another possible classification of
these models is as continuous (i.e., the variables used are continuous)
and discrete. Fach of these classifications has its merit within a given

context.

STEP 8: Model testing.

To this end, one must solve the model equations and compare the solu-
tion with the actual data collected in steps 2 and 3. If there is a bad fit,
i.e. non-acceptable deviations, then it will be necessary to redo steps 4,
5, and 6.

In this context, we remark that sometimes new mathematical techniques
have been devised to solve a mathematical model. If the model equations

remain intractable, then some approximations to the model equations
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must be made, thereby sacrificing accuracy in favor of easier computabil-
ity.
Example: If the original model equations are highly nonlinear and hard

to solve, then one may find an acceptable linear approximation which

might be solved easily.

STEP 9: Model limitations and constraints.

At this point, one must become clearly aware of the limitations that
must be imposed on the use of the model and the permissible range of

the variables.

Example 1: One cannot use the equations of classical mechanics to
predict the motion of a particle whose speed is close to the speed of
light.

Example 2: The ideal gas law is a good model for some gases but not

for others.

STEP 10: Predictions and sensitivity analysis.

Once a model has been tested and found acceptable, then it can be
used to make predictions. Whenever such a prediction is found to be
correct, the model is considered to be more reliable (in a way every such

prediction is a further test of the model).

One should bear in mind, however, that sensitivity analysis of many
models is required before their actual use; i.e., one has to find the extent
to which the model predictions are sensitive to small variations of the
model parameters. We note that some models are “required” to be highly
sensitive while in others insensitivity to such variations is necessary (e.g.,

if the data contains inherent errors).

Example 1: Ballistic tables.

To construct an “exact” ballistic table, one has to know the exact at-
mospheric conditions, amount of charge, geographic altitude, and state
of the cannon to be fired. In field conditions, however, these variables

are known approximately at best. Hence, a good ballistic model must
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be somewhat insensitive to small variations in these parameters while

giving a reasonable prediction about the range of the shot.
Example 2: Models for physical resonances.

Here, sensitivity is highly desirable especially when several such “close

by” resonances are involved.
Example 3: Chaotic systems.

When the evolution of a system under consideration displays high sen-
sitivity to the initial conditions, we say that the system is “chaotic.”
Under these circumstances, it is possible to make only “short time” pre-
dictions about the state of the system. This is why weather forecasts are

accurate only for a “few days” (at best).

STEP 11: Extensions and refinements.

If a model is found to be correct in some instances but less accurate in

others, then a refinement of it is needed to take care of these exceptions.

Example: The ideal gas law needs such a refinement when the gas molecules

are “large” (e.g., diatomic gases). The refined model is given by

P+-2)v=RT
(P+73)

where « is a parameter which depends on the gas.

STEP 12: Compounding.
Once a correct and reliable model has been established for some phenom-

ena, then related problems can be modeled by a process of compounding.

Example: Once the equations of motion for the spring-mass system are
found, one can compound the model to systems of several masses and

springs.

Finally, we present here a schematic overview of the modeling process.
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EXERCISES

E. Fermi was one of the great theoretical physicists in the twentieth century.

Some of the following “mini-model” questions are attributed to him. We of-

fer these here to sharpen the reader’s skill in the modeling of “real world

problems.”

10.

11.

12.

13.

Ignoring oceans and such, how long would it take to walk entirely around
the world?

How much water per year flows in the Mississippi river?

How many dump-truck loads would it take to move Mt. Washington in
New Hampshire, USA?

Find the dimension of a box that can contain all of the human race (five

billion approximately).

. What is the linear velocity of Earth around the Sun?

How many drops of water are in the Pacific ocean?

How many books are in a bookstore?

How many atoms are in a cell?

How many cells are in the human body?

How many light-bulbs burn out in one minute throughout the world?

What is the actual volume of material in a solid cubic meter of metal

(remember atoms are made of nuclei and electrons)?
How do you buy the best car for your money?

How do you buy the best computer for your money?
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1.3 GENES AND BIOLOGICAL REPRODUCTION

Most of the models that we consider in this book will use “continuous vari-
ables.” Moreover, it will be advantageous in some cases to convert a discrete
variable problem into a problem with continuous variables. However, to illus-
trate the modeling process we consider in this section a model which reduces

a “continuous variable problem” into a discrete one.

Motivation and Objective:

A company grows and sells various types of beans (Lima-beans kidney-beans
etc.). It is a known fact that green and smooth texture (Lima-)beans are
preferred by the consumers and hence command a higher price. However, on
the farms the company grows beans which vary in color (white, red, yellow,
green, and anything in between) and texture (from smooth to wrinkled).

It is the objective of this project to understand this phenomenon so that
the company will be able to produce larger quantities of the desirable beans
and enhance its profits.

Data from the farm:
1. Beans self fertilize.

2. Beans can be divided to a good approximation into the following groups:
Green-Smooth (G-S), Green-Wrinkled (G-W), White-Smooth (W-S),
White-Wrinkled (W-W), Yellow-Smooth (Y-S), Red-Smooth (R-S), and
Red-Wrinkled (R-W).

Remarks: Note that by using the simplification in (2) above, we converted
a continuous set of variables for the color and texture into a discrete one.
This, sometimes, simplifies the problem considerably. However, sometimes the

reverse is true (e.g., in population models).

Experimental Data:

Observations of bean plants grown in seclusion are being made in regard to

their crop and their descendants.
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Results:

1. It is possible to obtain pure lines of beans, i.e., beans which by self
fertilization will always produce descendants of the same type. However,
these pure lines are prone to disease and therefore not very desirable

from a commercial point of view.

2. Sometimes, a plant from a line producing green smooth beans will pro-
duce by self fertilization some descendants which are wrinkled, etc. (so

that appearances might be deceptive).

3. If we cross pure lines of G-S beans with G-W, we obtain first generation
G-S beans only. However, in the second generation, these G-S beans will

give both G-S and G-W beans by approximate ratio of 3:1.

Subproblem:

Build a model to explain texture only; i.e., assume all beans are Green.

Qualitative Model:

1. A bean carries entities which we shall call “genes” which determine
whether it is smooth or wrinkled. These will be denoted by S and W.

2. Each bean contains two such genes.

3. A bean is smooth if the combination of genes is S.S or SW and wrinkled
it WV,

4. In cross fertilization, one gene is accepted (independently) from each

parent.

Remark: In such a situation where the combination SW is smooth, we shall
say that S is “dominant” with respect to W.
Mathematical Model

Let R(x,x*) denote the reproduction function, i.e., the probability distribu-

tion of the descendants for a given pair of parents

R(ph]b) = (Rly R27R3)
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where p; and p, represent the parents and Rq, Ry, and R3 are the probabilities
of S5, SW,and W descendants respectively. If P(x) is the probability that

a given bean carries a certain gene, we then have
Ri(p1,p2) = P(S [ p1) P(S | p2)

Ra(p1,p2) = P(S [ p1) P(W | p2) + P(W | p1) P(S | p2)
R3(p1,p2) = P(W | p1) P(W | pa).

(In these equations P(S | p;) represents the conditional probability that the
parent p; contributes the S gene to the descendant and so on.)

Model Predictions: In the cross fertilization experiment, we started with
two pure lines, i.e. p; =SS, py = WW. As a result, our model predicts for

first generation descendants:
Ri=0 Ry=1 R3=0,

i.e. all first generation beans are G-S which corresponds to the experimental

results. For the second generation, we therefore have

p1=p2=SW
and hence,
1 1 1 1 1
R1_5'5_17 R2_§7 R3_17
1

3
i.e. — of the beans are smooth and 1 are wrinkled, i.e., a ratio of 3:1.

EXERCISES

1. Predict the results of cross fertilization between

(a) SW and WW beans.
(b) SW and SS beans.

2. (Compounding) Devise a model for beans which takes color into account.

Hint: Each bean will now have four genes; S, W for texture and C, ¢ for

color.
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3. Suppose that beans with (S5, CC) are crossed with (ww,cc) (and C is
also dominant with respect to ¢) and the first generation descendants
reproduce by self fertilization. Predict the results for color and texture

of the crop.

4. The following are well known facts regarding blood types in humans:

(a) There are four (major) blood types denoted by A, B, AB and O.
(b) Each blood cell contains two genes which determine the blood type.

(¢) The O-gene is regressive with respect to the A and B genes, i.e.,
AO and BO bloods are A and B bloods respectively.

(d) A and B genes are of “equal strength.”
(e) In the process of reproduction, each parent donates one gene to

determine the blood type of the descendant.

Use this data to:

1. Give an explicit representation for the reproduction function of this sys-

tem.

2. Predict the blood type distribution for the descendants to parents with
blood types AO and BO.
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The behavior and evolution of many scientific and engineering systems are
described by equations which involve unknown functions and their derivatives.
These are called differential equations, and methods for their solution play a
central role in many disciplines.

Differential equations are classified as ordinary differential equations
(ODEs) and partial differential equations (PDEs). ODEs are equations which
involve only one independent variable while PDEs involve several independent
variables.

To motivate the study of these equations we consider in this chapter prob-
lems in various areas which are modeled naturally by ODEs. For some of these
models a solution is possible by elementary integration methods. For others
more elaborate methods are needed.

For all the models presented in this chapter we illustrate the modeling
process by adhering as closely as possible to the modeling framework that was

introduced in the previous chapter.

2.1 THE MOTION OF A PROJECTILE

Model Objective and Motivation: Build a prototype model which de-
scribes the motion of a small particle in the gravity field of the Earth. Neglect
all other forces and the rotation of the Earth.

This study is motivated by the fact that the motion of a projectile in the
atmosphere is important in many applications (e.g rockets, cannon shells, etc).
As per usual in the modeling process we first consider this problem in its ”bare
bones” setting and derive a prototype model.

Background: To derive the equations of motion for this problem we need
Newton’s second law, which states that the external force acting on a point

mass is proportional to its acceleration. Thus
F =ma

where F,m,a denote respectively the force, mass, and acceleration of the

particle.
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2.1.1  Approximations and Simplifications

1. We assume that the speed of the particle is small compared to the speed
of light. Hence relativistic corrections to Newton’s second law can be

neglected.

2. The projectile is considered to be a point particle and the motion around

its center of gravity is neglected.

3. We assume that the distance covered by the projectile is small compared
to the Earth’s radius. Consequently the spherical shape of the Earth can

be neglected and we consider the flight to be over a flat plane.

4. We neglect the variation of the gravitational force with height and lo-
cation (which is due to the fact that the Earth is not a perfect sphere).

Hence we approximate g - the acceleration due to gravity by a constant.

5. We neglect the influence of the atmosphere on the motion of the projec-
tile. These include air drag and variations in temperature, density, and

pressure.

6. We neglect the effect of the Earth’s rotation on the projectile motion.

2.1.2 Model:

With the approximations delineated above it follows from Newton’s second
law that the equation of motion of the projectile is
d?*x
m—s- = —mgj. 2.1
dt? 9] ( )
where j is a unit vector in the upward vertical direction. Since the only force
acting on the projectile is in the j-direction, we infer also that its motion is
constrained to a plane. Without loss of generality we can choose this plane to
be the x-y plane with x = (z,¥), (see Fig. 2.1). Equation (2.1) is equivalent

then to two scalar equations

L d 0 d*y
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Figure 2.1 Trajectory of a projectile

Since ¢ is constant, we can readily integrate these equations twice to obtain

T=c, Y= —gt+co, (2.3)
gt*
r=ct+c3, Y= —7+C2t+C4, (2.4)

where ¢;, © = 1,2, 3,4, are constants. To determine these integration constants
we need some “initial conditions” which (in this case) must specify the position
and velocity of the projectile at some (initial) time. Thus if we assume that at
time ¢ = 0 the projectile is at the origin and its velocity vy = (vg cos 6, vg sin ),
then

z(0) =0, y(0)=0, #(0) =wvgcosh, y(0) = vgsinb. (2.5)

To use these conditions we substitute ¢ = 0 in Equations (2.3), (2.4) to obtain

C3 = 6420

c1 = wvgcosh, ¢y =1vysind. (2.6)
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It follows then that the parametric representation of the trajectory is

2

x = (vgcosO)t, y= —% + (vosin )t. (2.7)

The nonparametric representation of the trajectory is obtained by eliminating
t from Equation (2.7). This leads to

2
g x

=xtanf — = : 2.8
yoohan 2 (UOCOSQ> (2:8)
Example 2.1.1 Find the relation between the range of a projectile on Earth

and the Moon if they satisfy the same initial conditions.

Solution 2.1.1 The range of a projectile is the distance to where it returns
to ground zero, i.e., y = 0. To find the range R, on Earth we set y = 0 in
Equation (2.8) and solve for x.

We obtain )
R, — v sin 20 (2.9)
ge
where g, is the gravitational acceleration on Earth. On the Moon the projectile
satisfies the same equation of motion, but the gravitational acceleration is g,,.

Hence the range of the projectile on the Moon is

2 o 2
R, — Yosin2d (2.10)
Im
Therefore R
m ge
= 2 2.11
R o (2.11)

2.1.3  Model Compounding:

We now compound the prototype model derived above by removing some of
its constraints.

Example 2.1.2 Derive the equation of motion of the projectile when air re-

sistance (drag) has to be taken into consideration.
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Solution 2.1.2 When the velocity of the projectile is not large, the drag force

F, is (to a good approximation) proportional to the velocity of the projectile

Fd = —QV.
The necessary modifications to Equation (2.1) are given by
mX = —mgj — ax

or in scalar form
mr = —ox
my = —mg — o.

Eq. (2.14), (2.15) can be solved by direct integration

mt = —ax + ¢
—bt cl
Ccoe™ " 4 =
m:u7 b:37 a # 0.
b m
To solve for y we introduce ¢ = u. Equation (2.15) becomes
mi = —mg — Qu
which then leads to
y:u:c;ge_bt—g
b
1
= —— (cge_bt + gt) + ¢4.

b

(2.12)

(2.16)

(2.17)

(2.18)

(2.19)

Once again we need initial conditions in order to solve for the integration con-

stants ¢;,© = 1,...,4. We observe that at least formally the solution, Equa-
tions (2.16)-(2.19), “looks” totally different from the one obtained when av = 0

(however, see ex. 4).

Exercises

1. Derive the equations of motion for a projectile if the variation of the

gravitational force with height is to be taken into consideration.

2. Find the maximum height that a projectile will achieve as a function

of the initial speed and firing angle. If vy = 1 km/sec, what will be the

maximal change in ¢ along such a trajectory?
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3.

2.2

Solve for the constants ¢;,i = 1,...,4, in Equations (2.16)-(2.19) using

the initial conditions in Equation (2.5).

Use the results of exercise 3 and a first order Taylor expansion for e~

to show that as b — 0 the solution, Equations (2.16)-(2.19), converges
to the one given by Equation (2.7).

. Write down the equation of motion and initial conditions for the motion

of a projectile if there is a wind blowing with velocity w = (wy, ws)
where wy, wy are constants (wq, ws are the wind components in the z,y

directions). Solve your model.

How many firing angles can be used to achieve a given range for a pro-

jectile with initial velocity vo?

For a fixed initial speed at what firing angle will a projectile achieve its

maximum range?

. A plane with speed u is flying from city S to city /N, which is at a

distance d exactly north of S. A wind of speed v is blowing in the eastern
direction. Find differential equations for the position of the plane if its
pilot makes sure that the plane is always aimed towards N. (See Fig.
2.2).

x d

Hint: Find differential equations for —, —
dt’ dt

in terms of the position
(x,y) and u,v.

SPRING-MASS SYSTEMS

In this section we model spring-mass systems as well as systems with torsion.

Per usual we start with a prototype problem and then compound it to model

related systems.

Objective: Build a prototype model which describes the motion (in one-

dimension) of a mass attached to a spring whose other end is rigidly fixed

(see Fig. 3.3). Neglect gravity and all other external forces.
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airplane position

Figure 2.2 A diagram for the plane position and velocity

Figure 2.3 Spring Mass system
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Background: To model the motion of such a system one usually applies

Hooke’s law. It states that for small displacements x from the natural length

L of the spring the force exerted by it is given by

F =k, |%|<<1

where k > 0 is called the spring-stiffness. However, to understand the limi-

tations and approximations made in its derivation, we state here some of the

experiments needed to establish the law.

2.2.1

1.

Data Collection

Experiments to measure the force that various springs exert for positive

and negative displacements (stretchings and contractions respectively).

Experiments to determine to what extent the force exerted by a spring

varies with its use.

Experiments to find the effects of environmental factors such as temper-

ature, pressure, and location on various springs.

Experiments to determine how the force that is exerted by the spring
varies as a function of the material, size of the coil, and number and

diameter of the loops.

Experiments to find how various imperfections in the structure of a
spring, e.g. variations in the diameters of the loops and coil or deviations

from circular symmetry, affect its performance.

2.2.2  Approximations and Simplifications

As aresult of the data collected in the experiments listed above, one is justified

in making the following approximations and simplifications for metal springs:

1.

Small deviations in the structure of a spring minimally affect its per-
formance. Henceforth, we only consider “ideal springs” which are made
of homogeneous material, circular coil, and loops whose diameters are

constant.
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2. The force exerted by a spring depends very weakly on environmental
factors and the number of times that the spring is used. Hence we shall

neglect the influence of these factors on the performance of the spring.

3. For equal but opposite displacements the magnitude of the force exerted

by the spring is equal but in opposite directions.

4. For small displacements the force is proportional to the displacement
with a negative proportionality constant. The determination of this pro-
portionality constant for a given spring from first principles (i.e. as func-
tion of the material, number of loops, etc.) requires a major modeling

effort and is in most cases impractical.

2.2.3 Mathematical Model

Let

I = force exerted by the spring

m = mass of body attached to the spring

x = displacement of the mass (or the center of mass)
from equilibrium

a = acceleration of the mass.

Using the approximations to the data introduced above we can now write
for | # |[<< 1 that
F(z) = —kx (Hooke’s Law) (2.20)

where k£ > 0 is called the stiffness of the spring.
Using Newton’s second law we find that the equation of motion for the

mass attached to the spring is given by
mi = —kx (2.21)

or
— —kz. (2.22)
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2.2.4 Remarks and Refinements

1. If we displace a spring from x to z + Az, we infer from Equation (2.20)
that
AF = F(z+ Az) — F(z) = —kAx. (2.23)

This observation, that the additional force exerted by the spring due to
a displacement Az from x is independent of z, is important in many

applications.

2. (In preparation for 3) Let there be given an infinite series

plx) =) anz" (2.24)

n=0

which converges for | x |[< R, R > 0. If p(z) is an odd function, i.e.
p(z) = —p(=x), |z |<R, (2.25)

then ay,, =0, m =0,1,... . In fact we infer from Equations (2.24),
(2.25) that

o0
2 E Aomx>™ =0
m=0

and since this must be true for all |  |< R, it follows that as,, = 0.
Similarly if p(z) = p(—x) ,i.e. p(x) is even, one infers that ag,, 1 =
0, m=0,1,....

3. In many instances engineers and scientists are called upon to solve or
model systems in a short period of time. Under these constraints it is
impossible to conduct a thorough set of experiments to establish the
laws governing the system’s behavior. Instead “mathematical approxi-

mations” must be used. We now illustrate this procedure.
Assume that the only information given about the force exerted by the

spring is:

(a) F' = f(x), i.e. the force is a function of the displacement only.

(b) F(0)=0
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(¢) F(z) = —F(—x), i.e. Fis an odd function of x, where F' is some

unknown but smooth (i.e. analytic) function.

Since F'is analytic, we can expand it in a Taylor expansion around z = 0

[e.9]

F/(O)a; + FU(O):EQ +... F™(0)

1! 2! n!

n=0

",

F(x)=F(0)+

However, from the fact that F is odd it follows (using the previous observation)
that F?™(0) =0, m =0,1,2,.... Hence

F(z) = kix + ks + ...

If | | is small and k; is assumed to be nonzero, then we can approximate
F(z) by

F(z)=—kz, k>0 (2.26)
(the sign can be determined by a simple experiment). Equation (2.26) is called
the linear (or first order) approximation to F. It is valid when F'(0) # 0
and | = | is small. Hooke’s law can be interpreted then as representing this
approximation. Our analysis, however, goes one step beyond this law. In fact
it shows that the next order approximation to the force exerted by the spring

(under present assumptions) is not proportional to z* but to a3, i.e.
F(z) = —ka + ksa®. (2.27)

Compounding: Inclusion of external forces.
If an external force besides that of the spring acts on the mass we have

from Newton’s second law
ma = —kx + Fl,;. (2.28)

However if the external force Fi,; contains frictional forces Fy then it is cus-

tomary to separate this force from the other external forces so that
ma = —kx + Fop + F. (2.29)

In three dimensions one can obtain the following data about the frictional
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force: F; always acts in the direction opposite of the velocity v and is a func-
tion of v, the material and shape of the body, and the medium in which the
body moves.

For a given body moving on a uniform surface, Fy = F((v), and we infer

from the “data” above that
F;(v) = =F¢(—v), v=|v| (2.30)
Hence in one dimension the “first two term approximation” for Fy is given by
Fi(v) = —bv — rv® (2.31)

where b, r are positive constants.

In three dimensions the equivalent approximation for F is
Fi(v)=—bv—r(v-v)v. (2.32)

For small | v | we therefore obtain the following equation of motion for the

spring mass system in one-dimension.
ma + bv + kxr = Fp (2.33)

or
mi + bi + kx = Fuy (2.34)

where dots denote differentiation with respect to time (“standard” notation).
The equivalent equation of motion of this system in three dimensions is given
by

mX + bx + kx = Fy. (2.35)

As a particular application of the nonlinear frictional forces given by eq.
(2.31) we mention the vibrations in the clarinet tube. Lord Rayleigh, who
investigated this problem in the 19th century, modeled these vibrations by
the equation

mi + kx = bi — c¢(2)®, bc>0 (2.36)

or equivalently
mi + [e(2)? = bli + kxr =0 . (2.37)



Modeling with Ordinary Differential Equations B 35

This nonlinear equation is called Rayleigh equation.

Solution of Equation (3.84) without friction.
When friction can be neglected and there are no external forces , Equation
(3.84) reduces to
mi + kx = 0. (2.38)

In Equation (2.38) the highest order derivative is &, and therefore this is
a second order differential equation. This equation is also linear; i.e., if we
consider the equation as a polynomial in z, &, Z, etc., then each term is of the
first order. Also we observe that the coefficients of the equation are constant.
We now show how Equation (2.38) can be solved by elementary techniques
of integration.
Multiplying Equation (2.38) by & and observing that i3 = %%(:'ﬁ). This
yields
—— (&%) + kiz = 0. (2.39)

Integrating this with respect to ¢ leads to
i? it = w=k/m (2.40)

where ¢? is a constant of integration (observe that this constant must be non-

negative since the left hand side of (2.40) is a sum of squares). Hence
T =V —w?a?. (2.41)

Equation (2.41) can be easily integrated, and we obtain the solution in the
form
x = Acos(wt + ¢) (2.42)

where A, ¢ are constant. Thus the general solution of Equation (2.38) contains
two arbitrary constants. These can be determined if the initial conditions
x(0), #(0) are known.

As expected, the solution, Equation (2.42), represents vibrations with fixed

amplitude as there is no friction to damp the motion.
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Related Systems:

Example 2.2.1 Derive the equations of motion for two masses my, ms which

are attached to a spring with stiffness k as in Fig. 2.4.

Figure 2.4 Two masses attached to a spring

Solution 2.2.1 Let the distance between the center of mass of my, mso at
equilibrium be L (if we idealize the system and treat my, mo as point particles,
then L is the natural length of the spring). If these centers of mass at time t are

at xy, xo respectively, then either a. xo—x1—L >0 or b. xo—x;—L <O0.

In the first case (a) the spring is stretched beyond its natural length, and
hence my is pulled to the right and my to the left (by Newton’s third law these

two forces are equal but in opposite directions.) Hence, using Equation (2.23),

we have
Az
my dt; = k'(LCQ — X1 — L)
Az
2 dt22 —l{?(l'g — T — L) (243)

Similarly in case (b) m; is pushed to the left and my to the right. Since
x9—x1 — L < 0, we infer once again that the equations of motion are given by
(2.43). Thus the differential equations which govern the system are the same
in both cases.

We observe that this system is modeled by a system of coupled ordinary

differential equations.
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Example 2.2.2 Derive the equation of motion for a mass in between two
springs which are attached to rigid walls whose distance from each other is L,

as shown in Fig. 2.5.

Figure 2.5 A mass and two springs enclosed by rigid walls

Solution 2.2.2 In problems of this type it is natural to use a coordinate sys-
tem whose origin coincides with the equilibrium position of the mass (which
does not have to be calculated) and obtain a differential equation for the dis-
placement from this position as a function of time. In fact for such a displace-
ment x the change in the forces acting on m is given by (using Equation

F=—kx—kyx

(regardless of the sign of x). Hence the desired equation of motion is
mi = —(ky + k). (2.44)

Remark 2.2.1 To evaluate the position x., of m at equilibrium we use the
fact that in this state F,,; = 0. Hence if (1,05 are the natural lengths of the

springs and m s treated as a point particle we have

kl(meq — 51) = k’Q(L — Teg — 52)
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(where we used a coordinate system whose origin is at the left wall of the
system). However, note again that Equation x., is not needed for the derivation
of Equation (2.44).

Example 2.2.3 Derive a model equation for the motion of a mass which is

attached to a thin elastic bar and subject to torsional forces (“twists”).

<)

Figure 2.6 A mass attached to a thin elastic bar

Solution 2.2.3 To model this problem one must conduct the same type of
experiments and make the same approximations as in the spring-mass system.
For small “twists,” i.e., when the twist angle 0 is small, the elastic restoring

torque due to the bar can be approrimated by
T = —k6. (2.45)
Using Newton’s second law for rotating bodies we then have
160+ k0 = T.py (2.46)

where T,,; is the external torque and I is the moment of inertia of m around

the axis of rotation which is defined as
I = / 72 p(x)dx. (2.47)
v

Here r is the distance of x from the axis of rotation and p(x) is the density of
the mass attached to the bar.

When frictional forces are also present then for |  |< 1, we have

Fy = —bd, (2.48)
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and the equation of motion for m becomes

10400 + k0 = T,y (2.49)

Exercises

1. Find the differential equation which governs the motion of the system

shown in Fig. 2.7:

Figure 2.7 A mass attached to two springs ”in series”

Hint: Apply Newton’s second law to the massless point P at which the

two springs are connected.

2. Repeat Ex. 1 for the system shown in Fig. 2.8.
Assume that m is always “gliding” on the z-axis.

3. What is the equivalent stiffness for the two springs in the systems of
ex. 1,2;i.e., if one wants to replace the two springs by one, what should
its stiffness be to yield exactly the same equation of motion for a mass

m attached to it? Compare these results to the addition of resistors in

series and parallel in an electric circuit.

4. Find the moment of inertia for a thin homogeneous rod of length L and

linear density p (i.e. mass/unit length) which is rotating around its

(a) mid-point
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k1
k2

Figure 2.8 A mass connected to two springs in ”parallel”

(b) end point.
5. Model the following systems:

(a) Two masses attached to three elastic rods (Fig. 2.9).

(b) Two masses suspended vertically on springs in the gravitational
field of the Earth (Fig. 2.10)

Hint: Derive the equation of motion in terms of the displacements x1, x

of the two masses from equilibrium as in example 2.
6. Generalize example 2.2.2 to a system of N masses with N + 1 springs
as shown in Fig. 2.11.

Hint: Derive equations for the displacements x;,7 =1, ..., N from equi-

librium.
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AN
0 U

Figure 2.9 Two masses attached to three elastic rods

V

U

Figure 2.10 Two masses suspended vertically on springs
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Figure 2.11 N masses attached N + 1 springs enclosed by rigid walls

7.

10.

Simulate numerically the system in the previous exercise for n = 2.
Assume k; = 1, ¢ = 1,2,3, with different mass ratios. For each mass
plot z and & as a function of time. Plot also & versus x versus & (phase-
diagram). Experiment with different values of k; to evaluate the impact

on the solution.

Determine A, ¢ in Equation (2.42) if

#(0) =0

x 1.

Show that the solution of Equation (2.38) can be written as
, k

x = Acoswt + Bsinwt, w”= —.

Explain why Equation (3.84) is linear. What is the order of this equa-

tion?
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N — Resistence

—\QQQQQ/- Inductance

‘ Capacitor

DC voltage

Alternating
@ voltage
J_— Ground

Figure 2.12  Components of a RLC circuit

11. Show that when F,.,; = 0 and b # 0, Equation (3.84) represents a dissi-
pative system. That is, the total energy of the system

1 1
E(t) = §m112 + 5/{:902

is a monotonically decreasing function of time.

Solution: Multiply Equation (3.84) by 4 and observe that

_1d
2. dt

1 d

.9 L - Y2
iy (%), a:x—2dt(x ).

Hence
mid + b()? + kxi = 0
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12.

13.

14.

15.

implies
1 d, ., 1L,d, 5 9
det(m )+ zkdt(m ) bx
d (1 o 1,5\ _ 2
o (zmx —|—2k‘x>— b
ie. JE(s
J——b(a’z)%o

i.e. E(t) is a monotonically decreasing function.

Observe that if b < 0 (“negative friction”) then E(t) is monotonically
increasing.

Solve Equation (3.84) with F.,; = 0 and b* — 4mk > 0.

Hint: In some instances one can obtain solutions of differential equa-
tions by “inspection” or by making appropriate assumptions on the form
of the solution. In this case, assume that x(t) = Ae®* where A, « are con-

stants.
Use the results of ex. 12 to show that under present assumptions

(a) The equation has two independent solutions ¢, ¢o

(b) Show that ¢ = c¢1¢1 + capo, where c1, co are arbitrary constants, is
also a solution. This is called the superposition principle. It is true

for all linear equations?

(¢c) What happens to x as t — 0o?
Solve eq. (3.84) with F,,; = 0 and b* — 4mk < 0.
Consider a spring mass system with a nonlinear spring force
F = —kx —az®

and without friction. Show that for this system

1 kx?  axt
E=_"mi?+ 4
yM T 5

is constant. Explain why a spring with a > 0 is referred to as “hard”

while one with v < 0 is called “soft.”
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16. Show that for Rayleigh Equation (2.37) the rate of change in the energy
of the system is negative if 22 > b/c.

Hint: Multiply this equation by @ .

2.3 ELECTRICAL CIRCUITS

In this section we discuss the modeling of RLC circuits. These circuits contain

resistors, capacitors, and inductances.

2.3.1  RLC Circuits

Objective: Build a model which will predict the electric current at any point
of an electric circuit.
Background:

The following figure depicts the basic element of an RLC circuit and their
universal representation.
Each of these components in a circuit diagram is considered pure; i.e. a resistor
has a zero capacity and inductance, etc.

The basic physical quantities of interest in an electric circuit are
1. The electric current i(x,t).

2. The electric potential (or voltage) V' (z,t). This potential is measured
with respect to a fixed reference point called “ground”— since it is usually
the Earth’s potential that is used for this purpose.

3. The electric charge Q.

The units (in the MKS system) of the quantities introduced above are as fol-
lows:

R - ohms (denoted by )

L - Henries

C - Farads

Q - Coulombs

i - Amperes

V - Volts
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Remark: Sometimes one uses a quantity called the conductance G instead
of the resistance R where G = 1/R. The unit of conductance is called mho
(ohm spelled backward).

The relationship between the components and the physical quantities in

an electric circuit is as follows:

1. The voltage drop across a resistance is related to the current passing
through it by
V = Ru. (2.50)

2. The potential drop through an inductance L is given by

di
V=L—. 2.51

3. The total electric charge () on a capacitor is given by
QR=CV, (2.52)

hence the ”virtual current” ¢ in the capacitor is given by

4O AV

Kirchhoff’s Laws

Kirchhoff’s laws form the basis for the analysis of all electric circuits. To

introduce these laws we make the following definitions:

1. A node in an electric circuit is a juncture where current can flow along
three or more paths (i.e. a point where three or more electric wires are
joined together) (see Fig. 2.13).

2. A loop in an electric circuit is a sequence of circuit elements which start

and end at the same point (i.e. a closed path).

First Kirchhoff law:
The algebraic sum of all the currents at a node is 0. For the node in Fig.
2.13 we have

iy — iy +i5 = 0.
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Figure 2.13 Kirchhoff’s first law

By convention currents coming to the node are considered positive while those
leaving it are negative.
Second Kirchhoff law:

The algebraic sum of the voltage drops around a loop in an electric circuit

is equal to the algebraic sum of the external voltage sources in the loop.

2.3.2 Approximations

1. We assume that the resistance, capacitance, or inductance of a given
electrical component is independent of the environmental factors (such

as temperature, humidity, etc.) and the previous history of the circuit.

2. Cables connecting circuit components have zero resistance, capacity, and

inductance.

3. The passage of an electric current through a cable always involves a leak-

age which leads to a loss of electric energy. For short distances one can
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usually ignore this loss. However, over long distances (i.e. transmission

lines) one must take these losses into account.

With this data and approximations one can in principle analyze any given

circuit. We present a few examples.

Example 2.3.1 RLC Circuit.
A simple RLC' circuit is illustrated in Fig. 2.14.

W

e(~) L

C

Figure 2.14 RLC circuit

To solve it we first note that there are no nodes in this circuit, and therefore

only Kirchhoff’s second law applies, hence

o, Q di
e(t) = Ri+ ot La. (2.54)
Differentiating with respect to ¢ and using (2.53) we obtain
d di 1 d%i
C RS+ it L (2.55)

dt dt C dt?”

e
If — is known, then Equation (2.55) constitutes a second order (inhomoge-
neous) differential equation with constant coefficients for the current ¢ in the

circuit.
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Example 2.3.2 Wheatstone Bridge.
The circuit shown in Fig. 2.14 is used to measure the resistance R, of a
resistor by the use of two fived resistances Ry, Ry and a third, variable one,

R.

N
@A
&
=

Figure 2.15 Diagram of Wheatstone Bridge

In this circuit e is a low voltage battery and G a galvanometer, i.e. an instru-
ment to measure currents. Once R, is inserted and the circuit is closed, the
operator manipulates R until the current in G is zero (the circuit is then said
to be balanced). Apply Kirchhoff’s second law to the loops AC'D and C'BD.

In the balanced state we obtain

Rlil — Rzig = 0, Rgil — Rxlg = 0, (256)
hence R R R
2 1 . o3

e _ e R, = . 2.57

Example 2.3.3 : Multicomponent RLC Circuits
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Definition 2.3.1 We say that a resistance R is equivalent to Ry and Ry in
a given circuit if the replacement of these resistors by R does not affect the

current in the circuit.

Example 2.3.4 From Kirchhoff’s second law it is easy to see that:

1. Two resistors Ry, Ry in series are equivalent to one resistance R = Ry +

Ry

2. Two resistors Ry, Ry in parallel (see Fig. 2.16) are equivalent to one

resistor with
1 1 1

R R Ry

— WWWW—
MWWWWW—WWWWW- — —
—MWWWWW—

Resistors in series Resistors in parallel

Figure 2.16 Resistors in series and parallel

Example 2.3.5 Find the equivalent resistance of the “infinite” circuit in Fig.
2.17.

A W WA W

B—N"p

WW— W
R

Figure 2.17 Circuit with infinite resistors in parallel
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R C

Figure 2.18 Circuits equivalent to the circuit in Fig 2.17

Solution 2.3.1 Since oo = oo — 17 the equivalent resistance Ry of ABoo 1is
equal to that of C'Doo. Hence the circuit ABoo is equivalent to the one shown

i Fig. 2.18 whose total equivalent resistance must also equal Ry.

Thus we infer

1
Ry=2R+ +— ie. Ry= [l + V3R,
R R

Example 2.3.6 DC motor.
A DC motor is an electro-mechanical system consisting of two circuits -
the field circuit F, the armament circuit A - and a shaft (Fig. 2.19.).

R, R
M MW

[ » (@z 3 L, — ¢,

Figure 2.19 A diagram of a DC motor

Background:

The following information about the electro-mechanical coupling in this

circuit is needed to model this system.
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1. The motion of the shaft causes a potential drop V; in the armament cir-

cuit which is proportional to its angular velocity w and the field current
ip

‘/5 = C1Cdip. (258)
The proportionality constant ¢; in this equation is called the electrome-

chanical constant of the motor.
2. The torque T exerted on the shaft is proportional to i4 and ip

T = CziAiF. (259)

Model: A mathematical model for this system can be written down now by
applying Kirchhoff’s second law to the two circuits and Newton’s second law

to the shaft whose moment of inertia we denote by J.

Ji
LF% + Rpip = er (2.60)
dia ) .
LAE—FRAZA—l-CleF =ey (2.61)
dw o
J% = Colplp — C3w (2.62)

where c3 represents frictional damping which is proportional to the angular
velocity of the shaft. This is a system of three coupled nonlinear ordinary

differential equations of the first order.

Example 2.3.7 Circuits with nonlinear resistors
Some electrical circuits contain “vacuum tubes” (or their solid state equiv-

alents). For these elements the resistance is a function of the current, e.g.,

R = u(i* —1). (2.63)
If we substitute this expression for the resistance in Equation. (2.55), we obtain
d?i 9 di 1. de
Without the forcing term this is equivalent to
i+ p(z® — )i+ kx = 0. (2.65)

Equation (8.34) is called Van der Pol equation. Although this equation was
originally derived to model electrical circuits in vacuum tubes, it has been

used since then to provide a basic model for the function of nerve cells.
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Exercises

1. Prove the statements made in example 2.3.4.

2. Derive model equations for the circuit in Fig. 2.20.

A
||
||

I
||
e
Figure 2.20 Generalized RLC circuit

3. What happens if the direct current source in the previous exercise is

replaced by an alternating current source e(t) = 2sin(2t)?

4. Derive model equations for the circuit in the following figure (Fig 2.21).

2.4 POPULATION MODELS

In the first part of this section we introduce the logistic model for the popula-
tion of one species and the Lotka-Volterra model for two interacting species.
Applications to epidemics, chemical reactions, and radioactive decay are dis-

cussed in the second part of the section.
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R,

C —_—C,
C,=

o\
©
e(t)

Figure 2.21 Generalized RLC circuit

2.4.1 Logistic Model

Objective: A company which harvests a system of artificial fish pools wants
to increase the daily catch but is afraid that this might adversely affect the
future population of fish in the pools. As a result a team of biologists and

mathematicians is charged with the study and modeling of the fish population.

2.4.2 Prototype Model

Since the pools might contain many species which compete with each other
for food and cannibalize each other, it is decided to first study the population

of one species of fish in an artificial pool.

2.4.3 Data and Approximations:

1. For the first few generations of fish in the artificial pool the rate of
increase of the fish population (i.e. rate of birth - rate of death) was

proportional to the population size at that time.

2. As the number of fish in the pool increases, the rate of increase de-

creases. An investigation of the reasons for this change shows that the
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prime reason for this change is the quantity of food available to the fish

population.

3. Since the population of the fish, N(¢), is large, we can assume that N is
a continuous variable rather than discrete.
Model:

To begin with we assume that the rate of birth and death in the fish popula-
tion is proportional to its size and the time span over which we observe this

population
N(t+ At) — N(t) = aN(t)At — BN(t)At = AN(t)At, (2.66)

where o and [ are the birth and death rates respectively. Dividing by At and
letting At — 0 we obtain

dN
= AN(t). (2.67)
Hence
N(t) = N(0)e, (2.68)

where N(0) is the number of fish at time 0.

It follows then that if A > 0 (rate of birth is greater than the rate of death),
the population will increase exponentially while if A < 0 it will decrease
exponentially.

To model the competition for food (or resources in general) assume that
a "piece of food” is available at some location. The competition for food is
represented then by the fact that several fish come together to vie for it. Let
us assume, however, that the event where three or more fish coming together
at the same time to ”grab” the same piece of food is a "rare event” (the
population is not "very dense”). The competition will be represented then by
a pair of fish coming together to vie for the same piece of food. Hence we can
assume that this competition is proportional to the number of pairs in the
population which is equal to W Equation (12.30) will be modified then
as

N(N —1)

N(t+ At) — N(t) = AN(H)At — ~ At, (2.69)

where v > 0 is a constant. The minus sign in front of v represents the adverse
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effect that food competition has on the population. Combining same terms of
N, renaming the constants and letting At — 0 we finally obtain the logistic

model equation for the population of one species,

dN

A more formal approach to the derivation of Equation (12.34) is to observe
that (12.30) fails to take into account the decrease in N as N(t) increases. We

can attempt to modify this equation by letting a be a function of N, i.e.,
a = a(N).
A second order Taylor expansion of a(N) then yields
a(N) =a—bN + O(N?), b>0, (2.71)

where the minus sign in front of b in Equation (2.71) is necessary to account
for the fact that N is decreasing as N increases.
Substituting Equation (2.71) in Equation (12.30) we obtain

‘Z—JZ =aN — bN? + O(N?). (2.72)

In this equation the term —bN? (b > 0) is interpreted as representing the

competition between fish of the same species for food.

2.4.4 Solution of the logistic equation
Although Equation (2.72) is nonlinear, it can be solved analytically using
partial fractions as follows:

dN

Na—on) &

Hence

1 b
- N = ad
{N+a—bN]d adt

In|N|—-In|a—bN|=at+k
which after some algebra yields (note that N < 0 is meaningless)

N — CLNO
N bNo + (CL — bNo)G_at

(2.73)
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where N is the initial population of the fish in the pool. We infer from Equa-
tion (2.73) that if a > 0 and Ny # 0 then
lim N (t)

t—o00 - b

This ratio is called the saturation level of the pool. It also represents the
equilibrium state of the fish population since N = 0 when N = a /b.

Fig. 2.22 displays the evolution of the (normalized) fish population with
two different initial values of N. The dashed line represents the equilibrium

population.

3.5

1.5 B

0 10 20 30 40 50 60 70 80 90 100
time
Figure 2.22 Fvolution of the normalized fish population in the pool as a function of

time for two initial populations

Example 2.4.1 Predator-prey ecosystem
Consider a lake in which there are two species of fish. The first of these
F feeds on plants while the other P is a predator of F. To write down a

mathematical model for this ecosystem we assume that the fish is consumed by
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the predator at a rate which is proportional to the population size of the two
species (which we denote also by F, P). Hence

Cil_l; = aF —bF?> —cFP, b,c>0. (2.74)

As for the predator population we assume that

1. Tt will become extinct without its prey (rate of death will exceed rate of
birth).

2. P increases at a rate which is proportional to F' and P (remember as F’
increases food becomes more abundant for P).
Thus we infer that
dP

— = —kP +eFP. 2.
i +e (2.75)

The system Equations (2.73) - (2.75) is a special case of Lotka-Volterra equa-
tions which model such ecosystems.

Example 2.4.2 SIR epidemics model

The SIR model for the spread of disease or epidemics is due to W. O.
Kermack and A. G. McKendrick. It assumes that the size of the population
remains unchanged (no births and deaths). Since its inception in 1927 the
model has been generalized in various ways. Here we consider only the original
model.

This model assumes that at time t = 0 a part of the population is infected
with some infectious disease. We wish to derive equations for the spread of

this disease within the population.

To derive these equations the model divides the individuals within the popu-

lation into three groups:

1. S - individuals susceptible to the disease but not infected as of yet.

2. I - infected individuals who are free to mix in the population at large

and transmit the disease.

3. R - individuals who contracted the disease but recovered and are no

longer susceptible to the disease.
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Subject to the constraint
I+S+R=N (2.76)

where N is the (fixed) size of the population.

Assuming a free mixing between the S and I groups we infer that:

S = —aSI (2.77a)
I = —bl +aSI (2.77b)
R = ¢l (2.77¢)

where a, b, c > 0.

We now use Equations (2.77) to demonstrate how in some instances one
can derive inferences about the behavior of a system even without solving
the differential equations that govern its behavior. In particular we show that

if the population size is constant then according to this model:
1. b=c

2. aS(0) < b implies that there will be no epidemics, i.e. I(t) will decrease

n time.

3. For all times S(¢) > 0, thus the population will always contain some
healthy individuals.

To prove the first statement we differentiate Equation (2.76) with respect to
time
[+S+R=0. (2.78)
Substituting Equations (2.77a) - (2.77c) in Equation (2.78) yields b = c.
To prove the second statement we first observe that S(t) < 0 since S, I >0

in Equation (2.77a). Hence S(t) is a decreasing function of time, i.e. S(t) <
S(0). Now from Equation (2.77b) we have

I=(=b+aS)I. (2.79)

If a.S(0) < b then aS(t) < b for all t. Therefore I < 0 (i.e. I(t) < I(0)) and
there will be no epidemic.



60 B The Process of Mathematical Modeling

Finally to prove the third statement we use the chain rule

ds dS dR
d_t — ﬁ * d_t. (2-80)
Hence (from Equations (2.77a), (2.77b))
as a
-~ __Zqg 2.81
dR bS (281)
Integrating this equation with respect to R we have
S(t) = S(0)e~¥*E > §(0)e~v*N > 0, (2.82)

which proves our statement.

Example 2.4.3 Chemical reactions
The basic law which governs the rate of a chemical reaction is the “law
of mass action” which states that the rate of a reaction is proportional to the

(active) concentration of the reactants. Thus for the reaction

X + Y2
Az k;Y dx]_ _d] 2.83
5 XIV] ==~ (2.83)

where [X],[Y],[Z] stand for the (active) concentration of the corresponding
chemicals.

If the initial active molar concentration of X,Y is a,b, then at time ¢

(X](t) = a—[2](t)
Yit) = b-1[2]@) (2.84)

since the production of one mole of Z requires one mole of X and Y. Hence

|z
U o~ 1200~ 12D (2.85)
This differential equation can be solved by direct integration, and if a # b we
obtain (using the initial condition [Z](0) = 0)

1 b(a — [Z])

T a0 2)

(2.86)
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This relationship is usually used to determine experimentally the rate of the

reaction. The solution for concentration of [Z] as a function of time is

_ bexplk(a = b)(t+c1)] —a
2)®) = explk(a = b)(t+c¢1)] =1~

If [Z](0) = 0 then

Example 2.4.4 Catalytic reactions

Of particular interest from a chemical point of view are reactions where the
addition of some “catalyst” accelerates the rate of a reaction that is “slow go-
ing.” As an example we consider the ozidation of sulfur diozide using nitrogen

dioxide as a catalyst.

NO, + SO, % S0, + NO
NO + %OQ 5 NO,. (2.87)

Observe that the net result of this reaction is
1

i.e. the amount of NOy in the chemical reactor remains unchanged. Thus a
catalyst provides a path for a desired reaction to happen which has a lower

activation energy than the uncatalysed reaction.

A model for the reactions in Equation (2.87) consists of five coupled non-

linear differential equations.

d[];? L = K[NOJ[SON + K[NOJO.) (2.89)
% = +ki[NOR][SO,] — ko[ NOJ[Oo]' (2.90)
1500~ wivodsol o
d[i‘;)z] = ~hINGJISO.] (2.92)
dlOs] k[ NOJ[0,] /2 (2.93)
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Example 2.4.5 Radioactive decay

The nuclei of many isotopes are not stable and therefore decay over time.
In many cases the products of this decay are not stable themselves, and the
system then consists of a chain of such reactions. In all these reactions the
decay rate is assumed to be proportional to the “population size” wviz. to the
number of nuclei present.

As a particular ezample we consider here a chain of such reactions where
N1 decays to Ny, which then decays to a stable nucler N3y. Here N;,i = 1,2, 3,
represents both the nuclei and their number.

To model these reactions we consider the time interval [t,t + At]. On this

nterval we have

Nl(t + At) — Nl(t) = —Olel (t)At (294&)
Nz(t + At) — NQ(t) = OélNl(t)At — OfQNz(t)At (294b)
Ng(t + At) — Ng(t) = OéQNQ(t)At, a; >0,1=1,2,3. (2940)

In Equation (2.94a) the first term on the left hand side represents the number
of N1 nuclei which were converted to Ny, while the second term represents the
number of No nuclei which decayed to Nj.

Dividing by At and letting At — 0 we obtain the system

dN,

o - e

dN.

d—tQ = OélNl—OéQNQ

dN.

d—t?’ as N, (2.95)

This is a system of three coupled first order equations. The initial conditions
for this system must specify the number of the nuclet N;, 1 = 1,2,3 at some

time t.

Exercises

1. Derive a model equation for a fish population which consumes plants as
well as itself (Hint: Remember that a represents the rate of birth minus
the rate of death).

2. In a lake there are three species of fish X,Y, Z. X eats plants that are
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highly abundant. Y is a predator of X and Z is a predator of X and Y.

Derive a model for this ecosystem.

. Derive a model for an ecosystem which consists of two species X,Y
under the following assumptions:

a. Both species compete for the same nutrient whose supply is limited.
b. There is a migration of X (from outside the ecosystem) at a rate r

per unit time.

. Explain why the coefficient of ST in Equations (2.77a), (2.77b) is the

same.

. Develop model equations for the concentrations of X, Y, and A in the

reactions
A+ X —B+2X (2.96)
X + Y—>B+2Y (2.97)
A + Y — B (2.98)

Observe that the net result of these reactions is 24 — 3B5.
. Show that Equation (2.86) is the solution of Equation (2.85).
. Solve Equation (2.85) when a = b.

. Show (by substitution) that the solution of Equation (2.95) with the
initial conditions N;(0) = Ny, No(0) = N3(0) = 0 is

Ni(t) = Npe ™! (2.99)

No(t) = AoNp[e ™ —e ] (2.100)

N3(t) = No[l—Xoe "+ Nje %] (2.101)
where A\ = il , Ay = @
g — (1 Q9 — (X1

. Find the solution of the system, Equation (2.95), when a; & ay. Assume
that Nl(()) = N() and NQ(O) = Ng(O) = 0.
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10. Let P, () be the price and quantity of a certain fuel on the open market.
A “population” model for the evolution of these variables was proposed

in the form

P =aP/Q — bP?
Q = cPQ — dQ?

where a, b, ¢, d > 0. Justify and discuss the meaning of this model.

2.5 MOTION IN A CENTRAL FORCE FIELD

In this section we discuss the equations of motion for a body in a central force
field, i.e., when F' = f(r)r where r is the radius vector from the origin and
r =| r |. Then various systems (such as the pendulum) are considered. We

begin, however, by introducing the radial coordinate system in R2.

2.5.1 Radial Coordinate System in R?

In this coordinate system (which should not be confused with the polar co-
ordinate system) we attach two perpendicular unit vectors (a frame) to any
point in the plane. The first of these e, is a unit vector along the radius vector
connecting the point to the origin of some fixed Cartesian system, and the
second ey is a unit vector orthogonal to e, in the counterclockwise direction
(see Fig. 2.23).

Using simple trigonometry we infer that the expressions of e,, ey in Carte-

sian coordinates are given by
e, = cosfi + sindj, ey = — sin i + cos 6 (2.102)

where 6 is the angle between the radius vector and the positive x axis.
To obtain expressions for the velocity and acceleration in this coordinate

system we observe that always
X = re,. (2.103)

Hence
X =re, +re, (2.104)
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e 0 er
xy)
0
Figure 2.23 Radial coordinate system
and
X = re, + 2ré, + re, (2.105)

but from Equation (2.102) we infer that
e, = fey, €y = —0be, (2.106)

é, = fey — 0e,. (2.107)

Inserting Equation(2.106) - Equation (2.107) in Equation (2.104)-Equation
(2.105) we finally obtain
x = re, + rley (2.108)

% = (i — r0%)e, + (rf + 2i0)e,. (2.109)

Remark: It is useful in some applications to introduce radial coordinates in
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3-dimensions; i.e., attach to each point in space a triad of orthonormal vectors.
If (r,0,¢) are the coordinates of a point in spherical coordinates (where ¢ is
the angle between the radius vector and z while 6 is the azimuthal angle) then

these vectors are

e, = (sin¢cosf,singsind, cos ) (2.110)
ey, = (cos¢cosh, cosgsinh, —sin¢)
eg = (—sinb, cos,0).

2.5.2 Linear Pendulum

Objective: Derive the equation of motion of a system composed of a rigid
(massless) rod and a mass attached at its end in the gravitational field of the
Earth.

For this system it is natural to redefine the angle 6 as the angle between
the radius vector and the negative y axis (see Fig. 2.24). In this case the

expressions for e, ey are given by

e, =sinfi — cosfj, ey = cosbi+ sinbj. (2.111)

However the expressions for the velocity and acceleration, Equations (2.108)
- (2.109) remain unchanged.
Model: Let x(t) denote the position of the center of mass of m at time ¢; then

in radial coordinates
x = Le,. (2.112)

Since L is constant, we obtain from Equation (2.109)

% = Lé, (2.113)
% = L(fey — 6%,).

Expressing the gravitational force in radial coordinates
F, = —mgj = —mgsin ey + mg cos be, (2.114)
and using Newton’s second law yields

mx = mL(éeg — 92er) = —mgsin fey + mgcos e, — Te, (2.115)
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Figure 2.24 Radial coordinate system for the pendulum

where T is the tension in the rod. Rewriting Equation (2.115) in components

form we obtain

L = —gsind (2.116)
mL6* = T — mgcos 0. (2.117)

The second of these equations can be considered as an equation for 1" while

the first is the desired equation of motion for the pendulum, i.e.

. 3
9:—%mﬂ:—%(a—ﬂ+”>. (2.118)

We observe that Equation (2.118) is nonlinear in §. However for small 6 we
can approximate Equation (2.118) by

. g .
b+70=0 (2.119)

which is formally the same equation as for the spring mass system without
friction. The general solution of this equation is § = A cos(wt + ¢) where A, ¢
are integration constants and w? = 4. The period of this pendulum is P = %’r
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!

Figure 2.25 Force diagram for the linear pendulum

2.5.3 Nonlinear Pendulum

We now want to treat the nonlinear Equation (2.118) subject to the initial
values 0(0) = a and # = 0. To find the solution of this problem we first
multiply eq. (2.118) by df/dt. This yields

1d [(do\* ) o
ST~ L 2sin(0)S 2.12
2 dt (dt) W sin(6) 2 (2.120)
where w? = £. We can integrate this equation once on the interval [0,¢] to

obtain (using the initial conditions):
o\’
(%> = 2w?(cos @ — cos ). (2.121)
This can be rewritten also as

do\> )
= = 2w*(—1+4cosf + 1 — cos )

using the identity 1 — cos(¢) = 2sin?(¢/2) we then obtain

AW 0
($> = 4w?(sin? % — sin? 5)
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We now introduce a new variable ¢ which is defined by sin(¢) = %
The expression above becomes
o\’
(%) = 4w? sin® % cos? 1. (2.122)

Using the definition of 1) we obtain (using implicit differentiation) for the left

hand side of this equation

do 2_4Sin204(20821/; dy 2
dt ) 2 cos?s dt )

Equation (3.21) transforms therefore into

dy 0 9 2
o = Weos o =wy/1— k2sin” ¢ (2.123)

where k = sin(a/2). This equation can be integrated now, and we obtain the

implicit solution to our problem in the form

a+wt—/ (2.124)

1— k2 sin?
where a is an integration constant. The integral on the right hand side of Equa-
tion (2.124) is an elliptic integral of the first kind, since at time 0 sin(¢)) = 1
we infer that ¢(0) = 7/2. Hence

[
0 1 — k2sin®)

We can rewrite Equation(2.124) in the form

. 2.125
/2 1— /{:2 sin? ( )

The pendulum will complete one period when 6 first takes the value 0 = «, i.e.,
Y = 27 + 7. Using the following identity for elliptic functions f(k, ¢ + nm) =
nf(k,m) + f(k,¢) (see next subsection) we conclude that the period of the

nonlinear pendulum is

2
T = ;f(k, 7T)

Y
w Jo 1 — k2sin?

or explicitly
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2.5.4 A Short Introduction to Elliptic Functions

Elliptic integrals of the first and second kinds are defined as
¢ d
k) = / v (2.126)
0 1 — k2sin )

@
:/ \/1— k2sin? 4 dyp (2.127)
0

respectively. The variable ¢ is called the amplitude of f or e. Related to these

integrals are the functions

sn(k,¢) = sin(f(k,¢)), (2.128)
en(k, o) = cos(f(k,)), (2.129)
dn(k,¢) = /1 —k2sn(k,¢). (2.130)

The expressions f(7/2,k) and e(7/2, k) are called complete elliptic integrals.

The basic properties of these integrals and functions are:

flk,m) = 2f(k,7/2), e(k,7)=2e(k,7/2), (2.131)
flk,o+nm) = nf(k,m)+ f(k, o). (2.132)
e(k,p+nm) = ne(k,m)+ ( L 0). (2.133)

sn*(¢, k) + cn’(p, k) = (2.134)
sn(—¢, k) = —sn(o,k), cn(—gb, k) = cn(o, k). (2.135)

Remark: A standard text which contains an extensive list of functions that
appear in many applications is

M. Abramowitz and A. Stegun - Handbook of Mathematical functions
(Dover Publications).

2.5.5 Motion of a Projectile on a Rotating Earth

Example 2.5.1 Derive the equations of motion of a projectile taking into

account the rotation of the Earth.

Solution 2.5.1 When the rotation of the Farth is taken into consideration,
it is natural to use an inertial coordinate system fized at the Farth’s center to

describe the motion. In this coordinate system the Earth’s rotation introduces
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an additional term in Newton’s second law which is called Coriolis force. The

expression for this force is
F.= —2mw x % (2.136)

where w = (0,0,w) is the Farth’s angular velocity and x = (x,y,z) is the

position of the particle. The equations of motion of the projectile are then
mX =mg — 2mw X X (2.137)
where in spherical coordinates,
g = —g(sin ¢ cos 0, sin ¢ sin b, cos ¢). (2.138)

For a projectile with limited range €, ¢ can be considered to be constants and

the equations of motion in scalar form are

¥ = —gsingcost —wy (2.139)
i = —gsin¢sinf + wi (2.140)
Z = —gcos¢. (2.141)

This is a system of three coupled second order differential equations which
must be solved simultaneously for z,y, z (however, note that the equation for

the z coordinate is decoupled from the other two equations).

2.5.6 A Particle in a Central Force Field

Objective: Derive the equation for the motion of a body of mass m in a
force field where the force acting on it is F' = mf(r)e,.
Solution:

From Newton’s second law we know that
mi = mf(r)e,. (2.142)
Using Equation (2.109) we infer that
i —rf* = f(r) (2.143)

rf + 20 = 0. (2.144)



72 B The Process of Mathematical Modeling

The second of these equations can be integrated once (after multiplication by
r), and it follows that

20 = constant = h. (2.145)
(This is the law of conservation of angular momentum.) Hence we can write
formally
d hd
dt — r2df
and d? h d (hd
—==—=|=5=)- 2.14
a2 r2df (7“2 d@) (2.146)
Substituting Equation (9.9) and Equation (2.146) in Equation (2.143) we ob-
ain h d (hd h?
r
i e . 2.14
r2de (7’2 d@) 73 /() (2.147)
1 d 1d
To simplify this equation we introduce u = — and note that o
_ r do r? df
This leads to P .
2,2 | U _
For the Newtonian gravitational field we have f(r) = —1; where 1 is a constant

(for the resulting orbits see Ex. 5).

2.5.7 Motion of a Rocket

Objective: Derive a prototype model for the motion of a one stage rocket.
Background: To derive the required equation we have to use the law of
momentum conservation (actually this is a restatement of Newton’s second
law). This law states that the net change in the momentum of a physical
system in time At is (approximately) equal to fe,; At where f.,; is the sum of
the external forces acting on the system.

Approximations:

1. We assume that the flight of the rocket is along the radius vector of the
Earth, i.e., “straight up.”

2. Neglect the existence of the Earth atmosphere

3. Neglect the rotation of the Earth.
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4. Neglect the ignition stage and the stability of the rocket in flight (usually
to stabilize this motion the rocket rotates around its axis).

5. Neglect the gravitational field of the Sun and Moon.
6. Assume the Earth is a perfect sphere.

Model: The motion of the rocket is due to the fuel that is being burnt. This
generates a stream of gases which leave the rocket and thus exert a forward
thrust. To a good approximation the velocity u of these gases is constant
(except at ignition). Since the only external force acting on the rocket is the
gravitational field of the Earth we obtain by applying the law of momentum

conservation (see Fig. 2.26).

Tv(t+A t)

Rocket at time t+A t
mass m(t+A t)

Rocket at time t i
mass m(t) u

Figure 2.26 Rocket at time t and ¢ + At



74 B The Process of Mathematical Modeling

Momentum Momentum Momentum Momentum
of gases of of imparted
leaving rocket in + rocket at -rocket at ¢ = by gravitational
[t,t + At] [t + At] field in
[t,t + AT]

Thus if v(t) is the velocity of the rocket and m(t) is its mass we have

d
{—d—?m} (0(t) — u) + m(t + At)o(t + At) — m(t)o(t) = —m(t)g(h(t)) At
(2.149)
where h(t) is the altitude of the rocket at t. Dividing by At — 0 we obtain
d dm
@ m(eyo(0) = 2 (w(t) — u) ~ m(1)o(h (1)) (2.150)
If we let g(h(t)) be a constant, then the equation of motion reduces to
dv 1 dm
Integrating with respect to t we obtain
Uzvo—i-ulnm—gt (2.152)

m(t)
where my is the initial mass of the rocket and vy is its initial velocity. We see
that if u & 3km/sec and the flight of the rocket is short, the effect of the last

term is negligible and therefore

v =1+ uln TZE) (2.153)
In a one stage rocket
mo = my, + my + my (2.154)

where m,, is the mass of the payload, my the initial mass of the fuel and m
is the mass of the structures engines and fuel containers. The final velocity of
such a rocket (i.e., when the fuel is exhausted) is given then by

mo
= In ———. 2.1
(a Vo + U Ilmp_|_ms ( 55)
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s 1 :

Usually Ms o 10 We see therefore that even if m, = 0 and the effect of
myo

gravity is neglected

vEp = v + w1n 10.

Letting vy = 0 and u = 3 we obtain vp &~ 7.2 km/sec.

2.5.8 Multistage Rockets

Objective:

A team of engineers, physicists, and mathematicians is asked to examine
the desirable gross structure of a rocket capable of putting a satellite in orbit
600 kms above the Earth surface (concentrating on the energy aspects of the
problem).

Approximations:

We make here the same approximations as in the previous section but in
addition we neglect the final stage of actually putting the satellite in orbit and
assume a circular orbit for the satellite.

Reduction of the problem:
[. Determine the speed of the satellite which will keep it in orbit 600 km

above ground.
IT. Develop and solve a model for the motion of a multistage rocket.

ITI. Find out the optimal structure of the rocket to be measured by the ratio

of payload (= satellite) /total weight.

We discuss each of these points separately.

I. Once the satellite is in orbit, there are two forces which act on it, viz. the
gravitational force of the Earth given by Fg = £ and the centrifugal
force I, = mTf“2, where p is a constant depending on the mass of the
Earth and the nature of the gravitation force. We also know that on the
surface of the Earth:

mg = um/R?
where R is the radius of the Earth (approximately 6400 km). For the

satellite to stay in orbit the two forces must cancel each other, i.e.

mu?

_ 2
. um/r
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IL.

but p = gR? hence v? = gR?/r for r = 6400 + 600 = 7000 km. We
obtain
v = 7.6km/sec.

Using the results obtained in the previous section we see that using
present technology it is impossible to put a satellite in orbit using a one
stage rocket. The reason for the poor performance of this rocket is due
to the fact that the engine has to carry not only the payload but also
the whole structure up to the final orbit. Ideally, however, one should
be able to jettison useless weight as the burning proceeds, i.e. keep the

mass ratio between fuel and engines and containers constant.

Motion of a One Stage Ideal Rocket.

Let us therefore examine the performance of such a rocket. Let m(t) be
the rocket mass (without the payload) at time ¢. Of this the mass of the
fuel is ms(t) = (1 — A)m(t) and the mass of the structure is my = Am(t).
The ratio % = % will remain constant throughout the flight if A is
independent of time. When A is constant we have Am; = (1 — A\)m, and

hence my = 0 when the fuel is exhausted (i.e.m; = 0).

We now show that A will remain constant in time if on the interval
[, + At] the mass of the fuel burned equals Amy(t) = —(1 — A) 4= At
and the corresponding mass of the structure that is jettisoned away is
Amy(t) = =\ 2 At (remember that the total mass change of the rocket
on this time interval is (— n At)) .

In fact since ((g =2 and Amf (ti T/\ we infer that
mf(t—l—At) mf(t) my(t) 1=
m(t + At) ms(t) m(t) N

The equation for the conservation of momentum will now read (neglect-

ing gravity)

m(t)v(t) = m(t+ At)v(t+At)— A Cil—t Ato(t)—(1=X) CZ—T At(v(t) —u).
Dividing by At and letting At — 0 we then obtain
dv dm
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therefore
mo
t)=(1—-Mul )
0ft) = (1= Nuln 7
At the final state of this rocket we now have my = m, and hence
vp = (1—=XNuln o,
mp

If we assume that in order to account for air resistance, gravity, etc. we
need vp = 10.5 km/sec (rather than 7.6 km/sec) and A = 0.1 we obtain
mo/m, = 50. Thus the payload in this idealized situation cannot exceed

1/50 of the initial mass of the whole system.

Optimal Design of a Multistage Rocket.

Naturally the ideal performance discussed above is impossible to im-
plement in practice. We must therefore approximate it by building a
multistage rocket and jettison each stage when its fuel is exhausted.
Let m; = mass of fuel and structures of the i-th stage. Of this Am; is

the mass of the structure (engines and containers) and (1 — \)m; is fuel.

(We assume same A for all stages.)

The total mass of a three stage rocket will then be
my = My, + My + Mg + mg3.

The equations that govern the motion of this rocket during the “burning”
of the first stage are the same as for the one stage rocket. Hence the final

speed of the rocket at the end of the first stage is

mo

vy =uln .
my, + Amy + mg + ms

At this moment the structural mass Am, is dropped and the second
stage is ignited. When the fuel in the second stage is exhausted, the
final speed of the rocket will be

my + Mo + Mg

my + Amg + mg

Vo = v +uln

and similarly at the end of the third stage we have
my, + mg

UF:U3:U2+UIH .
my + Ams
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Combining all these results we obtain
2 ) ()
u mp+)\m1+m2+m3 mp+)\m2+m3
my, +ms3
m,+ Ams )

We now try to maximize m,/my for fixed vp,u, and A. To this end we

introduce the variables

my my + Mo + Mg my +ms3
T = Ty = , Tg=——

- ) 2
my + Mo + M3 my +ms my,

therefore

%:ln{(lJr/\(x:;—l)) (1+>\é§2—1)) (1“&_1))}.

Since m, appears in the denominators of xq, zs2, 3, we would like to
P ) y 43y

minimize the values of these variables. However, by the symmetry of this
expression in xq, s, r3 we must have at minimum z; = x5 = 3 = .
Therefore at minimum

1—A

3

(9 T

e I h ___~
” n(1+)\(x_1)) and hence x« P

where ¢ = exp(—vg/3u). But

mo/m, = 1223 = u?’
0/Mp = T1ToTs = | T

which gives for the values of A, u, vp used so far mgy/m, = 77.

2.5.9 Control of a Satellite in Orbit

Consider a satellite in a circular orbit around the Earth which is equipped with
thrusters to correct deviations in its orbit. These deviations are in general due
to several “secondary effects” such as the gravitation of the Sun and the Moon,
friction with the upper atmosphere, etc. We want to derive model equations
for the motion of the satellite so that one can find out how to use the thrusters

to effect the needed corrections in orbit.
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Solution:
a. General Equations of Motion:
If we assume that the satellite always remains in one plane and that the
only force acting on it is the Earth’s gravitation we deduce from Equation

(2.109) that its equations of motion are

: M
i‘:r@z——GQ + u (2.156)
T
.20 1
i=—""1 "y, (2.157)
r T

In these equations G is the gravitational constant, M the Earth’s mass,
and uy, us are the radial and tangential thrusts.

If initially the satellite is in a circular orbit of radius R and constant
angular velocity w then (since in this orbit the centrifugal and gravitational

forces must be equal and opposite)

mRw?* = ie. RPw?=GM, (2.158)

and this is also a solution of Equations (2.156), (2.157) with u; = uy = 0.
b. Equations for Small Deviations in Orbit.

Since we consider only small deviations from the circular orbit described
above, it is natural to introduce as variables the deviations of the satellite in

position and velocity from the parameters of this orbit:

— R ;
T = ! R , L9 = % (2159)

23 =0 —wt, 1,=0—w

Substituting these variables in each of the terms that appear in Equations
(2.156) - (2.157) yields

. GM
R$2 = R(l + xl)(w + $4)2 — m + uq
_ 2Rxs(w + 74) Uz

Ty =

+ .
We now use the following expansions

1
1+

=1—z+2%..
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1
(1+2)?

(the second expansion is obtained by differentiating the first) and neglect all

=1—2z—32%...

the nonlinear terms that appear in these equations (remember: the deviations
and the thrusts wy, us are assumed to be small). Using Equation (2.158) we

obtain the following system of differential equations:

dx 1
—=A —B 2.1
7 x+R u (2.160)
a1
where x = 2 , u:[ulland
T3 U2
Ty
0 10 0 0 0
2 2 1
Ao | Sl I ! (2.161)
0 00 1 00
0 2w 0 0 0 1

Exercises

1. Enumerate at least five approximations which are made in the derivation

of the model equation for the pendulum.

2. Compare the period of the nonlinear pendulum with that of the linear
pendulum when 6(0) = 5,10, 20, ..., 85 degrees and 0(0) =0.

3. Use Equation (2.115) to derive the equation of motion for a pendulum

system where the rod has been replaced by a spring (Fig. 2.27).
Hint: The force exerted by the spring is —k(L — Lg)e, where Ly is the
natural length of the spring.

4. Simulate the system of differential equations that was obtained in the

previous exercise with proper choices for L and k (using "MATLAB” or
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Figure 2.27 A Pendulum with spring attachment

similar). Compare the period and phase diagrams (i.e. plot 0 vs. 0) for

this pendulum with those for the regular pendulum in Ex 1.

Show that when f(r) = —% in Equation (2.148) then
r

1k

— = —(1+ecos(f —th))

roc

where e, 6 are constants. Discuss the nature of the orbits described by

this equation for different values of e.

Hint: Show that for e < 1 the orbit is an ellipse, e = 1 a parabola, and
for e > 1 a hyperbola.

Carry out the derivation of Equation (2.160) from Equations (2.156)-
(2.157)

7. Verify Equations(2.102)-(2.111).

8.

Develop a model for a one stage rocket with air friction. Assume Fy =
am(t)v(t) [try to solve by neglecting gravity]|
dv  dvdh dv

Hint: E = %E = 'l)%
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9.

10.

11.

Develop model equations for the motion of the rocket if u = u(t) where

u is the speed of the gases leaving the rocket.

Find the optimal value of my/m, for a two stage and four stage rocket.

What happens when the number of stages goes to oo?
Solution

The ratio L = 7 for n-stage rocket is given by
P

1—-A "
L=|—7—~——| .
=

To find the limit of this expression as n — oo we rewrite it in the form

cofo g} oo )

We then have
1-)
. 1—A I prwl)_J
limn{ln | ————| ¢ = lim ——>—+.
n—00 exp(ﬁ) . n—00 1/n
As n — oo both numerator and denominator in the last expression ap-

proach zero; therefore, we can compute this limit by replacing n (a dis-

crete variable) by x (a continuous variable) and apply L’Hopital rule:

-2
i In [exp(’;—ﬁ) )‘] ~ lim vE/u _ v /u
T—00 1/$ r—00 | — )\e:cp(";—i) 1=\

L = exp (;)F_/qj\) .

A person wants to put a satellite in orbit around the Earth at 64000 km

Hence

from the Earth’s center. A short calculation similar to the one in the text
shows that the speed of the satellite in orbit should be (approximately)
2.8 km/sec. Accordingly this person concludes that a one stage rocket

is suitable for this purpose. Explain why this conclusion is wrong.
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12. Estimate the effect of gravity on the flight of a one stage rocket if its

mass is decreasing linearly with time:
m = mo(1 —5.107%)

and the flight time is a. 100 sec. b. 190sec. Hint: Use Equation (2.152)
with and without the gravity term assuming g(h) to be a constant 0 <
g < 9.8m/sec?.

13. Write down model equations for the motion of a rocket which is launched

vertically from under the sea.

Hint: Both below and above sea level the forces acting on the rocket are
the thrust T'(h), gravity, and the frictional forces which are proportional
to the speed (or (speed)?) of the rocket. Since the coefficient of friction
is different for h > 0 and h < 0 we obtain two different equations for

these two ranges of h.

14. A person wants to put a satellite in circular orbit around the Earth so
that the satellite will always stay over the same point on Earth. Compute
the height and velocity of this satellite (these are called ”geocentric

satellites”).

2.6 GREENHOUSE EFFECT

Energy coming from the Sun to Earth is “usually” reflected back to space.
Some trace gases such as carbon dioxide (C'O,), methane (C'Hy) and others
can block part of this energy from going back to space and thereby raise the
mean temperature of the Earth. This is called the Greenhouse Effect.
There are many models that attempt to gauge the impact of the green-
house effect on Earth’s climate. These models differ in the number of spatial
dimensions which are incorporated into the model, their sophistication (in
modeling the properties of the Earth surface and atmosphere), and resolution.
At the bottom of this “ladder” of models are the 0-dimensional models where
all variables depend only on time, i.e., we consider only the mean of these

variables as a function of time, e.g., the mean temperature of the Earth.
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In this section we consider only 0-dimensional models and start with some
qualitative examples which give some insights about the mechanism of this
effect.

Example 2.6.1 Perfect Mirror
If light is directed at a perfect mirror, then all this light energy will be
reflected back and none will be absorbed by the mirror. As a result the mirror

temperature remains unchanged.

Example 2.6.2 Black Body

By definition a black body absorbs all radiation that is impinging on it.
Since radiation is a form of energy, the temperature of this body will rise.
However, a black body also emits radiation (per unit area) at a rate which is
proportional to the forth power of its temperature. This is the famous Stephan-
Boltzmann law. At the equilibrium temperature of such a body the amount of

enerqy absorbed is equal to the amount of the energy emitted and hence
P =oT",

where P is the incident power and T is the equilibrium temperature (usually
the energy emitted from such a body is in the infra-red end of the spectrum,

i.e. long wave length).

Example 2.6.3 Grey Body

A grey body is a body whose properties are in between the two extremes
described above. That is, such a body reflects part of the electromagnetic radi-
ation, absorbs part of it, and then emits part of this energy again as thermal
energy. The ratio of the reflected radiation to the amount incident upon it is
called the "albedo” of the body. Usually the albedo is expressed in percentage
form. Current estimates for the albedo of Farth are in the range of 30 — 39
percent.

For a grey body we therefore have
(1—A)P=o0T" (2.162)

where A is the “albedo” (or grayness) . For a black body A = 0.
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If Earth had no atmosphere then it would be a good example of such a grey
body. It would reflect part of the Sun’s energy (this would depend strongly on
the ice and snow cover) and would absorb part of it. The part absorbed would
lead to a rise in its temperature until the amount of thermal energy radiated
into space equals the amount absorbed by it. It is estimated that under these
conditions the mean temperature of the Earth would be approximately —25°C'
(see next section). Thus Earth would be a cold rock covered with ice and snow
except (perhaps) for a small belt around the equator.

To understand the effect of Earth’s atmosphere on the mean temperature
of the Earth we have to explain first how light is absorbed and emitted by
atoms (or molecules).

When it comes to the processes of absorption or emission of energy from
atoms, light should be considered as made of ‘particles’ called photons. These
photons carry energy of hv where h is called the Planck constant and v is the
electromagnetic wave frequency. An atom can absorb such a photon only if it

has two energy levels F;, Es so that
Ey— B = hv. (2.163)

If such an atom is at energy level Fy, then by absorbing a photon with energy
hv it gets “excited” to an energy level F5. Such an excited atom will then
relax back to its ground energy level E; by releasing a photon with energy
hv (but in a direction which might be different from the one in which the
original photon was traveling). Such a photon is then “trapped” in Earth’s
atmosphere and has a chance of being reabsorbed by Earth and raising its
mean temperature.

It turns out that although O, and N, are the main components of the
Earth’s atmosphere, they do not have the proper energy levels (or bands)
that can absorb the thermal (long wave length) energy that is radiated by the
Earth. Therefore they play only a minor role in this process. On the other
hand C'O,, methane (C'H,), and other trace gases do have exactly the right
energy bands needed for the trapping of this energy, thereby leading to the
greenhouse effect.

To develop a 0-dimensional model for the amount of CO, (or C'Hy) in the

atmosphere it is customary to divide the Earth-atmosphere system into several
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reservoirs, and the number of these reservoirs depends on the fine details and
complexity of the model. A popular model which strikes a balance between
simplicity and complexity divides the Earth-atmosphere system into seven

reservoirs as follows:

1. Troposphere(lower atmosphere up to ~ 10K m above Earth surface)
2. Stratosphere and up (upper atmosphere)

3. Upper ocean layer (up to a depth of 200-300 meters)

4. Deep ocean (below the upper Ocean layer)

5. Short lived vegetation (corn,wheat etc) and animal life

6. Long lived vegetation(trees, forests)

7. Marine life

Furthermore the model contains a forcing term due to human-made effects
(burning of fossil fuels, paved tar roads, deforestation, etc.) and natural catas-
trophes (e.g. volcanic eruptions) (see Fig. 2.28).

These reservoirs interact dynamically (through diffusion and turbulent
mixing) in the same way as chemical reactants do in a chemical reaction;
i.e., we assume that the rate of C'O, transfer between the reservoirs is pro-
portional to the concentration of C'Oy in each reservoir. However, not all the
reservoirs connect with each other. If we denote the CO, concentration in
reservoir ¢ by C; then

7

dc; )
” = kyCi+ Fi=1,...,7 (2.164)
i=1

where k;; are constants and Fj is the forcing (in this model F; = 0 except for
the lower atmosphere). Thus the model depends on 49 parameters (some of
which are zero). The proper estimation of these coefficients (which remains
an outstanding research issue) is one of the important steps that is needed to
make accurate predictions about the concentration of C'O, in the atmosphere.

Once we determine the (mean) concentration of C'O; in the lower and upper
atmosphere, another model is needed to gauge the impact of this concentration

on the mean temperature of Earth (see chapter 11).
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Stratosphere
Short lived Long lived
vegetation Troposhere vegetation
Human impact,
volcanic
eruptions
Upper Ocean o
layer Marine life
Deep ocean

Figure 2.28 Schematic overview of the interaction among the C'O; reservoirs

2.7 CURRENT ENERGY BALANCE OF THE EARTH.

The mean temperature of Earth has been ”stable” for many years (with a
small increase in the last decades due to the greenhouse effect). It is reasonable
therefore to assume that at the present time the amount of energy incoming to
Earth approximately equals the outgoing amount into space. In the following
we present the current estimates that lead to this ”equilibrium.”

Earth receives energy from the Sun in short and visible wavelengths (A <
0.5um) and emits energy back to space as long wave radiation (A ~ 10um). To
achieve equilibrium these two processes must balance each other (we neglect
energy from geothermal sources as their impact is negligible).

Let the energy flux from the Sun be denoted by F,(~ 1372W/m?). A
fraction A(~ 30%) of this energy is reflected back to space by the Earth and
atmosphere (this fraction is called the albedo of the Earth).

The long wave radiation from Earth can be described by the black-body
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Stefan-Boltzmann law
P =oT", (2.1)

where P is the energy flux integrated over all wave lengths emitted by

such a body at temperature 7" and o the Stefan-Boltzmann constant (=
5.67cdot10~8 Wattsy

m2K4

For balance we must have therefore

(1— A)F,mR* = 4rR*cT!, R = Earth’s radius. (2.2)

This leads to T, = 255°K which is well below the freezing point and 33°
degrees lower than the observed mean temperature of Earth T, = 288°k. The
difference between T, and T is due to the greenhouse effect and the structure
of the atmosphere and the oceans.

We now examine these issues in greater detail. The average energy flux
from the Sun to the Earth is F, = £ = 343%%%28 (the factor “4” represents
the ratio of the Earth cross section to its surface area). Of this flux 20 Watts

are absorbed by clouds, 48 Watts are absorbed by water, vapor, O3 and other

aerosols, 169 Watts arrive at the surface, and the rest are reflected back to
space.

As to long wave radiation flux, the Earth emits 390%?&8
lengths. Of these 22 go to space, 120 are absorbed by clouds, and 248 are ab-
sorbed by water vapor, Oz, and other aerosols. However, clouds and aerosols

emit 327 Watt back to Earth.

in these wave-

m2Sec
These lead to the following approximate budgets:
1. Earth-surface energy flux XZ%EE

169 327 -390

Short wave Long wave absorption Long wave
radiation from atmospheric sources emission

This table shows that there is a surplus of 106 XZES’“EE in this flux.

To balance this energy surplus the surface transfers heat to the atmosphere
Watt
m?sec”
through evaporative cooling (“latent heat”). Without these two

through conduction at a rate of 16 Furthermore the oceans transfer

m2seC
processes the Earth surface would have had to be 50°K warmer to balance

this extra energy through black body radiation.
The budget for the atmospheric Energy flux is as follows:
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2. Atmospheric flux XZ&EE
68 +368 -327 -215
Short Long wave Longwave Long
wave absorption emission wave

absorption (from surface) to surface emission to space

According to this table there is a deficiency in the atmospheric flux which
is equal to the surplus of the Earth’s energy flux; this keeps the the Earth’s
total energy in balance. This balance will be disturbed if, due to enhanced
greenhouse effect, the long wave emission to space from the atmosphere is

diminished.

2.7.1  Critique of the Model

The majority of climate scientists accept the model that man made emissions
of CO, and other trace gases affect the energy balance of the Earth and raise
the mean temperature of the Earth. However there are others who argue that
these emissions are small when compared to other natural sources of these
gases. There is also some evidence that when these gases diffuse into the upper
atmosphere they might have a ”cooling effect” by reflecting more of the Sun
energy into space. Another major factor that impacts the energy balance of
the Earth is the Sun energy output which fluctuates in time. Thus the Earth’s
climate is influenced of by a large number of variables and the impact of many
of these variables is not well understood as of yet. Earth and its climate form

a truly complex system due to the interaction of many factors.

2.7.2 Humanity and Energy

Abundant energy at a reasonable cost is a key ingredient for the well being
of humanity and its technological progress. Since the advent of the industrial
revolution humanity relied on fossil fuels (coal, oil, and gas) to satisfy these
needs. Ingenious technologies were developed to tap additional sources of these
fuels. For example in the last few decades energy companies were able to access

oil and gas reserves buried in the deep ocean. Fracking technology which can
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unlock gas reserves in certain types of rocks was developed. Extraction of oil
from tar sands became feasible.

In spite of all these advances it is obvious that these resources are finite.
How long they will last is an open question in view of the growing human
population and the energy consumed per capita. Furthermore, fossil fuels con-
tribute to pollution, the rise in the mean temperature of the Earth, and have
an impact on the health of humans. (There is some evidence that the rise of
respiratory diseases and cancer cases is due to the extensive use of these fuels).

It follows then that in order to ensure sustained energy supply, alternative
energy sources have to be used and proper technologies have to be developed
to harvest these sources at competitive prices. Foremost among these sources
are the wind, using wind turbines, and Sun energy using photovoltaic. How-
ever other sources are being considered at the present time. These are biofuels
(i.e energy from plants and algae), ocean energy (from the tides and ocean
currents), and energy from space which requires the placement of large Sun
energy collectors in geocentric orbits around the Earth and beaming this en-
ergy to Farth. However the price per energy unit from all of these sources
presently exceeds the price of fossil fuels by a wide margin. It should be re-
membered, however, that fossil fuels have a hidden cost due to their impact
on the environment and human health. Furthermore, it can be expected that
fossil energy prices will skyrocket as their reserves dwindle.

In the future (and to some extent at the present time) energy supply will
come from a basket of sources. Energy policy will be required then to use these

different energy sources to optimize the following requirements,
1. Ensure sufficient energy supply to satisfy humanity needs,
2. Minimize the cost per energy unit to the consumer,
3. Minimize the impact on the environment and human health,

4. Ensure the sustainability of the energy supply.
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Differential equations, which relate a set of unknown functions with their
derivatives, play an important role in many applications of science and en-
gineering. In this chapter, we present some basic analytical and numerical
methods for the solution of some classes of systems of differential equations.
However, our treatment is not comprehensive. We start with a short review

of some basic theory.

3.1 REVIEW

3.1.1 Linear differential equations with constant coefficients

The general form of n-th order linear differential equation with constant coef-
ficients is
any™ + ag-y" "+ .+ ary + agy = f(x) (3.1)

. . k
where y is a function of x, {a,, k = 0,...n} are constants, and y* = jx—z‘,j.

When f(x) = 0, we say that the equation is homogeneous. Otherwise, we refer
to it as inhomogeneous (or non-homogeneous).

A unique solution of Equation (10.1) is obtained by specifying n initial
conditions (i.e. all the conditions on the desired solution are specified at one
value of x) or boundary conditions (where the conditions are specified at
different values of ). In the first case, we refer to the problem as an “initial
value problem,” and in the second case, we refer to it as a boundary value
problem.”

When f(z) = 0, the solutions of Equation (10.1) satisfy the superposition
principle which states that if y; and y, are two solutions of Equation(10.1)

and ¢, ¢y are constants then

Yy = c1y1 + C2Y2

is also a solution of Equation (10.1).

Example: The following differential equation
ay’ + by’ +cy = f(z), y(0)=c1, y(0)=c (3.2)

where y = y(x) and a,b,c, ¢, ¢y are constants is a second order differential

equation with two initial conditions on y at z = 0.
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When Equation (10.1) is homogeneous, the general solution of this equation
yp is given by
Yn = Q11 + QY2 + ... + QpYp (3.3)
where {y1,%2,...,y,} are n independent solutions of Equation (10.1) and
aq,...,0, are constants.
When Equation (10.1) is inhomogeneous (f(z) # 0), the general solution
is obtained if one “particular solution” y,, of the whole equation is known. The

general solution of the equation is given by

Ye = Yn + Yp-

If the general solution of Equation (10.1) is known, then the solution that
satisfies a set of initial conditions or boundary conditions can be found by

solving a system of algebraic equations for the constants ay, ..., a,.

Example 3.1.1 Here is an example of a boundary value problem:

y'+y —2y=0, y(0)=0, y(r)=0. (3.4)

Example 3.1.2 Initial value problem:
For the same differential equation as in the previous example 3.1.1 with

y(0) =1, ¥'(0) =2 is an initial value problem.

In the following, we consider only linear second order equations with con-
stant coefficients (as in Equation (3.2)). However, the methods described for
these equations hold for higher order equations with constant coefficients.

Equation (3.2) with f(z) = 0 is a homogeneous second order equation. It
has two independent solutions: y;(z) and ys(x). To find these two solutions

we use a “trial solution” (or “ansatz”) of the form
y = e (3.5)

where k is a constant to be determined. Substituting this expression in (3.2)

we obtain
(ak® + bk +c)e™ = 0. (3.6)

Since e** # 0, k must be a root of the “characteristic polynomial”
ak® +bk +c=0. (3.7)

This quadratic equation can have
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Two distinct real roots: kq, ks.
Double real root: r.

Two conjugate complex roots: k12 = o + iw

We now discuss each of these possibilities separately.

1.

Two distinct real roots: (b* — 4ac > 0)

In this case, the “trial solution” yielded two independent solutions to

the homogeneous equation. The general solution is in the form

yn = a1’ + aget?’, (3.8)

Double root: (b* — 4ac = 0)

In this case, the characteristic Equation (10.7) yields only one indepen-
dent solution €™ where r = —%. However, a second solution is obtained

in the form xe™ and the general solution of Equation. (3.2) is

yn = € (a1 + agr) . (3.9)

Two complex conjugate roots:

In this case, we again obtain two independent solutions; the general

solution to Equation (3.2) can be written as
yp = ekx(cleiwx + CQg—iwx) (310)

where ¢y, co are arbitrary constants. However,

e — coswr £ i sinwa. (3.11)

Hence,
yn = €"[(c1 + ) coswr +i(c; — cy) sinwa] (3.12)
= " (ay coswz + aysinwe) (3.13)

w is called the natural frequency of the equation. The solution (3.12),
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can be rewritten in “phase-amplitude” form. To this end we multiply
and divide (3.12) by A = \/a? + a. We obtain

yn = Ae®[B; coswr + Py sin wa] (3.14)
where ) = % and [, = %2. Since (% + 35 = 1, we can find an angle ¢
so that

cosp = 2L (3.15)
1 :

and rewrite Equation (3.14) as
yn = Ae™ cos(wz — ¢). (3.16)
A is the amplitude and ¢ is the phase of the solution.

A Particular Solution

If the general solution of the homogeneous Equation (3.2) (with f(z) = 0)
is known, then a particular solution to Equation (10.1) (with f(z)) # Ocan be
found by “variation of coefficients.” The following (short) table summarizes
the trial function one has to use to find y, for some important cases which

appear in applications (this table can be extended). The coefficients A, B, and

Table 3.1 Finding v,

f(x) Yp
aek:x Aekx
sin fx, cos fx Acos fx + Bsin Sz
A" + ap 2"V Fay | Aprt F A A

etc. that appear on the right hand side of the table have to be determined
by substituting the trial function in the differential equation. As a result,
one obtains a system of algebraic equations which has to be solved for the
coefficients.

An exception to this table happens when the forcing function f(z) is one
of the solutions of the corresponding homogeneous equation (this is referred
to as “resonance”).

Remark: Observe that in general y, will not satisfy the initial conditions.
It is only ys that has to satisfy these conditions.

We illustrate the use of this table by examples.
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Example 3.1.3 f(z) = h = constant in Equation (3.2).

In this case, y, is given by

(% c#0

Yp hr 4y b#0,c=0 (3.17)

. hQ—f‘i"hI—i"YQ b=c=0

where v, and vy are arbitrary constants.
Example 3.1.4 Consider Equation (3.2) with b =10, a >0, ¢ >0 and
f(z) = by coswz + by sinwz. (3.18)
The general solution of the homogeneous equation is

yp = Crcosve + Cysinve

C

where v = \/g is referred to as the natural frequency of the equation (the
frequency of the oscillations when the forcing function f(x) = 0). If w # v,
then to find y, we try

Y, = Acoswz + B coswa. (3.19)

Substituting this in Equation (3.2) we obtain an algebraic equation for A and
B

sin wz[—aAw?® + cA — by] + coswz[—aBw? + c¢B — by] = 0. (3.20)
However, since coswx and sinwx are independent functions, we infer that to

satisfy this equation each of the brackets in Equation (3.20) must be zero.

Hence, we obtain the following system of equations for A and B

(o)) e
0 —aw* + ¢ B by

since w is not the natural frequency of the system (—aw? + ¢) # 0 Equation
(8.21) yields nontrivial solutions for A and B.

Example 3.1.5 Consider (3.2) with b = 0, a > 0, ¢ > 0 and f(z) =

by coswz + by sinwzx but with w = v.
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We refer to this situation where the forcing function has frequency equal
to the natural frequency of the system as “resonance.” (The forcing function
f(x) is one of the solutions of the homogeneous equation)

In this case, we use for y, a trial solution of the form

Y, = x(Acoswx + Bsinwx). (3.22)
Substituting this expression in Equation (3.2) we obtain
coswz[(2awB — by) + (—aw® + c)zA]

sinwr[(—2awA — b)) + (—aw® + ¢)xB] = 0. (3.23)

Since coswzx and sinwzx are independent functions, each bracket in Equation
(3.23) must be zero. Moreover, since w is the natural frequency of the system
—aw? + ¢ =0,

2awB — by =0, 2awA+ by = 0. (3.24)

We obtain the following solution for A and B.

b by
2 g
2aw’ 2aw

3.2 REVIEW OF LINEAR ALGEBRA

In this section, we review some topics from linear algebra regarding eigenvalues
and eigenvectors that are needed fro the solution of systems of differential

equations.

3.2.1 Eigenvalues and Eigenvectors

Definition 3.2.1 Let A be a n X n matriz with constant entries. The char-

acteristic polynomial of A is
p(A) =] A— AT | (3.25)

where I is the n x n unit matriz (that is the matriz with 1 along the main

diagonal and zero at all other entries).

Definition 3.2.2 The roots of the characteristic polynomial are called the

eigenvalues of A.
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Thus, when X is an eigenvalue of A, the matrix (A — AI) is singular. When A
is not an eigenvalue, (A — AI) is not singular and therefore has an inverse.

Now consider the following system of linear equations
Ax = Ix. (3.26)
This system can be written also as
(A= X)x=0. (3.27)

It follows then that when A is not an eigenvalue of A, then (A — AI) is invert-
ible. Therefore, the only solution of this system is the trivial solution x = 0.
However, if \ is an eigenvalue of A, the matrix (A — AI) is singular and there
is a nontrivial solution of the system, Equation (3.26). That is there exists
v # 0 that satisfies this equation. We refer to the vector v as the eigenvector

of A that is related to the eigenvalue .

Corollary 3.2.1 If v is an eigenvector of A, then cv for all ¢ # 0 is also an

eigenvector of A (with the same eigenvalue \).

Therefore, an eigenvector is determined only up to a multiplicative constant.

We note that each eigenvalue has a related eigenvector. However, the num-
ber of independent eigenvectors related to a given eigenvalue does not have
to equal to its algebraic multiplicity (i.e., the number of times it appears as a
root of p(\)).

Example 3.2.1 Find the eigenvalues and eigenvectors of

2 1 0
A=10 -2 1
0 0 2

Solution 3.2.1 The characteristic polynomial of A is
2—A 1 0
p(\) = 0 —-2-X 1 =(2-X23*-2-)). (3.28)
0 0 2— A
Hence, A = =2 is a simple root (i.e., multiplicity 1) and A\ = 2 is a double

100t.



Solutions of Systems of ODEs B 99

To find the corresponding eigenvectors, we solve Equation (3.26) with each

of these eigenvalues.

a. A= —2
T
If v=1| =z, |, we obtain from the definition the system
x3
201 + 19 = —211
—2x9 + 13 = —229
2x3 = —2x3.

Hence, up to a multiplicative constant which can be expected in view of

corollary 3.2.1,

1
v=1 —4
0
b. A =2
1A
Denoting once again the required eigenvector by v = | x5 |, we obtain
T3
the system
2x1 + 19 = 214
2$2 + 23 = 2$2
21‘3 = 2333.
1
Hence, v = | 0 |[. Thus, there exists only one independent eigenvector
0
related to A = 2 although the multiplicity of this eigenvalue is 2.
Theorem 3.2.1 Ifnxn matriz A has n independent eigenvectors vy, ..., Vy,
then
A1 O
M~ 'AM = - (3.29)
O An

where M = (vy,...,vy,). Such a matriz A is said to be diagonalizable.
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Example 3.2.2 Verify theorem 3.2.1 for

1 1 O
A=10 -2 0
0 0 =2

Solution 3.2.2 The eigenvalues of A are A = 1 and A = —2 (with multiplicity

2). However, contrary to example 3.2.1, A has three independent eigenvectors

1 —1 0
vi=| 0], vu=| 3 andvz = [ 0
0 0 1
Hence,
1 -10 1 50
M=o 3 o], M'=|l01%to
0 0 1 0 01
and a direct multiplication shows that
1 0 0
M7AM =10 -2 0
0 -2

Exercises
1. Find the relationship between the eigenvalues of A and those of A~! and
AT (where AT is the transpose of A). What about the eigenvectors?

2. Let p(z) be a polynomial. Show that the eigenvalues of p(A) are given
by p(X;), where \; are the eigenvalues of A. What can you say about the
eigenvectors of p(A)?

Hint: Show that if v is an eigenvector of A, then it is also an eigenvector

of A™.
3. Find the eigenvalues and eigenvectors of the following matrices:
o A=| ' 72 boa=| L 7P
-4 3 -2 4
2 1 0 1 1 1
c. A= -1 -2 -1 d A= 0 0 0

0o 1 2 -1 -2 3
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3.3 REFORMULATION OF SYSTEMS ODES

In the following sections, we consider systems of ordinary differential equations
and their solutions. To standardize this treatment, we first show through ex-
amples how a coupled system of differential equations of any order can always

be rewritten as a system of first order equations.

Example 3.3.1 Consider the nth order equation

d"y dy d" 'y
%:f(x7y7%7"'7m (330)
with the initial conditions
y(a) = by, y'(a) =1by,... ,y("_l)(a) =0b,_. (3.31)

This equation and the initial conditions are obviously equivalent to the system

dy _
dp [Ty
dr T @2
dyn-2 _dly
A !
dy,,—
‘Zlm L (Y Ynd) (3.32)
with the initial conditions
y(a) = bo, yl(a) = bl, C ,yn_l(a) = bn—1~ (333)
Example 3.3.2 Rewrite the system
2+ Yy 4+ay=0
y' 4+ 2y 42277 =0 (3.34)
x(0) = 0, 2/(0)=1, y(0)=1, y'(0)=2 (3.35)

where primes denote differentiation with respect to t, as a system of first order

equations.
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Solution 3.3.1 The required system is

xr = I, y/ =
Ty o=~y -y
Yy =~y — 2a%y?
z(0) = 0, z1(0)=1, y(0)=1, y,(0)=2. (3.36)

Example 3.3.3 Rewrite the system
=2y +ax—y=0 (3.37)
¥ —y +22+y=0 (3.38)
as a system of first order equations.

Solution 3.3.2 By introducing x' = z, the system becomes

=2+ —y=0 (3.39)

z—y +2x+y=0. (3.40)

Using Equation (3.40) to substitute for ¢’ in Equation (3.39), we finally obtain
the system

=z (3.41)

2 =3x+2z+3y (3.42)

Y =2x+z2+y. (3.43)
Exercises

1. Rewrite the following as systems of first order ordinary differential equa-
tions:

(a) 2" +y —3zy =t
Y+ 2 + 2x — 3y = e
z(1)=1, 2/(1) =0, y(1)=-2, y(1)=0
(b) 2" + 5y + xy* =13
y' — 32"y — 2y =0
z(0) =1, 2/(0)=0, z”(0)=6, y(0)=10
y'(0)=1.
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3.4 LINEAR SYSTEMS WITH CONSTANT COEFFICIENTS

In this section, we describe methods to solve the n-dimensional system

dx
pri Ax + f(t), (3.44)

with initial conditions
x(a) = C, (3.45)
where A is a matrix with constant entries

1 (1) fi(?)
A x=| = | to=|

T (1) Jn(t)

If A has n independent eigenvectors, then x can be found by decoupling
the system to a set of n independent equations through a change of variables.
Thus, if
M = (vi,...,vy),

where v;,7 = 1,...n are the eigenvectors of A, we define
u=M"'x. (3.46)

Substituting Equation (3.46) in Equation (3.44), we obtain

du

Multiplying both sides of this equation by M~! leads to
du

i M7'AMu+ M~ *(t), u(a) = M~ 'C (3.47)
but
A O
M™AM =D =
O An

and, therefore, the system Equation (3.47) is a set of n uncoupled equations.

Each equation in this system can be solved independently of the others.
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Example 3.4.1 Solve the system, Equation (3.44) if

3 2 4
A= 202 |, ft=1]0
4 2 3 1
1
and x(0) = | —1
—1

Solution 3.4.1 The eigenvalues of A are Ay = —1, Xy = —1, and \3 = 8.

The corresponding eigenvectors are

—1 —1 2
vy = , Vo = 0], v3=1]1
1 2
Hence,
-1 -1 2 -1 4 -1
M=|2 0 1|, M! zé —4 -2 5
0o 1 2 2 1 2

and from Equation (3.47) we infer that the original system is equivalent to

J Uy -1 0 0 Uy ] -2 ] —4

—_— pu— —_— —_ O p— —

7| v 0 10 uy | + 5 1 |, u(0) 5 7
U3 0O 0 8 Uus 4 -1

The solution of this system s

2 1 1
U,l(t) = —5(1 + €_t), Ug(t) = 5(—8€_t + 1), Us = _1_8(1 + GSt).

Finally, we express the solution in terms of the original variables by using
equation (3.46) which yields

T4 = —Uy — Uy + 2u3, T9=2ui+us, x3= U+ 2u;.

Another way to solve the system, Equation (3.44), is to note that this is a

linear system of equations. Therefore, its general solution x¢ is given by

Xg = Xp +Xp
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where xj, is the general solution of the homogeneous part of Equation (3.44)
(that is the system, Equation (3.44), with f = 0) and x, is a solution of
Equation (3.44).

Theorem 3.4.1 If X is an eigenvalue of A, with a corresponding eigenvector
v, then x = cve (where c is an arbitrary constant) is a solution of the
homogeneous system

x = Ax. (3.48)

Proof: Substituting x = cve* on the left-hand side of Equation (3.48), we
obtain
X = cAveM, (3.49)

Substituting x = cve on the right-hand side of Equation (3.48) yields

Ax = A(eveM) = ceM(Av) = ceM(\v). (3.50)

Hence, x = cve™

is a solution of Equation (3.48).
Since Equation (3.48) is a homogeneous system of equations, the superpo-
sition principle holds. Therefore, if all the eigenvalues of A are simple, then

the general solution of Equation (3.48) is given by

n

Xp =Y civie, (3.51)
i=1
To find a particular solution of the system Equation (3.44) when f # 0,
we make the ansatz that

yp, = Nu.

where N is the matrix
N = (x1,...,Xp),

with x; = v;et. This matrix is called the Fundamental matrix of the
system, Equation (3.44).
Since 4x; = Ax; (see Equation (3.48)), it follows that

AN d d

= (= . — = AN.
g = (X gn)
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Therefore, the left hand side of Equation (3.44) becomes

dy, da dN  du
% E‘FEU—NE—FANU

while the right hand side of Equation (3.44) yields

Ay, +f=ANu+f.

Hence,
du
N— =1
dt ’
1.e. J
u
— =Nf
dt

Integrating this equation we obtain

u@:/N%@ﬁ

Thus,
m:N/N*WMt

Exercises

Solve the following systems of equations:

L i=a+2y—1
j=dx+3y+ (t—1)
21(0) = =1, 22(0) =1

2. i+ 3¢ —4x = e
2(0) =1, #(0)=0

3. & =2x+by—2t
y=x—2y—1
z(0) =—-1, #(0)=0, y(0)=1

4. 2 +2x+3x =y
42y —4y =2
2(0) =y(0) =0, #(0)=1, y(0)=2.
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3.5 NUMERICAL SOLUTION OF INITIAL VALUE PROBLEMS

To explore the ideas underlining the numerical solution of initial value prob-

lems, we consider the following example.

Example 3.5.1 Find the value of solution to the following differential equa-

tion at x = 0.2 and x = 1:
y = 2* + 2y, y(0) = 0.5. (3.52)

Solution 3.5.1 Assuming y(x) is analytic, it can be expanded in a Taylor
series around x = 0:

y"(0)

o %4 (3.53)

y() =y(0)+y'(0)z +

Thus, inside the radius of convergence of this series, we can evaluate y(z) if
we can compute {y(k)(O)}:):O. To see how this can be carried out, we first note

that y(0) = 0.5 is given. To compute y'(0), we use the differential equation
y'(0) = 0% + 2y(0) = 1.
To compute y”(0), y"”(0), etc., we differentiate the given differential equation
y"'(x) = 22 + 2y (x)
y"(x) =2+2y"(2)

y (@) = 2" ()

and in general
y™ =2y >3, (3.54)

This implies that
y"(0) =2, y"(0) =6, y® =12, etc.
Thus,
2 3 1 4
y(02) =05+0.2+02%+02° + S 02"+

and we can obtain a “reasonable” approximation for y(0.2) with a small num-

ber of terms in the Taylor expansion. The situation at x = 1 is the same in
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principle but a larger number of terms in the Taylor expansion is needed to
obtain the same accuracy. For this particular differential equation, this is not
a problem since we have a recursive formula for y™(z). However, in general,
such a recursive formula is not available and this implies that a large number
of symbolic computations is necessary to obtain a reasonable approximation

for the value of the solution.

3.5.1 Euler Algorithm

From a numerical point of view, we want to utilize only the differential equa-
tion and the initial conditions in the computation of the solution. This implies
that we must circumvent the need (as described above) for the computation
of the higher order derivatives.

To see how this is done, consider the equation

where the solution is desired on the interval [a, b].

To carry this out, we divide the interval [a, b] into n (“small”) sub-intervals
of fixed length (= step size) h. We note, however, that under exceptional cir-
cumstances (e.g., near a resonance where the solution varies rapidly) a vari-
able step size has to be used. We shall say that the differential equation has
been solved numerically if we can compute y, = y(zx) at the grid points
xp =a+kh, k=0,...,n (see Fig. 3.1). Obviously, if the value of the solution
is needed at any other point xela, b], then interpolation can be used.

To compute y; = y(z1), we now employ a first order Taylor expansion

around xg. This leads to

y1 = y(wo) + hy'(w0) = yo + hf (zo, y(0)) = yo + 1f (20, yo)- (3.56)

We now use this (approximate) value of y(z;) as an initial value for the dif-
ferential equation on the interval [zq,xs]. Using the same strategy as before,

we obtain
yo = y(x1) + hy/ (1) = y1 + hf(z1, 1) - (3.57)

Continuing in this manner, we derive the general formula

yk+1=yk+hf($k7yk)7 k=1,...,n—1 (3-58)
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Figure 3.1 Computational grid with varying step size

This is known as the FEuler algorithm for the numerical solution of differential

equations.

Example 3.5.2 Use the Euler algorithm to solve
Yy =z+y> y(0)=0 (3.59)

on the interval [0, 1] with step size of 5 (see Fig. 2.2). Use linear interpolation

to find an approzimate value for y(0.5) .

Solution 3.5.2 Using FEquation (3.58) we have

1
y120+§-(0+02)20
1/1 1
=0+=-(=+0%) ==
Y2 +3(3+ ) 9

_ 1 1f2 N\ 82
B3 3 \9) )T a3
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Yo Yy Yo Y3
s |
0 0.333 0.667 1
0.9
0.8
0.7+
0.6
05 Il Il Il Il Il Il Il Il
-0.2 0 0.2 0.4 0.6 0.8 1 1.2

Figure 3.2 Computational grid for example 3.4.2

Table 3.2 Solution of example 2

x| v
0] o
1/3] 0
2/3 1/9
1 82/243

Usually, this is presented in table form (Table 3.2).

To compute y(0.5), we observe that z = 0.5 is the midpoint of the interval
[%, %] Therefore, if linear interpolation is used, then y(0.5) is the average of
y1 and g (ie., y(0.5) = 5).

It is appropriate at this point to ask about the accuracy of this scheme. It
is clear that at each point in the computation we neglected terms of order h?
or higher in the Taylor expansion. Since there are n steps, we can estimate the
cumulative error to be of order nh?. However, n = b_T“ We deduce then that
the cumulative error is order h. Thus, the error depends strongly on the step
size chosen. Moreover, this implies that the accuracy of the solution usually
improves as h becomes smaller. In fact, it is common practice to gauge the

accuracy of the solution by applying the algorithm with step sizes h and %
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If the two solutions agree with each other on the common grid points up to,
let’s say, three digits, then we say that this is the accuracy of the numerical
solution.

Remark: Observe that as h becomes smaller, the number of arithmetic
operation needed to compute the solution over the whole interval increases.

As a result, the round-off error in these computations increases.
Example 3.5.3 Solve the differential equation
y =2r—y, y(0)=1 (3.60)
with step sizes of % and % and compare with the exact solution.
Solution 3.5.3 The differential equation
Y +y=2x (3.61)

1s a first order linear inhomogeneous equation. To solve it we must find the

general solution of the homogeneous equation
y+y=0 (3.62)

and a particular solution of Equation (3.61). The general solution of Equation
(5.62) is
y=Ce ™. (3.63)

We now try to find a particular solution in the form
yp = u(x)e” (3.64)

(variations of parameters). Substituting Equation (3.64) in Equation (3.61)
yields

u'(z) = 2xe”.

Hence,
u(z) = (22 — 2)e”

and therefore
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To determine the constant C', we use the initial condition
y(0)=1=C -2,

ie., C =3.
A tabulation of this solution and the numerical solution using the Euler

algorithm is given in Table 3.3.

Table 3.3 Solution of ¢ + y = 2z using the Euler method:

Solution of|Solution of| Exact
x| h=1/3 | h=1/6 [Solution
0 1 1 1
1/6 0.833 0.873
1/3] 0.667 0.750 0.816
1/2 0.736 0.820
2/3|  0.667 0.780 0.874
5/6 0.872 0.970

1 0.889 1.00 1.104

We now show how this algorithm can be extended to systems of equations.

To this end, we consider the system

y =F(z,y), y(0)=c (3.65)
where
y' I
y" fm
and f' = f'(z,y",...,y") on [a,b].

As before, we subdivide the interval [a,b] into sub-intervals of step size

h and apply a first order Taylor expansion of ¢ on each of the sub-intervals

[Tk, Th1]:

(3.67)
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This can be rewritten transparently using vector notation as
Yit1 = Y (Tri1) = yi + hF (25, yi)- (3.68)
This is the vector version of Equation (3.58).

Example 3.5.4 Solve the following system numerically by using Euler algo-
rithm.:

v o= u+2w

v = u—wv, u(0)=0, v(0)=1
on [0, 1] with h = 0.25.
Solution 3.5.4 Applying Fquation (3.68), we infer that

Upr1 = w(Tpr1) = up + h(ug + 2vg)

Upr1 = U(xpy1) = vp + h(ug — vg).

Applying this recursively, we obtain

up = u(0.25) =04 0.25(0+2.1) = 0.5

v = v(0.25)=1+0.250—1)=0.75

uy = u(0.5)=0.5+0.250.5+2-0.75) = 1

vs = v(0.5) =0.75 + 0.25(0.5 — 0.75) = 0.6875

us = u(0.75) =14 0.25(1 +2-0.6875) = 1.594

vy = v(0.75) = 0.6875 + 0.25(1 — 0.6875) = 0.766

uy = w(1.0)=1.594+ 0.25(1.594 + 2 - 0.766) = 2.376
(

v = v(1.0) = 0.766 + 0.25(1.594 — 0.766) = 0.973

Exercises

1. Solve the following equations numerically by using the Euler algorithm

and compare with the exact solution. Graph your results.

a. y =2rx+yonl0,1], y(0)=1, h=0.2
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b,y =y—y®>on[0,1], y(0)=-1, h=02
c. Yy =zy—1lonl[l,2], y(1)=0.5, h=0.2
d ¥y =Q2+yy—zon0,1, y(0)=0, h=02

e. Y =ysinzon [0,7], y(0)=1, h=7.

2. Solve the equations in Ex. 1 with % and compare with those obtained

previously.

3. Solve the equations in Ex. 1 using the Taylor series expansions. Estimate

the number of terms needed to obtain an accuracy of 1073,

4. Solve
y' =sinz+y® y(0)=1
on [0,1] with A = 0.25 and use interpolation to find y (2). Next, solve

this equation with h = % and compare the two values obtained for y (%)

5. Use a computer to solve the equation in Ex. 1 with h = 0.01 and h =

0.001 and compare with the exact solution.

6. Solve the equation in Ex. 4 with h = 0.1 and h = 0.01 to find a better

approximation for y (%)
7. Solve the following systems numerically by using the Euler algorithm
A v =u+2v, vV =4u—3v
B.u=u+v, vVV=u—v+2
with the initial conditions u(0) = 0, v(0) = —1 on [0,1] and A = 0.2.
Can you solve these systems analytically?

Hint: Eliminate v from the second equation by using the first equation.

8. Use the “extended Euler method” where
2

h
Ykt1 = Yk + hy), + 5 Yr

to solve
y'=2*+2y, y(0)=1, on|0,1]

with h = 0.2. Compare with the solution obtained from the Euler algo-
rithm with the same step size and the exact solution.
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9. Estimate the cumulative error in the “Extended Euler Method” in terms
of h.

3.6 FINITE DIFFERENCE APPROXIMATIONS

Before discussing improvements to the Euler algorithm and the solution of
boundary value problems, we must first introduce the notation of O(h*) (pro-
nounced as “O-big” of h*). Moreover, we shall derive finite difference approx-
imations to the derivatives of a function f(x) in terms of its values at some

set of discrete points.

Definition 3.6.1 Let f(x) and g(z) be two functions which are continuous
at x = 0.
We say that f is O(qg) if

0 < [lim @) < 0. (3.69)
=0 g(x)
Example 3.6.1 sinxz = O(x) since
lim 22—, (3.70)
z—0 €T

Example 3.6.2 f = 10%*2® + 32% + x is O(2?) since

lim Ja) 10%. (3.71)

rz—0 ],‘3
Example 3.6.3 z* + 2° is not O(2%) since

R A
lim
r—0 ],‘3

—0. (3.72)

Example 3.6.4 The remainder of the Taylor expansion of f(x + h) around

X

) ()b
Ru(h) = fla+h) =Y % (3.73)
k=0

is O(R"*Y) if fO+D(z) £ 0.
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In fact, the remainder of the Taylor expansion is

) () Rk o [ F(a (n+2) (5
Ry(h)= > % = h" {Jszrf)!) +h JZTH;)!) +} (3.74)

k=n+1

Ra(h) _ f0"*)(x)

R T (3.75)
Therefore, we can write
n k) (2 \hF
Fathy =S @O oy, (3.76)

k=0

From the definition we now infer the following:

Theorem 3.6.1 If f is O(h"), g is O(h™), and m < n then
1. f+gis O(h™)
2. f-gis O(hm+m)
3. f/g is O(h"™™).

Example 3.6.5 The local error in the Euler algorithm (i.e., the error in each
step) is O(h?) while the cumulative (global) error is O(h).

In fact, the basic approximation in the Euler method is
Yki1 = Yr + by, + O(h?) . (3.77)

Since there are n steps and n = %%, the global error is +O(h?) = O(h).

The notation of O-big is used to give the user a rough idea about the
behavior of the error committed by an algorithm as h — 0. This helps to
compare between different algorithms and determines which is superior.

We now introduce finite difference approximations.

If a symbolic representation of a function f(x) is not known, then we
consider the function to be “known numerically” on a domain D if its values
on a grid of points in this domain are known and if by using these values we
can calculate an acceptable approximation to the value of u at any other point

in D (by interpolation). It follows, then, that in order to solve a differential
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equation on D, we have to introduce a grid of points on this domain and
construct an algorithm to calculate the values of the unknown function u at
these points. Thus, if (in one dimension) x;,7 = 1,...,m, are the grid points,

then the fundamental unknowns that have to be computed are
fi=f(x)i=1,....m. (3.78)

Since the differential equation and the initial (or boundary) conditions at
hand are the only means to compute these quantities, we must develop an
approximation scheme for the derivatives of fin terms of these data. To see
how this can be done, consider the one-dimensional case where, to begin with,

we assume that the x}s are equispaced (See Fig. 3.3):
i — Tj—1 = h

(where h is constant for all values of 7).

Figure 3.3 Equispaced computational grid

Thus, suppose that we are given (x;, f;),i = 0,...,n, where 2,41 —x; = h =
const. To find an approximation for f/ = f'(x;), we use the Taylor expansion

of f around z;:

h? h3 h*
firi = f(zi +h) = fi+hfl + 5 fi + a [+ Zfi(él) +.... (3.79)
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Hence, ,
/ fH—l fz h " h "
fl= R -l (3.80)
or
fl = fin=hi | O(h) . (3.81)

h
This formula is called the forward difference approximation for f/ (as the point

x;p1 is used). Similarly, we can derive a backward difference approximation
for f! using

h? h? h*
fir=floi=h) = fi=hfi+ 5ol = i+ 70 (382)

This leads to

=t om (3.83)

In both of these approximations, the error is O(h). However, we can obtain a
better approximation by using a “central difference” (i.e., use an interval where

x; is at the center). Thus, by subtracting Equation (3.82) from Equation (3.79)

we obtain

fz—l-l fz 1 2 5 5)
fi= f tg h Ji
T on

or

f _ f H—l f i—1
2h
We note that although this is a superior approximation, it cannot be used at

+O(h?) . (3.84)

the ends of the computational interval (i.e., at zo and x,).
Similar approximation can be derived for the second order derivatives. In
fact, adding Equation (3.79) and Equation (3.82) leads to

p Jin —2fi+ fia
i h2

+O(h?). (3.85)

This is a central difference formula. A forward difference formula for f/” can

be derived by using f;.o. In fact,

4h3
fuva = flar+2h) = fi+ 20f] 4 20! + =
Subtracting Equation (3.79) multiplied by 2 from Equation (3.86) leads to

f1+2 2fz+1 + fz
h2

fr+.. . (3.86)

f//
7

+O(h). (3.87)
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Finite difference approximation for higher order derivatives can be obtained in
a similar fashion. For instance, we have the following central difference formula
for the 4th derivative

@  firo—4fi1 +6fi —4fi1 + fio
fi - h4

+ O(h?). (3.88)
Example 3.6.6 Suppose that the values of f at xg,zo + h, and xo + 3h are

given. Develop a finite difference approzimation for f'(xz¢) with O(h?) error.

Solution 3.6.1 From the Taylor expansion around xy we have

h? h?
f(zo +h) = f(xo) + hf'(xo) + —f//(mo) + gfm(xo) +

h2
(o 4 8H) = F(ao)3hy (o) + 5 ") + 51 (o) +

To obtain an O(h?) approzimation for f'(xo), we must find a combination of
f(xo+h) and f(xo+3h) which cancels the h? terms in these expansions. Thus,

9f(:c0 + h) — f(l‘() + 3h) = 8f(:c0) + 6hf/(l‘0) — 3h3fm(l‘0) + ...,

(o) = 9f(zo+ h) — f(JZO + 3h) — 8f(xo)

When the grid points are not equispaced, the general technique described

+ O(h?).

above can be easily adapted to derive appropriate approximations. Thus, if
T — Ti-1 = i,
then

fir1 = f(@i+ higa) = f(2:) + higr f'(25) + O(h?) (3.89)
fiz1 = f(SUz - hi) = f(SUz) - hif/(xi) + O(h2)7

which yields

= pla) = Tt

Similarly, for the second-order derivative,

= thfi—H + hiv1fic1 — (hi + hipa) fi
' (hihit1)(hi + his1)

From Equations (3.90) and (3.91), we infer that in general the accuracy of our

+O(h). (3.90)

+O(h). (3.91)

difference approximations is better with an equispaced grid. Equations (3.90)
and (3.91) or their generalizations to higher dimensions are, therefore, useful

near irregular boundaries where their use is mandatory.
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3.6.1 Extension to Higher Dimensions

The formulas derived above in one dimension have a natural extension to
higher dimensions. For example, for an equispaced grid in two dimensions

with step size h, we have (see Fig. 3.4)

ou h? [ 0%*u
i—1.1 — i—h, i) = iy —h ~ - ~ 5 392
Ui = u(z y;) = u(zi, y;) <8$>zj+ 9 <8x2)ij ( )
+O(h%)

ou h? [ 0*u
itlj = i+ hy) =u(x,y;) +h | = — | =— h3).
Uiyrj = u(x; + h,y;) = ulw, y;) + (am)ij—i_ 9 (8‘r2>ij+0( )

ui—1,j+1 ui,j+1 ui-¢—1,j+1

-1, Ui,

Yict j-1 Yij-1 Uit j-1

Figure 3.4 Two dimensional computational grid around u;_;

Therefore,
ou WUit1,5 — Wi—1,5 2
— ) =——=——=40(h 3.93
( am)ij ek o) (393)
0*u Uip1; + Wit — Uy
— 4 ) 4 ) 1 h2 .
(a$2>z‘j h? +OW)

The corresponding formulas for (Ou/dy),; and (0%u/dy?),; should be obvi-

ous.

Exercises
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1. Derive a backward finite difference formula for f/.

2. Prove that

= —fix1 + 8fir1 — 8fici + fie
! 12h

+O(h%) .

3. Prove the finite difference formula for f-(

14) which is given in Equation
(3.88).

4. Derive an approximation for f”(zo) with O(h?) error using fio, fiz1, fis fi—1
and f;_o . (Use a symbolic computation package if available).

5. Derive a forward difference approximation for f”(z¢) with O(h) error

using fiys, five, fiy1 and f; .

6. Derive a central difference approximation for f”(z) with O(h?) error.

7. Derive a central difference formula for f/(z;) with O(h?) error if the grid

points are not equispaced, i.e., h; = x;11 — x; are not constant.

3.7 MODIFIED EULER AND RUNGE-KUTTA METHODS

It is natural to inquire as to how one can improve the Euler method. One pos-
sibility which was discussed already is to use smaller step size h. However as h
becomes smaller, the corresponding computational effort increases rapidly; fur-
thermore, the accumulated numerical error (due to round-off errors) increases.
The other options available are to use either higher order Taylor expansions
(or their equivalents) or a “predictor-corrector” scheme. We illustrate both
of these through the modified Euler algorithm which is a prototype for the

Runge-Kutta class of algorithms.

3.7.1  Modified Euler Algorithm

To describe this algorithm we start with a geometrical argument.

The Euler algorithm to solve

/

Yy = f(:v,y), y(a) =Y (394)
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applies a linear approximation to y(x) at x; to compute y(x;11).

Yirr = Yi + hf(zi, ys)

This linear approximation is based on the tangent to the graph of y(z) at x;

whose slope is given by y; = f(x;,y;) (see Fig. 3.5).

Yieet
sSisich

Euler
Apprgxelmation

Figure 3.5 FEuler’s Numerical Approximation

Since the function y(x) in general is not linear, it stands to reason that a better
approximation for y(z;,1) can be obtained if an “averaged slope” of f(z) over
[z;, x;11] is used. An appealing way to implement this will be to average the

slopes at x; and z;41, i.e.,

h
Yirr =Y+ 5 [ T vin] (3.95)
The only obstacle for the use of this formula is that
Yir1 = f(Ti1Yis)- (3.96)

This implies that in order to compute y;,, we must know 7, first!
To circumvent this difficulty we can utilize the Euler algorithm to obtain

a predictor for the value of y; 4

yi(—[i)-)l =y +hf(zi,y) - (3.97)
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Table 3.4 Solution of ¢y + y = 22 with modified Euler method

X yP y° ly? —y°| | Exact Solution
0 1 1 0 1

0.800 | 0.860 0.06 0.856

0.2 | 0.860 | 0.853 0.01
0.4 | 0.768 | 0.817 0.05 0.811
0.6 | 0.813 | 0.854 0.04 0.846
0.8 | 0.923 | 0.956 0.03 0.948
1 1.08 1.112 0.03 1.104

This value can be used then in eq. (3.95) to obtain a “corrected” value of y;

Y = vt 5 [ + 7 (s 2)] (3.95)

Should the difference between y® and y(© be larger than some preset error

tolerance €, we can use y(© as a new y® and iterate the process until

g 9] <€, (3.99)

(Obviously we must set a limit on the number of these iterations to avoid the
possibility of an infinite loop.)
We illustrate the implementation of this algorithm through the following

example.

Example 3.7.1 Solve
v =2r—vy, y0)=1 (3.100)

with h = 0.2 on [0,1]. Use error tolerance of ¢ = 0.05 and one predictor-

corrector iteration.

Solution 3.7.1 Using Equation (3.97), (3.98) we obtain Table 3.4 for the
solution of Equation (3.100). To gauge the accuracy of the numerical solution

we present in the last column of this table the values of the exact solution

y =3¢+ (22 —2). (3.101)
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We demonstrate now that the modified Euler algorithm (without itera-
tions) is equivalent to the use of second order Taylor expansions for y(x) on

each of the sub-intervals [z;, z;11]. In fact according to this scheme

h?
Yir1 = yi + hy; + ?yg’ + O(h%). (3.102)
Replacing y!" = (y;)’ by its forward finite difference approximation (eq. (3.79)).
Ly
v = () = 2+ O(h) (3.103)
leads to
h y/. — y/.
Yit1 = Yith {yé +3 [% + O(h)] } (3.104)
h
+ O00°) = yi+ 5 {ui + 4} + O (3.105)

This also shows that the local error in the modified Euler algorithm is O(h?).
Consequently, this leads to the following estimate for the cumulative (global)
error

b—a

E =nO(h?) = TO(fﬁ) = 0(h?). (3.106)

3.7.2  Runge-Kutta Methods

The basic idea that underlie, these methods is similar to the modified Euler
algorithm. They use a “sampling” of y(z) on [x;, x;11] to obtain an approxima-
tion for y;.1 which is equivalent to the use of a higher order Taylor expansion.
Thus we speak of second, fourth, sixth or higher order Runge-Kutta methods
according to the number of points used.

For example to determine a fourth order Runge-Kutta algorithm we try a

prescription of the form,
Yiv1 = Y -+ a1k1 + a2k2 + agk’g + CL4/€4 (3107)

where

>

ki = hf(zi,u)

ke = hf(z;+ aih,y; + aik)
(
(

>

ks = hf(zi+ ash,yi + aghs)
k’4 = hf x; + agh, Yi + 0431{?3). (3108)
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The unknowns a;, o; in these equations have to be determined so that Equa-
tion. (3.107) is equivalent to a fourth order Taylor expansion. It can be shown
(after a long algebra) that this leads to eight equations in seven unknowns.
Thus the choice of the parameters in this integration scheme is somewhat

redundant. A classical solution is in the form

1
Yir1 = Yi+ é(kl + 2ky + 2k3 + ky)

1 1
ki = hf(xiyi) ke =hf ($i+§h7yi+§k1>
ks = hf(2i+ Shoy+ 2k
3 — Z; 92 » Yi 2 21,
1
o (mﬁh’yﬁék:”)' (3.109)

The freedom in the choice of the parameters of these algorithms (which ex-
ists for Runge-Kutta algorithms of any order) can be used to impose on the
solution certain physical constraints. Thus if the differential equation under
consideration describes the trajectory of a system in which energy is con-
served, then the parameters of the Runge-Kutta algorithm can be chosen so
that this conservation law is satisfied in each of the integration steps. (These
are referred to as “symplectic algorithms”.)

For more detailed treatment of the Runge-Kutta methods the reader is

referred to the literature.
Exercises

Solve the equations in exercises 1-8 using the modified Euler algorithm

with one predictor-corrector iteration
L.y =a+y*y(—1)=0o0n [-1,1] with h = 0.2.
2.y = 2% —z,y(0) =1 on [0, 1] with h = 0.2.
3. vy =zy* y(0) = —1 on [0,1] with A = 0.2.
4.y = 2% —y* y(0) = 0.5 on [0, 2] with h = 0.2.

5.y =xsiny,y(0) =0 on [0, 1] with h = 0.2.
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6. Solve the differential equations in exercises 1-5 using the modified Euler

algorithm without iterations but with h = 0.1.
7. Use Runge-Kutta of order four to solve exercises 1-5.

8. The following system of equations model an ecosystem of fish and sharks.
Use Runge-Kutta of order four to solve these equations and plot the

solution
u'=u—u*—01luw  u(0)=2, v(0)=0.1

vVV=—0v+01luw 0<t<100
(we are using here normalized units for the populations).

Hint: Solve these equations using MATLAB or similar.

9. Generalize the modified Euler algorithm to a system of equations and

use it to solve the following:
W =u+2v+k

v\ =u—3v
u(0) =0, v(0)=1on]0,1] with h = 0.2 and 0.1
10. Solve, using different numerical methods, the following system and com-

pare the results

T T
vV =u+v
u(0) = 1,v(0) = 0 on [0,2]. Use different step sizes.
11. Solve
y' + 1000y =0 y(0) =1
on [0, 100] using different step sizes. Compare with the exact solution.

Remark 3.7.1 Problems like this where numerical solution diverges from the

correct solution are called “stiff”.
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3.8 BOUNDARY VALUE PROBLEMS

The treatment of boundary value problems is totally different from the one for
initial value problems which was presented in previous sections. The objective
of this section is to present the basic ideas for solving boundary value problems
for linear ordinary differential equations. Two prominent methods exist in the
literature to solve these problems. These are the finite differences and the finite
element methods. Both techniques reduce the original boundary value problem
to a system of linear algebraic equations, but they are conceptually different
from each other. In this section we consider only the finite difference method.
The finite element method will be introduced in the chapter on variational
principles. We present the application of finite difference method to boundary

value problems through examples.
Example 3.8.1 Solve the equation for the harmonic oscillator

' +wty =0, w#0, 0<z<1 (3.110)

subject to the boundary conditions y(0) = y(1) = 0 with h = 1.

Solution 3.8.1 To solve this problem with h = i we must compute

y1 =y(0.25), yo =y(0.5), y3 =y(0.75)

(yo = y(0) and y4s = y(1) are given). To derive a system of linear equations
for these unknowns we apply the central difference formula for y" (Equation
(3.85)) to approximate the differential equation. At x = 0.25 we have

Y2 + Yo — 21

2, _
005z Twn=0.
Similarly at x = 0.5 and © = 0.75 we have
Ys+ 1 —2y2 o
0052 W=l
Ya + y2 — 2y3 2
025 TwWu=0

Since yo = ys = 0, these equations represent a system of three equations in the

three unknowns yi, Yo, y3. In matriz form we can rewrite these equations as

w?—32 16 0 n 0
16 w?-32 16 gy | =1 0
0 16 w?—32 s 0
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This is a system of homogeneous equations, and a nontrivial solution (i.e.,
not all y; are zero) exists only if the coefficients matriz A of this system is

singular, viz. its determinant is zero. Since
det A = (w? — 32)[(w? — 32)? — 2 x 167]

we infer that a nontrivial solution to our problem exists only if

w=+4v2, +4\/2 -2, +4\/2+ V2, (3.111)

e.q. for w =42 we obtain
=X\ y2=0, ys=—X, —00 <A<
where \ is a parameter.

It is interesting to compare this solution with the analytic one. The general

solution of Equation (3.110) is

y = Acoswr + Bsinwz .
The first boundary condition then implies

y(0)=0=A.
To satisfy the second we must have
y(1) = Bsinw = 0.

The solution of this equation is B = 0 (trivial solution for y) unless

w=nm, n=1,2,..., . (3.112)

Thus the analytic solution has infinite values of w for which a nontrivial solu-
tion y = Bsinnmx exists.
To see the relation between the numerical and analytic solution we point

out that the values of w in Equation (3.111) are
w = £3.061, £5.657, £7.391.

These represent approximations to the first three values of w in Equation
(3.112). Observe that we can ignore the negative values of w since they lead
to the same solution for y as the positive values. We can expect, naturally, a
better agreement between the numerical and analytic solutions as h becomes

smaller.
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Example 3.8.2 Solve the following boundary value problem
y'+ay=2, 0<z<1

subject to the conditions y(0) =0, y(1) =z with h = 1.

Solution 3.8.2 As in the previous example we use Equation (3.85) to ap-
prozimate the differential equation for y; =y (i) , Yo =1 (%) and y3 =y (%)
This leads to

—9
Yo T “2W L 0,259, = 0.25
(3)
typ -2
BN 05y, = 0.5
()
Ys +y2 — 2y

£ 3 4 0.75y; = 0.75
()
where yo = y(0), ya =y(1).
Rewriting this in matriz form we have

~31.75 16 0 n 0.25
16 —31.50 16 yw | =] 05
0 16 —31.25 s —0.25

Since the coefficient matrixz of this system is non-singular, the system has a

unique solution
y1 = —0.024, y, = —0.033, y3 = —0.009 .
Example 3.8.3 : Solve
v+ (1+ o) +u=2z, u0)=0, u(l)=1 (3.113)
on [0,1) with step size h = 0.25.

Solution 3.8.3 : Since h = 0.25, the numerical solution of this problem is

equivalent to the computation of the three unknowns (see Fig. 3.6)
up = u(0.25), wus = u(0.5), uz = u(0.75)

(Note that ug = uw(0) =0 and uy = u(l) =1.)
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0 1 2 3 4
1F t
0 0.25 0.5 0.75 1
0.9
0.8
0.7
0.6
051 I I I I I I I
-0.2 0 0.2 0.4 0.6 0.8 1 1.2

Figure 3.6 Computational grid for example 3.7.3

Using Equation (3.113) and the finite difference formulas in Equations
(3.84) and (3.85), we obtain the following equations at x = 0.25,0.5 and 0.75,

respectively:

ug + Uz — 2uy 91Uz — Ug B
s + 1+ (025)] = — +u =025 (3.114)
U1+U3—2U2 9, U3 — U1
e — | . = U.
72 + 1+ (0.5)7] 5 T 0.5
U4+U2—2U3 o Ug — U2
S L (075 s = 0.7

Using the boundary conditions and rearranging these equations lead to

—31uy + 18.125uy = 0.25 (3.115)
13.5uy — 3luy + 18.5u3 = 0.5
12.875us — 31ug = —18.375

The solution of this system to three decimals is

up = 0.385 ug = 0.672 uz = 0.872
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In the previous examples we showed how to solve problems where the
boundary conditions are imposed on the unknown function. (These are re-
ferred to as “Dirichlet Boundary Conditions”). However boundary condi-
tions can be imposed on the derivatives as well. These are called “Neumann
Boundary Conditions.” Furthermore, boundary conditions can involve both
the value of the unknown function and it derivatives at the boundary. These
are called ”Robin Boundary Conditions” or "Boundary Conditions of
the third kind.” We demonstrate the treatment of such problems through

the following example.
Example 3.8.4 A spring-mass system is governed by the following equation
y+2y+y=1t 0<t<1

subject to the boundary conditions y(0) = 1, y(1) = 0. Solve this problem
with h = 0.25.

Solution 3.8.4 Since y(0) is not given, the problem involves four unknowns.
Yn =y(nh), n=0,1,2,3

(y1+ = y(1) = 0) (see Fig. 3.7). Approximating the differential equation at
t, = nh using Equations (3.83), (3.85) we obtain

Sl g et 0
A = =05 19
B 2 = =0T @19

where we had to add a fifth (fictitious) point y_; = y(—0.25). Equations
(3.116), (3.119) form a system of four equations in five unknown. To add one

more equation we use Equation (3.83) to approximate the boundary condition
y(0) = L.
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v, Yo vy A Ya A
1k
-0.25 0 0.25 05 075 1
09F
0.8f
07F
061
05 Il Il Il Il Il Il Il Il Il
-0.4 -0.2 0 0.2 0.4 0.6 0.8 1 1.2

Figure 3.7 Computational grid for example 3.7.4

This leads to
Y1 — Y-
0.5
Together Equations (3.116), (3.120) form a system of five equations in five

=1. (3.120)

unknowns whose solution is
Yo = 0.619, y; = 0.412, y, = —0.255, y3 = —0.123.

Exercises

1. Solve the boundary value problem given by Equation (3.113) with
h = 107%,1072. What can be said about the coefficient matrix for the

resulting system of equations?
2. Compare the exact and numerical solution of
u'+2u +u=1z u(0)=1u(l)=3

with h = 107,102,
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4.1  GENERAL INTRODUCTION

In the 19th and early 20th centuries most mathematical models for physical
phenomena used linear differential equations which can be solved by ana-
lytic techniques. If a model turned out to be nonlinear, then some methods
were used to ”linearize” the model to obtain approximate solutions. With the
rapid advancement of science and engineering and the advent of computers, it
was found advantageous to consider sophisticated models where nonlinearities
and their impact cannot be ignored. However while computers can generate
"heaps” of numbers, it is not easy to extract insights about the system evolu-
tion under different conditions from this data.

Stability theory addresses the issue of model nonlinearities by making the
observation that in many models an initial state of the system will evolve into
a steady state (i.e., a state that is time independent). It was found that for
many practical purposes the transient states of the system (i.e., those that are
time dependent) are of "marginal” importance while the steady states and
their properties are of utmost practical importance.

Since most mathematical models provide only an approximation to reality,
a basic issue about the steady states is their "response” to ”deviations” or
perturbations of the system from the steady state. In other words if the system
"somehow” deviates from the the steady state, will it return to it or "run away
from it.” As an example consider a car running smoothly on a highway then
hits a pothole on the road. This will cause the body of the car to vibrate and
the question arises then whether these oscillations will "damp out” and the
car return to its "normal steady state”, or a breakdown will occur and the car
settle (after a short transient state) into a new steady state (i.e., the car is
not drivable and has to be repaired) which is ”far” from the original state. In
other words "how stable was the original state of the car to perturbations.”
The answer to this fundamental question is the subject of stability theory.

From another point of view one has to remember that mathematical models
contain parameters that have to be evaluated experimentally and hence, are
subject to measurement errors. As a result the actual steady state of a given

system might be somewhat different from the one predicted by the model



Stability Theory ®m 135

equations. The question arises again as to whether these ”small deviations”
are "benevolent” (i.e. have little or no practical impact) or ”fatal.”

Historically the study of stability theory was initiated by H. Poincare and
A. M. Liaponouv. Poincare was interested in the stability of the solar system
and in particular whether the Earth orbit is stable. That is whether the Earth
eventually ”fall” into the Sun or recede from it. (This is still an open question.)
A. M. Liaponouv considered the stability of various mechanical systems in
particular under the influence of gravity. Today stability theory is still an
important and evolving branch of science and engineering. In this chapter we
give an exposition of the basic ideas of this theory.

To motivate our study and introduce some of the basic ideas we revisit the
population model for the number of fish in a pool (see Chapter 2 Sec. 2.4)
and assume that the size N(t) of the population in this (simplified) ecological

model is given by

dN

%:(N—l)(N—?))’ N(0) = No (4.1)
where the quadratic term in N represents the competition for resources (in-
cluding food).

At a steady state 47 = 0 and hence Equation (4.1) has two steady (or
equilibrium) states N =1 and N = 3.

To study the stability of these steady states we note that Equation (4.1),
though nonlinear, can be integrated by elementary methods and we obtain
(N() — 3)€2t — 3(N0 — 1)
(No —3)e?t — (Ng — 1)

N(t) = (4.2)

From Equation (4.2) we infer that whenever Ny # 0 the population N(t) will
approach the steady state N =1 as t — oo even if N, is very small or large.
(However, Ny must be positive). Thus, a (small) perturbation of this ecological
system from N = 1 will cause its state to “come back” to this equilibrium
while similar deviations from N = 3 will cause the the population to ”run
away’ from this steady state and converge to N =1 as t — oo. We conclude,
therefore, that the steady state N = 1 is (asymptotically) stable while N = 3
is unstable.

To demonstrate these results graphically we plotted in Fig. 4.1 the solutions

to (4.2) with different initial conditions.



136 B The Process of Mathematical Modeling

Evolution of Different Initial Populations to the Steady State N=1
1.25 T T T T T

0.95 1

0.85 4

0.8 | | | | | | |
0 0.5 1 1.5 2 2.5 3 3.5 4

time

Figure 4.1 Population evolution from different initial conditions

The objective of stability theory (and phase space methods) is to derive
these results about the stability of the steady states without solving analyti-
cally or numerically the model equations under consideration. This is a crucial
feature since most current mathematical models lead to systems of nonlin-
ear differential equations which cannot be solved analytically in closed form.
Furthermore, numerical algorithms for the solution of these equations con-
sume inordinate amounts of CPU time and in many cases do not converge or
converge to the wrong solution.

The underlying idea of these techniques is to consider the model equations
as an algebraic relationship between the state variables and their derivatives.
Thus Equation (4.1) is viewed as an algebraic relation between N and dN/dt.

To analyze the stability of the steady states we have only to remind ourselves

(from elementary calculus) that %f > 0 implies that N is increasing while
% < 0 implies that N is decreasing with time. Thus in the ”"phase space”

(N, 4¥) Equation (4.1) is described by Fig. 4.2. (Remember that N represents

in this model the population size and therefore N < 0 is meaningless.)

We see from this figure that if N < 3 then % < 0 and hence N is

a decreasing function. On the other hand if N > 3 then “il—]y > 0 and N
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Phase Space Diagram of dN/dt vs. N
3 T T T

0.5~ 4

Figure 4.2 stability of the steady states N=1, N=3. Arrows indicate the evolution of

perturbations from these states

will increase (these facts are indicated by arrows in the diagram). This is
characteristic behavior of unstable steady state at N = 3. Similarly for the
steady state N =1, 2% > 0if N < 1 (N is increasing with time) and 4 < 0 if
1 < N <3 (N is decreasing with time). Hence N = 1 is stable. We point out
that these results about the steady states of this model were obtained without

reference to the actual solutions of the model Equation (4.1).

Exercises

1. Solve the following equations in order to determine whether each of the

steady states is stable or unstable.
(a) %:aN—bNQ7 a,b>0, N>0

(b) & = —aN +bN?, a,b>0, N>0

dt

(c) ¥ =aN+bN?, a,b>0 —oo<N <o

2. Use phase space techniques to deduce the stability of the steady states
in Ex 1.
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3. Use phase space techniques to discuss the stability of the steady states
for
(a) & =aN+BN?+yN3, B%—day > 0.
(b) & = (N —a)(N — B)(N — 7). What happens when a = 3 = 7 or

a=p.

4. A model of two societies M, N where M exploits N was suggested by
May and Noy-Meir. According to this model if M, N are the population

sizes of the two populations respectively, then

dN N?

where a, A, B M are constants. In this equation the first term represents
the natural growth of society N while the second represents the loss to
this society due to the encounter between the two societies. Discuss
the steady states of this model and their stability when M is small,

moderate, and large.

Hint: To find the steady states plot the two terms in the model equation
separately. The steady states are represented by the intersection of these two

curves.

4.2 TWO SPECIES MODEL

Mathematical models which lead to systems of first order ordinary differential
equations appear in many applications. It should be observed also that when
the model equations contain second (or higher) order differential equations,
then these equations can be rewritten as a system of first order equations.
In particular when the model consists of one ordinary differential equation of
second order, then this equation is equivalent to a system of two first order
equations.

When the model is represented by two first order equations, then phase
space methods in conjunction with graphical representation can be used to
determine the stability of the steady states. In this section we demonstrate

this technique through an example.
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Example 1: Predator-Prey Ecological System.

Model: In this model we consider an ecological system which consists of
two species. The first (Prey) consumes vegetable food and a second species
(Predator) consumes vegetable and the first species for food (e.g., fish and
sharks in the ocean or humans and cows). If only one of these species exists
in the ecosystem, then its population will be governed by an equation similar
to Equation(4.1). To model the interaction between these two species we shall
assume that at each encounter between members of the two species there is a
”chance” that the predator will consume the prey. Hence this interaction can
be modeled as being proportional to the size of the two populations.

Denoting the size of the two populations at time ¢ by F(t), S(t) respec-

tively, the ecological system under consideration will be modeled by

dF

— = F(a1 - blF - clS) (43)
dt

d

d_f = S(CLQ — sz + CQF) (44)

where a;, b;, ¢;, 1 = 1,2 are non-negative constants.

4.2.1 Steady States

At the steady states of this system % = % = (0. Hence, these steady states

of this model are given by the simultaneous solutions of

F(a1 — b1F — 618) =0 (45)
S(CLQ - bQS -+ CQF) = 0. (46)
These solutions are:
1.
F=S5=0
2.
F="5=0
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3.
a2
F e = —
0, S b
4. The intersection of the two lines
a; — b1F — C1S =0 (47)
a9 — b2F + CQS =0 (48)

if such an intersection exists in the first quadrant of the F' — S (phase)

plane (obviously negative populations are meaningless).

4.2.2 Stability Analysis

To analyze the steady states with respect to their stability, using phase space
techniques we must first find the regions in the F' — S plane for which 4 T S0,
45 < 0. To accomplish this we note that I~ 0 when

F(a1 — blF — 015) > 0.

But F' > 0 and, therefore, 4& < 1s positive if and only if

a; — blF - clS > 0, F > 0. (49)

Slmllarly is negative if and only if

a; — b F — clS < 0, F > 0. (410)
It follows then that the dividing line in the phase plane between the regions
in Wthh is positive and negative is given by
ap — b1F — 018 =0. (411)
Snmlar analysis for &2 shows that

E > 0 if and only 1f

ag — byS + o' > 0, S > 0. (412)
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% < 0 if and only if
ag — byS + o' < 0, S > 0. (413)
Therefore the two regions in which %
the line

is positive or negative are separated by

ag — b2F2 + CQFl = 0. (414)

10

Figure 4.3 Regions in phase plane of Equations (12.1)-(12.2) where % is positive

and negative

For ay = 1,0, = 0.2, ¢y = 0.1, ap = 0.5, b, = 0.4 and ¢ = 0.5 we plot
the lines given by Equations (12.9), (12.12) separately in Figs 4.3 and 4.4 re-
spectively indicating by arrows the regions where % and % are positive and
negative. In Fig. 4.5 we plotted these two lines together to show by arrows the
response of the system to any perturbation from the steady state represented
by the intersection of these two lines. Two trajectories starting from (3.5,4)
and (2.5, 3) are also plotted in this figure. This demonstrates that any pertur-
bation from the steady state will decay in time and the population of the two
species will return to the steady state. This implies that the two species will

coexist in this ecosystem.
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Figure 4.4 Regions in phase plane of Equations (12.1)-(12.2) where %2 is positive

and negative

Figure 4.5 Stability of the steady state represented by the intersection of the lines

dr __ dS __
G = a =V
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Using similar analysis we find that

1. (0,0) is unstable
2. [+, 0] is unstable in the S-direction and hence unstable.
az

3. [0, 2] is unstable in the F-direction and hence unstable.

4.3 BASIC CONCEPTS

In the previous section of this chapter we introduced the basic concepts of
stability theory in an intuitive way. A graphical representation of these con-
cepts is illustrated by the following examples. In the first case a ball is placed
on top of a mountain and hence in unstable steady state. In the second case
the ball is placed at the bottom of a "valley” (with ground friction. In this
case the steady state is ”asymptotically stable.” That is, a perturbation from
the steady state will decay in time, and the ball will return to the original
steady state. Finally we consider a ball on a plane (with friction) where a
perturbation from the original state will leave the ball at some distance from
the original steady state but not ”far away”. (The distance remains bounded
due to friction.) In this case we say that the steady state is ”stable”.

In the following we reintroduce and formalize these concepts.

Definition 4.3.1 A system of ordinary differential equations

dx
pri F(x,t) (4.15)
where x = (x1(t),...,x,(t)) and
fi(x,t)
F(x,t) = : , XxeR" (4.16)
fn(x,1)

is called autonomous if F(x,t) = F'(x), i.e., the independent variable t does

not appear explicitly in F.
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We observe that a non-autonomous system is equivalent to an autonomous

system with an additional equation. In fact if we define

- [’t‘] G = | T ] (4.17)

1
dz
i G(z) (4.18)

then

is equivalent to Equation (4.15)
In the following we consider only autonomous systems. Such systems are

referred to as dynamical systems.

Definition 4.3.2 The phase space of the system

dx filx)
o F(x) = : , xXeR" (4.19)
fn(x)
is the space R* with coordinates (x1,..., Ty, 1, ... 0n),
where z; = dCZ". Thus each point in phase space represents a unique state of

the system. For a system of particles satisfying Newton’s second law the phase

space consists of all possible values of the momentum and position variables.

Example 4.3.1 The equations of motion for a point particle of mass m under

the influence of an external force F = F(x) is

d*x

_ 3
which is equivalent to
dx dv
pr v, m - F(x) . (4.21)

Hence the phase space of Equation (4.20) is RS consisting of the points (x, V).

Definition 4.3.3 A steady state (= critical point or equilibrium state) of the
system (4.19) is a point xq such that F(x¢) = 0.

We observe that a steady state can be isolated; i.e., there exists a neigh-
borhood of xg which contains no other steady state or it might be part of a

continuous set of critical points.
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Example 4.3.2 The system

dx dy

B b = b 4.22

dt ax + 1Y, dt asx + 2, ( )
has a continuous set of steady states when a1by — byas = 0. In fact the steady
state conditions fli—f =5 =0 lead to

ax+ by =0, asx + by =0, (4.23)

and these equations are linearly dependent (that is they represent the same
equation) when ajby — byas = 0. It follows then that any point on the line
alx

y=—%5, b1 #0 is a steady state of the system. (When by = 0, any point on
the line x = 0 is a steady state.)

On the other hand this analysis shows that (0,0) is an isolated steady state
of the system represented by Equation(4.22) when a1by — byagy # 0, since then
the coefficient matrix of Equation (4.23) is invertible.

In general it is rather difficult to analyze the stability of a system with
a continuous set of steady states. Therefore, in the following we restrict our
discussion to systems with isolated critical points.

The following is a generalization of this example.

Theorem 4.3.1 Let F(x) be analytic and xo a steady state of the system
represented by Equation (4.19). A sufficient condition for xq to be isolated is

that the Jacobian matriz of F(x) at xg

J(x0) = [af } (xo) (4.24)
15 nonsingular.

Proof Since F(x) is analytic, it has a Taylor series expansion that converges to
F(x). This Taylor expansion can be used to approximate this function around

the critical point xg.

F(x) = F(x0)+ J(x0)(x —x0) + O(| x — x¢ |*)
= J(x0)(x —x0) + O(| x — x¢ |?). (4.25)

Therefore, if another steady state exists in every neighborhood of xg, then in
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the vicinity of xq all higher order terms in Equation (4.25) become negligible

in comparison to the linear term, and the steady state must satisfy
J(x0)(x — %) =0. (4.26)

But J(xg) is nonsingular which implies that the only solution of this system
is x = x¢. Hence xg is isolated. Note, however, that this theorem sets only a

sufficient but not necessary condition for x; to be isolated.

Example 4.3.3 The only critical point of the system

dz , dy 9
— = — = 4.27

is (0,0) although J(0,0) is singular.
When a steady state is isolated, it is convenient, for conceptual and prac-
tical reasons, to translate the steady state under consideration to the origin
by the transformation w = x — x3. The equations of the system will become,

dw

o= G(w) (4.28)

where G(w) = F(w + x¢)

Example 4.3.4 Consider the system

dx dy 3
a4 Yy
dt W T

whose steady states are (2,2) and (—2,—2). To translate (2,2) to the origin

(4.29)

we perform the transformation
u=x—2, v=y—2 (4.30)

and the resulting form of the system given by Equation (4.29), is

d

d_:,f = —2u—2v—uv

d

d—: = 4u— 120 — 60? —* (4.31)

Similarly if we wish to consider the steady state (—2,—2) we perform the
translation
u=x+2, v=y+2 (4.32)
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The resulting form of the system in Equation(4.29) is

LR

dt = u v uv

d

d—: = du— 120+ 60° — 0P, (4.33)

Definition 4.3.4 A trajectory (= orbit, path) of the system given by Equation
(4.19) is a solution of this system x = x(t) subject to an initial condition
x(0) = c.

Sometimes such a trajectory is written as x(t, c).

Definition 4.3.5 Let xq be a steady state of the system, Equation (4.19). We
say that

1. xq 1s stable if for any given € > 0 there exists a 6 > 0 so that whenever
| x(0) — x¢ |< d then | x(t) — %o |< € for all t > 0.

2. x¢ is asymptotically stable if it satisfies the condition for being stable
and in addition | x(0) — xo |< 0 implies that
lim | x(t) — % |=0. (4.34)
t—o0
Thus, xq is stable if whenever the initial state of the system is near the steady
state then its trajectory will remain in its vicinity for all times. On the other
hand if these trajectories approach xo as t — oo then we say that xq is

asymptotically stable.

Definition 4.3.6 A steady state that is neither stable nor asymptotically sta-

ble is called unstable.

Example 4.3.5 The differential equation governing the motion of the linear

pendulum (without friction) which was presented in Chapter 2, is

)
az

The general solution of this equation is

0 = Acos(wt + ¢).



148 B The Process of Mathematical Modeling

where A and ¢ are integration constants which are determined by the initial
conditions. A small perturbation from the steady state 0 = 0, § = 0 will take
the system to a new (time dependent) state but the “distance” between the
equiltbrium state and the new state will remain bounded and does not go to 0
as time goes by. Hence the steady state is stable. On the other hand if we add
friction to this system the amplitude of the oscillations will decay to zero as

t — oo and the equilibrium state of the system becomes asymptotically stable.

Definition 4.3.7 The integral curves of the system represented by Equation
(4.19) are the solutions of the system

dxq _dzy,

T T T
Thus the integral curves of Equation (4.19) are the trajectories of this system

(4.35)

parametrized in terms of the xis rather than in terms of the “extraneous”

variable t.

Example 4.3.6 Find the trajectories and integral curves of
dr . dy
a7 dt

Solution 4.3.1 The trajectories of the system are

By. (4.36)

x=Cre, y=Che (4.37)

where C,Cy are arbitrary constants. The corresponding integral curves are

ye = CxP where C is a constant.

Example 4.3.7 Find the integral curves of the equations of the spring-mass

system (with no friction).

Solution 4.3.2 The equation of motion for the spring mass system for small

displacements from the steady state is

CCZ;Tf +kr=0. (4.38)
This is equivalent to the system

dx

pri

W g (4.39)

dt
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The integral curves of this system satisfy

dx v
—_—= 4.4
dv —kx (4.40)

and hence

kx® + 0% = C?
where C? is a constant. We conclude, therefore, that the integral curves of the
spring-mass system are ellipses (see Fig. 4.9). It follows from this result that
the steady state (0,0) of the system given by Equation (4.39) is stable but not
asymptotically stable. This result is obvious from a physical point of view since

the system contains no friction to damp the motion.

Integral Curves of the Spring—-Mass System without Friction
4 T T T T T

3+ 4

Figure 4.6 Integral curves of the spring-mass system without friction

Exercises

1. Find the form of the following systems when each of their steady states

is translated to the origin.

(2) F=a(-2)(y-2), F=@+2y-1)>
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b) & —gin 272 cos2my, Y = (sinmy)? —1
dt dt

2. Find the trajectories, integral curves and stability of the critical point

at the origin for the following systems

de dy
(a) S =—x, FL=22x—y

(b) &= 3z+y, L=z-3y

de __ dy __ dz __
(c) % =nz—ky, F=kr—mz, F=my—nx

3. Find the integral curves and stability of the critical points for the fol-

lowing systems.

(a) & =23

(b) m& +bx + kx =0, m,b,k > 0. What happens if b < 07
(c) 0+ 12sinfh =0

(nonlinear pendulum). What happens when || is small and it is

possible to approximate sin 6 by 6.

4.4 LINEARIZABLE DYNAMICAL SYSTEMS

When a dynamical system is nonlinear, it is impossible, in general, to find
analytical expressions for the trajectories or integral curves of the system. As
a result it is, impossible to infer the stability of its steady states directly.
To overcome this issue one usually attempts to approximate the equations
of the dynamical system in the vicinity of a steady state by a linear system
of equations. When such an approximation exists, we say that the system is
linearizable (near the steady state under consideration). This linear approx-
imation can be used then to deduce the stability of the steady state (with

some exceptions).

Definition 4.4.1 Let x¢ be an isolated critical point of the system

fi(x)
Fo=| : |- (4.41)

fn(%)

dx _
dt
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We say that the system, Equation (4.41), is linearizable at xq if the Jacobian
of F' at x( is nonsingular, i.e.

det J(xq) = ‘(Wi (x0)| # 0. (4.42)
8&0]-
Example 4.4.1 The system
dr . dy
i (z —1)(z = 3)7, o =Y (4.43)

is linearizable at the steady state (1,0) but is not so at the steady state (3,0).

To treat systems which are linearizable at the critical point x, we first
translate this point to the origin and then take the Taylor expansion of each
fi(x) around the origin

fi(x) =) aga; + O x |?) . (4.44)
j=1
It follows then that the linear approximation to the original system around
the origin is given by
dx

A 4.4
o = Ax (4.45)

where A = J(0) is a constant coefficient matrix.

We observe that Equation (4.42) implies that not all the coefficients
a1, - - ., Qi 0 the expansion of the function f;(x) are zero. Therefore, there
exists a neighborhood of 0 where the linear terms are dominant in the corre-
sponding equation. This can be considered as the reason for the relationship
between the stability of the linear system Equation (4.45) at the origin and
the original system.

Example 4.4.2 The system

dy

2 2

B — 6. 2 =92y—

A I

has a critical point at x = 2,y = 2. The determinant of the Jacobian at this

point s
8h oA 1 4

det J(1,1) = | & 2 | (2,2) = #0. (4.46)

i —4 2
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Hence this system is linearizable at this steady state. To compute the linear
approximation we first translate this steady state to the origin by the trans-
lation

u=xr—2, v=y-—2. (4.47)

The system now takes the form

d d
d_:J :u—|—4fu—|—y2’ d—;j = —4U—|—2U—U2, (448)

and the resulting linear approximation at the origin is

du dv
— = 4 — =—4 2v. 4.4
o u + 4v, o u+ 20 (4.49)

In matrix notation this takes the following form:

(G e

When the system Equation (4.41), is linearizable at the steady state xg, it is
possible to characterize the stability of this steady state (after the translation
to the origin) in terms of the eigenvalues of the matrix A in Equation (4.45).

We start with the following theorem.

Theorem 4.4.1 The critical point at the origin of the system FEquation
(4-45), is

1. Asymptotically stable if all the eigenvalues of A have negative real parts.

2. Stable if all the eigenvalues of A have non-positive real parts and every

eigenvalue of A which has a zero real part is a simple eigenvalue of A.

3. Unstable if (1) and (2) are false.

Example 4.4.3 The eigenvalues of the matriz A in Equation (4.50) are
3455

-

Therefore this steady state at (0,0) of Equation (4.49) is unstable.

At
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Example 4.4.4 The critical point at the origin of the system

; 1 -2 4

X

=7 -8 10| (4.51)
2 -2 1

is asymptotically stable since the eigenvalues of A are —3, —1, —2.

The relationship between the stability of the steady states of the systems
(4.41) and (4.45) at x = 0 is summarized by following theorem.

Theorem 4.4.2 [f the steady state at the origin of the linearized system Equa-
tion (4.45), is asymptotically stable or unstable, then the same is true for the
steady state of the original system Equation (4.41). However, if the origin is
a stable steady state for the linearized system Equation (4.45), then the sta-
bility of Equation (4.41) at this point is indeterminate, i.e., the stability of
the original system at this point cannot be deduced from that of the linearized

system.

Example 4.4.5 The system

THREH[E RS

1s almost linear at the critical point 0. Its linearization at this point is given

by REHIE

Since the eigenvalues of A are £2i, it follows from theorem 4.3.1 that (0, 0) is

d

o = Az . (4.53)

a stable critical point of the system Equation (4.53). However, it can be shown
that the original system Equation (4.52), is asymptotically stable if & > 0 and

unstable if o < 0. (See exercise 6 in Section 6).

Exercises

1. Show that the solution z = 0 of

arz® 4+ ap_12* Y £+ aa’ 4+ apr =0 (4.54)
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is stable if and only if all the roots of the polynomial
p(A) = ap\" + ...+ ap

have non-positive real parts and all roots with zero real parts are simple.
Hint: Solve Equation (4.54)

For the following exercises find the critical points at which the system

is almost linear and discuss their stability.
2 f = (o — (-2 —1), %=(c-12y-2)
3. % = y(1+ cosx), %’ = z(1 4 siny)
4. &+ B(x* = 1)t + kx =0, b> 0. (Van der Pol eq.)

5. &+ B —x + 22° = 0 (Duffin’s equation)

4.5 LINEARIZABLE SYSTEMS IN TWO DIMENSIONS

The previous section presented a general framework that relates, under proper
conditions, the stability of a steady state of a nonlinear dynamical system
to its linearization at this point. However in two dimensions it is possible
carry out further classification, of these steady states in terms of their “phase
portrait” (i.e., phase diagram). In the following we describe this classification.

Let the system

dr dy

have an isolated critical point at the origin. If this system is linearizable and
the Jacobian at (0,0) is nonsingular. We can take the Taylor expansion of
G, F around this point and rewrite Equation (4.55) as

d

= = ar+by+ filey) (4.56)
dy

P cx +dy + fow,y). (4.57)

Since the Jacobian of Equation (4.55) is nonsingular at (0,0), ad — be # 0.
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Moreover, fi, fo are of order | x |?. Therefore, the linear approximation to the

system given by Equation (4.55) near the origin is given by

dx Y
E-am—i—by, a—cx—i—dy, ad — be # 0. (4.58)

To solve the system Equation (4.58), we make the ansatz that the solution is
of the form
x = Aexp(M) y = Bexp(At) (4.59)

(same A for both z and y). Substituting Equation (4.59) in Equation (4.58)
yields then
(a—A)A+bB =0 (4.60)

cA+(d—NB=0. (4.61)
Equations (4.60), (4.61) form a system of linear homogeneous equations for

the coefficients A, B. A nontrivial solution for these coefficients exists if and

only if the determinant of the coefficients of this system vanishes, i.e.,

a— A\ b

=X —(a+d)\+ (ad —be) = 0. (4.62)
c d—A

It follows that a nontrivial solution exists only if A is an eigenvalue of the co-

efficient matrix of the system Equation (4.58), and the corresponding solution
A
of Equation (4.62), 5| is the eigenvector related to this eigenvalue. The

stability, instability, and the phase portrait of the steady state at the origin is
determined, therefore, by the eigenvalues and eigenvectors of this coefficient
matrix.

In the following we provide a classification for all these possibilities.
Case 1: Equation (4.62) has two real unequal roots A;, Ay of the same sign.

The general solution of the system, Equation (4.58), is given by

r = A1€/\1t+A2€/\2t

y = BV + By, (4.63)

If A\q, Ay are positive, the steady state at the origin is unstable. If on the other
hand both are negative, the steady state is asymptotically stable. (Observe
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Figure 4.7 Improper node (unstable)

that these eigenvalues cannot be zero since we are assuming that the coefficient
matrix of Equation (4.58) is not singular.) A typical illustration of the integral
curves of the system in this case is shown in Fig. 4.7. A steady state with the
phase portrait shown in this figure is called improper node (stable or unstable).
Case 2: Equation (4.62) has two real roots with opposite signs.

Under the assumption of this case Equation (4.63) still represents the solu-
tion of the system, Equation (4.58). However, now, the steady state is always
unstable since one of the eigenvalues is positive. Its phase portrait is given
in Fig. 4.8. Since there is a direction in which the steady state is stable, it is
referred to as a “saddle point.”

Case 3: Equation (4.62) has two equal roots.

Since the coefficient matrix of Equation(4.62) is nonsingular (ad — be # 0)

it is obvious that this root must be real and different from zero. Hence the

solution of the system, Equation (4.58), is given by
T = (Al + Agt)eat, Yy = (Bl + Bgt)eat . (464)

This implies that the steady state is asymptotically stable if o < 0 and un-
stable if a > 0. The phase portrait of such a steady state is referred to as
improper or proper node (Figs. 4.7 or 4.9 respectively).
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A
AS

Figure 4.8 Saddle point

Figure 49 Proper node (unstable)
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Figure 4.10 Spiral (stable)

Case 4: Equation (4.62) has complex roots with nonzero real part

s+ =ptiw, B#O.
The solution of the system, Equation (4.58), is
v = (A coswt + Aysinwt)
y = (B coswt + Bysinwt) . (4.65)

The critical point is unstable if § > 0 and asymptotically stable if 5 < 0. The
phase portrait of the steady state is a spiral, regardless of the stability of the
steady state, as shown in Fig. 4.10.

Case 5: Equation (4.62) has pure imaginary roots

s = tww

The solution of the system, Equation (4.58), is represented by Equation
(4.65) with A = 0. The critical point is stable and its phase portrait as shown
in Fig. 4.5. The steady state is called a “center”.

As to the relationship between the phase portraits, at the origin of the
system, Equation (4.55), and its linearization Equation (4.58), we have the

following
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Theorem 4.5.1 The phase portraits at (0,0) of the systems, Equation (4.55)
and Equation (4.58) are the same except in cases 3 and 5 where a spiral is

possible as an additional phase portrait.

To motivate this result we note that the additional terms in Equation
(4.56) might destroy the exact equality of the roots (case 3) or add to them a
small real part when they are purely imaginary as in case 5.

It should be also noted that when the roots of Equation (4.62) are purely
imaginary the stability of the steady state at (0,0) of the system, Equation
(4.55), cannot be deduced from those of the system, Equation (4.58). This

conforms to the statement of theorem 3.4.2 in the previous section.

Exercises

For the following systems classify and draw the phase portrait for the steady

state at the origin.

1. mé+bt+kx=0 m,b k>0. What happens if b <0
2. &+bi+ka®=0, k> 0.Consider separately the case b > 0 and b < 0.

3. ‘é—‘f = sin(z — y), % =" Y — cos(x — y)

4% =g ty+2y2—a? Y=y—20+y°

dy _

dx
5 dt

S A =2y —a”, 2 + y? (compare with the exact solution)

d .
6. ‘é—’f:y—?)x, F=e"+eVsinz — 1

4.6 LIAPOUNOV METHOD

In the last two sections of this chapter we discussed dynamical systems which
are linearizable near an isolated steady state. We showed that under this re-
striction there is a close correspondence between the stability of the steady
state of the original system and its linear approximation. The question natu-
rally arises as what techniques can be used to determine the stability of the

steady state when the dynamical system is not linearizable.
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Another aspect of stability theory which was not discussed so far is the
size of the "basin of stability” of the steady state. That is if xq is an asymp-
totically stable steady state of the system what is the size of the "maximal
perturbation” to the system which will decay in time to xg.

To answer these questions Liapounov (direct) method is a powerful tool
which has been applied successfully in many practical applications. In the fol-
lowing we present the essence of this technique and its application to gradient

dynamical systems.

Definition 4.6.1 Let the function F': R* — R be defined on a domain € €
R"™ containing the origin and F'(0) = 0.

1. F is said to be positive definite on Q if F(x) > 0 for all x # 0 in €.

2. F is said to be positive semidefinite on () if F(x) > 0 for all x € Q.

In a similar fashion one can define functions which are negative definite

and negative semidefinite on ().
Example 4.6.1 The function
F(z,y,2) =2 +y* + 2° (4.66)

is positive definite in R3.
Example 4.6.2 The function

F(z,y) = sina® + 3 (4.67)
is positive definite on the disk 0 < a2 +y? < 7.
Example 4.6.3 The function

Flz,y) = (32 — y)? (4.68)

is positive semidefinite in R? since F(x,y) = 0 on the line y = 3z but positive

otherwise.
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Example 4.6.4 Show that the function

F(z,y) = az? + bxy + cy? (4.69)
is positive definite in R* if ¢ > 0 and 4ac — b* > 0.

Solution 4.6.1 By adding and subtracting Z—ixQ from the expression of F(z,y)

we can rewrite it as

dac —0*

:c—l—\/_yr +——x (4.70)

F —
(z,y) "

b
which is obviously positive definite if ¢ > 0 and 4ac — b* > 0.
Consider now the autonomous dynamical system
91(x)
— =G(x) = : (4.71)
gn(X)
which has an isolated steady state at x = 0.

Theorem 4.6.1 (Liapounov) Let F(x) be, a positive definite function with

continuous deriwatives on a domain €2 containing the origin and define

F(x) = DeF(x) = or.

g . (4.72)

If on some domain containing the origin

1. F(:E) 1s negative definite then the steady state x = 0 1is asymptotically
stable,

2. F(x) is negative semidefinite then x = 0 is stable,

3. F(x) is positive definite then x = 0 is unstable.

Observe that this theorem makes no reference to the solution of the system,

Equation (4.71), in contrast to the technique of linearization.
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Example 4.6.5 Discuss the stability of the steady state x = 0 for the system
&= =2y +ax(a? +y*) = gi(z,y) (4.73)

g =2z + ay(z® + ) = ga(z,y) (4.74)

where o 18 a parameter.
Solution 4.6.2 Let F = x? + y?2, then
F(z,y) = gradF - G = 2a(z* + %) (4.75)

Therefore, Liapounov theorem implies that if o < 0, then the steady state at
the origin is asymptotically stable. If « = 0 the state is stable while if a > 0

the state is unstable.

We infer from this example that the major difficulty inherent in this
method is that one has to construct (or find) a proper positive definite func-
tion F(x) (which is refered to as Liapounov function) that satisfies the re-
quirements of Liapounov theorem. Several ad hoc algorithms, for particular
applications, were suggested in the literature to overcome this difficulty. How-
ever, most of the important applications of this method remain limited to
systems for which F'(x) can be deduced from physical arguments. These are
gradient and conservative dynamical systems. (For many of these systems the

function F'is the Hamiltonian or a function related to it.)

Definition 4.6.2 A dynamical system, Equation (4.71), is called a gradient

system if there exists a (smooth) function ¢(x) so that
G(z) = —grad ¢(x) . (4.76)
¢(x) is called the potential function of the system.

Theorem 4.6.2 Let ¢(x) be a potential function for the system, Equation
(4.71), and let xo be an isolated local minimum of ¢. Then xq is an asymp-
totically stable steady state of the system, Equation (4.71).
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Proof: Since ¢ is smooth and x is a local minima of ¢, there exists a neigh-
borhood 2 of x¢ in which

F(x) = ¢(x) = ¢(x0) (4.77)

is positive definite. Furthermore since xy is an isolated minimum in €2,
grad F' = grad ¢ # 0.

On Q we have
F(z) = gradF - G = gradF - (—grad¢) = — | gradF |2 . (4.78)

Hence F(x) is negative definite on some neighborhood of xq. It follows then

from Liapounov theorem that x, is asymptotically stable.

Definition 4.6.3 A force field F(x) is said to be conservative if there exists

a smooth function ¢(x) so that

F(x) = —grad ¢(x).

In particular a mechanical dynamical system is said to be conservative if the

force field acting on the system is conservative.

Example 4.6.6 The equation of motion for a particle of mass m under the

action of a force F' is given by Newton’s second law

d*x
If F' 1s conservative, then
d?*x
mey = —grad ¢ . (4.80)
Rewriting equation (4.80) as a system of first order equation we obtain
dx
R 4.81
g =V (4.81)
dv 1
A . 4.82
7 = -grad ¢ (4.82)

It follows from Equations (4.81)-(4.82) that at a steady state (xo, Vo) of such
a particle,
vo =0, grad 6(xo) = 0

i.e., Xg corresponds to a local extremum of ¢.
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Theorem 4.6.3 A stable steady state (xg,0) of a particle in a conservative

force field corresponds to an isolated local minima of ¢.
Proof: The total energy of the system under consideration is
B(x,v) = %mvz +o(x) . (4.83)
If x¢ is a local minima of ¢, then
F(x,v) = E(x,v) — E(x0,0)

is positive definite on some domain around (xg, 0). Moreover, from, Equations
(4.81)-(4.82) it follows that

F(x,v) = grad F - (v, %grad o)
= (grad ¢, mv) - (v, —%gradqb) =0. (4.84)

Hence by Liapounov theorem (xg, 0) is a stable steady state.
We remark that theorem (4.6.3) is a special case of Lagrange theorem.

This theorem states the following

Theorem 4.6.4 Steady state (xg,0) of a system of particles in a conservative

force field is stable if xq is an isolated local minima of ¢(x).

Exercises

1. Let f(0) = 0, f(z) > 0 on the interval [0,b] and f(z) < 0 on the
interval [—b, 0]. Show that

1 xX
F(z,y) = §y4+/ f(t)dt
0
is positive definite on
Q={(z,y);-b<x<b —00<y< oo}

What happens if y* is replaed by 72 ?.
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. Show that

H(z,y) = ax® + bxy + cy?

is negative definite if ¢ < 0 and 4ac — b* > 0.

. For the system
T+af(r)=0, a>0

where f(z) satisfies the assumptions of exercise 1, show that z =0, & =

0 is a stable steady state.
Hint: Let F(xz,4) = 1% + a/ f(t)dt.
0

. Apply the results of exercise 3 to the nonlinear pendulum

.. 9 . 2 g
+ =0 ==
4+ wsinx , W 7

. Show that the following two systems are stable or asymptotically stable
at 0

du __ 2 dv __ 2
(a) G = —u—2w? T =-v—uvu

(b) % = —u +2uv?, L = —20% — 40,
Hint: Consider a Liapounov function of the form

F(z,y) = au®* + bv?, a,b> 0.

. For the system

o agio
Z—ZZ =nz —yf(xr,y), n=1,2,...

show that 0 is an asymptotically stable state when f(z,y) > 0 in some
neighborhood of the steady state and unstable if f(x,y) < 0 in some
neighborhood of 0.

Hint: Note that this is a generalization of Example 4.6.5.
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4.7 PERIODIC SOLUTIONS (LIMIT CYCLES)

In many important practical applications, one has to consider dynamical
systems, Equation (4.71), with periodic motions. That is, some of the tra-
jectories "allowed” by the system satisfy either exactly or approximately
x(t+T) = x(t), for some T > 0. In these cases the steady state of the system
is represented by a one dimensional curve in R" (usually referred to as a limit
cycle) rather than a point. Perhaps one of the most important examples of
such a system relates to the motion of Earth and the other planets around the
Sun. This motion is subject to perturbations due to the gravitational field of
the other planets and other celestial bodies in the system. It follows then that
the answer to the question of stability of this periodic motion is of paramount
importance to the very existence of life on Earth. However, periodic motion
is important also in many mundane applications, e.g. waves of various types
(water waves, electromagnetic waves, etc). In this section we present some
elementary techniques, to determine the existence and stability of these limit
cycles. However, in general the existence and stability of limit cycles for a
given dynamical system is a rather difficult mathematical problem.

We start with, few examples.

Example 4.7.1 Consider the following almost linear system with a critical
point at (0,0):

d
d_:tC = o’z —wy — z(2* + %) (4.85)
d
d_th = wr + o’y — y(a® +1?) (4.86)

where o and w are constants. The linearization of this system at the steady

state (0,0) is given by

d
d—f = o’z —wy, d_?; = wz + a?y. (4.87)

The eigenvalues of the coefficient matriz for this system are o® & wi. There-
fore, (0,0) is an unstable spiral point. Thus a trajectory originating from a
point near (0,0) will spiral away from this point. However, we now show that
these spiral trajectories remain bounded. Moreover trajectories of the system,
Equations (4.85)-(4.86) which originate from a point far away from the origin
are actually directed inward.
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To prove these statements we recast Equations (4.85), (4.86) using polar
coordinates

r=rcosf y=rsind (4.88)

and note that
dx dy dr

dv dy 5 df
The system, Equation (4.85), (4.86) now takes the form
dr 5 5 di
% = T’(Oé - T ), % =Ww. (491)

Therefore, if a trajectory starts from a point which satisfies r > «, then ;<0
and the trajectory will spiral inward. If on the other hand a trajectory starts
from a point which satisfies r < «, then 7 > 0 and the trajectory will spiral

outward. Moreover, for the circle r = a we have = 0 which implies that
r=a=const, 6=wt+1 (4.92)

is a limit cycle of this system. To sum it up: Trajectories of this system
with initial condition r¢ > « will spiral toward the limit cycle, and the same
is true for those with rq < a. It follows then that this periodic solution is,

asymptotically stable limit cycle.

Example 4.7.2 Systems with variable damping

We first observe that the solution of the spring-mass system
mx +bx+kxr=0 m,k>0 (4.93)

18
z(t) = e [Cre”" + Coe]
where

b b2 — 4k
a=—, p=Y""""

m m
Therefore, when b is positive the motion is damped and the amplitude of x(t)

will decrease in time. However, when b < 0 (negative damping), the ampli-
tude of x(t) will increase in time. Thus the sign of the frictional coefficient b

determines if the motion is damped or not.
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Now consider Rayleigh equation.
i—b(1l—3)i+kr=0, bk>0. (4.94)

In this equation the “effective” frictional coefficient is —b(1 — ). Therefore
when (£)* < 1, the damping in this equation is negative but when ()? > 1,
the “damping” is positive. Therefore, the amplitude of the motion described
by this equation will increase for small velocities and decrease for large ones.
Therefore, it stands to reason that in between these two types of motions there

will be an oscillation of constant amplitude, i.e., a periodic motion.

Here are some formal definitions and theorems regarding limit cycles.

Lemma 4.7.1 A trajectory of a dynamical system in phase space is closed if

and only if it corresponds to a periodic solution of the system.

Proof: If the solution x(t) of the dynamical system is periodic, there exist
T > 0 so that x(t + 7)) = x(t) for all ¢ > 0. This obviously implies that
the trajectory of the system in phase space is also closed. The reverse is also

obvious.

Definition 4.7.1 A closed trajectory X of a dynamical system which has
nearby open trajectories spiraling towards it from both the inside and out-
side as t — oo s called, asymptotically stable limit cycle. Similarly if nearby
trajectories neither approach nor recede from X, we say that it is (neutrally)
stable.

Example 4.7.3 The trajectories of the linear pendulum without damping are
neutrally stable.

Definition 4.7.2 A point y is a limit point of a trajectory x(t) of a dynamical

system

dx
i F(x) (4.95)

if there exists a sequence {t,}, lim t, = 00 so that limz(t,) = y.
n—o0

Definition 4.7.3 A set X s called a limit set of Equation (4.95) if each of
its points is a limit point of some trajectory of this system.
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Example 4.7.4 An isolated asymptotically stable steady state of a dynamical

system is obviously a limit point of all nearby trajectories.

Example 4.7.5 The trajectory r = a in Example 4.7.1 is a limit set for the
system, Equations (4.85),(4.86), since each of its points is a limit point for
the trajectories that spiral towards r = «.

Exercises

1. Use the same analysis as in example 4.7.2 to show (intuitively) that the

Van der Pol equation

d*u du
1 — )= + by = 4.
dt2+b( u)dt+ u=0 (4.96)

where b and k are positive constants admits a limit cycle.
2. Show that the system

du dv o 2 9
= v+ uh(r), o =u—+vh(r) r* =u"+v (4.97)

has limit cycles which correspond to the roots of the function h(r).

Hint: Use a polar representation of the system, Equation (4.97).

3. Determine the periodic solutions and their stability for the system, Equa-
tion (4.97) if

(¢) h(r)=sinnr, n=1,2,...

4. Under what conditions on h(r), does the following system admit a limit

cycle
du
— = 2 —uh
o u+v—uh(r)
d
d—: = —u+2v —vh(r) (4.98)

Hint: Use polar representation of the system.
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5. Determine the periodic solutions and their stability for the system, Equa-
tion (4.98), if

(b) h(r) =2cosnr.

6. Perform a qualitative analysis similar to example 4.7.2 to show that the

steady state z =0, £ = 0 of
i+ br’i 4+ kr =0

is asymptotically stable if b > 0 and unstable if b < 0. Apply these
results to the system, Equation (4.52), in Section 4.



Bibliography

[1] N.P. Bhatia, G.P. Szeg, Stability Theory of Dynamical Systems, Springer-
Verlag, 2002

2] R. Borrelli, C. Coleman, and W. Boyce, Differential Equations Labora-
tory Workbook: A Collection of Experiments, Explorations and Modeling
Projects for the Computer Wiley, NY, 1992.

[3] W.E. Boyce and R. Diprima, Elementary Differential Equations and
Boundary Value Problems, 3rd edition, J. Wiley and Sons, 1977.

[4] Clive L. Dym - Stability Theory and Its Applications to Structural Me-
chanics, Dover, NY.

[5] M.W. Hirsch and S. Smale, Differential Equations, Dynamical Systems
and Linear Algebra, Academic Press, 1974.

(6] R. K. Miller and A. N. Michel, Ordinary Differential Equations, Academic
Press, 1982.

(7] J. Palis, Jr. and W. de Melo, Geometric Theory of Dynamical Systems,
Springer-Verlag, 1982.

(8] A. Pillay - Geometric Stability Theory, Oxford University press 1996.

9] N. Rouche, P. Habets and M. Laloy, Stability Theory by Liapounov’s
Direct Method, Springer-Verlag, 1977.

171



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


http://taylorandfrancis.com

CHAPTER 5

Bifurcations and Chaos

CONTENTS
5.1 Introduction ........ouiii 174
5.2  Bifurcations of Co-dimension One ................coiiiiiiiiiiiin... 175
5.2.1 Trans-critical Bifurcation ................ ... ... ..l 176
5.2.2 Saddle Point Bifurcation ...............coiiiiiiiiii 177
5.2.3 Pitchfork Bifurcation ............. ... 178
5.2.4  Subcritical Bifurcation (Hysteresis) ..................coooooii, 179
5.2.5 Hopf Bifurcation ........... ... ..o i 182
5.3 Rossler Oscillator ...........ooiiiiiii 187
5.4 Lorenz Equations ......... ... 194
5.5 Nerve Models ... 196
5.6 Miscellaneous Topics ......oeieiiii i 199
5.6.1  Dimension ..........c.oiiiiiiiii i e 199
5.6.2 Liapunov Exponents .............ciiiiiiiiiiiii 203
5.7 Appendix A: Derivation of Lorenz Equations .......................... 206

173



174 M The Process of Mathematical Modeling

5.1 INTRODUCTION

In the previous chapter we discussed various methods to analyze the stability
of the equilibrium states of a dynamical system when the values of the system
parameters are known and fixed. The objective of bifurcation theory is to in-
vestigate what happens to the type, number, and stability of the steady states
as a result of a continuous change in some (or all) of the system parameters.
If, as a result, the system undergoes a “sudden” change in its properties or
behavior, we say that the system underwent a bifurcation.

The motivation for such analysis stems from the fact that in many real
life situations the values of the model parameters are not known accurately or
might actually be (very) slowly varying functions of time which we approxi-
mate by constants to simplify the model Equations.

Here are some examples of “real life” bifurcations.

1. Phase transitions.

If we cool down water, it will remain liquid until we reach 0°C. If we
continue the cooling process below 0°C', the water will undergo a “phase
transition” and turn to ice. Thus the “liquid water system” undergoes
a bifurcation at 0°C. Similarly a bifurcation occurs when the water is

heated over 100°C' (at which point it turns to “gas”).

2. Earthquakes.
The Earth’s continents “float” on the liquid core of the Earth. When

these plates collide, stress starts to build up, and one plate starts to
glide over the other. As these stresses build up, a point is reached where
the plates break and we experience an earthquake. Thus an earthquake

represents a bifurcation in the plate’s structure.

3. Buckling of columns.

If we increase the vertical load on a (vertical) column, a point will be
reached where the column will buckle and break (if the “load” is a build-
ing then the building will collapse.) Under these circumstances the col-

umn undergoes a bifurcation.
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4. Magnetic hysteresis.

If we place a magnet in a weak magnetic field whose direction is opposite
to its magnetization, “nothing” will happen to the magnet. However, as
we increase the field intensity, there will come a point when all of a
sudden the magnet will change its poles (the north magnet pole be-
comes the southern one and vice versa). Thus a bifurcation occurs. If
we reverse now the direction of the field, another bifurcation will occur
and the magnetization of the magnet will return to its original state.
These changes in the magnetization of the magnet are represented by

the “hysteresis loop” (see Fig. 5.5).

5.2 BIFURCATIONS OF CO-DIMENSION ONE

Definition: Let
x =F(x,A), xeR", AeR™ (5.1)

be a dynamical system with m dynamical parameters A = (Ay,... \;,).

We say that a bifurcation is of co-dimension k if this is the smallest di-
mension of parameter space which contains such a bifurcation (observe that
there are no restrictions on n). In particular, bifurcations of co-dimension one
require only one dynamical parameter.

The steady states of the dynamical system Equation (5.1) satisfy x = 0.
Therefore, to find the bifurcation points of this system one has to study the
nature of the solutions to the Equation F(x,A) = 0 as A varies. If A is a bi-
furcation point, then in order to study this bifurcation it is a common practice

to reduce Equation (5.1) to a "local form” by the following transformation
y=x—x0 p=A—A (5.2)

where Xq is a stable steady state of the system near A,.
Table 5 contains a list of all co-dimension one bifurcations and “generic”
dynamical systems which contain them.

We now discuss each of these bifurcations in detail.
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Table 5.1 List of Co-dimension One Bifurcations

Name Generic Representation
Trans-critical T = \r — 2°
Saddle Point = \—z?

Pitchfork T =xz(\—2?)

Sub-critical T=A+x—2a°
Hopf Bifurcation | & =y + Az — z(2* + y?)
j=x+ y—y@’+y?)

5.2.1 Trans-critical Bifurcation

The system
&= pr —1*=2z(\—2) (5.3)

has two steady states x = 0 and z = A for all possible values of the dynamical

parameter A. The linearization of the system around x = 0 yields
T = Az. (5.4)

It is obvious then that this state is asymptotically stable when A < 0 and
unstable for A > 0 (since z(t) = CeM).
The linearization of the system around the steady state x = A is obtained
by introducing
y=x—A (5.5)

and hence
J=—yly+A). (5.6)
For the linear part we then have

Y= -y, (5.7)

i.e., this state is asymptotically stable for A > 0 and unstable for A < 0. The
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Transcritical Bifurcation
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Figure 5.1 Trans-critical bifurcation

stability of these steady states is plotted on a “bifurcation diagram” where
solid and dashed lines represent asymptotically stable and unstable states
respectively (Fig. 5.1). From this diagram we see that for both states A = 0
is a bifurcation point. A dynamical system in the stable steady state x = 0
for A < 0 will become unstable at A = 0 and will “transition” to the new
stable state © = A as A becomes positive. In this new state the system will
usually exhibit different properties than in the state z = 0. We refer to this
phenomenon as “exchange of stability” between the steady states(a phase

transition is an example of this bifurcation).

5.2.2 Saddle Point Bifurcation

This type of bifurcation has two generic representations.

A.
i=A—a>. (5.8)

The system has two steady states z = /A for A > 0 and none when

A < 0 (since z is assumed to be real). To investigate the stability of the
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Saddle Point Bifurcation

0.5

> 0o

Figure 5.2 Saddle Point Bifurcation

state © = v/A we introduce y = z — v/X. The system then becomes

j=-2Vy—y°.

Using linearization around y = 0 we infer that the state z = V/\ is

asymptotically stable. Similarly, for z = —v/\ we find that the steady

state is unstable. This is represented by the bifurcation diagram of Fig.

0.2

&= \+a?

The system has two steady states for x = ++/—X\ for A\ < 0 and none
for A > 0. In this case the steady state x = 4/—A\ is unstable while

xr = —/—\ is asymptotically stable (see Fig. 5.3).

5.2.3 Pitchfork Bifurcation

The system

i = pr—2° =z(\ —2?) (5.10)
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Saddle Point Bifurcation
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Figure 5.3 Saddle point bifurcation

has a steady state z = 0 for all X\ and two additional steady states © = £v/A

for A > 0. The linearization around z = 0 is
T = \x (5.11)

which implies that z = 0 is asymptotically stable for A < 0 and unstable for
A > 0. To linearize the system around the steady state z = VA, A > 0, we
introduce y =  — v/\ to obtain

g =2y — 3V — . (5.12)
The linearization of this Equation around y = 0 yields
y=—-2\y, A>0 (5.13)

which implies that this steady state is asymptotically stable. Similarly, one
can show that = —v/\, A > 0 is asymptotically stable.

The name of this bifurcation comes from its diagram (Fig. 5.4) which looks
like a fork.
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Pitchfork Bifurcation

0.5

> 0o

Figure 5.4 Pitchfork Bifurcation

5.2.4 Subcritical Bifurcation (Hysteresis)

To analyze the system
T=Atz—2° (5.14)

we first note that a third order polynomial always has three roots in the
complex plane. These roots can be all real or one real and two complex con-
jugates. The polynomial p(z) = A+ x — 2® has three real roots on the interval
A€ [—%\/g,g 3] and only one real root outside this interval. We conclude
therefore that the system has three steady states for Ae [—%x/g, % 3] and only
one outside this interval (See Fig. 5.5). To analyze the stability of these steady
states we let A = 0. At this point the three steady states are z = 0,z = +1.
For x = 0 the linearization of the dynamical system is & = x, and we conclude
that this state is unstable. For z = 1 we introduce y = x — 1 and linearize.
This yields
y=-—2y (5.15)
and hence the steady state is asymptotically stable. Similarly one can show

that x = —1 is asymptotically stable. While this analysis has been carried out

only for A = 0, it is possible to show that it is valid for other values of A in the
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Figure 5.5 Subcritical Bifurcation

2
)
has one unstable state and two asymptotically stable states.

interval [—2+/3, 2¢/3] (as shown in Fig. 5.5). Thus on this interval the system

For values of A\ which are outside the interval [—% 3, % 3], it is straight-
forward to show that the corresponding steady state is asymptotically stable.
For example, if A = 6, then the corresponding steady state’s x = 2. Applying

the transformation to local form Equation (5.2) to Equation (5.14), viz.
p=A—6 y=x—2

we obtain

g =p—1ly—6y° —y’.
The linearized form of this Equation at 4 = 0 is y = —11y which shows that
the state y = 0 (viz. x = 2) is asymptotically stable.

If initially A < —2+/3, then the system must be in the lower (stable) state.
When A becomes larger than —%\/3 , the system acquires a second stable steady
state but since the lower steady state is stable, it will remain in its original
state. However, when A becomes larger than g\/g, the lower steady state ceases
to exist and the system will “jump” to the upper stable steady state and will

remain there for all A > %\/§ A similar picture unfolds when ) is decreasing.
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If > g\/g, the system will be in the upper steady state and will remain in
this state until A = —%x/g when this state ceases to exist. The actual state of

the system is described therefore by the hysteresis diagram (Fig. 5.5).

5.2.5 Hopf Bifurcation
The two dimensional system
i = —y+Ir—az(z® +y?)
v o= o+ My —y@*+y?) (5.16)

has an obvious steady state x = (x,y) = 0 for all A\. The existence of another
attractor of dimension one can be inferred by recasting this system in polar

coordinates (r,#) using:

dr dx dy
rd—t = IE + yd_t (5.17)
do dx dy
_ 2_ — - =
r o ydt mdt' (5.18)
This leads to
o (A =17) (5.19)
dt '
df
2 2
_ 2% e 2
r o r (5.20)
or p
d—z =r(A—1?) (5.21)
df/dt = 1. (5.22)

This implies that the system has a limit cycle for
r=vr2+y2=v\ A>0. (5.23)
We discuss now the stability of these steady states.

A. x=0

The linearization of the system around this steady state is

T=—y+Ar, y=x+\y (5.24)

: A -1
X = (1 \ >X. (5.25)

or in a matrix form,



Bifurcations and Chaos B 183
The eigenvalues of the coefficient matrix in Equaton (5.25) are
= \+ £i. (5.26)
The general solution of this linear system is

x = eMepvie + covpe ] (5.27)

where vy, vy are the eigenvectors which correspond to the eigenvalues \ £ ¢
and ¢y, co arbitrary constants. We conclude then that the steady state x = 0
is asymptotically stable for A < 0 and unstable for A > 0.

B. To explore the stability of the limit cycle r = v/A we observe that for
r < VA, % is positive. However, when r > v/, % is negative. We conclude
therefore that the limit cycle r = /X is asymptotically stable.

If we now plot the eigenvalues, Equation (5.26), in the complex plane
(Fig. 5.6) we can conclude that the steady state x = 0 becomes unstable
as A becomes positive and a new asymptotically stable limit cycle appears
when these complex conjugate eigenvalues cross from the left to the right
side of the complex plane. In fact, this is the essence of the Hopf bifurcation
theorem (1950) which states that whenever the linearization of a dynamical
system around a steady state has two complex conjugate eigenvalues which
behave in this manner then the original steady state becomes unstable and an
asymptotically stable limit cycle appears. Such a bifurcation is called “Hopf
bifurcation.” A complete statement of this important theorem is as follows.

Theorem:(Hopf Theorem) Assume that the system

x=F(x,u), x€R", € R (5.28)
where
[ fi(x) ]
F(x) = (5.29)
| fa(x) ]

has a steady state (x(uo), o) and at this state
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Two Conjugate Eigenvlaues of the Jacobian Transit into the Right Half Complex Plane

0.5

Re(A)

Figure 5.6 Hopf bifurcation: a steady state destabilizes as two conjugate eigenvalues

move into the the right hand side of the complex plane

1. the Jacobian of the system

Jx(u)) = | 52| Gxua)

has a simple pair of (pure) imaginary eigenvalues +iv and all other

eigenvalues of J have negative real part.

2. The two eigenvalues of J(x(u)) which are imaginary at u = po are

smooth functions of p and satisfy

d(Rev(p))

>0 at p= .
dp at f= fo

(That is, as a function of pu these two eigenvalues move into the right
half of the complex plane thus destabilizing the steady state (x(1), t0);

this is called "the transversality condition”.)
Then py is a bifurcation point of the system into a limit cycle.

As an example of such a bifurcation we consider the following physical

system.
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Example: Brusselator Reaction.

There are several chemical reactions in which the color of the reactant in
the chemical reactors changes periodically. Examples of such reactions are the
Belousov-Zhabotinsky reaction, the Bray-Liebhafsky reaction, and the Brus-
selator reaction. These color changes are due to the fact that the concentration
of some of the intermediate chemicals in the reaction oscillates in time.

A mathematical explanation for this ”oscillatory behavior” is given by the
following model for the Brusselator reaction. In this reaction the color of the
reactants in the chemical reactor alternates periodically between blue and red.
The model postulates the following sequence of (catalytic) reactions to explain

this phenomenon:

a— X

b+ X =Y +c

2v+Y = 3X (5.30)
X —=d.

Here a,b,c,d are the initial and final chemicals of these reactions. Observe
that the sum of all these reactions is a +b — ¢ + d. Thus X, Y are catalysts
whose presence and concentration oscillate as is indicated by the color of the
reactants in the reactor.

In the following we use the same letter to denote the chemical and its
concentration and assume that the rate of a reaction is proportional to the
concentration of the reactants. To derive Equations for the rate of change of
X, Y we observe that the production rates of X in the first and third reactions
are proportional to @ and X?Y while its rate of loss in the second and fourth
are bX and X. Hence

d
d—;” —a—(b+1)X + X2Y. (5.31)

Similarly, the rate of production of Y in the first reaction is proportional to
A while the loss of Y in the third reaction is proportional to X?Y. Hence

%/ = bX — X%V . (5.32)

Renormalizing the concentration of a to 1, we deduce that the system |,
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Equations(5.31)-(5.32), has an equilibrium state X = 1, Y = b. Reducing
Equations (5.31)-(5.32) to a local form by the transformation

X=1+4U, Y=b4+V (5.33)

we obtain
U=0b-10)U+V+Ub+V)+20V (5.34)
V=—bU-V-U0b+V)-20V. (5.35)

(Here b plays the role of the ”bifurcation parameter” \). Hence at the equi-

librium state (0,0) we have

J@ﬂﬁ%:[é;l’ jl] (5.36)

whose eigenvalues are

_b-2+,/(b-2?%—4 (5.37)
> . .

We see that when 0 < b < 2, (0,0) is a stable spiral point. At b = 2 the

Jacobian has two pure imaginary eigenvalues which cross to the right half

v

complex plane and all the other conditions of Hopf bifurcation theorem hold.
We conclude then that b = 2 is a Hopf bifurcation point for the system i.e.,
for b > 2 the system has a stable limit cycle and the concentrations of X,Y

will vary periodically with time.

Exercises

1. Let
t=z(a—x—N\y)
g =yla—y -2z
where a > 0 is a constant and A is a parameter.
(a) Interpret the dynamics of the ecosystem that is described by these
Equations (as a model for interaction between species).

(b) Classify the equilibrium states and bifurcation points of this system

as a function of \ .
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2. Classify the bifurcation of the system
t=z(A+a—x)
where a is a constant and A is a parameter.

3. Show that the following system undergoes a Hopf bifurcation

=\t +y+2y

g=-z+Ay+9y°

4. Study the stability of the steady states and bifurcation diagram for the
system
&=z + 4y

U= \y + 2zy + 4y°

5. Draw the bifurcation diagrams for the following systems

(a) =Mz —23) (AN + 22 — 1)
(b) = (\x —23)(\ — 2?)
(c) 2 =xz(1—2x)(A—2x)

6. Show that the following system
P4+ +20 -2 =0

has a Hopf bifurcation at A = 0. Draw the phase diagram of the system

for different values of \.

5.3 ROSSLER OSCILLATOR

There is no universal agreement about the definition of chaos. However, ”an
approximate” definition of a chaotic system was proposed by E. Lorenz in his
1963 seminal paper as follows:

"When the present determines the future, but the approximate present
does not approximately determine the future we say that the system is

chaotic.”
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In other words the evolution of a chaotic system is sensitive to the values
of the initial conditions, and a small variation in these conditions leads (in
the long run) to a completely different trajectory of the system. One usually
refers to this phenomenon as "sensitivity to the initial conditions.”

It was proposed that one possible route for a deterministic system to be-
come chaotic is when it undergoes a cascade of bifurcations. The Rossler Os-
cillator (or attractor) was discovered in an attempt to find a "simple” system
which exhibits such behavior. The system consists of the following three Equa-
tions:

t=—-y—z y=x+ay, t=b+(xr—c)z (5.38)

where a, b, ¢ are non-negative constants (or parameters). Originally this sys-
tem was proposed as a theoretical model; however, since then it found appli-
cations in the modeling of some chemical reactions.

We observe that although this system is nonlinear, the nonlinearity is due
to a single term xz in the third Equation. Therefore, if we let b = 0 and

consider the system in the plane z = 0, we obtain a linear system
T=-y, y=u1x+ay. (5.39)

When 0 < a < 2 the solution of the system is

a D D
x(t) =e? |[(—aD; — %) sin(at) + (—%Dl + Dyar) cos(at)

BY

y(t) = e [D; cos((at) + Dy sin(at)]

where o = v/4 — a?. This implies that the steady state (0, 0) is unstable spiral.
Similarly when a > 2, (0, 0) is unstable focus.
The three dimensional system, Equation (10.89), with ¢ — 4ab > 0 has

two steady states
(C -8 c=f c— ﬁ)
X1 = y

2 2a ' 2a
o — c+pB c+fB c+B
27 247 2a

where § = v/c? — 4ab. To determine the stability of these two steady states,
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we compute the Jacobian of the system

0 -1 -1
J(a,b,c)=1 1 a 0 . (5.40)

z 0 z—c
The characteristic polynomial p(\) of the Jacobian is
pN) =X —(a+x—-)N+[(a(z —c)+ 1+ 2]\ —(z —¢) — az.
For a =0.1, b = 0.1, ¢ = 4, we have
x; = (0.0025, —0.0250, 0.0250), x5 = (3.997, —39.975, 39.97).

Thus the two steady states are well separated from each other. The corre-

sponding eigenvalues of J at these points are
Ar =0.047 £0.999, A3 = —3.992 (5.41)

Ar = —2.973 x 1077 +6.4014, A3 = 0.097. (5.42)

It follows then that both steady states are unstable. We now observe that
eigenvalues with negative real parts attract in the direction of the correspond-
ing eigenvector while eigenvalues with positive real parts repulse in that di-
rection. For a (general) trajectory that starts near x; the directions along the
eigenvectors which correspond to AL will cause the trajectory to spiral away
from x;. However, as the trajectory moves away from x; and the x — y plane,
the direction along the third eigenvector will become dominant (since the real
part of A1 is small) and the trajectory will curve back to x;.

To illustrate the bifurcation cascade which the Rossler oscillator undergoes
as the parameters in Equation(10.89) change, we let @ = b = 0.1 and allow ¢
to change. To illustrate the results we plot below the trajectories which start
near x; with ¢ = 4, 6, 8.2 and 15. For ¢ = 4 we obtain a trajectory which,
after a transient state, settles to a one cycle trajectory. For ¢ = 6 the system
undergoes a bifurcation and we obtain a two cycle trajectory. For ¢ = 8.2 it is

a four cycle trajectory. Finally for ¢ = 15 the trajectory is fully chaotic.
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Projection of the trajectory on the x-y plane
6 T T T

6 4

Figure 5.7 Trajectory of the Rossler oscillator starting near x; with ¢ =4

The Trajectory in 3—d

3.5

25

Figure 5.8 Same trajectory in 3D
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Projection of the trajectory on the x-y plane
10 T T

_ob i

4+ i

-10 -5 0 5 10 15

Figure 5.9 Trajectory of the Rossler oscillator starting near x; with ¢ = 6

The Trajectory in 3—d

Figure 5.10 Same trajectory in 3D
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Projection of the trajectory on the x-y plane
15 T T T

_15 1 1 1 1 1
-15 -10 -5 0 5 10 15

Figure 5.11 Trajectory of the Rossler oscillator starting near x; with ¢ = 8.2

The Trajectory in 3—-d

Figure 5.12 Same trajectory in 3D
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Projection of the trajectory on the x-y plane

-25 -20 -15 -10 -5 0 5 10 15 20 25

Figure 5.13 Trajectory of the Rossler oscillator starting near x; with ¢ = 15

The Trajectory in 3-d

Figure 5.14 Same rajectory in 3D
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5.4 LORENZ EQUATIONS

Atmospheric flow in general is governed by a set of complicated nonlinear
partial differential Equations. In 1963 Lorenz “projected” these Equations
(see appendix) to obtain a highly simplified set of three ordinary differential

Equations

t = o(y—z)
Yy = rTr—Yy—2I2

z = —bz+uy. (5.43)

In these Equations o, b are positive constants and r is a (dynamical) parameter.
These Equations, which are called “Lorenz Equations,” since their discovery
have played a major role in the theory of nonlinear dynamical systems. In fact,
they led to the establishment of new areas of research such as “chaos theory,”
“strange attractors,” and other related topics.

In this section we address the steady states of this system, their stability,
and bifurcation as r changes.

To obtain the steady states of Equation (5.43) we must solve the algebraic

system
oz —y)=0 (5.44)
re—y—xz=0 (5.45)
—bz + 2y = 0. (5.46)

Since o # 0 we obtain z = y from Equation (5.44). Substituting for y in
Equation (5.45) we have

x(r—1—2)=0. (5.47)
Thus either

x = (z,y,2) =0 (5.48)
or

r=y, z=r—1 (5.49)

From Equation (5.46) we deduce then that two other steady states exist for

r>1
x = (i\/b(r— 1), +£/b(r — 1), — 1). (5.50)
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(Observe that for r < 1 we obtain complex values for z,y which are not
admissible.) A. Stability of the steady state x =0

The linearization of the system, Equation (5.43), around this steady state

yields
—0c o 0
X = r —1 0 X. (5.51)
0 0 —b

The characteristic polynomial of the coefficient matrix in this system is
pA) = A+ D)X+ (1+0)A—o(r—1)). (5.52)
Hence the eigenvalues are

)\1:—[)

Ao = —1—50i\/(1—50)2+0(r—1). (5.53)

We infer that if » < 1, all the eigenvalues are negative and therefore the

steady state is asymptotically stable. However, if » > 1, one of the eigenvalues

is positive and therefore x = 0 is unstable.

B. The steady states

x = (i\/b(r 1), /00 — 1), — 1) > 1.

Using Taylor expansion around these points one can show that in both
cases the linearization of Equation (5.43) around these steady states is given
by

-0 O 0
X = 1 -1 —a |x, a==%br—1). (5.54)
a o b

The characteristic polynomial of the coefficient matrix is

pA) =X+ (1 =0+ b))\ +blo+ 1)\ +20b(r —1). (5.55)
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For r = 1 the roots of this polynomial are
)\1 = O, )\2 = —(1 + O'), )\3 = —b. (556)

Thus we conclude that at this point the “new” states that appear for r > 1 are
stable. For 0 < r—1 < 1 the first root of Equation (5.55) can be approximated
by

A A 7201(1_;07”) <0, (5.57)
i.e., the states are asymptotically stable.

To summarize for r < 1 the steady state x = 0 is asymptotically stable,
but it becomes unstable for r > 1. At r = 1 two new steady states appear,
and they are asymptotically stable. It follows then that » = 1 is a pitchfork
bifurcation point for the Lorenz system , Equation (5.43).

To demonstrate the sensitivity to initial conditions of Lorenz Equations
(5.43) we simulated these Equations with o = 10, » = 28 and b = 8/3 with
two sets of initial conditions (x,y,2) = (5,5,5) and (x,y,2) = (5,5.001;5).
(The values assigned to o, r and b are those used by Lorenz in his 1963 paper).

Although these initial conditions are close to each other, the difference
between the solutions for the y variable over the time interval [0, 100] spikes
to more than 30 (see Fig. 5.15 ). The corresponding relative difference is over

100%.

Figure 5.15 Difference between the y-solutions to Lorenz Equations

5.5 NERVE MODELS

A cell in the nervous system of a living organism is called a neuron. A sim-
plified picture of a neuron is that it is composed of a "core” (referred to as
”soma” ), dendrites which act as receptors for signals from other neurons, and a
”long extension” which is called an axon. The axon ends with synapses through
which signals are transmitted to other neurons. Under proper stimulation the
electric potential in the axon membrane rises above a certain threshold and
the axon "fires” electrical impulses to neighboring cells to communicate with

them through the synapses. The basic model for this firing process is due to
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Hodgkin-Huxley. It consists of four ODEs and depends heavily on the mod-
eling of the electro-chemical properties of sodium and potassium ions in the
axon. To simplify this model conceptually FitzHugh-Nagumo introduced a

model which consists of two ODEs.
1
D=v— gv?’ —w+ Ly (5.58)

w = €(fv —yw +9) (5.59)

where v is the (axon) membrane potential, w is a recovery variable that pro-
vides negative feedback (that is provides damping to the amplitude of the
membrane potential), and I, is a control parameter which represents the
current due to the external stimulus. The parameters €, 3,7, are constants.
These parameters can change the equilibrium (i.e. rest) state and dynamics
of the model. In the FitzHugh-Nagumo model the values of these constants
are usually set to e = 0.08, =1, v = 0.8 and 0 = 0.7. The cubic term for
v allows for regenerative self-excitation of the membrane potential. Observe
that this model neglects the spatial dependence of the signal; i.e. v, w depend
only on time. Such a model is usually referred to as ”space clamped.”

At equilibrium © = 0 and w = 0. Hence the equilibrium state is given by

the intersection of the curves

_ Bv+o
Y

1 3
=v—7 exty
w v 37] +1 t

in the phase plane (v,w). This equilibrium is unstable if I.,; is strong enough.
In this case the model exhibits periodic spiking activity.

Numerical simulations of this model show that weak stimuli (small am-
plitude pulses of I.,;) result in small-amplitude closed trajectories in phase
space around the equilibrium point. Biologically this corresponds to sub-
threshold responses (no firing). On the other hand strong stimuli result in
large-amplitude trajectories in phase space that correspond to a firing spike.
Thus the model does not have a well-defined firing threshold.

A more general form of this model replaces Equation (12.30) by

0= f(v) —w+ L. (5.60)

The Equations of this model are used also to model the propagation of
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waves in excitable media, such as heart tissue or nerve fiber. Thus if we let
v =wv(z,t), w=w(zt) and add a diffusion term Duv,, to (12.32) we obtain

the reaction-diffusion system
v = f(v) —w+ 1+ Do, (5.61)

wy = €(fv —yw + 9) (5.62)

where f(v) = v(a —v)(v — 1). In this model a represents the threshold for
excitation, and e the excitability of the medium.
To gain some insight into the general properties of this model we let D = 1,

0 =0, and I = 0. With this simplification the model can be rewritten as
V= Vg +0(a—0v)(v—1)—w (5.63)

wy = bv — dw. (5.64)

We assume that 0 < a < 1, and b,d > 0.
A traveling wave solution v = f(z —ct), w = g(z — ct) of Equations(12.35)
and (12.36) will have to satisfy

—cf' = f"=fla=)(f=1)—g —cg=bf—dyg. (5.65)

where primes denote differentiation with respect to z = x — ct. We can rewrite

these Equations as a system of first order Equations as follows:
fl=h W=—ch—fla—f)(f-1)+g, cg =-bf+dg.  (5.66)

If d # 0 the equilibrium points of this system are at

bOéi

f:ai7h:07g:77 2217273

where «; are the roots of the third order Equation

x (a—m)(x—l)—g = 0.

The root a; = 0 will be the unique real root (and hence the only equilibrium

point of the system) if

4b
1—-a)*<—.
(1-a)’ <
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On the other hand, if d = 0 then the only equilibrium state of the system is
(0,0,0,).
The Jacobian of the system, Equation (9.69), at (0,0,0) is

0 1 0
J(0,0,0) =] a —c 1 (5.67)
—-b 0 d

and the stability of this equilibrium point will be determined by the eigenvalues
of this matrix.
In the special case b = 0 the system, Equation (9.69), decouples, and we

can solve for g
dz
<)

Therefore, if we are looking only for bounded solutions of the system , we must

g = Aexp(

let A =0, ie g = 0. The remaining system for (fh) has three equilibrium
points (0,0), (1,0), and (a,0). The first two equilibrium points are saddle-

points while (a,0) is a center if ¢ = 0 and unstable spiral or node if ¢ # 0.

5.6  MISCELLANEOUS TOPICS

5.6.1 Dimension

We were all taught that a point has O-dimension, a line is an entity of one
dimension, a plane is two-dimensional, and that “real space” has three dimen-
sions.

We now try to formalize these intuitive concepts.

Consider the unit interval [0, 1] in R and consider measuring sticks of length

€= 2%, n=1,2,.... The number M/e) of such sticks that is needed to cover
the interval [0, 1] is 2". Hence
In M
D = lim — 1(6) ~ 1. (5.68)
=0 In ()

(Here we dropped the requirement ¢ = 2%) Thus the expression, Equation
(5.68), yields a number that corresponds to our intuitive notions about the
dimension of a line.

Now consider the unit square [0, 1] x [0, 1] in the plane. Instead of a mea-

suring stick we need here a “measuring square” with sides of 2% When n =1
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we need 4 such squares to cover [0, 1] x [0,1]. For n = 2 we need 16 squares,

and for € = 2% we need 22" squares. Hence
In M

D = lim - 1(6)

e—oo In ( )

€

= 2. (5.69)

In three dimensions we consider the unit cube with “measuring cubes”
whose sides are of length € = 2% With n = 1 we need 8 such cubes to cover

the unit cube. With n = 2 we need 64 cubes, etc. Hence
In M (¢)
In ()

Thus it seems appropriate to define the dimension of a metric space as

D = lim

— 3. (5.70)

. InM(e)
P

€

(5.71)

where M (e) is the number of “cubes” with side € that are needed to cover
the unit cube in such a space. The dimension D defined by Equation (5.71) is
called the “Hausdorff dimension” of the space.

We now apply this definition to an “exotic” set and compute its dimension.

Example 5.6.1 Cantor Set
To define the Cantor set we consider the interval I = [0,1]. We now define

1 2 1 2
=J—(Z.Z2) = _ —.1 72
i.e. C is the subset that is obtained from the unit interval by removing the
middle (open) & of I. Now define Cy as

1 2 7 8
02 - Cl - (57 §) - (57 §) ) (573>

i.e. we remove again the middle % of each of the subintervals of C'.

Similarly we define

1 2 7 8 19 20 25 26
%—@—(ﬁ@ﬁ—(aaﬁ—(ﬁaﬁ—(aaﬁ (5:74)
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w|=

Cz

S

w|=

Cs

wln

©|
o|®

79 5 2%
Figure 5.16 Cantor set

and so on. The Cantor set is now defined as the set remaining at the “end” of
such interval divisions and subtractions, i.e. (See Fig. 5.16)

czﬁ@.
i=1

(5.75)

To show that C'is not empty (in fact it is uncountable) we use the number

representation with base 3. That is, a number 0 < x <1 is represented by
r = .a1a9 ...

,OSCMSZ

(5.76)
(That is, the a; are integers which can take the values 0, 1,2) where the a;s
are determined by the relation

Qnp,

n=1

(5.77)
Remark 5.6.1 The decimal and binary representation of a number 0 < x <1
is a short hand notation for

o0
A
xr =

b

o ° => o (5.78)
n=1 n=1

respectively where a;e{0,1...9}, 5;¢{0,1}.

a; # 1 for all 7.

It is now clear from its construction that the Cantor set consists of all
numbers in base 3 whose representation contains only the digits {0,2}; i.e.

What is the Hausdorff dimension of the Cantor set?
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To answer this question we consider a yard stick of length e = % It is then
obvious that M (%) = 2. Similarly for € = % we have M (3%) = 22, In general
we then have M (3%) = 2" and hence

InM(e) In2

(5.79)

Thus the Cantor set is a set with non-integer Hausdorff dimension.

Example 5.6.2 Sierpinski Triangle

To construct this set we start with an equilateral triangle Sy with sides
of length one. In the first iteration we split it into four equal-sided triangles
(as shown in Fig. 5.17) and remove the one in the center. This yields Sy. By
iterating this procedure on each of the three remaining triangles we obtain S
and so on. The Sierpinski triangle is the limit set that remains after all these
divisions and removals.

S = lim S,.

n—oo
To find the Hausdorff dimension of S we note that for Sy we have one
triangle and need a measuring stick with length e = 1. For S; we have three
triangles and € = % For Sy we have nine triangle and ¢ = i. Hence
In M (e) . In3" In3

D=1 = lim — — 2
P In (2) abhe n2n  In2

Thus the dimension of this “triangle” is greater than one but less than two.

To compute the area of S we observe that Sy has area @. S1 has an area of
@ -3 (since 1th of the area has been removed). Sy has an area of (@ : %) -3
1

(since we removed once again 7 of the area of Si). In general we then have

V3 (3"
area of S, = e (Z)

and hence

area of S = lim (area of S,,) = 0.
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Figure 5.17 First two iterations toward the creation of the Sierpinski Triangle

5.6.2 Liapunov Exponents

Let
x = F(x), xeR" (5.80)

be a dynamical system, and let x(¢) be the trajectory of the solution with
initial condition x(0) = x¢. Now consider another solution y(t) of this system
with initial condition y(0) = xq + dXo.

Definition: ) ; ;
o = lim L1 130 =x(0) | (5.81)

t=0o t I 9%0 ||

is called a Liapunov exponent of the dynamical system Equation (5.80). It is
obvious from the definition that different dxy might lead to different Liapunov
exponents.

Intuitively, Liapunov exponents tell us how the solution of system (5.80)
“reacts” to small changes in the initial conditions. If the Liapunov exponents

of the system are all negative, then small changes in the initial conditions
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cause small changes in the trajectory, and one can make predictions about
the evolution of the system even if the initial conditions are not known ex-
actly. However if at least one Liapunov exponent of the system is positive,
then (random) small changes in the initial conditions might lead to diverging
trajectories and hence no long term predictions about the evolution of the sys-
tem can be made. Thus such a system is sensitive to the values of the initial
conditions and hence is called “chaotic.”

This issue (of sensitivity to the initial conditions) is important from a
practical point of view since in most cases the initial conditions are known only
with a certain margin of error. If all the Liapunov exponents of the system are
negative such errors are not significant as the approximate trajectory of the
system (using inexact initial condition) remain close to the true one. However,
if at least one of the Liapunov exponents is positive even minute errors in the
initial condition will lead (in the long run) to large predictive errors regarding
the behavior of the system.

Example 5.6.3 The weather system of the Farth is chaotic. As a result one

cannot make long term predictions about its behavior.

Example 5.6.4 The Lorenz system is chaotic (see exercises).

Exercises

1. Carry out in detail the calculations needed to establish the stability of
the various steady states for the Lorenz model Equations.

2. Simulate Lorenz Equations with
o=10, r=28, b=28/3

(These were the original parameters used by Lorenz in his 1963 paper)
subject to the initial conditions x = (6,6,6), x = (6.01,6,6), x =
(6.001,6,6) over the time interval [0, 250].

(a) Plot the solutions of x(t) on the same graph and compare (do the

same for the solutions of y(¢) and z(t)).
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(b) Plot the difference between the solutions of z(¢) on the same graph

and compare (do the same for the solutions of y(¢) and z(t)).
(c) Plot z vs. y and z vs. z. Explain what you see.
(d) Compute an approximation for one of the Lyaponuv exponents of

the system at x = (6, 6, 6) based on the simulations of this problem.

3. Simulate the Lorenz system for other values of r’s e.g., 1,5,10,20 and
make similar plots to those in Ex. 2b. ANALYZE your results.
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5.7 APPENDIX A: DERIVATION OF LORENZ EQUATIONS

Basic Model

Atmospheric convection in two dimensions is described by the following system

of partial differential Equations:

a 2. aw?Vz?/J)

A Az, 2)
99 9(,0) AT 9y ,
a— 8(1’,2) +7%+/{V 0. (A 2)

Subject to the stress free boundary conditions:

00
+ vV + ago (A. 1)

v=0 V¥ =0,0=0, 2=0,1. (A. 3)

In this system 1 is the stream function and 6 is the potential temperature

0="T(p/ PO)R/C”

where T is the temperature in Kelvins, p is the pressure, and pg is the pres-
sure at sea level. The constants «, v, k, g denote respectively the coefficients
of thermal expansion,the kinematic viscosity, the thermal conductivity, and
the acceleration of gravity. H is the fluid layer thickness, and AT is the tem-
perature difference between the upper and lower surface of the fluid (which is

assumed to be held constant). We also have

of.9) _| % & (A )
d(z, z) % g

In his famous 1963 paper Lorenz introduced and studied a model in which
the solution to Equations (A. 1)-(A. 2) is approximated by a three Fourier

modes
k(1 +a?)Vv2 Tax Tz

= #X(t) sin (?> sin (ﬁ) (A. 5)
0= W};Ca {\/ﬁY(t) cos (%) sin (%) — Z(t) sin (%f) } (A. 6)

where a is a parameter and
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(1 + a?)?
are the Rayleigh number and the critical Rayleigh numbers for the flow. This

led to the following three coupled Equations for X,Y, Z.

X = —0X+oY (A. 9)
Y = XZ+rX-Y
7 = XY —bZ
where A R
1%
o=, b 15 a7 r 7 (A. 10)

These Equations are usually referred to as the ‘Lorenz model.” Since its
appearance this model and its implications have been studied in great detail
in hundreds of publications with special attention to its bifurcations as a
function of the parameters o,r, and b. It has been recognized ,however, that
(as expected) the approximation of the solution to Equations (A. 1) and (A.
2) which is provided by (A. 4)-(A. 10) becomes ‘poor’ as r increases. This
has led several authors to develop and study models with a larger number of
modes [4,21].

Higher Order Models

In an attempt to relate the leading Lyaponuv exponent to the turbulence
strength in the flow we consider a truncated expansion of Equations (A. 1)-
(A. 2) with 3 and 6 Fourier components. For the six components model we
let

a H

an () s (57 n (35

0= ﬁf% [Yl(w cos (T2) + Vi () cos (QL)}

LTz ATR, . [ 27z
sin (ﬁ) TR Z(t) sin (F) (A. 12)

W = V2(1 +a?)s { [Xl(t) sin (ﬁ) + X,(t) sin (27;1:)] (A. 11)




208 W The Process of Mathematical Modeling

which leads after some lengthy algebra to the following six Equations for

X17X27X37Y17§/27 Z

. 9(a® —1)V2
Xi=0Y] —0X) + ——F—X0X,
1=0Y1—0 1+4 1+ a2 2X3
- 20(1 + a?) o(1 + 4a?) 9v/2
2 = 5 Y2 — 5 A2+ 5y X143
1+ 4a 1ta A(1 + 4a?)
- (4 + a?) 9a%v/2
Xy=————"X5— ——X1 X
’ 1+a? PAd+a) R

.3
Y, = 1\/§X3Y2 — X\ Z-Y, +rX,

(1+ 4a?)
1+ a2

7 =XV, +2X,Y, — b7

Y, = —zx/ixgyl - Yy — 2X57 + 2r X,

. 13)

14)

15)

. 16)

17)

18)
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6.1 INTRODUCTION

When we model a complex system, we create at first a “prototype model.”
This model takes into account the “major features” of the system at hand
and ignores other aspects which might have “small impact” on the system
evolution. In other words the prototype model reduces the system to its “bare
bones.” In many cases these prototype models lead to equations with closed
form solutions, viz. solutions in terms of analytical formulas. However, when
refinements of the prototype model are needed, new (nonlinear) terms have to
be added, and in many cases the resulting model equations have no closed form
solutions. At this stage one realizes that the additional terms in the refined
model might be “small” when compared to original terms in the prototype
model and attempts to take advantage of this fact. The essence of perturbation
theory and techniques is to develop methods that yield at least approximate
solutions for these refined models. As a first step in this approach one has to
rewrite the model equations in non-dimensional form. That is, the equations
have to be rewritten in a form that is independent of the physical units that
are being used. In this form one can see immediately which terms are small
when compared to other terms in the equations and thereby treat them as a
“perturbation.”

It might be argued that with wide availability of fast computers and ap-
propriate software one can solve these complicated (nonlinear) equations (of
the refined model) numerically. However, in general, it is not straightforward
to gain insights about the evolution of the system from the numerical solu-
tion. Furthermore, the numerical solution of a complex system of nonlinear
differential equations is always a challenging problem. Algorithms to solve
such a system might not converge, and even if they converge, they might yield
incorrect solutions.

In the following we present some of the basic techniques of perturbations
theory, but for a more comprehensive treatment we refer the reader to books

on this topic.
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6.2 MODEL EQUATIONS IN NON-DIMENSIONAL FORM

When we model a physical system, the variables and the value of the coeffi-
cients that appear in the model equations depend on the physical units being
used. For example the length unit might be centimeter, meter, kilometer, light
year (i.e. the distance that light travels in one Earth year) and so on. It is obvi-
ous then that the use of different units will impact the value of the parameters
and coefficients that appear in the model equation. In order to overcome this
issue one attempts to find “characteristic values” for the variables that appear
in the equations and combinations of these values so that the equations are
expressed in terms of “pure numbers” (independent of the physical units). We

illustrate this process by a few examples.

Example 6.2.1 Consider Newton’s second law

d*x

To rewrite this law in non-dimensional form let us assume that the charac-

teristic values of mass #, length, and time in this equation are M, L, and T

mass-length

respectively. The force term F in this equation has a dimension of ===

Therefore, we define the following dimensionless quantities,

m x - t - FT1?
"N — —— X = — t = — F = —. 2
m M7 X L? T? ML (6 )
Then the left hand side of Equation (12.1) becomes
mdQ_x B md?(Lx) _ MLmd%z
dt2 d(T?2) T2 " di2’

At the same time the right hand side of Equation (12.1) yields

_MLg
T2

Therefore, Equation (12.1) takes the following form

F

_d*x
Although Equations (12.1), (12.3) look “similar,” the quantities in (12.3) are

dimensionless (i.e. independent of the physical units).
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To see why this non-dimensionalization process is important we the discuss
the following example.

Example 6.2.2 Suppose we consider the following modification of Equation

(12.1)
d*x dx\
—=F — ] . 4

Mg T (dt) (64)

The question naturally arises as to the impact of the additional term on the
solution. Is it “small” or “large” compared to the other terms of the equation?

To answer this question we introduce the same non-dimensional quantities as
in (12.2), and the additional term in Equation (12.4) becomes

(5)-G) -5)

Therefore, Equation (12.4) leads to

ML _d*% ML L (dx ? (65)
T2 " dez T2 T2 \dt ) ‘
Hence , )
PPx ol (dx
X ool fdx\" .
e +M(dt> (6.6)

It follows then that the size of the additional term in FEquation (12.4) (as
compared to other terms in this equation) is not determined by « alone but
by the ratio & = % If @ < 1, we can treat the additional term in Equation
(12.4) as a small perturbation. On the other hand if & =~ 1, such a treatment
will be inappropriate.

Remark: Another way to look on this issue is to realize that « is not a

dimensionless number since each of the terms in Equation (12.4) must have

mass

lengih” Hence

the same dimension. Therefore o must have the dimension of

al

the dimensionless form of this constant is 57 .

Additional examples of the non-dimensionalization process are presented
in Chapters 9 and 10.
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6.3 REGULAR PERTURBATIONS

To illustrate how the regular perturbation procedure is used to obtain an
approximate solution of an equation with a term which is “small” compared

to other terms, we consider the following example.

Example 6.3.1 Find an approximate solution to the following equation,

d
Lt ky+ ey’ =0, y(0) =2. (6.7)

Here we assume that the equation is written already in non-dimensional form
and e < 1.

Solution 6.3.1 If e = 0 the solution of Equation (12.23) is
y(t) = 2e7 . (6.8)

To find approzimate solution of (12.23) when ¢ # 0 we write the desired

solution y(t,€) in the form of a power series around € = 0 viz.

y(t,€) = yo(t) + ey (t) + Eyalt) + ... (6.9)

Substituting this expansion in Equation (12.23) and collecting terms with the

same power of € yields,

dyo dy dys
{d—t + k:yo] +e€ {d—t + kyy + yg’} + € {E +kys + 3yayi | +...=0. (6.10)
Yo(0) + ey (0) + 2 (0) + ... = 2. (6.11)

Since € is a parameter, terms with different powers of € in Equation (12.26)

must each equal to zero. Using Equation (12.27) we obtain

Yo(0) =2, 3(0) =0, i #0.
Thus we obtain the following system of differential equations

d
dito +kyo =0, 30(0) =2, (6.12)

dy

o TRy + Yo =0, 11(0) =0, (6.13)
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dys
dt
and so on. Observe that although the original Equation (12.23) is nonlinear

+ kya + 3ygy1, 42(0) =0, (6.14)

the new system of equations is actually linear and can be solved recursively. In
fact the solution for yy is given by Equation (12.24). Substituting this solution
in Equation (9.21) we obtain

B(t) = (e e
Similarly we can substitute the solutions for yo and y, in Equation (9.22) and
solve for ys etc.

Hence to order € the (approximate) solution of Equation(12.23) is

4
Yalt) = 27kt + %(e_%t — 1), (6.15)
It is interesting to note that although, Equation (12.23) is nonlinear, it has

an exact closed form solution
3 2Vk
/—de + et (de + k)

In Fig 6.1 we plotted the difference y, —ye on the time interval [0, 5] for k =1
and e = 0.1.

Ye(t)

(6.16)

Exercises

1. Use regular perturbations to find an approximate solution to order e of
the following equation

dy 2
o + ey + 3y 0, y(0)

2. The equation for the orbit of the planet Mercury around the Sun (in
general relativity) can be reduced to the following equation

d*u

do?

where € < 1. Use first order perturbations to examine the impact of the

+u = a(l + eu?)

term aeu® on the period of the orbit.

Hint: First solve this equation with € = 0.
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~0.005 E
-0.01f E
>
T, ~0.015F E
>
-0.02 ,

-0.025 4

~0.03 I I I I I I I I I

Figure 6.1 Difference between the approximate and exact solutions of Equation
(12.23)

3. Use regular perturbations to find an approximate solution to order € of
the following initial value problem

d*y 2 dy
@—i-ély—ey —0, y(O)—l—i—e, %(O)—O

6.4 SINGULAR PERTURBATIONS

In general, when the perturbation term is small, its impact on the solution of
the corresponding equation without the perturbation term will be small (as
we showed in the previous section). However, there are cases where the per-
turbation yields terms in the solution which are unbounded in time. These are
referred to as “Singular Perturbations” and we demonstrate their treat-

ment through the following example.

Example 6.4.1 Find an approzimate solution to the following perturbed
spring-mass problem (with no friction)
2

d7y
@+/€2y+€y3207 y(O):l,

dy

—(0)=0 (6.17)
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Solution 6.4.1 Using the reqular perturbation expansion in Equation (12.25)
and substituting it in Equation (12.30) we obtain the following system of equa-

tions

d*yo dyo
yo =0, yo(0) =1, —=(0)=0 6.18
dt2 + yO yO( ) Y dt( ) Y ( )
d yl 2 dyl
T2 + Ky +ys =0, 11(0) =0, E(O) =0, (6.19)
d? d
2+ K+ 3y = 0, 10(0) =0, 2(0) =0, (6.20)
and so on. The solution for yq is
yo = cos(kt), (6.21)
and the equation for y; becomes
Py o dy:
o + k*y, + cos®(kt) = 0, 41(0) =0, %(O) =0. (6.22)

However
cos®(kt) = cos(kt)(1 — sin*(kt))

which implies that Equation (12.35) has a resonance term since cos(kt) is one

of the solutions of the homogeneous equation. In fact the solution of Equation
(12.35) is

= é [Cos(k‘t) + %(COS(Z&k‘t) — 9cos(kt) — 12kt Sin(kt))] . (6.23)

Following the steps in the previous section, the approximate solution to order
e of Equation (12.30) should be,

y(t) = cos(kt) + (6.24)
e# [Cos(kt) + é(cos(?)k:t) — 9cos(kt) — 12kt Sin(kt))] :

However even if € < 1 the last term in this equation will dominate as t
increases. This term is referred to as secular term. Furthermore such un-
bounded terms exist also in the solution for ys etc.

To overcome this problem (i.e. remove the secular term from the solution)
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it is customary to use a perturbation expansion for both the dependent and

independent vartables, viz.

t =s5(14ea; +ay +...) (6.25)
y(s) = yo(s) + eyr(s) + ya(s) +...) (6.26)
where a;, 1 =1,2,... are constants whose value will be determined so that the

secular term(s) in the expansion disappear. (In more general expansions the
constants a; are replaced by functions of s.)

Using these formulas we have

dy dyds dy 2 1
@ _wds _ 9y, )L
G dsd@ - sttt )

The Taylor expansion of
fle)=(1+ea; +ag+...)7"

around € = 0 s

fle)=1—eay +...).
Therefore,

dy _ dy

dt  ds
Similarly for the second order derivative we obtain

(1—ea;+...).

d*>y d [(dyds d [dy

v _ 2 () _ 2\ )| = 2
a2 di (ds dt) ar [ds( cart...) (6.27)
d .dy ds

LNt L=

ds [ds( cart.) dt

d*y d*y
d—SQ(l—Eal—‘—...)Q:d—!92(1—26a1+...).

Substituting this result in Equation (12.30) and using Equation (9.70) we have

(deO(s) N d*yy(s)

ds? ‘ ds?
E*(yo(s) +eyr(s) +...) +e(yo(s) +eyr(s) +...)> =0

+.”>(1—2w1+.”)+ (6.28)

and for the initial conditions (since t =0 corresponds to s =0)

Yo(0) + ey1(0) +...=1 (6.29)
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dy dy

270 =01 —ear +...) = (6.30)
(CZZO(O)+ %(O)+) (1—eay+...)=0.

Hence to order € we obtain the following two equations:

d*yo(s) 2 _ _ dyo o\ _
e k*yo(s) = 0, yo(0) =1, E(O) = 0. (6.31)
d*y1(s) 2 3 d*yo(s) dy
152 + k*y1(s) + yo(s)” — 2ay y 0, y1(0) =0, E(O) =0. (6.32)
The solutions of these equations are
Yo(s) = cos(ks) (6.33)

s 5 , B
32/{:2< 32a:k 12k)81n(k5)+32/{:2(008(3k8) cos(ks)). (6.34)

We see then that the secular term will disappear if we let

yi(s) =

3
8k

ap = —
and the approzimate solution of Equation (12.30) to first order in € is

y(s) = cos(ks) + ——(cos(3ks) — cos(ks))

321{:2

3€
(1_@).

Exercises

Use singular perturbation expansion to first order in € to find an approximate
solution of the following equations. Compare the solution with the numerical
solution.

1.

d? dy\? d
dt32’+ (—y) YRy =0, y0) =1, Z©0)=0.
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6.5 BOUNDARY LAYERS

When a viscous fluid flows over a plate (e.g. airplane wing), a thin layer is
formed over the plate where the flow velocity undergoes a very rapid change.
This thin layer is referred to as a “Boundary Layer”. Mathematically these
phenomena are usually modeled by differential equations where 0 < € < 1
multiplies the highest derivative in the equations. To see how an approximate
solution for these problems can be obtained using perturbation theory we

consider the following prototype problem.

Example 6.5.1 Consider the following boundary value problem on the inter-
val [0,1];
d*y

d
E@jL%Hw:o, y(0)=0, y(1)=1,, k>0, 0<e<<1l.  (6.35)

Solution 6.5.1 The exact solution of this linear problem is

y(x) = Aexp (—%) sinh(ax)

where
V1 —A4ke

(VT entd)
2¢ sinh(«)

A plot of this solution with £ =1 and ¢ = 0.1 is shown in Fig 6.2. From this
figure we see that the solution rises rapidly from 0 to 2.3 over the “boundary
layer” [0,0.15] and then decays smoothly over the rest of the interval.

To see the challenge that these types of problems present (from perturba-
tion theory perspective) we attempt, at first, to obtain an approximate solution

via regular perturbations. Thus, if we write the perturbation expansion

y(x) = yo(z) + eyr () + Eyalx) + ... (6.36)
and substitute in Equation (6.35) we obtain the following system of equations:

d
2 ko =0, 30(0) =0, yo(1) = 1 (6.37)

d*yo
0 + Ry d2’ y1(0) = y1(1) =0 (6.38)
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25

Figure 6.2 Exact solution of (6.35)

2
W2 ik = T8 () = 1o(1) = 0 (6.39)
ete. Thus although Equation (6.35) is a second order equation with two bound-
ary conditions, the perturbation expansion yields a system of first order equa-
tions with two boundary conditions for which no solution exists in general. In

fact the general solution of Equation (6.37) is
Yo = Ce—kxv

but since y(0) = 0, it follows that C' = 0 and, therefore, yo(1) = 1 cannot be
satisfied.

To see the origin of this peculiar behavior and how it can be ameliorated
we note that the second order derivative of the exact solution of Equation
(6.35) has a factor of

exp(—3;)
€
This observation shows that the term efi%’ is small compared to Z—g and y for

large = (e.g., x > % However, in a small interval around 0 it is of the same

order as these two terms.
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In view of this observation it is natural to divide the solution of our problem

into two.
1. A solution in an inner region 0 > x < xy where xy > 0 is small.
2. A solution in an exterior region xy < .

Observe that, at the present, the exact value of zy remains unspecified.
Denoting the exterior solution by v we note that in this region v, and its
first and second order derivatives have the same order of magnitude, and hence
62%’ is negligible as compared to the other terms in Equation (6.35). Therefore,
in the exterior region Equation (6.35) can be approximated correctly by a

regular perturbation expansion,

d

_d? +kup =0, vp(1) =1, (6.40)
d d?
bk = =2 (1) =0, (6.41)

etc.

Observe that the point z = 0 is outside the “exterior region.” Therefore,
we do not have to take into account the boundary condition on the solution
at this point.

From Equations (6.40) and (6.41) we obtain

vy = exp[—k(z — 1)] (6.42)

v; = —k*(x — 1) exp[—k(z — 1)], (6.43)

i.e., to first order in € the outer solution is given by

v=[1—ek*(x —1)]exp[—k(z — 1)]. (6.44)

To obtain a similar perturbation expansion in the inner region we shall
perform a stretching transformation on this region so that the derivatives of the
solution in this region have the “same magnitude.” This can be accomplished

by a transformation of the form

z=¢€"x (6.45)
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where a is a parameter to be determined. Substituting this transformation in
Equation (6.35) and denoting the inner solution by w it follows that
d*u du

14+2a " ™ a’” ku = — 4
€ d22+e dz+ u=0, u(0) =0 (6.46)

From this equation it follows that the derivatives of u will have the same
power of € if 1 + 2a = a i.e., a = —1. (Observe that due to this stretching
transformation x = e will correspond to z = 1.) Hence in the inner region
Equation (6.35) takes the form

v du

12 + 1 + eku =0, U(O) =0. (647)

Applying regular perturbation expansion to Equation (6.47) yields

d2U0 dUO
d2U1 dul
Tz T o —kug, u1(0) =0 (6.49)

and so on.

The solution of these equations to first order in € is given by
Uy — Cl(l — 6_2) (650)

uy = kfca — 12 — (c2 + c12)e” 7. (6.51)

Now that we have perturbation solutions for the inner and outer regions

a “matching principal” must be formulated so that the two solutions blend

smoothly at the “edges” of the two regions. This will help to determine the

constants ¢; , ¢co which appear in Equations (6.50) and(6.51). To accomplish

this task several “principles” were formulated in the past. The first due to
Prandtl stipulates that

limv(z,e) = lim u(z,¢). (6.52)

z—0 2Z—00

Applying this principle to the zeroth order perturbation solutions (6.42) and
(6.51) of our problem we find that we must satisfy

lim Ae*1=2) = lim ¢;(1 — 7). (6.53)

z—0 2Z—00
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Hence ¢; = Ae*. However, it is easy to verify that this principle fails to
determine the constant ¢y in the first order perturbation expansion.

To overcome this problem M. Van Dyke formulated the following gener-
alized matching principle for higher order perturbation expansions. To apply
this matching principle to the perturbation expansions in the inner and outer

regions up to order €™ |
v(x) = vo(x) + evi () + ... 4 €™ vy ()

u(z) = up(z) + eur(2) + ... + €™up(2),

one must express v(x) in terms of z and u(z) in terms of x, then expand the
resulting expressions in powers of € up to €” and finally, match the coeffi-
cients of €*, k = 0,...,m in the two expressions to determine the redundant
constants.

As an example we implement this principle to determine the constants c;,
2 in Equations (6.50),(6.51) by matching the inner and outer solutions to first
order in e.

Rewriting the outer solution Equation (6.44) in terms of z and expanding

in € we obtain
v(2) = Aef[e™* 4 ek?(1 — e2)e” ] (6.54)
= Ae"[1 — ekz + ek? + O(e?)).
Similarly for the inner solution we have

u(x) = (1 — e + ekley — 1 /e — (6.55)
(co+ cr/€)e ] = ¢1(1 — kx) + ekcy + O(€2).

(Note that the expression e~/¢ for any fixed 2 > 0 converge to 0 faster than

any powers of € and, therefore, can be neglected). It follows then,
c1(1 — kx) + ekey = Aef[(1 — kx) + ek?). (6.56)

This yields
c1 = Aef, ¢y = Ake. (6.57)
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Exercises

For the following two differential equations use first order perturbations to
find inner, outer, and matched solutions. Solve these equations numerically.

Compare the numerical and analytic solutions on the same plot.

1.
d*y dy
de2+( +aﬂf)dx+ y=0, y(0)=0y(1)
2. 2 ;
—y —y 2 = = =
de2 + (1 +€)dm +y =0, y(0)=0y(1)=1.
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In this chapter, we illustrate this modeling process by considering various
systems that are modeled in terms of partial differential equations. In par-
ticular, we concentrate on the heat, wave, and potential equations that are

important in many scientific and engineering applications.

7.1 THE HEAT (OR DIFFUSION) EQUATION

Objective

Build a model that describes the temperature distribution in a metal as a
function of the position and time.
Discussion

As stated, this problem does not specify if the metal composition of the
body is homogeneous, nor is any information given about its shape. Because
such a general problem might require a complex model, we will first attempt to
build a prototype model and then compound it. To begin, we consider the heat
conduction problem in a rod of length L made of homogeneous metal with a
constant cross section A that is completely insulated along its lateral edges (see

Fig. 7.1). (All these assumptions are, naturally, mathematical idealizations.)

Figure 7.1 Perfectly insulated rod with constant cross section

Background

To build an acceptable model for this problem, an understanding of the
concept of the flux and basic laws of thermodynamics (and physics) is nec-
essary. We present here a short review of these pertinent ideas in one spatial

dimension.
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The Flux. Consider a flow of a certain physical quantity (such as mass, energy,
heat, etc.). The flux q(x,t) of this flow is defined as a vector in the direction
of the flow [at (x,?)] whose length is given by the amount of the quantity

crossing a unit area (at x) normal to the flow in unit time; that is,

la(x,0)] = 1i Quantity passing through AS in time [t,t + At]
q X7 o AISILIO ASAt

At—0

(7.1)

where AS is a (small) surface area at x that is normal to the flow.
Thus, the approximate amount of the physical quantity passing through a
surface AS in time At is given by

Q(x,t, AS, At) = |q(x, )| ASAL. (7.2)

If AS is not normal to the flow, then it must be replaced by its projection in

the direction normal to the flow.

Example 7.1.1 Consider water flowing in a river with velocity v(x,t). To
evaluate the flux of this flow at (x,t), we consider a small surface element AS
normal to v(x,t). The amount of water flowing through AS in time [t,t + At]
is given by the quantity present at t in a tube of base AS and height |v|At;
that is

Q(x,t, AS, At) = p|v|ASAt (7.3)

where p is the mass density of the water. Hence,
q(x,t) = pv (7.4)
since the direction of the flow is given by v (see Fig. 7.2).

Basic Laws of Thermodynamics. A change A(Q) in the amount of heat in a body
of mass m is accompanied by a change Aw in its (equilibrium) temperature.

The relationship between these changes is given by
AQ = cmAu (7.5)

where ¢ is the specific heat of the material of which the body is made, that is,
the amount of heat required to raise the temperature of a body of unit mass

(made of the same material) by 1 degree.
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|V]|At

Figure 7.2 Flux-All the fluid in the tube will pass through S in time At

In the following discussion, we assume that () and u are normalized so that
Q = cmu.
Remark About Units. In Equation (7.3) (as in any equation that relates physi-
cal quantities), a consistent set of units must be used. Thus, if the MKS system
of units is used, then @ (energy) is expressed in joules, mass in kilograms, u
in degrees Kelvin (or Celsius), and ¢ in joules/(kg.degK). In this book we
consistently use the MKS units unless otherwise noted.
Fourier Law of Heat Conduction. Heat is transported by diffusion in the di-
rection opposite to the temperature gradient and at a rate proportional to it.

Thus, the heat flux q(x, t) is related to the temperature gradient by

Ju(x,t) Ju(x,t) Ou(x.t)
or = oy = 0z

q(x,t) = —k gradu(x,t) = —k ( (7.6)
where k is the thermal conductivity of the material. [From Equation (7.6) we
infer that its units are joules/(m.sec. degK).]

Remember that the gradient of a function gives the direction in which
the function increases most rapidly while in the direction opposite to it the
function decreases most rapidly. Thus, a restatement of the Fourier law is that
heat flows in the direction in which the temperature decreases most rapidly
(and this is the reason for the minus sign in equation (7.6). Note that by
convention any constant that appears in a physical law is assumed to be
positive).

Principle of Energy Conservation. Because heat is a form of energy, it must
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be conserved. Hence, the rate of change in the amount of heat in a body must
equal the rate at which heat is flowing in less the rate at which it is flowing
out (we assume that no heat is generated by the body).

Approximations and Idealizations

1. Since we assumed that the material of the rod that we are considering is
homogeneous, it follows that ¢, k, and p (the material density kg/m?) are
independent of the position x. However, for the purpose of constructing
a prototype model we further assume that they are also independent of

the temperature w.

2. We assume that the length of the rod remains constant in spite of the

changes in its temperature.

3. We assume that the rod is perfectly insulated along its lateral surface
(idealization). Hence, heat can flow only in the horizontal direction, since
a vertical flow will lead to heat accumulation along the edges, which is
forbidden by the Fourier law of conduction. Therefore, we infer that the
temperature at every point on a vertical cross section of the rod must
be the same. Thus, the temperature v depends only on x and ¢; that is,

u=u(x,t).

4. For definiteness, we assume that heat flows in the rod from left to right,

which requires the left side to be warmer than the right.

Modeling

A possible approach to model the system under consideration is to use the
atomic and crystal structure of the material of the rod and build a model for
the heat conduction using these microscopic variables. However, because this
approach will lead to a very complex set of equations, it is not useful in our
context.

Thus, we present in the following two methods to derive the macroscopic
heat equation. We use the term macroscopic since we are using macroscopic

variables such as u, ¢, k, and so on to model the system.
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Infinitesimal Approach
In this method, we consider an infinitesimal element of the rod between x

and = + Az and write the equation for the energy conservation in it.

q(x,t)-A — — qx+Ax,t)-A

X x + Ax

Figure 7.3 Heat flux through infinitesimal part of the rod.

Thus, since the volume of the element is AAz, its mass Am is given by
pAAx (see Fig. 7.3). The amount of heat in this element at time ¢ is

Q(z,t, Azx) = cAmu(z,t) (7.7)
or
Q(x,t, Ax) = cpAu(z,t)Azx. (7.8)
The rate of change in @) is therefore given by

dQ ou
= = cpAaA:v. (7.9)

By the principle of energy conservation, this rate of change must equal the

rate at which heat is flowing in less the rate at which it is flowing out. Hence,

% —q(et) - A—qlz+ A1) - A. (7.10)
Replacing % by
cpAa—qu (7.11)
ot
we have
cpA@ B _Aq(x + Ax,t) — q(m,t). (7.12)

ot Ax
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Letting Ax — 0, we obtain

ou dq
— =——=. 1
Lot Oz (7.13)
From (7.6), the Fourier law of heat conduction in one dimension yields ¢ =

—k(0u/0z) (since u is a function of x and ¢ only!) and, therefore,

ou d*u
7 Lou o
U u

where k~! = cp/k is called the thermal diffusivity. Equation (7.15) is called

the heat (or diffusion) equation in one (space) dimension.

Integral Approach

In this method, we consider a finite section of the rod between a and b
and use the principle of energy conservation to write an equation for the heat
balance in this segment.

Since the amount of heat in an infinitesimal section of the rod between z
and =+ Az is given by Equation (7.8), the total amount of heat in the section

la, b] is given by the integral of the expression

b
Q(t,a,b) = / cpAu(x,t)dr. (7.16)
The rate of change in this quantity is therefore given by
dQ b ou
— = A—dz. 1
i ’ cpA— dx (7.17)

By the principle of energy conservation, d@/dt must equal the rate at which
heat enters the section less the rate at which it leaves it. Thus,

U~ Agla1) — Aglo, ) (7.18)

By the fundamental theorem of calculus, this equation can be rewritten as

aQ (" 0q
E = —/(; A%dﬂf (719)
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from which it follows that

b b
ou dq
A—dr=— | A—dx. 2
/a cpA— do /a o dx (7.20)
By the Fourier law of heat conduction,
b ou 0%u
/a (CpAE — /{A@) dr = 0. (721)

But since a and b are arbitrary, Equation (17.21) implies that the integrand

in this equation must also be zero. Hence,

ou 0%u

which is the same equation we derived using the infinitesimal approach.

Remark 7.1.1 Although the infinitesimal and integral approaches must al-
ways (if applied correctly) yield the same result, from a conceptual modeling

point of view one might be superior to the other in a given contet.

To illustrate the process of model compounding, we now present the

derivation of the heat equation in two dimensions.

Example 7.1.2 Derive the heat equation for a thin homogeneous plate with
constant cross section (height) h. Assume that the plate is perfectly insulated
on the top and bottom.

Solution 7.1.1 Since the plate is thin and perfectly insulated,
u=u(x,y,t). (7.23)

To derive a model for u, we use the infinitesimal approach and consider
a small rectangular element that is located at a point (z,y) in the plate (see
Fig. 7.4).
The amount of heat ) in this element at time ¢ is given (approximately)
by
Q(x,y,t, Ax, Ay) = cphAzAyu(x,y,t). (7.24)
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q2(x,y + Ay, t)Ax
T

ql(X, Y, t)Ay g Ay - ql(x + Ax, Y, t)Ay

Ax
(x! 3’) T

qd:z (X, Y, t)Ax

Figure 7.4 Flux in an infinitesimal section of the plate

Hence, the rate of change in @ is

d
d—? = cphAxAy

du
ot

This rate of change must equal the rate at which heat flows into the element

(2,y.1). (7.25)

minus the rate at which it flows out. To compute these rates we decompose q
into
q = qi+ gj (7.26)
and observe that ¢i is parallel to the boundary represented by the line between
(,y) and (x + Az, y). Hence, ¢;i does not contribute to the flux through this
boundary. Similar considerations apply to other boundaries. It follows then
that
dQ)
= = @z, y, t) Azh + ¢ (x,y) Ayh — g (x,y + Ay, t)
Azxh — q(x + Az, y,t)Ayh. (7.27)

Equating Equation (7.25) with Equation (7.27) and dividing by AzAy yields

ou  qr+Ax,yt) —q(r,y,t)  qey+ Ayt) —q(r,y,t)
hg = s Ay . (7.28)

Letting Az, Ay — 0, we obtain

ou _ O Og\ T
Py = <8x + (‘33/) = — div q. (7.29)
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To obtain an equation containing u only, we apply Equation (7.6) (in two

dimensions). This leads to

1ou _,
where o o2
9 U U
=_ 4+ 31
Vu 8x2+8y2 (7.31)

V2 is the Laplace operator and k = cp/k. Equation (7.30) is the heat con-

duction equation in two dimensions.

7.1.1  Burger’s Equation

Burger’s equation was introduced as a one-dimensional model for turbulence
and has since found applications in the study of shock wave, wave transmission,

traffic flow, etc. The equation is of the form

ou, ou_ o

ot Ox Ox?
where v is “the amplitude of the disturbance” and v is a constant. We now
show that this equation can be transformed into the heat equation.

To begin with, we remind the reader that a vector field F =
(f1(x), fa(x), f3(x)) is conservative if curlF = 0 . When this happens, there
is a (potential) function ¢(x) so that gradp(x) = F. This result follows from
the fact that for any function g(x), curl(gradg(x)) = 0. Similarly, a vector
field F is called solenoidal if divF = 0. Since for any vector field V we have
div(curlV) = 0, it is possible to prove that if a vector field is solenoidal, then
there exists V so that curlV = F. This vector field V is called the “vector
potential” of F . In the two dimensional case where F = (fi(z,v), fa(z,v))
and diwF =0, i.e.,

ofi | 0fs
T
oz By
we conclude that there exists a function v so that
o Oy
fl - a_yv f? - %

Going back to Burger’s equation, we first write it in divergence form as

ou 0 (1,  ou)_,
ot T oxr\2" " Vor )~
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We conclude, therefore, that there exists a function 1 so that

N (1 5 8u> oY
u= = _

or" \2" oz ot

Using the first part of this equation to substitute for u in the second part, we

obtain the following equation for

v _ v 10

oz 2o

2
5~ V92 5 ). (7.32)

We now introduce a new function n as
Y= —2vinn.
(This is called the “Hopf-Cole transformation.”) We then have

W 2191 a_w__zy%

— — = 7.33
= o n = Ot n (7.33)
and ,
il AN
TV oy |2z — 922
Ox? n n
Substituting these relations in Equation (7.32), we obtain that
o,
ot 0z

That is, n satisfies the heat equation. From this solution, we can recover u

(that is the solution of the Burger equation) from Equation (7.33).

7.1.2  Similarity Solutions
Consider the heat equation in one dimension
Lou_ o
kot 0x?
It is easy to see that the equation remains invariant (unchanged) under the

transformations

T=oax, t=0o%, u=pPu+7y
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where a , § and 7 are constants. This three-parameter group of transforma-

tions contains the following one-parameter subgroup

T=oar, t=dad*, a=a™u

where m is a positive number. A similarity solution is a solution that is in-

variant under such a one-parameter group. In fact, if we define

n=a’/t u=t"f(n)

then 5 )
U o " T
G = e (%)
ou 1
% - Qtn 1If (77)7
and 2
a_;; —_ Qtn_lf/(ﬁ) + 4$2tn_2f”.

Substituting these results in the heat equation, we obtain
Aknf" + (m+2k) f'—=nf =0

which is a hypergeometric equation (the standard form of this equation is
obtained after the substitution xy = —n).
The PDE has been reduced to an ODE. The same transformations and

reductions are true in higher dimensions if u = u(r,t) where r = |x].

As another example for the application of similarity transformations, we

consider a nonlinear heat equation where the diffusion coefficient depends on

% - % (D(@%) . (7.34)

To find a similarity solution, we attempt to introduce a new variable n =

u

22t where a and 3 are constants to be determined later and attempt to find
a solution of (7.34) which is dependent only on 7, viz. w = u(n). For such a

function, we have (primes denote differentiation with respect to )

ou
R xatﬁ—lu/
at /8 Y
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ou o1
— = az* W,
or

and

9 Ouy _ 1)p0—248 12 20—2,23 n
% (D(u)8x> = a(a— 1Dzt D(u)u’ + oz =t [D(u)u'] .

Substituting these results in Equation (7.34) and dividing by 2%~2?, we obtain

x2

B?u'(n) = a(a— 1)D(u)u’ + oy [D(u)u'] .

We see that if we choose @« =1 and = —1/2, i.e,,

oz

n= a7z
then the explicit dependence of this equation on x and t separately disappears.
The equation simplifies considerably and we have

(D@ + S =0, (7.35)

i.e., the partial differential equation has been reduced to an ODE. This trans-

formation is due to Boltzmann.

7.1.3  Stephan Problem(s)

“Stephan problems” refer to a class of interface models between two phases of
material (e.g., solid and liquid) where the boundary of the interface is moving
in time.

For concreteness, we consider a solid and liquid in a slender pipe with a
constant cross-section A which is perfectly insulated. The solid phase is on
the right side and the liquid phase on the left. We denote the position of the
interface between these phases by p(t). Both the solid and liquid phases are

assumed to satisfy the heat equation with proper coefficients

1ous _ Ous 1 0u, _ Ou
k’s ot N 81‘27 k’L ot N ox?

(7.36)

where the subscripts S and L denote the solid and liquid phase respectively.

At the interface, we also have

us(p(t),t) = ur(p(t),t);
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i.e., the temperature varies continuously across the interface.
To model the movement of the interface between the two phases, we invoke

the law of energy conservation. The heat flux across the boundary p(t) is

Ags(p(t),t) — Aqr(p(t), ).

This amount of heat is used to melt some of the solid in the tube. Denoting
the latent heat of the solid phase by L, we have

Ags(p(t),t) — Aqr(p(t), t) = LpAp(t). (7.37)

This is referred to as the “Stephan condition.” Since Fourier law of heat con-

duction holds for the two phases, (7.37) becomes

Ous(p(t),t) , , Our(p(t),?)

—k
o ox ox

+ kyp,

= Lpp(2). (7.38)

This equation is used to determine the position of the interface in time.

Exercises

1. Generalize the prototype model to a situation in which heat is being

generated in the rod at a rate of r(x,t) per unit volume.

Hint. The rate at which heat is being generated in any infinitesimal slice
[z, x4+ Ax] is given by r(x,t)AAz. Use this to modify Equation (1.6) or
(1.8).

2. Generalize the prototype model to the case in which ¢, k, and p are

functions of x (non-homogeneous rod).
3. Repeat Exercise 2 when ¢, k, and p are functions of the temperature w.

4. Generalize the prototype model to the case A = A(x) where A(z) is a
function that varies slowly with = so we can still assume approximately

that the temperature u is a function of x and t.

5. Newton’s law of cooling states that for a non-insulated rod, the rate of

the heat loss per unit length is proportional to u — T where u is the rod
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temperature and Ty is the temperature of the surroundings. Show that
the heat equation in one dimension now takes the form

ou 0u

cp— = k— — a(u —T; 7.39

pot = kg — alu—Ty) (7.39)

where a is constant.

Note. In this case we must assume that the rod is “thin” in order to be
able to justify the approximation that temperature u is a function of x
and ¢.

. A rod is made of a material that undergoes a chemical reaction as a

result of which the specific heat and conductivity change with respect to
time [i.e., ¢ = ¢(t) and k = k(t)]. Derive the corresponding heat equation

in one dimension.

Derive the heat conduction equation for a three-dimensional body by

considering an infinitesimal volume.

If the temperature inside a homogeneous and isotropic sphere is given to
be a function of the radial distance r only, show that the heat conduction
equation is given by

Lo _ (200
kot \or2 ror)’

Hint. Use infinitesimal spherical shells.

Derive the heat conduction equation for an isotropic homogeneous and

laterally insulated circular plate in which v = u(r, ).

Hint. Consider infinitesimal rings.

Show that if u(x,t) is a solution of the heat equation, then du/0x and

Ou /0t are also solutions of this equation.

Show that Burger’s equation
ou N ou 0%u
- U— =yV——
ot Ox Ox?
can be transformed into the heat equation by introducing

w = _2V8_:c (Inw).
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7.2 MODELING WAVE PHENOMENA

Objective
Construct a prototype mathematical model for the transverse vibrations
of a string with fixed ends (see Fig. 7.5).

v

Figure 7.5 Flexed string of length L

Background

In general, an in-depth treatment of wave phenomena requires considering
the elastic properties of matter and leads to a complicated set of equations.
To overcome this difficulty, we make the following simplifying approximations
and idealizations so that a prototype model can be constructed by applying
only Newton’s second law F = ma (i.e., the force equals the mass multiplied
by the acceleration) to the system under study.

Approximations and Idealizations

1. The string is rigidly attached at its end points.

2. The string vibrates in one plane.

3. No external forces act on the string (prototype model).

4. The string does not suffer from damping forces (prototype model).

5. The string is homogeneous. In particular, this implies that the linear

density p (i.e., the mass per unit length) of the string is constant.
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6. The deflection u of the string from equilibrium and its slope are always
small. Consequently, we are able to assume a point on the string moves

only in the vertical direction.

7. The tension force in the string is always tangential to it. This is usually

expressed by saying that the string is assumed to be perfectly flexible.

Modeling
Consider a small segment of the string between = and x + Az as shown
in Fig. 7.6. Before we can apply Newton’s Second Law to the motion of this

segment, we must make the following observations:

1. By approximation 6, the segment is not moving in the horizontal di-
rection. Therefore if we denote by T(z,t) the tension in the string, the
horizontal components of T(z,t) at x and z + Az must be equal (see
Fig 7.6).

T(x)cosa =T(x + Az)cosf = R. (7.40)

2. The mass of the segment [z, 2 + Az]| is given by pAs. Where As is the
length of this segment in the deformed state of the string. However,

since we are considering only small deflections, |u| < 1, it follows that
As ~ Ax.

3. The acceleration of the segment in the vertical direction is given by

(0%u/Ot?).
4. The sum of the vertical forces acting on the segment (see Fig. 7.6)is

T(x+ Ax)sin f — T'(z)sin a.

Combining all these observations and approximations, we infer from New-

ton’s second law that

2
pAm% =T(x+ Az)sinf — T'(x)sin av. (7.41)
Using (7.40) to elliminate 7" form this equation yields
0*u
pAr— = R(tanf — tana) (7.42)

ot?
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T
/,1\
a
T
X x + Ax X
Figure 7.6 Balance of forces on a small section of the string
However since T is always tangential to the string
ou
tana = —(x,t 7.43
a1 (7.43)
0
tan § = a—u(a: + Az, t). (7.44)
x

Substituting Equations (7.43) and (7.44) in Equation (7.42) and dividing by
Az, we obtain

Pom = Rz A O : (7.45)
Letting Ax — 0, we finally obtain
10%u  O%u
2o~ o (7.46)

where ¢ = R/p.

Equation (7.46) is called the wave equation in one dimension.

Remark 7.2.1 From Fig. 7.6, we can infer that the sum of the horizon-
tal forces acting on the string segment is T'(cos B — cosa) # 0. Hence, the
segment must have an acceleration in the horizontal direction, which contra-
dicts approximation 6b. However, since a and 5 are small, we can arqgue that

T(cos 8 — cos ) is negligible.
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Compounding

Example 7.2.1 Derive a model equation for very small vibrations of a ver-
tically suspended chain whose length is L and whose mass density per unit

length p is constant.
Approximations

1. Since the amplitude u of the vibrations is small, we assume that a point

on the chain does not change its z-coordinate (see Fig 7.7).

2. The tension T'(x,t) in the chain cannot be assumed to be constant in the
context of this problem. In fact, in the equilibrium (vertical) position of

the chain,
T(x) = pg(L — x). (7.47)

In the following model, we assume that Equation (7.47) gives an accept-
able approximation for the tension in the vibrating chain when |u| < 1
and ‘%| < 1

3. Other approximations and idealizations of the prototype model remain

mtact.

Modeling

To construct a mathematical model, we once again consider a small section
of chain between [z, z + Azx]. Applying Newton’s second law in the horizontal
direction to such a section (see Fig. 7.8), we obtain

0u . .
pAazw =T (z+ Ax)sinf — T'(z) sin av. (7.48)

But since v and § are small, we can once again use the approximations

given by Equations (7.43) and (7.44). Hence,

0u 1 ou ou
Letting Ax — 0, it follows then that

p% = % [T(x)%(x,t)] : (7.50)
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Figure 7.7 Vibrating chain

Substituting Equation (7.47) for T'(z), we finally obtain
0%u 0 u
— =9g— |(L—2)=—|. 7.51
o2~ Jox {( 1)81‘] (7:51)
Other examples of physical systems describing wave phenomena will be

discussed in Sections 4 and 5.

7.2.1 Nonlinear Wave Equations

Nonlinear wave equations have many important applications. We give here a
brief overview of this topic.
To begin with, we consider the nonlinear wave equation

F”(U)UQ F”(U)UQ]
Fru) Fr(u) *

Uy +

=\ [uw +
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x + Ax

T(x + Ax, t)

Figure 7.8 Balance of forces on a small section of the chain

where F'(u) is a smooth invertible function of u. This equation can be linearized
by the transformation ¢ = F(u). In fact,

o= P b= ) [+ T

with similar expressions for the derivatives with respect to x. We infer then
that
wtt = )\djxx

An important wave equation that models long water waves of low ampli-
tude is the Korteweg-de Vries (KdV for short) equation

Uy — 6UUy + Upyw = 0. (7.52)

This equation admits “traveling wave solutions” of the the form u = f(x —

ct) (or u = f(z + ct)) in which case this equation reduces to

—cf' =6ff + f"=0 (7.53)
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where primes denote differentiation with respect to z = x — ct. This equation

can be integrated once, and we obtain
—(c+3NH)f+ f"=0Cy. (7.54)
Multiplying this equation by f’ and integrating again leads to
—(c+2)f2+ (f')> = 2C.f + Cq (7.55)

where C7, Cs are integration constants. For the special case that C; = Cy =0
(which can be justified by imposing proper boundary conditions on f and f’),
we obtain a simple first order equation whose solution is

¢ Ve
= ——sech® | X=(x —ct)| .
=gt | Lo - at)
Such a solution is called a soliton as it exhibits some special properties. One
of these special properties is that when two solitons traveling in opposite
directions collide, they come out of the collision with unchanged shape.
The KdV equation admits also n-soliton solutions. A two soliton solution

is given by
3 + 4cosh(2x — 8t) + cosh(4x — 64t)

[3cosh(x — 28t) 4 cosh(3x — 36t)]?

The Sine-Gordon (SG) equation is obtained from the linear wave equation

f=-12

by replacing the right hand side of this equation by some elementary function,
e.g.,
Ugpy — Uy = SIN U.

This equation models superconducting transmission lines (“Josephson Junc-
tions”) and the propagation of crystal defects (and many other phenomena).
The nonlinear term on the right hand side of this equation models the quan-
tum tunneling effect of electron-pairs through the insulating material of a
superconducting transmission line.

Looking again for traveling wave solutions, u = f(z — ct) reduces the SG
equation to

(1—c*)f" =sin f.
We can integrate this equation with respect to z = x — ¢t by multiplying it by
f’ to obtain
(1—cA(f)?=C —2cos f.
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For the special case C; = 2, we can solve this differential equation to obtain

a soliton solution in the form

xr —ct
u(z,t) = 4arctan |exp | T——— .
o [ p( Wl—@)]

This solution with the plus (minus) sign is usually referred to as a “kink”
(anti-kink) solution since u increases (decreases) monotonically by 27 as z
varies from —oo to oo.

Another wave equation which models water waves in deep ocean and the
propagation of nonlinear pulses in fiber optics is the Nonlinear Schrodinger
equation (NLS)

ity £ Uy + 2|ul*u = 0. (7.56)

The equation with the '+’ sign is referred to as the focusing NSL equation
while the one with '—’ sign is called the defocusing NLS equation.
To derive this equation, we consider a one dimensional superposition of

waves (a “wave packet”) in the form

f(z,t) = % / F(k)e k=« ®)D) g, (7.57)
where F'(k) is the Fourier transform of f(z,0). Observe that the different
waves in this superposition might have different speeds c¢(k) = w(k)/k. The
relation w = w(k) is referred to as the “dispersion relation for the wave” and
c(k) as the phase velocity, v,(k), of the individual waves in the packet.

We now consider such a superposition under the assumption that F'(k)
is concentrated around a certain value of k = ko (that is F'(k) ~ 0 outside
a small interval around kg). Such a superposition of waves is called a “wave

packet.” For such a packet, we can expand the dispersion relation around kg
W= wy + Cl1(]€ — ]{30) + az(k’ — ]{30)2 + O[(k’ — ]{30)3].

Substituting this approximation in (7.57) we obtain

fla,t) = eor=ety (g t) (7.58)

where .
¢($, t) — 2i / F(k)ei[(k—ko)x—al(k?—k?())t—az(k?—k?())Qt]dk,. (759)

T J -0
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In Equation (7.58), e!For=«0t) ig called the “carrier wave” while v(z,t) is the
“envelope wave.”

Letting v = k — ko and differentiating Equation (7.59) with respect to t,

L (a_zp + a18—¢) = 0. (7.60)

we obtain

a —_—
2 D ot O
By adding a “small nonlinear term a|)|?1)” to this equation to account for the

transmission medium nonlinearities, we obtain the “Nonlinear Schrodinger

equation”

Oy (O N 2, _
CLQ@‘{‘Z(E‘FCM%)—FC”ZM@&—O

This equation can be transferred to the standard form of the NLS equation
(7.56) by a proper transformation of the variables. The NLS equation admits

solitons as solutions.

7.2.2 Riemann Invariants

Consider the nonlinear wave equation with ¢ = ¢(¢,), i.e.,

0% Y

We can rewrite this equation as a system of two equations by introducing

¥y = u and v, = v. In fact, since u, = 1,; = v;, we have
v — = 0. (7.62)
Furthermore, from Equation (7.61) we have
c(v)?vy —u; = 0. (7.63)
Multiplying Equation (7.62) by ¢(v) and adding to Equation (7.63) we have
c(v)[ve + c(v)vy] — [ur + c(v)uy] = 0. (7.64)

Similarly, by multiplying Equation (7.62) by ¢(v) and subtracting from Equa-
tion (7.63), we obtain

c(v)[vy — c(v)vg] — [ug — c(v)u,] = 0. (7.65)
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On the line where c(v) = % Equation (7.64) becomes
dv du
c(v)[vy + c(v)vg] — [ug + e(v)u,] = c(v)a + i 0.
Letting dG = ¢(v)dv, we rewrite this equation as
d
a[G(v) +u] =0.
Similarly on the line ¢(v) = —4% Equation (7.65) becomes
dv  du
c(v)ve — c(v)vg] — [up — c(v)u,] = C("U)E T
which leads to J
d—t[—G(v) +u] = 0.

It follows then that the quantities
r=GWw)+u, s=-G)+u

are conserved on the lines where c¢(v) = :I:fli—f respectively. These quantities
are called the Riemann invariants of the Equation (7.61). The lines where

c(v) = £% are called the “characteristic curves” of Equation (7.61).
Exercises

1. Derive a model equation for the vibration of the string if a vertical
external force F'(z,t) per unit length is acting on it. Especially consider

the case of the gravitational force where ' = pg.

2. Derive a model equation for the vibration of the string when its motion
is subject to an elastic restraint and a damping force. (The restraint
can be thought of as a force of ku per unit of length acting to return
the string to its equilibrium position. The damping force is given by

b(Ou/0t) per unit length acting to oppose its motion.)

3. Generalize the model equation for the vibration of the string to the case

where p = p(x).
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4. Longitudinal elastic waves: Consider an elastic homogeneous rod
with a constant cross section placed along the z-axis. If we apply longi-
tudinal stresses to the rod, then a particle whose rest position is = will
find itself at « + u(x,t), where we are assuming that the displacement
u = u(x,t). It is known that the local stress, T' (force/unit area), in
an elastic bar satisfies T' = Fu, where E is called the elastic modulus.
Derive a model equation for u(z,t) by considering a small section of the

rod and the stress difference between its ends (see Fig. 7.9).

Hint. Let p be the mass density of the bar and A its cross section. The
mass of the small section is pAAx, and its acceleration is §%u/dt*. The
stress difference across the section is FA[u,(z + Az, t) — u,(z,t)]. Note
that ¢ = \/m is called the speed of sound in the medium.

5. Derive a model equation for the vibrations of a membrane whose edges
are fixed. Make similar assumptions as for the vibrating string.

Hint. Consider a small rectangular area and apply the same analysis as

for the string in the z and y directions.

x +u(x,t) x + Ax + u(x + Ax, t)

— EAu,(x + Ax,t)

S

X x + Ax
EAu,(x,t)

Figure 7.9 Acoustic vibrations in a metal rod

6. The pressure p and the mass flow rate u of a fluid flowing in a long pipe

are related approximately by the equations

dp _ Ou
ot Ox
Ju Op

ot O



10.

Modeling with Partial Differential Equations B 251

where ¢ is the compressibility of the fluid. Show that both p nd u satisfy

the wave equation in one dimension.

Show that
u(z,t) = f(x —ct) + g(x + ct)

is a solution of the wave equation in one dimension when f and g are

any “smooth functions.”

Derive a model equation for the small vibrations of a string that is
rotating around the z-axis at a constant angular velocity w. Assume

that at each moment all the points of the string are one plane.

. A mass m is attached to the end of a suspended chain of length L and

linear density p. Derive a model equation for the small vibrations of this

system.

The results of Exercise 4 can be applied to the air vibrations in an
organ pipe. However, since it is not “easy” to follow the position of air
molecules, it is more natural to derive an equation for the pressure in
the pipe. If it is known that the pressure is proportional to du/dz, show

that it must satisfy the wave equation.

7.3  SHALLOW WATER WAVES

Objective

Derive a prototype model equation that describes the phenomena of slow

waves in shallow water (i.e., waves in a pool or on the seashore).

Background

An in-depth treatment of wave phenomena in fluids requires a knowledge

of fluid mechanics. We simplify the derivation of this problem by applying

Newton’s second law and the following elementary facts.

1.

The hydrostatic pressure p (force/unit area) in a fluid at a point of

depth D below its surface is given by

p=pgD (7.66)
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where p is the mass density of the fluid and ¢ is the acceleration of

gravity.

2. The principle of mass conservation states that the rate of change
of mass in a given volume equals the rate at which mass is entering the

volume less the rate at which it is leaving it.
Approximations and Idealizations

1. Water is incompressible and hence has a constant density p independent

of the pressure.

2. The motion of the fluid under consideration is two dimensional; that is,
each fluid particle is constrained to move in two dimensions, x and y
(see Fig. 7.10).

3. Because we are considering only slow waves, water acceleration is small
and we can approximate the pressure at a point (z,y) beneath the water

surface by the hydrostatic pressure

where h(z,t) is the wave height.

4. The force per unit volume in the fluid is given by the negative of the pres-
sure gradient. In particular, the force per unit volume in the z direction
is

F = —p, = —pgh,(z,t) (7.68)

where p, = dp/0x, and so on.

5. Since the force F'is independent of y, it is reasonable to assume that the
x component of a particle velocity u is a function of z and ¢ only; that
is, u = u(x,t). (We assume also that the y component of the velocity is
0.)

Modeling

Consider a small volume AV of water. Its mass is pA, V and its acceleration
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y

%
/ ’

z D(x)

/

Figure 7.10 Waves over topography

v

Bottom

is du/dt. The force acting on it in the x direction is —pgh,(z,t)AV. Hence,

by Newton’s second law,

pAVE = —pgh.(z,t)AV. (7.69)

(This is Lagrange’s picture where the coordinate system is moving with the
particle.) However, for an inertial observer (Euler picture) u = u[z(t), ], there-

fore,

d_u—a_u@_Fa_Ud_x—a_u_i_a_u (770)
it~ otdt oxdt ot o |
Thus, we infer from Equation (7.69) that

Up + Uyt = —ghy. (7.71)

Because Equation (7.71) contains two unknown quantities, we need an-
other independent equation that relates h and u in order to be able to solve
our model. Such an equation can be obtained by using the principle of mass
conservation.

To apply this principle, consider the column of water between x and z+ Ax
and the horizontal length Az in the z direction (see Fig. 7.11).
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D(x) + h(x,t) ——

ulx,t) — | — u(x + Ax, t)

Ax

Figure 7.11  Fluid flux in a small column

The difference between the amounts of water in this volume at ¢t + At and
tis

Az - Ax - plh(z,t + At) — h(z,1)]. (7.72)

This quantity must equal the difference between the amount of water en-

tering this volume in time At less the amount leaving it. Hence,

Az-At-p{[D(z) + h(z,t)|u(z,t) — [D(x+ Az) + h(z + Az, t)]u(z + Az, t)}
= Az-Az-plh(z,t + At) — h(z,t))]. (7.73)

Dividing Equation (7.73) by Az and At and letting them approach zero,

we obtain in the limit

hy = —[u(h + D)].. (7.74)
Equations (7.71) and (7.74) constitute a system of coupled partial differ-

ential equations describing shallow water waves.

We observe that Equation (7.74) is in conservative form; i.e., if we define
fi=h, fa=ulh+ D)

then of of
1 2
ot " or



Modeling with Partial Differential Equations B 255

However, Equation (7.71) is not in this form. To re-express this equation in
conservative form, we multiply Equation (7.71) by (h+ D) and Equation (7.74)
by u and sum. Combining the derivatives and observing that D = D(x), we
obtain

[(h + D)u), + [(h + D)u?], + g(h + D)h, = 0.

Adding and subtracting gh(h + D), in this equation we obtain
[(h+ D)ul, + [(h + D)u* + g(h + D)h], = gh(h + D),. (7.75)

Multiplying this equation by p, we can interpret it as a representation of the
law of momentum conservation where the right side of the equation represents
the impulse due to gravity and non-constant bottom. The terms in the ex-
pression [(h + D)u® + g(h + D)h| represent the kinetic and potential energy
of the fluid respectively.

7.3.1  Tsunamis

Waves on the oceans are generated by various causes. First, there are waves
generated by winds blowing on the ocean surface. Then, there are waves due
to tidal forces exerted by the gravitational interaction with the Sun and Moon
systems. Finally, there are those that are generated as a result of earthquakes
or other natural catastrophes. This last category of waves is referred to as
tsunamis.

Tsunamis are characterized by long wavelength A and period w. Typically,
the wavelength can range from few to hundreds of kilometers. Since the ocean
depth D on Earth is less than 11km, it follows that for these waves we always
have A\/D > 1. Accordingly, tsunamis can be treated as shallow water waves.
As the wave approaches, land D decreases and A/D becomes very large. Thus,
decreasing depth leads to a higher concentration of the energy.

In the deep ocean, we can approximate the horizontal and vertical dis-

placements of a particle at (z,y) due to the wave by
X = Asin(kx +w(k)t), h=—DBcos(kx + w(k)t)

where A is a constant and B = Aky. The factor ky has been added in this

model of the tsunami wave for several reasons. To begin with, k¥ = 27 /A, and it
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follows that at the ocean surface the vertical amplitude of this wave is 2r AD /A
. However, D/ < 1, which implies that (as expected) the vertical amplitude
of the wave is much smaller than the horizontal amplitude. In addition, the
vertical displacement is 0 at the ocean bottom. Furthermore, this form of
the wave satisfies the continuity equation divu = 0, u = (u,v). In fact, the

velocity components of the wave are
u = Aw cos(kx + w(k)t), v = Akywsin(kz + w(k)t)

and therefore

Uy + vy = 0.

Energy conservation implies then that w? = (¢D)k?. (Such a relation that
expresses the frequency as a function of the wave number is called “a dispersion

relation.”) The group velocity is therefore

dw
Vg = |% = \/gD.

Observe that for this dispersion relation, the phase velocity v, = |Z| is
equal also to v/gD. From this expression, we infer that in the deep ocean with
D ~ 4km, we have v, ~ 200m/sec. Thus, a tsunami can propagate very fast
in the open ocean. However, as the water depth decreases, the tsunami slows
down. At the same time the tsunami’s energy flux, which is the sum of its
kinetic and potential energies, remains almost constant. Consequently, as the
tsunami’s speed diminishes as it travels into shallower water, its height grows.
Because of this effect, a tsunami, imperceptible at sea, may grow to be several
meters or more in height near the coast.

Thus, assuming no dissipation due to friction or turbulence, the tsunami
energy flux is proportional to B%uv, or B?v/D. Tt follows then that constant
energy flow requires that the tsunami amplitude B is proportional to D~1/4.
Suppose now that at a depth of 4km the tsunami’s vertical amplitude is 1m
(a “normal wave”), then at depth of 2m (near the shore) the wave height will

be approximately 6.7m.
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Exercises

1. If D is a constant and wu, h, and their derivatives are small (so that
nonlinear terms in these quantities can be neglected), show that h(x,t)

must satisfy the wave equation

htt = (gD)hxx

2. Under the same conditions as in the previous exercise, what is the equa-
tion that is satisfied by u(x,t)?

3. Repeat Exercises 1 and 2 when D is a linear function of z; that is,

D=ax+b a>0,b<0.

4. Modify Equation (7.71) to include the action of a damping force (in the

x direction) that is proportional to u.

7.4 UNIFORM TRANSMISSION LINE

Objective
Derive a prototype model equation for the voltage and current in a long,

uniform, two-wire transmission line.

Background

(For a detailed introduction to electric circuits, see chapter 1.) The most
common forms of transmission lines are coaxial and two-wire types. The coax-
ial transmission line consists of two concentric circular cylinders of metal. The
two-wire types consist of two parallel wires, one of which is used as ground.
We consider here the two-wire line.

The passage of an electric current through a cable always involves a leakage,
which leads to a loss of electric energy. For short distances, this loss can usually
be ignored. However, over long distances, which are found in transmission lines,

these losses must be taken into account.

Modeling
Since the transmission line is uniform, we assume that the resistance (R),
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capacitance (C'), inductance (L), and leakage (G) per unit length of the trans-
mission line are constant.

To derive the required model equations, we consider a small section of the
line between x and =+ Az and apply Kirchoff’s laws to a circuit that is equiv-
alent to it (see Fig. 7.12). Thus, RAz, LAx, C Az, and GAx are, respectively,
the resistance, inductance, capacitance, and conductance of the section. The
quantity GAz (where G is expressed in mhos or siemens) is a “virtual” resis-
tance so that the power lost through it to the ground is equal to that due to
leakage.

Applying Kirchoff’s second law between A and D, (see Fig. 7.12) we obtain

di(x,t)

e(x,t) —e(r + Ax,t) = RAzi(z,t) + LAx 5

(7.76)

Similarly, applying Kirchoft’s first law at the node B, we have

i(x,t) —i(x + Az, t) = CAIW + GAze(x + Ax,t).  (7.77)
i(x,t i(x+ Ax,t
2 (_’) B ( + )
———\\\ Y
LAx RAx
e(x,t) CAx == CAx e(x + Ax, t)
X X + Ax

Figure 7.12  Equivalent circuit for a small section of the transmission line

Dividing these equations by Az and letting Ax go to zero, we arrive at

two differential equations:

De di(z, 1)
ot

(7.78)
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i B Oe(x,t)
%(:c,t) = —Ge(z,t) - C 5

Finally, we can find an equation for e(x, t) only by differentiating Equations

(7.79)

(7.78) and (7.79) with respect to = and ¢, respectively, to eliminate i(x,t). We
obtain
Crp = LCett + (LG + RC)et + RGe. (780)

Similarly, we can show that i(x,t) satisfies
Equations (7.80) and (7.81) are known as the telegraph equations.

Special Cases
High-Frequency Limit. To qualitatively analyze this limit, consider the case

where
e(x,t) = A(x) sin(wt + ¢1), i(x,t) = B(z)sin(wt + ¢2) (7.82)

and w > 1. Under these assumptions, the second term in the right-hand side of
Equation (7.78), whose “effective coefficient” is Lw (the impedance), is much
larger than the first term, whose effective coefficient is R. Hence, Equation

(7.78) can be approximated in this limit by
es = —Li,. (7.83)
Similarly, Equation (7.79) reduces to
iy = Ce,. (7.84)
Combining Equations (7.83) and (7.84) we obtain the wave equation
ere = LCey, iyp = LCliy. (7.85)

Low-Frequency Limit. In this case, ¢ and e change very slowly with time. There-
fore, from a similar qualitative analysis as performed for the high frequency
limit, with w < 1, we obtain that the effective coefficient of the second term
(Lw) is much smaller than R. Consequently, we can approximate Equations
(7.78) and (7.79) by

e, = —Ri, i, = —Ge (7.86)
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and therefore,
e = RGe, 1., = RGI. (7.87)

These are ordinary differential equations for ¢ and e.

Submarine Cable. In the 19th century, telecommunication signals between the
United States and Europe were transmitted by cables that were laid down on
the ocean floor. For these cables, G = 0 because of their extreme insulation.
Moreover, the signal frequency w is low. Under these circumstances, we infer
from equation (7.82) that the impedance Lw is much smaller than R. Hence,

equation (7.78) can be approximated by
e, = —Ri. (7.88)

Furthermore, since we have assumed G = 0, Equation (7.79) simplifies to

Oe
e = —C'—. 7.89
' ot (7.89)
Combining these two equations, we can approximate Equations (7.78) and
(7.79) by

Crx — RCet, Z:m; = RCZt (790)

which show that e and ¢ satisfy the one-dimensional diffusion equation.

Exercises

1. Give explicit derivations of equations (7.80) and (7.81).

2. Compare equations (7.80) and (7.81) with the model equation for a
spring mass system with friction and identify the physical meaning of

each term in these equations.

3. Explain in detail the approximations that lead to equations (7.83),
(7.84), (7.86), (7.89), and (7.90).

4. Derive a differential equation for the voltage e(t) in the circuit in Fig.
7.13 if the current i(¢) is known.
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e(t) L

Figure 7.13 LRC circuit

7.5 THE POTENTIAL (OR LAPLACE) EQUATION

Objective
Derive model equations to compute the gravitational field of a material
body.

Remark 7.5.1 Although we restrict our discussion to the gravitational field,

the static electric field would warrant similar treatment.

Background
Newton’s law of gravitation states that a point mass M attracts another

point mass m by a force
GMm

F = 5

e, (7.91)

r
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where G is the gravitational constant, r is the distance between the two masses,
and e, is a unit vector along r (pointing outward from M i.e., in the direction

in which r increases) (see Fig. 7.14).

Figure 7.14 Gravitational force exerted by mass M on mass m

Since Equation (7.91) can be rewritten as

GM
F = (7@) m, (7.92)
we introduce the gravitational field generated by the mass M as
GM

Thus, the gravitational field is the force that acts on a test particle of unit

mass at a point due to the presence of the mass M.
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The gravitational field admits a potential; i.e., there exists a scalar function
® so that
F=-Vo. (7.94)

The minus sign in this equation conforms to the convention that the force
exerted by the field on a point particle is always in the direction in which the
potential (energy) is decreasing most rapidly.

For the gravitational field of a point mass M, the potential function @ is

oM

r

®(r) = (7.95)

Remark 7.5.2 Following the standard engineering convention, (see e.q. Stan-
dard Mathematical Tables published by CRC), spherical coordinates (see Fig.
7.15) are defined as

x = rsin ¢ cosf (7.96)
y = rsin¢sinf (7.97)
Z =1Ccos ¢ (7.98)

and the expression of the gradient operator is

Cof  1of 1 of

VI= e T 1 36% T g 90

(7.99)
In our case, ® is a function of r only.

The superposition principle states that the gravitational field at a point
due to two point masses M; and M, is equal to the (vector) sum of their

gravitational fields, which can be written as

GM G M.
Fioa =F1+Foy = ——te, — —5e, (7.100)
7“1 T‘2

where 71, 5 are the distances from M; and M5 to the point under consideration
(see Fig. 7.16).
As a corollary, we observe that if ®; and ®, are the potential functions for

the gravitational field of the masses M; and Ms, respectively, then

Fiota = —V&; — VO = V(P + ®y) (7.101)
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X
Figure 7.15 Spherical coordinate system
where oM
;=1 =12 (7.102)
T

Thus, the potential function of the total gravitational field is given by the
(scalar) sum of the individual potential functions.
Similarly, if we are given a finite number of point masses, M;,i = 1,...,n

with gravitational fields F; and potential functions ®;, then
Fioa =) Fi=—) V& =-V (Z @) : (7.103)
i=1 i=1 i=1

Remark 7.5.3 If the total potential function ® of a gravitational field s
known, then the gravitational field itself is given as F = V®. This is one

of the reasons for the introduction of the potential function, since ® is simply
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M,
1
Fy .

X 2

eT

F, 1

)
M,

Figure 7.16 Gravitational force due to My, My at x

a (scalar) sum of the individual potentials and hence easier to compute than

the (vector) sum of the gravitational fields.

Idealizations

1. We assume that the concept of a point mass is valid. As a matter of
fact, we note that due to the discrete nature of matter, the notion of a

(mathematical) point particle with mass m has no physical meaning.

2. We assume that the field generated by a point particle does not act on

itself; otherwise, various contradictions will creep in.

Modeling

To compute the gravitational field due to a continuous mass distribution
with mass density p(x) in a volume V, we divide the volume into small cells
of volume AVj;. If we consider each of these cells as a point particle of mass
p(x,)AV; (where x(eAV;), then the gravitational field due to it at a point
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x = (z,y,2) is

_ DAV,
AF, = % (7.104)
T
where
= lx—xi) = V(@ - 22+ (y — ) + (2 - 2})? (7.105)
(see Fig. 7.17).
X
Figure 7.17 Gravitational field at x due to a small volume of the body
The gravitational potential associated with this field is
Gp(x)) AV,
Ap, — —GPXDAVE (7.106)
T
Hence, the potential due to the whole mass is given approximately by
Gp(x;)AV;
b =— AD;, = — —_ 7.107
2AN=E T e

By letting AV; — 0, the sum in Equation (7.107) will be replaced by the



Modeling with Partial Differential Equations B 267

volume integral over V'

O(v,y,2) = /M

'dy'd!
_ / xyz)dx v —.  (T.108)
Ve =22+ y—y)?+(z—2)

Notice that the integral is over the volume of the body whose coordinates
are denoted by 2,9, and 2/, whereas the coordinates of the point where the
potential is being computed are denoted by x,y, and z.

To find the differential equation satisfied by ®(z,y, z), we compute

o® 0P 0P
and V - (V®) = V2® to show that

P 0P 09
V2P = = tor tos 0. (7.110)

This equation is called the potential or Laplace equation (in three dimen-
sions).
Compounding

In various applications, we must consider other equations that are closely
related to the Laplace equation in three dimensions. Three examples of such

equations follow:

1. The Laplace equation in n dimensions is

n 2
vl =S 2 (7.111)

2. The Poisson equation is given by
Viu = f(x). (7.112)

It can be shown that the gravitational field inside a body satisfies such
an equation with f(x) = 4mp(x). (See Exercise 6.)
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3. The Helmholtz equation is
Viu + k*u =0 (7.113)
where k is a constant.

Example 7.5.1 Compute the gravitational potential of a solid sphere of ra-

dius a and a constant mass density p.

Solution 7.5.1 As noted earlier, in all such problems we first compute the

gravitational potential ® and then evaluate the gravitational field F as A®.

In this problem, because the sphere is isotropic, the gravitational potential
must be the same for all points whose distance from the center of the sphere
is the same. It follows that if we let the center of the sphere coincide with
the origin of the coordinate system, then all points with » = constant must
have the same potential. It is enough, therefore, to evaluate ® at (0,0, z) with
0 < a < z. To do so, we infer from Equation (7.108) that

dx'dy'dz’
©(0,0,2) = —Gp/ 72 /y2 N2’
v/ (@) + ()2 + (2 — 2)

(7.114)

To compute this integral, we introduce spherical coordinates on z’,y’ and 2.

This transformation is given by

¥ = rsin¢cosb

Yy = rsingsind

7 = rcos¢ (7.115)
and

dV = r?sin pdepdr. (7.116)

If we write the volume integral for ®(0,0, z) as an iterated integral, we see

that
© TP r?sin gdfded
B(0,0,2) = —Gp/// r* sin pdfdodr
o Jo Jo /r2+ 22— 2rzcos¢

- /‘1/7r r? sin ¢pdeodr (7.117)
= 27 : :
g 0 Jo /12422 —2rzcos¢
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To compute the integral over ¢, we introduce the substitution
w =712+ 2% — 2rzcos ¢. (7.118)

Remembering that z is a constant in this computation, we obtain

G a (r+2)?
©(0,0,2) = —u/ rdr/ w2 dw
z 0 (r—z)2
2nG “
= I g2 | (7.119)
> (r—z)
0
But
w2 Ej§ —(r42)—|r—z =2r (7.120)

since r < a < z, and it follows that

dma? M
(0,0, 2) — —maPG G (7.121)

3z z

where M is the total mass of the body. For a general point whose distance

from the origin is R, we obtain (due to symmetry)

O(R) = —GTM. (7.122)

Equation (7.122) implies that the potential of a solid sphere of mass M is

equivalent to that of a point particle with the same mass situated at its center.

7.5.1 Kirchoff Transformation

In many practical situations, one is called to consider a nonlinear version of

Laplace equation in the form
V- (D(p)Ve)=0. (7.123)

We can linearize this equation by introducing

@
Y = / D(t)dt (7.124)
where a is an arbitrary constant. (This is called Kirchoff transformation.) We

dy
=

then have
D(9). (7.125)
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By the chain rule we obtain

Vi) = %w = D(¢)Vé. (7.126)

Hence, from Equation (7.123) we infer that

V23 =V - (Vy) =0; (7.127)

i.e., Equation (7.123) has been reduced to Laplace equation. We can recover
¢ from 1) using Equation (7.125).

Exercises

1.

Compute the gravitational field of a spherical shell with constant density

p, inner radius Ry, and outer radius R,.

Hint. Consider two cases: one for a point outside the shell and another

for a point inside the cavity.

Derive an expression for the gravitational potential of a thin metal wire

bent to form a circle of radius a if its mass density per unit length is p.

Derive a model equation for the gravitational field generated by a flat
circular ring a < r < b whose mass density per unit area p is constant.

Consider points in the ring plane only.

Compute the expression for the two-dimensional Laplace equation in

polar coordinates.

Compute the expression for the Laplace equation in three dimensions in

cylindrical and spherical coordinates.
Derive the Poisson equation as follows:

(a) Show that the gravitational field for a point of mass m satisfies

/F'dS:47rm
s

where S is an (arbitrary) sphere around m.
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(b) Then deduce that the gravitational field of a continuous mass dis-

tribution satisfies
/F-dS:47r/pdV.
s 1%

(c) Use the fact that F = V¢ and the divergence theorem to obtain

the Poisson equation.

7. Show that In(z? +y?) and 1/4/2? + y? 4 22 are solutions of the Laplace
equation in two and three dimensions, respectively.

7.6 THE CONTINUITY EQUATION

Objective

Derive a model equation for the traffic low on a highway without exits
and with one entrance and one lane (see Fig. 7.18).
Discussion

One possible approach to modeling the traffic flow is to describe each car
as a finite element on the highway and then write a discrete model, which
describes the motion of each such car. However, if there are many cars on
the highway, this approach is not practical, and it is better to construct a
continuous model, which treats these cars as “smeared out” quantities. We

construct such a continuous model in this section.

Figure 7.18 Cars on a one lane highway

Approximation and Idealization
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1. We assume that the highway is infinite.

2. We define the car density p(z,t) as

Number of cars on the interval [z,z + Ax] at time ¢

p(z,t) = s

(7.128)
where Az must be large compared to a car length. [Otherwise, p(z,t) = 1
if there is a car at x in time ¢, or p(z,t) = 0 if there is none.| In fact,
the same approximation is made whenever we define the mass density
of a “continuous” body made of discrete atoms and molecules. Hence,

the equations we derive in this section apply also to fluid flow in a pipe.

3. We assume that there are no accidents on the highway (or that their
number is negligible). Hence, we can formulate the principle of “car con-

servation” (which is equivalent to that of mass conservation) as follows:

The rate at which the number of cars on the segment [a,b] is changing

equals the rate at which they enter less the rate at which they are leaving.

4. We define the concept of car flux g(x,t) in the same way that we defined
this concept in Section 2. However, in this context it is natural to define
the flux per lane rather than per unit area. Equivalently, this can be
considered as letting the unit length be equal to the width of the lane.
Moreover, note that

a(@,1) = pla, tyu(z, 1 (7.129)
where u(z,t) is the car’s speed at x at time ¢, and the dimension of ¢ is
Cars
= : 7.130
1 Time ( )

Modeling

To derive a model equation for the traffic flow, consider a finite section of

the road between a and b. The number n of cars in this segment at time ¢ is

n(t,a.b) = / ety (7.131)

Hence, the rate of change in this quantity is

dn  ["Op(z,t)
E —/0; le‘ (7132)
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This rate of change must equal the flux of cars entering at a less the flux of

cars leaving at b. (Remember that the flux was defined per lane!) Therefore,

Cf; g(a,t) — q(b,t) = / - (7.133)

Thus, we infer from Equations (7.132) and (7.133) that

b
dp Oq
— + — ) dzr =0. 134
/a(8t+8m>x 0 (7.134)
And since a and b, are arbitrary, it follows that
dp  Oq
— 4+ —=0. 7.135
ot o (7.135)

Using equation (7.129) to substitute for ¢(z,t), we finally obtain

dp , Olpu)

ot ox

— 0. (7.136)

This equation is the continuity equation in one dimension. Notice, how-
ever, that this equation contains two unknown quantities, p and u. Therefore,
to solve it we must either be able to express u = u(p) or find an additional
equation that relates these two quantities.

Compounding

To derive the version of the continuity equation in three dimensions, we
consider a fluid flow with mass density p(x,t). Let V' be a volume contained

in the flow. The mass of the fluid in V' at time ¢ is given by

m(t, V) = /V o(x, 1)dx. (7.137)

Hence, the rate of change of mass in V' is

dm [ Op

Now let S denote the boundary of V' and n(x) the unit outward normal to S

at x. The total mass flow rate of the fluid across S in the outward direction is

/Sq~ndS = /S(pu -n)dS. (7.139)
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The mass conservation principle implies, however, that the rate of change of
mass in V' must equal the rate at which the mass is crossing S in the nward
direction. Therefore,

dp

—(x,t)dV =— [ pu-ndS. (7.140)

v Ot s

To convert the right-hand side of Equation (7.140) into a volume integral, we
now invoke the divergence theorem, which states that for any smooth vector

field Fin V

/F~ndS:/ div F dV. (7.141)
S v
This yields
/ {@ + div(pu)} dv = 0. (7.142)
v Lot
Since V' is arbitrary, we infer that the integrand in Equation (7.142) must be
Z€ero, or
0
a—f + div (pu) = 0. (7.143)

Equation (7.143), which is a first-order partial differential equation, is called

the continuity equation in three dimensions.

Exercises

1. From your experience, guess the general form of the relationship between

u and p in a one-lane highway.

2. Derive a model equation for an infinite one-lane highway where cars are
entering and leaving the highway at constant rates o and [ per mile,

respectively. Generalize to the case where a = a(x,t) and § = f(x, ).

3. Compound the model in Exercise 2 to include accidents at a rate a(z,t)

per mile.

4. Consider fluid flow in a long cylindrical pipe with constant cross section
A whose axis is along the x-axis. Let p(x,t) be the density of the fluid
and ¢(x,t) be its flux. If the walls of the pipe are made of porous material
that allows the fluid to leak out at a rate L per unit length, show that

dp O0q¢ L
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5. Derive model equations for the car densities p;(x,t) and py(x,t) in a
two-lane infinite highway with no entries or exits where cars are moving
from lane 1 to lane 2 at a rate of a(p2) per mile and at a rate of b(p;)

per mile from lane 2 to lane 1.

6. Compound the model of Exercise 5 to include entries and exits.

7.7 ELECTROMAGNETISM

7.7.1  Maxwell Equations

Maxwell equations form the core of all electromagnetic theory and applica-

tions. These equations (in the rationalized unit system) are:

V-D=p (7.144)
V-B=0 (7.145)
0B
E=—— 14
V x 5 (7.146)
D
VxH:JJraa—t (7.147)

Here

E - electric field

B - magnetic field

D - electric displacement
H - magnetic intensity

J -current density

p -charge density.

To close these equations we need relations, D = D(E),H = H(B), and

J = J(E). In vacuum or in homogeneous isotropic medium, we have the linear
relations

D=¢cE, H= % (7.148)

where € and p are called the permittivity and permeability of the medium.

Furthermore, in a homogeneous conducting medium

J=0E (7.149)
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where ¢ is the medium conductivity. In the following, we assume the relations,
Equations (10.93) and (10.94) implicitly.

By taking the divergence of Equation (10.92) and using Equation (10.89),
we obtain the (electric charge) continuity equation

dp B
TV I=0 (7.150)

Remark 7.7.1 If a point charge p is moving with velocity v, then the induced

current density is J = pv.

Remark 7.7.2 The total force exerted by an electromagnetic field on charges

and currents in a volume V' is given by the Lorentz force equation
F = /(pE +J x B)dV. (7.151)
v

Remark 7.7.3 To treat the special electromagnetic fields discussed in the rest

of this section, we need the following facts:

a.

Vx(VxA)=V(V-A)- VA (7.152)

b. If V.x A =0, then A is conservative and therefore there exists a scalar
function ¢ so that
A =Vo¢. (7.153)

c. If V-A =0, then A is solenoidal and, therefore, there exists a vector
potential B so that
A =V x B. (7.154)

Furthermore, B can be chosen so that V -B =0

7.7.2 Electrostatic Fields

When p and J are time independent, it follows from Equations (10.89)-(10.92)
that the electric and magnetic fields are also time independent. Furthermore,
Equations (10.89) and (10.91) decouple from Equations (10.90) and (10.92)

and the equations for the electric and magnetic fields can be solved separately.
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For the electric field we have

VxE=0 (7.155)

v-E=" (7.156)

€
From Equation (9.149), it follows that E is conservative and, hence, there

exists a potential function ¢ s.t.

E=-Vo. (7.157)
From Equation (9.150), we obtain

Vi =L, (7.158)

€
This is a Poisson equation whose solution can be obtained in integral form as

(see Sec 3)
1 p(r')

The electric field can be obtained by taking the gradient of this equation

E(r) = — /der'. (7.160)

" dre |r—1 |

7.7.3 Multipole Expansion

When | r — v/ |[>> 1, we can obtain an approximation to the integral in
Equation (9.154) using the expansion
1 1 1 3r-r/
= =— 11 e 7.161
lv—1' |2 [r2—2r-v/ + ()32 3 [ + r2 + } ( )
Substituting this expansion in Equation (9.154), we obtain
Qr q

Aerd  Amerd (7.162)
where

QZ/p(T’)dr’ (7.163)

1%
G =Y _Brz; = r*0y)pj, T = (11,75,13) (7.164)

J

pj = / w;p(r')dr’ (7.165)

v

p is called the dipole moment of the charge distribution. Observe that when
@ = 0, the dipole term is the leading term in the expansion Equation (9.156).
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7.7.4 Magnetostatic

The equations for the magnetic field in this case are
V-B=0 (7.166)

V x B =ul. (7.167)

From Equation (7.166), we infer that B is a solenoidal vector field. Hence,

there exists a vector potential A so that
B=VxA. (7.168)
Hence, from Equation (7.167)
Vx(VxA)=ul. (7.169)
If we choose A so that V- A =0, we obtain
VA = —pJ, (7.170)

i.e., A satisfies a vector Poisson equation. Hence,

_ [ I (7.171)
At Jy |r—1" | '
By taking the curl of this equation, we obtain Biot-Savart law
Jr -
po [ xE-1) (7.172)

“ar )y [r—rP

Since the total magnetic charge is always zero, the multipole expansion for B

yields
pM
pu— .1
Ard (7.178)
where
J

1
m = —/ v’ x J(r')dr’. (7.175)
2 )y
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7.7.5 Electromagnetic Waves

In vacuum (and with no currents)

V-E=0, V-B=0 (7.176)

0B OE
VXE__E7 VXB—5N§~

By taking the curl of Equation (7.177) and using Equations (10.96) and
(7.176), we obtain

(7.177)

O’E 9o 0°B 9o
where ¢? = i Thus, both E and B satisfy the wave equation in three dimen-
sions.

7.7.6  Electromagnetic Energy and Momentum

Consider a point charge p moving with velocity v in an £ — M field. The force

acting on the charge is (from Equation (10.97))
F = pE + pv x B. (7.179)
The rate of work done by this force is
W=F-v=pv-E=J-E. (7.180)

We infer then that the rate of work done by an E — M field on a continuous
distribution of currents is
W = /J -EdV. (7.181)

This power (which is converted into thermal or mechanical energy) must be
accompanied by an equal rate of decrease in the £ — M energy in the volume
V. To obtain an explicit expression for the conservation of energy, we eliminate
J in Equation (7.180) using Equation (10.92)

/J.Edvz/E.(VxH—%—?)dv (7.182)

Using the vector identity

V- (ExH)=H-(VxE)—E-(VxH) (7.183)
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and Equation (10.91), we have
0B

E'(VXH):—H'E—V'(EXH). (7.184)
Hence,
/J~EdV:—/ {H'O—B—l—E'a—D—l—V'(EXH)]dV
v v ot ot

10

:—/ [——(H-B+E-D)+V-(E><H)]d\/ (7.185)
v 20t

where we have used the relations (10.93). Using the divergence theorem, we

can rewrite Equation (7.185) as

/J-EdV:—/EQ(H-BjLE-D)dV—/(ExH)-dS. (7.186)
v 2 0t s

Since the volume in Equation (7.185) is arbitrary, we can re-express this equa-
tion in a differential form

%—Z+V-P:—J-E (7.187)

where

1
U=3E-D+B-H), P=ExH (7.188)

U represents the £ — M energy density and P, the Poynting vector, is the
energy flux density. Observe that only the divergence of P appears in Equation
(7.185). It follows then that we can change the definition of the Poynting vector
by adding the curl of an arbitrary vector field without changing the physical
contents of the theory.

To treat the conservation of linear momentum, we use Equations (10.89)
and (10.92) to eliminate p and J from Equation (10.97)

pE+JxB:E(V~D)+(VxH—%—?>xB

=E(V-D)+(VxH)xB- {%(DXB)—DX%—?
=E(V-D)-Bx(VxH)-Dx (VxE)
_ 2 pxB) (7.189)

ot
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By adding H(V - B) = 0 to the right hand side of this expression, we obtain:

/(pE+J><B)dV + 4 (DxB):/[E(V-D)—Dx (V x E)
v dt Jv v
+ H(V-B)—-Bx (VxH)]dV
- /vﬁTa,ﬂdv. (7.190)

Using the divergence theorem, we can rewrite this as
d
/(pE +J xB)dV + 7 / (DxB) = / ZTaﬁnﬁdS (7.191)
v 1% S
B

where n is the normal to S and
1
Tws = E,Dsg+ Hy,Bg — §(E D+ B -H)dus (7.192)

is Maxwell stress tensor.

The first and second terms on the left hand side of Equation (7.191) rep-
resent (respectively) the rate of change in the linear moments of the particles
and the £ — M field in the volume V. The right hand side of this equation is
interpreted as the force per unit area transmitted across S and acting on the

fields and particles in V.

7.7.7  Electromagnetic Potential

Maxwell equations (10.89)-(10.92) with the relations Equations (10.93) and
(10.94) represent eight equations for the six quantities E and B. We infer then
that a more compact formulation may exist in terms of only four unknowns.
To see how this can be done, we first observe that Equation (10.90) can be
satisfied identically if

B=VxA. (7.193)

Substituting this in Equation (10.91), we obtain

0A

ie, E+ %—‘:‘ is a conservative field. It follows then that there exists a scalar

field ¢ so that
0A
E=-V¢-— T (7.195)
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We observe that the relations, Equations (7.193) and (7.195) remain un-

changed under the “gauge” transformations

A=A =A+VA (7.196)

ON
¢—>¢/:¢—§; (7.197)
i.e., the physical contents of the theory (which is represented by E and B)
remains unchanged under these transformations.
Two particular choices of A are of special interest.
1. Lorentz gauge

Under this gauge, A is chosen so that

D*N
2
VA BIE (7.198)
As a result, the quantity
¢ o¢'
I=V-A+—-=V-A'+— 1
\Y + o \Y + BT (7.199)

remains unchanged. Choosing the value of I to be zero and substituting
Equations (7.193) and (7.195) in Equations (10.89) and (10.92) leads to

2 O
(V - 8t2> A=-J (7.200)
2 O

2. Coulomb gauge

Here we impose on A the condition
VAN =0. (7.202)

As a result,
V-A=V- A’ (7.203)

and we can choose therefore V - A = 0. With this choice, we substitute
Equations (7.193) and (7.195) in Equations (10.89) and (10.92) to obtain

Ot? ot
Vi = —p. (7.205)

(V2 — 8—2) A=-J+ 2(qu) (7.204)
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Remark 7.7.4 Sometimes the Coulomb gauge is referred to as the “Ra-

diation gauge.”

Exercises

1. In free space (i.e., p = 0,J = 0), let the electric and magnetic field be
given by
E = F(Z - t)7 F = (f17f27f3)
B= G(Z - t)7 G = (91792793)
(plane waves). Show that to satisfy Maxwell equations we must require
that
fs=93=0, fi=02, fo=—01
2. Show that for
[ = f(en, B = (e
Vf=-ikf, V-F=—-ik-F, VxF=—-ik xF.

3. Use Ex. 2 to show that if E = Ege/@%7) then B = Bye!@ %) then
B =(k xE)/w, and k- E = 0; i.e., the electric and magnetic fields are
orthogonal to each other and k (the propagation direction) is orthogonal
to both.

4. Consider EM field in a homogeneous conducting medium where J = oE,
and suppose p = 0 (change density). Show that
PE o 0E 5 1
—— +—— =cV’E, = —.
ot? * cot ¢ €Ll
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8.1 METHOD OF SEPARATION OF VARIABLES

When it comes to solving boundary value problems involving partial differen-
tial equations, a number of approaches are available. The method of separation
of variables is very convenient because it draws on many well-known mathe-
matical concepts and frequently works well. In this section, we introduce this
method and illustrate its application by considering various systems that were
modeled in the last chapter by partial differential equations. In particular, we
concentrate on the heat, wave, and potential equations that are important in
many scientific and engineering applications.

The general objective of this method is to reduce the solution of a given
partial differential equation into the solution of a number of ordinary dif-
ferential equations. Very often these ordinary differential equations are well
known, and their solutions are easily found. The whole process follows a logi-
cal step-by-step development that terminates in the evaluation of the Fourier
coefficients of a Fourier-type series. We suggest that you carefully catalog each

step and its position in the stairway to a successful conclusion.

8.1.1 Method of Separation of Variables By Example

Although the method of separation of variables contains many steps, it does
follow a set pattern as we move toward the solution. Probably the best way to
understand the method is through observing a number of examples. We start

with a straightforward heat flow problem.

Example 8.1.1 For an introduction to this process, we will seek the solution

of the following boundary value problem:

%:k% O<ax<L, 0<t
u(0,t) =0 0<t
u(L,t)=0 0<t
u(z,0) =z 0<x<L.
This is a one-dimensional heat flow problem in a rod of length L. We are to
find the temperature u(z,t) if the temperature at the right- and left-hand ends

15 always zero and the initial temperature in the rod is x.
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Solution 8.1.1 : Step 1. We seek "elementary” solutions of the partial differ-
ential equation in the special form u(x,t) = X (x)T'(t). What we are suggesting
1s that the variable x occurs only in the function X, whereas T is a function of
t only. This device does not always work, but it does solve many engineering
problems and is usually a good method to use as a first approach.
Substituting u(z,t) = X (x)T(t) into the differential equation leads to

X(2)T'(t) = kX" (2)T(t) (8.1)

Notice that we are able to use the "prime” notation for the derivatives

because each factor depends only on one variable; that is,

4T (1)
() = £
(t)=—

y NED'S

Step 2. We next see if it is possible to separate the variables. Is it possible
to get all the functions dependent on x’s on one side of the equation and all
those dependent on t’s on the other side? Since we are not looking for trivial

solutions where either X or T is identically zero, we can divide both sides of
Equation (12.30) by X (x)T'(t) provided X (z)T(t) # 0. Thus,

1XT"  X'"T
EXT ~ XT
o 17T X"(x)
— = : (8.2)
ET(t)  X(x)
Now pick a fized value t = ty. Then
1Tty X" x
I T((to)) = constant = X((a;)>

But this is true for any x on the right-hand side of the equation and, there-
fore (since the left hand side is a constant),

X//(x) t t

= constant.
X(x)
In the same way we can show that
T'(t)

= constant

T(t)
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by fizing x = xy. Observe that this constant is the same for both sides of
Equation (12.31). In this case (for convenience) let the constant be equal to
—\. Equation (12.81) becomes

17@) _ X"(x)

FTO ~ X~ (8.3)
Step 3. From Equation (12.32) we see that
X"(z) + AX(z) =0 (8.4)
T'(t) + AKT(t) = 0 (8.5)

which are two ordinary differential equations that are easily solved.
Comment. If X(x) or T(t) is zero at x = xg and t = to, respectively, the
result in Step 3 is still valid. Suppose X(x¢) = 0. Returning to Equation
(12.30) (before we divide by XT) and substituting X (xq) = 0 into Equation
(ref4.1), we have

0=kX"(x0)T(1).

Since this equation must hold for all t > 0, and T(t) is not identically zero,
there must be some t = ty so that T'(ty) # 0. Since k > 0, it follows that
X"(x9) =0, and we can state that

X//(Z‘o) + )\X(LC()) =0
is satisfied. The argument for showing that
T'(to) + NeT'(to) =0

for T(ty) = 0 is similar. O

Step 4. Before solving FEquations (8.4)-(8.5), let us find the boundary
conditions that go with these ordinary differential equations. Now u(0,t) =
X(0)T(t) =0. If T(t) =0 for all t, then u(x,t) = X(x)T(t) = X(x)-0 = 0.
But if u(x,t) = 0, it is known as the trivial solution. Since we are looking

for nontrivial solutions, we must avoid setting T'(t) = 0. Therefore,
X(0)=0

15 one boundary condition.
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In a similar fashion we can show that
X(L)=0

1s another boundary condition. In this problem there are no initial conditions
for the first-order equation in t.
Warning. Do not attempt this type of argument on a nonhomogeneous bound-
ary condition. For example, the initial condition u(z,0) = X (x)T(0) = = can-
not be solved uniquely for T'(0). Only when the product of two quantities equals
zero can we conclude that one or both of the factors is zero.

Step 5. Now we have the following ordinary differential equations plus

boundary conditions
X"+ AX =0 X(0)=0 X(L)=0

T+ MkT = 0.

The first of these two equations with the two boundary conditions is known
as an eigenvalue problem and is solved first. Unfortunately, \ is unknown
to us at the moment, and therefore we must look at three problems because
the character of the solution changes with each case. We shall look at the
eigenvalue problem for A >0, A =0, and X < 0.

Case 1. X > 0. Let o> = X\ > 0 (again for convenience). Then the general
solution to X"(x) + o*X (z) =0 is

X(z) = Acosax + Bsinax.
Now since X (0) =0 we have
X(0)=0=A-1+B-0

which tells us that
A=0

and
X(x) = Bsinau.

Using the second boundary condition X (L) = 0, we have

X(L)=0= BsinalL.
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Now if B = 0, then since A = 0, X(x) = 0, which implies u(z,t) =
X(z)T'(t) = 0, which is the trivial solution we are trying to avoid. There-
fore, sin L. = 0. But recall from trigonometry that nw (n = 0,+1,£2,...) are

angles that make the sine zero, and therefore we write

al =nm
so that
nm
o= —
L
and
n2m?
A=)\, =a’ = I3 form=41,42,....

Note. The value n = 0 is dropped since this implies o = 0, and we are assuming
a > 0. This case is covered next.

The values of X in Case 1 are called the eigenvalues of the boundary value
problem.

Now the solutions of the ordinary differential equation and its boundary

conditions corresponding to these eigenvalues N\, are
nmw
Xn:sin% n==+1,£2....

These solutions are called eigenfunctions.
Case 2. A = 0. The general solution of X" =0 is

X(z) = A+ Bx.
Since
X(0)=0=A
and
X(L)=BL =0

implies B = 0, we see that the only solution to this problem is X (z) = 0,
which s the trivial solution. A\ = 0 is not an eigenvalue.
Note. Figenfunctions corresponding to an eigenvalue A must be nontrivial.
Case 3. A < 0. Let A = —a? < 0. The differential equation X” +a?X = 0 has
the general solution

X(z) = C1e™® + Cre™ .
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Although this solution may be used, it is more convenient (in this case) to

write the solution in terms of hyperbolic functions instead. Since

ax —Qx

(&

) —e
sinh ax =

2

and

ax —Qax

—e
2 )
which are linear independent functions, we can rewrite the general solution as

cosh ax =

X(x) = Acosh ax + Bsinh ax.
Now, since X(0) =0 we have
X(0)=0=A-1+B-0

which shows that
A=0

and X (x) = Bsinh az.

Using X (L) = BsinhaL = 0, we find either B = 0, which leads to the
trivial solution or sinh o, = 0. But sinh 0 = 0 s the only zero of the hyperbolic
sine function. Therefore, aL = 0. And since L # 0, it follows that o« = 0. But
this is a contradiction since we are assuming —a? < 0.

There are no nontrivial solutions under this case, which tells us that there
are no negative eigenvalues.

This long discourse completes the solution of the eigenvalue problem posed
in Step 5.

Step 6. We can now shift to the differential equation

n2m?

L2

Notice that the eigenvalues are now known to us from Step 5, and it is possible

T + MT =T + ——kT = 0. (8.6)

to solve Equation (12.33) up to an arbitrary constant. The general solution to
the first-order equation is
kn?m?

Tn (t) = CnGJTp(_ 12

) n=+1,42,....

In solving boundary value problems by this approach, we find it convenient to
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set all Cys= 1 because we will be multiplying each solution by an arbitrary
constant later on.

Step 7. To continue with the solution, we multiply X, by T, because in
Step 1 we assumed a solution of the partial differential equation of the form
u(z,t) = X(x)T(t). Therefore, we can write

kn?m? nmwx

Tt)smT n::|:1,:|:2,

Formn = 41,42, ... u,(z,t) satisfies the partial differential equation and the

up(z,t) = exp(—

two boundary conditions.

We still have to match the initial condition u(x,0) = x. To do this, we form
an infinite linear combination of all solutions u,(x,t). This is made possible by
the fact that the heat equation is linear and the superposition principle applies.
It follows then that the general solution to the partial differential equation and

boundary conditions can be written as

Enm? . nm
2

u(x,t) = Z bpuy(z,t) = anea:p(— 7 t) sin e (8.7)
n=1 n=1

L
Note. When dealing with sines and cosines, one may question whether it is

necessary to consider n for negative integers. However, since sin(—nwz/L) =
—sin(nmx/L) and cos(—nmx/L) = cos(nmx/L), each solution derived from
a negative n can be combined with the corresponding solution derived from a
positive n. From here on we will assume this is done and letn =1,2,....

Step 8. Finally, using the condition u(z,0) = x, 0 < x < a, we must satisfy

nmx

u(z,0) =a = ansinT
n=1

since the time exponential is 1. But this is just a Fourier sine series when x
on (0, L) is extended into (—L,0) as an odd function, and it follows that

) L
b, = Z/o x sin ?daz (8.8)

2172  nmx  nww nmx
= {sm } L
Ln2m? L L L

2L —2L
= — — = — —1 n
mr{ cosnt} (—1)
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or 97,
by = (—1)"F1 2 (8.9)

niw
We have now determined all the constants b,. Substituting their value from
Equation (12.35) in Equation (12.34), we see that the final solution is

2L > -1 n+1 k 2,2
u(z,t) = — Z iea:p (—%t) sin n_zx (8.10)
s n

n=1

It is possible to garner some information about the solution u(x,t) without
too much effort. True, if we have access to a computer, we could numerically
evaluate a large number of terms of the series to construct a table of values
or even plot a graph of an approximation to the solution. Of course, how well
this can be done depends on the convergence properties of the series which
represents the solution.

We observe that the solution we found for u(z,t) is a transient solution;
that is, u(z,t) — 0 ast — +oo. This follows easily from the fact that each term
in the series is of the form e where a = kn?w?/L?. Carrying this idea a bit
further, we notice that n enters into the exponent as n?, which indicates that
e~ decreases very rapidly as n increases. Therefore, most of the information
about the solution is carried in the first few terms of the series.

For example, if we let k = 1, L = 7w, and t = 1, and compare the e~
terms forn =1,2,3, we shall find that the magnitude of consecutive terms in

the series is decreasing exponentially.
We now look at an example in which A = 0 is an eigenvalue.

Example 8.1.2 : Consider a high-frequency transmission line whose length
is 40 meters. Suppose the rate of change of voltage with respect to x at both
ends is zero. If the initial voltage is f(z) and the rate of change of voltage with
respect to t is zero, find the solution as a function of x and t. This problem

can be written formally as

Oe
5 (0.1)=00<t
%(40,15) =00<t

ox
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e(z,0) = f(x) 0 <z <40

0
8—:(33,0) —00<x < 40.
Solution 8.1.2 The differential equation is
e e
— =LC— 0<x<40, 0<1.
022 o ST

Steps 1 and 2. Let e(x,t) = X (x)T(t). Substituting into the differential equa-
tion, we find

X// T//
— =LC— = -\
X T
Step 3. This result leads to the two ordinary differential equations
X"+ AX =0
A
T+ —T =0.
T Ic

Step 4. The three homogeneous boundary and initial conditions yield the

following conditions for the ordinary differential equations:
X'(0) =0, X'(40) =0, T'(0) = 0.

Steps 5 and 6. When we solve the differential equation in x, we again
consider three cases: A >0, A\ =10, and A < 0.

Case 1. X > 0. Let o> = X\ > 0. The general solution of 2" + o*X = 0 is
then

X(z) = Acosax + Bsinax

and

X'(z) = —aAsinar + aB cos az.
Applying the boundary conditions, we find
X'(0)=-aA-0+aB-1=0

for which
aB = 0.
However, since « > 0, B = 0, and X'(z) = —aAsinazx, then X'(40) =

—aAsin40a = 0. Neither o nor A can equal zero, so we can write

sin40c = 0



Solutions of Partial Differential Equations B 295

from which it follows that

0a=nm n=1,2,...

nm

The positive eigenvalues are

and the eigenfunctions are

nmwx
n - T A
Xn(x) = cos 10

Solving the other differential equation, we have

nmt nmt
T,(t) = D, cos ——— + FE,, sin ———
Q 40V LC 40V LC
and
t
T (t)=— "7 Sinnmtd0VIC + Ep— o cos ——

D, .
40v LC 40vLC 40V LC

Using the condition

™
70) = B,—— =
2(0) 40V LC
we observe that
E,=0
Therefore,
t
T,(t) = co nr 1,2,....

S n =
40V LC
Combining X,, and T,, we find

nmx nmt
en(z,t) = cos Cos

n
40 40V LC
Case 2. A= 0. In this case, X" =0 and X (x) = A+ Bx. It follows that

=1,2,....

X'(z)=B

and
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But now X'(x) = 0, for all x and in particular for x = 40; that is, X' (40) =
0. Therefore, both boundary conditions are satisfied: A = 0 is an eigenvalue
and X (x) = A (a constant) is an eigenfunction. We find it convenient to let
A =1 and use X(x) =1 as our eigenfunction. To identify the eigenvalue and
eigenfunction associated with A = 0, we write \g = 0 and Xo = 1. Now solving
T" = 0 we have T(t) = Dt + E and T'(t) = D. Using the initial condition
T'(0) =0, we find D =0 and Ty = 1. Therefore, eq(x,t) = XoTo = 1.

Case 3. A < 0. In a way similar to Case 3 of Fxample 1 we can show that
there are no negative eigenvalues.

Step 7. To finish the problem we form an infinite linear combination of all

the solutions eq and e, , which yields

[e.e]

ag > ag nTT nmt
e(x,t) = —eg(x,t)+ anen(x,t) = —+ a,, COS cos . (811

n=1 n=1

Step 8. We use our final condition, which tells us that
Qo > nmtx
e(x,0) = f(x) = 5t ;an cos — = on (0,40).

Since this is just a Fourier cosine series, we know that
1 40

~ 20/,

, / f(z) cos —d:c

Substituting these values back into Equation (12.536), we have the solution to

Qo

fx)dx

and

our problem:
e(x,t) = 410 0 " fla)dw + (8.12)
- 0 nmwx
2_10 ;::1 [/0 f(s) cos Eds} CoS 10 cosnmtd0vV LC.

We recognize immediately that the solution e(x,t) is an even function in

both = and t. The integral used for evaluating ag is the average value for f(z)
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over the half Fourier interval whose length is 40. Half the value of this integral,
that is, ag/2, is equal to the DC component of the series answer.
The frequency f, of the components of the voltage e(x,t) with respect to
time s
nm n

T 2r(40VIC)  SOVIC
Therefore, the fundamental frequency is 1/80v/ LC.

Jn

The previous two examples cover two of the three major classes of second-order
partial differential equations: the parabolic type and the hyperbolic type. We
now investigate the solution of the elliptic type, which introduces us to some

new techniques used in solving boundary value problems.

Example 8.1.3 Recall that the temperature in a plate insulated above and

below must satisfy the differential equation

ou u  O%u
CAgEy i AL all
ot ox?  Oy?

If the temperature is independent of t (i.e., steady state), this differential equa-

tion becomes

P _
ox2  Oy?

which is Laplace’s equation in two variables.

0

Now suppose we have a rectangular plate whose dimensions are a by b and

whose boundary conditions are given by
u(z,0) = fi(z) 0<z<a
u(a,y) =0 0<y<b
u(z,b) = folr) 0<z<a
u(0,y) =0 0 <y <b.

Find the temperature u as a function of x and y (see Figure 8.1).
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u=f2(x) @)
u=0 V2 u=0 u=0
(0,0) u=f ] (x)

Figure 8.1 Steady state heat conduction in a plate

Solution 8.1.3 In order to carry out specific operations, let us examine the
special case where fi(x) = 0 and fo(x) = x. Steps 1,2, and 3. Assume
u(z,y) = X(x)Y(y). Computing the necessary derivatives and substituting
into the differential equation, we have

X"Y + XY" =0

or

X// Y//
X Y
which yields the two ordinary differential equations

—-A

X"(z) + AX () = 0

Y'(y) =AY (y) = 0.

Steps 4 and 5. From our assumption and the given boundary conditions,
we arrive at the following boundary conditions associated with the ordinary

differential equations:

and
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Case 1. X > 0. Let A\ = o? > 0. Then we can show as before that the

ergenvalues are

and the eigenfunctions are

nm
Xp(x) = sin —.
a

Cases 2 and 3. X = 0 and X < 0. It is easily shown that there are no
non-positive eigenvalues.
Step 6. One new idea introduced in this problem occurs when we wish to

solve the second differential equation,

Normally a beginning student would solve this equation using exponentials as

follows

Ya(y) = C’nemp% + Dpexp (—7;7@/) (8.13)

where exp y = €Y. Because neither exponential in Equation (12.37) van-
ishes, it is necessary to solve a system of two equations to find D in terms of
C. Therefore, it is much more convenient to use hyperbolic functions, and we

can write
Y, (y) = C,, cosh ny + D,, sinh @.
a a

Using the boundary condition Y (0) = 0, we see that
Y,(0)=0=C,-1+D, -0
or
C,=0

and that
n
Y, (y) = sinh Y
a
s a solution to our ordinary differential equation in y and its one boundary

condition. For convenience we have again set the constant D = 1.
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Step 7. Combining the two families of solutions X, (x) and Y, (y), we con-
struct solutions to the partial differential equation and the three homogeneous
boundary conditions that take the form

un(z,y) = X, (2)Y,(y) = sin P Ginh 7Y
a a

Step 8. We still have to meet the final inhomogeneous boundary condition

u(x,b) = . In order to do this we use the superposition principle and form

the linear combination

Z by, sin " sinh nzy (8.14)

expecting that we can find values for b, such that the inhomogeneous condition

is met. Letting y = b in Equation (9.69), we see that

- b
u(z,b) =z = ;bn sinhn%sin ”aﬂ_ (8.15)
If we let
B, =b, smhn—Wb

Equation (9.70) becomes

nwT
T = E B,, sin ——

which 1s a Fourier sine series. Therefore,

b 2 [
B, = b, sinh e —/ zsin L dy (8.16)
a a Jo a
2 a*> [ nmx nmxr  nmx) o,
=-——— [sm — cos ] 0
an’m a a a
2a 2a
. - o n+1 ="
3 [—nm cosnr| = (—1) —.

The constants b,, become
2a

b, = (—1)"H——
(=1) mrsinh"T’rb

and the final answer can be written as

T I R e

n=1
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Remark.

When solving the ordinary differential equation

y'(x) = a®y(z) =0

it is useful to remember that there are three practical ways in which to express

the solution. If one of the boundary conditions is of the form
y(0) =0 or y'(0)=0
then the general solution
y(x) = Acosh ax + Bsinh ax (8.17)

is most convenient to use because the value of A or B is quickly determined.
On the other hand, if
y(L) =0 or y'(L) =0

is given as a boundary condition, one of the following forms of the solution is

useful:

y(x) = Esinha(x —d) for y(L) =0
y(x) = Ecosha(x —d) for y'(L)=0

where E and d are arbitrary constants. These forms of the solutions are not as
well known as the form in Equation (9.71), but they can easily be shown to be
equivalent for the particular boundary condition given using the well-known

hyperbolic identities
sinh(aw — ) = sinh o cosh 5 — cosh acsinh

and
cosh(a — ) = cosh a cosh 5 — sinh asinh .

Finally, the classic solution
y(x) = Ae™™ + Be™**

finds its greatest use in solving boundary value problems over semi-infinite

intervals and the study of Fourier integrals.
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Exercises

1. The temperature u(x,t) in a laterally insulated rod of length L satisfies

the following boundary value problem:

Pu 10u
w(0,8) =0 0 < ¢
u(L,t) =0 0<t

u(z,0) =100 0 <z < L.
Use the technique of separation of variables to find u(z,t).

2. Use the technique of separation of variables to solve for the temperature

u(x,t) if
%:%%O<x<10,0<t (8.19)
%(0,1&) =00<t
%(10,7&) =00<t

u(z,0)=1—-20< x < 10.

3. The voltage e(z,t) along a submarine cable 3000 kilometers long satisfies
the boundary value problem
ere = RCe, 0 <2 <3000, 0<t (8.20)
e(0,t) =0 0<t
e(3000,t) =0 0 <t
(

.
em,O)—smm 0 <z < 3000.

Use the technique of separation of variables to find e(z,t).

4. The current i(x,t) along a submarine cable of length L satisfies

ipo=RCi, 0<x <L, 0<t (8.21)
di

—(0,t)=00<1t

77 (0:1) <

i

Z(L,t)=00<t

oy Let) <

i(x,0) =2 0 <z < L.
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Use the technique of separation of variables to find the current i(x,t) in
the cable.

. Find the temperature u(x,t) by the technique of separation of variables
in a laterally insulated rod of length 20 meters that has a heat source

given by du(x,t) joules/m3. The other conditions are

w(0,t) =0 (8:22)
u(20,) = 0 (8.23)
u(z,0) = x(20 — x). (8.24)

. The voltage e(z,t) satisfies the differential equation e,, = RCe; + Ae,.

Using separation of variables find e(x,t) if

Oe

a—x(o,t) =00<t (8.25)
Oe
(9_x(L’t) =00<t

e(r,0) =50 0 <z < L.

. (a) A vibrating string is fastened to air bearings situated on vertical rods

at x = 0 and z = 2. Find the displacement y(x,t) if the conditions are

yo(0,6) =0 0 <t (8.26)
y.(2,t) =0 0 <t

y(x,0) =2 0 <z <2

dy

—(z,0)=00<x<?2
ot

(b) Sketch y(z,t) over 0 < x <2 fort =0,¢t=1, and t = 2.

Hint. Use only the first two terms of the series solution.

. The pressure p(z,t) in an organ pipe satisfies the differential equation

1
Pza = _2ptt-
C

If the pipe is L meters long and open at both ends, find the pressure
p(z,t) if p(x,t) = 0 and (Op/0t)(x,0) = 40.
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9.

10.

11.

(a) Given the telegraph equation for finding voltage e(x,t) on a trans-
mission line of length a along with the boundary and initial conditions,

we can write

Crp = LCett + (RC + GL)et + RGei, (827)
O<z<a, 0<t

Oe

%(O,t) =0, 0<t

Oe

——(a.t) =

O:U(a’ ) =0,

e(x,0) =100, 0 <z <a

de

(0 =00<z<a

Solve for e(x,t) using separation of variables.

(b) What is the frequency of the third harmonic?

The length of a guitar string is 65 centimeters. If the string is plucked 15
centimeters from the bridge (i.e., at the end of the wire) by raising it 3

millimeters, find the displacement u(z,t) using separation of variables.

The length of a piano string is 1 meter. When a pupil strikes a key, the

following velocity is imparted to the string:

0 O0<z<49cm

ou 4

5 velocity =4¢ 1 49 <x <51 cm (8.28)
0 51 <x <100 cm.

Find the displacement u(x,t) using separation of variables. Do not eval-

uate the Fourier coefficients of the final solution.

8.1.2 Non Cartesian Coordinate Systems

Examples 1, 3, and 4 were chosen especially so that you would see the method

of separation of variables applied to the three classes of second-order differ-

ential equations: parabolic, hyperbolic, and elliptic. All were set in terms of

rectangular coordinates. In Example 5 we will examine a boundary value prob-

lem that is more easily solved in polar coordinates.



Solutions of Partial Differential Equations B 305

Example 8.1.4 : Laplace Equation on a Disk

Let us consider a problem similar to Example 4 except that the shape of
the plate is circular rather than rectangular. We wish to find the steady-state
temperature u(r,6) throughout a circular plate of radius c that is insulated
laterally. The temperature on the circumference is 100°C over one semicircle
and 0° over the other (see Figure 8.2).

u=100°C

u=0°C
Figure 8.2 Laplace equation on a disk of radius ¢

Ezpressed formally, u(r,0) must satisfy

2@4- @Jr@—o —T<f<
"o Ty Toe — 0 T i

100 0<O<

u(c, 0) = i (8.29)
0 —m<0<N0.

Solution 8.1.4 To begin with we look for ”elementary solutions” to this prob-

lem in the form

u(r,8) = R(r)0(0).
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Substituting in the differential equation and using the method of separation of

variables, we are led to the following two ordinary differential equations
O"+X0=0 (8.30)

rP?R"+rR — AR =0. (8.31)

When we attempt to solve Equation (9.72) (which is similar to the ones
derived previously in Examples 1, 3, and 4), we notice we have no boundary
conditions since there are no exposed radial edges. There are, however, “im-
plicit boundary conditions” due the periodic nature of the 6 coordinate. We

require therefore that

u(r, —m) = u(r,m) (8.32)
ou ou
%(r,—w):—e(r,w) 0<r<e

Such boundary conditions are called periodic boundary conditions.
As before, we must consider the three cases A > 0, A =0, and A < 0. If we
let A = a? > 0, the differential equation in Equation (9.72) becomes

0"+ a’0=0
where the solution is
O(0) = Acosall + Bsinaf (8.33)

and
O'(0) = —aAsinaf + aB cos ab.

From the periodic boundary conditions in Equation (9.74) we see that
O(—7) =0(n), O(-m)=06'(n). (8.34)

Substituting the solutions in the Equations (8.33) into the Equations (8.54),

we have

Acosa(—7) + Bsina(—7) = Acosar + Bsinar (8.35)

—aAsina(—m) + aBcosa(—n) = —aAsinm + aB cosar
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which yields
Bsinar =0 and Asinar = 0. (8.36)

Since A and B cannot both be zero, it follows that

sinar =0
or
a=nn=1,2,
or
A\, = n?
and

O, = A, cosnb + B, sinnf.
If A\ =0, then ©" =0 has the solution

©=A0+B
Substituting in the boundary conditions in Equation (8.34), we find
A(—m)+B=An+B

or A = —A, which implies A = 0. Therefore, A =0 is an eigenvalue, and the
corresponding eigenfunction is an arbitrary constant that we will choose as 1.
It can be shown that there are no negative eigenvalues.

We now mowve to the solution of the other ordinary differential equation
R’ +rR —n*R = 0. (8.37)

We recognize that this is a Cauchy-Fuler differential. To obtain a solution to
this differential equation, we attempt a solution of the form R(r) = r®, from
which it follows that R'(r) = ar®™! and R"(r) = a(a — 1)r*=2. Substituting
these values in Equation (8.37), we find that

r*lala — 1) +a —n?] = r*la* — n? = 0.
This equation must hold for all r, 0 < r < ¢; therefore,

a>—=n?>=0 or a=+n.
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" are linearly independent solutions to Equation (8.37), the

Since ™ and r
general solution of the Cauchy-FEuler equation is

R(r)y=Cr"+Dr " n=1,2,3,....
Once again there is no explicit boundary condition, but we observe that since
r = 0 is the center of our circular plate, the

lim » " = +o0.
r—0+

Since we are only considering bounded solutions, we must set D = 0 and
R.(r)=7r", n=1,2....

For A =0, the Cauchy-FEuler equation becomes

R+ rR =0 (8.38)

whose solution is
R(r) = C + Dinr.

Since we are considering only bounded solutions, D must equal zero since

lim inr = —oc0
r—0

and therefore we take Ry = 1 as the solution of Equation (8.38).

The solution to the partial differential equation is

0 o
—7 Z (A, cosnb + B, sinnf).

Using the inhomogeneous condition we can write

u(c,0) = AO—l—Zc A, cosnbf + B, sinnf)

n=1

where
1 i
Ay = —/ 100d6 = 100 (8.39)
0

1 [ 1
c"A, = —/ 100 cos nfdf = ﬂsin ndl§ =0
0

nm
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and
1 [ -1
"B, = —/ 100 sin nfdo = 00 cos né|j (8.40)
7 Jo nm
100
= 1 - (—1)"
W1y (ayy
~ ) 200/nm n odd
N 0 n even

The solution to our problem is

u(r, 0) = 50 + 220 i (f)” sin nf

™ C n
n=1,3,5

If we set 0 = 0 or w, we see immediately that the temperature u(r,0) along
the diameter 8 = 0 or 7 is 50 degrees. At points of symmetry with respect to
this diameter, the temperature equals 50 plus or minus the value of the series.

Notice that only odd harmonics of the fundamental frequency sin @ exist.

Example 8.1.5 : Flow Around A Cylinder
The steady-state flow of a fluid in a direction transverse to a long metal
cylinder can be approrimated at low wvelocities by Laplace’s equation in two
dimensions. We will see that the boundary conditions are of the Neumann
type. If ¢ is the velocity potential, then
2070 Op | Py

2 — - - - =
Ve=rgatrg toe =0

where the velocity v = grad @ = V. For our purposes it is natural to locate
the cylinder at the origin. Its equation is then 2% + y?> = c*. Far from the
cylinder (i.e., as r* = x* + y* — +00), the velocity v of the fluid is constant
and parallel to the z-azis and can be written as v(x,y) = ai as r* — +oo (see
Figure 8.3).

Solution 8.1.5 To solve this problem we introduce polar coordinates and note

that in these coordinates the velocity is given by

1
V=vp=pe + ;gof;eg (8.41)
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~
—\=

Figure 8.3 Flow around a cylinder

where e, is the unit vector outward from the origin and ey, a unit vector, is
perpendicular to e, in a counterclockwise direction.

Looking at Figure 8.4 we observe that the boundary conditions at r = +00

% ¢

Figure 8.4 Radial coordinate system and the components of ¢
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are .
©r = acost, —pg= —asinb. (8.42)
r
Since the fluid cannot penetrate the cylinder, we must have p,.(c,0) = 0. Fi-
nally, since the wvelocity at 6 and 0 + 27 is the same, we must have from
Equation (8.41)
or(r,0 4 2m) = ,.(r,0), (8.43)
wo(r, 0 + 2m) = @y(r,0).
The method used in this problem is similar to that used in Example 5. We
assume @(r,0) = R(r)O(0), which (after substituting into Laplace’s equation

in polar form) yields the two ordinary differential equations and boundary
conditions

"+ X0 =0, O(@+27r)=0(0), 00 +27)=0/(0) (8.44)
rP?R'+ R —AR=0, R(c)=0. (8.45)
If X = a? > 0, then the general solution of ©" + a0 =0 is
O(0) = Acosal + [sin ol

and
©'(0) = —aAsinab + aB cos ab.
Substituting these two equations into the periodic conditions in Equation
(8.42), we find (after some effort) that
a=n, n=1,2,3,...
or
Ap =1

and
0,(0) = A, cosnb + B, sinnf.

With these eigenvalues the differential equation in Equation (8.45) becomes

PR +rR —n*R=0n=1,2,...
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whose solution is
R,(r) = Cur™ + D,r—".

Using the boundary conditions in Equation (8.45), we have
R(c)=0=nCy," ' —nD,c "

from which it follows that
D, = "C,,.

For A =0, © =0, and its solution is
O¢ = Ag + Bob.
The solution to the differential equation in Equation (8.45) is
Ry = Colnr + Dy.
Now since Inr — +o00 as r — +00, we must set Coy =0 and we can let
Ry= Dy =1.

Since there are no negative eigenvalues, we expect the solution to take the form

o(r,0) = Ay + Bob + Z[r" + "1™ "|[A, cosnf + B, sinnf)]. (8.46)

n=1

We still have two conditions [Equation (8.42] that must be met. Differen-
tiating Equation (8.46) with respect to r and 0, we have

o = Z[nr"‘l — nc®r " 1[A,, cosn + B, sin nf] (8.47)
n=1
and
= By + Z [r™ + "~ "|n[— A, sinnd + B, cosnd). (8.48)

Now the only term in Equation (8.47) that is bounded occurs when n = 1;
therefore, A,, B, =0 forn=2,3,... and

lim ¢, (r,0) = acos = A; cos + By sind

=00
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or
Alza

B, =0.

Under these conditions Equation (8.48) becomes

1 By 1
Zpp = — 4 =[r 4+ Ar Y[~ A; sin 6] (8.49)
r roor
B 2
St [1 + 0_2] [—asind)].
r r
Asr — 400,
1 .
—py = —asinf
,

and the second condition in Equation (8.42) is satisfied.
Combining all these conditions in Equation (8.46), we write the solution
as

2
o(r,0) = Ao+ Bob + a {r%—%} cos 6

where Ag and By are arbitrary constants.
As we investigate this solution, we must recall that ¢(r,0) is the velocity

potential, not the velocity. The velocity field is given by

2 2

1
V=€ + —ppeg = a [1 — 0_2] cosfble, —a {1 + 6—21 sin feg.
T r T

When we measure the velocity far from the axis of the cylinder,
v =~ acos e, — asinfey = ai.

In other words, the effect on the wvelocity due to the cylinder becomes less
noticeable as we move away from the axis. On the other hand, when we are

near the cylindrical obstruction, that is r =~ ¢,
v &~ —2asin fey

which shows that the flow follows the shape of the cylinder when r =~ ¢ and

approaches zero as we get nearer to the z-axis.



314 B The Process of Mathematical Modeling

Example 8.1.6 :Vibrations in a Sphere

In all our examples up to this point it has been relatively easy to evaluate
the eigenvalues and eigenfunctions. We will now examine a problem in which
this is not the case. We wish to study the vibrations or pressure of air within
a sphere of radius ¢ which might be caused by an exploding firecracker, for
example.

The pressure equation in space is given by

1 1 P>
2 .
Solution 8.1.6 If we assume the pressure is independent of 0 and ¢ (i.e., in
the radial direction only), Equation (8.50) becomes

1
p*

1

(P°Po)p = —Pu- (8.51)

Since the pressure under consideration is within the sphere, the directional

deriwvative of p in the direction p must be zero on the boundary, or
pplc,t) =0 t>0.

Choosing a trial solution of the form p(p,t) = R(p)T(t), we arrive at the two
ordinary differential equations using the method of separation of variables on
Equation (8.51):

p*’R"+2pR + \p*R=0 R'(c) =0 (8.52)

T" + a*\T = 0. (8.53)
The general solution of Equation (8.52) for A = a® > 0 is

cos ap . Bsin 04,0.

R(p)=A p p

This solution can be found by replacing R(p) by S(p)/p, which transforms the
differential equation into one with constant coefficients (see Exercise 16). Since
p(p, t) must be bounded in the sphere, it is necessary that A = 0. trigonometric

equation is difficult to solve in order to find the eigenvalues. We can easily
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/

10 / b
y=H
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tal
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10} 4
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Figure 8.5 Figenvalues u,, are given by the intersections of y = pu with tanu

see that there are an infinite number of eigenvalues by solving the equation
graphically, as shown in Figure 8.5.

The first nonzero root is 4.49, the second 7.73, and so on. Notice in par-
ticular that as p = ac — o0, the intersection points approach (2n + 1)mw/2,
n=1,2,.... Table 1 lists the first eight nonzero solutions done numerically.

Using these values for p we see that the eigenvalues \ satisfy

Table 8.1
Table 1 Solutions of tanpg = p
1 2 3 4 5 6 7 8
4.49 7.73 10.90 14.07 17.22 20.37 23.52 26.66

and the eigenfunctions are

Rn(ﬂ) _ Sin(u;p/c) .
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To see if A =0 is an eigenvalue, we solve the differential equation
2
R'+-R =0
p
whose general solution is
A

Once again since R(p) must be bounded in the sphere, A =0 and R(p) = B.
Since R'(p) = 0 for any p, it certainly follows that R'(¢) = 0. Therefore, A =0
is an eigenvalue and its corresponding eigenfunctions Ro(p) = 1. This ends
our search for eigenvalues, for you can show there are no negative eigenvalues.

We now proceed to the solution of Equation (8.53). For A\ = u?/c*, n =
1,2,..., its solution is

apnt apnt

T,(t) = C, cos

+ D, sin

and for A =0,

Tg(t) = C() + Dot
Combining the solutions R and T, we see that the answer to our boundary
value problem takes the form

. sin np/C
plp,t) = Co+ Dot + Y % (8.54)
n=1
nt . nt
X (Cn cos s + D, sin o ) .
c c
In order to solve for constants C,, and D,, n = 0,1,2,..., we need two

matial conditions:

p(0.0) = £p) and P00 _ gy o< p <

When we attempt to solve for the coefficients, the series is not the Fourier
series. But the family of functions does possess an orthogonal property, and
we can solve for the coefficients as follows:

_3 / FF(p)dp, Dy= - / Polo)p (8.55)

2(1
C, = + 'u” / pf(p)sin Hn pdp
cp?

2(1 + py, . i)
D, = (73) / pg(p) sin —dp.
a’:u’n 0 c
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Exercises

1. You wish to find the temperature u(p,6) in a laterally insulated pie-
shaped region of radius c¢. The temperature satisfies the differential equa-
tion

P, + pu, + ugg = 0

and the boundary conditions
u(p,0)=00<p<c
T

u(p,—)zO O<p<e

6
T
u(c,0) =0 O<9<E.
Use the technique of separation of variables to find the temperature

u(p, 0).

2. Find the steady-state temperature u(p,f) in a circular plate insulated

laterally of radius 10 if the temperature on the circumference is 3 — 6.

3. Find the electrostatic potential ®(p, §) on the half disk plate with radius
25cm with the boundary conditions on the potential ® as shown in
Figure 8.6.

o=10

25cm

e:TC (I’ZO 9=0

Figure 8.6 Laplace equation on the half disk plate

4. Show that Equation (8.52) can be transformed into one with constant
coefficients by using the substitution R(p) = S(p)/p.

5. Evaluate and graph the velocity v of the fluid around the cylinder dis-

cussed in the previous section for a = 1, r = 2¢, § = 0, /4, /2 radians.
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6.

10.

11.

12.

13.

Apply the method of separation of variables to Laplace’s equation in
Example 5 to find the two ordinary differential equations in Equations
(9.72) and (9.73).

Show that there are no negative eigenvalues to be found in the boundary
value problem in Equation (8.44).

Prove that the solutions of Equation (8.50) satisfy

/ psin Mdp =0
0

C

where tan i, = .

Show that

(a) [ sin £22 sin L28dp = 0 m #n

(b) [, sin® £22dp = £ (%) n=12...
where tan p, = fi,.

Using the series in Equation (8.54) and the fact that p(p,0) = f(p),
justify Cy in Equation (8.55).

Hint. Multiply both sides of Equation (8.53) by p?dp and integrate from
0 to c.

Using the conditions in Exercise 22, justify C), in Equation (8.55).
Hint. Multiply both sides of Equation (8.54) by psin(u,,p/c)dp and in-

tegrate from 0 to c.

The coefficients D,, can be found easily from the equation for C, in
Equation (8.55). Using the condition dp(p,0)/0t = g(p), prove D,, in
Equation (8.55).

Find p(p,t) if c =1 and
pp(L,t)=01¢t>0

p(p,0)=00<p<1

pt(p7 0) = { g
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14. Write out the boundary value problem for finding the pressure p(p,t) in
a spherical region if the pressure is zero at 100 meters from the center
and the initial pressure is zero, and the rate of change of pressure with

respect to tis h(p).

15. Consider two concentric spheres of radius a and b, a < b, respectively. If
the pressure on the inner sphere is 1 and the rate of change of pressure
with respect to p on the outer sphere is 0, and the initial pressure is zero
and the rate of change of pressure with respect to tis p, write the partial

differential equation and boundary and initial conditions satisfied.

8.1.3 Boundary Value Problems with General Initial Conditions

We will now examine the method of solution of boundary value problems
where there are several initial conditions and two or more are inhomogeneous.
There are two well-known methods for solving such a problem.

The first approach consists of solving two boundary value problems, as we
have done previously. Suppose we wish to solve a vibrating string problem
where both ends are fixed and initially the string is not only displaced but a
velocity is imparted to the string (see Figure 8.7).

l v(x,0)=g(x)

u(x,0)=f(x)

Figure 8.7 Vibrating string, u is the displacement v =
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Formally, this problem is written as

Pu 0%
w(0,) =0, 0<t, u(L,t)=0, 0<t,
du

uw(z,0) = f(x), 0<z <L, T

(2,0) =g(x), 0<x <L

We now assume that the solution to this problem can be written in the
form u(x,t) = v(x,t) + w(x,t) where v and w satisfy the following boundary
value problems, respectively:

v 0% Pw 0w
=c

oz~ 0x2 o2 Ox?
w(0,8)=0 0<t

9}

)=0
v(L,t) =0 w(L,t)=0 0<t

v(z,0) = f(z) w(z,0)=0 0<z<L
ov ow

E(m,O) =0 E(m,O) =g(x) 0<z<L.

It follows from the method of superposition that if v and w satisfy their
boundary value problem, u satisfies the problem in Equation (8.56).

The second way of solving might be called a straightforward attack. We
solve Equation (8.56) directly as we have done in earlier examples (see Ex-
ample 3). The eigenvalue problem will be the same as before, but when we
come to solve the other ordinary differential equation, we will have no ini-
tial conditions. When we multiply X,, by T, and then form the infinite linear
combination to find u(x,t), we will find it necessary to solve for two sets of
arbitrary constants. Using one initial condition at a time, we are led to solve

Fourier series problems from which we evaluate our two sets of constants.

Example 8.1.7 : Consider a vibrating string fastened to air bearings that
move along two parallel rods 4 meters apart. Find the displacement u(z,t)
if the initial displacement is 1 meter and the initial velocity is x meter, per
second.
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Solution 8.1.7 The formal statement of this problem is given as

0%u (92
— = — 4, t
522 C(?tQ O<r< 0<
ou
—(0,t) = t
8(O,) 0 0<
ou
4,t)=0 0<t
E(L0)=0 0<
wz,0)=1 0<z<4
ou

E(m 0)=z 0<z<4.

Using the method of separation of variables with u(x,t) = X (x)T'(t), we

see easily that

X"+ AX =0, X'(0)=0, X'4)=0 (8.57)
T + C—AzT = 0. (8.58)
Solving the eigenvalue problem for Equation (8.57), we find the eigenvalues
are ) s
A\ — nem
16

and the eigenfunctions are
ancos$ n=0,1,2,....

Our next step is to solve the differential equation in Equation (8.58). Since A

1s known, the solution of this equation is
To(t) = Ap + Bot

t t
T, (t) :Ancos%+BnSin% n=12,....

Unlike previous examples, no initial conditions are attached to the differential
equation in Equation (8.58) and therefore we cannot evaluate the A,s or B,s

at this stage. We continue by assuming a solution of the form

u(z, t) = AO + Bot) + Y

n=1

A, cos—+B sin — | cos—  (8.59)

nmt nmwx
4c 4
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from which it follows that

ou By =, /nw nmt nmt nwT
E(I,t} = 7_{—;(4_6) ( A Sln4—C+B COS4—C) COST.

Using the initial condition u(z,0) = 1, we have
=24 Z A, cos — oy

which is a Fourier cosine series whose coefficients are Ag = 2 and A, = 0. In

the same way, knowing that (Ou/0t)(x,0) = =, we can write
n nwx
24 Z 7TB cos L

on the interval (0,4). This is a Fourier cosine series representing an even

function by extending x into (—4,0) as —z. Our calculations yield

BO =4 and

—64c
B o) n odd
=
0 n even.

Substituting these coefficients into FEquation (8.59), the solution to our

problem s

64c 1 . nnt nww
u(z, t)—1+2t—?135—sm4—ccosT. (8.60)

We see from the solution to Equation (8.60) that the center of the string,
x = 2, has the displacement u(2,t) = 1+ 2t. This fact tells us that once the
string is put in motion, the center moves away from u(2,0) = 1 at a constant
velocity of 2 meters per second. When t = 4cq, where g = 0,1,2, ..., the string
becomes parallel to the z-axis.

The factor sin(nmt/4c) in Equation (8.60) allows us to determine the fre-
quency of a vibrating string. The period \,, of the individual terms in the series
(8.60) is given by

8c

A, = periodof oscillations = M pa =5
nm n
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from which we can find the frequency f, which is related to the period by

1 n

Now the smallest n allowed in the series (8.60), in this case n = 1, determines

the fundamental frequency, that is

1

h=¢
Notice that all higher frequencies are integer multiples of the fundamental fre-
quency and are called harmonics. The value n = 2 is the second harmonic,

n = 3 the third harmonic,and so on.

8.1.4 Boundary Value Problems with Inhomogeneous Equations

In some boundary value problems the differential equation and the boundary
conditions may be inhomogeneous. In general, there is no straightforward way
to solve these problems. However, if the inhomogeneous part of the differential
equation is a function of x and the boundary conditions are constants, there
is a step-by-step way to solve such a problem. The method is best shown by

example.

Example 8.1.8 Suppose we wish to find the temperature u(x,t) in a laterally
insulated rod of length m whose initial temperature is f(x). For t > 0, the
left end of the rod is fized at 500° and the right end is fived at a temperature
of 100°. Furthermore, for t > 0, an electric current is made to pass through
the rod heating it, which introduces the sinx term in the partial differential

equation.

Solution 8.1.8 Formally stated, this boundary value problem looks like
ou 0%u

=k—— +sinx

ot Ox?

u(0,) = 500 0 < ¢

u(m,t) =100 0 <t
u(z,0) = f(z) 0 <z <.
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We assume the solution can be broken into two parts; that is,
u(z,t) = v(x,t) + h(z). (8.61)

Our plan of attack is to choose constants of iteration so that eventually the
v(x,t) term will be a solution of a homogeneous boundary value problem.

Substituting the right-hand side of Equation (8.61) into the differential
equation, we have

ov 0% y )
5= k‘@ + kh"(x) 4 sinz.

Therefore, to follow our plan, kh"(x) = — sinx. Solving this simple differential

equation, we find
sin

hz) = Cra + Gy + ——. (8.62)

Next we look at the boundary conditions, which can be written as

v(0, 1) + h(0) = 500
v(m,t) + h(r) = 100.
In order that v(0,t) and v(w,t) equal zero,
h(0) = 500 and h(m) = 100.

We use these conditions to find the specific values of Cy and Cy in Equation
(8.62). Therefore,

h(0) = 500 = C1(0) + Cy + S”;O
which implies that Cy = 500. Then,
h(r) = 100 = Cy7r + 500 + SH];W
o 400
Cy=—0
m

Substituting these constants in the solution [Equation (8.62)], it follows that

—400 sin

h(z) = 74500+ —
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We have completely determined h(x). Our next task is to find v(z,t), which

now satisfies the boundary value problem

o _ o
ot Ox?
0(0,6) =0 0 <t
v(mt)=00<t

' 4
v(z,0) =u(z,0) — h(z) = f(z) — su;:c + Ex— 500 0 <z < .
7r

If f(z) = (sinz/k) + 500, then v(x,0) (400/m)x. Using the method of

separation of variables and setting v(x,t) = X(x)T'(t), we are led to the two

differential equations and boundary conditions
X"(z)+ XX () =0 X(0) = X(7)=0
T"(t) + M\kT'(t) = 0.

The eigenvalues are X = n?, n = 1,2, ..., and the eigenfunctions are X, (x) =
sinnx. Solving the other equation, find T, (t) = e—kn’t

Combining this information, we expect our solution to be of the form

oo
—kn2t .
v(x,t) = E bpe "t sin na.
n=1

And since
400 -
0)= —z = b,,
v(x,0) — ng_l sin nx
we see that
2 (™ 400,
b, = —/ sin nz (8.63)

e 0 e
800

— _1 n-‘rl_‘
(=1) -

The solution to the homogeneous boundary value problem is

800 —1)"
v(z,t) = — Z oo%e‘k”% sin nz.
n=1

The solution to the inhomogeneous problem using the principle of superposition

18

800 o= (—1)™ _, », 400 sin z
=" n S .
u(z,t) - e sinne — — x + 500 + i

n=1
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This problem is one that commonly occurs in heat flow problems. We
observe that the answer for u(x,t) consists of two parts: the infinite series,
which depends on z and ¢, and the remaining part h(x), which depends only
on z. Because of the exponential term in v(z,t) we see that as t — +oo
the value of the series approaches zero. This part of the solution is called
the transient solution because it passes away quickly. The other part of the
solution h(x) does not vary with time and is called the steady-state solution.

Once again we notice that because the factor n? appears in the exponential
term in the series, the terms decrease quite rapidly in size for even small values
of t. Therefore, we can often get a good approximation of the transient term

by taking only one or two terms.

Exercises
1. Given the wave equation v = c?y,, and the conditions
y(0,1)=00<t

y(Lt) =00 <t
y(z,0) =10 0 <z < L
Y (z,0)==50<z <L

use the technique of separation of variables to find y(z,t).

2. Find the voltage e(z, t) on a high-frequency line of length 20 centimeters
if both ends of the line are shorted. The initial voltage e(z, 0) is 20(1—z);
ei(,0) is 20z.

3. Find the longitudinal displacement of a rod of length L whose ends are

free if the initial displacement is (L — ) and w(x,0) is 2.
4. Given the wave equation and the conditions
Uy = CQU:E:E + e "

w(0,¢) =100 0 < ¢
w(L,t) =50 0 <t
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u(z,0)=00<z<L
w(z,0) =z 0<x <L

and letting u(x,t) = v(x,t) + ®(x), solve for & completely and write

(but do not solve) the boundary value problem for v(z,t).

. The voltage e(x,t) satisfies the differential equation e,, = RCe; + Ax.

Using separation of variables, find e if

Ode
5-(0.)=00<t
Oe
8_x(L’t) =00<t

e(z,0) =50 0 <z < L.
. The current in a submarine cable of length 1000 meters is given by

If the conditions are
i(0,t) =2a 0 <t
1(1000,t) = 0.1a 0 < ¢
i(z,0) = 0a 0 <z < 1000

find the current i(z,t).

. Solve the heat equation with decomposition
Upy — kuy + A =0

with conditions
u(0,t) =0 0<t
u(L,t)=00<t
u(z,0)=00<z<L
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8.

10.

The equation for a vibrating string with external force is given by vy, =
Ype+F/5, where F = dx and where the left-hand end x = 0 is fixed and
the slope of the right-hand end = L is zero. The initial displacement
is f(z) while initial velocity is zero. Let y(z,t) = z(z,t) + ®(z). Solve
for ®(z) completely and write (but do not solve) the boundary value

problem for z(z,t).

. Poisson’s equation is given by u,, + u,, = y. If the conditions are

5 3
U(O,y):6+% D<y<l1
3
1
u(l,y):%—é 0<y<l1

-1
u(x,O):? 0<z<l1
u(z,1)=00<z<1
solve for u(z,y).

Hint. Let u(z,y) = w(x,y) + g(y).

The equation of a vibrating string with an external force is given by
Uy = Uy, + sin . The boundary and initial conditions are u(0,t) = 0,
uz(L,t) = —1, u(x,0) = 0, and w(x,0) = f(z). Let u(x,t) = w(z,t) +
®(z). Find ®(x) so that w(zx, t) satisfies a homogeneous boundary value
problem. Write out the differential equation and conditions satisfied by

w(z,t), but do not solve the equation for w.

8.2 GREEN'’S FUNCTIONS

When boundary value problems are solved using separation of variables, the

solution is represented by an infinite series. However, a series solution is nei-

ther the only possible approach to the solution of boundary value problems

nor always the best. In this appendix we introduce a method that represents

the solution in terms of an integral. This method is usually referred to as

?Green’s function method.”
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Example 8.2.1 Consider Poisson equation
Viu(x) = f(x) (8.64)

on a domain D of R? having a piecewise smooth boundary with the boundary

conditions
u(x)[ap = g(x) (8.65)

where D is the boundary of D. We want to find a function G(x,mn), n € R?,
which s called the Green’s function for the problem and depends only on
the differential operator and the domain D so that the solution of Equations
(8.64) and (8.65) can be represented as

e
w0 = [ Goemmin+ [ g3 as (.00
D oD n
where oG G aG
— =gradG-n=|—,-—|'n
on Y {8?71 0"72]

and n is the outward normal to the boundary 0D.

To see some of the advantages for using such an integral representation of
the solution, we note that Equation (8.66) holds for all possible f(x) and
g(x), thus providing us with the solution to Equations (8.64) and (8.65) even
when the method of separation of variables is not applicable. Furthermore,
the dependence of the solution on this function is explicit and in closed form.
Therefore, it enables us to investigate the dependence of the solution on these
elements of the problem directly.

From an applied point of view, Green’s functions have a natural physical
interpretation as the influence of a unit source located at m on the point x.
Accordingly, we can refer to G(x,n) as the "influence function.” We emphasize
this interpretation of the Green’s functions throughout this presentation and
use it to infer some of their properties.

The major undertaking in this solution methodology is the computation of
the Green’s function, which appears as a kernel in the integral representation

of the solution.
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Green’s Function for the Laplace Operator

Definition: The solution of
V2G(x,n) = 6(x —n) (8.67)
on a domain D in R" satisfying the boundary condition
G(x,n)|op =0 (8.68)

is called the Green’s function for the Laplace operator in D. Here d(x) denotes
the Dirac delta function.

Theorem 1 G is symmetric in x and n; that is

G(X7 77) = G(’l’], X)'

Proof. To prove this theorem we use Green’s lemma, which states that under

proper restrictions on ¢, 1, and D, the following formula holds:

) 2\ dA — 0 _ 0¥
[wvto-ovoia= [ (v -o7) s

Substituting ¢ = G(x,n) and ¢ = G(x,n*), where n,n* are arbitrary but

(8.69)

fixed points in D, in Equation (8.69) we obtain
[ GV Glx') = Gl VG m)ldA =
D
0G . L OG
| Gx Gl o) = Glxom) G ol (8.70)
Using Equations (8.67),(8.68) this yields

/D[G(Xa n)o(x—n") —G(x,n")o(x —n)|dA = 0.

Hence
G(x,m) = G(n,x).

Since n,n* are arbitrary points in D this proves the theorem. Theorem 2.

g—ﬁ(x, 1) has a discontinuity at x = 1. Moreover,
oG
lim | ——ds=1 (8.71)
e—0 Ce an
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where C is the circle of radius € around x = (x1, z5);that is
2 2 _ 2
(21 —m)” + (x2 —m2)” = €.

Proof. Let D, be the domain bounded by the circle C.. From (8.67) we

infer that
/ VQGdA:/ d(x—m)=1.

Hence, using the divergence theorem we infer that

1= V2GdA = / VG -nds = %ds.

D 2 c. On

This shows that 0G/0n has a discontinuity at x = 1 since otherwise (i.e. if
0G/On was continuous) the integral in Equation (8.71) would have to be equal
to 0.

Theorem 3. The solution of the Dirichlet problem in Equations (8.64),
(8.65) is given by Equation (8.66) where G is the Green’s function for the
Laplace operator.

Proof. We prove that if u(x) satisfies Equations (8.64), (8.65) then it must

satisfy Equation (8.66). To prove this statement we use Green’s lemma with

Y(n) =G, x), o(n)=u(n).
We obtain

/D (G (x,m)V*u(n) — u(n) VG (n,x)]dn =

/8D (G n.x) ag(:) - “(")g—i(& n)]ds. (8.72)

Using Equations (8.64),(8.65),(8.67),(8.68) this reduces to

[ 6%~ umstn - xan = [ gmTias (57

The desired result follows now from the symmetry of G(n,x) (Theorem 1)
and the definition of the Dirac  function.
At this juncture it is natural to inquire into the intuitive (or physical)

meaning of G and Equation (8.66). To answer this question we note that the
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solution of Poisson equation (8.64) can be interpreted as the gravitational po-
tential due to a source distribution f(x). It follows then that Green’s function
which satisfies Equation (8.67) represents the gravitational potential at x due
to a unit source at 1. Equation (8.66) can be interpreted simply as a restate-
ment of the superposition principle: that is the total gravitational potential
due to a volume distribution x and surface distribution ¢ is equal to the sum

(represented by the integral) of the pointwise contributions of these sources.

Computation of Green’s Function
Different techniques exist for the computation of Green’s function for a
given differential operator on a domain D. In this section we give two examples

for the computation of this function for the Laplace operator.

Example 8.2.2 To begin with we compute Green’s function for the Laplace
operator when D = R?. In this case the domain has no boundaries and Green’s
function has to satisfy only Equation (8.67). This function is referred to as
the "infinite space Green’s Function”.

Solution 8.2.1 To compute G in this case we have to solve
V3G = §(x — n). (8.74)

Since the right-hand side of Equation (8.74) depends only on x—mn we attempt
to find G wn the form

G(SE, Y,M, 772) = G(T)

where r* = (x —n1)? + (y — n2)?. However, since §(x —m) is zero for x #n it
follows that G must satisfy

V3G =0, for x#n.

Using the expression of the Laplace operator in polar coordinates this equation

1&( 8G> =0, 7#0 (8.75)

ror TE

reduces to

whose solution s

G=C+Cylnr
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where Cy,Cy are constants. To determine Cy we use Equation (8.71). We

obtain 5 .
1= lim/ —Gds = lim %rde = 27(C5.
c. On

e—0 e—0 0 r

Hence 1
G = Cl + — Inr.
21

Although Cy remains arbitrary, we set it to zero for convenience.

Example 8.2.3 Compute the Green’s function for the Laplace operator on
the unit disk in R2.

Solution 8.2.2 The usual technique to compute Green’s function on a domain

with boundary is to rewrite it as a sum
G == Gl +v

where Gy is the infinite space Green’s function. For the Laplace operator we

have
V3G = V3G, + Vi = §(x —n).

However G satisfies Equation (8.74); hence, v must satisfy
Vv = 0.
Moreover, from (8.68) we infer that on the boundary
vlop = —G1lap-

It follows then that v is a regular solution of Laplace equation whose values on
0D are equal to those of —Gy on this boundary.

To solve the boundary value problem

*v v
@ + 8—y2 =0 (8.76)
1
v |x2+y2: _% Inr |x2+y2

2

where 1 = (x —m)? + (y — m2)? (note that n is considered as a fived but
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arbitrary point on the disk). We now introduce polar coordinates for x,y and

m,n2
x =pcosl, y=psinf

M = 0CoSQ, 1)y = 0sinao.

Solving Equation (8.76) by the method of separation of variables we have
— % + ; p" (a, cosnb + b, sinnd). (8.77)
To satisfy the boundary condition we must have (using the cosine rule)

1 1 0"
V[ p=1= 47r1 n[l + 0% — 20 cos(f — ¢)] :—ZU cos(f gb). (8.78)

2m
n=1
From Equations(8.77), (8.78) it follows that:
B _ o"cosng _o"sinng
ap =0, a,= Sy— b, = o (8.79)

Combining Equation (8.77) and Equation (8.79) we have

1 00
(10700-7¢ %Z

n=1

cosn(d — ¢) (8.80)

1
= ——1In[1 + (po)? — 2p0 cos(f — ¢)].
4
Hence

1 1
G = i In[p? + 0% —2p0 cos(6 — ¢)] — . In[1 4 (po)* —2po cos(§ — ¢)]. (8.81)

Corollary. The solution of Laplace equation

V2u(p,0) =0 (8.82)
on the unit disk subject to the boundary condition

U [p=1= g(0) (8.83)

18

ul(p,6) = /O " P(p,6 - 6)g(0)do (8.84)
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where P is the Poisson kernel

1_ 2
6 —
Plp,0—¢) = 1+ p? —2pcos(f — @)
Proof. From Equation (8.66) we know that the solution of Equations

(8.82), (8.83) can be expressed as

u(p,&):/aD (n )g—ids (8.85)

In this case, however,

oG oG 1—p?

A A P —

on do 1+ p?2—2pcos(f — ¢)

which yields the desired result. Note that in Equation (8.85) p,0 are fixed

and 7,7 are variables. Therefore we must compute Wlth respect to these

variables.

Remark: The formula that has been used in Equation (8.78) follows from the

identity
1 —rcosx
l—i-Zr cos(nx) = 1577 — 2002’ 0<r<l. (8.86)
To prove this 1dent1ty we use the fact that
eif 1 =it
0= ———
cos 5
This enables us to rewrite the left hand side of (8.86) as
1 = 1 1 1
- |1 w 1 ,
2 —i—;(re o +Z ] {1—7“6”‘ * 1—re

The desired identity follows by simplifying the right hand side of this equation.

To apply this identity in Equation (8.78) we differentiate the log function
in this equation with respect to o, use the identity above, and then integrate
the result.

8.3 LAPLACE TRANSFORM

In some instances the Laplace transform method provides another technique
for the solution of boundary value problems by converting the partial differ-

ential equation into an ordinary differential equation.
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We start with a review of the Laplace transform and its basic properties.

8.3.1 Basic Properties of the Laplace Transform

The Laplace transform £ of a function f(¢) is defined as

L(f)(s) = / et (.

Here we assumed implicitly that the improper integral in this definition con-

verges. Obviously the Laplace transform is a linear operator that is:
L(af +bg) = aL(f) +bL(g)

where a, b are constants.

Example 8.3.1 Compute the Laplace transform of f(x) = 0(z — a).

Solution 8.3.1 By definition,
L(f)(s)= / e 5(t — a)dt = e
0
Example 8.3.2 Compute the Laplace transform of f(t) = t* for k > —1.

Solution 8.3.2

- L= D(k+1
L(t*)(s) = / the stdt = —— rfe"dr — (k+1)
0

shHL J Gkl
where we made the substitution r = st.

Example 8.3.3 Compute the Laplace transform of the translated Heaviside

function

1, t>a
H(t—a):{ 0 t-ua (8.87)

Solution 8.3.3

CIH(E - a)])(s) = /0 T H (= a)etdt — / sty =

—as

e

S
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The most important property of the Laplace transform is the relation between
L(f) and the Laplace transform of the derivatives of f, i.e. L(f’), L(f"), and

SO O1l.

Theorem 1:
L(f) = sL(f) — f(0), (8.88)
L(f") = s*L(f) = sf(0) = f'(0), (8.89)

and so on.

This theorem can be proved by repeated use of the formula for integration

by parts, e.g.
L) = /Oo ()t = F()e |0 +5/Oo e F(t)dt = sL(f) — £(0).
0 0

The final step in the application of the Laplace transform to ordinary
differential equations requires the inversion of the transform. This is usually
done with the aid of a table of Laplace transforms and some ”factor theorems.”

We quote some of these:
Theorem 2: If L(f)(s) = g(s), then

Lle™ f()l(s) = g(s — a) (8.90)
CIH(E— a)f(t — a))(s) = e g(s) (8.91)
L)) = 2 (s). (5.92)

Example 8.3.4 Compute

Solution 8.3.4 From a table we have,

s
L(coskt) = Erwrie g(s).
Therefore,
s+a
Grapre et

Hence from Theorem 2 we infer that

1 S+ a _ —a
£ {m} =€ tCOS kt.
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Another important property of the Laplace transform is related to the convo-
lution of two functions.

Definition: The convolution of two functions f, g is defined as

reo= | Fr)glt — )

Theorem 3: Let F(s), G(s) be the Laplace transforms of f and g respectively
then

L(f*g)=F(s)G(s).
Thus the transform of the convolution equals the multiplication of the two

transforms.

Example 8.3.5 Use the Laplace transform to solve the following initial value
problem:

y'+4y' +3y =0, y(0)=2, y(0)=-4 (8.93)
Solution 8.3.5 Applying the Laplace transform to Equation (8.93) and using
Equations (8.88), (8.89), we obtain for g(s) = L(y)(s).

244 _ 1 1
$24+4s+3 s+1 s+3°

9(s) =

From a table of Laplace transforms we have, however,

1

s—a

L(e")(s) =

Hence, applying the inverse Laplace transform to g(s) we have

y() = £-[g(s)] = £ (ﬁ) s (5 i 3> Ce e

Note that this is the solution of the differential equation and the initial condi-

tions.
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8.3.2  Applications to the Heat Equation

In this section we present the solution of two boundary value problems related

to the heat equation in one space dimension using the Laplace transform

Example 8.3.6 We consider here the heat conduction in a rod which cooled
down by its surroundings due to the fact that it is not insulated laterally ("a
one dimensional radiator”). According to Newton’s law of cooling the equation

which governs the heat conduction in this rod is

ou  u
)OCE = liw — CL(U/ — T()) (894)

where p,c, k,a,Ty are all constants (Ty is the ambient temperature). Making
the transformation u = u — Ty, dividing by pc and then dropping the bar on u,

Equation (8.94) becomes

ou 0u

We now want to solve this equation for a semi-infinite rod, 0 < x < co, subject

to the following initial and boundary conditions:
u(z,0) =0, u(0,t) = C = constant. (8.96)

Furthermore we assume (on physical grounds and the modeling assumptions
that lead to the heat equation )that u(x,t) remains bounded as x — oo for all
t.

Solution 8.3.6 Let g(z,s) be the Laplace transform of u(x,t) with respect to
t: N
g(x,s) = Llu(x,t)] = / e *u(x, t)dt.
0
It follows then that:
0 0? g
L]—|===L(u)=—-—=.
{83521 0x? (v) 0z?
From Equation (8.88) and the initial condition in Equation (8.96) we ob-
tain

L [g—ﬂ = sg(x,s) — u(z,0) = sg(x, s). (8.97)

Hence the application of Laplace transform to Equation (8.95) yields

kgur(x,s) — (s +b)g(x,s) = 0. (8.98)
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Moreover the boundary conditions on g(x,s) are

90.5) = <. tim g(z.5) = 0.

S T—00

Equation (8.98) is an ordinary differential equation with constant coefficients
inx (s is considered to be a constant) whose solution subject to the boundary

conditions above is

where

s+b 1/2
a:( : ) |
Thus

ou

5 = L [sg(x,8)] = L7H(Ce™™).

From a table of Laplace transforms and Equation (8.90) we infer that

E_l( —ax\ __ x —b _x_Q
e ) = QW%I) t :

The required solution of our boundary value problem is

O t exp (—bT — %)
Wk TP

Example 8.3.7 The heat equation for a thin homogeneous and insulated rod

u(zx, t) = dr.

in which heat is being generated at the rate of r(t) per unit volume is

o = ks (). (8.99)

Solution 8.3.7 We now solve this equation for a semi-infinite rod x > 0

subject to the following boundary conditions
u(0,t) =0, u(z,0)=0

and assuming that u(x,t) is bounded for all z and t.(These boundary conditions
imply that heat will flow out at x = 0.)
Applying the Laplace transform to Equation (8.99) and using the notations

of the previous example we obtain

kger(x,s) — sg(x,s) = R(s) (8.100)
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where R(s) = L[r(t)]. The boundary conditions on g are

g(0,s) =0, lim g(z,s)=0.

T—00

The solution of Equation (8.100) subject to this boundary conditions is

g(z,s) = R(s) (1— e‘x\/s/_k).

S

Hence

g_;b = L V[sg(x,s)] = L7 [R(s)] — L {R(Smp {‘x E} }

Using the convolution theorem we obtain

g—? = r(t) — r(t) * [Ql"memp (_435—;” .

Hence

u(x,t):/ot{r(T)—r(T)* {2\/%@]9 (—%)1}617.

8.4 NUMERICAL SOLUTIONS OF PDES

8.4.1 Finite Difference Schemes

In this section we demonstrate the application of the finite difference approx-
imation that was introduced in a previous chapter to the solution of various

partial differential equations.

8.4.2 Numerical Solutions for the Poisson Equation

To solve numerically the Dirichlet problem for the Poisson or Laplace equa-

tions on a rectangular D C R?, that is
Vu = f(x) on D (8.101)

and

ulop = g(x)
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we introduce on D an equispaced grid with step size h. Using the finite differ-
ence formula in Equation (8.101) for 9*u/0x? and its equivalent for 9%y /0y?,
we approximate the differential equation at each interior grid point (z;,y;) by

Uip1j T Uim1j — 2U5 Ui g1+ Uij—1 — 2U;
! 3 ! S h; L= f(z,y), (8.102)

that is,
Uit + Uim1j — dUiy + Wi 1 + U1 = h2f(mi7 Y;)- (8.103)

Thus, for each interior point we obtain a linear equation in the unknowns
u;;. Furthermore, since the values of u on the boundary are known, the total
number of equations equals the number of the unknowns; that is, the boundary

value problem has been reduced to a system of linear equations.

Example 8.4.1 Derive a system of linear equations for the solution of
Viu=0

on
D={(z,y) 0<2<1,0<y<1}

with the boundary conditions
u(z,0) =1, u(l,y) =1, u(0,y) =u(z,1) =0

and h = % (see Figure 8.8).

Solution 8.4.1 From the boundary conditions we have
U2 = U1,3 = U4 = U3 4 = 1

and

U1 = U3,1 = Ug2 = Ug3 = 0.

Hence, to solve this problem we have to compute only uas, sz, Uss, and ussz.
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U1 Ugo g3 Uy
Ys1 Uso Y33 Us s
Up,1 U0 U3 Yos
Uy Ui Uis Uig

Figure 8.8 Computational Grid for example 8.4.1

From Equation (8.103) we obtain the following equations for the four inner
grid points:
Uz + Ugy — dugg +uss +uro =0 (8.104)
Ugo + Ug g — dUg g +uzz +uy 3 =0
Uz +uzs —4dugs +uso +usp =0
U2 + uz g — 4uzz + ugz + ugz = 0.
Using the boundary conditions this yields
Ug 3 — AU o + ugo = —1 (8.105)
Uz — U3+ uzz = —2
uz3 —4dugo + uzo =0
uzo — 4uzz + us3 = —1

which is the required system of equations.

8.4.2.1 Other Boundary Conditions

When the boundary value problem is of Neumann or mixed type, the number

of equations derived using Equation (8.103) at the inner grid points will not
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be equal to the number of the unknowns since the values of u on the bound-
ary are not known. To overcome this difficulty we add additional grid points
outside the region whenever the boundary conditions are given in terms of
the derivatives and then use a finite difference formula to equalize the num-
ber of unknown to the number of equations. The details of this ”trick” are

demonstrated in the following example.

Example 8.4.2 Solve
Vu=0
on
D={(z,y) 0<2z<1,0<y<1}

with the boundary conditions

g—Zu,m “ 1 (L) =1, w(0,y) = ulz,1) = 0

and h = %

Solution 8.4.2 : Since the boundary conditions along y = 0 are given in
terms of Ou/0y, we add the grid points ug o and ugs and use Equation (8.103)
at the four inner grid points and the two grid points alongx = 0 [i.e., (%, 0) and
(%, 0)]. We obtain sixz equations in eight unknowns. These equations consist of
the four given by the system in Equation (8.104) and

Uy + Uz —4uy g+ uge +uge =0 (8.106)
Ut +urg —4uiz +usz +ugz =0

(See Figure 8.9).
But

Uz = U1 = Uy = U = Ug3 =0

and

Upg = U244 = U344 = 1.
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Yy g YUy Yys Uyy

Ys 4 Usp Yss Usa

Y 1 Ys o Ys 3 Up g

Ui Yo Yis Uig
Yo Uo,2

Figure 8.9 Computational Grid for example 8.4.3

Hence,

Ug g — 4o + uzg +up =0
ugo — dugz +ugz +urz = —1
ugz — 4uzs + uz2 =0
uzo — 4uzz + us3 = —1
g — 4uy o + uge +up =0

U2 — 4uy 3+ ug 3 +ugz = —1.

To solve the system we need two additional equations. These equations are

obtained from the boundary condition at (%,O) and (%,O) using the approwi-

8_“ _ Wig41 — Wi
) 2h '

2 2

g, U3 — U3 = -

3

The system now consists of eight equations in eight unknowns.

mation

This yields

U9 — Up2 =
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8.4.3 Irregular Regions

When the domain D has an irregular shape, the finite difference forumlas for
the derivatives will not be applicable to grid points whose distance from the
boundary is less than h. Under these circumstances we must introduce ap-
propriate approximation formulas for the derivatives (see Chapter 3). Thus,
using the notation shown in Figure 8.10, we obtain the following finite differ-

ence approximations at the grid point a:

Figure 8.10 Computational Grid near the boundary of an irregular domain

ou Uy — Up ou Ug — U3
7)) = — ) = 8.107
((‘3:6)3 h(1+ ay)’ ((‘9y)a h(as + as) ( )
@ B 3U2+041U1 — (14 ay)u,
Ox? a N h? 041(1 + Oél)

@ - 2042114 “+ azug — (012 + Olg)ua
8y2 a N h? OéQOég(CYQ + Oég)

where u, = u(a). The finite difference approximation scheme for Vu = f

at a is given by

Uy + QU] — (1 + oq)ua QolUy + i3l — (OéQ + ag)ua
ar (14 aq) gz (g + ai3)

h2
— ?f(a)
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Symmetry Considerations

In practical applications of the finite difference method, the number of
equations to be solved can be very large; for example, a two-dimensional grid
with 50 divisions along the x— and y—axes will yield 2500 equations. The
same grid in three dimensions will lead to 625,000 equations! This number
can be reduced, however, when the region D, the boundary conditions, and

the differential equation are invariant under certain asymmetry operations.

1 1
0 F) ‘0 ‘5 10
I I I
'u | U
Bp-- 4 -1---#3--I5
I I I
10 \5 0\777:777%777%777\0 \5 10
I I I I I I I
I I | I I I I
S T T A e R
I I I I I I I
L\ __ YL
10 I I I I I I I 10
| | | | | | |
5 ,,,,‘,,,J,,,L,,,L,,J,,,i,,,‘,,,,5
I I I I I I I
| | | | | | |
| e |
10 5 0 I I I 0 5 10
'u I 'u
e R S
I I I
| | |
10 5 10 5 10

Figure 8.11 Using symmetry to reduce the number of unknowns

Example 8.4.3 Since the region and the boundary conditions as shown in
Figure 8.11 are invariant under reflections with respect to the x and y axes, it
follows that the solutions of V?u = 0, which is also invariant with respect to

these operations, will satisfy
U — U2 = U3 = Uyg

and so on.

Exercises

1. Derive a finite difference approximation scheme for the Poisson equation

in three dimensions.
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2.

For a boundary value problem with circular symmetry in R?, it is natural
to use polar rather than Cartesian coordinates. Derive a finite difference

approximation to V2u = f in these coordinates.

Hint: use a grid with constant A0 and Ar. Note also that

VQU_@—FE@—FL@
Cor2  ror 12062

Solve
V2u =rcos®f u(1,0) =0

on the unit disk using A8 = 7/6 and Ar = 0.2. Compare with the exact

solution.

Solve

Viu = 2 — y?
on
D={(z,y) 0<2<1,0<y<1}
with the boundary conditions

OU0) =1, ul,0) =1, u(l,y) = ule,1) =0

Use different step sizes and compare the solutions obtained.

Complete the solutions of Examples 3 4, and 5. Use several different h.

. Derive a finite difference scheme to solve

V2u + (2 + yz)% = f(x).

Solve numerically the differential equations that appear in the previous
exercise if
flx) =2®+y*

and the boundary conditions are the same as in Example 3.
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8.4.4 Numerical Solutions for the Heat and Wave Equations
To obtain numerical solutions for the heat equation in one dimension,

0*u  10u

with the boundary conditions

u(x,O) = f(x)v U(O,t) = gl(t)v u(avt) = gQ(t)

on 0 <z <aand0 <t <T. We introduce a grid with step size Az, At in
x and t, respectively, and use finite difference formulas to approximate Equa-
tion (8.108). Denoting u(x;,t;) by u;; leads to the following finite difference
equation at the grid point (ij):

Uity — 2Ui + Uiy LU — i

or
kAt 2k A\t
Ui j+1 = (AT)Q(U'H—L]' + ui—l,j) + (11— M Uj, 5- (8110)

We observe that in Equation (8.109) the forward difference formula is used
to approximate Ju /0t since otherwise (for the central difference formula) the
values of u at t == At are needed to evaluate u at t + /AAt, and these data are
not available.

The formula in Equation (8.109) expresses u at ;41 in terms of its values
at time ¢;; hence, since u at time ¢ = 0 is given, we can compute u on [0, T
consecutively, that is, at At, 2At, and so on (there is no need to solve systems
of equations). Furthermore, Equation (8.110) can be simplified by choosing
r = kAt/(Az)? to be equal to 3, which leads to

1
Uij+1 = §(ui+1,j + Ui1,5)- (8.111)

The meaning of this formula is that on such a grid the value of u(x;,t;41)
is the average of u(w;_1,t;) and w@;q1,t;).

The algorithm defined by Equation (8.110) or Equation (8.111) is called
the explicit method for the numerical solution of the heat equation. Its
drawback is that in order to ensure its stability, that is, to prevent the accu-

mulated numerical error from becoming too large and therefore rendering the
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numerical solution meaningless, we must choose r < % This condition places
a restriction on At that must satisfy At < (Ax?)/2k and, therefore, increases
the computational effort needed to obtain the required solution.

To overcome this restriction, Crank and Nicholson observed that the for-

du U1 T Uiy
ot),, At

can be interpreted as a central difference formula at time ¢; + %At and, hence,

ward difference formula

a consistent approximation scheme must evaluate 90*u/0x? at this time. To
accomplish this we average the approximations for 9*u/0x? at this time. To
accomplish this we average the approximations for 9*u/dz? at t; and ¢;1 and,

thus, obtain the following finite difference formula for Equation (8.108) at (ij):

Uig1j — 2Wij + Ui

8.112
2(Ax)? i ( )
Uit jp1 = 2Uijn + Uisagyr 1 Uij — Ui
2(Ax)? k At
that is
—TUi41,5+1 + (2 + 27’)Ui7]‘+1 — TU;—1,54+1 (8113)

= TUi_;,_l,j + (2 — 27”)Ui7j + Tui—l,j~

The algorithm represented by Equation (8.113) is called the Crank-
Nicholson algorithm. It requires the solution of a system of linear equations
at each time step, but it is stable for all values of r.

As for the wave equation,

Pu 1 0%
0" 2or (8.114)
with the boundary conditions
u

u(0,t) = u(a,t) = 0.
We use Equation (8.101) to derive a finite difference approximation for Equa-
tion (8.114). We obtain

Uiprj — Wi+ w1y 1 Wi — 205+ iy

(Ax)? T2 (A1)




Solutions of Partial Differential Equations B 351
Hence,
2 2
Uijp1 = W (Uit + Uio1;) + 2(1 — w7 )uij — i (8.115)

where w = (cAt)/Ax. Furthermore, if we set w = 1, the algorithm formulas

will be simplified and we obtain
Ujjr1 = Uig1j + Uim1,5 — Ujj—1- (8.116)

We infer from Equation (8.115) or Equation (8.116) that we can calculate the
values of u at t;; if these values are known at ¢; and ¢;_;. It follows then
that in order to begin the computation of u at At, its values at —/A\¢ must

be known. We can easily overcome this difficulty, however, if we observe that
(Ou/0t)(x,0) = g(z) implies

U1 — Ui —1

AT g(x;). (8.117)

Thus, using Equations (8.116) and (8.117) we obtain for u; 1,

Ui = %(UH_LO + ui—l,()) + g(x,)At (8118)
= 3lf(ir1) + f@ima)] + gx:) At

The algorithm given by Equation (8.115) is stable for w < 1. However, un-
expectedly the numerical results obtained by setting w = 1 are better than
those for w < 1; that is, decreasing the time step will not bring the numerical

solution closer to the exact solution.

Exercises

1. Solve the heat equation in one dimension with the following boundary
conditions using the explicit and Crank-Nicholson algorithms. Compare

the accuracy of the solutions and the computational effort.

)=T, u(a,t)=0
)=T, wu(a,t)=0
) =c¢, u(a,t)=0.

2. Solve the wave equation (8.114) in one dimension with w =1 and w = 3
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using the following initial conditions:

(a)u(z,0) = sinz, 9u(2,0) =0
(b)u(z,0) =0, % =sinz
(c)u(z,0) = cos2z, 2%(z,0) = sinz.

Always assume that u(0,t) = u(a,t) = 0. Compare the numerical and

exact solutions.

3. Derive a finite difference algorithm to solve
0u ou 10u
T () = 2
o T g = R

subject to the appropriate boundary conditions.

4. Solve numerically the differential equation that appears in Exercise 3 if
the boundary conditions on u are u(z,0) = sin 2z, u(0,t) = T, u(a,t) =
0, and b(z) = x.

5. Derive a finite difference scheme for
@ ) Pu l82u
02 drot 2 Ot2
if u(x,0) = sin bz, (Qu/0t)(x,0) = 0, and u(0,t) = u(a,t) = 0.
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9.1 EXTREMA OF FUNCTIONS.

It is well known from elementary calculus that the local extrema of a smooth
function f = f(z) in one variable coincides with the points z; at which
f'(z;) = 0. Furthermore, an extremal point x; is a local maximum or min-
imum if f”(x;) <0 or f”(x;) > 0 respectively.

Similar criteria exist naturally for multivariable functions. Thus, for func-
tions in two variables F' = F'(z,y) we have the following:
Definition: Let F(x,y) be C? (= twice differentiable with continuous deriva-

tives) in some region R. The Hessian of F' at (z,y)e R is defined as
Froo(z,y) ny(x7y)
Fyx(x7y) Fyy(fay)

Remark: This definition can be extended naturally to functions with n vari-
ables. Thus if F' = F(x) = F(z1,...,x,), then

H(x,y) = (9.1)

0*F (x)
H(x) = . 9.2
) = |G 92)
Definition: a = (ay,...,a,) is said to be a critical point of F'(x) if
F
gmi(a):(); i=1,...,n. (9.3)

We quote the following theorem without proof:

Theorem 9.1.1 Let F(x,y) be C* in a domain D and let (a,b) be a critical
point of F' in the interior of D. If

1. H(a,b) >0 and F,.(a,b) <0 then F' has a mazimum at (a,b).
2. H(a,b) >0 and F,.(a,b) > 0 then F' has a minimum at (a,b).

3. H(a,b) <0 then F' has neither a mazimum nor a minimum at (a,b).

Example: Let F(z,y) = 2* — y* Then F, = 2z, F, = —2y, and hence at
(0,0) F,(0,0) = F,(0,0) = 0 (i.e. (0,0) is a critical point of F'). However,
H(0,0) = —4 < 0 and, therefore, (0,0) is not a maximum or a minimum point
of F. To see what it is, we observe that when we approach (0,0) along the
r-axis (y = 0), F(x,0) = 2? and hence (0,0) “looks like” a minimum. On
the other hand, if we approach (0,0) along the y-axis then F'(0,y) = —y* and
(0,0) “looks like” a maximum. Thus, (0,0) is a saddle point.
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9.2  CONSTRAINTS AND LAGRANGE MULTIPLIERS

In many practical applications one wants to find the extremum points of F'(x)

subject to a finite number of constraints on the value of x,
ge(bfz) =ck, k=1,....m (9.4)

where ¢, are constants.
To solve such problems one uses Lagrange multipliers. The algorithm is

described by the following:

Theorem 9.2.1 : The extremum points of F(x) subject to the constraints

Equation (9.4) are the solutions x1,...,x,, A,..., \m of the m+n equations
gi:o, i=1,...,n (9.5)
ge=c, k=1,...,m (9.6)

where
flx,\)=F =X g1 — ... — MG (9.7)
Remark: \q,..., )\, are called the Lagrange multipliers and f the auxiliary

function of the problem.
Example: Find the points on the ellipse 22? + 2zy + y? = 1 that are closest
to the origin.

Solution: we want to minimize
F(a,y) = 2" +y° (9.8)
(which is equivalent to minimizing (22 + 32)'/?) subject to the constraint
gi(z,y) =20 + 2zy +y° = 1. (9.9)
The auxiliary function f(x,y, A) is therefore
flz, oy, \) = 22 + 9> — M222 + 22y + 9. (9.10)
Hence the extremum points have to satisfy the equations

20 — 4 x — 2 \y =0 (9.11)
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20— 2 z =2 \y =0 (9.12)
22° + 2wy +y* = 1. (9.13)
Solving Equation (9.11) for y yields
—1+42A
y = _¥. (9.14)

Substituting this expression for y in Equation (12.9) and solving for A we

+
)\:3 2\/5.

Using this expression of A in Equation (9.14) and then substituting for y in

obtain

Equation (12.10) we obtain the following solutions for (x,y):
(z,y) = (£0.528,£0.325), (z,y) = (F0.850, £1.376).

The first two pairs represent the points with minimum distance from the origin
while the last two pairs have a maximum distance from the origin.

Remark: It should be observed from this example that the method of La-
grange multipliers is ”easiest to apply” when F'is at most a quadratic polyno-
mial and g; are linear functions since in this case the solution of the resulting

system of equations for the extremum points is straightforward.
Exercises
1. Plot the ellipse 222 + 2zy + y? = 1 and identify the points closest to the
origin.

2. Find the point on the ellipse 22 — 22y + 2y? = 1 with maximum distance

from the origin.

3. Find the dimensions of the right circular cylinder of fixed total surface

area A (including top and bottom) with maximum volume.
4. Find the relative extrema of
F(z,y,z) =xz+yz
which lie on the intersection of the surfaces
2yt =2 yz=2

(two constraints).
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5. Show that

(a) Among all triangles with the same perimeter the equilateral triangle

has the greatest area.

(b) Among all rectangles with the same perimeter the square encloses

the greatest area.

9.3 CALCULUS OF VARIATIONS

The basic problem of the calculus of variations can be stated as follows: Find

the function y(x) defined on [z1, 5] and satisfying the boundary conditions

y(r1) = y1, y(w2) = 1o (9.15)

so that the value of the integral

I(y) = /m f(z,y,y)dx (9.16)

is at extremum.

The following examples show how such problems arise in actual applica-
tions.
Example 1: Formulate a variational principle to find the arc of minimum
length that passes through given end points (z1, 1), (z2,y2).
Solution: The differential of the distance in two dimensions is

(ds)* = (dv)* + (dy)*,

hence our problem is to find y(x) which minimizes the integral

z<y>=/ds=/¢mz/f VIF@Rds  (917)

with
y(r1) = y1, y(x2) = 1. (9.18)
Example 2: Find the plane curve between (z1,y1), (z2,¥2), y1,y2 > 0 which

generates the smallest surface area when revolved around the x-axis.
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Solution: As is well known, the surface area generated by revolving a curve

y = y(x) around the z-axis is

S(y) = / 2my /11 (y)? da. (9.19)

x1
We have to find the function y(x) which minimizes the value of this integral
and satisfies the boundary conditions Equation (12.26).

To solve the basic variational problem (or at least recast it in terms of
differential equations) we proceed as follows: let y(z) be the desired optimal

solution (unknown as yet). Consider the following set of functions:
Y(z,€) = y(z) + en(x) (9.20)

where n(z) is an arbitrary but fixed function which satisfies the boundary

conditions

n(x1) =n(xg) = 0. (9.21)
For a function Y'(x,€) in this family the variational integral (Equation
(3.2)) takes the form

I(e) = /“»‘2 f(z,Y,Y")dx. (9.22)

Thus the variational integral “degenerates” into a one variable function in e.
Moreover, since we know that at € = 0 I(e) has an extremum (according to

our assumption on y(x)), it follows that 1’(0) = 0, i.e.

2 rof 4y df  dY’
I'0) = = — . dz = 0. 2
(©) / [8Y de T Ay de } =0 (9.23)
But from Equation (12.28)
dy ay
de " e
and Y (z,0) = y(x), Y'(x,0) = ¢/(z); therefore, Equation (10.35) reduces to
wof o of
— - dz = 0. 24
/xl L%/TH@@/ ] vy 92

Integrating the last term in Equation (10.36) by parts we obtain

of 11" [™[of d [of _
oyl L (o Lo =0 o2
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X1Y,)

optimal trajectory: y(x)

B ——

Nearby trajectory:
y(x)+e n(x)

(XpYo)

Figure 9.1 Optimal trajectory and another one close by

and hence by Equation (9.21)

/: B—; - % [g—;,” n(z)dx = 0. (9.26)

Equation (9.26) must hold true for any choice of n(x) which satisfies Equation
(10.46); hence we infer that the extremum function y(x) must satisfy the

partial differential equation
— - — —==0. (9.27)

This equation is called the Euler-Lagrange equation.
We observe that when f has no explicit dependence on z, i.e. f = f(y,y'),
then Equation (10.39) can be written as

d |, of -
¢ {y z- } _0. (9.28)



360 W The Process of Mathematical Modeling

In fact
K I ) L2 VAN K2 N IS e
dz |Y oy Yoy TV ar oy ay Y oy
_ _glof A of]| _
— Ly [ay = {ay” —0. (9.29)

Example 1 (cont.): For this problem

[l y,y) = V1+ ()~ (9.30)

Hence from Equation (10.39) we obtain

d /
S L | = (9.31)
dr | 1+ (y')?
ie.
y/
———— =const = ¢ (9.32)
L+ (y)?
or
/ Cz
Ve A (const.). (9.33)
Hence
y=Ax+ B (9.34)

as we expected!

Example 3: Find the plane curve along which a particle of mass m starting
from rest will slide without friction from (z1,y1) to (z2,92),y2 < %1, in the
shortest time.

Remarks:

1. From a historical perspective this was the original problem that led Euler
to “invent” the calculus of variations. The solution curve to this problem

is called the “brachistochrone.”

2. To simplify the algebra we can assume without loss of generality that
(z1,91) = (0,0).

Solution: Since the speed of the particle along the curve is

ds
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the total time of descent from 0 to (z2, ) is
2 r2 ] 2 1 12
I(y) = / dt = / 75 — / 7V+U(y) dz. (9.36)
0 0 0

However by conservation of energy we have

1 1
§m1}2 — §mvf =mg(y — 0). (9.37)
Since v; = 0 we infer that
I(y) ! /x V1t ly)” (9.38)
y = 77 .
0 VY

29

5

1.e. . 1+(y/)2
V29 VY

From Equation (10.40) we infer that

VI VI+ () N ' '

Solving this for 3" and integrating we obtain

fly,y) =

(9.39)

VY
= d 941
o= [y (9.41)
1
where ¢ = ——. Substitutin
V2c¢ &

. o0

y = 2csin 3 (9.42)

we finally obtain a parametric representation of the required curve
x = c(f —sinb) (9.43)

y = c(1 —cosh), (9.44)

which is a cycloid.

Example 4: Find the shortest path between two points on a sphere of radius

R.
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Remarks: A curve on a surface that provides the shortest path between two
points is called a “geodesic.”

Solution: A curve on a sphere is given by
x = Rsin ¢ cos ¥, y = Rsingsinf, z= Rcos¢ (9.45)
where 6 = 0(t), ¢ = ¢(t). Hence
(ds)? = (dx)* + (dy)? + (dz)* = R*(d¢)* + R*sin? ¢(dh)>. (9.46)

The variational problem is therefore to minimize

I= /t:2 ds = R/:2 \/ (¢')? + sin? ¢df (9.47)

where ¢/ = %. Hence

f(6,0) = Ry/(¢)? + sin? . (9.48)

Since f does not have explicit dependence on #, we can use Equation (10.40)
to obtain
R(¢')?
VR +sins

Solving for (¢’) and integrating we obtain

= 49 — aresind OO
¢—C1/\/stin4¢_c%sm2¢— arcsn{ 2 } Ca (9.50)

where ¢; ¢y are integration constants and b = \/R/c? — 1. Hence

Ry/(¢)2 +sin® ¢ = ¢y (9.49)

R
(sin co) R sin ¢ cosf + (cos co) Rsin ¢ sin 6 — CZ?S ¢ _ 0 (9.51)
or in Cartesian coordinates
: z
xsin g + Y Cos ¢ — b= 0. (9.52)

Thus the shortest arc that connects (0, ¢1) and (6o, ¢2) on the sphere is the
intersection between the sphere and a plane that passes through its center.

Thus the arc is part of the great circle connecting the points on the sphere.
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9.3.1 Natural Boundary Conditions

In some variational problems the boundary values of y at one or both end
points may not be specified. Since y(x;) remains arbitrary, it is impossible to
choose 7 to be zero at such an end point (Equation (9.21)). However, it is

still possible to derive the Euler-Lagrange equation for this problem if we note
2

that n(x;) = 0 was used only to “discard” pwil in Equation (9.25). This
¥ le
can be also be done, however, by choosing 1
0
8—35/:0 at x=u;, i=1,2 (9.53)

(if y(z;) is not specified). This condition is then called the natural boundary

condition of the problem.

9.3.2 Variational Notation

Many books on variational problems introduce the concept of variation dy(x)

to replace en(x) that we used above. This implies

dy'(z) = en' () (9.54)
and p
%(53/) =en =0y (9.55)

Moreover, given a function F'(x,y,y’) one defines the variation of F as

o = AF:F(%ZJ"‘“LZ/"‘“/)_F(xv%y/)

= S (en) + ) = S0+ S (9.56)
It is easy to verify the following:
S(F") =nF" '§F (9.57)
d(aFy + bFy) = adF, + bdF,, a,b, constants (9.58)
(Fy - Fy) = F10Fy + Fyd F. (9.59)

The variational principle Equation (12.24) can now be rewritten as

S =Al=1(y+en)—I(y) = /I2 6f(x,y,y )dx. (9.60)

1
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Exercises

1. Fermat principle for the motion of a light ray in a medium states that
“light will travel between two points along the path which minimizes the
transmission time.” Formulate the corresponding variational principle
for the motion of light in a medium in which the speed of light at any

point in any direction is a function of the position only.

2. Show the Euler-Lagrange equation for a variational principle which con-

tains second order derivatives of y, viz.

T2
1=/ flzy, v, y")
x1

18

4[58

Ay dr |dy'] " da? | dy”

Hint: Note that the boundary conditions on y(x) are
y(z1) = a1 y(z2) = a

y'(z1) =by Y (22) = by

where a;, b; are constant.

9.4 EXTENSIONS

When the function f in the variational integral is a function of more than one

dependent variable, e.g.
f:f(x7y7jj7y7t)7

the extremum of the variational integral

to
1= [ty (9.61)
t1

is achieved by the functions x(t), y(t) satisfying the following Euler-Lagrange

equations.

of _d [ﬁ} —0 (9.62)

Oor dt |0z
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0 d [0
—f e —f = (9.63)
Jdy dt |Jy
Similarly for the n-dimensional case (i.e. n-dependent and one independent
variables)
to
I= / f(x,%,t)dt, xeR" (9.64)
t1
the extremum functions have to satisfy
of d |of .
- — = =1,...,n. .
o, i L%J 0, 1 RN ) (9.65)

Another extension of the Euler-Lagrange equations is required when f is a
function of more than one independent variable but one dependent variable,
ie.

I= / f(z,y,w,w,, w,)dA, DeR*. (9.66)
D
To prove the analog of Equation (12.32) in this case let
W(z,y) = w(z,y) + enlz,y) (9.67)

where w(z,y) is the extremal function we are looking for.

(9f of

) // { Ny + 8—%%1 dA. (9.68)
By applying Green’s theorem in two dimensions (see Appendix) we obtain

// {awx 8 ny] dA = (9.69)

of

IR AR A
f of
* /8,37] L%)x 4y dw, } '

Assuming that w is specified on the boundary of the domain 9D we deduce

that n|sp = 0. Hence the extremum function w(zx,y) has to satisfy the follow-

ing partial differential equation:

of o [of of
ow O [ang dy {Owy] 0. (9:70)
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Exercises
1. Use variations on Equation (12.33) to derive Equation (12.34).

2. Find the functions z(t), y(t), z(t) which minimize the integral

= [VETE A 0.71)
1
and satisfy the boundary conditions
x(t;)) =z ylt) =y, z2(t;) =2z i=12. (9.72)
3. On a Riemanian manifold the infinitesimal distance is given by
(ds)? = g;;(x)dwidz; (9.73)

(implicit simulation on i, j). To find the equation of the curve x(t) of
minimum length that connects two points on the manifold (=geodesic

curve) it is enough to minimize the square of the distance , i.e. minimize

f2 dx; dx;
I(x :/ Gii(X)—— —L dt. 9.74
0= G G (9.74)

Derive the explicit form of Euler-Lagrange equation for x(t).

9.5 APPLICATIONS

A key point in the application of variational principles to mechanical (and
other) systems is Hamilton’s principle.

Definition: If V : R" — R the gradient of V' is defined as

ov ov ]

gradV =VV = [a—xl,...,axn

Definition: A system is called conservative if the forces acting on the system
can be expressed as the gradient of some scalar function V' which is called the
potential of the force.

Hamilton Principle: For a conservative system the actual motion (or tra-

jectory) will minimize the variational integral

- /tQ (T — V)it (9.75)

t1
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where T is the kinetic energy of the system. (7" — V') is also called the La-
grangian of the system.

Remark: The kinetic energy of a point particle of mass m is %va where v
is the velocity of the particle.

Example 1: Derive the equations of motion for a system of two masses and

three springs as shown in the diagram:

Figure 9.2 System of two masses and three springs

Solution: Let z,y be the displacement of the masses from equilibrium at time

t. The kinetic energy is then given by

1 1
T = §m:'c2 + 5mgf. (9.76)

The potential energy of the springs in this position is given by
oo, 1 2 1, 5

Therefore the variational integral for this system is

to 1
= [§m<¢2+gz>—k<x2—w+y2> . (9.78)
t1

This is a variational integral with one independent and two dependent vari-
ables. Euler-Lagrange Equations (12.31)-(12.32) then lead to

mi + 2kx —ky =0 (9.79)

miy + 2ky — kx = 0. (9.80)

Example 2: Vibrating Membrane (Drum head)
We consider a “flexible membrane” which is stretched over some region

D in the = — y plane and bounded by a curve C. Denote the deviation of
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the membrane from the z — y plane by w(x,y,t) (where we assume that on
the boundary w(z,y,t)|c = 0). The membrane is set in motion by an initial
disturbance from the equilibrium position, and we want to derive an equation
of motion for w(z,y,1t).

Solution: The kinetic energy of the membrane is obviously given by

1
T = 5// plx, y)widr dy. (9.81)
D

To evaluate the expression for the potential energy we first note that for
conservative systems V' (b) — V' (a) is the amount of work needed to take the
system from state a to state b.

For our system we can assume that the amount of work needed to take the
membrane from its equilibrium state (z — y plane) to another is proportional

to the difference in the surface area (Hooke’s law in two dimensions). Hence

V(w)ZV(w)—V(wZO):k//l){,/1+wg+wg—1}dxdy. (9.82)

For small deflections we can use the approximation

1
V1it+u= 1+§u, lu| <<'1 (9.83)
to obtain

V(w)zg//D(wierj) dx dy. (9.84)

The variational integral which we have to consider is therefore

-1 / { / /D [pw? — k(w2 + w2)] d dy} n (0.85)

Euler-Lagrange equations for this case yield (one dependent variable and three
independent ones)

or equivalently
V2w = pwy, (9.87)

which is the wave equation in two dimensions.
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Exercises

1. Modify the discussion above so that gravity is included.

2. Derive the equations of motion for the double pendulum.

(X2, ¥2)

Figure 9.3 Double pendulum

Hint: From the drawing it is obvious that

x1 ={l1sinf, y; = cosb (9.88)
xo = L1 sinf + lysing, yy = 1 cosO + £y cos ¢. (9.89)

Hence o 40
&1 =Vl1cos0—, 1y = —L1sinf— (9.90)

dt dt
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: de d
Ty =l COSQd—t + {5 cos qbd—f (9.91)
: . do . d
U2 = —{1 sin Qa — (5 sin gbd—f (9.92)
The expressions for the kinetic and potential energy are
T:71( f—l—y%)—i—f(mg—l—yg) (9.93)

V =mygli(1 — cos ) + mag(ly + lo — {1 cos O — Uy cos @). (9.94)

3. Derive the equations of motion of the system shown in Figure 9 where

my is constrained to move only in the vertical direction.

m; (0 9Y1)

m, (X2 ’ Y2)

Figure 9.4 Pendulum suspended on a spring mass system

Hint: 25 = /5 sin 6

Y2 = y1 + a2 cos b (9.95)
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1 . my . .
T = §m1yf + 72 (43 +93) (9.96)

1
V = §k(y —l)? + mag[—y + Lo] + maglls + Ly — (y1 + o cos0)] (9.97)
where /; is the natural length of the spring.

4. Solve the system described by Equations (12.41)-(12.42) with my # msq
and kl 7é ]{32 7é kﬁg.

9.6 VARIATION WITH CONSTRAINTS

In many applications of variational principles we have to find the extremum of
a variational integral subject to constraints. The method used to solve these
problems is an extension of the Lagrange multiplier approach for functions.
We shall illustrate it with few examples in this section.

Example 1: Find () so that

1. (Variational Integral)

I(Y) = /m(@bx + 2 dx is extremum (9.98)
2. (Constraint)
() — / A )dz = 1. (9.99)
3. (Boundary Conditions)
Y(21) = ¢P(z9) = 0. (9.100)
Solution: Let 1(z) be the solution. For a small variation near ¢ (z) we can
write
V(@) = (@) + en(a). (9.101)
Hence 2
I(e) = / [ + enu(x) + (s + en,)?]da (9.102)

J(e) = /m (Y +en)de =1 (9.103)

x1
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and n(z1) = n(z2) = 0.
Applying the Lagrange multiplier approach to the function 7(e) and the

constraint J(¢) we now form
K(e,\) = 1(e) + A\J(e). (9.104)

Since by assumption ) is the solution of our problem we must have

0K(e M| _ (9.105)
de |-,
and
J(e=0)=1. (9.106)
But
0K 2
e le=0 = / [Nz () 4 29en, + 200 N]dex. (9.107)
However,

/ (12 + 200ume)d = (0 + 2¢0m)|2 — / 2z dx = — / Ve d.

1 1 (9.108)
Thus we infer that for all n
)
/ (=2t + 2X)n dz = 0; (9.109)
Z1
i.e. 1) must satisfy
Ve — AP =0 (9.110)
with the constraint 2
/ Yidr = 1. (9.111)

A direct method to obtain the same result is to construct the Lagrange

multiplier functional

K, ¥g) = 1(4,1s) + AJ (¥, 1hs) (9.112)

and compute the optimal solution as the simultaneous solution to a Euler-
Lagrange equation for the variational principle K and the constraint J. In
fact,

oK d [8[(

N dr |0,

d
o) dx ] =22 — {1+ 20 ] =0, (9.113)
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ie.

Example 2: Find the curve of length 3 which passes through (0,0) and (1, 0)
for which the area between the curve and the z-axis is a maximum.
Solution: If the equation of the curve is ¢ = ¥ (x), then we want to find the

extremum of )
5Awmm,wm=awm=o

subject to the constraint

1
:/ V1+40” do = 3.
0

Following the Lagrange multiplier approach we obtain the following Euler-

Lagrange equation:

[W [w+m/1+¢fﬂ [w+/\\/1+¢’2] (9.114)
Hence p W
A W—lzo. (9.115)

Integrating Equation (9.115) we find (after some algebra) that ¢ must satisfy
(LC — 61)2 + (w — C2)2 = /\2;

i.e. 1 is a circle. The three constants ¢, co, and A are to be determined so that
¥(0) = ¢(1) = 0 and the requirement that the curve length is 2.

Exercises

1. Find the explicit expression(s) for ¢ in Example 1 if x; = 0 and x5 = 2.

2. Find the extremum of the variational integral

Hw=/2W%+%Mw

subject to the constraint

J@w):/:2¢2dx=1.
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3. Show that the extremum of

U(z) =a P(z2) =0

are solutions of the differential equation

(p¢") + (g + Ar)y = 0.

9.7 AIRPLANE CONTROL; MINIMUM FLIGHT TIME

As is well known, some (sea) fighter planes take off vertically. In this section

we consider a simplified model (with no air drag) for the vertical take off of

such a plane in order to find out the optimal thrust distribution so that the

plane achieves a specific height in minimum time. We assume that the total

amount of fuel available is constant.

To formulate a mathematical model for this problem we introduce the

following data and approximations.

1. The simplified equation of motion for the plane (when air drag is ne-

glected) is given by
i=—g+ull)

where z(t) is the plane height at time ¢ from the ground and wu is the

thrust.

2. The fuel consumption of the plane engine is proportional to the square

of the thrust. Since the amount of fuel available is constant, it follows

that the total thrust of the engine over the flight time 7" must satisfy

the constraint .
/ u(t)?dt = constants = c.
0

3. The boundary conditions on the flight of the plane are
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(a)
z(0) = @(0) = 0; (9.118)
i.e. the plane starts from the ground with velocity 0.

(b)
2(T) = b (9.119)

i.e. the plane must achieve a predetermined height.

4. We want to minimize the vertical flight time 7T, i.e. minimize
T
7 = / ldt="T. (9.120)
0

Model: In this problem we must minimize Equation (9.120) subject to the
constraints given by Equations (9.116), (10.103) and the boundary conditions
Equation (9.118), and Equation (9.119). As a first step, however, we must con-
vert the constraint given by the differential equation Equation (9.116) into an
“algebraic” relationship so that the problem becomes amenable for treatment
by the method of Lagrange multipliers as described in the previous section.
Integrating Equation (9.116) over the interval [0, 7] and using the condition
#(0) = 0 we obtain

(1) = —g7 + /OTu(s)ds : (9.121)

Integrating this equation over [0,¢] and using the condition z(0) = 0 yields
_th t T
x(t) = 5 +/ [/ u(s)ds] dr. (9.122)
o Lo

We now invert the order of integration of the double integral in Equation

(9.122)
/0 t { /O Tu(s)ds} dr = /O t / ' u(s)drds

= /(t— s)u(s)ds. (9.123)

0

Hence,

z(t) = —l—/o (t — s)u(s)ds. (9.124)
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T

K

Figure 9.5 Region of integration in Equation (9.122)

Thus the variational problem under consideration is to minimize

T
1:/ 1dt (9.125)
0

subject to the constraints
T T
J(T,u) = —/ gtdt +/ (T — t)u(t)dt = h (9.126)
0 0

Jo(T,u) = /OT uw?(t)dt = c . (9.127)

We see then that the variational problem under consideration has two depen-
dent variables T, u, one independent variable ¢, and two constraints.
To compute the optimal solution we now follow the Lagrange multiplier

approach and construct the functional

K(T, U) =1- )\1J1 - )\QJQ . (9128)
The optimal solution must then satisfy Euler-Lagrange equations for T, u and
the constraints given by Equations (9.126)-(9.127). Thus

0K _ d [0K
or dt | 0T

T
1 =1 + )\1gT — )\QUQ(T) — )\1 / u(t)dt =0 (9129)
0
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0K  d [0K
T [%] = (T —t) — 2)\u(t) = 0. (9.130)
Hence (T — ¢
u(t) = _I(TQ_) (9.131)

(and therefore, as expected u(7") = 0).
Substituting Equation (9.131) in Equations (9.126), (9.127) and (10.115)

leads to the following three equations in the unknowns 7', A1, Ao.

T?(MT + 3X2g) = —6Ash (9.132)
MT3 = 12052 (9.133)
MT(MT + 4)hog) = —4), . (9.134)

From Equation (9.133) we infer

)\1 2\/§C

hence for the optimal flight time Equation (9.132) yields the equation
3gT? + 6h = 2v/3c¢T°/% (9.136)

Finally, using Equations (9.131) and (9.135), we obtain an explicit expression

for the thrust as a function of time:

u(t) = \/gc {1 - ﬂ | (9.137)

Exercises

1. Explain in detail the inversion of the integral in Equation (9.123).

2. Reconsider the minimum lift off time problem when air drag has to be

taken into account; i.e. the equation of motion for the plane is given by
¥F=—g—at+ut)
where « is a positive constant.

3. Reconsider the problem of this section when one wants to minimize the

fuel consumption (e.g., in lift off from the moon surface).
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9.8 APPLICATIONS IN ELASTICITY

In this section we discuss the modeling of transverse vibrations in elastic bars

and thin plates using variational principles.

A. Transverse vibrations in an elastic bar.

Consider an elastic bar of constant cross section, density p per unit
length, and length L. To model the transverse vibrations of such a bar
we ignore the possible distortion of the cross sections and assume that

any small section of the bar moves as a rigid entity.

If u(z,t) is the displacement from equilibrium, the total kinetic energy

of the bar is given by

2

The strain potential energy due to the vibrations is given by

J = / / 2dydz. (9.139)
D

By Hamilton’s principle the motion of the bar will be an extremum of

p L
T = —/ wide . (9.138)
0

the variational integral

1 to L
I(u) = 5 / / (pu® — BEJu?,)dzdt (9.140)
11 0
with the boundary condition
u=u, =0atz=0,L (9.141)

(clamped rod).

To derive the appropriate Euler-Lagrange equation for I(u) we introduce
u=1u-+en (9.142)

in Equation (10.91) where u is the (sought for) extremal solution. Hence

to L
r'o) = / / {%fw aif ]nmdxdt =0 (9.143)
t1 0 xx
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where )
f= 3 [pi? — EJul,] . (9.144)

Using integration by parts and the boundary conditions we obtain

to L af ' to L a af
/lt1 /0 %ndxdt— —/t1 /0 5% [%} ndxdt (9.145)

L af Lo 92 af
i —aum NeadT = /0 52 {aumj ndx . (9.146)
Hence 5 [of P of
which yields
0%*u 'u

To solve this equation we need the boundary conditions at 0, L and the
initial position and velocity of the bar.
. Transverse vibrations of thin plate.

Consider the transverse vibrations of a uniform thin plate over a domain

R with the boundary conditions

0
) p— (9.149)
on|,p
The kinetic energy of the plate is
1 "
T=-p | udA, (9.150)
2" Jr
and the total strain potential energy is
1
V=3D // [(VZu)? = 2(1 — 0) (taalyyy — ul,)] dA . (9.151)
R

Here D is the “flexural rigidity” of the plate and o is the “Poisson ratio”
of the material (o is related to the relationship between the strain-stress

tensors in the material of the plate).
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The variational integral for this problem is

(9.152)

I(u) =
%/j //R {pi‘Q - D [(VQU)Q = 2(1 — o) (ugattyy — uiy)] } dAdt =
%/tltl //RfdAdt.

Letting
u=u-+en (9.153)
we obtain
2 of of of of
") — hae o + —— o | dAdE =
0 /t1 //R L.%L?? " iy e Oty v ¥ Oty ! y} !
(9.154)

Using integration by parts, Green’s theorem and the boundary condi-
tions yields:

/// gq 1A = /// Ot[ }dAdt (9.155)
[ o= [ ) ot = [ o

(9.156)
ete.
Combining all these results together we finally obtain
92
p 8—;; + DVA(V?u) =0 . (9.157)

This equation is referred to as the biharmonic equation.

9.9 RAYLEIGH-RITZ METHOD

Variational formulation of differential equations can be used to obtain approx-
imate solutions for these equations. The basic technique is due to Rayleigh-
Ritz, and it was the “precursor” to the current Finite Element Methods that
are used for the numerical solution of partial differential equations in various

applications.
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We present this method through two examples:
Example 1: The bending of an elastic bar under uniform loading.

In the previous section we derived a variational principle for the vibrations
of an elastic bar. If we apply on such a bar a uniform static loading, p, the

appropriate variational principle for the static shape of this bar will be

I(u) = /0 ’ [EEJ(UJH)z — pu] dx. (9.158)
Euler-Lagrange equations then yield
EJugpee —p = 0. (9.159)
If the rod is clamped at x = 0, the corresponding boundary conditions are
u(0) = u'(0) = 0. (9.160)

We can solve Equation (9.159) directly (as an ordinary differential equation)
or use the variational principle given by Equation (9.158) to obtain at least an
approximation to the solution. To this end we consider (as an example) the
function space & = {1, z, 22, 23, 2*} and attempt to find the best approxima-
tion to the solution in this space; i.e., we seek to find the values of a,b, ¢, d, e

which yield the best approximation to the solution u in the form
u = az’ + bx® + ca® + dz + e. (9.161)

These values of a, b, ¢, d, e will minimize I(u) in the function space S subject
to the boundary conditions.

As a first step toward the solution we apply the boundary conditions Equa-
tion (9.160) to Equation (9.161). This yields d = e =0, i.e.

u(r) = ax* + b’ + cx’. (9.162)
Substituting Equation (9.162) in Equation (9.158) we obtain after integration:

1 1 1
I(u) = —pL? [5aL2 + ZbL + 3¢ + (9.163)

2 1
o [%azLB +18abL + 5 (24ac + 186%)) L + 6bcL? + 2¢°L |
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This expression attains its minimum at a point where

oI I al

=== (9.164)

This leads to a system of three linear equations for a, b, ¢ whose solution is

p —pL pL?
2ig) " 6B CTaE) (9-165)
Example 2: Solve
Viu=rc (9.166)
on the square {2 = [—a, a] X [—a, a] subject to the Dirichlet boundary condition
Ul = 0. (9.167)

Solution: The solution of Equation (9.166) satisfies the variational principle

I(u) = /Q B(u +ul) + cu} dzdy . (9.168)

Let {¢;} i =1...N be aset of functions which satisfy the boundary condition
(9.167). We seek an approximate solution of Equations (9.166), (9.167) in the
form;

u(z,y) = a;¢i(x,y) (9.169)
which minimizes the functional in Equation (9.168), i.e

OI(3_ aidi(r,y)) _ 0 k=1 N
o ..., N.

(9.170)
This yields (after substitution in Equation (9.168))

Z / [(a@) (8%) + (if;) (%Z’“)] d:rdy+c/qbkdxdy—0

(9.171)
This is a system of N linear equations for the coefficients a; whose solu-

tion yields (through Equation(9.169)) an approximate solution to Equations
(9.166), (9.167).
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9.10 THE FINITE ELEMENT METHOD IN 2-D

We shall discuss this method within the context of the following boundary

value problem

Viu=0 in Q (9.172)
u=up on I'p

ou _ (Vu) -n = on T’

on - N

where I'p is the part of the boundary of 2 where Dirichlet boundary conditions
are being specified and I'y is the part where Neumann boundary conditions
are specified (n is the normal to the boundary). Thus, the boundary of the
domain satisfies

N=Tpul'y=T.

9.10.1 Geometrical Triangulations

The first step towards the application of the Finite Element Method (FEM) is
a geometrical one. We have to triangulate the region, i.e. divide the region
into triangles (not necessarily of equal size).
Remark: In the following we consider only “triangular elements;” however,
in many applications other shapes are used.

In this triangulation process one must be careful to leave no gaps between
the elements and there should NOT be any “free nodes;” i.e. nodes located on
an element’s edges are not allowed (in this context "nodes” is another name
for the elements vertices or “grid points”). Also triangles should not overlap
with each other.

Guidelines for “good” triangulations:

1. Avoid extremely irregular mesh. Do not use obtuse triangles; i.e. the

“sides” of the elements should be “comparable in size.”

2. If the physical problem has some sort of symmetry, subdivide the domain

according to the symmetry.

3. Use fine mesh in the vicinity of “abrupt changes” (in geometry, boundary

conditions, etc.).
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The motivation for these ”guidelines” is intended to ensure that one obtains
a well conditioned system of linear equations for the solution at the vertices
of the elements.

Topological Data: We have to number the elements and nodes (without

gaps) and prepare a “Dictionary” where
1. The node number and its coordinates (x,y) are given.

2. The element number and its associated nodes (in the counterclockwise

order) are given.

This numbering can be done using either row or column schemes (see
Figure 9.6 and Figure 9.7). However more general schemes are possible. These
numbering schemes attempt to reduce the band of the coefficient matrix for

the linear system of equations one has to solve eventually.

0 0 0

0 0 O

Figure 9.6 Row numbering of the nodes

9.10.2 Linear Interpolation in 2-D

Consider an element where the value of the solution u at the nodes (x;,y;),

1 =1,2,3is given by uy, us, uz. We want to find a linear interpolating function
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Figure 9.7 Column numbering of the nodes

over the element
u(z,y) = a+ Br +y

using the values of the solution at the nodes, viz.
up = a+ fry +yy

uy = a+ Bry + VYo
uz = o+ frz +yys.

This is a system of linear equations which can be solved by Cramer’s method

for a, B, 7. The solution can be rewritten in the form

ue(l‘? y) = 2¢1(I7 y)ul

where

1
gﬁi(l‘, y) = @(ai + bzI + Czy)

and .
Ae = 5([)263 — bgcz),
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a; = Toyz — T3Ya b1 =y —ys c1 =23 — T2 (9-173)
ay = T3y — T1Y3 by =ys —y1 Co =1 — T3 (9~174)
az = T1Y2 — Toy1 by =y —y2 €3 =12 — 1. (9-175)

A€ is the element area up to a sign.
Remark: Observe that ¢;(x, y) have the nice property that ¢;(x;,y;) = 1 and
¢i(xj,y;) = 0 j # . So this formulation preserves the fact that u; are the
actual values of the solution at the nodes.

It follows then from this discussion that the values of the solution at the
nodes, u;, can be used to determine (by interpolation) the solution over the

whole domain €.

9.10.3 Galerkin Formulation of FEM

We begin by reminding the reader of the following theorem:
Gauss-Green’s Theorem: (Integration by parts in 2-D)

/v2 JwdA = /—wdF /(Vu~Vw)dA. (9.176)

In particular if u is a solution of the Laplace equation then

Oou Jw  Ou Ow ou
//Q (% ot o a—y) aA= | Ghwdr. (9.177)

In the Galerkin formulation we attempt to write the solution on each ele-

ment as 5

u(z,y) = 6, y)u; (9.178)

i=1
and let
R (,y) = Vus(z,y)

be the residual from the exact solution on each element. We then determine

the u;’s by imposing the orthogonality constraint
Z/ i (z,y)R*(z,y)dA = 0. (9.179)
e, Qe

If the residuals R¢(x,y) are negligible we can assume that approximately
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V2ué(x,y) ~ 0 and use Equation (9.177) to rewrite Equation (9.179) on each
element as

3

0¢; 8¢] Op; 0¢; B -
Z{//e(aa: Ly 8y>dA}uj_/7qu¢idF i=1,2.3

7j=1

(9.180)
where I'S, denote the intersection, if any, of I'y and the triangle e.
Introducing
o N G

e \ Ox (93/ dy
and

Fo= [ o,

N

Equation (9.180) can be rewritten as

> Kfu; = Fy. (9.181)

J

Using the expression for the the functions ¢;(z,y), which was derived earlier,

we find the following matrix representation for K7,

b+ c2 biby + cica bibs + cics
K¢ = W b1b2 + c1co b% + C% bzbg —|—20263 . (9182)
b1b3 + cic3 beg + Cac3 b3 + C3

Observe that the matrix K€ is symmetric. These equations have to be “as-
sembled” for all the elements (since u; may appear in several elements) and
solved for the nodal values u,.

Example 3: A Four Element Model.

Consider the following FEM model made of four equal size right angle,
isosceles triangular elements where the sides are of length v/2 (see Figure
9.8)).

Column numbering is used for the nodes. Observe also the counterclock-
wise numbering of the nodes in each element. The area of each triangle is
1 and the coordinates of the nodes in order are (0,0), (0,—v2), (v/2,0),
(v2,—v2),(2v/2,0), (2v/2, —V/2) (the element number is circled). Using Equa-
tions (9.173), (9.182) we obtain the following element equations:
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©,

©

Figure 9.8 Four element FEM model

4 -2 -2 Uy
LIl -2 2 o uy | =
-2 0 2 us

2 =2 0 Uy

2.4 -2 4 -2 us | =
4 -2 -2 U

3.0 2 2 0 ug | =
-2 0 2 us
-2 -2 0 Uy

4.3 -2 4 =2 ug | =
0 -2 2 Us

Combining these equations yields:

Fy
Fy

F3
F}
Fy

Fy
Fy
3
Fy
F
Fy




4
-2
—2

0

0

0

—2

-2
0
0

—2

—4
-2
0

Uy
Uz
Us
Uy
Us

%
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F}

Fy + F3
Fi+ F? + F3
F? + F} + F}

F2+ F}

Fy
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9.11 APPENDIX

Green’s Theorems in Two and Three Dimensions

Green’s theorems are the analog of “integration by parts” in higher dimen-
sions. However, some variations of these theorems are useful in other contexts.
Theorem (Green’s Theorem in two dimensions) Let D be a region in
two dimensions and let 9D be its boundary (traced in the positive direction),

then for any two (smooth) functions P, @ (and proper assumptions on D),

// [a—PJra—Q} dA:/aD(de—Qdm).

Corollary: (Integration by parts)
If P=Gn. A= Fn then we obtain

//D [Gg—z 161,4_ // {8G 8F1 dA+/aDn(Gdy—Fdx)_

Corollary: (Second order integration by parts)
If welet @ =0and P = [G% — 77%] in Green’s theorem we obtain

0n on oG
//Gaxsz // —dA+/ (Gax %)dy.

Similar equation holds for differentiation with respect to y.

Theorem: (Green’s theorem in three dimensions)

/ F - gradndV = — / ndivFdV + / nF - ndS.
v 1% v

Note that the divergence theorem is obtained as a special case of this theorem
with n = 1.
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10.1  STRAIN AND STRESS

By definition the relative positions of the points in a rigid body cannot change
over time. For elastic bodies, on the other hand, these relative positions can
change. Strain measures the relative deformation of the points in an elastic
body when these deformations are “small.”

To analyze this concept, consider two nearby points whose coordinates in
the undeformed position are x = (1, %2, 23) and y = (y1,y2,ys). Let these
points be displaced now to x + d(x),y + d(y) (that is, the deformation is a
function of the position).

The distance between the points before and after the deformation respec-

tively is

i — z)? (10.1)

= Z(yz — z; + di(y) — di(x))*. (10.2)

i=1
Since we are assuming that | x —y ||[<< 1, || d |[<< 1 we can write to a first

order approximation

di(y) ) = Z

Expanding Equation (10.2) using Equation (10.3) and neglecting higher order

— ;). (10.3)

terms we obtain

TE oL

by axj xl)(yj - ﬂf])

We now define the extension of the element || y — x || as

. T1—Tg ) rL—Ty 1+ T
e = lim = lim =
y—x To y—x To 27”()

1. 2=l K ad
= im0 = Z %(x) cos 0; cos 0.
j

2 —X 7”2 N
Y 0 irj=1

Where we used the fact that

lim (“ + TO) —1,
y—x 219
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and defined

Y=
cosf; = lim
y—XxX 7’0

are the cosine direction of the element. We therefore showed that the extension

e is a quadratic form in the direction cosines which can be rewritten as

e= Z e;j cos 0; cos 0; (10.4)
]
where L rod od
R : i) 10.
“ 2 (OIJ + 8x1> ( 0 5)

Since e;; = ej;, this quadratic form is symmetric and e;; are called the com-
ponents of the strain [the symmetric strain matrix (e;;) forms a second rank
tensor].

Strains in elastic bodies are the result of forces acting on the boundary of
each volume element. The force per unit area is called the stress P. Observe
however that in general P is not normal to the surface element. The normal
component of the stress is called the pressure (or tension), while the tangential
component is called the “shearing stress.” To analyze the stress P acting on
a surface element dS with normal n we consider a tetrahedron of which three
faces dS,,dS,,dS, lie in the coordinate plane (see Figure. 10.1).

Let 7;,7 = 1,2,3, be the stresses on each face of the tetrahedron. By
Newton’s third law the condition of equilibrium for the volume enclosed by

the tetrahedron is

PdS — 11dS,; — T2dS, — T3dS, = 0. (10.6)
But
dS = ndS = dS,i + dS,j + dS.k,
1.e.
dS, = mdS, dS, =nqdS, dS,=nzdS.
Therefore

(P — T1N1 — TNy —Tgng)ds = 0.

In component form this becomes

P1 = T11N1 + To1Ng + T31M3, etc.
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-~
ds
dSy X y
ds
z
X
Figure 10.1 Wolume element with stress P
Hence we can rewrite Equation (10.6) as
3
Pi = Z Tjilj. (107)
j=1

It can be shown that (7;;) is a symmetric (i.e. 7,; = 7j;) second rank tensor
which is called the “stress tensor.”

Using the symmetry of (7;;) Equation (10.7) can be written as

3
P, = Tij M- 10.8
3
J=1

The basic assumption of linear elasticity is that for small deformations the

strain and stress tensors are linearly related. Thus
Tij = Z QijmnCmn (109)
m,n

where ;j,, depends on the elastic material.
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Since €y, 7;; are symmetric, it is easy to see that
Qijmn = Qijnms  Qijmn = Qjimn- (10.10)
Furthermore, it can be shown (using a thermodynamic argument) that
ijmn = Qlmnij-

These constraints reduce the number of independent components in this tensor
to 21. When the material is isotropic (that is there is no preferred direction)

the most general form of ajp,, is

where A is the Lame’s constant and p is the rigidity. Using Equations (10.5),
(10.11) Equation (10.9) now becomes:

aod od;  0d;
k

al'j afl

10.2  EQUATIONS OF MOTION FOR IDEAL FLUID

The equations which govern the motion of “ideal” fluid with zero viscosity (and
constant temperature) consist of one equation which is an expression of the
law of “mass conservation” (the “continuity equation”) and three equations
which express the law of momentum conservation. These are called Euler’s

equations.

10.2.1  Continuity equation

To derive this equation consider a fluid flow with mass density p(x,t). Let V/
be a volume contained in the flow. The mass of the fluid in this volume V" at

time ¢ is given by

mit,v) = / o, 1)dx. (10.13)
v
Hence the rate of change of the mass in V' is
dm _ [ 9P pax. (10.14)

dt ), ot
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Now let 9V denote the boundary of V' and n the unit outward normal to V.

The total mass flow rate of the fluid across 0V in the outward direction is
/ q-ndS = [ (pu)-ndS. (10.15)
oV v

Mass conservation principle implies, however, that a (positive) rate of change
of the mass in V' must equal the rate at which the mass is crossing 9V in the
inward direction. Therefore

dp

(923( x,t)dV = —/ pu - ndsS. (10.16)
ov

To convert the right hand side of Equation (10.16) into a volume integral we

now invoke the divergence theorem which states that for any “smooth” vector

field Fin V
/ F-ndS = / divFdV.
v 1%

Then Equation (10.16) yields

/ {% + div(p )} dV = 0. (10.17)

Since V is arbitrary we infer that the integrand in equation (10.17) is zero,
le.

dp
E—l—dw( u) = 0. (10.18)

Equation (10.18) is called the continuity equation.
10.2.2 Euler’s equations:

To derive these equations we consider a volume of fluid V' and a coordinate

system that is moving with it (this is referred to as the ”Lagrangian picture”
for the fluid flow).

At time ¢ the momentum of the fluid in V is

/V(pu)dV.

Hence by Newton’s second law and Equation (10.7)

d
pr (pul = / ZTwn]dS.
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The minus sign is due to the fact that dS = ndS where n is the outward
normal to V. Applying the divergence theorem yields

d 0T
y pul )V = — /Z(?:c] dv. (10.19)

Since we are considering a fluid with zero viscosity, there are no shearing
stresses and the stress tensor 7;; has only a normal components, viz. the pres-
sure p. Thus

Tij = POij.
Substituting this expression of 7 in Equation (10.19) yields (in vector form)

d
(pu)dV / VpdV.
dt v

Since the volume V' is arbitrary we infer therefore that
—(pu) = —Vp.
o () P

To convert this equation to one in a fixed (inertial) coordinate system (Eurelian

Picture) we use the fact that in a fixed coordinate system z = x(t), y =

y(t), z = z(t) and hence for a general vector field F(x) we have

dF 8F+8Fd:c+8de+(9_F %_8_F+(u V)F
dt |[agrange Ot  Ovdt  dydt  9r dt Ot '
Therefore 5
(5:) + (u-V)(pu) = —Vp. (10.20)

When p = constant (i.e. the fluid is homogeneous and incompressible) Equa-
tions (10.18), (10.20) reduce to

V-u=0 (10.21)

N v = —L vy (10.22)
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or in component form (where u = (u, v, w))

ou ov  Ow

O O ! (10.23)
88—? + u%+vg—z+ Z: —%g—i (10.24)
% . ug_ervg_ZJr gz _%g_fy’ (10.25)
%—l: + ug—i+vg—j+wg—fz—%%~ (10.26)

10.3 NAVIER-STOKES EQUATIONS

The equations that govern the motion of viscous fluid consist of the continuity
equation and a set of three equations which express the law of momentum
conservation. These equations are called Navier-Stokes equations.

To derive these equations we consider again a fluid volume V. The resul-

tant force in the ith-direction due to the stresses acting on this volume (see

Equation (10.8)) is
PdS :/ 7;:m,dS. 10.27
| [ (10.27)

Hence momentum conservation yields

d
w;)dV = / Tiin; | dS +/ Edv 10.28
dt (/0 ) - (zj: J ]) VIO ( )

where F represents “body force(s)” per unit mass (such as gravity) acting on

the fluid. Using the divergence theorem this converts to
v dt P al'j
But since V' is arbitrary, it follows that
87'”
10.30
=25, (10.30)

In the following discussion we neglect the body forces.

dv. (10.29)
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To motivate the choice of the stress tensor which is appropriate for fluid
motion we shall use both formal and physical arguments. From a formal point
of view we shall assume that there exists in the fluid a linear relationship

between the stress and strain

Tij = Sij + Z A imnCmn (1031)

m,n

where s;; is the “static stress tensor.” This motivates us to write e;; in analogy

with (10.5) as
1 (0u; Ouj
= = . 10.32
s 2 (8x3+8x1> ( 03 )

Note, however, that in these equations the velocities u; replaced the displace-

ments in Equation (10.5). This is justified by the observation that the relation
gwen by Equation (12.27) implicitly assumes that the strains e;; are due to the
fluid motion. We observe that in the literature there exist several other models
for the relationship between stress and strain especially in the context of fluid
turbulence.
For an isotropic fluid the tensors s;;, @ijm, are also isotropic and we must
have
S5ij = —Po0ij (10.33)

where py is independent of e, and is called the static pressure, A is called the

“bulk viscosity” of the fluid, while p is called the “dynamic viscosity.” Hence
> Qijmnon = > _[Aij0un + 1(GimOin + Gin0jm)€mn = Adij Y mm + 21cs;.

Therefore
Tij = —Podij + Adij Z Cmm + 211€i;. (10.35)

We now define the “dynamic pressure” p as the negative mean of the principal

stresses

-1 2
p:?zi:ﬂi:po— (A+§M>V‘u- (10.36)
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Substituting Equation (10.36) in Equation (10.35) we obtain

2
Tij = — [p + gﬂv : 111 0ij + 2ue;. (10.37)

Substituting this expression of 7;; in (12.26) we obtain after some algebra

d(pu)
dt

— _VUp+ %V(V u) + pV2u, (10.38)

where we dropped the body force term pF. If the fluid is incompressible, then

p = constant and V - u = 0 (continuity equation) which leads to

du 1 9

— == 10.39
I pr +vV*<u, ( )
where v = u/p is called the “kinematic viscosity” of the fluid. Replacing (‘Z—‘t‘)

by its Eurelian equivalent, Equation (10.39) takes the form

(9u . 1 2
o+ Vju= —;Vp +1vV?u (10.40)

Thus the motion of incompressibe viscous fluids is governed by Equations
(10.21), (10.40). They are referred to as “Navier-Stokes equations (NSE).” In

component form these equations are:

ou v  Ow

% Ty ta ) (10.41)
% + u%—i—v%—i—w% = —%g—i—i—VVQu (10.42)
% + ug_ZJrUg—Zer% = —%g—eruv% (10.43)
%_7“; + “g—:Jﬂg—Z*w% = —%%+yv2w. (10.44)

In the following we consider only incompressible flows.

EXAMPLE - Poiseuille Flow:
This is a "uniform” steady state flow between two infinite parallel plates

located at z = —h and z = h which satisfies

d
u=mu(z), v=0, w=0, % = const. (10.45)



Substituting these assumptions NSE we obtain for the steady state

JFu_ 1
022 pox’

Integrating with respect to z leads to

2% dp
U 2 de +Az+ b, p
Applying the no slip boundary conditions
u=0at z==+h
yields
1 dp
- h2 2 ]
“ 20 d:r( <)
To find p we use
1 " g 2h* dp
U= — udz = ————.
2h —h 3,u dSC
Integrating with respect to x we have
3
P=57 + Do

Exercises

vp.
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(10.46)

(10.47)

(10.48)

(10.49)

(10.50)

(10.51)

1. Prove Archimedes law : ”When a body is immersed in a (static) fluid a

force acts on it in direction opposite to the gravity force. The magnitude

of this ”buoyancy force,” is equal to the weight of the displaced fluid by

the immersed body.”

Hint: The hydrostatic pressure at depth z is —pgzk where p is the fluid

density.

2. Show that if a flow u can be expressed in the form

u=Ve¢ x Vy

then it admits a vector potetial A = ¢V so that

u=V x A.
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3. Fluid flow is irrotational if V x u = 0. Show that under this assumption

there exists a "potential function ¢ so that u = V¢.

4. Show that for incompressible flow in two dimensions one can define a

Stream function v which is defined as

_ % %

U—ay7 U——a—m.

5. Show that for irrotational and incompressible flow in two dimensions the

function
f(2) = (@, y) +id(r,y), »z=x+iy

is analytic. Hint: Show that f(z) satisfies Cauchy-Reimann equations.

6. Sphere moving uniformly in a stationary viscous fluid.

Since motion is relative, we can consider the equivalent system where the
sphere is fixed and the fluid moving (in the reverse direction). Assuming
that the fluid velocity is "small”, we can neglect the convective term
u - Vu in NSE. Furthermore we neglect the gravitational force. In the
steady state of the low NSE reduce then to

V-u=0, Vp=rvViu.

The boundary conditions are that ujgp = 0 where R is the radius of the

sphere.

Show that the solution for u = (u, v, w) and p of these equations is

3UJOR ( R2>
U= — rz|1l——],

r3 r2
3woR R?
v=— 3 Yz (1 — —2) ,
o () 1B )
r3 72 4r3 4r3 )7
3vwoRz
P=T o

where wy represents the uniform velocity of the sphere in the fluid (in

the z-direction).
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10.4 SIMILARITY AND REYNOLDS” NUMBER

Suppose that we wish to solve Navier-Stokes equations for a flow which involves
a “representative length” L and a “representative velocity” U. Furthermore,
assume that the initial and boundary conditions can be expressed in non-

dimensional form using

, u , tU , x
- — == == 10.52
Using these new variables and
/ P — Do
= 10.53
V= ( )

where pg is some “representative pressure” we can rewrite Navier-Stokes equa-

tions as o
uh
Lt =0 10.54
o ( )
1 0%/
at/ Ja / _—/ o ox-Or' ) (1055)
; J
where U LU
Re="1"" =22 (10.56)
1 v

is called “Reynold’s number.”

Navier-Stokes Equations (12.32),(12.33) contain only the Reynold’s num-
ber as a parameter. The solution u’,p’ depends only on x’,¢, Re and the
dimensionless ratios which are needed to specify the initial and boundary con-
ditions.

This shows that all flows that satisfy the same initial and boundary condi-
tions (when expressed in non-dimensional form) and have the same Reynold’s
number (i.e. the ratio pLU/u is the same although p, L, u, i might be differ-
ent) are described by the same nondimensional solution. Such flows are called
dynamically similar. In the following we shall always use the nondimensional

form of Navier-Stokes equations viz.

V-u=0 (10.57)

ou B 1,
a5 (u-V)ju=-Vp+ EV u. (10.58)
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This similarity principle is behind the use of a “wind tunnel” where appro-
priately scaled down models of airplanes (and other systems) can be tested in
flows which have the same Reynold’s number to which an actual airplane will
be subjected.

10.5 DIFFERENT FORMULATIONS OF NAVIER-STOKES EQUATIONS

The variables u, p which characterize the fluid flow are usually called “prim-
itive variables.” Equations (12.35), (12.36), which are formulated in terms of
these variables, constitute a system of coupled nonlinear partial differential
equations. The first of these equations, the continuity equation, is a first order
PDE which does not include the pressure. This fact can lead to instabilities
when one attempts to solve Navier-Stokes equations numerically, and several
other formulations are used to alleviate this problem.

We present here three such formulations for incompressible flow in two
dimensions.
A. Navier-Stokes equations in conservative form.

The explicit form of Navier-Stokes equations in two dimensions is

ou ou_
oxr Oy
ou ou ou op 1 _,
- - — =4 10.
8t+u8x+v(9y 8x+Revu (10.60)
ov ov ov op 1 _,
e — — = — . 10.61
at+“ax+”ay 8y+Revv (10.61)

Using the continuity equation we can write

0 (10.59)

u% + v@ = 3(uQ) + 2(uv)
ox oy Ox dy
v v 0 0

- - = I 2
s +U8y ax(uv) + ay(v ).

Hence Equations (12.39)-(12.40) can be rewritten in “conservative form” as:

(10.62)

ot Ox Ay Re

ou OF(u) 0G(u) 1 (O0R(u) 09S(u)
* * B ( Ox * oy )
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where
U
u=| u |, Fu=| «*+p |, Glu)=
v uv
0 0
R(u): Tza ) S(U): Tay
Tay Tyy
and
(e (o (o o
Tee =\ozr ay) ™ \oy Tor ) T

B. Elliptic Pressure Equation

For steady state flows (in two dimensions) the continuity equation can be

replaced by an elliptic equation for the pressure. To derive this equation we

differentiate equations (12.39), (12.40) with respect to x,y respectively and

add. Using the continuity equation this leads to

Ordy Oy ox
C. Vorticity-Stream Function Formulations
The vorticity of the flow u is defined as
w=Vxu.

In two dimensions, w = (0,0, w) where

L o
Cor Oy’
Introducing the stream function 1, which is defined as
o o
u = — v = —

oy’ oz’

(10.63)

(10.64)

(10.65)

(10.66)
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we find that the continuity equation is satisfied automatically and
Vi = —w. (10.67)

Furthermore, if we differentiate (12.39),(12.40) with respect to y, « respectively
and subtract we obtain

Ow Wpow pow 1
ot * oy Ox Oz dy Rev “ (10.68)

Equations (12.45)-(12.46) give a complete description of the flow in two
dimensions) in terms of the non-primitive variables ¢, w.

Although this form of Navier-Stokes equations is robust numerically, it is
usually more difficult to find and apply boundary and initial conditions on the

flow in this formulation than in the primitive one.

D. Beltrami Flow

Definition: A flow for which w x u = 0 is called a Beltrami flow. A flow for
which curl(w x u) = 0 is called a generalized Beltrami flow.
To see the implications of these definitions we consider the vorticity equa-

tion in three dimensions

%_c; +(u-Vw — (w-V)u =rvViw. (10.69)

This equation is obtained by applying the curl operator to Navier-Stokes
equations and using the continuity equation to simplify the result. Equation

(12.47) can be rewritten as

%—L: + curl(w x u) = vViw. (10.70)

Thus for a Beltrami (or generalized Beltrami) flow the vorticity equation re-
duces to the heat equation.
We note that for steady two dimensional motion the condition curl(w x

u) = 0 is equivalent to

O(w, )
d(z,y)

Therefore any functional relation in the form w = f(1)) is a solution of this

= 0. (10.71)

equation.
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E. Universal Solutions
There is a class of solutions to the NSE for which the viscous term vanishes
i.e. the solutions are independent of v. These are called universal solutions.

To derive these solutions we reconsider Equation (12.45) and observe that
Viw= -V x (V x w)

(Since V - w = 0). Hence Equation (12.47) can be rewritten as

Vx(%—?jthujtl/wa):O.

It is obvious therefore that the condition
V x(Vxw)=0,

which is equivalent to

%—L;—l—Vx(wxu):O,

leads to a universal solution. It follows then that steady Beltrami flows are

universal solutions of NSE.

10.6  CONVECTION AND BOUSSINESQ APPROXIMATION

In many fluid problems one must consider the effects of temperature gradients
on the flow. The motion of a fluid subject to such temperature gradients is
called convection.

To derive a model for these flows we shall use the “Boussinesq Approxi-
mation.”

In this approximation all the physical properties of the fluid are assumed
to be independent of the temperature except for the density. These density
variations lead to a “rbBuoyancy term” in the Navier Stokes equations.

To obtain an expression for this buoyancy term we consider a parcel of
fluid which has a temperature and density T, p respectively while the ambient
temperature and density is 7j, pp. Under these conditions a buoyancy force

will act on this parcel (Archimedes law)

F = —Mg (10.72)
Po
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(F is force per unit mass).
If the density variations are small, then from the equation of state p = p(T')

we obtain

Py BTy (10.73)
Po

where > 0 is the thermal expansion coefficient. Hence
F=-35(T-1Tyg. (10.74)
Navier-Stokes equations become then

V-ou=0 (10.75)

5;_‘: +(u-V)u=-Vp+Viu—B(T - Tyg (10.76)

(observe that we are still using the incompressibility assumptions in these
equations).

Since the temperature is part of Equations (10.75)-(10.76) we need an
additional equation to close this set of equations.

To do so we consider again a parcel of fluid (Lagrangian picture) and apply
to it the law of energy conservation.

Let Q(t) be the amount of heat in the parcel at time t.

Q= / cpT(x,t)dV (10.77)
1%
where ¢ is the specific heat of the fluid. Then
d dTr
L —/ q(z,t) - dS = —/ divqdV (10.78)
dt v oodt oV 1%
where q is the heat flux. Using Fourier law of heat conduction q = —xkVT
this yields
dr
— = kV°T 10.79
o = kV (10.79)

where k = i is the thermodynamic conductivity. Rewriting Equation (10.79)

in the Eulerian picture we therefore have

aa_z + (u- V)T = kV°T. (10.80)

Equations (10.75), (10.76), (10.80) are referred to as Boussinesq equations.
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Boussinesq equations can be applied to situations where there is no “ref-
erence” velocity unit, e.g. cavity flow. These flows are referred to as “natural”
or “free convection.” In these cases we use v/L to represent the “reference
velocity” when we perform the transformation to the nondimensional form of
the equations.

On the other hand, when a characteristic external velocity U exists, we refer
to the flow as “forced convection.” The nondimensional form of the equations

is obtained by the transformation

L .
L T o YT o T AT

T —1Tp ﬁ:p—po
pU?

(10.81)

where T} is the characteristic temperature and AT is “the characteristic tem-
perature difference.”
With these scalings, Boussinesq equations for forced convection take the

following form:

Vou=0 (10.82)
ou 1 s 1
S+ (s V)u = —Vp+ = Viu— Tk (10.83)
or 1,
S (VT = =T (10.84)

(where we dropped the bars over the scaled quantities).
In these equations we introduced the Prandtl and Froude numbers Pr, F'r
which are defined as . SATL
_9 _r
T T Pr = = (10.85)

Other “nondimensional numbers” that appear frequently in the literature are

the Grashof number

ATL?
Gr = @T (10.86)
and the Rayleigh number
ATL3
Ra = BQT = GrPr. (10.87)

Observe also that for forced convection we have the relation

Gr = Re*Frr. (10.88)
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10.7 COMPLEX VARIABLES IN 2-D HYDRODYNAMICS

If a 2-D flow is irrotational, i.e. V x u = 0, then there exists a potential

function ¢ so that

99 99
== == 10.89
o U by (10.89)
(or equivalently u = —g—i, v = —g—i). The continuity equation in the Navier-
Stokes equation will be satisfied if
V2 = 0. (10.90)

We observe, however, that the continuity equation V-u = 0 implies that there

exists a vector potential A so that
u=V x A. (10.91)

In 2-D A has only one component

A =1k (10.92)
which implies that
o o
= = ——. 10.93
Now the continuity equation is satisfied automatically, and if the flow is irro-
tational 5 5
v U
=l——-——1k=0 10.94
V xu ( o 8y> ( )
then ¢ must satisfy
V23 =0. (10.95)

We stress that a stream function for incompressible flow in 2-D always exists.
A potential function on the other hand exists only for irrotational flow.

We conclude that when the flow is two dimensional and irrotational both
¢, exists and each must satisfy Laplace Equations (10.90), (10.95). They

satisfy also Cauchy-Riemann equations, viz.

9o o 9
=5 5= o (10.96)
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Therefore we can define a complex analytic function W
W =¢+ . (10.97)

This allows for the use of complex variables methods for the solution of fluid
flow problems under these assumptions.
We also have
_ aw _ dW/dx _ aw :%_Hﬁ_i/z
dz dz/dx de  Or  Ox

=u— v, (10.98)
i.e. w represents the “conjugate velocity” and w = u + v.

Example: Laminar parallel low around a sphere of radius 1.

At © = Z£oo the flow remains parallel; therefore, we shall assume that
Uso = 1, Vs = 0. Furthermore, no fluid can penetrate the sphere and hence
we must have in polar coordinates that u,(1,60) = 0.

Since the relationship between the velocities (u,v) in Cartesian and (., ug)

in polar coordinates is given by
U= u,cost) —ugsinf, v =wu,sinb + ugcosb,

we can satisfy these boundary conditions by a complex potential of the form

W =z+ % : (10.99)
Hence IV 1 A
e zl—gzu—w, (10100)
which yields
u:l—mz;yz, u:—Qny. (10.101)

10.8 BLASIUS BOUNDARY LAYER EQUATION

To discuss the effects of viscosity on fluid motion near walls we consider in
this section the steady state solution of NSE over infinite plate in the z — 2

plane, 0 < x < 00, —00 < z < oo subject to a uniform flow

u="Uiasz — —oo for all y, 2 (10.102)
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Figure 10.2  Unidirectional flow over a plate in the z — z plane

(see Figure 10.2). Due to the symmetry of the problem with respect

to z, the governing equations for this flow are the 2-D NSE, ie., u =

(u(z,y), v(z,y),0), and

ou Ov

AL 10.1

5 5y =" (10.103)
W20 Lo oy, (10.104)

—= — 4+ vV (10.105)

subject to the upstream boundary conditions Equation(10.102) and
u=v=0 for 0 <z <oo aty=0. (10.106)
We assume also that

lim p = constant, lim v = 0.
Y—00 Y—>00
We now seek (following Prandtl) to find a solution to this system near
y = 0 as the viscosity v — 0.
From Equation (10.103) we deduce the existence of a stream function

(z,y) so that
_ o _¥
- Oy or

However, as we expect the solution to develop “a singularity” near y = 0 (i.e.

u

(10.107)
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we expect that there will exist a region near y = 0 where the solution (u,v)
changes very rapidly although 1 is very small). To study this behavior we

introduce a stretching transformation

Y=gz, (=aly, ¥(@.()=a () (10.108)

(where o will be determined later).

Then
o 0
W' 6) = G = 5 = ulay) (10.109)
o P LA L N (10.110)
= ey T T e T 2 '

Dropping the primes from z, v Equations (10.104), (10.105) transform into

ou  ,0u  —10p Pu 1 J%u

o' o' 1 dp 0% 0%
Nug— v = | === = 2 10.112
“ (“83:”6%) paﬁ”(o‘ ax”a@) (10-112)

with the boundary conditions
lim limu(v,{) =U, lim limv(z,{) =0 (10.113)
(—oov—0 (—oov—0

lim lim p(x, () = po = const . (10.114)

(—oov—0

In the limit « — 0, v — 0 we infer from Equation (10.112) that g—g = 0 and
hence from Equation (10.114) that p = py = constant. Letting a? = v we now

see that as v — 0, the equations governing the flow reduce to

ou  ,0u  u

— — = — 10.11
u8x+vé)( e (10.115)
oy, oy

u= e V= (10.116)

with the boundary conditions
u(z,0)=2"(x,00=0 0<z<o0

lim u(x,()=U 0<z<oo.
{—o0
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Prandtl now observed that Equation (10.115) is invariant under the transfor-

mation
(x,¢,¢") = (8%, 8¢, BY), B> 0. (10.117)

(i.e. if u(z,¢) is a solution, then u(B%z, 3¢) is also a solution of the equa-
tion). This suggests that we introduce a similarity variable (which remains

unchanged by this transformation)

1/2 1/2
T vx

and look for a solution v’ in the form

¥'(2,¢) = (Ux)" f(w) (10.119)
le. 12
u=Uf'(n), ' = % (%) (wf = f). (10.120)

Substituting these expressions in Equation (10.115) we find that f has to

satisfy Blasius equation
n 1 1
" (w) + §f(w)f (w) =1 (10.121)
with the boundary conditions f(0) = f’(0) = 0 and
. / .
u}g};o fi(w) =1.

Finally we observe that throughout our discussion we neglected the edge

effects near x = 0. Thus the solution derived above is valid only for x >> 0.

10.9 INTRODUCTION TO TURBULENCE MODELING

Although turbulence is a rather familiar phenomenon, there is no formal def-
inition which covers all of its aspects. It is generally accepted however that
“turbulence” refers to irregular fluid motion which seems to have “random
variations” in space-time so that a statistical treatment of the flow is justified.
This is in spite of the fact that the equations which govern the motion of the
fluid are well known to be deterministic in nature.

From a less formal point of view we note that in general “turbulence”
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is generated by the viscous effects at fixed walls or by the flow of layers of
fluids with different velocities over one another. Furthermore, turbulence is
said to consist of a (nonlinear) superposition of eddies. However, the size
of these eddies cannot go to zero since the smaller the eddy, the greater is
the associated velocity gradient. These eddies have kinetic energy which is
determined by their vorticity. Thus a prominent role in the description of
turbulent motion is given to the “vortical structure” and the energy spectrum
of the flow.

In view of the ”definition” given above it is natural to decompose the

(Eulerian) velocity of the fluid u as
u=a+u (10.122)

where 1 is the “average value of the velocity” (or the “large scale component
of the flow”) and ' are the fluctuations (or “turbulent residuals”) around this
mean, i.e. ' = 0. However, from a mathematical point of view there are (at

least) three ways to obtain u:

1. Space average (homogeneous turbulence)

u’(t) = Vli_rgoé/vu(x,t)dx (10.123)

2. Time average (stationary turbulence)
T
a'(z) = lim u(zx,t)dt (10.124)

T—o00 T

3. Ensemble average of N identical systems

a”(z,1) = %Zun(x,t). (10.125)

n=1

For stationary and homogeneous turbulence the “ergodic hypothesis” asserts

that these three averages are identical:
~1

a' = =ua” (10.126)

Obviously actual turbulence does not satisfy the conditions needed to satisfy
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the ergodic hypothesis. Moreover, in actual experiments the averaging must
be carried over finite time intervals or spatial extensions.
Whatever averaging procedure is used, we shall assume that the averaging

process is linear i.e. if f, g are two independent “flow variables” then
+g=f+3, a=a (aconstant) (10.127)

af =af. (10.128)

It follows then that if

f=r+f, g=g+¢ (10.129)
then )
=7 (10.130)
FeFtf=f+f =Ff+F ie f=0 (10.131)
Fo=(F+Ma+g)=Ffa+fgd+Fg+TFg=Ffg+Fg. (10132
Also observe that -
g—ﬁ - g—f. (10.133)

10.9.1 Incompressible Turbulent Flow

Substituting the decomposition
u=u+u, p=p+yp (10.134)

in Navier-Stokes equations and averaging with respect to time we obtain (using

summation over repeated indices)

ou; ou; o 1, J —
. = — — — —(ubu: 10.1
5 T U 7, o + Rev w; o, (uju}) (10.135)
ou;
= 10.1
5. =0 (10.136)

where we have used the continuity equation to simplify some of the resulting

expressions. It follows then that in order to solve Navier-Stokes equations for

the mean flow we need to model the residual term %(u;ug) In general this
J

is referred to as the “closure problem.”
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Rewriting the right hand side of Equation (10.135) as
., 0 (1on
(9:61» ox j Re 0x j

— u;u;) (10.137)

we see that a natural interpretation of the term wiu; is as a "new” “turbu-
lent stress tensor” in addition to the viscous stresses. This is referred to as
“Reynold’s stress tensor.” In view of the equal footings in which the viscous
and the Reynold’s tensors appear in Equation(10.135) it is natural to assume
that the effect of the new tensor is also proportional to the velocity gradients.

This is called the Boussinesq approximation.

- 2 ou; Ou;
u;u; = gk‘% — 2up ((‘%cj + 8mj) (10.138)
where .
k= 5@ (10.139)

is the turbulent kinetic energy and vy the “turbulent eddy viscosity.” In tensor

notation equation (10.138) can be written as

ll

2
=u'u = §k‘I — vp[grada + (grada)’]. (10.140)

From an intuitive point of view this treatment of the tensor 7;; corresponds
to a physical picture where turbulence eddies are considered as “lumps” of flu-
ids. These lumps collide and exchange momentum like molecules in Maxwell’s
kinetic theory of gases.

In the literature there have been many attempts to generalize the relation

in Equation(10.140). For example, attempts were made to replace Equation
(10.140) by

Tij = upu = v 03 + V3 Dij + v Diy Dy
where il Oii
Dij = + Y
&fcj ox;

and m}o ), 1/;1), Vé? ) are scalars which might depend only on the invariants

that can be formed by the tensor D;;.
In principle, however, there is no reason why l/éf) should be scalars rather

than tensors. In fact, models of the form

Tij = (VT)iijk
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or
Tij = (VT)ijlekl

(i.e. where v is a second or fourth order tensor) were also suggested. When

aquation (10.138) is used to model 7;;, the resulting Navier-Stokes equations

for the mean flow contain a new parameter vy which is a function of space-

time. It is the objective of all (statistical) turbulent models to calculate the

correct value of the eddy viscosity vy.

A completely different approach to model the Reynold’s stress tensor is
offered by the observation that the Navier-Stokes equations describe the be-
havior of a Newtonian fluid (i.e. where strain and stress are linearly related).
However, it may be argued that in turbulent flow the fluid behavior is not
Newtonian. As a result, a nonlinear stress-strain relationship should be as-
sumed. Another possibility is to consider turbulent fluid as “viscoelastic” with
memory effects (i.e. the state of the fluid at ¢ depends on its history in the

time interval [t — 7, ¢], where 7 > 0).

10.9.2 Modeling Eddy Viscosity

Even though the eddy viscosity hypothesis Equation (10.138), has some con-
ceptual difficulties, it proved successful in many flow simulations. Models for
the computation v are usually classified as zero, one, and two equations mod-

els.

e Zero equation models.

Models in this category stipulate an algebraic relationship to compute

vp. We mention two of these.

— Prandtl mixing length

This model was proposed for two dimensional boundary layers (near

"walls”)
vp =17 | g—;‘ (10.141)

where y is in the direction normal to the boundary and ¢ is deter-

mined experimentally.
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— Smagorinski model
vp = C(2D;;Dy;)">. (10.142)

This model usually is used in a “large eddy simulation” of atmo-
spheric flow where the grid step is large. Under these circumstances
this model gives a computationally reasonable representation of the

subgrid-scale-turbulence.

e One equation model.

Based on conjectures by Prandtl and Kolmogorov, v is assumed to be

a function of the turbulent kinetic energy k
vp = clk'/? (10.143)

where ¢ is a constant and ¢ is the “turbulence scale” (eddy size). As we
shall see in the next section one can derive a partial differential equation
for k. However, as the relation (10.143) requires the specification of ¢
(for which no equations are given), the model is not complete. Due to
this deficiency most current applications today use two equation models.

This is discussed in the next section.

10.9.3 k — e Model

As we saw in the previous section, zero and one equation models require the
use of an empirical “length scale.” As this quantity depends on the geometry
and the boundary conditions, it is apparent that a second equation either for
this quantity or its “equivalent” is needed for a complete specification of vp.
Two equation models, in spite of their deficiencies, are utilized today for most
turbulence research and applications. They can be used to compute properties
of turbulent flow with no apriori assumptions on the structure of the flow.
The most prominent among these two equation models is the k — ¢ model
and its variants. Here k, € represent respectively the turbulent kinetic energy

and dissipation per unit mass.

b= 1) + () + ()’ (10.144)
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oul; Ou;
= Lt 10.145
¢ T a$k Oxk ( )
(summation over i, k) and vr is given by
vr = pk*/e, c=0.09. (10.146)

The derivation of the equations for the evolution of these quantities is rather

involved algebraically and requires the modeling of terms containing various
/

double and triple averages of ﬂ, e.g.
(9:cj

/ / /
ou; ou} Ou,

0xy, 0%y, 0Ty

The resulting evolution equations contain several constants which have to
be determined experimentally (and adjusted for different applications). Over-
all, the resulting model should be considered ”"phenomenological.” Yet the
model has been successful in many applications and is currently the ”industry
standard” (we do not present this derivation here).

We should mention at this juncture that there exists an ongoing research
effort to model the evolution of turbulent flow using the Reynold stress tensor
Equation (10.140). This approach lessens to some extent the need for the
various modeling approximations which are made in the k—e model. However,
in this approach six coupled partial differential equations have to be solved
in addition to the Navier-Stokes equations. Such a scheme requires heavy
computational efforts. Some attempts for reductions based on some algebraic

relations were suggested in the literature.

10.9.4 The Turbulent Energy Spectrum

One of the major characteristics of turbulence is the existence of eddies in the
flow. These eddies can be viewed as a tangle of vortex elements. These vortex
elements undergo “vortex stretching” which leads to the breakup of the large
eddies into smaller ones. Thus in turbulence we speak about “energy cascade”
from the large scale eddies to the smaller ones across a continuous spectrum of
scales. At the smallest scales eddies lose energy due to viscous stresses which
convert energy to heat. This suggests that for high Reynolds numbers (where

we expect strong turbulence effects) the flow can be decomposed into three
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“levels.” These are the mean flow, the large scale motion, or eddies, and the
small scale motion.

The large eddies determine the rate at which energy is fed to the turbulent
motion. Due to their dimension these large eddies depend strongly on the
geometry and the boundary conditions of the problem. On the other hand at
the small scales (= large wave numbers) the character of the turbulent motion
is determined by the energy flux, and the rate of dissipation must equal to
the energy supply in this range. This led Kolmogorov to make the following
conjecture:

“At sufficiently high Reynolds numbers there exists a range of (high) wave
numbers where turbulence is statistically in equilibrium and uniquely deter-
mined by the dissipation € and the viscosity v. This state of equilibrium is
universal.”

To give this conjecture a more quantitative representation we note (follow-

ing Kolmogorov) the following dimensional analysis.
[E] = energy = [L*T?

[v] = viscosity = [L*T]
[¢] = dissipation = [L*T7]
[k] = wave number = [L™].

It is then “easy” to see that proper dimensional relationship between E and

€, k can be obtained by a formula of the form
BE(k,t) = A3/ (10.147)

(where v has been eliminated in favor of the wave number k). This is the
famous “Kolmogorov 5/3 rule”, and the range of wave numbers for which it
is assumed to be true is called “the inertial range.”

Since its inception, the Kolmogorov hypothesis has been the subject of spir-
ited debate, experimentation (which yielded conflicting data in some cases),
and refinements. As Equation (10.147) was derived by dimensional analysis,
there have been many attempts to derive it from first principles. So far, how-
ever, this remains as one of the fundamental open problems in fluid dynamics.

A typical energy spectrum of turbulence motion is presented in Fig. 8.3.
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Figure 10.3 Spectrum of a turbulent flow demonstrating Kolmogorov 5/3 law

10.10 STABILITY OF FLUID FLOW

Notation: In this section indices which appear twice are summed over.

Navier-Stokes equations for incompressible flow are

auk

— =0 10.148
e ( )

Ou; Ou, p 1,
= — —V7u;. 10.149
ot i Oxy, Oz, * Re ' 7 ( )
Let (U;, P) be the steady state solution of these equation on a domain

oU},
5 =0 10.150
0, ( )
ou; 0P 1

ox, = or ﬁvm (10.151)
J

which satisfies the following boundary conditions on 0f2,

Uj ’aQ: Fj, P ’aQ: g (10152)
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(these are ”generic” boundary conditions. They might be more general).
To investigate whether this steady state solution is stable we consider a

small perturbation to the flow (u}, p’)
wy=Uj+uj, p=P+p. (10.153)

Substituting in NSE and using Equations (11.22), (10.150) we obtain

ouy,
890 k

—0 (10.154)

a / au/ an ap/ 2
I = 4+ — L 10.1
8t+Uk8k+ A T Lo (10.155)

The boundary conditions on (u},p’) are homogeneous (viz. zero) since (Uj, P)

already satisfy the boundary conditions Equation (11.19).

Equations (10.154), (10.155) form a system of linear partial differential
equations for (u, p’). Therefore we can use the superposition principle to solve
these equations in order to determine the impact of these perturbations on
the steady state solution. To this end we use separation of variables to find

“elementary solutions” of these equations in the form

uy = e oi(r,y, 2), (10.156)
p=e“y(x,y,2). (10.157)
These yield ”
k
— = 10.1
o =0 (10.158)
;i oU; Y 1,
—iwe; + Uk(? . +¢k8xk = o, + R@V b, (10.159)

We now specialize and consider the case of a flow in a channel [—o0, 00| x
[—h, h] where (e.g. Poiseuille flow)

U = (U(y),0,0). (10.160)

and a perturbation in the form of (oblique) plane waves (= Tollmien - Schlicht-
ing waves)
i = oyt (10.161)



424 m The Process of Mathematical Modeling

pi' = x(y)e D0 fe R, we (10.162)

By a proper transformation in the x — z plane we can set = 0 (i.e. let
the z-axis coincide with the wave front). Substituting in Equations (10.154),
(10.155) we obtain

, d
it + di; =0 (10.163)
4 . du ‘ 1 [ d?

—ZW¢1 + ZUO!le + qbzd—y = -y + E (d—y2 — 052) gbl (10164)

. . d 1 [ d?
_ZW¢2 + ZO(U(ZSQ = —d—;( + ﬁ (d—y2 - Oé2> ¢2 (10165)
itagy + ialUgy = —— L ¢ (10.166)

W3 (10 3 = Re dy2 (0] 3. .
Equation (10.163) can be satisfied by introducing ¢ so that
4 d
Y

Also note that Equation (10.166) is an “independent equation.”
Substituting ¢ in Equations(10.164), (10.165) we obtain

i¢/ (—w + al) — z‘oqucjl—g = —iay + é (dd—; - Ozz) ¢’ (10.167)
)= v+ 2 (E ) (L 10.168
o+ 0) = '+ 1 (= a?) (i), (10.168)

Differentiating Equation (10.167) with respect to y and substituting inEqua-
tion (10.168) for x’ we obtain

i(U —¢)(¢" — a’p) — pU" = ﬁ(w —20%¢" 4 a*¢) (10.169)

(where ¢ = w/a is the “phase velocity”).
Equation (10.169) is called ”Orr-Somerfeld equation.” It is a 4th order

differential equation for ¢ with the boundary conditions

The stability of the solution to Tollmien-Schlichting wave is controlled by the
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value of w. When I'mw > 0, the perturbation “explodes” and the solution is

unstable. Neutral stability is obtained when I'mw = 0.
Imw = ¢Y(a, Re).

The curve ¢ (a, Re) = 0 in the o — Re plane separates the domain of stabil-
ity from the unstable domain. It follows that there is a critical value of the
Reynold’s number where the solution U becomes unstable. At this point waves
start to appear in the flow. THEOREM (Rayleigh):

At Re = oo, U(y) must have a point of inflection for flow instability.

Proof When Re = oo, the right hand side Orr-Somerfeld equation is zero,

and we have .

" —alp = . 10.1
o 0= 0 (10.170)
Taking the complex-conjugate of this equation yields
U//
" — Pt = * 10.171
¢ -l = ———0 (10.171)

Multiplying Equation (10.170) by ¢* and Equation (10.171) by ¢ and sub-

tracting leads to

_ 2iIm(c)U"

2
—Whﬂ :

d ! x *
d—y(cb Q" — 9p")
Integrating this equation on [—h, h] and using the boundary conditions on ¢

h 1" 2
: U'le]
2il —————dy = 0.
zm(c)/_h|U_c|2dy 0

Since all the terms in the integrand except U” are positive, it follows that U”

we obtain

must be 0 for some y € [—h, hl.

10.11T ASTROPHYSICAL APPLICATIONS

Recent astronomical discoveries lead us to believe that our solar system is not
unique. In fact the reverse is true, viz. a large number of stars have planets

orbiting around them and the number of known exoplanets at the present
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time is over four thousand. This data leads to the hypothesis that there is
a fundamental physical process (which we do not understand fully as of yet)
that leads to the formation of planetary systems.

Many theories were put forward in the past about the origin of the solar
system. Originally it was Laplace in 1796 who put forward the hypothesis that
planetary systems evolve from a family of isolated rings that were formed from
a primitive interstellar gas cloud. Actually such a system of rings around a pro-
tostar was observed in 2014 by the Atacama Large Millimeter /submillimeter
Array in the constellation Taurus.

Currently the leading theory about the formation of planetary systems
is the "nebula theory” whereby a cloud of interstellar gas accreted under it
own gravitation, to form in stages the protostar and the planets. Many of the
results related to this theory were obtained through elaborate modeling and
large scale numerical simulations. These involve, in general, thermodynamic
considerations, magnetohydrodynamics modeling, and turbulence. However,
some questions about planet formation still persist.

In this section, we present an idealized steady state hydrodynamic model
which captures the formation of ring structure in a self gravitating disk of
stratified gas. Using this model we show that matter density within the nebular
cloud can exhibit oscillations whose peaks are separated by an almost ”empty
space”, viz. a ring structure as hypothesized by Laplace.

The basic assumptions of this model are that the interstellar cloud can be
treated as a two-dimensional self gravitating, incompressible, and stratified
(viz. non-constant density) gas in which the particle velocities |u| are non-
relativistic (i.e |u| < ¢ where ¢ is the velocity of sound). The justification for

the reduction from three to two dimensions was discussed by many authors.

10.11.1 Derivation of the Model Equations

To model the time dependent non-relativistic flow of a rotating incompressible
fluid in two dimensions (x,y) we use the hydrodynamic equations of inviscid

and incompressible stratified fluid
Uy + v, =0 (10.172)

Pt + upy +vp, =0 (10.173)
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pus + plu, +vuy,) = —p, — pd, + pwx (10.174)
pvi + pluv, + vv,) = —p, — po, + pwiy (10.175)
V3¢ = 47Gp (10.176)

where subscripts indicate differentiation with respect to the indicated vari-
able, u = (u,v) is the fluid velocity, p is its density, p is the pressure, ¢ is the
gravitational field and G is the gravitational constant. The terms pw?x, pw?y
represent the components of the apparent centrifugal force due to the rotation
of the gas cloud with angular velocity w.

We can nondimensionalize these equations by introducing the following

scalings

Lt

2f__7
Uo

=13 y=Lj, u= Uy, v="Uy, (10.177)

. _ - Usp -
p=pop, p=pUsh, &=Uso, w=—70.

where L, Uy, py are some characteristic length, velocity and mass density re-

spectively that characterize the problem at hand. Substituting these scalings

in Equations (10.172)-(10.176) and dropping the tildes, these equations re-

main unchanged (but the quantities that appear in these equations become
GpolL?
7

nondimensional) while G is replaced by G = (once again we drop the

tilde).
In view of eq. (10.172) we can introduce a stream function ¢ so that

u=1y,, v=—1Y,. (10.178)
Using this stream function we can rewrite Equation (10.173) as
pr+ J{p, v} =0 (10.179)
where for any two (smooth) functions f, g

J{f, 9} = 0709 _ 0799, (10.180)

Using 1 the momentum Equations (10.174),(10.175) become

Pyt + ytlye — Yatbyy) = —pp — Py + pwa (10.181)
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P(—thut — Vythaw + UVuthey) = —py — pdy + pu’y. (10.182)

To eliminate p from these equations we differentiate Equations (10.181),

(10.182) with respect to y, z respectively and subtract. This leads to

py(¢yt + ¢y¢yx - ¢x¢yy) + (10183)
P(%m + wywyym - %%yy) - px(_d}mt - wyw:m: + %%y) -

p(_¢xxt - ¢y¢x1‘x + ¢x¢xxy) = —J{qb, p} + J{%W2T27 p}

where r2 = 22 4+ y?. The sum of the second and fourth terms in this equation
can be rewritten as

(V) + pT (V2 0} (10.184)

To reduce the first and third terms in Equation (10.183) we use Equation
(10.179). It follows that

Py (Wt + ytye — Yatdyy) — (10.185)
Pa(—ut — VyWuz + Yathay) =

Py Uyt + Pyyys — (P + P2tby)Vyy + potbar + (Vapy — pi) sz —
petietiny = oyt + pite — V0 + I+ (), )

Combining the results of Equations (10.184), (10.185), Equation (10.183) be-

comes

Pylyt + Pathar — PV + p(V21), + (10.186)
1
pJ{V, P} + §J{(¢x)2 +(¥y)% p}

1
= _J{¢7 p} + J{§W2T2, p}

Thus we have reduced the original five Equations (10.172)-(10.176) to three
Equations (10.176), (10.179), and (10.186). Although Equation (10.186) is
rather cumbersome in general, it can be simplified further when we consider
only the steady state of the gas (a simplification for the time dependent flow

is also possible under some constraints but will not be presented here).
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10.11.2  Steady State Model Equations

When we consider only steady states of the flow Equation (10.179) implies
that ¢ = ¢(p) and Equation (10.186) can be rewritten as

pIIVA0,0} + TG + 92, 0 = —T(0, 0} + T (5w gk (10.187)

However, in view of eq. (10.179), v = v(p), and this fact can be used to
eliminate ¢ from Equation (10.187). To this end we observe that

Vo = Vppas by = Vppy, V20 =1[02 + p2] + 1,V 7p. (10.188)

Note also that for any function of F(p) we have J{F(p),p} = 0. This leads

after some algebra to the following relation

o)+ ol + ) o - 3ol 0. (1018)
Hence we infer that
Vo + S+ ) + 0 — gt = s 1= 1090
where
H(p) = pi;, (10.191)

and S(p) is some function of p. Equation (10.190) can be rewritten as
1
H(p)'*V-(H(p)"*Vp) + ¢ — Sw'r* = S(p). (10.192)

Thus the equations governing the steady state are Equations (10.192),
(10.176). H(p) and S(p) are "parameter functions” which determine the na-

ture of the steady state.

10.11.3  Physical Meaning of the Functions H (p), S(p)

The function H(p) is a parameter function which is determined by the mo-
mentum (and angular momentum) distribution in the fluid. From a practical
point of view the choice of this function determines the structure of the steady
state density distribution. The corresponding flow field can be computed then

aposteriori (that is, after solving for p) from the following relations.

__ [H(p)op
,/ =\ (10.193)
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The function S(p) that appears in Equation (10.192) can be determined
from the asymptotic values of p and ¢ on the boundaries of the domain on
which Equations (10.176),(10.192) are solved. When these asymptotic values
are imposed or known, one can evaluate the left hand side of Equation (10.192)
on the domain boundaries and re-express it in terms of p only to determine
S(p) on the boundary of the domain. However, the resulting functional rela-
tionship of S on p must then hold also within the domain itself since S does
not depend on x, y directly.

For example, if we assume that on an infinite domain h(p) = 1, w = 0, and
the asymptotic behaviour of p and ¢ is given by

lim p(r) =e ", lim ¢(r) = 4a’r2e " (10.194)

r—00 r—00

then (asymptotically), Equation (10.192) evaluates to

S(p) = —dae™ " = —dap. (10.195)

10.11.4 Radial Solutions for the Steady State Model

It is natural to consider this special case using polar coordinates. Then p =
p(r) and ¢ = ¢(r). The system consisting of Equations (10.192)-(10.176) with
H(p) = 1 reduces to

/
1
p' = —p; +S(p) — o+ §w27“2 (10.196)
/! 1 /
¢ =—=¢ +cp, c=A4nG. (10.197)
T

To solve this system of equations we let S(p) = ap, solve Equation (10.196) for
¢, and substitute the result in Equation (10.197). This leads to the following

fourth order equation for p

2 1 1 1
p//// + _p/// . (a + _2) p// + (_3 . _) ;0/ +cp= 2w2. (10.198)
r r r r

The general solution of this equation is

2 2
P = % + C1Jo(arr) + Codo(byr) + CsYo(arr) + CyYo(bir) (10.199)
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where Jy and Y are Bessel functions of the first and second kind of order 0
and

1 1
a; = 5\/—204—1—2\/042 —4e+a?, by = 5\/—204 —2Va? — 4c+ a2

Assuming no singularity at the origin we set C3 = Cy = 0. To assess the
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Figure 10.4 Steady state of the interstellar gas with a = —19.4, ¢ = 1, and boundary
conditions p(0) = 1, p(8) = 0.1 with different values of w

impact of the rotation term on the steady state we solved this system for
(', Cy on a circular disk using the boundary conditions p(0) = 1 and p(8) = 0
with ¢ = 1, a = —19.4. The results of these computations for different values
of w are plotted in Fig. 10.4. In this figure we see that the separation between
the density peaks becomes more pronounced as w increases. This might be
interpreted as leading to the creation of protoplanets around the central core.
A strong dependence on w is shown in Fig. 10.5 which has the same param-
eters as Fig. 10.4 except that the boundary conditions on p are: p(0) = 0.35
and p(8) = 0.25. This figure clearly illustrates the effect that rotation can have
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p as a function of r and ®

0.8

=0

Figure 10.5 Steady state of the interstellar gas with a = —19.4, ¢ = 1 and boundary
conditions p(0) = 0.35, p(8) = 0.25 with different values of w

on the pattern of density fluctuations within the cloud. Furthermore, in this
figure the magnitude of the density fluctuations reverses itself as w becomes
larger viz. the higher density peaks are placed at larger values of r (which is

reminiscent of the situation in the solar system).
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10.12 APPENDIX A - GAUSS THEOREM AND ITS VARIANTS

Notation: Let

X = (1'1,372, 1'3) - (Iv Y, Z)
V' = a three dimensional domain

0V = the boundary of V/
n = (ny, ng, n3) the outward normal to V.

1. Basic Gauss Theorem: If ¢(x) is a scalar field then

S = A1
ov ¢ / amz ( )

(this is basically the fundamental theorem of the calculus in 3-D).

2. Gradient form: Use the basic theorem for i =1,2,3

oV (3351
99 v
gbnzdS 83;2

/8V (bngdS / 83:3
Hence

( avqﬁnldS)i + ( ¢n2ds) J+( gbngdS)
= Ulama)« (L) « (L aw)

/(W ¢ndS = /v grad ¢ dV. (A. 2)

or in vector notation

3. Divergence form:
Let F = (f1, f2, f3) then from the basic theorem we have

/ finidS = / afl
1% 85131
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0
fznzds = ﬁdv
oV 81’2
fansdS = ZEp
av v O3
Summing these three equations we have
/ F-ndS = / divFdV. (A. 3)
oV v

4. Tensor form:

Let T be a second rank tensor with vector components (71, 79, 73) then

from (A.3) we have
/ T; -ndS = / divr,dV =
ov v

or in component form

075
T, -ndS = / — 9 qy
/av 1% ; Ox;

or in tensor form

/ T -ndS = / divTdV. (A. 4)
)% 1%
5. Curl form:
flnzdS Oh gy
8332
/ f2n1ds / 8f2
oV 8901
Hence

. [ (08 0
/av(mfz nzfl)ds_/v(axl 8x2)dV

This is the k component of

/ n x FdS = / curlFdV. (A. 5)
ov v
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10.13 APPENDIX B - POINCARE INEQUALITY AND BURGER'S EQUATION

Theorem (Poincare): Let u(z) be a bounded differentiable function on [0, 1]
with u(1) = 0. Then

1 2 ol
/ [/ (z))?dx > 7T—/ u?(z)dx. (B.1)
0 4 Jo
Proof: To prove this inequality we introduce an ”auxiliary function”

h(z) = gtan (%) : (B.2)

This function satisfies ~2(0) = 0 and the differential equation

7.[.2

W —ht="—. B.
. (B3)

We now consider the integral

/1[uh +u')?dr >0 (B.4)

1 1 1 1
/ [uh + u/)2dx = / u?h?dx + / (u')*dx + 2/ uwhu'dz >0 (B.5)
0 0 0 0

but

1 2h
/ uu'hdr = un
0

Hence from (B.5)

1 1 1 1 2l
/ (u')?dx > / u?h'dr — / w*hidr = / uw*(h — h*)dr = —/ u?dz.
0 0 0 0 4 Jo

Remark: To obtain the same result on [0, a] we let z = ax

/Ol[u'(x)]de _ /0 a2 (%)2 édz _ a/oa(u’(z))de
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Hence . .
a/o (wW()pdz> "1

/Oa(u’(z))de > 4”—; /O W2(2)dz.

Burger’s Equation.

1.e.

Burger’s equation is:

Up 4+ ULy = Vg, (B.8)

Observe that this is a nonlinear partial differential equation which contains a
convective term uu,.. It was derived originally as a prototype, in one dimension,
that can provide analytic insight about the nature of turbulence and its mod-
eling. Such equations with convective terms appear in applied mathematics
and theoretical physics (e.g. gas dynamics and traffic flow).

Lemma Let u = u(z,t) be a solution of Burger’s equation on the interval
0,a], for t > 0. Show that if u(0,¢) = u(a,t) = 0 then

@ l/7l'2
/ w dr < Ce” 27", C is a constant. (B.9)
0

Solution: Multiply Equation (B.8) by u and integrate over [0, a]

a a a
/ uudr + / wluydr = v / Ul 2.
0 0 0

But " L4 [
/ wudr = = —/ u’dr
a 3|a
/ wruydr = v
0 3 1o
/ Ul dT = UU,| — / uid:c.
0 0 0
Hence

2 U,S a
— [ WPdr+ = § =vuuly —v | ulde
dt J, 3 .

d a a 2
%/0 u2das+u/0 uidx:u(uux—%>

a

= N =

(B.10)
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with the boundary conditions u(0,t) = u(a,t) = 0 this leads to

1 d a a 2 a
—_ ulde = V/ uidm > ﬂ/ u’dx.
2 dt J, 0 4a? J,

If we let "
F() :/ (2, )dz > 0
0
then J )
v
_EF(” > Q—aQF(t)
(multiply by —1)
F'(t) - _V7T2
F(t) = 2a?
Integrate with respect to t
vm?
P vr
F0) = 2a?
2
v
F(t) < F(0 ———t).
(1) < F(O)eap(~ 2 51)

Observe that if (0, t) or u(a, t) are not equal to 0, one can still use Poincare

inequality to obtain a similar result.

10.14 APPENDIX C - GRONWELL INEQUALITY

Theorem (Gronwell): Let u : [0,a] — R be a continuous non-negative

function and let K, C be non-negative constants so that
t
u(t) < C +/ Ku(s)ds
0

for all t € [0, a]. Then

Proof: Define
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then it is obvious that u(¢) < U(¢) for all . However

)
—= = U'(t) = Ku().

Hence
U'(t) B Ku(t)
o - o =N

Integrating both sides of this inequality with respect to ¢ we obtain

InU(t) <InU(0)+ Kt =InC + Kt.
Exponentiating this inequality we finally obtain
u(t) < U(t) < Cet,

As an application of this theorem we now prove the following
Theorem: Let f(z) be Lipschitz, i.e.

[f(x) = fW)l < K|z —yl, forall z,y.

Then for any two solutions v(t),w(t) of

with initial conditions v(tg) = vo, w(ty) = wy we have
lu(t) — w(t)| < |vg — woleX 1),

The solutions v(t), w(t) can be expressed as

—m+/f w@=%+£ﬂww%

zw»wwwzm—wwy/www»—ﬂw@ua

to

Therefore

(C. 11)

(C. 12)

Taking the absolute values on both sides of this equation we infer that

o) = w0 < oo =l + [ 1016 = Fwtols.

(C. 13)
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Using the fact that f(z) is Lipschitz, it follows that the function g(t) = |v(t) —
w(t)| satisfies the inequality

t
g(t) < C +/ Kg(s)ds (C. 14)
to
where C' = |vg — wp|. All the conditions of Gronwell lemma are satisfied and
therefore
g(t) < Celtto),
ie.

lo(t) —w(t)| < |vo — w0|eK(t_t0) (C. 15)

which is the desired result.

10.15 APPENDIX D - THE SPECTRUM

Given a physical quantity, such as Energy, we can always rewrite it as a Fourier
integral
E(r) = & / B(w)e—"dw (D. 1)

where ®(w) is the Fourier transform of F(7) which is given explicitly by the

“Inverse transform”

O(w) = — /OO E(7)e“"dr. (D. 2)

From (D. 1) we see that ®(w)dw is the contribution to the energy from har-
monic oscillations in the frequency interval [w,w + dw]. By analogy with the

spectra of light we therefore call ®(w) the “spectral density function.”
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11.1  ATMOSPHERIC STRUCTURE

On the large scale (in height), the atmosphere is divided into three sections.

These are
1. Homosphere (up to a height of 100km),
2. Heterosphere (100 to 500km),
3. Exosphere (above 500km).

In the exosphere, the air density is very low (and the mean free path is
large). As a result, molecules in this region have a “fair chance” to escape
into space. In the heterosphere, the strong ultraviolet radiation from the sun
dissociates the HoO and Oy molecules. By this process, part of this harmful
radiation is filtered out and does not reach the lower levels.

In the homosphere, the molecular mean free path is small. As a result,
bulk transport by turbulent air motion dominates the diffusive processes. This
turbulent mixing “homogenizes” the passive constituents of the atmosphere;
i.e., their densities decrease exponentially with altitude at the same rate which
gives air a homogeneous composition of 78% N, and 21% Os.

Due to its importance, the homosphere is further divided into
1. Troposphere (between 0-10km in height),
2. Stratosphere (between 10-50km),

3. Mesosphere (above 50km).

Remark: The boundary layers between these are referred to as tropopause
and stratopause.

In the troposphere (which is also referred to as the biosphere), the tem-
perature decreases at a rate of 6.5° Kelvin/km. In the stratosphere, on the
other hand, the temperature increases with height due to ozone heating (as
a result, the stratosphere is “stably stratified; ” i.e. “lighter air” is on top of
the “denser” air). In the mesosphere, the temperature again decreases with
height.
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11.2  THERMODYNAMICS AND COMPRESSIBILITY

In the previous section, we gave a qualitative overview of the atmospheric
structure. In this section, we concentrate on the troposphere and its quanti-

tative modeling.

11.2.1  Thermodynamic Modeling

The “ideal gas law” states that for a parcel of gas

m
PV = £oRT (11.1)

where m is the mass of the parcel, M is the molecular weight of the gas in
the parcel, P is the pressure, V'is the volume, T'is the temperature in Kelvins

(K), and R is the (universal) “gas constant”

Joule
=8.314 :
ft =83 mol K
The gas density in the parcel is
m MP
_m_ M 11.2
P=V = RT (112)

Let U be the (internal) energy of a mole ideal gas. We define the heat capacity

of a gas held at constant volume as

dUu
Cy = T
In the following, we assume that Cy is constant.

For a mole of an adiabatic parcel of gas (where no heat (Q) is exchanged
between the parcel and its surroundings), the first law of thermodynamics
implies that

dQ = CydT' + PdV = 0; (11.3)

i.e. the sum of the change in the internal energy and the work done by the
pressure is zero due to the fact that there is no heat exchange with the envi-

ronment. Using Equation (12.1) leads to

CydT + gdv —0. (11.4)
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Hence,
ar R
— = — dv. 11.5
T CyV (11.5)
Integrating this equation, we obtain
TV = constant (11.6)

where k =1+ %. Using Equation (12.1) we can rewrite Equation (12.8) as

TP~"F = constant. (11.7)

Taking the logarithmic derivative of Equation (12.9) yields
dr  k—1dP
T kP

We assume now that the troposphere is composed of a gas which obeys

(11.8)

the “ideal gas law.” For an adiabatic parcel of this gas between heights h and
h + dh, the pressure difference between the top and bottom is

dP = —pgdh (11.9)

where ¢ is the acceleration due to gravity g = 9.8m/sec?. Substituting for p
from Equation (12.2) yields

gMP
P =—=——dh. 11.1
d RT ( 0)

Using Equation (12.10) to substitute for 4 in Equation (12.4) leads to

dr k—1gM

—_— = 11.11

dh E R ( )
In the troposphere where the air is composed mostly of diatomic molecules
k=14, M = 28.88 which yield

dT
o~ 98 Kk,

This value is greater (in absolute value) than the observed value quoted in
the previous section of —6.5 K/km. The difference is due to the fact that this
“simplistic” model neglects air moisture.

Observe that by integrating Equation (12.11), one can compute P as a
function of height using Equation (12.4).
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11.2.2  Compressibility

In the previous chapter, we considered several aspects of Navier-Stokes equa-
tions (NSE) under the assumption of incompressibility. However, in many
applications (e.g., gas dynamics or atmospheric applications), compressibil-
ity has to be taken into account. Boussinesq Approximation, in this context,
enables us to take into account some of these compressibility effects while
retaining the “flavor” of the incompressible equations (thereby reducing the
nonlinearities in the equations). To this end, we neglect the density variations
in the continuity equation and the inertia term in the momentum equations.
However, these density variations do give rise to buoyancy forces in the mo-
mentum equations.
The basic equations of the flow u = (u, v, w) are
dp

a—l—v'(pu):O

Ju 1
EﬂL(u-V)u——EVp—gk

where p is the pressure, p is the density, k is a unit vector in the z direction,
and ¢ is the acceleration due to gravity.

As a first step in this approximation, the mass continuity equation

dp
5 + V- (pu)
is split into two equations
dp
V-u=0, T + (u-V)p

That is we consider the flow to be incompressible and p as a scalar that is
carried over by the flow.
Furthermore, we assume that the density and pressure of the atmospheric

fluid can be written as

IO(X7 t) = pO(Z) + pl(x7 t)7 p(X, t) = pO(Z) +p/(x7 t)

and

dpo(2) _
dz Poy
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where p'(x,t) and p/(x,t) are small perturbations from pg(z) and po(2)

respectively. Introducing the following definitions

_9dpo(2)
p dz

p

where p is a constant “reference density”, this leads to the following approxi-

mate system of equations for the flow:

V-u=0
Ju
E%—(u-V)u:—VPjLNk
%—jj+u~VN+N§w:O

where N¢ is called the Brunt-Vaisala frequency. This system of equations yields
a reasonable approximation to the exact equations when the fluid is “almost

incompressible.”

11.3 GENERAL CIRCULATION

The gross features of the atmospheric circulation are driven by convective
currents due to differential heating, Earth rotation, and the asymmetric dis-
tribution of land and sea. Due to these factors, the atmosphere is divided into
meridional and longitudinal convection cells.

To see how the meridional cells are formed, we observe that the equator
receives much more heat than the poles. Accordingly, we expect hot air to rise
at the equator and travel in the upper troposphere towards the poles, sink
there, and then return along the surface to the equator. This global picture
was formulated by G. Hadley in the early 18th century and is named after him
as “Hadley circulation” (as a matter of fact such one-cell atmosphere exists
on Venus).

On earth, the hot air rising at the equator sinks at about 30° (north and
south) and thus forms the tropical Hadley cell. At the descending branch of
the Hadley cell, the air is dry. As a result, it creates the great subtropical
deserts on earth such as the Sahara and Gobi deserts.

A second meridional cell forms in the subtropics (between 30° and 60°). It

is called the Ferrel cell. Finally, there exists the polar cell in the arctic region.
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The junction between the polar and Ferrel cells is called the polar front. Along
this front in the upper troposphere there is a strong band of westerly winds
(i.e., winds blowing from the west) called the jet stream. When the jet stream
“meanders” south over the northern US, that region experiences very cold
weather.

We should note that due to the earth rotation, the winds in the upper
troposphere of the Hadley cell have a westerly direction. However, the return-
ing surface wind is easterly (i.e., blowing from the east). To understand this,
observe that the tangential velocity of the earth is maximum at the equator.
For the Ferrel cell, this situation is reversed, and therefore we have “surface
westerlies” in the mid-latitudes. These are referred to as the “trade winds.”

Nonuniform heating due to the uneven distribution of land and sea drives
the “zone overturning” or Walker Circulation. In these cells, air rises at lon-
gitudes of heating (e.g., Indonesia) and sinks at longitudes of cooling (west
of South America). This circulation in normal years reinforces the easterly
trade wind across the equator. However, when this circulation reverses itself,

it causes the “El-Nino” current in the Pacific Ocean.

11.4 CLIMATE

There exist various models for climate predictions in general and the computa-
tion of the mean temperature of the earth. These models are usually classified
by their degree of sophistication as 0-dim, 1-dim, etc. The most sophisticated
current models are the “Community Atmospheric Models” (CAM) which were
written at the National Center for Atmospheric Research (NCAR) [1].

In the O-dimensional models, only the time dependence of the mean tem-
perature is modeled and an average is taken over the spatial dependence.
For the one dimensional models, the dependence of the temperature on the
latitude and time is taken into consideration and so on.

In the following we provide a short narrative for Earth ”climate modeling”

A key parameter in all these models is the albedo, which is the fraction of
solar energy in the short wave band which is reflected from Earth back into
space. The value of the albedo depends on the nature of the surface (ocean
and different types of land, e.g., forests, deserts, etc.) and time (extent of

ice and snow cover). In the past, this “parameter” was modeled by various
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means, however, due to recent advances in satellite imagery, it is now possible
to compute the albedo accurately for each location of the Earth.

In the following, we consider models with zero and one dimensions.

For the zero dimensional model, we take into consideration only the balance
between the total incoming and outgoing radiations which we denote by R;
and R, respectively.

drl,,

CW = Rz - RO (1112)

where T), is the global mean temperature, t is the time, and C' is the heat
capacity of the Earth system (more precisely land, air, and oceans). To model

the incoming and outgoing radiations, we let
R = Q{1 — A(T,.)} (11.13)
R, = og(T,,)T". (11.14)

Here, @ is the flux of the solar radiation, C' is the heat capacity of the Earth
system (more precisely land, air, and oceans). A(T,,) is the mean albedo and

)

g(T,,) is a “grayness-factor,” which measures the deviation of Earth emissions
from black body radiation due to the greenhouse effect.

Neglecting the spatial heat distribution on Earth, we can formulate a pro-
totype model for the global mean temperature (= climate). This can be done
using the basic facts about the radiative balance of Earth which were described

in the previous sections. Thus, from Equations. (12.39)-(12.40) we infer that

O%ﬁ” = Q1 — A(T})] — 0.9(Tp)T)* (11.15)

The factor ¢(7,,) was modeled by Sellers [2] by the following formula
g(Tyn) = 1 — ktanh[(T5,/T0)°], T9 = 0.53 - 10" K° (11.16)

where k is the portion of Earth covered by clouds (under present conditions
k ~ 0.5). In this model, ¢g(7,,) decreases as T, increases as the greenhouse
effect becomes more pronounced.

As to the albedo, the following linear interpolation function was formulated
by Sellers

Ay, T < T1
AT) =1 an — f=(ay —am), Th <T <T (11.17)
A T2 <T
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where «); and «,, are the albedo values assigned to ice-covered and ice-free
surfaces respectively (ap; = 0.85, «,, = 0.25, T} = 210°K, and Ty =
275°K).

In a steady state, 2= = 0 and Equations (11.15) and (11.17) reduce to
an algebraic equation which can be solved for T,,. We find then that this

model has three equilibrium points, two of which are stable while the third
(in between) is unstable. The two stable equilibria correspond to “glaciation
period” and “present day” conditions.

Refinements to the model given by Equations (11.15), (11.17) are obtained

when we let ) depend on a parameter A(t)

Q= A(t)Qo (11.18)

to take into account possible variations in the Sun radiative output with time.

We see that even this “prototype” model for Earth climate depends on
many parameters whose exact value is not known (and subject to change).
This renders the predictions of this and more sophisticated models somewhat
unreliable with a large margin of error.

Many more elaborate models for the albedo have appeared in the literature.
One of the major sticking points in these models is the clouds that cover the
Earth and their actual impact on the albedo. For example, Bhattacharaya,
et al. suggested a model for A(T,,) which is described by Fig. 11.1. In this
figure, the peak in the albedo near T" = 220°K is attributed to the increased
cloudiness near the “ice-margin.” The use of this albedo model and Equation
(11.15) yield five steady state points, three of which are stable.

A more detailed model for the albedo takes into account the different

albedos of ocean, land, and ice and the meridional extent of the ice cover of
the earth. Thus,

A=arf+ (1= B)ae, ap=ay+ aM (11.19)

where (8 is the land and ice percentage of the earth surface and a,. is the
albedo of the ocean. The albedo of the land (ay) is composed of two parts: a;
is the albedo of the ice free land for which M = 0, and the albedo of the ice

sheet a; + aoM where M is the meridional extent of the ice sheet.
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Figure 11.1 Bhattacharaya, et al. model for the albedo

In a more refined model for the albedo of the land, M is a function of time

and is governed by the following differential equation

O = AMY2((1 4 €(T) My — M) (11.20)

Here, My is the meridional extent of the ice accumulation zone and €(7") is
a ramp function. Thus, in this formulation the earth climate is governed by
two differential Equations, (11.20) and (11.20), which depend on several pa-
rameters. As these parameters can vary, the climate can pass through various
bifurcations.

To introduce spatial dependence in these models, we have to change dT'/dt
into

oT

DT/Dt = -+ (u-V)T (11.21)

where u is the wind speed. However, as the climate time-scale is long (=~

O(10%rs)), it is usual in this context to eliminate u by applying the “eddy
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diffusivity approximation”
—(u- V)T =V (v.VT) (11.22)

where v, is the “eddy diffusivity coefficient.” With this approximation, Equa-
tion (11.15) takes the form

C(x)%—f — QS(x){1 - A(x,T)} — (11.23)

og(z, T)T* +V - (1, VT)

where S(x) is the distribution of the solar flux on earth (if the earth axis had
no tilt then S(x) = %cos ¢, where ¢ is the latitude). To simplify, to some
extent, one can assume that all quantities in Equation (11.23) depend only on

time and latitude. Equation (11.23) then takes the following form:

=@ - A1) - (1120
1 0

oT
og(e, T)T* + P {Ve(gf)) cos (b%} )

We see that due to the extreme complexity of the climate system, there remains

C(¢)

a lot of uncertainty about our ability to predict the future climate of the earth.
In particular, it is questionable whether current climate models can reliably

predict the impact of man-made inputs to this system.
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12.1  INTRODUCTION

In previous chapters, we considered the modeling of deterministic systems. For
these systems, information about the state of the system at time ¢ determines
with certainty its state at any later time. For stochastic systems, on the other
hand, no such certainty can be achieved, viz. the knowledge of the state of the
system at time ¢, enables us to predict only the probability that the system
be in any of several possible states in the future.

Our objective in this chapter is, therefore, to describe the basic logical steps
that lead to such stochastic models. To achieve this objective, we describe
several stochastic models for various growth and decay processes and compare

to some extent their predictions with the corresponding deterministic ones.

12.2  PURE BIRTH PROCESS

Problem: A biologist is experimenting with a new hybrid tree of which there are
very few plants. We are asked to build a model which describes the population
size of the trees in the next few years.

Approximations and Simplifications:

1. Since the size of the population N(¢) at time t is expected to remain

small, we must treat N(¢) as a discrete variable.

2. In order to build a prototype model for the tree population, we shall
ignore the death process. This is justified since trees are expected to live

more than just a “few years.”

3. The basic assumption in the deterministic treatment of such population
models (that is when N(¢) is large and can be treated as a continuous
variable) was that the change in the population size on the time interval
[t,t + At] is proportional to the size of the population and the time
interval At, i.e.,

N(t+ At) — N(t) = aN(t)At (12.1)

Assumptions and Abstractions:

1. Reproduction is an individual process, viz. reproduction of one tree does

not affect the reproduction of another tree in the population.



Stochastic Modeling B 459

2. The probability P(t) that a tree reproduces itself in the time interval
[t,t + At] is given by

P(t) = kAt + py(At) (12.2)

where k is a constant and

i (At)
At—0 At

=0 die. pi(At) = O((A)?). (12.3)

3. The probability ps(t) that a tree reproduces more than once on [t, t 4+ At]
becomes negligible, as At — 0, i.e.,

AtI—r}O% =0 or pao(t) = O((At)?). (12.4)

4. The probabilities of reproduction of a tree on two disjoint time intervals

are independent of each other.

Remark: A process that satisfies assumptions 1 — 4 or their equivalents is

referred to as a “Poisson process.”

Mathematical Model:

Our basic objective here is to derive differential equations for the proba-
bility Py (t) that the tree population at time ¢ is equal to N.

To begin with, we compute the probability that the tree population will
increase from N to N + 1 on the interval [¢, ¢+ At]. To do so, we observe that
the population will increase by one on [t,t + At] if one tree reproduces itself
once and all the others do not reproduce themselves on this time interval.
Hence, since there are N possibilities to choose the tree that reproduces itself,

this probability is given by
P(N—N+1) = (12.5)
N (At +pi(1))[1 — (KAt + pi(t) — po(8)]" ™" = NEAtE + p(At)
where p(At) = O((At)?). From this result, we infer that if the tree population
at time t is N, then the probability that the population remains unchanged

at a later time is
Pn(t+ At) = Py(t) - (1 — EAtN) + O((At)Q). (12.6)

Similarly, Py (t+At), viz. the probability that the tree population at ¢4 At
is (exactly) N(> Np) is the sum of:



460 W The Process of Mathematical Modeling

1. The probability that at ¢ the tree population is N and there was no
reproduction on [t,t + At].

2. The probability that at ¢ the tree population is N — 1 and there was
exactly one reproduction on [¢,t 4+ At] (remember that the probability
of more than one reproduction in At is O((At)?).

Hence,
Pyn(t+ At) = Py(t)(1 — kNAt) + Py_1(O)k(N — 1)At + O((At)Q). (12.7)

If the tree population at time ¢ = 0 is Ny, Equation (12.6) implies that it

remains unchanged at time At if
Py (At) — Py, (0) = — Py, (0)k At Ny,

Dividing this equation by At and letting At — 0, we obtain the following
differential equation for the tree population to be the same at time ¢
dp, No (t)
dt
where we used the fact that Py, (0) = 1.
Similarly, dividing Equation (12.7) by At and taking the limit as At — 0,
we obtain the following differential equation
dPy(t)
dt

Equations (12.8) and (12.9) describe the stochastic process under considera-

= —kNy, Py, (0)=1 (12.8)

tion.

Analysis of the Model:

Since N is an integer, the system Equations (12.8) and (12.9) can be solved
recursively for N = Ny, Ny + 1,.... Thus, from Equation (12.8) we conclude
that

Py, (t) = e~ *Not, (12.10)
Substituting this result in the differential equation for Ny 4 1, we obtain

dPNo—H

o T k(No + 1) Py, i1 = kN, *Not (12.11)
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whose solution is
Prys1 = Noe ™ot (1 — 7k, (12.12)

In general, however, it is possible (after a long algebra) to show that

Py (t) = ™ _(JJ\Z)T(]?: - 1)!e_kN0t(1 — e HYN=No, (12.13)

Other related quantities which are important in the analysis of such models

are the expected value of the population size at time ¢

wu(t) = i NPy(t) (12.14)
and the variance -
o2(t) = 3 (N — u(t))2Px (). (12.15)

To evaluate p(t), we differentiate Equation (12.14) with respect to ¢ and use
Equations (12.8), (12.9) to obtain

e}

du dPy
o _ NUN 12.1
dt 2 dt (12.16)
N=Np
= —kNgPy,—k > N*Py+k > N(N—1)Py_
N>Np N>Np
but
> N(N—1)Pyy= Y (N—=1Py_i+ (12.17)
N>Ny N>Ng
> (N—1)Pyvo1= > N?Py+ » NPy.
N>Np N=No N=Ng
Hence,
d
= =k, (0) = No (12.18)
which leads to
p = Noek. (12.19)

Similarly, for o2 we obtain the differential equation

do? 9 9
e 2ko* = ku, 0°(0) =0 (12.20)
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whose solution is

N,
o (t) = 7062’“(1 —eHt), (12.21)

From Equation (12.18) we see that the deterministic version of this stochastic
model deals only with the expected value of the population size. This can be

justified for large populations since then as t becomes large

% ~ \/21T0 ~ 0 (12.22)

viz. for large Ny the probability distribution is sharply centered around pu(t).

Exercises

1. Build and solve a stochastic model for a pure death process (e.g., ra-

dioactive decay).
2. Build a model for a population in which both birth and death occur.

3. In our discussion of the pure birth process we assumed that k is constant.
Discuss what happens if k = k(N) or k = k(t).

4. Derive and solve Equation (12.20).

12.3 KERMACK AND MCKENDRICK MODEL.

In 1927, Kermack and McKendrick constructed a general mathematical model
for the spread of epidemics, rumors, etc. within a given population of M + 1
individuals. We shall describe here a version of this model for the spread of
rumors.

The basic starting point of this model is that at any time ¢ the population

can be divided into three groups.
1. m(t) consists of persons who have not heard the rumor.
2. n(t) people who heard the rumor and are actively spreading it.

3. s(t) people who heard the rumor but stopped spreading it.
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Remarks:

1.

The corresponding version of this model for the spread of epidemics
will have m(t) as those who are susceptible to the disease but are not
infected as yet, n(t) are people who are infected and are spreading the
disease, s(t) are people who are not susceptible to the disease (due to
inoculation, etc.). However, sometimes to make the model more realistic
a fourth group is added as those people who are infected but are not
capable of spreading the disease (hospitalized).

Since the total population is M + 1 and
m+n+s= M+ 1= constant,

it is obvious that a knowledge of two of these three quantities will auto-
matically give the third. However, to simplify our treatment further, we
shall assume in the following that s(t) = 0.

Assumptions and Abstractions:

1.

At time t =0, m(0) =M, and n(0) = 1.

. An individual in the sub-population m hears the rumor upon contact

with a member of the sub-population n.

Once an individual is in the sub-population n, he remains there for all
future times.

If I} and I, are disjoint time intervals, then the number of contacts
between the sub-populations n and m on the interval I; does not affect

the number of contacts on the interval Is.

The probability of exactly one contact between the sub-populations n
and m on [t,t + At] is given by kn(t)m(t)At + O((At)?) where k is
constant.

The probability of more than one contact between the sub-populations
n and m on [t,t + At] is O((At)?).
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Mathematical Model:
To begin our derivation, we observe that if m(t) = R (and therefore n(t) =
M 41— R) then the probability of no contacts between the sub-populations n

and m on the time interval [¢,t 4+ At] is given by (using assumption 5. above)

1 —kR(M +1— R)At + O((At)?). (12.23)

Hence, if we denote by Py(t) the probability that m(t) = M at ¢, then the
probability that m(t + At) = M is

Pu(t + At) = Py (t)[1 — kM)At + O((At)?). (12.24)
Similarly, if m(t + At) = R, R # M we have three possibilities:

1. m(t) = R and there was no contact between the sub-populations n and
m on [t,t+ At].

2. m(t) = R+ 1 and there was only one contact between the sub-

populations n and m on [t,t + At].

3. m(t) = R+2 and there were two contacts between n and m on [t, t4+ At],
etc.. However, the probability of this to happen is O((At)?) in view of

assumption 6.

Thus, we infer that:

Pr(t + At) = Pr(t)[1 — kR(M + 1 — R)AY] + (12.25)
Proa(Ok(R+1)(M — R)At + O((At)?).

Dividing Equation (12.24) and Equation (12.25) by At and letting At — 0,
we obtain the following differential equations for Py (t) (viz. m(t) equals its
initial size M at time t) and Pg(t), R # M

dP

—dtM = —kM, Py(0)=1 (12.26)
dPg
— = H{(BR+1)(M = R)Ppy = R(M + 1= R)Pr}, Pp(0) =0, R# M

(12.27)
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Equations (12.26) and (12.27) can be solved recursively as in the previous

section, viz.

Py(t) = e kM (12.28)
M
PM—l(t) _ = 26—kMt[1 . e—k(M—Q)t]
etc.
Exercises

1. The expected size of the population m at t is defined as

p(t) =Y kP(t). (12.29)

Evaluate p(t).
2. Evaluate Py _o(t). Hint: use a computer algebra package.

3. A population of certain species consists of males and females. In a small
colony, any male is likely to mate with any female in any time interval of
length At with probability kAt + O((At)?). Each such mating produces
immediately one offspring which is equally likely to be male or female. If
M (t) and F(t) denote the number of males and females in the population

at time ¢, derive differential equations for Py p(t).

12.4 QUEUING MODELS

Problem: A small bank has one teller. Recently, however, the manager received
several complaints about the time that customers have to wait in line for
service. To determine if a second teller is needed (or whether the current teller
is slow), we are asked to formulate a model for the queue length and waiting
time in the bank.
Assumptions and Abstractions:

Let £(t) be the queue length at time ¢, viz. the number of customers in line
including the customer that is being served. Thus, ¢(¢) = 0 if nobody is in line
or being served at time t. Let Py(t) be the probability that the queue length

at t is £. We assume the following regarding the arrival rate of new customers:
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A1. The probability that one customer arrives at the queue in [¢, ¢ + At] is
kAt + O((At)?) where k is a constant which is referred to as the mean arrival
rate.

A2. The probability that more than one customer arrives to the queue in
[t,t + At] is O((At)?).

A3. If I} and I, are two disjoint time intervals, then the number of cus-
tomers which arrive in /; does not affect the number of arrivals in I5.

Similarly, regarding the service time, we make the following assumptions:

S1. If a customer is being serviced at time ¢, then the probability that
the service is completed in [t,t + At] is sAt + O((At)?) where s is a constant
representing the mean service time.

S2. The probability that service to more than one customer is completed
in [t,t + At] is O((At)?).

S3. If I1 and I, are two disjoint time intervals, then the number of cus-
tomers whose service is completed in I; does not affect the number of cus-
tomers whose service is completed in I5.

Remark: We note that by our assumption the probability of one arrival

and one completion in [¢,¢ + At] is

[EAL + O((A1)2)][sAt + O((A)2)] = O((At)?). (12.30)

Mathematical Model: To derive differential equations for P(t), we consider
now the conditions under which the queue length at ¢ + At is £ > 0. These

are:

1. The queue length at t is £ and there were no arrivals or departures during
[t,t + At.

2. The queue length at t is /—1 and there was one arrival and no departures
during [¢,t + At].

3. The queue length at ¢ is £+ 1 and there was one departure on [¢,t + At].

Other possible events are O((At)?) by the assumptions and as noted in Equa-
tion (12.30) Hence,

Pyt + At) = Py(t)(1 — kAL)(1 — sAt) + (12.31)
Py (#)(kA) (1 — sAt) + Py (1) (sA) (1 — kAt) + O((At)?).
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Dividing by At and letting At — 0 we obtain

dp,
d_tﬁ = kP + 5Py — (k+5)P;, £>0. (12.32)

Similarly, if £ = 0 then
Py(t 4+ At) = Py(t)(1 — kAt) + Py (t)(sAt) (1 — kAt) + O((At)?).  (12.33)

Hence,

Although this system of differential equations given by Equations (12.32) and
(12.34) can be solved “in principle,” it is not possible to solve it recursively
as we did in the previous sections. Hence, we consider only the steady state
solution for the queue, viz. the solution for P(t) when dP,/dt = 0. Under
these conditions, Equations (12.32) and (12.34) reduce to an algebraic system

of equations:

—/{?P() + 8P1 =0 (1235)
k’Pg_l + SPZ—H — (k’ + S)Pg =0. (1236)
The solution of these equations is
i\
P, = (E) F. (12.37)
The ratio ¢ = f is called the “traffic intensity” or the “utilization

factor” of the queue.
Remarks: 1. If ¢ > 1, then obviously the solution of Equation (12.37) is

meaningless since E Py = 0o unless Py = 0.

2. If ¢ < 1, then we must set Z P, = 1 which yields Fy = 1 — ¢ and hence
Py =q¢'(1—q).

For the expected queue length in the steady state, we obtain

E(l) = im => lg'(1-¢q) = (12.38)
L—q)g> tg" =1~ q)qd% (Z q”) =

¢ _ q
(I—-q)

(1-¢? 1-¢
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Exercises
1. Build a model for N server queue viz. a bank with one line and NN tellers.
Hint: Only S1 has to be modified as follows:

S1’: If customers are being served at time ¢, then the probability that

service to at least one of them is completed in [¢,¢ + At] is
a. (sAt + O((At)?) if £ < N
b. 2sAt + O((At)?) if £ > N.

2. Compute the steady state solution and the expected queue length for

the queue in exercise 1.

3. What happens if N = oo in exercise 1 (infinite server queue)?

12.5 MARKOV CHAINS

We start with some general definitions and background.

Consider a system which can be in any of a finite or countable number of
states, and let S denote this set of states (S is called the state space of the
system). Obviously, we can identify S with

S=A1,2,...,n}

or

S={1,2,...,00}.

Furthermore, assume that the system changes its state at discrete times t;,7 =
1,2,... due to some process occurring in the system. For brevity, however,
we refer to these times by 0,1,2,.... Definition: If the probability that the

system is in the state y at time k£ + 1 depends only on its state at time £,
we shall then say that the system has the “Markov property” and refer to
the system (or the process which governs the system) as a “Markov chain”.

Definition: Let a system S be a Markov chain. The conditional probabilities

P(z,y) that the system in a state x at time k will transition to the state y at

time k + 1 are called the transition probabilities of the system.
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Example 1: Birth-Death Process.
Consider a Markov chain with state space S = {1,...,n} so that if the
state of the system at time k is x, then its state at k+1 will be at v+ 1,2 —1,

and x. The transition function for this chain is given by

@ y=x—1
Ty y==x

0 otherwise

where p,, ¢, and r, are the probabilities of birth, death, or neither birth nor
death during [t, tx41]. Also, note that p, + ¢, + r, = 1. With these transition
probabilities we define

w(z) = Py(te < tp) (12.39)

viz. the probability that a system which starts in a state z (a < z < b) will
arrive to the state a before arriving to the state b. (The states a, b are fixed.)

We observe that w(a) = 1 and w(b) = 0. Moreover, since a system in the
state y can transit to the states y + 1, y — 1, and y with probabilities p,, g,

and r,, we infer that

w(y) = quw(y — 1) + pyw(y + 1) + ryw(y). (12.40)

Example 2: A gambler starts with m dollars and makes a series of one dollar
bets against the House until either he has n dollars (n > m) or his money
runs out. Obviously, this is a Markov chain with state space {0,...,n}. Fur-
thermore, if p and ¢ are the probabilities of winning and losing at each bet

(p+ g = 1), then the transition probabilities of the chain are

p y=xv+1
Plr,y)=9 ¢ y=2—1
0 otherwise

(note that r, = 0).
Hence, Equation (12.40) implies that

w(y + 1) — w(y) = i—z[w@) —w(y—1)]. (12.41)
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Introducing

qi1 - ..qy
Q, = , 12.42
v o py (12.42)

we can rewrite Equation (12.41) as

wly+1) = w(y) = fuly) —wly = 1) (12.43)
and by recursion it follows that
wly +1) — w(y) = %[w(y) —w(y - 1)) = (12.44)
OZ‘: wly 1) ~wly =2 =... = ua+1) - wla)

Summing Equation(12.44) over y = a,...,b — 1 we conclude that

w(a) —w(a+1) = % (12.45)
b—1
where A = Z a,. Substituting Equation (12.45) in Equation (12.44) yields
y=a

w(y) —w(y+1) = Zy (12.46)
Summing Equation (12.46) for y = z,...,b — 1 and using w(b) = 0 finally
leads to

w(z) = Pty < tp) = AZay (12.47)

Example 2 (continued): Assume that m = 100, n = 200, p = 0.4, and ¢ = 0.6.
The probability that the gambler is ruined before having $200 is

199

> (6/4)

=100
w(0) = Proo(to < ta00) = 241997 = (12.48)

> (6/4)"

(3/2 = (3/2)”
(37270~ 1

~ 1;

i.e., the gambler has very little chance of winning.
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Exercises

1. Consider a Markov chain with state space S = {0, 1,2} and transition
matrix (i.e., a matrix whose entries are the probabilities P(z,y)) in the

form

(thus P(0,1) =1, P(1,0) =p P(1,1) =0, P(1,2) = 1—p, etc.) Compute

P for all n and interpret your results.

Hint: Show that P* = P?

2. What strategy should the gambler in Example 2 use to maximize the

chances of winning?
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CHAPTER 1 3

Answers to Problems

CONTENTS

ANSWERS TO CHAPTER 1 EXERCISES
Sec. 2

All the problems in this section do not have a unique answer and in some
cases they are ”ill stated.” We present some pointers.
Ex. 1. The problem statement does not specify the initial location of the ”tour
around the world.” Thus if the this location is at one of the Earth’s poles, It
will take zero time to ”go around the world.” On the other hand if the tour is
around the Earth equator, the answer will depend on some assumptions. Thus

if we assume that one can walk 5km an hour for 8 hours a day then since the
Earth radius is 6400km then

(27 - 6400)

Timein days = )

~ 1005 days

Assuming a variation of 10% in the daily covered distance (i.e. the person
covers 40 £+ 4kms a day) then the answer becomes 1005 &+ 111 days.

Ex. 2. Use the Internet to find the size of the opening of the Mississippi to the
ocean and the average speed of the water flow in the river.

Ex. 3. For this project assume that one is required to remove only the mountain
"cone” from it surroundings (not sea level). Then find the average size of a
dump truck. Also take into account that the loading of a dump truck is not
precise.

Ex. 4. One has to estimate the average volume of the human body to find the

dimension of the box. However, there are different levels of sophistication for

473
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the answer (e.g. taking into account gender size, size of people from different
cultures, etc.)

Ex. 5. The distance of Earth from the Sun is approximately 150 - 10°%km (how-
ever the Earth orbit is somewhat elliptical. The angular velocity of Earth is
(approximately) 27 /365 radians per day.

Ex. 6. In this problem the concept of a ”drop” has no exact value. Assuming
that the volume of a drop is 1em3, find the average depth of the Pacific ocean
and it approximate size (as a portion of the Earth surface) to estimate the
answer.

Ex. 7. Assume that the average size of a bookstore is 30'z30'212" and the walls
are covered completely with books whose average thickness is 1.5 inches and
height is 15 inches. (This includes spaces between the shelves)

Ex. 8. The radius of an atom is about 1078 em assuming that an atom is a

3 we can estimate the

sphere (simplification) and a volume of a cell is 107% cm
number of atoms in a cell.

Ex. 9. Use the data from ex. 4 and 8 to carry out this estimate. A more
sophisticated model will use different cell sizes for different organs in the body.
Ex. 10. Estimate that each human on average uses two light bulbs and each
bulb has a life time of 1000 4= 100 hours. Each day these light bulbs is used on
average 8 hours daily.

Ex. 11. Use the fact that the 'radius’ of electron protons, and nuclei is about
10~ Bcem. Assume that the number of atoms in this volume is around 10% to
carry out this estimate.

Ex. 12. Make sure to list the different uses of the car (e.g. driving to work,
leisure, etc.) and the features that are important to you, (e.g. low maintenance,
miles per gallon, etc.). Then follow each of the model building steps that were
discussed in this section.

Ex. 13. Follow essentially the same steps as in Ex. 12.

Sec. 3
Ex. 1(a). In this problem p; = SW and p, = WW. Using the same notation
as in the text we have

R1=P(S|P1)P(S|P2)207
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Ry = P(S | p)POV | p2) + POV | p)P(S | p2) = 5,

1
R3:P(W|P1)P(W’P2):§~

Ex. 1(b). In this problem p; = SW and py = S, therefore,
R3 =0.
Ex. 2. In this example there are nine possible geno types of beans:

(55,C0), (SW,CC), (WW,CC), (55, Cc), (SW, Cc), (WW, Cc),

(S8, ce), (SW, cc), (WW, ce).

Therefore the reproduction function R(py, ps) is a vector with nine components

R<p17p2) = (Rh ce e Rg)

where
Ry = P(S | p)P(S [ p2) P(C | p1)P(C | pa)

Ry = P(S | p1)P(W | p2) P(C' [ p1) P(C' | p2)+
PW | p1)P(S | p2) P(C | p1)P(C' | p2)

Ry =P(W | p)P(W | p2) P(C | p1)P(C | p2)
Ry = P(S [ p)P(S | p2)P(C [ p1)P(c| p2)+
P(S [ p1)P(S | p2)P(c | p)P(C | p2)

Ry = P(S | p1)P(W | p2) P(C' | p1)P(c | p2)+
PW [p)P(S [ p2) P(C [ p1)P(c] p2)+
P(S [ p1)P(W [ p2) P(c| p1)P(C | p2)+
PW [ p1)P(S | p2)P(c | p1)P(C | p2)

Rg = P(W | p1)P(W [ p2) P(C' | p1) P(c | p2)+
PW [ p1)P(W [ p2) P(c | p1)P(C | p2)

Ry = P(S | p1)P(S | p2)P(c | p1)P(c | p2)
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Ry = P(S | p)P(W | p2)P(c | p1)P(c| p2)+
PW [ p1)P(S | p2)P(c | p1)P(c| p2)
Ry = PW | p ) P(W | p2) P(c | pr) P(c | p2)
Ex. 3. Substitute p; = (SS5,CC) and py = (WW, cc) in the formulas of the
previous exercise.

Ex. 4. The blood has six genotypes. These are AA, AO, BB, BO, AB and
00.

Therefore the reproduction function R(pq,ps) is a vector with six compo-

nents,
R(p1,p2) = (Ry,..., Rs)
where
Ry = P(A|p1)P(A| p2)
Ry = P(A[p1)P(O [ p2) + P(O | p1)P(A| p2)
Ry = P(B [ p1)P(B | p2)
Ry=P(B|p)P(O | p2) + P(O | p1)P(B | p2)
Rs = P(A[p1)P(B|p2) + P(B | pi1)P(A| p2)
Rg = P(O | p1)P(O | p2).

ANSWERS TO CHAPTER 2 EXERCISES
Sec. 2.1

Ex. 1. Assuming that the projectile range is not large we can treat approxi-
mately the Earth as "flat”. The gravitational force is then in the y-direction,
and we have to modify only the second equation in (2.1.2) which is replaced
by

i=-9y). 9(y)=GM/(R+y)’

where GG is the gravitational constant, M is the Earth mass, and R is the
Earth radius.
Ex. 2. At the maximum height v, = 0. From Equation (2.1.7) we have

vy =y = —gt+vgsind
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but t = —%— hence v, = 0 when
o cos O Y
gx .
= g sin b,
Vg cos
. ’U(Q) sin 260
lLex =
29

Ex. 3. Assuming x(0) = 0 then, Equation (2.1.16) implies that ¢; = ma. The
value of ¢y can be obtained then by substituting ¢ = 0 in Equation (2.1.17).
Similarly from Equation (2.1.18) we have c¢5 = ¢(0) + €. ¢4 is obtained by
substituting ¢ = 0 in Equation (2.1.19).

—b around bt = 0 is

(bt)?
S

Ex. 4. The Taylor expansion of e

e =1—bt+

Substituting the values of the constants ¢;, i = 1,2, 3,4 in Equations (2.1.17)
and (2.1.19) and approximating e~ by 1 — bt yields the desired results.

Ex. 5. The initial conditions in Equation (2.1.5) are modified as follows
#(0) = wvgcosh + wy, y(0) = vgsinb + ws.

Ex. 6. Two angles.

Ex. 7. T

Ex. 8. Since the pilot directs the plane always towards N and the position of

the plane at time t is (x(t),y(t)), it follows that the angle of u with the x-

direction satisfies tanf = —d;g’t()t). Hence the components of u at this position

are

u, = [ufcos, u, = |u|sinb.

The equations of motion of the plane are
T=1Uy —V, U= Uy

Sec. 2

Ex. 1. mi = —kx where £ = L 4+ L1,
E - k" ko

Ex. 2. If the displacement of the mass m from equilibrium is x. then mz =
—(]{31 + kz)f .
Ex. 3. The equivalent stiffness k& of the springs in Ex. 1 satisfies

1 1 1

Eoh ks
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(parallel resistors). For Ex. 2, k = ky + k2 (resistors in series).
Ex. 8. From Equation (2.2.42) we have z(0) = Acos ¢ and #(0) = —Awsin ¢
Ex. 9. Multiplying Equation (2.2.34) by & we obtain (F,.,; = 0)

Ei(562) = —bi?

Hence
T4+ —352] = —bi?

This implies that the energy in the system decreases monotonically in time.
Ex. 15. Multiply the equation of motion by .
Sec. 3
Ex. 1. For a closed circuit in which R, and R, are in series the potential drop
on each is respectively Vi = Ry xi and Vo, = Ry % ¢ where ¢ is the current in
the circuit. Hence

Vewt = Vi + Vo = (Ry + Ry) * 1.

It follows then that the equivalent resistance in the circuit is R = Ry + Rs.
Similarly in a circuit where two resistors are connected in parallel to an
external potential V,,; we have V,_,; = Ry *i; and V,,; = Ry *i5. However, the

equivalent resistance in the circuit satisfies V,,; = R* 7 and 7 = i1 + i. Hence

1 n 1
R R R,
Ex. 2.
i
€:L£+R3*i1+R2*i3, Q“FRI*ZQ“"RQ*Zg:O
dt 4
. .. d .
21:ZQ+23, d—ctg:lg.
Ex. 4. 0 i 0
. (41 . 2
=R =L L2 4R 2
e 1*21+Cl+ dt+ 2*22+027
Q)2 . diz @3
— + R Lo— +—=—=0
Cz+ 9 %29 + th+03 )
i =iy + i3, = =, k=1,2,3.

dt
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Sec. 4
Ex. 1. Assume that the rate of birth, death and self-cannibalization are pro-
portional to the population size N(t) (with proportionality constants a, b, c).

Also assume that there is no competition for plan food. Therefore
N(t+ At) — N(t) = aN(t)At — bN(t)At — cN(t)At.

If competition for plant food exists, then additional term proportional to N(t)?

has to be added to this equation.

Ex. 2.
X dY
dd—t = OélX — ﬁlXY — ’leZ, d—t = OéQY + /BQXY — ’}/QYZ
dz
g azZ + o XZ +3Y Z
Ex. 3.
dX d
S — X —H(X+Y) d—z = @Y — Bo(X + V)2

Ex. 4. The same number of people taken out of the S pool is added to the I
pool.
Ex. 6. Substitute Equation (2.4.86) into Equation (2.4.85).
Ex. 7. Note that [ %Zdz = -1+ C.
Ex 10. Overproduction of () depresses the production and price of fuel.
Sec. 5
Ex. 1. The following approximations were made: 1. Neglect the stretch in the
rod, 2. Neglect friction in the joints (to the wall and the mass to the rod),3.
Assume no air drag, 4.”Small” angle of vibrations. 5. Neglect the mass of the
rod and spring.
Ex. 3. Equation (2.5.106) has to be modified to include the force exerted by
the spring

mL6* =T —mgcosf — k(L — L)

where L is a function of time and Ly is the length of the rod and spring without
the mass attached (7" will not be present in this equation if we assume that

the whole rod is replaced by the spring).
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Ex. 5. When f = —% Equation (2.5.129) becomes

2
% +u= %

This is an inhomogeneous equation with constant coefficients which can be

solved by standard methods.

Ex. 6. Substitute the approximations given in the text in Equations

(2.5.137),(2.5.138) and keep only the linear terms in z;, i = 1,2,3,4 (Re-

member the x; are assumed to be small).

Ex. 7. Use simple trigonometry to express the components of e, and ey in

terms of their Cartesian components.

Ex 8. For a one stage rocket with air friction Equation (2.5.131) is modified

to,
S m(tp(e) = L 0(e) ~ u) — ml)g(h(e)) — am(r)o(?).

If we neglect gravity this equation becomes

changing the independent variable from time to the height of the rocket above
ground and using the fact that % = v yields

Integrating this equation with respect to h leads to
v(h) = —uln(m(h)) — ah +C

where C' is a constant of integration which is determined by the initial condi-
tions.

Ex. 9. Modify Equation (2.5.131) with u=u(t).

Ex. 11. The energy needed to overcome gravity can not be neglected for such
a distance.

Ex. 13. Two different versions of Equation (2.5.131) modified to include fric-
tional forces (see ex. 8) have to be used.

Ex. 14. 35,786 km above sea level.
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ANSWERS TO CHAPTER 3 EXERCISES
Sec. 1

Ex. 1. If X # 0 is an eigenvalue of A then it is also an eigenvalue of AT and %

is an eigenvalue of A~
Ex. 2. Observe that if Av = \v then

ATy = A" AV) = AMA"T v = L = AT,

Ex. 3. (a) The eigenpairs are (5,(—1/2,1)) and (=1, (1,1)") (where T indi-
cates a vector transpose).
(b) (0, (2, )T and (5, (—1/2,1)T)
(©) 2 (1,0,1)7) : (V2, (1, — 2, 1)T): (—V3, (1,— 52, 1)7)
(@) (0, (=5,4,1)7) : (2,(1,0,1)7) : (2,(0,0,0)7))
Sec. 2
Ex. 1(a).

dr dzq
at v Tar
dy dy,
at v ar

=—y1+3xy +1

=—x, — 22+ 3y + *

Initial conditions

z(1)=1, z1(1)=0, y(1)=-2, y; =0.

Sec. 3
Ex. 1. 3 o 3
_ 25t _ ot 22
TETRY T Ty Ty
6 4 4t 6
Y= 256 +e "+ 5 + 55
Ex. 2. 7 3 )
e N R
T = 306 + 56 + 66 .
Ex. 3. 9 4 3
T = —get cos t — get sin t — ge_%

—(Zcost— Ceint €t+§€_2t—t
Y= 5 5 5 ‘
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Ex. 4. 5 . 5 ;
2t 2t
— Ze2 _ g2 2 _
TTRC T T 1T
5, 1, 5 t
= Ce2 e 2
Y=4° 4 T17 1
Sec. 4

Ex. 1(a). Exact solution y(1)=4.1548, Euler’s solution y(1)=3.465.
Ex. 1(b). Exact solution y(1)=3.7844 Euler’s solution y(1)=-15.32. (Solution
has a singularity around x=0.7).
Ex. 1(c). Exact solution y(2)=-0.27634 Euler’s solution y(2)=-0.1509.
Ex. 1(d). Exact solution y(1)=-0.89711 Euler’s solution y(1)=-0.5700.
Ex. 1(e). Exact solution y(m) = 7.3891 Euler’s solution y(m)=4.319.
Ex. 2.

(a) 3.781 (b) -108.6 (¢)-0.2024 (d) -.7240 (e) 5.587
Ex. 3. (a)4.155 (7th order Taylor expansion) (b)-25.60 (order 5) (c) -.2763
(order 11) (d) -.8969 (order 16) (e) 7.389 (order 56).
Ex. 4. (a) 4.339 (b)= 3.622.
Ex. 6. (a) 8.620.

7. (a)analyticaly u(1) = -3.389451301, v(1) = -2.492765599, Euler u(1)=-

2.14016, v(1)=-1.56672,

(b) analytically u(1) = -1., v(1) = 0, Euler same as above.
Ex. 8. Extended Euler: 7.626026496, Euler 7.9863.
Sec. 3.5

Ex. 1. Use Taylor expansion around z;
fic1 = fi = hf'(z:) + O(h?)

hence

f/(xz) _ fz _hfi—l 4 O(h)
Ex. 2. Use Taylor expansion up to order 5 (i.e. with a tail of order O(h®))
around x; to express f;io etc. and then sum with the appropriate weights (as
indicated by the formula in the text).
Ex. 3. Use the same strategy as indicated for Ex 2

Ex. 4.
—fica +16fi1 — 30f; + 16 fi41 — f1+2

12h?

fi = O(n").
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Ex. 6. F 2f, L 0f s

i+2 — 2fi i-1— Ji—

fil == O(h?).
Ex. 7.
iy = BB ) (08— 1) f (&) — W — ha)
hohy(ha + hy)

Sec. 3.6
Ex. 1. y(1)= 0.17141.
Ex. 2. y(1)= 0.78767.
Ex. 3. y(1)=-0.66741.
Ex. 4. y(2)=1.66677.
Ex. 5. y(1)=0
Ex. 6. (1) 0.16612 (2) 0.78330 (3) -.6669 (4) 1.6644 (5) 0.
Ex. 7. (1) 0.1644 (2) 0.7819 (3) -.6667 (4) 1.664 (5) 0.
Ex. 8. u=1, v=0.

Ex 9. modified Euler:u=2.46345, v=.55591
Analytic : u=2.52800, v=.55314.
Ex 10. u = 1.573312596 - 10?32, v = 3.966500468 - 10115
Sec 3.7
Ex. 2. u(0.2) = 1.945386550
u(0.5) = 2.707238530
u(0.8) = 2.978086205

ANSWERS TO CHAPTER 4 EXERCISES

Sec. 1
Ex. 1. (a)N(t) =
(c) N(t) = rdme=r
Ex 2. (a) The steady state N = ¢ is asymptotically stable. The steady state
N = 0 is unstable.
(c) The steady state N = —¢ is asymptotically stable. The steady state
N = 0 is unstable.
Ex. 3.

T Ca—at +Cge,at, where C' is an integration constant.

where C' is an integration constant.
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(a) The steady states are N = 0 and

v B /P dm
2y

The steady state in between the other two states is stable.
Sec. 3
Ex. 1(a). A steady state of the system is z = 2, y = 1. To move this steady

state to the origin we make the transformation
u=xr—2, v=y—1

the new system is

du dv 9
= (u+2)u(v —1), i (u+4)v

Ex. 2(b). Trajectories

= Cre % — Che ™
y = Cre 2 4 Coe™™*

Integral curves

. 1—2011’:t\/1—801$

y(x) c,
Ex. 2(c). To find the integral curves note that
a:d—x + yd—x + zd—x =0
dt dt dt
and
md—m + nd—x + kd—x = 0.

dt dt dt
Hence along an integral curve

d 2 2 2\ d _
E(:c + 1y +2%) =0, dt(mm—irny—l—kz)—o.

This mean that on an integral curve of the system

P24y +22=c¢, mr+ny+kz=cs.

This implies that the integral curve are the intersections of a sphere and a

plane.
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Ex. 3(c). The trajectories of this equation can be expressed in terms of elliptic

functions. To find the integral curves we rewrite the Equation as

do dv

_— = _— = — 2
7 v sinf.
Hence
do B v
dv  —1v2sind
Therefore

202 cosf —v? =C

where C' is a constant.
Sec. 4
Ex. 1. Observe that a solution of the equation is of the for e* where X is a
root of the polynomial p(A). Ex. 3. The point (0,0) is a critical point of this
system.

fi=y(l+4cos x), fo=x(l+siny)

Hence the Jacobian at (0,0) is

ﬂamz(?é>. (13.1)

The determinant of the Jacobian is —1 and the system is linearizable
around this point. Using Taylor expansions around (0,0) we find that the

linearized system is
dx dy

I 2y, i x
Exs. 4,5. Rewrite these equations as a system of two first order equation.
Sec. 5

Ex. 1. Inward spiral for b > 0. Outward spiral for b < 0.

Ex. 3. Unstable node.

Ex. 5. Saddle point (one direction is stable another is unstable).

Ex. 6. Saddle point.

Sec. 6.

Ex. 1. If £ > 0 then the integral is positive and F'(x,y) > 0. If z < 0 then

A%@ﬁ:—é%@ﬁ
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and since f(¢) < 0 on [-b,0] the integral is positive.

Ex. 2. Follow similar steps as in example 4.6.4.

Ex. 3. From Ex. 1 we know that F(x, %) is positive definite. Now apply Lia-
pounov theorem.

Ex. 4. First rewrite the pendulum equation as a system

b=y, y=—w’sin x.

To determine the stability of (0,0) define on [—7/2,7/2]

1

x 1
F(z,y) = §y2 + /o sin tdt = §y2 + (1 — cos(z))

and apply Liapounov theorem. This yields VF = gradF - G = 0.

Ex. 5. The results follow directly from Liapounov theorem.

Ex. 6. Use F(z,y) = 2% + y*.

Sec. 7

Ex. 1. When |u| < 1 the effective frictional term is positive and therefore u is
decreasing. On the other hand if |u| > 1 the effective frictional term is negative
and w is increasing. Therefore the limit cycle u = 1 is unstable.

Ex. 2. In polar coordinates, using Equations (4.7.87) and (4.7.88) we obtain,

dr do
% = T’h(?”) % =1
This implies that % = 0 whenever h(r) = 0.
Ex. 3.

(a) For the limit cycle r = 1: If 1 <7 < 3 then & > 0. If r < 1
positive. Hence this limit cycle is (one sided) unstable.

For the limit cycle r = 3: If 3 < r < 4 then % < 0 on the other hand if
< 1r < 3 then, % > 0. hence this limit cycle is asymptotically stable. (b) The
limit cycle r=2 is unstable.

dr :
, o7 1s also

Ex. 4. In polar representation we have

d
d—: — —r(h(r) —2).
Therefore limit cycles exist at the points where h(r) = 2.

Ex. 5. (a) Limit cycle exist only for n=2.
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(b) Limit cycle exists for » = 2k where k is an integer.
Ex. 6. When b > 0 the effective friction coefficient bz? is positive (for all values
of z(t), and therefore the steady state (0,0) is asymptotically stable. When

b < 0 the effective friction coefficient is negative and (0,0) is unstable.

ANSWERS TO CHAPTER 5 EXERCISES
Sec. 2

Ex. 1. (a) There is competition for (plant) food within each species and each
species cannibalize the other.

(b) One steady state is at (0,0) the others are a combination of the roots
of the factors e.g. x =0 and y = a.

The linearization of the system around (0,a) is
t=za(l = N), Z=a(z—2x)
where z = y — a. The bifurcation point is A = 1.
Ex. 2. The system has two steady states x = 0 and x = a+ . The linearization
around z = 0 is
t=z(A+a)
and the bifurcation point is A = —a. This is a transcritical bifurcation. The

linearization around z = a + \ is
Z=2z(a+ N

and the bifurcation point is A = —a. This is a transcritical bifurcation.

Ex. 3. The linearized system around (0,0) is
T=Ar+y, y=-r+ Ny

The eigenvalues of this system are A = =+i.
Ex. 4. The steady state (0,0) is asymptotically stable for A < 0 and unstable
when A > 0.

Ex. 6. The equation is equivalent to the system
t=y, y=—\+2°)y—2x+2>
The linearization around (0,0) is
b=y, y=—(1+N)y—22

The eigenvalues of this system are =+ 1.
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ANSWERS TO CHAPTER 6 EXERCISES

Sec. 3
Ex. 1. Writing the desired solution in the form

Y=1yo+ ey + o + ...

We have to the zeroth order of e

dy() 2
4+ 3y; =0 0)=1
and to order e J
n
46 = — 0) = 0.
e Yo, y1(0)
Hence
1 12(3z +2)
V=57 U= "5
3z +1 2 (3z+1)

Ex. 2. Writing the desired solution in the form
u:u0+eu1+62u2+...

We have to the zeroth order of ¢

dQU,O
dt?

+ Uy =a

and to order e e
U
W; +u = QCLU%.

Hence
up = a+ Ccos(8 + ¢),

where C, ¢ are constants. This solution has a period of 27. The solution for

uy 18

uy = Cycos(f + ¢y1) — %(C’2 cos(26 + 2¢) —

3Cacos(f + ¢) — 3C? — 6a* — 6Cafsin(f + ¢)).

Assuming a = 1, C' = 1, C; = 0(this term can be absorbed in ug), ¢ = ¢; =0

and € = 0.01 plot ug + eu; on the interval [0,2007] to estimate the deviation

of the period from 2.
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Remark: Observe that this solution contains a (secular)term € sin(6 + ¢)
which is unbounded as 6 grows.

Ex. 3. The equations for gy, and y; are

dz?/o

TD 4 gy =0, yo(0)=1,20)=0
de + Yo ’ y()( ) ) dﬂ?( ) ’
d*y ) din

— + 4y = 0)=1,—(0)=0.
2 +4y1 = vy, v1(0) ) da:( )

To order ¢ the solution is

11 1 1
Yo = cos 2t, y; = — cos 2t — — cos 4t + —.

12 24 R
Sec. 4
Ex. 1. Using the expansions in Equations (6.4.25) and (6.4.26) we have
<d2§Z§s) 4 Ediyl;gs) +.. ) (1—2ea;+...)+ (13.3)
dy 2 ,
€ {@(1 —€ay + .. 1 + X ((yo(s) + eyr(s) +...).

To order € we obtain the following two equations

- 2 — -

72 TR =0, 5(0) =1, —=(0) =0
&y, dyo\” , , Py dy,
— =+ Ky = — 2a1—, y1(0) =0, =—(0) =0
752 + Rk (ds + 244 752 y1(0) =0, It (0)

where a; has to be determined so that the secular terms disappear. Hence

Yo = cos ks and

1
y1 = Cycos ks + Cysin ks — aq cos ks — ajkssin ks — = cos 2ks — 7

We see that in order to get rid of the secular term we must have a; = 0.

Applying the initial conditions we finally have

2 1 1
Y1 = gcos ks — écos 2ks — 3"
Sec. 5
Ex. 1. In the outer region one has to satisfy to order e
d
(1+ cwc)ﬂ +kyo=0, y(1)=1

dx
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d d?

(1 +an) 2 kg = =S5 () =0

whose solution is
_ D1/€(a+k‘) _
= Dy (1 Mo,y = Dy+ ot | (1 k/a
= Dilt+an) e, = (Dar ZHED ) (14 )

where

Dp=u+@W%[5:—Qf%ifl

a

Performing the stretching transformation z = e’z in the inner region the

equation becomes

d> d
el+2bd—z‘g + (1 + ae‘bz)d—’z +ky =0, y(0)=0.
Hence we must choose b = —1. The equation for the inner region becomes
d*y dy
T2t (1+ aez)a + key =0, y(0) = 0.
If we write y = yo + ey, we obtain to order € the following system of equations
d*yo | dyo
—+—=0 0)=0
dz2 + dz ) ZUO( )
d*y | dy Yo

Hence
Yo =Crz, y1=Ch(e”” —1) = Ci(a+k)z(z - 2)

To determine the constants C, Cy apply Equation (6.5.52).

ANSWERS TO CHAPTER 7 EXERCISES

Sec. 1
Ex. 1.
L0u = @ + r(z,t).
kot  Ox? ’
Bt 1ou 0 du
KOl or (A“‘)%) -
Ex. 7.

1ou 2y — Pu  P*u  Pu

kot Ox? i Oy i 022
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Sec. 2
Ex. 1.
10%u  O%u
2o oz Y
Ex. 2.
Pu  Pu ou
T p@ — ku — bE
Ex. 5. | 5
Zor =V
Ex. 7. Let w=x —ct, z =z + ct.
Sec. 3
Ex. 3.
hy = g(ax + b)hyy + agh.
Sec. 4
Ex. 2.

Mass ~ LC', spring constant &~ RG, coefficient of friction ~ LG + RC
Sec. 5
Ex. 1. Zero inside the cavity; M /r outside the cavity.

2

Q
S

Ex. 4. 12 (r4) + 554 =0.

Q

r

Ex. 7. Substitute these functions in Laplace equation.
Sec. 6

Ex. 1. u~ %.
Ex. 3.
. o dpw) _
ot or
Ex. 5.

Ip n d(p1w)
ot ox
pa N A(pauz)
ot ox

= —ai(p1) + az(p2)

= —az(p2) + ar(p1).
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ANSWERS TO CHAPTER 8 EXERCISES

Sec. 1.1.
Ex. 1.
400 i 1 (—kn%%) nwx
~exp 5 sin
n=1,3,5 L L
Ex. 3.
_ = (=1)"n —n?m?t \ . /nmx
3005 " (AT (—)
e ;900—71%26” 9-105C ) "™ \3000
Ex. 5.
3200 i  kn?n? by (mr:c)
e sin [ —
2 b 400 20
Ex. 8.
L > L in (™ 5000n7t
125072 :Z n? Sm( )Sm nr
Ex. 9.
80L i 1 (mmc) (mrct)
Zgin ([ —— ) sin
i 2L 2L
Ex. 12.
o0 (n—1)/2
Z ~—————sin(0.01)nm sin nrx sin ant
1,35
Sec 1.2
”+1 6n
Ex. 1. 12 (—) sin 610
n=1
oo n 9
By 3. 40 (_) sinn
3.2 ) 20/ n
n=1,35,...
21+ n2x? 100 . nmo sin(nmp/100) . annt
Ex. 12. 2%, o [/0 oh(o) sin 100 da} ( pp/ >sm i

n=1

Ex. 13. (IO pp) = a%pth p(a’7t) = 17 g_z(bﬂf) = 07 p(p7 0) = 07 %(107 0) =p

Sec 1. 3
> . nrmx | 40 anmt 20L . anmt
Ex. 1. n_lzgs SIHT [% Cos 7 sin 7 }
Ex. 3.
L? 212 & nmx antt
F+2t+?2[(—1) (1p) — 1]COSTC s~

n=1
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Ex. 6.
I &K (—1)"—20 . nmx —n’n’t
2 —0.001 — _
0.0019z + = n; ——sin e ( RE
Ex. 8.
x , T2 N
(I)(LC) = @ L* — ? y Rt — A Zgy, Z(Oyt) = O, (134)
0z ox
Ex. 10.
B sinx cos L o
O(z) = 5 7 1+ ) W= 4 Wan, (13.5)
w(0,t) =0, wy(L,t) =0,w(r,0)=—®(z), w(z,0)=f(v)
Sec. 4.2

Ex. 1. Use the analog of Equation (8.4.16).
Ex. 2. To remove the singularity at » = 0 multiply the equation by 72. Avoid
r = 0 by using a circle of radius € < 1 around this point.

Ex. 3. A particular solution of the equation is
3 1 . cos 20
18 10
Sec. 4.3

Ex. 3. Use the same finite difference formulas used in this section.

Ex. 5. To obtain a finite difference formula for the mixed derivative at the grid

point (4, 7) use the following strategy

OFul _ 0 (0u) _ 0 [(uipry—uiny)] _ (13.6)
otox i ot \ Ox ij ot 2h '

1 (0 0 1 ( n )
oh | Ot +1,7 ot 1,5 Ah2 +1,7+1 +1,7—1 1,5+1 1,5—1

ANSWERS TO CHAPTER 9 EXERCISES

Sec. 2
Ex. 2. First observe that we can choose to maximize the square of the distance
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from the origin rather that the distance itself since when the square of the
distance is maximum the distance is also at a maximum.
The problem is then to maximize z = 2? + y? subject to the constraint

w = 2% — 2zy + 2y? = 1. To this end we consider the function
flz,y,\) = 2 +y* — MN2® — 27y + 2%).
Hence for extremum we must have
20 — 20z + 42 \y =0, 2y +2 \x+4\y =0, 22 — 22y +2y> =1

which can solved for z,y (and \).

Ex. 3. The surface area and volume of the cylinder are respectively
A =2mr® +21rh, V =7mr’h

where r is the radius of the bottom and A the height. since A is constant we
can solve for h and substitute in the expression for V. The problem is then
to find the max of a one variable function. Otherwise one can use Lagrange

multipliers by forming the function
f(r,h, \) = 7r*h — M(2rr? + 27rh).
Ex. 4. Form the function
floy, 2, \ ) = 22 +yz — M2® +9°) — pyz.

Ex. 5(b). The perimeter and area of the rectangle are P = 2(a +b), A = ab.
Hence b = P/2 — a and therefore

A=a(P/2 - a).

The max of this function is obtained when a = P/4 and therefore a = b.
Sec. 3
Ex. 1. According to Fermat principle we want to minimize the time it takes

light between x; and x5. This time is given by the integral

to
T— / d.
t1
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However dt = Uc(li) where ds is the distance traveled during the time interval

dt and v(x) is the light speed at the point. Hence we want to minimize

2 X2 ds
T— / dt — / s
t1 X1 U(X)

If we define the index of refraction in the medium as n(x) = e (where ¢ is

the velocity of light in the vacuum) then

Sec. 4
Ex. 2. Using Equation (9.4.5) it follows that (since f is independent of x =
(x,y, z) that

5( = C - (Cl, 02,03).

Hence
X = (Cll' + Dl, ng + DQ, CgZ + Dg),

where C, D are constants of integration.

Ex. 3. The differential equation for the geodesics is

d?z*  _, dxtdz”

az Ty T

where T, are the Christoffel symbols of the metric tensor g;;. (For the defi-
nition of the Christoffel symbols consult a book on differential geometry.)
Sec. 5

Ex 1. The potential V(w) has to be modified to include (in the integral) an
additional term —pgw.

Exs. 2 and 3. Solutions are given in the text.

Sec. 6

Ex. 2. Following the example in the text (Equations. (9.6.4) — (9.6.6) we con-

sider small variations near the optimal solution

Y(z) = ¥(z) + en(z).

Substituting this in the expressions for I and J yields,

19~ [ 16+ )2 + ena) + (e + e, d,

1
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J(e) = /xz(z/z + en)?dr = 1.

1

Using Lagrange multipliers we generate the function
K(e) = I(e) + AJ(e).

The conditions for extremum become

0K (e, \)

e=0

This leads to

/ (@0 + 200)0(x) + (0 + 206,)n,))d = 0, / Pde=1.

1

Now use integration by parts to convert the integral containing 7, to one over
7 to obtain a differential equation for ¢). The constraint J is a normalization
for 1.

Sec. 7

Ex. 2 With drag Equation (9.7.6) is replaced by

(1) = —g7 — ax(1) + F(7)

/0 " u(s)ds.

The solution of the equation for x is

where

gt?

o —at __
z(t) = Ce 5

t
+ e_o‘t/ F(r)e *"dr.
0

Then follow the steps in the text.
Ex. 3 This requirement replaces the constraint given by Equation (9.7.2) by
requiring that

J(T) = /0 F(t)dt

is minimum, where f(¢) is the fuel consumed at time t.
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ANSWERS TO CHAPTER 10 EXERCISES

Sec. 3.
Ex. 1. Let V be the volume occupied a body of arbitrary shape. The total

force acting on the body due to the pressure at at each point on its surface S

F:—/PndS
s

where n is the normal to the surface (The minus sign is due to the fact that n

18

is in the outward direction from the surface). However using Gauss Theorem
Using Equation (A.2)in the appendix of this chapter we have

F = / gradPdV = pgV'k,
1%

since gradP = (0,0, —pg) (remember that gradP is in the direction in which
the pressure is increasing).
Ex. 2. Use the vector identity

V x (V) = ¢V x (V) + Ve x V.

Ex. 3. A well known theorem from vector calculus states that if the curl of a
vector field u is zero then (subject to some restrictions on the geometry of the
domain) the vector field is conservative and there exists a function ¢ so that
u = grado

Ex. 4. Show that 1 satisfies the continuity equation.

ANSWERS TO CHAPTER 12 EXERCISES

Sec. 2.
Ex. 1.
Modify Equation (12.1.5) to read

P(N — N — 1) = NkAt + p(At)
Eq (12.1.7) becomes
Pn(t+ At) = Py(1 — kNAt) + Py k(N + 1)At.

Observe however that N > 0.



498 W The Process of Mathematical Modeling

Ex. 2.
Assume that the processes of birth and death are independent. On the
time interval At the probability of birth is

P(N — N+ 1) = Nki At + p1(At),
and the probability of death is
P(N — N — 1) = Nk At + py(At).
Eq (12.1.7) becomes then
Py(t+ At) = Py(1 — (k1 + ko) NAL) + Pn_1ki (N — 1) At + Pyyiko(N +1)At

Ex. 4.

Observe that o2 can be rewritten as

o> = Y NPy(t) - p(t)*.

N>Ng

Now differentiate this formula with respect to ¢ and use Equations (12.1.8),
(12.1.9) and (12.1.18).
Sec. 3.
Ex. 1. Differentiate Equation (12.3.7) and use Equations. (12.3.4), (12.3.5).
Ex. 3.

Let the number of males and females in the colony at time ¢ be denoted by
M (t) and F(t) respectively. Assume that on the time interval [¢,t + At] the
probability for one mating in the colony is kM (t)N(t)At and the probability
of more than one mating is O((Deltat)?). The probability that at time ¢ + At
the number of males in the population is M (t) + 1 is

1
P (t+ At) = Py(t) + 5/~<:M (t)F(t)At + O((Deltat)?)
Similarly for the female population we have
1
Pryi(t+ At) = Pp(t) + 5ch (t)F(t)At 4+ O((Deltat)?)

This leads to a system of two coupled equations for the probability densi-
ties which can be solved subject to initial conditions on the male and female

populations at the initial time.
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Sec. 4
Ex. 1.
Equation (12.4.2) is modified as follows:

Py(t + At) = Py(t)(1 — kAt)(1 — NsAt) + (13.7)
Pr_1(t)(EA) (1 — NsAt) + Pry1(t)(NsAt) (1 — kAt) + O((At)?)., ¢ > N.

Similarly for ¢ < N we have
Py(t + At) = Py(t)(1 — kAt) + Pryi(t)(NsAL) (1 — kAL) + O((At)?).

Sec. 5
Ex. 1.
Pl — p  pAtlhy = p2 =01, ..

Ex. 2. Make one single bet with all the money the gambler has.
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