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Preface

The use of geostatistics as a tool for reservoir characterization started gaining popularity in the petroleum
industry in the mid-1980s. It provided a new approach to quantify and describe the spatial dependence of
reservoir attributes. A course in geostatistics was first taught at the U. of Tulsa in 1989, and the present book is
the evolution of notes that were used to teach that first course.

As a new technology adopted from other industries, geostatistics came with unfamiliar terminology and
examples not easily applicable to the petroleum industry. This has been the main reason that made it difficult for
petroleum geoscientists to understand this newly introduced technology and perhaps also made them hesitant to
apply it for reservoir characterization. Therefore, the main goal of this book is to introduce the key concepts of
geostatistics with terminology more familiar to petroleum professionals and to include actual field examples
from petroleum reservoirs.

Although this book can be used as a text for either undergraduate or graduate level courses, it is primarily
designed as a self-learning manual. The intuitive understanding is emphasized over mathematical details, and
several numerical and field examples are provided to explain the actual calculations. Reading of the book does
not require formal background in any advanced subject. We realize that integration of various types of data is
becoming a key to a representative reservoir description. Therefore, the book is written such that any
geoscientist can read it and follow it. For the truly initiated, additional mathematical details are provided in the
appendices.

We hope that this book can provide the necessary background in geostatistics from a petroleum industry
perspective. We know that many of the methods discussed in the book are routinely used in the industry. We
expect that the usage will grow in the future with new and improved techniques constantly emerging.
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Chapter 1
Introduction

1.1 Introduction

Reservoir characterization can be broadly defined as the pro-
cess of describing various reservoir characteristics by use of
all available data. The description can be qualitative or quan-
titative. Reservoir characteristics include pore- and grain-size
distributions, reservoir permeability and porosity, facies dis-
tribution, depositional environment, and basin description.
Considering the variety of characteristics that need to be de-
scribed, the available data have to come from a broad spec-
trum of sources. These types of data may include core and log
data; well-test data; tracer and production data; and, in some
instances, 2D- and 3D-seismic data, vertical seismic profiles,
wellbore tomography, and outcrop analogs.

Ideally, all the different sources of data should be included
in a final reservoir description. If more information is used,
the reservoir description is better. In practice, however, sever-
al problems are associated with the simultaneous use of all the
data. Briefly, these problems include the following.

e All the data are not available at the same time. As explora-
tion and delineation of the reservoir begins, additional data
become available. Once production starts, more production-
related information is collected. At the time of exploration,
however, very few types of data are available. Typically, geo-
physical data (seismic surveys), regional depositional mod-
els, and data from analogous reservoirs are available at the be-
ginning. Obviously, with the limited amount of information,
the reservoir description has more uncertainty.

e The quality of data collected from various sources may
differ. Accordingly, the weight and importance assigned to
each set of data has to be different. For example, seismic data
are collected with nonintrusive techniques. As a result, sev-
eral steps of interpretations and qualitative judgments have
to be included before those data can predict properties that
are of interest for reservoir exploration or exploitation. Ow-
ing to these additional steps, more uncertainty is associated
with the seismic interpretation. On the other hand, perme-
ability and porosity measurements with sample cores are di-
rect measurements of reservoir properties. Because the anal-
ysis requires a minimal number of assumptions, the data are
highly accurate and less uncertain. All the other examples of
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collected data also have varying degrees of accuracies and
uncertainties associated with them. When these different
sources are used, it is important to account for the uncertain-
ties in the sampled data in addition to the actual measure-
ments, which may be difficult.

e Information collected from different sources may not be
measured at the same scale. In addition, the resolution of mea-
sured values can differ significantly. As data from different
sources are gathered, the scales over which the data are col-
lected have to be accounted for properly. For example, perme-
ability values are measured with cores as well as well tests. Al-
though these two techniques measure the same variable, the
scales over which these two measurements are made differ sig-
nificantly. When information from both sources is used, the
differences in scales must be included in the analysis.

In addition to differences in scale, the resolution of different
measurements also can differ significantly, resulting in uncer-
tainties at different scales. For example, seismic data that may
be related to porosity data may have a resolution of + 50 ft,
whereas the core data or some log data may have a resolution
of a few inches. In analyzing measurements of the same vari-
able made with two or more different techniques, it is impor-
tant to account for the resolution of different techniques.

e Data interpretation may be qualitative. An example
would be tracer data collected during the production phase.
Although tracer data are quantitative in nature, their inter-
pretations can only be used in a qualitative manner in most
instances. This may include knowledge of the direction of res-
ervoir continuity and fracture directions, indication of thief
zones, and the effectiveness of expensive injection fluids dur-
ing an enhanced-oil-recovery (EOR) process.

Another good example is a geological description of a ba-
sin. Similar to tracer data, a geological description, although
qualitative, can provide valuable insight into the framework
of the reservoir. Typically, the descriptions are constructed by
analyzing core and log data as well as from a geologist’s prior
experience with similarly situated reservoirs. The description
of rock types and depositional environment can provide a
valuable constraint in describing a reservoir.

Unfortunately, for many reservoir applications, a quantita-
tive description of reservoir characteristics is necessary for

1
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Fig. 1.1—Typical reservoir-simulation process.

proper reservoir analysis. Attempts have been made to quan-
tify some qualitative data, but adequate procedures do not yet
exist to use qualitative data that describe reservoir properties.

¢ Production data are probably the most valuable pieces of
data from a petroleum engineer’s point of view. Once produc-
tion begins, production data are collected on a regular basis and
are easily available. From an engineer’s perspective, no matter
what reservoir description can be constructed, it is worthless if
it cannot reproduce the production data. Unfortunately, the use
of production data as an input in reservoir description poses
some important problems because of the complex mathemati-
cal relationship between the reservoir description and the pro-
duction data. As Fig. 1.1 shows, unlike simulation of other
data, simulating production data are the result of the particular
reservoir description entered as well as the reservoir produc-
tion mechanism. With known reservoir description and reser-
voir mechanisms, future performance can be predicted. The
model used for reservoir simulation is invariably complex and
nonlinear with respect to input parameters. This nonlinearity
makes it very difficult to predict a unique reservoir description
from historical performance. This is a classic example of an
“inverse problem,” in which multiple configurations of input
parameters can result in the same output. Currently, no single
procedure adequately addresses the integration of production
data in reservoir description.

As a result of these limitations, the reservoir-description
methods discussed in this book may be able to use only part
of the available data. While these methods are a considerable

MICRO
(SEM, thin-section)

(gridblock)

GIGA
(reservoir, basin)

Fig. 1.2—Heterogeneity scales; SEM=scanning electron mi-
croscopy (courtesy of Academic Press).

improvement over traditional methods, more work must be
done to develop a more comprehensive scheme of reser-
voir description.

In this chapter, we first introduce the definition of hetero-
geneity and its associated scales. We also discuss the im-
portance of scales in the reservoir description as well as in
performance prediction. The next section briefly describes
modeling a reservoir with conventional methods, enumerates
the limitations of these methods, and proposes possible im-
provements in these methods. The last section introduces the
importance of geostatistics in reservoir description. We de-
fine the advantages and the disadvantages of the geostatistical
techniques and briefly state the procedures involved in apply-
ing geostatistical methods for reservoir description.

1.2 Reservoir Heterogeneity

Reservoir heterogeneity is defined as a variation in reservoir
properties as a function of space. Ideally, if reservoirs were
homogeneous, measuring a reservoir property at any location
would allow a full description of the reservoir. The properties
may include permeability, porosity, thickness, saturation,
faults and fractures, rock facies, and rock characteristics. For
aproper reservoir description, the variation in these reservoir
properties as a function of spatial location must be predicted.

1.2.1 Definition of Scales. Reservoir heterogeneity can be
measured on different scales. Heterogeneities can be measured
from small-scale measurement of grain-size distribution at a
microscopic level to large-scale geological description at a ba-
sin level. Although reservoir properties vary over many differ-
ent continuous scales, for convenience, heterogeneity scales
can be divided into the four levels shown in Fig. 1.2, which are
defined, rather arbitrarily, by the following.

Microscopic Heterogeneities. Microscopic heterogenei-
ties are the heterogeneities measured at a micro level. They
can also be called pore-level heterogeneities. These heteroge-
neities include pore- and grain-size distributions, throat open-
ings, and rock lithology and mineralogy.

APPLIED GEOSTATISTICS FOR RESERVOIR CHARACTERIZATION



TABLE 1.1—SCALES OF RESERVOIR HETEROGENEITIES (from Ref. 1)

interwell tracer
tests

Geologic
Measurement Observations/ Flow Performance
Type Level Scale Measurements Measurements Effect Flow Process Effect
Micro Pore ~um Pore geometry Texture Displacement efficiency = Complex EOR process
Grain size Mineralogy (trapped oil)
Mineralogy Fractures
Macro Core =~inch k Lamination Sweep efficiency Secondary recovery
K Crossbedding baffles (bypassed oil) (waterflooding)
¢ within genetic units
Fe
Wettability
Saturation
Mega Gridblock ~foot Logs Boundaries of genetic ~ Sweep efficiency Secondary recovery
RFT’s units (bypassed oil) (waterflooding)
Single-well tracer ~ Permeability zonation
Seismic within units
Giga Interwell ~mile Well test Sealing/nonsealing Extraction efficiency Primary recovery
Surface seismic faults (untrapped oil)

Macroscopic Heterogeneities. Macroscopic heterogenei-
ties are those measured at a core level. Hence, they are also
called core-level heterogeneities. They include core measure-
ments (such as permeability, porosity, saturation and wet-
tability of the rock), petrophysical properties (such as relative
permeability and capillary pressure), and some log data.

Megascopic Heterogeneities. Megascopic heterogeneities
are the heterogeneities that have the same order of magnitude
as a reservoir simulator gridblock, which is typically several
feet in breadth and width. The properties measured on this
scale include some log data; pressure-transient data, such as
repeat formation tests (RFTs); and residual-oil-saturation
measurements with single well-tracer tests. Some seismic
data can also be considered to be on this scale.

Gigascopic Heterogeneities. Gigascopic heterogeneities
are those measured at an interwell reservoir scale. The proper-
ties measured on this scale include permeability measure-
ments from well-test data and interwell tracer tests. In addi-
tion, surface seismic data and major fault locations also can
be considered part of gigascopic heterogeneities.

1.2.2 Effect of Various Scales. Table 1.1 gives brief descrip-
tions of various levels of heterogeneities and their effect
on reservoir flow performance. The following explains the
table columns.

Measurement Scale. The measurement scales indicated in
Table 1.1 are arbitrary. Reservoir properties change continu-
ously at every scale. Therefore, the division of scales is made
largely on the basis of the type of measurements made at vari-
ous levels. Obviously, some overlap exists between different
measurements, and some measurements can fall between two
possible scales. For example, some types of logs (such as
formation microscanner) fall under macro level, and some
short-duration well-tests can fall under megascopic level.

Measurements. As Table 1.1 shows, different types of
measurements are conducted at different levels. Typically,
every property is not measured at every level. In describing
the reservoir properties at a particular location, it is important
to know not only the location in the reservoir but also the scale
over which these properties are defined.

Any measurement over a microscopic scale shows signifi-
cant variations in that property at that scale (for example, po-
rosity at a microscopic level can be either one in the pore or
zero in the grain). When the measurement is made at larger
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scales, however, the variation in the properties observed at a
smaller level is not observed because of averaging of smaller-
scale properties. Eventually, at the other extreme, when prop-
erties are measured on a reservoir scale, it may be possible to
measure one single porosity value that represents the reser-
voir. In short, the variation of a given measured property de-
creases as the scale of measurement increases. This scale de-
pendence is called a support effect.

For example, consider permeability. Typically, core
permeability is measured over a 2-in.-diameter by 2-in.-long
core. The volume of the core over which the permeability is
measured is 0.004 ft3. On the other hand, well-test perme-
ability is measured over a volume of 107 to 10 ft3. There are
at least 10 orders of magnitude difference between the vol-
ume over which permeability is measured on a core scale vs.
the volume over which it is measured with well-test data.
This difference in measurement volumes has a significant
impact on the measured value.

Fig. 1.3 compares well-test and core permeability data for
an oil reservoir. As the figure indicates, where permeability
values are plotted as functions of percentage of probability,
the well-test data show less variability than the core data;
thisis consistent with the support effect. As the well-test data
are collected over a much larger volume, the permeability
values obtained are some representative averages of all the
small-scale (core-scale) permeability values located within
the volume represented by the well tests. As the averaging
volume increases, the variability between measured values
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Fig. 1.3—Comparison between well test and core data (courtesy
of Academic Press).



TABLE 1.2—ROCK VOLUMES INVESTIGATED FOR DIFFERENT LOGS (from Ref. 3)

Vertical Radial Depth Angular Rock Volume
Resolution of Investigation Dispersion Investigated
Observation (in.) (in.) (%) (degrees) (in.3)
Density 15 5 30 245
Neutron (mandrel) 24 16 360 28,952
Microelectrical log 2 15 50 30 7
Gamma ray 20 15 360 21,676
Unaided human eye focusing on a one-third slab of 4-in. 0.2 NA NA NA
whole core from a distance of 24 in.
Dipmeter (one button) 0.5 6 90 14 5
Borehole televiewer 0.3 0.1 360 0.7/Scan
Correlation core gamma ray of a 4-in core by use of 6 4 NA 75
3-in.-diameter detector
6FF40 96 50 90 360 824,619
1 ft of 4-in. core 12 NA 360 150
1- X 2-in. plug NA 360 1.6
MWD resistivity 6 32 90 360 24,127
MWD bit resistivity (oil-based mud) 1 32 90 360 4,021

decreases. Therefore, permeability values, based on well
tests, show less variability than those from the core data.?
Fromthe datainFig. 1.3, the standard deviation observed for
the well-test data is 4.26 md, whereas the standard deviation
for the core data is 186.4 md. A difference of almost two or-
ders of magnitude exists between the variability observed
for the core vs. the well-test data.

In describing reservoir heterogeneities, the heterogeneity
has to be defined on a proper scale to be truly representative
of that scale. Unfortunately, measurements of every reser-
voir property may not be available at every scale. For exam-
ple, if we need to define the permeability value for a grid-
block, the value should be representative of that scale.
Permeability can be measured on a core level, which is a
scale smaller than a typical gridblock, or on a reservoir level
(well-test data), which is a scale much larger than a typical
gridblock. Intuitively, the variability of the permeability
values at a simulator gridblock level should be in between
the variabilities of permeabilities at the core level and at the
well-test data level. That is, for the data in Fig. 1.3, the stan-
dard deviation for estimated permeability values for the
gridblocks should be between 4 and 200 md. Proper re-
conciliation of the two permeability measurements by ac-
counting for the support effect is needed before simulator
gridblock values can be represented correctly.

The importance of the support effect is not restricted only
to permeability values. For porosity, data can be measured
with core and log data. Core data typically show a lot more
variability than log data. Even for the log data, as Table 1.2
indicates, different log measurements are based on different
support volumes. The resolution volume can be as small as 5
in.3 and as large as 800,000 in.3. This difference has to be rec-
onciled before the log measurements are used. A proper reser-
voir description requires that the support effect be properly
accounted for in describing the reservoir properties.

Geologic Observations/Measurements. As Weber and van
Geuns* explained, geologic heterogeneities (explaining the
rock type and rock characteristics) vary depending on the
scale of measurements. Similar to other quantitative informa-
tion, different types of heterogeneities become evident as the
scale over which a geological observation is made changes.

4

On a large (gigascopic) scale, a geologist may be able to
identify large-scale heterogeneities that complicate the reser-
voir’s internal architecture. These include main depositional
units and the boundaries between them, which may be sepa-
rated by sealing or nonsealing faults. On the next (megascop-
ic) scale, the boundaries between the genetic units and pos-
sible permeability barriers between them can be identified.

At the macroscopic level, for clastic reservoirs, for exam-
ple, baffles (small mud clasts or shale barriers) within individ-
ual units (which may affect effective vertical permeability>),
laminations, and crossbedding within units can be identified.
These observations can be made by studying whole cores and
are based on prior experience with outcrop analogs. Lamina-
tions and crossbedding also can have a significant impact on
the effective permeabilities of a gridblock.

At the smallest scale (microscopic), rock mineralogy as
well as pore and grain structure may be studied. These ob-
servations are important for correctly identifying the deposi-
tional history as well as for understanding possible relation-
ships between permeability and porosity, especially for
carbonate reservoirs.® In addition, small fractures can be
identified through microscopic examination. These frac-
tures are, however, difficult to incorporate in conventional
simulation models.

It is important to understand that the reservoir properties
(suchas permeability and porosity), even if measured on a mi-
croscopic level, are difficult to incorporate in a conventional
reservoir simulator because of computer-memory limita-
tions. Microscopic heterogeneities can be incorporated only
indirectly as part of the reservoir description by understand-
ing their impact on a larger scale. For example, minerology
can be incorporated through its implication with respect to the
large-scale depositional environment, or pore- and grain-size
distributions can be incorporated through their impact on re-
sidual oil saturation.

Effect on Reservoir Performance. The scales of heteroge-
neities are also important because different heterogeneities
affect reservoir performance differently. Microscale hetero-
geneities create preferential-flow-path channels. These are
pore-level heterogeneities. Because of pore-level heteroge-
neities, displacing fluids may take preferential paths and by-
pass some hydrocarbons. The hydrocarbons left behind result

APPLIED GEOSTATISTICS FOR RESERVOIR CHARACTERIZATION



Fig. 1.4—Origin of trapped oil.

in a reduced displacement efficiency: the higher the amount
of residual hydrocarbons, the lower the displacement effi-
ciency. The displacement efficiency directly impacts the
amount of oil recovered from the reservoir. The oil left behind
is called trapped or residual oil.

For a typical water-wet reservoir in a dual-pore system, wa-
ter enters the smaller pore, displaces the oil from it, and leaves
oil behind in the larger pore (Fig. 1.4). Once water forms a
continuous path, the discontinuous oil left behind can be dis-
placed only by modifying the capillary forces between oil and
the displacing fluid.

Macroscale and megascale heterogeneities result in prefer-
ential paths for displacing fluids on a larger scale. Fig. 1.5
shows some simplified examples of these heterogeneities.
Fig. 1.5a shows the impact of vertical heterogeneities on ver-
tical sweep efficiency. Owing to stratification in the vertical
direction, oil is preferentially displaced by the displacing
fluid. The displacing fluid moves preferentially through high-
permeability regions, leaving behind significant amounts of
oil in the lower-permeability strata. Fig. 1.5b shows the effect
of areal heterogeneities on areal sweep efficiency. Because of
preferential flow paths, the displacing fluid reaches the pro-
ducing well without reaching all parts of the reservoir. Once
preferential paths are established, the displacing fluid short-
circuits through these paths, leaving behind bypassed oil.

Gigascopic heterogeneities cause some oil sources to re-
main uncontacted. Fig. 1.6 indicates that hydrocarbons may
be stored in isolated sand lenses. These sand lenses are not
connected with each other. If a drilled well intersects any of
these lenses, the hydrocarbons can be produced from these
lenses. However, if the lens is not in contact with any of the
drilled wells (like the one in the middle of Fig. 1.6), the oil in
that lens cannot be extracted unless an infill well is drilled.
The oil left behind in the isolated parts of the reservoir is
called untapped oil. Extraction efficiency of these reservoirs
can be improved by drilling infill wells.

Effect of Heterogeneities on Flow Process. In a typical oil
reservoir, different flow processes may be used to extract oil.
During the initial stages of production, primary oil recovery
uses the natural energy of the reservoir. As the natural energy

Producer

Injector

(a) (b)

Fig. 1.5—Effect of heterogeneities on sweep efficiency.
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is depleted, the reservoir may be subjected to a waterflooding
process. If economically feasible, waterflooding may be fol-
lowed by tertiary-oil-recovery processes, such as CO; flood-
ing, surfactant flooding, or polymer flooding.

A clear relationship exists between the type of flow pro-
cess taking place in the reservoir and the types of heteroge-
neities that play a significant role in determining the flow
performance. On one extreme, in single-phase depletion of
a gas reservoir, only gigascopic (and to some extent mega-
scopic) heterogeneities impact overall reservoir perfor-
mance. As long as the correct genetic units and the flow bar-
riers between them are identified, the reservoir performance
can be reproduced. Primary recovery is “forgiving” to mis-
takes with respect to small-scale heterogeneities or macro-
scale heterogeneities. Any reasonable representation of
these heterogeneities is sufficient to reproduce the primary-
recovery performance.

Mistakes with respect to large-scale heterogeneities, how-
ever, canresultin an incorrect recovery prediction even under
primary recovery. Fig. 1.7, which plots estimated reserves as
functions of time for several North Sea reservoirs, shows an
example. Many of these reservoirs are still under primary
depletion or under natural water-influx drive. In tectonically
quiet, relatively unfaulted areas, the estimates tend to go up
because the original forecasts were conservative. In highly
faulted fields, estimates go down as additional faults and flow
barriers are discovered during the depletion phase.

As the flow process changes from primary depletion to sec-
ondary flooding, additional levels of heterogeneities can af-
fectreservoir performance. Mega- and macroscopic levels es-
pecially have significant impact on prediction of reservoir
performance under secondary-recovery performance. These
heterogeneities include internal boundaries within units,
areal reservoir connectivity, and the presence of contrasting
zones.” Complex lithological structures can also affect sec-
ondary-recovery performance. Proper identification of
mega- and macroscopic heterogeneities is critical before flow
performance under secondary recovery can be honored.

Fig. 1.6—Effect of gigascopic heterogeneities on performance.
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The requirement that heterogeneities be represented be-
comes even more critical as the flow process becomes more
involved. In an EOR process, owing to the complexity of the
flow process, even the microlevels of heterogeneity can affect
flow performance. These small levels of heterogeneity can af-
fect the flow behavior of displacing fluids as well as affecting
the way in which the interface between the displacing fluid
and oil is established and moved.

On the basis of this discussion, we can make a few observa-
tions. First, as the flow process becomes more complex, the
level of detail required with respect to heterogeneity in-
creases. The more complex the flow process, the more small-
scale detail is required. However, the effect of large-scale het-
erogeneities is not minimized, even for complex flow
processes. In terms of data hierarchy, large-scale heterogenei-
ties still have the greatest impact on overall flow perfor-
mance, even for complex flow process.” As the level of heter-
ogeneities decreases, the relative impact on flow performance
also decreases. Therefore, more importance should always be
placed on representing the largest-scale heterogeneities cor-
rectly, followed by relatively smaller levels.8 The point to re-
member is that correct representation of smaller-level hetero-
geneities becomes increasingly important as the flow process
becomes more complex.

A second observation relates to the practical difficulty in
simulating reservoir performance. As the flow process be-
comes more complex, the physics of the flow process also be-
comes complex and must be represented correctly in a typical
reservoir simulator. As a result, the computational require-
ments, even for the same number of gridblocks, increases for
amore complex flow process. Obviously, to be able to simu-
late flow performance for a more complex flow process, it is
preferable to use a smaller number of gridblocks to maintain
control of the computational time. Unfortunately, it seems
that, to represent the heterogeneities properly as the flow pro-
cess becomes more complex, more gridblocks might have to
be used, which may be difficult in practice. As an alternative,
the representation of the flow process or the scale of heteroge-
neities has to be simplified; which one is more critical is a de-
batable issue that has yet to be resolved.

The third observation is a direct continuation of the second
one. Knowing that different levels of heterogeneity play dif-
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ferent roles, depending on the type of flow process, makes it
obvious that simply matching flow performance under prima-
ry production may not guarantee that the reservoir description
can predict secondary- or tertiary-oil-recovery performances
correctly. For example, primary-recovery performance is for-
giving to misrepresentation of vertical barriers between lay-
ers of heterogeneities. However, these barriers can play an
important role in a waterflooding process. This may explain
why some reservoir-performance-prediction studies under-
predict breakthroughs or overpredict sweep efficiency, even
after matching primary performance. This indicates that as
many small-scale heterogeneities as possible should be repre-
sented, even though they may not affect the current flow pro-
cess, because it may be valuable when the same reservoir de-
scription is used to predict future performance under a more
complex process.

To summarize, different levels of heterogeneities have dif-
ferent impacts on oil recovery. Proper identification and
knowledge of heterogeneities on various scales, therefore, is
necessary for optimum reservoir production performance.

1.3 Reservoir Modeling in the
Presence of Heterogeneities

For the purposes of optimizing production from a reservoir,
reservoir behavior must be modeled properly to predict its
performance. In modern times, the technique often used for
modeling the reservoir behavior is the use of a reservoir simu-
lator. Simulation has several advantages over analytical tools,
including the following.

e The ability to test new procedures and new concepts with-
out actually testing them in the field.”

e The ability to represent complex physical processes in a
rigorous manner.

e The ability to incorporate reservoir heterogeneities at var-
ious scales.

e The ability to forecast future performance under existing,
as well as modified, conditions.

e The ability to interpret performance under varied operat-
ing conditions.”

Compared with analytical methods, reservoir flow simula-
tions require significantly more input information for proper
application. In addition, simulation exercises are constrained
by the computational abilities of individual computers. These
limitations become more evident in the following discussion
of the conventional application of reservoir simulation.

This section first discusses the conventional approach fol-
lowed in reservoir simulation to predict reservoir perform-
ance, then covers some of the associated drawbacks and sug-
gests possible improvements.

1.3.1 Conventional Approach. The most common applica-
tion for reservoir simulation in a conventional approach is
future-performance prediction. Because significant uncer-
tainty exists in reservoir parameters used as input in reser-
voir simulation, the simulator model has to be validated
before it can be used to predict future performance. As Mat-
tax and Dalton!0 stated, “the most useful way to determine
whether a model adequately describes a reservoir is to simu-
late past performance and to compare the simulation with the
reservoir’s actual performance history.” The step of compar-
ing prior actual performance with simulated performance is
a process called “history matching.” Once prior data have
been matched, the modeler has more confidence in the simu-
lation of future performance.

APPLIED GEOSTATISTICS FOR RESERVOIR CHARACTERIZATION



The commonly used model for history matching is a layer-
cake model. This approach involves defining the reservoir
interms of several layers that have different physical proper-
ties and numerically simulating reservoir behavior in either
two or three dimensions. This simple approach has several
advantages.

e [t is easy to understand the physical architecture of the
reservoir in terms of a layer cake.

e It conforms with geology in many instances. For exam-
ple, Weber and van Geuns® note that the layer-cake model can
be applied to certain geological environments, including
single or amplified barrier bars, shallow marine sheet sands,
transgressive sands, offshore bars, certain turbidites, braided
rivers, and aeolin deposits.

e [tiseasy to simulate because the numerical simulators are
easily adaptable to orthogonal, preferably rectangular, grid-
blocks. (From the simulation point of view, orthogonal grids
are preferable to nonorthogonal grids!!).

e [t can mimic historical performance within a few iterations.

In most field-scale simulators, use of a layer-cake model in-
volves the following steps.

1. Establish the number of layers by use of the cross cor-
relation between wells and/or on the basis of similar values of
permeability-thickness product, porosity-thickness product,
or permeability/porosity ratio. The initial correlation between
wells is done by a geologist from log and core observations
as well as from depositional history.

2. Define petrophysical properties for individual layers
with core and/or well-test data. These properties include
rock properties, such as permeability and porosity, and fluid
saturations. They also include relative permeabilities and
capillary pressure values if the simulation involves multi-
phase flow.

Rock properties at well locations are estimated with either
core or log values; in the case of permeabilities, they are
based on a relationship between permeability and log-
derived porosity values. Permeabilities of individual layers
may be adjusted to reflect the observed well-test-derived
permeability at a particular well. Once the properties are de-
fined at individual well locations for a particular layer, these
values are interpolated to assign the values at the gridblocks
at interwell locations.

Coreflooding data are used to assign relative permeabilities
and capillary pressure values. In the laboratory, relative per-
meabilities and capillary pressure data are obtained for sever-
al core samples. Some type of averaging scheme is used to as-
sign a single set of relative permeabilities as well as capillary
pressure data for the reservoir.

3. Numerically simulate the reservoir performance. In nu-
merically simulating the reservoir, every attempt is made to
simulate the physics of the process. In some instances, how-
ever, the physics of the process may have to be simplified be-
cause of computational limitations.

4. If the simulated performance does not match the histori-
cal performance, adjust the reservoir parameters until a match
with the production data are obtained. The parameters that are
normally adjusted include relative permeability data, number
of layers, and individual layer properties. For example, to
match early breakthroughs, permeabilities of some layers
may be increased, while it may be decreased for the other lay-
ers so that the averaged permeability still compares favorably
with the well-test-derived permeability value.

Typically, a reasonable match between historical and simu-
lated performance can be obtained within three to four itera-
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tions. After a match is obtained, future performance can be
predicted with the same reservoir description. Prediction of
future performance can be under existing conditions, but it is
more likely to be under modified conditions that may include
a sensitivity analysis of various operating parameters.

1.3.2 Limitations of the Conventional Approach. The con-
ventional approach has four important drawbacks.

Series Modeling. A series (or sequential) modeling ap-
proach has five stages.!?

1. Analysis of the raw data. In this stage, geologists and
geophysicists analyze the raw data (e.g., cores, logs, seismic
surveys, and depositional histories). The information may
also include certain qualitative observations based on prior
experience. On the basis of available information, the geolo-
gist may describe the reservoir in terms of several correlated
or uncorrelated layers.

2. Construction of the model. In this step, once the in-
formationreaches the engineer, depending on the computing
limitations and any other constraints, the engineer may lump
together several layers to describe the reservoir in terms of
a limited number of layers. Lumping may involve adding
layers that may have similar petrophysical properties, such
as permeability and porosity, but that may not be geological-
ly similar.

3. History matching of prior performance. During this
trial-and-error history-matching procedure, changes may be
made in the reservoir description to match performance.
These changes include changing the number of layers, ad-
justing individual-layer properties, or adjusting petrophysi-
cal properties.

4. Calibration of the model to match the results better. This
step goes together with Step 3, in which the model is calibrated
with prior production data and modified to account for any
changes in the flow process as well as in well configurations.

5. Prediction of future performance. In this last step, future
performance is predicted under desired conditions with the
calibrated model.

This series modeling approach has the following pitfalls.

e Because of its nature, the description process does not be-
come interdisciplinary. Once the initial description is created,
the geologist and geophysicist may rarely get involved in the
modeling process. The changes in reservoir description made
by an engineer may be consistent with the engineering in-
formation but may violate some of the “soft information”
used in constructing the correlation. Also, use of the series ap-
proach contains the implicit assumption that the model
created by the geologists is static; that is, it does not change
or get modified on the basis of insights gained during the
flow-simulation process.

e Sequential planning assumes that each of the five steps is
completed in a timely manner. If any of the steps is delayed,
all subsequent steps are also delayed. In short, any delay in the
process can cause a corresponding delay in the delivery of the
final product. Most simulation studies take a longer time than
originally anticipated.

e There is no flexibility for incorporating additional data or
knowledge that becomes available while the study is in prog-
ress. If such knowledge is incorporated, it delays the project
even further. Delays, in some instances, are translated into
missed opportunities.

Lack of Scale Dependence on Reservoir Properties. The
inclusion of scale dependence is important in reservoir de-
scription from two perspectives: input and output. From the
input perspective, it is important to account for the scale over
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Fig. 1.8—Gridblock configurations.

which input data are gathered. As discussed in the previous
section, all the reservoir properties are not necessarily mea-
sured at a desired scale. If the properties are measured on a
different scale, we must reconcile the information collected
on various scales and ensure that the differences in the scales
of observed data are accounted for properly.

A commonly used method that violates the principle of
scaling is matching well-test data with core-derived perme-
ability data at individual well locations. In many conven-
tional simulation studies, the log-derived porosities are
transformed to permeability values. These permeability val-
ues (vertically defined) are then averaged (either arithmeti-
cally or geometrically) for comparison with the well-test
data. If they do not compare well, the log-derived values
may be calibrated to match the well-test data. What is ig-
nored in this analysis is that the well-test-derived permeabil-
ity represents not only the values at the wellbore but also
those at the region surrounding the wellbore.

The second perspective, regarding the scale of reservoir
properties, arises from the requirement that reservoir prop-
erties be estimated at locations where no data are available.
Specifically, if areservoir simulator is being used, gridblock
properties must be defined at the interwell scale. The con-
ventional method defines the gridblock-property value at
the center of the gridblock (Fig. 1.8). This figure shows two
potential gridblock configurations. One is indicated by solid
lines, and the other is indicated by dashed lines. By coinci-
dence, the center of the gridblocks (Blocks 1 and 2) for both
configurations is at the same location. Using a conventional
method, we interpolate the values at well locations and as-
sign a value at the center of the gridblock. That value repre-
sents the block value.

In reality, the two blocks should have different physical
properties because their sizes differ. Each block is made up of
different small-scale heterogeneities (‘“small cores” present
within each block). The effective physical property defined
for a block should account for the smaller-scale heterogenei-
ties that are present within the gridblock. Obviously, Blocks
1 and 2 do not contain the same small-scale heterogeneities.
The estimated physical properties, therefore, should be dif-
ferent rather than identical. Also, overall variance observed
between the values for the smaller gridblocks should be great-
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er than those for the larger gridblocks. By simply interpolat-
ing the values at the center of the gridblock, the conventional
method fails to account for these effects.

Uncertainty Estimations. History matching of prior pro-
duction performance is used primarily to predict future per-
formance. The implicit assumption in predicting future per-
formance is that the reservoir description used in matching
prior performance uniquely defines the reservoir description;
therefore, it can be used to predict future performance.

In reality, the reservoir description used for matching his-
torical performance is a result of several subjective judg-
ments, which include decisions regarding type of data that
need to be honored, scaleup of certain petrophysical proper-
ties (core relative permeabilities vs. pseudofunctions), indi-
vidual layer properties, and appropriate number of layers. It
is easy to show that two people working with the same data
set will come up with different reservoir descriptions that still
match the historical performance. Considering the uncertain-
tiesinvolved in the estimation of reservoir properties, it is rea-
sonable to assume that the reservoir description that matches
the historical performance is nonunique.

It is unreasonable to assume that simply duplicating past
performance validates the model. In fact, the match may re-
flect compensating errors among various input parameters.
Further, recent studies have shown that it is relatively easy to
match fieldwide performance but very difficult to match indi-
vidual well performances without making significant subjec-
tive assumptions. If we know that the reservoir description is
nonunique, it is imperative to develop a future-performance
profile that indicates the nonuniqueness of the history match
and therefore presents the uncertainties in future perfor-
mance. The conventional method, unfortunately, does not
predict uncertainties in future performance. Instead, after
“validating” the model with past performance, it predicts a
single future performance.

Inclusion of Geological Features. Conventional layer-
cake models may be appropriate for many types of reservoirs
that exhibit similar geological architecture. However, in
many instances the geological features exhibit complex pat-
terns that may not conveniently fit in a layer-cake model.
Weber and van Geuns* describe three reservoir categories for
clastic reservoirs.

Layer-Cake Reservoirs. These reservoirs have structures
continuous enough that they can be represented with a con-
ventional layer-cake model.

Jigsaw-Puzzle Reservoirs. These reservoirs are composed
of series of sand bodies that fit together without major gaps.
Some nonpermeable baffles may exist between superim-
posed sand bodies. Examples of these reservoirs include point
bars and turbiditic-fan sand bodies.

Labyrinth Reservoirs. These reservoirs consist of complex
arrangements of sand bodies and lenses. They appear discon-
tinuous, and detailed correlations are possible only when the
well spacing is small. Examples of these reservoirs include
tidal-channel fill embedded in a barrier-bar sand and lacus-
trine sheet sands combined with fluvial channel sands.

Fig. 1.9 shows schematic representations of these three
types of reservoirs. The increase in lack of continuity can be
observed as we go from layer-cake reservoirs to labyrinth-
type reservoirs. In constructing an appropriate model, itis im-
portant that both the “form” and “function” of the reservoir is
honored as much as possible.” The form represents the geo-
logical environment, rock types, and the reservoir architec-

*Personal communication with D. Kerr, U. of Tulsa, Tulsa, Oklahoma (1992).
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deposition environment.
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Determination of reservoir architecture requires
detailed sedimentological analysis.
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In 3D, interconnections exist locally but in part
only through thin, low-permeability sheet sands.

Fig. 1.9—Reservoir models.

ture or building blocks. The function represents the petro-
physical properties that result in the flow performance. In
conventional history matching, the focus is on matching the
function or the historical performance. However, the reser-
voir architecture (or the form) may be violated in that process.

1.3.3 Possible Improvements. The conventional simulation
method can be improved. The possible improvements sug-
gested in this section address some of the drawbacks dis-
cussed in the previous section.

Parallel Modeling. Even in the presence of extensive data,
alot of uncertainties remain with respect to reservoir descrip-
tion. These uncertainties can be minimized if all the available
data are properly used and are accounted for. In a series-mod-
eling approach, some constraints imposed by the geologists
or geophysicists may be ignored during the simulation pro-
cess, possibly creating more uncertainties in the reservoir de-
scription. The process may also be delayed because of delays
in any of the steps.

In contrast, parallel modeling offers an alternative for inte-
grating the data in a consistent manner. In parallel modeling,
amultidisciplinary team, which may include geologists, geo-
physicists, reservoir engineers, and production engineers,
studies a single reservoir. Instead of taking steps in series, the
steps go in parallel. An attempt should be made to construct

INTRODUCTION

an integrated description with all available data, as shown in
Fig. 1.10. As a possible process, all five steps (analysis,
construction, history matching, calibration, and future-per-
formance prediction) can occur almost simultaneously. As a
start, a model that honors large-scale heterogeneities can be
constructed from geological/geophysical information and
can be flow simulated to gauge predicted flow performance
by use of average petrophysical properties. The predicted
flow performance can be fed back to a geoscientist to investi-
gate any possible modifications at a large scale in the original
model. The refined model can be flow simulated again for cal-
ibration purposes. As the model gets progressively closer to
the observed performance, a higher level of detail with re-
spect to heterogeneities can be added to give a better picture
of the reservoir. Because the description is created by a com-
bined effort, much of the information (whether soft or hard)
is honored in constructing the final description. In addition,
because the process involves significant feedback, new in-
formation that becomes available during the process can be
incorporated easily.!2

Fig. 1.11 shows an example of a successful integrated, par-
allel approach in constructing a reservoir description. Fig.
1.11a shows the history-match results between the simulated
and the observed data for a large Middle Eastern reservoir.!3
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Fig. 1.10—Reservoir description.

This match was based on a series-modeling approach. First,
a geologic model was developed by a team of geologists from
two partner companies. Once approved, the geologic model
could not be changed. After making changes in petrophysical
properties and aquifer strength, the engineers obtained the
best match (Fig. 1.11a). The total effort took three years. The
alternative approach of parallel modeling was used starting in
1992. A team was formed consisting of a geophysicist, two
geologists, a production engineer, two reservoir engineers,
and a computer scientist. During the history-matching phase,
the geologists and geophysicist updated the geologic model
in areas that lacked geologic data. Also, additional informa-
tion, which had to be left out in the beginning, was added as
the history matching progressed. The total effort took nine
months. Fig. 1.11b shows the results. As is evident, a much
better match between simulated and observed performance
was obtained with less effort.!3

Inclusion of Scale Effect. Inclusion of the appropriate
scale in describing the reservoir properties is important for a
proper reservoir description. Especially in numerical simula-

10

tors, gridblock properties should depend not only on the rela-
tive gridblock location but also on gridblock size.

Many ways have been proposed to define the physical prop-
erties on a particular scale appropriately. Although core val-
ues may be known, it is impossible to define small enough
gridblocks that have the same scale as the cores. Therefore,
in describing gridblock properties, some scaleup process may
be needed. The properties involved are porosity, permeabil-
ity, relative permeability, and capillary pressure.

Scaleup of porosity is relatively easy. Arithmetic average
of small-scale porosities results in the effective porosity of the
gridblock. For permeability, scaling up is much more diffi-
cult. Different methods have been proposed to scale up
permeability values ranging from geometric averaging to ef-
fective permeability tensors. For scaleup of relative permea-
bilities, a common approach is to use pseudofunctions. In this
approach, the gridblock is simulated in the presence of small-
scale heterogeneities, and the effect of the heterogeneities is
captured in terms of effective permeabilities. These effective
properties are used in subsequent simulations on a large

APPLIED GEOSTATISTICS FOR RESERVOIR CHARACTERIZATION
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Fig. 1.11—(a) Series vs.

scale.!* Although use of pseudofunctions is promising, the
approach still has some limitations. Chief among them is the
inability of pseudofunctions to describe gridblock properties
independent of the imposed boundary conditions.!> It should
be remembered that any upscaling process, no matter how ac-
curate, results in homogenization of small-scale properties.
As properties are scaled up, some flow-process details are
lost. The question of the extent of scaling up and its effect on
the flow process has not been fully resolved. Chap. 8 dis-
cusses the entire upscaling process in detail.

Inclusion of Uncertainties. Correct modeling of prior his-
torical performance does not ensure correct modeling of fu-
ture performance. As explained in the previous section, the
effect of scales of heterogeneities is flow-process dependent.
As a result, matching primary performance may not lead to
correct prediction of the waterflooding performance. What is
adequate in terms of heterogeneity representation for primary
processes may not be adequate for secondary processes. In
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(b) parallel modeling.

addition, although overall field performances can be reason-
ably matched with 10 to 40% accuracy, ! matching individual
well performance is difficult because of both the limited
amount of information on individual well variables and a lack
of accuracy. Considerable uncertainty surrounds individual
well performance matching. Also, all the reservoir properties
are not available at every desired scale. Some subjective as-
sumptions have to be made with respect to how properties are
defined at individual gridblock levels.

In light of these uncertainties in the prediction of future
performance, predicting a unique performance on the basis
of prior history matching is misleading and, in some cases,
may be inappropriate. Instead, accepting the uncertainty in
the reservoir description allows prediction and quantifica-
tion of the uncertainties in future performance. Fig. 1.12
shows that, rather than predicting one unique future perfor-
mance, a better procedure is to predict an array of future
performances, all reasonably matching the historical perfor-
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Fig. 1.12—Prediction of future performance.
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mance as well as the available input data. By investigating
the range of possible future performances, the uncertainty
with respect to future production and the resulting economic
evaluation can be represented better.

Representation of Geological Features. Many conven-
tional methods create reservoir descriptions that may not
strictly honor the reservoir’s geological architecture. In em-
phasizing function (performance) over form (architecture),
some key architectural features may be violated in the final
description. One way to overcome this problem is through
parallel modeling. Ensuring that the created reservoir de-
scription honors the geologist’s view ensures that some of the
qualitative information that goes into the geological model is
retained. Another approach is to use a two-step modeling pro-
cess. In this process, the reservoir description is created first
by use of large-scale geological features. Once the architec-
tureis in place, the petrophysical properties that are consistent
with the observed data are estimated within each feature.
Chap. 7 discusses this procedure in greater detail.

1.4 Use of Geostatistics in Reservoir Description

In the presence of limited information, any reservoir descrip-
tion involves the use of statistics. Even in conventional reser-
voir simulations, different interpolation schemes are used to
estimate reservoir properties at interwell locations. These
schemes assume some type of implicit relationship between
the sample data.

In this book, we concentrate on the application of geostatis-
tical techniques to reservoir description. We define geostatis-
tics in a broad sense as a statistical technique that accounts for
spatial relationships of variables in estimating values of the
variables at unsampled (unobserved) locations. These vari-
ables include conventional petrophysical properties, such as
permeability and porosity; seismic information, such as im-
pedance values; or geological variables, such as sands and
shales. The relationships may include information concern-
ing how neighboring values of the same variable are related
to each other or information concerning what the chances are
that two different variables are close to each other (e.g., chan-
nel fill and crevasse splay).

Geostatistics takes advantage of the fact that, in many natu-
ral phenomena, variable values measured close to each other
are similar. As the distance between the measured values in-
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creases, the similarity between the two measurements de-
creases. On the basis of this similarity, geostatistics captures
the spatial relationship through certain correlation functions.

Consider an example of two permeability measurements in
the wellbore.!® Both measurements are conducted at uniform
intervals of 1 ft. Close observation of these two measurements
reveals that both measurements have the same number of
sample points and the same values. From a conventional sta-
tistical measurement (such as mean and variance), there is no
difference between these two samples. However, plotting
these two samples as a function of distance (Fig. 1.13) shows
that a difference does exist between the two measurements.
Measurement 1 shows more continuity in the changes than
Measurement 2, where the changes are rather abrupt. The
type of continuity observed in Measurement 1 cannot be cap-
tured in conventional statistics. However, geostatistics can
capture and quantify this continuity and use the information
to predict values at unsampled locations.

1.4.1 Applications. Geostatistical procedures are versatile
enough to be used for several purposes related to reservoir
description.

Interpolation and Extrapolation. Geostatistics can be used
to interpolate and extrapolate the values of reservoir variables
atunsampled locations. Contour maps can be created from the
estimated values

Spatial-Distribution Analysis. Geostatistics can provide
the quantitative relationship describing the spatial variability
of areservoir property. This includes the distance over which
a given variable is related as well as how that variable is spa-
tially related to other variables.

Risk Analysis/Uncertainty Estimates. In any estimation
process, in addition to the estimated value, it is desirable to
know the relative uncertainties in the estimation. Geostatis-
tics can provide different ways of defining uncertainties in es-
timated values at unsampled locations. These uncertainty es-
timates can be useful in risk analysis. A good example of these
estimates is the determination of hydrocarbons in place in a
reservoir. Knowing the uncertainties involved in such a deter-
mination, a proper economic evaluation that incorporates the
associated risks of uncertainties can be conducted.

Use of Intercorrelated Attributes. In a reservoir descrip-
tion process, utilization of all available sources of data is very
important. Different sources of data are collected over differ-
ent regions, and some data are collected much more exten-
sively than other data. If we are interested in estimating values
of a variable for which only a few samples are available, it
may be useful to use the sample data from another extensively
sampled variable if a spatial relationship exists between the
two variables. A good example of such an application would
be estimation of porosity values during the exploration stage.
Core and log data may be available from only a few drilled
wells, while seismic data may be extensively collected. If a
spatial relationship can be established between the well data
and the seismic data, the extensively sampled seismic in-
formation can be used to estimate the porosity values at un-
sampled locations. Another example is the use of log porosity
data from various wells to estimate permeability values. Us-
ing limited core permeability data, we can generate perme-
ability values at unsampled locations if a spatial relationship
between porosity and permeability can be established. Geo-
statistics allows the development of a cross relationship be-
tween any two variables; therefore, one variable can be effec-
tively used to estimate the other.
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Fig. 1.14—Data configuration of sampled data.

1.4.2 Advantages. Geostatistical methods have several ad-
vantages over conventional methods.

e Most estimation methods used for interpolation and ex-
trapolation purposes are highly empirical in nature. Although
based on sound mathematical principles, these methods may
not provide a physical reasoning for using sample values in
certain ways to estimate values at unsampled locations. For
example, an inverse-square-distance method assumes that the
influence of a sample point on an estimated value at an un-
sampled location is inversely proportional to the distance
squared between those two points. No physical basis exists
for this particular assumption. In contrast, methods that use
geostatistics are based on spatial relationships that are estab-
lished by use of the sampled data. Depending on the available
sample data and their configuration, the relationships change.
In essence, spatial relationships are customized for a particu-
lar data set, unlike when a generalized relationship is used for
all the data sets. This way, the influence of the surrounding
sample data on the unsampled location is calibrated properly.

e Most estimation methods do not provide the estimation
errors along with the estimated value. However, it is impor-
tant that the uncertainties associated with the estimation be
established properly. Depending on the availability of the
sampled data, the uncertainties with respect to the estimate
can vary significantly. In addition to providing the estimated
values, geostatistical procedures also provide associated un-
certainties in the estimation.

e Most estimation methods estimate only the point values
at unsampled locations. In contrast, geostatistical methods
can account for the support or volume of the location at which
the variable needs to be estimated. This may be especially
useful in estimating simulator gridblock values. Although
certain limitations exist with respect to area- or volume-based
estimates of a variable, in principle, geostatistical methods
can account for the volume or area of a location in estimating
a variable value at that location.

e Geostatistical techniques honor sampled data. This
means that values calculated by these methods are identical
to sampled values at sampled locations.

e Many estimation techniques do not account for data re-
dundancy. Although the same amount of information is avail-
able, depending on the data configuration, some data may be
more valuable in the estimation procedure than others. Fig.
1.14 shows two possible configurations of three sampled
points to illustrate this. Configuration A shows that the three
sample points (Xs) are uniformly distributed surrounding the
unsampled point (O). Estimation of a value at Location O is
influenced equally by all three sampled points. In contrast, for
Configuration B, Sample Point 1 is on one side of the un-
sampled location and Sample Points 2 and 3 are so close to
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each other such that, individually, they would not provide the
same amount of information as Point 1. This intuitive conclu-
sion is borne out by geostatistical methods, where, in Config-
uration A, equal weights are assigned to all three sampled
points in estimating the value at the unsampled location and,
in Configuration B, Sample Point 1 is assigned a higher
weight than Sample Points 2 and 3. In addition, the uncertain-
ty estimate under Configuration A is less than that under Con-
figuration B. This is consistent with the fact that the three
sample points are uniformly distributed for Configuration A,
thereby providing more information than the three sample
points in Configuration B.

e Most estimation techniques do not allow the use of quali-
tative information in estimation of a variable at unsampled
locations. If proper procedures are used to quantify the quali-
tative information, some geostatistical techniques do allow
the use of qualitative information to estimate values at un-
sampled locations.

e As described in the previous section, some geostatistical
methods allow the use of extensively sampled variables to es-
timate the values of other sparsely sampled variables.

1.4.3 Disadvantages. Although the geostatistical procedure
offers several advantages over conventional methods, one
must be aware of certain disadvantages.

Additional Data. Geostatistical techniques allow manipu-
lation of only available data. The data are analyzed in a physi-
cally reasonable manner, and the variable values are esti-
mated at unknown locations. Just because estimates have
been obtained at every unsampled location should not give a
false sense of security because all the estimated values are
associated with uncertainties. These uncertainties can be re-
duced by collecting additional data. In addition, the spatial
relationship model can also be improved if additional data are
collected. Massaging of available data never replaces the val-
ue of additional data. Therefore, any additional data should
always be included in the analysis, although this may involve
modifying spatial relationships and estimating values again.

In collecting additional data, more time should be spent on
data that have a greater effect on the quality of the solution.8
Data hierarchy in terms of data collection is extremely impor-
tant in terms of cost/benefit analysis. It seems logical that
additional data that represent large-scale heterogeneities will
have a bigger impact on reducing uncertainties in overall per-
formance than data collected on small-scale heterogeneities.

Subjective Decision Making. Similar to any other statisti-
cal procedure, geostatistical techniques involve subjective
decision making. During the analysis, each step requires a
certain amount of subjective decision making. Depending on
the decision made, the results are consistent with that deci-
sion. Considering the importance of each decision, these deci-
sions should be made in a consistent manner and on an in-
formed basis; i.e., they should be consistent with the available
information and should be made by an expert in that area.

Hard Work. Geostatistical methods allow a lot more flexi-
bility in adopting various sources of data in describing the res-
ervoir. Using these various sources of information in a consis-
tent manner requires the user to work harder than with a
conventional method. Inconsistent data sets can no longer be
reconciled by favoring one data set over the other; instead, the
data sets should be reconciled by accounting for the different
supports over which the samples are collected. In addition,
precision in a data set should also be taken into account. Qual-
itative information submitted by the geologist in creating the
reservoir description can no longer be ignored; instead, the
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description has to be consistent with the qualitative
constraints. Other, similar constraints make geostatistical
methods more difficult and time-consuming to use than con-
ventional methods.

1.4.4 Procedure. Application of geostatistics is a three-step
procedure: (1) assumption of stationarity, (2) spatial model-
ing of sample data, and (3) estimation of a variable value at
unsampled locations.

Assumption of Stationarity. The assumption of stationarity
is probably the most important assumption in geostatistical
analysis. It requires that the model developed on the basis of
the sampled data is applicable over the region of interest; this
region defines the region of stationarity.

Any statistical analysis requires an assumption of stationar-
ity; geostatistics is no exception. Any statistical process re-
quires that the inference made on the basis of the sample data
is applicable to the population of interest. In most instances,
the assumption of stationarity can be made intuitively. For ex-
ample, calculating the average age of all children going to a
single elementary school and stating that this average repre-
sents the average age of all children going to elementary
school in that particular city may give a reasonable assump-
tion of stationarity. The assumption is that the data from one
elementary school sample can be extended to the population
of all the elementary schools in the city. As the population is
extended, however, the assumption of stationarity may get
weaker. If we state that this average represents the average of
all children going to the elementary school within the entire
state, we may not be inferring correctly because of, for exam-
ple, differences in rural and city populations or differences in
inner-city vs. suburban populations. The point is, the narrow-
er the definition of the region of stationarity, the closer it is to
the assumption of stationarity. As the region of stationarity is
broadened with the same number of samples, the assumption
of stationarity may be violated.

In this example, defining the region of interest is relatively
easy. In the case of reservoir description, it may be difficult.
In many instances, the region over which the model based on
the wellbore data is applicable has to be defined from limited
wellbore data. We can never be certain about this region; the
decision is necessarily subjective. Because of the scarcity of
samples, the region of stationarity is extensive during the ear-
ly stages of E&P. As more information is collected, the region
of stationarity can be defined more narrowly.

The uncertainty in the definition of the region of stationar-
ity does not minimize its importance. The decision must be
made carefully and has to be based on available data. The re-
gion of stationarity cannot be proved or disproved in the ab-
sence of additional data. The only thing we can state is that our
analysis is consistent with the assumption of stationarity.

Modeling of Spatial Relationship. The second step in a
geostatistical process is modeling of a spatial relationship on
the basis of the sampled data. In essence, we evaluate the spa-
tially collected sampled data for a given variable and estimate
the extent of a spatial relationship between the sample data.
As the distance between the sampled data increases, the simi-
larity between the data decreases. This similarity or lack
thereof is mathematically defined with a statistical function
called the variogram, and the estimated values of this similari-
ty is modeled with analytical functions. The variogram quan-
tifies how closely neighboring sample values are related to
each other, and the technique can be extended to establish a
spatial relationship between two variables. Other functions
can be used to quantify spatial relationships; however, the va-
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riogram is the one most commonly used in geostatistics for
this purpose.

Estimation. The third and last step in a geostatistical process
is estimation of values at unsampled locations. In conventional
geostatistics, the estimation procedure is called kriging. Differ-
ent kriging procedures are used, depending on the type of es-
timation procedure. For example, if point estimates are re-
quired, punctual or point kriging is used; if estimates of block
values are required, block kriging is used. Several other meth-
ods have been proposed to estimate values at unsampled loca-
tions, depending on the specific type of application.

In addition to conventional kriging techniques is the condi-
tional-simulation method, which holds greater promise in the
area of reservoir description. This method allows creation of
alternative reservoir images, each having an equal probability
of existence. By creating several possible images of a reser-
voir description, conditional simulation allows the uncertain-
ties in the estimation to be accounted for appropriately.

1.5 Outline

This section is a brief outline of the chapters included in
this book.

Chap. 2, “Principles of Statistics,” introduces the basic
principles of conventional statistics that are necessary for un-
derstanding geostatistical procedures and analysis. Starting
with frequency distribution, it covers summary statistics,
probability definitions, cumulative distribution and probabil-
ity density functions, expected values, inference techniques,
and covariance and variogram definitions.

Chap. 3, “Spatial Relationships and Modeling,” discusses
the procedures used to estimate and to quantify spatial rela-
tionships. Although the emphasis is on estimation of the va-
riogram, the chapter also discusses other methods (e.g., the
covariance and the two-point histogram) and other unconven-
tional methods (e.g., the madogram and the radogram). The
chapter also covers modifications used for estimating con-
ventional variograms to obtain more robust estimates. It fur-
ther discusses various nonlinear transformations commonly
used to transform sample data. These transformations include
log, Gaussian, and indicator transformations. The second part
of Chap. 3 deals with modeling spatial relationships. Differ-
ent models, including fractal models, that allow modeling of
these relationships are discussed along with ways of model-
ing the estimated values. In addition, modeling of relation-
ships that exhibit anisotropy and relationships between two
attributes (cross variograms) are presented.

Chap. 4, “Conventional Estimation Techniques,” address-
es conventional geostatistical techniques used for estima-
tion purposes. The type of procedure used depends on the
type of estimation required, and different procedures have
been developed for this purpose. The chapter covers simple
kriging, point or ordinary kriging, block kriging, cokriging,
universal kriging, and nonlinear kriging. The utility and li-
mitations of these various techniques are presented along
with applications.

Chap. 5, “Simulation Methods,” introduces the reader to
simulation methods, which allow a user to create alternative
images of the reservoir, each equally likely. The chapter dis-
cusses the advantages of simulation methods and presents a
preview of various simulation techniques.

Chap. 6, “Grid-Based Conditional-Simulation Methods,”
discusses various techniques that have been recently
introduced in the literature to generate reservoir properties at
the grid scale. This is the scale that is defined by grids (prefer-

)
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ably orthogonal) and that can be used as direct input to reser-
voir flow simulators. The first section of the chapter discusses
sequential-simulation techniques; these include sequential
Gaussian simulation, sequential indicator simulation, and
probability simulation. The second section discusses cosi-
mulation of multiple attributes, accounting for interrelation-
ships among various attributes. The last section discusses use
of simulated annealing to describe reservoir properties.

Chap. 7, “Object-Based Conditional Simulation Methods,”
presents conditional simulation techniques based on honor-
ing the shapes of various objects rather than grid scales. Typi-
cally, these shapes include geological sand bodies (such as
channel fill) and other large- and small-scale features (such as
faults and fractures). The methods discussed include Boolean
methods and Markov point processes.

Chap. 8, “Scaling of Reservoir Properties,” introduces
methods used to scale up reservoir properties generated on a
very fine scale. Conditional-simulation methods discussed in
Chaps. 6 and 7 are relatively fast and can generate millions of
gridblock values in a relatively short period. To use them as
inputin flow simulation, these properties need to be scaled up.
This chapter covers various methods used for upscaling
permeability, relative permeability, and capillary pressure.

Chap. 9, “Looking Ahead,” summarizes accomplishments
in the area of geostatistical applications to reservoir descrip-
tion, discusses the advantages and limitations of these tech-
niques, and concludes with potential areas of future research
interest and applications.

The chapters all contain several examples to illustrate the
concepts. Two types of examples are provided: numerical ex-
amples show the calculation procedure for a particular meth-
od with limited, synthetic data sets, and field examples show
application of the same procedure to a field data set.

To maintain consistency and avoid repetition of explaining
the background of the field data, a single field data set illus-
trates all the field examples. Appendix A provides the details
about the field data.!” Briefly, the data are collected from the
Burbank field, located 90 miles northwest of Tulsa. A total of
168 wells, either cored or logged, were used to evaluate the
12,320-acre study area. On the basis of 30 cross sections
across the study area, the reservoir was divided vertically into
10 flow units. In most field examples, data are used from indi-
vidual wells or individual flow units. Although alternative de-
scriptions of flow units may be possible, we assume that our
field-unit description is correct for the examples in this book.

The rationale for choosing these field data is that, in prac-
tice, this is the approach one might follow. Starting with the
individual well data, the data can be divided vertically ac-
cording to geological units, and each unit (which need not be
areally continuous) can be described to capture the areal
variability. The division of individual geological units is
subjective. Because it is not the purpose of this book to de-
scribe methods for drawing isochronal lines to divide the
reservoir in subregions, we assume that the division into 10
units is a correct description for our field data. We realize
that alternative ways exist by which the same field can be
geologically described; however, we believe that the geosta-
tistical techniques discussed in the subsequent chapters are
valid even if the geological interpretation changes. The de-
scriptions we create throughout the subsequent chapters are
consistent with the individual-unit characterization we have
assumed to be correct. If that description is modified, the
same techniques can be used to create consistent descrip-
tions with a modified unit characterization.

INTRODUCTION

Many of the programs we used to analyze the field data are
from Ref. 18. This reference contains a wealth of geostatisti-
cal programs as well as many utility programs. Most impor-
tant, these programs are in the public domain and can be mo-
dified to suit any specific purpose. Ref. 18 also provides brief
descriptions of many of the geostatistical tools.

Before we explain the various geostatistical tools, we
want to emphasize the importance of understanding the use-
fulness and the limitations of these tools before applying
them. Geostatistical applications, without a doubt, are one of
the most promising areas in the reservoir characterization
process. We hope that this book helps the reader evaluate and
weigh different applications carefully before choosing the
most appropriate technique.

Nomenclature

F,, = fractional flow of water
k = permeability, L2, md
k, = relative permeability
N, cumulative oil produced, L3, bbl

P, = capillary pressure, m/Lt2, psi
¢ = porosity
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Sl Metric Conversion Factors

acre X 4.046 856 E—-01 =ha
bbl X 1.589 873 E—-01 =m3
ft X 3.048* E—-01 =m
md X 9.869 233 E—04 =um?
mile X 1.609 344* E+00 =km

*Conversion factor is exact.
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Chapter 2

Principles of Statistics

2.1 Introduction

The principles of statistics must be understood so the applica-
tion of geostatistics can be understood. Principles of statistics
form the backbone of geostatistics. In addition, many statistical
principles can be directly applied to provide a better under-
standing of the sample data. This chapter focuses on the prin-
ciples necessary to understand and analyze spatially distributed
data. Only those principles are covered. Refs. 1 through 5 pro-
vide more general information on statistical principles.

The chapter is divided into two broad sections. The first
section deals with a branch of statistics called descriptive sta-
tistics. This branch deals with the organization, presentation,
and summarization of data. These techniques are particularly
useful in developing a better understanding of the type of in-
formation currently available and the peculiar characteristics
it possesses. Understanding the characteristics of the in-
formation allows us to use it more productively.

The second section deals with a branch of statistics called in-
ferential statistics. This branch deals with the procedures for
deriving conclusions about a population on the basis of sample
data. Here, sample data are the collected information and popu-
lation is all the information, we would like to have within the
region of interest. Most geostatistical applications use prin-
ciples of inferential statistics in estimating values at unsampled
locations. This chapter, however, concentrates only on the in-
ferential statistical principles used in conventional statistics.

2.2 Descriptive Statistics

Descriptive statistics, which has been in use for more than 200
years, is the oldest branch of statistics. Its origins lie in sur-
veys and census activity, where investigators tried to capture
details about the activity in as few numbers as possible. With
modern computer technology, the field of descriptive statis-
tics has become even more powerful; general trends, anoma-
lies, and variations in data can be illustrated with contrasting
colors or gray-scale maps. In general, descriptive statistics
can be applied to either sample data or population. In practice,
however, the population is rarely known. Therefore, we re-
strict the applications to sample data only.

PRINCIPLES OF STATISTICS

This section covers several techniques for analyzing and
characterizing sample data, starting with a frequency-dis-
tribution technique, probably the oldest statistical tech-
nique for analyzing samples. Then, we discuss summary sta-
tistical techniques, which try to capture basic features of
sample with a limited number of parameters. A separate sec-
tion covers techniques useful for understanding spatial data
sets. Finally, we briefly address techniques used to under-
stand bivariate data sets and try to relate two variables to
each other.

2.2.1 Frequency Distribution. The frequency-distribu-
tion method is one of the simplest ways to analyze sample
data. It summarizes the data in a more compact form than
original sample observations. To construct a frequency dis-
tribution, the range of the data is divided into intervals called
class intervals. It is a common practice to use class sizes of
equal width, but this is not necessary. The number of measure-
ments falling within a particular class, i, is called a class fre-
quency, f;.

The number of classes should be chosen so that the sample
characteristics, or “signature,” are clearly visible from the
display of class frequencies. Too few or too many class inter-
vals do not provide the necessary information. If too few
classes are used, some details may be lost; if too many
classes are used, too few values may fall within each class,
giving very little information about sample data tendencies.
Typically, the number of class intervals depends on the num-
ber of sample data points. One way to estimate is to use the
square root of the total number of sample points to approxi-
mate the number of class intervals. In most cases, 5 to 20 in-
tervals are sufficient.

On the basis of frequency values within each class, we can
calculate the relative-frequency values for each class. If
n = the total number of samples, we can calculate the relative
frequency, fx; for Class i as



TABLE 2.1—CLASS FREQUENCY VALUES
FOR NUMERICAL EXAMPLE 2.1

Class i f fai F
0.10<¢=0.12 1 5 0.1 0.1
0.12<¢=0.14 2 9 0.18 0.28
0.14<¢=0.16 3 20 0.4 0.68
0.16<¢=0.18 4 10 0.2 0.88
0.18<¢=0.2 5 6 0.12 1.0

Normalizing the class frequency by the total number of
samples ensures that all the relative class frequencies add to
one. In other words,

N
me =1,
i=1

where N = total number of classes.
In addition to relative class frequency, cumulative relative
class frequency can be calculated by

J
F_/ = me
i=1

for j = 1,..., where F; =cumulative frequency for class j
that results from addition of all the relative frequencies up to
and including class j.

Numerical Example 2.1. The following porosity samples are
measured in a wellbore: 0.141, 0.124, 0.152, 0.156, 0.113,
0.167,0.194,0.142,0.133,0.149, 0.106, 0.137, 0.147, 0.159,
0.174,0.129, 0.153, 0.173, 0.189, 0.16, 0.193, 0.156, 0.149,
0.135,0.145,0.171,0.101,0.151,0.176,0.191, 0.121, 0.148,
0.153,0.171,0.183,0.108,0.123,0.169, 0.185,0.153,0.117,
0.127,0.145, 0.141, 0.165, 0.14, 0.143, 0.178, 0.179, 0.157.
Analyze these porosity, ¢, values using a frequency-distribu-
tion analysis.

Solution. For these 50 values, we divide the data into five
classes. Table 2.1 lists the class-frequency values: column 1
lists the porosity, column 2 lists the number of values (class

0.40
0.35
0.30
0.25
0.20
0.15
0.10
0.05 |+
0.00

(a)

0.12 0.14 0.16 0.18 0.20

frequencies) within each class, and column 3 lists the relative-
frequency values for each class calculated with Eq. 2.1. For
example, for class values between 0.12 and 0.14,

_fi_ 9

fRi = n = 50 = 0.18.

Column 4 gives the cumulative relative class frequency
values calculated with Eq. 2.3. For example, for class values
between 0.14 and 0.16,

3
Fy= > fu=01+018+04 = 0.68.

i=1

We can plot relative frequencies as well as cumulative rela-
tive class frequencies as functions of the variable values (see
Fig. 2.1). The plot of relative frequency vs. the variable is
called a relative-frequency histogram.

These plots are useful in characterizing samples. For exam-
ple, from this plot, we can conclude that 40% of the porosity
values fall between 0.14 and 0.16 (or that 10% of the porosity
values fall between 0.1 and 0.12). The cumulative relative
histogram plot shows that 68% of the porosity values are less
than 0.16. For equal-sized class distributions, the area of the
rectangle for a particular class is proportional to the chance
that a porosity value will fall within that class (Fig. 2.2). In
Fig. 2.2, the chance of porosity falling between 0.14 and 0.16
is proportional to the crosshatched rectangle. Fig. 2.2 also
shows that the chance that porosity is less than 0.16 is 68%.

In defining frequency distributions, we assume a discrete
distribution for a variable. That is, once the data are divided
into several classes, we do not distinguish among the values
within a class; all values are treated the same. The advantage
of using such an approach is that the sample can be character-
ized with fewer parameters. Instead of knowing all the poros-
ity values, we may need to know only the individual classes
and the distribution of values within all the classes. Such in-
formation may be adequate for understanding the sample
characteristics.

In reality, porosity is not a discrete variable; it is a continu-
ous one. Just because a porosity value of 0.102 is not observed
does not mean that a value of 0.102 does not exist. It may be
obtained in the next sample. Porosity can take any value with-
in the extreme values.
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Fig. 2.1—(a) Relative frequency and (b) cumulative relative frequency.
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Fig. 2.2—Characterizing the frequency function.
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Fig. 2.4—Characterizing continuous distribution.

Collecting 5,000 samples instead of 50 may allow division
of the data set into additional classes. Under these circum-
stances, Fig. 2.1 may look like Fig. 2.3. Within the limits, the
discrete distribution may look like a continuous distribution
as shown in Fig. 2.3 for a very large sample set approaching
the population. Applying the principles used in Fig. 2.2, we
can say that the chance that porosity will fall between 0.14 and
0.16 is proportional to the area under the relative-frequency
histogram curve between these limits. The cumulative rela-
tive-frequency diagram also shows the chance that the poros-
ity will be less than 0.16 (Fig. 2.4).

Although the analysis presented in Fig. 2.4 is not strictly
correct mathematically, it provides an intuitive understanding
of how the frequency distribution can eventually lead to con-
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tinuous distribution. This section provides a basis for under-
standing the conceptual framework of the probability-density
function (analog of f%;) and cumulative-distribution function
(analog of F;), which is discussed in Sec. 2.3. A very clear
relationship exists between the frequency distributions and
the statistical functions for a continuous distribution.

Field Example 2.1. As for all field examples, Appendix A
provides the field data. This example uses histogram plots for
porosity and permeability data for Well 34-29 in the Burbank
field (Fig. 2.5). The well is in the north-central portion of the
reservoir. On the basis of initial potential and permeability
and porosity data, the well is in a better part of the reservoir.
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Fig. 2.5—Histogram for (a) porosity and (b) permeability data for Well 34-29.
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Fig. 2.6—Effect of log transform on permeability histogram: (a) permeability data and (b) log

k data for Well 34-29.

Fig. 2.5a, the porosity histogram, shows a reasonably sym-
metric distribution with an exception at the high end of the
values. Other than in the middle, another peak of frequency
appears at a porosity value of 0.27. This may indicate a mix-
ing of porosity distributions from two different geological
units. Appendix A indicates that the Burbank sand is divided
into several geological units. Although some units are hard to
distinguish from each other, many units are separated by con-
tinuous shales that are extensive in an areal direction. Specifi-
cally, the lower unit (Unit 10) is a relatively thick sand with
low porosity values. This unit can significantly influence the
overall distribution of porosity values.

The permeability distribution at Well 34-29 (Fig. 2.5b) is
skewed positively. Although the permeability values range
from as low as 0.01 md to 750 md, the majority of the values
are at the lower end of the region. This type of histogram is
rarely useful for characterizing a sample because the values
are clustered at one end.

One way to overcome this problem is to transform the sam-
ple data in some way so that some sample characteristics are
evident from the histogram plot. The most commonly used
approach for permeability values is the log transform. Fig. 2.6
shows the original permeability histogram and the log of
permeability, log &, histogram. The log k distribution is much
more symmetric than the permeability distribution. In addi-
tion, the log k and ¢ histograms are remarkably similar. Both
show similar trends with two peaks in the histogram plot, one
of which is at the higher end of the values. Although this needs
to be validated, such characteristic similarity may indicate a
relationship between log k and ¢.

Fig. 2.7 shows histogram plots for two additional wells in
the field: Well 31-W23 in the northwest portion of the reser-
voir and Well 36-16 in the northeast portion of the reservoir.
Both wells are thought to be in poor regions of the reservoir.
On both the east and west sides of the study region, the
amount of shale increases, and the permeability values be-
come smaller. Core porosities reflect this transition in the his-
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togram. Both wells show a significant portion of shale, indi-
cated by a high fraction of very low porosity values (almost
40%). The overall range of porosity values is also smaller
compared with that in Well 34-29.

These types of histogram maps for wells located in different
regions of the reservoir serve several purposes. First, changes
in the sample distribution of a physical property can be visual-
ly observed. This may confirm some geological boundaries
and sand units that are established on the basis of log inter-
pretation. Also, when a particular range of porosity values is
missing at certain wells (as in the case of Well 36-16, where
no values greater than 18% or between 2 and 10% are ob-
served), it may indicate that a particular geological unit may
not extend over a region. Additional analysis can confirm
this. Another benefit of generating such histogram maps is to
define the region of stationarity. As Chap. 1 discussed, this re-
gion represents an area where the proposed model can be ap-
plied on the basis of the sample data. If the histogram charac-
teristics vary over a wide range within an area, the region of
stationarity may have to be re-examined and redefined.

2.2.2 Summary Statistics for Univariate Distribution. In
addition to the frequency distribution, which characterizes
the sample visually and numerically, characterizing the sam-
ple through summary information is also beneficial. This sec-
tion addresses the sample of one variable: a univariate dis-
tribution. Several types of summary statistics for univariate
distributions are available.

Mean. The sample mean represents the arithmetic mean of
the sample data points. Mathematically,

1 n
%=
i=1

where n = total number of samples and x; = the value of
Sample i. The arithmetic mean represents the central tenden-
cy of the sample.
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Fig. 2.7—Porosity histograms for Wells (a) 31-23 and (b) 36-16.
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Median. Another measure of central tendency is the me-
dian, which is the sample point that divides the sample into
equal halves. If all the samples are arranged in an ascending
order so that x; < x, ... < x,, the sample median, ¥, is cal-

culated by
X = X(g1)s e (2.52)
when 7 is odd and by
X,, T X
%= (ﬂfﬂ“) .................... (2.5b)

when 7 is even. An advantage of using median rather than
mean is that median is not influenced by extreme values. In
contrast, because the mean is an arithmetic average, it can be
affected by one or two extreme values.

Mode. The mode, which is another measure of a central ten-
dency, is an observation that occurs most frequently in the
sample. The value of the mode obviously depends on the pre-
cision of the data, especially for naturally occurring variables.
If the data are very precise, each value is unique and none is
repeated. One option is to use the frequency-distribution
classes as arange of precision and define the mode as the class
that contains the highest number of values.

Mean, median, and mode coincide with each other if the
distribution is symmetric. If the distribution is skewed (e.g.,
the permeability histogram in Fig. 2.5b), these three tenden-
cies exhibit different values. If the distribution is skewed
positively (to the right), mode < median < mean. If the dis-
tribution is skewed negatively (to the left), mode > me-
dian > mean.

Extremes. In addition to the mean, median, and mode, we
can also define the minimum and maximum of the sample val-
ues, where the minimum represents the smallest value and the
the maximum represents the highest value.

Percentile. Percentile values represent sample values that
are greater than a certain percentage of the sample values. The
median is an example of the 50th percentile value because
50% of the values are smaller than the median. If the values
are arranged in ascending order, x” represents a value where
p percent values are smaller than x”. For example, x'° repre-
sents a sample value that is greater than 10% of the total sam-
ple points.

Certain types of percentiles are commonly used in describ-
ing sample data. For example, the first quartile represents x>,
where 25% of the sample values are less than x*. x™ repre-
sents a value where 25% of the sample values are greater than
x7. In a similar manner, deciles describe the data in terms of
10ths. The first decile represents the value greater than 10%
of the sample data. The fifth decile represents the median.
Overall, percentile distribution is simply another way of look-
ing at data distribution.

Variance. The sample variance represents the spread of the
data. It is a quantitative measure of how widely the data are
distributed. Mathematically, variance is calculated as

S -’
_ =1

n—1

S2

e 2.6)

where s> = sample variance, X = sample mean, and n = to-
tal number of samples. Variance can also be calculated as
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2 _—

n
_2
inz — nx
i1

s n—1
Although Eqs. 2.6 and 2.7 should give the same result, Eq. 2.7
is preferred because of its numerical precision. The square
root of variance, s, is called the standard deviation. It has the
same units as the variable being sampled.

Coefficient of Variation. The coefficient of variation, Cy,
is defined as

where s = standard deviation and X = sample mean. Be-
cause s and X have the same units, Cis adimensionless quan-
tity; therefore, it provides a measure of the relative spread of
a sample. When samples from two different variables are
compared, the Cy value provides an indication of which vari-
able has the relatively greater spread. For very tight samples,
the value of Cy is small. For samples that exhibit several-or-
ders-of-magnitude variations, Cytypically is > 1, sometimes
in the range of 2 to 5. High Cy, values are a warning sign that
the sample data contain extreme values that may affect es-
timation of values at unsampled locations.

Range. Range is another quantitative measure of the
spread. A simple definition of range, R, is

R = xmax -

Xmin»

where X, = the maximum value and x,;, = the minimum
value. Other definitions of range have also been used. For ex-
ample, interquartile range represents the difference between
two successive quartile values. We can define the first quartile
range as

R, =x¥ —

Xmin»

where x* = the 25th percentile value and x,,;, = the mini-

mum value. Similar definitions can be used for other quar-
tile ranges.

Numerical Example 2.2. The following data for pay-zone
thickness (in feet) are collected from all available wells in a
reservoir: 6, 10, 20, 12, 20, 10, 15, 32, 27, 10, 18, 29, 8, 17,
23, 36, 19, 13, 33, 10, 26. Calculate mean, median, mode,
quartile values, variance, Cy, and range.

Solution. The total number of samples is 21.

Mean. With Eq. 2.4,

n
2.
i=1

n

(6 + 10420+ 12 + ... + 33 + 10 + 26)
21

= 18.76 ft.

Median. By arranging the values in ascending order (6, 8,
10, 10, 10, 10, 12, 13, 15, 17, 18, 19, 20, 20, 23, 26, 27, 29,
32, 33, 36), we can calculate the median. For an odd number

of samples, with Eq. 2.5a,
X = Xgunp = X = 181t
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TABLE 2.2—SUMMARY STATISTICS
FOR FIELD EXAMPLE 2.2
Variable
Statistics ¢ k In k
Mean 0.1762 123.3 2.82
Median 0.16 242 3.19
x25 0.1437 7.4 1.83
x5 0.2203 97.0 4.31
Variance 0.0038 39,761.2 7.97
o 0.0611 197.6 2.82
Cy 0.347 1.6 1.0
Range 0.238 748.0 11.23

Mode. The mode is the sample that occurs the most fre-
quently. In our data set, mode is equal to 10 ft because it oc-
curs the most frequently.

Quartiles. The 25th quartile represents a value =25% of
the sample values. For 21 samples, this represents the sixth
value, or 10 ft. The 75th percentile represents a value =75%
of the sample values. This represents the16th value, or 26 ft.

Variance. Variance is calculated with Eq. 2.7.

n

_2
le? — nXx

i=1
57 =

n—1
(624 107 + ... + 332 + 102 + 26?) — (18.76)°
21— 1
= 80.19 ft>.
Standard Deviation.

s = Vs> = /80.19 = 8.95.

Coefficient of Variation. With Eq. 2.8,

_ 895 _
= To7e = 0477

This value represents a relatively small variation within the
sample. Typically, a value of Cy < 1 indicates a relatively
narrow distribution.

Range. With Eq. 2.9,

Xy = 36 — 6 = 30 ft.

vy =

=l

R = -xmax -
We can also calculate the interquartile range.

R, =x¥ —x,, =10 — 6 = 4ft.

and R, = X, — x° = 36 — 26 = 10 ft.

Field Example 2.2. This example shows application of the
same summary-statistics analysis to a field example with some
summary statistics obtained for porosity and permeability data
for Well 34-29. The total number of sample points is 57. Table
2.2 provides the summary statistics.

For porosity data, the mean and median are very close to
each other, indicating a symmetric distribution. In contrast,
the median for the permeability data is much smaller than the
mean, indicating a positively skewed distribution.

The coefficient of variation, Cy, shows that the variation in
porosity is small, while the value of C;, > 1 for the perme-
ability data indicates order-of-magnitude variations within
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TABLE 2.3—POROSITY DATA FOR FIELD EXAMPLE 2.2
Well

Statistics 31-W23 34-29 36-16
Mean 0.1043 0.1762 0.0816
Median 0.132 0.16 0.113
x25 0.000 0.1437 0.000
X75 0.175 0.2203 0.153
Variance 0.0092 0.0038 0.0059
Standard Deviation 0.0948 0.0611 0.0754
Cy 0.91 0.347 0.92
Range 0.268 0.238 0.184

the sample data. Such variations should be treated with care
when estimating values at unsampled locations.

As discussed in Sec. 2.2.1, a wide variation in sample val-
ues can be overcome by use of some type of nonlinear trans-
form, such as a log transform. Table 2.2 also shows the sum-
mary statistics for natural log of permeability (In k) values.

Note that the mean and median values are a lot closer to
each other, indicating symmetry in the distribution. Also, the
interquartile ranges are much more symmetric for the log
transform than for the raw permeability values. For the raw
permeability data, for example, the last quartile range is 651
md, which represents more than 80% of the total range of the
sample data. Cy is also smaller for In k data, indicating a
smaller variation than in the sampled data values.

Dealing with samples that are symmetric and that show a
narrow spread is always easier than dealing with highly
skewed samples with a large spread. Some type of nonlinear
transform is commonly used to convert raw sample data into
transformed data that is “better behaved.” Although this
seems simple, such transformations should be used with cau-
tion. Discussions in subsequent chapters indicate that these
transformations may result in erroneous estimated values at
unsampled locations within the region of interest.

Analyzing the field data further, we examine data from the
other two wells investigated in Field Example 2.1: Well
31-W23 in the northwest part of the reservoir and Well 36-16
in the northeast part of the reservoir. These two wells repre-
sent a relatively poor part of the reservoir, where the propor-
tion of shale is much higher. Table 2.3 provides the summary
statistics for both these wells and also includes data from Well
34-29 for comparison. The table shows that the mean is much
smaller for both Wells 31-W23 and 36-16, indicating a rela-
tively large fraction of shale. The high Cy values at both wells
indicate a skewed porosity distribution, which was evident
from the histograms (Figs. 2.5 through 2.7).

Another visual display that is sometimes useful for compar-
ing the two samples is the Q-0 plot. This plot represents quan-
tile comparisons of the two data sets. For example, the 10th
quantile value of one set is plotted vs. the 10th quantile of the
other set, the 20th quantile value of one set is plotted vs. the
20th quantile value of the other set, and so on. If two samples
have essentially the same distribution, the Q-0 plot shows a
perfect 45° straight line. Fig. 2.8 shows the comparison be-
tween Wells 34-29 and 31-W23 and between Wells 34-29 and
36-16. Both plots clearly show a big deviation from the 45°
line, indicating significant differences in the distributions of
the two data sets. All points fall below the 45° line, indicating
that Well 34-29 is always represented by a higher value than
the other two wells for the entire percentile range.
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Fig. 2.8—Percentile plot (Q-Q plot) comparisons of porosities of two wells: (a) Well 34-29 vs.

Well 31-w23 and (b) Well 34-29 vs. Well 36-16.

2.2.3 Spatial Data Sets. In this section, we apply some tech-
niques discussed in the two previous sections to a spatially
distributed data set. The discussion is limited to univariate
(single variable) descriptions. Spatial data sets collected in
petroleum reservoirs are unique in several ways.

1. The data sets do not represent random sampling. Ran-
dom sampling represents a sampling where all samples have
an equal likelihood of being selected. In practice, however, all
the wells in a reservoir are not drilled at the same time. A few
exploratory wells are drilled first. Then, on the basis of in-
formation gathered, additional wells are drilled. As more
wells are drilled, the information collected from the previous-
ly drilled wells is used to drill the next set of wells. That is, all
wells are not drilled on the basis of the same information
available. Therefore, the likelihood that a particular well will
be drilled differs, depending on the information available at
the particular time.

2. The data sets result in biased sampling. The goal in drill-
ing wells in petroleum reservoirs is to drill wells that have the
maximum potential of economic success, not to collect a good
sample set. When selecting locations of new wells, the prima-
ry purpose is always the most effective way to produce addi-
tional oil with minimum investment. Obviously, more wells
are drilled in an area where greater potential for additional re-
covery exists. Subjective decisions based on potential as a cri-
terion result in biased sampling. That is, more wells are selec-
tively drilled in an area where either the pay zone is thicker,
the porosity is higher, or the reservoir is more permeable.
Fewer wells are drilled in regions with low permeability, low
pore volume, or both. Treating these sampled wells without
accounting for the sampling bias may paint an overly optimis-
tic picture of the reservoir because more samples selectively
come from regions with a higher potential.

3. The data sets may show local variability. A typical reser-
voir has several wells drilled, which may intersect several
geological horizons. In addition, even areally, a reservoir may
contain several different geological units. In a fluvial reser-
voir, an area may include a channel sand, a crevasse splay,
point bars, and a flood plain. Because of the differences in the
environment, there are local variations in the statistical prop-
erties (e.g., some areas show higher porosity than others). In
considering such a sample, we need to understand how these
local variabilities affect the overall estimation procedure.

One may argue that this problem can be avoided by simply
defining a small enough region of interest so that these types
of local variabilities are not evident. Unfortunately, as a re-
gion is made smaller and smaller, fewer sample points be-
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come available in a particular region. For statistically valid re-
sults, a data set must have a sufficient number of samples. A
compromise is to consider local variability as part of the data
and account for these variabilities through various proce-
dures. Later chapters discuss some of these procedures.

Here, we discuss two procedures commonly used to ana-
lyze and understand spatial data sets. The first procedure can
be used to remove bias in the sampling. The second procedure
allows us to understand the local variability in a sample set.

Sample Declustering. Sample declustering is one of the
simplest ways to remove the undue influence of biased sam-
pling. Originally proposed by Journel,” the method requires
that spatial data be divided into several small subareas (Fig.
2.9). These subareas typically are rectangles that cover the en-
tire region. Once the data are divided into small subregions,
the number of data points within in each subarea is calculated.
For example, Subarea 1 in Fig. 2.9 has three sample points,
and Subarea 2 has six sample points. Depending on the num-
ber of sample points within each subarea, an appropriate
weight is assigned to each sample point within that subarea.
One logical choice is to assign a weight to each point equal to
the inverse of the total number of points within each subarea.
Forexample, if Point x; falls within Subarea / where n,;sample
points are located, then

1

Wizﬁ/’

where w; = weight assigned to Sample Point x;. For exam-
ple, in Fig. 2.9, each point in Subarea 1 is assigned a weight
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Fig. 2.9—Declustering of data.
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Fig. 2.10—Areal distribution of porosity values.

of one-third, and each point in Subarea 2 is assigned a weight
of one-sixth. If only a single point falls within an area, a
weight of one is assigned to that point.

The idea of assigning weight is simple. The greater the
number of data points within an area, the more clustered the
sample is within that area. Assigning a smaller weight to those
points reduces any undue influence of those points.

Once weights of individual points are calculated, the arith-
metic mean of the samples is calculated as

n

where ¥ = declustered sample mean and w; = weight as-
signed to individual Sample Point i. The variance can be cal-
culated as

i w;(x; — f)z

2 _ i=1
=
2w
i=1

where s* = declustered variance of the sample. Once the
mean and variance are calculated, the standard deviation and
coefficient of variation can be estimated.

One unknown in these calculations is what size the subarea
should be. As a guess, one option is to use

Asub = v %’

where A, = subarea size = size of the individual subareas,
n =total number of sample points, and A, =total
area = area of the study region. The shape of the subarea can
be the same as that of the total area.

To be precise, different subarea sizes should be tried, and
the declustered mean plotted as a function of the subarea size.
A size should be chosen so that the declustered mean reaches
a minimum or maximum value. When analyzing most reser-
voir properties, the declustered mean reaches a minimum at
a desired subarea size because sampling is always biased to-
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ward high values, such as high porosity, high pay-zone thick-
ness, or high permeability. That is, the sample contains a more
of high values than it would contain with random sampling.
Eliminating the undue influence of these high-valued sam-
ples should make the mean lower than what the sample repre-
sents. The mean is estimated by examining the declustered
mean for various subarea sizes. The correct size is the one that
represents the minimum because that size represents the max-
imum effect that declustering can achieve. The Field Exam-
ple illustrates this further.

Field Example 2.3. Data from Flow Unit 3 are used in this ex-
ample. Appendix A indicates that the reservoir is divided into
ten flow units; Flow Unit 3 is one of the units with relatively
high porosity and permeability values. At each well, the log
porosity values were arithmetically averaged over the pay-
zone thickness for that unit to estimate the average porosity
for the unit at that location. Fig. 2.10 shows the areal distribu-
tion of porosity values over the study area. The values vary
over a wide range, from as low as 11% to as high as 30%. As
the map shows, the wells are clustered in areas that have high
porosity values.

We can apply the declustering technique and, with Eq. 2.11,
calculate the declustered mean for various cell sizes. Fig. 2.11
shows a plot of declustered mean as a function of cell size. As
expected, the declustered mean starts with a high value for a
large cell size. It reaches a minimum value at a cell size of
approximately 3,000 X 3,000 ft. The sample mean is 21.6 vs.
the declustered mean of 20.7. Although the difference be-
tween the two may not seem significant, remember that the
porosity variation is not that significant in this case. For vari-
ables that do exhibit an order-of-magnitude variation, the dif-
ference between sample and declustered means can be signif-
icant. More relevant, however, is the fact the sample bias can
be removed with a very simple technique.

Fig. 2.12, which compares the histogram of the sample data
with the histogram of the declustered data, also shows the ef-
fect of declustering. Although the maximum and minimum
values have not changed, note that the quartile values for the
declustered data are smaller than those for the sample data.
Sample data, being biased, tend to exaggerate the percentage
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Fig. 2.11—Effect of declustering on sample mean.

of high values, which, in turn, increases quartile values. De-
clustering the sample minimizes this influence. In the histo-
gram plot, the relative-frequency values for high porosities
are smaller in the declustered data than in the clustered data.
The reverse is true for low porosity values. For the low poros-
ity values, the standard deviation for the declustered data is
higher, indicating a more uniform spread over the data range
than that indicated by clustering the data. The O-Q plot in Fig.
2.13, which plots clustered vs. declustered data, further em-
phasizes this effect. All points fall below the 45° line, indicat-
ing that, for clustered (sample) data, the value for a given per-
centile is higher than for the declustered data.

In general, for data sets that indicate preferential clustering
of the samples, it is safe to test them for declustering analysis.
If any bias is present, it can be removed easily. If there is no
bias or if the bias is very small, the declustered properties will
be very similar to the sampled data set.

Moving-Window Statistics. Moving-window statistics is a
technique by which local variations in statistical properties
within a study region can be investigated. The technique is
relatively simple but very powerful. A small window of a de-
sired size is overlaid on the study region, and all sample points
falling within that window are used to calculate local summa-
ry statistics. The two statistical properties most commonly
used are the mean and the variance or standard deviation. The
procedure is repeated by moving the window over the entire
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region. If the local means and variances are relatively uni-
form, the region is considered homoscendastic. If the local
means and variances show significant variation, the study re-
gion is considered heteroscendastic.

The size and shape of the window is a subjective decision.
A rectangular window is the normal choice because of com-
putational efficiency. The size of the window is determined
on the basis of the number of samples available within the
study region. The window should be large enough so that each
window contains sufficient samples to provide representative
local statistics and small enough so that local variabilities are
preserved and exhibited through moving-window statistics.
One possible compromise is to select large windows to ensure
sufficient samples but overlap the windows with a certain lag.
This way, a sufficient number of local variations across the re-
gion is obtained without too much reduction in the size of the
window. In this approach two adjacent windows partially
overlap each other, resulting in some sample points being
used more than once in estimation of local statistics.

In examining local properties, it is important to understand
both local mean and local variance. Several possibilities may
exist with respect to the variation of these properties. Local
mean and variance can both vary; local mean can vary while
local variance remains fairly constant; or local mean can re-
main constant while local variance varies. If both vary, a pos-
sibility exists that they may be related to each other. In many
earth science data sets, local means are observed to be propor-
tional to local standard deviations; this is called a proportional
effect. Observation of such a relationship can be useful in esti-
mating values at unsampled locations.

Field Example 2.4 illustrates application of moving-win-
dow statistics.

Field Example 2.4. The data set used in Field Example 2.3
is used in this example. The flow-unit porosity data are di-
vided with windows of approximately 7,000 X 7,000 ft. The
windows are defined so that half the window overlaps the pre-
ceding window. Fig. 2.14 displays the window statistics. The
mean and variance are shown at the centers of the windows.
There is significant variation in the mean porosity, from a low
of 15% to a high of up to 25%. The standard deviation varies
from a low of 1% to a high of 6%. Understanding this type of
areal variability in statistical properties is important for esti-
mating values at unsampled locations. It is also helpful in de-
ciding the type of technique to be used in the estimation pro-
cedure. These aspects are discussed further in later chapters.

Fig. 2.15 shows a plot of local mean vs. local standard devi-
ation for a moving window that has at least seven sample
points. The choice of seven as the minimum number of data
is somewhat arbitrary. The figure shows that the relationship
between the standard deviation and the local mean is rather
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0200 Mean: 20.7280
1 Standard deviation: 5.1571
Coefficient of variance: 0.248¢
] Maximum: 30.2400
0.150 Upper quartile: 24.7975
2 Median: 22.1155
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[} 1 Minimum: 11.3900
g 0.100
& i
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Fig. 2.12—Comparison of (a) clustered and (b) declustered porosity distributions for Flow Unit 3.
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Fig. 2.13—Percentile plot comparisons between clustered and
declustered data.

weak. If there is any relationship, it shows that the local mean
is negatively related to the standard deviation; that is, as the
local mean increases, the standard deviation decreases. Such
a relationship generally is observed for a negatively skewed
histogram. Note that the porosity histogram for Flow Unit 3
is slightly negatively skewed. For a positively skewed histo-
gram, the local standard deviation normally increases as the
local mean increases. Use of this type of relationship may aid
the estimation process.

In analysis of spatial data sets, it is important to remember
that spatial data sets collected from a reservoir may exhibit
some unique features. Before these data sets are used as sam-
ples, it is important to conduct some exploratory analysis.
Exploratory analysis may eliminate some of the bias in the
data sets and also may indicate local variations in the ob-
served properties.

1,020

2.2.4 Bivariate Statistics. This section analyzes statistics of
two variables. We first discuss the conditional frequency
distribution of one variable with respect to the other vari-
able. We then examine various summary-statistics tools
used to analyze the relationship between two variables and
discuss application of these tools to describe and analyze
spatial data sets. Again, both numerical and field examples
illustrate the principles.

Conditional Frequency Distribution. Sec.2.2.1 discussed
the frequency-distribution analysis. Under that analysis, we
divide data sets into several classes and consider the number
of values falling within each class. We can extend this analy-
sis to two variables. The concept of conditional distribution
is used to present frequency distribution of two variables in
a suitable format.

A conditional distribution is a distribution of one variable
that is conditional on the distribution of the other variable. For
example, if we are considering two variables, permeability
and porosity, we can generate a conditional distribution of
permeability for a given porosity value. Obviously, for a large
number of sample values for any given porosity value, there
may be multiple observations of permeability values. We can
consider the frequency distribution of only these permeability
values. This distribution is conditional to that value at which
the porosity is fixed.

In practice, there may not be sufficient samples to generate
aconditional distribution for one variable for a given value of
the other variable. As an alternative, we can consider a range
of values for one variable and the conditional distribution of
the other variable for that range. As this range becomes small-
er, the conditional distribution comes closer to a distribution
corresponding to a point value. The following example illus-
trates this approach.

Field Example 2.5. The data from Well 34-29 are used for
this example. This well has 57 porosity and permeability val-
ues, with porosity ranging between 0.052 and 0.29. The po-
rosity values are divided arbitrarily into five classes; Table
2.4 shows class ranges and mean of each class.

For convenience, assume that each class is represented by
the mean value. The permeability values corresponding to
each porosity class also are divided into five classes; Fig. 2.16
shows the histograms of permeability values for each porosity
class. These histograms are conditional distributions of
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Fig. 2.14—Areal distribution of mean/standard deviation.
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permeability values for a given porosity class. Although the
number of permeability values in each histogram is rather
limited, a trend is clearly evident. Low porosity values are
associated with low permeability values. As the average po-
rosity increases, so do the permeability values. With the as-
sumption that the mean porosity value for a class represents
the class, the permeability distribution within each class can
be associated with that particular value. For a large number of
porosity values, class sizes can be made smaller. Eventually,
in the limit, a conditional distribution of permeability values
can be associated with each porosity value.

This type of conditional information is useful in associating
the uncertainty of one variable with respect to the value of
another variable. For example, in the geological description
of a channel sand, the width of a channel and the thickness
(depth) of a channel are related to each other; however, for a
given width, several thickness values are possible. When
constructing geological descriptions, once a channel width is
chosen, we can use the conditional distribution of thickness
to select a particular thickness from that distribution. This al-
lows us to capture the nonunique relationship between the
channel width and the thickness. Chap. 7 provides a detailed
discussion of this particular method.

Summeary Statistics for Bivariate Distribution. Similar to
univariate statistics, several tools are used to summarize the
statistics between two variables. The covariance is defined as

clx,y) = lzxyl zx,,lqiy,-,
i=1 i=1

where x; and y; = samples of the variables x and y, respec-
tively, and n =total number of sample pairs. Note that
covariance reduces to variance if x = y.

Covariance is a measure of the relationship between two
variables. If x and y are positively related (i.e., as x increases,
yincreases), the covariance has a positive value. If x and y are
negatively related (i.e., as x increases, y decreases), covari-
ance has a negative value. In the same manner, if x and y are
not related, the covariance has a value close to zero.

PRINCIPLES OF STATISTICS

TABLE 2.4—POROSITY CLASSES FOR FIELD EXAMPLE 2.5
Class Mean
0.052t00.132 0.098
0.132t0 0.157 0.150
0.157t0 0.175 0.166
0.175 t0 0.261 0.212
0.261 to 0.290 0.273

Similar to variance, covariance is defined in units that de-
pend on the units of x and y, and it can be made dimensionless
by defining a correlation coefficient.

r(x,y) = coy)

S8y
where r(x,y) = correlation coefficient, c¢(x,y) = covariance
betweenxandy, s, = standard deviation of the x variable, and
s, = standard deviation of the y variable. Sec. 2.2.2 discussed
the calculation of standard deviation, which is the square root
of variance.

By making the correlation coefficient dimensionless, we
can define its limits. The value of the correlation coefficient
always falls between the limits of + 1 and — 1. If x and y are
positively related, the correlation coefficient falls between 0
and + 1. The stronger the relationship, the closer the value
will be to + 1. If x and y are negatively related, the correlation
coefficient falls between O and — 1. The stronger the relation-
ship, the closer the value will be to — 1. If x and y are not re-
lated, the correlation coefficient is zero.

In some instances, the square of the correlation coefficient,
r*(x,), is used instead of the correlation coefficient to de-
scribe the relationship between the two variables. One advan-
tage of using this value (sometimes called the r* statistic) is
that it always falls between zero and one, whether x and y are
positively or negatively related. This is the term most com-
monly used in describing the “goodness of fit” in a linear-re-
gression analysis between two variables. The following ex-
amples illustrate the calculation procedure.

Numerical Example 2.3. Table 2.5 provides core permeabil-
ity vs. core porosity data from a well. Calculate the covariance
and the correlation coefficient between log k and ¢ data.
Solution. In practice, we assume that log k is related to ¢
values. Therefore, we first calculate the log k values;Table
2.6 shows the calculated values.
Calculate the covariance with Eq. 2.15.

clx,y) = %ixiyi - %ixi%i}’i,
i=1 i=1 i=1

where n = 9 because we have nine pairs of data. Treating x
as log k and y as ¢, we can calculate

c(logk, ) = [3063 X 29.49 + 2725

X 2679 + ... + 2559 X 25.54]
— §[3.063 + 2725 + ... +2.559]
X §[2049 + 2679 + ... + 25.54]

= 0.8875.
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To calculate correlation coefficient, we must calculate stan-
dard deviation for both log k and ¢. Use Eq. 2.7 with n instead
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Fig. 2.16—Conditional distribution of permeability for Well 34-29: (a) » =0.052 to 0.132, (b)
¢=0.132 to 0.157, (c) ¢ =0.157 to 0.175, (d) ¢ =0.175 to 0.261, and (e) ¢ =0.261 to 0.290.

of (n— 1) as the denominator.

n

2
Z)c,? — nx

2 i=1

§° =

n

mean is 2.6322; therefore,

TABLE 2.5—PERMEABILITY AND POROSITY DATA
FOR NUMERICAL EXAMPLE 2.3

2

Modification of the denominator is necessary to make the def-
inition consistent with the covariance definition. Forlog &, the

[3.0632 + 2.7252 + ... + 2.5592] — 9 x 2.6322>

§° =

9
= 0.1489,

TABLE 2.6—log k VALUES FOR NUMERICAL EXAMPLE 2.3

Sample

1

© 0 N O O »~ W DN

29.49
26.79
28.74
27.65
27.69
22.69
23.3

23.81
25.54

k
(md)

1,156.0
531.0
1,059.0
822.0
1,014.0
109.0
138.0
166.0
362.0

[ log k
29.49 3.063
26.79 2.725
28.74 3.025
27.65 2915
27.69 3.006
22.69 2.037
23.3 2.14
23.81 2.22
25.54 2.559

k
(md)

1,156.0
531.0
1,059.0
822.0
1,014.0
109.0
138.0
166.0
362.0
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TABLE 2.7—ORIGINAL POROSITY AND PERMEABILITY
VALUES AND ASSOCIATED RANKINGS
FOR NUMERICAL EXAMPLE 2.4
¢ log k Ry Riog k
29.49 3.063 9 9
26.79 2.725 5 5
28.74 3.025 8 8
27.65 2.915 6 6
27.69 3.006 7 7
22.69 2.037 1 1
23.3 2.14 2 2
23.81 2.22 3 3
25.54 2.559 4 4

which gives s,,,, = 0.3859. The standard deviation for ¢ val-
ues is calculated similarly and results in s, = 2.329. Using
Eq. 2.16 gives

c(logk,¢) _ 0.8875
Stogk S 0.3859 x 2.329

r(logk,¢) = = 0.988.

As is evident, a positive correlation-coefficient value indi-
cates a positive relationship between k and ¢. Furthermore, a
value close to one indicates that a strong relationship exists
between k and ¢ values.

In addition to correlation coefficient, rank correlation co-
efficient is another measure that indicates the relationship
between two variables. To estimate the rank correlation coef-
ficient, all data values are first sorted in ascending order.
Then, each value is assigned a rank, depending on where it
falls. The smallest value receives the lowest rank, and the
largest value has a rank of n, where n = total number of sam-
ples. Both variables are ordered this way, and ranks are as-
signed to both. Then, the rank correlation coefficient is calcu-
lated as

clR,R,
"R.R,) = %
where r(R,,R,) = rank correlation coefficient, c¢(R,,R,) =
covariance between the rank values of the two variables, and
sg, and sg, = standard deviations for the rank values for the
two variables. When each variable has the same number of
data values, sz =

The rank correlation coefficient is a useful statistical tool
for comparing two variables. Unlike the correlation coeffi-
cient, which can be influenced by extreme values within the
data set (extreme values can change the mean and variance),
the rank correlation coefficient is not affected significantly.
Therefore, it is a relatively robust measure and may allow
detection of any measurement errors, especially if there is a
noticeable difference between the values of the correlation
coefficient and the rank correlation coefficient. A high value
of r(R,, R,) and a low value of r(x,y) may indicate that some
erratic data pair need to be examined to ensure that there is no
measurement error.

Alternatively, a high value of r(R,,R,) and a low value of
r(x,y) may indicate that the relationship between the two
variables is monotonic (trends are the same) but not necessar-
ily linear. As noted previously, r(x,y) is a measure of the
goodness of fit between two variables when x and y are linear

SR\‘-
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TABLE 2.8—MODIFIED POROSITY AND PERMEABILITY
VALUES AND ASSOCIATED RANKINGS
FOR NUMERICAL EXAMPLE 2.4
é log k Ry Riog k
29.49 3.063 9 9
26.79 2.725 5 5
28.74 3.025 8 8
27.65 2.915 6 6
27.69 3.006 7 7
22.69 2.037 1 2
23.3 1.14* 2 1
23.81 2.22 3 3
25.54 2.559 4 4
“log (13.8)=1.14

ly related. If the relationship is nonlinear, 7(R,, R,) can still in-
dicate a high value but r(x,y) may show a low value.

Numerical Example 2.4. Using the same data as in Numeri-
cal Example 2.3, calculate the rank correlation coefficient be-
tween log k and ¢ values.

Solution. To calculate the rank correlation coefficient, first
rearrange the porosity and permeability values in ascending
order and rank them. Table 2.7 shows original values and
associated rank for each pair. The ranks are identical for both
porosity and permeability values. Therefore, the relationship
between the two variables is perfect.

C<Rlogk’R¢) =%[9><9+5><5+ ...+4><4]
_1
9[9+5+ e+ 4
1
><§[9+5+ o+ 4] =175,

Spiogr = 2.7386,
and S, = 2.7386.

Therefore,

- 15  _
r(R,ng,R¢) = 5738 x 2386 ~ -

The value of the rank correlation coefficient is consistent with
the perfect relationship.

Now, assume that the seventh sample permeability is 13.8
md instead of 138 md. Using the modified value, we can re-
write the ranks (Table 2.8). The new value changes the rank-
ing slightly. Calculating the correlation coefficient gives
r(logk,¢) = 0.868; whereas, (R, R;) = 0.983. While
simply changing one value does not affect the correlation co-
efficient for rank index significantly, it does significantly af-
fect the correlation coefficient for the actual values (from 0.99
to 0.87). The discrepancy between the two correlation coeffi-
cients should prompt a careful investigation of the sample
data for any errors in reporting the values.

Linear Regression. A logical extension for applying the
summary statistics principles is establishing a linear relation-
ship between the two variables. A linear relationship is useful
in predicting a value of one variable when the value of the oth-
er variable is known. The simplest type of this relationship is

y =mx + b,
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Fig. 2.17—Relationship between log k and ¢ for Numerical Ex-
ample 2.5.

where y = the variable to be estimated; x = the known vari-
able, m = the slope of the straight line, and b = an intercept
on the y axis. To estimate the values of m and ¢, we first use
the available sample pair of x and y, and obtain the “best” fit
between the two variables. We can show that the best fit can
be obtained by defining the values of m and ¢ as

and b = F — MF, e (2.19b)

where ¢(x,y) = covariance betweenxandy, s? = variance of
x, and ¥ and X = arithmetic means of the y and x variables,
respectively. As stated before, the goodness of fit is indicated
by the correlation coefficient between the two variables.

Numerical Example 2.5. Using the same data set used for
Numerical Example 2.3, obtain the best-fit line between log
k and ¢ values.

Solution. In this case, assume that the y variable is log k and
the x variable is ¢. Therefore, the relationship is

logk = m¢ + b.
From Numerical Example 2.3,
c(logk,¢) = 0.8875,
s, = 2.329,
and s, = 5.424.
With Eq. 2.19a,

_ cllogk,¢) _ 0.8875

B s, 5.424

= 0.1636.

To calculate the intercept, b, we need the arithmetic means of
both k and ¢.
With Eq. 2.4,

1 n
=
i=1
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Fig. 2.18—Local bias in linear regression.

and we can calculate Lhe arithmetic means of both variables:
logk = 2.6322 and ¢ = 26.19. With Eq. 2.19b,

b = logk — m¢ = 2.6322 — 0.1636 X 26.19
= 2.6322 — 0.1636 X 26.19 = — 1.652;
therefore, the overall equation can be written as
logk = 0.1636¢p — 1.652.

Fig. 2.17 shows the plot of log k vs. ¢ and the best-fit line. As
expected, the relationship between log k and ¢ is excellent.

A linear relationship established between any two vari-
ables must be locally, as well as globally, unbiased. Fig. 2.18
shows an example of a locally biased relationship. In this
data set, the overall linear relationship between y and x is
quite good and is globally unbiased; i.e., the data are spread
evenly on both sides of the best-fit line. Careful examination
shows, however, that the relationship is locally biased. The
value of y is consistently underpredicted with the linear rela-
tionship at low values of x and consistently overpredicted at
high values of x. This type of local bias may not allow correct
prediction of y values given the value of x. If such a relation-
shipisobserved, the sample data must be divided further into
different subsets and different correlations must be estab-
lished for different regions.

Field Example 2.6. For this example, we use 57 porosity and
permeability core values gathered from Well 34-26 to investi-
gate the relationship between log k and ¢ for the well. Fig.
2.19 shows a plot of log k vs. ¢ and the best-fit line for Well
34-26. The relationship for the best-fit line is given by
logk = 18.567¢ — 2.048, where ¢ is in decimal fractions
and k is in md. The correlation coefficient is 0.934, and the
rank correlation coefficient is 0.973. The small difference be-
tween the two correlation coefficients indicates that there is
not a significant number of outlier values.

The high values of the correlation coefficient indicate that
the fit is reasonable; however, local bias does exist in this rela-
tionship because several geological units are combined to-
gether in the vertical direction to develop a single relation-
ship. We can remove this type of local bias if we can separate
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Fig. 2.19—Local bias in log k/¢ relationship for Well 34-29.

the data into several distinct, geological units and develop a
relationship for each individual unit.

Field Example 2.7. This example investigates the log k vs. ¢
relationship for Flow Unit 3. Once the flow units at each well
were identified, all cored data for that unit were collected to-
gether to develop such a relationship. Fig. 2.20 shows a plot
of log k vs. ¢ and the best-fit line for Flow Unit 3. The correla-
tion coefficient is 0.927, and the rank correlation coefficient
is 0.900. The equation for the best-fit line is given by
logk = 0.158¢ — 1.457, where porosity is in percent and
permeability is in millidarcies.

There is very little local bias in this relationship, indicating
good local and global fits. A close examination of the plot re-
veals that one sample data point can be considered as an outli-
er datum. This corresponds to a porosity value of 10% and
log k of 1.924. Removing this data point and recalculating the
best-fit line improves the correlation coefficient to 0.938. As
expected, the rank correlation coefficient remains the same.
The best-fit equation changes slightly. Note that the decision
to remove a particular data point from the best-fit correlation
is a subjective one. It should be done only after careful ex-
amination of the data set to ensure that such a data point is in-
deed erroneous and can be removed.

Bivariate Relationships for Spatial Data. In the previous
sections, we examined the relationship between two variables
and showed that covariance can be used as a statistical tool to
quantify such a relationship. This section briefly introduces
the application of bivariate summary statistics to spatial data
sets. Chap. 3 discusses such relationships in detail.

Animportant distinction when establishing a bivariate rela-
tionship for spatial data is that the same variable is examined
but at different spatial locations. It also is possible to develop
a relationship between two different variables at different
locations; Chap. 3 also discusses this.

Numerical Example 2.6. Table 2.9 shows porosity data col-
lected from a vertical well at uniform intervals of 1 ft. Estab-
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Fig. 2.20—Log k vs. ¢ for Flow Unit 3.

lish a relationship between porosity values at different loca-
tions as functions of distance between those values.
Solution. Although a lot more data typically are collected
from a vertical well, we consider only seven data points for
this example. The data are collected at uniform intervals. Re-
call that the covariance relationship (Eq. 2.15) states that

clx,y) = %ixiyi - %ixi%iyi'
i=1 i=1 i=1

We use the same relationship, except that the x and y variables
are the same variable at different locations. For example, if we
denote variables x(u) as a value of x at Location « and a vari-
able x(u + L) as avalue of x at Location u + L, we can write
Eq. 2.15 as

n

clx(u).x(u + D] = 5 xux(u; + L)

i=1

= B x> xu; + ),
1

i=1 i=

where L = distance between the two variables, also called
the lag distance. Note that the difference between the two
variables in Eq. 2.20 is the lag distance. Eq. 2.20 still contains

TABLE 2.9—POROSITY DATA FOR
NUMERICAL EXAMPLE 2.6

Depth Porosity
(ft) (%)
2,040 8.25
2,041 9.00
2,042 6.25
2,043 5.00
2,044 5.30
2,045 4.75
2,046 5.00
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2,040 825 9.00 625
1
1 < 2,041 9.00 625 5.00
1 < 2
2 2,042 625 5.00 530
222
3 2,043 500 530 475
3 4 <
4 < 2,044 530 475 5.00
4 < 5
5 < 2045 475 5.00
6
2,046 50

Fig. 2.21—Pairs for Numerical Example 2.6.

a term n, which represents the number of pairs. In this exam-
ple, n = the number of pairs located a distance L apart.

To apply Eq. 2.20 to our the data set for a lag distance of 1
ft, we first need to find how many pairs are 1 ft apart. Fig. 2.21
shows that, for a lag distance of 1 ft, we can gather six pairs;
for alag distance of 2 ft, we can gather five pairs; and so forth.
With Eq. 2.20, we can calculate the covariance for a lag dis-
tance of 1 ft with n = 6.

clp(u),p(u + 1] = %[8.25 X 9.0 + 9.0 X 6.25

+ ... +475%x50]

— 1825 + 90+ ... + 475]
x £[0.0 + 625+ ... +5.0]
= 1.73.

For covariance, we can simply write the left side of the
equation as c(1) because it reflects the covariance for a lag
distance of 1 ft. Covariance for a lag distance of 2 ft is calcu-
lated in the same way. There are five pairs at that lag distance.

|—

c(2)

[8.25 X 625 + 9.0 X 5.0 + ... + 5.3 X 5.0]

[8.25 +9.0 + ... + 53]

WD |— N

X £[625 + 5.0 + ... + 50|

= 0.43.

There are four pairs for a lag distance of 3 ft, and the same
equationis used to calculate ¢(3) = 0.195. The values of cor-
relation coefficient at various lag distances can be calculated
similarly. Recall that Eq. 2.16 states that

r(x,y) = % ........................ (2.16)
For spatial data sets,
Ax(u), x(u + L) = SE@X D1 2.21)

Sx(u)sx(u +L)

As in the case of covariance, the correlation coefficient can be
written simply as a function of the lag distance. That is, Eq.
2.21 can be written as

c(L)

Sx(u)sx(u +L) ’

(L) =
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where both the correlation coefficient and the covariance are
functions of lag distance. For alag distance of 1 ft, we can cal-
culate sy () by calculating the variance of all data points used
as a first data point in a given pair. The mean is

x(u) = %[8.25 + 9.0 + 625 + 5.0 + 5.3 + 4.75],

= 6.425,

and the variance is

6
—2
2 -
S, - 67
2 _ =1
Sx(u) - 6

[8.252 + 9.02 + ... + 4.752 — 6 X 6.4257]
6

2.6823.

Therefore, s, = 1.638. Similarly, for the second data point

in each pair, s,,,,, = 1.474. Using Eq. 2.22 gives

c(1)
sx(u)sx(u+ 1)

_ 1.73
1.638 x 1474

Similarly, for lag distances of 2 and 3 ft, respectively,

c(2)

sx(u)sx(u +2)

_ 043
1.595 x 0.525
c(3)

Sx(u)sx(u+3)

_ 0195
1.586 x 0.195

A special case exists when the covariance and correlation-
coefficient values are estimated at a lag distance of zero. At
L = 0, the equation for covariance reduces to the corre-
sponding equation for variance.

c(0) = %Z x(uy) x(u;) — %Z x(ui)% Z x(u) = 5%,

i=1 i=1 i=1

(1) =

= 0.7165.

r2) =

= 0.5135,
and r(3) =

= 0.631.

In our example, n =7 for L =0, which gives
c(0) = 53, = 2.548.

We can easily show that 7(0) = 1 because a perfect rela-
tionship exists between x(u#) and x(u)—they are identical.

Also mathematically, from Eq. 2.22,

c(0) ST

SeSae SxSato

r0) = =
Although the covariance and therefore the correlation-coeffi-
cient value can be calculated for lag distances of 4, 5, and 6
ft with our data, we stopped at a 3-ft lag distance primarily be-
cause the number of pairs decreases as lag distance increases.
This makes estimates of covariance and correlation coeffi-
cientlessreliable. Itis similar to estimating a best-fit line with
three data points. We can fit a line but may not trust it as much
because of the limited data. Chap. 3 discusses the importance
of having sufficient pairs for a given lag distance in more de-
tail. Obviously, however, a sufficient number of pairs is nec-
essary for a reliable estimate of spatial relationship.
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r(h)

Lag Distance, ft

Fig. 2.22—Effect of lag distance on covariance and correlation
coefficient.

If estimated covariance and correlation-coefficient values
are plotted as functions of lag distance (Fig. 2.22), both the
covariance and correlation coefficient decrease as functions
of lag distance. This trend occurs because of the way in which
most geoscience data are distributed. These types of data be-
come significantly more similar as lag distance decreases.
Recall that the correlation coefficient is a measure of how
closely two variables are related. For a perfect relationship,
the correlation coefficient is equal to one. As the relationship
gets weaker, the correlation-coefficient value approaches
zero. Starting at L = 0, the correlation coefficient equals
one. As lag distance increases, the neighboring values be-
come increasingly dissimilar, which is reflected in progres-
sively smaller values of covariance as well as correlation co-
efficient. The correlation coefficient for a lag distance of 3 ft
is slightly higher than one for a lag distance of 2 ft. This may
be because of the limited number of pairs used for these cal-
culations. The covariance, however, shows the expected be-
havior; as the lag distance increases, covariance decreases.

This type of spatial relationship can be quantified by anoth-
er method called a variogram. Chap. 3 discusses the vario-
gram, its computation, and applications in detail.

Field Example 2.8. This example uses data from Well 34-29
collected vertically at uniform intervals of 1 ft. Using the pro-
cedure established in Numerical Example 2.6, we can calcu-
late the covariance and correlation coefficient for the vertical
data; Fig. 2.23 shows plots of both. As expected, the esti-
mated values show a decreasing trend, eventually reaching a
constant value at a lag distance of approximately 15 ft. Chap.
3 explains the significance of a constant value.

Fig. 2.24, which plots the first value of the pair vs. the se-
cond value of the pair for lag distances of 0, 1, 4, and 10 ft,
reiterates what Fig. 2.23 tries to quantify. Recall that the cor-
relation coefficient indicates how well two variables relate to
each other. For a perfect relationship, data pairs should be
identical, which is possible only at L = 0. Note that, as lag
distance increases, the deviation from the 45° line increases,
which is reflected in smaller correlation-coefficient values.
At L = 10ft, hardly any correlation exists, which is reflected
by a correlation coefficient value close to zero.

This particular behavior of correlation coefficient or
covariance is very useful in geostatistical analysis. In this sec-
tion, we introduced the type of behavior one should expect in
analyzing spatial data. Chap. 3 discusses the details regarding
the best ways to capture the spatial relationships and the mod-
eling of such relationships.
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r(h)

c(h)

0 5 10 15
Lag Distance, ft

Fig. 2.23—Covariance and correlation coefficient for porosity
data in Well 34-29.

2.3 Inferential Statistics

Inferential statistics is a logical extension of descriptive sta-
tistics. Descriptive statistics most often deals with analyzing
sample data sets. However, from the characteristics of the
sample, conclusions (inferences) can be drawn about the
population from which the sample was taken. Inferential sta-
tistics is the class of statistical techniques that deals with
these types of problems. Only in use for approximately 80
years, inferential statistics is a relatively new branch of sta-
tistics. It is, however, a much more useful branch for petro-
leum-engineering-related problems than descriptive statis-
tics because most problems that petroleum engineers deal
with involve inferences and decision-making about un-
sampled locations in the reservoir.

We cover only topics related to inferential statistics that are
necessary to understand the geostatistical principles. Itis be-
yond the scope of this book to cover many of the details about
inferential statistics; these are readily available from standard
statistics books. Instead, we concentrate on covering some of
the essential details that lay a foundation for understanding
geostatistical principles and practice.

Sec. 2.3.1 covers the definition of a random experiment.
Sec.2.3.2 briefly reviews set-theory principles. Sec. 2.3.3 de-
fines probability and the rules related to it. Sec. 2.3.4 dis-
cusses probability and cumulative-distribution functions.
Sec. 2.3.5 presents the principles related to expected value
and its applications. Sec. 2.3.6 covers some of the basic con-
tinuous-distribution functions that are widely used. Finally,
Sec. 2.3.7 briefly describes some of the desirable characteris-
tics of inference. We attempt to keep the discussion as simple
as possible because of the range of the topics covered. Many
concepts have to be introduced through mathematical equa-
tions, and we try to provide some intuitive feel for the equa-
tions used. Appendix B provides details about the equations,
and the references can provide further aid in understanding
the concepts.

2.3.1 Random Experiment. There is no rigorous mathemati-
cal definition for a random experiment. However, conceptu-
ally, it can be defined as an experiment whose outcome cannot
be predicted with certainty in advance. Obviously, a random
experiment has to result in more than one possible outcome.
Another characteristic of a random experiment is that it can
be repeated under controlled (unchanged) conditions with the
outcomes appearing in a random manner.

An often cited example in statistics books of a random ex-
periment is the tossing of a coin. Tossing a coin results in more
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Fig. 2.24—Scatter plots for porosity data for Well 34-29: (a) L=0 ft, (b) L=1 ft, (c) L=4 ft, and (d) L=10 ft.

than one outcome: heads or tails. If the coin is true, we cannot
predict the outcome with certainty, and we may be able to re-
peat the experiment under the same conditions so that the out-
comes appear (heads or tails) in a random manner. Therefore,
all characteristics of a random experiment are satisfied, and
we can consider tossing a coin as a random experiment.

Another simple example of a random experiment is rolling
a pair of dice. This results in multiple outcomes (36 possibili-
ties to be exact), we cannot predict the outcome with certainty,
and we can repeat the experiment under controlled conditions
so that the outcomes appear in a random order. As in the case
of tossing a coin, this satisfies all characteristics of a random
experiment.

An example that is more difficult to justify as a random ex-
periment, but closer to what we are interested in, is drilling a
new well in a reservoir. It can be argued, with some justifica-
tion, that drilling a well should not be considered arandom ex-
periment because, once a well location is chosen, drilling the
well results in only one possible outcome, not multiple out-
comes. The porosity and permeability values are distributed
vertically in one particular way, the well is going to produce
at a particular rate, and the well-test results (with a particular
model) may provide a unique set of reservoir properties. If
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this is the case, why should drilling a well be considered to be
arandom experiment? If there is only one outcome, then drill-
ing a well should be treated as a deterministic experiment
where only one outcome is possible.

This argument has been used in the past to justify the use of
adeterministic model to describe a reservoir. In a determinis-
tic model, everything is known with certainty. The argument
in favor of this is that each reservoir is unique and already de-
fined. Although intuitively appealing, some problems are
associated with this argument. First, understand that a deter-
ministic model is the most desirable model to describe the res-
ervoir. If we can describe every aspect of the reservoir with
certainty, we do not need to know geostatistics or any other
statistical principle to describe the reservoir. The question is
whether we can do it.

In principle, with sufficient knowledge about the genesis of
the reservoir, we can apply a deterministic model to describe
the reservoir. This requires knowledge about how the reser-
voir was formed, under what circumstances the oil was
trapped, what type of temperatures and pressures prevailed at
the time the hydrocarbons were created, what type of geologi-
cal processes took place subsequent to hydrocarbon presence,
what chemical interactions took place after the hydrocarbons
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were trapped, and possibly some other factors. If we under-
stand all these processes in sufficient detail and have the abil-
ity to putin a gigantic, complete, mathematical model to solve
the model, we arrive at the deterministic reservoir descrip-
tion. The model will be able to predict all the necessary reser-
voir characteristics, including its size, shape, volume, physi-
cal properties, and the chemical properties of the
hydrocarbons. This description has no uncertainty. We will be
able to drill the wells in the most optimal way and produce the
reservoir in the most efficient manner.

If this sounds impossible, it is because it is. What is funda-
mentally lacking in describing the reservoir in a deterministic
manner is our knowledge. It is true that the reservoir is deter-
ministic and that all the properties are uniquely defined. How-
ever, our understanding of the processes that resulted in these
properties is so inadequate that they appear to be random.
This does not imply that the processes are random, but simply
that we have inadequate knowledge about them.

Therefore, should drilling a new well be considered a ran-
dom experiment? Consider the characteristics of drilling a
well with the characteristics of arandom experiment. The first
characteristic of a random experiment is that the outcome
cannot be predicted with certainty. Because of our lack of
knowledge, we do not know with certainty what the outcome
will be of drilling a new well. The second characteristic is that
arandom experiment can result in several possible outcomes.
Our lack of knowledge before drilling results in alternative
outcomes; the most obvious is whether the well will be a pro-
ducer or a dry hole. The third characteristic of a random ex-
periment is that it can be repeated under controlled conditions
so that the outcomes appear in a random manner. Although
this may be a stretch of imagination, drilling a new well is a
new experiment, and the outcome every time will appear in
arandom manner. Drilling each new well is based on prior ex-
perience; therefore, we have a little more information about
the reservoir than we had before. As a result, we may be able
to predict the possible outcomes with a little more confidence.
However, because the outcome still cannot be predicted with
complete certainty, the experiment is still considered random.

The concept of random experiment is extremely important.
However, drilling a well as a random experiment is different
from tossing a coin as a random experiment. Tossing a coin
results in either of two outcomes; therefore, it is a random ex-
periment. Drilling a well results in only one outcome; howev-
er, our lack of knowledge does not allow us to predict that out-
come with certainty. Therefore, we treat it as a random
experiment with multiple possibilities of outcomes.

This concept can be extended to the use of geostatistical
principles to estimate values at unsampled locations. Al-
though the properties at each unsampled location are uniquely
defined, lack of knowledge does not allow us to predict them

with certainty. Therefore, our prediction is a random experi-
ment with several possible outcomes. Later chapters that cov-
er the application of geostatistics discuss this in more detail.

To summarize, a random experiment can result in multiple
outcomes, none of which can be predicted with certainty.
When lack of knowledge prevents us from predicting a single
outcome with certainty, we also treat that experiment as aran-
dom experiment.

2.3.2 Sample Space and Events. This section briefly reviews
the principles of set theory. For convenience, rolling a die il-
lustrates some of these principles. We already saw that rolling
a die is a random experiment.

A sample space, S, is a set of all possible outcomes. For a
rolling-a-die experiment, we can denote the sample space as

§=(1,2,3,4,5,6)

because the experiment has six possible outcomes.

An event is defined as a set consisting of some of the pos-
sible outcomes. If Event A consists of all the even-numbered
outcomes of the rolling-a-die experiment, then Event A is

A = (2,4,6).

If Event B consists of all the outcomes less than five for the
rolling-a-die experiment, then Event B is

B = (1,2,3,4).

Using only two events, A and B, of a sample space, we can
define the union of these two events, A U B, as consisting of
all the outcomes present in either A or B. Therefore,

AUB = (1,2,3,4,6).

Similarly, using Events A and B, we can define the intersec-
tion of these two events, A N B, as consisting of all outcomes
that are present in both A and B. Therefore,

ANB = (2,4).

If the intersection of two events results in a null set (contain-
ing no outcome), these two events are mutually exclusive. For
example, if Event C contains all the odd-numbered outcomes
from a rolling-a-die experiment, then

C = (1,3,5). (2.28)
With the definition of intersection of events,
ANC =D, . (2.29)

where @ = anull setand A is as defined by Eq. 2.24. Because
A N C contains no outcomes, A and C are considered mutual-
ly exclusive.

The best way to illustrate some of these definitions is with
Venn diagrams. Fig. 2.25 shows examples of Venn diagrams

A B

S

A B

Fig. 2.25—Venn diagram.
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for union and intersection of events within a sample space.
The shaded region indicates the resulting event.

2.3.3 Probability. Probability normally is associated to a par-
ticular event of arandom experiment. A geologist’s statement
that “there is 30% probability of finding oil at a location
where a new well is to be drilled” can have two meanings.
Both meanings are correct and are a result of the way we de-
fine the random experiment.

1. The first interpretation is that the geologist believes that,
in reservoirs with a similar depositional environment, 30% of
the wells will produce oil. That is, if several wells are drilled
in very similar depositional environments, 30% will produce
oil and, by inference, 70% will be dry holes.

2. The second interpretation is that the 30% probability is
ameasure of the geologist’s subjective belief that the well will
produce oil.

These two interpretations can be directly related to the de-
scription of random experiments. The first interpretation is
closely related to the random experiment of rolling a die. That
is, if we repeat the experiment a large number of times under
controlled conditions, a pattern emerges about the outcomes.
For example, for a true die, if we roll the die a large number
of times, we observe that each of the six outcomes is equally
likely. Under this interpretation, probability can be defined as

p(4) = lim 3,

where p(A) = probability of Event A, n, = number of times
outcome has occurred, and n, = number of times the random
experiment is conducted under controlled conditions. n,has
to be large to ensure that a correct pattern is captured. For the
rolling-a-die experiment, the probability of each of the six
outcomes is 1/6 or 0.1667. Going back to the geologist’s state-
ment, if we drill a large number of wells in a similar, deposi-
tional environment, we observe that p(P), where P = produc-
er is 30%, or 30% of the wells should produce oil.

Interpretation 2 is closely related to the random experiment
of drilling a well. The geologist is simply using a subjective
belief about the chance of success. Uncertainty exists is be-
cause of a lack of complete knowledge about the reservoir.
However, the geologist is using his/her partial knowledge to
assign a value to the probability of success.

Both interpretations are correct, and the mathematics of
probability does not change with the interpretation applied.
Deterministic events can be treated as random events if we
lack sufficient knowledge about those events; however, with
partial knowledge about the events, probabilities can be as-
signed to the likely outcomes (events) of that experiment.

Laws of Probability. On the basis of our definition of prob-
ability, we can write three basic laws related to probability.
For Event A of a random experiment with Sample Space S,

0= pA) = 1.

That is, the probability value can never be less than zero or
greater than one. Also,

p(S) = 1.

That is, the probability that the outcome will be part of the
sample space is equal to one. Secondly,

ZP(A,) = p( U Ai),
i=1 i=1
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where A; =sequence of mutually exclusive events and
n, = number of mutually exclusive events. For n, = 3,

p(A) + p(Ay) = p(A UA,), .o (2.34)
and for n, = 3,
pA) + pA,y) + p(A;) = p(A,UA,UAY).
.................. (2.35)

That is, the probability of the union of mutually exclusive
events is equal to the addition of the probabilities of the indi-
vidual events.

For two events that are not mutually exclusive,

p(AUB) = p(A) + p(B) — p(ANB).

Numerical Example 2.7. The following three events are de-
fined for a rolling-a-die experiment.

1. Event A. All even-numbered outcomes.

2. Event B. All outcomes greater than 3.

3. Event C. All odd-numbered outcomes less than 4

Calculate p(A), p(B), p(C), p(AUB), p(AUC) and
p(ANB).

Solution. From the description of events, the events are
A = (2,4,6), B = (4,5,6),and C = (1,3). Knowing that
the probability of individual outcomes for rolling a die is 1/6,
we can calculate the probability of individual events on the
basis of Eq. 2.35 as

1,1 ,1_1

PA) =gt gte=7

If we consider Event A to consist of three mutually exclu-
sive events with Outcomes 2, 4, and 6, then the probability of
an event is the addition of the probabilities of these three
events. Similarly,

D[ —

p(B) = % +

and p(C) = %
Because p(ANC) = @,
p(AUC) = p(A) + p(C)

_1,1_5

2376
which can be confirmed because
AUC = (1,2,3,4,6).

Therefore,

-1, ,1,1,.1,1_5
p(AUC)—6+6+6+6+6 6
and ANB = (4,6),

which results in
-1
p(ANB) = 3
Using Eq. 2.36 gives
p(AUB) = p(A) + p(B) — p(ANB)

1,1 _1_2
=2t373%%
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which is confirmed because
AUB = (2,4,5,6).

Therefore,

PAUB) = §+ 4+ 1+

@i

1
6

AN—
AN—

Conditional Probability. As the name indicates, condition-
al probability is the probability of an event that is conditional
on some information. This allows calculation of the probabil-
ity of a given event when partial information regarding the re-
sult of the random experiment is available.

For example, rolling a pair of dice has 36 possible outcom-
es:(1,1),(1,2),...,(1,6),..., (3,3),..., (6,6). The first num-
ber in the parentheses is the outcome of the first die, and the
second number in the parentheses is the outcome of the se-
cond die. Because each die can take six possible values, the
total number of outcomes is 36. If asked to calculate the prob-
ability that the addition of the outcomes is two, we immedi-
ately see that the only outcome that results in such addition is
(1,1). Therefore, the probability that the addition will be two
is 1 out of 36, or 1/36. If the first die lands on Side 1, what is
the probability now that the addition of the two outcomes is
two? We can calculate this probability easily because we
know that the outcome of one of the dice is one. The second
die can result in six possible outcomes. We want to calculate
the probability that the outcome will be one because that is the
only outcome that will result in an outcome of two when rol-
ling both dice. The probability that the outcome of the second
die will be one is one out of six, or 1/6. Therefore, the condi-
tional probability of the addition of the outcomes of a pair of
dice being two if the first die landed on Side 1 is 1/6. This val-
ue is considerably smaller than 1/36, which is what we calcu-
lated without any additional information.

The most common notation used to describe conditional
probability is p(AlB). This indicates the conditional probabili-
ty of Event A occurring given that Event B has occurred. A
general equation for calculating conditional probability is

_ p(ANB)
p(AIB) —p(B)

Intuitively, Eq. 2.38 can be explained as follows. Once
Event B has occurred, we reduced the sample space corre-
sponding to Event B only because no outcome outside Event
Bis possible. For Event A to occur, the outcome has to be com-
mon to both Events A and B because Event B has occurred.
That is, it has to come from A N B. Therefore, the probability
of Event A occurring given that Event B has occurred is equal
to the ratio of the probability of Events A and B occurring di-
vided by the probability of Event B.

Numerical Example 2.8. The probability of finding oil in an
exploration well is estimated to be 0.2. One of the uncertain-
ties in finding oil in this well is the presence of source rock.
The probability of the presence of source rock is 0.7. After
these preliminary calculations were made, a well drilled in a
nearby area confirmed the presence of source rock in the re-
gion. What is the probability of finding oil in the first explora-
tion well given that the presence of source rock is confirmed?

Solution. Let A be the event that the oil is found in the ex-
ploration well, and B be the event that the source rock is pres-
ent. Using Eq. 2.38 gives

p(ANB)
p(B)
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p(AIB) =

We know that p(B) = 0.7 and p(A N B) = 0.2 (because A is
a subset of B); we have to have source rock to find oil in the
well. Substituting gives

_ 02 _
p(AIB) = 5 = 0.286.

The probability of finding oil improves to 0.286 because
source rock is present.

We can rewrite Eq. 2.38 as
p(ANB) = p(AIB)p(B).

Eq. 2.39 allows us to derive a few more conclusions. First,
for mutually exclusive events, (A N B)is a null set; therefore,
p(ANB) = 0. Because the left side of Eq. 2.39 is zero,
p(AlB) = 0, whichis consistent with the idea that if B has oc-
curred, A cannot occur. Therefore, the probability of A occur-
ring given that B has occurred is zero. The same definition can
be used to define independent events, which are events that
are independent of each other. The occurrence of an indepen-
dent event is not affected by whether any of the events from
which it is independent has occurred. For example, in rolling
a pair of dice, the outcome of one die does not affect the out-
come of the other die. The outcomes of the two dice are com-
pletely independent of each other. In other words,

p(AIB) = p(A)andp(B) = p(BIA),

where the probability that Event A will occur is not affected
by the fact that B has occurred. The same thing can be said
about Event B. The probability of Event B occurring is not af-
fected by the fact that Event A has occurred.

Substituting Eq. 2.40 in Eq. 2.39 gives

p(ANB) = p(A)p(B)

for independent events. For more than two events, Eq. 2.41
can be extended as

PlANA,,....,NA,) = p(ADp(A,),....p(A,),

where A|,A,,...,A, =independent events.

Numerical Example 2.9. The probability of success is esti-
mated to be 0.2 for an exploration well in Basin 1. For another
exploration well in Basin 2, the probability of success is esti-
mated to be 0.3. If both wells are drilled, what is the probabili-
ty that both will be successful?

Solution. Because these wells are drilled in different ba-
sins, they can be considered as independent events; the out-
come of one well does not affect the outcome of the other. If
Event A is a successful well in Basinl and Event B is a suc-
cessful well in Basin 2,

p(A) = 0.2andp(B) = 0.3.
With Eq. 2.41,
p(ANB) = p(A)p(B) = 0.2 x 0.3 = 0.06.
The probability that both events will occur is 0.06 or 6%.

Another useful extension of Eq. 2.38 can be written. Recall
that Eq. 2.38 states that

p(ANB)

p(AIB) = »(B)
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Fig. 2.26—Explanation of Bayes’ rule.

With a sample space consisting of A; mutually exclusive
events so that

nzep(Ai) =1,
i=1

we can easily write

p(B) = p(A,NB) + p(A,NB) + ...+ p(A, NB).

In Fig. 2.26, which illustrates this, the sample space is divided
into four mutually exclusive events, A, through A,, and
Event B is located in the sample space. As the figure shows,
Event B can be written as

B=ANB+A,NB+ANB+ A,NB.

This can be generalized for n, mutually exclusive events.
Also, the numerator of Eq. 2.38 can be written as

p(ANB) = p(BIA)p(A) ... ... (2.45)
because we know that
p(ANB)
BIA) = ————. . 2.38
p(BIA) (A (2.38)
Using Eqgs. 2.45 and 2.43 along with Eq. 2.38 gives
BlA;)p(A;
p(AIB) = M .................. (2.462)
> panB)
i=1
BlA;)p(A;
or p(A;B) = M. .............. (2.46b)
> p(BIA)P(A)

i=1

Eq. 2.46b is Bayes’ theorem, which represents a generalized
equation for conditional probability. An entire branch of sta-
tistics, Bayesian statistics, is based on the concept of deter-
mining conditional possibilities. The discussion of the condi-
tional-simulation technique covers the usefulness of this
principle in more detail. Numerical Example 2.10 illustrates
Bayes’ theorem.

Numerical Example 2.10. A 3D geophysical survey con-
cludes that a new area has three potential regions where oil
can be found. Itis equally likely that oil could be found in any
of the three regions. On the basis of the surrounding regions
and the presence of source rock, it is possible for only one of
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the regions to contain oil. Geophysicists are certain that one
of these regions should have commercial reserves. If only one
exploration well is drilled in a region, there is a 40% chance
that oil will not be discovered in that region although oil may
indeed be present (overlook probability). If one well is drilled
in Region 1 and is unsuccessful, what is the probability that
oil is present in Region 1? What is the probability that the oil
is present in the other two regions?

Solution. Let E, where i = 1,2,3, be an event that oil is
in Region i. Let F be an event that the search of Region 1 is
unsuccessful. With Bayes’ theorem,

pEIF) = LEDD (2.47a)
> pFE)(E)
i=1
and p(E,NF) = p(FIEDPE). +\vvvnn.. (2.47b)
The denominator of Eq. 2.47b can be written as
3
> P(FE)P(E) = p(FIE)(E,) + p(FIE)p(E,)
+ p(FIEYPEY. i (2.48)

Each region has an equal likelihood of success; therefore,
p(E) = p(E,) = p(E;) = 0.333.

Also, p(FIE)) = 0.4, p(FIE,) = 1, and p(FIE;) = 1 be-
cause the exploration well in Region 1 results in failure if oil
is in either Region 2 or 3. Substituting all these values gives

04 x 0.33
04 x033+1x033+1x0.33

The probability of finding oil in Region 1 is reduced to 0.167.
Similarly,

P(E,IF) = p(E|F)

p(E|IF) = = 0.167.

_ 1 x 0.33
04 x033+1x033+1x033

= 0.417.

The probability of finding oil in Regions 2 and 3 improved to
0.417 because the search in Region 1 was unsuccessful.

2.3.4 Random Variables. A random variable is a variable
whose values are generated by a random experiment on the
basis of some probabilistic function. For example, the rolling-
a-die experiment produces any one of the six possible out-
comes randomly. If the random variable is letter X for this ran-
dom experiment, for a true die,

PX=1) =4 =p(X =2) = pX =3) = pX = 4)

p(X =35) = p(X = 6).

That is, the probability that a random variable can take any
one of the six values is 1/6.

Itis important to maintain the distinction between arandom
variable and an actual outcome of arandom variable. To make
this distinction, we use an uppercase letter to denote a random
variable (e.g., X) and a lowercase letter to denote the outcome
(or realization) of a random variable (e.g., x). Conceptually,
the difference between the random variable and its realiza-
tions can be explained with the same example of the rolling-a-
die experiment. The random variable can take any of the six
values with equal probability. If we roll a die and observe the
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Fig. 2.27—Probability density function.

outcomes 1,2,5,6,3,4,3,3,4,6,1,4,2, ..., these are the re-
alizations of the random variable, which we can denote as
x;=1,x, =2, x; =5, and x, = 6, where the subscripts
denote the number of a particular realization.

Random variables are defined as two types: discrete and
continuous. Discrete random variables can take a finite num-
ber of values. An example is the rolling-a-die experiment,
where a random variable can take only six possible values.
Continuous random variables can take a very large number of
values (for example, a collection of porosity data from a reser-
voir), and a large number of outcomes are possible. The fol-
lowing two sections describe some functions of both discrete
and continuous random variables.

Probability Function. The probability function describes
the probability that a random variable will take a certain val-
ue. The probability function is closely related to the relative-
frequency-distribution function, which describes the chance
that a value will fall within a certain class. The probability
function describes an essentially similar behavior.

For discrete random variables, the probability mass func-
tion, P(a), of a random variable X is

P(a) = p(X = a).

For a discrete random variable, X can take finite number of
values x,,i = 1, n. Therefore,

Numerical Example 2.11. Define the probability mass func-
tion for the rolling-a-die experiment. Show that Eq. 2.51 is sa-
tisfied for this function.

Solution. Knowing the random experiment, we can write,
for example,
1

P =pX=1=¢

Similarly, we can write

PQ) = P3) = P(4) = P(5) = P(6) = %.
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f(x)

a b X

Fig. 2.28—Probability of value falling within an interval.

Applying Eq. 2.51 gives

6
1,1 1, 1,1, 1_
P R R R T SRt

i=1

Therefore, Eq. 2.51 is satisfied.

For a continuous random variable, the probability density
function, f(x), describes the behavior of a random variable.
Fig. 2.27 shows a representative probability density function.
One requirement of the probability density function is that the
area under the curve be equal to one. Mathematically,

flx)dx = 1.

8‘13

Recall that addition of relative-frequency distributions also
adds to one. (Fig. 2.3 provides a good understanding of the
definition of the probability density function.) Once the prob-
ability density function is described, the probability that the
value of a random variable will fall within a certain interval
can be calculated easily. For example,

b

pla<X=0b) = Jf(x)dx.

a

Schematically, the probability that a value will fall within a
certain interval is represented by the area under the curve
within that interval (Fig. 2.28). Again, it is important to have
an intuitive feel for this equation (see Fig. 2.4 and the related
discussion to understand the probability density function and
its close relationship to the relative-frequency distribution).

Numerical Example 2.12. Pay-zone thickness in a reservoir
is described by the following probability density function.

f(x) = Ofor x = 20 ft
- L <
5Of0r20 <x=70ft
= Ofor > 70 ft.
Show that this density function satisfies Eq. 2.52. Further, cal-
culate the probability that the thickness at a particular location
will fall between 30 and 50 ft thick.

Solution. Applying Eq. 2.52 to the probability density
function gives

20 70

1 - Ly -1
Ide+fSde+j0dx 0+ 55 +0=1L
—® 20 70
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Fig. 2.29—Cumulative distribution function for rolling-a-die ex-
periment.

therefore the density function satisfies Eq. 2.52.
Use Eq. 2.43 to calculate the probability that a value will
fall within 30 and 50 ft.

50

<y= = | L4 =20 _
p330 = x = 50) J 50d)c 50 0.4.
30
Therefore, there is a 40% probability that the pay zone will
fall within the 30- to 50-ft interval.

Cumulative-Distribution Function. The cumulative-dis-
tribution function, F(x), is defined as

F(x) = p(X = x).

It is the probability that a random variable X will be less than
a particular value x. Knowing the definition of the cumula-
tive-distribution function, we can use Eq. 2.53 to calculate the
probability that a random variable will fall within a certain in-
terval. For example, to compute p(a < X = b), we can write
p(X = b) as comprising two mutually exclusive events or

pX =b)=pX=a)+pa<XZ=Dh).

Therefore,
pa<X=b)=pX=b)—pXE=a)
= F(b) — F(a).
Eq. 2.56 calculates the probability that a random variable will
fall within a certain interval.

For a discrete random variable, cumulative-distribution
function can be calculated as

Fa) = ) P().

where P(x;) = the probability mass function of a random
variable.

For a continuous random variable, the cumulative-distribu-
tion function can be calculated as

a

F(a) = Jf(x)dx,

—
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where f(x) =the probability density function of a random
variable.

It is important to understand that cumulative-distribution
function is closely related to cumulative-relative-frequency
distribution. Like cumulative-relative-frequency distribu-
tion, cumulative-distribution function has a minimum value
of zero and a maximum value of one. It is also a nondecreas-
ing function, which means that it can stay constant over a
certain interval but does not decrease. The following numer-
ical examples illustrate the usefulness of the cumulative-dis-
tribution function.

Numerical Example 2.13. Calculate the cumulative-dis-
tribution function for the rolling-a-die experiment. What is
the probability that the outcome will fall between two and
five, p2 < X = 5)?

Solution. Using Eq. 2.57 gives

1

F(1) = > Plx,) =

i=1

AN—=

2
1,1_1
F(2) = ;P(xi) = 6 + 6 = §
We repeat this for the other four outcomes. Fig. 2.29 shows
the plot of the cumulative-distribution function. It starts with
a value of zero and reaches a value of 1 at a value of the vari-
able equal to six. Use Eq. 2.56 to calculate the probability that
a value will fall between 2 and 5.

pla < X = b) = F(b) — F(a);

therefore,

PR <X=5=F5-F2 =2—-%=

N

W=
=

Numerical Example 2.14. In Numerical Example 2.12, we
defined the probability density function as

f(x) = 0 for x = 20

= L <
—50f0r20<x_70

0 for x > 70.

Define the cumulative-distribution function for this function.
Confirm that the probability that a thickness will fall between
30 and 50 ft is 0.4.

Solution. With Eq. 2.58, for a value of x between 20 and 70,

a 20 a

- - 1, _ (a=20)
F(a) = If(x)dx— deX'i' J%dx—T

" " 20
In general,
F(x) = 0 for x = 20

=x—20 <
50 for 20 < x = 70

=1 for x > 70.
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To calculate p(30 = X = 50), we can write

p(30 < X = 50) = F(50) — F(30)

_ (50 = 20\ _ (30 — 20\ _
‘( 50 ) ( 30 ) 04,

which confirms the previous answer.

Bivariate Functions. Here, we extend our definitions of
probability functions to two variables. For discrete random
variables, the probability mass function is

plx,y) = P(X =x,Y = y.i)'

For example, if we toss two coins simultaneously, the proba-
bility mass function of both coins sharing heads is

P(H,H) = p(X = H,Y = H) =%

because out of the four possible outcomes, both heads is one
of the possible outcomes. Similarly,

P(H,T) =

s

P(T,H) =

s

Bl— B

and P(T,T) = L.

4
Adding these four values results in one. Similar to one vari-
able, we can write

ny ny

Z ZP(x,-,yj) =1

i=1j=1

where ny = number of possible outcomes of a random vari-
able X and ny, =number of possible outcomes of a random
variable Y.

Considering the distribution of only one variable while ig-
noring the effect of other variable is called a marginal dis-
tribution. For example, the marginal distribution for Random
Variable X, Py(x,), can be written as

y

Pyx) = > P(x,y),

j=1

where all the possible values of Y are summed while the value
of a random variable X is kept the same. Similarly, we can
write the marginal distribution of the variable ¥, Py(y;), as

ny

Py) = D Plxiy).

i=1

Numerical Example 2.15 illustrates these concepts.

Numerical Example 2.15. Consider the rolling of two dice.
Define Random Variable X as the addition of two outcomes
from the two dice and Random Variable Y as the outcome of
the first die. Obviously, X can take values between 2 and 12
and Y can take values between 1 and 6. Table 2.10 shows the
probability mass function of all possible outcomes.

For example, for an outcome of ¥ = 2, X can take values
between 3 and 8. This is because the smallest outcome for the
other dieis 1 and the largest outcome is 6. Therefore, addition
of the outcomes varies between 3 and 8. Note that for true
dice, all the outcomes are equally likely. The missing values
represent zero probabilities. For example, we can write

1

36

€L

36°

To calculate the marginal probabilities for X, we add all the

probability mass functions over the entire range of Y. For ex-
ample, marginal distribution forX = 7 can be calculated as

PX=5Y=2)=

or PX = 12,Y = 6) =

—_
—_
—_
—_
—_

6
_ SN H NS N S R
PX(7)_FZP(7’yj)_36+36+36+36+36+36
36 6

We can calculate the marginal distribution for other values of
X as well. To calculate the marginal distribution for ¥, we add
all the probability mass functions over the entire range of X

TABLE 2.10—PROBABILITY MASS FUNCTION OF ALL POSSIBLE
OUTCOMES FOR NUMERICAL EXAMPLE 2.15
Outcome of Y
Marginal
Outcome of X 1 2 3 4 5 6 Distribution of X
2 1/36 1/36
3 1/36  1/36 2/36
4 136  1/36  1/36 3/36
5 1/36  1/36  1/36  1/36 4/36
6 136  1/36  1/36  1/36  1/36 5/36
7 136 1/36 1/36  1/36  1/36  1/36 6/36
8 136 1/36  1/36  1/36  1/36 5/36
9 136 1/36  1/36  1/36 4/36
10 136 1/36  1/36 3/36
1 136 1/36 2/36
12 1/36 1/36
Marginal distribution of Y 1/6 1/6 1/6 1/6 1/6 1/6 1
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for a given value of Y. For example, marginal distribution for
Y = 3 can be calculated as

L1, 1

11
_ - 1,1
PY(3)—ZP(x,-,3)—O+O+36+36 TR

i=1

1 1 1
T3t 0+0+0=c
Other values are calculated similarly.

Note that marginal distributions are simply probability
mass functions if we consider the distribution of a single vari-
able. For example, if the outcome of a die is considered a ran-
dom variable, the probability mass function is 1/6 for each
outcome. Similarly, if the addition of a pair of dice is consid-
ered arandom variable, the probability mass function of Out-
come 7 is 1/6.

+

For continuous random variables, we can describe the prob-
ability density function, f(x,y), so that

j f(x, y)dxdy = 1,

g ——

where the volume under the surface equals one. Similar to a
single-variable distribution, the probability that the values of
random variables will fall within certain intervals can be cal-
culated with the probability density function. For example,

b d

pla < X =b,c<Y=d] = jjf(x,y)dxdy.

Like discrete distributions, marginal distributions for the two
variables can be calculated as

frx) = j ff(x,y)dy ................. (2.65a)
and f,(y) = Jf(x,y)dx. .................. (2.65b)

Numerical Example 2.16. A bivariate probability density
function is given by f(x,y) = e ‘e ™. Show that Eq. 2.64 is
valid. Calculate p[0 < X = 1,1 < Y < o]. Calculate the
marginal distributions for Random Variables X and Y.
Solution.
To validate Eq. 2.64,

j j Odxdy + f j e ‘e Vdxdy
% o 0 0

o

= J[— ey ledx = Ie"‘dx = 1.
0

0

To calculate p[0 < X = 1,1 < YV < o],
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1 o
pl0<X=11<Y< »] = erxe"'dxdy
0 1
1

1
Je—x[_ e—y]wdx — e—lfe—xdx
0

0

e”'[1 —e'].

Using Eq. 2.65a gives

0

fx(x) = Je"e‘ydy =e "
0

Similarly, with Eq. 2.65b,

%

K = fe*'eydx =e
0

The cumulative-distribution function for a bivariate dis-
tribution can be written like that for a single variable.

Flx,y) =plX=x,Y=y]. ............... (2.66)
For discrete variables, we can write
Fla.b) = > > Plray]. ..o (2.67)
xléa yjéh
For continuous variables,
b a
F(a,b) = J jf(x,y)dxdy. ............... (2.68)

—% —®

Application of Egs. 2.66 through 2.68 is straightforward.
Recall independent variables. Remember that, if two events
are independent,

P(ANB) = p(A)p(B). .o (2.40)
Similarly,
plX = a,Y =b] =plX =alplY =b]. ....(2.69)

For discrete variables, for independence to be valid,

P,y = PfxlPy] oo (2.70)
for all x; and y;.

For continuous variables,

fx,y) = O, .71

Use of Eq. 2.71 easily shows that, for the probability densi-
ty function provided in Numerical Example 2.16, the vari-
ables x and y are independent.

Conditional distribution, a distribution of one variable that
is conditional on the other variable taking a certain value (dis-
cussed earlier), can also be defined. For a discrete variable,

Pyy(xly) = Py (X = xIY = y)

_PX=xY=y) P&y
P(Y =) Pyy)’
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where P, (xly) = the conditional distribution of Random
Variable X taking a value of x given that Random Variable Y
has taken the value of y. For continuous random variables, the
conditional distribution is

flx,y)
)

Sarlxly) =

Numerical Example 2.17. Numerical Example 2.15 consid-
ered two random variables, X and Y, where X = the addition
of the outcomes from a pair of dice and Y = the outcome of
the first die. The probability mass function for these two vari-
ables and the marginal-distribution function were calculated
in Numerical Example 2.15. Calculate the probability that
Y = 3 given that X = 8.
Solution. Using Eq. 2.72 gives

P(x,y)
Py(x) "

The marginal distribution for Py(8) = 5/36. The value of
P(8,3) = 1/36. Substituting gives

1/36

Pyy(ylx) = 5;? = %

That is, the conditional probability that ¥ = 3 is 20% given
that X = 8.

The answer can be easily confirmed because the addition of
eight can be achieved five different ways. The realizations
have to be (2,6), (3,5), (4,4), (5,3), or (6,2). Of these five pos-
sibilities, the first die showing a 3 is possible in only one of
these possibilities. This equates to 20% of the total possibili-
ties, which is what the answer indicates.

Pyx(ylx) =

Before concluding this section, we briefly review the con-
cept of the random variable and some of its functions. It is not
necessary to understand all the mathematical details covered
in this section; however, understanding the concepts is critical
for understanding future chapters.

A random variable is a numerically valued function whose
values can be determined by some probabilistic function. The
realizations of the random variable are the outcomes of a ran-
dom experiment. A discrete random variable can take only a
finite number of values, whereas a continuous random vari-
able can take a large number of values. The probability mass
or density function allows calculation of the probability that
arandom variable takes a certain value or a range of values.
It is closely related to the relative-frequency-distribution
function. Similar to relative frequencies, it adds up to one.
The cumulative-distribution function allows determination
of the probability that a random variable will be less than a
certain value. It is closely related to cumulative-relative-fre-
quency distribution and can take a value between 0 and 1.

These functions can be defined to describe the behavior of
two variables to extend the analysis to two variables. Addition
of another variable requires the description of two additional
distribution functions. The marginal-distribution function de-
scribes the distribution of one of the variables by ignoring the
variations in the other variable. The conditional distribution
calculates the probability of one variable that depends on the
other variable taking a certain value.

2.3.5 Mathematical Expectation. Mathematical expecta-
tion or expected value is defined as some weighted average
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outcome of a random experiment if the experiment is con-
ducted a large number of times. For a discrete random vari-
able X, the expected value of X is defined as

E[X] = > xPIX = x],
i=1
where E[X] = expected value; x; = outcome of the random
variable, P[X = x;] = probability mass density function for
the ith outcome, and 0 = number of possible outcomes. Nu-
merical Examples 2.18 and 2.19 illustrate the concept.

Numerical Example 2.18. A wheel of fortune in a casino
contains 80 slots. Each time you bet, you have to place $1. Out
of the 80 slots, if you hit one of seven special slots, you win
$10. If you hit one of the remaining 73 slots, you lose $1.
What is the expected value of this experiment?

Solution. Betting on a wheel can be considered a random
experiment with two possible outcomes, success, S, or failure,
F. The random variable can take two values: $10or $1. § =a
$10 win and F = a $1 loss. The probability mass functions
for the two outcomes are

A

PIX = §] = g5

and P[X = F] = %.

Using Eq. 2.74 gives
E[X] = ($10)P[X = S] + (= $1)P[X = F]

($10)(87—0) + (- $1)(§—8)
— $0.0375.

For a given bet, we either win $10 or lose $1. The expected
value represents the average outcome of this random experi-
ment if it is played a large number of times. That is, if we bet
1,000 times, we lose an average of $0.0375 or 3.75¢/bet (or,
on an average, approximately $0.0375 x 1,000 = $37.50).
Obviously, expected value achieves meaning only if a game
is played a large number of times.

Numerical Example 2.19. What is the expected value of a
rolling-a-die experiment?

Solution. We know that the random variable can take any
of the six values, each having a probability of 1/6. Using Eq.
2.74 gives

6

Zx,-P[X = x;]

i=1

GAREARCARE

1 1 7
+5(3) + 6(6)] =1-3s

The expected value is 3.5 for the rolling-a-die experiment.
As in the previous example, an outcome of 3.5 cannot be real-
ized after a single roll of a die; it represents the average of all
the outcomes if the experiment is repeated a large number of
times. Thatis, if we roll a die a large number of times and note
the outcome each time, the arithmetic average of all those re-
alizations is close to 3.5.

E[X] =
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The definition of expected value can be generalized for
any real valued function u(x) of the variable X.

o

E[u(X)] = Zu(x,. JPIX =x] ..o (2.75)
i=1
for a discrete variable, and
Elu(X)] = Ju(x)f(x)dx ................. (2.76)

for a continuous variable.
Eqgs. 2.77 through 2.79 give some important characteristics
of expected value.

E[K] =
that is, the expected value of a constant is a constant.
E[Ku(X)] = KE[u(X)];

that is, the expected value of a constant times a function is
equal to the constant times the expected value of the function.

Elu,(X) + uy(X)] = E[u,(X)] + E[u,(X)];

that is, the expected value of a sum of two functions is equal
to the sum of the expected values of the two functions. These
properties are very useful in applying the expected-value
equation.

The two most important expected values for a single vari-
able are the arithmetic mean and the variance. The arithmetic
mean, i, is defined as

u = E[X].

u is the expected value of the variable itself. The arithmetic
mean is the population mean, not the sample mean; therefore,
we differentiate it from the sample mean (denoted by X) by
using the symbol u to represent it.

Variance, 02, is defined as

= E[(X - u)z] =

The notation 0 is different from s2, which represents sample
variance. The square root of ¢, ¢ is the standard deviation.
With the three characteristics of expected values, we can
show that

VIX].

o = HX?| - (E[X])?

or 0 = E[X?| — u*

Some important characteristics of the variance are

VIKI =0, (2.83a)
where K is a constant;

VIKX] = K*VIX], oo (2.83b)
where K is a constant; and

VIKX + bl = K*[X], oo, (2.83c¢)

where K and b are constants.

Numerical Example 2.20. Calculate the variance for the rol-
ling-a-die experiment.

44

Solution. We estimated the arithmetic mean in Numerical
Example 2.19 and observed that

EX] =pu.
To calculate the variance, we need E[X?*]. With Eq. 2.75,

X = > 2PIX = x].
i=1

For six outcomes, we can write

rpe] = [ () + 2(g) + +(3) + (3
N 52(%) + 62(%)] = 15.17.

Using Eq. 2.82b gives

0> = E[X°] - p*> = 1517 — (3.5)°
=15.17 — (3.5)° = 2917
and 0 = 1.708.

The variance of the random experiment is 2.917, and the stan-
dard deviation is 1.708.

In Sec. 2.2.2, we discussed calculation of the mean and the
variance of a sample. The equations used (Eqs. 2.4 through
2.10) are closely related to the expected-value formulas pres-
ented in this section.

The expected-value relationship is easily extended to bi-
variate distributions. For a discrete variable,

ny ny

2. 2 vl Py,

i=1 j=1

Elu(X,Y)] =

where E[u(X, Y)] = expected value of the function u(x;, y;),
P(x;,y;) =the probability mass function of the two variables
Xand Y, ny = number of possible outcomes of Random Vari-
able X and n, = is the number of possible outcomes of Ran-
dom Variable Y.

For a continuous variable,

Elu(X, V)] I u(x, y)f(x, y)dxdy,

g

where f(x,y) = the probability density function of the two
variables X and Y.

Covariance is one of the most important expected values for
a bivariate distribution; it is defined as

CIX. Y] = E[(X — )Y — u)].
Using the properties of expected values, we can show that
CIX,Y] = E|XY] — E[X]E[Y].

Covariance is an indicator of the relationship between two
variables. The stronger the relationship is, the higher the
covariance value. The covariance is equal to zero for indepen-
dent variables; that is,

ClX,Y] =0

if X and Y are independent variables. Note that, if X = Y, the
equation for covariance reduces to one for variance.
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Some useful properties of covariance are
CIX + Z,Y] = (X, Y] + C[Z,Y].

where X, ¥, and Z = random variables. In general, for multi-
ple variables,

nX nX
C[ZX,., Y] = > dx.v],
i=1

i=1

where X;and Y = random variables. Eq. 2.90 indicates that
the covariance of a summation of random variables equals a
summation of the covariances. Eq. 2.90 can be generalized
even further to state that

)ly )‘lX ﬂy

x
o| Sx 3| = > S dx )
i=1 j

=1 i=1 j=1

Eq. 2.91 is extremely useful in geostatistical analysis. Chap.
4 discusses its usefulness.

Using the definition of covariance, we can also define the
correlation coefficient.

ClX. Y]
040y °

pIX. Y] =

where p[X, Y] = the correlation coefficient. Although simi-
lar to covariance, p[X, Y]is a dimensionless quantity and can
only take values between — 1 and + 1. p[X, Y] also quantifies
the relationship between the two variables.

Sec. 2.2.4 discussed the procedure for calculating the
covariance and the correlation coefficient for sample data.
The equations used to calculate the sample values are based
on the definitions of the expected value with different nota-
tion. The population correlation coefficient is defined by
plX, Y], whereas the sample correlation coefficient is defined
by r[X, Y]. C[X,Y] indicates the covariance for the popula-
tion, and c[X, Y] indicates the covariance for the sample. In
practice, we can calculate only the sample values. Estimating
values for the population requires that some assumptions be
made. Sec. 2.3.7, which describes inference techniques, dis-
cusses the assumptions. Appendix B provides derivations of
many equations presented.

2.3.6 Important Distribution Functions. In statistics, there

are several important distribution functions with known char-
acteristics. This section discusses three distribution functions

f(x)

for continuous random variables that play important roles
in applying geostatistical techniques: uniform distribution,
normal or Gaussian distribution, and log-normal distribu-
tion. Again, Appendix B provides detailed derivations
of many equations.

Uniform Distribution. Uniform distribution is one of the
simplest distributions of a continuous random variable. To
define the uniform distribution properly, minimum and maxi-
mum values of the population are required. As the name indi-
cates, uniform distribution assumes that any value between
the minimum and the maximum has an equal probability of
being selected. The probability density function for the uni-
form distribution is

1

flx) = 3R R R R R EEEEEERERRERERRR, (2.93a)
fora = x = band
fx) =0 (2.93b)
otherwise.
The cumulative-distribution function is
Fx) =0 . (2.94a)
for x < a,
F(x) = H ....................... (2.94b)
fora = x = b, and
Fx) =1 (2.94¢)

for xb. Fig. 2.30 shows both the probability density function
and the cumulative-distribution function.

With the definitions provided in Sec. 2.3.5, the mean of the
uniform distribution is calculated as

Bo= T (2.95)
and the variance is calculated as
(b —a)
2
o’ = R LR EEEEERRRERRE, (2.96)

The most important application of uniform distribution is
creating random-number realizations. A standard random-
number generator creates a set of random numbers that are
sampled from a uniform distribution. Typically, the random
number is generated with a minimum of zero and a maxi-
mum of one. That is, any number between zero and one has

F(x)

Fig. 2.30—Uniform distribution function.
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1 -

F(x)

Fig. 2.31—Normal distribution function.

an equal likelihood of being selected. If the random-number
generator needs to pick a value within a different range, we
can easily convert a standard random-number generator to
anew value by

= a + Npg(b — a),

N R, modified

where N ., = a standard random number between 0 and 1;
Ng modiica = @ modified random number that falls in the
range a to b; and @ and b = minimum and maximum values
of the uniform random number, respectively. In many of the
geostatistics techniques, use of a uniform-random-number
generator is quite common. Many algorithms have been pro-
posed in the literature that generate “truly” uniform random
numbers. Most of these algorithms can also generate an en-
tirely new sequence of random numbers by changing what
is called the “seed value.” The ability of random-number
generators to generate multiple sequences is useful in condi-
tional-simulation techniques to generate multiple reservoir
descriptions. Chaps. 5 through 7 provide a detailed discus-
sion about conditional-simulation techniques.

Normal (Gaussian) Distribution. Normal distribution un-
doubtedly is the most famous distribution in the field of statis-
tics. Its probability density function has a bell-shaped curve,
which is well known to almost everyone, even those unfamil-
iar with statistical principles. The density function is given by

f(x) =

2

1 l(x_ﬂ)
exp| — = for— © < x < o,

/21 p[ 2\ 9 ]

This distribution function has a mean of ¢ and a variance of
0*. The maximum value of the density function is 0.4/,
which is reached at x = u. It is a symmetric function.

To use the normal-distribution function, it is much more
convenient to define a standardized normal distribution. If we
define a new variable,

_X-—u

T = TG T e (2.99)
the probability density function is
fz) = Lexp( - 2—2) .................. (2.100)
/211 2

This distribution has a mean of zero and a variance of one.
With Eq. 2.100, the cumulative-distribution function is

F(z) = ﬁ J e PRdr 2.101)
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Eq. 2.101 has no analytical solution and has to be integrated
numerically. The right side of Eq. 2.101 represents the error
function, which is a standard mathematical function. Fig.
2.31 shows the probability density function and the cumula-
tive-distribution function for the normal distribution. Fortu-
nately, for all practical purposes, F(— 3) = 0 and
F(+ 3) = 1. Standard tables, such as Table 2.11, are avail-
able in most statistics books. Table 2.11 provides the values
of F(z) for arange of zbetween — 3 and + 3 and can be used
for a normal distribution with any mean and variance, as Nu-
merical Example 2.21 example shows.

Numerical Example 2.21.

1. The porosity in the reservoir is estimated to have a mean
of 0.2 and a variance of 0.0004. If the porosity is believed to
be normally distributed, what is the probability that the poros-
ity value will be between 0.18 and 0.22?

2. If rock with a porosity of less than 15% is believed to be
nonreservoir rock, what is the probability that the rock at a
given location will have a porosity of less than 15%?

Solution.

1. For the distribution, u = 0.2, 0% = 0.0004 or
o = 0.02. To calculate the p[0.18 = ¢ = 0.22], we first
need to standardize the two values 0.18 and 0.22. If
¢, = 0.18 and ¢, = 0.22,

- M _ 01802 _ _

1 =

o 0.02
and z, = ¢20_ﬂ _ 0'2%).520'2 -1
respectively.

Once the values are standardized, we can look up the value
of F(z,) and F(z,) in Table 2.11: F(z;) = 0.15866 and
F(z,) = 0.84134.

Recall that

pla < X =b] =Fb)—Fa). ............ (2.56)
Therefore,

¢ —u _ _ _ _
Pla < —5— =2 = 0.84134 — 0.15866 = 0.6827.

That is, a 68 % probability exists that a porosity value will fall
between 0.18 and 0.22.

2. We first need to calculate p[¢p = 0.15]. We can standard-
ize the value with

X3 =M _0.15-02 _

“T 7o 0.02 -2
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TABLE 2.11—z VALUES FOR NORMAL DISTRIBUTION
(from Ref. 1)
Standard Standard
Deviation Cumulative Deviation Cumulative
From Mean Probability From Mean Probability
-3.0 0.0014 +0.0 0.5000
-3.0 0.0014 +0.0 0.5000
-29 0.0019 +0.1 0.5398
-238 0.0026 +0.2 0.5793
-27 0.0035 +0.3 0.6179
-26 0.0047 +0.4 0.6554
-25 0.0062 +0.5 0.6915
—-24 0.0082 +0.6 0.7257
-23 0.0107 +0.7 0.7580
-22 0.0139 +0.8 0.7881
-2.1 0.0170 +0.9 0.8159
-2.0 0.0228 +1.0 0.8413
-1.9 0.0287 +1.1 0.8643
-1.8 0.0359 +1.2 0.8849
-1.7 0.0446 +1.3 0.9032
-1.6 0.0548 +1.4 0.9192
-15 0.0668 +1.5 0.9332
-14 0.0808 +1.6 0.9452
-1.3 0.0968 +1.7 0.9554
-1.2 0.1151 +1.8 0.9641
-1.1 0.1357 +1.9 0.9713
-1.0 0.1587 +2.0 0.9773
-0.9 0.1841 +2.1 0.9821
-0.8 0.2119 +22 0.9861
-0.7 0.2420 +2.3 0.9893
-0.6 0.2743 +24 0.9918
-05 0.3085 +2.5 0.9938
-04 0.3346 +2.6 0.9953
-0.3 0.3821 +2.7 0.9965
-0.2 0.4207 +2.8 0.9974
-0.1 0.5602 +2.9 0.9981
-0.0 0.5000 +3.0 0.9987

From Table 2.11, F(z;) = 0.00621. From Eq. 2.66,
F(z) = plZ = z]. Therefore,

p[¢ A= zg] = 0.00621.

That is, there is a 0.62% probability that the porosity will be
less than 15%.

One reason for the popularity of the normal-distribution
function is the central-limit theorem, which states that the
“sum of large number of independent random variables tends
to be normally distributed.” A good example of the applica-
tion of this theorem is the measurement error in conducting
an experiment. Typically, an error is a result of several pos-
sible independent sources that tend to be additive; therefore,
the measurement error tends to be normally distributed for

PRINCIPLES OF STATISTICS

many experimental procedures. Later chapters show that
many geostatistical techniques also assume that estimation
error at unsampled locations is normally distributed.

A reservoir property that is commonly believed to be nor-
mally distributed is reservoir porosity. A quick way to check
whether such an assumption can be justified is to plot the data
on a probability plot (a special graph paper available in most
engineering supply stores). Plotting the sample values in an
ascending order on one scale and the probability on the other
scale shows whether the data form a straight line on the graph
paper, which indicates a normal distribution. Field Example
2.9 illustrates application of this procedure.

Field Example 2.9. This example uses porosity data from
Well 34-29 and Flow Unit 3. Fig. 2.32 shows the probability
plots for both. The figure shows that the data for Well 34-29
were collected from different geological units. As a result,
several inflection points are evident on the probability plots,
indicating the possibility that multiple populations mixed to-
gether. The collected data for Flow Unit 3 show a smooth
trend. Although the behavior is approximately linear, it is dif-
ficult to conclude that the distribution is normal.

Log-Normal Distribution. Log-normal distribution is
closely related to normal distribution. If the logarithm of a
variable is normally distributed, then the variable itself is log-
normally distributed. Fig. 2.33 shows this transformation
schematically. In this figure, the log-normal distribution is
skewed with a long tail on the right side. After transforming
the data by taking the log of the variable, however, the dis-
tribution becomes symmetric and normal.

If we consider X to be a log-normally distributed variable,
we can define Y = InX, where Y = the value of the natural
logarithm of the random variable X. If the mean of the vari-
able Yis a and the variance is 3%, we can write the probability
density function for the variable X as

2

1 1(x—a
——exp| — = forx > 0.
X3 211 P 2( B )

................. (2.102)

f(x) =

We can show that the mean and the variance of Random
Variable X is related to the mean and variance of the trans-
formed variable Y.

n = exp[a + g]

and 0? = ,uz[e/52 - 1],

..................... (2.103)

.................... (2.104)

where u = the mean of Variable X and 0> = the variance of
Variable Y. With Egs. 2.103 and 2.104, we can still use Table
2.11 to determine the probability values for the log-normal
distribution.

Numerical Example 2.22. Permeability values in a reservoir
are expected to be log-normally distributed with a mean of 20
md and a variance of 2,000 md>. What is the probability that
the value of permeability in the reservoir at a given location
will exceed 200 md?
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Fig. 2.32—Probability plots for porosity data: (a) Well 34-29 and (b) Flow Unit 3.
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Fig. 2.33—Transformation for log-normal to normal distribution.

Solution. In this example, 4 = 20 md and ¢* = 2,000
md?. Rearranging Egs. 2.104 and 2.103 gives, respectively,

g = ln[l + Z—z] ...................... (2.105)

_ B
anda = Inu T e
Note that Table 2.11 is applicable to the normal distribution.
Therefore, we need to consider the mean and the variance of
the transformed variable before we can standardize it. Substi-
tuting into Eqgs. 2.105 and 2.106 gives, respectively,

(2.106)

2,000
2 s —
p* = ln[l + =100 ] = 1.792
and a = In(20) — —1‘7292 =21

Standardizing gives

_Inx —a _ In(200) — 2.1
B J1.792

From Table 2.11, F(2.39) = 0.992. That is, the probability
that permeability will be less than 200 md is 99.2%. Or, in oth-
er words, the probability that the permeability will be greater
than 200 md is (1 — 0.992 = 0.008) 0.8%.

Similar to normal distribution, the assumption of log-nor-
mal distribution can be validated by plotting the data on log
probability paper. If one observes a straight line, the distribu-
tion is log-normal. Reservoir permeability is the property
most commonly assumed to have log-normal distribution.
The famous Dykstra-Parsons coefficient, Vpp, which de-

= 2.39.
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scribes reservoir heterogeneity for the well data, assumes a
log-normal distribution of permeability and is defined as

...................... (2.107)

where ks, = the 50th percentile permeability value and
k5o = the 15.9th percentile permeability value when the data
are ordered in an ascending fashion.

Field Example 2.10. With the permeability data from Well
34-29 and Flow Unit 3. Fig. 2.34 shows the log probability
plots for both the data sets. As Field Example 2.10 shows, the
data collected from Well 34-29 are from several geological
units. As a result, the data show several inflection points. The
flow-unit data show a smoother trend. Although the data devi-
ate at permeability values greater than 700 md, they show a
fairly linear trend at less than 700 md. The Dykstra-Parsons
coefficient for the flow-unit data is approximately 0.95,
which indicates a highly heterogeneous reservoir.

Several advantages are associated with the assumption of
one of the distributions describing reservoir properties. The
most important is the ability to capture the characteristics of
the distribution with a limited number of parameters. All
three distributions described require only two parameters to
describe the distributions completely. Uniform distribution
requires the minimum and the maximum, and normal and log-
normal distributions require the mean and the variance. Once
those parameters are known, the entire distribution is known.
However, as Field Example 2.9 illustrated, if the property
cannot be described with a particular distribution function,
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Fig. 2.34—Log probability for permeability data: (a) Well 34-29 and (b) Flow Unit 3.

the frequency distribution is the only way to capture the de-
tails of the distribution. Instead of requiring only two parame-
ters, the frequency distribution requires storage of a lot more
information to characterize the distribution.

Another advantage of assuming either a normal or log-nor-
mal distribution is the simplicity of the mathematical treat-
ment. The normal distribution is especially amenable to many
analytical modifications that allow much more simplified es-
timation procedures in geostatistical techniques. As a result,
the assumption of a normal distribution makes the computa-
tional procedures much more efficient. However, these dis-
tribution functions should not be forced on any variable for
the sake of computational speed or mathematical con-
venience because, unfortunately, these assumptions may
sometimes result in erroneous results. We should take advan-
tage of the distribution functions only if we are convinced that
they do represent the reality of variations in the properties.

2.3.7 Inference of Parameters. Inference, as could be ex-
pected, is one of the important steps in inferential statistics.
Inference allows estimation of population parameters from
sample statistics. For example, the sample statistics may in-
clude determination of the sample mean, X, and sample vari-
ance, s*. From these statistics, we are interested in inferring
the population parameters, such as the population mean, u,
and the population variance, 0> Because we do not know the
true population, we can only estimate the parameters. We dis-
tinguish the symbols for estimated and true parameters by ad-
ding a hat to the symbol for estimated parameters (e.g., esti-
mated population mean is g and true population mean is u).
Because we are estimating the parameter, some uncertainty is
associated with it. The estimate can be considered to be aran-
dom variable with some distribution associated with it, and

the distribution may indicate our confidence in the estimate.
Because of these characteristics, two desirable characteristics
in the estimate are unbiasedness and mimimum variance.

Unbiasedness. One desirable characteristic is that the esti-
mate be close to the true value of the parameter. Fig. 2.35
shows the estimated parameter 6 with its associated distribu-
tion. The true parameter 6 ideally “falls” somewhere close to
the middle of the distribution. This desirable property can be
defined by stating that the expected value of the estimated pa-
rameter is the same as the true parameter.

E[G] =0, (2.108)

In other words, “on average,” the value of the estimate is
equal to the true parameter.

Minimum Variance. Fig. 2.36 shows three estimates of an
unknown parameter. All three estimates are unbiased; howev-
er, Estimate 1 is more desirable than the other two because it
shows the smallest range of uncertainty. A value estimated
with less uncertainty can be predicted with more confidence.
Variance indicates the spread of the estimate; therefore, mini-
mizing the variance results in a desirable estimate.

Combining these two desirable properties, unbiased esti-
mate and minimum variance, we can use the minimum-vari-
ance unbiased-estimate (MVUE) technique. This technique
used to estimate values at unsampled locations in geostatisti-
cal methods. Appendix B provides a simple application of the
MVUE technique for a linear-regression problem.

MVUE is not the only technique with which to estimate pa-
rameters. Other techniques exist in the literature for estima-
tion of parameters (e.g, the method of moments; the method
of maximum likelihood; and more sophisticated techniques,
such as penalty-function methods). These techniques are

+*D
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(b) 8

Fig. 2.35—(a) Desirable and (b) undesirable unbiased condition.
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Fig. 2.36—Minimum variance condition.

based on heuristic principles in terms of what is considered a
desirable characteristic of the estimate. For example, a biased
estimate with a smaller variance may be preferable to an un-
biased estimate with a larger variance. If the true population
parameter is not known, the techniques cannot be compared
to examine which is the best one. In practice, however, many
of these techniques have worked well for estimating unknown
parameters. For our purposes, we assume that the MVUE
technique provides the best estimate.

Summary

This chapter covers a lot of material on understanding statis-
tics principles. Many standard statistics books devote many
chapters to the topics covered in this single chapter. Our goal,
however, is not to make the reader expert in these techniques,
but to familiarize the reader with the terminology of statistical
principles and to expose the reader to the basic concepts of
statistics. Appendix B covers the mathematical details of the
equations used in the chapter to explain the concepts.

The chapter is divided into two main sections: principles of
descriptive statistics and principles of inferential statistics.
The descriptive-statistics section discusses several useful
techniques that can be used to understand the characteristics
of the sample data sets. Special emphasis is placed on the spa-
tial data sets that are collected in analyzing reservoir charac-
teristics. Field examples illustrate many techniques.

The section on inferential statistics introduces the concept
of probability and its properties and applications. The random
variable and its functions are illustrated, followed by the prin-
ciple of expected value. Three distribution functions that have
applications in geostatistical methods are described in addi-
tional detail, and the desirable characteristics of the estimator
technique are presented.

Starting with Chap. 3, how these principles can be applied
to quantify and to analyze spatial characteristics of the reser-
voir data is illustrated.

Nomenclature

a,b = minimum and maximum of uniform
distribution, respectively
Ay = subarea size, L?
A, = total area, L?
A,B,C = event of a random experiment
b = intercept
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¢,d = constant used to define bivariate distribution

c(x,y) = sample covariance between x and y variables

C(X,Y) = population covariance between random
variables X and Y

C, = coefficient of variance.
= event
= expected value of random variable X
f; = class frequency of Class i
fri = relative class frequency of Class i
= probability density function for continuous
random variable X

f(x,y) = probability density function for a bivariate

distribution of continuous random variables X

and Y

Jfx(x) = marginal distribution of continuous random
variable X

f¥(y) = marginal distribution of continuous random
variable Y

Sfxr(xly) = conditional distribution of continuous random
variable X given a particular value of
continuous random variable Y

F = failure
F; = cumulative relative frequency of Class j,
defined in Eq. 2.3
F(x) = cumulative-distribution function of random

variable X
F(x,y) = cumulative-bivariate-distribution function of
random variables X and Y
= permeability, L% md
= constant
lag distance between two samples, L, ft
= slope of best-fit line
= total number of samples, n
= number of times an experiment is conducted
under controlled conditions, n
number of mutually exclusive events, n
number of possible outcomes of a random
variable X, n
ny = number of possible outcomes of a discrete
random variable Y, n
= total number of classes, n
N = random-number realization
o = number of possible outcomes, n
p(A) = probability of Event A
p(AIB) = conditional probability of Event A given that
Event B has occurred
probability mass function for a discrete random
variable
Py, Py = marginal distributions of discrete random
variables X and Y, respectively
Pyy(xly) = conditional distribution of a discrete random
variable X given value of a discrete random
variable Y
Q = quantile
r(x,y) = sample correlation coefficient

P(x) =

R = sample range
R,,R, = rank of sample for variables x and y,
respectively, when arranged in descending or
ascending order
Ryoer = rank of log k
R, = rank of ¢

s = sample standard deviation
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Sipex = standard deviation of log k
s, = standard deviation of ¢
= sample variance
S = sample space
t = dummy variable
u = spatial location
u(x) = function of variable x
u(X) = function of random variable X
u(x,y) = bivariate function of variables x and y
Vop = Dysktra-Parsons coefficient
V(X) = variance of random variable X
w; = weight assigned to Sample i; Eq. 2.10
x; = value of Sample i for Variable x
Xmax = Maximum value in the sample
Xmin = Minimum value in the sample
X = sample mean
X = sample median
x? = p percentile value of Variable X
x(u) = variable x at location u
X, Y = random variables
y; = value of Sample i for variable y
z = standard normal variable
a = arithmetic mean of the log of a log-normally
distributed variable
B? = variance of the log of a log-normally
distributed variable
6 = population parameter
u = population mean
plX, Y] = population correlation coefficient
o = population standard deviation
2 = population variance

PRINCIPLES OF STATISTICS

¢ = porosity

Superscript

= estimated
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Chapter 3

Spatial Relationships:
Estimation and Modeling

3.1 Introduction

In this chapter, we discuss various techniques of describing
the spatial relationships for geoscience data. As Chaps. 1 and
2 explained, geoscience data sets are distinguished from other
types of samples in one important aspect, they exhibit spatial
relationship. In simple terms, neighboring values are related
to each other. This relationship becomes stronger as the dis-
tance between neighboring values decreases and, in most
cases, becomes uncorrelated beyond a certain distance. This
type of qualitative information must be defined in a form suit-
able to be used to estimate values at unsampled locations.
This chapter discusses various methods for estimating spatial
relationships. It also describes the procedures used to model
spatial relationships so that they can be incorporated into
techniques that estimate values at unsampled locations.

The chapter is divided into several sections. The first sec-
tion describes the importance of the assumption of stationar-
ity before estimating spatial relationships. These spatial rela-
tionships are based on observed sample data; however, we use
them to estimate values at locations where we have no sam-
ples. Understanding the assumptions that define the regions
where estimated relationships can be applied is important.

In the second section, we present conventional summary
statistics used to describe spatial relationships. Chap. 2 al-
ready described the covariance and the correlogram. The sec-
tion also introduces the variogram, the most commonly used
statistic to describe spatial relationships. As in other chapters,
numerical and field examples illustrate the techniques.

Although the variogram is the most commonly used statis-
tic, in practice, estimation of variograms requires great care
and caution. In the next section, we discuss several potential
problems in estimating variograms and the practical solutions
that can be implemented to minimize their effects. These
problems include lack of sufficient pairs at a given lag dis-
tance, instability in estimated values, undue influence of out-
lier data, and biased sampling. We propose solutions to all
these problems.
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Once the variogram is estimated, the next step is modeling
the variogram to present it in a convenient format. Certain re-
strictions exist in modeling the estimated variogram. The next
section discusses these restrictions and the type of models
used. The section is divided in terms of models with a sill and
models without a sill. The distinction is made by the type of
variogram observed. Models with a sill are used when the va-
riogram reaches a constant value after a certain lag distance,
and those without a sill are used when the variogram does not
reach a constant value over the region of interest. The section
on models without a sill also includes discussions of fractal
models and of models that capture the “hole effect” (an effect
evident in the vertical direction where geological environ-
ments are repeated through depositional cycles).

The next section deals with constructing spatial relation-
ships between two different variables situated at different
locations in contrast with the previous sections, which dealt
with the spatial relationship for one variable situated at differ-
ent locations. Both estimation and modeling procedures for
these cross relationships are presented.

The following section addresses alternative methods for
describing spatial relationships. The recent literature has pre-
sented several new techniques that allow generation of reser-
voir descriptions in a more flexible format. Some of these
methods are not restricted by conventional geostatistical par-
adigms and therefore allow more flexibility in describing the
spatial relationships. We discuss some of these relationships.

In the last section, we summarize the major conclusions of
this chapter. As in previous chapters, only necessary mathe-
matical details are included within the text of the chapter. Ap-
pendix C provides additional details and derivations.

3.2 Random-Function Model

Chap. 2 introduced the concept of a random experiment: an
experiment that may result in several possible outcomes,
none of which can be predicted with certainty. The chapter
also discusses reasons for considering the drilling, as well as
arandom experiment. Although drilling of a well may result
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in only one outcome, it is treated as a random experiment be-
cause of lack of knowledge about the outcome.

We can extend this concept to estimating values at un-
sampled locations. The goal of geostatistics is to estimate val-
ues at locations where there is no information. We use avail-
able sample data sets to develop certain models and use those
models to predict the values at unsampled locations. If we can
develop acompletely deterministic model based on the evolu-
tion of the reservoir, we will be able to predict every reservoir
property at every location with certainty. However, we do not
have this knowledge; therefore, our approach has to be empir-
ical and associated with uncertainty. Although we use all the
available sample data in the best way possible, estimates at
unsampled locations have an associated uncertainty. To re-
flect this uncertainty, we treat our estimates as random vari-
ables (denoted by uppercase letters). For example, if an un-
sampled location is u,, the estimated value is denoted as
X(u,), where X is the variable. In addition to the estimated val-
ues, we treat the sampled values as random variables because,
as indicated earlier, we do not know in a deterministic way
that we arrived at those sample values. Lack of full knowl-
edge regarding the presence of a particular value of a variable
ata particular location justifies treating the sampled locations
as random variables. The actual samples are simply realiza-
tions of those random variables.

In describing both the sampled data and variable values at
unsampled locations in terms of random variables, we are us-
ing what is called a random-function model. In reality, we
may have only one value at each sampled location. However,
in a deterministic sense, we do not know, for example, why
a porosity of 15% is observed at a particular location. To ac-
count for this lack of knowledge, we treat both sampled and
unsampled locations with a random-function model.

3.2.1 Requirement of Stationarity. In addition to assuming
that all locations are described by random variables, we also
have to consider the restrictions associated with using avail-
able sample data to predict values at unsampled locations.
Chap. 1 briefly discussed the assumption of stationarity. This
assumption, in qualitative terms, requires that the proposed
model based on our sampled data can adequately describe the
behavior of the population. We want to infer the population
on the basis of the sample data. As in the case of any other sta-
tistical-inference technique, we cannot prove or disprove this
assumption. We simply have to make an informed decision
regarding what information we can use to describe the region
of interest.

In practice, this decision obviously is based on all available
information. There is, however, a danger in overcategorizing
information in defining small regions of stationarity where a
particular data set may be applicable. The region of stationar-
ity also cannot be overly broad. If very distinct geological ver-
tically stacked units are present, it may be inappropriate to
combine them into a single region of stationarity. At the same
time, if regions that are too small are specified, we may have
very limited data for each region. Although it is difficult to
state a general rule about how the region of stationarity should
be defined, it suffices to state that the largest amount of rele-
vant information should be collected to make reasonable pre-
dictions about the populations. The decision is necessarily
subjective and varies from field to field. Also, during early
stages of development, a large region of stationarity may have
to be used because of limited data. As more information is
gathered, we may be able to define the region. Note that geos-
tatistical techniques are not the only techniques where this as-
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sumption has to be made. Every interpolation technique
makes this implicit assumption before sample data are used.

In making the assumption of stationarity over the region of
interest, we try to make it the least restrictive possible. For
geostatistical purposes, the first and second orders of station-
arities must be satisfied.

Mathematically, the first order of stationarity can be writ-
ten as

xa@) = fx(i + )}

where {[ ] = any function of a random variable and () and
(4 + L) define the two locations of the random variable. The
most commonly used function is the expected value. There-
fore, we can write

EIXG)] = E[X(ﬁ + Z)]

That is, the expected value of a random variable at U is the
same as the expected value of a random variable L lag dis-
tance away. The value of L can vary from zero to the maxi-
mum distance between variables within the region of interest.

What does this definition mean in practice? The expected
value of the variable itself is an arithmetic mean. Therefore,
the definition means that arithmetic means of random vari-
ables across the region are the same. In practice, this translates
into local means being approximately constant. If we divide
the region of interest into small subregions and calculate the
means of samples within these subregions (assuming that ad-
equate numbers of samples are present within each subre-
gion), those means should remain fairly close to each other.
If the means vary significantly, the assumption of stationarity
may not hold. Also, if the sampled data have a strong trend,
the first order of stationarity may not hold.

In practice, local means frequently differ significantly. An
example of this is Field Example 2.3 in Chap. 2, which pre-
sented the local means of Flow Unit 3 porosity data from the
field data set. One option is to reduce the region where the
means are approximately constant. Another option is to use
modifications in describing our spatial relationships. This
chapter discusses some of the modified techniques used to
overcome local variations in sampled data sets. We can use
the first option if adequate data exist within each of the small-
er regions to pursue our studies. In practice, this may not be
possible; therefore, the second option is used more often.

The second order of stationarity can be mathematically de-
fined as

f[X(ﬁl),X(ﬁl + Z)] - f[x@),x(ﬁ2 + Z)]

This relationship indicates that any function of two random
variables located L distance apart is independent of the loca-
tion and is a function of only the distance and the direction
between the two locations. The arrows over the u and L indi-
cate that locations can be treated in terms of vectors rather
than distances.

In practice, we can use covariance as one of the functions
that relates two variables located a certain distance and direc-
tion apart. In other words,

C[X(ﬁ’l),X(ﬁl + Z)] - C[X(ﬁz),X(ﬁ’z + Z)]



TABLE 3.1—POROSITY DATA FOR
NUMERICAL EXAMPLE 3.1
Depth Porosity
@ (%)
2,040 8.25
2,041 9.00
2,042 6.25
2,043 5.00
2,044 5.30
2,045 4.75
2,046 5.00

That is, the covariance within the region of stationarity is
a function of only the vector L, not of the variable itself. This
is an important assumption. It means that, as long as we know
the distance and direction between any two points, we can es-
timate the covariance between the random variables at these
two points; we do not need the actual random variables at
those locations. Eq. 3.4 can therefore be written as

C[X@,x(ﬁ + E)] = C(Z). ................ (3.5)
With the definition of covariance,
C[X(ﬁ),x(ﬁ + Z)] = E[X@,X(ﬁ + Z)]
- E[X(ﬁ’)]E[X(ﬁ + Z)] ................ (3.6)

However, Eq. 3.6 can be simplified because of Eq. 3.2: first-
order stationarity assumption. We can write,

—) —)

C[X(ﬁ),x(ﬁ + L)] - E[X(ﬁ),x(ﬁ + L)] — {EIX@)

We can define another function that describes the relationship
between two variables located a certain distance apart: the va-
riogram; this is discussed in the next section.

3.3 Spatial Relationship

In this section, we discuss the spatial relationships most com-
monly used to describe how neighboring values are related.
Chap. 2 discussed two of the three relationships: covariance
and correlation coefficient. We simply recall their introduc-
tion under assumptions of stationarity. We also introduce the
most commonly used spatial relationship in geostatistics, the
variogram.

3.3.1 Covariance. Chap. 2 introduced covariance as a way to
capture the spatial relationship. Eq. 3.7 defines covariance
under the first- and the second-order stationarity assump-
tions. With that definition, in practice, estimated covariance
can be calculated as

) 0 T
C(L) = LZ)c(ﬁl-)x(ﬁ,- + L) —

1 7
H(E> i=1 " ;xw’ ’

where ng_:) = number of pairs at vector distance L s x(id), and
x(u; + L) = values of the variable atlocations #;and u; + L,
respectively; and n = total number of sample points. The se-
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cond term on the right side of Eq. 3.8 represents the arithmetic
mean of all the data points. ¢(L) = the estimated value based
on the sampled data. We can rewrite Eq. 3.8 as
—) ”(Z> —
c(L) = % x(ﬁ,-)x(ﬁ,- + L) - ¥
n L) i=1

where X = the arithmetic mean of the sample data.

Numerical Example 3.1. This example uses the sample data
used in Numerical Example 2.6. Table 3.1 gives the porosity
data as a function of depth in a vertical well. For convenience,
we have used only seven porosity values; in practice, howev-
er, we will have a lot more values. Estimate the covariance as
a function of lag distance.

Solution. Touse Eq. 3.9, we first need to calculate the arith-
metic mean.

r=13.@)
i=1

%(8.25 + 9.0+ 625+ 5.00 + 53 + 4.75 + 5.0)

= 6.22.

Because the data are collected in only one direction (vertical-
ly), we do not need to worry about the direction. For a lag dis-
tance of 1.0 ft, we have six pairs. With Eq. 3.9,

(1) = %(8.25 X 9.0+ 9 X 625+ 625 x50
+ ...+ 475 x 5.0) — (6.22)° = 0.8408.
Similarly, at a lag distance of 2.0 ft, we have five pairs.

c(2) = =(8.25 X 6.25 + 9.0 X 5.0

N |—

+ ...+ 53Xx50) - (622 = — 2.7009.

Using similar calculations, we can calculate the value of
covariance at a lag distance of 3 ft as

c(3) = %(8.25 X 50+ 9.0 X534+ 625 X475

+5.0 X 5.0) — (622)° = — 2.7790.

We calculate only to this point because the number of pairs be-
comes smaller at additional lag distances. As a special case,
the definition at L = 0 is

c(0) = %ix(ﬁ,-)x(ﬁi) -7

i=1

This is the definition of variance. For the present data,

<(0) %(8.252 +9.0° + ... + 57 — (6.22)°

2.565.

We repeat these calculations although we have already done
them in Numerical Example 2.6. Re-examination of Numeri-
cal Example 2.6 shows that the answers differ slightly. For ex-
ample, at L = 1 ft, the estimated covariance in Numerical
Example 2.6 was 0.43, while it is 0.823 in this case. Similar
observations can be made at other lag distances. This differ-
ence is caused by the additional assumption of the first order
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of stationarity made in this example. The difference between
the two answers is significant. The next section discusses
which is more appropriate.

3.3.2 Correlation Coefficient. The correlation coefficient
can also be used to describe the spatial relationship. Recall the
definition of correlation coefficient for describing the spatial
relationship.

plL) =

where p(L) = the correlation coefficient at lag distance L;
C(L) =covariance; and 0 and o, AL = = standard deviations
for the data at locations u and u + L,respectively. However,
if we make the assumption of the second order of stationarity,

we can state that

00, ;

VIX(@)] = v[x(;i + Z)] = C0). . 3.11)
Therefore, we can also state that
0, =0..=yC0O). ... (3.12)
Substituting Eq. 3.12 into Eq. 3.10 gives
. _dr)
p(L) = m .......................... (313)

Using the sample data, we can write the estimated value of the
correlation coefficient as

where ¢(0) = sample variance.

Numerical Example 3.2. Using the data from Numerical Ex-
ample 3.1, calculate the correlation coefficient as a function
of lag distance.

Solution. The values of covariance were computed earlier.
Therefore, the correlation coefficient at L = 1 ft is

_ <) _ 0.8408
=20~ 257 - 0327
Similarly,
r2) = % — — 1.5,
3 = =220 = — 108,
and 10) = 028; 1.0.

These values are different from the ones calculated in Numer-
ical Example 2.6 because of the assumption of second-order
stationarity in this example. The next section discusses the ap-
propriateness of the relevant equations for examining the
field data.

3.3.3 Variogram. The variogram is the most commonly used
geostatistical technique for describing the spatial relation-
ship. Mathematically, it is defined as

SPATIAL RELATIONSHIPS: ESTIMATION AND MODELING

= %V[X(ﬁ’) - x(i + E)]

Itis half of the variance of the difference between the two val-
ues located L distance apart. Before we expand this term, we
need to understand the behavior of the variogram qualitative-
ly. As the definition indicates, the value of the variogram is
zero at L = 0 because

y(0) = 3 VIXG) — X@)] = 0.

Because of our assumption for the geoscience data, the differ-
ence between the two values increases as the distance in-
creases. That is, variance increases as lag distance increases,
which is exactly opposite of covariance. Unlike covariance,
the variogram starts with a zero value and increases as the lag
distance between the two values increases.

With the definition of variance, we can expand Eq. 3.15 as

£ = %(E[[X@ (e 1)
_ E{[X(;i) — (@ + Z)”z)

However, the assumption of first-order stationarity requires
that

EIX@)] = E[X(ﬁ + Z)]

Therefore, the second term on the right side of Eq. 3.17 is
equal to zero. Simplifying,

2
y(L) = %E{[X(ﬁ’) ~ X(ii + L)} ] ......... (3.18)
With the definition of covariance, Eq. 3.18 becomes
y(f) = C(0) — C(Z). .................... (3.19)

Appendix C gives the details of the derivation of Eq. 3.19.

As expected, the variogram is closely related to the covari-
ance if the assumptions of the first- and second-order sta-
tionarities hold. The variogram increases as the covariance
decreases. Both the variogram and covariance capture the
spatial relationship. The variogram increases as the lag dis-
tance between the values increases (the relationship gets
weaker); the covariance decreases as the lag distance between
the two values increases.

In practice, Eq. 3.18 can be written as

"(Z) 2

)9(1_,)) = %Z[Jc(ﬁi} - x(b_[l- + Z)]
ZH(L) i=1
where n(L) = number of pairs at lag dlstance L; x(u;) and
x(u; + L) = data values for the ith pair located L lag distance
apart. The accent (hat) over y indicates that it is an estimated
value based on the sample data.

Numerical Example 3.3. Use the data from Numerical Exam-
ple 3.1 to estimate the variogram as a function of lag distance.
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0 1 2 3

Lag Distance, ft

Fig. 3.1—Variogram and covariance for Numerical Example 3.3.

Solution. As in the case of colariance, first gather all the
pairs at a given lag distance. For L = 1 ft, there are six pairs.
Therefore, using Eq. 3.20 gives

() = 3 ! 6[(8.25 — 9.0 + (9.0 — 6.25)

o+ 475 - 5.0)2] = 0.845.

Similarly, for L=2 ft, we have five pairs;

1
2X5

$2) = (825 — 6.25)" + (9.0 = 5.0)°

..+ (530 — 5.0)2] = 2.11.

For L = 3 ft, we have four pairs;

y(3) =

1 . 2 . 2
R 4[(8.25 5.0)° + (9.0 — 5.3)
+ (625 — 475 + (5.0 — 5.0)2] = 331.

We already established that 7(0) = 0.

Fig. 3.1 shows a plot of the variogram as a function of lag
distance. For comparison purposes, the covariance values are
also shown. As discussed earlier, these show opposite trends
as lag distance increases.

Both the variogram and covariance can capture the spatial
relationship adequately. Why use the variogram instead of the
covariance? Onereason is tradition. By convention, the vario-
gram has been used in geostatistics to describe spatial rela-
tionships. Most geostatistics literature also uses the vario-
gram; therefore, an understanding of the variogram concept
makes it much easier to follow the literature. The second rea-
son is that the variogram can capture the spatial relationship
under certain conditions where covariance may not. The va-
riogram calculation requires only an assumption that variance
of the difference between two values be finite (Eq. 3.15),
while calculation of covariance requires that the variance of
the data, C(0), be finite. In some instances where data vari-
ability increases as distance increases within a region of inter-
est, estimation of the value of C(0) may not be possible but
estimation of the variogram might. In other words, estimation
of the variogram requires less restrictive assumptions (only
that the variance of the increment be finite, which is also
called the intrinsic hypothesis!) than the covariance. In most
practical situations, this difference may not be important.2-#
However, because of the popularity of the variogram, most of
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Fig. 3.2—Estimated variogram and covariance for Field Exam-
ple 3.1.

-0.002

the spatial relationships in geostatistics still are described by
variogram rather than covariance.

Field Example 3.1. Generate the variogram and covariance
for the well porosity data for Well Nos. 34-29.

Solution. We generated the covariance and correlogram
figures (Fig. 2.23) for the well data in Field Example 2.8.
Here, we use the definitions of the variogram and covariance,
which are based on the assumption of second-order stationar-
ity, to generate the variogram and covariance.

Fig. 3.2 shows a plot of the variogram as a function of lag
distance for well-porosity data. As expected, the variogram
starts with a value of zero and increases slowly. At approxi-
mately (f) = 13 ft, the variogram reaches a constant value.
In geostatistical terminology, the distance at which the vario-
gram reaches a constant value is called the “range” of the va-
riogram. The range represents the distance to which neigh-
boring values are related to each other. The relationship gets
weaker as lag distance increases, starting with a distance of
zero. Beyond the lag distance equal to the range of the vario-
gram (= 13 ftin Fig. 3.2), the neighboring values are uncorre-
lated with each other.

The covariance plotin Fig. 3.2 is essentially a mirror image
of the variogram plot. It starts with a value corresponding
to C(0) and reaches a constant value at (Z) = 13 ft. The
covariance at that distance is approximately zero, indicating
the uncorrelated nature of the data beyond that distance. As
explained earlier, the distance at which the covariance reach-
es a constant value is called the range of the covariance.

With Eq. 3.19,

y(L) = co - (L)

therefore, at a lag distance of zero, y(f) = 0. Similarly, be-
yond the lag distance equal to the range, C(L) = 0 (see Fig.
3.2). Substituting this value into Eq. 3.19 gives

y(L) = co

for L = a, where a =range. That is, the value of the sill is
approximately equal to the variance of the data. In practice,
the sill may not be exactly equal to the variance of the sample.
This may be because of the data configuration or sampling
scheme. However, in many instances, the sill is very close to
the variance of the data.
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3.4 Estimation of Variogram

Sec. 3.3 discussed the basic definition of the variogram and
estimation of the value of the variogram with an appropriate
equation. In practice, several difficulties are encountered in
estimating the variogram. Because the goal is to capture the
spatial relationship in the best way possible, the original va-
riogram equation is modified to capture the spatial relation-
ship. This section discusses common problems encountered
in variogram estimation and the proposed solutions imple-
mented in practice. While many of these proposed solutions
may not have a strong theoretical foundation, they have been
proved to work in practice.

3.4.1 Lack of Sufficient Pairs. As defined, the variogram is
a statistical property. We calculate the “average” squared dif-
ference between two values located a certain lag distance
apart. For this average to be truly representative of a given lag
distance, sufficient data pairs are needed for that lag distance.
For the vertical data set examined in Field Example 3.1, the
sample data were collected at uniform intervals. There were
sufficient numbers of pairs for all lag distances in this case.
Although defining a precise number of pairs as sufficient is
difficult, at least seven to ten pairs are needed for areliable es-
timate of the variogram for a given lag distance. Obviously,
the more pairs we have for a given lag distance, the more pre-
cise the estimate of the variogram. Also, it is important to re-
member that the minimum number of pairs is only relevant to
the extent that a reliable, interpretable experimental vario-
gram can be observed. For example, if ten pairs do not provide
an interpretable structure, alternative means of obtaining a
more reliable variogram need to be explored.

Number of Pairs. A commonly used method to ensure suf-
ficient pairs for a given lag distance is to restrict the maximum
distance at which the variogram is computed. For a given re-
gion of stationarity, the possible number of pairs decreases as
lag distance increases. Numerical Examples 3.1 and 3.2,
where the number of pairs decreased as lag distance in-
creased, illustrated this. Eventually, as the lag distance corre-
sponds to the maximum possible distance between any two
sample points, only one data pair may be available at that lag
distance. Obviously, we may not be able to obtain a reliable
estimate of the variogram at that lag distance. To avoid this
problem, a rule of thumb used in the geostatistical literature
is to use half the maximum possible distance within a region
of interest as the maximum lag distance at which the vario-
gram is calculated. For example, if 10,000 ft is the maximum
distance between any two sample points within the region of
interest, the variogram estimation is restricted to a maximum
lag distance of 5,000 ft.

This rule of half the maximum distance also serves another
important purpose. Recall the definition of the estimated va-
riogram (Eq. 3.20).

"(Z) 2
}Q(L) = ﬁz);[x(ﬁi) - x(ﬁ,» + L)] .

Because the variogram is computed as the average of the
squared difference, it is symmetric. That is, whether we take
the difference as [x(u) — x(u + L)] or [x(u + L) — x(u)],
the answer does not change. The variogram provides the same
estimate by adding 180° to the given direction. Using the half-
the-maximum-distance rule effectively ensures that represen-
tative pairs are collected on both sides of a given location.
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Fig. 3.3—Tolerance with respect to lag distance.

Lag Tolerance. The second alternative to ensure sufficient
pairs for a given lag distance is to define the tolerance with re-
spect to the distance as well as with respect to the direction.
This is especially useful for areal data sets. Typically, ex-
amination of areally distributed data shows that the samples
are not distributed at uniform intervals; therefore, a sufficient
number of pairs for a precise lag distance cannot be obtained.
For example, to estimate the variogram at a lag distance of
330 ft, we may have one data pair at precisely 330 ft. Howev-
er, we may have three additional pairs between 310 and 330
ftand five additional pairs between 330 and 350 ft. Obviously,
one pair, precisely at 330 ft, does not provide a reasonable es-
timate of the variogram. However, we can capture additional
pairs for a better estimate of the variogram by defining a toler-
ance with respect to the lag distance. The variogram defini-
tion is modified as

H(E + AL) = +ﬁ) > [y — ofi + ]

where AL = tolerance with respect to lag distance. To esti-
mate the variogram at a lag distance of L, we collect all the
pairs within L = AL lag distance. Fig. 3.3 illustrates toler-
ance with respect to distance for an isotropic search, which is
concerned only with distance for all the angles. When search-
ing for sample points away from x(iz) at a given distance L,
we can search for all the data points within L + AL distance.
In Fig. 3.3, no sample point is precisely at a distance L; how-
ever, by using a tolerance of AL, we can obtain two pairs at
that lag distance.

In a similar fashion, Fig. 3.4a shows a tolerance with re-
spect to distance and direction in a 2D domain. A tolerance of
L + AL is defined with respect to distance, and 0 + A6 is
defined with respect to direction.

In addition to tolerance with respect to direction, another
restriction can be placed on picking appropriate pairs. We can
define a bandwidth, which is a distance perpendicular to the
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Fig. 3.4—(a) Tolerance with respect to distance and direction for
variogram estimation. (b) Use of bandwidth to restrict direction-
al tolerance.

direction in which we are computing the variogram. This dis-
tance defines the maximum width of the area to be used to se-
lect the data pairs. As Fig. 3.4b shows, at higher lag distances,
once the area reaches the maximum width, the same width is
used to select appropriate pairs for a given lag distance and to
select the direction. In the absence of the bandwidth restric-
tion, the width of the areal coverage increases as the lag dis-
tance increases. Bandwidth allows better control of the direc-
tionality of the estimated variogram.

In 3D data sets, if we define tolerances with respect to dis-
tance and two directions, the tolerance volume looks like a
flattened cone. The bandwidth has to be defined for both
directions.

The tolerance that is appropriate with respect to distance
and direction is a subjective decision. The guiding principle
should be to use the tolerance that is appropriate to achieve a
clearly interpretable variogram structure. As Deutsch and
Journel® state, in general, the spatial structure cannot be
created by manipulating the tolerance and direction if it does
not exist within the data. However, a poor choice of tolerance
may mask the existing spatial structure. Therefore, a toler-
ance should be chosen so that the most interpretable vario-
gram is obtained.

In practice, estimation of the variogram should begin with
a small tolerance. If the variogram does not exhibit a clearly
defined structure or shows too many fluctuations, the toler-

58

ance should be increased. The smallest possible tolerance at
which an interpretable structure can be observed should be
used to estimate the variogram. This technique applies wheth-
er the tolerance is defined with respect to distance or direc-
tion. If the tolerance is too large, the estimated variogram may
not be as “crisp”; that is, some details in structures may be lost
that may be important from a spatial relationship point of
view. Specifically, if the spatial structure indicates anisotropy
(different spatial relationships in different directions), a large
tolerance with respect to direction may camouflage the aniso-
tropic structure. For example, if the ratio of the range in the
variogram in the x direction to the range of the variogram in
the y direction (which is perpendicular to the x direction) is 5,
using a tolerance of +45° with respect to the angle, may re-
duce the ratio to 2.4.5 Tt is, therefore, important to use the
smallest possible tolerance to capture both the true structure
and the anisotropy, if present.

From an estimation point of view, it is always preferable to
start with an isotropic variogram structure before investigat-
ing the presence of anisotropy. The isotropic variogram struc-
ture assumes that the variogram structure is a function only of
distance, not of direction (see Fig. 3.3). Estimation of the iso-
tropic variogram allows adjustment of some of the parameters
(such as tolerance with respect to distance) before proceeding
with estimation of the anisotropic variogram. Also, in almost
all instances, some type of spatial structure should be evident
in the isotropic variogram. If no apparent structure is ob-
served in an estimated isotropic behavior, it is difficult to
imagine that some type of structure can be captured by inves-
tigating the anisotropic behavior. It is important to remember
that the isotropic variogram, by considering all the pairs at a
given lag distance independent of direction, uses a lot more
pairs ata given lag distance compared with the anisotropic es-
timated variograms, which are restricted by direction as well
as distance. Therefore, the isotropic variogram should pro-
vide a more stable structure than any of the anisotropic vario-
grams. If interpretable structure cannot be captured with an
isotropic variogram, it is almost impossible to observe an in-
terpretable structure in anisotropic variograms.

Field Example 3.2. Investigate the effects of distance and
directional tolerances on the estimated variogram for the po-
rosity data for Flow Unit 3.

Solution. This particular data set represents the arithmeti-
cally averaged log porosity data at each well location within
Flow Unit 3.

As the preceding section discussed, we start with an iso-
tropic variogram. Fig. 3.5 shows the isotropic estimated va-
riogram with different lag intervals with a fixed tolerance of
250 ft. That is, 800 ft of lag interval represents lag distances
of 800; 1,600; 2,400, and so forth, with the tolerance defining
a spread of + 250 ft from each lag distance. For a fixed toler-
ance, the estimated variograms for different lag intervals are
very similar. The 800-ft-interval variogram shows more fluc-
tuations than those for the 1,000- or 1,400-ft lag distances be-
cause it is estimated at more lag distances, reflecting more
fluctuations. Overall, however, the results are very similar, in-
dicating that the choice of lag interval does not have a signifi-
cant effect on the variogram computation.

Fig. 3.6 shows the estimated variogram plot for different
lag tolerances for a lag interval of 1,400 ft for tolerances of
250, 500, and 700 ft. Although the estimated variograms for
different tolerances look similar, closer examination reveals
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Fig. 3.5—Effect of lag intervals on estimated variogram.

that the observed fluctuations become smaller as the tolerance
increases. Table 3.2 gives the values of the variogram, aver-
age lag distance, and number of pairs for different tolerances.
As expected, the possible number of pairs for a given lag dis-
tance increases as tolerance increases. This also minimizes
the fluctuations and “stabilizes” the estimated variogram. The
differences in the average lag distances for different toler-
ances arise because the average of all the distances for the
pairs within a given tolerance is considered as the average lag
distance. For example, all the pairs within 1,400 &+ 500 ft are
gathered for a tolerance of 500 ft for the second lag. The indi-
vidual distances for all pairs fall within that range. A total of
252 pairs fit within this tolerance. The average lag distance of
all these pairs is 1,496.13 ft. This is the value reported in the
table. Similarly, all the pairs within 1,400 & 700 ft are gath-
ered for the second lag for a tolerance of 700 ft. The average
lag distance of these 330 pairs is 1,568.53 ft (Table 3.2).

On the basis of Figs. 3.5 and 3.6, we use a lag interval of
1,400 ft with a tolerance of 700 ft for further investigation. Al-
though the decision to choose these parameters is subjective,
they appear to provide the most stable variogram. Also, the
maximum distance between any two points was observed to
be 31,000 ft; therefore, all the variogram computations are re-
stricted to a maximum distance of 15,000 ft.

Figs. 3.7 and 3.8 further examine the effect of tolerance
with respect to direction. Fig. 3.7 presents the estimated va-
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Fig. 3.6—Effect of tolerance on estimated variogram.

riogram in four directions, 0, 45, 90, and 135°. For the pur-
poses of orientation, 0° corresponds to the east direction and
90° corresponds to the north direction. The directional toler-
ance used is £ 20°. The estimated variograms show signifi-
cant fluctuations. This is because of the lack of an adequate
number of pairs for a given lag distance. For example, at 45°,
the variogram value for the second lag is 54.6. Close examina-
tion, however, reveals only two pairs at that lag distance;
therefore, that particular value is not representative of that lag
distance. Although difficult to see, the variogram shows a lot
more continuity (gradual change) at 0° than at 90°. Fig. 3.8,
where the directional tolerance is +40°, clarifies this further.
Compared with those for a 20° tolerance, the estimated vario-
grams are smoother and show less variability. Table 3.3
shows the numbers of pairs for each direction. For most of the
lag distances, we have sufficient pairs for a given lag distance.
Obviously, the number of pairs at any given angle is less than
the number of pairs corresponding to the isotropic variogram.
Overall, we can state that we have sufficient pairs to obtain
representative variograms in different directions. Although
hard to observe, the variogram in the 0° direction exhibits
more continuity than the one in the 90° direction.

The apparent anisotropy in the variogram can be checked
further by calculating the lag distance at which the estimated
variogram in each direction reaches the variance of the sam-
ple. Recall that the sill of the variogram is approximately

TABLE 3.2—EFFECT OF TOLERANCE ON VARIOGRAM
Tolerance =250 ft Tolerance =500 ft Tolerance =700 ft
Average L Average L Average L
(ft) Variogram Pairs (ft) Variogram Pairs (ft) Variogram Pairs
93.23 12.3 18 162.29 15.91 22 388.66 15.06 42
1,379.77 15.16 148 1,496.13 16.11 252 1,568.53 16.77 330
2,812.29 17.29 270 2,818.80 18.03 416 2,828.80 18.68 524
4,174.04 18.59 248 4,171.38 18.08 436 4,211.03 19.56 596
5,565.14 22.62 200 5,589.50 24.26 376 5,5692.38 23.48 476
7,020.50 32.98 122 6,949.53 30.47 318 6,955.44 30.51 432
8,395.42 31.66 138 8,339.69 28.64 274 8,369.49 28.15 364
9,823.15 23.05 128 9,783.31 24.63 250 9,798.59 24.78 384
11,197.12 21.46 96 11,161.19 24.36 192 11,189.22 26.41 272
12,589.89 21.61 94 12,571.33 22.23 178 12,565.65 24.34 252
13,987.26 23.95 66 13,966.57 21.81 146 13,971.90 23.09 202
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Fig. 3.7—Effect of direction on anisotropic variogram calcula-
tion; tolerance = +20°.

equal to the variance of the sample. For our data set, the vari-
ance is equal to 23.1. Therefore, by drawing a horizontal line
at the variogram value of 23.1, we can calculate the lag dis-
tance where the variogram in a given direction reaches a value
of 23.1. We also estimated the variograms at 22.5,67.5, 112.5,
and 157.5° but do not show the results here. Table 3.4 pres-
ents the calculated lag distance where the variogram reaches
the variance value for each of the eight variograms. Because
the variogram exhibits symmetry after every 180°, the vario-
gram at 0° is the same as that at 180°. Obviously, the lag dis-
tance corresponding to the variance at 157.5° is the largest,
and the lag distance at 90° is the smallest; that is, the porosity
data show maximum continuity at 157.5° and minimum con-
tinuity at 90°.

For modeling convenience, we always assume that the
directions of maximum and minimum continuities are per-
pendicular to each other. Fig. 3.9 plots the lag distance in
Table 3.4 at appropriate directions. Obviously, at 157.5° the
lag distance is maximum. Also note the symmetry after 180°.
The distances are repeated after every 180°. An ellipse is
superimposed on top of these lag distances. Although, in real-
ity, the lengths of the lag distances in various directions do not
fall precisely on the perimeter of the ellipse, for modeling pur-
poses, we assume that the ellipse represents the range of the
variograms in different directions. At any angle, the distance
between the center of the ellipse and the perimeter of the el-
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Fig. 3.8—Effect of directional tolerance on anisotropic vario-
gram; tolerance =40°.

lipse corresponds to the range in that direction. The modeling
of that variogram is discussed later, and the reasons for such
an approximation become clearer.

Suffice it to state that the exploratory procedure of estimat-
ing the variograms in different directions and plotting the
directional lag distances corresponding to the variance of the
sample may provide information about the directions of max-
imum and minimum continuities. Although we can fine tune
the precise directions of maximum and minimum continuities
even further, we assume that 157.5° represents the direction
of the maximum continuity, and 67.5° represents the direction
of minimum continuity.

3.4.2 Instability. The estimated variogram represents the
arithmetic average of the squared differences of variable pair
values at a particular lag distance. Because it uses the square
of the difference, any large difference between a given pair is
magnified. If pairs exhibit a large difference, the squared dif-
ference may have a significant impact on the arithmetically
averaged variogram value. This effect may change the vario-
gram value disproportionately at a particular lag distance, re-
sulting in instability of the estimated variogram. This instabil-
ity may prevent capturing the underlying variogram structure
that may be present and also causes fluctuations in the esti-
mated variogram as lag distance increases. The instability
must be minimized to model the variogram.

TABLE 3.3—ANISOTROPIC VARIOGRAM
Direction=0° Direction=45° Direction=90° Direction=135°
Lag Number Lag Number Lag Number Lag Number
(ft) of Pairs (ft) of Pairs (ft) of Pairs (ft) of Pairs
0 68 0 68 0 68 0 68
241 11 549 7 604 9 290 5
1,511 68 1,666 51 1,479 56 1,593 62
2,872 130 2,796 101 2,772 115 2,874 113
4,257 138 4,187 119 4,231 115 4,256 136
5,613 120 5,635 87 5,599 89 5,589 119
6,946 116 6,996 83 6,938 86 6,957 103
8,376 98 8,378 86 8,319 63 8,380 69
9,827 104 9,821 92 9,757 71 9,802 72
11,209 91 11,204 64 11,169 26 11,161 59
12,578 99 12,599 53 12,511 15 12,563 57
13,976 88 13,935 37 13,850 6 13,974 51
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TABLE 3.4—LAG DISTANCE CORRESPONDING TO
VARIOGRAM EQUAL TO VARIANCE
Direction Lag Distance
(degrees) (ft)

0 6,300
225 6,000
45.0 5,000
67.5 2,800
90.0 2,700

112.5 4,300
135 5,000
157.5 8,400
180 6,300

The two methods commonly used to minimize fluctuations
are to increase the possible number of pairs for a given lag dis-
tance or to remove certain pairs for a given lag distance. The
previous section discussed the first possibility: increasing the
possible number of pairs for a given lag distance by use of
appropriate tolerance values with respect to the distance and
the direction. That discussion showed that increasing the
number of pairs for a given lag distance does improve stability
of the variogram.

An alternative for improving the stability of the estimated
variogram is to examine the possible pairs used for estimation
of the variogram for a given lag distance. The difference be-
tween the two point values in a pair is what affects the vario-
gram. If the difference is very large, the squared difference
can have a significant impact on the estimated variogram. If
we can eliminate certain “extreme” pairs that have a signifi-
cant impact on the variogram computations, we may be able
to obtain a better estimate of the variogram that s less affected
by these extreme pairs.

Scatter plots are one way to examine these extreme pairs.®
Plotting one data point of a pair vs. the other data point from
the same pair may reveal the differences between the two data
points. If the match between the two points is exact, the point
falls on a 45° line. On the basis of the scatter plots, certain
pairs can be removed, and the variogram can be recomputed
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Fig. 3.9—Rose diagram of lag distances in different directions.
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for a given lag distance. Alternatively, a certain percentage of
the pairs showing the maximum deviation can be removed to
create more uniformity in the analysis and to eliminate sub-
jectivity in deciding which pairs should be removed. For ex-
ample, for every lag distance, 10% of all pairs in the order of
showing the maximum deviations can be removed. Under
these circumstances, the variogram represents a truncated
mean of the differences squared for a particular lag distance.
Such truncated means are often used in statistics to reduce the
adverse effects of erratic values (e.g., in figure skating in the
Olympic Games, the two extreme scores are removed from
the final tally). This procedure also has the advantage of be-
ing objective.

Field Example 3.3. Analyze the Flow Unit 3 porosity data
and re-estimate the variogram by removing the effect of ex-
treme pairs.

Solution. For this exercise, we assume that the average lag
interval is still maintained at 1,400 ft, with a tolerance of 700
ft. Fig. 3.10 shows the scatter plots for two different lag inter-
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Fig. 3.10—Scatter plot at (a) a first lag interval and (b) a sixth lag
interval.
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Fig. 3.11—Effect of pair removal on estimated variogram.

vals; the first and the sixth. For the first lag intervals, we have
42 pairs (see Table 3.2). However, we show only 21 pairs
here. The other 21 pairs are symmetrical with the first 21
pairs, and do not change the variogram estimation [i.e., x(u])
vs. x(up) is symmetrical to x(up) vs. x(¢1) and use of both pairs
does not add any additional information because the differ-
ence squared would be the same for both the pairs]. In the
scatter plotin Fig. 3.10a, we can remove two pairs that can be
considered as extreme. The points surrounded by open boxes
show these pairs. The choice of what data pairs to consider as
extreme is arbitrary. In Fig. 3.10b, which shows 216 pairs, the
decision becomes more difficult. The figure shows five pairs
that are considered extreme. However, with the large number
of pairs in the figure, it is hard to decide what pairs to remove
as extreme. It is easy to come up with 8 or 15 pairs that could
be considered extreme. This process can become extremely
difficult and cumbersome. As a result of the extremely sub-
jective nature of removing individual pairs on the basis of the
scatter plot (unless it is so obvious that anyone would remove
it), we have not attempted to estimate the variogram after sub-
jective removal of certain pairs for each lag interval.

Instead, we adopted the approach of removing a certain per-
centage of pairs from the total number of pairs. Fig. 3.11
shows an estimated variogram plot after removal of 5 and
10% of the extreme pairs. Note that extreme refers to the pairs
showing the largest differences: pairs that show the smallest
differences are not considered to be extreme. This is because
the pairs that show a large difference affect the average much
more than the pairs that show a small difference.

In Fig. 3.11, the overall sill (maximum variogram value)
decreases as the extreme pairs are removed. This is to be ex-
pected because the average of the squared differences is
smaller after removal of pairs showing the largest differences.
The effectis more pronounced after removal of 10% of the ex-
treme pairs than after removal of 5% of the extreme pairs. Un-
fortunately, the overall structure of the variograms (including
the fluctuations) is largely unaffected by this removal. Be-
cause the goal is to capture the spatial structure and not neces-
sarily the exact sill value, removal of extreme pairs has not
added any new information to our understanding of spatial
relationships in this case.

Note that, although we did not achieve the desired smooth-
ness in this case by removing a certain number of pairs, this
technique may be able to be applied to other data sets. Itis im-
portant to remember that the overall objective is to capture the
most interpretable structure. Therefore, it is important to try
different modifications and techniques to capture that struc-
ture. The modification that gives the most interpretable struc-
ture should be used for further analysis.
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3.4.3 Influence of Outliers. Outliers are hard to define. In a
conventional sense, outlier data are data points that fall out-
side the “norm.” For a normal distribution, a data point falling
outside the mean plus or minus three standard deviations can
be considered an outlier. However, for distributions that can-
not be described by parametric distribution functions, it is
hard to define precisely what constitutes outlier data. Specifi-
cally, if data exhibit several-orders-of-magnitude variations,
itis difficult to define the value beyond which data can be con-
sidered as outliers. For example, permeability data at well
locations typically exhibit several-orders-of-magnitude vari-
ations. This becomes evident when the coefficient of varia-
tion (the ratio of standard deviation to mean) is >2. For
permeability data, a typical value of coefficient of variation
is in the range of two to five. Under such a large variation, it
is very difficult (and subjective) to define “anomalous” data
that can be considered as outlier data.

Outlier data can significantly affect the variogram estima-
tion. As previously explained, use of an extreme value in va-
riogram estimation can amplify the effect because the squared
difference between a data pair is used. If the difference be-
tween a given pair is several orders of magnitude, the squared
difference is large enough to influence the estimated vario-
gram at a particular lag distance. Remember that the vario-
gram is an arithmetic average of squared differences; there-
fore, one large squared difference can significantly alter the
variogram value. This may create instability in the variogram
estimation and also may prevent us from clearly identifying
the spatial structure for a particular variable.

The simplest way to deal with the outlier information that
causes this instability is to remove the data point from the es-
timation process. If sufficient physical reason exists for re-
moval, we can simply remove the data point or points and re-
estimate the variogram. In the absence of a satisfactory
reason, it is hard to justify removal of a particular data point
or points for mere mathematical convenience. If a particular
data point is eliminated, valuable information could be lost
that might be hard to find otherwise. Specifically, when the
sample data set shows several-orders-of-magnitude varia-
tions, it is hard to eliminate only certain data points.

A better way to deal with these variations in the sample data
is to use some type of nonlinear transformation to minimize
the variation. In this section, we discuss many of the common-
ly used transforms to minimize the effect of outliers or ex-
treme values. Note, however, that use of nonlinear transforms
may create additional difficulties during the estimation pro-
cess. Chap. 4 discusses these difficulties.

Log Transform. The most commonly used transform is to
use the logarithm of the sample value. By taking either natural
(base e) or base 10 logs, the order-of-magnitude variations are
translated into variations in the integer part of the log of the
variable. This should minimize the effect of extreme and or-
der-of-magnitude variations within the data points.

Field Example 3.4. This field example examines the effect of
alog transform on the variogram estimation for two variables.
The porosity for Flow Unit 3 is not used in this example be-
cause the porosity data do not show significant enough varia-
tions to necessitate use of a nonlinear transformation. Instead,
we use initial-potential (IP) data, collected from several wells
within the field, as the variable. We also use net k4 as another
variable. Net-kh value in each well is determined by adding
core permeabilities (collected at 1-ft intervals) over the entire
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Fig. 3.12—IP data for 48 cored wells in barrels per day.

pay-zone interval. This value reflects the contribution from
all the flow units at a particular well location.

Fig. 3.12 shows the spatial locations for IP data and the
associated IP values at each location. Fig. 3.13 shows net-kh
values at the same locations. We have a total of 48 values of
both IP and net-k# data. Fig. 3.14 shows the histograms for the
IP and net-kh data. Both variables show a significant number
of values at a lower range and a long tailing. The variation in
the values is over several orders of magnitude. The IP data
range from 10 B/D to as high as 2,800 B/D, and the net-kA data
range from 7.0 to 36,347.0 md-ft. The coefficient of variation
for the IP data is 0.93, and the coefficient of variation for the
net-kh data is 1.33. If we had considered individual foot-by-
foot permeability data instead of net-k/ data, we would have
observed a much higher coefficient of variation. However,
“averaging” over the entire pay zone interval reduces the co-
efficient of variation substantially.

This field example illustrates the application of a log trans-
form for both IP and net-kh data, with attention to only iso-
tropic variograms. Similar results can be obtained for aniso-
tropic variograms as well. An average lag interval of 1,400 ft
with a distance tolerance of 700 ft is assumed. These values
are the same as those used in Field Examples 3.2 and 3.3. Be-
cause the data are collected from the same field with approxi-
mately the same density, we can assume that the lag interval
and the lag tolerance do not change significantly.

Fig. 3.15 compares the conventional variogram and the va-
riogram of the log-transformed data. The conventional vario-
gram, especially at large lag distances, shows significant vari-
ations. In contrast, the variations exhibited by the transformed
data are small. The only exception is at the largest lag dis-
tance. The changes in the variogram of the transformed vari-
able are much more gradual than in the conventional vario-
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Fig. 3.13—kh data for 48 cored wells.

gram. Clearly, the log transform has minimized the
fluctuations in the estimated variogram values.

This effect is even more pronounced for the net-kh data,
which exhibit a higher coefficient of variation than the IP
data. As Fig. 3.16 shows, the conventional variogram hardly
shows any discernible spatial structure, fluctuations domi-
nate the variations, and it is hard to capture any gradual trend
in the data. In contrast, the log-transformed variable shows a
nicely developing spatial structure. Starting with a very small
value, the estimated variogram increases and reaches a sill
value at approximately 7,000 ft. Beyond that, the variogram
is fairly constant. As before, the only exception to this gradual
trend is the estimated value at a lag distance of 14,000 ft.
Otherwise, the log transform clearly has helped to identify the
variogram structure for the net-kh data.

Overall, for both the IP and net-kh data, the log transform
has resulted in better identification of the spatial structure. It
is safe to state that the higher the variations are in the original
data set, the greater the impact of the log transform on the esti-
mated variogram. As stated earlier, if the goal is to capture the
spatial structure that is exhibited by the sample data, the log
transform may be a useful tool, especially for the data show-
ing order-of-magnitude variations.

Power Transform. Use of power transform is similar to log
transformation. Instead of using the sample data itself, take a
power transform by

xuw) = [xw),

where x,(u#) =transformed variable, x(«) = original vari-
able, and p = power. The value of p has to be less than one.
The smaller the power we use, the smaller the variation of the

Number of data

46

0.3 Mean  763.1667
Standard deviation  708.3932
Cool. of variation  0.9282
Maximum 2,800
| Upper quarole  1,350.0007
0.2 Median 402.5
c Lower quarole  177.5
(] Minimum 10
3
g
= 0.1
[T
0 rrrer I LI L I LI l LI
1,000 2,000 3,000
IP, B/D

Number of data 48
Mean 6,818.2456
0 4 Standard deviation  9.043.9180
- Cool. of variation  1.3264
- Maximum  36.347.3984
Upper quarole  7,904.4541
20.3 Median  3,482.2002
o Lower quarole  952.9003
=] Minimum 7.4
o
$0.2
—
L
0.1
0 LI}

1,000 2,000 3,000 4,000 5,000

Net kh, md-T
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Fig. 3.15—Effect of log transform on estimated IP variogram.

data values. The most commonly used value of pis 0.5, which
represents the square root of the sample data value.

Field Example 3.5. This example uses the same data as used
in Field Example 3.4 with the addition of use of the square
root of the sample data as a new variable in estimating the va-
riogram.

Fig. 3.17 compares the conventional variogram with that of
the transformed values for the IP data. The square-root trans-
form does not show any significant improvement over the
conventional data. The magnitude of the fluctuations for both
the transformed data and the original data is similar. Fig. 3.18
shows the results of square-root transformation on the net-kh
variograms. The results are similar to the IP data results. Al-
though the variogram of the transformed data shows a slightly
better structure at smaller lag distances, the fluctuations in the
estimated variograms have not been minimized.

Overall, the square-root transform improves the estimated
variogram structure slightly compared with the conventional
variogram. Obviously, with an even lower value of the power,
slightly more improvement might be observed. However,
instead of using a trial-and-error procedure of different power
values, it might be easier to use the log transform discussed
in the previous section.
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Fig. 3.17—Effect of square-root transform on IP variogram.
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Fig. 3.16—Effect of log transform on net-kh variogram.

To summarize, the power transform does not appear to be
as effective in transforming the data as the log transform does.
If the goal is to reduce the variability of the data through non-
linear transformation, log transform may achieve that objec-
tive better than the power transform.

Rank Transform. Chap. 2 briefly discussed the ranking of
a given sample data set. The same principle can be used to es-
timate the variogram of the rank-transformed data. To calcu-
late the ranking of a given sample value, all the sample data
are arranged in an ascending order, with the lowest value first
and the highest value last. The rank of the ith value in the se-
quence is calculated by

R = - jr R L R E T PTRUROPpY (3.24)

where n = total number of sample points and R; = rank of the
ith value in the sequence. The ranking of the highest value is
slightly less than one to ensure that only a small possibility ex-
ists that an estimated value at an unsampled location will be
less than the smallest value or greater than the largest value.
Using the rank transform ensures that no significant differ-
ence exists between sample values because all the sample val-
ues fall between zero and one. Rank transforms, however,
provide information only about the relative ordering of
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Fig. 3.18—Effect of square-root transform on net-khvariogram.
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Fig. 3.19—Effect of rank transform on IP variogram.

sampled data. They do not convey any information about the
magnitude of the sample. If we are interested only in the rela-
tive ranking of a particular variable at unsampled locations,
arank transform can capture that information.

Field Example 3.6. This example uses the same data as those
used in Field Examples 3.4 and 3.5. Fig. 3.19 compares the
conventional variogram with the variogram of the rank-trans-
formed variable for the IP data. For this data set, we see no sig-
nificant improvement in terms of discerning the variogram
structure. In Fig. 3.20, which shows the same plot for the net-
kh data, the rank transform improved the overall variogram
structure. The variogram of the transformed data does not
show as many fluctuations as the conventional variogram.
Further, at smaller lag distances, the change is much more
gradual than that shown by the conventional variogram.

Overall, the rank transform may help to define the vario-
gram structure better. The rank transform does not retain any
information about the absolute magnitude of the sampled
data. However, restricting the values between zero and one
does eliminate the influence of outlier data, irrespective of the
actual range of the sample data. In addition, the rank trans-
formation has been observed to be useful in certain estimation
procedures that attempt to define the uncertainties at un-
sampled locations in terms of a probability distribution.”
Chap. 4 discusses the particular application.

Indicator Transform. The indicator transform allows
transformation of a continuous variable into a discrete vari-
able. Many reservoir variables, such as permeability and po-
rosity, are continuous variables. These continuous variables
can be represented in terms of discrete variables with an indi-
cator transform, which is defined as8

JEX) = 1, e (3.252)
if X(u) = x, and
JEX) = 0, e (3.25b)

if X(i) > x,, where I(u, x,) = the indicator variable at loca-
tion (4), x, = a threshold value, and X(#) = the original
variable that is being transformed. In practice, each sample
value can be transformed into an indicator value by

(5] = 1,
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Fig. 3.20—Effect of rank transform on net-kh variogram.

if x(u;) = x,, and

(i, x) =0, o (3.26b)

if x(u;) > x,, where i(ii;, x,) = the indicator value at thresh-
old x,, and x(u;) = the value of the variable at location (if)).

The indicator variable can take only two values: one or
zero. If the value of the sample is less than a given threshold,
the indicator takes a value of one. If the value of the sample
is greater than a given threshold, the indicator takes a value
of zero. By specifying multiple threshold values, we can de-
fine multiple indicator values at each threshold. Appendix C
provides some additional properties of the indicator function.

Numerical Example 3.4. Table 3.5 provides the potential
data at various locations. Using threshold values of 178, 403,
and 1,350 B/D, transform the data into indicator values.

Solution. This example uses part of the sample IP data used
in the previous field examples. The selection of threshold val-
ues is subjective. For this example, we selected the values cor-
responding to 25th, 50th (median), and 75th percentiles.

To calculate the corresponding indicator value at each
threshold for each sample, compare the sample data with the
threshold. For example, for the first sample, at threshold one
(178 B/D), 850 > 178, i = 0; at threshold two (403 B/D),
850 > 403, i = 0; and at threshold three (1,350 B/D),
850 = 1,350, i = 1. Compare the sample value with the
threshold value. If the sample value is less than or equal to the
threshold value, assign an indicator value of one. If the sample
value is greater than the threshold value, assign an indicator
value of zero. Repeat this procedure for every sample.

TABLE 3.5—POTENTIAL DATA FOR
NUMERICAL EXAMPLE 3.4
X Location y Location IP
(ft) (ft) B/D
12,560 890 850
15,125 6,170 270
8,485 4,860 2,220
17,915 4,860 90
9,770 6,170 385
10,985 3,477 1,200
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TABLE 3.6—RESULTS FOR NUMERICAL EXAMPLE 3.4
X Location y Location IP
(ft) (ft) (B/D) L -
12,560 890 850 0 0 1
15,125 6,170 270 0 1 1
8,485 4,860 2,220 0 0 0
17,915 4,860 90 1 1 1
9,770 6,170 385 0 1 1
10,985 3,477 1,200 0 0 1

Table 3.6 shows the results. In Table 3.6, i, = the indicator
value corresponding to the first threshold, i, = the indicator
value corresponding to the second threshold, and i; = the in-
dicator value corresponding to the third threshold. Four pos-
sible combinations of indicator values exist, depending on
whether the value is less than the first threshold (1,1,1), be-
tween the first and the second threshold (0,1,1), between the
second and third threshold (0,0,1), or greater than the third
threshold (0,0,0). Use of additional thresholds allows defini-
tion of additional indicator values at each sample point.

Defining each sample point in terms of either zero or one
eliminates the effect of outlier data. The difference squared be-
tween the two sample indicator values can be either zero or
one. The extreme values, therefore, cannot adversely impact
the variogram estimates. One disadvantage of defining the in-
dicator values is that the subtle differences between the data
values in a particular class (between two successive threshold
values) are lost. For example, in Numerical Example 3.4, we
can no longer distinguish between 270 and 385 B/D because
both are described by the same set of indicator values. To some
extent, defining additional thresholds can eliminate this draw-
back. However, there is a limit to the number of thresholds that
can be defined. Later in the chapter, we discuss the difficulty
of modeling indicator variograms if too many thresholds are
defined. Also, the estimation procedure becomes computation-
ally more demanding (Chap. 4 discusses this).

In addition to eliminating the impact of outlier data, de-
scribing the sample values in terms of indicator values has
two additional advantages. First, by appropriately defining
the threshold values and estimating the indicator variograms
at each threshold, we can examine how the sample values are
connected at different thresholds. For example, we may ob-
serve that relatively small values exhibit better continuity
(smooth variogram change over abigger range) than high val-
ues, which exhibit less continuity. Such types of behavior
may not be observed through a conventional variogram of
sample values.%:10

Second, the indicator definition may allow qualitative in-
formation to be translated into a unique quantitative form. For
example, a geological facies description may be translated
into an indicator function. If three facies are observed at a par-
ticular well location, Facies 1 may be described by (1,0,0) in-
dicator values, Facies 2 by (0,1,0) indicator values, and Facies
3 by (0,0,1) indicator values. Once numbers are assigned to
each location corresponding to each facies, the spatial
continuity of geological facies can be evaluated quantitative-
ly. This is an application of the indicator transform for dis-
crete variables. !

Field Example 3.7. This example uses the same data used in
Field Examples 3.4 through 3.6: IP and net-kh values. To esti-
mate the indicator variogram, we transformed both the IP and
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Fig. 3.21—Effect of median indicator transform on IP variogram.
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Fig. 3.22—Effect of median indicator transform on net-kh
variogram.

the net-kh values by a median value. For IP, the median is 403
B/D; for net-kh, the median is 3,482 md-ft. Depending on
whether a value falls below or above the median, an appropri-
ate indicator value is assigned at each location.

Fig. 3.21 compares the conventional variogram and the va-
riogram of the median indicator value for the IP data. The in-
dicator variogram is smoother than the conventional vario-
gram and characterizes the spatial structure much better. As
Fig. 3.22 indicates, the improvement with the indicator func-
tion is significant for net-kh data. Although the first value
(corresponding to the shortest lag distance) is much higher
than expected, it can be ignored because it contains only two
pairs. After ignoring this point, all the other points clearly
show an identifiable spatial structure.

Overall, the indicator function has the ability of eliminating
the effect of outlier data through the indicator transformation.
Using the indicator transform minimizes the fluctuations ob-
served in conventional variograms.

Normal-Score Transform. The normal-score transform al-
lows transformation of sample data into equivalent data that
follow a normal (Gaussian) distribution. Fig. 3.23 shows this
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transformation schematically. A cumulative distribution
function can be constructed for any sample data. The cumula-
tive distribution function has a minimum value of zero and a
maximum value of one. For the normal distribution function,
the cumulative distribution function has the same range. Each
sample value is associated with a corresponding cumulative
distribution function. For the same value of the cumulative
distribution function, we can define an equivalent normal-
score-transformed value. Typically, the normal-score-trans-
formed values have a mean of zero and a variance of one;
therefore, they range from — 3 to + 3. Using such a transform
for every sample value allows transformation of all the sam-
ple values to a corresponding normal score. There is a one-to-
one correspondence between the sample value and the trans-
formed value. That is, if we know the transformed value, we
can backcalculate the corresponding sample value.

With transformation of the sample data to a normal score,
the variability of the data set is restricted to — 3 to + 3. Effec-
tively, there are no order-of-magnitude variations within the
transformed data set. The effect of extreme data on the vario-
gram should be minimized with the transformation. Another
advantage of the normal-score transform is that certain es-
timation techniques, discussed in later chapters, work better
with normal-score-transformed data. After obtaining the es-
timation with the transformed data, we can backtransform the
data to original variable values.
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Fig. 3.24—Effect of normal-score transform on IP variogram.
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Field Example 3.8. This example illustrates the application
of the normal-score transform on the variogram estimation
for the IP and the net-kh data. Fig. 3.24 shows the effect of
transformation for the IP data, and Fig. 3.25 shows the same
effect for the net-kh data. No significant improvement can be
noted for the IP data with the transform; however, for the net-
kh data, the estimated variogram with the transformed data
shows much better definition of the spatial relationship than
the variogram with the raw data. It seems that the greater the
variation within the data set, the more the normal-score trans-
form improves the estimated variogram. Note that the sills of
the variograms are close to one because the variance of nor-
mal scores is equal to one.

To summarize the material covered in this section, nonlin-
ear transforms are useful for minimizing the impact of outlier
data on the estimated variogram function. Five transforms
were examined: log, power, rank, indicator, and normal score.
Of the five, the log and indicator transforms have been the
most successful in reducing the fluctuations of the estimated
variogram. The log transform, although simple to use, may
create difficulties in estimating values at unsampled loca-
tions. The indicator transform loses some of the subtle varia-
tions in the sample values; however, it has some additional ad-
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Fig. 3.25—Effect of normal-score transform on net-kh variogram.
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vantages other than simply eliminating the effect of the
outlier data. The power transform does not appear to be very
successful in eliminating variogram fluctuations. This trans-
form, therefore, is rarely used. The rank transform is useful
in defining the continuity of sample data if we are interested
only in relative ordering of the data. It also can be used in cer-
tain estimation techniques. The normal-score transform is
reasonably successful in minimizing fluctuations in the esti-
mated variogram and has the additional advantage of being
useful in some estimation procedures.

In addition to these transformations, there may be other
nonlinear transforms that can be used to reduce fluctuations
in the estimated variogram. The key issue to consider in use
of a nonlinear transformation is that the variogram is eventu-
ally going to be used to estimate values at unsampled loca-
tions. If we use the transformed variable in generating the spa-
tial relationship, we can estimate only the transformed
variable at the unsampled locations. An effective method is
needed for converting the transformed data back to the origi-
nal variable. As long as an effective method can be devised
for such an inverse transformation, such transformations are
effective in capturing the spatial relationship, which may
otherwise be hard to discern with the original data.

3.4.4 Biased Sampling. Chap. 2 briefly discussed the impact
of biased sampling on univariate statistics and also presented
the results of declustering that type of data set on the sample
mean and the sample variance. In this section, we discuss the
techniques used for removing the impact of biased sampling
on the estimation of a variogram.

Briefly, biased sampling results from the way wells are
drilled in an oil field. The first few exploration wells may be
drilled on the basis of almost the same information. However,
as information is gathered from these wells, subsequent wells
are drilled on the basis of the additional information. Ob-
viously, the new wells are drilled in areas where the maximum
potential for additional oil recovery exists. To use a geologi-
cal analogy, if the reservoir includes channel sand and a mud
plane, an effort would be made to drill wells in the channel
sand rather than in the mud plane.

When we analyze collected samples to describe the spatial
relationship, we must understand that the well density may be
higher in regions where better prospects exist and lower in re-
gions where the potential is low. This type of biased sampling
may impact our ability to describe the spatial relationship. For
example, if more wells are drilled in high-porosity regions,
the estimated variogram at small lag distances uses informa-
tion only in a high-porosity region. At a lag distance of 600
ft, with all the pairs at that lag distance in high-porosity re-
gions, only those pairs at 600 ft are used for the variogram es-
timation. This means that the pairs used are selectively taken
from high-potential regions (i.e., those regions representing
high porosity, high permeability, high pay-zone thickness, or
a combination of these variables). Under these circum-
stances, the arithmetic means of the data values used for a par-
ticular lag distance may not be equal to the sample mean.

If we define

Foo= =S (3.27a)
n L) i=1
o
andx = —= > @+ L) (3.27b)
l’l(L i=1
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where X - = the arithmetic mean of the first data points with-
in data pairs and X _ - = the arithmetic mean of all the second
data points within data pairs for a particular lag distance, then
the average of the two,
X -+Xx -
- _ T-r +L
i e N R ERREE (3.28)
which represents the arithmetic average of all the data points
used for estimating the variogram at a particular lag distance.
If we define the arithmetic mean of all the samples as

= 13@),
i=1

where n = total number of samples, ideally, X; and x should
be very similar to each other. If we have sufficient pairs for
eachlagdistance and all the pairs gathered represent the entire
region in a representative fashion, the lag mean, X7, and the
sample mean, X, should be similar. However, if for a particu-
lar lag distance, we are using pairs from a particularly small
region because of biased sampling, these two means may not
be equal to each other. A similar argument can be advanced
for the differences between the sample variance and the lag
variance. The sample variance is defined as

2

s =) S A | (3.30)
i=1 i=1
and the lag variances are defined as
. . 2
n(L) n(L)
o=y 2 - | 2= >
n L) i=1 n L) i=1
.................. (3.31)
- 2
) ) ) )
and s* . = % xz(ﬁ, + L) — % x(ﬁ, + L)
n L) i=1 n L) i=1
.................. (3.32)

For selective sampling in estimating the variograms, the lag
variances and the sample variance may be different from each
other. This type of variation, in the strictest sense, violates the
requirement of first- and second-order stationarities. Recall
that under first-order stationarity, the mean does not change,
and, under second-order stationarity, the variogram is a func-
tion of only the lag distance and not of the lag mean or vari-
ance. This difficulty must be overcome to estimate the spatial
relationships for the sample data correctly.

For univariate statistics, we considered a simple procedure
of declustering to estimate unbiased sample mean and sample
variance. Unfortunately, a simple procedure does not exist for
estimation of the variogram. Several procedures have been
proposed in the literature to account for biased sampling. The
following discusses some of these techniques.

General-Relative Variogram. The general-relative vario-
gram is defined as®

VGR(Z) =
(xz)

where _ZGR(Z_)Z = the general-relative variogram at a lag dis-
tance L, y(L) = the conventional variogram, and X = the
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lag mean for a particular distance. Normalizing the variogram
with a local mean eliminates the influence of the variations in
lag mean. The denominator uses the square of a lag mean
instead of a lag mean because the units of the square of the lag
mean and y(L) are the same. As a result, ysz(L) is a dimen-
sionless or normalized variogram.
Pairwise-Relative Variogram. The pairwise-relative vario-
gram is defined as®
= 2
(ui + L)]

ver L) = 8
( )= (i) +x (u +L)

2

(D) [x(u ) —

where y PR(Z) = the pairwise-relative variogram and the oth-
er symbols have been defined previously. The pairwise-rela-
tive variogram also normalizes the conventional variogram
with a squared mean. The only difference between the gener-
al-relative and the pairwise-relative variograms is that, in the
pairwise-relative variogram, each pair difference squared is
normalized with respect to the square of the pair mean rather
than to the square of the lag mean, which is done in the gener-
al-relative variogram.

Neither the general-relative variogram nor the pairwise-
relative variogram has the same theoretical foundation as the
conventional variogram. However, they have been shown to
provide better results in practical applications.!?

Nonergodic Variogram. Isaaks and Srivastaval3 first
introduced the concept of nonergodic variograms. Before we
discuss the nonergodic variogram, we must define ergodicity.
According to Christoakos, 14 3 random function is called ergod-
ic if “its mean and/or covariance (variogram) coincide with the
corresponding spatial averages calculated over the single
available realization.” In practice, we have only one possible
realization of the true distribution: the sample value at each
location. We use these sample points to estimate the mean, va-
riograms, and covariances. We assume that each variogram or
covariance estimation is based on the sample points distributed
over the entire region of interest. No matter at what lag distance
we are computing the variogram, the ergodicity assumption re-
quires that samples be collected from the entire region so that
the spatial averages of the sample coincide with the true param-
eters. However, as discussed earlier, the sample sets used for
estimating the variogram at each lag distance are different. For
every sample point within the region of interest, we do not have
a corresponding data point(s) that can form a pair with that
sample point at every lag distance. Depending on the availabil-
ity of the samples, only selected data points are used to estimate
the variogram at a particular lag distance. We use a different re-
alization of sample points for estimating the variogram at each
lag distance. This represents nonergodic behavior.

To account for this nonergodic behavior, Isaaks and Srivas-
taval3 defined a nonergodic covariance as

CNE( ) zx(ﬁ-) + x(ﬁ,— + Z)

\U‘” Q“

(E)
Zﬁ
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Substituting Egs. 3.26 and 3.27, we can write Eq. 3.35 as

where X ;X - =the lag means. This nonergodic covariance
differs from the conventional covariance (defined in Eq. 3.9).
In Eq. 3.9, we defined covariance as

n(Z)
C(Z) = % Z x(ﬁi)x(ﬁi + Z) -5’
n(L) i=1
Comparison of Egs. 3.9 and 3.36 shows that the difference in
the two equations is in the use of the means on the right side
of the equations. The nonergodic covariance accounts for the
variations in the lag means, while the conventional definition
uses the sample mean. Obviously, with a large number of
samples so that the lag mean approximately coincides with
the sample mean for every lag distance, Eqs. 3.9 and 3.36 do
not differ. However, if the sampling is biased so that we selec-
tively choose pairs from different regions at different lag dis-
tances, the nonergodic covariance differs from the conven-
tional definition of covariance.
The nonergodic covariance can be used as the measure of
spatial continuity, but conventional geostatistics use the va-
riogram. We can define the nonergodic variogram as

)QNE<Z) = c(0) — CNE(E)7

where ﬁNE(Z) = the nonergodic variogram and ¢(0) = sam-
ple variance. Eq. 3.37 is the same as Eq. 3.19. Appendix C
provides additional details.

Nonergodic Correlogram. The concept of a nonergodic va-
riogram can be taken one step further by defining a normal-
ized covariance, which accounts for the variations in both the
lag means as well as the lag variances. We can define the non-
ergodic correlogram as!>

- CNE(L>
r NE(L) =55
—L +L
where cNE(Z) = anonergodic covariance defined in Eq. 3.36;
the lag variances are defined in Eqs. 3.31 and 3.32, respective-
ly. This definition differs from that used in Eq. 3.14.

7 _ L)
r(L) = 20y
The denominators of Eqs. 3.14 and 3.38 are identical only if
the lag variances are the same as the sample variance. If the
lag variances reflect the variations in samples used for a par-
ticular lag distance, the nonergodic correlogram will differ
from the conventional definition of the correlogram. As be-
fore, to follow the convention used in geostatistics, we use
[1-— rNE(L)] as our measure of spatial continuity because it
behaves in the same way as the variogram.

All four measures discussed in this section improve the in-
terpretation of spatial continuity if there is a significant differ-
ence between lag properties and sample properties. Field ex-
ample 3.9 illustrates this.

Field Example 3.9. This field example uses the three data sets
used in the previous field examples: porosity data for Flow
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TABLE 3.7—COMPARISON OF LAG MEANS AND VARIANCES, FIELD EXAMPLE 3.9

Porosity for Flow Unit 3 IP, B/D Net kh, md-ft

Lag Lag Lag Lag Lag Lag Lag Lag Lag
(ft) Mean Variance (ft) Mean Variance (ft) Mean Variance
0.00 21.62 23.11 0.00 763.17 5.02x 105 0.00 6,818.24 8.18x 107
388.66 22.31 15.43 526.27 1,070.00 1.66 x 106 526.27 16,140.00 3.24x108
1,568.53 22.52 18.36 1,623.52 970.97 6.06x 105 1,623.52 7,926.29 9.18x 107
2,828.80 22.23 19.34 2,811.62 794.98 4.66x105 2,811.62 7,674.42 8.36x 107
4,211.03 22.40 20.55 4,262.66 779.79 5.49%x105 4,262.66 6,877.47 7.16x107
5,592.38 21.57 23.28 5,546.14 764.16 4.95x105 5,546.14 7,026.20 7.63x107
6,955.44 21.27 24.50 6,962.50 818.51 5.14x105 6,962.50 7,279.39 7.42x107
8,369.49 20.61 24.32 8,307.26 738.36 4.87x105 8,307.26 5,770.67 5.78x 107
9,798.59 20.51 23.87 9,749.58 764.31 5.39x 105 9,749.58 5,838.94 6.28 x 107
11,189.22 20.82 23.79 11,087.19 620.15 4.00x 105 11,087.19 5,237.65 4.91x 107
12,565.65 21.38 19.95 12,453.84 613.57 3.87x 105 12,453.84 7,097.74 7.57x107
13,971.90 22.28 19.06 13,895.77 634.09 3.30x 105 13,895.77 6,817.49 8.45x 107

Unit 3, IP data, and net-kh data. Table 3.7 shows how the lag
means and lag variances change at different lag distances for
these three data sets. The lag variance is the variance calcu-
lated on the basis of all the data points used for estimating the
variogram at a particular lag distance. By definition, it is cal-
culated as

The lag mean, X7 is calculated with Eq. 3.28.

For all three variables, the sample mean and the sample
variance are shown at a lag distance of O ft. For porosity data,
for example, the sample mean is 21.62 and the sample vari-
ance is 23.11.

The porosity data do not exhibit significant spatial variabil-
ity. This is also reflected in the lag means and lag variances.
The lag mean is fairly constant for all lag distances; the varia-
tion within the values is small. The lag variance shows some
variations at smaller lag distances; however, the value is stabi-
lized at large lag distances. In contrast, for both the IP and net-
kh data, the lag means are higher than the sample mean at
smaller lag distances. As the lag distance increases, the lag
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Fig. 3.26—General-relative variogram for porosity data.
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means are either equal to or slightly less than the sample
mean. This type of behavior is to be expected because more
wells are drilled in regions with a high potential, which also
are those regions with higher net-kh values. Therefore, at
shorter distances, the pairs used for variogram estimation re-
flect relatively high values. The lag variances are also higher
at smaller lag distances; however, these values decrease or
stabilize as lag distance increases. This may be an indication
of what the mining literature calls the “proportional effect,”
an effect that reflects an increase in the local variance as the
local mean increases. In other words, high values tend to ex-
hibit more variability than low values.

Knowing the behavior of lag means and lag variances, we
should expect that the modifications suggested in this section
may not significantly impact the porosity variogram; where-
as, for the IP and net-kh data, we should observe some im-
provement in estimation of the variogram.

We first examine the effect of the modifications on the po-
rosity variogram. Fig. 3.26 shows the use of a general-relative
variogram for isotropic data; the conventional variogram is
included for comparison. As expected, no significant im-
provementis observed in the variogram with the general-rela-
tive variogram. Similar results can be noted for the pairwise-
relative variogram in Fig. 3.27. Figs. 3.28 and 3.29 show the
nonergodic variogram and correlogram plots, respectively.
The variograms estimated with both these modifications
show essentially a total lack of spatial relationship. For both
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Fig. 3.27—Pairwise-relative variogram for porosity data.
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Fig. 3.28—Nonergodic variogram for porosity data.

these modifications, the variogram rises quickly to a sill val-
ue, indicating a total lack of spatial continuity. Because the es-
timated variogram that provides the best interpretable struc-
ture should be used, we should use the conventional
variogram for these data.

Fig. 3.30 shows the effect of the modified variograms for
the IP data. To eliminate clutter, the generalized-relative va-
riogram is not shown, but its behavior is very similar to that
of the pairwise-relative variogram. The conventional vario-
gram exhibits the most fluctuation. At large distances, instead
of reaching a stable value, there is considerable fluctuation in
the variogram estimation. The pairwise-relative variogram
shows fairly smooth variations in the estimated variogram,
which increases gradually and reaches essentially a constant
value at large distances. The nonergodic variogram and non-
ergodic correlogram also show less fluctuation and better
continuity in the estimated variogram. Overall, all four modi-
fications clearly improve the variogram estimation to define
the spatial structure better. Comparison of the different modi-
fications shows that the pairwise-relative variogram provides
the clearest interpretable structure.

A similar conclusion can be reached for the net-kh data as
well. The conventional variogram fails to exhibit any spatial
structure (Fig. 3.31). Any structure is masked by the fluctua-
tions in the estimated variogram values. In contrast, the pair-
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Fig. 3.30—Effect of modified methods on estimated IP vario-
gram.
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Fig. 3.29—Nonergodic correlogram for porosity data.

wise-relative variogram and the nonergodic correlogram ex-
hibit a smooth change with a clearly interpretable structure.
The nonergodic variogram shows some improvement over
the conventional variogram; however, it also shows some
fluctuation in the estimated values.

Overall, the modifications suggested in this section could
improve our ability to describe the spatial relationship. This
is especially true where the sampling of the data is biased,
which results in variations in lag means and lag variances. In
studying the effect of these various modifications, the modifi-
cation that provides the most interpretable structure should
be favored.

3.5 Modeling Variograms

Sec. 3.4 considered various methods and modifications used
to estimate variograms. This section discusses methods used
to model these variograms. Estimation of variograms allows
us to know variogram values only at the lag distances at which
we computed the variogram. The primary purpose, however,
in estimating the variogram is to use this information to esti-
mate variable values at unsampled locations. The information
about the spatial relationship is used to estimate those values.
When estimating, it is not necessary that the distances be-
tween the samples and the unsampled locations coincide with
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Fig. 3.31—Effect of modified methods on estimated net-kh
variogram.
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the distances at which we estimated the variogram. In fact, the
distances rarely coincide with the distances of the estimated
variogram. That means we will have to determine the value
of the variograms at distances between the lag distances at
which we have estimated the variogram. One option is simply
to interpolate between the estimated values so that we know
the variogram value at any lag distance. Unfortunately, such
simple approximation may create problems in the estimation
procedure. Therefore, we have to restrict ourselves to certain
types of models that can be used to model the variogram.

This section is divided into five subsections. In Sec. 3.5.1,
we discuss the requirements that have to be honored in model-
ing variograms. Sec. 3.5.2 covers the types of models that can
be used to model variograms that reach a constant value
(models with a sill). For these models to fit, the estimated va-
riogram should increase with distance at smaller lag distances
and reach a constant value at a certain distance called the
range. We examine the applications of these models through
field examples.

In Sec. 3.5.3, we consider the modeling variograms that do
not reach a constant value within a region of interest. These
variograms show increases in value as lag distance increases.
Certain types of models are adequately suited to capture these
variograms. We discuss the applications of these models
through examples.

Sec. 3.5.4 addresses modeling variograms with “hole ef-
fects,” acommon effect observed when modeling variograms
in the vertical direction. These variograms show periodic be-
havior thatrepresents cyclical geological processes. We study
two types of models that allow modeling of hole effects.

In Sec. 3.5.5, we examine modeling of anisotropic vario-
grams. Certain additional constraints are imposed in model-
ing the anisotropic variogram, including the requirement that
the directions of maximum and minimum continuities be per-
pendicular to each other. We explain the procedure used in
modeling anisotropic variograms and provide examples.

In studying this section, it should be understood that vario-
gram modeling is a time-consuming exercise. The job can be
made easier through interactive software, which allows
changing the parameters of the model with ease. Modeling
variograms correctly requires practice. We highly recom-
mend the use of interactive software for a better modeling ex-
ercise. One such public-domain software, GeoEAS, 10 allows
interactive modeling of variograms in two dimensions.

3.5.1 Modeling Requirements. In modeling the estimated
variogram, we must consider two requirements. The first is
the use of a minimum number of parameters and models to
model the variogram. We need to capture all the essential fea-
tures observed in an estimated variogram, some of which
have physical relevance and need to be honored. However,
the model does not have to pass through every estimated va-
riogram value. We need to decide which spatial features of the
estimated variogram are important, then try to capture those
features with as few parameters as possible. For example, if
an estimated variogram can be reasonably honored with ei-
ther one type of model or a linear combination of two models,
modeling with only one type is preferred over modeling with
the combination. Using as few parameters as possible makes
it easier to model the anisotropic variograms, as well as cross
variograms (discussed in Sec. 3.4.2). Furthermore, the es-
timation process requires less computational effort with a
simpler variogram model.

The second requirement is the condition of positive defi-
niteness.!” Any model used to model the variogram (or
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covariance) should satisfy the requirement of the condition of
positive definiteness, which ensures that a unique solution is
obtained during the estimation process. Recall from Chap. 2
that, in the estimation process, we assume that the variable at
the unsampled location is linearly related to the surrounding
samples. Mathematically, we can write

X*(ﬁo) = i A‘j-x(ﬁi)’

where x*(u,) =the estimated value at the unsampled loca-
tion, U, x(#,) = the sample value atlocation u;, and A; = the
weight assigned to sample x(i;). In other words, we assume
that the value at the unsampled location is a weighted linear
combination of the nearby n samples. Because the estimated
value is a random variable with associated uncertainties, we
can also estimate the variance associated with it. Taking the
variance on both sides of Eq. 3.40, we can write

Vix'Gi,) = V| D apxGiy |- (3.41)
i=1
Expanding the right side of Eq. 3.41 gives
VI D daxtii) | = >0 AACliE), (3.42)
i=1

j=1i=1

where C(ii;, u;) = the covariance between the two sample
points located at u; and u;. Appendix B provides the details
of the expansion. We know that variance must always be posi-
tive; i.e., the left and right sides of Eq. 3.42 must be positive.

n

> > Al = o.
i=1 j=1
The left side of Eq. 3.43 is zero only if all the weights, A;, are
zero; otherwise, it should always be positive. This is the
condition of positive definiteness. The model should be cho-
sen so that Eq. 3.42 is always satisfied.
In cases where we need to express the equation in terms of
a variogram model, we can write

— > D adpldai)z 0, (3.44)
i=1 j=1
where all the weights must add to zero, or
2/1,. = 0. (3.45)

Eq. 3.44 requires that the variogram model be conditionally
positive definite (i.e., conditional to the weights summing to
zero). In contrast, Eq. 3.43 must be satisfied for any weights.
Restricting the type of weights that can be used to satisfy Eq.
3.44 imposes fewer restrictions on variogram models
compared with covariance models; therefore, more allowable
variogram models are available.

To prove that a particular type of model satisfies the positive
definiteness condition is tedious and requires the use of Fourier
transforms. Christoakos!#418 provides different criteria of per-
missibility to satisfy the requirement of positive definiteness.

Fortunately, several models have already been tested for the
condition of positive definiteness. In addition, if certain mod-
els satisfy the requirement of the condition of positive defi-
niteness, any linear combination of these models can also be
used as an acceptable model. For example, if we write
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i) = > acfi)
o (D) = > arlD),

..................... (3.46b)

C(Z) and y(f) are acceptable models if C, i(Z) and )/,.(I_:) satis-
fy the requirement of the condition of positive definiteness
and a; are positive. Furthermore, any product of acceptable
covariance models is also an acceptable covariance model.
That is,

N

aw) = [Jac(L)
i=1

is an acceptable covariance model, where I1 = the product,
a; = the coefficient of Model C, and Ci(lj) = a covariance
model that must satisfy the condition of positive definiteness.
As subsequent sections discuss, we can model essentially any
observed variogram with available covariance and variogram
models using these types of combinations. In practice, we do
not need to invent a new model to fit an estimated variogram.

In modeling the variogram, one additional restriction must
be kept in mind. The condition of positive definiteness can be
satisfied in different dimensions. Certain models satisfy the
requirement in only one dimension, while other models satis-
fy the requirement in three dimensions. A model that satisfies
the requirement in higher dimensions also satisfies the posi-
tive-definiteness requirement in a lower dimension. That is,
amodel that satisfies the requirement in three dimensions can
be used to model in one or two dimensions. The reverse is,
however, not true. Most problems that are of interest in reser-
voir characterization require a model that can be applied in
three dimensions. Therefore, in subsequent sections we pres-
ent models that satisfy the condition of positive definiteness
in three dimensions. If a particular model does not satisfy the
requirement in three dimensions, we explicitly state it. Other-
wise, it can be assumed that the models presented can be ap-
plied in three dimensions.

3.5.2 Models With Sill. This section covers four models that
are most commonly used in modeling the estimated vario-
grams. All four are applicable in three dimensions.!?

Nugget-Effect Model. The simplest model is the nugget-
effect model. In practice, it can be written as

W) =0, (3.482)
if L =0,
and y(Z) = Cpy e (3.48b)

if L > 0, where C, = the sill value. The variogram by defi-
nition has to be zero at a lag distance equal to zero. The nugget
effect assumes that the variogram abruptly increases to a val-
ue of C, for any lag distance greater than zero. Beyond that
point, it remains constant. Knowing the relationship between
the variogram and the covariance,

y(L) = cw) - (L),

SPATIAL RELATIONSHIPS: ESTIMATION AND MODELING
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Fig. 3.32—Variogram models with sill.

we can write the corresponding covariance equation as

C(Z) = oy e (3.492)
ifL =0,
and C(Z) =0, (3.49b)

if L > 0. Note that the sill value is equivalent to C(0).

The nugget effect indicates a total lack of information with
respect to spatial relationship. If a particular estimated vario-
gram is observed to present a pure-nugget effect, it is an in-
dication that no quantitative information is available about
the spatial relationship about that variable. There may be two
reasons for this. First, the shortest distance at which we have
sample pairs may be greater than the range of the variogram.
Therefore, we do not have data pairs that exhibit some type
of correlation. Second, the measurement error can add uncer-
tainty in the estimation, which is reflected in a nugget value.
In practice, it may be hard to determine which reason is re-
sponsible for the nugget effect. What is important is the fact
that a high value of nugget indicates a lack of information
about the spatial relationship. Fig. 3.32 shows the nugget-ef-
fect model and other sill models. As explained, the nugget ef-
fect is a horizontal line with a constant sill value of C,. Fig.
3.33 shows an equivalent covariance plot for the nugget-ef-
fect model and the other models. Zero value or a lack of cor-
relation indicates the nugget effect.

Spherical Model. The spherical model is probably the most
commonly used model to demonstrate variograms with a sill.
The equation for the spherical variogram can be written as

ammmm—— Nugget
Spherical
@ Exponential

— — — — Gaussian

Lag Distance

Fig. 3.33—Covariance models with sill.
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3
Mg (L) = y(L) = CO[%(%) - %(%) ] ...... (3.50a)
if L = a,
and Mg (L) = Cor oo (3.50b)

if L = a, where M (L) = aspherical model with a range a.
An equivalent covariance model can be written as

alL) = Coll - %(%) + %(%)*]

if L = a,
and C(L) = 0,

if L Z a.

The spherical model is defined with a range of @ and a sill
value of C,. The variogram reaches a sill value at a lag dis-
tance of a. Figs. 3.32 and 3.33, respectively, show the spheri-
cal variogram and the associated covariance model. Note that,
of all the models, the spherical model has the highest slope at
the origin. Therefore, if an estimated variogram rises rapidly
for a given range, the spherical model is a good option to try
to model the variogram.

Exponential Model. The equation for the exponential mod-
el can be written as

My (L) = y(L) = Co[l - exp(‘jL)],

if L 2 0, where a = effective range of the variogram and
Mg (L) = exponential model with arange a. The correspond-
ing covariance model can be written as

C(L) = Coexp( _a3L),

if L 2 0. For the exponential model, the variogram reaches
the sill value only asymptotically. Therefore, for practical
purposes, a range is defined as the lag distance where the va-
riogram reaches 95% of the sill value. Substituting L = a
into Eq. 3.52 gives

y(L) = Gyl — e73) = 0.95C, = C,,

and we obtain y(L) equal to 95% of the sill value. Figs. 3.32
and 3.33, respectively, show the variogram and correspond-
ing covariance models. As can be seen, for the same range, the
slope at the origin for the exponential model is smaller than
that of the spherical model, indicating a much more gradual
change in the variogram value.

Gaussian Model. The variogram equation for the Gaussian
model can be written as

Mg, (L) = y(L) = Co[l - exp(— 35—2)] ... (3.54)

if L = 0, where M (L) =a Gaussian model with a range a.
The corresponding covariance model can be written as
- L?
C(L) = Cyexp| — 3; s
if L = 0. For the Gaussian model, the slope at the origin is
zero, indicating an extremely smooth variation in properties

as a function of distance. The effective range for the Gaussian
model is a, which represents the lag distance at which the va-

74

Co+ Cq

__________________________

—>

v(L)

O

0

Q) - o o o me o e e 2 s e e e e ]

Lag Distance

Fig. 3.34—Linear combination of nugget and spherical model.

riogram reaches 95% of the sill value. Figs. 3.32 and 3.33, re-
spectively, show the Gaussian variogram model and the
associated covariance model. The figures show that the vario-
gram changes very gradually at the origin and exhibits an S-
shaped curve before reaching a sill value.

Combination Models. Using any of the four models de-
scribed, we can create multiple linear combinations of these
models to model a given estimated variogram. Most com-
monly, the nugget-effect model becomes an inherent part of
the variogram model. For example, we can write a variogram
model as

y(L) = Cy + C;M,, (L),

where C, = the sill value of the nugget effect, C; = the sill
value of a spherical model, and a = the range of a spherical
model. Fig. 3.34 shows this model schematically. The vario-
gram starts at a value of C,, representing a certain lack of in-
formation about the spatial relationship. The variogram final-
ly rises to a value of (C, + C,), which is a total sill of the
variogram. C, is the contribution of the spherical variogram
to the total sill.

Similar to Eq. 3.56, we can describe an estimated vario-
gram with any linear combination. For example, we can write

Y(L) = Co+ CMy, (L) + CMg, (L), ... (3.57)

where the variogram is represented by a linear combination
of three models: nugget, exponential, and Gaussian. The total
sill of the variogram is C, + C, + C,, and the range of the
exponential model is a,. In general, we can write

YD) = > Cy, (L),
i=1

where y,; (L) =a variogram model with a range a; and
C; = the associated sill value. This type of model is also
called anested model, which represents a composite structure
that combines multiple models. In practice, more than four
models are rarely used in a linear combination.

Field Example 3.10. This example illustrates modeling of the
estimated variograms for the porosity data of Flow Unit 3, the
1P data, and the net-k# data. For simplicity, we model only iso-
tropic or omnidirectional variograms. Modeling of anisotrop-
ic variograms is discussed later.

Fig. 3.35 compares the estimated variogram for Flow Unit
3 porosity data and the model. The equation for the model is

y(L) =15 + 10Mg, (L),
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Fig. 3.35—Estimated and model variograms for Flow Unit 3
porosity data.

The estimated variogram is a conventional variogram without
modifications. Recall that most of the modifications dis-
cussed in the previous section did not significantly improve
the estimated variogram for porosity. The match between the
variogram and the model is reasonable. Obviously, all the ob-
servations do not fall on the model variogram. However, the
basic trend is captured.

Fig. 3.36 compares the estimated variogram for the log of
IP and two possible models. Recall that the log of IP did result
in a better interpretable variogram structure; therefore, we
used the log of IP. As an alternative, we could have used the
normal-score transform or pairwise-relative variogram for
modeling purposes. Both these modifications resulted in im-
provements of the structure. We illustrate only the application
of the log of IP data. Similar methods can be used for other
modifications as well. The two models in Fig. 3.36 are

w(L) = 0.06 + 0.3M,. (L)

Gs.000

and y(L) = 0.36M;,  (L).

Both are equally applicable. The first estimated value at a lag
distance of 389 ft can be ignored because it contains only two
pairs. The last estimated value is at a lag distance beyond half
the maximum distance; therefore, we can also ignore that val-
ue. Both models adequately capture the overall spatial trend.

Having alternative models that can capture the spatial trend
raises the question of which to use in the estimation process.
The answer is whichever is more “robust.”!® Robustness
should be defined in terms of the model’s relative insensitiv-
ity to perturbations with respect to sample data as well as the
model’s underlying assumptions.

As noted previously, both spherical and Gaussian models
satisfy the requirement of the condition of positive definite-
ness; however, they are not equally robust. It has been shown
that the Gaussian model, especially with a zero-nugget effect,
is much more sensitive to data variations than either the spher-
ical or exponential model.20 While the Gaussian model can be
made more robust by adding the nugget effect to it, it still is
less robust than the spherical or exponential model. As a re-
sult, in the absence of compelling external physical reasons
to use the Gaussian model (i.e., the presence of extreme conti-
nuity at short distances), it is better to choose an alternative
model. If the two alternative models are either spherical or ex-
ponential, the choice of one over the other is not that critical.?!
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Fig. 3.36—Estimated and model variograms for log IP data.

Fig. 3.37 illustrates the modeling of the log of net kh with
two alternative models. The log of net kh was used for better
interpretability of the structure. As stated before, we can also
use the normal-score transform or the pairwise-relative vario-
gram to capture the overall spatial relationship. The models
used are

y(L) = 0.15 + O'SSMGMOO(L)
and y(L) = 0.72MS8’000(L).

As in the case of IP data, the estimated variogram at the lag
distance of 389 ft can be ignored because there are only two
pairs at that lag distance. Both models adequately capture the
spatial trend observed by the estimated variogram. For the
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Fig. 3.37—Estimated and model variograms for log net-kh data.
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Fig. 3.38—Effect of intermittency exponent on fg, model.

reasons given earlier, the spherical model is preferred over the
Gaussian model.

3.5.3 Models Without a Sill. Models without a sill are used
to model variograms that continually increase as lag distance
increases. These variograms may eventually reach a sill val-
ue; but, within the region of interest, they exhibit a continuing
increase in value as the lag distance is increased. Three types
of models are used most commonly to model these types of
variograms. The first two, which have recently become popu-
lar,2? are fractal models. The third, the logarithmic model, is
popular in the mining industry but has rarely been used to de-
scribe the variogram of reservoir properties.

Fractional Gaussian Noise, f, Model. The f;, model,
M, was first made popular by Hewett,22 who demonstrated
thatit could represent well-log data. The f;;, modelis a fractal
type of model, and the variogram equation can be written as

y(L) = 5COM

w N L
x [2— (FJ’ 1) +2‘5

where C, = ascaling parameter that is different from the sill
value, H = the intermittency exponent, which can take a val-
ue between zero and one excluding the limits (to ensure that
the requirement of the condition of positive definiteness is sa-
tisfied), and 0 = an averaging parameter that represents the
“support” of a measurement. For example, 6 = 3 ft, if log
data represent a resolution of 3 ft, and 6 = 1 ft, if core data
are assumed to represent a value covering a 1-ft interval.
When an f;, model is used, sample data must be spaced
uniformly. The three parameters, C,, d and H, need to be esti-
mated for proper modeling. 0 can be reasonably guessed. One
option for estimating these three parameters is to use an inter-
active trial-and-error procedure to obtain the values as we did
for the models with a sill. Another option is to use specialized
procedures to estimate the value of H separately; these in-
clude R/S analysis, 2 spectral methods,2? and a box-counting
method.23 All these methods require uniform spacing of the
data. The box-counting method also requires that a sequence
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Fig. 3.39—Estimated and model variograms for porosity data
from Well 36-W27.

of data be graded before its use. Refs. 22 and 23 provide de-
tailed discussions of these methods. Once H and 6 (resolution
of the sample) are known, the remaining unknown, C,, can be
estimated easily.

The intermittency exponent, H, represents the degree of
continuity between neighboring sample values. For
H < 0.5, the behavior is called antipersistent; i.e., a high val-
ue is more likely to be followed by alow value and vice versa.
For H > 0.5, the behavior is called persistent; i.e., a high val-
ue is more likely to be followed by a high value. In analyzing
geoscience data, neighboring values are expected to have a
greater likelihood of being similar to each other than dissimi-
lar. Therefore, H is expected to be >0.5. Experimental ob-
servations match this expectation. The analysis of the well-
log data reveals that H is always > 0.5, with the most likely
values falling between 0.7 and 0.9. Fig. 3.38 shows sample
variograms for the f;, model with different values of H. The
values of 0 and C; are fixed at 1.0. The figure shows that, for
H = 0.5, the variogram is a pure nugget. This is equivalent
to “white noise.” As the value of H increases, the correlation
between the neighboring values increases. At H = 0.9, the
change in the variogram value is much more gradual.

Examination of these variograms raises another issue.
When an estimated variogram is modeled, several options are
available. The f;;, model does have a sill value. Asymptotic-
ally, ata very large lag distance, the variogram reaches a value
of C 0%~ However, within the region of interest, the vario-
gram may show an increase in value for all the lag distances.
When modeling a variogram, it could be modeled either with
an f;, model or, possibly, with the models with sill. Both
models may fit the estimated variogram equally; therefore, it
is unnecessary to prefer one type of model over the other. As
long as we can capture the spatial characteristics adequately,
we can model it with any appropriate model. The use of these
alternative models should not significantly affect estimations
at unsampled locations. The following example illustrates al-
ternative modeling.

Field Example 3.11. This field example analyzes the vertical
data for Well 36-W27. Core porosity data are collected at uni-
form 1-ft intervals. We assume that 0 = 1.0 ft for the f,
model. Fig. 3.39 shows the estimated variogram fits for the
two models. Model 1 represents the f;, model with
H = 0.85,0 = 1ft,and C, = 0.0075. The value of H was
obtained with the box-counting method. The fit is reasonable.
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Fig. 3.40—Effect of intermittency exponent on fg, trace.

The other model, Model 2, is a spherical plus nugget model
that can be written as

y(L) = 0.0025 + O.OOZSMSS(L).

The fit with the early lag variogram values is good. The spher-
ical model does not capture the slightly increasing trend in the
estimated variogram; however, this may not be significant.
When examining the two alternative models, it is difficult
to choose one over the other. Both models can be considered
to describe the spatial trend adequately. The difference be-
tween the absolute values between the two models at a given
lag distance is fairly small. As a result, the use of either of the
two models (one with and one without sill) should not signifi-
cantly affect the estimation at the unsampled locations.

Fractional Brownian Motion, fg,, Model. The f;, mod-
el, M i has been observed to capture features of several nat-

SPATIAL RELATIONSHIPS: ESTIMATION AND MODELING

urally occurring objects.24 The variogram equation for the
Jf&n model can be written as

y(L) = C,L*,

where C,; = a scaling parameter, L = a lag distance, and
H = an intermittency exponent. H can take values between
zero and one, excluding these two limits. f;, and f;,, are re-
lated to each other. For a given H, f3, can be written as

That is, fg, is an integral of f;,. Because of this integration,
the f3, model shows much smoother behavior than the f,
model. As in the case of the f;;, model, the behavior is called
antipersistent for H < 0.5 and persistent for H > 0.5. Fig.
3.40 shows typical f, model traces for values of H ranging
from 0.1 to 0.9. The figure shows that the behavior becomes
smoother as H increases. For small values of H, significant
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Fig. 3.41—Effect of intermittency exponent on fg, variogram.

fluctuation exists. Fig. 3.41 shows the variogram plots for
three values of H. Depending on whether H is less than or
greater than (.5, the variogram behavior is either parabolic or
hyperbolic. For H = 0.5, we obtain a perfect straight line.

Infitting an estimated variogram with an f3, model, the pa-
rameters for the model can be obtained through a trial-and-er-
ror procedure. To obtain the value of H, we can use the R/S
analysis method,?2 the spectral analysis method, 22 or the box-
counting method.23 Or the slope can be calculated on the basis
of the best-fit line by plotting y(L) vs. h on alog-log scale. The
slope is equal to 2H; therefore, the value of H can be calcu-
lated from the slope.

In areservoir-description process, Emanual et al.,2> Hewett
and Behrens,20 and Tang et al.2” were the first to assume that
reservoir petrophysical properties in the horizontal direction
can be described by the f3, model. This has not been proved
with actual data. Analysis of horizontal well logs by some in-
vestigators revealed that the variogram in the horizontal
direction can also be described by an f;, model rather than by
an fy, model.28-30 In short, whether an f;,, model is ap-
propriate for describing petrophysical properties in the hori-
zontal direction is a subject of debate. Because we have insuf-
ficient data in the horizontal direction at uniform intervals in
the Burbank field, we cannot provide a field example to dem-
onstrate modeling of the variogram with an f3,, model.

Logarithmic Model. The variogram equation for the loga-
rithmic model can be written as

y(L) = CylogL

for L > 0. The logarithmic model is one of the first models
used in geostatistical applications. It is still a popular model
in mining engineering; however, its popularity has decreased
somewhat because of the advances in interactive modeling of
the variogram through computers. This allows the use of
nested structures to model estimated variograms easily.
Otherwise, the logarithmic model has the advantage of ob-
taining the model parameters by simply plotting the estimated
variogram vs. log of the lag distance. The logarithmic model
has rarely been used to describe spatial continuity of reservoir
properties, and we do not see any application of this model in
the foreseeable future.

3.5.4 Hole-Effect Models. Hole-effect models capture the
cyclical behavior of variograms. When the estimated vario-
gram shows cyclical behavior instead of a monotonic in-
crease, hole-effect models are used. This type of behavior is
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Fig. 3.42—(a) Stacked channels. (b) Estimated variogram of
cyclic data.

more common in describing the spatial relationship in the ver-
tical direction because geological processes often repeat in
cycles. The vertical stacking of the geological environment is
reflected in cyclical variograms. For example, if several chan-
nels are superimposed on top of each other with each channel
consisting of upper, middle and lower subfacies, the vertical
variogram reflects cyclical behavior.

As a simple example, Fig. 3.42a shows a three-layered
(stacked channels) structure, with each layer having a thick-
ness of 40 ft. Each channel is divided into two 20-ft-thick sub-
facies, upper (labeled 1) and lower (labeled 2). Fig. 3.42b
shows the generated variogram in the vertical direction. Al-
though this is an exaggerated and oversimplified description,
the cyclical behavior is evident in the variogram. The wave-
length reflects the length of each cycle, and the maximum val-
ue reflects the transition from one subfacies to another. In
most instances, such transitions may not be clear-cut; howev-
er, the average length of a geological cycle can be obtained
through variogram analysis and can be corroborated with an
independent geological interpretation. Assuming that repro-
duction of such cyclical behavior is important, two potential
models are described next.
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Sine Model. The sine model can be written as

y(L) = co[l - ““(L“L)],

and the corresponding covariance model can be written as

sin(aL)

I
where the product (al) is defined in radians. Where (aL)
reaches a value of 3u/2, the variogram reaches a maximum
value. At a large value of L, y(L) converges to C,, or the sill
value. Fig. 3.43 shows a typical sine variogram model and
corresponding covariance model. Sine models can be applied
in three dimensions. One restriction of the sine model is its
relative amplitude. Relative amplitude is defined as

o =TVD =G (3.65)

Co

where y(L) = the maximum value of the variogram and
C, = thesill value. If the estimated variogram exhibits a val-
ue of a > 0.212, the sine model may not be applicable.

Cosine Model. The cosine variogram model can be writ-
ten as

y(L) = Cy[1 — cos(aL)],

c(L) = C,

and the corresponding covariance model can be written as
C(L) = Cycos(al).

The cosine model is applicable in only one dimension; how-
ever, the relative amplitude can be as high as one. This allows
for a much bigger range of oscillations in the variogram than
possible with the sine model. The cosine model is a periodic
model with no dampening effect. However, the model can be
dampened if used in conjunction with other nested models.

Field Example 3.12. This example examines the vertical va-
riogram of porosity data for Well 35-W21. Fig. 3.44 shows
the estimated variogram and three possible models. The first
model, a combination of the nugget and exponential models,
can be written as

SPATIAL RELATIONSHIPS: ESTIMATION AND MODELING
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Fig. 3.44—Estimated and model variograms for porosity data
from Well 35-W21.

y(L) = 0.001 + 0.002[1 - exp( - %)]
The fit between the model and the experimental variogram is
reasonable. However, we ignored the oscillations observed in
the estimated variogram. If we believe that the oscillations are
not important enough to honor strictly, we may ignore them
and capture the average variogram trend with the model.

The second model is a cosine model. The relative ampli-
tude, a, can be calculated as

_ 0.0034 — 0.003
0.003

Because a < 0.212, we can apply the sine model, which can
be written as

a = 0.133.

y(L) = 0.003[1 - M]_

L

The model matches the estimated variogram much better, be-
cause it captures the oscillations observed in the variogram.

The third model is a combination of the exponential and co-
sine models and can be written as

y(L) = 0.0009 + 0.002[1 — exp( — 3—15‘) cos(0.25L)].
Recall that Eq. 3.47, which allows a covariance model, is a
product of two individual covariance models. The fit is not as
good as with a sine model. Therefore, this model is a valid
model. Because we used the cosine model, this model is appli-
cable in only one dimension. In most reservoir studies, we are
interested in generating a description of the reservoir proper-
ties in three, or at the least, two dimensions. Therefore, ap-
plication of a variogram model, which is applicable in only
one dimension, is doubtful in practice. However, in defining
anisotropic structures, if we restrict the cosine model to only
one direction, we may still be able to use it. We discuss such
a modeling exercise in the next section.

In summary, we examined the two important rules in mod-
eling of isotropic variograms: (1) the minimum number of pa-
rameters should be used to model the basic characteristics of
the structure and (2) the condition of positive definiteness
should be observed. We explained three types of models: with
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Fig. 3.45—Geometric anisotropy.

a sill, without a sill, and with hole effects. Except for the co-
sine model, which describes the hole effectin only one dimen-
sion, all the other models are applicable in three dimensions.
Also, using linear combinations of these models, we can
create multiple possibilities that, in practice, allow us to mod-
el any estimated variogram. More than one way may exist to
model an observed variogram. If the alternative models cap-
ture the essential features of the variogram, subsequent es-
timations at unsampled locations are not affected by their use.

3.5.5 Anisotropic Models. Anisotropic models are needed
when the estimated variograms show different spatial conti-
nuities in different directions. For example, in a channel sand,
the variograms of porosity may show better continuity in the
direction of the channel than across the channel. Anisotropic
models need to be used to capture these types of continuities.

The same two rules apply in modeling anisotropic vario-
grams as apply to modeling isotropic variograms: (1) use the
minimum number of parameters needed to model the vario-
grams and (2) satisfy the condition of positive definiteness.

These restrictions require careful selection of variogram
models to describe the anisotropy. For modeling conve-
nience, we further assume that directions of maximum and
minimum continuity are perpendicular to each other. In prac-
tice, the two most commonly observed types of anisotropy are
geometric and zonal anisotropies.

Geometric Anisotropy. Geometric anisotropy typically is
observed when the variograms in the directions of maximum
and minimum continuity show a similar shape and sill but dif-
ferent ranges (Fig. 3.45). In Fig. 3.45, the range in the direc-
tion of maximum continuity, i, is a,, while the range in the
direction of minimum continuity is a,. We assume that the two
directions are perpendicular to each other.

To model the two variograms with the same sill, we have to
use the same combination of linear models in both directions
except with different ranges. For example, with a linear com-
bination of nugget and spherical models, the model in the
direction is

y/L) = Cy + ClMs,,u(L), ................. (3.68)
and the model in the V direction is
yL) = Cy + C]Msa‘_(L). ................. (3.69)
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Fig. 3.46—Rotational transformation.

The models in both directions contain the same linear com-
bination; however, the range in each direction is different. It
is not necessary to restrict the model to a combination of only
two models; we can use as many as we want as long as the sills
of the models in both directions are the same and the types of
models used are the same. For example, we can model the va-
riogram in the i direction as

L) = Cy + ClMEau‘(L) + CzMG{,uZ(L)

and the variogram in the v direction as

'}’V(L) =C, + CIMG,,VI(L) + CzMEavz(L)-

Note that we have the same linear combination in both direc-
tions except that the ranges differ in the two directions.

This type of modeling satisfies the requirement for a condi-
tion of positive definiteness. Further, by defining the model
in only two directions, we can estimate the variogram in any
other direction. Before we examine the method of estimating
the variogram in any direction, we must understand that any
variogram model with a sill can be normalized to convert to
an equivalent model with a range equal to one. For example,
a spherical model can be written as

3
My (L) = y(L) = col%(%) - %(%) ] ..... (3.502)
for L = q, and
Mg (L) =9y(L) = Cy vvvvviiiiiiin, (3.50b)
for L = a.
This model has a range of a. If we define a variable
=L (3.72)
we can write Eq. 3.50 as
- 3; _ 145
y(Lp) = C, §LD ELD ................ (3.73a)
for L = a, and
YLp) = Cyp v (3.73b)
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for L = a, where Eqs. 3.73aand 3.73b represent a variogram
model with a unit range. Similar transformations also can be
used for exponential and Gaussian models. By appropriately
dividing the lag distance by the range in a given direction, we
can normalize the variogram equation.

In Fig. 3.46, the directions of maximum and minimum con-
tinuities are shown as # and v, respectively. These directions
need not coincide with the original axes, i and V', which are
based on the sampled information. If the direction of maxi-
mum continuity (i) is 6, then the direction of minimum conti-
nuity (V) is (6 +90°). To calculate the variogram for vector
L defined in an arbitrary direction, we can first calculate the
components L and L, based on the original axes #’ and V'
through a sunple coordlnate transformation. We can write

L, = Zu, cosf + I_:V, sin6,

where a, and a, =ranges in the i and Vdirections, respec-
tively. We can then calculate the variogram at dimensionless
lag distance L, with the appropriate equation.

This type of transformation satisfies the limiting cases. For
example, when calculating the variogram in the # direction,
L =0and L, = L ./ a,. Substituting LD in the varlogram
equation with a unit range results in a variogram in the
direction. Similarly, in calculating the variogram in the v
direction, Lu =0and L, = L ,/a,. Substituting in a vario-
gram equation with a unit range results in calculating the va-
riogram in the V' direction.

To consider this transform in a different way, normalizing
the lag distance in different directions appropriately ensures
that the variogram can be defined by an isotropic structure
with a unit range in every direction. The following example
explains this further.

Numerical Example 3.5. From the estimated variograms in
different directions, we observe that the direction of maxi-
mum continuity is N30°E. The variogram model in that direc-
tion is defined as

(L) = 02 + 0.4M; (L),

The variogram in the direction of minimum continuity
(N30°W) is defined as

y(L) = 0.2 + 0.4M55’000(L).

Estimate the variogram value between two points located at
(1,500, 4,000) and (4,000, 6,000).

Solution. Typically, in practice, for a 2D system, we need
to estimate a variogram between two points whose coordi-
nates based on the original axes are known. In this case, the
(u',v") coordinates for the two points are given. Therefore, we
can estimate the value of L and LV , respectively, by

—

L, = u, —u, = 4,000 — 1,500 = 2,500,

u

and L, = v, — v) = 6,000 — 4,000 = 2,000.

SPATIAL RELATIONSHIPS: ESTIMATION AND MODELING

These coordinates need to be transformed in the directions of
maximum and minimum continuities, respectively, before we
estimate the variogram. With Eq. 3.74, knowing that 6 = 30°,

—

L, = I:, cosf + I:,, sinf
2,500(0.867) + 2,000(0.5)
3,167.5,

and L, = — I:, sinf + I:,, cos6

= — 2,500(0.5) + 2,000(0.867)
= 484.

With Eq. 3.76, knowing that the range in the i direction is
8,000 ft and the range in the v direction is 5,000 ft,

_/(3,1675\ N (484 )2
= 8000 5000
= 0.4076.

For L = 1, substituting this value into an equation with a unit
range gives

Y(Lp) = 0.2 + 0.4M, (Lp)
= 0.2 + 0.4[1.5(L,) — 0.5(L})]
= 0.2 + 0.4[1.5(0.408) — 0.5(0.408)"|
= 0.4312.

The variogram in any given direction and at any given dis-
tance can be calculated in a similar manner. As stated pre-
viously, we are not restricted to a particular set of models in
applying this technique. For example, if our variogram model
in N30°E is defined as

y(L) = 0.1 + O'ZMngooo(L) + O'SMESA,OOO(L)’

and the variogram model in N30°W is defined as
y(L) = 0.1 + 0.2M Ss,ooo(L) + 0.3M E7,ooo(L)’
we can apply the same principles.

In this case, we have to calculate two values of L, corre-
sponding to two different models. For the spherical model,

2 2
_ 3,167.5 484 '\ _
Ly, = \/( 8,000 ) * (7,000) = 0.408,

and for the exponential model,

L= [(3.1615\ , (484 ) _
P2 5,000 7,000

The variogram equation with a unit range can be written as

0.637.

y(L) = 0.1 + 0.2M (Lp,) + 0.3M, (Lp)

for L, =
y(L)

for L, =

I,Lp, <
0.6
1,Lp, Z 1.

1, and as
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Depending on the values of Lj, and L, the appropriate value
of the variogram can be calculated at any given lag distance
and direction. Substituting,

w(L) = 0.1 + 0.2[1.5(0.408) - 0.5(0.408)3]

+ 0.3[1 — exp(— 3 X 0.637)]
= 0.4712.

It often is convenient to use a matrix notation to describe the
transformation process. Recall that, as a first step, we use the
appropriate notation to transform the original axes to the
directions of the maximum and the minimum continuity re-
spectively. If we define the rotation matrix, [R], as

cos6 sinf
[R] = [_ sinB COSG:|’ ................... (377)
we can write
L, cos® sinf || L,
S| = ) O (3.78)
. — sinf cosf || L,

Eq. 3.78 is the same as Eq. 3.74 except written in a matrix for-
mat. Alternatively, we can write Eq. 3.78 as

[L] = [R][L].

Once we estimate [L], we multiply it by the appropriate scal-
ing factor to normalize it to L (see Eq. 3.76).

This type of transformation can be translated easily to three
dimensions. Consider coordinate systems with u’, v, and w’
coordinates. Fig. 3.47a shows the clockwise rotation defined
with respect to the w' axis with angle 8. Note that the w' axis
is perpendicular to the plane pointing away from the reader.
Angle ¢ represents a clockwise rotation with respect to the v
axis, which is perpendicular to the plane pointing away from
the reader in Fig. 3.47b.

The rotation matrix, [R], can be written as

cos(0) cos(¢) sin(0) cos(¢p) sin(¢)
[R] = | — sin(@) cos(0) 0o 1
— cos(f)sin(¢p) — sin(@)sin(¢p) cos(p)
.................. (3.80)

82

We can then write the transformed coordinates with Eq. 3.79
as

[L] = [RIL']. oo (3.79)
where,
L,
mwi=\Cl ... (3.81)
L,

Once [L] is calculated, the normalized vector magnitude can
be calculated as

where a,, a,, and a,, = ranges in the u, v, and w directions,
respectively. The normalized value, L, can be substituted
into an appropriate variogram equation with a unit range to es-
timate the variogram.

Field Example 3.13. This example uses the variograms
constructed in Field Example 3.2 for the porosity data for
Flow Unit 3. Recall that the porosity data showed maximum
continuity at 157.5° and minimum continuity at 90° (Fig. 3.9).
As discussed previously, for modeling purposes, we assume
that the directions of maximum and minimum continuity are
perpendicular to each other. After superimposing an ellipse
on arose diagram (a diagram that represents the approximate
ranges in various directions), we determined that we could as-
sume that the direction of minimum continuity was 67.5°.

We model the variograms in the directions of 157.5° and
67.5°, ensuring that the same linear combinations of models
are used. Fig. 3.48 shows the comparison between the model
and the estimated variograms for these two directions.

The model in the direction of 157.5° is

y(L) =9+ 15M; _ (L),

’8,500
and the model in the direction of 67.5° is

y(L) =9 + 15M 54.000(L)'
The only difference between the two models is the range.

The appropriateness of this anisotropic modeling can be
validated by calculating the variograms in other directions at
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Fig. 3.48—Estimated and model anisotropic variograms for Flow
Unit 3 porosity data.

various distances with the procedure described in Numerical
Example 3.5. The calculated variogram is then compared
with the estimated variogram based on the sample data. Fig.
3.49 shows the comparison between the calculated and esti-
mated variograms in two directions, 0 and 90°. Again, the cal-
culated variograms are based on the models in the directions
of maximum and minimum continuities. Although the esti-
mated variograms exhibit significant fluctuation, the compar-
ison is reasonable, indicating that the proposed model is rep-
resentative of spatial relationships in different directions.

Before an anisotropic model is used to represent spatial
relationships, such cross validation must be carried out. If the
calculated variograms do not reasonably match the estimated
variograms in directions other than the directions of maxi-
mum and minimum continuities, the appropriateness of the
directions of maximum and minimum continuities may have
to be examined in addition to the ranges and models in those
two directions.

Zonal Anisotropy. Zonal anisotropy is observed where the
variogram in the directions of maximum and minimum conti-
nuity show different sills. Typical zonal anisotropy is ob-
served when vertical vs. horizontal variograms are compared.
Changes in the vertical direction are more rapid, representing
higher variance or sill value compared with relatively smooth
changes in the horizontal direction, representing a smaller sill
value (Fig. 3.50). Zonal anisotropy is more generalized than
geometric anisotropy because it allows for different sill val-
ues in two directions as well as different ranges. Zonal aniso-
tropy, however, does have some restrictions. It requires that
the directions of maximum and minimum continuity be per-
pendicular to each other and that linear combinations of mod-
els used for modeling the two directions be the same.

For example, if we use a linear combination of a nugget and
a spherical model in the u direction as

y/L) = Cy + CIMSW(L), ................. (3.83)
we can write a model in the direction w as
yu(L) = Cy + (C, + Ci)MSaW(L). .......... (3.84)

Note that both the range and the sill values differ in the u and
w directions; however, the same model is used in both direc-
tions. As before, we are not restricted to a combination of
only two linear models; we can use more than two models to
describe the variograms in two different directions. For ex-
ample, we can write the variogram in the ¥ direction as
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Fig. 3.49—Estimated and model variograms at 0° and 90° for
Flow Unit 3 porosity data.

VlL) = Co + CMy, (L) + C:M;, (L) ... (3.85)
and in the w direction as
yuL) = Cy+ (C, + COM, (L)
+(CoH COMy, (L), oo (3.86)

The sills and ranges for individual models may differ.

This type of modeling satisfies the condition of positive
definiteness. By defining the variograms in only two direc-
tions, we can estimate the variogram in any other direction us-
ing the same principle as in the case of geometric anisotropy.
That is, we convert the variograms into equivalent normal-
ized variograms with a unit range. After using the appropriate
rotation transform, we define the magnitude of the normal-
ized vectors as

............... (3.87)
................ (3.88)
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Fig. 3.50—Zonal anisotropy.
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where a, and a,, = ranges in the & and w directions, respec-
tively. We then substitute the values of L, and L}, into a
normalized variogram equation. For example, the normalized
variogram equation is

YLp) = Co+ CMs (L) ..o (3.89)
and y(Lp) = CiMs (Lp), ...l (3.90)
and the resulting variogram is

Y(L) = y(Lp) + y(Lp). oo (3.91)

Note that the two components are divided so that one compo-
nent represents the variogram that is common to both direc-
tions, and the other component represents the variogram that
is valid only in the w direction. This type of separation en-
sures that the variogram values in the limiting directions are
satisfied. For example, to calculate the variogram only in the
u direction,

L, = 5—;‘ .............................. (3.92a)
and Lp = 0. ... (3.92b)
Substituting in Eq. 3.89 results in

y(Lp) = Cy + ClMsl(é‘—:) ................ (3.93a)
and p(Lp) = 0, ... (3.93b)

which is an equation for the # direction only. To calculate the
variogram in only the w direction,

L, = é— .............................. (3.94a)
and L}, = [5— ............................ (3.94b)

Substituting these values into Eqgs. 3.89 and 3.90 gives

y(Lp) = Cy + ClMsl(g—:) ................ (3.95a)
and (L) = C{MS]<[;—:>. .................. (3.95b)
Substituting into Eq. 3.91 gives

y(L) = Cy + (C, + C{)Msl(s—:), ........... (3.96)

which is the variogram equation for the w direction. The fol-
lowing numerical example illustrates these principles.

Numerical Example 3.6. The variogram in the u direction is
given as

VL) =5+ 20Mg, (L) + 30M; (L),
and the variogram in the w direction is given as

yu(L) = 5 + 30M,_(L) + 40M_ (L).

If the u direction represents a horizontal plane and the w
direction represents a vertical plane, estimate the variogram
between two points located at (50,100) and (13,060).

Solution. Because the major and minor axes coincide with
the original axes, no rotation transformation is needed. We
can calculate
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L, =130 — 50 = 70

and L, = 60 — 100 = — 40.
From the variogram equations, we can write
C, =15,
C, = 20,
Ci = 30 — 20 = 10,
C, = 30,

and C} = 40 — 30 = 10.

For the exponential variogram,

Ly, =
70\ | (= 40\
- (W) +< 50 )

= 0833

and L, =

_ 40

50

=08

For the spherical variogram,

LD=

2 2
10 =40\ _
2 /(100) +(52) - 10

—@:

~ 30

Using a normalized variogram equation gives

and Ly, 1.33.

y(Lp) = Cy + ClMEl(LD]) + CZMSI(LDZ)
=5+ 20[1 — exp(— 3 X 0.833)] + 30
= 53.36.

Note that because hp, > 1, the spherical component con-
tribution is equal to C.,.
Similarly,

(L) = CiMy (Lp,) + CiMs (Lp,)
= 10[1 — exp(— 3 X 0.8)] + 10
= 19.1.

Again, L}, > 1, which makes the spherical component con-
tribution equal to C;. Therefore, the resulting variogram is

= y(Lp) + y(Lp)
53.36 + 19.1.
= 72.46.

Similar calculations can be repeated at any other direction and
for any other distance.
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As in the case of geometric anisotropy, this analysis can be
extended to three dimensions. In practice, the most common
types of anisotropies observed are geometric anisotropy in the
horizontal plane and zonal anisotropy in the vertical direc-
tion. If & and v represent the directions in the horizontal plane
and w represents the vertical direction, after proper coordi-
nate transformations, we get Egs. 3.82 and 3.88

These values then are substituted into an appropriate vario-
gram equation.

Note that using a 3D variogram requires the use of a vario-
gram model that satisfies the condition of positive definite-
ness in three dimensions. A special exception is defining the
zonal anisotropy. If the hole effect in the vertical direction
needs to be represented by a cosine model (a 1D model), this
type of modeling is permissible as long as the variograms in
the horizontal directions do not include a cosine model. This
is because the cosine-model component appears only in the
vertical direction. For example, we can define the variogram
models in the #, v, and w directions, respectively, as

L) = Cy+ C\Ms, (L), oo (3.97)
L) = Cp+ C\Ms, (L), oo (3.98)

and y,(L) = C, + (C, + CQ)MSHW(L)
+ Gl —cos(a,L)], .............. (3.99)

where there is geometric anisotropy in the horizontal plane and
a zonal anisotropy with a hole effect in the vertical direction.
Although the cosine model is a 1D model, this set of equations
satisfies the requirement of a condition of positive definiteness.

In all these equations, we considered variogram models
with a sill. Obviously, the concept of anisotropy is much easi-
er to define when the spatial continuity is defined in terms of
how quickly the variogram reaches a sill value. For the f3,
model, which is a model without a sill, we can also write an
anisotropic equation as

Y(L) = C(OLM™, (3.100)

where C,, the scaling coefficient, is defined as a function of
the direction 6. Eq. 3.100 satisfies the condition of positive
definiteness. If C, is constant in all the directions, we have an
isotropic variogram model. If C; is smaller in a given direc-
tion, the rise in the variogram is slower, representing better
spatial continuity compared with a direction where C; is
large. Similar to geometric anisotropy, we can also define an
ellipse that represents C, values and can be defined, where C,
is smallest in the direction of maximum continuity and largest
in the direction of minimum continuity. The value of C,in any
other direction can be calculated with the equation of an el-
lipse ifitis a 2D variogram and with the equation for an ellip-
soid if it is a 3D variogram.

To summarize, when modeling anisotropic variograms, the
same two conditions need to be satisfied (i.e., using a mini-
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mum number of modeling parameters and satisfying the
condition of positive definiteness). For convenience, the
directions of maximum and minimum continuity are assumed
to be perpendicular to each other. The two types of anisotropy
commonly observed are geometric and zonal. In geometric
anisotropy, the sill values in different directions must be the
same but the ranges can be different. In zonal anisotropy, both
the sill and the range values can be different in different direc-
tions. In modeling both types of anisotropy, the same com-
bination of models must be used in both the directions of max-
imum and minimum continuities.

Modeling anisotropic variograms is a trial-and-error proce-
dure. It is more important to use a linear combination of mod-
el fit reasonably well in both directions of maximum and
minimum continuity rather than modeling one direction well
and leaving the other direction with a poor fit. In addition, af-
ter the modeling is completed, comparison between the calcu-
lated and estimated variograms is essential to ensure that the
established model does an adequate job of capturing the spa-
tial relationships in all directions.

3.6 Cross Variograms

Cross variograms (and the corresponding cross covariance)
represent the spatial relationship between two variables lo-
cated a certain lag distance apart. For example, we may want
to determine whether a permeability value at a given loca-
tion is spatially related to a porosity value a certain lag dis-
tance apart. If such a relationship exists, we may be able
to use it to improve the estimate of permeability values at un-
sampled locations.

The cross variogram is especially useful in cases with two
variables where one is measured more extensively than the
other. One example is having only one cored well with mea-
sured permeability values and several logged wells with log
porosity values. If we can establish a spatial relationship be-
tween log porosity and core permeability at the cored-well
location, we may be able to use that relationship to estimate
permeability values at wells where we do not have cored data.
Another example would be the use of 3D-seismic data that are
collected at a high density. During the exploration phase, we
may have drilled only a limited number of wells and collected
a limited amount of information on petrophysical properties.
If we can establish a spatial relationship between seismic data
and a petrophysical property (such as porosity), we may be
able to estimate porosity values at unsampled locations where
we have not yet drilled the wells.

3.6.1 Estimation of Cross Variograms. The equation for the
cross variogram is

7(E) = Se{[x@ - x( + )] v - 7 + T)]}.

................. (3.101)

In practice, we can estimate the cross variogram between the
variables x and y as

n(L)
R AN b
yAL) = D) ;[x(u,) x(u, + L”
X [y(ﬁi) - )’(’/_Zi + Z)]
Obviously, the estimation requires that both variable values

be available at locations #, and #,+ L. Unlike the standard
variogram, the cross variogram does not need to be strictly

.............. (3.102)
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positive. If the two variables are negatively correlated with
each other (as x increases, y decreases), the cross variogram
is also negative.

The cross-covariance equation can be written as

clz) = E[X@Y(ﬁ + Z)] - E[X(ﬁ)]E[Y(ﬁ + Z)]

................. (3.103)
In practice, we can write Eq. 3.103 as
N 1 n(L) R R - 1 n(L) R
CC(L> = m;x(ui)y(u, + L) - m;x(u,)
1 n(L) R -
x mZly(u +L) (3.104)

Unlike the standard covariance eguation, the cross covariance
is not symmetrical. That is, C,(L) is not necessarily equal to
C.(— L); however, in most cases, we assume that they are.
The cross variogram, _i)n contrast, LS symmetric. That is, we
can show that y (L) = C(— L). If we assume that
C(—L) = C.),

y{L) = €. - c(L).

Eq. 3.105 is similar to the equation we write for the standard
variogram, where C,_(0) is the cross covariance at a lag dis-
tance of zero. This is calculated as

................. (3.105)

n n

c0) = " Xy — 5 > xid) g > ¥,
i=1

i=1 i=1
................. (3.106)

where n = total number of locations where both x and y vari-
ables are measured. Appendix C provides additional details.

Numerical Example 3.7. Table 3.8 shows data collected
from a well. Estimate the cross variogram between the perme-
ability and the porosity data. Also estimate the corresponding
cross covariance between the same two variables.

Solution. Table 3.8 provides the same data as used in Nu-
merical Example 3.1 except that permeability data have been
added. Because of the limited number of pairs, we use only
three lag distances. With Eq. 3.102,

n(L)

y(L) = %Z[x(ﬁi) — ofii, + Z)]
i=1

x [y(ﬁ,.) — (@ + Z)] .............. (3.102)

TABLE 3.8—PERMEABILITY AND POROSITY DATA FOR

NUMERICAL EXAMPLE 3.7

Depth k

(f) ¢ (md)
2,040 8.25 35
2,041 9.0 50
2,042 6.25 21
2,043 5.0 16
2,044 5.3 20
2,045 4.75 8
2,046 5.0 14
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At L = 1 ft, there are six pairs and we can write

7D = 54=[ (825 = 9.0)35 = 50) + (9.0 - 6.25)

X (50 = 21) + (6.25 — 5.0)(21 — 16)
+ (5.0 = 5.3)(16 — 20) + (5.3 — 4.75)
X (20 — 8) + (4.75 — 5.0)(8 — 14)]

= 8.88.

At L = 2 ft, there are five pairs and we can write

7.(2) = ﬁ(&% — 6.25)(35 — 21) + (9.0 — 5.0)

X (50 — 16) + (6.25 — 5.3)(21 — 20)
+ (5.0 — 4.75)(16 — 8) + (5.3 — 5.0)
X (20 — 14)] = 16.89.
Similarly, at L = 3 ft, we have four pairs and can calculate
7.(3) = 24.03.

To estimate the cross covariance, we first need to estimate
¢.(0). Eq. 3.106 states that

LS iyt - 4 S iy kS vy
i=1 i=1

i=1

c(0)

................. (3.106)

%[(8.25)(35) + (9)(50) + ...+ (5)(14)]

—%[8.25+...+5]%[35+...+14]

= 20.53.

With the traditional relationship between the variogram and
the covariance as stated by Eq. 3.105,

vll) = cO-c(L), ... (3.105)

for L = 1 ft,

c(1) = ¢ (0) — y (1) = 20.53 — 8.88 = 11.65.
Similarly, for L = 2 and 3 ft, respectively,

c(2) = 20.53 — 16.89 = 3.64
and c(3) = 20.53 — 24.03 = — 3.50.

Fig. 3.51 shows a plot of the cross variogram and the cross
covariance as functions of lag distance. The behavior is simi-
lar to the standard variogram and covariance, respectively.
This is possible when the two variables are positively related
to each other.

It is important to note that Eq. 3.104, which is a standard
covariance equation, gives a different result for the cross
covariance from this result. With Eq. 3.104,

n(L) n(L)
c(.(L) = ﬁ;x(ﬁ[)y(ﬁ; + L) — ﬁ;x(ﬁ[)
n(L)

X ﬁ;y(ﬁi + L)
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Fig. 3.51—Cross variogram and cross covariance for data in
Numerical Example 3.7.

For L = 1 ft, we have six pairs and can write

cll) = %[(8.25)(50) + (9.0021) + . . . + (4.75)(5.0)]

%[8.25 TR 4.75]%[50 .+ 14]

13.60.

Similarly, for L = 2 and 3 ft, respectively,
c(2) = 448
and c.(3) = 4.69.

As discussed in the section on nonergodic variograms, differ-
ence is caused by differences in lag means compared with
sampled means. In Eq. 3.104, local lag means are used on the
right side of the equation. If these means differ from sample
means of both variables, the answer for c.(L) will differ with
the two approaches. Appendix C provides additional details.

Similar to the nonergodic variogram, we can estimate the
nonergodic cross variogram with Eq. 3.104. Then with
Eq. 3.105,

Ve (L) = cl0) = cL).

In this example, for L = 1, 2 and 3 ft, respectively,
Q(NE(I) = 20.53 — 13.60 = 6.93,
Q(NE(Z) = 20.53 — 4.48 = 16.05,

and )?CNE(3) = 20.53 — 4.69 = 15.84.

Asinthe case of variograms, when estimating the cross vario-
gram, we should try to find the most interpretable structure.
Both the conventional cross variogram and the nonergodic
cross variogram should be used to determine which type pro-
vides a better defined structure and that structure should be
used for modeling purposes.

Field Example 3.14. This example uses core permeability
and porosity data from Well 34-29. Estimate the cross vario-
gram and cross covariance between the porosity and the log
permeability data. Compare them with their nonergodic
counterparts.
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Lag Distance, ft

Fig. 3.52—Cross variogram and cross covariance for data from
Well 34-29.

Solution. Fig. 3.52 shows the cross variogram and cross
covariance for the well. There is a well-defined structure, in-
dicating a strong spatial relationship between the porosity and
the log of permeability. Fig. 3.53 shows the nonergodic coun-
terparts for the same data. In this particular example, both the
conventional and the nonergodic spatial functions are very
similar to each other, an indication that the local and sample
properties do not differ significantly.

Field Example 3.15. Using data from Well 34-29, estimate
the cross variogram between the log of IP and the log of net-kh
data. Intuitively, these two variables should be related to each
other. Recall that the estimated variograms of the log of IP
showed a reasonably interpretable structure. Also, use of the
log of net kh instead of simply net kk significantly improved
the structure. Fig. 3.54 shows the cross variogram and the
nonergodic cross variogram between the two variables. As
expected, the spatial structure indicates a spatial relationship
between the two variables. The difference between the cross
variogram and the nonergodic cross variogram is small, indi-
cating that either one can be used for modeling.

3.6.2 Modeling of Cross Variograms. Cross variograms can
be modeled with the same models used to model variograms.
As before, the rule of the use of a minimum number of param-
eters to model the variogram applies, and the rule of the condi-
tion of positive definiteness should be satisfied.

To satisfy the condition of positive definiteness, certain
additional restrictions are imposed when modeling the cross
variogram.!7 If xand y are considered as two variables, the va-
riograms for the two variables x and y are modeled, respec-
tively, as

YAL) = co + 0, Mg (L) oo (3.107)

0 } ‘ T ; "2
0 5 10 15 20 25
Lag Distance, ft

Fig. 3.53—Nonergodic cross variogram and cross covariance
for data from Well 34-29.
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Fig. 3.54—Conventional and nonergodic cross-variograms for
log IP and log net-kh data.

and y(L) = co, + ¢, Mg (L). ............... (3.108)
Note that both variograms need to be modeled with the same
linear combination of structures and that the range for both
variograms must be the same. The only difference between
the two structures are the sill values, which can be different.
To model the cross variogram between the two variables, we
can write

VeolL) = co + 0y Mg (L). ...l (3.109)
As in modeling variograms, we are restricted by the same lin-
ear combinations of models in modeling the cross variogram,
and the range must also be the same for the cross-variogram
structure. In addition, the coefficients of the model should be
defined so that the following two conditions are satisfied.

........................... (3.110)

2
Co,Co, > Co,

......................... (3.111)

and c,c, > ¢? .
1.C1, Iy

That is, for a given model, the product of the coefficients of
individual variable variogram models should be greater than
the square of the coefficient of the cross variogram.

This requirement does not restrict the modeling to a com-
bination of only two models. To generalize, if we model the
variograms for x and y variables, respectively, using

1

yL) = > ¢ yi(L)

i=0

.................... (3.112)

I

and y,(L) = > ¢, yi(L),

i=0

.................. (3.113)

where ¢; = coefficients for individual models, y,(L) = the
ith model that can be any acceptable model, and a; = ranges
for individual models. Then the cross variogram model is

1

Voll) = > ¢ yi(L).

i=0

................... (3.114)

To satisfy the condition of positive definiteness requires that

2

ce, > o) (3.115)

for all i. All the components do not have to be present in mod-
eling all three variograms (two variograms and one cross va-
riogram). An additional modeling component may be present
in one of the variograms, and it may be absent in the cross va-
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riogram as well as the other variogram. For example, if the va-
riogram for the x variable is modeled as

y(L) = ¢, + CIXMEa(L)

sin(a,, L)

to T (3.116)
the variogram for the y variable is modeled as
v(L) = Co, + clyMEu(L), ................ (3.117)
and the cross variogram is modeled as
Voll) = ¢o, + CIUMEa(L). ............... (3.118)

This satisfies the condition of positive definiteness, and the
additional structure present for the x variable does not violate
Eq.3.115. However, an additional structure in the cross vario-
gram model, without the corresponding structure in the vario-
grams, does violate Eq. 3.115. That is, the models used in
modeling the cross variogram must be present in modeling
the variograms; however, extra model components can be
used in modeling the variograms without including them in
modeling the cross variogram.

The approach for modeling anisotropic cross variograms is
essentially the same as that for modeling anisotropic vario-
grams. For an anisotropic model, the directions of maximum
and minimum continuity for the variograms and the cross va-
riogram have to be the same. Otherwise, there are no addition-
al restrictions on anisotropic modeling.

As can be seen from this discussion, modeling anisotropic
variograms requires practice and some creativity. It is much
more important to model all the variograms and cross vario-
grams reasonably well rather than modeling one variogram
well and sacrificing the others. If the variable values vary by
several orders of magnitude, the sample values probably
should be normalized by the individual sample means before
the variogram is estimated. For example, for variable x, a
normalized variable may be defined as

Xi

Xy = ?9

.............................. (3.119)

where X = the sample mean and x,; = a normalized sample
value at location i. With normalizing, both variables have the
same order of magnitude ranges, and modeling, as well as fu-
ture estimation at unsampled locations, becomes relatively
easy. Normalizing alters only the magnitude of the variogram,
not the structure.

Field Example 3.16. Model the cross variogram between po-
rosity and permeability for Well 34-29.

Solution. We generated a variogram for the porosity data in
Field Example 3.1 and a cross variogram between the poros-
ity and the log of permeability data in Field Example 3.14. Be-
fore modeling the cross variogram between the porosity and
log of permeability data, we need to model the porosity and
the log of permeability variograms. Fig. 3.55 shows the com-
parison between the model and the estimated variograms for
the porosity and the log of permeability data. The model for
porosity data is

y(L) = 5.0 + 35.0M; (L).
The model for the log of permeability data is
y(L) = 035 + 1.02M; (L).
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Fig. 3.55—Estimated and model variograms for Well 34-29.

Fig. 3.56 shows the comparison between the model and the
estimated cross variogram. The model can be written as

VL) = 1.2 + 5.5M (L).

As previously discussed, in addition to using the same linear
combination of models, we also must satisfy Eq. 3.115. To
satisfy Eq. 3.115, we need to ensure that

(5.0)(0.35) > (1.2)° = 1.75 > 1.44
and (35.0)(1.02) > (5.5)° = 35.7 > 30.25.

As can be seen, Eq. 3.115 is valid, ensuring that the condition
of positive definiteness is satisfied.

Field Example 3.17. Model the cross variogram between the
log of IP and log-kh data for Well 34-29.

Solution. Fig. 3.57 shows the comparison between the
model and the estimated variograms for the log of IP and the
log-kh data. The model for the log of IP data is

y(L) = 0.06 + 0.3MG7‘700(L),

and the model for log-kh data is
y(L) = 0.15 + 0.58M__ (L).

These models are slightly different from the ones presented
in Field Example 3.10 because of the requirement that both
models be the same type and have the same range.

The model for the cross variogram is

yAL) = 0.06 + O.3MG7,700(L).

The comparison between the model and the cross variogram
is shown in Fig. 3.58. Eq. 3.115 requires that,

0.5 -
0.4 |
1< 0.3 1
o
0.2
<021

0.1

0 08— | ; 0
0 5,000 10,000 15,000
Lag Distance, ft

Fig. 3.57—Estimated and model variograms for log IP and log
net-kh data.
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Fig. 3.56—Estimated and model variograms for Well 34-29 data.

(0.06)(0.15) > (0.06)°
and (0.3)(0.58) > (0.3)".

These equations are satisfied; therefore, the condition of posi-
tive definiteness is satisfied.

Although Field Examples 3.16 and 3.17 illustrate that mod-
eling can be carried out so that the condition of positive defi-
niteness is satisfied, modeling the cross variogram is tedious
and requires several false starts before the correct type of
modeling is used. Xu et al.3! proposed one way to avoid mod-
eling cross variograms. If we assume that the x and y variables
are linearly related (i.e., log permeability vs. porosity or seis-
mic impedance vs. porosity), we can model the variogram for
the primary variable, x. The primary variable is the variable
we are interested in estimating at unsampled locations (e.g.,
permeability in a logged well). By making the additional as-
sumption that variable y at a given location is influenced only
by variable x at the same location, we can write

C.(h)
C.(0)°

where C, (L) = cross covariance at a lag distance L,
C. (0) =cross covariance at L = 0, C,(L) = covariance
for variable x at a lag distance L, and C,(0) = variance for
variable x. Once we model the variogram for variable x, we
can estimate the covariance for any lag distance L. Then the
cross covariance at L = 0 and the variance for variable x are
easy to calculate. We can then use Eq. 3.120 to estimate the
cross covariance at any lag distance without ever having to
model it. This equation also satisfies the condition of positive
definiteness. Appendix C provides details for Eq. 3.120.

In summary, the cross variogram provides a quantitative
measure of the spatial relationship between the two variables.

Co(h)=C.(0)x == (3.120)

y Xy

Oe a 9 !
0 5,000 10,000 15,000

Lag Distance, ft

Fig. 3.58—Estimated and model cross variograms for log IP and
log net-kh data.
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Estimation of the cross variogram requires the use of a simple
equation. Similar to the variogram, appropriate tolerances have
to be defined with respect to the lag distance and the direction
to ensure sufficient numbers of pairs. In addition, we can esti-
mate the nonergodic cross variogram to examine the effect of
variations in the lag means from the sample mean.

Once estimated, modeling the cross variogram can be done
with the same set of models used to model conventional vario-
grams. To satisfy the condition of positive definiteness, the
same linear combination of models must be used to model the
cross variogram as is used to model variograms for the origi-
nal variables, and the coefficients of the models must satisfy
Eq. 3.115. As a result, modeling cross variograms requires
practice and ingenuity. Making some additional assumptions
allows us to infer the cross variogram if we know the vario-
gram of the primary variable. This avoids cumbersome mod-
eling of the cross variogram as long as the assumptions used
are valid.

3.7 Alternative Methods of Spatial Relationships

In the previous sections, we discussed estimation and model-
ing of variograms. The variogram is the most commonly used
statistical measure to describe the spatial relationship. As Sec.
3.6 discussed, however, modeling the variogram is restricted
by certain conditions. Further, the variogram can define only
connectivity of two points: a variable at a given point and at
another point located lag distance L away. It does not allow
simultaneous definition of connectivity of multiple points,
which may be important under certain conditions.

Some new estimation methods have appeared in recent lit-
erature that may relax the traditional restrictions on the spatial
relationships. These methods, which are discussed in Chap.
6, are much more flexible and allow wide latitude in quantify-
ing the spatial relationships. In this section, we present only
some of the alternative techniques used to describe spatial
relationships. The section is divided into two subsections: the
first discusses some possible modifications of traditional va-
riogram methods, and the second discusses multipoint histo-
gram techniques that allow simultaneous definition of con-
nectivity of more than two points.

3.7.1 Modified Variograms. The definition of the variogram
is based on the variance of the difference in variable measured
at two points located a certain distance apart. Recall that Eq.
3.15 states that

y(L) = %V[X(ﬁ) - X(i + Z)]

On the basis of the first-order stationarity assumption, Eq.
3.15 reduces to

() = %E[[x@ i+ z)]z].

This traditional variance-based definition is convenient be-
cause it allows us to define the uncertainty with respect to es-
timation at an unsampled location. As we discuss in Chap. 4,
when we estimate a value at an unsampled location using the
modeled variogram, we also estimate an error variance
associated with the estimate. The error variance quantifies the
uncertainty with respect to the estimate. Specifically, if we as-
sume a Gaussian distribution with respect to the error, we can
completely define our uncertainty by knowing the mean (the
estimated value) and the error variance.
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As an alternative, if we quantify the uncertainty using some
other method, we may not need to use a variance-based spatial
relationship, such as the variogram. These alternative meth-
ods currently are available. They are called conditional simu-
lation methods, and they quantify uncertainties by generating
multiple images of the unsampled space. Chaps. 6 and 7 dis-
cuss these methods in more detail.

Once the restriction of a variance-based spatial relationship
is removed, the traditional variogram equation can be modi-
fied as32

W

yL) = %E{\x@ — X[ + E)”forw > 0,
................. (3.121)

where w can take a value between zero and two, excluding
zero. If we choose w = 2, Eq. 3.121 becomes a conventional
variogram. If w = 1,itis called amadogram, whichis a mea-
sure of the absolute deviation between the two values. If
w = 0.5, it is called a rodogram, which is the square root of
the absolute deviation. The smaller the value of w, the more
resistant the spatial relationship is to outlier data. In practice,
we can estimate the modified variogram by

()

HL) = Z{\x@ — (i@ + )

2n(L) 5

} ..... (3.122)

where n(Z) = the number of pairs at a lag distance L apart.
Once we estimate the variogram, we can estimate the modi-
fied covariance by

C(L) = y(=) = o(L),
where y(o0) = the modified variogram value at a large lag
distance. It can be considered as a sill value if the variogram
reaches a sill; otherwise, it has to be defined as the value at a
distance that is greater than the maximum distance within a
region of interest.

Although we modified the variogram equation that mini-
mizes the influence of the outlier data, we still need to model
the modified variogram using the same models that satisfy the
condition of the positive definiteness.

Field Example 3.18. This example uses the net-kh data
used in the previous field examples. Estimate the madogram
and rodogram for these data and model them using conven-
tional models.

Solution. Figs. 3.59 and 3.60 compare the conventional
and modified variograms. The modified variograms do show
some improvement over conventional variograms in terms of
better stability. However, the improvement is not as signifi-
cant as with some other transforms presented previously. Fig.
3.59 also shows the comparison between the model and the
estimated madogram. The model is written as

y(L) = 2,500 + S’OOOMEISUOO(L)'

Fig. 3.60 shows the comparison between the model and the
estimated rodogram. The model is written as

y(L) = 30 + ISMEls,ooo(L)'

Both modified variograms allow a slightly better definition of
the variogram. Another advantage of using these variograms
is that they do not require nonlinear transformation of the
sample data to achieve better stability with respect to the spa-
tial relationship.
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Fig. 3.59—Conventional variogram and madogram for net-kh
data.

3.7.2 Multipoint Histograms. Multipoint histograms allow
definition of the connectivity of multiple points instead of
only two points as the variogram does. Currently, application
of multiple histograms is restricted to discrete variables rather
than continuous variables.

To understand multipoint histograms, we first need to un-
derstand the Markov-chain principle, which is commonly ap-
plied in describing geological features.3 A Markov chain is
a method by which the ordering of geological observations
can be quantified in terms of transition probabilities. Transi-
tion probabilities represent the probabilities that one feature
will be followed by another feature. Numerical Example 3.8
illustrates the calculation of transition probabilities.

Numerical Example 3.8. In a vertical well, three prominent
facies that are present have been identified at every 1-ft inter-
val. Table 3.9 shows the ordering of these three facies from
top to bottom, with the facies defined as A, B, or C. Estimate
the transition probabilities.

TABLE 3.9—FACIES FOR NUMERICAL EXAMPLE 3.8

Top

O W>»>» 2> WWTOOO0 > 0T

(@)

Bottom

SPATIAL RELATIONSHIPS: ESTIMATION AND MODELING

16107 _

Rodogram

o2 f . 0
0 5,000 10,000 15,000
Lag Distance, ft

Fig. 3.60—Conventional variogram and rodogram for net-kh
data.

Solution. We know the ordering of the facies at the well. If
we assume that the probability that a given facies at a certain
location is dependent only on the facies at the previous loca-
tion, we can build a transition-frequency matrix as shown in
Fig. 3.61a. This transition-frequency matrix shows the num-
ber of times a given facies succeeds the other facies. The first
number in the matrix, 2, (top-left corner) represents the two
times that Facies A follows Facies A. The number 0 in the top-
right corner indicates that Facies C never follows Facies A.
Other numbers are calculated similarly. The total number of
transition frequencies is 16, which represents the total num-
ber of transitions because there is a total of 17 observations.

To define the frequencies in a probabilistic framework, we
can divide the frequencies in each row by the row totals. We
then obtain the matrix shown in Fig. 3.61b. This matrix is
called a transition-probability matrix. Each number in this
matrix represents a conditional probability. Probability
P(AIB) is the probability that Facies A occurs at the next loca-
tion given that Facies B is observed at the present location. In
the first row, if Facies A is observed at a given location, then
the probability that Facies A is present below that location is
50% and that Facies B is present below that location is 50%.
Facies C never follows Facies A.

The transition-probability matrix quantifies the spatial
relationship for discrete variables by defining conditional
probabilities for each facies at a given location, depending on
whatis present at the previous location. This is especially use-
ful in describing geological variables, which are qualitative
in nature but can be quantified with this method. Further, in
geological environments, some transition probabilities need
to be zero, and some need to be very high. Some geological

To
A B C Row Totals
A 2 2 0 4
From B W 2 4 2 W 8
C 0 1 3 4
(a)
To

A B C

A 0.5 0.5 0
From B 0.25 0.5 0.25
C 0 0.25 0.75

(b)

Fig. 3.61—Transition matrices for Numerical Example 3.8.
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Fig. 3.62—Configuration for multipoint histogram example.

processes require that two facies never be close to each other,
while other processes require that two facies always be close
to each other. This type of information can be quantified
through the transition-probability matrix.

While extremely useful, the Markov-chain analysis has one
major disadvantage: it does not allow extension of spatial
relationships beyond adjacent points. Although higher-order
Markov chains can be defined that allow for relationships be-
tween two points that are more than one step apart, these rela-
tionships still are based on the underlying transition probabil-
ities, which are described on the basis of one step distance.
Further, like the variogram, Markov chains can define only
the joint probability of two points being a certain combination
of facies. It does not allow, for example, definition of the joint
probability that A, B, and C are present one after the other.

To overcome these drawbacks of the Markov-chain princi-
ple, we can use multipoint histograms. Multipoint histograms
are extremely flexible and allow definition of the connectivity
of multiple points in a probabilistic framework.3* This is il-
lustrated best through an example. Fig. 3.62 consists of 16
squares, either black or white. This configuration can be cap-
tured through various means. If we consider a single-point
histogram, we can state that out of a total of 16 squares, six are
black and ten are white. In a probabilistic framework, 0.625
(= 10/16) are white and 0.375 are black. This is the simplest
information we can infer from the figure. Extending it to a
two-point histogram (which is similar to the Markov-chain
analysis), we can consider multiple directions. Fig. 3.62
shows three of those directions. For direction 1, there are four
possible combinations for two-point histograms. Fig. 3.63
shows that there could be two black squares, two white
squares, a black square followed by a white square, or a white
square followed by a black square. Examination of Fig. 3.62
allows calculation of how many of each of the configurations
are present. We can estimate that combination 1 is present two
times, combination 2 is present three times, combination 3 is
present two times, and combination 4 is present five times. In
terms of a probabilistic framework, the probability of com-
bination 1 is 2/12 = 0.167, the probability of combination
2 is 3/12 = 0.25, the probability of combination 3 is

92

3 4
Fig. 3.63—Four possible combinations for Direction 1.

2/12 = 0.167, and the probability of combination 4 is
5/12 = 0.416. Similar calculations can be carried out for
other directions.

For example, Fig. 3.64 shows that we also have four com-
binations in direction 3. Examining Fig. 3.62, we can state
that the probability of combination 1 is 2/9 = 0.222, the
probability of combination 2 is 1/9 = 0.111, the probability
of combination 3is 2/9 = 0.222, and the probability of com-
bination 4 is 4/9 = 0.445. We can also calculate the proba-
bilities of the four combinations for direction 2.

Obviously by collecting this additional information, we
now know more about the figure. We can extend this even fur-
ther by considering a four-point histogram (Fig. 3.65). For
this histogram, 16 possible combinations exist. Fig. 3.65
shows some of these combinations. Examining Fig. 3.62, we
can count the number of times each combination occurs.
Table 3.10 shows each combination and its associated proba-
bility. The probabilities are based on nine repetitions of this
four-point histogram. This type of information captures more
of the pattern and includes the one- and two-point histograms.
That is, if we calculate four-point histograms, we do not need
to account for the lower-point histograms separately.

3 4
Fig. 3.64—Four possible combinations for direction 3.
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Fig. 3.65—Four-point histogram.

TABLE 3.10—COMBINATION PROBABILITIES
FOR FOUR-POINT HISTOGRAM

Combination Frequency Probability

0 0.222

0 0.222

0 0.222

1 0.111

2 0.222

_ Bu B ol "N" Buull SR""NS Ba"N"fask"ERS NS,

This discussion shows that the multipoint histogram is a
very flexible technique that can incorporate different patterns

SPATIAL RELATIONSHIPS: ESTIMATION AND MODELING

Fig. 3.66—Configurations of four-point histogram.

Fig. 3.67—Examples of noncontiguous four-point histogram.

as well as different numbers of facies. The pattern has to be
determined on the basis of the appropriate shape and size of
the facies we need to capture. For example, a four-point histo-
gram can take several alternative shapes (Fig. 3.66).

Which shape to choose depends on what we want to pre-
serve. For example, to capture a channel sand, the shape on
the extreme left may be better than the other shapes. Or, to
capture thin layers of shale, the middle shape may be more ap-
propriate. In addition, the multipoint histogram does not have
torepresent contiguous blocks. It may establish a relationship
between blocks that are not attached to each, as Fig. 3.67
shows for a four-point histogram.
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Fig. 3.68—Combinations for two-point histogram with three categories.

These examples concentrated on the presence of only two fa-
cies. The technique can be extended easily to more facies or
categories. A simple equation allows calculation of how many
possible combinations have to be dealt with for a particular
multipoint histogram. For example, for F categories and an N-
point histogram, the total number of combinations is FN. For
example, for three facies and a two-point histogram, there are
nine possible combinations (Fig. 3.68). With three categories
and a four-point histogram, the total number of combinations
is 3* = 81. Obviously, as the number of category increases
and the number of points in the multipoint histogram increases,
the number of combinations increases rapidly. Further, we can
have several configurations within each multipoint type (Figs.
3.66 and 3.67). For each configuration, we have the same num-
ber of combinations. In principle, we can gather information on
multipoint histograms for different configurations. However,
collecting this information and eventually honoring it during
the estimation process can be a computational burden. Ap-
plications of multipoint histograms to reservoir description are
relatively new, and the optimal number of multipoint histo-
grams needed for proper characterization is a guess that is af-
fected by the type of geological process one needs to capture
and the level of detail one wants to incorporate.

The multipoint-histogram technique can also be extended
to continuous variables.3> First, the continuous variables
need to be discretized by use of an indicator transform. Recall
that Eq. 3.26 states that

(i, x) =1, o (3.262)
if x(u;)) = x,, and
(i, x) =0, . (3.26b)

if x(ﬁj) > x,, where each variable value can be defined in
terms of an indicator function that can take a value of either
one or zero. Depending on the number of thresholds, we have
an equivalent number of indicator values at each sampled
location. We can define another type of indicator variable as

K(ﬁf’xf) =0,
if x(u;)) = x,, and
K, x) =0, oo (3.124)

if x(if;) > x,, where K = a variable that is zero if the sample
value is less than or equal to the threshold and one if the sam-
ple value is greater than the threshold. Obviously, i + K al-
ways equals one. To define connectivity, we use an equation
of the multipoint histogram.33

N
H,(fl,...,EN;x,l,...,x,N) =F nl(f+ l?;x,/_)

................. (3.125)
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This is_an N-point histogram among locations placed at
h;,..., hy distances, respectively, and the threshold values at
each location are defined differently from x, to Xiy A similar
equation for the K variable is

.,LN;x,l,...,x,N) =F ﬁK(Z + Zj;x,f)

................. (3.126)

This represents a multipoint connectivity of K variables. Be-
cause, different thresholds rarely are defined in practice at
each location, the histogram is estimated as

BT, Lex) = 5 TTi7@ + i)

1=1] j=1
................. (3.127)

Similar equations can be written for the K variable. This mul-
tipoint histogram (Eq. 3.127) represents a joint probability
that all values located from /&, to h, will be less than the
threshold x;. Instead of defining only a relationship between
two points, as the traditional variogram does, the multipoint
histogram describes the joint relationship for multiple points.
An equation like Eq. 3.127 written for the K variable also rep-
resents the probability that all values located from /4, to hy
will be greater than a certain threshold value. Such knowledge
may be very important. For example, if we suspect a thief
zone with a high-permeability value, it is very important that
we know the probability that several values in a layer “simul-
taneously” will be greater than a given threshold. If the proba-
bility is high, it represents a high-permeability zone. The two-
point variogram simply cannot capture this type of behavior.

As a special case, if we only consider N = 2 (a two-point
histogram), Eq. 3.127 reduces to

- 1O e 7 N\
H,(Ll,Lz;x,> = ﬁz z(u, + Ll;x,)z<uj + Lz;x,>.
j=1
................. (3.128)
An equation for covariance can be written as

Eix) = h 200+ Las)i(i + Lix)

j=1

c,(E

_ %il(ﬁl + Zl;x,)% i(j + l_:z;x,).
j=1 j

J

................. (3.129)

Note that the two-point histogram is the first part of the right
side of a covariance equation; therefore, it is also called the
noncentered covariance. Although Eq. 3.129 looks slightly
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Fig. 3.69—Sample indicator values for Numerical Example 3.9.

different from the covariance equation we have seen in prac-
tice, substituting L = 0and Zz = L reduces Eq.3.129 to

C(Bix) = 1S idsx)i(a, + Lix)
j=1

............... (3.130)

which is a standard form of the covariance equation.
Numerical Example 3.9 illustrates calculation of the multi-
point histogram or noncentered covariance.

Numerical Example 3.9. Fig. 3.69 presents the available
sample data in terms of indicator variables. The sample data
are already transformed into indicator variables by use of
three threshold values. Estimate the following.

1. Estimate the two-point histogram at L = linan easterly
direction for the configuration (Threshold 2) in Fig. 3.70a.

2. Estimate the two-point histogram at L= lina diagonal
direction for the configuration (Threshold 1) in Fig. 3.70b.

3. Estimate the three-point histogram at L = 1forthe con-
figuration (Threshold 2) in Fig. 3.70c.

Solution. We do not have sample values at each grid loca-
tion.

1. The two-point histogram at a lag interval for Threshold
2. For the configuration in Fig. 3.71a , we have four pairs. Us-
ing Eq. 3.128 gives

H(L,.Lyx,) = %Z i(if, + Lyx, )i, + Lyix,)

j=1

H{1,x,) %[(o x 1)+ (1 x 1)

+(1><0)+(o><0)]

0.25.
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(a) (b) (c)

Fig. 3.70—Histograms for Numerical Example 3.9, Question 1.

(@ (b) ()
Fig. 3.71—Configurations for Numerical Example 3.9, Question 2.

That is, there is a 25% probability that two values located one
lag distance apart are both less than the second threshold.

2. The two-point histogram at a lag interval for Threshold
1. For the configuration in Fig. 3.71b, we have four pairs. Us-
ing Eq. 3.128 gives

Hy1.x,) %[(0 X 0) + (0 x 1)

+ (0 x 1)+ (0x0)]
=0,

That s, there is a 0% probability that the two values located
one lag distance apart are both less than the first threshold.

3. The three-point histogram at L = 1 for Threshold 2.
Two sample data sets satisfy the configuration in Fig. 3.71c.
Using Eq. 3.127 gives

HI(ZI’ ZZ’zS;xt) = %Z
=1

%[(0><1><1)+(1><1><1)]

n i(ﬁ, + Zj;x,)

Jj=1

= 0.5.

That is, there is a 50% probability that all three values will
be less than the second threshold. Similar configurations can
be repeated for other thresholds and other configurations.

To summarize the multipoint histogram is a very powerful
technique that allows definition of multipoint connectivity of
various configurations. The technique has been widely ap-
plied in pattern-recognition applications*; however, its use in
reservoir description processes is relatively new. In principle,
many geological features as well as petrophysical character-
istics can be captured better by the multipoint histogram.
However, a balance must be maintained between the need to
capture detailed information vs. the computational demands
placed in storing, analyzing, and applying such information.
Currently, no optimization technique or procedure exists that
allows for use of the right combination of multipoint histo-
grams to capture essential information about reservoir char-
acteristics. Once such a procedure is established, the multi-
point histogram will become widely accepted methods for
characterizing spatial connectivity.

Summary

The basic distinction between geostatistical techniques and
other interpolation techniques is the ability of geostatistical
techniques to incorporate customized spatial relationships.
Defining and modeling spatial relationships is probably the
practitioner’s most important task. All subsequent decisions

95



will be consistent with the assumptions made with respect to
the spatial relationship. It is, therefore, very important that all
possible avenues be explored to define as representative a
spatial relationship as possible. The process can be time-con-
suming, is often frustrating, and, in many instances, can result
in dead ends. This chapter attempted to provide the reader
with multiple avenues to explore with the spatial data to find
the spatial relationship. If enough sample data are not avail-
able, examining reservoirs located in similar depositional en-
vironments and studying the outcrop data are worthwhile.
Use of multipoint histograms can be greatly enhanced if the
geologic features can be captured through the outcrop data. In
certain cases, geological contour maps can be used to capture
spatial relationships in the absence of adequate data. Any pos-
sible information, qualitative or quantitative, that can be used
to define spatial characteristics better should be explored,
and, if possible, incorporated in the spatial-relationship de-
scription. As subsequent chapters indicate, once the spatial
relationship is identified, the estimation at the unsampled
locations is relatively straightforward.

R; = rank of ranked value i among n samples
[Ii] = rotation matrix R
r(L) = correlation coefficient at lag distance L
s> = variance of sample data
u = location u or axis direction
Vv = axis direction
V[ ] = variance of the bracketed term
w = axis direction
X = sample mean
x, = threshold value for indicator transform
x(u) = sample value of variable X at location
x(#) = transformed sample value at location u
x"(ii,) = estimated value of variable x at location u,
X = variable X
X(i) = variable X at location
X(u + L) = variable X at location u + L
y(#) = sample value of variable Y at location 1
Y = variable Y

a = relative amplitude in sine model

y(é) = variogram at lag distance L R
7(L) = estimated variogram at lag distance L
0 = resolution of a measurement

Nomenclature
a = range
C = sill value
C, = scaling parameter for f3, and/or f,

models

C(Z) = covariance at lag distance L
C(X,Y) = covariance between variables X and Y
c(L) = estimated covariance at lag distance L
E[ ] = expected value of the bracketed term
fl ] = function of the bracketed term
fsm = fractional Brownian motion
fon = fractional Gaussian noise
h = thickness, L, ft
H = intermittency exponent

H,(hl,...,HN;x,l,...,x,N)

N-point indicator histogram with N
different thresholds

6 = angle at which u — v plane is rotated with

respect to the w axis to coincide with the
axis of anisotropy, degrees

i(it, x;) = indicator value at Location # for
threshold x,
I(u,x,) = indicator variable at Location u for
threshold x,
k = permeability
K(u;, x,) = indicator value at Location u; for
threshold x; (Eq. 3.123)
L= lag distance, L, ft
_L = lag-distance vector
L, = distance vector based on original
R axes (Eq. 3.26)
Ly = distance vector based on rotated axes
AL = lag-distance-vector tolerance
M (L) = exponential variogram model with
arange a
o = fractional Brownian motion model
on = fractional Gaussian noise model
Mg (L) = Gaussian variogram model with a range a
Mg (L) = spherical variogram model with a range a

_n = total number of samples, n =
n(L) = number of pairs at lag distance L, n
N = number of points connected in a
multipoint histogram, n

p = power in a power transform
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A6 = tolerance with respect to angle 0
A; = weight assigned to sample point i for
estimation purposes
p(E) = correlation coefficient at lag distance L
o = standard deviation
¢ = angle through which u —w plane is rotated
with respect to the v axis, degrees
@ = exponent in a modified variogram equation
(Eq. 3.120)
Subscripts
a = range
¢ = cross relationship—either variogram or
covariance
D = dimensionless
GR = general relative
IP = initial potential
L = all samples corresponding to
R lag distance L R
— L = first data points in sample pairs located L
lag distance apart
+ L = second data points in sample pairs located
L lag distance apart
N = number of points in a multipoint variogram
NE = nonergodic
PR = pairwise relative
r = normalized
u,v,w = directions of axes
u',v',w' = directions of original axes
x = variable X
y = variable Y
0,1,2 = sill values
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Chapter 4

Conventional Estimation Techniques

Chap. 3 discussed various modeling techniques to capture
and quantify spatial relationships of reservoir variables.
Chap. 4 utilizes those models to estimate values at unsampled
locations. Here, discussion focuses on conventional estima-
tion techniques, commonly known as kriging techniques.
Subsequent chapters discuss other types of estimation tech-
niques, called conditional simulation techniques.

The term kriging comes from Danny Krige, a South African
geoscientist, who first applied this technique to gold mines.
Later, the mathematical validity and foundation was provided
by Matheron.!

The kriging technique uses a linear estimation procedure to
estimate a value at unsampled locations. In principle, the
technique assumes that the value at the unsampled location is
estimated by

X'Gi,) = > AX(),
i=1

where X"(ii,) =the estimated value at the unsampled loca-
tion, X(u;)=the value at the neighboring location, i;, and
A; =the weight assigned to the neighboring value. In other
words, the estimated value is a weighted average of the
neighboring values. All of the kriging algorithms use this
basic equation with minor variations, depending on the par-
ticular application.

The goal, in the estimation procedure, is to calculate the
weights assigned to the individual neighboring points. These
weights depend on the spatial relationship between the un-
sampled location and the neighboring values, as well as the
relationship among the neighboring values. These relation-
ships are obtained from the modeling of the variogram. The
kriging algorithms use the minimum variance unbiased es-
timation (MVUE) technique to estimate the weights—the es-
timated value is unbiased and will result in minimum error
variance. We observed the application of the MVUE tech-
nique for linear regression and will extend the application to
kriging techniques.

We divided this chapter into several sections. Sec. 4.1,
“Preliminary Considerations,” discusses some of the com-
mon issues applicable to kriging algorithms. These issues in-
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clude determining which neighboring values to use in an es-
timation process. This question is important because a large
number of neighbors makes computations demanding. Fur-
ther, the local variability of sample values may dictate the size
of neighborhoods. This section also discusses the related top-
ic, cross validation. Cross validation is tantamount to dress re-
hearsal. It allows us to test the procedure on a smaller scale
and eliminates any major errors in the kriging process. Be-
forehand, one must estimate the values at the “sampled” loca-
tions and compare them to actual samples. This procedure
helps to plan a strategy in the actual kriging process, in which
we estimate the values at unsampled locations. The types of
information to consider during the cross-validation process is
discussed in this section, as well.

Sec. 4.2 discusses linear kriging procedures. Depending on
the objective, various kriging procedures are proposed in
this text. We begin with simple kriging—the simplest kriging
procedure available. It requires a knowledge of population
mean, which may not be known in practice without prior as-
sumptions. Therefore, this type of kriging procedure is not
very popular.

Ordinary kriging is the most popular technique, which
eliminates the need for knowledge of the mean value. It also
is easier to adopt to local variations. Itis, without question, the
most widely applied kriging technique.

If the objective is to use information from other variables
to estimate a value of a particular variable, the cokriging tech-
nique can be used. If the data exhibit a trend in a particular
direction, universal kriging is probably more appropriate.

All four of these techniques can be applied to estimate a
point value (without any support) or a block value (with a
known support or volume). We discuss the applications for
both point and block estimates and state the advantages and
disadvantages of these methods. We also elaborate on a par-
ticular set of considerations one must give when applying
these techniques. In addition, we present some variations of
these method that are used in practice.

Sec. 4.3 discusses the nonlinear kriging procedures. The
term, nonlinear kriging, is a misnomer because we still use a
linear estimation technique. The difference is that we apply
the linear estimation technique to a transformed variable,

APPLIED GEOSTATISTICS FOR RESERVOIR CHARACTERIZATION



rather than applying it to the original variable. This trans-
formation is nonlinear; therefore, the procedure is called non-
linear kriging. Many of the procedures are applied for two
reasons. One, the variable values exhibit too much variability,
making it difficult to either model and estimate the spatial
relationship or estimate the value of the variable. Two, in
addition to estimating the value, kriging procedures allow the
estimation of uncertainties. By using a certain type of nonlin-
ear transformation, it is easier to quantify uncertainties with
respect to estimates.

We briefly discuss three nonlinear kriging procedures. Log-
normal kriging uses a log transform to convert original data.
Multi-Gaussian kriging converts data into normal score trans-
form. The indicator kriging procedure changes data into
binary indicator values. We show examples and applica-
tions of these techniques and, in addition, discuss their ad-
vantages and disadvantages. Some related applications are
also presented.

When we estimate values, it is beneficial to know our confi-
dence level. Sec. 4.4 discusses techniques that determine un-
certainty regarding the estimated values. One common tech-
nique, known as confidence interval, estimates values and
identifies the boundary of uncertainty, as well as the probabil-
ity of confidence. Defining the confidence interval is simple,
if we are able to make certain assumptions with respect to the
distribution of uncertainty. The most common assumption is
that uncertainties are normally distributed. The first subsec-
tion, Sec. 4.4.1, shows the applications of this assumption for
determining local uncertainties with respect to estimates. Sec.
4.4.2 shows the methods of quantifying the uncertainties in
the absence of any underlying distribution. These techniques,
called nonparametric methods, are much more flexible than
the techniques that require an assumption of uncertainty dis-
tribution. At the same time, application of these techniques
may require more extensive data, as well as additional model-
ing and computational efforts.

The last subsection shows the utility of loss functions in
quantifying the uncertainties. In some applications, all the er-
rors (i.e., positive vs. negative) may not be equally critical. By
penalizing the critical errors more than the not-so-critical er-
rors, much more realistic estimates of uncertainties can be ob-
tained. We review some of the loss functions commonly used
to assess uncertainties.

The final section summarizes the findings of this chapter.
The overall advantages and disadvantages of kriging proce-
dures are illustrated through several numerical and field ex-
amples. Only minimal mathematical details are provided in
the main text. Additional details are found in Appendix D.

4.1 Preliminary Considerations

This section discusses two common considerations applica-
ble to all kriging techniques—defining a search neighbor-
hood and conducting a cross-validation exercise. These two
considerations are recommended before initiating a kriging
procedure to estimate values at unsampled locations.

4.1.1 Search Neighborhood. The search neighborhood de-
fines the neighboring sample points used in estimating values
atthe unsampled location. As explained in Eq. 4.1, all kriging
procedures use a linear estimation technique, which assumes
that the unsampled value is linearly related to the neighboring
values. In principle, we can use all available samples to esti-
mate the values at unsampled locations. In practice, we re-
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strict the number of samples to a smaller neighborhood for
several reasons.23

e Kriging algorithms involve inverting a matrix to obtain
the weights (4;) described in Eq. 4.1. The larger the number
of data points selected, the larger is the matrix size. As the ma-
trix size gets larger, both the memory and computation time
requirements increase. For example, doubling the number of
sample points requires a fourfold increase in memory re-
quirements and an eightfold increase in central processing
unit (CPU) time requirements. By restricting the number of
sampling points to a reasonable size, we can restrict the
memory and computation time requirements to a manage-
able level.

* As stated before, kriging algorithms involve the inversion
of a matrix. If too many sample points are used, especially
clustered sample points, there is a possibility that the matrix
will become close to singular, making inversion difficult.

¢ As discussed in Chap. 3, we typically restrict variogram
estimations to half the maximum distance. This ensures that
we obtain areliable estimate of the variogram. We rarely have
estimated variogram values beyond that distance. If we in-
clude sample data points at larger distances, we must infer the
spatial relationships between the unsampled location and the
sample point, as well as between all sample points. This
may only be available from a variogram model, which must
be extrapolated beyond the estimated range of the variogram
value. By restricting sample points to nearby values, we can
only use variogram models with estimated distances for va-
riogram values.

* When sample points are farther away from an unsampled
location, their influence tends to be screened by closer sample
points, which are between the unsampled location and the
sample point farthest away. Therefore, additional sample
points, farther apart in the estimation process, may not neces-
sarily improve the estimate at the unsampled location.

e Kriging algorithms require the implicit assumption of
first- and second-order stationarities. As noted in the previous
chapters, this assumption is rarely satisfied in practice. Local
properties can differ from sample properties. In estimating
values at unsampled locations, it is critical to choose samples
that reflect the behavior of the unsampled location. This is es-
pecially true when significant local variability exists. By re-
stricting the search neighborhood to local neighborhoods, we
ensure that the estimated value is much more representative.

In selecting an appropriate search neighborhood, the fol-
lowing factors must be considered: number of data points
necessary for a representative sample, size of search neigh-
borhood, and shape of search neighborhood. These factors
determine the final shape and size of the search neighbor-
hood. One should consider each factor separately.

Number of Samples. The number of samples dictates the
size of the matrix and, hence, the computation time required
to estimate the value. If very few samples are chosen, the es-
timation will not be representative; if too many samples are
chosen, the estimation will be computationally intensive. A
careful balance must be maintained so that sufficient samples
are selected to obtain a representative estimate. At minimum,
the search neighborhood should be large enough to select at
least four of the closest samples. In general, we need 12 sam-
ples surrounding the unsampled location to obtain a reason-
able estimate.*

There is no maximum number of samples one must select,
as long as one uses an appropriately powerful computer.
However, in practice, 32 sample points are selected as the
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Fig. 4.1—Search neighborhood shapes.

maximum. As sample points get farther apart from an un-
sampled location, the weight assigned to the sample point be-
comes increasingly smaller. Adding more points, beyond the
maximum of 32, will not significantly improve the estimate.

A related question to the selection of sample points is how
these sample points should be selected. Should we select the
closest sample points until we reach the desired maximum, or
should we be more discerning in terms of selected sample
points? One potential disadvantage of selecting the closest
sample points is that if the sample points are clustered in one
particular direction, all sample points will be selected from
that cluster, if they are the closest. This sample set may not be
representative of the neighborhood. As shown in Fig. 4.1, one
way to minimize the clustering effect is to divide the search
neighborhood into small sections and select a certain number
of points within each section. A two-dimensional (2D) search
neighborhood can be divided into quadrants, or a three-di-
mensional (3D) search neighborhood can be divided into oc-
tants. Once the sections are defined, a certain maximum num-
ber of sample points, within each section, can be selected.

Size of Neighborhood. The size of the neighborhood is rel-
atively difficult to determine. If the size of the neighborhood
is too small, we may not have sufficient samples within the
neighborhood to estimate a representative value. If the search
neighborhood is too large, we might select samples outside of
the local stationarity region, which could bias our estimate.

One consideration, which will determine the minimum
size, is the minimum number of samples needed to obtain a
representative estimate. As discussed, we must have the
size large enough to at least select four of the closest sam-
ple points.

The maximum size of the search neighborhood is more dif-
ficult to determine. One misconception is that the search
neighborhood should be dictated by the range of the vario-
gram model. Although it could provide a starting point, it does
not necessarily provide the maximum limit. For sparse data
sets, if the first-order stationarity assumption is reasonably
valid over the region of interest, the sample data beyond the
range of the variogram can still provide information about the
mean and, hence, improve the local estimate.

The best way to determine the maximum size of a search
neighborhood is through a cross-validation process, which is
explained in the next section. Briefly, the maximum size of
the search neighborhood should be determined so that it is
large enough to include sufficient points; at the same time, it
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should be small enough so that the selected sample points are
within the local stationarity region.

Shape of Neighborhood. The shape of the neighborhood is
primarily dictated by variogram models. If, in two dimen-
sions, an isotropic variogram model is used, the search neigh-
borhood will be circular. If an anisotropic variogram model
is used, the search neighborhood is elliptical with the ratio of
major and minor axes of ellipse equal to the anisotropy ratio
of a variogram mode. Examples of circular and elliptical
search neighborhoods, with a maximum of four sample points
in each quadrant, are shown in Fig. 4.1. In three dimensions,
the search neighborhood will be spherical, if the spatial conti-
nuity is described by an isotropic variogram model. For an
anisotropic variogram model, the search neighborhood will
be an ellipsoid, where the major and minor axes dimensions
will be related to the anisotropy ratios of a variogram model.

In addition to the shape, the orientation of the neighborhood
is also important. A common practice uses the orientation of
the major axes of the ellipse or ellipsoid to coincide with the
major direction of spatial continuity. This ensures that we se-
lect the nearest sample points that have the strongest spatial
relationship to the unsampled location.

It is not always necessary for the search neighborhood to
coincide with the spatial continuity models. Sometimes, geo-
logical inferences about facies may dictate the shape to coin-
cide with the geological model. Also, remember that, in a va-
riogram estimation process, because of the use of tolerance
with respect to direction, the anisotropy ratio (ratio of range
in the direction of minimum continuity to the range in the
direction of maximum continuity) is observed to be larger
than what may be the real value. We can, therefore, define a
search neighborhood with a different anisotropy ratio, if itim-
proves the estimates during a cross-validation exercise. In
general, using the search neighborhood, which mirrors the va-
riogram model, will be adequate for estimations at an un-
sampled location.

Once the search neighborhood shape and size are deter-
mined, a relevant computational issue must be ad-
dressed—searching for neighboring points in an efficient
manner. We can use several strategies, such as super block
search, spiral search, and two-part search. For a detailed dis-
cussion and implementation of these strategies, please see
Ref. 2.

4.1.2 Cross Validation. Cross validation involves the estima-
tion of values at the sampled locations so that the estimation
can be compared with the sampled values. Although several
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versions of cross validation are used in practice, the most
common version of cross validation involves the “leaving one
out” method.> In this method, one sample point at a time is re-
moved from the sample data, and using the remaining sample
points, the value of the variable at the now “unsampled” loca-
tion is estimated. The estimated value is then compared with
the observed value. The procedure is repeated at all sampled
locations, so we can have an estimated value at every sampled
location. In the “leaving one out” method, the spatial model
used for the estimation process is based on all available data.
Therefore, the estimation of the value at a sampled location
is not strictly independent. Some information about the sam-
ple point is already used in the form of a spatial relationship.

A stricter test, called “jackknifing,” can also be used to test
the validity of an estimation process. In this technique, certain
sample points are removed before the spatial relationship is
estimated and modeled. Using the kriging parameters, the
values are estimated at the sampled locations, which were re-
moved at the beginning. Then, the observed values are
compared with the estimated values. Unfortunately, in most
reservoir applications, we do not have enough data to remove
certain sample points at the beginning. Therefore, we general-
ly use the conventional cross-validation method.

Cross validation is similar to a dress rehearsal® before an
actual production. Therefore, it should be conducted under
similar operating conditions to the actual estimation proce-
dure. The same variogram model, search neighborhood, num-
ber of sample points, and any other relevant parameters
should be used. For example, if sample data are concentrated
along the wellbore, the estimation of values at the sampled
location should only be done by removing all sampled data
along that wellbore. This is because estimation at interwell
locations does not involve use of nearby samples in a vertical
direction. The configuration of available samples for the
cross-validation exercise should be similar to the actual es-
timation exercise.

Similar to a dress rehearsal, cross validation can identify
obvious glaring errors, including decisions about stationarity,
appropriateness of the variogram model, and the search
neighborhood. However, it does not guarantee a success dur-
ing the actual production.

After cross validation is finished, we have two values at ev-
ery sampled location—an observed, or true, value and an esti-
mated value. By comparing the true value and the estimated
value, we might be able to detect problems related to the es-
timation process. We first define

e(ﬁi) = x(ﬁi) - X*(ﬁi)s

where e(u;) =the estimation error at location u;, x(u;) =the
true value, and x“(;) = the estimated value. The following
observations, regarding e(i;), x(ii;) and x"(1;), must be ex-
amined as part of the cross-validation process.

e Plot the true value vs. the estimated value. Some examples
of this plot are shown in Fig. 4.2. In Fig. 4.2a, the spread of
error is uniform around the 45° line. An approximately equal
number of values are under- and overestimated over the entire
region. This is an ideal situation. In contrast, in Fig. 4.2b, the
spread of error (deviation from the straight line) increases as
the true value increases. In other words, the error is dependent
on the magnitude of the sample. This type of behavior reflects
the heteroscedasticity of error variance. In Fig. 4.2¢c, up to a
certainrange, the sample value is overestimated; and over that
range, the sample value is underestimated. This type of esti-
mate is called a conditionally biased estimate.
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Fig. 4.2—True vs. estimated values during cross validation.

Figs. 4.2b and 4.2c exhibit undesirable characteristics. Fig.
4.2b could be a reflection of a search neighborhood being too
large, resulting in an inclusion of data points that are not with-
in the local stationarity region. Fig. 4.2c could be a reflection
of mixing two regions of stationarity. Our assumption of sta-
tionarity must be re-examined to ensure that the proper sam-
ple set is included within the region.
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Fig. 4.3—Error (true-estimated) vs. true value during cross val-
idation.

e Plot the estimation error, e(u), vs. the estimated value.
Fig. 4.3a shows an example where the error is centered
around a zero line with equal spread. Ideally, for n samples,

n

> eliiy = o,
i=1

indicating that estimation is conditionally unbiased. The
equal spread around the zero line indicates the homoscedas-
ticity of error variance. That is, the error is independent of the
estimated value. In contrast, in Fig. 4.3b, although the estima-
tion is conditionally unbiased, the magnitude of error in-
creases as the sample value increases. This is a reflection of
heteroscedastic behavior. As before, the size and slope of the
neighborhood must be examined to ensure that the error vari-
ance has homoscedastic characteristics.

In practice, the condition of homoscedasticity is difficult to
achieve; the error must be independent of the estimate. In
terms of absolute magnitude, the error should not change. For
example, if we estimate a value of 48 md, where the true value
is 50 md, this estimate is worse than an estimated value of 0.1
md in place of a true value of 1.0 md. This is true because, in
absolute terms, the former estimate represents an error of
— 2.0 md; whereas, in the later case, the error is only —0.9
md. Intuitively though, we should agree that the first estimate
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is better in terms of relative error than the second estimate. In
practice, we are willing to accept a larger absolute error, as
long as relative errors are comparable. This means that the es-
timates, which are heteroscedastic (errors increasing with the
estimates), might be acceptable.

* Plot the contour maps of e(i;) values. Fig. 4.4a shows a
contour map of errors with several bull’s-eyes indicating no
spatial relationship of error values. In contrast, Fig. 4.4b indi-
cates a trend or correlation among error values. Ideally, error
estimates should show no spatial correlation because values
should be independent of spatial location. Spatial correlation
of error values indicates either a wrong assumption of station-
arity or a lack of capturing a trend that is evident within
the sample data. Both must be examined before proceed-
ing further.

Obviously, cross validation is a trial-and-error procedure.
Itinvolves adjusting some of the operational parameters such
as size and shape of search neighborhood, assumption of re-
gion of stationarity, or variogram model to capture the trend.
These parameters are adjusted until the desired results (e.g.,
conditionally unbiased with respect to the estimation, homos-
cedasticity of error, and lack of spatial relationships among
errors) are obtained as close to ideal conditions as possible.
Out of these three desirable characteristics, the requirement
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of homoscedasticity of error can be relaxed in many situations
because of the reasons stated previously. Fortunately, cross
validation involves the estimation of values at relatively few
locations. Therefore, this trial-and-error procedure is not
computationally intensive. Within a few iterations, a desired
result can be obtained.

As explained before, cross validation’s use is mostly lim-
ited as a qualitative tool. In the past, cross validation has also
been used as a quantitative tool® to select correct variogram
models for estimation purposes. However, recent studies
show that cross validation, as a quantitative tool, may be inap-
propriate and will not result in improvements in the estima-
tion of unsampled values.*7 Therefore, in this chapter, we re-
strict the use of cross validation as a qualitative tool only.

4.2 Linear Kriging Procedures

This section discusses several kriging procedures and as-
sumes that the estimated value of the variable is linearly re-
lated to the nearby samples. Depending on the specific ap-
plication, different procedures have been used for the purpose
of estimation. We begin with a simple kriging procedure—the
simplest but not necessarily the most practical. Discussion
follows with ordinary kriging, the most popular kriging pro-
cedure. Ordinary kriging is more flexible than simple kriging
and allows for variations in local changes. We also discuss
cokriging, which allows the estimation of one variable based
on the spatial information of other related variables. This pro-
cedure is especially useful when there is one extensively
sampled variable and one sparsely sampled variable, and
they are spatially related. The last procedure we discuss is
universal kriging, in which the sample data exhibit a trend,
and the assumption of stationarity may not be valid. Within
each of the four techniques, we also discuss the estimation at
a location without support and block estimates involving the
estimation of a location which includes support or associated
volume. All techniques are explained with numerical and
field examples.

4.2.1 Simple Kriging. Simple kriging starts with the assump-
tion that a value at an unsampled location can be estimated by

X)) = Ao+ > AX@),
i=1

where X*(ii,)) =the value to be estimated, X(i;) =a nearby
sample value at location #;, n = the total number of samples
selected within a search neighborhood, A; =the weight as-
signed to each sample, and 4, = a constant.

To estimate the value of 4;, we use the MVUE technique. An
unbiased condition requires that

EX',) — X@,)] =0. ..o 4.5)
Substituting X*(ii,) from Eq. 4.4,
Ao+ > AEIX@)] = EIXG)). ... (4.6)

i=1

If we assume E[X(u,)] = E[X(u,)], based on the first order
stationarity, we can write

Ao =m l—zn:/l,-
i=1
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In addition to the unbiased requirement, the condition of
minimum variance must also be satisfied. Mathematically,
weights should be chosen so

X, = X)) (4.8)
is minimized.

The result of this condition is equation

> A Cli, i) = CGiyii,) for i = 1,....n, ... (4.9)

j=1

where C( ﬁi,ﬁj) =the covariance value between points lo-
cated at ; and uj, respectively, and C(i;, i, ) = the covarian-
ce between the sampled location, #;, and the unsampled loca-
tion, u,. The covariance values are obtained based on the
spatial model. For details regarding the derivation of Eq. 4.9,
refer to Appendix D.

In matrix form, Eq. 4.9 can be written as

C(ﬁl’ ﬁl) LI C(ﬁl) ﬁn) Al C(Elv ﬁo)
C(ﬁm ﬁ)l) LI C(ﬁm ﬁn) A’n C(I/—Zm ﬁ())
.................. (4.10)
or
ICIIAl = lcl.
To calculate the value of IAl, we write
IAI=ICHYel, 4.11)

where |CI-! = the inverse of matrix ICl.

It is important to examine Eq. 4.11, so we can understand
how individual weights are assigned to sample points to esti-
mate the value at the unsampled location. Eq. 4.11 states that
the weights assigned to samples are directly proportional to
lcl and are inversely proportional to |Cl, where Ic| represents
the covariance between the sample point and the unsampled
location. The stronger the spatial relationship between the
sample point and the unsampled location, the larger is the val-
ue of C(u;,u,). As aresult, the weight assigned to the sample
point at u; is greater. This is intuitively correct because the
sample point with a strong spatial relationship with the un-
sampled location should receive a bigger weight. On the other
hand, IClrepresents the covariance among the sampled points.
If a particular sample point at i; is very close to the surround-
ing sample points, u;, C(ui;,u;) will be large. If these values
are large, because the weight assigned to sample points is in-
versely proportional to ICl, the weight will be reduced, if
C( ﬁi,fij) values are large. This observation also makes intu-
itive sense. If sample points are clustered together, they
should not individually receive large weights because they do
not provide independent information on an individual basis.
Clustered samples, being spatially related, are similar to each
other and assigned smaller weights. In contrast, if a sample
point is isolated, and is away from other sample points,
C(uj,u;) will be smaller, and the weight assigned to that sam-
ple point will be proportionately bigger.

To summarize, the weight assigned to an individual sample
is dependent on two factors. One is its spatial relationship to
the unsampled location. The stronger the relationship, the
larger is the assigned weight. Two is the sample point’s spatial
relationship to other sample points. The stronger the relation-
ship, the less independent information that point can provide.
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As a result, the weight assigned to that sampled point will
be smaller.

Once the weights are estimated, Eq. 4.4 estimates the value
of X*(i,). In addition to the estimation, it also estimates the
error variance associated with the estimate. It is written as
(see Appendix D for details)

G = Cli, i) — > ACli, T, .
i=1

By examining Eq. 4.12, we observe the maximum value of er-
ror variance, C(ii,,, i, ), which is the data variance. In the ab-
sence of spatial information, uncertainty with respect to es-
timation should be represented by the variance of the data. As
spatial relationship information becomes available, error
variance is reduced. Reduction is related to two parame-
ters—weight assigned to sample points, and covariance be-
tween sample points and the unsampled location. Error vari-
ance is reduced when there is a larger C(u;,1,) value and a
larger weight is assigned. As previously discussed, a sample
point, with a very strong relationship to the unsampled loca-
tion, is isolated from other sample points and has a higher
weight assignment. This, coupled with a large value of
covariance, results in the largest error variance reduction. On
the other hand, if a sample point has a strong spatial relation-
ship with the unsampled location but is surrounded (clus-
tered) by other samples, the weight assigned to that point will
be smaller and, hence, will result in a smaller error variance
reduction. The smallest reduction in error variance is
achieved by a sample point with a weak spatial relationship
to the unsampled point (small covariance value) and repre-
sents a point within a cluster of samples. This is logical be-
cause that sample point provides the least information about
the unsampled location; therefore, it provides the least reduc-
tion in the uncertainty of the estimate.

Note, all previous equations are written in terms of covaria-
nce instead of a variogram. Although similar equations can be
written in terms of a Valrioglram,8 it is much easier to invert a
matrix when it is written in terms of covariance. Therefore,
covariance values are preferred over variogram values.

Numerical Example 4.1. Consider the data configuration,
x(u1)=10,x(1i) =20, and m = 18 (Fig. 4.5). Further, assume
that the isotopic variogram, representing the spatial relation-
ship, is given as

y(L) = 100[1 — exp( _IO%)L)] for L = 0.

Estimate the value at location . Also, estimate the error
variance. If the spatial model is given as

100

how would the estimate and error variance change?
Solution—Part 1. In this part, we assume the variogram is
represented by

y(L) = 100[1 - exp(_IO%L)].

w(L) = 200[1 - exp(_ 3L)] for L = 0,

—

K |

—

le

| €— 30t —>|€ 50 ft >|
Fig. 4.5—Data configuration in Numerical Example 4.1.
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In this example, we have two sample points, or n=2. There-
fore, the matrix equation can be written as

C(ﬁl’ ﬁ)l) C(ﬁlr 1’72) j'1 _ C(;Zl’ 170)

C(EZ’ ﬁl) C(ﬁz, ﬁZ) j’2 B C(ﬁz, ﬁ)O) '
We know the relationship between the covariance and the va-
riogram,

C(L) = C0) — y(L).

Therefore, if we calculate y(L), we can calculate C(L).

The second-order stationarity assumption requires a vario-
gram or covariance to be only a function of distance and direc-
tion. Therefore, if we know the distance and the direction
(only distance for an isotropic model), we can calculate the
associated variogram value.

In the previous matrix, the only unknowns are 4| and 5.

C(uy, u,) = C(u,, u,) = C(0) = 100

because the distances between ] and ', and 15 and 1, =0.
C(0) is the sill of the variogram.

CGiy, i) = Cy, u)) = C0) — y(u,, u,) = C(0) — y(80)

= 100 — 100[1 - exp<%>] = 9.07.

Because the covariance and the variogram are symmetric, the
variogram between two given points is the same, irrespective
of the directions.

C,, ug) = C0) — y(uy, uy)

= 100 — 100[1 - eﬂ)(%)] = 40.66,

and C(i,, tty) = C(0) — y(u,, Uty)
— 100 - = e =3 50\] _
= 100 100[1 exp( 100 )] 22.31.

Note, the distance between i1 and 1 is 30 ft, and between i
and ), it is 50 ft.
Substituting all the values,

100 9.07\ (A1) _ (40.66
9.07 100 J\ 4, ] = \22.31)
or
1004, + 9.072, = 40.66,

and 9.074, + 1004, = 22.31.

Solving for A; and A,, we obtain A; =0.389, and 1, =0.188.
Using Eq. 4.7,

A, = m(l - 2/1,.) = 18(1 — 0.389 — 0.188)
i=1

= 7.614.
Using Eq. 4.4,
2
X (Hy) = Ao + > Aa(ii),
i=1
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and x"(u,) = 7.614 4+ 0.389 x 10 + 0.188 x 20
= 15.264.

This is the estimated value at the unsampled location. The er-
ror variance is calculated with Eq. 4.12.

A2

2
o = Cluy, uy) — Z AC(;, )
i=1

100 — 0.389 X 40.66 — 0.188 x 22.31
79.99.

The error variance is not an absolute measure of uncertainty
in estimation; however, it does indicate how well the sample
data are configured surrounding the unsampled location. This
statement will become clear as we go through additional nu-
merical examples, as well as Sec. 4.4.

Solution—Part 2. Here, we assume that the variogram is
represented by

y(L) = 200[1 - exp( _lO?(,)L)] for L = 0.

Note, the only difference between Part 1 and Part 2 is the sill
value of the variogram. The variogram model and the range
are the same.

We have two sample points; therefore, using the same logic
as Part 1, we state,

Cluy, uy) = C(uy, uy) = C(0) = 200,
C(uy, uy) = Cluy, U))

= 200 — 200[1 - em(%)] = 18.14,

C@i,, i) = 200 — 200[1 - eXP(W)] = 8131,

and

Cidy, uy) = 200 — 200[1 - exp(%)] = 44.63.

Substituting in the matrix form,

200 18.14\(A1) _ (8131
18.14 200 J\A,) — \44.63 )
Solving for 4| and 15, 4; =0.389, and 1, =0.188.
Therefore,
A, = 18(1 — 0.389 — 0.188) = 7.614,
and
x"(y) = 15.264.

The error variance can be estimated as

6y = 200 — 0.389 x 81.31 — 0.188 X 44.63
= 159.98.

By comparing answers from Parts 1 and 2, you will notice that
the estimate is not affected by changing the sill value, whereas
the error variance doubled as the sill value is doubled. In other
words, the estimated value at the unsampled location is inde-
pendent of the sill value. This important characteristic is not

CONVENTIONAL ESTIMATION TECHNIQUES

restricted to just simple kriging. It is common to all kriging
procedures. This characteristic proves useful in quantifying
uncertainties with respect to kriging estimates.

Field Example 4.1—Simple Kriging Cross Validation.
This field example illustrates the cross-validation procedure
for simple kriging with the gross thickness data for Flow Unit
5. Cross validation quantifies the errors of kriging estimates
and test assumptions made about variogram models and other
kriging parameters. There are two major steps in the cross-
validation process. First, each data value is removed from the
conditioning data set, and kriging is used to estimate it with
the remaining data. This step is repeated for all data points.
Second, estimated values are compared to actual data. Cross-
plots of actual vs. estimated values, histograms of the errors,
and kriging variance are used to evaluate the validity of krig-
ing and assumptions.

The following information is given:

¢ Conditioning data for gross thickness of Flow Unit 5. (See
Appendix A.)

* Variogram models for gross thickness of Flow Unit 5 are:

y(I_: )=54+16.25 MMOO(IT) principal direction: east/west

y(Z )=5+1625M s@,ooo(i)’ minor direction: north/south

Find:

e Calculate simple kriging cross-validation estimates for
gross thickness data of Flow Unit 5.

e Evaluate the effect of search neighborhood and number of
samples for kriging on cross-validation estimates.

* Compare statistics of data, cross-validation estimates and
errors.

e Evaluate the kriging error variance.

Solution. Fig. 4.6 shows the field location for the 103 wells,
with gross thickness data for Flow Unit 5. The data show that
this flow unit tends to thin from north to south. The vario-
grams indicate that gross thickness varies the most in the
north/south direction, and it is most continuous in the east/
west direction. The histogram of the gross thickness data is
shown in Fig. 4.7. Gross thickness ranges from 0 to 27 ft, and
it has a mean of 5.05 ft. Only one well has a gross thickness
greater than 20 ft, and 75% of the wells have a gross thickness
less than 7 ft.

20,000
15,000 Well
10’000 X X bvd X X X X
X x x KX
% X X x
= 5000 A e E T x
so xxxxgzxxxxxxx x
xxxxx)z(*§xx§<xx X
0 X Xx xxx X X % X
P X
5,000 | X X
-10,000
-5,000 0 5,000 10,000 15,000 20,000 25,000

X, ft

Fig. 4.6—Location of Flow Unit 5 gross thickness data.
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1 [ Number of Data 103
B Mean 5.05
E Std. Dev. 4.50
0.200 — Coef. of Var.  0.89
4 Maximum  27.00
- Upper Quartile  7.00
0.150 Median 4.00
e ] Lower Quartile 2.00
S - _ Minimum  0.00
g ]
T 0.100 —
0.050 —
0.000 1 —— 1 !_r! T O —
0.0 10.0 20.0 30.0

Gross Thickness Data, ft
Fig. 4.7—Histogram of Flow Unit 5 gross thickness data.

One of the objectives of cross validation is to select opti-
mum kriging parameters. Cross validations were generated
for several values of the number of samples for kriging, with
and without octant search and size of the search neighbor-
hood. The simple kriging cross-validation estimates for an
initial configuration of parameters are compared to the gross
thickness data in Fig. 4.8. This initial configuration uses the
four closest samples for the kriging system and omnidirec-
tional search radius equal to 10,000 ft. Overall, simple kriging
tends to underestimate gross thickness. The correlation coef-
ficient between cross-validation estimates and the data is only
0.60 because it is heavily affected by data points greater than
7 ft. Note, simple kriging assumes that the mean is constant
throughout the area of interest. Therefore, the largest estima-
tion errors occur when data values are significantly different
from the mean. For wells with data deviating significantly
from the mean, simple kriging estimates break down. In this
example, the simple kriging mean was assumed to be equal to
the mean of the data (5.05 ft). If cross validation indicates that
this assumption does not hold, another technique such as ordi-
nary kriging, which accounts for changes in the mean, should
be tested. Another configuration of kriging parameters,
which yielded slightly better results, is shown in Fig. 4.9. This

30

=4
@ 25
7/}
[\}]
S
S 20
£
- ° R?=0.378
§ 15 5
e 2
) o /
® 2005 |
E 5 CoTo o
> 8 °©
w o o
8 P
o4 x

0 5 10 15 20 25 30

Gross Thickness Data, ft

Fig. 4.9—Simple kriging cross validation of Flow Unit 5 gross
thickness data using 16 samples for kriging, octant search and
anisotropic search neighborhood.
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Fig. 4.8—Simple kriging cross validation of Flow Unit 5 gross
thickness data using four samples for kriging and omni-direc-
tional search neighborhood.

configuration consists of 16 samples for the kriging system
and an anisotropic search neighborhood. In addition, octant
search was used to select the 16 samples. This means that a
maximum of four samples is selected for each octant around
the point being estimated. Octant search is useful to get a more
uniform sampling when the data tend to be clustered because
it prevents too many samples from being selected from only
one area around the estimation location. The anisotropic
search consisted of an ellipse with axes equal to the variogram
correlation range and the same orientation as the variogram.
This configuration yielded the highest correlation coefficient
(0.62) between the data and kriging estimate and the lowest
estimation error.

The histogram shown in Fig. 4.10, cross-validation esti-
mates for optimum configuration, indicates that the mean,
median, and mode are close to the statistics of the gross thick-
ness data (Fig. 4.6). The standard deviation of the cross-val-
idation estimates is 2.83 ft, and it is smaller than the standard
deviation of the data (4.50 ft). In general, simple kriging does
not closely reproduce the extreme values of a distribution.
The maximum cross-validation value is 17.9 ft, while the

0.160 —
7 - Number of Data 103
T Mean -0.051
4 Std. Dev. 3.553
Coef. of Var. Undefined
0.1207 — Maximum 6.873
- Upper Quartile 2.500
| Median 0.627
] Lower Quartile -1.953
g I Minimum -13.371
2 0.080 — - -
o
o B -
W -
0.040 —
0000 +-LH-— - NI S
-15.0 -6.0 5.0 15.0

Gross Thickness Error, Estimate Minus Data, ft
Fig. 4.10—Histogram of simple kriging cross validation errors

for Flow Unit 5 gross thickness using optimum search neighbor-
hood.
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Fig. 4.11—Simple kriging cross validation errors for Flow Unit 5
gross thickness data using optimum search neighborhood.

maximum for the data is 27 ft. Reproduction of extreme val-
ues of a histogram can be achieved with indicator kriging, dis-
cussed later in this chapter.

The quality of cross validation can be examined by analyz-
ing the estimation errors. The uniform distribution of the error
around the zero error line is a desirable feature in cross valida-
tion. Fig. 4.11 shows that there is a small correlation between
the estimated values and errors. Here, estimation error is de-
fined as the simple kriging estimate minus the data value. The
largest deviation occurs for the data with an error of —13.2 ft,
which corresponds to the well with a maximum gross thick-
ness of 27 ft and simple kriging estimate of 13.8 ft. The histo-
gram of estimation errors (Fig. 4.9) shows that the mean error
is close to zero, and the median is 0.427 ft. The errors for most
data points, with a few exceptions for extreme values, fall be-
tween -5 and 5 ft. Fig. 4.12 shows that the estimation errors
do not exhibit any noticeable spatial trend. Examination of
spatial trends in the errors is another way to diagnose defi-
ciencies of the kriging assumptions.

Field Example 4.2—Simple Kriging To Generate Gross
Thickness Maps. In this field example, simple kriging is used
to generate a map of gross thickness for Flow Unit 5. Mapping
in aregular grid is one of the most common reservoir descrip-
tion applications of kriging. Gross thickness maps are used to
estimate reservoir bulk volume of rock and to describe the in-
ternal zonation.

The following information is given:

* Conditioning data and variograms are given in Field Ex-
ample 4.1.

* The location of the grid is shown in Fig. 4.13, and it is de-
scribed by the following parameters, as shown in Table 4.1.

Find the following:

* Generate a map of gross thickness for Flow Unit 5 with
simple kriging.

* Compare statistics of conditioning data and map.

* Generate a map of kriging error variance.

Solution. Simple kriging was used to generate a gross thick-
ness map in the area shown in Fig. 4.13. The grid covers an
area of 10,000 by 10,000 ft in the field. Even though only
37 wells fall inside the grid, data outside the grid, but with-
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20,000
Error = Estimate - Data
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10,000+
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Fig. 4.12—Location of simple kriging cross validation errors for
Flow Unit 5 gross thickness using optimum search neighbor-

hood.
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Fig. 4.13—Location of grid used for kriging.

in the search neighborhood, were also included in the krig-
ing calculations.

Fig. 4.14 shows the gross thickness map generated with
simple kriging. Overall, the map has a smooth appearance
that is typical of simple kriging. The good spatial continuity
from east to west corresponds to the principal direction of the
variogram. The north/south trend, observed in a small area in
the northwest corner of the map, is a result from the configu-
ration of the conditioning data and the search neighborhood.
In the northwest corner, the conditioning data are under-
sampled with respect to the rest of the grid (Fig. 4.13). The op-
timum search neighborhood, found in Field Example 4.1, was
used in the kriging calculations, and it prevented the use of
data from the closest clustered points. The simple kriging
variance map is shown in Fig. 4.15. The estimation variance

TABLE 4.1—GRID INFORMATION
East North
Origin, ft 5,000 0
Number of Blocks 50 50
Block Size, ft 200 200

107



Flow Unit 5, Gross Thickness, ft
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Fig. 4.14—Simple kriging map for Flow Unit 5 gross thickness
using optimum search neighborhood.

is small in gridblocks close to the conditioning data, and it be-
comes large in areas far from the data. Near the conditioning
data, the kriging variance becomes close to the nugget of the
variogram (5).

The histogram, for simple kriging estimates. is shown in
Fig. 4.16. The mean, median and mode of the kriging esti-
mates are close to the conditioning data (Fig. 4.7). The histo-
gram, for kriging estimates, is narrower than the data histo-
gram. The standard deviation for kriging estimates is 1.82 ft,
while for conditioning data, it is 2.86 ft. Simple kriging does
not reproduce extreme values with a gross thickness greater
than 10 ft, observed in the conditioning data.

Block Estimation. In the previous example, we considered
the estimation of sample values at point locations. This sec-
tion extends the estimation procedure for block values, using
a simple kriging technique. The difference between the point
estimation and the block estimation is the support of the loca-
tion. Point estimation allows the estimation of the value at un-
sampled locations without any significant volume or area
association. In contrast, block kriging allows the estimation
of an unsampled location associated with a certain area (in
two dimensions) or volume (in three dimensions). This is es-
pecially useful when we are interested in generating grid-
block properties for a reservoir simulator or estimating in-
place hydrocarbons, based on estimated reservoir properties.

In principle, block kriging calculates the arithmetic aver-
age of several points located within that support. If we esti-
mate several point values within a block and calculate an
arithmetic average, we get the same value as the block esti-
mate. Obviously, we must ensure to choose a sufficient num-
ber of points within the block so we obtain a representative
block estimate.

The need for block kriging might be questioned because we
can always estimate the point values with point kriging and
then estimate a block value by calculating the arithmetic aver-
age of point values. The following equations show it is more
efficient to use block kriging to estimate block values, rather
than to use point kriging to estimate the point values and then
estimate the arithmetic average.
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Flow Unit 5, Gross Thickness Variance, ft*2
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Fig. 4.15—Simple kriging variance map for Flow Unit 5 gross
thickness.
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Fig. 4.16—Histogram of simple kriging estimates for Flow Unit
5 gross thickness.

Another related question we must address is the applicabili-
ty of block kriging to adequately describe block values of res-
ervoir variables. Remember, block kriging only provides the
arithmetic average of point values. If a reservoir variable can
be adequately represented on a block level by calculating the
arithmetic average of small scale values, block kriging is ade-
quate. One example is porosity of a block. An arithmetic aver-
age of small scale porosity values provides an accurate block
level porosity measurement. The same reason can be applied
to estimate a block saturation value. On the other hand, the
arithmetic average of small scale permeability values is not a
good representation of a block permeability value. As Chap.
8 discusses, upscaling permeability is much more involved
than simply calculating the arithmetic average. Block krig-
ing, obviously, will not be very effective for estimating block
values of permeability. To generalize, we observe that block
kriging is useful for estimating block values of static proper-
ties that can be upscaled using the arithmetic average. Block
kriging is not useful for estimating block values of dynamic
properties that are difficult to upscale and also flow depen-
dent. This important limitation must be understood before
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Fig. 4.17—Covariance between a point and a block.

proceeding with the necessary equations required for apply-
ing the block kriging technique.

In estimating block values, we use an equation similar to
point kriging. The equation is written as

Xy = Ao + > AXG@),
i=1

where X;(ii,) =the estimate of a block value located at 1,
and X(u;)=the point values surrounding the unsampled
block. As before, we apply the MVUE technique to estimate
the weights assigned to each of the sampled locations within
the search neighborhood.

By applying the unbiased condition, we obtain

A, = m(l — il")'
i=1

This is the same equation we obtained for simple point
kriging. The second condition of minimum variance results
in equation,

> A Cli, @) = Ci i) for i = 1,....n. ... (4.14)

j=1

This equation is very similar to Eq. 4.9, except for the right
side of the equation. The right side of the equation represents
a covariance between a sampled point location at #; and a
block located at ug. C,(u;,u) = an arithmetic average of all
the point-to-point covariances between a sample point and all
the points located within the block. In practice, to obtain arep-
resentative arithmetic average between a point and a block,
we select a certain minimum number of points within a block
and calculate the point-to-point covariance between the se-
lected points and the sample location; then, we take the arith-
metic average. Schematically, this approach is shown in Fig.
4.17. In this figure, the covariance between a sampled loca-
tion and 16 points selected within the block is calculated, and
the arithmetic average of these 16 values represents the
covariance between the point and a block. Mathematically,

"b
m%mz%Zd@@)
j=1
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where ny, = the selected number of points within a block, and
C( Uy, E) = the covariance between the point, i, , within the
J J

block and the sampled point, u;.

The number r, must be selected, so a representative covari-
ance between a block and a point can be obtained. Numerical
experiments suggest that for a 2D gridblock, 16 points within
the gridblock will suffice, whereas for a 3D gridblock, 64
points will suffice.* The points should be evenly distributed
within a gridblock.

Once the covariances between sampled points and the un-
sampled block are calculated, Eq. 4.15, in matrix form, is
written as

C(ﬁl! ﬁ)l) oo C(ﬁ)l’ ﬁn) ﬂ'l Cv(ﬁO’ ZZl)

C(ﬁn, ﬁl) LI C(Em ﬁn) Arz Cv(ﬁ()) ﬁn)

Notice the similarity between Eqs. 4.16 and 4.10. The left
sides are identical; the right sides are different. For point krig-
ing, the right side represents the covariance between a
sampled point and an unsampled location. For block kriging,
the right side represents the covariance between a sampled
point and an unsampled block. By solving Eq. 4.16, we obtain
the values of 4; which can be used to estimate the block value.
In addition, error variance is calculated as

2
A2 - -
op = C,(uy, Uy) — Z AC (G, 1) ,

i=1

where C,,(it,, it,) =block variance. The value of block vari-
ance is calculated by obtaining point-to-point covariance
between several representative pairs within the block and
then taking the arithmetic average of the covariances. Similar
to point kriging, we also obtain the error variance for the
block estimation.

Eqs. 4.13 and 4.17 are more efficient to use when estimat-
ing block values, rather than a scaled-down point kriging pro-
cedure and a calculation for the arithmetic average of point
values. This is true because to obtain point estimates (i.e., 16
locations within the block), point kriging must use Eq. 4.10
16 times, thus, inverting the matrix 16 times. In contrast,
block kriging uses Eq. 4.16 one time. The block estimate is
obtained by inverting the matrix only once. The additional
computational costs, associated with estimating the covarian-
ce between a block and a sample point, is much smaller,
compared to inverting the matrix numerous times. Therefore,
as long as the small-scale values can be arithmetically aver-
aged to estimate block values, block kriging is more efficient.

Numerical Example 4.2. Estimate the porosity value and
the corresponding error variance for the block shown in Fig.
4.18. Assume that the variogram is defined as

3
= 3(L)_1( L
/D =01 0.3[2(800) L&) ] for L = 500

= 0.4 for L = 800.

The coordinates and the corresponding porosities at the
sampled points are given in Table 4.2.

What is the porosity value of the block located within the
larger block (shown by the dotted line)? Assume four points,
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(200, 400) (400, 400)

(D1

Fig. 4.18—Sample configuration for Numerical Example 4.2.

within the gridblock, are used to estimate the covariance be-
tween a point and a block.

Solution—Part 1. We estimate the block value with equa-
tion

3
Xi(ihy) = Ao + > AXGE),

i=1

where n =3 in this particular case. Our goal is to calculate the
values of 4;. The matrix equation is written as

C(ﬁl’ ﬁ)l) C(ﬁl’ ﬁZ) C(ﬁl: ﬁ?) }'1 Cv(ﬁl; I/—t)O)
Clun, uy) Clidy, 1)) Clun, uy) || A2 | = | Colidy, 1) |.

C(E3’ ﬁ)l) C(ES’ 52) C(ﬁ):%’ ES) 1’3 Cv(ﬁ:‘v ﬁ())
The left side of the matrix is similar to the point kriging ma-
trix. Once the distance between the two locations is calcu-
lated, based on the variogram model, covariance values are
calculated.

y(uy, i) =y (U, 1) =y(u3,u3) = 0; therefore, C(uiy,u1)
= C(up,up) = C(u3,u3) =0.4. The distance between any two
points is calculated by knowing the coordinate locations. For
example,

C(u1,1iz) = C(uin,u1) = C(0) —y(u1,12) = 0.4 —y(403.1)
=0.0924.

Similarly,

L5 = 715.9 ft; therefore, C(u1,u3)=C(u3,u1)=0.4—
y(715.9) =0.0048.

L,; = 538.5 ft; therefore, C(iip,u3)=C(u3,u)=0.4—
y(538.5) =0.0428.
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TABLE 4.2—COORDINATES OF DATA POINTS FOR
NUMERICAL EXAMPLE 4.2

Data Point u, ft v, ft ¢
1 250 200 0.13
2 600 400 0.25
3 400 900 0.34

Mean Porosity = 28%.

These values allow us to define the left side of the matrix.

The right side of the matrix requires covariance between a
point and a block. We assume the average of four point-
to-point covariances will provide a representative covariance
between a point and a block. If we select four points within
the larger block, as shown in Fig. 4.19, we can calculate the
covariance between the sample points and these four points,
and calculate the arithmetic average. For example, for sample
point 1,

L, = 350 ft; therefore, C(ii1,101) =0.1157.
= 364 ft; therefore, C(u1,u0p) =0.1094.
L,y = 250 ft; therefore, C(ii1,103) = 0.1640.
L, = 269.3 ft; therefore, C(u'1,up4) = 0.1542.

iy
|

We then calculate,

C(uy, ty) = % (0.1157 + 0.1094 + 0.1640 + 0.1542)

= 0.1358.
Similarly,

C(uy 1y = % (0.1020 + 0.1433 + 0.1141 + 0.1614)

= 0.1302.
(200, 600) (400, 600)
01 02
(250,550) (350, 550)
03 04
(250,450) (350, 450)
(200, 400) (400, 400)

(+) 1 (250, 200)

Fig. 4.19—Choosing points for point-block covariance (Numeri-
cal Example 4.2).
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(250, 550) (350, 550)
01 02
03 04

(250, 450) (350, 450)

OF

(+) 1 @50, 200)

Fig. 4.20—Modified configuration of samples for Numerical Ex-
ample 4.2.
Cus uy) = i (0.1020 + 0.1141 + 0.0645 + 0.0725)

= 0.0883.

Substituting, we write,

04 0.0924 0.0048\ [4: 0.1358
0.0925 0.4 0.0428 ||4.| = | 0.1302
0.0048 0.0428 0.4 A 0.883

Solving for 4;, 11 =0.2818, 1, =0.24, and A3=0.1917.
Therefore,

A, = m(l — ili)
i=1

0.28(1 — 0.2818 — 0.24 — 0.1917)
0.0803.

x"(uy) = 0.0803 + (0.2818)(0.13) + (0.24)(0.25)
+ (0.1917)(0.34)
= 0.242.

To calculate the error variance, we need C, (4, it,). This value
is calculated with equation

CONVENTIONAL ESTIMATION TECHNIQUES

4 4
va(ﬁ()’ ’70) = ni z Z C(ﬁ()g ’7()!.);
j=1

2
bi=1

where the covariance between every pair is calculated, and the
arithmetic average is taken. Because, in our particular exam-
ple, all four points within the block are symmetrical, we only
calculate the covariance with respect to a point and the remain-
ing three points, and then we take an average, which is

C,(thy, Up)
= L [Cliy, Ti) + Clliyy ) + Cliy, i) + Cliy, ).
Knowing the distances, the covariances are computed,

C, (g, thy) = %(0.4 + 0.244 + 0.244 + 0.2214)

= 0.2774.

The error variance is calculated as
3
A2 - - — —
op = C,(uy up) — z/,{ic(uir 1)
i=1

= 0.2774 — 0.2818(0.1358) — 0.24(0.1302)
— 0.1917(0.0883)
= 0.191.

Solution—Part 2. If we estimate the block value, as shown
by the dotted line, we must consider four points within that
block, as shown in Fig. 4.20. Using the same procedure as be-
fore, we calculate

C(iio 1)) = % (0.1268 + 0.1233 + 0.1509 + 0.1465)
= 0.1369,

C(uy ) = % (0.1165 + 0.1381 + 0.1233 + 0.1465)

= 0.1311,
and

C(uy, uy) = % (0.0957 + 0.1013 + 0.0763 + 0.0808)
= 0.0885.

The matrix equation is

04 0.0924 0.0048\ [4: 0.1369
0.0924 0.4 0.0428 ||4.]| = | 0.1311
0.0048 0.0428 0.4 A 0.0885

Solving for 4;, A1=0.2814, A,=0.2416, 13=0.192, and
13=0.079.
Therefore,

X' (ug) = 0.079 + (0.2814)(0.13) + (0.2416)(0.25)
+ (0.192)(0.34)
= 0.242.

Although the weights are slightly different, the estimate has
not changed.
The error variance is calculated as

3
A2 B— — —
o = C,(uy, uy) — § AC(y, 1)

i=1
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Flow Unit 5, Gross Thickness, ft
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Fig. 4.21—Simple block kriging map for Flow Unit 5 gross thick-
ness.

= 0.3010 — 0.2814(0.1369) — 0.2416(0.1311)
— 0.192(0.0885)
= 0.2138.

The value of C,,(iiy, iiy) is calculated using the same proce-
dure as shown before for a larger block. The value is greater
for a smaller block than a larger block. This is expected be-
cause the smaller the block, the larger is the variability of
the values. The variance is also larger for a smaller block,
indicating the impact of support effect on the estimated er-
ror variance.

Field Example 4.3—Simple Block Kriging To Generate
Gross Thickness Maps. This field example illustrates the use
of simple block kriging to generate a gross thickness map for
Flow Unit 5. Block kriging accounts for changes in spatial
correlation, resulting from differences between the data sup-
port scale and volume of the gridblock.

The following information is given:

* Conditioning data and variograms are given in Field Ex-
ample 4.1.

 The optimum search neighborhood found in Field Exam-
ple 4.1 consists of an anisotropic search radius based on the
variogram parameters and 16 sample data points with a maxi-
mum of four samples per quadrant.

e The grid definition is given in Field Example 4.2.

Calculate the following:

¢ Generate a map of gross thickness for Flow Unit 5 using
simple block kriging with 16 block samples within each grid-
block.

* Compare statistics of conditioning data, simple, and block
kriging maps.

Solution. Simple block kriging was used to generate a gross
thickness map for Flow Unit 5 using 16 block samples to
generate an average covariance for the gridblocks. The block
covariance is calculated using the arithmetic average of
covariances between data points and the 16 samples within
each block. The 16 samples are regularly spaced in the x and
y directions. The gross thickness map, generated with block
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Fig. 4.22—Histogram of simple block kriging estimates for Flow
Unit 5 gross thickness.

kriging, is shown in Fig. 4.21. The major trends of thin and
thick areas in this map are similar to the simple kriging re-
sults (Field Example 4.2). However, the block kriging map
appears to have even less variability at small-scale than sim-
ple kriging.

The histogram for simple block kriging estimates is shown
in Fig. 4.22. The statistics of simple kriging (Fig. 4.16) and
block kriging results are very similar. The standard deviation
for simple block kriging estimates is 2.5 times smaller than
the conditioning data. The histogram for simple block kriging
is narrower and more symmetric than the histogram for the
conditioning data (Fig. 4.7).

4.2.2 Ordinary Kriging. In a simple kriging procedure, we
assume the mean value, m(u), is known. By assuming first-
order stationarity, m(u) reduces to m. We must know the value
of m before we use a simple kriging expression. In practice,
however, the true global mean is rarely known, unless we as-
sume the sample mean is the same as the global mean. Further,
as seen before, the local mean within the search neighborhood
may vary over the region of interest. As a result, the assump-
tion of first-order stationarity may not be strictly valid. An or-
dinary kriging procedure overcomes this problem by redefin-
ing the equation for estimation.
Consider Eq. 4.4 used for simple kriging.

X'@,) =1, + zaix@.). .................. (4.4)
i=1

However, the unbiased condition requires

EXGi,) — X@,)] =0. ... 4.5)

If we assume E[X*(ﬁo)] = E[X(u,)] = m(u,), where m(ii,)
represents the mean within the search neighborhood of loca-
tion u,, we write

A, = m(ﬁo)(l - ZAi). ................. (4.18)
i=1
However, we force 4, to be zero, if we assume
Dhi= L (4.19)
i=1
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Fig. 4.23—Two configurations for Numerical Example 4.3.

The estimate is written as
n
X'Gi,) = > AXG),
i=1

with a constraint defined by Eq. 4.19. By forcing 4, to be zero,
the necessity for requiring the mean value is eliminated. Fur-
ther, we relax the assumption that first-order stationarity be
strictly satisfied, by assuming the local mean is dependent on
the location.?

In addition to the unbiased condition, we also are required
to satisfy the minimum variance condition. Minimizing the
variance with a constraint in Eq. 4.19 results in

> A, Cli, i) + u = CGi, i) for i = 1,....n,

where u is called a Lagrange parameter, and C represents the
covariance. For details regarding the derivation of Eq. 4.21,
see Appendix D.

In matrix form, Eq. 4.21 is written as

CGiy, 1) . . . CGi,i)1](% CGd,, iy)
ca iy ... ca, iyt ||| T | ca, i
1 ... 1 Ofju 1
.................. (4.22)
To solve A;, we write, in matrix form,
AL = 1C1 el e (4.23)

Once /; is calculated, the estimate, X*(ﬁ(,), is obtained with
Eq. 4.20. We also estimate the error variance as

n

A2 - - —

OE = C(um ua) - Z }'ic(uiy u,) — /’t'
i=1

Numerical Example 4.3. Consider the configurations in
Fig. 4.23:

CONVENTIONAL ESTIMATION TECHNIQUES

x(u,) = 20, x(u,) = 50, x(u;) = 30, and x(u,) = 100.

Assume the following variogram models:

(a) Isotropic Variogram
y(Z) - 100MS500(Z)’

(b) Isotropic Variogram
y(L) = 50 + som,_ (L),

and
(c) Anisotropic Variogram

y(f) = 100MS500(Z) east/west direction,

and

y(f) = IOOMSZSO(Z) north/south direction.

Estimate the value and the error variance at location i, with
the previous three models for both configurations.
Solution—Model 1. We assume that the variogram model

is given by

3
7 = 3(L)_1(_L
yL) = 100[2(500) 2(500> ] for L < 500

= 100 L = 500.

Configuration 1. Because there are four sample points, the
covariance matrix is 5 X 5. We know

C(1,1) = C12,2) = C3,3) = C4,4) = C(0) = 100.
We calculate
C(1,2) = C(0) — y(1,2) = C(2,1)

= 100 — y(200) because the distance between one and
two is 200 ft and

3
- _ 3(200) _ 1(200
- 10— o] 3(220) - (28|
Similarly, we compute values of other terms in the covarian-
ce matrix. The right side of the equation requires the

covariance between the unsampled location and the sample

point. For example,
C(1,0) = C(0) — ¢(1,0) = C(0) — ¢(100) = 70.4.

In matrix form, we write

c(,1) €1,2) ¢1,3) ca,4) 174 C(1,0)
C(2,1) C(2,2) C(2,3) C2,4) 1||4, C(2,0)
C@3,1) C@3,2) C(3,3) C(3,4) 1{|2;] = |€C3B,0)|.
C4,1) C4,2) C4,3) C4,4) 1|4, C(4,0)
1 1 1 I Of|lu 1
113



By substituting all the values, we obtain

1000 432 374 374 17|*

70.4
432 100.0 37.4 374 1|42 70.4
374 374 1000 56 1|[a,] =[432]
374 374 56 1000 1|, 432
1 1 1 1 0 1

Solving for 4; and u, by inverting the matrix, we obtain
Ay = 0429, 4, = 0429, 1; = 0.071, A, = 0.071,
and u = 3.632.

Once the weights are obtained, notice that the sum of all
weights equals one. We estimate the value at x*(i,,) as

x'(u,) = 0.429 x 20 + 0.429 x 50 + 0.071 X 30
+ 0.071 x 100
= 39.24.

The error variance is estimated as

4
8, = Cli, id,) — Y ACGi, ) —

i=1
= 100 — (.429 X 70.4 + 429 X 70.4 + .071 x 43.2
+ .071 X 43.2) — 3.632
= 29.81.

Notice that higher weights are assigned to the closest points,
and symmetry of the configuration is maintained in the
weights as well.

Configuration 2. In this configuration, we have the four
data points situated differently. The relative distances from
the unsampled location are the same as Configuration 1. The
difference between this configuration and the first is the rela-
tive locations of the sample points with respect to each other.

Following similar computations as before, we write the
equation in the matrix form as

100.0 432 704 208 1% 70.4

432 100.0 20.8 70.4 1||4> 70.4

704 20.8 100.0 5.6 1]|A5| = [43.2].

20.8 704 5.6 100.0 1 A, 43.2
1 1 1 1 1

O]f u
By solving these equations, we obtain
A, = 0518, 4, = 0518, 4; = — 0.018, 4, =
and u = — 2.14.

— 0.018,

Note, the weights assigned to samples three and four are
slightly negative. This results from the screening of sample
points three and four from the unsampled locations. Because
sample points three and four are directly behind points one
and two, respectively, the unsampled location does not “see”
these samples, reducing their influence on the estimate. This
can result in negative weights assigned to those samples.

As discussed in Sec. 4.2.1, unlike conventional interpola-
tion techniques (i.e., the inverse squared distance method),
kriging accounts for the relative locations of the samples
among themselves.

The error variance is estimated as

114

= 100 — (0.518 x 70.4 + 0.518 x 70.4 — 0.018
43.2 — 0.018 x 43.2)+2.14
30.8.

X

The error variance for this configuration is higher, compared
to the first configuration. This is expected, considering Con-
figuration 2 does not provide as much information as the first
configuration. As Fig. 4.23 shows, in Configuration 1, the
sample data are well distributed surrounding the unsampled
location. In contrast, in Configuration 2, all samples are in one
line. One would expect more uncertainty when estimating the
value for Configuration 2, compared to Configuration 1 be-
cause of less information. This is reflected in the estimated er-
ror variance.

This illustrates that error variance is a reflection of sur-
rounding data configuration. More and well distributed sam-
ples will result in a smaller error variance. Fewer and clus-
tered samples will result in a bigger error variance.

Solution—Model 2. We assume that the variogram model
is provided by

0for L =0

3

50 +50 2(L)— %(SL) for 0< L < 500

=
=
I

21500 00

= 100 for L = 500.

The only difference between Models 1 and 2 is the nug-
get effect.

Configuration 1. The procedure for calculating the covari-
ance model is the same as stated before. The final covariance
matrix equation is written as

100.0 21.6 18.7 18.7 1 A 352

21.6 100.0 18.7 18.7 1|[4 352

18.7 18.7 100.0 2.8 1||A;] = |21.6].

18.7 18.7 2.8 100.0 1 A 21.6
1 1 1 1 0 u 1

Solving for 4;, we obtain
A, = 0309, 4, = 0.309, 4; = 0.191, 4, = 0.191,
and 4 = 9.56.

The estimated value, x™( 1,),=46.43, and the error variance,

67.=79.53.

By comparing the weights, using this model, with Model 1
for the same configuration, one notices that the weights as-
signed to the closest two sample points are reduced, whereas
the weights assigned to the two farthest points are increased.
This is consistent with the model used. A large nugget in the
model indicates uncertainty about the spatial relationship.
Because we know less about the spatial relationship, the
weights assigned to individual points are only partially in-
fluenced by the relative distances between sample points and
the unsampled location. In the limiting case, if the variogram
model is described by a pure nugget, weights assigned to all
the points will be equal because we have no prior information
about the spatial relationship.

The error variance is also higher than the corresponding er-
ror variance for Model 1. This also reflects a lack of spatial
relationship. The more we know about the spatial relation-
ship, the more we can use the information from surrounding
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sample points to estimate the value at an unsampled location.
The more we are informed, the less we will be uncertain. This
is reflected in a lower error variance. In contrast, in the pres-
ence of a high nugget value, the spatial information is partial-
ly lacking. This results in a higher error variance.

In the extreme case, if the variogram is represented by a
pure nugget, the error variance is represented by

4
82 = C(ﬁw ﬁo) - Z A’iC(ﬁb ﬁu) - /u

i=1
= C, u,) — pn

because the value of C(u,, u,) = 0 for all samples. The value
of u is shown as

— C(ﬁ){)’ ﬁ())
n b

where 7 is the number of sample points. Substituting,

A2

6r = CGi, L_Zo)(l + %) = C(o)(l + %)

That is, error variance is an addition of variance of the data
and error, associated with the estimation of the mean, C(0)/n.

For a large value of n, if the variogram is represented by a
pure nugget, then the estimated value is the arithmetic mean
of the samples, and the error variance is the variance of the
samples. As discussed in Sec. 4.2.1, in the absence of spatial
information, this observation is consistent with our intuitive
understanding of first- and second-order stationarities.

Configuration 2. For this configuration, the covariance ma-
trix is

100.0 21.6 352 104 17(* 35.2

21.6 100.0 104 352 1|4 352

35.2 104 100.0 2.8 1]|4;] = ]21.6].

104 352 2.8 1000 117, 21.6
1 1 1 L 0llu 1

Solving for 4;, we obtain

A = 0317, 4, = 0317, 1; = 0.183, 4, = 0.183,
and u = — 11.68.
By using the appropriate equations, x*(i,)=46.0, and

62 =81.5. Asexplained in the previous model, for Configura-
tion 2, the weights assigned to the two closest points increase,
compared to the two farthest points. This is because of the
shielding of the two farthest points. However, in contrast to
Model 1, the differences in weight, compared to Configura-
tion 1, are small. This is expected because we do not know as
much about the spatial information. The error variance
compared to Configuration 1 is higher. This is also consistent,
considering the sample configuration is not as well distrib-
uted as Configuration 1.

Solution—Model 3. We assume the following anisotropic
models:

(a) north/south

3
7\ = 3( LY _1( L 7
y(L) = 100 2(250) 2(250) for L < 250
= 100 for L = 250,

CONVENTIONAL ESTIMATION TECHNIQUES

and (b) east/west
~ N3
) = 3( L) _1(_L I
y(L) = 100 2(500) 2(500) for L < 500

= 100 for L = 500.

Knowing these two models, a variogram in any direction can
be estimated with the procedure provided in Chap. 3.

Configuration 1. For this configuration, the covariance ma-
trix is written as

1000 56 242 242 1[4 43.2
5.6 100.0 242 242 1|4 432
242 242 1000 5.6 1]|A5] = |43.2].
242 242 56 100.0 1]f;, 43.2
1 1 1 1ol u 1

Notice that the covariances between the sample points and the
unsampled location are identical. Because we have different
ranges in different directions, the relative influences of sam-
ple points one and two, and three and four are identical. The
range in the north/south direction is smaller; therefore, the in-
fluence of sample points in that direction diminishes over a
shorter distance. Solving the matrix problem, we obtain

A =4, =4; =4, = 0.25,andu = 4.702.

The estimated value, x*(1,), is 50, and the error variance, 8;,
is 52.1. The weight assigned to each of the sample points
is identical. This is because the variogram distance for all
the four points (which is indicated by the variogram value
between the sample point and the unsampled location)
is identical.

The error variance, 52.1, is higher than the error variance
for the same configuration for Model 1. Recall that Model 1
was an isotropic variogram model with arange of 500. We ob-
tained the error variance of 29.81. Although the sample con-
figuration is the same, the range in the north/south direction
is half in Model 3, compared to Model 1. As a result, the
neighboring values in that direction do not provide as much
information. Recall that the longer the range, the stronger is
the relationship between neighboring values at a given dis-
tance. The lack of spatial information in the north/south direc-
tion results in a higher error variance, compared to the error
variance obtained with Model 1.

Configuration 2. The matrix equation is written as

100.0 432 704 208 17[*

70.4
432 100.0 20.8 70.4 1[|42 70.4
704 20.8 1000 5.6 1||A,| = |43.2].
20.8 704 56 100.0 1 A 43.2
1 1 1 L 0)lu 1

Solving the matrix problem, we obtain
A,=0.518, 1,=0.518, 1;=— 0.0181, 1,=— 0.0181,
and u = — 2.14.
(i) =33.92, and &, =30.76.
These answers are similar to Model 1 for this configuration.
This is because the variogram in the east/west direction is the

same in both models, and all the sample points are located in
that direction.

115



30
n 25
g 0
= 20
i ° 2
o R?=0.324
.g 15 T
E O? o//
> 10 1 o8O J’ [
g ° o }’0/
= ° 0%l o
6 ° 8 |
b g 008 []
0 L) T
0 5 10 15 20 25 30

Gross Thickness Data, ft

Fig. 4.24—Ordinary kriging cross validation estimates for Flow
Unit 5 gross thickness.

The only comparison worth pointing out is the difference
in the error variance for this configuration vs. the error vari-
ance in the first configuration. Unlike Model 1, for this model,
the error variance is higher for Configuration 1, compared to
Configuration 2. Although the data seem to be better distrib-
uted for Configuration 1, compared to Configuration 2, the in-
formation obtained in Configuration 2 is better than that for
Configuration 1. This is because the two closest points from
the unsampled location in Configuration 1 are aligned in the
direction of minimum continuity, thereby providing less in-
formation. In contrast, in Configuration 2, the two closest
points are aligned in the direction of maximum continuity. As
a result, they are much more informative. This results in a
smaller error variance. Note, unlike Model 1, the right side of
the matrix equation for the two configurations is different.
The covariance indicates the extent of the relationship be-
tween the data points. Higher values of covariances in Con-
figuration 2 indicate a stronger relationship between the un-
sampled location and the sample points.

To summarize, the error variance is a quantitative indicator
of the surrounding sample configuration. However, in consid-
ering the sample configuration, we must examine the relative
variogram distances among the sample points rather than the
physical distances. If more points are located in the direction
of maximum continuity, they may provide more information
about the unsampled location than apparently well distributed
samples, many of which may be in the direction of minimum
continuity. In comparing the two configurations, an un-
sampled location surrounded by well distributed (and more
informative) samples in terms of variogram distance has a
smaller error variance than a corresponding configuration
surrounded by less informative samples.

Field Example 4.4—Ordinary Kriging Cross Validation.
In this field example, ordinary kriging is used to cross validate
the gross thickness of Flow Unit 5. In ordinary kriging, the
mean changes from location to location, while in simple krig-
ing the mean is fixed and equal to the global mean of the data.
In practice, it is not common for the mean to change across the
field; therefore, the assumption of constant mean or first-ord-
er stationarity is not adequate.
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Fig. 4.25—Ordinary kriging cross validation errors for Flow Unit
5 gross thickness.

The following information is given:

* Conditioning data and variograms are given in Field Ex-
ample 4.1.

* The optimum search neighborhood, found in Field Exam-
ple 4.1, consists of an anisotropic search radius based on the
variogram parameters and 16 sample data points with a maxi-
mum of four samples per quadrant.

Make the following calculations:

e Calculate ordinary kriging cross-validation estimates for
gross thickness data of Flow Unit 5.

e Compare ordinary and simple kriging cross-validation es-
timates.

Solution. The ordinary kriging cross-validation estimates
are compared to the data for Flow Unit 5 gross thickness in
Fig. 4.24. Ordinary kriging provides good estimates even for
values that are much larger than the mean of the data (5.05 ft).
The correlation coefficient between the data and ordinary
kriging is slightly smaller than for simple kriging (0.57 vs.
0.61). Fig. 4.25 shows the cross-validation errors. The cor-
relation coefficient indicates that there is a small trend where
ordinary kriging tends to overestimate gross thickness, as the
magnitude of data increases.

The simple kriging estimates from Field Example 4.1 and
the ordinary kriging estimates are compared in Fig. 4.26.
Both techniques provide similar estimates of gross thickness.
Simple kriging estimates are slightly better than ordinary
kriging for values smaller than the mean of the data, while or-
dinary kriging works better for large values greater than the
mean. Simple kriging does not estimate large values that are
significantly greater than the mean very well.

Field Example 4.5—Ordinary Kriging To Generate Gross
Thickness Maps. The following information is given:

¢ Conditioning data and variograms are given in Field Ex-
ample 4.1.

e The grid definition is given in Field Example 4.2.

* The optimum search neighborhood found in Field Exam-
ple 4.1 consists of an anisotropic search radius based on the
variogram parameters and 16 sample data points with a maxi-
mum of four samples per quadrant.
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Fig. 4.26—Comparison of simple and ordinary kriging estimates
for Flow Unit 5 gross thickness.

Make the following calculations:

* Generate a map of gross thickness for Flow Unit 5 with
ordinary kriging.

* Compare statistics of conditioning data, simple and ordi-
nary kriging maps.

Solution. Flow Unit 5 gross thickness map, generated with
ordinary kriging, is shown in Fig. 4.27. In this field example,
ordinary and simple kriging (Fig. 4.14) yield similar results.
Fig. 4.28 shows a closer comparison between simple and or-
dinary kriging and indicates that most differences occur for
gross thickness between 4 and 7 ft.

The histogram for ordinary kriging of gross thickness esti-
mates is shown in Fig. 4.29. The statistical parameters of ordi-
nary kriging are very similar to those for simple kriging
(Fig. 4.16).

Field Example 4.6—Ordinary Kriging To Estimate Origi-
nal Oilin Place. One of the common applications of kriging
is to estimate reserves. This field example shows how maps
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Fig. 4.28—Ordinary and simple kriging estimates for Flow Unit

5 gross thickness.
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Fig. 4.27—Ordinary kriging map for Flow Unit 5 gross thickness.

of porosity and gross thickness are used to estimate original
oil in place (OOIP).

The following information is given:

¢ Conditioning data for porosity of Flow Unit 5 (Appendix
A). The location of the conditioning data is the same as the
data in Field Example 4.1 (Fig. 4.6).

e Variogram models for Flow Unit 5 porosity are

y(l_:) =10 + 3OMS4‘000<I_:), principal direction east/west,

and
y(I_:) = 10 + 30M, (I_:), minor direction north/south.
10,000

These models were calculated with the methods described in
Chap. 3. The principal and minor directions coincide with
those found for gross thickness (Field Example 4.1).

e The grid definition is given in Field Example 4.2.

Make the following calculations:

* Generate a map for Flow Unit 5 porosity with ordinary

kriging.
e Compare the statistics of porosity data and an ordinary
kriging map.
¢ Generate a map of OOIP for the area covered by the grid.
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Fig. 4.29—Histogram of ordinary kriging estimates for Flow Unit
5 gross thickness.
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* The other properties needed to calculate OOIP are as-
sumed to be constant in this area of the field. The net to gross
ratio is 0.70, initial connate water saturation is 20%, and
formation volume factor is 1.2 res bbl/STB. Alternatively, if
these properties vary significantly across the field, and if
enough data are available, kriging can also be used to generate
maps of all the properties needed to calculate OOIP.

Solution. The porosity map generated with ordinary kriging
is shown in Fig. 4.30. Porosity has spatial trends similar to the
gross thickness map (Fig. 4.27), resulting from similarities in
the data configuration and variogram directions. The highest
porosities are in the middle of the map and extend east/west.
Histograms of porosity data and kriging estimates are shown
in Fig.4.31. The mean, variance and median of the kriging es-
timates are similar to the conditioning data. However, ex-
treme values of the data are not recognized by kriging.

OOIP is calculated with gross thickness (Fig. 4.27) and po-
rosity maps (Fig. 4.30) generated with ordinary kriging.
OOIP in stock tank barrel (STB) for each gridblock in the map
is given by

A X h X ng X (¢/100)(1 — Sw)
5.615 X Bo ’

A =the surface area of a block (200 % 200=40,000 ftz),
h = gross thickness (ft), ng =net to gross ratio, ¢ = porosity
(%), Sw=the water saturation and Bo = the formation vol-
ume factor (res bbl/STB). The OOIP for Flow Unit 5 calcu-
lated with the previous equation is shown in Fig. 4.32. The
map shows that the highest OOIP is in the middle section of
the map, which coincides with the areas of greatest thickness
and porosity. The total OOIP for the map area is calculated by
adding the values of all gridblocks. The total OOIP is
8,502,974 STB.

OOIP =

Block Estimation. Block estimation involves the estimation
of gridblock values using an ordinary kriging procedure. The
basic estimation equation is written as

Xi(Gi,) = > AX(D),
i=1
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Fig. 4.31—Histograms of Flow Unit 5 porosity data and ordinary
kriging estimates.

where the subscript v = the block estimate. If we apply the un-
biased condition and minimum variance, we ultimately de-
velop an equation in matrix form.

Cuyuy) ... Cu,u)tl|fr C,(u,, uy)

Cliyiiy) . .. Chinupt||a.] ™ (@, iy |
1 1 Offu 1

The left side of this equation is identical to the ordinary point
kriging equation. The right side of the equation represents the
covariance between a point and a block. The calculation is
similar to the one explained for simple block kriging
(Eq. 4.15).

The error variance is estimated as

&125 = va(ﬁo’ ﬁo) - z }’iCV(ﬁi’ ﬁ”) M
i=1
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Fig. 4.32—NMap of OOIP (STB) for Flow Unit 5.

where C,,(u,, u,) = the block variance and u =the Lagrange
parameter.

The overall block kriging procedure remains very similar
to point kriging, with the exception of point-block covariance
estimates. The limitation, described for block kriging, still ap-
plies. It can only be applied to variables that can be arithmeti-
cally averaged.

4.2.3 Cokriging. Cokriging is used to estimate one variable
value with other sampled variables. Unlike ordinary kriging,
where we estimate the value at the unsampled location with
surrounding samples of the same variable, the cokriging pro-
cedure also uses the surrounding samples of other related
variables. The goal in cokriging is to improve the estimate and
reduce the uncertainty in the estimate with the help of spatial
information available from other variables. There is an im-
plicit assumption in the process. The variable of interest and
the other variables are spatially related to each other.

Two common examples where cokriging is applied to im-
prove estimates in reservoir description are the estimation of
permeability using porosity data and the estimation of poros-
ity using the seismic data. Typically, only a few wells are
cored; however, almost all the wells are logged. If we estab-
lish a spatial relationship between the permeability and the
porosity data, the permeability estimate, at the unsampled
location, is improved by the surrounding porosity data. Simi-
larly, during the early development stage, we may have an
abundance of seismic data but limited well control. If the well
porosity data is spatially related to seismic data, we can im-
prove the estimates of interwell porosity with seismic in-
formation. Both applications make the cokriging technique
relatively popular.

Before we discuss the necessary equations for cokriging es-
timation, we must understand its limitations.

First, the cokriging technique presumes that variables are
linearly related to each other. If we make a crossplot of two
variables, measured at the same location, we expect a linear
relationship. Covariance only quantifies the spatial relation-
ship, if the relationship is linear; otherwise, for a non-linear
relationship, covariance might not provide meaningful in-
formation. It is critical to check the relationship between the
variable of interest (principal variable) and the supporting
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variables (covariables). The relationship must be linear be-
fore we use covariables for estimation. As an example, it is
more appropriate to estimate the log of permeability with the
porosity data because we typically assume a linear relation-
ship between the log of permeability and the porosity data.

Second, the relationship between the principal and covari-
able must be strong. Because the word “strong” is qualitative,
we must determine the strength of the relationship. First, we
measure the strength by the correlation coefficient between
two variables, and the number of sample points used to esti-
mate the correlation coefficient. The higher the correlation
coefficient, and the more sample points that are used, the bet-
ter is the relationship. Second, we check if the relationship is
based on physical factors. For example, two-way travel time
is related to depth of the formation. We might observe a simi-
lar physical basis between the principal variable and the cova-
riable. Finally, we examine historical evidence, when the
covariable is used to estimate the principal variable. We may
answer some relevant questions. Have we used the covariable
successfully in the past to estimate the principal variable for
a similar geological environment? Has there been empirical
evidence of a strong relationship? A good example of such an
empirical relationship is between log permeability and poros-
ity. Strong empirical evidence exists that such a relationship
is observed; however, no strong physical basis exists for such
a relationship. If all three factors are favorable, then we use
the covariable to estimate the primary variable. On the other
hand, if the three factors indicate a weak relationship, the co-
variable must be used with caution. It is important to under-
stand the cokriging estimate is not indifferent to the covari-
able, if covariable sampling is extensive. In some instances,
the covariable can misguide the direction of continuity for the
principal variable. Therefore, before we decide to use the co-
variable to improve the estimate of the primary variable, we
must ensure that a basis exists.

Third, the application of cokriging requires a substantial
spatial modeling effort. The more covariables we add, the
more extensive is the modeling effort. For example, if we
have one principal (X) and one covariable (Y), we must model
four covariance functions: Cyx, Cy, Cxy and Cyy. If we assume
that Cxy = Cyy, then, we only model three covariance func-
tions. To generalize, if we have a total of K variables, we mod-
el K(K + 1)/2 variogram functions. This requires that we as-
sume symmetry with respect to the cross-covariance
function. For example, if we use four variables, we will model
10 variograms. Further, in modeling those variograms, we
must satisfy the condition of positive definiteness. As ex-
plained in Chap. 3, such modeling requires careful analysis
and significant effort.

Fourth, solving the system of cokriging requires additional
computational effort compared to an ordinary kriging system.
This is a result of a bigger matrix, which must be inverted to
obtain the appropriate weights assigned to the principal and
the covariable samples. As the number of variables increases,
it produces a larger matrix to invert.

Knowing the amount of effort involved for modeling and
estimation, we question if cokriging is worth the effort
instead of conventional kriging. The overall consensus is
that it depends. If the variable of interest is considerably un-
dersampled, and there is a good spatial relationship between
the principal and the covariables, the estimate can be im-
proved by cokriging. On the other hand, if both variables are
adequately sampled, the additional effort involved with cok-
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riging may not significantly improve the estimate or reduce
the uncertainty.

To qualitatively explain, if a variable is undersampled, we
might not have sufficient spatial information about that vari-
able. This is reflected in a large nugget value in the variogram
model. If a covariable is adequately sampled, the variogram
model for the covariable has a relatively small or no nugget.
The nugget for the crossvariogram falls in between. If the two
variables are spatially related to each other, the estimation of
the principal variable is improved by the supplementary spa-
tial information available from the covariable. Because of the
smaller nugget for the covariable (indicating more spatial in-
formation), an appropriate large weight is assigned to the co-
variable samples, increasing their influence on the estimate,
as well as the error variance. On the other hand, if the principal
variable is well sampled, the spatial model will reflect that
sampling. Further, in estimating the value of the principal
variable, the nearby principal variable samples have the most
influence on the estimate, screening (shielding) the sampled
covariable values. This essentially reduces cokriging to a
conventional kriging procedure with no improvement in the
estimation. The numerical example illustrates this point fol-
lowing the development of the equations.

In developing the appropriate equations, we first must de-
termine to follow either a simple kriging approach or an ordi-
nary kriging approach. The final equations will slightly differ,
depending on the kriging approach chosen.

This section follows the ordinary kriging approach. As ex-
plained in the previous section, ordinary kriging is more com-
monly practiced than the simple kriging procedure. To sim-
plify our equations further, we assume to have only one
covariable to estimate the value of the principal variable at the
unsampled locations. Appendix D gives a more generalized
expression for multiple covariables.!0-11

Let us assume that we are interested in estimating a value,
x*(ii,), at the unsampled location, u#,. Within our search
neighborhood, we have n samples of the principal variable
and m samples of the covariable Y. We can write the estimation
equation as

X'(i,) = iz;}ix(ﬁxi) + iz;k Y(idy,).
i=1 k=1

where Ay isthe weightassigned to the sample, X(ﬁxi>, located
at iix,and 4y, is the weight assigned to the sample, )fﬁyk) ,lo-

cated at ﬁyk. Itis possible to observe both the principal and the
covariable at the same location. However, to maintain the
generality, we assumed different notations to indicate the
locations of the two variables.

By applying the unbiased condition, we obtain

EHX',) — X@,)] =0. oo (4.5)
Substituting Eq. 4.28 in Eq. 4.5, we observe
My > A oy > Ay —me =0, . (4.29)
i=1 k=1

where my and my = the expected values of the X and Y vari-
ables, respectively.
To satisfy Eq. 4.29, we write

i}% = landiﬂ.yk = 0.
i=1 k=1
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Eq. 4.30 ensures that the unbiased condition is satisfied. Other
alternate methods can also be used to satisfy the unbiased
condition. See Appendix D.

In addition, we must also satisfy the condition of minimiz-
ing variance. Mathematically, minimize

Var| X@) = S 2 X(iay) = > 4y, i)
i=1 k=1

Minimizing Eq. 4.31, with the two constraints defined in Eq.
4.30, yields

ile_ Co{i, ) + izyk Celity, Tiy) + px
j=1 k=1

= Cyliip i Jfor i = 1,....m, ... (4.32)
and

ZAX,, Coltiy 1) + 2/1,, cy(;zyk, ﬁy}) + iy

= Cliiy.diy Jfor k = 1...om. ... (4.33)

In Eqgs. 4.32 and 4.33, Cx and Cy =the covariances for the
X and Y variables, respectively, and C¢ = the cross-covarian-
ce between the two variables: uy and uy = Lagrange parame-
ters, respectively.

In matrix form, the equation is written as

i, ix,) - Cxlixpin,) Ccling i) - Ccliingiy,) 10
CX(ﬁXl,uX") - Oy, iy, CC<an qu) - Cliigiiy,) 10
Celiyiiv,) - Clingin) Solivpiy,) - iy, 01
CC(TXI,EYW> - ey, iy,) Sy, a’yl) iy, iiy,) 01
1 . I o ... 0 00
0 0 1 1 00
(= = )
(A5 ) Cx(uo, MX,)
! .
/IX,, CX(U(), Uy, )
AYI = Cc(“o, My,)
A SN
Y,
" Cc(“o, uy,,,)
Ux 1
Y
g[u J O
\ J

On the left side, we have an (n + m + 2) size matrix that must
be inverted to obtain the values of 1 and 1y . Compared to

ordinary kriging, the matrix size is significantly bigger. This
results in additional computational effort.
We can also obtain an expression for the error variance as

&2 = C(ﬁm ﬁ)o) - z": ix,. CX(ﬁm ﬁx,)

i=1
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Fig. 4.33—Sample configuration for Numerical Example 4.4.
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k=1

As in the case of ordinary kriging, the error variance is an in-
dication of relative sample configuration surrounding the un-
sampled data.

Numerical Example 4.4. Consider the following configu-
ration, as shown in Fig. 4.33.

We have three sample locations surrounding the unsampled
location. Estimate the value at the unsampled location.

(a) The variogram models are given as

yx(L) = 15 + 10M, (L),
L) = 02 + 1M, (L),
and
ydL) = 1+ 3M,_(L),
where X is the principal variable and Y is the covariable. The
following sample values are provided:
x(1) = missing, y(1)=0.8,
x(2) = missing, y(2) =0.6,
and
x(3)=5,y3)=1.2.

(b) Use the variogram model from (a) and the samples of
the x variable, located at one and two. They are given as

x(1)=3,
and
x(2)=10.
(b) Use the sample data from (b) and the variogram model,

ydL) = 6 + 19M, (L).

All the other models remain the same.

The models are already checked for consistency of the posi-
tive definite condition.

Solution—Case 1. In this case, we have four sample
points—x3, y1, y2, and y3. Therefore, for cokriging, the matrix
equation is written as

[ Cx(iiy, 163) Cliis, 1)) Cliis, tty) Cliis, tiy) 1 0]
C'C(ﬁ3y ﬁl) CY(ﬁlr ﬁ)]) CY(ﬁI’ ﬁz) CY(ﬁlr ﬁ?) O 1
Clidy it Cyliiy 1)) Clily, ty) Cylidy i) 0 1
Clidy, i) Cyliiy, 1)) Clils, ty) Cylidy, i) 0 1
1 0 0 0 00
0 1 1 1 00
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(5] [y, iy
Ay, C i, tiy)
Ay, | _ | €l i)
Ay, Cliy i) |
MHx 1

gluYJ - O =

Because the X and Y variables are located at the same point,
the subscripts from the distance vectors are removed. Once
we estimate the covariance values, we can solve for A and u.
The computation of covariance is similar to the ordinary krig-
ing procedure. For example,

Cylity, i) = Cx(0) = 25,
Ccliy, uz) = CA0) =y, uz) = C(0) — y(265)
= 4 —[1+3m, 265 = 0838,

and
Cyu, u,) = CY0) — (U, i) = 1.2 — y(100)

- 12— [0.2 + 1MS500(100)] = 0.704.
Similarly, for the right side,

Cx(i3, uy) = Cx(0) — yx(ids, 1)

=25 - [15 + 10M3500(200)] =432,

After calculating the covariance, we obtain

7. 3
250 0.838 0.838 40 1 0| ™ 4.32
0.838 1.2 0.704 0.279 0 1 ’1Y1 2.11
0.838 0.704 1.2 0279 0 1 lyz 1211
40 0.279 0279 12 01 1 — 1130
1 0 0 0 ool 1
0 1 1 1 00]|# 0
ﬂYJ
Solving, we obtain
Ay = 10,4y, = 1.248,4, = 1.248,4,; = — 2.496,
and
Uy = — 1278, uy, = — 0.41.

Substituting in the estimation equation,

xX(ug) =1 X5+ 1248 X 0.8 + 1.248 x 0.6 — 2.496

X 1.2 = 3.75,

and
(}2 =25—1X432—1.248 x 2.11 — 1.248 x 2.11
+ 2496 X 1.3 + 12.78 = 31.83.

Intuitively, the weight, assigned only to the X sample point,
must be one because all weights must equal one. The weights
assigned to Y; and Y> should be, and are, identical. These
weights are positive and large. In contrast, the weight as-
signed to Y3 is negative. This is partly because the weights as-
signed to the Y samples must equal zero. More important, Y3
is screened by X3, resulting in a negative weight.

The error variance =31.83. This is larger than the sill or
variance of the variable X, which is 25. This is because, in or-
dinary kriging, we assume that the mean is unknown. In the
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presence of only one sample, the error variance also reflects
the uncertainty with respect to mean, in addition to the vari-
ance of the data.

Compared to cokriging, ordinary kriging uses only one
sample, and the estimate is calculated by

@) =1%x5=5,

and the error variance =41.36.

In the presence of one sample, both the estimate and the er-
ror variance are significantly affected by cokriging. The error
variance is reduced significantly by using the information re-
lated to variable Y.

Solution—Case 2. In this case, we have the same variogram
models but also have three samples each for both X and Y vari-
ables. The matrix equation is written as

Cxliiyiy) Cyliiyity) Cylity, its) Cclidy,iiy) Cliiyiiy) Cclidyits) 10

Cxliiy ity) Cxliiy iiy) Cxliiy i) Clity.iy) Cclity iiy) Cclity iiz) 10

Cxliy i) Cxlity iiy) Cxliiy i) Clityiiy) Cclity iiy) Cclity iiz) 10

i) ey i) Cliyiiy) Oy i) Oyl i) cfi, ;) 001

Cliiy i) Cliiy iiy) Clity iiy) Cliiy i) Clity iiy) ity i) 0 1

Ccliiy i) C ity iy) Clityiiy) Cliiy i) Cylity iy) ity i) 01
1 1 1 0 0 0 00
0 0 0 1 1 1 00

TR

AX‘ -CX(;ZI’ ﬁo)-

b [ | ity 1)

'1’(3 Cx(ﬁzr ﬁo)

Ay, | _ | Ccldd,, i)

Ay | | Celiin i) |

Ay, C (s, 1y)

Hx 1

My B 0 i

L)

We estimate the values of covariances, as explained in Case
1. Solving for A and u, we obtain

Ay = 0.333,4y, = 0.333,1,; = 0.333,1,, = 0.124,

Ay = 0124,y = — 0.249,uy = — 5.11,
and
Iuy = — 0.37.

The estimate, at the unsampled location, is
x'(y) = 0.333 X 34+ 0333 X 10 + 0.333 X 5
+ 0.124 X 0.8 + 0.124 X 0.6 — 0.249 x 1.2
= 5.87.

The error variance =24.14.

The weights, assigned to the three X variable samples, are
equal. In the presence of a large nugget for the X variable, the
weights must be similar to each other. The weights, assigned
to Y samples, are reduced significantly, reflecting the impor-
tance of X samples at the same locations. Compared to error
variance in Case 1, it is reduced significantly in the presence
of additional X samples.

Solution—Case 3. In this case, there are three samples each
for the X and Y variables. In addition, the variogram model
for X is different. It has a much smaller nugget, compared to
the prior model, reflecting the available additional spatial in-
formation. In practice, as more X samples are collected, we
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are able to model the variogram better. Relatively smaller
nugget values reflect sampling of additional data.

In the presence of six samples, the matrix structure remains
the same, as in Case 2. The covariance values are calculated
with variogram functions. Some of the covariance values,
compared to Case 2, change because of differences in the va-
riogram model for the X variable. After solving the matrix,
we obtain

Ay = 0.38,Ay, = 0.38,1; = 0.24,4,, = — 0.0338,
Ay, = — 0.0338,4,; = 0.067,

and
ux = 1.62,u, = — 0.365.

By substituting the values of A and i in the estimation equa-
tion, we obtain that x"(ip)=6.17, and the error vari-
ance = 14.26.

The higher weights, assigned to X| and X», reflect a better
variogram model. Therefore, the closer points are assigned a
higher weight. Compared to Case 2, the weights, assigned to
Y1, Y2, and Y3, are much smaller, reflecting the diminishing
importance of the covariables in the presence of the better va-
riogram model for the X variable and the additional samples.
The lower value of error variance, compared to Case 2, results
solely from the better variogram model for the X variable.
Significant reduction in the error variance is obtained by bet-
ter spatial information.

As a comparison, the value at the unsampled location is es-
timated with the ordinary kriging procedure. Only the vario-
gram model for X and the three samples points for the X vari-
able are used. The weights assigned are

Ay = 037,44 = 037,44 = 0.26,andu = — 2.25.

The estimated value =6.12, and the error variance=15.2.
Comparing these values with the cokriging estimate, the
weights assigned to the X variable samples are very similar for
both the kriging and cokriging procedures. Further, the esti-
mate and the error variance at the unsampled location are
very close to each other for cokriging and ordinary kriging
procedures. A small reduction in error variance, in the pres-
ence of cokriging, reflects little improvement in the reduction
of uncertainty.

In Case 3, cokriging did not significantly improve the re-
sults compared to ordinary kriging. Neither the estimate nor
the error variance are affected by the presence of the covari-
able. As the number of principal variable samples increases,
the spatial model improves, and the weights assigned to cova-
riable samples decreases dramatically (almost by two orders
of magnitude). This reaffirms that cokriging is useful, only if
there is sparse sampling of the primary variable, and relative-
ly limited information about the spatial relationship, with re-
spect to that variable. Then, better spatial information about
the covariable and the presence of additional covariable sam-
ples can help to better estimate the principal variable and re-
ducte error variance at the unsampled location.

Field Example 4.7—Cokriging To Estimate Permeability
Maps Using Initial Potential. In this field example, cokriging
is used to generate maps of the permeability and thickness
product (kh) for all flow units in the reservoir, using initial po-
tential (IP) as the secondary variable. IP represents the initial
productivity of a well, and it is correlated to kh of the interval
open to flow. Usually, kh data are available only for a few
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Fig.4.34—Location of conditioning data for 48 wells with kh data
and 382 wells with initial potential data.

cored wells, and IP is available in all production wells. Co-
kriging uses IP and the cross-correlation between kh and IP
to bring additional information into the kh description. The
logarithm of kh is used as the primary variable. As described
in Chap. 3, the logarithm operator transforms data with highly
skewed distributions and a large range of values into distribu-
tions that are closer to Gaussian.

The following information is given:

¢ Conditioning data for log kh and log IP (Fig. 4.34).

e Variogram and cross-variogram models for log kh and log
IP are given as

y(L)=0.15+ 0.58MG7700(L), for log kh variogram,
y(L)=0.06+0.30M G77OO(L), for log IP variogram,

and

y(L)=0.06+ 0.30MG7 700(L)’ forlog kh and log IP cross-va-
riograms.
These variograms are isotropic. Chap. 3 describes the calcula-

tion of these variograms.
e The grid definition is given in Field Example 4.2.
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Fig. 4.36—Map of cokriging estimates for log kh.
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Fig. 4.35—log kh vs. log IP data.

Make the following calculations:

* Generate a map of log kh with cokriging.

e Generate a map of log kh with ordinary kriging.

e Compare the cokriging and ordinary kriging estimates.

Solution. The field locations of 48 wells with kh and IP data
and 382 additional wells with IP data are shown in Fig. 4.31.
The wells fall in the same area used in Field Example 4.1. Fig.
4.35 shows that the logarithms of kh and IP have a strong posi-
tive correlation based on the 48 wells. The correlation coeffi-
cient=0.66. The abundance of IP data and positive correla-
tion with log kh makes IP a good candidate for a secondary
variable in cokriging.

Fig. 4.36 shows the map of log kh estimated with cokriging,
and Fig. 4.37 shows ordinary kriging. The spatial distribu-
tions of log kh are significantly different for the two kriging
methods. The map, generated with ordinary kriging, varies
smoothly throughout the field because the Gaussian vario-
gram model heavily influences the spatial correlation. The
map generated with cokriging is not as smooth as ordinary
kriging. The influence of the IP data adds some unique fea-
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Fig. 4.37—Map of ordinary kriging for log kh.
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Fig. 4.38—Cokriging and ordinary kriging estimates of log kh.

tures to the kh map that ordinary kriging cannot capture with
asingle variogram model. The cokriging and ordinary kriging
estimates differ significantly, as shown in Fig. 4.38. Ordinary
kriging tends to overestimate log kh. Fig. 4.39 shows that the
cokriging error variance is smaller than the error variance es-
timated with ordinary kriging. This shows that additional in-
formation used in cokriging reduces the error variance in
the estimates.

One of the difficulties typically encountered in the cokrig-
ing approach is that the estimate at the unsampled location can
be overwhelmed by the covariable samples within the search
neighborhood. If a large number of covariable samples is
available within the search neighborhood, only covariable
samples may be selected for estimation purposes. Therefore,
we may not select any principal variable samples. To avoid
such conditions, we define different search neighborhoods
for the principal and the covariables. For sparsely sampled
primary variable data, we define a large search neighborhood.
For extensively sampled covariables, we define a smaller
search neighborhood. Further, we restrict the maximum num-
ber of samples we select within each of the search neighbor-
hoods. By defining a larger maximum number of samples for
the principal variable than the covariable, we ensure that the
influence of the surrounding principal variable samples is ac-
counted for properly.

One limiting case, which restricts the covariable samples,
is the collocated cokriging method.!2 In this method, only the
covariable sample measured at the unsampled location
[Y(u,)] is used to estimate the principal variable value at the
unsampled location [X*(i,)]. The other covariable samples,
away from the unsampled locations, are assumed to be
screened by the covariable sample at the unsampled loca-
tion u,,.

Collocated cokriging requires the covariable sample to be
available at every location where the principal variable must
be estimated. In practice, this is possible when estimating po-
rosity values with seismic data. In effect, collocated cokriging
uses only one covariable sample for the estimation of the prin-
cipal variable. By using only one covariable sample, the ma-
trix size of the cokriging system is reduced. Further, spatial
modeling of the covariable is not necessary. By making addi-
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Fig. 4.39—Cokriging and ordinary kriging error variance of log
kh.

tional assumptions, the spatial model for the cross-covariance
can be inferred from the covariance model for the principal
variable. This considerably reduces the modeling effort. (See
Appendix D for details.) This method is effective when inte-
grating seismic data with well information.13. 14

4.2.4 Universal Kriging. The universal kriging procedure es-
timates the value of a variable in the presence of a trend. If we
have a trend in sampled information, the assumption of first-
order stationarity is not satisfied. The local mean varies in the
direction of the trend and is not reasonably close to the global
mean. This type of data must not be subjected to kriging tech-
niques, unless the data are preprocessed to remove the trend,
so the assumption of first-order stationarity is re-established.

One option, which incorporates the trend of the data, rede-
fines the variable as

X() = m(u) + R(u),

where X(u/) = the variable of interest at location, u, m(u) =
the drift or mean, and R(%) = the residual. If we divide the
variable into drift and residual, by removing the drift (or
mean) from the data, we obtain the values of residuals that sat-
isfy the first-order stationarity requirements.

Consider a simple example. If we have a trend in our data,
for each data point, we draw a search neighborhood within
which the trend is minimal. We calculate the average of all the
samples within that neighborhood, and we assume that value
is the drift or the local mean. Mathematically,

mi@) = > X().
neighborhood
If we define similar search neighborhoods, we observe the
mean to be higher for sample points, where all the surround-
ing samples are high. The mean is lower if surrounding sam-
ples are low. If we subtract the local mean from individual
samples, we obtain

R@) = X@u) — m(i).

The residual values, with the local trend removed, do not ex-
hibit any trend. By definition, the mean of residuals = zero,
and the first-order stationarity assumption is satisfied. In prin-
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ciple, by applying the kriging technique to the residuals and
adding back the trend, we can estimate the values at the un-
sampled locations.

It is worth discussing the estimation of variograms for re-
siduals at this point. Because we apply the kriging technique
to residuals, we also must estimate and model the variograms
for the residuals. Several options are available to estimate and
model the variogram for the residuals.

* By using moving neighborhoods for each sample, the lo-
cal mean (drift) is estimated. By subtracting the local mean
from the sample value, the residuals are obtained at each loca-
tion, and the variograms of the residuals can be estimated.

e Find the direction where the trend is not significant. As-
suming that first-order stationarity is reasonably satisfied
in that direction, the variogram for the original variable
is estimated in that direction and applied in the direction of
the trend.

Both options require a subjective understanding of the
trend and a decision that determines the local stationar-
ity data. As a result, the variogram model requires care-
ful analysis.

Next, once the variogram is estimated and modeled, we
must assume that a specific type of trend is present in the data.
This assumption is required for universal kriging. In general,
we define drift with the equation

md) = " afi),

i=0

where a; = the coefficient of function f;(%). By definition, we
always assume f, (1) is equal to one. For example, if we have
a linear trend, we write

m@) = ay, + au,

or for a quadratic trend, we write

- 2
m() = a, + a,u + a,u .

As a practical matter, rarely is a trend higher than a second or-
der considered. During the estimation process, we assume
that the type of trend is known—Ilinear, quadratic, etc.

The estimation process for universal kriging begins with
the same equation used in ordinary kriging.

X'Gip) = > AX().

i=1

Application of the unbiased condition requires that
> i) = fiip) for 1 = 0,....L.
i=1

Equation 4.42 imposes L + 1 constraints. Notice for /=0, we
have a constraint, which is used for ordinary kriging—the
sum of all weights must equal one. This is true because we al-
ways define fy(u) as equal to one.

Applying the condition of minimum variance, we obtain
(see Appendix D for details)

-C(ﬁl’ ) ... Cldyu,) fody) .. -fL(ﬁ)l)- (A,

Cliy i) - . . Cliniiy) filiiy . . . i) || 7,

Joy) f) 0 ... 0 |l
£ty f@ 0 o0 |l
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-C(El’ 170)-

C(E,, i)
filiiy)

i)

The left side of the matrix has a size of n+ L+ 1. We have
(L+1) Lagrange parameters corresponding to (L+1)
constraints.

By solving Eq. 4.43, we obtain the values for 4; and ;. By
substituting 4; and &; in Eq. 4.40, we obtain the error variance
estimate at the unsampled location. The error variance is esti-
mated as

2 o n o
op = Cluy, uy) — Zlic(uir ) —

i=1

> wfiiy.
1=0

Because universal kriging accounts for a trend in the data, if
we extrapolate information, the estimated values can be either
greater than or smaller than the observed data. We cannot cap-
ture this feature with any other kriging technique.

If we are only interested in the interpolation of data, it is
possible to obtain comparable results with ordinary kriging.
Although ordinary kriging does not explicitly account for the
trend in data, by localizing the neighborhood, and assuming
that the local mean is unknown, the variations for the local
mean are implicitly accounted for.13 This results in very simi-
lar estimates using either universal kriging or ordinary krig-
ing—the extra assumptions and size of the matrix do not lead
to estimate improvement.

Another difficulty in applying the universal kriging tech-
nique is a lack of understanding about the trend. Unless we
have a priori knowledge about the type of trend, we may
not be able to apply universal kriging. Two options com-
monly used to circumvent this problem are either the use of
intrinsic random functions of order k! or the method of exter-
nal drift.17

The use of the intrinsic random function of order k method
assumes a more generalized covariance model of order k. The
order k is determined by the order of the trend. If the order is
zero (no trend), the generalized covariance model reduces to
avariogram model. In practice, the order & is determined with
an automated procedure; a procedure similar to kriging is ap-
plied with a generalized covariance model.

Another alternative uses the method of external drift.17 In
this method, we assume that the trend in the data is provided
by a secondary variable. For example, seismic data could pro-
vide information about the trend in the top of the interval;
however, the only hard data is well data. If uq is the un-
sampled location, we assume

m(ﬁ()) = dy + alY(ﬁO)a

where Y(1i() is the secondary variable value at the unsampled
location. The subsequent development of equations is rela-
tively easy (see Appendix D). The advantage of using the
external drift method is that we do not have to assume a spe-
cific trend model; it is solely governed by the secondary data.
The disadvantage of the method is that secondary data is re-
quired to be available at every unsampled location, and the
relationship between the drift and the secondary variable
must be linear.
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Fig. 4.40—Location of reservoir top well data.

Field Example 4.8—Universal Kriging To Estimate Top
of Reservoir. In this field example, universal kriging is used
to map the top of the reservoir. Universal kriging accounts for
trends observed in the data. In this field example, the top of
the reservoir exhibits a linear trend that runs east/west.

The following information is given:

* The locations for the top of reservoir depth conditioning
data are shown in Fig. 4.40.

e Variogram models for residuals between the top of reser-
voir depth and a linear trend are

y(f) - ZOOM»stoo(Z)’ principal direction east/west,

and

y(Z) = 200M12,500(E), minor direction north/south.

Universal kriging requires variogram models for the residuals
of the data. Residuals are equal to the data minus the trends.
The models for reservoir top residuals are isotropic with a cor-
relation range = 2,500 ft. The original data indicate that in the
direction with no trend (north/south), variograms of the data
and residuals are similar, while in the direction with a trend
(east/west), variograms differ significantly. The variogram
calculations are described in Chap. 3.
e The grid definition is given in Field Example 4.2.
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Fig. 4.42—Reservoir top running north/south.
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Fig. 4.41—Reservoir top running east/west.

Make the following calculations:

e Compare cross validation results for universal kriging
(with a linear trend) to cross validation results of simple and
ordinary kriging.

* Generate a map of top of reservoir depth using universal
kriging with a linear trend.

Solution. The locations of the 59 wells with reservoir top
data (Fig. 4.40) are in the same area as the ones from the prior
field examples. Trends in the data are identified by plotting
transects in different directions, such as the ones shown in
Figs. 4.41 and 4.42 for the east/west and north/south direc-
tions, respectively. These transects indicate that the reservoir
top dips east/west with a strong linear trend. This trend is
modeled with universal kriging. In the north/south direction,
the reservoir top does not show any trend.

Cross validations for universal, simple and ordinary krig-
ing are shown in Fig. 4.43. Universal and ordinary kriging es-
timates are similar, and both are close to the data. The similar-
ities can be explained because ordinary kriging accounts for
the trend by estimating the mean at each location. In this field,
ordinary kriging captures changes in the mean very well be-
cause of the good coverage of the conditioning data. Howev-
er, in cases where there is significant extrapolation away from
data control, ordinary and universal kriging differ significant-
ly. Simple kriging does not account for trends; therefore, the
estimates are not as good as ordinary and universal kriging.
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x  Ordinary Kriging
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= R?=0.27
Q
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1,800
° Kriging With Trend
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Fig. 4.43—Cross-validation estimates for reservoir top using
universal, simple, and ordinary kriging.
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Simple kriging estimation errors are greater at the extremes
farther away from the mean of the reservoir top (1,828.7 ft).

The map of the top of the reservoir, generated with univer-
sal kriging, is shown in Fig. 4.44. This map clearly shows that
the linear trend of the reservoir top runs east/west.

Field Example 4.9—Ordinary Kriging With an External
Trend To Estimate Permeability Using a Porosity Trend.
This field example uses kriging with an external trend to map
a reservoir property based on additional information from a
secondary variable correlated to the primary variable. Often,
inreservoir description applications, trend maps are available
from a reservoir attribute derived from seismic data. Maps of
the top of the reservoir, gross thickness, and porosity are gen-
erated from seismic data. Seismic-derived properties can be
correlated to other reservoir properties, depending on the de-
positional environment and indications from well data. In this
field example, porosity is used as a trend to guide the perme-
ability maps. Kriging with an external trend assumes that
there is alinear relationship between the trend and the primary
variable. Because the primary variable is usually only avail-
able at widely spaced wells, it is very valuable to use the trend
to define the correlation more precisely in areas with poor
well control.

The following information is given:

® The conditioning data for Flow Unit 5 permeability is
available at the same well locations, as in Field Example 4.1
(Fig. 4.6). The histogram of permeability is shown in Fig.
4.45.

e Variogram models for the log permeability of Flow Unit
5 are

y(Z) = O'9MS7,000(Z)’ principal direction 112.5°N,

and
y(f) = O.9M54000(Z), minor direction 22.5°N.
e The grid definition is given in Field Example 4.2.
e The porosity map used for external trend is generated in

Field Example 4.6, and it is shown in Fig. 4.30.
Make the following calculations:

CONVENTIONAL ESTIMATION TECHNIQUES
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Fig. 4.45—Histogram of Flow Unit 5 permeability data.

* Generate a permeability map for Flow Unit 5 using ordi-
nary kriging with a porosity trend.

e Compare permeability maps generated in the previous
step with ordinary kriging.

* Compare statistics of sample permeability data with esti-
mated permeability values in the first step.

Solution. Porosity and permeability, based on core mea-
surements for Flow Unit 5, exhibit a very strong correlation.
As shown in Fig. 4.46, the correlation coefficient between po-
rosity and logarithm of permeability exceeds 0.90. This
strong correlation makes porosity a good secondary variable
candidate to guide permeability mapping. The logarithm
transformation is needed to honor the linear relation be-
tween porosity and permeability. The logarithm transforma-
tion is applied to the permeability conditioning data, and the
logarithms of permeability are used as the primary variable
for kriging.

Fig. 4.47 shows the log permeability map generated with
ordinary kriging with a porosity trend. The spatial correlation
of log permeability is similar to the porosity map (Fig. 4.28).
The external trend appears to have greater influence in the
spatial correlation than the variogram models of permeability.
The spatial trend in the porosity map is controlled by the prin-
cipal direction of the porosity variograms (Field Example
4.6) that are slightly different than for the permeability vario-
grams. The log permeability map, generated with ordinary
kriging without a trend, is shown in Fig. 4.48. The ordinary
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Fig. 4.46—Porosity vs. logarithm of permeability for Flow Unit 5.
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Fig. 4.47—Ordinary kriging with a trend map for logarithm of
permeability of Flow Unit 5.

kriging map has a smoother spatial variation than the map
generated with the trend, and the direction of most continuity
is clearly aligned with the principal direction of the vario-
gram. The main contribution of the external trend is that it
provides additional information about the small and large
scale spatial correlation of the property, which is not included
in the variogram models.

Histograms for ordinary kriging with trend estimates and
conditioning data for log permeability are shown in Fig. 4.49.
The histogram for the kriging estimates is narrower than for
the conditioning data. Similar to the other kriging types,
kriging with a trend does not reproduce extreme values of
the conditioning data very well. The standard deviation
for kriging estimates is smaller than the standard deviation
for the data.

4.3 Nonlinear Kriging Techniques

The term “nonlinear” is a misnomer in the sense that the krig-
ing procedure itself is still based on linear regression prin-
ciples. The difference, however, is that the variable values are
transformed before the actual estimation procedure is imple-
mented. Unlike conventional linear kriging, in which the spa-
tial relationship (based on the variable samples) is used to es-
timate the value of the variable (at the unsampled locations),
nonlinear kriging first transforms the variable into another
domain before applying the spatial modeling, as well as the
estimation process. The transformation is usually nonlinear.
Once the variable is transformed, the spatial model is esti-
mated and modeled, and by using the linear regression proce-
dure, a value at the unsampled location is estimated. The esti-
mated value is then transformed back to the original domain.
Because the transformation, as well as back transformation,
is a nonlinear process, the estimated value of the original
sample is no longer linearly related to the nearby samples.
The linear relationship only exists in the transformed domain.
Because the relationship, between the estimated value and
the surrounding samples, is nonlinear in the original do-
main, the name nonlinear kriging is used to describe these
kriging techniques.
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Fig. 4.48—Ordinary kriging map for logarithm of permeability of
Flow Unit 5.

Several reasons exist to apply the nonlinear kriging tech-
nique. Principally among them are (a) generation of a more
stable spatial relationship; (b) easier estimation of uncertainty
at unsampled locations, based on a few parameters; and (c)
flexibility in using various types of data. As we go through
some of these nonlinear kriging procedures, we discuss the
specific advantages that attribute to a specific method.

4.3.1 Log-Normal Kriging. Log-normal kriging is one of the
simplest nonlinear kriging procedures. In log-normal kriging,
the original variable is transformed by taking the log of the
sample; the spatial relationship for the transformed variable
is established; the value is estimated at the unsampled loca-
tion, using the spatial relationship of the transformed vari-
able; and the estimated value is back-transformed, using an
appropriate equation. The two reasons log-normal kriging is
used are (a) log transform reduces the variability of the sam-
ple points, thus better estimating the spatial relationship; and
(b) by taking a log-transform, many of the variables, which
are log-normally distributed, are now distributed normally.
Normal distribution makes it easier to describe the uncertain-
ty of estimation by only knowing the error variance. These
two advantages, however, do not come without a cost. The
major disadvantage of log-normal kriging is that the estima-
tion is sensitive to the sill of the variogram for the trans-
formed variable.

If we assume that variable X(u) is subjected to log-normal
estimation, we first must define

Y() = log[X()],

where Y(u) = the transformed variable. Once all the samples
are transformed to the log values, an appropriate spatial rela-
tionship is established with the transformed values. Depend-
ing on whether simple or ordinary kriging is used for estima-
tion, we can estimate the value of Y(u() with equations

Yl = Ao+ > AY(iy),
i=1
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Fig. 4.49—Histograms of ordinary kriging with trend estimates
and conditioning data for logarithm of permeability of Flow Unit 5.

for simple kriging, and
Y'Gig) = > AYiy)
i=1

for ordinary kriging. Note, for simple kriging, the value of A
is estimated with equation

Ao =m l—ili ,
i=1

where m is the mean of the variable Y.
Along with the estimate, we can also estimate the error vari-

ance, 62, which is an indication of surrounding sample con-
figuration with respect to variable Y. Once we estimate the
value of Y and the associated error variance at the unsampled
location, we back-transform the estimate to the original do-
main. It is shown for simple kriging,!? where the value of
X(u) is calculated as!8

X'y = exp[mo) + &2/2],

CONVENTIONAL ESTIMATION TECHNIQUES

and, for ordinary kriging, the estimate is obtained as
X (i) = exp[Y*(L_[O) + 602 s

where y = the LaGrange parameter.

The estimated value at the unsampled location not only de-
pends on the estimate in the transformed domain, but also on
the associated error variance, which means the estimated val-
ue depends on the surrounding samples, as well as the sill val-
ue of the variogram in the transformed domain. Further, by
taking an exponent, any error in the estimation of Y* (i), as

well as 52/ 2,is magnified as we estimate the value of X" (1i().
As discussed in the previous sections on kriging, the error
variance is able to capture the effect of surrounding sample
configuration; however, it might not be able to capture the lo-
cal uncertainty (Sec. 4.4). Because the error variance might
not be a true representation of the local uncertainty, the use of
the error variance in estimating the value of X" (1) could ren-
der the estimation meaningless. Because of this difficulty,
log-normal kriging is not a very popular technique. Instead,
it is being replaced by the two techniques we describe in the
next two sections.

4.3.2 Multi-Gaussian Kriging. Multi-Gaussian kriging
transforms the original data into Gaussian space, using the
normal score transform; models the variogram of the trans-
formed variable; estimates the value at the unsampled loca-
tion, using the modeled variogram; and back-transforms the
estimated value into original space. As in the case of log-nor-
mal transform, multi-Gaussian kriging reduces the variability
of the original data and allows us to better define the estima-
tion uncertainty in the transformed space by knowing the es-
timation error variance.

In Chap. 3, we discussed the transformation of continuous
variable data and estimation of the variogram in the Gaussian
space. Similar to continuous variable data, discrete variable
data can also be transformed into a Gaussian domain. For ex-
ample, if we collect facies data at the well location, by numer-
ically identifying each facies, we can generate a cumulative
distribution of facies, as shown in Fig. 4.50. This is a stepwise
distribution with each step representing the fraction of each
facies. To transform the data into Gaussian space, we truncate
the Gaussian distribution, as shown in Fig. 4.50.

When transforming the data from a discrete to a continuous
variable, we must assign a range of values of continuous vari-
ables for a given discrete variable. In Fig. 4.50, for the given
facies, K, a corresponding range of possible values in the con-
tinuous domain is shown. To ensure proper back transform,
we truncate the Gaussian distribution to certain minimum and
maximum values (e.g., for facies A, the transformation in the
Gaussian space is restricted to between — 3 and A,. Similar
truncation is needed for facies D, as well. When sample data
at a given location are identified as a certain facies, we know
the corresponding range of values in the Gaussian space. To
assure a continuous distribution, we randomly pick any value
with that range and assign it to that location. A more sophisti-
cated technique could assign a value that reflects surrounding
samples as well.

Once the data are transformed and the spatial relationship
is modeled, the value at the unsampled location is esti-
mated by

Y'(iiy) = Ao + > AYGE),
i=1
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Fig. 4.50—Gaussian transform of discrete data.

where Y(u;) = the transformed value of the original sample,
X(i;). We also assume that a simple kriging procedure is used
to estimate the value. Along with the estimate, we also calcu-
late the error variance with equation

A2 - =
op = Clidy, up) —

> AC, ),
i=1

where C,(i,u() represents the variance of the transformed
data, and C,(u;,uq) represents the covariance between the
sample located at u; and the unsampled location at u( in the
transformed domain.

Once the estimated value and the error variance are known,
by assuming Gaussian distribution, we can completely de-
scribe the uncertainty at the unsampled location. Note, trans-
forming the data into a Gaussian domain does not automatical-
ly guarantee that the assumption of a multivariate Gaussian
distribution is valid. There are methods in the literature to
check this assumption independently.2 However, in most
instances, the assumption of a multivariate Gaussian distribu-
tion is reasonable and can be used to describe uncertainty.

Using the estimated value and the error variance, we brack-
et the uncertainty in the transformed domain. Because there
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is a one-to-one correspondence between the transformed do-
main and the original data, for a continuous variable, we can
also define the uncertainty data into the original domain. Fig.
4.51 represents a schematic representation for estimating the
uncertain region in the original domain if the estimated value
and the error variance are known. The figure illustrates the
calculation of the range with 95% probability that a true value
will fall in that region. Knowing that this range is defined by

Y'(i,) + 20, we can estimate the corresponding region in
the original sample domain.

A similar method is used to calculate the uncertain region
for any other confidence interval. Alternately, the method
can also be used to estimate the probability that the estimated
value is greater than a certain threshold or cutoff,19 or as
we discuss in the chapter on conditional simulation, the
method can also be used for sampling a realization at an un-
sampled location.

For aresult of a discrete variable back transformation, once
a value in the Gaussian space is estimated, a corresponding
discrete variable can be assigned at the unsampled location by
knowing the range in which it falls.

Fig. 4.51—Uncertainty in original domain.
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Threshold Indicator Values
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Fig. 4.52—Indicator transformation for continuous variables.

4.3.3 Indicator Kriging. We briefly discussed the indicator
transform in Chap. 3. In this section, we discuss how kriging
techniques are implemented when using indicator transform.
One key difference between indicator kriging and other non-
linear kriging techniques is that the final result of indicator
kriging represents the uncertain distribution at the unsampled
location. However, there is no provision for a simple back
transform into the original domain based on the estimated val-
ues. Instead, we must apply a conditional simulation tech-
nique to sample a value at the unsampled location. As we pro-
ceed with the discussion in this section, the reasons for this
difference will become more clear.

Similar to other nonlinear transforms, indicator transform
minimizes the variability of the sample data; thus, it results in
a more stable variogram estimation. In addition, indicator
transform also allows the use of incomplete or soft informa-
tion; it provides more flexibility in spatial modeling of the
original variable, and finally, it provides an estimate of uncer-
tainty without assuming any particular distribution function.

For a continuous variable, the equation for an indicator
transform is written as20-21

1, x,) = 1,ifX(i1;) < x,

0,if X(i5;) > x,,

where 1(i},x;) = the indicator value; X(if;) = the value of the
variable at uj; and x; = the threshold value. Depending on the
value of X(ﬁj), the indicator variable can take either a value
of one or zero.

Similar to the continuous variable, an equation for a dis-
crete variable is written as

(i, K,) = 1,ifK(i) = K,
= 0,ifK(ii)) # K.

K; represents a threshold value. Depending on whether the
sample value is equal or not equal to the threshold value, the
indicator variable can take either a value of zero or one.

It is helpful to understand the indicator variable in terms of
the confidence in the sample value. If we are 100% confident
about a sample, indicator values are defined in terms of zero
or one. On the other hand, a value between zero and one
represents the uncertainty in the sampled value. This under-
standing also provides us with flexibility when assigning in-
dicator values if the information about a particular sample
point is incomplete.

CONVENTIONAL ESTIMATION TECHNIQUES

Briefly, we refer to the data with 100% certainty as hard
data and with less than 100% uncertainty as soft data.
Through indicator variable transformation, we have the abil-
ity to assign indicator values to both the hard and the soft data.

Consider the illustration in Fig. 4.52, where both hard and
soft data are represented for a continuous variable.

In this figure, the indicator transformation for both the hard
and soft data are shown. For illustration purposes, assume that
porosity data in a field must be represented by five threshold
values. These threshold values are 0.2, 0.23, 0.27, 0.3, and
0.34, respectively. If at a particular sample location, a poros-
ity value is observed to be 0.24, with the indicator transform
equation, we can assign the indicator values at each threshold,
as shown in Fig. 4.52, which represents the hard data. The
zero values in Fig. 4.52 represent 0% probability that a value
isless than a given threshold. Alternately, there is 100% prob-
ability that a value is greater than a given threshold. Because
0.24 is greater than both 0.2 and 0.23, the indicator value at
those two thresholds should be zero. An indicator value of one
represents 100% probability that a value is less than a given
threshold. 0.24 is less than thresholds 0.27, 0.3, and 0.34;
therefore, the corresponding indicator values should be one.
By examining the indicator values, we know that there is 0%
probability that a sample value is less than 0.23, and there is
100% probability that a sample value is less than 0.27. There-
fore, the sample value is within an interval of 0.23 to 0.27. By
simply knowing the indicator values, we will not be able to
know the exact value, except to state that it falls within a given
interval. When we transform a continuous variable into a dis-
crete indicator variable, there is a loss of information within
class values. Whether porosity is 0.24, 0.25, or 0.26, the indi-
cator transforms for all three values would be identical, as
shown in Fig. 4.52. The subtle within class differences can be
reestablished if we divide the data in additional classes. For
example, if we define an additional threshold of 0.25, we can
define the difference between 0.24 and 0.26. However, more
spatial modeling and estimation effort is required. Further, if
we do not have enough samples within each class, through va-
riogram analysis, as well as during the estimation step (krig-
ing), it will be hard to distinguish between the classes. A rea-
sonable compromise defines the number of thresholds, so
those thresholds can make a difference in characterizing the
reservoir. For example, if reservoir permeabilities vary be-
tween .001 md and 50 md, it is much more critical to capture
an order of magnitude permeability difference than the small
changes in permeability, such as the distinction between 0.3
md and 0.8 md.

The figure also illustrates the representation of the soft data.
To illustrate, for the same threshold value as the hard data, if
we know that at a particular location the porosity value falls
between 0.21 and 0.28, we can represent this interval in-
formation through an indicator variable. This information
could be obtained through seismic interpretation. Because of
a weak relationship between the porosity and seismic inter-
pretation, we can only define an interval estimate. However,
because we know that porosity is greater than 0.2, we can as-
sign an indicator value of zero at the threshold. We also know
that porosity is less than 0.3 and 0.34. Therefore, we can as-
sign a value of one to those thresholds. We do not have any
information about the thresholds 0.23 and 0.27, so we can not
assign any indicator values at those thresholds. On the other
hand, if we also know that the porosity value falls within the
interval between 0.21 and 0.28, and the distribution of poros-
ity is known, we can assign the probability that a value of po-
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Fig. 4.53—Discrete variable transform.

rosity will be less than a given threshold. If we know that there
is 30% probability that porosity is less than 0.23, and there is
70% probability that porosity is less than 0.27, we can assign
those probability values as indicator values at those thresh-
olds. In this sense, indicator values represent the degree of
confidence we have with respect to a particular sample value.

A similar example for a discrete variable is provided in Fig.
4.53. For four geological facies, if we know that, at a particu-
lar sample location, we have facies A, we can assign indicator
values of 1, 0, 0, 0, indicating 100% probability that facies A
is present and 0% probability that facies B, C or D are present.
This is hard data. If a geologist is not certain about other loca-
tions, then we can assign values between zero and one. For ex-
ample, if the geologist is 80% certain that, at a particular loca-
tion, facies C exists, and 20% chance that facies D exists, we
can assign indicator values of 0.8 and 0.2, respectively, at
those thresholds. Naturally, we assign a value of zero for fa-
cies A and B because we know with certainty that neither A
nor B exists at that location. This is an example of soft data,
where we do not know exact facies with 100% certainty.
Another example of soft data is where the geologist only
knows that facies A does not exist at a sampled location. We
can then assign an indicator value of zero for threshold A and
leave blank indicator values at other thresholds. Because indi-
cator values represent the probability that certain facies exist,
the sum of the indicator value at a given location should equal
one. For the second example of soft data, the sum of the indi-
cator values for thresholds B, C and D should equal one.

Once the indicator values at each threshold are defined, the
next step is to estimate the spatial relationships or variograms.
For indicator kriging, the number of variograms that must be
modeled, depends on the number of thresholds. For continu-
ous variables, if high permeability values exhibit different
continuity than low permeability values, indicator approach
provides the flexibility to model different levels of permeabil-
ity with different variograms. For discrete variables, indicator
variables allow the flexibility to model each of the thresholds
separately. For example, different geological facies can be
modeled differently, reflecting their architecture.

The next step in indicator kriging is the estimation of indi-
cator values at the unsampled locations. The approach is the
same as the one for conventional kriging, except the kriging
procedure must repeat at each threshold. For continuous vari-
ables, we write

I'(Gigx) = 4o + > A, x,),
j=1
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Fig. 4.54—Uncertainty estimation.

if we use simple kriging, and

I'(liy, x,) = Z M, x), o (4.56)
=1
if we use ordinary kriging.
For discrete variables, we write
I'(UyK) = Ay + ii AW, K), (4.57)
j=1
if we use simple kriging, and
I'(U,K,) = z MULK), oo (4.58)
j=1

if we use ordinary kriging.

Because the weights assigned to sample points fall between
zero and one, and the indicator values are between zero
and one, the estimate is logically going to fall between zero
and one.

As seen from the previous two equations, the procedure
must be repeated at each threshold. Each threshold could have
a different spatial relationship, different search neighbor-
hood, and different sample points, if soft data are used.

After all the unsampled points are visited, we have indica-
tor values at each location. The estimate depends on whether
we use indicator kriging for continuous or discrete variables.
Fig. 4.54 shows the possible estimates we can obtain for con-
tinuous and discrete variables. For a continuous variable, we
obtain the cumulative distribution function values at each
threshold. For example, location (a) for the continuous vari-
able indicates that there is a 20% probability that the value at
that location is less than the first threshold. A similar explana-
tionis given for other thresholds. By examining the probabili-
ty values for location (b), we can state that the probability that
a sample value will be between the second and the third
thresholdis 0.9 — 0.2 = 0.7. This represents a high probability
that the value is going to fall within that interval.

For discrete variables, the indicator values represent a dis-
crete variable, which is assigned a particular threshold val-
ue. For example, location (a) represents the probability of 0.2
that threshold A (or 1) will be assigned at that location, where-
as at location (b), the probability is 0.7 that threshold A will
be assigned at that location. By examining these probability
values, we can understand our degree of confidence with re-
spect to assigning a particular threshold value at the un-
sampled location.

Obviously, because these indicator values represent the cu-
mulative distribution function, or probability density func-
tion, they must satisfy certain requirements. For a continuous
variable, Eq. 4.59 must be satisfied.

I(ﬁ)j,x,,) < I(ﬁj,x,z),ifx,, < Xxp,.
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This ensures that a cumulative distribution function is nonde-
creasing for the discrete variable,

L

zl(ﬁj’ K’I) =1,
=1
where L= the total number of thresholds. This ensures that
the sum of the probabilities for the density function equals
one. In practice, if these conditions are not satisfied, adjust-
ments must be made to correct the values. Discussion on these
corrections is deferred until Chap. 6.

Once the indicator values at each threshold are estimated,
they provide us with uncertain estimates, with respect to each
threshold at each unsampled location. With this information,
we generate the probability contour maps to evaluate the
quality of the reservoir. For example, if porosity less than 4%
represents a nonreservoir rock, we can contour, say, 90% of
the probability intervals, and the porosity will be less than 4%
within that interval. We might decide to stay away from these
intervals, in terms of future in-fill drilling.

Other than probability intervals, the actual back trans-
formation to the original domain is not straight-forward. The
common method used for such back transformation is the
conditional simulation technique. We discuss that technique
in Chap. 6.

Field Example 4.10—Indicator Kriging To Generate
Permeability-Thickness Maps. In this field example, indica-
tor kriging is used to generate map permeability-thickness
(kh) indicators. Indicator kriging is a useful technique to de-
scribe variables with highly skewed distributions or with dis-
tributions that depart significantly from the Gaussian method.
Usually, permeability or kh has highly skewed histograms,
with a shape similar to log-normal distribution. Indicators are
used to describe the shape of any arbitrary distribution. Data
are transformed to indicators using a specified number of
threshold values. The number of thresholds should be just
enough to capture the shape of the distribution. It is important
not to use more than the necessary thresholds to avoid exces-
sive variogram modeling and computational requirements.
Simple or ordinary kriging is used to generate maps of indica-
tor variables for each threshold. Unlike simple or ordinary
kriging, which provides a single map, indicator kriging gener-
ates one map for each threshold. These maps represent the
probability of exceeding threshold values, and at each loca-
tion, these are used to estimate the local conditional probabili-
ty distribution.

The following information is given:

* The kh conditioning data is the same as the data used in
Field Example 4.7.

e Three thresholds are selected to describe kh. The thresh-
olds are equal to the lower quartile (952.9 md-ft), median
(3,482.2 md-ft) and third quartile (7,904.5 md-ft).

e Variogram models for the first threshold (lower quartile)
are

y(f) = O'ZSM“13,000<Z)’ principal direction East, 22.5°S;

and
y(f) = 0.25M, (I_:) minor direction East, 22.5°N.
13,000

Variogram models for the second threshold (median) are

y(f) - O'3M5m,ooo(z)’ principal direction east/west;
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Fig. 4.55—Histogram of kh conditioning data.
and

y(f) = 0.3M55‘000(Z>, minor direction north/south.

Variogram models for the third threshold (upper quartile)
are

y(f) = 0.25M,

, MOOO(Z), principal direction east/west;

y(f) = 0.25M, (f), minor direction north/south.
8,000

* The grid definition is given in Field Example 4.2.

Make the following calculations:

e Generate indicator maps for the lower, median, and third
quartile thresholds of kh with indicator kriging.

* Compare the statistics of indicator kriging to the condi-
tioning data.

* Compare the indicator kriging and cokriging maps gener-
ated in Field Example 4.7.

Solution. Indicator maps are generated for three thresholds
selected from the histogram of the conditioning data shown
in Fig. 4.55. The three thresholds correspond to the lower,
median, and upper quartile, and these are 952.9, 3,482.2, and
7,904.5 md-ft, respectively. Even though the maximum data
is 36,347.4 md-ft, the largest threshold is smaller because
there is only a small proportion of data in the long tail of the
histogram. The data is converted to indicators using the trans-
formation described in Chap. 3.

The indicator kriging maps for the three thresholds shown
in Figs. 4.56 through 4.58 represent the probability that kh
will be less than the threshold. The map for the lower quartile
threshold shows that most areas have low probabilities of
having kh less than 952.9 md-ft. Areas in the northeast and
southeast corners of the map have the highest probability of
low kh. The median threshold map shows that areas with a
high probability of having kh less than 3,482.2 md-ft are larg-
er than for the lower quartile. The upper quartile map shows
that areas in the center of the map have a high probability that
kh will exceed 7,904.5 md-ft.

The cokriging map (Field Example 4.7) shows similar
trends of low and high kh values observed in the indicator
maps. One advantage of indicator kriging over other kriging
methods is that variogram models are different for each
threshold. As seen in this field example, different thresholds
or range of kh values have different correlation ranges and
principal directions. For permeability, preserving the connec-
tivity of low and high values is an important property because
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k*h, Lower Quartile Indicator
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Fig. 4.56—Map of indicator kriging estimate for lower quartile.

it affects fluid movement in the reservoir. Also, unlike the oth-
er kriging methods that provide a single estimate, indicator
kriging provides estimates for each threshold, and together
these describe the conditional probability distribution in
each gridblock.

Histograms of the indicator maps are shown in Fig. 4.59.
Because indicators represent cumulative probability, the
mean of the estimates increases as thresholds increase. The
shape of the histograms shifts from values close to zero for the
lower threshold to values close to one for the upper threshold.

4.3.4 Probability Kriging. Probability kriging involves
the transformation of data from an original domain into rank
index values. If you recall, in Chap. 3, we defined the rank in-
dex as

where i is the ranking of sample i after the samples are ar-
ranged in ascending order, and n is the number of sample
points. The rank index falls between zero and one, thus reduc-
ing the variability of original samples.

Once the rank index is estimated and corresponds to each
sample point, a variogram for the rank index is estimated and
modeled. After that, a kriging procedure is applied, and the
rank index is estimated at the unsampled location,

R'Gig) = hy + > ARG),
i=1
if simple kriging is used. A similar equation is written for or-
dinary kriging. The estimated rank index typically falls be-
tween zero and one. Therefore, by knowing the rank index
value, we can back transform it to the original domain as
shown in Fig. 4.60.

In addition to minimizing the variability of data, probabili-
ty kriging has another useful application. Probability kriging
provides values between zero and one at every unsampled
location. Using these values, we sample from local uncertain-
ty estimations to assign a value at the unsampled location.
These local, uncertain estimations are constructed by other
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k*h, Median Indicator
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Fig. 4.57—Map of indicator kriging estimate for median.

means.22 This is a very useful method for constructing alter-
nate images of a desired variable very quickly. More of its
usefulness is discussed in Chap. 6.

4.4 Estimation of Uncertainty

In the last three sections, we discussed various estimation
methods. Depending on the type of method, we obtain a dif-
ferent estimation. In general, we write the equation for es-
timation as

X () = > Ak,
i=1

where the weights to individual samples are determined by
solving a matrix equation, and the values at the unsampled
location are estimated. Slightly modified forms of Eq. 4.63
are used for most of the kriging techniques This equation indi-
cates that the estimated value is dependent on the samples
within the neighborhood.

k*h, Upper Quartile Indicator
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Fig. 4.58—Map of indicator kriging estimate for upper quartile.
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Fig. 4.59—Histograms of indicator kriging estimates for lower,
median, and upper quartile thresholds.

In contrast, the equation for error variance is written as

82‘ = C(iy, o) — Z AC(u, ).
i=1

Equation 4.64 is for simple kriging; however, a form similar
to Eq. 4.64 is written for other types of kriging techniques. An
important distinction between Eqs. 4.64 and 4.63 is that the
estimation at the unsampled location is dependent on the sam-
ples, whereas the error variance is independent.

As explained in Numerical Example 4.3, error variance
provides information related to the surrounding sample con-

CONVENTIONAL ESTIMATION TECHNIQUES

R*u,)

X

Fig. 4.60—Back transform using probability kriging.

figuration. In the absence of spatial relationships, Eq. 4.64 re-
duces to

A2 - -
0r = Cluy, uy).

The error variance is the sample variance. The uncertainty
with respect to estimate is represented by the variance of the
sample. As samples with spatial relationships are added, the
error variance is reduced. Notice that the reduction in error
variance is related to both the weight assigned to the sample
and the covariance between the sample and the unsampled
location. As discussed, the weight assigned to the sample de-
pends on its proximity to the unsampled location, as well as
itsrelation to other samples. If itis a part of clustered samples,
the weight assigned will be small; if it is isolated, the weight
assigned will be large. Obviously, if a sample point has a
strong spatial relationship (large covariance) and is isolated
from other samples (large weight), it provides the most in-
formation. Therefore, it reduces the most uncertainty. Eq.
4.64 proves this to be true. If the samples are well distributed
(unclustered) and strongly related to the unsampled location,
the error variance will be smaller. On the other hand, if the
samples are clustered and weakly spatially related, error vari-
ance will approach the variance of the sample data. Intuitive-
ly, this explanation is logical and easy to understand. Further,
if we assume Gaussian distribution, the estimation and the
associated error variance will quantify the entire distribution
of uncertainty. For example, we write

p|XGiy) E X'Giy) % 26, = 0.95.

The probability that a true value falls within a certain inter-
val is defined, once we make an assumption for Gaussian
distribution. Thus, in principle, with the kriging technique,
we can quantify the uncertain distribution at any un-
sampled location.

Unfortunately, in practice, error variance, by itself, is un-
able to quantify local uncertainty distribution at the un-
sampled location. The error variance is a good measure of sur-
rounding sample configuration; however, it does not capture
local uncertainty for the following reasons:

e Kriging techniques assume first- and second-order sta-
tionarities. In simple terms, this translates into local means,
and the variance do not change substantially from global
means and variance. In practice, however, the local means and
local variance can change. This happens because we are
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forced to define a much larger region as the region of station-
arity because of limited data points. The fewer the number of
wells, the larger is the region of stationarity to obtain statisti-
cally meaningful information. Local variability within reser-
voir is observed; however, instead of defining smaller regions
of stationarity, we define a larger region and try to address lo-
cal variability problems by modifying the procedure. For ex-
ample, we modify the variogram equation to account for vari-
ations in local means and local variances. We also use search
neighborhoods in kriging to use the most relevant samples in
estimating the value at unsampled locations. By restricting
the samples within a search neighborhood, we ensure that
only the samples that reflect the local variability are included
in the estimation process. In contrast, the error variance is
independent of local samples. It only depends on the covar-
iance or spatial relationship. In other words, error variance,
according to kriging equations, is independent of surround-
ing samples.

The assumption that error variance is independent of sur-
rounding samples and, in turn, of the estimated value, is called
the assumption of homoscedasticity. This assumption is rare-
ly satisfied in field data and is rarely required by the user. Con-
sider an example where an estimate of permeability at a par-
ticular location is 52 md, whereas the true value is 50 md. At
another location, the estimate is 0.3 md, whereas the true val-
ue is 1.0 md. The better estimate, agreed by most, is 52 md,
a much better estimate than 0.3 md. This is because relative
to the true value, the first estimate is much better. Although
the absolute error is bigger for the first estimate, the relative
error is smaller. We accept, intuitively, a bigger absolute error,
as our estimate increases, as long as the relative error remains
small. Absolute error is dependent on the estimate. The tradi-
tional error variance, however, requires absolute error to be
independent of the estimate—an unrealistic requirement
which is not satisfied in practice.

Therefore, if we have, for example, two regions with differ-
entlocal variabilities, as long as a surrounding sample config-
uration is identical, we will estimate the same error variance.
For example, in a low permeability region, we estimate a
permeability value of 2.0 md, with an error variance of 4.0
md?2, whereas in a high permeability region, we estimate a
permeability value of 200.0 md with an error variance of 4.0
mdZ. The estimates differ because the estimate depends on the
surrounding samples. The higher the values of samples within
asearch neighborhood, the higher are the estimates. The error
variance is the same because the surrounding samples have
the same configuration with respect to the unsampled loca-
tion. For a given covariance model, the error variance is the
same. The error variance might not represent the local uncer-
tainty for either estimate. 4.0 md? is an error variance prob-
ably too large for a 2.0 md estimate and too small for a 200.0
md estimate. We must use a better method for quantifying lo-
cal uncertainty.

* When defining uncertainty, with respect to the estimate,
we assume that the uncertainty can be captured with Gaussian
distribution. For Gaussian distribution, once the estimate
(mean) and the error variance is known, the entire probability
density function is known. The assumption of Gaussian dis-
tribution makes it very convenient to define the uncertainty
by using only two parameters. However, we do not indepen-
dently verify the validity of our assumption. If distribution is
non-Gaussian, the error variance may not be enough to repre-
sent the uncertainty distribution.
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e Quantification of uncertainty is dependent on the type of
problem at hand. Some uncertainty can be tolerated—even
accepted—whereas some uncertainty is undesirable. For ex-
ample, if the minimum production required from a well is 50
RB/D, any production less than 50 RB/D is considered detri-
mental to the decision, much more so than a production great-
er than 50 RB/D. That is, the uncertainty is weighed different-
ly depending on the problem. The error variance could
provide us with a range of uncertainty, but might not provide
a true quantitative impact of uncertainties. More sophisti-
cated techniques could be used to quantify such an impact.

In the following sections, we provide alternate techniques
of quantifying local uncertainties. We also discuss the advan-
tages and disadvantages of the techniques.

4.4.1 Parametric Estimations. A simple technique for quan-
tifying the uncertainty, at the same time maintaining the local
variability, uses the parametric technique. This technique de-
fines the uncertainty with Gaussian distribution but accounts
for local changes.

As discussed in Numerical Example 4.1, the estimation at
the unsampled location is not affected by the sill of the vario-
gram model, as long as the other parameters are not changed.
For example, if a variogram model is defined as

(L) = 1.0+ 40m, (L),

where the total sill value is 5.0, we can normalize the vario-
gram by dividing the variogram equation by five.

yL) = 02+ 08m,  (L).

The normalized variogram has a sill of one, but otherwise, it
is the same model. If we use a normalized variogram, our esti-
mates at unsampled locations are not affected; however, the
error variance is different. With Eq. 4.64, we calculate

A2 -~

(ab)N 1.0 zl 2,C(i, 1y).
The maximum value of normalized covariance for simple
kriging is one, with appropriate reduction in the error vari-
ance, depending on the surrounding sample configuration.
We calculate the error variance at every unsampled location,
with Eq. 4.68 or something similar for other kriging tech-
niques, and we scale the value appropriately, based on local
variance. For example, if the variance of samples within a
search neighborhood is slz, we calculate the localized error
variance as

a2 ) ( Az)
o = s;|og) .
N

Eq. 4.70 reduces to local variance, if normalized error vari-
ance is one. This is consistent with the fact that maximum lo-
cal error variance is equal to the variance of the sample. If the
surrounding samples are well distributed, the error variance
will be proportionately reduced.

Once the local error variance is calculated, if we assume
Gaussian distribution, the local uncertainty is defined.?3

Another possibility when using Gaussian distribution to de-
scribe uncertainty is to transfer the data into a Gaussian do-
main with normal score transform. Once the data are trans-
ferred into a Gaussian domain, we can further assume that
uncertainty can also be described by Gaussian distribution.
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Fig. 4.61—Nonparametric estimates using kriging weights.

This assumption must be tested, and procedures are available
in the literature.24-25

In practice, however, once the data are transformed into a
Gaussian domain, it is assumed that the uncertainty can also
be described by Gaussian distribution.

In the transformed domain, once the value and the error
variance is estimated, we assume that

p{XG(ﬁ’o)e[xg(ﬁo) + 26,;]} = 0.95,

where X (U() is the true value at the unsampled location and
X(idy) is the estimated value. We back-transform this uncer-
tain region into an original domain to capture the local uncer-
tainty at that location (Fig. 4.48). By knowing the uncertainty
in the Gaussian domain, we can completely describe the un-
certainty in the original domain.

Although easy to implement, the proposed method still re-
quires an assumption of stationarity in the Gaussian domain.
If we only transform data into a Gaussian domain, there is no
guarantee that local variability will be eliminated, but the as-
sumption of stationarity is satisfied. Despite this limitation,
this technique remains popular because of its simplicity
and speed.

4.4.2 Nonparametric Estimations. If the assumption of
Gaussian distribution is too restrictive, an alternate approach
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Fig. 4.62—Uncertainty representation using indicator values.

is to use methods that do not require assumptions about the
type of distribution that describes the uncertainty.

One approach, which describes the uncertainty, uses sur-
rounding samples within a search neighborhood to capture
the estimation of uncertainty. Recall that the value at the un-
sampled location is estimated by equation

Xy = > Ax(i),
i=1

where n samples are selected, and weights are assigned to
each. These weights represent the probability that an un-
sampled location will assume that value. That is, because we
require that the sum of all weights must equal one. We plot the
probability histogram as shown in Fig. 4.61. The left side rep-
resents the weight associated with each sample, and the right
side represents cumulative weights as a function of a sample
value, starting with the smallest value. The right side is the cu-
mulative distribution function of uncertainty associated with
the unsampled location. The error variance is calculated as

o DMK = XY

op = zli )

Note, in the absence of any spatial relationship, the estimate
isthelocal mean (all weights are equal), and the error variance
isthelocal variance. This is consistent with our understanding
of the limiting values. Instead of discrete distribution, if we
require continuous distribution, we can use piece-wise linear
interpolation between the discrete values.

This technique definitely has the advantage. It captures lo-
cal variability much more precisely; however, it is much more
cumbersome to use. Further, the uncertain distribution could
depend on the search neighborhood, and an ad-hoc procedure
might be needed to adjust the negative weights assigned to
the samples.

Another procedure of quantifying uncertainty uses indica-
tors. We discussed indicator kriging in the previous section.
As described, indicator values represent the probability that
the value at the unsampled location will be within a certain in-
terval. For continuous variables, the indicator values repre-
sent the cumulative probability distribution, whereas for dis-
crete variables, the indicator values represent the probability
mass function, as shown in Fig. 4.62. For continuous vari-
ables, indicator values represent the probability that a value
at that location will be less than a certain threshold. For dis-
crete variables, indicator values represent the probability that
a value will be equal to a particular category.

By separately modeling and estimating each indicator, con-
tinuity at each threshold is preserved. Because the indicator

137



estimates depend on the samples within a search neighbor-
hood, the local variability is captured in the estimates.

The disadvantage of indicator estimations is that the order
of indicator values might not satisfy the probability require-
ments. For example, for continuous variables, indicator val-
ues might not be in nondecreasing order; the sum of the proba-
bilities for discrete variables might not equal one; or the
indicator values could be less than zero or greater than one.
An arbitrary correction is required to satisfy the probability
requirements. Further, for continuous variables, indicator
transforms could create discontinuities and might not repro-
duce local uncertainties as well as Gaussian transform.26

4.4.3 Loss Functions. One of the questions associated with un-
certainty is the best estimate at the unsampled location. The
best estimate at the unsampled location is a function of uncer-
tainty, as well as the procedure at hand. In the kriging proce-
dure, we assume that the best estimate is the one that minimizes
error variance. However, depending on a particular problem,
we might come up with a different estimate. For example, if we
are interested in drilling an exploration well, we would like to
drill a well in a region with a high probability of success. If we
would like to have a 90% chance of success, then the best esti-
mate, at a particular location, would be the one that provides
90% probability of success. For Gaussian distribution of error,
the best estimate corresponds to a 50% probability of success.
Therefore, once the uncertain range is understood, we can cal-
culate a value that corresponds to a 90% success rate. On the
other hand, if we are interested in cleaning up a contaminated
environmental site, to be conservative, we might prefer the best
estimate to be the one with 5% probability of concentration to
exceed a threshold value. We would like to clean up any site
with even a small possibility of threshold concentration be-
cause the consequences of not cleaning are much more severe
than cleaning an area that is already clean.

This type of best estimate is calculated with the concept of
loss function. Loss function assigns a weight or penalty to the
uncertain distribution. The more severe the consequences, the
higher is the penalty assigned to that probability. The less se-
vere the consequences, the less severe is the penalty. The ob-
jective is to minimize the penalty function. The value that
minimizes the loss function is the best estimate.

For example, if we assume that x* is the best estimate, we
can define the loss function, w(x* —X), where X is the random
variable. We calculate the expected value of the loss func-
tion as

where f(x) is the probability density function that represents
the uncertainty at the unsampled location. For Gaussian dis-
tribution, the function is well known. If we have nonparamet-
ric, discrete, uncertain distribution, we can calculate the ex-
pected value as

K
Ep(x = X)| = > " = 5)[F(x,) — Fol,

K=1

where X is the average value within a class k, F(x) is the cu-
mulative distribution function for class &, and x;, is the thresh-
old value of class k. The best estimate, x™, is the one that mini-
mizes the expected loss. Depending on the definition of loss
function, the best estimate changes. For example, if
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Yx*—x)=Ix"—xl (i. e., absolute error), the best estimate is
the median value.2” If the loss function is

Ylx

s

— x) = alx” — X) for overestimation
= b(x" — X) for underestimation,

the best estimate is the value that corresponds to the cumula-
tive distribution function of b/a + b. A good, practical exam-
ple where such a loss function is used is provided in Ref. 28.
If analytical solutions are not available, a numerical solution
for the best value can be obtained through an iterative process.

Summary

This chapter covers the basic estimation techniques used in
geostatistics. Depending on the type of data available, a par-
ticular method is used. If the mean value is known, simple
kriging is used; if local variability is a problem, ordinary krig-
ing is most applicable; if secondary variable data are available
and related to primary data,?? cokriging improves the estima-
tion; if a trend in the data is visible, universal kriging accounts
for the trend in the estimation process.

In addition to these four techniques, we discuss various
nonlinear kriging techniques. These techniques provide im-
proved solutions in the transformed domain. The advantages
range from reducing the variability of the sample data set to
better describing the local uncertainty.

In the last section, we provide different methods to improve
the local uncertain estimates. We use either parametric or
nonparametric techniques to estimate the uncertainty. If un-
certainty is properly quantified, we can also obtain the best es-
timate at the unsampled location, depending on the objective
of the estimation.

A common characteristic in all kriging techniques is the ap-
parently smooth pictures the kriging process creates. After
all, the kriging procedure is a filtering technique where small
variabilities are eliminated and large-scale features are pre-
served. A potential difficulty in the kriging technique is its
inability to properly capture the local uncertainties. Although
some alternate methods are presented, they might not be
adequate enough. In the next chapter, we introduce the tech-
nique of conditional simulation, which addresses some of
these problems.

Nomenclature

A= surface area of a block

a;= coefficient of fj(u)

B, = formation volume factor

ICl= covariance matrix, as defined in Eq. 4.10

lcl="covariance vector, as defined in Eq. 4.10

C(0)= variance of sample data

C(u;,uj) = covariance between two points located at 14;

and i;, respectively
C(u;,u,)= covariance between sample point i and
unsampled location o

CC(E )= cross-covariance at distance L .
C;(L)= covariance of transformed variable at distance L
C,, = covariance of two block values
E[ ]= expected value of bracketed term
_E= expected value
e(L)= error between estimate and observed value at u
e(u)= estimation error at location ;
fi(i)= trend function used in universal kriging
procedure, Eq. 4.38
flx)= probability density function of variable x
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h=gross thickness
Ir = index, rank
I(i,x)= indicates transform of continuous variable
I(1,K)=indicator transform of discrete variable
= dummy index
discrete variable

~

L= lag distance, L, ft
L = lag distance vector
m= mean
m(@ = local mean within a search neighborhood
M, (L)= spherical variogram with range a
n= number of sample points

ng = net to gross ratio
np = number of points selected within a gridblock
for calculating point-block covariance
= probability
R(i)= residual at u
sy = variance of sample within a search
neighborhood
S,y = water saturation
Var[ ] = variance of bracketed term
X(u)= random variable X at 1
x(#) = realization of random variable x at u
Y(#)= random variable Y at u
y(L)= variogram at lag distance, L
= porosity
A= weight
u = Lagrange multiplier
02[x] = variance of random variable x

Oy = error variance
1= loss function
IAl= vector of weights, 4;

Subscripts
G = Gaussian transform
i= sampled location i
N= normalized
o= unsampled location
t= threshold
v= block estimate

x= variable x
y= variable y

Superscript
*= estimate
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Chapter 5

Conditional Simulation Techniques

Chap. 5 provides a bridge between conventional estimation
techniques and conditional simulation techniques that are
discussed in the next two chapters. This chapter also high-
lights the similarities and differences between conventional
estimation techniques and simulation techniques and offers a
preview of the various types of simulation techniques that
have been used to describe reservoir properties.

5.1 Definition

The conditional simulation technique, conditioned by prior
information, is a procedure that simulates various attributes
atunsampled locations. Note the difference between conven-
tional estimation techniques when attributes are estimated
rather than simulated. In simulation techniques, the overall
goal is to simulate reality rather than to obtain a picture of the
reservoir, which minimizes error variance.

These techniques constitute a part of a broader class of sim-
ulation techniques and are called Monte Carlo simulations.
Sometimes, a distinction is made between unconditional and
conditional simulations. However, the word, “uncondition-
al,” is a misnomer. No simulation is strictly unconditional be-
cause some prior information is always available or assumed.
In the absence of prior information, the solution domain is too
large to obtain meaningful results. Instead, we can assume
that the prior univariate distribution or prior spatial informa-
tion is known, and based on this information, we attempt to
construct the reservoir description. When a particular method
in the literature is referred to as an unconditional simulation,
it simply means that hard, prior data, at sampled locations, are
not honored. In that sense, it is unconditional to prior sample
data. Even unconditional simulations, in most cases, assume
the prior univariate distribution of the sample, and the spatial
relationships are known.

In general, the power of any conditional simulation tech-
nique is derived from its ability to condition, with as much in-
formation as possible, and, at the same time, minimize the
computation that is required to simulate attribute values.
These two requirements are often in conflict. As a result, de-
pending on the quality and type of information desired to be
honored, an appropriate conditional simulation procedure is
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selected. That method will emphasize a particular type of in-
formation, while ignoring or minimizing other types of in-
formation. To date, we do not have a procedure that properly
integrates all the available information from a reservoir. As a
compromise, we must select a conditional simulation proce-
dure that prioritizes the type of information we consider most
valuable.

5.2 Distinguishing Features

Three important features distinguish conditional simulation
techniques from conventional estimation techniques. The
next three sections explain these features.

5.2.1 Sample Variability. Traditional estimation techniques
typically assume a linear relationship between the value to be
estimated and the nearby samples. A relationship between the
estimated value and nearby samples is given by

X'Gi,) = > AX(@),
i=1

where X*(ii,) =the estimated value; X(i;) = the sample lo-
cated at i;; and 4; = the weight assigned to the sample located
at u;. In Chap. 4, we observed that the sum of the weights,
assigned to individual samples, might be required to equal
one, or

Sh=t
i=1

This requirement makes the weights, assigned to individual
samples, less than one.

As aresult of Egs. 5.1 and 5.2, when a value is estimated at
an unsampled location, it never reproduces the extreme val-
ues observed in the sample data. Even though one of the sam-
plesis extreme, the weight assigned to that sample is less than
one, thus reducing its effect. When added to the weighted val-
ues of the other samples, the result is both less than the ex-
treme high value and greater than the extreme low value. The
estimated values always fall within the range of the extreme
values. The only exception is when only one sample is within
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Fig. 5.1—Comparison between sample data distribution and
kriging estimates for porosity in Flow Unit 3.

asearch neighborhood, and itis an extreme value. In this case,
the weight assigned to the sample point equals one, and the
estimated value is equal to the extreme value.

Fig. 5.1 shows a comparison of the univariate distribution
obtained from actual samples vs. the estimated values ob-
tained with ordinary kriging. Note, although the overall dis-
tribution of the sample data might be well preserved, the max-
imum and minimum values observed in the sample data are
not properly captured. These extreme values might consti-
tute only a very small part of the overall distribution. Pres-
ervation of such a small part could become important, if
these extreme values have a disproportionate impact on reser-
voir performance.

Consider an example of permeability data. If extreme
permeability values are not preserved, we miss out on some
very important information. High permeability values could
form a thief zone between an injector and a producer. Al-
though only a very small part of the reservoir, it influences
the breakthrough of the injected fluid and the recycling effort
that is required to operate the field efficiently. On the other
hand, if we do not preserve the extremely low values of
permeability, we will not be able to reproduce a vertical
permeability barrier that isolates two producing zones from
each other. Obviously, it is critical to preserve as much vari-
ability as possible.

The problem is compounded even further if the true uni-
variate distribution of reservoir properties is unknown. We
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Fig. 5.2—Comparison between sample data distribution and
conditional simulation realization for porosity in Flow Unit 3.

typically assume that the property distribution is obtained
from the well data. This might not be true if the well locations
are biased or partially sampled. Further, additional bias is
created if core samples are taken only from selected inter-
vals, rather than a random selection. It is important to consid-
er the uncertainty associated with the unknown initial sam-
ple distribution.

Conditional simulation techniques offer this type of flexi-
bility. The techniques honor the initial sample distribution, if
desired. See Fig. 5.2 for the comparison between the sample
and the estimated values, using the conditional simulation
technique. In addition, if the user desires a distribution of the
estimated values, which is wider than the sample distribution,
conditional simulation procedures will create a distribution of
the estimated values, which mimics the input distribution. If
preservation of the desired sample variability is important,
conditional simulation techniques offer this choice.

5.2.2 Sample Spatial Relationship. In conventional geosta-
tistical estimations, we input a spatial relationship based on
the sample variogram analysis. This variogram is estimated
based on the sample data and is modeled using appropriate
constraints. After estimation at unsampled locations, if we
use the estimated values to construct the variogram, we ob-

141



0.003
s
L °
-

4 / w
£ 0.002 / o d
s ] / ;
:on o '.’
S - P
> ’ E )
2 R P
£ [ ] ®
@ 0.001 ‘ L i

X - : —
> i
° Nod - - @-- Kriging - Principal Direction
. - - @8- - Kriging - Minor Direction
Model - Principal Direction
= = Model - Minor Direction
0.000 ¥ : |
0 5,000 10,000 15,000 20,000
Lag, ft

Fig. 5.3—Comparison between input variogram model and
variogram of kriging estimates for porosity in Flow Unit 3.

serve that the variogram, based on the estimated values, does
not match the sample variogram. See Fig. 5.3, which illus-
trates the comparison between the variogram, based on the es-
timated values, vs. the input variogram. Notice that the vario-
gram, based on the estimated values, has a smaller sill than the
input variogram. Further, the structure of the input variogram
is not precisely observed in the variogram, based on the esti-
mated values.

Two reasons provide an explanation for this apparent dis-
crepancy. One, the sill of a variogram is dictated by the vari-
ance of the attribute. The higher the variance, the higher is the
sill. As we stated previously, the estimated values do not pre-
serve the extremes. In other words, the estimated values ex-
hibit less variability than the sample values. Because the esti-
mated values have a smaller variance than the sample values,
the sill value for the variogram, based on estimated values, is
also smaller. Fig. 5.3 reflects this characteristic.

The second reason for this discrepancy is the way we esti-
mate the value at the unsampled location in traditional tech-
niques. Examine Fig. 5.4, where we are interested in estimat-
ing a value at the unsampled location denoted by “0.” The
figure also shows a search neighborhood and selected sam-
ples denoted by “*.” In addition to these samples, the search
neighborhood also contains prior estimated values within the
search neighborhood. These estimated values are represented
by “[_].” These unsampled locations were already visited, and
the values of the attributes were determined. When estimating
the value at the unsampled location, we always honor the spa-
tial relationship between the unsampled location and the
sampled points. In geostatistical analysis, this is accom-
plished through the right side of the matrix equation. (See
Chap. 4 for details.) Therefore, when we estimate the value
at the unsampled location, we ensure that the spatial relation-
ship between the unsampled location and the samples within
the search neighborhood are accounted for when the weights
to the sampled locations are assigned. In contrast, prior esti-
mated values, within the search neighborhood, are ignored
when the value at the unsampled location is estimated. There-
fore, the spatial relationship between the estimated value and
the prior estimated values within the search neighborhood is
not explicitly accounted for in the estimation process. How-
ever, because the estimates, at prior estimated locations, are
based on nearby samples, some aspect of the spatial relation-
ship between the prior estimated values and the current one
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Fig. 5.4—Search neighborhood for the sequential simulation
technique.

(through the use of overlapped samples within search neigh-
borhoods) is implicitly included. This might not, however, be
sufficient when we generate a variogram based only on the es-
timated values. As aresult, when variograms based on the es-
timated values and the one input in the estimation process are
compared, they show differences.

Conditional simulation techniques account for the spatial
relationships among the estimated values by modifying the
conventional estimation process or by employing different
types of algorithms. See Fig. 5.5 for an example. We discuss
some of these techniques in the next two chapters.

5.2.3 Quantification of Uncertainty. One of the desired
goals, when applying geostatistical techniques, is to ascertain
the uncertainty associated with the estimation. We discussed
the concept of uncertainty using conventional geostatistical
techniques, where the uncertainty is quantified through the
error variance. If the assumption of a Gaussian distribution is
valid, then the uncertainty at any unsampled location is com-
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variogram of conditional simulation realization for porosity in
Flow Unit 3.
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Fig. 5.6—Six equiprobable realizations generated with condi-
tional simulation for porosity in Flow Unit 3.

pletely described through the estimate and the error variance.
Unfortunately, as we discussed in Chap. 4, the error variance
is a good indication of surrounding sample configurations,
but it might not be a good indication of local uncertainty.
In other words, it might not account for the local uncertain-
ty, which resulted from local variabilities within the region
of interest.

Conditional simulation provides for the local variability
by creating alternate, equiprobable images. Instead of defin-
ing an estimate and the associated uncertainties, uncertain-
ty is characterized by multiple possibilities that exhibit
local variation.

A good analogy, which describes the application of condi-
tional simulation, is a police-artist’s rendering of a robber,
based on a witness’ description. If a bank robbery takes place
during broad daylight and several witnesses see the robber
leaving the scene of the crime, the police can collect a signifi-
cant amount of information from them. When this informa-
tion (i.e., brown eyes, dark hair, etc.) is provided to the various
resident artists, they can draw a picture of the robber. The in-
formation, which is certain, must be honored, no matter who
draws the picture. Information that is missing is filled in with
the artists” imaginations. If five artists’ pictures of the robber

CONDITIONAL SIMULATION TECHNIQUES

are compared, many similarities will be present, as well as
some differences. The more information provided, the more
similar are the pictures. If the robbery takes place at night, and
only one witness sees the robber in the dark, the same five ar-
tists’ pictures will look quite a bit different because there is
more artistic freedom in drawing an image with limited in-
formation.

For reservoir description purposes, the conditional simula-
tion procedure acts as an artist. It allows for the alternate
drawings of the reservoir. The more information we have
about the reservoir, the more alike the images will look. The
less information we have, the fewer are the constraints we can
impose on the reservoir description and, thus, the more dif-
ferent the various images are from one another. Just like the
artists’ renditions, all the images created by the conditional
simulation are equally likely to occur. Just like each artist’s
work, each of the images is created based on the same amount
of information. Because all images honor the same
constraints, we cannot predict one image as more likely to oc-
cur than any other.

By constructing multiple images, we can visualize the dif-
ferences among images. See Fig. 5.6, which exhibits six
images of the same distribution. If the local uncertainty is
small, anumber of images will exhibit similar values at a par-
ticular location (narrow distribution), whereas if the local un-
certainty is large, the differences, in simulated values at a par-
ticular location, will vary over a wide range. By examining
the images, as well as the local distribution, we can ascertain
the uncertainty at each location. If we create a sufficient num-
ber of images, one of the images could match the true case.
This is another difference between the conventional estima-
tion process and the simulation process. The conventional es-
timation process never reproduces reality; it is a filtering pro-
cess, which removes high frequency information. See Fig. 5.7
for a one-dimensional (1D) example and Fig. 5.8 for a two-di-
mensional (2D) example. On the other hand, in the condition-
al simulation process, the high frequency information, as well
as the low, is preserved (Fig. 5.7). If we create sufficient
images similar to ones shown in Fig. 5.7, we might produce
a true image—the conditional simulation technique could re-
produce a true image. A less ambitious, but nevertheless im-
portant, goal is to create a sufficient number of images of the
reservoir property, so the possible, required outcomes, from
various images, can bind a true image. For example, if we
construct alternate images of the property so that all images
honor prior, historical production data, future predictions,
based on the various images, will exhibit some variability. If
all future predictions are plotted on the same graph, they will
form bounds of the possible solutions. If our quantification of
uncertainty is representative, the true image will fall within
the bounds.

This ideal of capturing a true image within the bounds of
multiple images is not easily achieved. The difficulty results
from the same problems we discussed in Chap. 4, regarding
the quantification of local uncertainties. Effectively, the
conditional simulation method is a sampling from a multi-
variate distribution, which represents the distribution of indi-
vidual, local, attribute values, with reference to other attribute
values. If, for example, we have 10,000 gridblocks, then vari-
ous properties, at each gridblock, are related to each other.
Therefore, we have a 10,000-variate distribution for each
property. Conditional simulation samples from this distribu-
tion for each of the realizations or images. The knowledge of
such a 10,000-variate distribution might not be precisely
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known. As aresult, even if we create multiple images and the
multiple images correctly represent the multivariate distribu-
tion, they might not bind a true image.

Because we may never be able to assess the multivariate
distribution precisely, our goal is to incorporate as much in-
formation as possible in the overall reservoir description pro-
cess. By forcing competing constraints to be satisfied, our
images are forced closer to reality. Not necessarily reality, in
the sense of truth, but a less modest goal, which ensures the
range of our desired outcome is reasonably captured. For ex-
ample, if our goal is to capture the future production perfor-
mance of the reservoir, then if we generate the images that
reasonably capture the range of future performances, we are
satisfied. Our distribution of properties in the various images
could be very different from the truth, but the truth may never
be known. However, in terms of production performance,
these images provide the range of possible uncertainties.

5.3 Simulation Methods

Several types of conditional simulation methods are reported
in this text. Many of these methods are detailed in the next two
chapters. Sec. 5.3.1 briefly discusses two broad classifica-
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Fig. 5.8—Comparison of kriging estimates and conditional sim-
ulation realization for porosity in Flow Unit 3.

tions of conditional simulation techniques that describe reser-
Voir properties.

5.3.1 Grid-Based Simulation Methods. As the name indi-
cates, grid-based simulation techniques assume the reservoir
can be discretely divided into several gridblocks. Within indi-
vidual gridblocks, we assume the properties are homoge-
neous. Therefore, the gridblocks must be adequately fine, if
we desire a more detailed description.

Although unnecessary, the majority of grid-based simula-
tion techniques honor at least two types of prior constraints.
The first is the univariate distribution of reservoir properties,
and the second is the bivariate distribution of the reservoir
properties through spatial relationships. In addition, informa-
tion such as relationships among multiple attributes, multi-
variate spatial relationships, and relationships between the
static and dynamic data, can also be honored. Grid-based sim-
ulation techniques are flexible enough to simulate either dis-
crete variables (i.e., geological facies), or continuous vari-
ables (i.e., porosity or permeability). Grid-based simulation
techniques can also honor the various local relationships
among various attributes through a procedure commonly
known as the cosimulation technique. For example, Fig. 5.9
shows 2D images of the reservoir for three different attrib-
utes. The first image represents the geological facies; the se-
cond image represents the porosity data, and the third image
represents the permeability. The dependence of porosity on
the geological facies and the dependence of permeability on
the porosity are already captured in these images.

The major disadvantage of grid-based simulation tech-
niques is the assumption that all reservoir properties can be
conveniently defined with gridblock structures. This assump-
tion might not hold true for geological objects with complex
shapes and sizes. These objects also have certain spatial dis-
tribution arrangements, with respect to other objects. For ex-
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Fig. 5.9—Conditional simulation of facies, porosity, and perme-
ability for Flow Unit 3.

ample, a crevasse splay is always attached to a channel sand,
or fractures, perpendicular to each other, either merge into
one another or intersect each other, depending on the stress
fields. Although, in principle, any object can be simulated
with fine grids; however, the question still remains whether
this is the most efficient way to capture the geological archi-
tecture of the reservoir. For example, consider a complex
stack of channel sands. These channel sands overlap each oth-
er, and they could have similar shapes. To capture the shapes
of these channels, conventional spatial relationships, such as
variograms, could be inadequate. Another example is a natu-
rally fractured reservoir. A reservoir, comprising natural in-
tersecting fractures through a relatively low permeable ma-
trix, is difficult to capture with grid-based simulation
techniques. To capture very fine fractures, very fine grids
must be used; however, a fine grid could inefficiently describe
the matrix. We cannot define the grid beforehand either be-
cause we do not know where the fractures will be simulated
before we start the conditional simulation process. By forcing
the fit of nonorthogonal objects into grids, the shapes could
be improperly reproduced and, at the same time, make the
simulation process inefficient.
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Fig. 5.10—Examples of stochastic modeling (from Ref. 1).

5.3.2 Object-Based Simulation Techniques. Unlike grid-
based simulation techniques, where attributes are defined on
a gridblock scale, object-based simulation techniques allow
the simulations of various objects with different shapes and
sizes. Depending on the type of simulation, objects are either
two-dimensional (2D) or three-dimensional (3D).

The information, typically honored by object-based simu-
lation, includes size, shape distribution of various geological
objects, proportions of various objects in a 3D space, and vari-
ous spatial arrangements of objects with respect to each other.
For example, if one is interested in generating a deltaic sand
environment, the simulation honors the channel sands width,
height, and sinuosity distributions; the proportions of sand vs.
shale; and the requirement of crevasse splay attachment to
channel sands. See Fig. 5.10 for an illustration.

The major advantage of object-based simulations is their
ability to honor the shape and size distributions of various ob-
jects. Once these are known, we can populate 3D space very
quickly, until the desired proportions of individual objects are
reached. By being unconfined to gridblocks, the appropriate
scales and shapes (i.e., fractures vs. matrix) are preserved and
generated very efficiently. Further, by properly accounting
for the spatial arrangements among the various objects, the
geological architecture is preserved in a consistent manner.
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Here, we describe the major disadvantages of object-based
simulation.

e [t is difficult to condition data at various well locations.
Because the shape and size of an object are selected, based on
the prior distribution function, it is difficult to ensure that the
object will pass through the well at the appropriate location,
so the information at the well is honored. Various procedures
have been established to accommodate this shortcoming.

o We assume that the shape and size distributions of objects
are known. This information is collected from well data, out-
crop studies, geological knowledge, and other relevant in-
formation. The object size might be well-preserved in the sub-
surface environment. However, it is possible that diagenetic
overprinting is significant, so the petrophysical properties
within the objects are mostly influenced by diagenetic effects
and not by the type of object. If diagenetic effects have a sig-
nificant impact on altering the shape or size of the original ob-
jects, then the alterations of those shapes and sizes are diffi-
cult to reproduce.

e Ultimately, if our goal is to use flow simulation to predict
reservoir performance, we must define petrophysical proper-
ties at a gridblock scale. Transformation techniques from ob-
ject-based simulation to gridblock-based petrophysical prop-
erties within each object are known, and the objects are
eventually fit into individual gridblocks through approxima-
tion. Obviously, this problem is eliminated, if we also conduct
a flow simulation in an object-based mode. If the availability
of such a simulator is absent, we must go through an addition-
al step, which transforms object-based simulations into grid-
based properties.

Summary

Chap. 5 introduces the concept of conditional simulation tech-
niques. This procedure constructs alternative images of a reser-
voir. All images are constrained to prior information. Condi-
tional simulation techniques have three major advantages over
conventional interpolation techniques. They are the ability to
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preserve sample variability, preserve spatial relationships, and
quantify uncertainty through multiple images.

The two conditional techniques that we commonly use with
the reservoir description process are grid-based simulation
and object-based simulation. Grid-based methods emphasize
the generation of properties consistent with discretized grid-
blocks; object-based methods emphasize the generation of
properties consistent with the shapes and sizes of geological
objects. Both methods offer unique advantages and disadvan-
tages. We provide additional details regarding these tech-
niques in the next two chapters. Ultimately, choosing the most
appropriate method depends on the overall goal of the reser-
voir description.

Nomenclature
i= sample i
n= number of samples within search neighborhood
x= variable value
A; = weight assigned to sample i

u; = location of sample i

i, = unsampled location

Subscript
i= sample i

Superscript
*= estimate

Reference

1. Haldorsen, H.H., Brand, P.J., and MacDonald, C.J.: “Review of
Stochastic Nature of Reservoirs,” Mathematics in Oil Produc-
tion, S.S. Edwards and P.R. King (eds.), Clarendon Press, Ox-
ford, U.K. (1988).

Sl Metric Conversion Factor
ft X 3.048* E—-01 =m

*Conversion factor is exact.
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Chapter 6

Grid-Based Simulation Methods

In this chapter we discuss grid-based simulation methods.
These methods allow the simulation of attributes at gridblock
locations. Several methods are reported in the literature. We
will, however, only discuss the techniques that receive sig-
nificant attention and are used in practice. The two techniques
we cover are sequential simulation methods and simulated
annealing. Both techniques are widely used in the literature
and have demonstrated their utility for field studies. After re-
viewing the basic principles of these techniques, we discuss
the relative advantages and disadvantages.

6.1 Sequential Conditional Simulation Methods

Sequential conditional simulation methods are kriging-based
methods, in which unsampled locations are sequentially visited
in random order until all unsampled points are visited. At each
unsampled location, a value of the desired variable is simu-
lated, based on the estimate, as well as the local uncertainty.
Multiple realizations are possible through the order in which
unsampled locations are visited, as well as the way in which a
value is sampled (simulated) at the unsampled location.

The two methods most commonly used for sequential sim-
ulation are sequential indicator simulation (SIS)!:2 and se-
quential Gaussian simulation (SGS).3-5 Both methods are ex-
tensively used for simulating discrete and continuous
variables. The overall steps involved with both procedures
are similar. Therefore, we discuss both methods simulta-
neously, stating the relative advantages and disadvantages of
each technique. After discussing these techniques for a single
variable, in the subsequent section, we discuss the application
of sequential simulation methods for multiple variables. The
application to multiple variables is called cosimulation,
which is closely akin to cokriging.

In addition to indicator and Gaussian transforms, another
method used to transform the original data is the probability
transform.® Because of its simplicity, this method is also be-
coming popular. We briefly review probability simulation
as well.

6.1.1 Single Variable Simulation. In this section, we discuss
the sequential simulation of a single variable. The application
of this method requires five steps. These steps involve

GRID-BASED SIMULATION METHODS

transforming the original data into a new domain, modeling
variograms in the transformed domain, determining a ran-
domly-selected path to visit all the unsampled locations,
sequentially estimating values at the unsampled locations
with kriging-based techniques, and back-transforming the
values to the original domain. A detailed discussion of these
steps follows.

Transformation Into a New Domain. This step involves
transforming the original data into a new domain. The prima-
ry purpose of this step transforms the data into a domain in
which the uncertainty at the unsampled location is properly
quantified. The two most popular transformations are indica-
tor transform and Gaussian transform. We discussed both of
these transforms in Chap. 4, in the section on nonlinear krig-
ing. Indicator transforms are defined as

1, x) = 1,ifX(i) < x,
= 0,ifX(i)) > x, ...l (6.1)
for a continuous variable, and
1(i,K,) = 1,ifK(i) = K,
= 0,ifK(i) # K, oo (6.2)

for a discrete variable. Both of these transformations are used
for the hard data (known values with certainty) and the soft
data (incomplete information). Indicator values represent a
degree of certainty with respect to measured values. For a
continuous variable, the indicator values, at different thresh-
olds, capture the cumulative distribution function, whereas
for a discrete variable, the indicator values, at different
thresholds, represent the probability density function. Fig.
6.1 represents the examples of indicator transforms for both
continuous and discrete variables. As shown, for continuous
variables, the assignment of either zero or one indicates a
complete certainty in the value. A value of one indicates
100% probability that the sample value is less than a given
threshold, whereas a value of zero indicates 100% probability
that it is greater than a given threshold. The overall sequence
of values represents a cumulative distribution function, al-
ways in a nondecreasing order.

147



Continuous Variable Discrete Variable
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Fig. 6.1—Indicator transform of hard and soft data.

For a discrete variable, an indicator value of one indicates
100% certainty that a particular category of the discrete vari-
able is present, whereas a value of zero indicates 100% cer-
tainty that a particular category is absent. A value between
zero and one indicates the degree of certainty with respect to
a particular category. The overall sequence of indicator val-
ues represents a probability density function, with the sum of
all values equaling one.

Similar to the indicator transform, the Gaussian transform
is also possible for both continuous and discrete variables. For
continuous variables, all sample values are arranged in as-
cending order, and a cumulative distribution function (CDF)
of the samples is constructed. The CDF varies between zero
and one. For example, a sample that is ranked i among the n
samples has a CDF value of

i

Fx) = n+1
Once the CDF of the sample value is constructed, the trans-
form into a Gaussian domain is straightforward, and is illus-
trated in Fig. 6.2.

For a discrete variable, the transformation into Gaussian
space first requires a transformation of the probability density
function into a cumulative distribution function. Once a CDF
is constructed, the transformation into Gaussian space is simi-
lar to the procedure for a continuous variable. Schematically,
this procedure is shown in Fig. 6.3.

To explain Fig. 6.3, assume that the discrete variable is rep-
resented by A, B, C,and D (e.g., geological facies). Each cate-
gory has an associated probability density (mass) function,
p(K). Once the order of the categories is determined—this is
arbitrary—we calculate the cumulative distribution function,
F(K). In our example, the order is A, B, C, and D. It can be
something else as well, as long as we know the order during
the back transformation.

The transformation from cumulative distribution function
to Gaussian variable follows the procedure similar to a con-

1

F(x)

tinuous variable, except, in this case, we use a truncated Gaus-
sian distribution. We define a minimum and maximum value
in the Gaussian space. For example, it could be —3 and + 3.
We do not allow the value in the transformed domain to be less
than — 3 or greater than + 3. Once the limits are defined, we
can easily define the boundaries of each category in the Gaus-
sian space. For example, as shown in Fig. 6.3, category A cor-
responds to values in the Gaussian space between —3 and
— 1.2, category B corresponds to values in the Gaussian space
between — 1.2 and 0, etc. With these limits, we randomly as-
sign any value in the Gaussian space to represent a particular
category. This type of random assignment could create ran-
dom neighborhood values. This randomness can be avoided
by using correlated numbers for sampling.

In addition to indicator and Gaussian transforms, another
transform is also possible. This transform is called probability
transform. This transform is simpler than either indicator or
Gaussian transforms. For a continuous variable, once the cu-
mulative distribution function is created (see Eq. 6.3), we use
the CDF as a transform variable with values between zero and
one. For discrete variables, once a cumulative distribution
function is constructed (see Fig. 6.4), a value is randomly
sampled within the limits and assigned. For example, for cate-
gory A, once its CDF is constructed, we can randomly assign
a value between 0 and 0.2; for category B, we randomly as-
sign a value between 0.2 and 0.5, etc.

Comparing the three transforms discussed, we can make
some general comments about these transforms. In general,
the indicator transform is more flexible than the other two
transforms. It has the capability to incorporate hard as well as
soft data when assigning values at the unsampled locations.
The indicator transform, however, has the disadvantage of
losing some information when continuous data are trans-
formed into indicator values. Once the data are transformed,
we might know the class interval where those data are located;
however, the precise value within a given class is not known.
In contrast, for both Gaussian and probability transforms,
there is no loss of information when either discrete or continu-
ous data are transformed. The back transform from these two
transforms provides the same original value of the variable.
However, both Gaussian and probability transforms do not al-
low incorporation of soft information. Further, in going from
a discrete to a Gaussian transform, or to a probability trans-
form, artificial randomness might be introduced. We must
consider these relative advantages and disadvantages when
applying a particular transform.

Spatial Modeling in a Transformed Domain. Once the
data are transformed into a new domain, the second step in-
volves modeling the spatial relationships in that domain. This
step is similar to any conventional variogram analysis in
which the variogram, in the transformed domain, is estimated
and modeled with an appropriate relationship.

1

F(xg)

3 0 +3

Fig. 6.2—Gaussian transform of a continuous variable.
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Fig. 6.3—Gaussian transform of a discrete variable.

If an indicator transform is used, the number of variograms,
which must be estimated and modeled, is equal to the number
of threshold values. For discrete variables, the number of
threshold values is equal to the number of categories. For con-
tinuous variables, the number could vary, depending on the
number of sample points, as well as on any external physical
reason, which requires a particular division. In contrast to the
indicator transform, for both Gaussian and probability trans-
forms, only one variogram must be modeled.

The simplicity in modeling only one variogram for both
Gaussian and probability transforms is contrasted with the
flexibility of modeling different variograms for different

0.5

0.4 4

0.3

PK)

0.2 {

0.1 |

A B [ D
Facies

thresholds with the indicator transform. If different thresh-
olds exhibit different spatial relationships, the indicator trans-
form allows us to capture these relationships through the use
of different variograms at each threshold. On the other hand,
if spatial relationships are not significantly different at differ-
ent thresholds, Gaussian and probability transforms offer the
simplicity of estimating and modeling a single variogram.
Random Path Selection. Once the variograms are esti-
mated and modeled, the third step in sequential simulation in-
volves a selection of a path in which every unsampled loca-
tion is visited. Typically, with the help of a random number
generator, a sequence of random numbers corresponding to

1
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Fig. 6.4—Probability transform of a discrete variable.
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Fig. 6.5—Selection of samples.

the total number of gridblocks is generated, and based on the
order, a path is selected in which all unsampled locations are
visited. The reason for selecting a random path, when visiting
the unsampled locations, rather than visiting all the un-
sampled locations in a sequential order, becomes clear in the
next step.

Estimation at the Unsampled Location. When a randomly
selected unsampled location is visited, a search neighborhood
is defined, as in conventional kriging, and the sampled points
within the search neighborhood are gathered. An important
distinction between conventional kriging and the sequential
simulation technique is the selection of samples within the
search neighborhood. In addition to selecting the sampled
points within the search neighborhood, sequential simulation
also selects previously simulated values. See Fig. 6.5 for the
difference between the conventional kriging techniques and
the conditional simulation technique. As illustrated, the con-
ventional kriging technique only selects the original sample
points within the search neighborhood. In contrast, condition-
al simulation techniques select the original samples as well as
prior simulated values within the search neighborhood.

The difference in the selection of samples between conven-
tional kriging vs. the conditional simulation technique has
two consequences. First, by selecting the previous simulated
values within the search neighborhood, the spatial relation-
ship among the simulated values is explicitly honored in the
conditional simulation technique. This is not possible in a
conventional kriging technique. Second, the selection of prior
simulated values makes the estimation at unsampled loca-
tions dependent on the order in which unsampled locations
are visited. For example, if we start in an area where our origi-
nal sample data exhibit high values, the simulated values will
also be high. Progressing from that area into other areas re-
sults in estimates that are high, reflecting the prior simulated

Continuous Variable

—0.99 0.9 —0.1
——0.96 0.7 —0.01
——0.94 0.5 ——0.01
——0.92 0.3 —0
——0.9 0.1 —0

fa] (b] [c]

high values. This type of bias, to some extent, is avoided by
randomly selecting the sequence in which the unsampled
points are visited. In addition, we further control this bias by
selecting a certain maximum number of prior simulated val-
ues within a search neighborhood. By maintaining a good bal-
ance between the original samples and prior simulated values
within a search neighborhood, we ensure that our estimation
is not overwhelmed by prior simulated values as the simula-
tion progresses.

Once the samples within the search neighborhood are se-
lected (original samples plus the prior simulated values), the
estimation at the unsampled location requires an application
of conventional kriging techniques. If we use ordinary krig-
ing, for the indicator transform, we estimate the value at the
unsampled location by

IGipx) = > Adli,x) .o (6.4)
j=1

for a continuous variable, and

FGinK) = > M.K) o (6.5)
j=1

for a discrete variable. In Eqgs. 6.4 and 6.5, I(ﬁj,x,) and
1(1i},K;), respectively, represent the original samples, as well
as prior simulated values. The procedure must be repeated at
each threshold with an appropriate spatial relationship. For
example, for three thresholds, we must estimate three indica-
tor values with three distinct indicator variograms.

We estimate, at an unsampled location, a direct representa-
tion of the local uncertainty, if we use the indicator transform.
Fig. 6.6 represents some examples of indicator estimates at
the unsampled locations.

This figure illustrates that, for a continuous variable, we ob-
tain a cumulative distribution function representing a local
uncertainty, and for a discrete variable, we obtain a local prob-
ability density (mass) function. By comparing the three esti-
mates (a, b, and c), we can conclude that “a” and “c” represent
less uncertainty than “b.” Estimate “b” represents significant
local uncertainty because all the possibilities, at the un-
sampled location, have significant probabilities associated
with them. In contrast, for estimates “a” and “c,” a90% proba-
bility is associated with only one outcome. For a continuous
variable, in “a,” there is a 10% probability that the value is less
than the first threshold, whereas in “c,” there is a 90% proba-
bility that the value is greater than the last threshold. Similar
observation is made for the discrete variable estimates, in
which estimates “a” and “c” represent a 90% probability that
the outcome is the category with an indicator value of 0.9

Discrete Variable

—0 0.2 — 0.1
——0 0.2 —0.9
——O0 0.3 —0
—0.9 0.2 0
—0.1 0.1 —0

[a] [b] [c]

Fig. 6.6—Estimated indicator values at the unsampled locations.
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Fig. 6.7—Local uncertainty at 30.

associated with it. In contrast to estimates “a” and “c,” esti-
mate “b” represents a case where all the thresholds have area-
sonable probability associated with them. This represents
more uncertainty.

In contrast to the indicator transform, the Gaussian trans-
form data requires only one estimate at the unsampled loca-
tion. With ordinary kriging, we use

Xliig) = > AXol) oo (6.6)
i=1
for a continuous variable, and
Koii) = > AKG@) .o (6.7)
i=1

for a discrete variable. With the modeled variogram and se-
lected samples (original plus prior simulated values), we esti-
mate the value of the transformed variable in the Gaussian
space. For the Gaussian transform, in addition to estimating
the value, we also estimate the error variance with conven-
tional kriging equations. If we assume that local uncertainty
is represented by the Gaussian distribution, by knowing the
estimate and the associated error variance, we capture the lo-
cal uncertainty. For example, if we know the estimate X (i)

/\2 — . .
and the error variance is 0 (1), we can define the cumulative
distribution function at the location at #(, as indicated in Fig.
6.7. A similar figure is drawn for a discrete variable as well.
This allows us to capture the local uncertainty.

For the probability transform, the value is estimated with a
similar procedure to the Gaussian transform. The procedure
that estimates the local uncertainty is not well established.
One possibility is to use kriging weights to assign the local un-
certainty. Because in an ordinary kriging process all weight
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0.05 1
o L

] | 1

Surrounding Samples

values are required to add to one, we use the weight assigned
to each sample within the search neighborhood as the proba-
bility mass function. As an example, if we have six samples
in a search neighborhood, the probability mass function is
represented, as shown in Fig. 6.8. In this figure, the y axis rep-
resents the kriging weights and the x axis represents the sam-
ple values. The weights fall between zero and one. This type
of local uncertainty definition matches the constraint that the
mean represents the estimated value.

By comparing the three transforms, it is clear that we must
estimate a value at the unsampled location, as well as a local
uncertainty. The indicator transform, through different
thresholds, provides local uncertainty measurements non-
parametrically. However, it is computationally more demand-
ing because it requires the estimates of indicator values at
each threshold. On the other hand, the Gaussian transform re-
quires only one estimate; however, the quantification of un-
certainty requires that we assume a Gaussian distribution,
with respect to local uncertainty. Similar to the Gaussian
transform, the probability transform also requires one esti-
mate; however, the uncertainty is captured through nonpara-
metric means with kriging weights.

Back Transform. Once all unsampled locations are visited
and values, in the transformed domain, are estimated along
with their local uncertainties, the next step is to simulate a val-
ue from the estimate and the local uncertainty and back trans-
form the simulated value.

For indicator transformed data, the back transform is rela-
tively easy. The estimated indicator values represent the un-
certainty and, hence, the posterior distribution. By knowing
the distribution, we can simulate a value with a uniform ran-
dom number generator.

Before we sample a value, however, we must ensure that the
posterior distribution satisfies the basic statistical require-
ments. For a continuous variable, because the posterior dis-
tribution represents a cumulative distribution function, one
critical requirement is that it must be a nondecreasing func-
tion, starting from the lowest threshold. Because each indica-
tor value is estimated independently, based on the variogram
for that threshold, it is possible that this condition might not
be satisfied. We must correct this problem before the sam-
pling process starts. One common method is shown in Fig.
6.9. If we assume that the estimated values are represented by
“a,” they violate the rule of anondecreasing distribution as the
threshold increases. To correct this, we start at the top of the
threshold and work downward. If the indicator value is small-
er or equal to the higher threshold, we retain it; otherwise, we
assign the same value as the higher threshold. We repeat
the process from the smallest threshold. Working upward, if
the indicator value is equal to or greater than the indicator cor-
responding to a lower threshold, we accept it; otherwise, we

1

0.8
~ 0.6 |
~<
2

0.4 -

0.2 |

0
Sample Values

Fig. 6.8—Local uncertainty for probability transform.
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Fig. 6.9—Order relation correction for a continuous variable.
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Fig. 6.10—Order relation correction for a discrete variable.

assign the same value as the lower threshold. This step is
shown in the estimation of the value represented by “b.” Once
the corrected indicator values are calculated, we take an arith-
metic average of two indicator values at each threshold (see
the estimate represented by “c”). This average is used to sam-
ple a back-transformed value.

For a discrete variable, the correction is required if the sum
of the probability density function does not equal one. That
is, the sum of the indicator values at each threshold should
equal one. If they do not, a simple correction is to normal-
ize indicator values by dividing each indicator value by a
cumulative sum of all the indicator values. This is shown in
Fig. 6.10.

In both cases, in Fig. 6.10, the individual indicator values
are divided by the sum of the indicator values. In the first case,
the sum = 1.3, whereas in the second case, the sum =0.8.

In addition to these corrections, the indicator values should
always be greater than or equal to zero and less than or equal
to one. The corrections are completely random for both con-
tinuous and discrete variables. Fortunately, in most cases, the
required order relation correction is very small and, there-
fore, acceptable.

Once the order relation correction is made, a realization can
be sampled from the posterior distribution. As shown in Fig.
6.11, for a continuous variable, a random number is selected
from a uniform random number generator, and, depending on
a selected value, an appropriate class is selected. In Fig. 6.11,
a selected random value =0.7; therefore, we must assign a
value between thresholds three and four. Because we know
the thresholds, we can sample from within the class distribu-
tion. As the simplest case, we linearly interpolate between
two thresholds to assign a value at the unsampled location.

For a discrete variable, we first generate a cumulative dis-
tribution function from the probability density function. Once
this distribution function is generated, we can sample from
this distribution similar to the way shown in Fig. 6.12. Be-
cause we transform from one discrete distribution to another,
unlike for a continuous variable, no interpolation is necessary.
For example, if the random number 0.7 is selected, we can as-
sign facies D at that location.
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Fig. 6.11—Selection of a sample for a continuous variable.
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Fig. 6.12—Sampling from a discrete distribution.
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Fig. 6.13—Selection of a sample in a Gaussian transform.

The process of assigning the values is repeated until all un-
sampled locations are visited, and a realization is sampled at
each location.

For a Gaussian transformed variable, we estimate a value
and the associated error variance. This defines the uncertainty
in the estimated value. The process of sampling a value from
this distribution in a Gaussian domain is the same for both
continuous and discrete variables. As shown in Fig. 6.13,
with a uniform random number generator, a value from the
Gaussian distribution is picked. In Fig. 6.13, based on a
random number, the realization xg (1) is picked. Several re-
alizations can be generated in a similar manner. A value of
the realization, with 99% probability, falls between
X (o) £ 30 ().

Once the value x5(u() is sampled, it can be back trans-
formed to the original domain. For a continuous variable, as
shown in Fig. 6.14, it is straightforward. It is the reverse of
Fig. 6.2. With the original sample distribution, a value is
plotted in the Gaussian space, and for the same value of cumu-
lative distribution function, a back transformed value is ob-
tained. This is one realization at location ().

For a discrete variable, the transform is done in two ways.
A simple approach uses the original distribution (see Fig. 6.3)

APPLIED GEOSTATISTICS FOR RESERVOIR CHARACTERIZATION
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Fig. 6.14—Back transform from Gaussian space for a continuous variable.
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Fig. 6.15—Back transform from Gaussian space for a discrete variable.

and the reverse process to obtain the value for a particular
category. This is shown in Fig. 6.15. In this case, based on the
value in the transformed domain, category A is assigned at the
unsampled location.

Another approach controls the back transform, depending
on the vertical location. This is important from a geological
perspective. Consider Fig. 6.16; a cross section between the
two wells is shown. The geologist identified marker beds to
define isochronal intervals. In one simplified example, the top
zone contains facies A and B, and the bottom zone contains
C and D. The geologist might be uncertain about the exact
location of the isochronal interval between the two wells but
is certain about the fact that facies A and B are deposited after
C and D. If, while back transforming the data from the Gaus-
sian domain, we use the scheme in Fig. 6.15, then it is always
a possibility—albeit small—that facies C or D could be as-
signed above A or B, or facies A or B could be assigned below
C or D. This clearly violates the principle of superposition,
which states that a facies deposited in a prior time cannot be
on top of the facies deposited at a later time.

To overcome this problem, define proportions of individual
facies that can be used to back transform the data. For exam-
ple, in the upper interval, based on the proportions of the indi-
vidual facies, we define the proportions of A and B as 60 and
40%, respectively, with no presence of C or D. This will result
in a different back transform, as shown in Fig. 6.17. The rela-
tive proportions of the different facies vary, depending on the
depth. In this way, we are forced to sample a facies thatis con-
sistent with a particular isochronal interval. With Fig. 6.16 as
areference, as we go deeper, the proportions of the individual
facies change. At the lower interval, it changes from A and B
to C and D. The method of forcing the back transform to cer-
tain prior defined proportions is used extensively to create

GRID-BASED SIMULATION METHODS
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Fig. 6.16—Geological isochronal intervals.

geologically consistent realizations. The changing vertical
proportions as a function of depth are called proportion
curves. This type of post-processing definitely offers more
flexibility for the Gaussian transform, which is not possible
for the indicator transform.

For the probability transform, sampling a value from a pos-
terior probability is similar for both discrete and continuous
variables. The probability (density) mass function is provided
by the kriging weights and the nearby samples; therefore, we
can sample a value from that distribution with a uniform ran-
dom number generator. This is shown in Fig. 6.18.

In this figure, the cumulative distribution is constructed by
starting with the smallest transformed sampled value to the
largest value and adding the kriging weights cumulatively.
Once x,( 1) is determined, the back transform to the original
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Fig. 6.18—Sampling from posterior probability distribution.

domain is straightforward for both the continuous and dis-
crete variables, as shown in Fig. 6.19.

Irrespective of the type of transform used, we are able to
generate multiple realizations with the help of arandom num-
ber generator. The transform that will work best is difficult to
determine; the choice strongly depends on the type of in-
formation available. As an approximate rule, it is safe to say
that for geological facies, an indicator transform might be
more appropriate, whereas for continuous variables, such as
porosity and permeability, the Gaussian or probability trans-
form might be best. This is true because, for geological facies,
transforming the data to an indicator function does not result
in aloss of information. Further, the architecture of the differ-
ent facies is best captured with a different variogram for each
facies.” In contrast, for a continuous variable, defining a
single variogram, as in the case of the Gaussian transform, is
adequate enough to capture the spatial relationship. Further,
because we are transforming from one continuous variable to
another, information is not lost within class distributions, as
in the case of an indicator transform. This general rule can
change for some special cases. For example, if the vertical
proportion of geological facies is very critical, a Gaussian
transform for the facies might be more appropriate. On the
other hand, if different classes of the continuous variable ex-
hibit different spatial relationships, an indicator transform for
this continuous variable is appropriate.

In the literature, to take advantage of both methods, they are
sometimes combined.8 For example, one criticism against in-
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dicator simulation is that it is too discontinuous and does not
adequately capture the smoothness of estimated values. One
way to overcome this problem is with indicator kriging,
which defines the proportion curves and sequential Gaussian
simulation for the sampling of those curves to assign geologi-
cal facies. This way, the spatial relations of the geological fa-
cies are honored, and the smoothness, which comes from a
continuous variable transform (i.e., Gaussian or probability),
is also preserved. Instead of a Gaussian transform, a probabil-
ity transform can also be used to sample the facies from the
indicator kriging-derived proportion curves.®

Another possible modification, in the sequential simulation
process, samples a value and back transforms it into the origi-
nal domain after every new unsampled location is visited.
This means that steps four and five are carried out simulta-
neously. Every time an unsampled location is visited, an esti-
mate in the transformed domain is made, and based on a ran-
dom number generator, a value is sampled and back
transformed before visiting the next unsampled location. This
method appears to create a smoother distribution, compared
to the first method, although clear evidence of the superiority
of one alternative over another is lacking.

To summarize, the sequential simulation process provides
acomputationally efficient procedure to generate multiple re-
alizations. Different nonlinear transforms are used to trans-
form the original data into a new domain. These transformed
domains allow us to better quantify local uncertainties, which
are used to sample a realization at the unsampled location.
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Fig. 6.19—Back transform for probability transform.

Field Example 6.1—Sequential Gaussian Simulation.

* Generate descriptions of porosity for Flow Unit 3 with se-
quential Gaussian simulation (SGS).

* Compare the statistics of the conditioning data and SGS
description.

Solution. The following information is given:

* The porosity conditioning data for Flow Unit 3 is shown
in Fig. 6.20. It consists of the x and y coordinates and average
porosity of Flow Unit 3 at the well locations.

* The variogram model for the normal scores of porosity is
shown in Table 6.1.

The calculation and modeling of variograms are described
in Chap. 3.

TABLE 6.1—MODELING PARAMETERS FOR FIELD

EXAMPLE 6.1
Model Type Spherical
Principal Direction, deg. 112.5° (from North direction)
Nugget 0
Sill 1.0
Principal Range, ft 8,300
Minor Range, ft 2,800
Anisotropy Ratio 2.96
Xand Y Origin 0 and —5,000 ft
Xand Y Number of Blocks 100 and 100

Xand Y Block Size 200 and 200 ft

GRID-BASED SIMULATION METHODS
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Fig. 6.20—Porosity conditioning data for Flow Unit 3.
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* The location of the simulation grid is shown in Fig. 6.20.
The grid covers an area of 20,000 X 20,000 ft. It is described
in Table 6.1.

The porosity realization generated with SGS is shown in
Fig. 6.21. The most significant feature of this realization is the
southeast/northwest trend of low and high porosities. This re-
sults from the large anisotropy and its alignment with the prin-
cipal variogram direction (112.5°). The relative arrangement
of high and low porosity values is influenced by the condi-
tioning data, which are seen by comparing Figs. 6.20 and
6.21. Fig. 6.22 shows a second SGS realization generated
with another random number seed. The overall appearance of
both realizations is similar. Most differences occur at loca-
tions with no conditioning data. For example, the northeast
corner of the first realization has high porosities, while the se-
cond realization has low porosities. The main application of
conditional simulation quantifies uncertainty, at locations
away from the conditioning data, with multiple realizations
generated from different random number seeds.

The experimental variograms, shown in Fig. 6.23, indicate
that the SGS realization is slightly more continuous than spe-
cified by the models. The small arrows, in Fig. 6.23, show the
estimated correlation ranges for the realization. For the prin-
cipal direction, the range is close to that of the model, but the
sill is smaller. For the minor direction, the range is greater
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Fig. 6.21—SGS first realization of porosity for Flow Unit 3.
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Fig. 6.22—SGS second realization of porosity for Flow Unit 3.

than the model’s, but the sill is close to the model’s sill. The
additional continuity, created by SGS, is a result of the strong
nonstationary trend of high porosities, aligned southeast/
northwest, present in the conditioning data.

Figs. 6.24 and 6.25 show the statistics and histogram of the
first SGS realization (Fig. 6.21) and conditioning data, re-
spectively. Despite of the strong bimodal character of the
conditioning data, SGS is capable of reproducing the distribu-
tion very well. The ability to closely reproduce the basic uni-
variate statistics of the conditioning data is one of the best
properties of SGS.

Field Example 6.2—Sequential Indicator Simulation for
Continuous Variables.

* Generate descriptions of porosity for Flow Unit 3 with se-
quential indicator simulation (SIS) for continuous variables.

e Compare the statistics of the conditioning data and SIS de-
scription.

Solution. The following information is given:

¢ The porosity conditioning data for Flow Unit 3 is the same
as in Field Example 6.1 (Fig. 6.20).

Number of Data 10,000
120 — T ean 218

Std. Dev. .049
Coef. of Var. .224
E Maximum .302
Upper Quartile .254
- Median .228

Lower Quartile .185 —
Minimum .114

Frequency
|

000 —

—r r 1 | T rr [ 1 1 T 1t [ r7T

1
.200 .250

Porosity, fraction
Fig. 6.24—Histogram of SGS first realization of porosity.
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e Three indicator variables are used to describe porosity.
The thresholds are 0.181 (lower quartile), 0.225 (median),
and 0.253 (upper quartile).

e The variogram models for the porosity indicators are
shown in Table 6.2.

e The simulation grid is the same as in Field Example 6.1.

The porosity realization, generated with SIS, is shown in
Fig. 6.26. The major correlation trend, which runs southeast/
northwest, is similar to that observed in the SGS realization
(Fig. 6.21). The trend is controlled by the orientation of the
indicator variogram models, which are similar to the normal
score variograms (Field Example 6.1). One advantage of SIS
is that it describes the spatial correlation of different thresh-
olds with different variograms. This property of SIS is impor-
tant, when it is necessary to preserve the connectivity of low
and high values. In this field example, the first indicator vari-
able, which represents the smallest porosity values, has the
biggest range and anisotropy. Indeed, the realization in Fig.
6.26 shows that the smallest porosity values (for threshold
0.181) are correlated for longer distances, rather than the big-
gest values (for threshold 0.253), which have a shorter vario-
gram range. SIS is designed to reproduce the spatial correla-
tion for the class of values represented by each indicator.
Within the range of each threshold, the simulated values ex-
hibit greater variability because values are drawn at random
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Fig. 6.25—Histogram of porosity data for Flow Unit 3.

APPLIED GEOSTATISTICS FOR RESERVOIR CHARACTERIZATION



TABLE 6.2—VARIOGRAM MODELS FOR FIELD

EXAMPLE 6.2

Indicator 1 Indicator2 Indicator 3
Threshold 0.181 0.225 0.253
Model Type Spherical  Spherical ~ Spherical
Principal Direction, Deg. 112.5 112.5 112.5
Nugget 0 0.16 0.14
Sill 0.19 0.10 0.04
Principal Range, ft 11,000 8,000 5,000
Minor Range, ft 3,000 2,500 2,000
Anisotropy Ratio 3.67 3.2 2.5

TABLE 6.3—INDICATOR THRESHOLDS FOR FIELD

EXAMPLE 6.3
Discrete Lower Proportion
Class Threshold Upper Threshold of Data
1 0.114 0.181 (Lower Quartile) 0.25
(Minimum)
2 0.181 0.225 (Median) 0.25
3 0.225 0.253 (Upper Quartile) 0.25
4 0.253 0.302 (Maximum) 0.25

from the local conditional distribution. Additional indicator
thresholds are used to reduce the variability within thresh-
olds. However, as the number of indicators increases, the re-
quired number of variogram models and the amount of com-
putation also increase.

Fig. 6.27 shows that the univariate statistics of the SIS real-
ization, including the quartiles, are in close agreement with
the conditioning data (Fig. 6.25). SIS does not reproduce the
shape of the conditioning data histogram very well. More in-
dicator thresholds are needed to honor the complex shape of
the histogram in this field example.

Field Example 6.3—Sequential Indicator Simulation for
Discrete Variables.

* Generate descriptions of porosity classes for Flow Unit 3
with SIS for discrete variables.

* Compare the statistics of the conditioning data and SIS re-
alization.

Solution. The following information is given:

* The porosity conditioning data for Flow Unit 3 is the same
as in Field Example 6.1 (Fig. 6.20).

¢ Porosity is described with four discrete variables. The
thresholds used to define the discrete variable are shown in
Table 6.3.

These variables can be interpreted as representing reservoir
sands with quality ratings of poor (1); intermediate (2) and
(3); and good (4). In more rigorous reservoir studies, detailed
geologic analyses of cores and logs are used to describe the
discrete indicator variables of geologic facies. Then, several
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Fig. 6.26—SIS realization of porosity for Flow Unit 3.
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Fig. 6.27—Histogram of SIS realization of porosity.

geologic concepts from analogs and outcrops are used as
guides to model variogams and secondary information, for
the conditional simulations of facies.

* The variogram models for the indicators of the discrete
variable are shown in Table 6.4.

* The simulation grid is the same used in Field Example 6.1.

The realization of the discrete indicators generated with
SIS is shown in Fig. 6.28. The large-scale trend in this de-
scription along the principal variogram direction is similar to
the one in the SGS and SIS descriptions (Field Examples 6.1
and 6.2). SIS honors different correlation ranges for each dis-

TABLE 6.4—INDICATOR VARIOGRAMS FOR FIELD EXAMPLE 6.3

Indicator 1 Indicator 2 Indicator 3 Indicator 4
Discrete Class Value 1 2 3 4
Model Type Spherical Spherical Spherical Spherical
Principal Direction, Deg. 112.5 112.5 112.5 112.5
Nugget 0 0.12 0.10 0.14
Sill 0.19 0.10 0.12 0.06
Principal Range, ft 11,000 8,000 5,000 5,000
Minor Range, ft 3,000 5,000 5,000 5,000
Anisotropy Ratio 3.67 1.6 1.0 1.0

GRID-BASED SIMULATION METHODS
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§ Flow Unit 3, Porosity Category

1.000
1.231
1.462
1.602
1.923
2.154
2.385
2.615
2.846
2.077
3.208
2.538
3.789
4.000

0 4,000 8,000

16,000
X, f

\ 12,000 20,000

Fig. 6.28—SIS realization of porosity categories for Flow Unit 3.

crete variable. It is inferred from Fig. 6.28 that the range of
class one is longer than that of class four, as specified by the
variograms shown.

The histogram of the SIS realization is shown in Fig. 6.29.
The small deviations from the specified global histogram,
which equal 0.25 for all classes, are primarily caused by or-
der-relation violations.

6.1.2 Sequential Cosimulation. Sequential cosimulation is
alogical extension of the sequential simulation process. The
process of cosimulation results in the simulation of multiple
attributes simultaneously. The main advantage of cosimula-
tion is its ability to honor the local relationships among the
various attributes. Consider the example in which we use in-
dicator simulation for a geological facies description. If the
geological facies are shale and sand, respectively, then either
sand or shale will be assigned to the individual gridblocks.
For the same reservoir, if we use Gaussian simulation to esti-
mate the porosity values, after the simulation, porosity values
will be assigned to all individual gridblocks. When we
compare the geological facies description with the porosity
description, we might observe some inconsistencies. For ex-
ample, if we honor both the facies distribution and the poros-
ity distribution, we could observe a nonzero porosity assign-
ment for shale and a zero porosity assignment for sand. This
is possible because no local relationships between the geolog-
ical facies and porosity are honored when simulating facies
and porosity independently. Although there are some indirect
local constraints (certain facies vs. porosity relationships are
observed at the well locations, and if we honor the well data,
it should also influence the local relationships away from the
wellbore), when we independently assign facies and porosity
at the gridblocks, it is possible to locally assign inconsistent
values, unless a constraint imposing a strict relationship is in-
corporated.® Such a local constraint is only possible if we can
simultaneously simulate both facies and porosity at the grid-
block locations. This is the main purpose of cosimulation.
Cosimulation achieves this goal by simultaneously honor-
ing the individual spatial relationships of the various attrib-
utes, as well as honoring the local relationship. Once we de-
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Fig. 6.29—Histogram of SIS realization of porosity discrete
classes.

termine the order of the attributes to simulate, that order is
followed at every unsampled location, to ensure the interrela-
tionship among the various attributes is also honored. An ex-
ample of such an order is illustrated in Fig. 6.30.

In this figure, we assume that we are interested in simulat-
ing the geological facies, porosity, and permeability values at
a given gridblock. We assume that seismic attribute measure-
ments are available atindividual grid locations or that they are
interpolated very easily because of extensive sampling. In
this scenario, one seismic attribute could have a direct bearing
on the geological facies, whereas the same or some other at-
tribute could have bearing on the porosity values. Because
seismic data are extensively sampled, we treat both the facies
and porosity as dependent variables on the seismic data. In
terms of facies vs. porosity, we assume geological facies in-
fluence the porosity values. That is, for each discrete facies,
a certain porosity distribution exists. An extreme example is
zero porosity for shale and a nonzero porosity distribution for
sand. The permeability value at each gridblock, in turn, de-
pends on the porosity, as well as the facies. That is, for each
facies, a unique porosity vs. permeability relationship exists.
This type of dependence is illustrated in Fig. 6.31. This figure
shows that for each facies, a unique porosity distribution and
a unique permeability vs. porosity relationship exists. Facies
N represents a nonreservoir rock, where porosity and perme-
ability are assigned values of zero.

By examining the interrelationships among different attrib-
utes, we determine the order in which various attributes are
estimated. In our particular example, we first estimate the
geological facies, followed by porosity and then the perme-
ability values. Once the order is established, the procedure for
sequential cosimulation can be explained.

/ porosity \
Seismic 3
Attribute(s) A Permeability
\ i /

Fig. 6.30—Interrelated attributes at individual gridblocks.
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Fig. 6.31—Dependent relationship of various attributes.

Transformation Into a New Domain. Similar to sequential
simulation, we transform the data into an appropriate domain.
For example, we transform the facies in terms of indicator
values and porosity and permeability in terms of Gaussian
transforms. Any transform is appropriate, as long as the local
relationships are approximately captured in the transformed
domain. If a procedure similar to cokriging is used, the local
relationship among the attributes must be linear in the trans-
formed domain. This is true because cross-covariance can
only quantify the extent of the relationship among the attrib-
utes if the relationship is linear.

Estimation and Modeling of Variograms. This step is also
similar to sequential simulation. In the transformed domain,
we estimate and model the variograms for all attributes. For
example, if we assume that we have three geological facies
transformed into an indicator domain and porosity and
permeability in a Gaussian domain, then we must model three
indicator variograms for facies and two Gaussian trans-
formed variograms, one for porosity and one for permeability.

In addition to modeling the variograms, similar to cokrig-
ing, we are required to model the cross-variograms among
various attributes. The number of cross-variograms to model
depends on the number of possible dependencies, which must
be honored at local gridblocks. For example, in the trans-
formed domain, if we assume that the facies are related to the
seismic data, then we must estimate the cross-variogram be-
tween the facies and the seismic attribute. If porosity is as-
sumed to be related to the seismic attribute as well as the fa-
cies, then we need cross-variograms between the porosity and
facies and between the porosity and seismic attribute. Simi-
larly, we might need cross-variograms between permeability
and porosity, as well as permeability and facies, etc. Please
note that the modeling of cross-variograms is only necessary
if the cosimulation procedure is based on a cokriging proce-
dure. If the relationships, even in the transformed domain, are
not linear, alternate procedures for honoring the local rela-

GRID-BASED SIMULATION METHODS

tionships are available and are discussed in later sections. Un-
der these conditions, the modeling of cross-variograms might
not be necessary.

Selection of a Random Path. Once all the necessary vario-
grams and cross-variograms are modeled, a random path is
selected for all unsampled gridblocks to be visited in a ran-
dom sequence. Such a selection is necessary because bias
could be created in the simulation process if we visit the un-
sampled locations in sequential order. This is similar to se-
quential simulation, which simulates the next gridblock value
based on the original samples, as well as prior simulated val-
ues. A sequential order could add bias based on prior simu-
lated values in a particular order. This is avoided by selecting
a random path.

Simulation of Attributes. Unlike the detailed procedure de-
scribed for sequential simulation, in cosimulation, the estima-
tion and sampling of a realization is one step. In general, the
value of a variable (attribute) is estimated along with its un-
certainties. Based on the estimate and the related uncertain-
ties, a value is sampled in the transformed domain and eventu-
ally back transformed into the original domain. Similar to
sequential simulation, in addition to the original samples,
prior estimated values are used to estimate a value at the un-
sampled location. The estimated values include the estimated
values within a search neighborhood, as well as prior esti-
mated values of different attributes at the same location. For
example, to estimate the permeability value at an unsampled
location, we use prior permeability estimates within a search
neighborhood, as well as prior estimates of porosity and fa-
cies, if permeability is related to those two variables. Once an
unsampled location is visited, all the unknown attributes are
sampled in sequential order to preserve their relationship.
Typically, the order is from the least dependent attribute to the
most dependent attribute. For example, we simulate geologi-
cal facies first, followed by porosity and then the permeabil-
ity value.
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Fig. 6.32—Relationship between seismic attributes and facies.

The procedure, in which subsequent variables are sampled
based on prior values depends on the type of local relationship
honored. We describe several possibilities.

Sequential Gaussian Cosimulation.10 If we assume the
transformed domain is a Gaussian space and the relationships
among various attributes are linear, by estimating a value and
an error variance at each sampled location, we can quantify
the uncertainties.

To estimate a value, we use the cokriging procedure. In gen-
eral terms, to estimate the attribute X (1), we write the equa-
tion as

n

"k
XiGig) = > 4, X, (@) + i > A X(i),
i=1

=1 j=1

where 1, =the weight assigned to sample X;( u;) (original or
a prior estimated value) within a search neighborhood. These
are the samples of the same variable. 4; =the weights as-

signed to the covariable samples X;(u;) in the search neigh-
borhood, and L changes with the variable simulated at the un-
sampled location. With Fig. 6.30 as an example, for the
estimations of facies, we could have L = 1, which represents
the measured seismic attribute. For the estimation of porosity,
L =2, which includes measured seismic attributes and a prior
simulated facies value. With the same logic, for the perme-
ability estimation, L= 3.

Equation 6.8 is similar to the one used for collocated co-
kriging, if ( b_ij) isrestricted to (1) only. The cross-variograms
between the variables are inferred from the variograms. This
minimizes the spatial modeling effort.

This procedure is computationally very efficient. The dis-
advantage of the procedure is that it assumes the local uncer-
tainty is captured by a Gaussian distribution, and the relation-
ships among the various attributes are linear.

Bayes’ Rule Cosimulation.?I-12This procedure is based on
Bayes’ rule, which defines a relationship between the posteri-
or probability and the prior probability. Mathematically,
Bayes’ rule is stated as

p(ANB)
p(B) ’

where p(A|B) represents the probability of A, given B has oc-
curred; this is the posterior probability. p(ANB) represents the
probability that both events, A and B, will occur. p(B) repre-
sents the probability of event B. Similar to Eq. 6.9, we can also
write p(ANB) as

p(ANB) = p(BIA)-p(A).

p(AIB) =

160

By substituting Eq. 6.10 in Eq. 6.9, we obtain

_ p(BIA)-p(A)
p(AlB) = —p(B) S 6.11)
If we do not know the value of p(B), we write
p(AIB) a p(BIA)-p(A). ... . (6.12)

That is, the posterior probability of an event A is related to the
prior probability of event A. The proportional constant need
not be known, if the sample is comprised of n and mutually-
exclusive events A;; therefore, we can write

ip(AilB) =1
i=1

By knowing Egs. 6.12 and 6.13, we can calculate the posterior
probabilities, if we know p(BIA;) for A;.

This equation is used to update the probability of an event,
given the prior probability and value of p(Bl4;). To illustrate
this procedure further, consider a specific example of the rela-
tionship between a seismic attribute and a geological facies.
Seismic attributes tend to be continuous variables, whereas
geological facies are discrete variables. The relationship be-
tween the seismic attribute and geological facies, based on
well observations, is shown in Fig. 6.32.

In this figure, we measure the seismic attribute and the cor-
responding facies; we could observe that the presence of indi-
vidual facies is related to the seismic attribute. For each fa-
cies, a particular seismic attribute distribution is defined.
Obviously, there is some overlap of values—we do not have
an exclusive relationship. However, we define, based on this
observation, the probability that the seismic attribute will take
a certain value, given a particular facies. That is, p(S;1K),
where S; = the value of the seismic attribute (it could be a class
of seismic attribute values), and K= the facies. It is possible
that p(S;1K;) = zero, where a certain attribute value is not pos-
sible for a given facies. As a practical matter, if we divide the
seismic attribute into several classes, for each class we esti-
mate the value of p(S;|Kj;), where S; represents class i.

Once this information is known, we can use it with the
Bayes’ rule method to estimate the posterior probability of fa-
cies given a certain seismic attribute, p(Kj1S;). We write

p(K1S) @ plSIK))p(K).

We estimate p(K;) from prior information. For example, if we
use anindicator transform for geological facies, then the p(K;)
values are obtained through sequential indicator simulation.
These values are then updated with Eq. 6.14.

Numerical Example 6.1. A reservoir contains three geolog-
ical facies. At an unsampled location, based on sequential in-
dicator simulation, the indicator values for the three facies are
observed as 0.2, 0.6, and 0.2, respectively. A seismic attribute
is related to the geological facies. A measurement of that at-
tribute(s) is available at that location. Based on the compari-
son of the well data and seismic attribute, we write

p(SIK,) = 0.2; p(SIK,) = 0.8,and p(SIK;) = 0.0.

With this information, determine the posterior distribution of
geological facies.
Solution. We are given

p(K)) = 0.2, p(K,) = 0.6, p(K;) = 0.2;
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Fig. 6.33—Relationship between porosity and seismic attri-
butes.

pSIK)) = 0.2, p(SIK,) = 0.8;and p(SIK3) = 0.0.
With this information, we write, based on Bayes’ rule,
p(K\IS) a p(K)-p(SIK,) = 0.2 x 0.2 = 0.04,
P(K,IS) a p(K,)-p(SIK,) = 0.6 X 0.8 = 0.48,
and p(K;IS) a p(K3)-p(SIK;) = 0.2 x 0.0 = 0.0.

We do not know the proportionality constant; however, we
know

ipKlS

Jj=

To satisfy this requirement, we must divide the product on the
right by (0.04 +0.48 =0.52). That is,

PK|IS) = 82‘2‘ = 0.077,
048 _
plK.1S) = 338 = 0.923,
and
0.0 _
plkiis) = 22 = 0

These values provide the posterior distribution of geological
facies for a given seismic attribute. This is definitely an im-
provement over prior knowledge because it eliminates the
probability that facies three will occur, and there are the prob-
abilities that facies one will approach zero and facies two will
approach one. That is, we improve our confidence in the es-
timation with seismic attribute information. It is important to
emphasize that additional information, such as seismic data,
will not always reduce uncertainty. If prior information is
consistent with subsequent information, adding the subse-
quent information reduces uncertainty. This is illustrated in
Numerical Example 6.1. However, if subsequent information
isinconsistent or contradictory, with respect to prior informa-
tion, adding more information increases uncertainty.

GRID-BASED SIMULATION METHODS

Although Numerical Example 6.1 illustrates the applica-
tion for geological facies, it extends to any set of attributes,
including continuous attributes. If there is a relationship be-
tween the porosity and seismic attribute data, we can use the
same approach. Fig. 6.33 shows a generalized relationship
between seismic data and porosity in the Gaussian domain.

The porosity transforms in the Gaussian domain and plots
against the seismic attribute. The relationship is clearly pres-
ent, but it is not linear. However, if we divide the seismic at-
tribute and the porosity data into several classes, we also de-

velop values of p(S P Nj), which represent the probability of

the given seismic attribute class, given a porosity class in the
Gaussian domain.

This relationship is used with porosity cosimulation. If the
porosity is estimated with sequential Gaussian simulation, by
estimating the error variance and the estimate, itself, we can
easily estimate the probability that a value will fall within the

certain class interval, [p(qb,\,j)]. With this class interval and

p(S i) Nj), we obtain the posterior distribution with the equa-

tion

p(9x)5.) @ plow)(S1x)

Again, by requiring the sum of the posterior probabilities for
all porosities to equal one, we can estimate the posterior prob-
abilities of individual classes. This posterior distribution can
sample a porosity value.

This procedure is not restricted to prior measurements at the
unsampled locations; itis also used for prior estimated values.
For example, in sequential cosimulation, we estimated a po-
rosity value and the geological facies, so we can use sequen-
tial Gaussian simulation for permeability data and estimate a
value and the associated uncertainties with the assumption of
a Gaussian distribution. Once the prior distribution is known
for a particular class, we can use a similar equation for perme-
ability, given a particular porosity value,

Pk on) @ pli)p(dulk, )

where P(k/v,) represents the probability of class / of perme-

ability, based on Gaussian simulation. p(¢ lekN,) represents
the probability of porosity class ¢ N, for a given class of
permeability, ky. This information is obtained from the
permeability—the porosity relationship for a given geologi-
cal facies. The subscript N represents the Gaussian (or nor-
mal) distribution. The important reason to use the normal dis-
tribution is for its ability to describe the uncertainties through
error variance. If other methods are available to capture the
uncertainty, the transformation to normal distribution is
not necessary.

To summarize the Bayesian rule approach, it allows the up-
dating of the prior probability to a posterior probability with
new information. The method is efficient and does not require
spatial relationship knowledge derived from cross-vario-
grams. As an added advantage, it is also applicable to nonlin-
ear relationships.

Proportion Curves Cosimulation. Another alternative ap-
proach to conducting cosimulation uses a procedure similar
to proportion curves discussed in the section on sequential
Gaussian simulation.!3-14 Recall, in sequential Gaussian sim-
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Fig. 6.34—Back transform using proportion curves.

ulation of geological facies, with the use of proportion curves,
only certain geological facies are allowed to be sampled. The
proportion curves represent the percentage of geological fa-
cies at a particular depth.

The same procedure is used to selectively sample a particu-
lar attribute. Let us illustrate this procedure with a simple ex-
ample. If we simultaneously assign geologic facies and po-
rosity values at an unsampled grid location, we will first
assign a geologic facies at that location. In the next step, we
must assign a porosity value at the same location. If we use
sequential Gaussian simulation for estimating porosity, we
can estimate the porosity and the associated uncertainty in the
Gaussian domain. With a random number generator, we can
sample a value from the posterior distribution. Up to this
point, the procedure is similar to standard sequential Gaus-
sian simulation. When we want to back transform, we must
sample a porosity value based on the value in the Gaussian do-
main. We restrict this back transform to porosity values that
only correspond to a particular facies. For example, if facies
A is assigned to an unsampled location, we only need to sam-
ple a porosity value from that facies. This is illustrated in Fig.
6.34. As shown, the porosity distribution for facies A is
grouped to generate a cumulative distribution function.

The sampled value in the Gaussian domain is back trans-
formed with the cumulative distribution function for that fa-
cies. This ensures that the porosity value is consistent with the
underlying geology.

This procedure is not unique to porosity. We can extend it
to any attribute. As long as the conditional distribution corre-
sponds to particular constraints, we can sample from that dis-
tribution with the proportion curves method. For example,
permeability is sampled for a given porosity with the same
procedure. Permeability is estimated with the Gaussian trans-
form, and a value is sampled. The back transform is restricted
to the conditional distribution of permeability for a given po-
rosity class. This is schematically shown in Fig. 6.35.

The method of proportion curves has the advantage of not
requiring a linear relationship. By restricting the back trans-
form to only a certain distribution, the proportion curves
method will always ensure that the conditional distributions
of various attributes are honored. The method also does not
require us to model the cross-variogram functions.

An alternative cosimulation method depends on the type of
problem to be solved. Sequential Gaussian cosimulation is
based on a mathematically rigorous basis but might not work
for discrete variables. It also requires the inference of cross-
variogram functions, as well as an assumption of linear rela-
tionships. The Bayesian rule method is simple to implement
and is based on a sound probabilistic principle. Implementa-
tion is difficult if the two types of data provide contrary in-
formation. For example, if indicator simulation provides the
probabilities of the three facies as 0.2, 0.8, and 0, and the seis-
mic attribute provides the conditional probabilities of those
three facies as 0, 0, and 1, we might not obtain an answer. This

nk . .:' o..'- F(hk)
0
o

ink

Fig. 6.35—Back transform of permeability.
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TABLE 6.5—VARIOGRAM PARAMETERS FOR
PERMEABILITY IN FIELD EXAMPLE 6.4
Model Type Spherical
Principal Direction, Deg. 112.5° (from North direction)
Nugget 0.3
Sill 0.7
Principal Range, ft 6,000
Minor Range, ft 2,500
Anisotropy Ratio 2.4

type of information is difficult to incorporate correctly. The
method of proportion curves is the most robust of all three—it
strictly honors the distributions of observed values. However,
by restricting it only to the observed data, it could restrict the
uncertainty domain much more than the other two methods.
Further, by back transforming with a conditional distribution,
the realization could exhibit too much variability in the simu-
lated values, which might not be acceptable. Ideally, a com-
bination of the three methods, depending on the type of prob-
lem being solved, might be the best solution.

Field Example 6.4—Sequential Gaussian Cosimulation.

e Generate descriptions of permeability for Flow Unit 3
with sequential Gaussian cosimulation (SGCOSIM).

e Compare the statistics of the conditioning data and
SGCOSIM realization.

Solution. The following information is given:

* The permeability conditioning data for Flow Unit 3 are
available at the same well locations shown in Fig. 6.20. At
each well, permeability is estimated with the correlation be-
tween porosity and permeability derived from core measure-
ments.

¢ The variogram model for the normal scores of the loga-
rithm of permeability consists of the following parameters
shown in Table 6.5.

* The secondary data is the porosity description generated
in Field Example 6.1 (Fig. 6.21).

e The correlation coefficient between the normal scores of
permeability and porosity from core measurements is 0.77.

* The simulation grid is the same as Field Example 6.1.

Flow Unit 3, Log of Permeabili
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Fig. 6.36—SGCOSIM realization of logarithm of permeability for
Flow Unit 3.

GRID-BASED SIMULATION METHODS

In this field example, SGCOSIM simulates permeability
with porosity as the secondary variable. This means that
SGCOSIM honors the correlation between permeability and
porosity, in addition to the univariate and spatial properties
honored by SGS. Fig. 6.36 shows an SGCOSIM realization
of the log of permeability. The major trends of low and high
values and the overall appearance of this realization are close
to the porosity description used for the secondary variable
(Fig. 6.21). However, the log of permeability realization ex-
hibits more spatial variability because it has smaller correla-
tion ranges than porosity. Fig. 6.37 is the same realization
shownin Fig. 6.36 but with a linear color scale. Examining the
realization with a linear scale gives another perspective of the
connectivity of actual low and high permeabilities.

The statistics and histograms of the SGCOSIM realization
and the permeability data are shown in Figs. 6.38 and 6.39,
respectively. SGCOSIM closely reproduces the statistics and
histogram of the conditioning data.

The plot between porosity from SGS and permeability from
SGCOSIM is shown in Fig. 6.40. SGCOSIM closely repro-
duces the specified correlation coefficient. The large varia-
tion around the linear trend is caused by the large degree of
freedom needed by SGCOSIM to simultaneously honor the
spatial correlation models. The SGCOSIM results also close-
ly reproduce the original porosity and permeability correla-
tion, based on core measurements (Fig. 6.41). The simulated
values have a slightly narrower range than the core measure-
ments because of the difference in the scales between core
plugs and flow units. The simulation conditioning data were
generated by scaling-up core plug measurements to the flow
unit scale at the wells.

6.2 Probability Field Simulation

One disadvantage of the sequential simulation process is the
fact that once the posterior distributions are constructed, we
must use a uniform random number generator to sample a val-
ue from that distribution. For two locations, where the esti-
mated values as well as the posterior distributions are very
similar, it is possible that the simulated values will be differ-
ent. Fig. 6.42 shows an example of two nearby sample loca-
tions that have similar indicator values at each threshold,
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Fig. 6.37—SGCOSIM realization of permeability for Flow Unit 3.
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Fig. 6.38—Histogram of SGCOSIM realization of permeability.

which indicates similarities at both locations. Locations one
and two are very close to each other. If we decide to simulate
a value at each location with a random number generator, it
is possible that a value of B will be simulated at location one
and a value of D at location two. Because generated random
numbers are not correlated with each other, it is possible to
create images that exhibit local, short-scale variability, which
is not realistic. By sampling two very different values at two
locations, we lose the underlying similarities, which are indi-
cated by the posterior distribution.

One option to overcome this problem uses correlated ran-
dom numbers to simulate a value at each location. For exam-
ple, if we use the random number 0.5 at location one to sample
the value, we will use, for example, a number of 0.52 to sam-
ple the value at location two. The simulated values at the
nearby locations exhibit similarities as implied by the posteri-
or distribution. At the same time, by using different sequences
of correlated values that fall between zero and one, we can
generate multiple realizations that do not exhibit unnecessary
short-scale variability.

Probability field simulation minimizes the short-scale vari-
ability by independently generating values that fall between
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Fig. 6.40—Plot of SGSCOSIM permeability realization and por-
osity secondary data.
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Fig. 6.39—Histogram of permeability data for Flow Unit 3.

zero and one and exhibiting spatial correlations of the de-
sired length.

The process that creates these values is not important, as
long as they cover the entire range of values from zero to one
and exhibit a spatial relationship that is based on the underly-
ing sample data. One possibility is to use probability kriging
based on the original sample data. Kriging is done over a larg-
er grid than the desired domain, and by shifting the grid over
the domain, we can progressively sample multiple values at
each location. An alternative is to use multi-Gaussian fields
that have the desired correlation scale (spatial continuity) and
transform them into values between zero and one by calculat-
ing a cumulative distribution function corresponding to each
value. Irrespective of the way we create the correlated fields,
once the posterior distributions are created, it is very easy to
quickly generate multiple realizations.

Field Example 6.5—Probability Field Simulation.

e Generate descriptions of porosity for Flow Unit 3 with
probability field simulation (PFSIM).

e Compare the statistics of the conditioning data and the
PFSIM realization.

Solution. The following information is given:
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Fig. 6.41—Plot of permeability and porosity core data for Flow
Unit 3.
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Fig. 6.42—Location 1 and 2—random number generator.
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Fig. 6.43—Indicator kriging map of porosity for Flow Unit 3 for
threshold =0.181.

e The porosity is described with three continuous indicator
variables. The thresholds are 0.181 (lower quartile), 0.225
(median), and 0.253 (upper quartile).

Flow Unit 3, Porosity Indicator, Threshold = 0.225
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Fig. 6.44—Indicator kriging map of porosity for Flow Unit 3 for
threshold =0.225.

GRID-BASED SIMULATION METHODS

e The maps of cumulative probability, shown in Figs.
6.43-6.45 for each threshold, were generated with ordinary
indicator kriging. The data for these maps includes the indica-
tor conditioning data (Fig. 6.20) and variogram models used
in Field Example 6.2. Chap. 4 provides a description of the in-
dicator kriging technique.

* The probability field is obtained from a realization of nor-
mal deviates, generated with SGS. The realization of normal
deviates, shown in Fig. 6.46, is unconditional with a mean and
variance of zero and one, respectively, and it honors the vario-
gram of the normal scores of porosity (Field Example 6.1).
The probability field used in PESIM consists of the Gaussian
cumulative probabilities, which corresponds to the normal
deviatesin Fig. 6.46. A similar field is generated with a proba-
bility transform as well.

e The simulation grid is the same as the one used in Field
Example 6.1.

The porosity realization, generated with PFSIM, is shown
in Fig. 6.47. The major correlation trend, which runs south-
east/northwest in this realization along the principal direction
of the variogram, is similar to SGS (Field Example 6.1) and
SIS (Field Example 6.2) realizations. The overall appearance
of the PFSIM realization is somewhere between the SGS and
SIS realizations (Figs. 6.21 and 6.26). PESIM does not exhibit
the large variability observed in SIS within each indicator
threshold because of the additional correlation imposed by
the probability field (Fig. 6.46).

Flow Unit 3, Porosity Indicator, Threshold =0.253
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Unconditional Simulation, Mean = 0, Variance = 1
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Fig. 6.46—SGS unconditional simulation used for probability
field.

The statistics and histogram of the PFSIM realization are
shown in Fig. 6.48. PFSIM honors the univariate statistics
very closely. However, it fails to reproduce the bimodal shape
of the histogram of the conditioning data (Fig. 6.25) because
only three thresholds are used to describe the probability dis-
tribution. Similar to the case of SIS (Field Example 6.2), more
indicator thresholds are needed to better define the entire
shape of the probability distribution.

The major advantage of PFSIM is the speed it generates for
the realizations. It is effectively a post-processing algorithm.
This makes PFSIM the fastest of the conditional simulation
techniques described in this chapter. The disadvantage is that
it requires significant work prior to the actual simulation
to generate the probability distribution maps and probabili-
ty fields.

6.3 Simulated Annealing

In this section, we describe another popular technique that is
extensively used to integrate various reservoir properties. The
method of simulated annealing is based on the principles that
are useful for describing the cooling of molten metal. Similar
to the sequential simulation method, it also honors the uni-
variate statistics, spatial relationships, and relationships
among various attributes. Unlike the sequential simulation
method, the simulated annealing method has the flexibility to
incorporate other constraints, which might be difficult to in-
corporate within a geostatistical framework. Therefore, the
advantage of the simulated annealing process is its flexibility
and robustness. The disadvantage of simulated annealing is
its lack of speed in converging to a desired outcome. In gener-
al, simulated annealing tends to be much slower than condi-
tional simulation techniques for the same type of constraints.

We divided this section into several subsections. In the first
subsection, we explain the background of simulated anneal-
ing. In the second subsection, we discuss the simulated
annealing algorithm and the underlying principles. In the last
subsection, we explain the annealing process and its imple-
mentation. That section also includes an illustration of the
process with a field example.
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Fig. 6.47—PFSIM realization of porosity for Flow Unit 3.

6.3.1 Background. As explained previously, the simulated
annealing procedure was established, based on the physical
process of cooling molten metal. In cooling molten metal, it
isnoted that the rate of cooling affects the quality of the frozen
metal. Slower cooling results in better quality, whereas faster
cooling results in a more defective product. The reasons for
this difference are traced back to thermodynamic principles.
Thermodynamic principles tell us that molten metal tries to
achieve the most stable state (corresponding to the lowest en-
ergy), if possible. This requires the molecules to move ran-
domly within the system, sometimes acquiring a state that
temporarily results in a higher energy state. However, by al-
lowing the molecules to search through many states—some-
times favorable and sometimes unfavorable—the solution
domain for the most stable state can be properly explored, and
local minima in the system are avoided. The motion of the
molecules depends on the temperature; therefore, the higher
the temperature, the more likely the molecules will move ran-
domly within the system, thus reaching places of favorable
and unfavorable states with great frequency. As the tempera-
ture is slowly reduced, the molecules, after exploring the
solution domain, settle down in their most stable state, which
eventually results in a less defective, more stable product. To
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Fig. 6.48—Histogram of PFSIM realization of porosity.
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properly achieve the balance between the economics of cool-
ing more quickly and achieving a good product, the annealing
schedule was developed, which was later adopted for other
mathematical problems with similar characteristics.

According to Aarts and Korst,! the mathematical algo-
rithm of simulated annealing was independently introduced
by Kirkpatrick et al.1¢ and Cerny.!7 Per Collins et al.,'8 some
applications of simulated annealing include the placement of
computer components, wiring of electronic components, and
image processing. Several investigators used the traveling
salesman problem (calculation of the shortest distance re-
quired to visit several geographical sites) as a benchmark for
different implementations of simulated annealing. The first
application of simulated annealing to describe reservoir prop-
erties was introduced by Farmer.!® Subsequent to Farmer,
several investigators used the concept of annealing to de-
scribe various reservoir properties.20

Because simulated annealing is founded on concepts from
statistical mechanics and the annealing process, the imple-
mentation of simulated annealing requires knowing the three
system component definitions that are analogous to the ener-
gy, temperature, and interactions of a molecular system. The
objective function represents the energy of the system, and it
is defined as the function to minimize (or maximize). The
control parameter represents the temperature of the system,
whichis anindependent parameter and not necessarily related
to any other parameter of the problem. The interchange mech-
anism corresponds to the molecular interactions, and it usual-
ly consists of a finite set of perturbations to the independent
variables, which produces a change of the objective function.
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Fig. 6.49—Schematic of transformation method to generate ini-
tial distribution.
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The goal of the simulated annealing method is to determine
the configuration of the independent variables that yields a
global minimum or maximum of the objective function. The
simulation process consists of performing a specific number of
changes to the independent variables with the interchange
mechanism, and for each change, the objective function is eva-
luated. A change of variables is accepted and retained if it re-
duces the magnitude of the objective function. If a change in-
creases the magnitude of the objective function, it is accepted
or rejected and discarded according to the probability function
proposed by Metropolis et al.2! This probability function,
introduced by Metropolis et al. to study the statistical mechan-
ics of molecular systems, is a Boltzmann distribution, which
depends on the energy and temperature of the system. At high
temperatures, when the system’s energy and degree of disorder
are large, there is a high probability that a change will be ac-
cepted, which results in an increase of energy. As the tempera-
ture decreases, the energy decreases, and the system (mole-
cules) becomes more orderly, and at this stage, there is a small
probability that a change will be accepted that results in an in-
crease of the systems energy. This probabilistic feature of sim-
ulated annealing allows the system to escape from the solutions
that correspond to the local minima of the objective function.

The procedure that reduces the temperature or control pa-
rameter and specifies the number of iterations or changes re-
quired at each temperature is known as the annealing sched-
ule. If the control parameter is reduced too fast, the system
will reach a local minimum. At each level of the control pa-
rameter, the number of iterations or changes must be large
enough for the energy function to achieve an equilibrium
state. The control parameter is reduced until the stopping cri-
teria are satisfied. Examples of stopping criteria are attained
small-valued energy functions (in the case of a minimization
process) and further changes at subsequent control parameter
levels that have negligible effects on the changes in the ener-
gy function.

6.3.2 Simulation Algorithm. Similar to sequential simula-
tion methods, the goal of a simulated annealing method is to
generate a distribution of random variables with specific sta-
tistical properties in a three-dimensional (3D) grid. The
constraints, which the distribution must satisfy, are normally
captured in the objective function. The objective function de-
scribed has enough flexibility, so, in principle, any constraint
can be incorporated as a part of the objective function. Some
examples of objective functions are described later.

Initial Distribution. In the first step of the simulation algo-
rithm, we generate an initial distribution of random variables.
Any initial distribution, deemed suitable, can be used to de-
scribe the initial distribution. In practice, an initial distribu-
tion, based on well data, is used to populate a 3D grid. Fig.
6.49 shows the procedure to generate the initial distribution.

A random number, in the range of 01, is drawn from a ran-
dom number generator, and a variable value is assigned to a
gridblock, by sampling a value from the CDF of the variable.
The CDF is derived from the well data, or it is defined based
on outside information. The procedure is repeated until all
gridblocks are assigned a variable value. The gridblocks with
conditioning data (i.e., well locations) are not assigned values
because the conditioning data represent that well location. If
we are interested in generating the distribution of more than
one variable, then the gridblock cells are populated with all
the desired variables. For example, as in the case of cosimula-
tion, if we are interested in assigned geological facies, poros-
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ity, and permeability to a gridblock, all three variables must
be assigned to an individual gridblock.

Objective Function. The objective function or the energy
function represents the function that must be minimized, as
part of the annealing algorithm. The objective function can
contain many terms representing various constraints. In gen-
eral, we define the objective function as

e 1 k
ot = 00; WiOK, 6.17)
where O, is defined as the initial objective function,
and O, = > W0, ..o (6.18)
i=1

O, = an individual component of the overall objective func-
tion, and w; =the weight assigned to it. The superscript k
represents the value of the objective function after the
k'™ iteration.

The weight assigned to an individual component of the ob-
jective function is arbitrary and depends on the importance of
a particular component. If more emphasis must be provided
to a particular component, a larger weight is assigned to that
component; if the component is less important, a smaller
weight is assigned to it. In many instances, the exchange
mechanism does not alter the individual components by the
same amount. To compensate for such differences, the
weights to individual components might need adjustment,
so one or a few components do not dominate the minimiza-
tion process.

To provide an idea about the flexibility of the annealing
process, some examples of the objective function compo-
nents are illustrated.

Spatial Relationship. Variogram models are matched by
defining the objective function as

2

Ny Nnj
y(* hl; - (h/J)
of = s e (6.19)
/Z ; Vo(hl/)
where
N 2
0 — Y,\h
0, = Z vl = i) S (6.20)
j=11=1 (h/)
where O*=the objective function after the iteration step k;

N; = the number of directions in which variogram models are
defined; ye(h, J) =the estimated variogram after k iterations;

y(,(hl J-) = the model variogram at lag distance /4 in direction j;
and Oy, =the objective function at iteration zero. Ny, ; repre-
sents the number of lags used in direction j.

The term in the denominator amplifies the effect of the va-
riogram for smaller lags in the objective function. Although
not necessary, this modification might be useful when magni-
fying the effect of conditional data.

Cumulative Distribution Function. It might be desirable
for the cumulative distribution function, in different parts
of the reservoir, to be different, or that each layer, in the reser-
voir, has a different distribution. This type of constraint is cap-
tured by
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0! IZ ] e 6.21)
where
2
o - F;’(x,[) — F,U(x,l) 6.22)
o 2 —Fz,, (th) s e .

where F' ’,‘(x,l) = the cumulative distribution function at thresh-

old X after k iterations; F ;’(x,l) = the desired cumulative dis-
tribution function at threshold value x,; and Oj, = the initial
objective function at iteration zero. n, is the number of classes
in which the overall distribution is divided.

Correlation Between Two Variables. Sometimes it is desir-
able for the correlation coefficient between the two variables
to reach a desired value. An example is a correlation coeffi-
cient between permeability and porosity at interwell loca-
tions, which might need to be the same as the one observed at
the well locations. Alternatively, we might desire that the cor-
relation coefficient, between seismic data and porosity at
interwell locations, attain a desired value. This type of
constraint is incorporated as

2
0 = [W] ............ (6.23)
where
0, = [%yr)(”)] ............ (6.24)

where *(x, y) = the correlation coefficient between variables
x and y after k iterations; r,(x, y) = the desired correlation co-
efficient between variables x and y, and r°(x, y) is the initial
correlation coefficient value at iteration zero. If, instead of the
correlation coefficient, the conditional distribution of vari-
able y must be satisfied for a particular class of x, then a condi-
tion similar to the one described in the cumulative distribution
function case can be used. See Eqs. 6.21 and 6.22. The only
difference is that Egs. 6.21 and 6.22 must be replaced for vari-
able y for every class of x for which the conditional distribu-
tion must be honored.

Well Test Permeability. If we want to incorporate well test
permeability as part of the constraint, we can incorporate it ei-
ther by matching the pressure data directly or by using an ef-
fective average of near wellbore gridblock permeability val-
ues. If we assume that we know the effective averaging
technique to estimate the well test permeability, we can define
the objective function as?2
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where k¥, = the effective average of near wellbore permeabil-
ity values after k iterations; k,,, = the well test permeability,
based on evaluations of pressure data; and &, = the average
of the initial distribution of near wellbore permeability val-
ues. The estimated value k%, is calculated many different
ways. For example, one possibility is

ity 1/w

ko= (]]®) .

=1

where k; = the permeability of gridblock /, and w = a value be-
tween — 1 and + 1, except zero.

— 1 represents the harmonic average, and + 1 represents
the arithmetic average. n,,, represents the number of grid-
blocks used for averaging. Eq. 6.25 is written for a single well
test. If multiple well tests are available, this equation easily
extends.

Production Data. Production data are also incorporated as
part of the constraint. For example, if pressure data are avail-
able from many wells, and through a history matching pro-
cess, we want to honor the pressure data, we can write the ob-
jective function as

2
Py~ (le)a
(Pu)o

ny Ny

j=11=1

where p’;J represents the simulated pressure value after itera-

tion k for the /™ time step and j* well; (p, ‘i)u = the observed
pressure value; p;; = the initial simulated pressure value at it-
erations zero; n,, =the number of wells for which data are
available; and #; is the number of time steps.

Many other constraints are considered as well, including
multipoint statistics, as explained in Chap. 3. It is, however,
important to understand that the more constraints imposed as
part of the energy function, the more difficult it becomes to
converge to a solution. Computationally, it also becomes
more demanding as more constraints are added. One remark
about the constraints is very relevant. The constraints that
work best in simulated annealing are the ones that can be lo-
cally updated, when we perturb the system through the ex-
change mechanism. If every perturbation in the system re-
quires recomputing the objective function, the procedure
becomes extremely inefficient. On the other hand, if the ob-
jective function is updated, instead of requiring recomputa-
tion, the procedure becomes very efficient. Many of the
constraints discussed in this section can be locally updated
and, therefore, are the types of constraints that will be effec-
tive for the simulated annealing procedure. An exception to
this local updating requirement is the incorporation of dy-
namic production data. If we use a flow simulator to generate
the pressure data used in the objective function, the simulator
has to run at each iteration to calculate the objective function.
No local updating is possible. Therefore, incorporation of
production data, as part of the constraint in simulated anneal-
ing, is very difficult and appears impractical for large field

GRID-BASED SIMULATION METHODS

studies under present conditions. Production data can only be
incorporated in an annealing procedure when we find a clever
way to locally update a flow simulation after every perturba-
tion. No such procedure is available at present. Fortunately,
most of the objective functions that incorporate static
constraints can be locally updated. For examples of objective
functions that can be locally updated, see Appendix E.

Interchange Mechanism. Once the initial distribution and
objective function are defined, the system can be perturbed or
altered through various interchange mechanisms. One of the
most common techniques swaps the values of the variables at
two locations, selected at random in the simulation region.
Any two locations can be selected, as long as those locations
do not coincide with the locations of the conditioning data.
After the locations are selected, but before performing the ac-
tual exchange, we calculate the objective function that would
result if the exchange were completed. We call this energy
function O'. After calculating O’, we calculate the difference
in the objective functions O" and O*—the objective function
value at the previous step is

AO* = 0" — O~
If AO* is negative, the objective function O’ is smaller than
O therefore, the exchange is accepted, and the distribution
is updated by executing the interchange. If AO* is positive,
the interchange could still be accepted, if the Metropolis
condition is satisfied.

The Metropolis condition is defined as

plAOKT) = exp( - %),

where p is the probability function; AO* = the change in ener-
gy (or objective function); and 7'= a control parameter (tem-
perature parameter). Fig. 6.50 shows the effect of the control
parameter on the probability function. To determine if we
should accept or reject an exchange for a positive AO*, we se-
lect a random number between zero and one from a uniform
random number generator and compare it with the probability
value determined with Eq. 6.31. If the random number is less
than the probability value, we accept the swap; otherwise, we
reject it.
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Fig. 6.50—Probability function for Metropolis condition.
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The reason for applying the Metropolis condition is to
avoid reaching a local minimum with respect to the objective
function. By temporarily increasing the objective function,
we eventually reach a global minimum with respect to the
energy function. This procedure is repeated until a desired
value of the objective function is reached. At that point, we
stop the simulation. The distribution created satisfies the
conditioning data, initial distribution, and any other
constraints that are imposed.

Other interchange mechanisms are possible, as well. For
example, instead of using a swap of two randomly selected
points, a single point is perturbed at a time, and the objective
function is calculated. The point is perturbed by randomly se-
lecting a value from the cumulative distribution function to
replace the original value or by selecting a value from the cu-
mulative distribution function with a prior probability value
associated with each value, depending on how favorable a
change it creates. This type of exchange mechanism is called
a heat-bath algorithm.23

Another modification of the exchange mechanism is to
only accept perturbations that result in a favorable change in
the objective function. Any perturbation that causes an unfa-
vorable change is always rejected. This is called a greedy
mechanism.2Y For generating reservoir descriptions with var-
ious constraints, this mechanism proves to be adequate to
reach desired minimum values of objective functions.

6.4 Simulation Process

The simulation process in a simulated annealing method is
quite involved because of the variety of input parameters and
the types of stopping criteria one can use to terminate the sim-
ulation. In this section, we briefly describe the important pa-
rameters that control the process, and then we describe the
process in detail.

6.4.1 Input Parameters. The five important parameters that
control the simulation process are:

e Control Parameter, T.

The control parameter is analogous to temperature in the
annealing process. This parameter determines the acceptance
rate of unfavorable perturbations. The higher the value of the
control parameter, the higher is the acceptance rate. Although
the control parameter should be continually reduced as the
system gets closer to the final desired objective function, in
practice, the control parameter is changed discretely from one
step to another. Different mechanisms for changing the con-
trol parameter from one step to another are available;24 the
simplest of these is

Tr+1 — aTr’

where r represents the step number, and a represents a frac-
tion between zero and one, which defines the ratio of the con-
trol parameter for the new step, r+ 1, to that of the previous
step, . The smaller the value of ¢, the faster the control pa-
rameter is reduced; the higher the value of a, the slower the
control parameter is reduced. A good value of a is 0.5.13

The initial value of the control parameter must also be cal-
culated at the first step. Although a value of 1.0 is commonly
assumed, a better estimate of the initial control parameter is
obtained by requiring a large number of unfavorable per-
turbations to be accepted at the initial stage. One possible
method is shown in Appendix E.

e Maximum Accepted Swaps Per Step, M,,.
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We must accept a certain number of swaps at each step be-
fore the control parameter is reduced. If we accept too few
swaps, the control parameter is reduced too quickly, with the
possibility of reaching a local minimum. If we accept too
many swaps per step, the procedure is slow and inefficient.

If we define one cycle as the total number of gridblocks,
then a good value of M,, is five cycles. For example, if we have
10,000 gridblocks, then we must accept 50,000 swaps at each
step before moving to the next step.

e Maximum Number of Swaps at Each Step, M;.

Atthe beginning of the simulation process, the total number
of accepted swaps and the total number of swaps are approxi-
mately equal. As the control parameter is reduced, the per-
centage of accepted swaps becomes smaller as more swaps
arerejected. To ensure that we can change the control parame-
ter after a certain number of swaps, we provide an alternate
mechanism to change the control parameter. This mechanism
involves reaching a maximum number of total swaps, M.
Once that number is reached, the control parameter is
changed to the next step. The value of M, changes, depending
on the control parameter. The smaller the value of the control
parameter, the larger is the value of M;. One possible method
for calculating M; as a function of the control parameter is il-
lustrated in Appendix E. In the alternate, a fixed value of M,
is assumed. A good number is 40 cycles.

e Objective Function Tolerance, E.

The simulation process is terminated when a desired toler-
ance is reached for the objective function. Because the objec-
tive function is already normalized with respect to the initial
value of the objective function, the tolerance is defined with
respect to the initial value of the objective function. In simu-
lating the gridblock values, a starting value of E'equal to 0.01,
or even 0.1, is reasonable. If the process converges without
any hitch to that value, higher tolerance values (e.g., 0.001 or
0.0001) are used to improve the quality of the results.

e Stopping Number, S.

An alternate mechanism for terminating the program is
necessary when it becomes obvious that most of the swaps are
rejected and better convergence is not possible. If we define
the acceptance ratio as

A, =

where m, =the accepted number of swaps in step r, and
t- = the total number of swaps in step r, the value of the accep-
tance ratio should be respectable, to make sure that the pro-
cess of simulated annealing is reasonable. For example, if we
reach a value of A, less than 0.01, less than one in 100 swaps
is accepted. This is not very efficient. If the stopping number
is three, then when the acceptance ratio reaches a value less
than 0.01 in three successive steps, the program is terminated.
A good value for the minimum acceptance ratio is 0.01, and
a good value for the stopping number is three.

6.4.2 Process. The steps of the simulation process are:

¢ Calculate the initial distribution of the variable, and dis-
tribute it randomly within the region of stationarity.

e Calculate the initial energy function, O,, with Eq. 6.18.

e Calculate the initial value of the control parameter, 7°.

e Calculate the maximum number of iterations at each step.
This number, M;, typically has units of cycles, where one
cycle represents the total number of gridblocks within the re-
gion. Also, set the number of iterations to be accepted in each
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Fig. 6.51—Simulated annealing algorithm.

step. This number, M,, is also defined in terms of cycles. A
good assumption for this number is 5.0.

e Generate a perturbation in the system through the ex-
change mechanism. Calculate the energy function, O, and,
hence, calculate AO. Apply the Metropolis condition. If the
exchange is accepted, update the initial distribution, as well
as the energy function, by defining

0k+1 — 0/’

where k is the previous iteration.
* Check for the tolerance of the objective function. If

0k+1 < E,

where E is a tolerance, with respect to the objective function,
you can stop simulation.

* Repeat the procedure at a given control parameter, 7, until
the maximum number of swaps, M;, or the maximum number
of accepted swaps, M,, is reached.

* Check for the acceptance ratio for the present step. The ac-
ceptance ratio for step r is given by

GRID-BASED SIMULATION METHODS

If A, <the minimum fraction of accepted swaps (typically
0.01) for successive steps equal to the swapping number, the
simulation is stopped. This indicates the futility of carrying
out the simulation any further because most of the swaps are
being rejected.

e Calculate the control parameter for the next step with
Eq. 6.32.

e Start with the fourth step (perturbation) in the procedure.

The simulation procedure terminates when either Eq. 6.35
is satisfied or the stopping number is reached. The flow dia-
gram of the simulation process is shown in Fig. 6.51.

Field Example 6.6—Simulated Annealing Simulation.

* Generate descriptions of porosity for Flow Unit 3 with
simulated annealing simulation (SAS).

e Compare the statistics of the conditioning data and SAS
description.

Solution. The following information is given:
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TABLE 6.6—ANNEALING PARAMETERS FOR FIELD

EXAMPLE 6.6
Porosity Variogram Model
Model Type Spherical
Principal Direction, Deg. 112.5° (from North direction)
Nugget 0
Sill 0.0023

Principal Range, ft 8300

Minor Range, ft 2800

Anisotropy Ratio 2.96

Annealing Schedule Parameters

Initial Temperature 1.0
Temperature Reduction Factor 0.2

500 x Number of Blocks
30 x Number of Blocks

Maximum Number of Swaps
Maximum Number of Accepted
Swaps
Number of Times that Maximum 10
Number of Swaps is Reached
(Stopping Criterion)

Minimum Objective Function 0.001

* The porosity conditioning data for Flow Unit 3 is the same
as in Field Example 6.1 (Fig. 6.20).

e The variogram model for porosity is shown in Table 6.6.

* The annealing schedule is shown in Table 6.6.

* The simulation grid is the same as the one used in Field
Example 6.1.

The SAS porosity realization is shown in Fig. 6.52. SAS re-
produces the major porosity trend along the variogram princi-
pal direction. However, the small-scale variability appears to
be greater than that observed in the SGS (Field Example 6.1)
and SIS (Field Example 6.2) realizations. Fig. 6.53 shows the
variograms of the SAS realization. Similar to the SGS case
(Field Example 6.1), the SAS experimental variograms ex-
hibit more continuity than those of the models. In theory, it is
possible to design a better annealing schedule that yields a
closer match between the experimental and model vario-
grams.

Fig. 6.54 shows the histogram of the porosity realization.
SAS honors the statistics and the histogram of the condition-
ing data (Fig. 6.25) better than the other conditional simula-
tion techniques in this chapter.

SAS is the most general simulation technique considered in
this chapter. It can simultaneously accommodate several
constraints like conditioning data, histograms, variograms,
indicator variograms, correlations with secondary variables,
and secondary information, including seismic, well-test and
production data. However, the widespread use of SAS is lim-
ited because it suffers from two major weaknesses. First, the
annealing schedule varies for different conditions. It is diffi-
cult to design an optimum schedule that works for all cases.
The general guidelines proposed in the literature for anneal-
ing schedules serve only as a starting point. Even experienced
users must generate several preliminary trial simulations to
compose areasonable annealing schedule. Second, SAS is the
slowest of the techniques considered in this chapter.

Summary

Chap. 6 discusses popular conditional simulation methods. Al-
though other conditional simulation methods are available in
the literature, in the last several years, the methods described
in this chapter are the ones most often used. Sequential simula-
tion methods are fast and efficient. However, these methods
handle a limited number of constraints. Simulated annealing,
on the other hand, is very flexible and robust. It incorporates

172

-n

low Unit 3, Porosity

0.140
0.150
0.180
0470
0180
0.180
0.200
0.210
0.220
0.230
0.240
0.250
0.280
0.z70

0 4,000 8,000X ft 12,000 16,000 20,000

Fig. 6.52—SAS realization of porosity for Flow Unit 3.

0.003
o
;o.
o’ E,'
; '.nfp'-‘o n': & ﬂ..’] s n
y o’ S N b
0.002 .- ! ;
§ / o 0..p.-8 % K
) - o
.g o
®
E -- o - - SAS Principal Direction
3 0.001 -- @ - - SAS Minor Direction
3 —e— Model Principal Model i
o —a— Model Minor Direction
0.000 — - —
0 5,000 10,000 15,000 20,000
Lag, ft

Fig. 6.53—Variograms of SAS realization of porosity and mod-
els.

= Number of Data 10,000 ]
Mean .216
Std. Dev. .046
N Coef. of Var. .215
Maximum .302
T Upper Quartile .253
Median .225

Lower Quartile .179
Minimum .114 1 —

Frequency

Porosity, fraction

Fig. 6.54—Histogram of SAS realization of porosity.

APPLIED GEOSTATISTICS FOR RESERVOIR CHARACTERIZATION



varied constraints. However, it is computationally demanding.
Ultimately, there is a possibility that no single method will be
sufficient to generate a reservoir description for a particular
case. A combination of methods might be needed before a sat-
isfactory reservoir description is constructed.

Nomenclature

A,B= events in a random experiment
A; = mutually exclusive event i
A, = acceptance ratio in step r
E = tolerance in objective function
F(x)= cumulative distribution function of variable x
h= lag distance
I(u,x)= indicator transform of a continuous variable
I(1,K)=indicator transform of a discrete variable
i= ranking of a sample
Jj= subscript; dummy variable
= categorical variable
K(i) = categorical variable at location
k= permeability
m= number of accepted swaps per step

M, = maximum number of accepted swaps in each
step

M, = maximum number of total swaps in each step
m, = accepted swaps in step r

Ny = number of directions in which variogram
models are defined

Njy,j= number of logs used in direction j
n= total number of samples
O = objective function
p = probability
r= correlation coefficient
S; = an event that seismic value in class i exists
T= control parameter
t- = total number of swaps in step r
u = location
X(i) = random variable at location i
x= realization

w; = weight assigned to individual objective
functions

y= coordinate axis
Y= coordinate axis
Z= coordinate axis
a

= multiplier for control parameter in simulated
annealing

¢ = porosity
y = variogram
= kriging weight
o = permeability exponent in upscaling

Oy = error variance
AO = incremental objective function

Subscripts
c= classes

GRID-BASED SIMULATION METHODS

= estimated
G = Gaussian transform
j= indicates location j
k= dummy variable, attribute k
/= dummy variable
N= normal (Gaussian) transform

o= unsampled location; also model value in
simulated annealing

p= probability transform
r= stepr
t= threshold

wt= well test

Superscripts

*= estimated value

k= kth iteration

o= initial value of objective function
r= stepr
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Chapter 7

Object-Based Simulation Techniques

Object modeling is another set of techniques in the arsenal of
geostatistics tools. They are used to describe geological
bodies, facies and lithofacies with objects of discrete geome-
try. Geoscientists use object modeling to build three-dimen-
sional (3D) models of reservoirs filled with geologic bodies
of preconceived shapes. Itis a good tool to synthesize geolog-
ic information such as observations and measurements of
formations in outcrops, modern analogues and analogues
from other fields, geologic bodies inferred from seismic inter-
pretation and core descriptions. Visually, object models are
very appealing because they can mimic the look of sand chan-
nels and shales in outcrops. However, this technique is not
universally applicable to all reservoirs. Most applications of
object modeling are designed for the description of clastic
reservoirs deposited in fluvial, deltaic and deep marine turbi-
dite depositional environments. Several other criteria, to ef-
fectively use object modeling, are discussed in this chapter.
Chap. 7 describes the marked point process, which is the
most widely used object modeling technique. The marked
point process is a stochastic technique that generates multi-
ple, equi-probable realizations of geologic objects such as
sand channels, different types of shale, crevasse splays, le-
vees and mouth bars. One or more object types can be in-
cluded in a reservoir model, and these are constrained by
probability functions that describe their dimensions and de-
positional directions, volume fractions, and well data. The
hybrid simulation techniques, which combine object model-
ing and the pixel-based techniques described in previous
chapters, have been extensively used for reservoir character-
ization. These techniques are illustrated in this chapter
through several field case studies from the literature.

7.1 Marked Point Process Technique

The marked point process is the most widely used object mod-
eling technique to describe geologic bodies that can be
approximated by discrete shapes in reservoir models. Com-
mon objects used include, among many others, parallele-
pipeds to describe shale barriers, ellipsoids to describe calcite
cements and ribbon-shaped half-cylinders to describe sand
channels. The marked point process algorithm is simple to
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implement. It only requires a random number generator to se-
lect the locations of the objects within the reservoir and to
sample the dimensions and directions of the objects. For each
type of object, the target volume fraction is set to a constant
value in the reservoir, and the dimensions and directions are
specified with probability distribution functions. The volume
fraction is defined as the total bulk volume for each type of
object divided by the bulk reservoir volume.

7.1.1 Simulation Process. The simulation process starts with
an empty volume, which covers the reservoir area of interest
and zones. Itis always assumed that background facies fill the
space, and other objects replace the background one at a time.
Objects of different types are randomly inserted into the vol-
ume with the marked point process. First, objects are inserted
at conditioning data locations to honor the presence of ob-
served geologic facies at wells. Then, objects are inserted at
random locations within the reservoir volume until the target
volume fractions are reached. The spatial relationships
among the objects may also be honored. At the end of the sim-
ulation, the remaining volume that is not filled by objects is
assigned to the background facies. Fig. 7.1 illustrates the sim-
ulation process. The major steps in the marked point simula-
tion process are:

1. Select a location from the conditioning data set to insert
an object. The object locations are drawn one at a time from
the conditioning data.

2. Insert an object at the location of the conditioning data
selected in step one. Draw the dimensions and orientation
of the object, and place its centroid at the conditioning
data location.

3. Check if objects have been inserted at all conditioning
datalocations. If there are conditioning data locations without
an object, return to step one. If all conditioning data locations
have been populated with objects, proceed to step four.

4. Select the location of an object away from the condition-
ing data locations. Draw, at random, the coordinates for the
centroid of the object.

5. Insert an object at the location selected in step four. Draw
the dimensions and orientation of the object, and place its cen-
troid at the location from step four.
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Fig. 7.1—Major steps for the marked point simulation process.

6. Calculate the volume fraction of the objects. Return to
step four if the volume fraction is below the target value. Stop
the simulation when the volume fraction reaches the target
volume fraction.

This simulation process can be repeated for other types of
geologic facies that are represented with objects of different
properties and volume fractions.

7.1.2 Properties of Objects. Several types of objects can be
used to describe different geologic facies. The most common
objects used include parallelepipeds, ribbon-shaped half-cyl-
inders and ellipsoids. Fig. 7.2 shows several types of objects
commonly used in object modeling applications. A common
application of object modeling describes shale and sands with
box-shaped parallelepipeds and ribbon-shaped half-cylinders
torepresent shales and sand channels, respectively. Reservoir
models can include more than one type of object. Objects with
other shapes can be used for specific applications, as long as
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their dimensions are described with a finite number of param-
eters. For example, spherical objects have been used to de-
scribe the microscopic pores of rocks, and line segments have
been used to describe fractures.

Parallelepipeds have a convenient shape to represent a wide
range of shale types. Fig. 7.3 shows a realization of shale ob-
jects generated with the marked point process. Thickness,
length, width and orientation describe the geometry of paral-
lelepipeds. Different types of shales are described with a dif-
ferent range of values for these parameters. To illustrate the
range of shale dimensions, consider floodplain and drape
shales. Floodplain shales, in a shallow marine environment,
are represented with large widths and lengths of several thou-
sand feet or even miles, and uniform orientations. Drape
shales, in a deep marine environment, are represented with
small widths and lengths of a few feet to just inches, and
orientations along the paleocurrent direction.
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Fig.7.2—Types of geologic shapes for object modeling: 1) parallelepiped, 2) wedge, 3) ellipsoid,
4) lobe, 5) sigmoid, 6) channel and 7) dune (from Ref. 1).

In the marked point process, the parameters of the objects
are given as probability distribution functions. Fig. 7.4 shows
the different types of probability functions commonly used to
describe the properties of geologic objects. The selection of
a probability distribution function depends on how much is
known about the object’s dimensions. In practice, plenty of
information is available about the thickness from well data,
but only a little direct information about the lateral dimen-
sions is known. Often, field and modern analogs and outcrops
are used to obtain approximate lateral dimensions of objects.
The simplest probability distribution function is enough to
approximate this type of information. A uniform distribution
is the simplest type of probability distribution, requiring only
the minimum and maximum values. Triangular probability
functions are a popular choice when all three values (mini-
mum, most likely and maximum) are available. Multipoint
distribution functions can take any form and provide the most
flexible way to approximate any probability function. Nu-
merical Example 7.1 illustrates how probability functions are
used to draw object dimensions in the marked point process.

Ribbon-shaped half-cylinders are used to describe chan-
nels in several environments, including meandering, braided
and deep marine. Fig. 7.5 shows horizontal sections of chan-
nel objects with ribbon shapes. Fig. 7.6 shows an example of
fluvial channels represented by half-cylinder shapes in a ver-
tical section. The parameters that describe channels include
thickness, width, wavelength, amplitude and orientation.
These are specified with uniform, triangular or multipoint
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probability functions, as previously described for parallele-
piped objects. Sometimes the ratio of parameters, such as
channel width-to-thickness ratio or width-to-length ratio, is
specified in order to honor the relations among parameters
observed in the data.

Fig. 7.3—Object model for shale, generated by the marked point
process with parallelepipeds in a vertical cross section (from
Ref. 2).
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Fig. 7.4—Common types of probability distribution functions for
description of object dimensions.

The volume fraction is another important parameter be-
cause it controls the amount of objects in a reservoir model.
The volume fraction of each object type is defined as the bulk
volume of an object type divided by the bulk volume of the
reservoir. The marked point process inserts objects in a reser-
voir model until the volume fraction of each object type
is reached.

7.1.3 Conditioning Data. Similar to the conditional simula-
tion techniques described in previous chapters, conditioning
data for object modeling techniques consist of geologic facies
information at a limited number of locations inside the reser-
voir volume. Conditioning data are derived from geologic de-
scriptions of the facies based on cores and logs from wells.
Fig. 7.1 portrays how conditioning data are used in object
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modeling. The first steps of the marked point process ensure
that objects of the specified types are placed in every condi-
tioning data location.

Conditioning data points are represented as either indica-
tors or discrete intervals. Indicators are data at regular inter-
vals along wells that indicate the presence or absence of facies
with a value of one or zero, respectively. More often, the geo-
logic descriptions of the facies are recorded as interval data,
and they include the top and base of each interval containing
afacies type along a well. Fig. 7.7 gives an example of condi-
tioning data from a well showing the shale intervals identified
from geological and petrophysical interpretations. Both indi-
cator and interval data convey the same information.

7.1.4 Interactions Among Objects. The interaction among
objects in the marked point process assumes that objects
erode into each other. However, in some depositional envi-
ronments, facies interact among themselves in different fash-
ions. Some facies tend to cluster close to each other, while
other facies tend to be isolated.

One way to account for known interactions among facies in
the marked point process is the attraction and repulsion mech-
anisms developed by Clemetsen ez al.® Instead of drawing the
locations of the object at random, the attraction and repulsion
mechanisms draw the locations of objects from user-defined
probability functions that quantify the tendency of objects to
be close or far from each other. The different types of interac-
tions among objects are illustrated in Fig. 7.8.

Numerical Example 7.1—Shale Object-Modeling in Flu-
vial Reservoir. This example illustrates the major steps to
generate a description of shale in a fluvial reservoir with the
marked point process. Shales are represented by objects of
parallelepiped shapes and given probability functions for
their dimensions.

Given:

¢ The reservoir volume of interest covers an area of 2,000
ft by 2,000 ft and has a thickness of 50-ft (Fig. 7.9).

* Only one type of shale is present, and it is represented
by objects with parallelepiped shapes. See Fig. 7.10 and
Table 7.1 for the probability functions for dimensions and
orientation.

* Assume that shales erode into each other.

e The volume fraction of shales is 5%.

* One conditioning data point is available with x and y coor-
dinates both equal to 1,000 ft and with a shale thickness of 5
feet (Figure 7.9).

Calculate:

* Generate one realization of the shale objects with the
marked point process.

Solution. Step 1—Select the location of the conditioning
data point to insert the first object (Fig. 7.9). There is only one
conditioning data point with x and y coordinates, both at 1,000
ft, and it is located at the center of the reservoir volume. For
simplicity, the centroid of the object is placed at this location.
In general, the conditioning data can intercept the object at
any point within the object.

Step 2—Calculate the cumulative probability functions re-
quired in the marked point process. As shown in Fig. 7.11, cu-
mulative probability distribution functions are calculated by
integrating the probability density functions. The thickness is
assigned a value of 5 ft based on the conditioning data; there-
fore, it is not necessary to draw it from the probability func-
tions. Sample the cumulative distribution functions for the
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Fig. 7.5—Object models for channels generated by the marked point process with ribbon-

shaped objects (from Ref. 3).

other object dimensions and orientation with a uniform ran-
dom number generator that gives values between zero and
one. Draw the object’s length for a random number equal to
0.7352 by interpolating the points from the cumulative dis-
tribution function in Figure 7.11.

Length = 50 + (400 — 50)(0.7352 — 0)/(1 — 0) = 307.3 ft.

Draw the object’s width from the cumulative distribution
function (Figure 7.11) for a random number equal to 0.3793.

Width =50+ (200 — 50)(0.3793 — 0)/(1 — 0) = 106.9 ft.

Draw the object’s orientation from the cumulative distribu-
tion function (Figure 7.11) for a random number equal to
0.2856.

Angle =80+ (80 —90)(0.2856 — 0)/(0.5 —0) =85.7°.

The angles are measured clockwise from the North so that the
y axis in the positive direction is 0°, and the x axis in the posi-
tive direction corresponds to 90°.

The shale object at the conditioning data location is shown
in Fig. 7.12. The bulk volume for this shale is:

Shale Volume =5 X 307.3 X 106.9 = 164,254.9 ft3.

The bulk volume for the reservoir region is:

OBJECT-BASED SIMULATION TECHNIQUES

Reservoir Volume = 2,000 X 2,000 x 50 =200 x 100 ft3.
The shale volume fraction for this first shale object is:

Shale Fraction = 164,254.9/200 X 10° x 100 =0.08%.

70

I 1 1 I 1 1 1 1
100 200 300 400 500 600 700 800

X, ft
Fig. 7.6—Object models for channels generated by the marked

point process with half-cylinder shaped objects in a vertical sec-
tion (from Ref. 4).
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Fig. 7.11—Cumulative probability functions for shale dimen-
sions for Numerical Example 7.1.

Step 3—Because an object has been inserted at the only
conditioning data location, proceed to the next step.

Step 4—Select alocation for the centroid of the next object.
Draw at random the x and y coordinates with a uniform dis-
tribution between the minimum and maximum limits of the
reservoir area. The random numbers used to sample the dis-
tributions are obtained from a uniform random generator. For
a random number equal to 0.7199, the x coordinate is:

x=0+(2,000— 0)(0.7199 — 0)/(1 — 0) = 1,439.8 ft.

1.0 ] 1.0
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Fig. 7.10—Probability functions for shale dimensions for Nu-
merical Example 7.1.
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Fig. 7.12—First shale object at the conditioning data location in
Numerical Example 7.1.

For a random number equal to 0.4172, the y coordinate is:
y=0+(2,000—0)(0.4172 - 0)/(1 —0) =834 .4 ft.

Step 5—Similar to step two, draw the dimensions and
orientation of the object by sampling the cumulative distribu-
tion functions (Fig. 7.11) with a uniform random number gen-
erator. Draw the object’s thickness using a random number
equal to 0.2765.

Thickness = 1 + (5 — 1)(0.2765 — 0)/(0.4444 — 0) = 3.5 ft.

TABLE 7.1—DATA FOR NUMERICAL EXAMPLE 7.1
Parameter Probability Function Minimum Most Likely Maximum
Thickness, ft Triangular 1 5 10
Length, ft Uniform 50 — 400
Width, ft Uniform 50 — 200
Orientation, degree Triangular 80 90 100

OBJECT-BASED SIMULATION TECHNIQUES
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Fig. 7.13—First two shale objects in Numerical Example 7.1.

Draw the object’s length using a random number equal to
0.5399.

Length = 50 + (400 — 50)(0.5399 — 0)/(1 — 0) =239.0 ft.

Draw the object’s width using a random number equal to
0.0611.

Width = 50 + (200 — 50)(0.0611 — 0)/(1 —0) =59.2 ft.

Draw the object’s orientation using a random number equal
to 0.8325.

Angle =90+ (100 — 90)(0.8325 — 0.5)/(1 — 0.5) = 96.6°.

The two objects generated so far are shown in Fig. 7.13.
Step 6—The shale volume of this object and the current
volume fraction of all shale objects are:

Shale Volume = 3.5 X 239.0 X 59.2 =49,318.4 ft3.
Shale Volume Fraction =
(164,254.9449,318.4) / 200 X 100 x 100=0.11%.

Because the volume fraction is below the target of 5%, contin-
ue iterating between steps four and six until the volume frac-
tion reaches the specified target.

Fig. 7.14 shows the realization with a few more shale ob-
jects. To complete the simulation, repeat the previous steps,
and continue inserting objects until the shale volume fraction
reaches 5%.

7.2 Criteria for Choosing Object Modeling

The most accepted conditional simulation techniques to de-
scribed geologic facies are object modeling and Sequential
Indicator Simulation (SIS) technique for categorical vari-
ables described in Chap. 6. Two groups of geostatistics practi-
tioners that advocate the use of either object modeling or SIS
have emerged in recently published field cases; therefore,
there is some degree of confusion when selecting the right
technique. Although, there are no general rules for choosing
one technique over the other, a few guidelines, for deciding
the conditions that make object modeling more appropriate,
can be derived, based on the type of information available.

7.2.1 Depositional Environment. Object modeling is rec-
ommended for fluvial, deltaic and deep marine depositional
environments. The shape of most facies in these environ-
ments, like channels, mouth bars, levees and different types
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Fig.7.14—Shale realization with a few more objects in Numerical
Example 7.1.

of shale, are often reasonably preserved in the subsurface and
can be represented by discrete objects with unique shapes.
Usually, geologists can estimate dimensions and volume frac-
tions of facies based on modern river analogs, outcrops,
ground-penetrating radar and seismic data. Object modeling
is less applicable to carbonate environments because facies
have gone through post-depositional processes, such as do-
lomatization. Therefore, it is difficult to approximate the
shape of facies and estimate their dimensions in carbonate en-
vironments. Still, a few applications of object modeling, such
as the field case presented by Petit ef al.” in a mixed carbonate
platform, have been found attractive for quantifying the dis-
tribution of laterally continuous, but thin, sedimentary bodies
in a carbonate environment.

7.2.2 Conditioning Data. Object modeling is recommended
during early appraisal stages of a reservoir and when limited
wells with conditioning data are available. It is difficult for
object modeling to honor conditioning data in several wells
that are closely spaced and when facies extend across multi-
ple wells. In addition, conditioning data at wells does not have
as much influence in the outcome of object modeling as it
does for SIS.

7.2.3 Proportion of Objects. Object modeling works better
when volume fractions of facies represented by objects are
small and volume fractions of the background facies are large.
Examples include a reservoir that has 5% volume fraction of
shale objects within a sand background or a reservoir that has
about 30% volume fraction of channel objects within a shale
background. Object modeling can fail to reproduce the speci-
fied dimensions, in cases where volume fractions of facies are
large and of about the same magnitude. Excessive eroding
among objects can make reproduction of target volume frac-
tions difficult and can result in abnormal shapes.

7.2.4 Object Dimensions. Object modeling can encounter
difficulties, while generating descriptions when object di-
mensions are large, relative to the well spacing and simulation
area. The problems arise when the marked point simulation
process attempts to place an object at a conditioning well, and
because of its large dimensions, the object extends over to a
nearby well, which does not have conditioning data at this
location. The simulation process attempts to iterate around
these conflicts with nearby wells; however, because the ob-
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Fig. 7.15—Histograms of seismic impedance for channel and
nonreservoir facies (from Ref. 8).

ject’s dimensions are large, it will not converge, even after
several iterations.

7.2.5 Seismic Data. Object modeling is not well suited to
condition descriptions with seismic data. The marked point
process does not have a mechanism that can easily use the vol-
ume of reservoir attributes, generated with recently devel-
oped seismic inversion techniques. Seismic inversion pro-
vides reservoir attributes, which can be correlated to geologic
facies or convey direct information about trends and lateral
variations of facies. The relationships between seismic im-
pedance and channel facies and nonreservoir facies are shown
in Fig. 7.15. One approach proposed to incorporate the seis-
mic attribute data into the marked point process (Tjglsen
et al.3), based on the relationships observed in Fig. 7.15,
which indicate that channels tend to have a lower seismic im-
pedance than nonreservoir facies. However, only limited re-
sults were presented, and more evaluations of this technique
are needed to prove the effectiveness of incorporating seismic
attribute data.

7.2.6 Available Data. Object modeling requires information
external to the data available from well logs and cores. The
data about dimensions, shapes and orientations of various ob-
jects can be obtained from outcrop analogues, modern ana-
logues, and literature data. However, if such information is
not readily available, object modeling could render results
that are meaningless and far removed from reality.

7.3 Hybrid Conditional Simulation Approaches

This chapter, as well as previous ones, have shown that indi-
vidual conditional simulation techniques suffer from some
shortcomings because these techniques are not applicable for
all scenarios, even within the same depositional environment.
To overcome these deficiencies, geostaticians have proposed

OBJECT-BASED SIMULATION TECHNIQUES
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Fig. 7.16—Two-step object modeling approach.

different hybrid techniques that are more flexible and gener-
ate more realistic reservoir descriptions. Hybrid approaches
combine two or more conditional simulation techniques to
take advantage of the best features of each technique. The
field cases that illustrate the application of these hybrid ap-
proaches are given in Sec. 7.3.1.

7.3.1 Multistep Approach Using Object Modeling. The
multistep object modeling approach applies the marked point
process multiple times in several stages. At each stage, the
simulation process generates geologic objects at different
scales. In the first stage, large-scale objects are simulated to
fill the reservoir volume with major geologic facies or facies
associations that extend throughout the simulation area. In
subsequent stages, facies at smaller scales or lithotypes,
which occur within major facies, are simulated within each of
the objects from the previous stage. Several stages of this pro-
cess can be repeated to describe the necessary level of geolog-
ic detail.

The following example considers the description of chan-
nels and shale in a meandering river environment. Fig. 7.16
illustrates the major steps of the two-step approach. In the first
stage, channels with 30% volume fraction are distributed with
object modeling within the floodplain shale background. In
the second stage, drape shale with 5% volume fraction are de-
scribed within each of the channel objects.

7.3.2 Multistep Hybrid Approaches Using Object Model-
ing and Pixel-Based Techniques. It is impractical for a
single geostatistical technique to describe reservoir heteroge-
neities at all scales. Therefore, multistep approaches, using
more than one technique, were introduced to characterize dis-
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Fig. 7.17—Steps in a hybrid four-step approach.

tinct styles of heterogeneity at different reservoir scales. For
example, in a fluvial environment, the character and degree
of correlation are different for major geologic facies, such as
channels, and for beds of sand grain within each channel,
which control porosity and permeability. Channels are corre-
lated across the field along the paleoflow direction, while, at
smaller scales within individual channels, the arrangement of
sand grain is highly influenced by the distance from the
source of the river. For some reservoir characterization ap-
plications, it is important to properly describe the heteroge-
neities at the scale of major facies and at the smaller scales
within the facies.

The number of steps required in a hybrid approach depends
on the variation of correlation at different scales and the type
of reservoir properties being described. A hybrid approach,
consisting of four steps that describe major facies and reser-
voir properties in a fluvial depositional environment, is de-
picted in Fig. 7.17. Other approaches with different steps can
be designed to fit other modeling purposes. Steps are
executed sequentially, so the descriptions from previous steps
can be used in subsequent steps. The four steps are:

Step 1—Describe major geologic facies associations with
object modeling. This includes facies that extend across a sig-
nificant region of the field, such as channels, mouth bars, le-
vees and floodplain shale. The dimensions, type of objects,
volume fractions, and conditioning data are specified for
each facies.
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Fig. 7.18—SIS facies description in braided fluvial reservoir
(from Ref. 9).

Step 2—Describe lithotypes with Sequential Indicator
Simulation (SIS). Lithotypes include beds of different litho-
gies, such as fine and coarse grain sandstones, mudstones and
calcite concretions, which are present in different proportions
within each geologic facies described in step one. The vario-
grams, volume fraction and conditioning data are specified
for each lithotype within each facies.

Step 3—Describe porosity with Sequential Gaussian Simu-
lation (SGS). The variograms, porosity mean value and
conditioning data are specified for each lithotype described in
step two. This approach allows us to assign different proper-
ties to the same lithotype present in more than one facies.

Step 4—Describe permeability with Sequential Gaussian
Cosimulation (SGCOSIM). The variograms, permeability
mean value, conditioning data, and crosscorrelation between
porosity and permeability are specified for each lithotype de-
scribed in step two.

7.4 Field Case Studies

The three field case studies described below illustrate the ap-
plication of object modeling techniques to reservoir in differ-
ent depositional environments.

7.4.1 Comparison of Object Modeling and SIS for a
Braided Fluvial Reservoir. Seifert and Jensen® presented a
quantitative comparison of object modeling and SIS models
for a reservoir deposited in a braided fluvial environment.
The comparison is based on ten realizations generated with
each technique. The four facies or “genetic units” considered
are low angle cross-bedded channels (FC-A), planar or cross-
laminated channels (FC-B), good reservoir quality sheet-
floods (SF), and other than pay (OTP), which represents poor
reservoir quality rocks. The width, length and thickness of
reservoir volume described in the models are 5,270 ft, 9,700
ft and 80 ft, respectively, and these were filled using cells that
were 50 X 50 X 2 ft.

For this depositional environment, Seifert and J ensen’
found that a two-step SIS works better than the conventional
SIS where all facies are described in a single step. The SIS pa-
rameters (variogram ranges and orientations) were obtained
by sensitivity analyses and conditioning data from two wells.
The first step described the FC-A channel facies and the back-
ground with SIS. In the second step, the FC-B, SF and OTP
facies were modeled with SIS within the background of the
first step. Fig. 7.18 shows a realization of the SIS description.
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Fig. 7.19—Object modeling facies description in braided fluvial
reservoir (from Ref. 9).

The input for object modeling, such as channel dimensions,
aspect ratios and sinuosity, were estimated from a detailed
quantitative sedimentological study and published outcrop
analogs. The object modeling approach consisted of four
steps. In each step, each channel type was described and then
merged, based on specified erosion rules. Fig. 7.19 shows one
object modeling realization.

Visual inspection of the object modeling and SIS realiza-
tions (Figs. 7.18 and 7.19) indicate that the channel architec-
ture, generated by SIS, is less confined than the object mod-
els. Qualitatively, the techniques were compared based on
their effective permeabilities in the x and y directions that
were calculated by scaling-up the models into one cell that
covered reservoir volume. Along the channel direction
(approximately oriented in the East/West direction and
aligned with the x axis), the effective permeabilities of the ob-
ject models are only 20% lower than the SIS models. While,
in the across-channel orientation (approximately oriented in
the North/South direction and aligned with the y axis), the ef-
fective permeabilities of the object models are 103% lower
than the SIS models. The permeability anisotropy ratio for the
x and y directions is 0.46 for the object models and 0.93 for
the SIS models. These differences in permeabilities are main-
ly caused by the poorer hydraulic communication in the
across-channel direction in the object models. Seifert and
Jensen? concluded that the optimum approach for this deposi-
tional environment could be a hybrid approach, which uses
object modeling to describe channel facies (FC-A and FC-B)
and SIS to describe the background facies (SF and OTP).

7.4.2 Two-Step Hybrid Simulation Approach in an Upper
Shoreface Environment. The depositional environment de-
scribed in this field case study is an upper shoreface consist-
ing of several stacked and laterally adjacent lobe-shaped
mouth bars. Damsleth ef al.!10 proposed a two-step hybrid
conditional simulation, based on object modeling and Gaus-
sian simulation, to develop a reservoir simulation model that
investigates the effect of different levels of heterogeneities in
recovery of a waterflood process.

The first stage describes geologic facies using the marked
point process. The following six facies types were described
with objects: mouthbar sands (M1A), mouthbar fines (M1B),
calcite (K), channel deposits (P1), distal deltafront fines (D 1)
and delta plain fines (P3). The geometries of the facies were
derived from extensive studies of analog outcrop sequences.
Conditioning data at two wells were included in the models.
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Fig. 7.20—Schematic of geologic setting delta mouth bar setting
(from Ref. 10).

Fig. 7.20 shows a conceptual description of facies in a delta
mouthbar setting. The shapes of the objects used to represent
the facies were rectangular boxes and ellipsoid. The reservoir
model consists of nine layers, and each layer contains be-
tween one and four facies types. Horizontal and vertical sec-
tions for five object modeling realizations are shown in Figs.
7.21 and 7.22. The differences among the five realizations il-
lustrate the degree of uncertainty that exists in spatial arrange-
ment of facies.

The second stage uses Gaussian simulation to describe hor-
izontal and vertical permeabilities within the facies frame-
work constructed in the first step. The parameters used to de-
scribe the permeabilities, such as mean, standard deviation
and variograms, were assigned different values according to
the facies. Because the lateral variogram ranges could not be
estimated from the data, these were defined based on geologic
experience. The original paper shows five realizations of hor-
izontal permeability corresponding to the facies realizations
shown in Fig. 7.21. The realizations exhibit a significant de-
gree of heterogeneity, and according to Damsleth et al.,!0
they appear realistic from a geological viewpoint. For one fa-
cies realization, several permeability realizations can also be
generated, but these will exhibit less variation than those
based on different facies realizations.

Several realizations of the two-step descriptions were used
in a flow simulation model. The permeability realizations
were scaled-up from a 1.2 million cell grid to the simulation
grid with 5,500 cells. The waterflood simulations included
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Fig. 7.21—Horizontal sections showing five realizations of fa-
cies objects (from Ref. 10).

four injection wells and five oil production wells. The simula-
tion results illustrate the effect of different degrees of hetero-
geneities caused by facies and permeability variations on
field watercut. Fig. 7.22 shows simulations for five perme-
ability realizations based on the same facies model, while Fig.
7.23 shows simulations for five permeability realizations
based on different facies models. The spread in the simulated
watercut is greater for the five realizations based on different
facies models. Figs. 7.22 and 7.23 also show a smooth case
that was generated based on a smooth interpolation of perme-
ability. For both sets of simulations, the watercuts for the
smooth case are lower than those obtained with the stochastic
models. These simulations indicate, by ignoring the reservoir
heterogeneities and using a traditional smooth description,
the oil recovery will be overestimated.

7.4.3 Description of Shale in Submarine Fan Environ-
ments. Object modeling is used in this field case to describe
shale in a submarine fan environment (Haldorsen®). The de-
scriptions were designed so single-well simulation models
could investigate the effect of shale barriers on gas and water
conning from the gas cap and aquifer.
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Fig.7.24—Shale lengths cumulative probability distributions for
shale in mid-fan and outer-fan facies (from Ref. 5).

The two major geologic facies in this reservoir are an outer
fan and a mid fan (lobe). The shale dimensions, within each
facies, are different, as shown in Fig. 7.24 by the probability
distribution of the shale lengths. Shale is smaller in the mid
fan (lobe) than in the outer fan. Based on studies of subma-
rine-fan depositional environments and paleohydrologic re-
constructions, shale object shapes were represented with pa-
rallelepipeds of width equal to one half the length. The
conditioning data for the well located in the center of the mod-
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Fig. 7.25—Shale conditioning data (from Ref. 5).

el is shown in Fig. 7.25. In addition to conditioning, the
shale descriptions at wells are the main source to estimate the
distribution of thickness and the volume fraction of shale.
Only Shale 11 through 20, which fall within, just above and
below the oil column, were included explicitly in the simula-
tion model.

Descriptions of the shale objects were generated by the
marked point process. Because of the limitations in the num-
ber of cells that the simulation model can handle, types of
shale were described only in an area of about 240 meters
around the well. Fig. 7.26 shows the shale objects that inter-
cept the conditioning well. Shale objects are placed only in
the locations indicated by the conditioning data (Fig. 7.25).
Shale are scaled-up into vertical transmissibility modifiers,
which can be used in the flow simulation model.

7.5 Other Applications of Object Modeling

In addition to geologic facies descriptions, object-based mod-
eling techniques have been used to characterize other reser-
voir properties, such as faults, fractures and pore structure
networks. Sec. 7.5.1 discusses the use of object modeling to
describe subseismic faults.

7.5.1 Subseismic Fault Modeling. Subseismic faults are
faults with displacements of less than 50 ft and cannot be in-
terpreted even in high-resolution, 3D, seismic data. Despite
their small displacements and sizes, subseismic faults can

OBJECT-BASED SIMULATION TECHNIQUES

Fig. 7.26—Shale objects that intercept the conditioning well
(from Ref. 5).

have a significant effect on permeabilities and connectivity of
the reservoir.

A technique to describe subseismic faults using the marked
point process has been proposed by Munthe ez al.1! Faults are
assumed to be vertical planes represented by line traces in
horizontal planes and displacements. The parameters that de-
scribe faults are the center point of the fault line, length,
width, orientation, vertical displacement and number of
faults. Because subseismic faults are assumed to be a local
phenomena, ellipsoids are defined around fault objects to
bind the reservoir volume that is displaced by the faults.

The subseismic fault simulation process is similar to the
process previously described for geologic facies. Fault pa-
rameters are represented by conditional probability distribu-
tion functions, which account for the conditional relation-
ships among parameters. The conditional relationships
among fault parameters are observed in field data, and these
are used to develop models for the simulations. For example,
fault displacement can be a function of location, and fault
length can be a function of the displacement. Because sub-
seismic faults are not seen in the field data, there are uncer-
tainties when defining the number of faults and probability
functions for the fault dimensions. A solution is to extrapolate
the relationships observed at the field to the subseismic scale.
Some studies have shown that the number of faults and their
dimensions can be described by fractal scaling laws. In the
simulation process, fault parameters are sampled sequentially
in the order that is required to account for the prescribed
conditional relationships.

Summary

In Chap. 7, we briefly describe object-based modeling of res-
ervoir heterogeneities. Compared to grid-based simulations,
object-based modeling is superior in representing geological-
ly consistent, reservoir architecture. Object-based modeling
also has an advantage of generating crisp images of geologi-
cal bodies. The physical relationships among various geolog-
ical objects can be explicitly accounted for, thereby, creating
realistic images.

Object-based modeling falls short when diagenetic over-
print is significant so that the original geological object
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shapes are significantly altered. It is also difficult to apply
when the reservoir is mature, and a significant number of
conditioning well data exists. In general, we conclude that ob-
ject-based methods work best in clastic environments with a
limited number of well data and when significant external in-
formation, regarding geological object shapes and sizes,
is available.

Ultimately, the method that works best depends on the type
of information available, as well as the geological environ-
ment. As discussed in this chapter, in some cases, a combina-
tion of object-based and grid-based methods may provide the
best solution.

Nomenclature

f= fraction

h= thickness
mD,; = measured vertical depth
r= repulsion function
s = attraction function
p = probability
X= axis
y= axis
p = density
Subscripts
i= dummy variable
sh= shale
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Chapter 8
Scaleup

This chapter presents scaleup techniques used to calculate ef-
fective reservoir properties for a coarse scale grid that usually
has blocks several times larger than the fine scale in which the
geologic and petrophysical descriptions are generated. Often,
reservoir properties are described at small scales in order to
capture variations observed in cores, logs, geologic models
and seismic data. However, the resolution of models needed
for other applications, such as flow simulations, is much
coarser because the maximum number of gridblocks that can
be used is limited by computer resources. Fig. 8.1 shows an
example of fine- and coarse-scale grids. In this example, one
coarse block contains 25 fine-scale blocks. Recently, with the
advent of more sophisticated gridding algorithms in flow sim-
ulators, such as corner point geometry and local grid refine-
ment, it is possible to tailor grids to account for complexities,
such as faults and high fluid velocity profiles near wells. Fig.
8.2 shows an example of local grid refinement around a well.
Scaleup techniques provide effective petrophysical proper-
ties for coarse gridblocks, such as the ones shown in Figs. 8.1
and 8.2, based on a fine-scale grid.

Sec. 8.1 covers scaleup techniques for static reservoir prop-
erties, including gross thickness, porosity and initial water
saturation, and Secs. 8.2 and 8.3 cover the techniques used to
scaleup dynamic properties, including permeability and rela-
tive permeabilities. Scaleup techniques described here are
formulated, so the outcome of using effective properties in the
coarse scale should yield the same result as the fine scale. For
example, the scaleup technique for porosity ensures that the
pore volume, at either scale, is the same. In general, the scale-
up process for dynamic properties is more challenging than
the process for static properties because several factors, such
as boundary conditions, flow directions and interactions
among the phases, affect the effective dynamic properties.
Therefore, several approaches, which account for different
conditions, have been proposed to the scaleup process for dy-
namic properties.

8.1 Scaleup of Static Properties

This section describes the techniques used to scaleup static
properties. These properties include gross thickness, porosity
and saturation. Scaleup of these properties is relatively
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straightforward and requires simple averaging. The details
are discussed in the following subsections.

8.1.1 Gross Thickness. The scaleup technique for gross thick-
ness calculates an effective thickness for a coarse block, based
on the thicknesses of the small-scale blocks that fall inside the
coarse block. The scaleup calculation is based on the principle
that the bulk volume of the coarse-scale block must be equal
to the sum of the bulk volumes of the fine-scale blocks that fall
inside the coarse block, as described in the following equa-
tions. The bulk volume of a coarse block, V}, is given by

Vb = Abﬂ,

where Ay, is the surface area of the block, and his the effective
gross thickness of the coarse block. Using the properties of
the fine-scale blocks that fall inside the coarse block, the bulk
volume of the coarse block is given by

vV, = ZA,-h,—, ........................... (8.2)
i=1
and the surface area is given by
Ay= D AL (8.3)
i=1

where 7 is the number of fine-scale blocks that fall inside the
coarse-scale block; A; is the surface area, and 4; is the gross
thickness of fine-scale block i. The effective gross thickness
of the coarse block is obtained by combining Egs. 8.1-8.3,
and it is given by

In many cases, the surface area of the fine-scale blocks is the
same, such as the example shown in Fig. 8.1. For these cases,
the effective gross thickness, given by Eq. 8.4 becomes

h=21>"h.

i=1
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Fig. 8.1—Fine- and coarse-scale grids.
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For this special case, the effective gross thickness is equal
to the arithmetic average of the thicknesses of the fine-
scale blocks.

8.1.2 Porosity. The scaleup calculation for porosity is based
on the principle that the pore volume for the coarse-scale
block equals the sum of the pore volumes of the fine-scale
blocks that fall inside the coarse block. The pore volume of
the coarse-scale block, pvp, is given by

PV, = Vbé’

where V}, is the bulk volume, and ¢ is the effective porosity
of the coarse-scale block. The pore volume can be calculated
by adding the pore volumes of the fine-scale blocks that fall
inside the coarse block. This is given by

pvy = i Aihi,,
i=1
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Fig. 8.2—Coarse grid with local grid refinement around a well.

where n is the number of fine-scale blocks that fall inside
the coarse-scale block; A is the surface area; & is the gross
thickness, and ¢ is the fine-scale block porosity. Substituting
Eqgs. 8.7 and 8.2 into Eq. 8.6 yields the equation for effec-
tive porosity,

S b,
b

> A,
i=1

There are cases when the surface area and gross thickness of
the fine-scale blocks are common. For these cases, Eq. 8.8 can
be simplified. For the case in which the surface area of the
fine-scale gridblock is constant, the effective porosity is given
by the gross thickness weighted average,

n

> h

- —
¢ = l n

For the case in which the gross thickness and surface area of
the fine-scale blocks are constant, the effective porosity is
given by

§5 z%i ?i,

which is the arithmetic average of the porosities at the
fine scale.

8.1.3 Water Saturation. The scaleup technique for initial
water saturation is based on the conservation principle that
the initial volume of water at the fine and coarse scales must
be equal. The total initial volume of water, Wpvj,, at the coarse
scale is given by

vah = pvhSwia
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Fig. 8.3—Static reservoir properties for afine-scale grid (1 x 1 ft).

where pvj, is the pore volume, and S.; is the effective initial
water saturation of the coarse-scale block. The volume of wa-
ter is given by the sum of the volumes of the fine-scale blocks
that fall inside the coarse block.

Wpv, = zAjhj¢iji]7
=1

where n is the number of fine-scale blocks that fall inside the
coarse-scale block; Aj is the surface area; hj is the gross thick-

ness; ¢; is the porosity, and Sw,-j is the initial water saturation

of the fine-scale blocks. The effective initial water saturation
is obtained by substituting Eqs. 8.11 and 8.7 into Eq. 8.12, and
itis given by

zAjhj‘Pijij
& =l

Swi - -
> A,
j=1

The left side of this equation is often referred to as the pore
volume weighted average.
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For some cases commonly encountered, Eq. 8.13 can be
simplified to calculate the effective initial water saturation.
For the case in which the surface area of the fine-scale blocks
is constant, the effective initial water saturation is

Zn: hi;S.,
_ i

> g,

j=1

wi

For the case in which the surface area and gross thickness of
the fine-scale blocks are constant, the effective initial water
saturation is

> 5.,
Swi = ,:1—

P R N NN

zfﬁj

Jj=1

For the case in which the surface area, gross thickness and po-
rosity of the fine-scale blocks are constant, the effective water
saturation is

n

s _ 1

Swi - ﬁzswii’
j=1

which corresponds to the arithmetic average.

Numerical Example 8.1—Scaleup of Static Properties.
This example illustrates the scaleup calculations for gross
thickness, porosity and initial water saturation. The fine-scale
grid, consisting of 1 X 1-ftblocks, and the reservoir properties
for each block are shown in Fig. 8.3. Calculate the effective
properties for a coarse block with the dimensions 5 X5 ft,
which includes all fine-scale blocks.

Solution. Eq. 8.5 gives the effective gross thickness of the
coarse block.

Zh,-=20+25+14+...+9=356,
i=1
and
1N L (3s6) =

h= > hy = 55(356) = 1424 ft

1

1
ﬁ .

i

Eq. 8.9 gives effective porosity of the coarse block.

Zhiqbi =20 X 0.18 + 25 X 0.25

i=1
+ 14 X 0.06 +...+ 9 X .013 = 56.97,

and
> g,
¢ ="

i

_ 56.97

356 0.160.

i=1

Eq. 8.14 gives effective water saturation of the coarse block.

> b, = 20 X 0.18 X 0.09 + 25 X 0.25 X 0.31

Jj=1

+ 14 X 0.06 X 0.13 + ...+ 9 x0.13 X 04 = 13.15,
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Fig. 8.4—Effective permeabilities for ideal cases where beds are
arranged parallel and in a series, with respect to flow direction.
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wi n
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Jj=1

8.2 Scaleup for Dynamic Properties—
Single-Phase Flow

This section discusses scaleup techniques for dynamic prop-
erties for single-phase flow. The most important dynamic
property of a reservoir is permeability. Calculation of the ef-
fective permeability for a coarse block from fine-scale per-
meabilities is more challenging than for static properties. Be-
cause permeability is a dynamic property, scaleup depends on
the relative spatial arrangement of the fine-scale permeabili-
ties, boundary conditions and anisotropy. For some ideal spa-
tial arrangements of permeabilities and boundary conditions,
analytical equations for scaleup are available. For more gen-
eral cases, permeability scaleup is based on numerical solu-
tions of the partial differential equations that govern single-
phase flow.

8.2.1 Effective Permeabilities for Ideal Cases. The effec-
tive permeabilities for three ideal cases are given by arithme-
tic, harmonic and geometric averages.! Although ideal cases
seldomly represent the real heterogeneity of rocks, these
provide useful measures of upper and lower bounds of effec-
tive permeability.

The arithmetic average provides an effective permeability
for the case, when flow occurs along layers of constant
permeability (Fig. 8.4). The permeability of individual layers
might change, but it is constant along the flow direction. The

arithmetic average permeability for the x direction, k., is
given by

lgx,a = %i ks
i=1

where n is the number of fine-scale blocks that fall inside the
coarse-scale block, and k, is the permeability along the x-
direction for the fine-scale blocks. This equation assumes that
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the blocks have constant dimensions along the x, y, and z
directions. If the thickness of the layers varies, the effective
permeability is given by

Similarly, effective permeabilities for the y and z directions,

k. and k.., can be derived.

The harmonic average provides the effective permeability
for the case in which the permeability is arranged in series,
and it changes only perpendicular to the direction of flow
(Fig. 8.4). The effective permeability along the x direction,
given by the harmonic average, is

e (8.19)

lgx,h = nn
2%

Similar equations can be derived for &, and k..
For the case in which the block length varies along the flow
direction, the effective permeability is given by

>

= =1
kx,h -
1

v Li
iz kx,i
The geometric average provides the effective permeability
for the case in which the distribution of permeability is com-
pletely uncorrelated or when the correlation range of the va-
riogram is zero. The geometric mean effective permeability,

k., for blocks with the same dimensions, is given by

X80

1

ke, = (ﬂk) :
i=1

Similar equations can be derived for k,, and k..

For the same fine-scale values, the arithmetic average gives
the highest effective permeability; whereas, the harmonic av-
erage gives the lowest effective permeability, and the geomet-
ric average provides an effective permeability that is between
these two.

The power average is a more general averaging technique,
which includes the above averages as limiting cases. To cal-

culate the effective permeability, IEW, with the power average,
use the equation,?
1
n P
~ P
ko =[5>k |0 (8.21)

i=1

where p is the power that ranges from — 1 to + 1, except for
zero. p =1 represents the arithmetic average; p= — 1 repre-
sents the harmonic average, and p =0, as a limiting case, rep-
resents the geometric average.

8.2.2 Incomplete Layer Method. The incomplete layer
method provides a scaleup approximation when permeabili-
ties vary in more than one direction. Cardwell and Parsons3
showed that the effective permeability lies between the upper
and lower bounds, which are given by combinations of the
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Fig. 8.5—Upper and lower permeability bounds for an incom-
plete layer method.

arithmetic and harmonic averages. Fig. 8.5 illustrates the cal-
culation of the upper and lower bounds for the effective
permeability. The details are provided in Appendix F. The up-
per bound, k., consists of the harmonic average of the arith-
metic average values.
kmax = L

-1
n

S

i=1 j=1

The lower bound, ki, consists of the arithmetic average of
the harmonic average values.

min T p

An approximation for the effective permeability for a coarse
block is given by the geometric average of the bounds,*

8.2.3 Renormalization Method. The renormalization meth-
od uses the analogy between flow in porous media and elec-
tric circuits to calculate the effective permeability of a coarse
block. King’ introduced the method. The effective perme-
ability is calculated recursively in several steps. First, the
fine-scale grid is divided into groups of four two-dimensional
(2D) blocks or eight three-dimensional (3D) blocks. The ef-
fective permeability is calculated for each group with the
equations derived from circuit analogs. In the subsequent
steps, new groups of four or eight blocks are created with the
effective permeabilities from the previous step. The proce-
dure continues until the blocks reach the required scale. The
equation, which calculates the effective permeability in 2D
for the configuration, is shown in Fig. 8.6. (See Appendix F
for details.)

SCALEUP

ks

Fig. 8.6—Permeability arrangement for renormalization and ten-
sor methods.

z 4k, + k)(k, + ky)C,

k, = G+ h +k + k)G, +3C, (8.25)

C, = kokyky, + ky) + kiks(ky + ky), ool (8.26)
and

C, = (ky + k)(ky + k)(k; + k3)(ky, + ky). ... (8.27)

This effective permeability, k, must be calculated for the yand
z directions. The equation assumes closed boundaries in the
directions perpendicular to flow. King notes that the deriva-
tion for 3D does not yield a closed form, as Eq. 8.25; there-
fore, it must be solved numerically.

8.2.4 Permeability Tensor. Permeability tensors allow a
more rigorous representation of permeability. They correctly
account for crossflow, created by the heterogeneity within the
gridblock. Full permeability tensors are required to describe
the effective permeability of gridblocks when®-8 the layered
structure of the permeability is not aligned with the coordi-
nate axes of the gridblocks, and heterogeneity is not centered
within the gridblocks.

In two dimensions, permeability tensors have four compo-
nents. Two components account for flow along the principal
directions because of pressure gradients in those directions
(kyx and kyy), and two components account for crossflow be-
cause of pressure gradients in the perpendicular directions
(kyy and kyy). The Darcy’s law equations, which describe the
velocity field for the permeability tensor, are

_ _kafip) _ky(op
W)=~ ( 6x)x 7 ( ay) (8.28)
kyx dp ky, ap
(v,), = - 7(5) - 7(37); ............ (8.29)
_ _kafip) _ky(op
o= (@) w ) (330)
and
_ k,vx dp k,v,v ap
(vy)y = — 7(5)). - F(a_y>y' ............ (8.31)
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Here, (vy)y and (vy), are the velocity components in the x
direction for flow along the x and y directions, respectively.
(vy)y and (1y)y are the corresponding velocity components in
the y direction. (9p/dx), and (9p/dx), are the pressure gradi-
ents in the x direction flow along the x and y directions, re-
spectively. (dp/dy), and (9p/dy), are the corresponding pres-
sure gradients in the y direction.

The method proposed by Aasum et al.” calculates the effec-
tive permeability tensor of a coarse block, recursively, in
groups with a two by two arrangement with the finer-scale
blocks, as shown in Fig. 8.6. The equations that calculate the
effective permeability tensor for a two by two arrangement of
blocks are

%XX — kxapp ,
(%) (2 ) (%
(L) | <[

.................. (8.32)
lgyy — k.vapp i
(%) (% P (%
(L) =[G
.................. (8.33)
o= — i) (%2
ko = k’“(ﬁ)/(ﬂy)y’ ................. (8.34)
and
A o (9P (9P
ky = — k”’(a_y) /(ﬁ) e (8.35)
Kyoppand ki, are the x and y apparent effective permeabilities

and are used as effective permeabilities, if the simulator is not
equipped to handle a tensor formulation for permeability.

IEWI, will reduce to lgx_r, and IEWI, will reduce to IED,, if the poten-
tial gradient ratios in Eqs. 8.32 and 8.33 are zero. The poten-

tial gradient ratio is defined as the ratio of the transverse to the
longitudinal pressure gradients. (9p/dx) /(3p/ ay))_ is the po-

tential gradient ratio induced by the flow along the y axis;
whereas, (9p/dy) /(0p/dx)_is the potential gradient ratio, in-
duced by the flow along the x axis. For details of the deriva-
tion, see Appendix F.

The method of permeability tensors can be extended to 3D
flow?; however, the equations become more complex.

In addition to the methods discussed here, other analytical
methods have also been developed. These include methods
that account for shale/sand distributions!0-11 and methods
that use wavelet theory.!2-13 The methods for sand/shale dis-
tributions are useful for only specific applications. The meth-
ods using wavelets seem to predict the upscaling very well;
however, they are not grounded in physical flow behavior.

All the methods discussed so far are applicable for linear
flow in gridblocks. However, near the wellbore, the flow is ra-
dial rather than linear. Recently, an analytical method was de-
veloped to account for such flow. !4

8.2.5 Steady-State Flow—Numerical Solution. This meth-
od uses the numerical solution of the partial differential equa-
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tion that governs single-phase steady-state flow conditions, to
calculate the effective permeability of a coarse-scale block.
The equation for the system consisting of fine-scale blocks
that fall inside the coarse block is

o (, op a(, dp d(, o\ _
a(k5> + a—y(kya—y) + a_z(kza_z) =0 ...(836)

This equation is solved with constant pressure conditions at
inlet and outlet faces, which are normal to the direction in
which the effective permeability is being calculated, with
closed boundaries in the other directions. Boundary condi-
tions that calculate the effective permeability for the x direc-
tion are

Px=0) = Po e (8.37)
PX=L) = P, oo (8.38)
ap

= =0, 8.39
9y, s (8.39)

and
ap _
a_zz:O,L =0. (8.40)

The numerical solution for Egs. 8.36-8.40 provides the pres-
sure distribution and flow rates in the fine-scale system. The
sum of the flow rates at the outlet face calculate the total flow
rate, Q. Then, the effective permeability for the coarse block
for the x direction is calculated with Darcy’s Law, written as

]E — QxluL,\'
tAP, — Py
Similar equations can be derived for the y and z directions by
using the appropriate boundary conditions in Egs. 8.37-8.40.

Numerical Example 8.2—Permeability Scaleup. In this
example several scaleup methods are used to calculate the ef-
fective permeability of a gridblock. The fine-scale permeabil-
ity distribution consisting of 5 X 5 ft blocks, is shown in Fig.
8.7. With the scaleup methods discussed in this chapter, cal-
culate the effective permeabilities for a coarse block that con-
tains all the fine-scale blocks.

Solution. Fig. 8.8 summarizes the effective permeabilities
of the coarse block estimated with the different methods. The
arithmetic and harmonic averages are the highest and lowest
estimates of all methods. For this example, the numerical
solution for effective permeability in the x direction is closer
to the arithmetic average, while the numerical solution for the
permeability in the y direction is closer to the harmonic aver-
age. The power average varies from values close to the arith-

Permeability, md X

20-40

<20

Fig. 8.7—Fine-scale permeability description.
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Fig. 8.8—Effective permeability for a coarse block, calculated
with different scaleup methods.

metic average, for exponents close to one, to values close to
the harmonic average, for exponents close to — 1. This exam-
ple shows that the exponents needed to estimate the x and y
permeabilities are significantly different. The incomplete
layer method provides estimates for x and y permeabilities,
which are closer to the numerical solution than the simple av-
erages. The following are the details of the calculations.
The arithmetic average (Eq. 8.17) is

kio = %(99.4 +91.0 + 81.6 + . .. + 62.5)

55.8 md.

The harmonic average (Eq. 8.19) is

k= — . 215 — = 11.9md.
9i*910" 816" T @
The geometric average (Eq. 8.20) is
- L
ko, =1(99.4 x 91.0 X 81.6 X ... X 62.5)

= 35.4 md.
The power average (Eq. 8.21) for a power equal to 0.5 is

~ L
ki = 35(994%% + 910°% + 816 + .. . + 62,599

47.4 md.

The incomplete layer method (Eqgs. 8.22 through 8.24) pro-
vides an estimate for each direction. The maximum effective
permeability for the x direction is

B2 ki = £(99.4 426 + 6.1 + 284 +765) = 426,
j=1

52 ke = £OL0 4931 + 12 + 950 + 602) = 68.1,
j=1

SCALEUP

and

lg)a,max = 3 = 541 md

5
11
2(42.6 te1t )

The minimum effective permeability for the x direction is

e 1 ? I -
D% 9947910 816 506 * 852

-1 ¢

= 1 1‘5 1 - 104
>p 2wt mit oot st s

Fooin = %(77.2 + 104+ .. ) =41.9md

The effective permeability for the x direction is obtained by
combining the maximum and minimum effective permeabili-
ties, written as

k, = /54.1 x 41.9 = 47.6 md.

The effective permeability calculations for the y direction are
similar, but it is assumed that flow moves from the top to-
wards the base of the grid.

Field Example 8.1—Scaleup of Static Properties and
Permeability. The scaleup techniques are used in this field to
calculate effective reservoir properties for a grid with large
blocks. The fine-scale models were generated with condition-
al simulation techniques that capture variations observed in
the well data and directional trends inferred from the geologic
model. The number of blocks required to fully describe the
reservoir heterogeneities is too large for flow simulators;
therefore, a model with larger blocks must be generated.
Scaleup techniques transform the reservoir properties from
the fine-scale grid into effective properties for a grid with
coarser blocks, such that the simulation results will be the
same at both scales.

The following are the objectives of this field case:

* Calculate the effective gross thickness, porosity and per-
meabilities for a coarse-scale grid using scaleup techniques.

e Compare the statistics of the reservoir properties at the
fine and coarse scales.

The following information is given:

e The fine-scale grid consists of 100X 100 blocks, and
block sizes are equal to 100 X 100 ft for the x and y directions,
respectively. Gross thickness, porosity and permeability de-
scriptions were generated in this grid.

* The gross thickness description (Fig. 8.9) was generated
with the sequential Gaussian simulation technique described
in Chap. 6. The uncorrelated appearance of this description is
a result of the large nugget. The contribution of the nugget is
approximately 60% of the total variogram sill.

* The porosity description (Fig. 8.10) was generated with
sequential Gaussian simulation. This description has strong
anisotropy. The principal direction of correlation is 22.5°
southeast, and the anisotropy ratio is equal to 2.9.
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Flow Unit 3, Gross Thickness, ft
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Fig. 8.9—Flow Unit 3 gross thickness map with 100 x 100 ft
blocks.

* The permeability description (Fig. 8.11) was generated
with linear equations between porosity and the logarithm of
permeability. The permeabilities for the x and y directions are
assumed to be same at the fine scale.

e The coarse-scale grid consists of 25X 25 blocks with
block sizes equal to 400 X 400 ft in the x and y directions. The
mesh of the coarse grid has been superimposed on the fine-
scale descriptions in Figs. 8.9-8.11, which shows the fine-
scale properties used to calculate the effective properties of
coarse blocks.

The scaleup results for gross thickness, porosity and perme-
ability are shown in Figs. 8.12-8.15, respectively. The
scaled-up properties at the coarse grid have less variability
than the fine-scale properties because of the averaging nature
of the techniques that removes the high frequency noise from
the maps. However, the major scale directional trends and
anisotropies are preserved because the ratio of the coarse to
fine scale is only four to one. Permeability was scaled-up us-

§ Flow Unit 3, Permeability, md
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Fig. 8.11—Flow Unit 3 permeability map with 100 x 100 ft blocks.
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Fig. 8.10—Flow Unit 3 porosity map with 100 x 100 ft blocks.

ing various methods. Figs. 8.14a—8.14c show the permeabil-
ity scaleup using arithmetic, harmonic and geometric averag-
ing, respectively. Figs. 8.15a and 8.15b represent scaled-up
permeabilities in the x and y directions using the incomplete
layer method, and Figs. 8.15c and 8.15d represent the scaled-
up permeabilities in the x and y directions using the renormal-
ization method. The x and y permeabilities at the coarse scale
for the last two methods are different, even though these are
equal at the fine scale. In general, the directional permeabili-
ties of the coarse blocks will depend on the spatial arrange-
ment of the permeabilities in the fine-scale grid. Fig. 8.16
shows that most blocks have a ky/kx ratio close to one. How-
ever, ky/kx is significantly less than one for a few blocks in the
areas where the contrast of the fine-scale permeabilities is
great. The changes of the ky/kx ratios result from the direc-
tional correlation introduced by the variogram at the fine
scale. kx tends to be larger than ky because the permeabilities
at the fine scale have alonger correlation range along the prin-

Flow Unit 3, Gross Thickness, ft
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Fig. 8.12—Flow Unit 3 scaleup gross thickness map with
400 x 400 ft blocks.
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Fig. 8.13—Flow Unit 3 scaleup porosity map with 400 x 400 ft
blocks.

cipal direction (only 22.5° off from the x direction), which is
more closely aligned to the x direction rather than the y direc-
tion. Also, scaleup has an effect on the correlation between
porosity and permeability. Fig. 8.17 illustrates that as the
scale increases, the correlation between porosity and perme-
ability deviates from the linear relations observed in the fine
scale. Therefore, it is important to note that usually the cor-
relations observed at small scales (e.g., from core data) cannot
be used to describe the relations between porosity and perme-
ability for the coarse scales (e.g., simulation grid blocks).
In general, the statistics of the effective properties become
narrower as the scale increases because the high frequency
variations are smoothed in the scaleup process (Figs.
8.18-8.20). The standard deviation and range of the coarse
scale reservoir properties are smaller than those for the fine
scale. Still, the distributions at the coarse-scale preserve the
overall character of the fine-scale distributions. In this exam-
ple, the fine- and coarse-scale distributions of gross thickness

8 Harmonic Average, Flow Unit 3, Permeability, md
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Fig. 8.14b—Flow Unit 3 scaleup permeability map for 400 x 400
ft blocks using harmonic average.
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Fig. 8.14a—Flow Unit 3 scaleup permeability map for 400 x 400
ft blocks using arithmetic average.

are close to normal (Gaussian); those for porosity are close to
bimodal, and those for permeability are close to log-normal.

8.3 Scaleup for Dynamic Properties—
Multiphase Flow

Under multiphase flow conditions, we must consider two
additional rock properties. They are capillary pressure and
relative permeability. In this section, we concentrate on the
upscaling of relative permeabilities with only passing refer-
ences to the upscaling of capillary pressure. The upscaling of
relative permeabilities has received a great amount of atten-
tion recently, as the ability to generate multimillion gridblock
reservoir descriptions has improved.

In general, the upscaling procedures can be divided into
two groups: analytical and numerical. Analytical procedures
are applicable under limiting cases and under limited descrip-
tions of heterogeneities. These procedures, however, serve a

8 Geometric Average, Flow Unit 3, Permeability, md
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Fig. 8.14c—Flow Unit 3 scaleup permeability map for 400 x 400
ft blocks using geometric average.
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Fig. 8.15a—Flow Unit 3 scaleup x direction permeability map for
400 x 400 ft blocks using incomplete layer method.

useful purpose, and they have applications in many practical
situations. Numerical methods, on the other hand, are more
general; however, they are more computationally demanding.

8.3.1 Analytical Methods. When considering multiphase
flow in a porous medium, we can think of three important
forces that affect flow behavior. They are viscous, gravity and
capillary forces. The relative magnitude of the individual
forces determines the manner in which the flow behavior is
affected. In limiting cases, one of these forces dominates the
overall flow behavior; in this situation an analytical upscaling
procedure may be applied.

In general, the two principal limiting cases we can consider
are the no crossflow and vertical equilibrium cases. Under a
no crossflow condition, no communication in the vertical
direction exists. Each layer is isolated from the others, and the
only communication is at the wellbore. This is possible if the
vertical permeability is very small, or a lower permeability
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Fig. 8.15c—Flow Unit 3 scaleup x direction permeability map for
400 x 400 ft blocks using renormalization method.
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Fig. 8.15b—Flow Unit 3 scaleup y direction permeability map for
400 x 400 ft blocks using incomplete layer method.

7,000

barrier exists between the two layers. Under vertical equilib-
rium conditions, the potential gradient in the vertical direc-
tion is zero. The flow in the vertical direction is so rapid that
the pressure in the vertical direction reaches equilibrium
quickly. Zapata and Lake!5 provided a dimensionless number
to predict the presence of a particular limiting case

R =45 %
where k, is the thickness-weighted average harmonic vertical
permeability; kj, is the thickness-weighted average arithmetic
horizontal permeability; L is the length in the horizontal
direction, and H is the thickness. Zapata and Lake!d observed
that if Ry > 10, the assumption of vertical equilibrium holds,
and if Ry <0.1, the assumption of no crossflow holds. For
values between 0.1 and 10, the limiting cases will not hold.
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Fig. 8.15d—Flow Unit 3 scaleup y direction permeability map for
400 x 400 ft blocks using renormalization method.
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Fig. 8.16a—Flow Unit 3 scaleup ky/kx permeability ratio map for
400 x 400 ft blocks using incomplete layer method.

Under a vertical equilibrium assumption, the following
four possibilities exist: 10

e Viscous crossflow equilibrium—under this condition,
gravity and capillary forces are negligible, and only viscous
forces establish vertical equilibrium.

e Capillary/gravity equilibrium—both capillary and grav-
ity forces dominate to establish the saturation distribution
and, hence, the flow behavior.

e Gravity equilibrium—gravity forces dominate.

e Capillary equilibrium—only capillary forces determine
the saturation distribution in the reservoir.

No specific guidelines exist to determine the forces that
dominate under certain conditions. However, we can examine
two dimensionless numbers with

_ 1127 x 10-%,Ap,
muqL

where kj, is the horizontal permeability in md; p, is the capil-
lary pressure in psia; u is the viscosity in cp; ¢ is the flow in
the horizontal direction; L is the horizontal length in feet, and

10,000

e (8.43)
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Fig. 8.17—Flow Unit 3 porosity vs. permeability crossplots for
fine and coarse scales (incomplete layer method).
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Fig. 8.16b—Flow Unit 3 scaleup ky/kx permeability ratio map for
400 x 400 ft blocks using renormalization method.
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Fig. 8.19—Histograms of Flow Unit 3 porosity for fine and coarse

scales.

A is the horizontal cross-sectional area in feet. N, represents

the ratio of capillary to viscous forces.

1127 X 1073 Jk;k, (0.4335)AyA

s i

where Ay is the specific gravity difference; A is the cross-sec-
tional horizontal area in ft2; q is the flow rate in B/D; u is the
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Fig. 8.20a—Histograms of Flow Unit 3 permeability for a fine

scale.

200

viscosity in cp, and k;, and 5, are the thickness-averaged hori-
zontal and vertical permeabilities, respectively. N, represents
the ratio of the gravity to viscous forces. Some evidence exists
to indicate that for values of N, greater than 0.1, the flow can
be considered gravity-dominated.!” No such criterion exists
for determining the dominance of capillary forces.
Analytical solutions exist for all the limiting cases. These
solutions are restricted to layered reservoirs with different
properties for each layer. However, we assume that each layer
is homogeneous. We also have restricted the development of
these equations for a waterflooding process, although the
equations can be generalized for other displacements. The de-
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Fig. 8.20b—Histograms of Flow Unit 3 permeability for a coarse
scale generated with arithmetic, harmonic and geometric aver-
ages.
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Fig. 8.20c—Histograms of Flow Unit 3 permeability for a coarse
scale, generated with an incomplete layer method.

tails of the derivations are presented in Appendix F. In the
text, only the important steps are described.

No Crossflow. We define the reservoir as a layered reser-
voir, as shown in Fig. 8.21. The layers are arranged according
to the velocity at which fluid flows through it. The fastest lay-
er is at the top and will breakthrough first, and the slowest lay-
er is at the bottom and will breakthrough last. The in-situ ve-
locity in a given layer is related to the quantity k/¢AS,,, where
k is the permeability; ¢ is the porosity, and AS,, is
(1 =S5, —S,). S,,is the connate water saturation, and S,
is the residual oil saturation. We assume a piston-like dis-
placementin each layer, and further assume that the following
mobility ratio is the same for all the layers.

_ kn/u,
kyo/tto

In Equation 8.44, k., and k,, are the end point relative per-
meabilities of water and oil, respectively, and @o and yw are the

viscosities of oil and water, respectively.
Assuming that layer / has just broken through, we can

define
PAS,,
kk,,, .
R, = — 8.46
jl ¢ A SW ( )
ke ).
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Fig. 8.20d—Histograms of Flow Unit 3 permeability for a coarse
scale, generated with the renormalization method.

| -

Fig. 8.21—Layered reservoir with n layers.

where j is any bed below / and has yet to breakthrough. The
distance traveled by the flood front, in bed j, at the time the
Ith bed has broken through, is calculated as

— M+ /M + R(1 — M)

=Ry, ifM =1,

where xp is the dimensionless distance in the x direction and
is equal to x/L. We define the weighted arithmetic average for
permeability as
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TABLE 8.2—RANKING OF LAYERS

TABLE 8.1—DATA FOR NUMERICAL EXAMPLE 8.3
Layer hi ki ?i Sw, So,
1 15 700 0.24 0.2 0.15
2 2 450 0.21 0.26 0.2
3 9 80 0.18 0.24 0.2
4 22 200 0.2 0.3 0.16
5 1 50 0.16 0.25 0.2

i kih;

i=1
kH = =L

e (8.48)

where H is the total thickness. The relative permeabilities are
calculated as

> ),
_ =1

Ky = — = 8.49
: T, (8.49)
and
: (kk,,h),
- 1 -+(1 —Xx )
i=l+1 Di Di
= 78 . (8.50)
kH

Notice that Eq. 8.50 will be simplified, if M = 1. The average
saturation is

n

i[hﬂ)(l - Sm—)]i Z {[W(l - Sor)]ixDi + (hq)Swi)(l - xDi)}

i=l+1

]~

(hep);

i=1

By repeating the calculations for /, varying between 1 and n,
the range of the relative permeabilities can be calculated.

Numerical Example 8.3. The following data for a given
layered reservoir is provided in Table 8.1. Assuming no
crossflow, generate the effective relative permeability curves.

k., =04, k, = 1.0, u, = 0.6 cp, u, = 0.8 cp.
Solution. The mobility ratio for a piston-like displacement
is
_ kpu, 04/08
 klu,  1.0/0.6

0.3.

The first step is to arrange the ranking in which the layers will
break through. Table 8.2 shows the ranking.

ki
Layer $;AS,;

1 4,487
3,968
794
1,852
568

Ranking

a b~ 0N
a w s N =

With Egs. 8.46 and 8.47, we can calculate the distance trav-
eled by the flood front, when each bed breaks through. (See
Table 8.3.)

For example, at the time when layer one broke through, lay-
er two traveled 0.92 of the total distance between the injector
and producer.

kH = > kih, = 17,070,
i=1

and

ih[qs,. =118
i=1

Once xp is known, we can calculate the effective relative per-
meabilities with Eqs. 8.49 and 8.50 and can calculate the
associated saturation with Eq. 8.51.

For example, when layer four breaks through,

- _ 04700 X 15 + 450 X 2 4+ 80 X 9 + 200 X 22)

i 17,070
= (.387,
1.0Xx 11 x50
10.8)+(1-08
k =0‘3( ! )=00112
17,070 : ’
and
15 X 0.24 X (1 — 0.15) + 2 x 0.21 x (1 — 0.2)
st L.+ 22%02x% (1 —0.16)

+ {11 x 0.16[(1 — 0.2) X 0.8 + 0.25 x 0.2]}
11.8

= 0.814.

Fig. 8.22 shows the effective relative permeability curves
over the entire range of saturation. For comparison, the effec-
tive permeabilities for M =1 and M = 10 are also shown on
the same graph. As expected, for an unfavorable mobility ra-
tio of ten, the relative permeabilities are also unfavorable—
higher relative permeability for water and lower relative
permeability for oil.

TABLE 8.3—DISTANCE TRAVELLED BY THE FLOOD FRONT
Breakthrough Layer
1 2 3 4 5
Layer R Xp R Xp R XD Ay XD Ay Xp
1 1.00 1.0 1.00 1.00 1.00 1.00
2 0.88 0.92 1.00 1.00 1.00 1.00 1.00
3 0.41 0.55 0.47 0.60 1.00 1.00 1.00 1.00
4 0.18 0.29 0.20 0.32 0.43 0.56 1.00 1.00 1.00
5 0.13 0.22 0.14 0.24 0.31 0.44 0.72 0.80 1.00 1.00
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Fig. 8.22—Effective relative permeability for a no crossflow
case.

Vertical Equilibrium. Under vertical equilibrium condi-
tions, four situations are possible.

e Vertical crossflow by viscous forces

* Displacement dominated by gravity

e Displacement dominated by gravity and capillary forces

¢ Displacement dominated by capillary pressure

In this section, we discuss only the first three cases. The
solution for the fourth case is provided in Appendix F; howev-
er, it does not have many practical applications.

Crossflow Dominated by Viscous Force. This situation can
exist in a high permeability, high capacity reservoir with a
high degree of vertical communication. The flow rates are
high enough that gravity is not important. The density differ-
ence between the two phases is small; and for a high perme-
ability reservoir, capillary forces are negligible.

Fig. 8.23 exhibits the schematics of a layered reservoir.
Similar to no crossflow, the ordering of layers is dependent on
the value of k/¢AS,,—the higher its value, the quicker is the
breakthrough.

The characteristic feature of vertical equilibrium is the no
pressure gradient in the vertical direction. That is, the hori-
zontal pressure gradient across AA’ (see Fig. 8.23) is the same
for all the layers.

Assume that the /th bed has broken through. Below /, there
are (n —[) flood fronts. Depending on the relative location of
the flood front, the pressure across the cross section can be
calculated with equation

w, T i,

i=1 i=l+1

8
ax .. (’kwihi z kh)

. d, .
where ¢ is the total flow rate, and (d—i) is the pressure
n—I1+1

gradient across a section drawn through a flood front, where
the water front is in the (I + 1)™ bed, and oil is below that bed.
The flood front location below the bed can be calculated as

(75
$AS, ).

Xj i
=t = (8.53)
L u k
PAS..),
SCALEUP
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Fig. 8.23—Viscous-dominated crossflow.

where ; is the flood front location in bed j. By knowing the
pressure gradient across each segment, we can calculate the
total pressure drop across the length, L, with equation

Ap 111—/+l dp
(T) = Zl (5)/@@., ................ (8.54)
! j= ;
where
A)C] = Xj+] - xj'. ........................ (8.55)

The effective relative permeabilities are calculated as

]
. dp
Z(kkn¢,)ihi(a)
i=1 n—I1+1

o, = e (8.56)
1
Ap
(%)
T
where kH is the weighted arithmetic average,
n ) dp
(kkru)ihi(_)
]E — i;l dx n—I1+1 (8 57)
o, A e .
kH( y )
T

The average water saturation is

1

Shpt = Sl + D (gt -
R i=1 i=1+1
> (h);

i=1

S(;r)]ixp/. + (h‘pswi)(l - XD/')

Numerical Example 8.4. Use the same data given in Nu-
merical Example 8.3. Calculate the effective relative permea-
bilities using the assumption of vertical equilibrium with vis-
cous flow domination.

Solution. We can assume the unit flow rate per width. The
relative locations of the flood fronts can be calculated with
Eq. 8.53. (See Table 8.4.)

. . d
By assuming the unit total flow rate, we can calculate (d_i)

d
across each front (Eq. 8.52). By knowing (_p) and Ax;, we

dx

Ap
can calculate ( 7 ) for each bed’s breakthrough.
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For example, when the third bed breaks through,

(%) = (0.57 X 9.98 x 107 + 0.12 x 1.09 x 10~*

+ 031 X 1.17 x 1079
= 1.06 X 1074,

and
kH = 17,070.

The effective relative permeabilities, when the third bed
breaks through, are

0.4(15 X 700 X 6.17 X 1075 + 2 X 450 X 6.6 X 10~ + 22 X 200 x 9.98 x 10~5)

17,070 x 1.06 x 10~4

= 0.35,

and

k =

roy

1.09(9 x 80 x 1.09 X 10-*+ 11 X 50 x 1.17 X 10—4)
17,070 x 1.06 x 104

= 0.07.

The calculation of saturation is straightforward. Table 8.5
and Fig. 8.24 show the results of the entire range of relative
permeabilities.

Crossflow Dominated by Gravity Force. When the injec-
tion rate is low and capillary effects are negligible, we can as-
sume crossflow dominated by gravity force. In some
instances, it is possible to assume gravity-dominated flow in
the presence of capillary forces, if the

capillary transition zone > > H.
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TABLE 8.4—RELATIVE LOCATIONS OF FLOOD FRONT
Breakthrough Layer
1 2 3 4 5
Layer Xp AXxp Xp AXp Xp AXp Xp AXp XD AXp

1 1.00 0.12 1.00 1.00 1.00 1.00

2 0.88 0.47 1.00 0.53 1.00 1.00 1.00

3 0.41 0.24 0.47 0.27 1.00 0.57 1.00 1.00

4 0.18 0.05 0.20 0.05 0.43 0.12 1.00 0.28 1.00

5 0.13 0.13 0.14 0.14 0.31 0.31 0.72 0.72 1.00
TABLE 8.5—RELATIVE PERMEABILITY FOR NUMERICAL That iS, the transition zone is so large, compared to the total
EXAMPLE 8.4 thickness, that the saturation changes across the thickness can

N . . be neglected.

Sw Krw kro In gravity-dominated displacement, we assume that water
0.25 0.00 1.00 segregates to the bottom, and the lowest bed breaks through
0.57 0.18 0.29 first. We, therefore, do not rearrange the beds. Instead, start-
0.59 0.21 0.26 ing with the lowest bed, the effective relative permeabilities
0.73 0.35 0.07 are calculated as
0.81 0.37 0.03 /

0.83 0.40 0.00 > (ki)
_ =1

Kpy = 8.60
! kH (8.60)
> (k)i
ky = S —— 8.61
) T (8.61)
and
1 n
Dl = S0+ > S,
S, == L (8.62)

S,
i=1

Numerical Example 8.5. Assume the same data given in
Numerical Example 8.3. Estimate the effective relative per-
meabilities using gravity-dominated displacement.

Solution. The lowest layer will break through first.

For example, when the second layer from the bottom breaks
through,

0411 X 50 + 22 X 200) _

K = 17,070 =012,
= 1.009 x 80 + 2 x 450 + 15 x 700) _
kro = 17,070 = 071,
1 1
0.8 - 108
Eo.cs 1 1 0.6 3
* 04 - 104 =
0.2 L 0.2
0 : : . . 0
0 0.2 0.4 0.6 08 1
Sy

Fig. 8.24—Effective relative permeabilities for viscous-domi-
nated crossflow.
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Fig. 8.25—Effective relative permeabilities for gravity-domi-
nated crossflow.

and

(11 X 50 + 0.8 + 22 x 200 X 0.84 + 9 x 80 x 0.24 + 2 X 450 X 0.26 + 15 x 700 X 0.2)
11.8

= 0.54.

Other values are calculated in a similar fashion. The overall
relative permeability curves are shown in Fig. 8.25. As ob-
served, when the lowest permeability layer is at the bottom,
it creates a favorable displacement scenario because gravity
compensates for the low permeability. In contrast, if a high
permeability layer is at the bottom, it creates an extremely un-
favorable displacement profile because the effect of the high
permeability contrast is exacerbated by gravity.

Crossflow Dominated by Gravity and Capillary Forces.
When gravity and capillary forces dominate the flow, the sat-
uration distribution in each layer is governed by the transition
zone. By knowing the equation,

pe = Apgh,

we can calculate the saturation as a function of depth. If we
assume a unique capillary pressure curve for all the layers,
then we can generate the saturation distribution across all the
layers, as shown in Fig. 8.26.

If we assume a saturation at the bottom of the lowest layer,
then with Eq. 8.64, we can calculate the saturation at any
height. A similar procedure can be used, if each layer has its
own unique capillary pressure curve. When changing from
one capillary pressure curve to another, we always assume
pressure continuity and saturation discontinuity. See Appen-
dix F.

Once the saturation distribution is known, we can calculate
the average saturation in each layer as

(1),

& _ 1
Sw[ - (h¢)lj Swd(h¢)],

where we can assume that porosity varies as a function of
depth.

In the absence of a simplified analytical function for capil-
lary pressure, Eq. 8.64 has to be evaluated numerically. Once

SCALEUP

pPc

Fig. 8.26—Saturation distribution in a layered reservoir.

the saturation in each layer is known, the relative permeabili-
ties are calculated as

n

Z[kk;w(gw)]ihi

kpy = —————— 8.65
T (8.65)
> [kk,(S.)] b
k,, = —— e 8.66
T (8.66)
and
Zhi¢i§wi
S, =S (8.67)

where the relative permeabilities for each layer are calculated
as a function of saturation. The procedure is repeated by as-
suming different saturation values at the bottom of the lowest
layer so that the entire range can be constructed.!8-19

Crossflow Dominated by Capillary Force. In the absence
of gravity and viscous crossflow, the flow is dominated by
capillary force. This limiting case has very little practical val-
ue. The analytical derivation for calculating the effective rela-
tive permeabilities is provided in Appendix F and is not re-
peated here.

To summarize, among the analytical expressions for effec-
tive relative permeabilities, the two most practical expres-
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sions are the no crossflow case and gravity-dominated dis-
placement. Dake?? has shown that in many field examples,
these two limiting cases are able to describe the waterflood-
ing history.

In addition to the methods described here, other analytical
solutions are also available.21-22 These equations are based
on more general principles; therefore, they are applicable
over a broader range of conditions. However, the mathemati-
cal details are beyond the scope of this text.

Another force, transverse dispersion, which is especially
important for miscible displacements, has been neglected in
the development of the previous equations. Dake2Y provides
an excellent discussion on the effect of transverse dispersion
on miscible displacements.

8.3.2 Numerical Methods. Analytical methods have the ad-
vantages of being simple to use and beneficial implements. The
methods, however, cannot be applied under all conditions.

¢ Analytical methods are mostly restricted to layered reser-
voirs. In a typical scaleup process, we might be interested in
scaling up relative permeabilities from multiple grids, in ei-
ther two or three dimensions, to a single equivalent grid. The
reservoir properties such as permeability, porosity and satura-
tion can vary in all three directions.

* Analytical methods are useful under limiting conditions.
If the combination of forces is such that all three forces play
some role in determining the fluid flow distribution, no single
analytical solution can be applied.

* Analytical methods assume that the effective relative per-
meabilities are independent of the boundary conditions. That
is, these properties do not depend on the flow rate or whether
fluid is injected under variable or constant pressure. This as-
sumption holds true, as long as the saturations of the displac-
ing fluid move at constant velocities. In other words, the
Buckley-Leverett analytical solution for the one-dimensional
(1D) displacement case should be applicable. The fractional
flow curve typically should exhibit a flood front and gradual
change with the saturation after breakthrough. The velocity
of a given saturation is shown by

dx dfw
o ¢ (dSw)S U R (8.68)
df. \. . . .
where o the tangent at a given saturation on a fraction-

al flow curve. Based on the fractional flow curve, the slope,
after breakthrough, decreases as saturation increases; there-
fore, high saturations always move at lower velocities and
never overrun low saturation values. Unfortunately, in the
presence of reservoir heterogeneities, this well-behaved phe-
nomenon might not be applicable. Saturations might not
move at constant velocities, thus violating the basic Buckley-
Leverett theory.23-24 Under these conditions the effective rel-
ative permeabilities might have to be defined as functions of
initial and boundary conditions.

When the previous mentioned conditions arise, numerical
procedures can provide an avenue in which the effective rela-
tive permeabilities can be estimated. In many papers, the ef-
fective relative permeabilities are referred to as pseudofunc-
tions. The distinction between these two terminologies is
important. The effective relative permeabilities are still as-
sumed to be rock properties and independent of boundary
conditions; whereas, pseudofunctions not only depend on the
rock properties but also depend on the boundary conditions.
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Fig. 8.27—Upscaling from 2D cross section to 1D flow.

Thus, pseudofunctions are assumed to account for nonideal
flow behavior (deviations from Buckley-Leverett theory) and
must be customized to the appropriate flux conditions under
which the actual flow simulation is conducted.

The first attempt at estimating pseudofunctions was by
Jacks et al.2 The primary motivation for that work was to re-
duce a 3D model to a 2D model and, hence, reduce the com-
putational costs. By simulating vertical cross section runs,
they defined pseudofunctions for the entire cross section. By
using these pseudofunctions, they could then run a 2D
areal model.

Conceptually, the upscaling is shown in Fig. 8.27. If we
have n gridblocks in the vertical direction, we can simulate
the vertical cross section, and by knowing the flow rates, we
can define pseudofunctions, so the n gridblocks, in the verti-
cal direction, are reduced to one gridblock.

To calculate pseudofunctions, Jacks et al.25 used the equa-
tions,

Qo= D Qoi@u, = D Gupr ooeeeeeeen (8.69)
i=1 i=1
C(kk,), 1, Ap,
q,,i = W, ...................... (870)
C(kkrw)i h,‘ Apr
‘Zw,. = ,UWT, ..................... (871)
C(kH )k,, A
g, = (M—{))A—‘;’,, ...................... (8.72)
and
C(kH )k,,, A
q, = %ﬁ; ...................... (8.73)
where kH is the thickness-weighted permeability; C is a units
. Ap . .
conversion constant, and NG is the pressure gradient in the

horizontal direction. We can substitute Eqs. 8.70-8.73 in
Eq. 8.69 and calculate pseudofunctions, if we assume Ap;
isthe same as Ap. This assumption holds for vertical
equilibrium but not for the other cases. However, Jacks
et al.?5 made this assumption and solved for dynamic pseudo-
relative permeabilities.

Kyte and Berry2¢ improved on the Jacks et al.?d procedure
with similar equations, except for assuming that the Ap terms
in Egs. 8.73 and 8.74 are the differences in the volumetrically-
averaged pressure values of the fine-scale gridblocks. That s,
they defined
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Sk e

Py = S e (8.74)

Z{(kikmihiﬂ

i=1 J

This is the weighted average for the oil pressure for block j.
Similar values can be calculated for other blocks and, hence,
the Ap values. A similar equation can also be used for the wa-
ter phase. Although this method did improve the Jacks et al.2
method, no theoretical explanation is provided for such an av-
eraging scheme. Although the method should work in princi-
ple, it is possible that, because of gravity, the net flow could
be in a negative direction, with reference to the direction of
the average pressure drop, thus resulting in nonphysical val-
ues for the pseudofunctions.?’

Stone?® improved on the drawbacks of these methods and
proposed that pseudofunctions can be calculated, based on to-
tal mobility functions. The fractional flow, which can be mea-
sured from the simulation, can be written as

bantl [
Ky

ky
1+ /Ew I,

We write this equation in the absence of capillary and gravity
effects.

By knowing the total flow rate coming out of the fine-scale
gridblocks, we can calculate the total mobility as

ik h (k)'()i + krw/-)
(]E,w Igm> = o :uai fuwx‘

M, =72+ 22) = .

;uw lul) n

> ki,

i=1

By knowing the fractional flow and total mobility, the
pseudorelative permeabilities are calculated as

... (8.76)

Kpy = Mfiflus oo (8.77)
and
Ko = M1 = f)llor oo (8.78)

This method is rigorous; however, in the presence of signifi-
cant gravity or capillary forces, the method can give poor re-
sults. Further, the method might not work well if significant
variations in mobility exist.2’

Stone’s method has been improved, by suggesting better
ways to calculate the total mobility (Eq. 8.77).2° However,
these methods, to some extent, also neglect gravity and might
not exactly reproduce the fine-scale solution on a coarse grid.

In addition to the methods discussed here, an approach of
quasisteady state has been used to estimate the pseudorelative
permeabilities. In this approach, for a given saturation3 or
for saturations3! on a fine-scale level, the effective phase per-
meabilities, k, and k,,, are calculated on a fine scale. By using
the methods discussed in the previous section, these fine-
scale phase permeabilities are upscaled to an effective value
with the single-phase permeability upscaling equation. The
main limitation of this technique is the assumption of stea-
dy-state conditions. The pseudofunctions are not independent
of boundary conditions, and, hence, the general applicability
under a wide range of conditions is questionable.

Itis clear from the previous discussion that no single meth-
od exists to adequately calculate dynamic pseudofunctions.

SCALEUP

Ideally, each coarse gridblock, depending on the fine-scale
permeability distribution, should be assigned an array of
pseudorelative permeabilities, which can vary depending on
the boundary conditions. This is obviously impractical. One
possible compromise might be to divide the reservoir into suf-
ficiently small coarse blocks so that each coarse block can be
assigned only one rock type and, hence, one set of fine-scale
relative permeabilities. Generate a sufficient number of rep-
resentative, fine-scale descriptions, and generate pseudo-
functions for each rock type. Each rock type can be assigned
a set of pseudofunctions, which are dependent on the well
rates or other boundary conditions. Verify that the coarse grid-
blocks are able to generate the fine-scale simulation results,
using a sector model for representative boundary conditions.
Once verified, the pseudofunctions can be used for the simu-
lation exercise.2” This approach appears practical; however,
it has not been tested for a field case study.

8.3.3 Effective Capillary Pressure. So far, we have concen-
trated on effective relative permeabilities. We did not discuss
the upscaling of capillary pressures. If capillary forces are sig-
nificant, the generation of upscaled capillary pressures isrela-
tively straightforward. On a fine scale, if the saturation dis-
tribution is known, assign capillary pressure values for each
fine-scale gridblock. This value might depend on the satura-
tion, as well as the rock type and permeability. Then, calculate
the volumetrically-averaged capillary pressure, as shown.

igbihipci
i=1 .
> il
i=1

By knowing the volumetrically-averaged water saturation, an
effective capillary pressure can be generated.

c

Summary

To summarize the findings of this chapter, the upscaling of
static properties is relatively straightforward and well-estab-
lished. Methods exist for upscaling permeability under
single-phase flow. These methods work well and are able to
capture important features of the fine-scale model. An argu-
ment could be made that once the absolute permeabilities are
correctly upscaled, the fine-scale relative permeabilities can
be used on a coarse scale as well. By correctly identifying
fine-scale features, which are important, and coarsening the
other grids by using adaptive gridding techniques, only the
absolute permeability must be upscaled, without upscaling
the multiphase properties.3? Although a very attractive prop-
osition, rigorous methods for properly defining adaptive grids
do not exist; therefore, the appropriateness of the method
must be validated.

The upscaling of dynamic properties under multiphase
flow conditions is not very easy. In the limiting cases, simpli-
fied solutions can be established, which work well in practice
if the physical conditions are satisfied. The two conditions, in
which analytical solutions are available, include no crossflow
and vertical equilibrium conditions. If these conditions are
not satisfied, numerical methods can be used to upscale the
relative permeabilities. However, as discussed in the chapter,
these methods have limitations and might not work under all
conditions. Practical solutions to upscale these properties are
still not available in the literature and are the subject of ongo-
ing research.
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Nomenclature

= area
C= values defined in Egs. 8.26 and 8.27
f= fractional flow
g = gravitational acceleration
h=thickness of layer
= total thickness
= dummy variable
= permeability
= length or distance
m,n= number of gridblocks
= mobility ratio
- = capillary number, Eq. 8.43
e = gravity number, Eq. 8.44
= pressure
pe = capillary pressure
pv= pore volume
g= flow rate
= flow rate
Rj; = velocity ratio between layers j and [
R; = dimensionless number, Eq. 8.42
= saturation
t= time
V= volume
Wpv= water pore volume
x= distance of the flood front
x,5,z= coordinate axes
= direction of flow, Eq. 8.70
A= incremental distance or pressure
¢ = porosity
= partial derivative
= specific gravity
= viscosity
7= aconstant, 3.142 . ..
p = density
2= summation
Subscripts
a= arithmetic average
app = apparent
b= bulk
D= dimensionless
g= geometric average
h= harmonic average, horizontal
i= gridblock i
j= dummy variable representing layer
/= layer which has broken through
o= oil
or= residual oil
p= power average
r= relative
t= total
v=vertical
w= water
x,y,z= coordinate axes
xx,yy = principal directions
xy,yx= off-diagonal elements in permeability tensor
Superscripts
~= average
p = power average
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Chapter 9
Looking Ahead

In previous chapters, we discussed various strides that have
been made in the area of geostatistics in describing the reser-
voir properties. In this chapter, we discuss some of the future
challenges for geostatistics and the solutions that seem prom-
ising. We believe that the two main challenges facing geostat-
istics are the integration of data from various disciplines and
effective solutions for solving inverse problems. Although
various solutions have been proposed, and field applications
have been demonstrated, the applications still remain largely
in the research domain. We expect, within the next 10 years,
we will see more solutions to these vexing problems.

9.1 Integration of Data

As we discussed in the chapters on conditional simulation
techniques, it is critical that as much information as possible
is integrated as part of the reservoir description so that uncer-
tainties in the prediction of future performance are reduced.
The type of data we must include to describe reservoirs comes
mainly from three disciplines: geology, geophysics, and engi-
neering. Some integration of data occurs as we describe reser-
voirs; however, it is not done effectively. Several reasons ex-
ist for such a lack of integration. Here, we offer some of them.

9.1.1 Series Approach. We briefly discussed this problemat-
ic approach in Chap. 1, when we explained the conventional
history-matching problem. We still have not found an effec-
tive solution. Typically, in a history-matching process, geolo-
gists provide information on the correlation between wells,
and geophysicists provide information on structure. This in-
formation is carried forward to the engineer who populates
the interwell areas with petrophysical properties to describe
the reservoir, eventually for flow simulation purposes. Dur-
ing the history-matching phase, the engineer, will most likely
adjust the petrophysical properties of the reservoir to match
the historical data. Rarely, the geophysical or geological mod-
el will be altered to match the historical data. History-match-
ing might eventually be achieved, but the changes in the pe-
trophysical properties might not be consistent with the
engineering data.! For example, the engineer might be re-
quired to change the value for the permeability of layers to a
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value greater than or less than that observed in the core or well
test data to match the water breakthrough, or he might be re-
quired to reduce the porosity, obtained from log values, to
match the decline in pressures. We must ask why it is neces-
sary to make changes in reservoir properties that are inconsis-
tent with the observed data to be able to match the historical
production data. There could be several reasons, including
uncertainties in the measurements; however, selecting the se-
ries approach is one reason.

Similar to the uncertainty in engineering properties, uncer-
tainty also exists in the geological and geophysical interpreta-
tions.2 Typically, the scale in which geological and geophysi-
cal models are constructed is much bigger than the scale in
which engineering properties are estimated. When only one
geological and geophysical model is provided to the engineer,
we have assumed that the uncertainty in the geological and
geophysical model is not that critical; although in reality, the
scale in which uncertainties are defined has a much bigger im-
pact on the reservoir performance. As a result, when the engi-
neer tries to match the historical performance, the solution do-
main in which he or she can explore is already reduced. Note
that the geological and geophysical models are largely based
on static information. With that static model, the engineer at-
tempts to match the historical performance (dynamic data)
with reduced degrees of freedom (Fig. 9.1). Because the geo-
logical and geophysical models might be far away from real-
ity, the engineer is forced to adjust the properties that deviate
from the observed engineering information. Therefore, al-
though history-matching is achieved, it might be rendered
meaningless because it only matches the production data and
not necessarily the static information that was collected.

This problem can be avoided if we can make the loop bigger
(Fig.9.1). Thatis, we understand the importance of uncertain-
ties in the geological and geophysical models and encourage
both the geologists and engineers to develop alternate models
that match the observed data. To be meaningful, these models
should capture the uncertainties at the appropriate scale. We
know that interpretation of the data, whether geophysical or
geological, is subjective, and different persons can develop
alternate descriptions. The goal here is to develop sufficiently
different alternate models so that reality can be bounded. For
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example, if we build alternate geological and geophysical
models for a reservoir, then if a new well is drilled, the struc-
tural information and the geological facies information from
that well should fall within the alternate models. What com-
monly happens is that if a new well is drilled and the observed
data do not match the predicted results, instead of re-examin-
ing the entire data set, we only make local adjustments to
match the results. The large-scale model essentially remains
intact. Instead of making these types of local refinements, our
goal should be to develop alternate geological and geophysi-
cal models that can truly capture the uncertainties. Armed
with those models, while going through the history-matching
process, if the engineer does not match the historical data, he
or she can loop all the way back to the geological and geo-
physical models and sample a new model to iterate over the
history-matching process. If such integration is achieved, the
engineering properties will not need to be arbitrarily adjusted
to match the historical production performance. Instead, with
alarger solution domain, the engineer is able to describe a res-
ervoir that is consistent with geological, geophysical, and en-
gineering information.

9.1.2 Scale Consistency. In achieving the integration of the
data, we might be aware that the scales of reservoir properties
are different. We already discussed the problem in Chap. 1. It
is, however, worthwhile to revisit the issue while discussing
the proposed solutions. We can discuss several examples in
which the scale consistency becomes an issue. It is not only
related to the fact that different reservoir parameters are mea-
sured over different scales but, for example, to well test
permeability vs. core permeability, or core porosity vs. log
porosity, or core porosity vs. seismic-derived porosity (Fig.
9.2).3# The problem is also related to the fact that cross
correlations established on one scale might not be valid on
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other scales. This is because attributes scale differently on dif-
ferent scales. For example, if we establish a relationship be-
tween permeability and porosity on a core level, how do we
know that such a relationship will also hold for a gridblock
scale? If we establish a relationship between impedance and
porosity based on sonic logs, how do we know that such a
relationship will also hold when we invert the amplitude data
that does not have the same resolution as the log data? The
relationship between the two attributes can be perfect on one
scale and totally different on another scale. The randomness
in a relationship, which seems to be based on a physical rela-
tionship, can be solely caused from the fact that the scale on
which we are establishing the relationship is not appropriate.

We must correctly address both issues of relating multiple
attributes to each other and generating reservoir descriptions.
The issue of integrating properties measured on different
scales has been addressed in recent literature.3# However, the
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Fig. 9.2—Different sources of reservoir data from different
scales (from Ref. 5).
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solutions offered so far are largely restricted to static data. For
example, one proposed solution is the integration of log po-
rosity data with seismic-derived porosity data. We still do not
have methods for effectively integrating dynamic measure-
ments of the same attribute. For example, the integration of
core-derived permeability and well test permeability is large-
ly done on an ad-hoc basis. We need more robust techniques
for generating reservoir descriptions that can properly in-
clude the core permeability and well test permeability in a
consistent manner.

The second issue of the relationship between multiple at-
tributes and their dependence on scale remains largely unre-
solved. Practically, we simply cannot generate gridblocks
that are small enough to be consistent with the scale in which
reservoir properties are sometimes measured and correlated.
However, with the increasing emphasis on integrating data,
we are required to generate reservoir descriptions that allow
for relationships among various attributes at the local level.
The main problem is that we do not know the relationship at
that local level. Cokriging and cosimulation are becoming in-
creasingly popular to account for such relationships, but in
most instances, we routinely use relationships that are based
on a different scale—whether it is a relationship between
permeability and porosity, a relationship between geological
facies and porosity, or a relationship between seismic attrib-
utes and geological facies. We must develop a better under-
standing of scale-consistent relationships before we can truly
integrate information on various scales.

9.1.3 Scale Resolution. One of the issues, which must be ad-
dressed in the integration process, is choosing the most ap-
propriate scale, which must be resolved to properly describe
the reservoir. As we discussed in Chap. 1, a more detailed res-
ervoir description is required as the complexity in the flow
process increases. However, the issue is even more relevant
when integrating information. With improved tools and com-
puter speed, there is an increasing tendency to keep describ-
ing the reservoir on a finer and finer scale. For example, be-
cause of the use of three-dimensional (3D) seismic data and
the increased frequency with which samples are collected,
seismic resolution has increased. With microresistivity logs,
geologists can examine detailed microfacies on a millimeter
scale, which would not have been previously possible without
taking core samples. Engineers are prepared to generate mil-
lions of gridblock models to simulate the reservoir perfor-
mance. Is this search for detail really contributing to an
improved resolution? The answer is a guarded yes. Without
a question, today, we are able to describe the reservoir in
greater detail than what was possible just a few years ago.
However, it is not necessary that we are improving the reser-
voir description.

Let us first understand an important principle. As the scale
becomes smaller, the uncertainty in describing the properties
increases rapidly. See Fig. 9.3, which shows a plot of error
variance as a function of scale. As the scale gets bigger, the
uncertainty is reduced. For example, it is much easier to say
that a particular part of the reservoir has a better quality than
the other. On a larger scale, this is indeed true because that part
of the reservoir has performed better than other parts of the
reservoir. On the other hand, it is much harder to say that the
permeability of a gridblock, precisely 100 ft. away from a
well in a particular direction, is within the range of 100 to
1,000 md. As the scale becomes smaller and smaller, it be-
comes increasingly difficult to quantify uncertainty. If we
could truly quantify uncertainty on an extremely small scale,
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it would be frightening. Fortunately, although the uncertainty
increases as the scale gets smaller, its relative impact on the
performance might be small enough to be ignored. What we
say about the spatial scale, we can also say about the time
scale. The changes in daily production rates can be much
more severe and random, compared to monthly or even yearly
production rates. To match the daily production rates, because
the time scale has become smaller, we are required to resolve
the reservoir on a much finer scale. To match the well produc-
tion data, instead of overall reservoir production, we are re-
quired to resolve the reservoir on a much finer scale.

We must ask ourselves what scale is the most appropriate
to describe the reservoir. Because, as we decide to describe
the reservoir on a finer scale, we also need to be able to in-
crease the associated uncertainty. Many times, in a history-
matching process, the engineer gets carried away with match-
ing the individual well performance. The engineer tends to
forget that if the individual well data are matched, the local
properties must be adjusted, and the uncertainty, with respect
to local properties, is much higher than large-scale properties.
This means that if alternate pictures of the reservoir are devel-
oped that match the well performance, much more variability
should exist on alocal level than on a larger scale. If the geolo-
gist decides to describe a fine scale reservoir description,
based on microresistivity or other logs, and decides to corre-
late information between wells, based on that information, he
or she must understand that as the scale gets smaller, the un-
certainty, with respect to correlation, will increase much more
rapidly. Important markers can be easily identified, even with
relatively less sophisticated logs, and can be reasonably cor-
related. There will also be uncertainty with respect to those at
interwell scales, but not as much. As the scale gets smaller,
and the geologist is forced to correlate information on a finer
scale, the uncertainty increases rapidly. The same can be said
about geophysical data. As the sampling rate increases, the
geophysicist is increasingly eager to generate reservoir prop-
erties at the gridblock level. However, as the scale in which
the reservoir properties are resolved based on geophysical at-
tributes gets smaller, geophysical uncertainty increases
quickly. It is much easier to identify a large-scale anomaly
with geophysical data. Although uncertainty exists, with re-
spectto such an anomaly, it is less than when geophysical data
are used to quantify reservoir porosity on a figure scale. With
increasing emphasis on generating more detailed, integrated,

% (x 104
Porosity, %

Averaging Area
Fig. 9.3—Porosity variance and spread vs. averaging scale.
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reservoir descriptions on a finer scale, how do we ensure that
the relationship between the resolution and uncertainty is prop-
erly honored? We still have not solved this problem effectively.
The only cautionary note we can offer is that we should tolerate
a greater uncertainty as the scale gets smaller. For example, the
engineer should be willing to accept the fact that individual
well rates might not match as well as the overall reservoir per-
formance. That way, he or she is implicitly accepting the fact
that we have not resolved the uncertainty for small scale fea-
tures; instead, we are concentrating on large-scale features
only. Rather than generating extremely fine-scale models,
which are unable to correctly quantify the uncertainty at that
level, we should concentrate on generating alternate models
that integrate information from various disciplines and quanti-
fy uncertainty on a coarser scale. Once we master the integra-
tion on a coarser scale, we might be able to move to a finer
scale. At this point, however, we are still struggling with quan-
tification of uncertainty on a coarser scale.

9.1.4 Data Management. The management of data coming
from various disciplines is not a truly technical issue; howev-
er, in practice, the lack of data management can hamper the
integration of data. Therefore, we briefly mention it here.
Geophysicists, geologists, and engineers typically use differ-
ent types of software to process raw data. Despite some
change in recent years, the use of different software is still
more the norm than the exception. Figs. 9.4 and 9.5 show the
schematic of a shared Earth model, which can incorporate and
integrate many types of information in a seamless fashion.
This is a concept advanced by the Petroleum Open Software
Corporation (POSC)® and supported by many oil compa-
nies.” In many instances, when different software packages
are used to generate information, the formats from these pack-
ages can be very specific, and it may become very difficult to
use another type of software to read the data from the first.
(For example, one software program might use 99,999 as mis-
sing data, whereas others use 1.0e31 for missing data). If the
exercise of integrating data becomes frustrating and time con-
suming because of the incompatibility of software, there is a
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lesser tendency to integrate information from various disci-
plines. As our ability to store large amount of information in-
creases, it is more critical than ever to establish data transpar-
ency procedures, so data used by one discipline can easily be
used by other disciplines in a meaningful way.

9.2 Inverse Problem

In any reservoir description process, we must solve an inverse
problem. That is, knowing an output, we must determine the
input. An important characteristic of inverse problems is non-
unique solutions. That is, we can obtain multiple solutions
that will satisfy the output. The inverse problem is faced by
geologists, geophysicists, and engineers. For example, know-
ing the well information, geologists are required to construct
a depositional model that can describe the interwell deposi-
tional environment. This requires solving an inverse problem.
If the depositional environment is known, it is easy to de-
scribe the facies, if a well is drilled at a particular location. It
is much more difficult to construct the depositional model
based on the well data only. Obviously, we can develop multi-
ple solutions that satisfy the well information. Geophysicists
also routinely deal with inverse problems when they develop
the velocity model to match seismic response. Alternate ve-
locity models are possible that will provide the same seismic
response. Engineers deal with inverse problems when they try
to match the pressure response from the well test to establish
permeability data, or when they try to describe the reservoir
so that production data can be matched. Although inverse
problems are important in all these disciplines, here we con-
sider only the inverse problem faced by engineers.

9.2.1 Incorporation of Dynamic Data. The main problem
faced by engineers is how to incorporate reservoir perfor-
mance information as part of the reservoir description. Tradi-
tional history matching also solves an inverse problem; how-
ever, the procedure is much more cumbersome. Changes in
the reservoir properties are made, largely based on experience
and the subjective judgement of the simulation engineer, until
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areasonably satisfactory match is obtained. A reasonably sat-
isfactory match is also very subjective. However, once a
match is obtained, the same reservoir description is used to
predict the future performance.

The difficulty in using this traditional approach is that the
process takes a long time to match the performance. As a re-
sult, multiple descriptions are very rarely constructed to
match the historical performance and, at the same time, pre-
dict uncertainty in the future performance. If we have a desire
to match the historical performance and predict uncertainty in
the future performance, we must automate the procedure so
that multiple descriptions can be easily constructed. This will
allow us to match the historical performance and predict the
uncertainty in the future performance as well.

Over the last 10 years, much progress has been made in au-
tomating the history matching procedure. Although the early
work on automatic history-matching was done in the middle
and late >70s,3-10 the work was largely abandoned because of
computational limitations. Computers were not powerful
enough to match the historical data in a reasonable amount of
time; therefore, the work was considered impractical and was
ignored until recent years.

As geostatistics became more commonplace, the need to in-
corporate production data as part of the reservoir description
became increasingly important. The first applications of the
incorporation of production data as part of the reservoir de-
scription involved developing static parameters that could
represent the dynamic characteristics.!! This procedure al-
lowed the establishment of static parameters, which could
constrain the reservoir description, to match the production
data. These parameters, for example, include well test-
derived permeability, well productivity, or connectivity be-
tween wells. The technique, however, had limitations, in
terms of generalizing, to other systems and environments.
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Simulated annealing or similar procedures were also exten-
sively used to match the historical performance of the reser-
voir. Because of the inherent flexibility of the annealing pro-
cedure, constraints including production data can be
incorporated as part of the objective function. The reservoir
description can then be perturbed until a reasonable match is
obtained.!2-15 Some field applications demonstrated the util-
ity of the procedure; however, the procedure is computation-
ally demanding and is not able to generate multiple descrip-
tions very efficiently. Several perturbations are needed to
match the historical performance, and to generate multiple
descriptions, the same procedure might have to be repeated
several times. This makes the procedure very difficult to use
in practice.

The current trend in the incorporation of production data is
to use gradient-based methods.!® In simple terms, gradient-
based methods work on the principle that the changes in the
input parameters affect the observable parameters. If we can
calculate the sensitivity of the observable parameter with re-
spect to the input parameter, by knowing the difference be-
tween the observed and predicted values, we can make an ap-
propriate adjustment in the input parameter to match the
observable value. For example, if we consider the observable
parameter to be the production rate of a well, then, by calcu-
lating the sensitivity of production rate with respect to perme-
ability of a gridblock, we can adjust the permeability of the
gridblock so that we can match the production rate. The
amount of alteration needed is also dependent on the differ-
ence between the observed production rate and the predicted
production rate. The procedure is iterative. We start with an
initial reservoir model, which might be based on static in-
formation only. We simulate the performance and compare
the simulated performance with the observed values, and if
the match is not acceptable, we adjust our input model, based
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on sensitivity calculations, and repeat the procedure until a
satisfactory match is obtained. In general, the match is ob-
tained much more rapidly than what is possible using the sim-
ulated annealing procedure. At present, most of the applica-
tions are restricted to single-phase flow;!720 however,
multiphase flow applications are slowly emerging.21-22

Although the procedure based on sensitivity coefficients is
a significant improvement over other methods, several issues
remain unresolved. Next we discuss some of these issues.

Input Parameters. In using the sensitivity coefficient
method, we must be able to determine the sensitivity of the
observable parameter with respect to every input parameter.
As the number of grids increases, the number of input param-
eters increases very rapidly. For example, even for single-
phase flow, if we have 1,000 gridblocks, we can have at least
two parameters for each of the gridblocks, namely permeabil-
ity and porosity. If we move to multiphase flow, then in addi-
tion to porosity and permeability, we also must include satura-
tion and relative permeabilities. One can imagine the number
of input parameters as we start solving problems with 10,000
or more gridblocks. To use that many input parameters and
touse the sensitivity coefficients, with respect to all of
them, becomes progressively difficult, and it makes the pro-
cedure impractical.

Several solutions have been suggested to overcome this
problem. The pilot points technique uses only a few grid-
blocks as the pilot points and calculates sensitivity coeffi-
cients only at those locations, and once the input values are
adjusted at those locations, it uses a kriging-type procedure to
estimate the input parameter values at other locations.23-23
This technique reduces the number of input parameters for
computing sensitivity coefficients; however, the issue of the
selection of the correct pilot points and the efficacy of conver-
gence, in using only selected points, still remains unresolved.
Another solution is to use streamline simulators rather than
conventional flow simulators.2® By using a simplified flow
process, streamline simulators run much faster than conven-
tional simulators. This way, we can complete more iterations
more efficiently. Although streamline simulators are more ef-
ficient than conventional simulators, they are limited in their
applications. For example, they can not be used for a primary
depletion process. They also become less efficient as opera-
tional constraints are added (such as variations in production
and injection rates, shut-in of wells, drilling of in-fill
wells, etc.).

We must address the issue of the selection of appropriate in-
put parameters to make the procedure more practical. We
know, for example, that the change in the permeability of a
gridblock value, far away from a well, does not significantly
affect the well performance. However, the gridblock closest
to that well has a much bigger impact. How can we prioritize
these parameters based on our understanding of these rela-
tionships? Another, more relevant issue related to input pa-
rameters is the question of progressively developing a reser-
voir description with increasing details. Based on our
discussion, we know the importance of a large-scale descrip-
tion. Is it possible that we can first describe the reservoir on
a large scale, thus reducing the number of input parameters,
and then progressively increase the resolution as we match
the information on the coarser scale? Currently, most of the
efforts are restricted to changing the traditional history-
matching parameters such as the permeability and porosity of
the individual gridblocks. No effort is made in incorporating
geological or geophysical uncertainties. In other words, more
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emphasis is placed on small-scale heterogeneities. If we
can generate a large-scale description with fewer parame-
ters, we might be better able to quantify uncertainties in fu-
ture performance.

Output Parameters. The issue of output parameters is as
relevant as that of the input parameters. The sensitivity coeffi-
cient calculations require the calculation of sensitivity with
respect to every observable (output) parameter. The larger the
number of observable parameters, the greater is the number
of sensitivity coefficients. For example, if we use monthly
production data instead of yearly production data, we will sig-
nificantly increase the number of observable parameters.
Computational effort increases very rapidly as the number of
observable parameters increases. This happens as the data are
collected over a longer period of time from several wells. For
multiphase production data, it becomes even more compli-
cated as we keep track of multiphase rates from individu-
al wells.

Similar to input parameters, we must address the issue of
the scale of the output parameters. For example, if we can first
solve the inverse problem on a coarse scale by matching the
overall field performance, we might be able to successfully
describe the reservoir on a finer scale, as detailed, individual
well production data are incorporated progressively. The
scale issue is not only relevant in terms of space (overall vs.
individual wells) but is also relevant in terms of time (yearly
vs. monthly production rates).

Spatial Relationships. Part of the requirement for inverse
modeling is the spatial relationships of various attributes. In
the absence of such a relationship, the incorporation of pro-
duction data results in a highly heterogeneous and discontinu-
ous reservoir description. To create a more continuous and
smoother description, a variogram model based on static pa-
rameters is typically included as part of the constraint in solv-
ing the inverse problem.

We question if such a spatial relationship is adequate for
matching the historical performance data. Should we use
more flexible spatial relationships, which might be based on
the production data themselves? Field experience tells us that
the reservoir is highly heterogeneous in nature and highly
nonstationary. Injection in a well will significantly improve
the performance of a producer 2,000 ft away, but it might not
affect the performance of a producer on the other side, which
is only 600 ft away. This type of dynamic connectivity is quite
common in the oil fields and yet is difficult to capture using
conventional spatial relationships. We need more flexible,
nonstationary approaches that better model dynamic connec-
tivity in the reservoir so that such connectivities can be incor-
porated as part of the reservoir description during the inverse
modeling process.

Summary

In this chapter, we presented some of the challenges we will
face in the future as the discipline of reservoir description ma-
tures. The two main problems we presented are the integra-
tion of data from various disciplines and the ability to effec-
tively solve inverse modeling. Solutions to these problems
are emerging very rapidly, and we expect that within the next
10 years, books will be written offering solutions to these
problems, while discussing new challenges.
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Appendix A
Field Data

The data used for field examples in this book comes from the
Burbank Oil Field in Oklahoma. The field produces from a
sandstone reservoir that consists of several flow units. Hird!
describes the data for this field in detail. This appendix lists
and describes the data for wells in the area of the field consid-
ered for the examples. This appendix is useful for reviewing
field example calculations in detail and for designing further
exercises. Data include reservoir top depths, flow unit thick-
ness, porosity and permeability. This data set was selected for
field examples because it is the type of data commonly avail-
able to geoscientists and engineers in reservoir description
studies. Data files associated with this appendix are avail-
able online at http://www.spe.org/web/pubs/agrc/

A.1 Wells

Fig. A.1 shows the locations of the 79 wells in the field. All
the wells are vertical with constant coordinates through the
flow units. The x and y coordinates of the wells are listed in
Table A.1. These coordinates are used to describe the loca-
tions for all properties that are needed for kriging and condi-
tional simulation exercises.

A.2 Reservoir Top

Subsea depths for the tops of reservoirs are listed in Table A.1
for several wells. Note that tops are not available for all the
wells in the field. The top of the reservoir gradually dips to the
west.! In three-dimensional (3D) models, the top of a struc-
ture map is the reference point where flow units hang. Reser-
voir description applications require the top of a structure
map for simulation models, estimation of height from fluid
contacts in reserves calculations, and 3D visualization.

A.3 Flow Unit Thickness

The reservoir consists of ten flow units that capture changes
in geologic description and variation of petrophysical proper-
ties. Gross thickness for many wells is included in Table A.1.
Flow units were described at wells by analyzing several geo-
logic cross sections throughout the field, as well as the poros-
ity and permeability from cores and logs. Flow units are des-
ignated by numbers from one at the top to ten at the bottom.

FIELD DATA

Flow units three through seven, in the middle of the reservoir,
are the most productive units and have the best petrophysical
properties. Flow units one, two, and eight through ten are less
productive. The overall gross thickness of all flow units
ranges from 4685 ft, and the mean is 65 ft. Flow unit ten is
the thickest, while flow unit nine is the thinnest interval.

A_4 Porosity

Porosity data was calculated as the arithmetic average values
from cores and logs within each flow unit. Flow units one and
two have the lowest porosity with an average less than 12%.
Flow units three through seven, which are the most produc-
tive, have the highest porosity with average values greater
than 19%. Flow units eight through ten have an average po-
rosity less than 17%, and these are considered to have minor
contributions to production.

A.5 Permeability and Porosity Core Data

Permeability and porosity core plug measurements were
available for several wells. The highest average permeabili-
ties are in flow units three through seven. Flow units two,
nine, and ten have low average permeabilities of less than

15,000
O
10,006——0O-+O
@
8 o Q
5,00 A ol @ QO
& o) (0)¢e]0]
Y ‘O
o)
968 ©
-5,0000—O—
-10,000
-10,000 0 10,000 20,000 30,000
X, ft
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TABLE A.1—WELL LOCATIONS, NAMES, THICKNESS AND TOPS
Gross Gross
Thickness Thickness
Well X, ft Y, ft ft Top, ft Well X, ft Y, ft ft Top, ft
GRAHM281 —4,620 -1,980 67. 254A 10,207 8,273 69. 1,824.5
GRAHAM1A —4,300 330 57. 50W24 10,485 890 66. 1,838.0
LEOLA1 -3,630 —4,950 59. 10,860 9,580 1,801.0
WHITLK1A -3,630 6,260 76. 254A 10,207 8,273 1,824.5
WHITLK2 -3,630 6,930 65. 50W24 10,485 890 1,838.0
CONK92 -2,280 10,200 63. 10,860 9,580 1,801.0
CONK97 -1,700 8,580 71. 42D32 10,985 3,477 78. 1,817.0
CONK98 -800 8,320 81. 51W33 11,050 2,220 69. 1,828.0
GRAHAM1 -300 —2,990 58. 51W25 11,125 2,220 78. 1,824.0
388 330 3,630 80. 51W29 11,126 1,750 66. 1,837.0
30W22 1,005 6,170 50. 42W29 11,128 3,477 73. 1,817.0
30w27 2,005 7,495 61. 59W25 11,160 -360 55.
CALVIN1 2,310 —4,950 62. 34W28 11,200 6,170 66. 1,826.0
WARE1X 2,310 —-330 56. 26D29 11,225 8,547 78. 1,803.0
5614 2,940 -990 58. 5131 11,465 300 57. 1,850.0
64WH1 2,970 —4,290 65. 51W22 11,880 890 55. 1,836.0
48W25 3,280 2,000 59. 1,860.0 5132 12,295 300 65. 1,842.0
6410 3,300 —4,950 66. 51wW28 12,410 2,220 65. 1,814.0
648 3,890 —4,950 66. 42W28 12,432 4,944 80. 1,814.0
6411 4,290 -3,630 65. 51W30 12,510 890 63. 1,827.0
5613 4,290 -1,650 61. 42W30 12,535 3,455 73. 1,818.0
4,300 8,220 1,858.0 42W23 12,535 3,530 61. 1,822.0
39W23 4,565 3,530 79. 1,832.0 59W27 12,540 -360 60.
56W28 5,240 -350 58. 18W24 12,760 11,610 58.
5,580 8,220 1,850.5 3429 12,825 5,580 65. 1,811.0
49W25 5,845 2,220 70. 1,861.0 34D30 12,836 7,150 69. 1,833.0
6,260 9,580 1,863.0 52W33 13,736 856 78. 1,818.0
7,205 3,530 1,845.0 5228 14,255 1,660 67. 1,808.0
505A 8,220 1,745 72. 1,854.0 52D31 14,337 2,318 89. 1,799.0
8,220 9,580 1,842.0 5229 14,935 375 63. 1,832.0
33W28 8,320 6,170 49. 1,864.0 52W32 15,050 2,195 72. 1,803.0
50W25 8,485 2,220 69. 1,867.0 52W23 15,170 890 68. 1,814.0
41W31S 8,485 4,605 75. 1,838.0 43W24 15,275 3,530 59. 1,795.0
50W29 8,560 2,220 71. 1,868.0 5230 15,535 225 60. 1,848.0
M41 8,615 4,505 78. 1,841.0 60W28 15,700 —400 46.
252A 8,847 8,273 65. 1,818.0 53W25 16,405 2,220 59. 1,802.0
6613 8,970 -3,690 75. 44D29 16,960 3,585 50. 1,800.0
9,017 9,512 1,797.0 61W23 17,820 -1,700 50.
9,580 9,580 1,841.0 44W24 17,915 3,530 58. 1,785.0
5030 9,633 247 58. 1,879.0 18,180 9,580 1,793.0
50D31 9,685 1,838 55. 1,845.0 54W25 18,640 2,200 57.
41W28 9,770 3,530 82. 1,818.0 45W22 19,680 3,390 51.
33W29 9,770 6,170 69. 1,846.0 55W25 2,170 2,250 57.
41W23 9,845 3,530 79. 1,819.0 BEAGLE12 21,450 5,180 56.
50W28 9,920 2,220 61. 1,841.0 BEAGLE9 23,100 3,960 74.
w

20 md. Each table includes a collection of core plug measure-
ments for wells that have data in a flow unit. The correla-
tion between permeability and porosity, which can be ob-
tained from these tables, is used in permeability
description techniques.

A.6 Computer Files

Data described in Appendix A and used for the field examples
are online at http://www.spe.org/web/pubs/agre/. The data files
are in ASCII format for PCs and can be imported into most edi-
tor, word processor and spreadsheet programs. Files include data
for well names and locations; top of reservoir, gross thickness
and porosity for flow units; and core plug permeability and po-
rosity for individual wells and permeability. Data are stored us-
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ing GSLIB convention.? The first few lines of the files include
header titles used to describe the data, and the rest of the file con-
tains columns of numbers with the data.

The file wellnam.dat contains well names, coordinates and
total gross thickness for all wells. The headers of this GSLIB
file and first few lines of data are:

Gross Thickness for Burbank Unit

4

xcoord

ycoord

gross thickness

Burbank Field well name

21450.000 5180.000 56.000 BEAGLEI2
—2280.000 10200.000  63.000 CONK92
—1700.000 8580.000 71.000 CONK97
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The first line is the title. The second line is the number of
columns of data. Lines three through six are the labels of each
column. The remainder of the file consists of four columns of
data. Columns are separated by one or more blank spaces. In
this file, each line of data corresponds to a different well.

The file tops.dat includes the top of reservoir subsea depth
for several wells in the field. The tops for all wells in the pre-
vious file are not available. The well names can be obtained
by matching the X and Y coordinates with those in the file
wellnam.dat.

The header and the first few lines of the file are:

tops (subsea depth)

3

x-coord ft F12.3
y-coord ft F12.3
top ft F12.3
12900.000 9580.000 1792.000
10860.000 9580.000 1836.000
11805.000 8810.000 1832.000

Flow unit gross thickness data are in the files fu*h.dat (*
represents the number of the flow unit). The header and first
few lines of data for flow unit one are

Flow Unit 1 gross thickness data

3

X, ft

Y, ft

Gross thickness, ft

—4620 -1980 7
—4300 330 3
-3630 —4950 2

Flow unit average porosity data are in the files fu*por.dat.
The header and the first few lines of data for flow unit one are

Flow Unit 1 Porosity

4

xcoord

ycoord

zcoord

Porosity

21450.000

—2280.000

5180.000 0.0
10200.000 0.0

6.340
8.940

FIELD DATA

—-800.000 8320.000 0.0 8.550

Flow units core plug permeability and porosity data are in
the files fu*prm.dat. The header and the first few lines of
data for flow unit one are

Flow Unit 1 Core Por vs Perm

4

depth ft

perm md

porosity %

log(perm)

2944.500 0.300 10.500 -0.523
2945.500 4.300 14.400 0.633
2947.500 43.000 18.900 1.633

Note that the data in this file comes from different wells,
and therefore the X and Y coordinates (not included)
are different.

The files “well_name”.dat contain permeability and po-
rosity data for wells with core plug measurements. The header
and the first few lines of data for one well are:

Well No. 23-W23 Core Data

3

Depth (ft)

Perm (md)

Porosity ()]

3039.500 53.000 0.209

3040.500 0.570 0.106

3041.500 1560.000 0.284
References
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Appendix B

Derivations for Principles of Statistics

In Appendix B, we expand and derive many of the equations
discussed in Chap. 2. For additional explanation, please refer
to the references provided at the end of Chap. 2.

B.1 Expected Value
The generalized expression for expected value is given by

k

E[u(X)] = Z UC)PX = X)), oo (B.1)
i=1
for a discrete random variable, and
Elu(X)] = Ju(x)f(x)dx, ................. (B.2)

for a continuous random variable. P(X=1x;) is a probability
mass function, and f{x) is the probability density function. In
the following, we develop several of the expected value char-
acteristics for a continuous variable. Similar arguments fol-
low for a discrete variable.

B.1.1 Characteristics of Expected Value. If K is a constant,

E(K) =

g ——— g

Kf(x)dx = K Jf(x)dx;

however,

j f(x)dx = 1 —property of probability density function.

Therefore,

E(K) = K

E[Ku(X)] = IKu(x)f(x)dx =K fu(x)f(x)dx.
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Therefore,

E[Ku(X)] = KE[u(X)]. ... .. ... ... .... (B.4)
Similarly,

Elu,(X) + uy,(X)] = f[ul(x) + u(x)]f(x)dx

= Iul(x)f(x)dx + juz(x)f(x)dx.
Therefore,

Elu,(X) + uy(X)] = Elu,(X)] + E[u,(X)]. ... (B.S)

B.1.2 Important Parameters of Univariate Distribution.

EX)=u = fxf(x)dx, ................. (B.6)
and
E[(X - y)z] =0 = f O — W f@dx. .. ... (B.7)

For variance,

0% = Var(X) = E[(X — )| = EX* = 2uX + )

= E(X?) — EQuX) + Eu?),
but u is constant; therefore, by using Eqs. B.3 and B.4,
0% = E(X?) — 2uEX) + u?,

but E(X) =u by definition.
Therefore,

0 = E(X?) — 2u® + u* = E(X?) — u*.
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Therefore,

02 = EXY) = [EX). ... (B.8)
This is the same as Eq. 2.65.

Properties of Variance. If K is constant,

Var(KX) = E[(KX)’| = [EGKX)T
with Eq. B.8,

= KE(K*X?) — K*[E(X))’
with Eq. B.4.

Therefore,

Var(KX) = K{E(X?) = [EQX)T’| = K*Var(X).

.................. (B.9)

If K and b are constant,
Var(KX + b) = E[(KX + b)z] — [E(KX + b)I*

= E(K*X?) + 2E(KXb) + E(b*) — [E(KX) + E(b)]’
= K’E(X*) + 2KbE(X) + b* — K’[E(X)]" — b?
— 2KbE(X)
= KEX?) — KEX)]".
Therefore,

Var(KX + b) = K*Var(X).

B.1.3 Important Properties of Bivariate Distribution. The
expected value for a bivariate continuous distribution is given
by

Elu(X,Y)] = u(x, y)f (x, y)dxdy.

Ssg
g ———

Covariance is defined as

CX,Y) = E[(X — u)(Y — puy)] = E(XY) — E(Yuy)

— EXuy) + E(:“x,u)/)'

However, uy and uy are constant.

= E(XY) — uxE(Y) — uyE(X) + uxuy

= E(XY) — uxpty — Uxihy + txihy.
Therefore,
C(X,Y) = E(XY) — EX)E(Y). ............

Similarly,

CX+ZY) =EX+Z—ux—pu)Y —uyl
= E(XY) + E(ZY) — uyE(X) — uyE(Y) — uzE(Y)
t Uity + Uty

= E(XY) — uypx — pxphy + txtty

DERIVATIONS FOR PRINCIPLES OF STATISTICS

+ E(ZY) — uypz — Uytz + palty

= [E(XY) — uyty] + [E(ZY) — gy
Therefore,

CX+ ZY) = CX,Y) + CZY).

Similarly,

C(ixi, Y) —E (ZX - iyxl)W—/m
i=1 i=1 i=1

= E(zn:xi‘y) - iﬂxiE(Y) - ,uYEzn:Xi
i=1 i=1 i=1
+ zn:/“x,ﬂy
i=1
= iE(XiY) - /lYiﬂx[ - uyiux, + iﬂxﬂy
i=1 i=1 i=1 i=1

Therefore,

C(Z X, Y) =YX, (B.14)
i=1 i=1
This equation can be further generalized by writing
C(ZX,, > Y,) = > > axy). (B.15)
i=1 j=1 i=1 j=1

The proof of Eq. B.15 is very similar to Eq. B.14 and is not
provided here.
If X and Y are independent, we can state that

S y) = fx(x)f(y),

where f(x,y) is a bivariate probability density function, and
Jfx(x) and fy(y) are marginal distribution functions of random
variable X and Y, respectively.

Using the definition of covariance,

CX.Y) = E[(X — u)(Y — u,)] = E(XY) — ECOEY).

The first term on the right side of Eq. B.12 can be written as

©

EX,Y) = J wa(x,y)dxdy

o —

If X and Y are independent, substituting Eq. B.16 in Eq. B.12
yields

% ©

= j ijfx(X)fy(y)dxdy-

— o —

Because fy(x) and fy(y) are only functions of variables X and
Y respectively, the integral can be written as
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0

= J 1 x(x)dx- J Y(y)dy.

Using the definition of expected value,
= E(X)E(Y).

Because

E(XY) = E(X)E(Y), C(X,Y) = 0.

If the two variables are independent, the covariance is zero.
It should be noted that if the covariance is zero, the two vari-
ables may be uncorrelated but not necessarily independent.

B.2 Important Distribution Functions
B.2.1 Uniform Distribution Function. The probability den-
sity function is given by

1

f(x)=b_a fora = X <b
= Qotherwise. ............ ..., (B.18)
The cumulative distribution function is given by
F(u) = Jf(x)dx = Jde + f 1 dx.
b—a
Therefore,
_u—a
F(u) = b =g it (B.19)
Mean.
b a
X 1 (x? '
EX) = | xf(x)dx = b adx b a(?)a
_b*—a* _b+ta
=25 = a) DT e (B.20)
Variance.
Var(X) = E(X?) — [EX)T. ..., (B.21)
b b
2\ 2 — 1 2
E(X) = jxf(x)dx —b—afx dx,

1 (x_3>”=b2+ab+a2

b—a 3 ’
and
2
[EX)]> = W(ﬁom Eq. B.20).

Substituting in Eq. B.21,

b2+ ab+a> _ b2+ a’+2ab _ (b—a)

Var(X) = 3 ) 2

B.2.2 Normal Distribution Function. The probability den-
sity function is given by
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-1 — iR
f(-x) - mexp[ 2 0.2

for— o < x < o,

As we discussed in Chap. 2, we cannot get an analytical ex-
pression for the cumulative distribution function. It must be
solved with a numerical integration.

Mean.
E(X) = X 1 exp — l(x_—‘l/t)z dx'
J2To? 2 o
................. (B.24)
Substituting,
XTH

t= o X = o+ u,

and

=9
211
o

gl-eel5] -

= —| —exp U o
210 2 /1.

The first termis zero, and the term in the bracket, in the second
term (Eq. B.25), represents an integral of probability density
function if the mean is zero and the variance is one. Therefore,

that term should be equal to one. Hence,
EX) = u.

Variance.

Var(X) = X = u)’]

.. (B27)

‘ _ 2
= j(X —M)z\/#ozexp[%(x aﬂ) :|dx.
Y —

Gﬂ;x—u = 10.

Substituting, ¢ =

Var(X) = o® 1

/211

Integrating by parts,

> exp(_th)dt .

g ——— g

1 =\" L1 |
= 0| —=—=| — te + —— | e2dt].
\/ZH( )790 V2I1 [

The second term represents the normal distribution with a
mean of zero and a variance of one.

=0X0 + 1).

Therefore,
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Var(X) = 0% (B.28)
Standard Normal Distribution. If we define,
X —
z=S (B.29)
The mean of standardized variable is
X —
E(Z) = E( - ”) =LliEx) —pwr=0. ... ®30)
The variance of standardized variable is
X _ 2
Var(Z) = E(Z?) - [EQ2)]" = E ( - ) -0
= LEx - w’)
but
Hx —w’] =
Therefore,
Var(Z) = 1. ... (B.31)

B.2.3 Log Normal Distribution. For log normal distribution,
if X is log normal distributed, then ¥Y'=1n X is log normal dis-
tributed. If the mean of Y is a and the variance is 32, we can
write the distribution function for Y as

1 1{y—a
y) = exp| — = , — 0 <y< o,
0= g™ [ 2( p )] !
................. (B.32)
Mean. We can write
E(X) = E(e") becauseIn X=Y. ............ (B.33)
1 1
E) = — | 5
xZ‘,[ﬁ @
_ 1 —(y2+a2—2ya-28%)
=—— | e » d
ﬂ/EﬁTJ. ’
_ 1 —L{[y—(a+/32)}2+az—((H—ﬁz)z}
=—— | e d
ﬁfﬁi.[ ’
" I:.\'(aJrﬁz):r
B
I G|
=e 2/32[ —— | e d
e Y
................. (B.34)

DERIVATIONS FOR PRINCIPLES OF STATISTICS

However, the term on the right side, in the big bracket, is equal
to one because it represents an integration of normal probabil-
ity distribution function with a mean of (a + ﬂz) and a vari-
ance of 2.

a2 —a2—2ap2—p4)

= eizﬁZ
Therefore,
s A (B.35)
Variance.
Var(X) = E(X?) = [EX)I.  ............... (B.36)

We already calculated E[X], so we must calculate E[X2],
which can be written as E[¢27].
We can write

R I AR P
B V211
. P~W+ma]
2 B
= e_ﬁ[az_(a”ﬁz)] L. dy
B V211
................. (B.37)
The term in the big bracket is equal to one,
= ﬂz(aZ_aZ 482 - MﬁZ)
Therefore,
E(X?) =Pl (B.38)

By substituting Eqgs. B.38 and B.35 in Eq. B.36,

2lrs) = ol -y

Var(X) = ¢2F*+a) —
Therefore,

Var(X) = ,uz(e/‘a'2 - 1).

B.3 Linear Regression Using MVUE Technique

In this appendix, we provide a simple example of a linear re-
gression using the minimum variance unbiased estimate
(MVUE) technique.

We can write an expression for linear regression as

y=mx+b. (B.40)
In terms of random variables, where Y is the true value,
Y=mX+b+e. ... (B.41)



If we write an equation in terms of estimated value, we can
write

)A’=mX+b,

where ¢ represents an error associated with the estimate. We
apply two requirements—unbiasedness and variance mini-
mization.

B.3.1 Unbiasedness. An unbiasedness condition requires
that

Ey-¥)=o0 (B.43)
In other words, E(¢)=0.

The expected value of error should be zero.
B.3.2 Minimum Variance. For minimum variance,

Var(Y - f/) =0 (B.44)

We can write the equation for variance as

o2 = Var(Y - f/) - E[(Y - f/)z] - [E(Y - ?)]2.

However E(Y - IA/ ) = 0, based on an unbiased condition.
By substituting Eq. B.42 in Eq. B.45,

02 = E[(Y — mX — b)z]. ................ (B.46)
To minimize the error variance,

do?

—— = E[— 2X(Y — mX — b)] = 0 = E(YX)

am

- mE(Xz) —DbEX)=0. ................. (B.47)
Also,

do2

W=E[—2(Y—mX—b)] =0 = EY)

-mEX)—b=0. ... ... .. ... (B.48)

To solve for m and b, we can use Eqs. B.47 and B.48.
By multiplying Eq. B.48 with E(X) and subtracting from
Eq. B.47, we obtain

E(YX) — ENEX) — m{(X?) = [EQOT} = 0,
but

E(YX) — E(Y)E(X) = C(X,Y),

and

E(X?) — [EX)]” = Var(X).

Therefore,
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B.4 Generalized Linear Regression

If we write a generalized expression as

Y=a,+ ia,Xi T (B.51)
i=1
by applying an unbiased condition, we obtain
E(Y) = a, + zn:aiE(Xi)’
i=1
or
a, = E(Y) — zn:a,-E(X,-). ................ (B.52)

i=1

By applying the minimum variance condition, we obtain

0 = Var(Y —a, — Za[X,-)
i=1

Var(Y) + Var(z a,-X,-) - 2[zaiC(Y’Xi):|

i=1 i=1

Var(Y) + > > a,a,C(X.X) = 2> a,C(Y.X).
i=1 j=1 i=1
To minimize variance, we can equate the partial derivative of
variance with respect to individual coefficients equal to zero,
which is written as

d02 z )
a_af = 2> a,C(X,.X) — 2C(Y. X)) = Oforj=1,....n.
i=1
................. (B.53)
Eq. B.53 can be written as
> 4,C(X,.X) = Cv.X) fori=1,.. .n.
j=1
In matrix form, it is written as
an[C, X))
CX,,X) ... CX,X,) : .
CX, X)) ... CXuX) || ; : - (B34)
n C(Y’Xn)

To solve for coefficients ay, . . ., a,, we must invert the matrix
on the left side and multiply it by the vector on the right side.
Once g; is obtained, by substituting the values in Eq. B.52, we
can obtain the value of ay.

Nomenclature
a; = coefficients in a linear regression
b= constant
C(X,Y)= covariance between variables X and Y

ETu(X)] = expected value of function u(x)

fix)= probability density function
= marginal distribution function for variable X
marginal distribution function for variable Y
fix,y)= bivariate probability density function
cumulative distribution function
i= dummy variable
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= dummy variable Z= standardized normal variable

k= dummy variable a = arithmetic mean of natural log of the
K= constant variable
= slope in a linear regression 2= variance of natural log of the variable
= dummy variable &= error of estimation
P(X=x;)= probability mass function for variable X u = arithmetic mean of variable

. 2 _ . .
t= dummy variable o-= variance of variable

u(x)= function of variable X 0= error variance
u(y)= function of variable Y

Var(X) = variance of variable X Subscripts .
X = variable x= variable
Y= variable y= variable
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Appendix C

Derivations for Spatial Relationships

C.1 Relationships Between Variograms
and Covariance
To understand the relationship between variogram and

covariance, we must start with a definition of variance. Re-
call that

Var(X) = E(X?) — [EX)]’.

If we define the two random variables, X and Y, we can write

Var(X — Y) = E[(X - Y)Z} —[EX -V .. (C2
Expanding,

Var(X — Y) = E(X?) + E(Y?) — 2E(XY) — [EX))’

[EN) + 2EXEY). ..o (C.3)
However,

EXY) — [EX)]” = Var(X), ......ooiii... (C.1)

EYY) = [EX)] = Var(Y), ................ (C4)
and

E(XY) — EX)E(Y) = CX,Y). ............. (C.5)
By substituting Egs. C.1, C.4, and C.5 in Eq. C.3,

Var(X — Y) = Var(X) + Var(Y) — 2C(X, Y).

.................. (C.6)

If we assume that variable X = X(x) and variable
Y = X(ﬁ + E), we can rewrite Eq. C.6 as

Var[x@ ~ X(@ + Z)] — Var[X(@D)] + Var[x(ii + i)]

- 2C[X(ﬁ),x(ﬁ + Z)]
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Recall that

y(L) = %Var[X(ﬁ) — x(a + Z)]
Also, the second order stationarity requires that

Var[X@@)] = Var[x(ﬁ + Z)} — C(0),
and

C[X(ﬁ),x(ﬁ + Z)] =) ...
By substituting Egs. C.8, C.9, and C.10 in Eq. C.7,
2(L) = 2¢0) - 2(L).

or

W) =co-cL) ...

c(L).

This is the same equation as Eq. 3.19 in Chap. 3.
In practice, when we estimate the variogram, we write the
equation as!

)Q(Z) - 2nll_:)

Expanding,

i(r) =

u(L

[x(ﬁ,-) — x(ﬁ,- + Z>]2

i=1

i}

=

1
D)

]

x(ﬁi)x(ﬁi + Z)

1
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By adding and subtracting same terms, we can write

() I
H(I) = anz) D) = _ﬁ;x@)
1 D e 1- 1 Qs 2
" 2n(Z> =1 xz(ui ' L> 2 _n_l_j)le X(ui " L)
(E) (Z)
1 1

- Z) 2 x(ﬁ,.)x(;z,. + Z) + @;x@

T o) T
+% ﬁa;x(ﬁ,«) + nLZ),-_lx(ul-i_L)
L,
- Ei_zlx(u,.)-n—e)l_I x(u, + L) ....... (C.13)
If we define the following terms as
o (E) - . o(Z) -
s L—n—l_:>i:lx(u,»)— ﬁ;x(ui) N (oA )
I DR N T
2, n—lj>i=1x<u,-+L)— n—z)t:lx(u,-+L) ,
................. (C.15)
(L)
S (C.16)
n(L) 5
and
. | (E) L
X, = ﬁle(u + L), ................ (C.17)

where 5%, and s ,, respectively, represent the variance of the
first and the second data points in sample pairs located a lag

distance L apart, and X_; and X, ;, respectively, represent the
arithmetic means of the first and the second data points in the

sample pairs located at a lag distance L apart.
By substituting Eqgs. C.14, C.15, C.16, and C.17 in Eq.
C.13, we obtain

Q(Z) = %(Sz—L + 52+L) - C(Z) + %(X—L - X)),

DERIVATIONS FOR SPATIAL RELATIONSHIPS

where Eq. C.18 represents the covariance estimation, which
is defined as

(Z) Z x(ﬁ,-)x(ﬁ,- + Z)
n i=1

By examining Eq. C.18, one realizes that this equation is not
the same as

WL) = c = (L) . (C.20)
Egs. C.18 and C.20 can be identical only when
2, =5%, =cOandX_;, = X,;. ......... (C.21)

That is, when the sample variance is the same as the lag vari-
ance, and the sample mean is the same as the lag mean. If we
have sufficient samples represented at each lag distance, Eq.
C.21 can be satisfied, and we can assume Eq. C.20 to be valid.
Unfortunately, we might not have representative pairs for
each lag distance. As a result, the sample mean and the lag
mean can be different, and the sample variance and the lag
variance might also be different.

To account for these differences, we use the modifications
of the variogram discussed in Sec. 3.3.4. For example, the
nonergodic variogram is defined as

)QNE<L) = ¢(0) — c(L),
where c(0) represents the sample variance. If we substitute
Eq. C.22 in Eq. C.18, we obtain

)9(1_:) = %(SZ_L + 5%,) — c0) + %()?_L X)) + )9NE<Z)

Eq. C.23 establishes the relationship between nonergodic and
conventional variogram estimations. The nonergodic equa-
tion, through the definition of covariance, accounts for the
variations in lag mean. As explained before, if the lag mean
and the sample mean are the same, and the lag variance is
identical to the sample variance, we can state

yA(Z) = )QNE<IT). ......................... (C.24)
Similarly, the nonergodic correlogram is defined as
. L
rNE(L) = % ....................... (C.25)

Eq. C.25 accounts for the variation in the sample and lag vari-
ances.

C.2 Indicator Variable

Indicator variables allow transformation of continuous vari-
ables into discrete variables. It is defined as

I(Z,x,) = LifX(u) < x,

= 0,if X(u) > x,.

With this basic definition, we can derive some important
properties of the indicator function.?
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C.2.1 Expected Value.
E[G,x)] = 1 X p[X@) < x] + 0 X plx() > x,].

The indicator function can only take two values, with the
probabilities for each outcome defined by the distribution
function of the original variable. However, we know that

p[X(ﬁ)) = xt] = F(X,).

This is the definition of the cumulative distribution function.
Therefore, we can write

Ell(u,x)] = plX(w) < x] = F(x). ........ (C.29)
C.2.2 Variance.
Varll(i, x)] = E[PGi,x)] — (EUGE,x)1}. ... (C.30)

Because the indicator variable can only take values of zero or
one, we can write

1@, x) = @) oo (C.31)
Note that 02=0, and 12=1.

By substituting Egs. C.31 and C.28 in Eq. C.30,

Var(l(i,x)] = F(x) — [F(x)]’

= FO)IL = FOO)L. e (C.32)

C.2.3 Noncentered Covariance. One of the unique proper-
ties of an indicator variable is its ability to define the connec-
tivity between two points for a given threshold. This informa-
tion cannot be obtained by conventional variograms. For
example, we can write

HL.x) = E[I(ﬁ, ollii + L. x)]
=1x [p:X(ﬁ)) < x,,X(ﬁ)+ Z) < x,:
+0 x

|
+0x {P:X@ < x,X(i + L) > x}
{ |

p:X(ﬁ’) > xI,X(ﬁ + Z) < x,:

+ 0 % {P-X(ﬁ)) > x,,X(ﬁ + Z) > xt-}. .....

In calculating the expected value of a product of indicator
variables, we must consider four possibilities; of these four,
however, only one will result in a value of one. The other three
possibilities will result in a value of zero. The left side of Eq.
C.33is called the noncentered covariance. It can be written as

H,(E, x,) = E[I(ﬁ, x,)~1(ﬁ + L x,)]

= p[X(@ < x,,X(ﬁ + Z) < x,].
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This represents a joint probability that two values, located at

adistance L apart, are less than a given threshold. In reservoir
description, such information might be very important. For
example, the connectivity of porosities, both below a thresh-
old (productive) level, can be used to represent a nonproduc-
tive zone.

If we define an indicator variable as

Ju,x) = 0,if X(u) < x,

= 1,ifX(u) > x, ... (C.35)
we can easily see that
J@,x) = 1 = I, x). oo (C.36)

Similar to I(u, x,), we can also use J(u,x,) to represent the

joint probability that two values located at a distance L apart
are both greater than a certain threshold. An example is the
connectivity of high permeability values representing a thief
zone. We can write

HL.x) = E[J(ﬁ, x)dii + L. x)}

= p[X(ﬁ) > x,,X(ﬁ + I_:) > x,].
By substituting Eq. C.36 in Eq. C.37, we can easily show that

H(Lx) =1+ H(Lx) — 2F(x).

Aswe discussed in the multipoint histogram section, this type
of relationship can be extended to multiple point connectivity,
which allows a joint probability determination of how multi-
ple points are connected to each other.

Indicator variables are also useful for describing categori-
cal or discrete variables. A good example is geological facies.
We can define an indicator variable as

1Gi,K,) = 1,ifK(u) = K,
= 0,if K(u) = K,

where K; is a particular categorical facies, and K(u) is the fa-
cies present at location u. Similar to Eq. C.33, we can easily
define the joint probability distribution as

H,(Z, K,) = E[I(ﬁ, K,)-I(ﬁ +L K)]

—)

= p[K(EZ) = K, K(i +L| K,].

Instead of defining a joint connectivity of two locations with
respect to the same facies, we can also define the joint connec-
tivity of two locations with respect to different facies as

H,(Z, K, K,’) = E[I(ﬁ, K,)-I(ﬁ’ + I K)]

—>)

= p[K(ﬁ) =K, K(ﬁ + L) K,’].

This type of relationship can be easily extended to multipoint
histograms for the categorical variables.

C.3 Cross Relationships

C.3.1 Theoretical Equations. As explained in Chap. 3, an
equation for the cross variogram can be written as
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r(E) = E{[x@ - x(a + L) v@ - a + I)]}.

Similarly, we can write, for a lag of — L, an equation as
v(-I) = %E[[X(ﬁ +I) - X(ﬁ)][Y(ﬁ +I) - Y(ﬁ)”,

which can be written as

_ %E{[x@ - (i + I) | v@ - v + Z)” = vL).

That is, the cross variogram is symmetric.
The cross covariance equation can be written as

clL) = E[X@Y(ﬁ + Z)] - E[X(ﬁ’)]E[Y(iZ + Z)]

For alag of — L , we can write the equation as
c(-I)= E[X(ﬁ’ + Z)Y(ﬁ’)] - E[X(ﬁ’ + Z)]E[Y(ﬁ)].

If we assume that first order stationarity holds, we can write
EIX@)] = E[X(ﬁ + Z’)],andE[Y(ﬁ)] - E[ i+ E)]

Therefore, the second term in Eqgs. C.45 and C.46 can be as-
sumed to be equal. However, E[X(ﬁ)Y (ﬁ + Z)] is not neces-

sarily equal to E[X(ﬁ + Z)Y(ﬁ)]. In some mining applica-

tions, they are observed to be significantly different. This
phenomenon is called a lag effect. In the presence of a lag ef-
fect, we can state that

CC(Z) = C(.(— L)

In other words, the cross covariance is not symmetric. In most
reservoir characterization applications, however, we assume
that it is symmetric.

Expanding Eq. C.42, we can write

2.(L) = EIxGhYa) + E[X(ﬁ + D)y(i + E)]
E[X(E)Y(ﬁ + E)] - E[Y(ﬁ)x(ﬁ + Z)] ......
‘We can rewrite it as,

29(L) = EIXGDY@) ~ EXGDY()
+ E:X(ﬁ + Z)Y(ﬁ + Z)] - E[X(ii + Z)Y(ﬁ + E)]

- E:X(ﬁ’)Y(EZ + E)] + E[X@]E[Y(ﬁ + Z)]

|
S|

:X(ﬁ + E)Y(m] + E[x(ﬁ + Z)]E[Y(ﬁ)].
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In Eq. C.50, we are assuming first order stationarity. See Eq.
C.47. Knowing that,

CA0) = EIX)Yw)] — EIX@IEY(W)]

= E[X(ﬁ + L)(ii + Z)] - E[X(ii + Z)]E[Y(ﬁ + Z)}

................. (C.51)
We can write

(L) =2c0) - L) - c(-L) ... (C.52)
If we assume the cross covariance to be symmetric,

yc(Z) = C.(0) — C(,(f). .................. (C.53)

C.3.2 Practical Considerations. In practice, the cross vario-
gram is calculated as

I‘I(Z)

?%(Z) = 19 Z[x(ﬁ,-) - x(ﬁ,» + Z)][y(ﬁ,-) — y(ﬁ,- + Z)]

2n(L) 5
................. (C.54)
Expanding,
i)

p(L)= Z"EZ) Z X(i)y(T)

1 n o
+ 2 x(d, + L)y(ii, + L)

R
"3 ;x(ui)y(u, +I)

. (E) -

_ zn(z);x<ui LG (C.55)
If we define terms similar to the conventional variogram for-
mulation,

) | (E) o | (E) -

X, = EZX(ui),x+L = n_f,)] x(i, + L),
and

) o I

Yoo = ﬁ;y(ui)dﬂ @’:1 y(ui + L).

................. (C.56)
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We can rewrite Eq. C.55 as

e

(D ;x<ﬁ,~>y(ﬁ’,-) =3T3,

(L)
1
2}1(Z> i=1

—)

xi; + L)y(, + L)

f+J+L

B [—

i)
ZnEE) ;x(ﬁ,—)y(ﬁ,- + I_:) + %X,JH

Using a similar notation as for the conventional variogram,
we can define

e 0= =S x@)yi) - x5,
n L) i=1
and
(D)
¢, (0) = =5 > i, + D(ii, + L) = 15,
n L) i=1

where the left sides in Eq. C.58 represent local cross covarian-
ce. Substituting Eq. C.58 and the standard definition of cross
covariance, we can write Eq. C.57 as

7(L)= 3 [ec @ + e @] = Y= T) + e+ )]

+ @ - T 0, — 7))
In most instances, we assume that cc( - Z) = cc(l_:).

nonergodic cross variogram is defined as

A

yENE(Z) = ¢,0) — cc(Z). (C.60)
By substituting Eq. C.60 in Eq. C.59, we observe,

0)]

CtL

7(L) = 3 [ec (0 +c

+ %[(X_L -5 ), -y + 9 (L) ... o

For )ﬁc(l_j) to be equal to QQCNE<Z), the local cross covariances

must be equal to the global cross covariance, and the local
mean of the first data point in a pair should be equal to the lo-
cal mean of the second data point in a pair.

C.3.3 Markov-Bayes Approximation for Cross Correla-
tion.3> The Markov-Bayes approximation minimizes the
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modeling requirements. If we assume that X is the principal
variable, a variable we are interested in estimating, and Y is
the covariable, we can write the covariance equation for the
X variable as

L) = E[X@X(ﬁ + Z)] - E[X@]E[X(ﬁ 4 Z)]

The equation for the cross covariance between the two vari-
ables is written as

CulL) = E[Y(ﬁ’)X(ii + Z)] - E[Y@]E[X(ﬁ + Z)]

If we further assume a linear relationship between the two
variables as

Y@) = BXU), oo (C.64)
the slope, 3, can be calculated as
Cx/(0)
= e C.65
B C.(0) (C.65)

where Cx(0) represents the variance of variable X. Further, if
we assume that the value of variable Y at a given location u
is only influenced by the variable, X, at the same location and
no other X value, we can write

E[Y@IX@ = 5, X(7 + L) = ...
which is the same as

E[Y@)IX@) = x,].

This is similar to the Markov chain assumption because the
variable value depends on another variable value at the same
location only. Transition probability calculations require a
similar assumption. With Eq. C.46, we can substitute Eq.
C.64 in Eq. C.62. We obtain

—) —)

CXY(L) - ﬂ[E[X(mx(ﬁ + L)] - E[X@]E[X(ﬁ + Z)”

................. (C.67)
By substituting Eqs. C.62 and C.65 in Eq. C.67,
CXY(Z) = CXy(O)%. ................... (C.68)
Cx(0)

Eq. C.68 allows us to calculate the cross covariance based on
the covariance of the X variable. Once the covariance of the
X variable is modeled, we can infer cross covariance without
modeling.

Nomenclature

C(0)= variance

C(Z) = covariance at lag distance L
C(X,Y)= covariance between variables and
E(X)= expected value
F = cumulative distribution function
H ,(E, x,) = noncentered covariance at lag distance L
i= dummy variable
I(it, x,) = indicator variable for threshold x;
J(u, x,) = indicator variable
K= categorical variable
L= lag distance

APPLIED GEOSTATISTICS FOR RESERVOIR CHARACTERIZATION



= number of pairs at a distance L — L = first data point in pairs located I distance
probability apart
NE = nonergodic

t= threshold value

x= variable X

=
Sy &
Il

correlation coefficient for data points L
distance apart

<
—_

s 2( ) = variance of samples at lag distance L xy= cross variogram/covariance between
Var(X) = variance of variable variables X and Y
x(u) = sample at location ¥
X = variable References
Y= variable . . 1. Isaaks, E.H. and Srivastava, R.M.: “Spatial Continuity Measures
= slope as defined in Eq. C.65 for Probabilistic and Deterministic Geostatistics,” Math Geology
y(f) = variogram at lag distance L (1988) 20, No. 4, 313.
Al . . . - 2. Alabert, F.: “Stochastic Imaging of Spatial Distributions Using
V(L) = estimated variogram at lag distance L Hard and Soft Information,” MS thesis, Stanford U., Stanford,

California (1987).

Subscripts . ) 3. Xu, W. et al.: “Integrating Seismic Data in Reservoir Modeling:
(C= CrOsSS covarlance or Cross variogram The Collocated Cokriging Alternative,” paper SPE 24742 pres-
+ L = second data point in pairs located L distance ented at the 1992 SPE Annual Technical Conference and Exhibi-

apart tion, Washington, DC, 4-7 October.
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Appendix D

Derivations of Conventional

Estimation Methods

D.1 Simple Kriging
We start with the equation,

X'Gig) = Ao + > AXCE).

i=1
D.1.1 Unbiased Condition.
E[X(iy) — X'Giy)| = 0.
That is,

E[X(ﬁo) — Ao — ZA[X(E-)] =0.
i=1
Expanding,
EIX@iy)] = Ao + > AEIXGD)I.
i=1

In principle, the expected value at each location can be differ-
ent from each other. We can write

miiiy) = Ao + > Ami).
i=1

Therefore,
Ry = m(dy) = > AmG@). ... (D.2)
i=1
If we assume first order stationarity,
m@y) = m(u) =m. ... (D.3)
Substituting,
Ao = m(l - Zl,-). .................... (D.4)
i=1
232

D.1.2 Minimum Variance Condition.

6y = VarlXGiy) — X (iiy)]

= Var[X(ﬁo) - > AXG@) - ,10]. ......... (D.5)
i=1
Note that A¢ is a constant. Also,
Var(X — Y) = Var(X) + Var(Y) — 2C(X,Y).
.................. (D.6)

With Eq. D.6, we can expand Eq. D.5 as

i=1

6y = VarlX(iy)] + Var[Z/l,X(ﬁi)]

- 2C|:X(ﬁo), z A:X(y) :|
i=1

= Cliy, tiy) + Z ii,ﬁ_,c(ﬁ,, i) — 2 i,l,.c@, ),
i=1

i=1 j=1

where c(uty, i) is the variance; c(ﬁ,-, L_Z]) is the covariance be-
tween X(u;) and X(ﬁj), and c(u;, u,) is the covariance between

X(u;) and X(u,).
To minimize the variance, we can write

A2 "
00 - - .
8_/125 =0= 2;/1J-C(u,~,u(,~) - 2C(d;, uy) fori=1, ..., n.
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Eq. D.8 can be written as
> A, Cli, i) = Cliyiig) fori=1,....n. ... (D9)
j=1

The covariance values are estimated based on the spatial
model. Eq. D.9 in matrix form can be solved to obtain 4; val-
ues. Eq. D.9 can also be substituted in Eq. D.7.

A2

6 = Clidyiig) + Y A Cliliig) = 2 > A, Cli, iy,
i=1 i=1

Q
=
|

= Cliyiig) = Y ACliiig). ..o
i=1
Eq. D.10 allows the estimation of error variance.
Similar equations can also be written in terms of the vario-
gram. The equation for an unbiased condition remains the
same. However, Eq. D.9 can be written as

> A[C0) = ylii, i) = CO0) — (i i) fori=2,....n.
j=1

................. (D.11)
In matrix form,
[C(0) — y(d,, i) . .. CO) — y@i,u) ][4
C(O) - y(ﬁm ﬁ)l) e C(O) - V(ﬁ)m ﬁn) ln
-C(O) - ')/(ﬁl’ ﬁo)
: e (D.12)
C(O) - y(ﬁm ﬁ())

Eq.D.121is very similar to Eq. 4.10, except that the covariance
terms are replaced by variogram terms. Solving Eq. D.12 re-
quires that the value of C(0) be available. If we model a vario-
gram without asill, we can still arbitrarily define a large vario-
gram value at a distance, which is beyond the region of
interest, as C(0). This will not affect the weight calculations,
as shown in Eq. D.12. However, the choice of C(0) would af-
fect the calculation of error variance, as shown in Eq. D.13.
Depending on the choice of C(0), the error variance value will
be significantly affected.
Similar to Eq. D.10, the error variance is calculated as

6y = (1 - Z/I,-)C(O) + > Ay, ... (D.13)

Although Egs. D.1 through D.13 are written in terms of a ran-
dom variable X, in practice, we only have one realization of
the sample. Therefore, we can write Eq. D.1 as

X'y = Ao + . (i),

i=1

where x(;) is the sample value at location ;.

D.2 Simple Block Kriging

Similar to point kriging, we start with the equation,

DERIVATIONS OF CONVENTIONAL ESTIMATION METHODS

X:(ﬁo) = /10 + Z/IIX(’Z)

i=1

D.2.1 Unbiased Condition. An unbiased condition requires
that

E[X,(iy) — Xi(ip)| = 0.

Similar to simple point kriging, to satisfy the unbiased condi-
tion, we write

Ao = m(l - zxi). ................... (D.17)
i=1
D.2.2 Minimum Variance.
6y = Var[X (i) — X:(iiy)]
= Var|:Xv(ﬁo) — > AX@) = Ao | (D.18)
i=1

Expanding,

i=1

Var[X (uy)] + Var[z/liX(ﬁi)

2C|:Xv(ﬁo)» i ﬂiX(ﬁi)]
=

= C,(ty, ) + Z izi,ljc(ﬁi, i) — 2 izic‘,@, i),
i=1 j= i=1

i=1 j=1
where C,,(i,, u,) represents block variance, and C,(iz;, uy)
represents covariance between a block at 4, and a point at ;.

Similar to simple point kriging, taking the derivative with
respect to A; and equating it to zero, we obtain

> A Cli, i) = Ciiiy) fori=1,....n. ... (D.20)
j=1

Substituting Eq. D.20 in Eq. D.19, we obtain the expression
for error variance as

A2 - — - - —
UE = va(”O? MO) - z ﬂ'i Cv(uiv MO)-
i=1

Notice the similarity between the point and the block kriging
expressions except for the covariance values.

D.3 Ordinary Kriging

Similar to simple kriging, we can start with

X'Gig) = D AXG) + Aoe oo (D.22)
i=1
D.3.1 Unbiased Condition.
E[XGiy) — X" ()| =0.
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By substituting Eq. D.22 in the above equation,

EIXGiy)] = Ao + > AEIXGi)I.
i=1
If we assume that E[X(uy)] = E[X(u)] = m(i,), where

m(iiy) is the local mean within the search neighborhood, we
can write Eq. D.23 as

Ao = m(ﬁo)(l — zn:/l,-).
i=1

Because we do not know the value of m(is,), we can force 4
to be zero. This results in

n

z/l,. e P (D.25)
i=1
This is the unbiased condition.
D.3.2 Minimum Variance Condition.
A2 — % —>
0 = VarlX(iy) — X (i)
= Var[X(ﬁo) - z/lix(ﬁ,-)]. ............. (D.26)
i=1

Expanding,
G = Cliigeiig) + > > AdyClitnii) — 2> A,Cli, ).
i=1j=1 i=1

We must minimize the error variance with a constraint de-
fined in Eq. D.25. To achieve this, we use the Lagrange multi-
plier method. We define the function, F, as

F=3Z+(§:ii—l)

i=1

= C(i,, Uy) + z i,l,.,l_,c(ﬁ,., i) — 2 i,l,.c@., i)
i=1

i=1 j=1

+ 2ﬂ(z/1i - 1), ..................... (D.28)
i=1

where u is a Lagrange parameter.

To minimize the error variance, we can write

STF. =0 =2 4C(@.i) + 2u — 2C(, iy,

i j=1
fori=1,...,n, .. (D.29)

and

IF o= Ny

9 =0 ZA Lo (D.30)
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Eq. D.29 can be written as

> A Cli, i) + u = CGi i) fori=1,...,n.
j=1

By solving Egs. D.30 and D.31 simultaneously, we can obtain
the values of 4; and u. The matrix form is provided in Eq. 4.21,
which results in the (n+ 1) X (n+ 1) matrix.

Once the weights are determined, we can estimate the value
at the unsampled location by

X(ig) = > Ax(ii).

Further, we can simplify the expression for éz by substituting
Eq. D.31 in Eq. D.27. We then obtain

A2 oL - . C S
o = Cluy, uy) + Zli[C(ui, u,) —u] — ZZliC(ui, Uy)
i=1 i=1
= C(ﬁo, ﬁo) - ZA,‘C(&?, ﬁo) —U.
i=1
The error variance will always be greater than or equal to zero.

D.4 Cokriging

We first develop the set of equations for two variables. We as-
sume they are the principal variable and the covariable.
The estimation equation can be written as

X () = 2o + i/lxix<ﬁxi> + ilka(ﬁyk). . (D.34)
i=1 k=1

D.4.1 Unbiased Condition.
E[XGiy) — X' ()| = 0.

By substituting Eq. D.34 in the above equation, we obtain

E[X ()] = E|:/10 + iixix(ﬁx,) + izyky(ﬁyk)].
i=1 k=1

Invoking the first order stationarity,
nmy = l() + mlexi + mYZlyk,
i=1 k=1

where my and my are the means of the X and Y variables, re-
spectively. Therefore,

Ao = mx(l — ilxi) - myi/lyk.
i=1 k=1

For a simple cokriging system, Eq. D.36 constitutes an un-
biased condition. If the means are not known, we can force A
to be zero by the equation,

iixi = l,andiﬂ.yk = 0.
i=1 k=1

These two constraints in Eq. D.37 will result in a traditional
ordinary cokriging system. One of the drawbacks of Eq. D.37
is that it forces some of the weight values, assigned to the co-
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variable, to be negative because all weight values must add to
zero. This can result in a negative estimate at a particular un-
sampled location, which might not have physical meaning.
To avoid forcing the negative weight values, one option is
to define

$hs St
i=1 k=1

and

Ao = (— my + mx)z/lyk.
k=1

Eq. D.38 provides the two constraints, such that all the weight
values add to one, and A requires the knowledge of the
means. If we substitute Eq. D.37 in Eq. D.34, we obtain

X @) = S ax(@) + > 2, ¥,
i=1 k=1

On the other hand, if we substitute Eq. D.38 in Eq. D.34,
we obtain

X'Gi) = i’lxix(ﬁxi) + i,lyk[y(ﬁyk) —— mx].
i=1

Eq. D.38 is another way in which the unbiased condition is sa-
tisfied. It provides a constraint in an ordinary cokriging system.
Depending on whether Eq. D.37 or Eq. D.38 is chosen as an
unbiased constraint, the estimation at the unsampled location
is done with either Eq. D.39 or Eq. D.40, respectively.

D.4.2 Minimum Variance. Depending on the unbiased
condition, a different expression for minimum variance can
be established. We develop the expression based on the un-
biased condition provided in Eq. D.37.

To minimize variance, we must minimize

6 = Var[x*(ﬁo) - iix[X(ﬁx,,) - iiyky(ﬁyk)].
i= k=1

i=1

................. (D.41)
Noting that
Var(X — Y — Z) = Var(X) + Var(Y) + Var(Z)
- 2C(X,Y) + 2C(Y,Z2) — 2C(X,Z)
we can expand Eq. D.41 as
A2 S SN .
op = Cxluy, uy) + Z zlx,./lxicx(uxl, ij)
j=1i=1
+ O Ay Ay Oy i)
k=1 1I=1
— 2> A Cxltigetix) = 2> Ay, Cfiiniiy,)
i=1 k=1
+ 2> > My Cliitiy). oo (D.42)
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The error variance equation defined in Eq. D.42 must be mini-
mized with two constraints, as described in Eq. D.37. With the
Lagrange multiplier method, we can define the function, F;, as

A2 n m
F=6,+ 2ﬂx(zixf - 1) + 2ﬂy(z/1yk).
i=1 k=1

Taking the derivative with respect to A and u, we obtain
i}-xjcx(ﬁxﬁ ﬁxj) + ilyk Cc(ﬁx,.’ Eyk) +ux = Cx(ﬁx,., ﬁn)a
j=1 k=1

fori=1,... n
i’lxicc(ﬁxﬁ ﬁyk) + ilyicy(ﬁ)yk’ ﬁyl) Ty = Cc(ﬁyk’ ﬁo)’
i=1

=1

fork=1,... m;

i)-x, =1
i=1

and

In Eq. D.44, Cyx represents the covariance for variable X; Cy
represents the covariance for variable ¥, and C¢ represents the
cross covariance between X and Y. In matrix form, Eq. D.44
can be written as

Cxliix i) - -+ Culiin i) Ccliingiiv,) - Celn iy, 10
Cxliix i) - -+ Cxliinfix,) Ccliingiiy,) -+ Celi,y,) 10
iy iix,) - Cdivoiiy,) Civei) - iy, ) 01
v ity,) - - Cliv,iy,) oy, dy,) - iy, dy,) 01
1 S 1 0 . 0 00
0 C 0 1 S 1 00
r},X: Cx(uxl, Mo)
;an Cx(”x,p Mo)
= [ Cuvpuo) | (D.45)
2 oL
X Cc(”ym’ ”0)
Hx 1
Y
\lu J O

Eq. D.45 can be solved for A and u. Further, by substituting
Eq. D.44 in Eq. D.42, we obtain

A2 —  —
UE = CX(um uo)

+ ilxicx(ﬁxi, i,) — izykcc(ﬁyk, i0,) = .
i=1 k=1



As before, the error variance is always greater than or equal
to zero.

If we choose Eq. D.38 as our unbiased condition, the overall
development of equations remains the same. The final ex-
pression, in the matrix form, can be written as

Cxlix i) - - Culiixpi,) Cclingiiy,) - Cclin iy, 1
Cxlii,ix,) -+ Cxliini,) Cclngiiy,) - Celiiy,iy,) 1
Clivpiiy,) - o) v iy,) - sy, ) 1
Celiy iy, ) - - Ccliy, iy, cy(ﬁym,ﬁ’yl) o Gy, i) 1

1 R 1 0 L 0 0

7«){1j CX(MXI’ MO)

/lx,l CX(MX,,’ uo)

Ao | =L Cddy i) | (D.47)
A oL

o Cc(uym’ ”o)

“ 1
L J

This equation is similar to Eq. D.45, except the matrix size is
reduced by one because one constraint, with respect to
weight, must be incorporated. The error variance is calcu-
lated as

A2 -
or = Cxludy, Up)

Note that to estimate a value under Eqgs. D.47 and D.48, we
must use Eq. D.40. In practice, this translates into

X'Giy) = > Ay X(iiy) + Z,lyk[y(ﬁyk) —— mx].
i=1 k=1
As stated before, the means must be known to use Eq. D.49.
We can also develop a similar set of equations for a simple
cokriging algorithm. This requires the use of Eq. D.36 as
an unbiased condition. There are no constraints on the as-
signed weights.

D.4.3 Collocated Cokriging. In this method, we assume that
to estimate X"(#,), we must only use the covariable value,
Y*(id,)). Because m=1, Eq. D.40 reduces to

X'y = i’lx,x(ﬁx,») + Ay [YGiy) — m, + myl,
i=1

where my and my are assumed to be known. The unbiased
condition requires that

Shy + iy, = 1.
i=1
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Applying the minimum variance constraint, and following a
similar development like conventional cokriging, we obtain

Clii iiy,) - . . Cxltiy, tiy,) Celiix,.iho) 1]

Cilidy, tiy,) Ccliy,, o) 1

Cclidy, iix,) Cylidy, 1) 1

S
CX(MX”, uX]) C

Cc(uo,uxl) C

1 C. 1 1 0
”/le Cx(ﬁxl,ﬁo)
Ax,| = Cylitg iig) [ oo (D.52)
/IYO Cc(ﬁ)()a 170)
M 1

For n principal variable samples, Eq. D.52 results in the
(n+2) X (n+2) matrix. This is not significantly different
from the ordinary kriging matrix. Further, we only need the
variance of variable Y, C(u,, u). No spatial model for vari-
able Y is needed. We do need the cross covariance model to
solve Eq. D.52. However, as explained in Appendix C, we can
infer the cross covariance model as

CC(E) = C0) %.

That is, if we know the covariance model for the principal

variable, C X(h) we can calculate cross covariance at the

same lag distance with Eq. D.53. We only need to estimate the
cross covariance at lag distance zero, which is easy to esti-
mate. As a result, no independent modeling of cross covari-
ance is necessary.

By combining Eqs. D.53 and D.52, both the modeling and
the computational effort is effectively reduced to the corre-
sponding ordinary kriging method. At the same time, in-
formation gathered from the covariable is used in the estima-
tion process.

D.4.4 Generalized Cokriging Procedure. In the previous
section, we only considered a cokriging procedure with one
principal and covariable. The procedure can be generalized
when the value of the principal variable is estimated with mul-
tiple covariables.

If we assume that we are interested in estimating X,(if,) at
an unsampled location using L covariables, we can write the
equation for estimation as

ny ny

Xg(b—l)o) = ZA?X()(’Z) + i zljxl(ﬁ;),

i=1 I=1 j=1

where the superscript for A represents the weight assigned to
a particular variable. For example, A? represents the weight
assigned to a sample of a principal variable located at u;. X l(ﬁ_,)
represents a covariable sample of variable / located at u;. n; is

the number of samples of variable [ within the search neigh-
borhood. X represents the principal variable.
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Eq. D.54 can also be written as

ny

X = > S K]

=1 j=1

To estimate the weights assigned to the individual sample
points, we impose the Minimum Variance Unbiased Estima-

tion (MVUE) technique.
Unbiasedness. Imposing the unbiased requirement,
we observe
E[XGiy) — Xolip)] = 0. ..o (D.56)
By substituting Eq. D.55 in Eq. D.56,
Ylo L )1’
my = > Amg— > m > A =0 ... (D.57)
i=1 =1 j=1

One way to satisfy the unbiased condition is to require that

o n
> A = land > Al = 0.for/=12,.. L. .. (D58
i=1 i=1
Other conditions are also possible; however, we assume Eq.
D.58 to be used for further analysis.
Minimum Variance. The variance between the true and the
estimated value is defined as

62 = Var[Xo(ﬁo) - Z Z/lfxl(ﬁl)]

=0 i=1

(D.59)

This is the variance that must be minimized with the
constraints imposed by Eq. D.58.
By expanding Eq. D.59, we obtain

L

n
(}Z = Coo(ﬁo, ﬁo) + Var[ z Zlgxl(ﬁi)]

=0 i=1

— 2C|:X,,(ﬁ)0), i ilﬁxl(ﬁl)]

1=0 i=1

= Cofiiniin + 3 Z > 1€, 7. 7)

—2 Z ixgc,o(ﬁ,., B e

1=0 i=1

We must minimize Eq. D.60 with constraints defined by Eq.
D.58. Therefore, we can define function F as

F=6,+ 2u0(nzo/1? - 1) + izu,i,u.
=1 =1 i=1

Differentiating F with respect to A/, we obtain

L nm
gTFli - Z Zl;nclm(ﬁ:’ ﬁ)/) - Clo(ﬁh ﬁ()) + ,u, = 0

m=0j=1
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Simplifying,

N

L
Z Zl.;'nclm(ﬁi’ ﬁ/) + uy = Co(U, 1),

m=0j=1
fori=1,...,n
and
[=0,1,...,L
................. (D.62)
Differentiating F with respect to u;, we obtain
o
DA=1 (D.63)
i=1
and
Ill
DAl=0fori=1,.. L ............... (D.64)
i=1
In matrix form, the equation can be written as
Co Co1 - .. Cy 15 A© -600(%)1
Co Coi .. CLIT|[ A Con(idy)
e Y
Cp Cpy - C || Cor(uy)
L I ... 1, ofl* A
................. (D.65)

In Eq. D.65, each term on the left side of the matrix itself is
a matrix. For example,

Cu,u) ... C,m(ul,u,,[)
Clm = s

C,m(u,,m,ul) - C,m(u,,m, u,,l)

where C,,, is a matrix with the dimensions of n; X n,,.

00...0

where I; is the n; X n,,, matrix, and I] is the transpose of [,
which can be written as

0...1...0
0...1...0

r=\1 (D.68)
0...1...0

™ column

Each term in the vector on the left side is a vector itself.
For example,

M Ho

. . My
ANM=]ilandpg=1:| ............... (D.69)

Al /

n; /uL
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The individual terms on the right side of the matrix are repre-
sented by

Colltiy, i) !
,and A =
CO[(”_[O’ ﬁn,) O

601@)0) =

Each A'is a vector of size my X 1; i is a size of (L+1) X 1,
and A is also a vector of size (L+ 1) X 1. To generalize, the
size of the matrix on the left is

(jn,+L+1)x(jn,+L+l),

1=0 =0

and the size of the vector on the

L
(Zn,+L+l)xl.

1=0
Obviously, as more covariables are used, in addition to an
extra modeling effort, the computational effort also increases
because of the bigger matrix size.
In addition to estimating the value of the variable, we can
also estimate the error variance by substituting Eq. D.62 in
Eq. D.60. The final expression can be written as

right s

L M
A2 - -
0p = Coplg, iy) — z z/uczo(uo, u) — W

=0 i=1

A further generalization of the equations, in which all the
variables at the unsampled locations are estimated simulta-
neously is possible.! The procedure is powerful if all the vari-
ables are sampled at each sampled location, and all the vari-
ables are unsampled at each unsampled location. If some of
the variables are undersampled, additional constraints might
be necessary to solve the system of equations.! Further, it
might not be possible to estimate only a few of the variables
at the unsampled locations (e.g., collocated co-kriging). Con-
sidering that cokriging is mainly useful when a principal vari-
able is undersampled, the utility of this generalized procedure
remains uncertain.

D.5 Universal Kriging

Universal kriging is applicable when estimation is required in
the presence of a trend. We assume that the value at the un-
sampled location can be estimated as

X'Gig) = D AXGE). (D.72)
i=1
The trend in the data can be defined by
L
mGi) = > affi), (D.73)
=0

where ¢ is a coefficient, and f,(i) is a function of location u.
By definition, f,(i) is assumed to be one. For example, if we
assume a quadratic trend, we can write

m() = a, + a,u + azﬁz, ................
where £,Gi0) = i and £,(@) = @i .
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D.5.1 Unbiased Condition. The unbiased condition requires
that

E[X*(ﬁo) - Z/I,-X(ﬁ,-)] =0, e (D.75)
i=1
and
miy) — > Am@i) = 0. ... (D.76)
i=1
By substituting Eq. D.73 in Eq. D.76, we obtain
L n
Da| fliiy = > A [ =0 (D.77)
=0 i=1
To satisfy Eq. D.77, we can impose the condition,
f(id,) = ZM,@) fori=0,1,.. L. ........ (D.78)
i=1

The L+ 1 constraints defined in Eq. D.78 must be used to
minimize variance.

D.5.2 Minimum Variance. Minimizing variance requires

Var[X () — Z A ,X(ﬁ,)] to be minimized. Expanding,

i=1

b5 = Cligiiy) + > > Ad,Clid,ii)

i=1j=1

— 2> A,CG, 1y,
i=1

Eq. D.79 must be minimized with the constraint, Eq. D.78.
We can write the function, F, as

2 L . n N
F=6,— ZZILL,[f,(uO) - sz(ui)]. ... (D.80)
1=0 i=1
Taking the derivative, with respect to 4; and y;, we obtain
n L
gTF. =2 3 A Clanii) + 2 i)
! j=1 1=0

—2C(u,uy) = 0,fori=1,...,n;

and
F n . ‘)
% - ;M(ui) — fidy) = 0, for =0, .. L.

Eq. D.81 can be simplified as
n L
Z/I,C(ﬁ,-, ﬁ,) + Zum(ﬁi) = C(u,uy), fori=1,...n;
j=1 1=0

and

S AfiGE) = fG). for 1=0.1, . .L.
i=1
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In matrix form, Eqgs. D.82 and D.83 can be written as

[CGdy i) - .. CGin i) fo@) - . @) ]2

C(ﬁm I/—t)l) R C(I’—t)m ﬁn) f()(ﬁn) s fL(I/—t)n) A”n

fola) filil) 00l
I fL(:ﬁ.) fi(id,) 6 .. 0 _ﬂ:g
'C(ﬁ’{,ﬁo)'
C(ﬁ;, )
= N B (D.84)

Eq. D.84 can be solved to obtain the values of 4; and ;. Notice
that Eq. D.84 reduces to an ordinary kriging equation, if L=0,
and f,(u) is one. The error variance can be estimated as

n L
A2 - > —
op = Cluy, up) — Zlic(uir Uy — ZﬂLﬁ(“o)~
i=1 =0

D.5.3 Generalized Covariance Function. Application of
the universal kriging method requires the knowledge of a
covariance model for residuals, as well as the type of
trend present in the original data set. Determining both can
be difficult.

Matheron,? and later Delfiner,3 provided an alternative to
overcome this problem. Instead of using a variogram as a spa-
tial function, they proposed a more generalized intrinsic ran-
dom function of order k. The principle behind this random
function is the idea that any trend in the data can be eliminated
by proposing an appropriate function. A variogram is a spe-
cial case of this generalized function. We provide a brief out-
line of this approach.

The function, K| (i? ), is a generalized covariance function of

order k, if the variance of any linear combination of value
X(u;) with weight value 4; is

DAXG) | = DT> AAK(E ), (D.86)
i=0 i=0 j=0
for any set of weights constrained to
Z/liﬁ(ﬁ[) =0,forl=0,1,...L. .......... (D.87)
i=0
In the universal kriging equation, we showed that
Z/l S0 = i), forI=0,1,.. .L. ....... (D.83)

i=1

Eq. D.87 can be written by simply assigning A= — 1, and
combining the left and right sides of Eq. D.83.
We define variable Y as

Y = X'y — > AX@) = — > LX), .. (D8Y)
i=1 i=0

DERIVATIONS OF CONVENTIONAL ESTIMATION METHODS

with 4; subjected to the same constraints, as explained in
Eq.D.87.
For L=0, we

Y = X(u) — X(ﬁ + h) then the coefficients of X() and

example, if can define
X(ﬁ + E) satisfy the requirement,

1

DAhi=0=—1+1 ... (D.89)
i=0
Similarly, if L= 1, we can define Y as
v = X@ = 2X(i + k) + X(u + 20). (D.90)
This equation satisfies the requirement,
ili=0=1—2+1, ................ (D.91)

and, for a linear trend where f,(i) = u,

—)

izif](ﬁ) =0=1G) — 2(z7+ ﬁ) + (u + 2h) 0.

A similar equation can be written for a quadratic trend, where
- ) . .
fiw) = u and f>,(u) = u . The Y function can be written as

—)

Y = XG@) — 3x(ﬁ + ;7) + 3X(u + 2;7) - X(u + 3h)

One can easily check that

i/l,. = 0; and iz,ﬁ and im’z =0. ... (D94
i=0 i=0 i=0

This provides the framework for defining an appropriate
function to calculate a generalized covariance.

If the data have no trends, we can define function Y as

v = X@ - X(i + ).

Therefore, the variance of ¥, in practice, can be calculated as

. R ”(E) . - 12
K(h) = Var(Y) = 02 = n(l}_{) ;[x(u[) - x(u,- + h)] .

This is a conventional variogram equation multiplied by two.
If a trend is assumed to be linear, we can calculate the vari-
ance as

i

1

(R &

[x(ﬁ,-) — ZX(E + i_z)) + x(ﬁi + Zi_z))]z.

K(/?) = Var(Y) = 62 =

A similar equation can be written for a quadratic model. The
second term in Var(Y) = [E(Y)]? drops out.
For example, for a linear trend, variance is defined as

Var(Y)=E(Y)? - [E(Y)]?
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. .12 propriate trend as part of the process, the type of trend
= E{ [X(ﬁ) - ZX(ﬁ + h) + X(ﬁ + Zh)] } does not need to be known. Although the procedure appears
to be elegant, the actual application of the procedure has

been questioned.

2
- [E[X(ﬁ) - 2x(u’ " ;7) + X(ﬁ + zﬁ)” . D.5.4 Kriging with External Drift. This method is an exten-
sion of universal kriging, where the trend in the data is as-
................ (D.98) sumed to be controlled by a secondary variable. If Y(u) is the

i o secondary variable, we can write
The second term on the right side is now zero;

EX(w)] = m@) = ay + a,Y(uw). .......... (D.104)
E[X(’_i) - 2X(’7 + h) + X<ﬁ + 2h>] The value at the unsampled location is estimated as
= m(i) — 2m(ﬁ + i{) n m(ﬁ ¥ 2;7) X' = D AXGE). o (D.105)
i=1
= a,+ au — 2a, — 2a1(ﬁ + I_{) Unbiasedness. By applying the unbiased condition,
+ag+ai+2k) =0 (D.99) E[ Xy - Y /LX(E’,-)] o (D.106)
Therefore, the estimation of variance in Eq. D.98 reduces to !
Eq. D.97. By substituting Eq. D.104 in Eq. D.106, we obtain
In practice, assuming a particular trend, experimental val- n
ues of K{#) are calculated and fitied with the model, ay + a\YGip) = > Alay + a,YG@)] = 0,
i=1
7 k S+ and
Kk(h) = N b= DT (D.100)
Jj=0 n n
where k is the order of covariance. Qo Zli — | +a| ) AYGE) - YGp) | = 0.
For example, for a linear model, we can write i=1 i=l
- ~ This equation can be satisfied by assuming the constraints,
Kl(h) = by — bR .10
Whichever trend that minimizes, the difference between ex- Z’li =00 (D.107)

i=1

perimental and model K| (i?) is accepted. and

Once the generalized covariance is modeled, equations .
similar to universal kriging can be used. The final equation, Z AYW) —Y) =0, o (D.108)
in matrix form, can be written as — 0

[KGi,, ) ... KGi,u,) f(d) ... f.@@d)] (2. Minimum Variance. An equation for error variance can be
: : ' written as
K(ur:ul) LI K(M,:M,Z) f()(un) L fL(un) A’n &2 — C(ﬁo, ﬁ()) _ z Zill] C(ﬁi, ﬁ;) _ ziic(ﬁi, ﬁ())
Sowp) o fouy,) o ... 0 Ho i=1j=1 i=1
: : L (D.109)
m m 1233
i Ay A0 0 JL Using the two constraints in Eqs. D.107 and D.108, we can
S write function F as
K(uy, o)
: A2 n n . .
K(ﬁ)m ﬁo) 102 F - GE - zﬂo[zll, - 1] + 2#1[ZIAIY(M,) - Y(uo)].
= - P D. = =
Jo(uy) ( )
Sl (D.110)
fL('ﬁ) ) Taking the derivative with respect to 4; and u;, we can write
B o the final equation in matrix form as
The error variance is estimated as CGinLii) ... 1 YGi) 1, CGi,,iiy)
n L N N
A2 ~ - Lo - . : .
0r = Ky ug) — > K@, 1) — (u). Sl - ' L
E 0270 ; 0 ;/«hﬁ 0 Clup,u) ... 1Y, (|1, = |CG, up) |-
1 .0 0 Ko 1
................ D.103 -
( ) Y(u,) .0 0 U Y(uy)
The advantage of this approach is that the residual covariance
does not need to be modeled. Also, by determining the ap- Lo (D.111)
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This equation can be solved to obtain the values of ; and u;.
The error variance can be calculated as

A2 . - . -
Gp = Cliig. i) = > A Cliiiy) — g — Y (i),
i=1

................ (D.112)

One of the advantages of this method is that it does not require
cross covariance modeling.

Nomenclature
a= coefficient to describe trend, Eq. D.73
C(ﬁi, ﬁ]) = covariance between two points located at u;
and u;

C,,= cross covariance matrix between variables / and
m, Eq. D.66
E(X)= expected value of variable X
f(u) = trend function, Eq. D.73
= function to be minimized under constraints
= lag distance

K(ﬁ) = generalized covariance function at lag

distance i

L= number of covariables or number of terms used
to define trend

m= mean

n= number of sample points

n(ﬁ) = number of sample points at a lag distance h

DERIVATIONS OF CONVENTIONAL ESTIMATION METHODS

u = lag distance
Var(X) = variance of variable X
X(i1) = variable at i
X"(1) = estimated value of variable at u
x(u) = sample at i
y(ﬁ) = variogram at distance h
A= weight assigned to sample
A= vector of weights assigned to samples
u = Lagrange multiplier
62 = error variance
Subscripts

¢= cross covariance
i,j= locations

[= covariable

o= unsampled location

v= block/point relationship
vv=block/block relationship
X = variable X

Y= variable Y
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Appendix E

Mathematical Details for

Simulated Annealing

E.1 Estimation of Initial Control Parameter

The initial control parameter has an important effect on the ef-
ficiency of simulated annealing. If the initial control parame-
ter is too large, then most of the swaps during the first steps
will be accepted because the probability of accepting a swap
given by the Metropolis condition is large. The objective
function will fluctuate significantly during these first steps,
and the net reduction of the global objective function will be
small. Therefore, a significant amount of computation can be
wasted if the initial control parameter is too large. If the initial
control parameter is too small, then most swaps that increase
the objective function will be rejected. This situation is simi-
lar to the greedy algorithm that only accepts swaps that reduce
the objective function. This might appear to be an efficient
strategy; however, there is the danger that the solution will be
trapped in a local minimum and yield undesirable results.
Aarts and Korst! proposed a method to calculate the initial
control parameter. The steps of this method are outlined next.
We must calculate objective functions (O% . for Minitial
cycles. The change of the objective function is given by
= OF

initial

k —
AOinitia\l 00

for k=1, ..., MinjaNy and N; is the number of gridblocks
(NeNyN).

1. Calculate the number of swaps that result in negative
(m1) and positive (m3) changes of the objective function.

2. Calculate the mean change of the objective function for
swaps that result in positive changes of the objective function,
(A0S = 0),

ini

—+.i

my
—+ 1
AOiyia = m_zz AOjsigar
i=1

3. Calculate the initial control parameter,

242

—+
T() — AOinilial

n,

1
! lAinitialmZ - ( 1= Ainitial>ml ]

where, Ajnitial 1S the initial acceptance ratio.

The additional parameters required to calculate the initial
control parameter have been evaluated for several simula-
tions and different conditions. Guidelines were developed for
the values of the parameters required for this approach and are
written as

A =0.99

initial
and
M > 0.2 cycles.

Fig. E.1 shows the initial control parameter calculated with
Eq. E.3 for several simulations with different values of Mjpitial
and A, = 0.99.2 These simulations demonstrate that the
estimated initial control parameter converges to a stable value
for the guidelines.

E.2 Estimation of Maximum Number
of Swaps per Step

The maximum number of swaps per step (M;) is the criterion
used to reduce the control parameter and move to the next step
when the maximum number of accepted swaps per step (M,)
isnotreached. At the beginning of the simulation, the number
of swaps reached in each step is M,,. The number of accepted
swaps decreases and becomes smaller than M,, as the simula-
tion proceeds and the control parameters decreases. In these
steps, it is important to perform a sufficient number of swaps
to ensure that the solution space is fully searched and the sys-
tem does not get trapped in a local minima solution. M; can
be set to a very large number to avoid this problem. However,
this is not a practical solution because it can make the simula-
tion process very slow and inefficient.
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Fig. E.1—Simulation results for estimated initial control parame-
ters for different initial number of iterations (Mjyitial)-

The method to calculate M is based on the relationship be-
tween the acceptance ratio (A) and the control parameter (D)2

r+1 r

i)
e~ = Ty e (E4)

(i) i)
where, 1, rand ! are the previous, current and next steps,
respectively. This relationship can be used to predict A7 for
a subsequent step based on the acceptance ratios from current
and previous steps. It is developed empirically by evaluating
the relations among simulation parameters for several simu-

lations with large values for M;.
In Chap. 6, the control parameter is defined as

Tr+l — aTr.

When combining Eqs. E.4 and E.5, the equation to calculate
A becomes

(A7
Ar-1 :
Using the definition of A given in Chap. 6, M, is given by

Ar+1 —

mr+1
- Ar+ 1
where m”*1is the number of accepted swaps in step 7+ 1. Be-
cause m™! <M, an upper limit for M, is

r Mﬂ
Mf = AT+l
The equation to calculate M, is obtained by substituting A
from Eq. E.6 into Eq. E.8 and is written as

Ar— 1
‘@n”
for r=1, 2, .... For the first step, r=1, it is assumed that
A%= Ajpiial.

Eq. E.9 has been validated with several simulations in
which M, was set to a very large value.? Figs. E.2 and E.3
compare the acceptance ratio and objective function for simu-
lations with Eq. E.9 and M; =300 cycles. The simulations

r+1
M

M+ =M

MATHEMATICAL DETAILS FOR SIMULATED ANNEALING

13

3
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Fig. E.2—Acceptance ratio for simulations generated with Eq.
E.9 (proposed method) and M; =300 cycles.

with Eq. E.9 were in close agreement with the ones with a
large M.

There are two advantages of using the approach given by
Eq. E.9:

¢ It does not require us to guess a value of M; for each simu-
lation case.

e It is more efficient because only the necessary maximum
number of swaps is used, and this is calculated at each step.

E.3 Equations To Update a Variogram When Two
Values are Interchanged

The key for the efficient application of simulated annealing
is that the objective function must be updated rapidly with a
small number of operations. The objective function must be
calculated for each of the several thousands or millions of
swaps during a simulation. Therefore, it is important to up-
date the objective function for each swap in the minimum
number of operations. Chap. 6 describes several components
that can be included in the objective function to account for
different types of constraints in the simulations. The vario-

10 Ermmﬂmhm

. a=0.50 ]

c 0.8 - Proposed Method N
2 7] °°°°° M;=300 Cycles 3
c - .
5 0.6 - ]
m 7] —
2 y .
G 0.4 7 .
.G') -~ N
5 ] -
0 0.2 3 :
0.0 - -

10 10 * 10
Control Parameter

Fig. E.3—Objective function for simulations generated with Eq.
E.9 (proposed method) and M; =300 cycles.

10 77
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gram component controls the spatial correlation and plays an
important role in all the conditional simulation techniques de-
scribed in this book. This section presents the equations to up-
date the variogram component when two values in the simula-
tion domain are interchangeable. With these equations, it is
quicker to update the objective function than to completely
recalculate the variogram function for each swap.

The variogram (y,) for a lag l:,, because of swapping two
points, is updated with the equation,

v(L) = (L) + A(L)

where y* is the variogram at step k before the swap, and 4 is
the correction factor. The variogram is updated with Eq. E.10
for each lag included in the objective function. The equations
to calculate the correction factor efficiently were derived by
tracking the effects of swapping two points on the variogram.
The components of the correction factor at the first point lo-
cated at u;, because of a swap with a value from a second
point located at i,, are

At = - [X(ﬁl) — x(ii, + Z(,)]2

+ [x@) — X[, + Z{,)]z, ................ (E.11)
and

AT = — [X(El) - X(ﬁl - Za)]z

+ [X(L‘[z) ~ x(ii, - Za)]z, ................ (E.12)

where X is the simulation variable. These equations consider
the effects on the variogram in the two possible directions
around point #,. Similar equations can be derived for the
point at the second location, (i,). Egs. E.11 and E.12 can be
simplified as

A= dioX(il, + L) = Do (E.13)
and

Ar = diX(it, = L) = Do (E.14)
where d| 5 and D 7 are given by

diy = 2[X(u) — X)), o (E.15)
and

D, = [X(d) + X)X, — XG@)].  ..... (E.16)

The components of the correction factor at the location of the
second swap point, (#,), are given by

A= —dX(i, + L)+ Dy o (E.17)
and

Ay = —dX(i, — L)+ Dy o (E.18)
244

For each component of the correction factor (Eqs. E.13, E.14,
E.17 and E.18), locations u, + Za, u, — Za, u, + Za, and

i, — Ea must be checked to ensure they fall within the limits
of the simulation region. If one of these points falls outside the
simulation region, then the corresponding component must
be set to zero.

The correction factor for Eq. E.10, in terms of the compo-
nents derived, is

i@) - 2n(1Za)

AF + A7 + A5 +45),

where n(Za) is the number of pairs for the lag Za. The number

of pairs for each lag is calculated at the beginning of the simu-
lation for the initial variogram, and it is saved to calculate the
correction factors during the simulation process.

Similar localized correction factors can be derived for other
static constraints.

Nomenclature
A= acceptance ratio

—

~
B
I

lag distance
cycle of swaps

<
I

number of pairs at distance Ea

S
—
i’
—

Il

N= gridblocks

N; = total number of gridblocks
O = objective function
O = change in objective function
T= control parameter

variable value at ©
multiplier for changing control parameter

= 2
Rl &
1]

\_/
Il

correction for variogram function for lag

distance Eg

AT A™= corrections for variogram function

Subscripts

a= accepted swaps

t= total number of swaps

x= direction

y= direction

z= direction

1,2 = locations of swapped points

Superscripts

k= iteration step
r= step in changing control parameter
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Appendix F

Mathematical Details for Upscaling

Appendix F discusses derivations of various upscaling methods.

F.1 Permeability Upscaling

F.1.1 Incomplete Layer Method.! Refer to Fig. 8.5 where a
fine-scale permeability description consisting of m blocks in
x direction and 7 blocks in y direction is shown.

To calculate effective permeability in the x direction, we
first calculate (kmax)y- We conduct arithmetic averaging in the
y direction. For block i in the x direction, the arithmetic aver-
age is given by

ki =5 ki
j=1

The harmonic average of arithmetically averaged values is
given by

T (E2)

1
kai
<k,

i=

By substituting Eq. F.1 in Eq. F.2, we obtain

k(max)x = m

Jj=1

To calculate (kpyin)y, we first conduct harmonic averaging in
the x direction. For block j in the y direction, we calculate the
harmonic average as

Substituting Eq. F.4 in Eq. E.5, we obtain

MATHEMATICAL DETAILS FOR UPSCALING

Koo = 5 0|22 e (F6)

IIZ”‘%J

Effective permeability is calculated with the geometric mean
of maximum and minimum values,

kx = vV k(max)xk(min)x'

For calculating permeability in the y direction, we follow the
same procedure. Using an analogy,

n

Ky = —— e (E8)

and

m

Kniny = %Z nn 1 e (F.9)
i=1 -
Z ki,j
j=1
With Egs. F.8 and F.9, we can calculate
/Ev = Sy Kmae o (F.10)

We point out that the geometric average of two extreme val-
ues might not always work. Alternately, we can define

— (kmax)x + (kmin)X

k. 5 e (F11)
and

— (kmax))- + (kmin)y

Fo= R (E.12)

Numerical experiments indicate that, in the presence of aniso-
tropic reservoirs, an arithmetic average might work better
than a geometric average.
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Fig. F.1—Renormalization arrangement.
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Fig. F.2—Star-Delta Transform.

]

F.1.2 Renormalization. The method of renormalization is
based on the circuit analogs.?2 Examining Fig. 8.6 (Fig. F.1),
which consists of four gridblocks, we can write the resis-
tances in terms of permeabilities. By defining half a grid-
block, which has a resistance of '2k; and where ; is the perme-
ability, we can transform the four gridblocks into an
equivalent circuit analog, where we assume flow in the x
direction with a no-flow boundary in the y direction. The
transformation from delta to star in electrical circuits allows
us to show this (see Fig. F.2) if

_ R;iR,
RA = m, ..................... (F13)
_ RR,
RB = m, ..................... (F14)
and
. RiR,
R: = RFR, ¥+ Ry ot (F.15)

where R; =resistance. Comparing the transform with the fig-
ure of permeability resistance shows that (see Fig. F.3),
where
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1

4k, +k3)

R'
Fig. F.3—Application of Star-Delta Transform.

R = g(kl + kz)’ and R = ;(kz + k4).

1\ ki, 1\ ki,

Because R’ and R'' are parallel, they can be combined by har-
monic average. By combining the result and three resistances,

4k, + k) (k, + k)C,

k, = T+ h+k + k)G, +3C, (F.16)
where

C, = koky(k, + k) + kiky(k, + k), ... .. (F.17)
and

C, = (ky + kp(ks + kp(k, + k3)(k, + k). ... (F18)

Similarly, permeability in the y direction can be calculated.

F.1.3 Permeability Tensor. Consider the four-gridblock sys-
tem, defined in Fig. 8.6. For convenience, we assume that the
gridblock dimensions are identical, and each small-scale
gridblock can be represented by principal isotropic compo-
nents in permeability tensor only. That is, ky, and k, are zero
on a fine scale, and k, = ky. Both assumptions are not neces-
sary for deriving the equation (see Assum et al.3).
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Fig. F.4—Schematic for a no-crossflow case.

We can determine k; opp and &y app by following a procedure.
We outline the six steps in that procedure.

1. Isolate the top layer, blocks one and two in Fig. 8.6 (see
Fig. F.4). With Darcy’s law, determine the apparent perme-

ability in the x direction (123.12) of blocks one and two com-
bined. Constant potential drop is applied in the principal
direction of flow (x direction) with a no-flow condition at the
upper and lower boundaries.

2. Isolate the bottom layer, blocks three and four in Fig. 8.6
(see Fig. F4). With Darcy’s law, determine the apparent

permeability in the x direction (lgm) of blocks three and four
combined. Constant potential drop is applied in the principal
direction of flow (x direction) with a no-flow condition at the
upper and lower boundaries.

3. Combine effective apparent permeability in the x direc-

tion of the top and bottom layers (k,,,34) as an arithmetic aver-

age of nglz and 1%34 because these layers are in parallel with
respect to the direction of flow.

4. Isolate the first column, blocks one and three in Fig. 8.6
(Fig. F.5). With Darcy’s law, determine the apparent perme-

ability in the x direction (lgx1 ;) of blocks one and three com-
bined. Constant potential drop is applied in the principal
direction of flow (x direction) with a no-flow condition at the
upper and lower boundaries.

5.Isolate the second column, blocks two and fourin Fig. 8.6
(Fig. E.5). With Darcy’s law, determine the apparent perme-

ability in the x direction (lgm) of blocks two and four com-
bined. Constant potential drop is applied in the principal
direction of flow (x direction) with a no-flow condition at the
upper and lower boundaries.

6. The effective apparent permeability in the x direction of

the first and second columns combined (k,,3,,) is @ harmonic

average of lgxl 5 and I;m because these columns are in series
with respect to the direction of flow.

Steps one through six are repeated to determine the effec-
tive apparent permeability for cases in the y direction. For
these cases, the flow of fluid is along the y axis for each of the
separate sections: (top and bottom, and first and second col-
umns). Consequently, the closed boundaries for each case are
the left and right vertical boundaries in Fig. 8.6.

Note that no crossflow refers to no communication, and
crossflow refers to the maximum communication between
blocks/layers in the direction transverse to the principal flow
direction.

A A
The expressions for k,;,34 and k3,4 are
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P, i 1 —
3 4
Fig. F.5—Schematic for a crossflow case.
, kus + k.
kx1234 = 12 2 34, ...................... (F.lg)
where
n 2k k
k,, = le‘;CZ .......................... (F.20)
and
A 2k+k
ko, = T ; ‘]‘(4. .......................... (F21)

Eq. F.19 accounts for the no crossflow condition. For a trans-
verse equilibrium condition,

\ e sk,
kupa = 2220 (F.22)
kx13 + kx24
where
P2k . ks andk,, = 2 : koo (F.23)

With similar arguments, we can also develop equations for

(12},1324) and Igylm. The apparent permeabilities in the x and y
directions are calculated by solving Eqgs. F.24 and F.25.

kxappkx1234 + k)‘ﬂppkx1324

Kyapp = a - e (E.24)
kxapp + k.vupp
and
T é3(:1 k}c + kVﬂ é\’
Ky = —22 Ig'”“ — e (E.25)

xapp Yyapp

Eqgs. F.24 and F.25 can be solved simultaneously for the two
unknowns, lgmpp and IE_‘.app.

If the simulator is not capable of using permeability tensors,
Egs. F.24 and F.25 represent upscaled permeabilities in the x
and y directions, respectively.

To develop the permeability tensor equation, we must con-
sider the transverse pressure gradient. Examining Fig. F.6, if
we assume no crossflow between blocks one and two and
blocks three and four, for unit lengths of gridblocks and unit
viscosity fluid, we can write

42 = — kl(pv - pi)& ..................... (F26)
and
G = —klp, = P) (F.27)

where ¢y 7 is the flow rate in the x direction through the top
two blocks.
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Fig. F.6—Closed upper, middle and lower boundaries.

By combining Eqs. F.26 and F.27,

* x Di + P
P = %(klz - kl.) + ( - p). .......... (F.28)
Similarly,
Gas = = klp’ = p) = = kp, = p°) ... (F.29)
Rearranging,
oGl _ 1), (Pt
T RN I R 0

By subtracting Eq. F.30 from Eq. F.28, we obtain

AP =P =P 3 (k2 kl) 2 (k4 k3).

Eq. F.31 represents the maximum transverse pressure drop

across the no-flow, middle boundary. It can be shown that the

average transverse pressure drop is half of the maximum.3
We can also write

2k k,

dxi2 = ]gnz(Pi - Pp) = k + kz'(P; - pp), ..... (F.32)
and
A 2k;k
Qs = kaslpi — py) = T - 24-(17,» ) (E.33)

By substituting Eqs. F.33 and F.32 in Eq. F.31, we can calcu-
late the average transverse pressure drop as

_ kl — kz _ k3 — k4 _
(AP = [z(kl t k) 20k + k4)](”f 7o)

The transverse pressure gradient in the x direction is

( a_p> _ Ap)y,

ady L, ~
and

(2) -y

ax) L,
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for

K+ k, K+ Ky

ap 2
6xx

A similar expression can be derived for the y direction as well.
With the developed equation, we can calculate IEU, /Eyy, IEX).,
and k,, with Eqs. 8.31 through 8.34.

We only discussed the method for four gridblocks. This

method can be extended to multiple gridblocks, as well as in
three dimensions.*

%)
ayx_l(kl_kZ k3_k4)

F.2 Upscaling of Relative Permeabilities

Upscaling of relative permeabilities is divided into two limit-
ing cases—no crossflow and vertical equilibrium. Both limit-
ing cases are amenable to analytical solutions, if we assume
that only vertical heterogeneity exists and individual layers
are homogeneous.

F.2.1 No Crossflow. Under this condition, we assume that
communication only exists at the wellbore. Each layer is iso-
lated from other layers. Because the layers are isolated from
each other, we must first arrange them with the highest dis-
placement velocity at the top and the lowest at the bottom. See
Fig. F.7.

Each layer has unique properties defined by k;, ¢;, h;, AS,,, ,
ky, ,and k,, , where k is the permeability; ¢ is the porosity; h
is the thickness; AS, = 1 — S, — S, , and k,, and k, are
endpoint relative permeabilities for water and oil, respective-
ly. S, is the connate water saturation, and S,,, is the residual
oil saturation. The highest-ranking layer (layer one) has
the highest value of k/pAS,, because it reflects the highest in-
situ velocity.

For developing an analytical solution, we assume piston-
like displacement and constant injection/production pressure.
For convenience, we assume a unit width of the reservoir.

We define the mobility ratio, M;, for layer j, as

k.,
M, = Z .............................. (F.36)
I,

For layer j, where the front has advanced distance Xj, we can
write the flow rate as (see Fig. F.8)

! -

1
2
n

Fig. F.7—Horizontal noncommunicating layers.
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Fig. F.8—Displacement of oil in Layer j.

(kkyh); A
g =—— d . (F37)
Lixp, + Mi(1 = xp))]
X
where xp; = T
The in-situ velocity equation can be written as
dx; ;
S (F.38)

T T hgAs,
By substituting Eq. F.37 in Eq. F.38 and slightly modifying it,

@z(kk;w)zAp. 1
dt PAS. ), L [xp + M(1 - xp)]

If we assume that layer [ has broken through, all the layers
above [ have also broken through, and all the layers below [
have yet to break through. For the layers below /,

,\’Dj

PAS,\ u,L?
(W) ,“Ap f [xDj + Mj(l - xDj)]dej
vl

0

1

¢ASW) ,quz J[
=[— Xp + M(1 — xD,)]de-.
( kkrw / Ap !

0

By simplifying Eq. F.40, assuming M; =M; =M, we define

PAS, PAS,
R, = — ] F41
Jl ( kk’rw 1/ kk;,w ; ( )
and obtain
1-M 1+ M
xéj( 7 ) + MxDj - RJI(T) = 0. e (F.42)
By solving the quadratic equation, we can write
- M+ /M + R (1 — M)
Xpj = =1 e e (F43)
Note that, by examining Eq. F42, if M =1,
Xpp =Ry (F44)

With Eq. F.43, we can calculate the distance traveled by layer
J when layer [ breaks through.

Because all the layers above [ have already broken through,
the water production can be calculated as

1 .
_ kk, ,h\ Ap
o= Y(52) %

i=1
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In terms of effective property, we can write

(ke )H Ap
Qo = T L e (F.46)
where H is the total thickness. If we calculate,
> ki,
kH = = (F.A7)

Then, by combining Eqgs. F.45 through F.47, we obtain

S k),
izl .

o T TR e F.48
! kH (F45)
All the layers below [ are producing oil.
The total oil production is
 (kk,h), A
g = > EhD) P S (F.49)
i=1+1 Ho L[lx + (1 - X )]
= M D; D;

With an expression similar to water for effective relative
permeability, we can write

R
i=l+1 A%XD, + (1 _-xD[)
kH '
Note that for the unit mobility ratio, Eq. F.50 reduces to

S k),

k, == (E51)

ro; .

kH

The corresponding water saturation, at the time of / bed’s
breakthrough, can be calculated as

]g —

ro;

n

>l - s0))+ >

[[h¢(1 ~ 5o, xp + (hq)SW’_)i(l - xD’_)}
S, = i=1 i=l+1 )

B

(he);

i=1

By repeating the calculations, as each bed breaks through, we
can calculate the effective relative permeability curves.

F.2.2 Vertical Equilibrium. Vertical equilibrium exists
when the sum of all fluid flow driving forces, in the direction
perpendicular to the direction of bulk fluid flow, is zero. Typi-
cally, three forces are important in establishing vertical equi-
librium—uviscous, gravity, and capillary. Depending on the
dominance of these forces, different analytical expressions
can be derived for layered medium.

Viscous Crossflow Domination. Under a case dominated
by viscous crossflow, we assume capillary and gravity forces
are negligible, and only viscous forces predominate. Under
vertical equilibrium conditions, we assume that pressure gra-
dient, in the transverse direction, is negligible. Consider a lay-
ered system with n layers. Similar to the no crossflow case, we
assume that the layers are arranged from the fastest to the

k
PAS,

Consider that the /th layer has just broken through. The
floodfront location is shown by the crosshatch portion. See
Fig. F.9. At the time the /th layer has broken through,

slowest layer, based on the value of
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Fig. F9—Flow under Viscous Crossflow Domination.

(n—1+ 1) segments exist below layer /, each having different
combinations of oil/water fronts (e.g., for section AA’ across,
the (/+ 1) layer of water is flowing, and (n —/— 1) layers of
oil is flowing).

Under the condition of vertical equilibrium, pressure gradi-
ent across each of these segments is independent of any lay-
ers. That is, same pressure gradient exists across every layer
for a given cross section. Consider the last horizontal segment
closest to the producer. We can write the total rate as

_ (dp LN
- () (S5

Similarly, pressure gradient across each segment can be cal-
culated. For example, in segment one,

(d_P) a4
dx kohi  k, h,
1 z f + on'tn

i=1

In addition to pressure gradient, we can also locate the flood-
front location in each layer below /. In the absence of cross-
flow, each layer has a fixed rate. For the layer below [, we

can write
Y k k X
w - S ) =L E.
o (¢ASW),,/ (¢ASW)I L (F.56)

where X is the floodfront location in layer j. Therefore, the
length of each segment is

Ax; = x;44

)

U (F.57)

By knowing the pressure gradient in each segment (Eq. F.54)
and the length of each segment, we can calculate the total
pressure gradient as

()= 2 (&)
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The effective relative permeability equation can be written as

_ kk,.H ( Ap
T M (T) ....................... (F.59)
T
1 ,
_ kky); (dp
= Zu—(a) ................... (F.60)
=1 n—I+1
> ki
Assuming kH = i:]n , We can write
1
. dp
(kkrw)ihi(_)
T ; dx n—I+1
kp, = AN e (F61)
P
(%)
T
The oil relative permeability is
n ’ dp
(kkm)ihi(_)
T i=lz+] dx n—I+1
k, = e (F.62)

Ap
kH( L )
T

The average water saturation is

Z[h(pl — S, ] i [[M)(l = So,)]; xp, + (h‘f’s“’i)i(l - "D«')}

i=1 i=l+1

Sw, =

Repeating these steps as each layer breaks through, we can
calculate the entire range of relative permeabilities.

Gravity Crossflow Domination. Under gravity-dominated
flow, we assume that the water segregates to the bottom of the
reservoir immediately. That is, irrespective of the permeabil-
ity ordering in the reservoir, the bottom-most layer will break
through first. See Fig. F.10.

Assuming piston-like displacement, we can easily develop
the equations for effective relative permeabilities.

S Wi

- i=1
o = T (F.63)

where the /th layer has broken through,

Z(kk)h

i=l+1

and IE,OI =
kH
In both Egs. F.63 and F.64, kH reflects the arithmetic

weighted average.
A

&%

|

Fig. F.10—Flow under Gravity Flow Domination.
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Fig. F.11—Flow under Gravity and Capillary Crossflow Domina-
tion.

The saturation can be calculated as

Sigtt 5.1+ S g,
=1

i=l+1

S,
i=1

With Eqs. F.63 through F.65, the effective relative permeabi-
lities, as a function of saturation, are calculated.

Gravity and Capillary Crossflow Domination. In this case,
we assume the reservoir is under vertical equilibrium, and the
saturation distribution is governed by capillary pressure.

Assuming that we have capillary pressure curves for each
layer, we can calculate the saturation for each layer (see Fig.
F.11). We have n layers, and each layer has a unique capillary
pressure curve.

We arbitrarily pick a water saturation value at the bottom of
layer one. Knowing the thickness and relationship between
capillary and gravity forces, we write

Pe = ANogh. .. (F.66)

We can calculate the saturation distribution in layer one. As-
suming pressure continuity, we can calculate the saturation
value at the bottom of layer two and, with Eq. F.66, deter-
mine the saturation distribution in layer two. The same proce-
dure is repeated for all layers, so we can obtain the saturation
distributions for all layers. If the functional relationship be-
tween capillary pressure and saturation is known, we can
analytically calculate the average water saturation in each
layer. Otherwise,

S, =-

w;
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Pc

e

NN
Sw

Fig. F.12—Flow under Capillary Cross Force Domination.

(hp);

R
) f S, d(h).

0

With Eq. F.67, we can calculate the average water saturation
in layer /. Eq. F.67 will simplify, if porosity is assumed
constant across the thickness.

Relative permeabilities are defined as a unique function of
saturation. Therefore, once the average saturation in each lay-
er is determined, we can calculate the effective relative per-
meabilities as

n

> [kk,(S,)] 7

ky, = =1 e (F.68)
> ki,
i=1
> [kk,(S.)] B
k,y = e (F.69)
> ki,
i=1
and
> heS,,
= (F.70)

1
i hig;
i=1

The procedure can be repeated starting with different water
saturations at the bottom of layer one, and the effective
relative permeabilities are calculated over the entire range
of saturation.

Capillary Cross Force Domination. If we assume that both
gravity and viscous crossflow are negligible, we can as-
sume that the saturation profile is uniform in each layer. See
Fig. F.12.

To calculate the saturation in each layer, pick a value of cap-
illary pressure and calculate the saturations in each layer.

By knowing the relationship between relative permeability
and saturation, we can calculate

:E:[kkrwcgw)Ljh
P

ik,.hi
i=1
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and

S

ro

i[kkw(SW)],-h,
e (E.72)
k.,
2
i hi$;S..,
T (E73)

Shg,
i=1

Eqgs. F.71 through F.73 can be used for different values of cap-
illary pressures and corresponding saturation distributions.

Nomenclature
C= constant as defined in Eqs. F.17 and F.18
g = gravitational acceleration
h= thickness
H= total thickness
k= permeability
k, k= average permeability
k- = relatively permeability
L= length of the medium
m,n= number of fine-scale gridblocks
M = mobility ratio
p = pressure
pe = capillary pressure
Ap = pressure drop
q= flow rate
R = resistance
R;; = ratio of velocities, as defined in Eq. F.41
S= saturation
t= time
v=velocity

252

x= direction, distance
xp = dimensionless distance
y= direction
¢ = porosity
U= viscosity
p = density
Subscripts
a= arithmetic average
app = apparent effective permeability
A= resistance as defined in Fig. F.2
B = resistance as defined in Fig. F.2
C= resistance as defined in Fig. F.2
D= dimensionless
h= harmonic average
i= inlet value
j= dummy variable, indicates y direction
/= bed that just broke through
o= oil
or= remaining oil
w= water
wi= irreducible water
x= direction
xy,yx= nondiagonal terms in the permeability tensor
matrix
y= direction
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Brownian motion model, 77 pseudofunctions, 206-207
capillary pressure, 207 random variables, 3848
class frequency, 18 range, 21
coefficient of variation, 21 rank correlation coefficient, 29, 32
cokriging, 120-121, 234-238 rank transform, 64
combination models, 74 relative amplitude, 79
conditional simulation, 140 relative frequency, 17-18
control parameter, 170 renormalization method, 193, 246
correlation coefficient, 27, 29, 32, 55 rotation matrix, 82
covariance, 27, 31-32, 54-56, 103, 109, 226-228 sample event, 35
crossflow, 201-205, 248-252 sample mean, 20, 24
cross variograms, 85-89, 228-230 sample point weight, 23
cumulative-distribution function, 40, 46, 148 sample space, 35
Darcy’s law, 193 saturation velocity, 206
dimensionless numbers, 198-199 scaleup, 189-195, 198-207, 245-252
energy function, 171 slope, 30
error variance, 101-102, 104, 109, 118, 121, 125 spatial derivations, 226-230
estimated parameter, 49 spherical model, 74
estimation derivations, 232-241 standard normal distribution, 223
estimation error, 101-102 stationarity, 53-54
expected value, 43-45, 220-222, 228 statistical derivations, 220-224
fractional flow, 207 steady-state flow, 194
Gaussian distribution, 46 subarea, 24
Gaussian noise, 76 surface area, 189
Gaussian space, 129-130 unbiased condition, 232
Gaussian transform, 151, 160 uncertainty estimation, 134135
general-relative variogram, 68—69 uniform distribution, 45-46, 222
grid-based simulation, 147-148, 150-151, 160-161, 168-171 univariate distribution, 220-221
gross thickness, 189 universal kriging, 124-125
harmonic average, 192-193 unsampled location value, 72, 98
hole-effect models, 79 variance, 21, 24, 27, 31-32, 228, 232-233
incomplete layer method, 193, 245-246 variograms, 55-57, 68-70, 72-73, 7677, 80-86, 88-90, 226-230
indicator kriging, 131-133 (see also variograms)
indicator transforms, 65, 147, 150 vertical equilibrium, 203, 250-252
indicator variables, 227-228 volumetrically-averaged capillary pressure, 207
kriging, 103, 109, 112-113, 120-121, 124-125, 128-134, 232-241 water saturation, 190-191
lag variance, 70 y-intercept, 30
linear regression, 29-30, 223-224 equilibrium, 199, 203, 249-252
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error
block kriging and, 111, 118-119
correlation coefficient and, 116
covariance and, 114
cross validation and, 100-103, 105-107, 116
grid-based simulation and, 151
LaGrange parameter and, 129
log-normal kriging and, 129
multi-Gaussian kriging and, 129-130
reduction of, 104
simple kriging and, 107
spatial data and, 114-115
uncertainty and, 105, 134—138 (see also uncertainty)
variance equation for, 104-105

estimation techniques, 98, 139
annealing and, 242-244
block estimation, 108-112, 118-119
cokriging, 119-124
conditional simulation and, 140-146
cross validation, 100-103, 105-107, 116, 118-119
derivations for, 232-241
error and, 102
gross thickness maps and, 106-107, 116-118
indicator kriging, 131-134
LaGrange parameter, 129
log-normal kriging, 128-129
loss functions and, 138
multi-Gaussian kriging, 129-130
nonlinear kriging, 128-134
nonparametric, 137-138
OOIP, 117-118
ordinary kriging, 112-119
parametric, 136-137
permeability and, 127-128, 133-134
porosity trend and, 127-128
probability kriging, 134
reservoir tops and, 126-127
scaleup and, 189 (see also scaleup)
search neighborhood, 99-100
simple kriging, 103-112
uncertainty and, 134-138
universal kriging, 124-128

unsampled locations and, 150-151 (see also statistics)

expected value, 43-45, 228
derivations for, 220-222
stationarity and, 53

exponential model, 74, 81

external trend, 127-128, 240-241

facies, 1
Bayes’ rule and, 160-161
braided fluvial reservoir study and, 184-185
conditional simulation and, 140-146
cosimulation and, 158-163
fan environment study and, 186—187
hole-effect models and, 78-80
indicator kriging and, 131-134
multi-Gaussian kriging and, 129-130

object-based simulation and, 183-184 (see also object-based

simulation)
transition probability and, 91-95
upper shoeface environment study and, 185-186

SUBJECT INDEX

field data
computer files, 218-219
flow unit thickness, 217
permeability, 217-218
porosity, 217-218
reservoir top, 217
wells, 217
flow, 5
analytical methods for, 198-206
capillary pressure and, 207
complexity of, 6
crossflow and, 201-205 (see also crossflow)
declustering and, 24
effective permeability and, 192
EOR and, 1, 6
external trends and, 127-128
incomplete layer method and, 192-193
multiphase, 197-207
numerical methods for, 206-207
permeability and, 193-195 (see also permeability)
renormalization method and, 193
saturation velocity and, 206
simulation difficulties and, 6
single-phase, 192-197
static properties and, 189-192, 195-197
steady-state, 194
vertical equilibrium and, 203
fluctuation, 61
fractional Brownian motion model, 77-78
fractional Gaussian noise model, 76-77

G

Gaussian methods
anisotropy and, 81
attributes simulation and, 159-160
back transforms and, 151-158
Bayes’ rule and, 160-161
conditional simulation and, 142-144
distribution and, 46-47, 135-136
fractional noise, 7677
kriging and, 129-130
new domains and, 147-148
object-based simulation and, 184
parametric estimations and, 136—138
proportion curves and, 161-163
random path selection and, 149-150, 159
scaleup and, 195-197
sequential cosimulation (SGCOSIM), 158-163
spatial data and, 148-149
uncertainty and, 135-136
unsampled location estimation and, 150-151
upper shoeface environment study and, 185-186
variograms and, 74-75, 159
geometric anisotropy, 80-83, 85
geostatistics, 15-16
advantages of, 13
conditional simulation and, 140-146
data integration and, 210-213
definition for, 12
disadvantages of, 13-14
estimation techniques for, 98-139
extrapolation and, 12
future developments of, 210-216
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grid-based simulation and, 147-174 conditional frequency distribution and, 26-27

growth of, iii conditional simulation and, 141
intercorrelated attributes and, 12 declustering and, 24-25
interpolation and, 12 grid-based simulation and, 156-158, 164, 166, 172
inverse problem and, 213-215 kriging and, 105-106, 108, 112, 117-118, 127, 129, 133, 135
object-based simulation and, 175-188 log-normal distribution and, 133
reservoir characterization and, 12—-14 multipoint, 91-95
risk analysis and, 12 scaleup and, 199-201
scaleup and, 189-209 transition probability and, 91-95
spatial relationships and, 52-97 hole-effect models, 78-80
stationarity and, 14, 53-54, 57-60, 99, 104, 112, 135-136 hybrid conditional simulation, 183-186
statistics and, 17-51
gigascopic heterogeneity, 3 1
gradient ratio, 194, 214-215
gravity
analytical methods and, 198-206 incomplete layer method, 192-193, 195, 245-246
crossflow and, 204-205 indicator transforms, 65-66, 94-95
numerical methods and, 206-207 attributes simulation and, 159-160
scaleup and, 198-207 back transforms and, 151-158
Bayes’ rule and, 160-161

specific, 200 . . .
vertical equilibrium and, 203, 249-252 braided fluvial reservoir study and, 184-185

derivations for, 227-228
kriging and, 131-134
new domains and, 147-148

grid-based simulation, 173-174
annealing and, 166—170
attributes and, 159-160
back transform and, 151-158
block estimation and, 118-119
Bayes’ rule and, 160-161
conditional simulation and, 144-145, 147-163
(see also conditional simulation)

object-based simulation and, 184
probability field simulation and, 163-166
proportion curves and, 161-163

random path selection and, 149-150, 159
sequential cosimulation and, 158-163
spatial data and, 148-149

configurations of, 7, 117-118 led locati imati 4 150-151
t )—

Gaussian methods and, 160 uns.amp ed location estimation and,

. variograms and, 159

input parameters and, 170, 215 inferential statistics. See statisfi

new domain transformation and, 147-148, 159 tnterential SEAUSUCs. see Stauistes

probability field and, 163-166
process steps of, 170-172

initial-potential (IP) data
cokriging and, 122-124

i 4 161-163 combination models and, 74-76
proportion curves and, -

random path selection and, 149-150, 159
scaleup and, 189, 207 (see also scaleup)

cross variograms and, 89
indicator transforms and, 65-66
logarithms and, 62-63, 122-124

search neighborhood and, 159 nonergodic correlograms and, 70-71

sequential conditional simulation and, 147-163
. . . normal-score transforms and, 67

sequential cosimulation and, 158-163

single variable, 147-158

spatial data and, 148-149

unsampled location estimation and, 150-151

power transform and, 64
rank transform and, 65
injector, 202
instability, 60-62

variograms and, 159 interchange mechanism, 169-170

gross thickness, 105-106, 117-118
field data and, 217
ordinary kriging and, 116
scaleup and, 189-190, 196-197 J
simple kriging and, 107-109, 112

intermittency exponent, 76-78
inverse problem, 213-215

H jigsaw-puzzle reservoirs, 8
. K
heterogeneity
distributions and, 2-3
flow process and, 5-6 kh data, 63
gigascopic, 3 cokriging and, 122-124
macroscopic, 3 combination models and, 74-76
megascopic, 3 cross variograms and, 89
microscopic, 2 indicator transforms and, 66, 133—-134
modeling of, 6-12 nonergodic correlograms and, 70-71
performance effects and, 4-5 normal-score transforms and, 67
scale and, 2-8, 10-11 rank transform and, 65
histograms, 18-20 kriging, 98
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back transform and, 151-158

bias and, 125

block estimation and, 108-112, 118-119
cokriging and, 119-124, 234-238
conditional simulation and, 141

covariance and, 103, 239-240

cross validation and, 100-103, 105-107, 116
derivations for, 232-241

external drift, 240-241

grid-based simulation and, 151 (see also grid-based simulation)

gross thickness maps and, 106107, 116

histograms and, 105-106, 108, 112, 117-118, 127, 129, 133, 135

indicator, 131-134

linear, 103-128

log-normal, 128-129

minimum variance and, 232-233
multi-Gaussian, 129-130

nonlinear, 128-134

ordinary, 112-119, 233-234

permeability estimation and, 127-128, 133-134
porosity trend and, 127-128

probability, 134

processing-memory requirements and, 99
reservoir top estimation and, 126-127

search neighborhoods and, 99-100, 116-119, 124-125
simple, 103-112, 233

stationarity and, 99, 112, 135-136

unbiased condition and, 232-234, 237-238, 240
uncertainty and, 134-138

universal, 124—-128, 238-241

variance and, 232-236, 238-241

variograms and, 99, 104

labyrinth reservoirs, 8
lag distance, 32, 70
anisotropy and, 80-85
bandwidth and, 58
Brownian motion model and, 77-78
combination models and, 74-76
covariance and, 55, 56
cross variograms and, 85-90
ergodic, 69
exponential model and, 74
fluctuation minimization and, 61
Gaussian model and, 74, 77
instability and, 60—-62
models with sill and, 73-76
nonergodic, 69-71
nugget-effect model and, 73
porosity and, 56
spherical model and, 73-74
sufficient pairs and, 57-60
tolerance and, 57-60
LaGrange parameter, 129
layer-cake model, 7-8
linear regression, 29-31, 223-224
linear trends, 125-126, 140-141
logarithms
bias, 30-31
bivariate distribution, 27-29
Brownian motion model and, 78
external trends and, 127-128

SUBJECT INDEX

IP data and, 122-124
linear regression, 30-31
permeability and, 119
scale consistency and, 211-212
transform, 62-63

log-normal distribution, 20, 223
description of, 47-49
kriging and, 128-129
variograms and, 62-63

loss functions, 99, 138

macroscopic heterogeneity, 3

marked point process, 175
conditioning data and, 178
interactions and, 178-182
object properties and, 176-178

Markov-Bayes approximation, 230

Markov chain, 91-92
mathematics
annealing, 166-170, 242-244

Bayes’ theorem, 38, 160-161, 230

coefficient of variation, 21
conditional simulation, 140
coordinate transformations, 81
Darcy’s law, 193, 247

dimensionless numbers, 198—199

Dykstra-Parsons coefficient, 48
expectation, 43—45
extremes, 21

kriging, 98-99 (see also kriging)
linear regression, 29-31, 223-224

marked point process, 175-182

Markov-Bayes approximation, 230
matrices, 82, 103 (see also matrices)
mean, 20, 53, 62-68, 106-107, 222-223

median, 21, 106-107
Metropolis condition, 169-170
mode, 21-22

Monte Carlo simulations, 140
MVUE, 49-50, 98, 223-224
percentile, 21

random number generators, 153-154, 162-166, 181-182

(see also random variables)
range, 21
set theory, 35-36
slope, 30

standard deviation, 4, 22, 25-26, 62-68, 108

stationarity, 14, 53-54
variance, 21, 49-50
Venn diagrams, 35
y-intercept, 30

See also equations; estimation techniques;
logarithms; models; probability; statistics

matrices, 233
covariance, 110, 113-115

kriging and, 99, 104 110-111, 118, 120-122 (see also kriging)

rotation, 82

transition probability, 91-95
mean, arithmetic, 20, 53, 222-223

cross validation and, 106-107

outliers and, 62-68
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measurement
anisotropy and, 59-60
annealing and, 166—170
Darcy’s law, 193
frequency distribution and, 17-20
grid-based simulation and, 158-163 (see also grid-based simulation)
heterogeneity scales and, 28, 10-11
initial potential and, 122-124
LaGrange parameter, 129
linear regression, 29-31
Markov-chain, 91
models and, 76 (see also models)
OOIP, 117-118
probability field simulation and, 163-166
scale consistency and, 211-212
scale resolution and, 212-213
scaleup and, 189-209
STB, 118
See also statistics
median, 21, 106-107
megascopic heterogeneity, 3
Metropolis condition, 169-170
microscopic heterogeneity, 2
minimum-variance unbiased-estimate (MVUE), 49-50, 98, 223-224
mode, 21-22, 106-107
models
anisotropic, 80-85
Brownian motion, 77-78
cokriging and, 119-124, 234-238
combination, 74-76
conditional simulation and, 140-146 (see also conditional simulation)
continuities and, 60
conventional approach, 6-9
cosine, 79
cross variograms, 87-90
data integration and, 210-213
exponential, 74, 81
fractional Brownian motion, 77-78
fractional Gaussian noise, 76—77 (see also Gaussian methods)
geological features and, 8-9
gradient methods and, 194, 214-215
grid-based simulation and, 158-163 (see also grid-based simulation)
heterogeneity and, 6—12
hole-effect, 78—-80
improvements for, 9—12
inverse problem and, 213-215
kriging and, 98-103 (see also kriging)
layer-cake, 7-8
marked point process and, 175-182
Markov-Bayes approximation and, 230
nugget-effect, 73, 114115, 120
object-based simulation, 145-146, 175-188
parallel, 9-10
random-function, 52-54
robustness and, 75
scale effects and, 7-11
scaleup and, 189-209
search neighborhoods and, 99-100, 116-119, 124-125
series, 7, 210-211
sills and, 73-78
simulation difficulties and, 6
sine, 79
spatial relationships and, 14
spherical, 73-74
stationarity and, 53-54
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subseismic fault, 187
uncertainties and, 11-12 (see also uncertainty)
validation and, 8
variograms and, 71-90
Monte Carlo simulations, 140
mouthbar sands, 185-186
moving-window statistics, 25-26
multi-Gaussian kriging, 129-130
multiphase flow. See flow
multipoint histograms, 91-95

nonergodic correlogram, 69-71
normal distribution, 4647
normal-score transforms, 66—-68
nugget-effect model, 73, 114-115, 120

o

object-based simulation, 145-146, 188
choice criteria for, 182—-183
conditioning data and, 178
field case studies of, 184—187
hybrid conditional approaches and, 183-184
interactions and, 178-182
marked point process and, 175-182
object properties and, 176-178
volume fraction and, 176, 178

objective function, 167-170

original oil in place (OOIP), 117-118

outliers
definition of, 62
indicator transforms and, 65-66
log transform and, 62-63
normal-score transform and, 66-68
power transform and, 63-64
rank transform and, 64—65
threshold values and, 66

pairs, 57-59
fluctuation and, 61
instability and, 60—-62
nonergodic correlogram and, 70
outliers and, 62-68
scatter plots and, 61-62
pairwise-relative variogram, 69
paleohydrologic reconstructions, 186-187
parallelepipeds, 175-176
parallel modeling, 9-10
parameters
annealing and, 166-170, 242-244
control, 170
grid-based simulation and, 170 (see also grid-based simulation)
estimation of, 136—-137
inference of, 49-50
input, 215
inverse problem and, 213-215
maximum swaps and, 170
Metropolis condition and, 169-170
objective function and, 170
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output, 215
software and, 214
permeability, 1
analytical methods and, 198-206
annealing and, 168-169
bivariate distribution and, 27-29
boundary conditions for, 192
Buckley-Leverett theory and, 206
cokriging and, 119
conditional simulation and, 141
cosimulation and, 158-163
crossflow and, 248-252
cross variograms and, 85-90
effective, 192-193, 195
external trends and, 127-128
field data and, 217-218
frequency distribution and, 19-20
geometric average for, 192
harmonic average and, 192
heterogeneity and, 2
histograms and, 20
ideal cases and, 192
incomplete layer method and, 245-246
indicator kriging and, 133-134
initial potential and, 122-124
layer-cake model and, 7
logarithms and, 20, 119
measurement of, 3—4
multiphase flow and, 197-207
numerical methods and, 206-207
probability field simulation and, 163-166
relative, 248-252
renormalization method and, 246
scale consistency and, 211-212
scaleup and, 10-11, 194-197 (see also scaleup)
single-phase flow and, 192-197
soft data and, 131-132
tensors, 193-194, 246-248
validation and, 8
perturbations, 171
Petroleum Open Software Corporation (POSC), 213
pixel-based techniques, 183-184
point estimation, 108—-109
porosity, 1
analytical methods and, 198-206
bivariate distribution and, 27-29, 31-33
block kriging and, 109-112
Buckley-Leverett theory and, 206
cokriging and, 119
conditional frequency distribution and, 26-27
conditioning data for, 117
cosimulation and, 158-163
cross variograms and, 85-90
external trend and, 127-128
field data and, 217-218
frequency distribution and, 18-20
Gaussian simulation and, 155-158
heterogeneity and, 2
histograms and, 18-20
lag distance and, 56
measurement of, 4
nonergodic correlogram and, 70
numerical methods and, 206-207
OOIP and, 117-118
performance effects and, 4-5

SUBJECT INDEX

probability field simulation and, 163-166
scale consistency and, 211-212
scaleup and, 10-11, 189-190, 195-197 (see also scaleup)
soft data and, 131-132
positive definiteness, 72-73, 80, 88, 121
posterior distribution, 161, 163—-166
potential gradient ratio, 194, 214-215
power transform, 63—-64
pressure. See capillary pressure
probability
Bayes’ theorem, 38, 160-161
bias, 49
bivariate functions, 41-43, 221-222
conditional, 37-38
cumulative-distribution function, 40-41
density function, 220
Dykstra-Parsons coefficient, 48
expected value, 220-222
field simulation and, 163-166
function, 39-40
Gaussian distribution, 4647, 135-136
interchange mechanism and, 169-170
kriging and, 134 (see also kriging)
laws of, 36
linear regression, 223-224
log-normal distribution, 4749, 223
marked point process and, 175-182
mass function, 153-154
mathematical expectation, 43—45
Metropolis condition, 169-170
MVUE technique, 49-50, 98, 223-224
normal distribution, 222-223
number generators and, 153-154, 162-166, 181-182
object-based simulation, 175-188
parameter inference, 49-50
random variables and, 38—43 (see also random variables)
standard normal distribution, 223
statistics derivations, 220-224 (see also statistics)
transforms, 153154
transition matrices, 91-95
uniform distribution, 45-46, 222
univariate distribution, 220-221
variance, 49-50 (see also variance)
production data, 1-2, 169
proportion curves cosimulation, 161-163

Q

quadratic trends, 125
quartiles, 22

random variables, 33-35, 38-39
back transform and, 151-158
bivariate functions, 41-43
cosimulation and, 159
cumulative-distribution function, 40-41
ergodic, 69
Metropolis condition, 169-170
new domain transformation and, 147-148
number generators and, 153-154, 162-166, 181-182
object-based simulation and, 181
parametric estimations and, 136-138
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path selection and, 149-150
probability field simulation and, 163-166
single, 147-158
spatial data and, 148-149
stationarity and, 53-54
universal kriging and, 125
unsampled location estimation and, 150-151
See also distribution
range, 21, 25
anisotropy and, 80-85
rank correlation coefficient, 29
rank transform, 64-65, 134
relative amplitude, 79
relative-frequency histogram, 18, 24-25
renormalization method, 193, 246
reservoir characterization
description of, 1-2
geostatistics use and, 12-14
heterogeneity and, 2—12
jigsaw-puzzle, 8
labyrinth, 8
modeling and, 6-12 (see also models)
performance effects and, 4-5
simulation difficulties and, 6
residuals, 126
resolution, 1
robustness, 75
rotation, 80, 82
R/S analysis, 76

samples
anisotropy and, 80-85
annealing and, 166—170
back transform and, 151-158
biased, 68-71
conditional simulation and, 140-146
covariance and, 103
cross validation and, 100-103, 105-107, 116
error and, 104-105, 116 (see also error)
grid-based simulation and, 150-151, 158-163

(see also grid-based simulation)

hole-effect models and, 78-80
indicator transforms and, 65-66
kriging and, 98-103 (see also kriging)
log transforms and, 62—-63
marked point process and, 175-182
normal-score transforms and, 66—68
number of, 99-100
object-based simulation and, 175-188
outliers and, 62-68
power transforms and, 63-64
processing-memory requirements and, 99
rank transforms and, 64-65

search neighborhoods and, 99-100, 116-119, 124-125

selection of, 100
soft data and, 131-132
threshold values and, 66, 131-134, 151-158
uncertainty and, 134-138 (see also uncertainty)
variograms and, 6871 (see also variograms)
See also models; spatial data; statistics

sand, 184-186

saturation
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Buckley-Leverett theory and, 206
capillary pressure and, 205-207
crossflow and, 198-207
gravity and, 204-205
scaleup and, 190-191
velocity of, 206

scales, 1
anisotropy and, 82
consistency and, 211-212
core data and, 3—4
gigascopic, 3—4
heterogeneity and, 2-8, 10-11
macroscopic, 3—4
microscopic, 3—4
porosity and, 10-11
resolution and, 212-213
series approach and, 210-211
standard deviation and, 4

scaleup, 208-209
analytical methods for, 198-206
capillary pressure and, 207
crossflow, 198-207
dynamic properties and, 192-207
equations for, 245-252
gross thickness and, 189-190, 196-197
ideal cases and, 192

incomplete layer method and, 192-193, 245-246

multiphase flow and, 197-207
numerical methods for, 206-207
permeability and, 192-197, 246-252
porosity and, 190
renormalization method and, 193, 246
single-phase flow and, 192-197
standard deviation for, 197
static properties and, 189-192, 195-197
steady-state flow and, 194-197
tensors and, 193-194
vertical equilibrium and, 203
water saturation and, 190-192
scatter plots, 61-62
seismic data, 1
Bayes’ rule and, 160-161
external trends and, 127-128
fault modeling and, 187
object-based simulation and, 183, 187
scale consistency and, 211-212
scale resolution and, 212-213
sequential cosimulation, 158-163
sequential Gaussian simulation (SGS), 147, 160
See also Gaussian methods
sequential indicator simulation (SIS), 147
See also indicator transforms
series modeling, 7, 210-211
set theory, 35-36
shale, 175-176, 178, 179-181
depositional environment and, 182
fan environment study and, 186—187
hybrid conditional simulation and, 183-184
See also object-based simulation
signature, 17
sill values
anisotropy and, 80-85
combination models and, 74-76
exponential model and, 74
Gaussian model and, 74
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nugget-effect model and, 73
spherical model and, 73-74

simulated annealing simulation (SAS), 171-172

sine model, 79

single-phase flow, 192-197

slope, 30

soft data, 131-132

software, 213-214

spatial data, 23-26, 31-33, 96-97
alternative methods for, 90-95
annealing and, 168
biased sampling and, 68-71
cokriging and, 119-124 (see also kriging)
conditional simulation and, 141-142
correlation coefficient and, 55
covariance and, 54-55
derivations for, 226-231
error and, 114-115
grid-based simulation and, 148-149
instability and, 6062
multi-Gaussian kriging and, 129-130
multiphase flow and, 197-207
multipoint histograms and, 91-95
nugget models and, 114-115
outlier influence and, 62-68
random-function model and, 52-54
single-phase flow and, 192-197
stationarity and, 53-54
sufficient pairs and, 57-60
variograms and, 55-56 (see also variograms)

specific gravity, 200

spectral methods, 76

spherical model, 73-74, 80

standard deviation, 4, 22
moving-window statistics and, 25-26
outliers and, 62-68
simple kriging and, 108

stationarity, 14, 53-54
covariance and, 104
kriging and, 99, 112, 135-136 (see also kriging)
sufficient pairs and, 57-60
uncertainty and, 135-136

statistics, 51
Bayes’ theorem, 38
bias, 49
bivariate, 26-33, 41-43, 221-222
coefficient of variation, 21
coin tossing, 33-34
correlation coefficient, 27-29, 32
cumulative-distribution function and, 40-41
declustering and, 23-24
derivations for, 220-225
descriptive, 17-33
dice, 34
Dykstra-Parsons coefficient, 48
expected value, 220-222
extremes, 21
frequency distribution and, 17-20, 26-27
Gaussian distribution, 4647
inferential, 33-50
LaGrange parameter, 129
linear regression, 29-31, 223-224
log-normal distribution, 47-49
mathematical expectation, 43—45
mean, 20

SUBJECT INDEX

median, 21

mode, 21

moving-window, 25-26

MVUE technique, 49-50, 98, 223-224
normal distribution, 222-223

parameter inference, 49-50

probability, 3648 (see also probability)

randomness, 33-35, 38-43 (see also random variables)

range, 21
rank correlation coefficient, 29
sample events, 35-36
sample space, 35-36
sample summary, 20-22
set theory, 35-36
spatial data sets, 23-26, 31
standard deviation, 4, 22, 25-26, 62-68, 108
standard normal distribution, 223
sufficient pairs and, 57-60
truncation, 61
uniform distribution, 45-46, 222
univariate distribution, 220-221
variance, 21, 49-50
Venn diagrams, 35
stock tank barrel (STB), 118
subseismic fault modeling, 187
swaps, 170-171, 242-244
symmetry, 57, 60, 62

tensors, 193-194, 246-248

threshold values, 66
back transform and, 151-158
indicator kriging and, 131-134
log-normal distribution and, 133
probability field simulation and, 163-166
soft data and, 131-132

tolerances, 57-60

tracer data, 1

transition probability, 91-95

trends
conditional simulation and, 140-141
external, 127128, 240-241
linear, 125-126, 140-141
quadratic, 125

truncation, 61

uncertainty, 11
conditional simulation and, 142-144
error and, 105
estimation of, 8, 134—138
indicator kriging and, 131-134
loss functions and, 138
parametric estimations and, 136-138
risk analysis and, 12
scale consistency and, 211-212
scale resolution and, 212-213
series approach and, 210-211
soft data and, 131-132
threshold value and, 131
See also covariance; error; statistics
uniform distribution, 45-46
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unparametric estimations, 137-138

unsampled locations. See estimation techniques
upper shoeface environment, 185-186
upscaling. See scaleup

\Y%

variance, 222-224, 228
coefficient of, 21, 63
distribution and, 4647 (see also distribution)
expected value and, 43-45
kriging and, 98-103, 232-236, 238-241 (see also kriging)
minimum, 49-50, 232-233
parameter inference, 49-50
See also covariance; statistics

variograms, 33, 52
anisotropy of, 59—-60
annealing and, 243-244
biased sampling and, 68-71
cokriging and, 119-124, 234-238
conditional simulation and, 140-146
cosimulation and, 159
covariance and, 55-56, 226-227
cross, 85-90
derivations for, 227-229
fluctuation minimization and, 61
general-relative, 68—69
indicator transform and, 65-66
instability and, 60—-62
isotropic structures and, 58
kriging and, 99, 104 (see also kriging)
lag distance and, 55-56
modeling of, 71-85
modified, 90
multipoint histograms and, 91-95
nonergodic, 69-71
normal-score transform and, 66-68
outlier influence and, 62-68
pairwise-relative, 69
power transform and, 63-64
rank transform and, 64—-65
search neighborhoods and, 99-100, 116-119, 124-125
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stabilization of, 59
sufficient pairs and, 57-60
symmetry of, 57, 60, 62
tolerance and, 57-60
Venn diagrams, 35
vertical equilibrium, 203, 249-252
viscosity
analytical methods for, 198-206
numerical methods for, 206-207
vertical equilibrium and, 203, 249-252

\u4

water
performance effects and, 5
saturation and, 190-191
scaleup and, 190-191, 198-207
weight
analytical methods and, 198-206
back transform and, 151-158
choice of, 103
covariance and, 103
declustering and, 23-24
kriging and, 98 (see also kriging)
MVUE and, 98
neighborhood and, 99-100
number of samples and, 100
numerical methods and, 206-207
scaleup and, 190 (see also scaleup)
uncertainty and, 134-138
well tests
field data and, 217
layer-cake model and, 7
measurement of, 3—4
randomness and, 33-35

X-Z

y-intercept, 30
zonal anisotropy, 83-85
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