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Preface

I planned to write this book when I visited Professor Alan Jeffrey
in Newcastle, England, in 1992. Since then, I have given seminars,
courses and lectures on the applications of the compensated compact-
ness method to hyperbolic conservation laws in many different univer-
sities. Among these are Stanford University, USA (1994), Heidelberg
University, Germany (1995), International School for Advanced Stud-
ies (SISSA), Italy (1996), Federal University of Rio de Janeiro, Brazil
(1998), National University of Colombia, Colombia (2000) and Univer-
sity of Science and Technology of China, China (2001).

This book is a result of a one-year course for graduate students in
applied mathematics, but it can also be a textbook for undergradu-
ate students in their last year. The students should be familiar with
the basic contents of introductory courses such as functional analysis,
measure theory, Sobolev space, shock waves theory and so on.

I want to thank Professor Alan Jeffrey for his continuing support
and encouragement. Without his kind help, this book would never have
been written.

I must also thank Mr. Ding-hao Li, my mathematics teacher in mid-
dle school, whose excellent character has always been a great influence
in my life.

Thanks also go to my mother and all the members of my family,
for their interest and sense of pride in every achievement in my career
and who are my power resources to do mathematics.

Finally, I would like to thank Dr. Ben-jin Xuan, my former student,
who helped me graph the figures and resolve all the technical problems
in the Latex file during the last three months of my typing the manu-
script. After I finished the process, he carefully read all the pages and
proposed many valuable suggestions.
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Chapter 1

Preliminary

Systems of hyperbolic conservation laws are very important mathemat-
ical models for a variety of physical phenomena that appear in traffic
flow, theory of elasticity, gas dynamics, fluid dynamics and so on. In
general, the classical solution of the Cauchy problem for nonlinear hy-
perbolic conservation laws exists only locally in time even if the initial
data are small and smooth. This means that shock waves always ap-
pear in the solution for a suitable large time. Since the solution is
discontinuous and does not satisfy the given partial differential equa-
tions in the classical sense, we have to study the generalized solutions,
or functions which satisfy the equations in the sense of distributions.
We consider the quasi-linear systems of the form

ug+ f(u)y =0, (x,t) € Rx RT, (1.0.1)
where u = (u1, ug, ..., un)’ € R",n > 1 is the unknown vector function
standing for the density of physical quantities, f(u) = (f1(u), ..., fn(u))T
is a given vector function denoting the conservative term. These equa-

tions are commonly called conservation laws. Let us suppose for the
moment, that u is a classical solution of (1.0.1) with the initial data

u(z,0) = up(x). (1.0.2)

Let C} be the class of C'! function ¢ which vanishes outside of a compact
subset. We multiply (1.0.1) by ¢ and integrate by parts over ¢t > 0, to
get

//(wbt + f(u)¢y)dadt + /t:O ugpdr = 0. (1.0.3)

t>0
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Definition 1.0.1 An LP,1 < p < oo, bounded function u(x,t) is called
a weak solution of the initial-value problem (1.0.1) with LP bounded
initial data ug, provided that (1.0.3) holds for all ¢ € CL(R x RT).

An important aspect of the theory of nonlinear system of conserva-
tion laws is the question of existence of solutions to these equations. It
helps to answer the question if the modelling of the natural phenomena
at hand has been done correctly, and if the problem is well posed.

To get a global weak solution or a generalized solution for given
hyperbolic conservation laws, a standard method is to add a small
parabolic perturbation term to the right-hand side of (1.0.1):

ug + f(u)y = eugy, (1.0.4)

where € > 0 is a constant.

We may first get a sequence of solutions {u®} of the Cauchy prob-
lem (1.0.4),(1.0.2) for any fixed € by the following general theorem for
parabolic equations:

Theorem 1.0.2 (1) For any fized € > 0, the Cauchy problem (1.0.4)
with the bounded measurable initial data (1.0.2) always has a local
smooth solution u®(x,t) € C°(R x (0,7)) for a small time T, which
depends only on the L* norm of the initial data up(x).

(2) If the solution u® has an a priori L™ estimate |u®(-,t)|p~ <
M(e,T) for any t € [0,T], then the solution exists on R x [0,T].
(3) The solution u® satisfies:

lim v =0, i lm wug(x)=0.

|z|—o0 |z|—o0

(4) Particularly, if one of the equations in system (1.0.4) is in the
form

wy + (wg(u))x = EWgzyg, (105)
where g(u) is a continuous function of u € R™, then
w® > c(t,co,e) >0, if wo(x)>co >0, (1.0.6)

where cq is a positive constant and c(t, co,e) could tend to zero as the
time t tends to infinity or € tends to zero.



Proof. The local existence result in (1) can be easily obtained by ap-
plying the contraction mapping principle to an integral representation
for a solution, following the standard theory of semilinear parabolic
systems.

Whenever we have an a priori L™ estimate of the local solution, it
is clear that the local time 7 can be extended to T step by step since
the step time depends only on the L°° norm.

The process to get the local solution clearly shows the behavior of
the solution in (3).

The details about the proofs of (1)-(3) in Theorem 1.0.2 can be
seen in [LSU, Sm|. The following is the unpublished proof of (1.0.6) by
Bereux and Sainsaulieu (cf. [Lu9, Pe]).

We rewrite Equation (1.0.5) as follows:
v + g(w) vy + g(1)y = (Vg + v2), (1.0.7)
where v = log w. Then

2
22— gy, - .

1.0.8
2e 4e ( )

UV = EVgy + (Vg —

The solution v of (1.0.8) with initial data vo(z) = log(wg(z)) can be

{2
represented by a Green function G(z — y,t) = ﬁe:ﬂp(— (z4£) ):

T

ve / " G — . Huo(y)dy

+ /j / Z (e(vx - %%2 - 9%?‘) - g%) Glo —y,t — s)dyds.
(1.0.9)

Since

[e.e] [o%) M
/ Gl -y, )y =1, / Gyl =y Dldy < —=,

—00 — 00
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it follows from (1.0.9) that

v >/ Ga:—y, ()dy

Py

G(x -y, ) o(y)dy

Ry A

Mt M1t2
>logcy — — —
€

—g(u))G(x — y,t — s)dyds

> —C(t,cp,€) > —00.
52
(1.0.10)

Thus w® has a positive lower bound ¢(t, ¢, €) for any fixed € and ¢ < oo.
|

The solution obtained in Theorem 1.0.2 is called viscosity solution.
After we have the sequence of viscosity solutions {u®}, € > 0, if we fur-
thermore suppose that {u°} are uniformly bounded in LP(1 < p < o0)
space with respect to the parameter ¢, then there exists a subsequence
(still labelled) {u®} such that

u(x,t) = u(x,t), weakly in LP, (1.0.11)
and also a subsequence {f(u®)} such that
fu(x,t)) = l(z,t), weakly (1.0.12)
under suitable growth conditions on f(u). If
lz,t) = f(u(x,t)), ae., (1.0.13)

then clearly u(z,t) is a weak solution of system (1.0.1) with the initial
data (1.0.2) by letting € tend to zero in (1.0.4).

How could we obtain the weak continuity (1.0.13) of the nonlinear
flux function f(u) with respect to the sequence of viscosity solutions
{uf}? The theory of compensated compactness is just to answer this
question.

Why is this theory called Compensated Compactness? Roughly
speaking, this term comes from the following fact:



If a sequence of functions satisfies
w(z,t) = w(z,t) (1.0.14)
with either
()2 + (w)® = w? +w’ or (w)? — (W) = w?—w®  (1.0.15)

weakly as € tends to zero, in general, w®(z,t) is not compact. However,
it is clear that any one weak compactness in (1.0.15) can compensate
for another to make the compactness of w®. In fact, if we add them
together, we get

(wf)? = w? (1.0.16)

weakly as ¢ tends to zero, which combining with (1.0.14) implies the
compactness of w*.

In this book, our goal is to introduce some applications of the
method of compensated compactness to the scalar conservation law
as well as some special systems of two or three equations. Moreover,
applications to some physical systems with a relaxation perturbation
parameter are also considered.

The arrangement of this book is as follows:

In Chapter 2, we introduce some elemental theorems in the theory
of compensated compactness. Section 2.1 is about the weak continuity
theorems of 2 x 2 determinants, and the proofs come from [Ta]. Section
2.2 is about the Young measure representation theorems of weak limits
and we use the proofs in [Lin|. Section 2.3 is about the Murat compact
embedding theorems. In this part, we introduce two theorems. The
proof of Theorem 2.3.2 is the same as that given in [DCL1] and the
proof of Theorem 2.3.4 is copied from the French paper by Murat [Mul].
It is necessary to point out that Theorem 2.3.4 is independent of this
book and the readers could pass over it without considering the details.

We collect it here because it was used in some research papers (cf.
[CLL, JPP]).

In Chapter 3, we consider the Cauchy problem of the scalar equation
with L> and LP(1 < p < oo) initial data, respectively. In this part, a
simplified proof (cf. [CL1, Lul]) without using the Young measure is
given.
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In the first part of Chapter 4, we introduce some basic definitions
of systems of two equations, such as the strict hyperbolicity, genuine
nonlinearity, linear degeneration, Riemann invariants, entropy-entropy
flux pair and so on (cf. [La2, La3, Sm]).

In the second part, a framework to obtain L estimates of viscos-
ity solutions for systems of two equations, called the Invariant Region
Theory from [CCS], is introduced.

In Chapter 5, we consider a special symmetric system of two equa-
tions ([Ch3]). This system is very similar to the scalar equation because
one characteristic field is always linearly degenerate, although the other
field is genuinely nonlinear. This system is of interest because along the
genuinely nonlinear characteristic field, the compactness of viscosity so-
lutions is obtained in L*° space without any more regular condition.
However, along the linearly degenerate characteristic field, some more
regular conditions, such as BV estimates, must be added to ensure the
strong compactness of the sequence of viscosity solutions.

In Chapter 6, we consider a system of two equations with quadratic
flux. This system is nonstrictly hyperbolic at the original point, one
characteristic field is linearly degenerate on the positive half axis of u,
while the other field is linearly degenerate on the negative half axis of
u. Its entropy equation is the same as that of the system of polytropic
gas dynamics with the adiabatic exponent v = 2. The main difficulty
in studying this system by the compensated compactness is that the
entropy-entropy flux pairs are singular at the original point. Through
a careful construction of exact solutions of the classical Fuchsian equa-
tion, we obtain the explicit entropy-entropy flux pair of Lax type for
this system. Then the necessary estimates for the major terms of these
entropies follow from the analysis of solutions of the Fuchsian equation
(cf. [Lud]).

In Chapter 7, we extend the method given in Chapter 6 to the
Le Roux system, which is also nonstrictly hyperbolic at the original
point, but the entropy equation is the same as that of v = 5/3 for the
polytropic gas. This system is of interest because it is a typical system
of Temple type, whose characteristic fields are both straight lines. The
proof in this chapter is from [LMR].

In Chapter 8, we consider the most typical hyperbolic conservation
system of two equations, the so-called system of the polytropic gas
dynamics (or y-law). For the case of v > 3, our proof is copied from



the paper [LPT]. For the case of 1 < v < 3, using only four pairs of
weak entropy-entropy flux, we give a short proof by assuming that the
solution is away from vacuum and small (cf. [CL2]).

In Chapter 9, the methods in Chapters 6 and 7 are again extended
to study two special systems of one-dimensional Euler equations, which
are nonstrictly hyperbolic on the vacuum line p = 0. For smooth
solutions, they are equivalent to the systems of polytropic gas dynamics
with the adiabatic exponents 3 < v < 0o and 7 = oo, respectively. Our
proofs in this chapter come from [Lu2] and [Lu8].

In Chapter 10, we consider the general Euler equations of one-
dimensional, compressible fluid flow. This more general system is again
nonstrictly hyperbolic on the vacuum line p = 0. To study this system
by using the compensated compactness, one basic difficulty is how to
construct entropy-entropy flux pairs and obtain the necessary estimates
on these entropies. Since the method to construct entropy-entropy flux
pairs of Lax type (cf. [Lal]) to strictly hyperbolic systems does not
work here, in this chapter we extend DiPerna’s method to nonstrictly
hyperbolic systems. We introduce a special form of Lax entropy, in
which the progression terms are functions of a single variable. The
necessary estimates for the major terms are obtained by the singular
perturbation theory of the ordinary differential equations of second
order. The proof in this chapter comes from [Lu6].

In Chapter 11, we extend the method given in Chapter 10 to study
some extended systems of elasticity in L° space. The proof is also
from [Lu6].

In Chapter 12, some important results about LP,1 < p < oo, weak
solutions for the system of elasticity are introduced, which include a
compactness framework of artificial viscosity solutions to this system
by Lin [Lin] and a compactness framework of physical viscosity by
Shearer [Sh]. An application of the latter compactness framework by
Shearer on the system of adiabatic gas flow through porous media is
also considered (cf. [LK1]).

However, to avoid knotty mathematical formulas, we choose not to
provide the proofs of these two compactness frameworks in this book,
although they are very important and form a basis on relaxation prob-
lems of hyperbolic systems of three equations in Chapter 16.

From Chapter 13 to Chapter 16, we introduce some applications of
the compensated compactness on the relaxation problems.
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In Chapter 13, a general description of the relaxation singular prob-
lem is introduced.

In Chapter 14, singular limits of stiff relaxation and dominant dif-
fusion for general 2 x 2 nonlinear systems of conservation laws are
considered. These include the L solutions of the system of elasticity,
the system of isentropic fluid dynamics in Eulerian coordinates and the
extended models of traffic flows; the LP,1 < p < oo, solutions for some
physical models, without L> bounded estimates, such as the system of
isentropic fluid dynamics in Lagrangian coordinates, and the models of
traffic flows in different states. All proofs in this chapter can be found
in [Lu9].

In Chapter 15, a framework for the singular limits of stiff relaxation
for general 2 x 2 hyperbolic conservation systems (not necessary strictly
hyperbolic) is introduced (cf. [CLL], [Lul0]).

An application of this framework on a nonstrictly hyperbolic sys-
tem, the so-called system of extended traffic flow, is also obtained. The
proof is from [Lul0].

In Chapter 16, singular limits of stiff relaxation and dominant diffu-
sion for the general 3 x 3 system of chemical reaction are considered (cf.
[Lul2]). The pure relaxation limit (without viscosity) for a special case
of this chemical reaction system is also introduced (cf. [LK1, LK2, Tz]).



Chapter 2

Theory of Compensated
Compactness

As a theory, the compensated compactness is a large subject. However,
until now, all the applications on hyperbolic conservation laws were
related to the theorems given in this chapter.

2.1 Weak Continuity of a 2 x 2 Determinant

Theorem 2.1.1 Let H1(2) be the dual of H} () and Q C RN be an
open, bounded set. Suppose

(Hy) uf = (u§,us, - ,u5) — u=(ur,us, - ,up) weakly in L*(£2),

€
p

are compact in the strong topology of Hl_ocl,

i=ti=1 Oz
where i = 1,2, ...q.

Then if Q@ = Q(A\), A € RP is quadratic and satisfies Q(A) > 0 for
all X € N\, where

p N

AN={AeRP:ICe RN — {0}, s.t. D Y agN& =0 i=1,2,.q};
j=1 k=1

(2.1.1)

if Q(u®) — [ in the sense of distributions (I may be a measure), then

1> Q(u) in the sense of distributions. (2.1.2)
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Proof. Step 1: We make a translation
Ui = u§ — ;.

Then (H;) and (Hz) imply that
(1)  v$ — 0 weakly in L*(Q) for j = 1,2, ...p,

J
o . "
2 a;jr—=—= are compact in the strong topology of H, ~ for
— J 8:L‘k loc
J

i=1,2,..q.
Since @ is quadratic, there exists a bilinear form ¢(a,b) such that
Q(a) = q(a,a).
Therefore

Q) = Q(u° —u) = Q(u°) — 2g(u”,u) + Q(u).
But
Qu®) =1, qu®,u)— q(u,u) weakly,

the second statement holding because ¢(a,b) is linear in a for fixed b.
Therefore since q(u,u) = Q(u),

Q(v°) =1 —Q(u), weakly.
Step 2: Next we perform a localization as follows. We let

w® = ¢v°  with ¢ € C5°().

Then
supp w® C compact set of RY (2.1.3)
and
w® — 0 weakly in L?(9). (2.1.4)
Moreover

g £
3 a2 6> a2 S aigprs 22
- Oxy, - Oxy, - oz,
J.k J.k J.k



2.1. WEAK CONTINUITY OF A 2 x 2 DETERMINANT 11

and the first term in the right-hand side belongs to a compact set of
H1(Q). Therefore

ows; .
Zaijka—xk € compact set of H™ ().
J.k

Hence extracting a possible subsequence we have

ows
yg%)z,;aijk(‘)—x; = 0 strongly in H1(Q) (2.1.5)
-]7

and
Q(w®) = ¢*(l — Q(u))  weakly.
Step 3: To prove | — Q(u) > 0, it is enough to show that

lim [ Q(w®)dx > 0, (2.1.6)

e—0

since this will prove that

lim Q@fﬂx20¢: /&a—Qw»mz0

e—0

for all ¢ € C§°(Q2), implying that [ — Q(u) > 0.

Step 4: Let us define the Fourier transformation of w; as
WS = F(wg-)/ wé (x)e2ET) 4y, (2.1.7)
RN
The Plancherel formula gives
| vt = [ a©aed, (2.1.8)
RN RN

where v and w € L?(R") are complex valued functions.

We extend @ from RP to CP into an Hermitian form. Recall that
Q) is quadratic and takes the form

Q) =) giediMn
ik
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with real coefficients q;; = gr;. We define
Q) = g
3k

Hence we have

Re(Q(N\) >0 ifAXeAn+iA. (2.1.9)
In fact, if A = A\ + i)y with A\, Ay € A, then
Q) = QA1) + Q(\2)) +i(g(M1, A2) + q(A2, M),

where g was defined by Q(a) = ¢(a,a), and therefore

Re (Q(N) = QA1) + Q(A2) = 0.

By the Plancherel formula again,

Qs = [ Q= [ ReQae

RN RN

So (2.1.6) is equivalent to

lim [ ReQ(@°)d¢ > 0. (2.1.10)

e—0JRN

But, since supp w§ C fixed compact set C' of R, we have

@5 (6) = /C W (z)e 2 ED

But e 27&%) ¢ [2(C) and since w5 — 0 weakly in L*(RN), we deduce
that

lim @5(§) =0  strongly for all §, and [|[w;(§)|| <M. (2.1.11)

e—0 7
Therefore
lim @7 = 0 locally in L*(RM). (2.1.12)
Hence
lim Q(w°)d¢ =0 (2.1.13)

e—0 |f|§7”
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for any fixed constant r > 0.

Using the Fourier transformation of (2.1.5) leads to

1 . . .
lim ———— Zaijkwj(ﬁ)ﬁk = 0 strongly in L>(RN) fori =1,...,q
e—01+ ‘§| T
(2.1.14)

Using the following lemma, we can finish the proof of Theorem 2.1.1.

Lemma 2.1.2 Suppose that Q(X\) > 0 for all X\ € A. Then for all
«a > 0, there exists a constant Cy such that

ReQ(\) > —a|A\? = C, Z‘Zawk)\]nk‘ (2.1.15)

=1
for all X € CP, and for all n € RN with |n| = 1.

In fact, it follows from (2.1.14) that

e—0

lim % Zaijklﬁi(ﬁ)ﬁk = 0 strongly in L*({|¢| > 1}). (2.1.16)
g,k
Using Lemma 2.1.2 and taking A = @w°(§) and n = £/|£|, we have
Re Q(°(€)) > —a| @5 (€)| — Ca Z ( Z ain@s (&l (2117)
=1

Integrating this on |{]| > 1, we get

/ Re Q(a* (£))d¢ > —a / @ () [2de
[€]>1

lg1>1
i (2.1.18)
—C, /5 l>1z\zawk (&gl de.
But by (2.1.11) and (2.1.16) we deduce that
lim Re Q(@°(¢))d¢ > —aM (2.1.19)

==0Jjg[>1
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for all o as small as desired. Hence

lim Re Q(@° (£))d¢ > 0. (2.1.20)
e=0Jig[>1

Combining (2.1.13) with (2.1.20) gives the proof of ( 2.1.10), and hence
(2.1.6), which implies the proof of Theorem 2.1.1. m

Proof of Lemma 2.1.2. To prove Lemma 2.1.2, we proceed by con-
tradiction. Suppose there exists an a > 0 such that for all C, = n
there exist A € CP with [A\"| = 1 and n" € RY with || = 1 such that

q
Re Q(\") < —a|\")? — nz | Zaijm?ngf. (2.1.21)
=1 jk

Extract convergent subsequences such that A" — A% and n™ — n*°.
Then

q 9 C
D1 e <~
=1 jk

where C' is a constant. Hence, passing to the limit, we deduce that

Zaljkk(;onlio :07 i = 17 yq-
j?k

Therefore

A e N+IA,
and hence

Re Q(A>°) > 0.
But from (2.1.21) we have also

Re Q(A®) = lim ReQ(\") < —a < 0

n—~00

and this is a contradiction. m

Corollary 2.1.3 IfQ is quadratic and satisfies Q(X\) = 0 for all A € A,
and if {u®} satisfies (Hy) and (Hz), then Q(u®) — Q(u) in the sense
of distributions.
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Proof. Extract a subsequence such that
Q(u®) — I, I may be a measure.

Applying Theorem 2.1.1 to @ and then to —Q, we obtain [ = Q(u) and
hence the proof of Corollary 2.1.3 since this is true for all subsequences.
|

Theorem 2.1.4 (weak continuity theorem of a 2 x 2 determinant) Let
Q C R x RT be a bounded open set and u¢ : Q — R* be measurable
functions satisfying

u® — u, in (L2(Q))* (2.1.22)

and

€ 1= 1= €
8(;? + 85;2, % %1;4 are compact in Hl_ocl(Q) (2.1.23)

Then there exists a subsequence (still labelled) {u®} such that

£ €
Uy Ug|

uz ug

W20 the sense of distributions. (2.1.24)

usz Ugq

Proof. From the conditions in (2.1.23), the set A in Theorem 2.1.1
consists of all points A € L* satisfying

A&+ A8 =0, A&+ A2 =0
for any £ € R x RT — {0}, or equivalently
A={Xe L*: A\ A — A)g =0}, (2.1.25)
Let Q(\) in Theorem 2.1.1 be Ay Ay — AgA3. Then clearly Q(\) = 0 for

all A € A. So (2.1.24) follows from Corollary 2.1.3. This completes the
proof of Theorem 2.1.4. ®
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2.2 Young Measure Representation Theorems

Theorem 2.2.1 Let Q C RN be measurable. Suppose that {u™(x)} is
a sequence of measurable functions from Q to RS. Then there exists a
subsequence {u™} of {u"(x)} and a family of positive measures v, €
M(R®), depending measurably on x € Q, such that for any f € Co(R),

wt =l ) =< fO) ) > [ W), (221)

where M(R®) is the dual space of C’O(RS) and Co(R?) is the space
of continuous functions which tend to zero at infinity, and w* — lim
denotes the weak-star limit in the L space. Furthermore, if the range
of u™(x) is contained in G C RS, then so is the support of vy; if the
L™ norm of u™(z) is uniformly bounded or G is compact in R®, then
vz are probability measures, i.e., the mass of v, is one.

Proof. Let E = {f™} be a dense set in Co(R°). Then {f!(u")} is
bounded on €2, and hence there exist a subsequence {u™ } of {u™} and
(a(fH(x) € L>=(Q) such that

w* — lim f1(u™) = a(f)(2). (2.2.2)

Furthermore, {f2(u™+)} is also bounded on €, and hence there exist a
subsequence {u"t} of {u™} and a(f2)(z) € L(Q) such that

w* — lim £ (u" ) = a(f?)(x). (2.2.3)

Proceeding in this way we obtain a subsequence {u" }, a(f™)(x) such
that

(i) {ums} > {u"} O {uk} > .-+, and
(ii) for each fixed m, w* — hmfm( ") = a(f™)(z).

We let {u™} = {u”k}, the diagonal sequence. Then from (ii) we
get that for each fixed m,

w* — lim f™(u"™) = a(f™)(2). (2.2.4)
For each f™ € E, we define a bounded functional I(f™) on L'(Q) by

1470 >= [ datrmde = i [ o, Vo e 1(@).
(2.2.5)
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Then for any given f € Cy(R®), suppose that f = llim ftin Cy(R%),

where {f'} C E. We now prove that the following limit exists, and
hence denote it by I(f), namely,

< I(f),v >= lim /wf(u"k)da:, Vi € L1(Q). (2.2.6)
k—oo JO

In fact, for any u"#1,u""*2, we notice that

| [ olrs) = s s
< | [ ot = flemde] +| [ olrn) - f')ds]
| [ ottt = pime)jas|

<20 = Pl +| [ 17 = s
(2.2.7)
We first choose [ large enough such that the first term on the right-

hand side of (2.2.7) is small. Then by (2.2.4) the second term on the
right-hand side of (2.2.7) can be small whenever ny, and ny, are large

enough. Hence we prove that { / Y f(u™)dx} is a Cauchy sequence for

Q
any fixed ¢ € L>°(2), and so we have proved (2.2.6). Consequently, we
obtain

| <I(F) ¥ > < Ifllcolllli, Yy € LY(Q). (2.2.8)

We notice, by (2.2.8), that I(f) is a bounded functional on L'(),
and hence by the Riesz representation theorem there exists a(f)(x) €
L°°(€2) such that

<I(f),h >= /Qa(f)zpda:, v € L1(Q). (2.2.9)
We also have

a(fi + fo) = a(fi) +a(fo)  Vf; € Co(R%), i=1,2,
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alkf) =ka(f) VfeCy(R%), keR.

At this moment we suppose, without loss of generality, that every point
x € Q is a Lebesgue point of each function a(f). Then for any fixed
o € ), we set

P(x) = (meas By(20)) " X8, (x0)

where B,.(zp) is the ball centered at zo with radius 7, and xp, (5, is
the characteristic function of B, (zp). By (2.2.8) and (2.2.9) we get

|(meas Br(azo))_l/ a(f)dz| < || fllco-

Br (-’EO)

We now pass to the limit as r — 0 to obtain |a(f)(zo)| < ||fllco-
Combining this with the fact that «(f) is linear with respect to f we
have that a(f)(xg) is a bounded functional on Cy(R?). Therefore,
applying the Riesz representation theorem we have a v,, € M (RS )
such that

a(f)(zo) =< f(A),vzy >= . FN)dvg,.

Since x is arbitrary we get

< I(f)ip >= /Qw < FO)ve>de Wb e LNQ),

where v, € M(R®) for almost all z € Q. So we have proved (2.2.1).
Furthermore, we notice that for any positive f € Cy(R?),

alf)(x) =< f(A\),vy > >0ae x€Q,

which implies that v, is positive for almost all x € .

It is obvious from (2.2.1) that the support of v is the same as
the range of u™(x). In fact, we can choose any function f € Cp(R?)
satisfying supp f € R® — {G}. Then clearly

0= —tim f(u) = [ FN)dvi(),

which implies that the support of v is contained in G.

Finally, if the L*° norm of v"(x) is uniformly bounded or G is
compact in R, then we choose f = 1 and get [, dv,(A) = 1 from
(2.2.1). Thus the mass of v, is one, which shows that v, are probability
measures. This completes the proof of Theorem 2.2.1. m
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Corollary 2.2.2 Suppose that {u"(z)} is bounded in LT (R;RS),
where 1 < p < oo. Then there exist a subsequence {u™} of {u™}
and a family of positive measures v, € M(R%),z € RN, such that for

any bounded set A C RN,
w— lim f(u™) =< f(A\), vy > in L'(A), (2.2.10)

whenever f € C(R®) satisfies

f)
dim T = 0. (2.2.11)

Proof. Without loss of generality we assume that f > 0. Then we
define f™ € Cy(R%) by f™ = 6™ f, where 6™ € Cy(R?) is defined by

1 for |\| < m,
"N =q1+m—|\ form <A <m+1,
0 for [A\| > m+ 1.

We claim that for each ¢ € L*°(A),

lim qﬁfm(u")dm:/d)f(u")dm (2.2.12)
uniformly in n. Indeed,
| [ o) = pada] < Il | Fa)de
A {zeA:lun|>m}
F(A
< 6l oy mas {50
(2.2.13)

which tends to 0 uniformly in n as m — oo.

On the other hand, by Theorem 2.2.1 there exist a subsequence
{u™} of {u"} and a family of positive measures v, € M (R®) such that
for each m,

lim [ ¢f™(u"*)dx = / p< fM vy >de Ve L*(A). (2.2.14)
A A

n—oo
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Furthermore, from the monotone convergence theorem we get

lim [ o< fM v, >de= / O < fvy > dx. (2.2.15)
A A

n—oo

Combining (2.2.12), (2.2.14) and (2.2.15), we get (2.2.10) and complete
the proof of Corollary 2.2.2. m

Theorem 2.2.3 Let 1 < p < oo and suppose that the support of v,
in Corollary 2.2.2 is a point for a.e. x € RN. Then there exists a
subsequence {u™} of {u™} which converges strongly to u in LI (RY)
for 1 < q <p. Furthermore, vy = 0y(;) for a.e. x € RN,

Proof. From Corollary 2.2.2 and the assumption that the support
of v, is a point, we have that v, = ) for a.e. z € RN and for
some function v(x). Since 1 < p < oo, we can let f(\) = \; for
i=1,2,--- 5, respectively in Corollary 2.2.2, to obtain

up = g(u") =< f(N), vy >=< \j, vy >= v, (2.2.16)

7

i.e., u” converges weakly to v and hence v = u because of the uniqueness
of weak limit.

Now define f;(\) = |A;|? for any 1 < g < p. Again using Corollary
2.2.2, we get for any ¢ € Co(RY) supported on compact set K € RV,

[ s@ppar — [ o) [ fyav(3da
(2.2.17)

:Awmmwx

lOC(RN) for any 1 < g < p,
and this completes the proof of Theorem 2.2.3. m

as n tends to co. Thus ™ — u strongly in L7

2.3 Embedding Theorems

In this section we shall establish a compactness embedding theorem
which is a generalization of Murat Lemma [Mu] or just an interpolation
inequality (cf. [Tr]).

We first introduce the following lemma:
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Lemma 2.3.1 Let Q C RY be bounded and open, and f € W~1P(Q)
for 1 <p < oo, supp f CC Q. Let u be the solution of equation

—Au=f, inQ,
{ uw =20, on 9. (2.3.1)
Then
lullwre@) < Cllfllw-1p@), (2.3.2)

where C' is a positive constant independent of f.

This lemma can be proved by the LP-theory of elliptic equations (cf.

[Si]).

Theorem 2.3.2 Let Q C RN be bounded and open, C be a compact
set in Wy, (), B be a bounded set in W,, " (Q) for some constants
q,p,r satisfying 1 < ¢ < p < r < oco. Furthermore, let D C D(S2) such
that D C C'N B. Then there exists E, a compact set in VVl;Clp(Q) such
that D C E.

Proof. For any set D C C'N B, there exists a convergent subsequence
{fr} € D such that

”fiHWl;cl”“(Q) <M, |fi— f]'”Wl;Cl’q(Q) — 0, (i,j — 00), (2.3.3)

where M is independent of 7.

Furthermore, for any Q) CC Q, we take a function ¢ € C§°(Q2)
satisfying ¢|o, = 1 and define f; = ¢ f;. Then f; satisfies supp f; CC
and fTZ‘Ql = fl|91

Now let u; be solutions of equations

—Au; = fi, in Q,
{ u; = 0, on 0L2. (2.34)

Then

luillwro) < Cllfillw-ra@),  Nuillwir@) < Cllfillw-1rq). (2-3.5)
Hence from (2.3.3) and (2.3.5), we have

lui = ujllwra@) < Clfi = fillw-1a

N (2.3.6)
< OHfZ - f]HWl;CLIZ(Q) - 07 (Zaj - OO)
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Substituting u; — u; into the interpolation inequality
lollwi) < ol - [ol5no ey, (2.3.7)

for a constant « € (0,1), we have

lui = wjllwiv) < lus = wjlly gy - Ilui = U551 (238)
< Cl”ul - u]“%/lloyg(g) - 07 (Z7j - OO) o

Therefore,

Ifi = fillw-1p000)
= sup | < fi—fi 0>
lloll 1, <1, sUPP ¢C
wp () - ~ - -
< sup | < fi—fi 0> 1Ifi = fillw—1r(q) (23.9)

o <1
19115y <

= [[Au; — Augllw-10(0)
< ||ul - ujHlep(Ql) — 0, (27] - 00)7

where p’ is the constant satisfying

1

1
T
p P

This means that D is a compact set in VVl;Cl P(Q). So we get the proof
of Theorem 2.3.2. m

Lemma 2.3.3 Suppose that Q@ C RN is a bounded domain with Lip-
schitz boundary 0. Then for any n > 0 small enough, 1 < p' <
q < 400, there exists a function " € D(Q), such that for any ¢ €
WOI’qI(Q), there holds

||(1 - Qpn)SOHWOl,P'(Q) g 77||90||W011ql(ﬂ) (2310)

Proof. Step 1: Partition of unity.

Since €2 is bounded and 0f) is Lipschitz, there exists an open cov-
ering By, 31, , Bm of Q, such that
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and for 1 < j < m, there exist an open ball B; C RN and a bijective
Lipschitz mapping 7} : 3; — Bj, such that B; N RY = T;(8; N Q).

Let o = 3; NN, Aj = BjﬂRf,(l < j <m). Suppose ®q, -, Dy,
is partition of unity associated with covering (5o, 81, - , Bm, i-€.,

and
m
Z ®, =1on Q.
i=0

Step 2: Construction of a function " such that supp" CC Q.

For any j(1 < j <m) and n > 0 small enough, define a function 19;7
on A; (which depends only on zy) as

0, if0<zy <n/2,
1 .
0} = Z(JJN - g% ifn/2<zy<n,
1, ifn<azy.
Let
B m
Y=o+ > (07 0T;)P;,
j=1
where o denotes the composition of two mappings. Then function "
is Lipschitz and supp ¢ CC Q.

Step 8: For any n > 0, there exist a function ¥"7 € D(Q2) and
a positive constant Cy which only depends on N, such that for any
xS Wol’q (Q), (1 <p' <q < +400), there holds

167 = 3l 1t < OVl - (23.11)

In fact, let 1 < p’ < ¢’ < +o00, define s as
1 1 1

¢ s P
hence p’ < s < +oo. For any n > 0, there exists a function " € D(Q)
such that

|4 — QEUHWOLS(Q) <. (2.3.12)
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Then for any ¢ € VVO1 ’ql(Q), there holds
||(,¢}77 - ¢n)¢||wl P’(Q)
_ N _
< CN{H(W7 - 7[)77)90”1;17’(9) + Z | (" — 1/’”)3% ||Lp Q)

N n
-+2n4£——wmug}
k=1
From the Hoélder inequality, there hold

(" — 71_)77)90||Lp’(9) < [l - 7[)77||LS(Q)||90||L4’(Q)

I —m2F Pl < 197 = Pl gy k=L N

and

A" — B
”Jﬁﬁ;thﬂmg”W—¢Wmﬁmmwwmyk=L~wN

Thus, there holds
1" =4l Wi () < CON[IY" = 9" [y g Il Wi g (2:313)

(2.3.12) and (2.3.13) imply (2.3.11).

Step 4: For any n > 0, there exists a positive constant Cq, such
that for any ¢ € Wol’q (), there holds

11— @”)wllwé,p'(m < anl/sllsollwg,qf (2.3.14)

@)’

_ m
Since 1 — ¢ = Zl(l — 0] o Tj)®;, it suffices to show that for
]:
any 1 < j < m, there exists a constant C' > 0 such that for any
Y E W(}’q (€2), there holds

1L =65 0 T5) @5l 100 < 'l (2.3.15)

wo ()
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For simplicity, we will drop the index j. For any ¢ € VVO1 ’ql(Q),
there holds

(1= 670 T)0p]

N
< On{lIl1 =07 1)yl + Z I(1 — 670 )22

—6"0T)
+ Z 12952 D g, ).

(2.3.16)

Since mapping T : a=NNY— A= BN Rf is bi-Lipschitz, changing
the variables of integration, there holds:

n n 4 4 v
|1 =070 T)Dill iy = { [ =070 T |0pp du}
, c 1/p/
= {/ 11— 077 |(Dyp) o TP \Jac(T—l)mx} "
A
< 1= 07 o () [[(@) 0 T o (1 Tac (T | /2 -

where Jac(T 1) denotes the Jacobian of mapping 7.
Let A"={zx € A| 0 < zy <n}. Then there holds

11 = 0" 1(a) < I11|Le(a0) = (meas AT < Can' /.
Thus, there holds
(1 =870 T)Pp| 1y (o)

(2.3.17)
< CAWI/SCTHQ’SOHLq’(a) < CWI/SWHLq’(Q)a
where C depends only on T and A.
Similarly, for 1 < k < N, there holds
(P
1= 670 T)Z22| o0
(2.3.18)

< Can'/*Cr H 8rk HLq (@) S CTII/SHSOHWM Q)

where C depends only on T, A and ®.
Finally, since 0" only depends on zp, there holds

oO"oT) _ 99" 0Ty
8.%]\[ B 81’]\7 (%zN’
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and 96" / Oxn = 0 outside of A”. Then from the Hoélder inequality and
changing the variables of integration, there holds

0@ T
H(aTN)q)SOHLP'(a)

-/,

oo
<lgg e )I(5-

oo
orn

(8&

P’ 1/p
) o T(@0) 0 T( [Jac(T™h)| dm}

0T

) o T'|| oo (a)

_ 1
(@) 0 T o (4m AT 2 -
From the definition of 8", there holds

00" 2 2
2 e < 2 ml/s « 2 /s
HamNHL 4) < 7](measA )< nCAT]

Note that for any g € Wl’ql(A) there holds

HgHLq (An = 77” HLq (An)
Let g = (Py) o T~1. Then there holds
1(20) o T por (an)

o(Pp) o or, N 0(@)

T l”Lq’(A)”m”Lm(A) l;Ha—”Lq (A)

czu()

Thus for 1 < k < N, there holds

00T s Dy
12 Dol < 2 om S 125 2

v o

(2.3.19)
< 0771/5||90||Lq’(9)

where C depends only on 7', A and ®.
Then (2.3.16), (2.3.17), (2.3.18) and (2.3.19) imply (2.3.15), which
finishes the proof of Lemma 2.3.3. m
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Theorem 2.3.4 (Murat theorem) Suppose that @ C RN is an open

domain, 1 < p < 400, % + ﬁ = 1. If {f¢}c>0 satisfies:

& — f° weakly in W=LP(Q), ase — 0, (2.3.20)

fe=0, (2.3.21)
i.e., for any ¢ € D(Q), ¢ >0, there holds
< f5, ¢ ><0, (2.3.22)
where < -,- > denotes the pairing between W—1P and W(}’pl. Then
£2 — 9 strongly in W, 2(Q), ase— 0, Yq < p. (2.3.23)
If furthermore, Q) is bounded with Lipschitz boundary OS2, then

f& — fO strongly in W19(Q), ase—0, Vg < p. (2.3.24)

Proof. Step 1: For any K CC (2, there exists Ck such that for any
v € D(Q), suppy C K, £ > 0, there holds

| < f50 > | < Okllolle@)- (2.3.25)

In fact, suppose for any K CC {2, there exists a function ®x such
that: ®x € D(Q), Px = 1 on K and Px > 0 in Q. Then for any
¢ € D(Q) with supp ¢ C K, there holds

el oo (@) Px (2) < @(x) < [[@llpe (@) Pr (), in Q,
i.e.,
(@) + @l @ Pr (), l¢lle@Pr(x) —p(z) >0, in Q.
From assumption (2.3.21) or (2.3.22), there hold
<[5+ llellre@Pr > <0 (2.3.26)
and

< 5 llellpee @)@ — ¢ > <0, (2.3.27)
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Since {f¢}.~o is weakly convergent in W~1P(Q), hence {f¢}.~q is
bounded in W=17(Q), (2.3.26) and (2.3.27) imply

| < fe> < <f5 0k > [[pllre@) < CkllellL=()-

Step 2: Suppose ® € D(Q2) and ' C Q is a bounded domain, such
that supp® C Q. If Q is bounded, choose Q' = Q. From assumptions
(2.3.20) and (2.3.21), (2.3.25) implies

dfe — & f° weakly in W IP(Q), as e — 0; (2.3.28)
and for any ¢ € D(Q2), ¢ > 0, there holds

where M is a positive constant independent of (.

Let Co(£)') denote the space of functions which are continuous on
Q' and vanish on 9, with norm || - [ oo () Then Co(Y') is a Banach
space, and (2.3.29) implies that

® f¢ is bounded in (Cp(Q)), (2.3.30)

where (Cy(Q))’ denotes the dual space of Cp(').

Step 3: From the Sobolev imbedding theorem, for any r» > N,
imbedding W(} () — Cp(£Y') is compact. Then by the duality princi-
ple, imbedding (Co(€)) — W17 () is compact for 1<y = T <

N . Thus (2.3.30) implies that: for any 1 </ < N 7, there holds

®f° — o f° strongly in W1 (Q), as e — 0. (2.3.31)

Step 4: From the classical interpolation theorem, for 0 < 6 < 1, 1 <

Po, P1 < 100, % = 1p;00 + pil, there holds

(wtwomY), WL (RY)) = wb(RN),
7q

Particularly, if ¢ € W=1Po(RN) 0 W—LP1(RN), then ¢ € W14(RN)
and

lllw—1a(any < Cllellyrm ey o110 (v (2.3.32)
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Let pg = p, p1 =1/ for some 1 <r < N/(N —1) and extend ®f¢ =
outside €. Then for all 1 < ¢ < p, (2.3.32) implies

12f¢ = @ fOllw-ramv)

<@ S = UL oy 1957 = @Oy

Then (2.3.31) and (2.3.28) imply (2.3.23).

Step 5: For any n > 0 small enough, " € D(Q) is the function
obtained in Lemma 2.3.3, i.e., ¢" satisfies (2.3.10) and (1 — ¥")f¢ €
W=LP(Q). Then for any ¢ € D(f), there holds

[<Q=umfrp>] =|< [0 -0 >
< 1w 11 = 9l
<A s |9l gt gy 0> 7

i.e.,
(1= ") fEllw—ra) < nllfllw-1p@)-
For n > 0 fixed, from (2.3.23), there holds

Y1 e — 70 strongly in WL, ase — 0, ¥ ¢ < p.
On the other hand, there exists decomposition
fo= =N e+, [ = (=" O+ 0.
Let 7 — 0. Then there holds
[ — fY strongly in W=59(Q), ase — 0, Yq<p.

This completes the proof of Theorem 2.3.4. m






Chapter 3

Cauchy Problem for Scalar
Equation

In this chapter, we shall consider the Cauchy problem for the scalar
conservation law (n = 1). The study of the single equation has a long
history and the existence and uniqueness of the generalized solution for
this equation has been well studied (cf. [Ho, Kr, Lal, Ol] or the refer-
ences cited in [Sm]). As the simplest model of hyperbolic conservation
laws, Tartar first introduced the theory of compensated compactness to
the scalar equation and succeeded in obtaining a new method, called
the compensated compactness method, to study the global existence
of generalized solutions for hyperbolic conservation laws. The original
proof of Tartar is given in [Ta]. In this chapter, we use a simplified
proof from [CL1, Lul] to study both L*> (Sec. 3.1) and LP,1 < p < o0
(Sec. 3.2) solutions, in which two pairs of entropy-entropy flux ((3.1.4),
(3.1.5)) and the weak continuity theorem of a 2 x 2 determinant (Theo-
rem 2.1.4) play a more important role, but the idea of Young measures
(Theorem 2.2.1) has been avoided.

3.1 L™ Solution

In this section, we shall give a simple proof of existence of global gen-
eralized solutions to the Cauchy problem of scalar conservation law:

{ u + f(u)e =0, (3.1.1)

u(z,0) = uo(),

31
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where the real-valued function f is of class C? and the initial data ug(z)
is bounded measurable.

Theorem 3.1.1 Let Q) C RxR™ be a bounded open set and u® : Q — R
be a sequence of functions such that

w* —limu® =u, w*—lim f(u°) =, (3.1.2)

where f € C*(— ||uo(x)]| oo » [|uo(@)]| o). Suppose that

ni(u)e + qi(us),  lies in a compact set of H;,(Q), (i = 1,2)
(3.1.3)
where
(m1(0),91(0)) = (0 = k, f(6) = (k) (3.1.4)
and

[4
(m12(0), 42(0)) = (f(6) —f(k),/k (f'(s))%ds), (3.1.5)

where k is an arbitrary constant. Then,
(1) v = f(u),a.e., for any f € C? and

(2) u* — u,a.e., if
meas {u: f"(u) = 0} = 0. (3.1.6)

Proof. Using (3.1.3) and the weak continuity theorem of a 2 x 2
determinant (Theorem 2.1.4), we have

muf)  qi(uf)

n2(u)  gz2(uf)

here, and hereafter the weak-star limit is denoted by w* — lim n(u®) =
n(uf) and w* — lim q(u®) = q(u?).

m(u®)  qi(u®)

w”* — lim (3.1.7)

m2(u®)  ga(u®)

But since

m(uf) qi(uf)
k:/ D2ds — (FaE) = F)2,  (3.1.8)

m2(u) o
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and

= (u" —u) /u (f'())%ds — (f(u*) — f(u))? (3.1.9)

then there exists a zero measure set 0, for any (z,t) € Q — Qy, from
(3.1.7)-(3.1.9), we have

(=) [ (£6)Pds = (1) — )

Hu—) [ ()Pl + TR / " (F(s))2ds

—(f(u) = f(k))? = 2(f (u®) = f(u))(f(u) = f(k))
(3.1.10)

=w —k [ (f(s)2ds — (f(us) — f(K))?

k
Ut

=wE k[ (f(s)ds — (F(u®) — F(w))?

k

—(f(u) = f(k))? = 2(f (u®) — F())(f (u) = f(K)).
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Since

) O
’ (3.1.11)

k) [ (f(e)ds + R /k C(F(s))ds

(=) (F(e)ds +EF /k C(F())2ds,

we have from (3.1.10) and (3.1.11) that

(u® —u) /u (f'(s))2ds = (f (u®) = f(u)? + (f(u®) = f(u))® =0.
' (3.1.12)

Since both terms in the left-hand side of (3.1.12) are nonnegative, we
have

(=) [ (e)Pds — (1)~ Fw)2 =0 (3.1.13)
and

(f(us) = F(w)* = 0. (3.1.14)

So v = f(u) is obtained by (3.1.14). It follows from (3.1.13) that

lim [ (u® —w) /u (f'(s))%ds — (f(u®) — f(u))*dzdt =0 (3.1.15)

e—0 ()

and hence,

li| ug_u u® , s 2d8_ uE _ U 2dxd :0.
=0 (|jus —u|>a) ( )/u (f ( )) (f( ) f( )) t
(3.1.16)
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Since

6 6
(0= [ - ) - r)?) = [(160) - £1(s)Pas

and if f”(u) # 0, a.e., then

/ ) [ " (F(9)2ds — (F(F) — F(u))?dedt
Q((uf—u)>a) u

> Cymeas (Q(u —u) > a))
(3.1.18)

and

€

/ (=) [ (6 Pds = (1) — ) P
Q((uf—u)<—a) u
> Cymeas (Q((u® —u) < —a))
(3.1.19)

for a suitable positive constant C,,, which is independent of . Therefore
for any given constant «, we have

lin% meas (Q(Ju® —u| > a)) =0, (3.1.20)

E—>

which implies the pointwise convergence of a subsequence of u® on ).
|

Theorem 3.1.2 If ug(z) € L=, f € C%*(—||uo(z)|| o0 » [|uo(®)]] o),
then the sequence of wviscosity solutions {u°} uniquely defined by the
Cauchy problem

()t + f(u)z = (U )aa (3.1.21)
with bounded measurable initial data
u(z,0) = up(z) (3.1.22)

satisfies the compactness (3.1.3).
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Proof. Since the initial data (3.1.22) is bounded in L space, by
the standard maximum principle of parabolic equations, the viscosity
solutions u® have an a priori L°° estimate

|[uf (@, 0)]| oo < [Juo(@)]] oo 5 (3.1.23)

which implies the existence of u® for ¢ > 0 (see Theorem 1.0.2).

Let K C R x R™ be an arbitrary compact set and choose ¢ €
C§°(R x R™) such that ¢ =1,0 < ¢ < 1.

Multiplying Equation (3.1.21) by u°¢ and integrating over R x R™,
we obtain

e/ooo /_Z(u;)%dxdt
= [T Bt werw - [ e, 6120

5ot Vb dndt < M(9),
and hence that
£(us)? is bounded in L},.(R x RT). (3.1.25)
For any entropy n € C2, we have from Equation (3.1.21) that
() + qu)e = en(u)oe —en(u) (u5)® = L + Lo, (3.1.26)

where ¢ is the entropy flux corresponding to the entropy 1. by (3.1.25),
it is easy to see that I is bounded in L} (R x R™), and hence compact
in VVl;cl’a, for some exponent o € (1,2); and I; is compact in Hl_oc1
The left-hand side of (3.1.26) is bounded in VVl;Cl "> because of the
boundedness of uf in L*°. So Theorem 3.1.2 is proved by the embedding

Theorem 2.3.2. m

Combining Theorem 3.1.1 and Theorem 3.1.2, we get the following
main theorem in this section:

Theorem 3.1.3 If ug(z) € L, f € C*(— ||ug(®)|| 1o, l|uo(@)|| 1),
then the Cauchy problem (3.1.1) has a weak solution u € L in the
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sense of Definition 1.0.1. Moreover, if f satisfies the condition (3.1.6),
then the weak solution w is also the entropy solution in the sense of
Lazx, namely

/ / u)¢r + q(u)gzdadt > 0, (3.1.27)

where the C? function pair (n,q) satisfies ¢ = n'f',n" > 0 and ¢ €
C§°(R x RT — {t = 0}) is a positive function.

3.2 [P Solution, 1 <p < o0

In this section, we consider the Cauchy problem (3.1.1) again, but
the nonlinear flux function and the initial data satisfy the following
conditions:

(C1) f(u) € C? and satisfies

[f(w)] < Clul, [f'(w)] < Clul, (s 20). (3.2.1)

(C2) Jluo(@)llz(s41) < M.

Similar to Section 3.1, we introduce the following parabolic equa-
tion:

uf + f(uf), = eus, (3.2.2)
with the initial data
u(z,0) = up(z) * G° = ug(x), (3.2.3)
where G° is a mollifier such that uj(z) are smooth,

lim wg(z) =0, wug(xz) — up(x) ae., ase— 0, (3.2.4)

|z|—o00
and
[ug(@)[|Lee < M(e),  lug(@)ll2(s1) < lluo(@)llasr1y <M, (3.2.5)

for a positive constant M (e) depending on &.
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Theorem 3.2.1 Let C1,Cy hold. Then for any fized € and the time
T, there is a smooth solution u® of the Cauchy problem (3.2.2), (3.2.3)
on R x (0,T] such that u® € C*°(R x (0,T1]),

s B)llogesny < M, lim w(a,t) = 0 (3.2.6)

|z|—o0
uniformly for t € [0,T).
Proof. Since the initial data |u§(x)| < M(e), then the existence is
obtained similarly to Theorem 3.1.2. The solutions u*(z,t) — 0 as
|z] — oo can be also obtained by Theorem 1.0.2. To prove the uniform

L2+ hound in the first part of (3.2.6), multiplying Equation (3.2.2)
by 2(s + 1)(u®)?**! and then integrating in R x R, we get

/ (w20 4 / / 2(s + 1)(2s + 1) (u®)? (us)2dadt

< [ @)+ Var < o,
(3.2.7)
which completes the proof of Theorem 3.2.1. m

Now we study the L2511 weak solution or generalized solution for
the Cauchy problem (3.1.1).

Lemma 3.2.2 Let C1,Co hold. Then the solutions of the Cauchy prob-
lem (3.2.2), (3.2.3) satisfy:

e20,u° are uniformly bounded in L} (R x (0,00)). (3.2.8)

Proof. Similar to the proof of (3.1.25) in Theorem 3.1.2, let K C S C
R x (0,00) and choose ¢ € C§°(R x RT) such that ¢x = 1,0 < ¢ <1
and S = supp ¢.

Multiplying Equation (3.2.2) by u¢ and integrating over R x R*,
we obtain

/ / 2 dxdt
- /oOO /_Z B(UE)2¢t + (u® f(u®) — /Ou f(s)ds)p, — (3.2.9)

1
+§e(u€)2¢m} drdt < M(6, [[u%][ 5, 1)),
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which implies the proof of Lemma 3.2.2. m

Lemma 3.2.3 Let C1,Cy hold. Then for any fixed n,

O, ey, 0, oy O, o 0 e
oy ) g Fal), g )+ 5 F() (3.2.10)

lie in a compact set of lecl(Q), where  C R x RT is any open and
bounded set, and functions I, f,, Fy, are defined as follows:

I,€C?  |L(w| <l|ul, |IL(uw)| <2,

fuls) = /O " 1) (s)ds
and

Fo(u) = /0 " () f (s)ds.

Proof. Using Lemma 3.2.2 and noticing the boundedness of these
entropy pairs as n fixed, we can get the proof of Lemma 3.2.3 in a
fashion similar to Theorem 3.1.2. m

Lemma 3.2.4 Let C1,Cy hold. If f satisfies the condition (3.1.6),
then there exists a subsequence (still labelled) u® such that

u® — u strongly in L for all h, 0 < h < 2(s +1). (3.2.11)

Proof. From the boundedness of «¢ in L25%1) | there exists a subse-
quence (still labelled) u® such that

u® — u, weakly in L2, (3.2.12)

Let v¢ express v® — ©¢ in the sense of distributions. Then using the
weak continuity theorem of a 2 x 2 determinant (Theorem 2.1.4), we
have

H,(us k) = Hi(u®, k), (3.2.13)
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where k is an arbitrary constant and

Hy(u®, k) = (Fu(u®) = Fu(k)) (In(u®) = (k) = (fa(u®) = fu(k))?,

Hyy (k) = (Fu(uf) = Fo (k) (In(08) = In(k)) = (fu(u) = fal(k))®.
(3.2.15)

So, there exists a set €21 of measure zero, such that

Hy(u (2, 1), uly, 7) = Hy(u (x,t),u(y, 7)) for any (y,7) € Qf,

(3.2.16)
where f is the complement of € in Q. Thus
Ho (0 (@, 0), u(, ) Hi (uF (2, £), u(a, ), (3.2.17)
if choosing (y,7) = (z,t) € Qf.
Since
/ | (0 2, 1), u(, 1))
Q
(3.2.18)
<C+C / |uf (z, )2 4 |u(e, )PV de < ¢y
Q
and
[ ), )
Q
(3.2.19)
<o+ 0/ i (2, £) 24D 4 (e, )26 de < €,
Q
we have by Lebesgue’s dominant convergence theorem that
lim H(uf,u) = —(f(uf) — f(u))?. (3.2.20)

n—oo

So we have from (3.2.14) that

(u® —u) /u (f/(5))2ds — (f(u®) = f(u))? = —(F(uf) — f(u))*.
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To satisfy
(=) [ (6)Pds = (7)) - F) 20,
we have
@) = f(u) (3.2.22)
and
(=) [ (£6))2ds = (1)~ F(w))? =0, (3.2.23)

The left is exactly analogous to that of Theorem 3.1.1. Thus we get
the proof of Lemma 3.2.4. m

Combining Lemmas 3.2.1-3.2.4, we have the following main theorem
in this section:

Theorem 3.2.5 Let Cy,Cy hold. If [ satisfies meas {u : f"(u) =
0} = 0, then the Cauchy problem (3.1.1) has an L**tDweak solution
defined by Definition 1.0.1.

3.3 Related Results

After Tartar’s proof for scalar equation in L space, Schonbek [SC]
extended the compensated compactness method to study the strong
convergence of the sequence of LP,1 < p < oo solutions u%% for the
Cauchy problem of the following Korteweg de Vries equation with vis-
cosity

Up + Uty + OUpgy = EUgy, (3.3.1)
and the generalized BBM-Burger equation with viscosity
U+ Uy — OUggt = EUgy. (3.3.2)

Under suitable order relations between ¢ and §, and the strictly con-
vex condition on the nonlinear flux function f, Schonbek succeeded in
obtaining an LP weak solution for the Cauchy problem (3.1.1).
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The restriction of the strict convexity on the flux function f in
Schonbek’s paper is removed by Lu in [Lul]. In Lu’s proof, the ideas
of Young measures are also avoided.

In [Lu3, Lu7], this simplified proof is used to study weak solutions
to the special system of two equations,

(u+q2)t + f(u)s =0,
{ z + k(:]g(u)z =0, (3.3.3)

which is derived by Majda [Ma] as a chemical reaction model, where
q is a positive constant, k denotes the reaction rate of the chemical
material.

In [Sz], Szepessy extends the concept of measure valued solution,
initially introduced by DiPerna [Di4], to the scalar conservation law in
the case of several space variables. He obtains the unique LP,p > 1
weak solution without the condition (3.1.6), i.e., meas {u : f"(u) =
0} = 0 on the flux function f. In his proof, the growth condition (3.2.1)
on f is extended to |f(u)| < Clul? for any 0 < g < p if the initial data
is bound in LP space.



Chapter 4

Preliminaries in 2 x 2
Hyperbolic System

Besides the scalar equation studied in Chapter 3, a major part in this
book focuses on the applications on hyperbolic conservation systems
of two equations. In the next several chapters (Chapters 5-12), we
shall apply the compensated compactness method to different types of
systems of two equations. Here the types are distinguished by hyper-
bolicity, linearity and so on.

4.1 Basic Definitions

We consider the pair of conservation laws
us + flu,v), =0, v+ g(u,v), =0, (4.1.1)

where u and v are in R. We let U = (u,v) and F(U) = (f,g) so that
the equations in (4.1.1) can be written as

U, + dF (U)U, = 0, (4.1.2)

where dF'(U) is the Jacobian matrix of F. The following definitions
can be found from Smoller’s book [Sm].

Definition 4.1.1 We say that system (4.1.2) is hyperbolic if dF' has
two real eigenvalues Ajand \o. System (4.1.2) is called strictly hyper-
bolic if A1 and Mo are distinct, i.e., A\ < Ao. If A1 and Ao coincide at

43
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some points or domains, system (4.1.2) is called nonstrictly hyperbolic
or hyperbolically degenerate.

Let Ily,,lr,,7, and 7y, denote the corresponding left and right
eigenvectors.

Definition 4.1.2 We say that (4.1.2) is genuinely nonlinear in the Ay
characteristic field if

VAL-7y #0 (4.1.3)
and genuinely nonlinear in the \o characteristic field if
V)\Q * T 75 0. (4.1.4)

IfV A1y, =0 0or VAg-ry, =0 at some domain D, then system (4.1.2)
18 called linearly degenerate in D in the A1 characteristic field or in the
Ao characteristic field.

Definition 4.1.3 The functions w = w(u,v),z = z(u,v) are called
Riemann invariants of system (4.1.2) corresponding to A1 and Ay if
they satisfy the equations

Vw-ry, =0, Vz-ry,=0. (4.1.5)

Definition 4.1.4 A pair of functions (n(u),q(w)) is called a pair of
entropy-entropy flux of system (4.1.2) if (n(u),q(w)) satisfies

Vq(u) = Vn(u)V f(u). (4.1.6)

If n < 2, we can always resolve system (4.1.6) and obtain a class of
entropies and the corresponding entropy fluxes. However, if n > 2,
system (4.1.6) is over-determined and could be resolved only for some
very special cases. As we have seen in Chapter 3, the applications
of the compensated compactness method on conservation laws depend
strongly on the constructions of entropies of hyperbolic systems we
considered. This is why, until now, almost all the results obtained by
this method are only for systems of two equations.
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4.2 L* Estimate of Viscosity Solutions

Similar to the scalar equation, for a given hyperbolic system, we first
need to construct its approximation solutions, for instance, the se-
quence of viscosity solutions given by the Cauchy problem

{ ur + f(U,U)w = EUgy, (421)
vy + Q(U, v):c = EVzg,
with bounded measurable initial data

(u(z,0),v(z,0)) = (uo(z),vo(x)). (4.2.2)

To obtain an a priori uniform L* estimate of (u®,v®) with respect
to the viscosity parameter ¢, in general, the unique framework we could
use is found by Chueh, Conley and Smoller [CCS], and is called the In-
variant Region Method. We summarize the main result of [CCS] about
the solutions of the Cauchy problem (4.2.1), (4.2.2) in the following
theorem:

Theorem 4.2.1 Let w, z be two Riemann invariants of system (4.1.1).
If the curve w = My (or z = Msy) for a constant My (or Ms) in
the (u,v)-plane is upper-conves, i.e., Wyya® + 2Wypab + wyyb? > 0 or
Zuu@® + 224,0b + 24,0% > 0 for a vector (a,b) € R?, then the solutions
(uf(x,t),v°(x,t)) satisfy

w(u®,v%) < My (4.2.3)
or
z(u,v%) < My (4.2.4)

if the initial data (ug(zx),vo(z)) satisfy the same estimate w(ug,vy) <
My or z(ug,vp) < Ma.
If the curves w = My and z = My both are upper-convez, then both

estimates (4.2.3) and (4.2.4) are true if the initial data satisfy the same
estimates.






Chapter 5

A Symmetry System

In this chapter, we are concerned with a hyperbolic system of two
equations with symmetry

Uy + (u¢(r))x - O,
{ ve+ (vP(r)), =0 (5.0.1)

with bounded measurable initial data
(u(z, 0), v, 0)) = (o (), vo (), (5.0.2)

where ¢(r) is a nonlinear symmetric function of u,v with r = u? + v2.
System (5.0.1) is of interest because it arises in such areas as elasticity
theory, magnetohydrodynamics, and enhanced oil recovery (cf. [KK,
LW]).

Let F be the mapping from R? into R? defined by

E (u,0) = (ud(r), vp(r)).
Then two eigenvalues of dF are
A =o(r), X=¢+2rd(r) (5.0.3)
with corresponding right eigenvectors
r = (—v,u)t, ry = (u,v)T. (5.0.4)
By simple calculations,

VA 11 =0, Vy-rg=06rd(r)+4r2¢"(r). (5.0.5)
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Therefore, from (5.0.3) the strict hyperbolicity of system (5.0.1) fails
on the points where r¢/(r) = 0, and from (5.0.5) the first characteristic
field is always linearly degenerate and the second characteristic field
is either genuinely nonlinear or linearly degenerate, depending on the
behavior of ¢.

In this chapter, we assume that
¢ € C*(RT), meas {r:3¢(r)+2r¢"(r) =0} =0, (5.0.6)

which is similar to the condition in (3.1.6). Therefore the second char-
acteristic field could be linearly degenerate on a set of Lebesgue measure
ZEero.

Consider the Cauchy problem for the related parabolic system

u + (ud(r))e = elaq,
{ vt + (U¢(T))r = EVgy (507)

with the initial data (5.0.2).

We have the main result in this chapter:

Theorem 5.0.1 (1) Let the initial data (up(x),vo(x)) be bounded mea-
surable. Then for fized € > 0, the viscosity solution (u®(x,t),v°(z,t))
of the Cauchy problem (5.0.7), (5.0.2) exists and is uniformly bounded
with respect to the viscosity parameter €.

(2) Moreover, if condition (5.0.6) holds, then there exists a subse-
quence of r¢ = (u®)? + (v°)? (still labelled r¢) which converges point-
wisely to a function l(x,t).

(3) If vo(x) > ¢o > 0 for a constant co and the total variation of

is bounded in (—oo,00) or equivalently
vo(x)

e

/oo ( O(x))mldw < M, (5.0.8)

oo O(x)

then there exists a subsequence of (u®,v®) (still denoted by (u®,v%))
which converges pointwisely to a pair of functions (u(x,t),v(z,t)) sat-
isfying 1(x,t) = u?(x,t) + v?(x,t), which combining with (2) implies
that the limit (u,v) is a weak solution of the hyperbolic system (5.0.1)
with the initial data (5.0.2).

<
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Remark 5.0.2 Since (u®,v%) is uniformly bounded with respect to e,
its weak-star limit (u,v) always exists. However, the strong limit [(x,t)
of (u¥)? + (v%)? needs not equal u(x,t)* + v(z,t)%. If this equality is
true, then, at least, (u,v) is a weak solution of (5.0.1), (5.0.2) without
any more condition such as given in part (3).

Remark 5.0.3 Since one characteristic field of system (5.0.1) is al-
ways linearly degenerate, the further condition (5.0.8) in Theorem 5.0.1
about the derivative of the initial data seems necessary to ensure the
strong convergence of the viscosity solutions (u®,v®). This fact also can
be seen by the following simple example:

Consider the initial value problem for the scalar linear equation

Ut = EUgy,
{ u(z,0) = uf(x). (5.0.9)

The solutions of (5.0.9) are

W)= [ u)G — v,

—00

where G(x—1y,t) is the Green function. Then clearly u®(x,t) is compact
only with some extra compact conditions on the initial data.

The proof of Theorem 5.0.1 will be given in the next sections.

5.1 Viscosity Solutions

To prove the existence of the viscosity solution in Theorem 5.0.1, from
Theorem 1.0.2, it is sufficient to get the uniform L* bound.

Multiplying the first and second equations of the parabolic system
(5.0.7) by 2u and 2v, respectively, then adding the result, we have

T+ Tx(b(T) + 2T(¢(T))z = ETxx — 26('&33 + 'Ug) (511)
or

e+ f(r)e < ergg, (5.1.2)
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where
Fr) = /0 " 6(s) + 256 (5)ds. (5.1.3)

Since the initial data is bounded, then r(0,¢) is bounded from above.
Using the maximum principle to (5.1.2), we get r = (uf)? + (v°)? <
M, which implies the uniform boundedness of (u®,v%) and hence, the
existence of the viscosity solutions.

To prove the second part of Theorem 5.0.1, namely the strong con-
vergence of r¢, we multiply Equation (5.1.1) by a test function ¢, where
¢ € Cg°(R x RT) satisfies o = 1,0 < ¢ < 1 and S = supp ¢ for an
arbitrary compact set K C S C R x R*. Then, similar to the proof of
(3.1.25), we have that

/OOO /_Z 2¢((uS)? + (v5)?) pdadt
— /OOO /_Z (erae — 1t — [(r)2) pdadt (5.1.4)

— [ [ eroua ot f)saduit < M(6)
0 —00
and hence
e(us)? and £(v:)? are bounded in Li,.(R x RT). (5.1.5)

Let (n(r),q(r)) be any pair of entropy-entropy flux of the scalar equa-
tion

re + (/r ¢(s) +2s¢'(s)ds) =0 (5.1.6)
0
and multiply (5.1.1) by 7/(r). Then
n(r)e +a(r)s
= (1 (r)ra)s — e (r)rs — 2en/ (r) (w3 + v3) (5.1.7)
=L — I, — I,

where [ is compact in VVl;c12 and Is + I3 are bounded in L}OC(R X RT),
and hence compact in VVl;ClO‘ for a € (1,2), by (5.1.5). Noticing that
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n(r)¢ + q(r), is bounded in W 5% and using Theorem 2.3.2, we get
the proof that

ni(r(z,t))e + ¢;(r°(x,t)), are compact in VVl;C”(R x RY), (5.1.8)
for i = 1,2, where

(m(r), q1(r)) = (r =k, f(r) = f(k)) (5.1.9)

and
(m2(r), q2(r)) = (f(r) — f(k), /]:(f'(S))QdSL (5.1.10)

and k is an arbitrary constant. Thus, if we consider that r is an in-
dependent variable, noticing the condition (5.0.6) on f, which is ex-
actly the same as the proof of Theorem 3.1.1, we get the proof of
ré(x,t) — I(z,t), almost everywhere.

Now we are going to prove the third part of Theorem 5.0.1, namely
the strong convergence of (u®(x,t),v*(x,t)) — (u(x,t),v(x,t)).

Since vg(z) > ¢p, then using the last part of Theorem 1.0.2, we have
that v. > ¢(t, co,€) > 0.

By simple calculations, we have from system (5.0.7) that

U U u
(;)t + Al(;)m = E(E)mm - E(v_?’vx - _Quzvm)
u 2e U u
=g(— Sy (S 5.1.11
E(U)rm + 2@ Uﬂc( 0 UQ'Um) ( )
u 5 U
= E(E)x:c —Vz(=)z

uE
Therefore — is uniformly bounded with respect to € when we use the

maximum principle to (5.1.11).

Differentiating Equation (5.1.11) with respect to « and then multi-
plying the function sign 0, to the result, where § = =, we have

2e
Ol + M 0a) < elbirlar + (—valfal)e- (5.1.12)

Integrating (5.1.12) in R x [0,¢], we have

| e < [ o0 < o (5.1.13)
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€
which implies the pointwise convergence of a subsequence of u_ Com-
bining this with the result in the second part of Theorem 5.0. 1 we get
the pointwise convergence of a subsequence of (u®,v*) — (u,v), where
the limit (u,v) is clearly a weak solution of the Cauchy problem (5.0.1),
(5.0.2). Thus we complete the proof of Theorem 5.0.1. m

5.2 Related Results

The proof of Theorem 5.0.1 is from [Lull]. The study of the Cauchy
problem (5.0.1), (5.0.2) by using the compensated compactness method
started from [Ch3], where Chen first considered the propagation and
cancellation of oscillations for the weak solution. Along the second
genuinely nonlinear characteristic field, the initial oscillations cannot
propagate and are killed instantaneously as time evolves, but along
the first linearly degenerate field, the initial oscillations can propagate.
These behaviors about weak solutions of (5.0.1), (5.0.2) are coincided
with that for viscosity solutions we studied in this chapter.

The first characteristic field of system (5.0.1) is of Temple type
[Te], i.e., the characteristic curve in the (u,v)-plane determined by the
equation z = c is a straight line, where ¢ is a constant and z = u/v is
the Riemann invariant corresponding to the characteristic value A1. In
Chapter 7, we shall study another system of Temple type, called the
Le Roux system.



Chapter 6

A System of Quadratic
Flux

In this chapter, we consider the existence of global weak solutions for
the nonlinear hyperbolic conservation laws of quadratic flux:

{ v %(3“2 +0%)e =0 (6.0.1)
ve + (uwv), =0
with initial data

(u(z,0),v(z,0)) = (uo(z),vo(x)) (vo(x) > 0). (6.0.2)

System (6.0.1) is the special one of the following more general systems
of quadratic flux:

(6.0.3)

ug + (ayu? + aguv + azv?), = 0
v + (bru? + bouv + b3v?), = 0,

where a;,b;,i = 1,2,3 are all constants. System (6.0.3) can be used
to approximate any given nonlinear system of two equations near the
original point if we represent the nonlinear flux functions by Taylor
series first, and then neglect the linear terms and the higher-order small
terms.

Let F be the mapping from R? into R? defined by
1
F:(u,v) — (5(3u2 + 0%, uv).

53
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Then

v u

dF = (3“ ”> : (6.0.4)

and the eigenvalues of system (6.0.1) are solutions of the following
characteristic equation:

A2 — du) + 3u® — v = 0. (6.0.5)
Thus two eigenvalues of system (6.0.1) are
1 1
A =2u—s52, Ag=2u+s2 (6.0.6)
with corresponding right eigenvectors
r = (s% —u, =), = (3% +u,v)T, (6.0.7)

where s = u? + v2.
The Riemann invariants of (6.0.1) are functions w(u,v) and z(u,v)
satisfying the equations

wu(sé —u) —vw, =0 and zu(sé + u) + vw, = 0. (6.0.8)
One solution of (6.0.8) is
w(u,v) =u+ 5% and z(u,v) = u — 52, (6.0.9)
By simple calculations,
VALr =3(s2 —u), VA ro=3(s2 +u). (6.0.10)

Therefore it follows from (6.0.6) that A\; = A2 at point (0,0), at which
the strict hyperbolicity fails to hold, and from (6.0.10), the first char-
acteristic field is linearly degenerate on v = 0, u > 0 and the second
characteristic field is linearly degenerate on v =0, u < 0.

Consider the Cauchy problem for the related parabolic system

1 2 2 —
{ U + 2(3U +v )m ElUgy, (6011)

v+ (uv)y = Vgy
with initial data

(u®(x,0),v%(x,0)) = (ug(z),v5(x)), (6.0.12)
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where
(ug(x),v5(x)) = (uo(x),vo(x) + &) * G° (6.0.13)

and G€ is a mollifier. Then

(ug(x),v5(x)) € C° x C*, (6.0.14)
(ug(z),v5(x)) — (uo(x),vo(z)) ae., as e — 0, (6.0.15)

and
ug ()] < My, e <wj(z) < M, (6.0.16)

for a suitable large constant M7, which depends only on the L bound
of (up(x),vp(x)), but is independent of .

The main result in this chapter is given in the following theorem:

Theorem 6.0.1 Let the initial data (up(x),vo(x)) be bounded mea-
surable and vo(xz) > 0. Then for fixred ¢ > 0, the viscosity solution
(u®(z,t),v°(z,t)) of the Cauchy problem (6.0.11), (6.0.12) exists and
satisfies

luf(x,t)|| < My, 0 <c(e,t) <v°(z,t) < Mo, (6.0.17)

where My is a positive constant independent of €, c¢(e,t) is a positive
function, which could tend to zero as € tends to zero or t tends to
infinity.

Moreover, there exists a subsequence (still labelled) (uf(z,t), v¢(z,1))
such that

(u(z,t),v°(z, 1)) — (u(z,t),v(z,t)), a.e. onQ, (6.0.18)

where Q C R x RT is any bounded open set, and (u(z,t),v(z,t)) is a
weak solution of the Cauchy problem (6.0.1), (6.0.2).

The above theorem includes two parts: one is the existence of viscos-
ity solutions and related estimates (6.0.17), whose proof is given in
Section 6.1; the other part is about the strong convergence (6.0.18) of
a subsequence of (u®(z,t),v*(x,t)), whose proof is given in Sections
6.2-6.4.



56 CHAPTER 6. A SYSTEM OF QUADRATIC FLUX

6.1 Existence of Viscosity Solutions

To prove the existence of the viscosity solutions in Theorem 6.0.1, it is
sufficient to get the a priori L> estimate of (u®(x,t),v*(x,t)) if we use
the general framework given in Theorem 1.0.2.

By simple calculations,

U2 uv 'LL2
wuu:8_37 wuv:_8_37 wvvzs_ga
and
7}2 uv U2
Zuu:_s_37 z’ufuzga Zm;:_s_g-

Then w(u,v) and —z(u,v) both are convex functions. Using Theorem
4.2.1, we have

¥ =A{(u,v) : w(u,v) < M, z(u,v) >—-M} (6.1.1)

is an invariant region for a suitable large constant M (see Figure 6.1).

FIGURE 6.1

Thus we have the uniform L estimates
[u(z,t)|| < Mo, [Jv*(x,t)|| < Mo

and hence the existence of the viscosity solutions. The positive lower
bound of v* > ¢(g,t) > 0 follows from the last part of Theorem 1.0.2.
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6.2 Entropy-Entropy Flux Pairs of Lax Type

A pair (7(u,v),q(u,v)) of real-valued functions is a pair of entropy-
entropy flux of system (6.0.1) if they satisfy the following system of
two equations:

Vi(u,v) - dF(u,v) = Vq(u,v) (6.2.1)
or equivalently
Qu =3l + Vo, Gy = VT + Uly. (6.2.2)
Eliminating g from (6.2.2), we get
V(Mo — Tuu) + 2UTuy = 0. (6.2.3)

By the definition of Riemann invariants in Chapter 4, we can easily
prove that w, z satisfy

Vw(u,v) - dF(u,v) = \aVw(u,v), Vz(u,v) - dF(u,v) = A\ Vz(u,v).
(6.2.4)

If we consider that the entropy-entropy flux pair of system (6.0.1) are
functions of variables w, z: (7, q) = (7(w, 2), ¢(w, 2)), then

q(w, 2)w = Xo(w, 2), q(w,z), = M7(w, 2),. (6.2.5)
Eliminating ¢ from (6.2.4), we have
()\2 — )\1)’17}(’[0, Z)wz + Azzﬁ(w, Z)w — Alwﬁ(w, Z)Z =0. (6.2.6)

Noticing that

—z_3w+z

1 w
>\ :2 2 =
2 U+ s w+z+ 5 5

and

— 3
)\1:2u—3%:w+z—w Fowt Z,

2 2
we get the other entropy equation of system (6.0.1) in the following
form:
1
n(w, 2)w: + m(ﬁ(% 2)w — N(w,2);) =0. (6.2.7)
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Now we make a transformation of variables from (u,v) to (u,s), that
is
n(u,v) = nlu,s),  qu,v) =q(u,s).
By simple calculations, we have
Tu = N+ 2uns, 7o = 2005, Mo = 40155 + 215
and
Tuw = 4u0Tes + 20Tus,  Tuw = AU Nss + 205 + 4Unus + M-
Then the entropy equation (6.2.7) is changed to the following simple
equation:

4s
It follows from (6.2.2) that

(6.2.9)

2ugs + q, = 3“(27“75 + nu) + 27}27]87
2vqs = v(2uns + Ny) + 2uvn,

and hence the entropy flux ¢ corresponding to the entropy n satisfies
Qu = 2un, + 2sn;. (6.2.10)

If k denotes a constant, then the function n = h(s)e** solves (6.2.8)
provided that

k.2
h"(s) — 4—8h(8) =0. (6.2.11)

Let a(s) = si,r = k:s%,h(s) = a(s)¢(r). Then a simple calculation
shows that

3
4r2

&"(r)— 1+ -—=)o(r) =0, (6.2.12)

which is the standard Fuchsian equation. We can look for a series
solution of (6.2.12) with the following form:

3
2

o1(r) =72 Y car™ = r2g(r). (6.2.13)
n=0
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Then the coefficients ¢, must satisfy

Cn—1
= =, forn >1 (6.2.14)

Cyr —
"B+ +2m) -3

and ¢y could be any positive constant.

Let another independent solution ¢o of (6.2.12) satisfy ¢o = ¢1P.
Then P solves

P"¢1 + 29, P' = 0. (6.2.15)
Thus
Pl= (67 = =(*¢*(r) 7",

and one function P is given by

P:/ (rg®(r)) " tdr. (6.2.16)
Therefore

do(r) = r2g(r) /m(r3g2(7’))_1dr. (6.2.17)

If n, = a(s)é(r)ek", then we have from (6.2.10) that
1 '(r
(qr)u = 2kuny, + (5 + ri((r))

and hence, one entropy flux g corresponding to 7y is

g, = i (2u + 57 + %(i((:)) —1)— %).

) (6.2.18)

(6.2.19)

Let n_; = a(s)p(r)e~*%, then by (6.2.10), one entropy flux q_j, corre-
sponding to n_y, is

1o, @ (r) 3
=1k (2u —s2 — — —1 —). 2.2
About the solutions ¢1, ¢o of the Fuchsian equation
c
"— 1+ ﬁ)(b =0, (6.2.21)

where c is a constant, we have the following lemma:
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Lemma 6.2.1 If ¢1(r) > 0, ¢} (r) >0 for r >0, then

#(r) - kS c re " = 1
o1(r) 1+0(3), adlr)e” =1+0(") (6.2.22)

as T approaches infinity;
if da(r) > 0,94(r) <0 for r >0, then

Gy(r) _ EENR 1
ga(r) 1+0(3), ap(r)e =1+0(-) (6.2.23)

as r approaches infinity, where cy,co are two suitable, positive con-
stants.

Proof. Since ¢" = (1 + 5)@, if ¢1(r) > 0,¢(r) > 0, then ¢1(r), ¢ (r)
both tend to infinite as r approaches infinity; if ¢o(r) > 0, ¢4 (r) < 0,

/
then ¢o(r), d4(r) both go to zero as r goes to infinity. Thus 2123 has
1
/
the form % and 22(:) has the form Y as r goes to infinity. Therefore
2
we have by the Vol’pert theorem,
oY) (), (1+53)¢
lim lim lim L 6.2.24
r—00 (;S(r) r—00 gb/(r) r—00 (;S’('r) ( )
Then
)0
lim ( )© =1 (6.2.25)
r—oo" @(r)
So we have
. ¢h(r) . h(r)
lim =1, lim = -1 6.2.26
r—oo ¢1(r) r—oo ¢o(r) ( )
Using (6.2.21), we have
'(r)y #(r), ¢
+ =1+ —. 6.2.27
) ) T e (0:2:27)
/
Let y = P(r) — 1. Then y satisfies
o(r)
/
A G, 6.2.28
v+ S =5 (6:229)
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Integrating Equation (6.2.28) from d to r (d is a positive constant), we
have

o (1)

I B+t () ) = /d i

A0
ORI (6.2.29)
T

which implies that

$1(r) _[TnT) 4 -
¢1(d)e ylr) —y(d) = d ¢1(d)e T2
and hence
(r) = zigf;ed-r (@) dr zigg o S (6.2.30)

Let d = 3r. Then clearly ¢1(d) < ¢1(r), ¢1(7) < ¢1(r) since ¢} > 0.
Since y is bounded from (6.2.26), we have from (6.2.30) that

4
ly(r)| < Me™2" + @(1 ) (6.2.31)

r

where M is the bound of y. Therefore

y(r) =0(=3) (6.2.32)

as r approaches infinity. The first part in (6.2.22) is proved.

Similarly let z = igg:; + 1. We have from (6.2.27) that
/
r () ¢
— 1)z =—. 2.
(G~ D7 = 1 (6.2.33)
Integrating (6.2.33) from r to d, we have
¢2(d) +—d Ta(r) .y c

z(r) = e %2(d) — e T —dr. 6.2.34
SR e A M= (0230

Let d = 2r in (6.2.34). Then clearly ¢a(d) < ¢a(r), p2(T) < ¢pa(r) since
¢5 < 0. Thus we have

G —em), (6.2.35)
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which implies that
z2(r) =0(=) (6.2.36)

as r approaches infinity. The first part in (6.2.23) is proved.
Now we prove the remaining estimates in (6.2.22) and (6.2.23).
Let ¢1(r) = a(r)e”. Then

) 1

o) " y(r) = O(rz) (6.2.37)
for r large. Thus

a(r) = a(rl)ef:l y(r)dr, (6.2.38)

for any fixed r1 > 0.
Since y(r) = O(Z%) as r approaches infinity, the limit of lim a(r)

rT—00
exists. Then (6.2.38) gives

(6.2.39)
= a(00) + a(co) (e vdr 1)y,

[ee]
1
Since / y(r)dr = O(=) as r approaches infinity, applying the Taylor
r
s

oo
expansion to e~ S y(rdr

— 1 gives
a(r) = a(00) + 0(%) (6.2.40)

as r approaches infinity.
Similarly let ¢o(r) = b(r)e™". Then

= z(r). (6.2.41)
Since z(r) = O(T%) as r approaches infinity, we have

b(r) = b(oo) + 0(%) (6.2.42)

as r approaches infinity. Therefore Lemma 6.2.1 is proved. m
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It is clear that ¢1(r), ¢2(r) given in (6.2.13) and (6.2.17) satisfy that
é1(r) > 0,0 (r) > 0 and ¢2(r) > 0 for all s > 0. The strict positivity of
oy (r) gives ¢h(r) < 0 as s > 0 because lim ¢o(r) =0, lim ¢4H(r) = 0.
rT—00 rT—00

Applying the estimates in (6.2.22)-(6.2.23) to ¢1(r), ¢2(r), we have

nh = a(s)or(r)et

(6.2.43)
= "(a(s) + O(3)) = " (a(s) + O(3))
on any compact subset of s > 0 since r = k:s%;
1 ¢’ (r) . 3
(6.2.44)

= 7% +0<%>>

on s > 0 by the fact that factor r( ig:g — 1) is uniformly bounded from

(6.2.31). Furthermore

a =g — % + O(kz)) (6.2.45)

on any compact subset of s > 0;

nty = a(s)pi(r)e ¥ = e **(a(s) + O(%)) (6.2.46)
on any compact subset of s > 0;
1 1 _r lel(r) . i
q9_r = 77—]4;()‘1 k(qbl('f') + 2]6')
(6.2.47)
(A1 + O(k))
on s > 0 and
ah =0+ o +0(53) (6.2.48)

on any compact subset of s > 0;

= a(s)pa(r)eft = ¥ (a(s) + O(%)) (6.2.49)
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on any compact subset of s > 0;

P5(r) 3
P2(r) - %)

.
2 (A + —(

2
qk L

(6.2.50)
= 20u +0(3))

on s > 0 by the fact that factor T(Zi—%:; + 1) is uniformly bounded from
(6.2.35). Furthermore

2 2, O 1
ai = Mk (A1 = 5 + O0(53)) (6.2.51)
on any compact subset of s > 0;
—ku —kw 1
n2, = a(s)da(r)e F = e (a(s) +0(3)) (6.2.52)

on any compact subset of s > 0;

2y =200 = F(EE D+ 5
(6.2.53)
= U%kOQ + O(%))
on s > 0 and
9 9 3 1
@ =n"rA2+ oY + O(ﬁ)) (6.2.54)

on any compact subset of s > 0.

The above estimates about the entropy-entropy flux pairs will be
used to prove the Young measure v, corresponding to the sequence of
viscosity solutions, is a Dirac measure in Section 6.4.

6.3 Compactness of 7, + ¢, in H, !

loc

In this section, we mainly prove the following theorem:

Theorem 6.3.1 For the entropy-entropy flux pairs (n,q) of Lax type
constructed in Section 6.2,

n(u, v%); + q(u, 0%,

18 compact in H l_ocl(R X RT) with respect to the approzimated solutions
(u®,v%) constructed by the viscosity method.
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Proof. For simplicity, we drop the superscript € in the viscosity solu-

tions (u®,v®).
It is obvious that system (6.0.1) has a strictly convex entropy n* =
w40 and the correspondi fl *=u? 2
5 ponding entropy flux ¢* = u° + uv”.

Multiplying the first equation in (6.0.11) by u and the second by v,
then adding the result, we have

M 4y = el — (s + 20, uavy + M, vs) = ey — e(ug + v3).
(6.3.1)

Using the same technique as given in obtaining (5.1.5), we have
e(uS)? and £(vZ)? are bounded in L}, (R x RT). (6.3.2)

The first class of entropy-entropy flux pair of Lax type related to the
function ¢1 constructed in Section 6.2, denoted by nik, are clearly
smooth functions of (u,v). In fact

[ee]
nt, = k2s Z cn(K2s) Ry, (6.3.3)
n=0
So Theorem 6.3.1 can be easily proved for the first class of entropy-
entropy flux pair of Lax type.

However the second order derivatives of the second class of entropy-
entropy flux pair of Lax type related to the function ¢o constructed in
Section 6.2, denoted by nik, are singular at the point (u,v) = (0,0).
In fact

1 4w o _
My = k2 r?g(r) / (r3g?(r))tdr, (6.3.4)

where

| e = o). (6:3.5)

as 1 approaches zero, and hence for any fixed k > 0, 77:2tk and qik are
uniformly bounded from (6.2.49)-(6.2.53).

Moreover,

nik :k_%eikUTQQ(r)/ (r3gz(r))_1dr

T

= k‘%eik“<%(r) —72g(r) /roo 7743;:20) dr),

(6.3.6)



66 CHAPTER 6. A SYSTEM OF QUADRATIC FLUX

where
g'(r) = i 2nc,r? Tt < icn_ﬂ"z”_l =rg(r), (6.3.7)
n=1 n—1
thus
7“29(7“) /TOO %dr = O(r2 log ) (6.3.8)

as r approaches zero. This implies that for any fixed & > 0, the first
order derivatives of ni ;. are uniformly bounded. It is clear that the first

1 . . . .
part I = k2ethu 2g1(r) in 77:2tk are smooth; its second order derivatives

are bounded. But the second part in ni , can be written as r21, , where

T G A
I2 = —k"2e¢ g("f’)\/r Wdr, (639)

its second order derivatives are singular at the point (0,0). In fact, from

(6.3.8), all derivatives of second order of function 7?I5 are bounded

except the term ((r?)yy + (r?)py) Iz = 215, which is positive.
Therefore, multiplying system (6.0.11) by Vnik, we have

(77:2|:k)t + (Qik)x

E(nik)rm - 5((77:2|:k)uuugzg + 2("7:2|:k)uvumvm + (n?tk)vvvg)
(6.3.10)

=e(ni,)ze — e(A(y, v)u2 + B(u, v)ugvy + C(u, v)v?)

—2ely(u2 + v2),
where A(u,v), B(u,v) and C(u,v) are the regular derivatives of second
order of nik.
Let K C R x R™ be an arbitrary compact set and choose ¢ €
C§°(R x R™) such that ¢x = 1,0 < ¢ <1 and S = supp ¢.
Multiplying Equation (6.3.10) by ¢ and integrating over R x R*,
we obtain

s/ / 2ely(u? + v2)pdxdt
0 —00

= —e(A(u,v)u2 + B(u, v)ugvy + C(u,v)v2) ¢ (6.3.11)

+77:2|:]<;¢t + Qik¢z5nik¢xx § M(¢)7
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where the last inequality follows from the boundedness of viscosity
solutions, the local boundedness in L} . in (6.3.2) of the regular part
A(u,v)u2 + B(u, v)ugvy + Clu, v)v2.

Considering (6.3.10) again, we see that the part
E((nik)uuui + Q(Wik)uvuzvz + (nik)wvi)

is bounded in Llloc and hence, compact in VVl;Cla for a constant a €
(1,2). The part e(ni;)ze is clearly compact in VVl;cl 2 because the
boundedness of derivatives of the first order of 77:2tk7 and the Llloc esti-
mates (6.3.2) for u2 and v2. Noticing the boundedness of

(77:2tk)t + (qik)w
in W5 we get the proof of Theorem 6.3.1 by Theorem 2.3.2. ®

6.4 Reduction of v

In this section, we shall prove that the family of positive measures v, ¢,
determined by the sequence of viscosity solutions (u®(x,t),v®(z,t)) of
the Cauchy problem (6.0.11), (6.0.12), must be Dirac measures. Then
using Theorem 2.2.3, we get the proof of (6.0.18), which implies that the
function (u(x,t),v(x,t)) of support set points of these Dirac measures
is a weak solution of the Cauchy problem (6.0.1), (6.0.2).

Since the viscosity solutions (u®(x,t),v°(z,t)) of the Cauchy prob-
lem (6.0.11), (6.0.12) are uniformly bounded in L* space, by Theorem
2.2.1, we consider the family of compactly supported probability mea-
sures vy ;. Without any loss of generality we may fix (z,t) € R x R"
and consider only one measure v.

For any entropy-entropy flux pairs (n;, ¢;),7 = 1,2, of system (6.0.1),
satisfying the compactness of n(u®,v%); + q(u®,v°), in lecl (R x R™),
we have from Theorem 2.1.4 that

M (uf,v%) - ga(uf, v°) — ma(us, v%) - q1(u, v°)
(6.4.1)

= m(u®,v%)ga(us, v%) — m2(uf, v%)q1 (us, v°).
Then using Theorem 2.2.1, we have the following measure equation:

v >< Vg > — <V >< U, qp >< U,miqa —naqr > .- (6.4.2)
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Let Q denote the smallest characteristic rectangle:
Q={(u,v):w_ <w<wy, z- <z<zy, v>0}

We now prove that the support set of v is either contained in the point
(0,0) or in another point (w*, z*).

We assume that supp v is not the unique point (0,0). Then <
v,mp > > 0 and < v, n%k > > 0, where n,i,n%k are given by (6.2.43)
and (6.2.52).

We introduce two new probability measures ,u;: and p, on Q, de-
fined by

<uf h>=<v,hn >/ <vnp > (6.4.3)
and
<pg h>=<vh?, >/ <vonty >, (6.4.4)

where h = h(u,v) denotes an arbitrary continuous function. Clearly
,u,j and ;. both are uniformly bounded with respect to k. Then as a
consequence of weak-star compactness, there exist probability measures
puF on Q such that

< pE h>= lim < pfh > (6.4.5)
k—oo
after the selection of an appropriate subsequence.

Moreover, the measures p*, = are respectively concentrated on the
boundary sections of Q associated with w, i.e.

supp 1t = Q[ [{(u,v) 1w =wy} (6.4.6)
and
supp 1~ = Q[ {(u,v) s w=w_}. (6.4.7)
In fact, for any function h(w, z) € Cy(Q), satisfying
supp h(w,z) C Q[ {w < wo},

where wy < w4 is any number, as k — oo, we have

| <v,hgp>| | <v, hek(a(s) + O(3)) > |
| <vomp > [ <wev(a(s) +O(3)) > |
(6.4.8)
Clek(wo+6)

— ‘1 ek (wot26—wy)

ae = - =0
 cgekwi=0) ¢y ’
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where c¢q,co are two suitable positive constants and § > 0 satisfies
20 < wy — wo, since @ is the smallest characteristic rectangle of v.
Thus we get the proof of (6.4.6). Similarly we can prove (6.4.7).

Let (m,q1) = (n},q}) in (6.4.2). We have

<v,qp > <V — g >
<vm > <vom>

<V, o> — < U, > (6.4.9)

Noticing the estimate (6.2.45) between 1} and g}, and letting k — oo
in (6.4.9), we have

<V >—<vm><ut A >=<put g0 — Aama > . (6.4.10)

Similarly, let (n1,q1) = (n*,,¢%,) in (6.4.2) and use the estimate
(6.2.54) between n%k and qik. We have

<V, Qo> — <V >< 1 A >=< [ ,q2 — Aam > . (6.4.11)
Let (m1,q1) = (n},q}) and (n2,q2) = (%4, ¢%) in (6.4.2). We have

<vdy > <vagh>  <vpdy -0l >
<v,ni > <wvmh > <vnip><wvn >

(6.4.12)

We now prove that w_ = w,. If not, choose dy > 0 such that 20y <
wy — w_. Then

<vnt>> creFlw—+oo) -y, > > cpek(s=00) (6.4.13)

for two suitable positive constants c¢1, co and hence, the right-hand side
of (6.4.12) satisfies

1.2 2 1
<v S =N > 1
777k2q k" k(ik _ O(_)e—k(w+—w_—250) 0, as k ~,
<V,NZ, ><v,n, >

k
(6.4.14)

resulting from the estimates given by (6.2.43), (6.2.44), (6.2.52) and
(6.2.53).

Letting & — oo in (6.4.12), we have < vt Ay >=< v, Ay >.
Combining this with (6.4.10)-(6.4.11) gives the following relation:

< g = Ao >< T, g — Aany > (6.4.15)
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for any (n, q) satisfying that n; + ¢, is compact in H, l;cl (R x RT).

Let (n,q) in (6.4.15) be (n?,,q¢*,). If wy —w_ > 28, we get from
the left-hand side of (6.4.15) that

| <utig=an>|> %e’“(“’“%) (6.4.16)
and from the right-hand side
| <u g >| < %e"“(”*%) (6.4.17)

for two positive constants ¢y, co. This is impossible and hence, w, must
equal w_.

Similar to the above proof, we can use entropy-entropy flux pairs
(771%7‘11%)7 (Ul_k,ql_k) constructed in Section 6.2 to prove z; = z_. Thus
the support set of v is either (0,0) or another point (w*,z*). This
completes the proof of Theorem 6.0.1. m

6.5 Related Results

The Riemann solutions for general nonstrictly hyperbolic conservation
laws of quadratic flux (6.0.3) were constructed by Issacson, Marchesin,
Paes-Leme, Plohr, Schaeffer, Shearer, Temple and others (cf. [IMPT,
IT, SSMP)).

The interactions of elementary waves for systems

{ u + 3(au® +0?), =0

vt + (uv)gy =0 (6:5.1)

were studied for the case of a > 2 by Lu and Wang [LuW].

The global existence of weak solution to the Cauchy problem (6.0.1),
(6.0.2) was obtained in [Lu4]. The proof in this chapter is from [Lu4]
and [Lu8|. The entropies constructed in Section 6.2 touch the singular
point (0,0) and hence, refine the proof.

In [Kal, a different proof was given by Kan independently to the
Cauchy problem (6.0.1), (6.0.2). Kan’s proof is based on construct-
ing entropies n(u,v) for system (6.0.1) away from the singular point
(u,v) = (0,0). The ideas in [Ka] were applied to study L solutions
for more general systems of quadratic flux in the form (6.0.3) by Chen
and Kan (cf. [CK]).



Chapter 7

Le Roux System

In this chapter, we shall use the method given in Chapter 6 to study the
existence of global weak solutions for the following nonlinear hyperbolic
conservation laws:

{ ug + (u? +v), =0, (7.0.1)

ve + (uwv), =0

with initial data

(u(z,0),v(x,0)) = (uo(x),vo(x)) (vo(x) = 0). (7.0.2)

System (7.0.1) was first derived by Le Roux in [Le| as a mathematical
model, and so is called the Le Roux system.

Let F be the mapping from R? into R? defined by
F:(u,v) — (u? +v,uv).

Then
dF = <2“ 1> , (7.0.3)

vou

and the eigenvalues of system (7.0.1) are solutions of the following
characteristic equation:

A = 3u\ + 2u® — v = 0. (7.0.4)

Two roots of Equation (7.0.4) are

3u D 3u D
1 2 R 2 2+2, (7.0.5)

71
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where D = (u? + 41})%, with corresponding right eigenvectors

u+D —u+D
r = (-1, T)T, ry = (1, 5 ) (7.0.6)
and
3 w1 w+D.p
Vaien(g mapp)th ) =
(7.0.7)
3 u 1 —u+ D p
a5+ 510 =3
Vg T2(2+2D7D)( 5 2 )

Therefore if we consider the bounded solution in the upper (u,v)-plane
(v > 0), it follows from (7.0.5) that A\; = A2 at point (0,0), at which
strict hyperbolicity fails to hold. Moreover by (7.0.7), both character-
istic fields are genuinely nonlinear by the definitions given in Chapter
4.

The Riemann invariants of (7.0.1) are functions w(u,v) and z(u,v)
satisfying the equations

u+D_ u—D

Wy — Wy 0, zy— 2 5 = 0. (7.0.8)
One solution of (7.0.8) is
w(u,v) =u+D, z(u,v) =u—D. (7.0.9)

Consider the Cauchy problem for the related parabolic system

{f e e (00
with the initial data
(u®(x,0),v%(x,0)) = (ug(z),v5(x)), (7.0.11)
where
(ug(x),v5(z)) = (up(x),vo(x) +€) * G° (7.0.12)

and G¢ is a mollifier. Then

(ug (@), v5(x)) € O x O, (7.0.13)
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(ug(z),v5(x)) — (uog(x),vo(z)) a.e., as € — 0, (7.0.14)
and
ug ()] < My, e <wj(z) < M, (7.0.15)

for a suitable large constant M7, which depends only on the L bound
of (ug(x),vo(x)), but is independent of .

We have the main result in this chapter:

Theorem 7.0.1 Let the initial data (up(x),vo(x)) be bounded mea-
surable and vo(x) > 0. Then for fixred ¢ > 0, the viscosity solution
(u®(z,t),v°(z,t)) of the Cauchy problem (7.0.10), (7.0.11) exists and
satisfies

|u®(z, )| < Mo, 0 <c(e,t) <v(z,t) < My, (7.0.16)

where My is a positive constant, being independent of € and c(e,t) is
a positive function, which could tend to zero as e tends to zero or t
tends to infinity. Moreover, there exists a subsequence (still labelled)
(uf(z,t),v°(z,t)) such that

(u(x,t),v°(z, 1)) — (u(z,t),v(z,t)), a.e. onQ, (7.0.17)

where 8 C R x RT is any bounded and open set and the pair of limit
functions (u(z,t),v(x,t)) is a weak solution of the Cauchy problem
(7.0.1), (7.0.2).

The first part in Theorem 7.0.1 about the existence of viscosity solu-
tions is proved in Section 7.1; and the second part about the strong con-
vergence (7.0.17) of a subsequence of (u®(x,t),v°(z,t)) will be proved
in Sections 7.2-7.4.

7.1 Existence of Viscosity Solutions

In this section, we shall give the proof of the existence of viscosity so-
lutions for the Cauchy problem (7.0.10), (7.0.11) and related estimates
stated in (7.0.16).

By simple calculations, we have

u 2 4v 2u 4

wu:1+57 Wy = wuu:D_7 wuvz_ﬁa wvvz_ﬁa
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and

u 2 4o 2u 4
=1—-=, 2, = — =

D 57 Zuu—_ﬁa Zuv:ﬁy Zvv:ﬁ-
Then multiplying system (7.0.10) by (wy,w,) and (2, 2y), respec-
tively, we have

w(u, v)¢ + Aow(u,v),
- E(wuu:c:c + wvvx:c)

= cw(u, V) gz — E(Wun U2 4 2WyplipVyp + Weyv?)

4v 4u 4
= ew(u,v) gy — E(D ui — D3 Ualz — ﬁ”:%)
= ew(u, )0 — 75 (D + Wtz + 202)((D = wuy — 20,)
= ew(u,v)py — %w(u,v)wz(u,v)m

(7.1.1)
and
z(u,v)r + A12(u,v),
= e(2ulUaz + 20Vzz)
= e2(U, V) gz — (Zuut? + 22upUgVy + 20p02)
4v W2 4du 4

( )mm + 5(D3 D3 3 UV — ﬁvg)
£2(Uy V) g + 53 ((D + u)ug + 20;) (D — w)uy — 20,)
ez(u, )y + —w(u V) 2(U, V).
(7.1.2)
Now consider (7.1.1) as an equation of the variable w, and (7.1.2) as an
equation of the variable z. Applying the maximum principle to (7.1.1)
and (7.1.2) respectively, we have that w(u®,v®) < M, z(u®,v%) > —M
if the initial data satisfy w(uf(x),vG(z)) < M, z(uf(x),v5(z)) > —M.
Thus
Yo ={(u,v) : w(u,v) < M, z(u,v) > —M,v > 0} (7.1.3)

is an invariant region for a suitable large constant M (see Figure 7.1).
The positive lower bound estimate about v¢ in (7.0.16) is a direct
corollary of the last part of Theorem 1.0.2.
Thus we get the proof of the existence of viscosity solutions of the
Cauchy problem (7.0.10), (7.0.11) and the estimates in (7.0.16).
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v

2

FIGURE 7.1

7.2 Entropy-Entropy Flux Pairs of Lax Type

In this section, four classes of entropy-entropy flux pair of Lax type of
the following special forms are constructed:

nh = (D) + 2B g e ) 4 D2,
o= e lan(D) 4 BDR g, by (p) 4 2D
th= e as(D) 4 PO g by ) 4 DD
7 = ¢ (a(D) + WOB) g sy () 4 W2,

where w, z are the Riemann invariants of system (7.0.1), and the re-
quired estimates on a;, b;(i = 1,2, 3,4) are obtained by the estimates on
the solutions of the Fuchsian equation (6.2.21) given in Lemma 6.2.1.

Let p= D30 = %u Then for smooth solutions, (7.0.1) is equivalent
to the following system:

(7.2.1)
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Considering the entropy-entropy flux pair (n,q) of system (7.0.1) as
functions of variables (p, 6), we have

1 _1
(95 q0) = (0 + 1P 819, p1)p + O1g). (7.2.2)

Eliminating the ¢ from (7.2.2), we have
1 _a
Nop = Zp 3100 - (7.2.3)

If k& denotes a constant, then the function n = h(p)e*? solves (7.2.3)
provided that

W'() = 7K Ship). (7.2.4)

Let h(p) = p%qﬁ(s), 5= %kz,o% Then ¢ solves the Fuchsian equation

/! 2
—(1+ )9 =0, (7.2.5)

Because it is exactly analogous to that in Chapter 6, we may use the
method of Frobenius to give a series solution to Equation (7.2.5) as
follows:

¢1 = s Z cons®™ = s%g(s), (7.2.6)
n=0
where

C2(n—1)
2+ 2n)(1 + 2n) + 2

g(s) = Z Cons™™,  cop = ( (7.2.7)
n=0

and cg is an arbitrary positive constant. Let another independent so-
lution ¢ of (7.2.5) satisfy ¢o = ¢1 P. Then P solves
P"¢1 + 29, P = 0. (7.2.8)
Thus
P'=—(¢1)7? = ~(s"g"(s)) ",

and one special function P is given by

P = /00(8492(8))_1d8. (7.2.9)
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Then
by = s2g(s) /00(8492(8))_1d8. (7.2.10)

It is clear that ¢1, ¢2 given in (7.2.6) and (7.2.10) satisfy that ¢1(s) >
0,91 (s) > 0 and ¢2(s) > 0 for all s > 0. The strict positivity of ¢5(s)
gives ¢4H(s) < 0 as s > 0 because lim ¢o(s) =0, lim ¢,(s) = 0.

§—00 §—00

By simple calculations, the two eigenvalues of (7.2.1) are

3 p3
M=0—"—, X=0+— (7.2.11)
2 2
with corresponding two Riemann invariants
3 3
z:O——p%, w:49—|——p% (7.2.12)
2 2
Similar to (6.2.5), we have
Qw = A2Mws Q= = A7)z (7.2.13)
From (7.2.12), we have 0, = £,0. = 1,p,, = p%,pz = —pg.
Then
1 n 2 1 2
GQuw = 740 T P34p, 4z = 749 — P3dp
2 2 (7.2.14)
2 2
Nw = 5776+P377p7 Nz = 5779_p377p-
From (7.2.14), (7.2.13) and (7.2.11), we have
99 = qu + q= = Ong + pn)p. (7.2.15)

Letting ny = p%qb(s)ek@,n_k = p%qﬁ(s)e_k@, we have from (7.2.15) that

2 P%(ZS/(S))

=m0 5 20(s). (7.2.16)
q—r = n-p(0 + 3% - p;f(g))-

Let n} = p%¢>1 (s)ek?. Then Lemma 6.2.1 gives

=0 +O)  (T217)
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on any compact subset of s > 0.

1 1
2 | p3 ¢(s) p3 1
1 1 1 1
=n.(0 — —+ — — 1)+ =)= A2+ O(= 7.2.18
dh=nk0 -+ GG -+ G =n o) (7218
on s > 0 by the fact that 8(2—/1 — 1) is uniformly bounded. Moreover
2 s  ¢(s) 2 1
1 1 1 1
=n( Ao — — 4+ — 1) =n.(A— —+O0(—= 7.2.19
k=0 — 5+ (IS 1) = ke — 5+ 0(g)) (7219
on any compact subset of s > 0. Similarly
1
i = p3 () pset* (14 0(1)) (7.2.20)
on any compact subset of s > 0,
1
i =ni(\ + O(3)) (7.2.21)
on s > 0 and
i, = np(M — ET O(ﬁ)) (7.2.22)
on any compact subset of s > 0.
1
Ly = p3éi(s)e M pieh(1 + 0(3)) (7.2.23)
on any compact subset of s > 0,
1 1 1
¢ = N-k(A1 +O(1)) (7.2.24)
on s > 0 and
q—p =n_p(M + ey O(ﬁ)) (7.2.25)
on any compact subset of s > 0. Finally
1
n2, = p3oa(s)e M pseFu (1 + (1)) (7.2.26)

on any compact subset of s > 0,

i = P02 +0()) (7.227)
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on s > 0 and

2 1

o ) (7.2.28)

on any compact subset of s > 0.

The estimates (7.2.17)-(7.2.28) will be used in Section 7.4 to reduce
the Young measures, corresponding to the sequence of viscosity solu-
tions, to be Dirac measures, and hence the proof of the existence of
weak solutions in the second part of Theorem 7.0.1.

7.3 Compactness of 7, + ¢, in H l;cl

In this section, we mainly prove the following theorem:

Theorem 7.3.1 For the entropy-entropy flux pairs (n,q) of Lax type
constructed in Section 7.2,

n(u®, v%)e + q(u”,v%)s

is compact in H, (R X RT) with respect to the wviscosity solutions
(u®,v%) obtained in Section 7.1.

Proof It is obvious that system (7.0.1) has a convex entropy n*(u v) =
5+ fo log vdv and the corresponding entropy flux ¢*(u,v) =
uvlogv. Similar to the proof of (6.3.2), we have

L

2)68 v are uniformly bounded in L} .(R x RT).

(7.3.1)

1 1
e20,u° and €2

We only prove Theorem 7.3.1 for the entropy-entropy flux pairs
(ni,qi). A similar method may give the proofs for other entropy-

entropy flux pairs (13, q4), (0", ¢ ) and (0, ¢%).
Multiplying system (7.0.10) by (9y,7,), we have

N+ Qe = ENpe — s(nwui + 2Ny Up Uy + nwvi). (7.3.2)

Because

/oo s _ o) (7.3.3)
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as s approaches zero, for any fixed £ > 0 we have that

2 > ds
2 3 k6 7.3
” = —S g —— <€ . .4

kT 3k () /5 stg2(s) ( )

and g7 both are uniformly bounded. Thus (n?(u,v)); + (¢i(u,v))s is
bounded in W~1°(R x R1).

Because
ek@ o (s)ds
R T R CY I = BEEY
and ¢'(s)/s < g(s), we have
/:o g;(gsi?))(ds) _ 0(%) (7.3.6)

as s approaches zero. Thus (n?)s and (72)g both are bounded and
(n?)s = O(s) as s approaches zero. Since

s _1 0s kv

au—?)k:(v +4u)" 2, %= 5
then £0,1? = O(e(|ug|+|vz])). Thus edyyn? is compact in Hy ! (Rx R*)
from (7.3.1).

The proof of Theorem 7.3.1 will be completed if we can prove that

02+ du) e, (7.3.7)

the second term in the right-hand side of (7.3.2) is bounded in L}, (R x
R™).
Since 77,% =1 — %ekel, where [ = %(S)eka is uniformly bounded

oo ./
in C?, and I = s3g(s)/ J (38)?8, then the proof of Theorem 7.3.1 is
g

concentrated to the bousndedness of Lin L}, (R x RT), where
L = e(Tyu? + 2@0uzvy + L,v2). (7.3.8)

Let L = Ly + Lo, where
{ Ly = elss((50)%u2 + 28480z v; + (80)?02)

Lo = el4(5uuu2 + 284Uz Uy + Spyv2).

(7.3.9)

Because ¢'(s)/s < g(s),Is = O(s) as s approaches Zero and I is

v |)+0( 2)

and hence bounded in L} (R x RT) from (7.3.1). This completes the
proof of Theorem 7.3.1. m

bounded, we have that L; and Lo are controlled by (O (



7.4. EXISTENCE OF WEAK SOLUTIONS 81

7.4 Existence of Weak Solutions

In this section, we shall use the compensated compactness method to
prove the existence of weak solutions of the Cauchy problem (7.0.1),
(7.0.10) given in the second part of Theorem 7.0.1.

Consider a compactly supported probability measure v on R? such
that

<v><v > —<vn?><v g ><vnté® —nP¢t > (7.4.0)

for entropy-entropy flux pairs (1%, ¢")(i = 1,2), of system (7.0.1), satis-
fying the compactness of n'(u®,v%); + ¢*(u®,v%), in H~*(Q). Then the
proof of the existence of weak solutions in Theorem 7.0.1 is reduced
to proving that v is a point mass. We shall realize this goal by the
entropy-entropy flux pairs (njﬁk, qitk) constructed in Section 7.2.

The proof is almost the same as that given in Section 6.4.

Let Q denote the smallest characteristic rectangle
Q={(u,v):w <w<w", z <z<zt, v>0}L

Then w~,w™ are nonnegative and 2™,z are nonpositive.

If the support of v only consists exactly of the point (0,0), we are
done. Next, consider the other case, where the support of v is not
concentrated at the point (u,v) = (0,0), so that < v,7;, >> 0 and
<v,n?, >>0.

We introduce probability measures u,f on Q defined by
<uf h>=<vhg, >/ <vm > (7.4.2)
and
<pg h>=<v,hnl, >/ <vnt, >, (7.4.3)

where h = h(u,v) denotes an arbitrary continuous function. As a
consequence of weak-star compactness, there exist probability measures
pwt on Q such that

< ut h>= Jim < e h > (7.4.4)
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after the selection of an appropriate subsequence. We observe that
the measures p',u~ are respectively concentrated on the boundary
sections of Q associated with w, i.e.,

Qﬂ{(u,v) cw=w'} and Qﬂ{(u,v) cw=w" }. (7.4.5)

Because
1 kw 1 2 —kw L1 1
U 03(14‘0(%)), and 72, =e 03(1+0(E)), (7.4.6)

on any compact subset of s > 0 and by the assumption, the support of
v is not concentrated at s = 0.

Similar to the proof of (6.4.15), we have that
<pt Xom—qg>=<p, Aon —q > (7.4.7)

for any (n, q) satisfying that 7 + ¢, is compact in H, l;cl (R x RT).
Substituting (1}, q;) into (7.4.7) yields that

< damt —qp > < ek (7.4.8)
and
<pt honp —qf > > CQekw+/k, (7.4.9)

where ¢y, ¢y are two positive constants. Therefore (7.4.7), (7.4.8) and
(7.4.9) imply that w™ = w.

In the same fashion we conclude that 2~ = z™. This completes the
proof of Theorem 7.0.1. m

7.5 Related Results

Two characteristic fields of system (7.0.1) or the curves determined
by the equations w = const,z = const in the (u,v)-plane are clearly
straight lines, so system (7.0.1) is of Temple type [Te|, whose shock
curves and rarefaction curves coincided. The global existence and
uniqueness of an L weak solution for a general n xn system of Temple
type in strictly hyperbolic regions were established by Heibig in [He].
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In nonstrictly hyperbolic regions, a compact framework for an n xn
system of chromatography

k:. .
i () =0, i=1,2,- (7.5.1)

was established by James, Peng and Perthame [JPP] by using the ki-
netic formulation coupled with the compensated compactness method,
where k; are positive constants satisfying 0 < k1 < ko < -+ < k,, and
D=1+ki+kot-+hn

System (7.5.1) is the unique application of the compensated com-
pactness method on hyperbolic systems of more than two equations.
However, it should be a very interesting topic to construct suitable
approximated solutions {ul} of system (7.5.1) and then to prove the
compactness of n(ul); + g(ul), in V[/l;cl’z, for the entropy-entropy flux
pairs (7, q) constructed by the kinetic formulation in [JPP], with re-
spect to the sequence {ui} If this is done, then the existence of weak
solutions to system (7.5.1) follows from the compactness framework
given in [JPP]. The proof of Theorem 7.0.1 is from the paper [LMR].
The main difficulty in dealing with system (7.0.1) is the singularity of
entropies at the nonstrictly hyperbolic domain. System (7.5.1) should
be more difficult since it has more equations.






Chapter 8

System of Polytropic Gas
Dynamics

We consider the Cauchy problem for the system of isentropic gas dy-
namics in Eulerian coordinates

pt =+ (pu)m =0
{ (pu)e + (pu® + P(p))z =0, (8.0.1)

with bounded measurable initial data

(p(l‘,O),u(ZE,O)) = (p()(l‘),’LL()(ZL')), pO(x) >0, (8'0'2)

where p is the density of gas, u the velocity, P = P(p) the pressure

satisfying P’'(p) > 0. For the polytropic gas, P takes the special form

P(p) = cp”, where v > 1 and ¢ is an arbitrary positive constant, for
(=1?

: _ 2 _
instance, ¢ = k* = o

System (8.0.1) can be written into

+ xr — 0
{ prom (8.0.3)

mi+ (2 + P(p))a =0,
where m denotes the mass.
Let F be the mapping from R? into R? defined by
2

F (pym) = (m, =~ + P(p)).

85
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Then
dF = 0 L (8.0.4)
——";”)2 + P'(p) 2;71 7 o

and the eigenvalues of system (8.0.1) are solutions of the following
characteristic equation:

2 2
- Py =o. (8.0.5)
p p
Thus two eigenvalues of system (8.0.1) are

m

M= = VPl A= % +VP'(p) (8.0.6)

with corresponding right eigenvectors
ri=0 )7, = (1) (8.0.7)

The Riemann invariants of (8.0.1) are functions w(p,m) and z(p, m)
satisfying the equations

(Wpy Win) - dF = Aa(wp, wyy) and (2, 2m) - dF = X (2p, 2m)- (8.0.8)

One solution of (8.0.8) is

oy [PV sy = [TV
w(u,v)—p—i-/o . ds, (,)—p /0 ds.

S
(8.0.9)
By simple calculations,
m  P'(p) 1
V)\l Ty = (__ T = _)(17>‘1)T
. 2/Plp) (8.0.10)
_pP"(p) +2P'(p) o
20\/P'(p)
and
m P’(p) 1
Ve 1y = (== + ——=, = )(1,A2)T
e 2/Plp) (8.0.11)

_ PP"(p) +2P(p)

2p\/P'(p)
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For the case of polytropic gas, we get

M=) A ="010, (8.0.12)
p p
w(u,v) = my o 2(u,v) = m_ o, (8.0.13)
p p
where 6§ = 77—1’ and

v = 0O oGy, = QDD s
(8.0.14)

Therefore it follows from (8.0.12) that for the case of polytropic gas,
system (8.0.1) is strictly hyperbolic in the domain {(z,t) : p(z,t) > 0},
while it is nonstrictly hyperbolic in the domain {(x,t) : p(z,t) = 0},
since A1 = A2 when p = 0. From (8.0.14), system (8.0.1) is genuinely
nonlinear if the adiabatic exponent v € (1, 3], while the system is no
longer genuinely nonlinear at p = 0 if the adiabatic exponent v > 3.

Consider the Cauchy problem for the related parabolic system

Pt + My = EPga
{ my + (mTZ + P(p))s = emyz, (8.0.15)
with initial data
(p*(,0),m*(z,0)) = (p5(z), mg(z)), (8.0.16)
where
(p6(x), mg(z)) = (po(x) + &, po(z)uo(z)) * G° (8.0.17)
and G° is a mollifier. Then
(p5(z), mg(x)) € C° x C*, (8.0.18)
(p5(x), m§(x)) — (po(x),mo(x)) a.e., as e — 0, (8.0.19)
and
e <pi@) <M, Jup@)l = 12 < oy, (5.0.20)
p5(@)

for a suitable large constant M7, which depends only on the L bound
of (po(z),up(x)), but is independent of e.
We have the main result in this chapter as follows:
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Theorem 8.0.1 Let the initial data (po(x),ug(x)) be bounded measur-
able and po(z) > 0, P(p) € C*(0,00), P'(p) > 0,2P'(p) + pP"(p) > 0
for p>0; and

o0 /Pl c /P/

/ &dp:oo, /&dp<oo, Ve > 0.

c p 0 p
Then for fized € > 0, the smooth viscosity solution (p°(z,t), m*(z,t))
of the Cauchy problem (8.0.15), (8.0.16) exists and satisfies
me(x,t)

t) < pf(z,t) < M. “(z,t)]| =
0 <cle,t) <p(x,t) < Mo, Ju(x, 1) Hpa(x’t)

| <Ms, (8.0.21)

where Ms is a positive constant, being independent of ; c(g,t) is a
positive function, which could tend to zero as e tends to zero ort tends
to infinity.

Moreover, for the polytropic gas and ~v > 1, there exists a subse-
quence (still labelled) (p°(z,t), p°(z,t)us(x,t)) which converges almost
everywhere on any bounded and open set  C R x R :

(p°(z,t), p° (z, t)u’ (z, 1)) — (p(a,t), p(z, )u(z,t)), ase | 0T,
(8.0.22)

where the limit pair of functions (p(x,t), p(x,t)u(x,t)) is a weak solu-
tion of the Cauchy problem (8.0.1), (8.0.2).

The existence of viscosity solutions and related estimates (8.0.21) shall
be proved in Section 8.1. For the case of adiabatic exponent v > 3, the
strong convergence (8.0.22) of a subsequence of (p°(z,t), m*(z,t)) is
proved in Sections 8.3-8.4. Finally, the proof of the strong convergence
subsequence of (p°(x,t), m®(x,t)) for the case of 1 < v < 3 is given in
Section 8.5, where we introduce a different short proof for this case,
but with two more assumptions (A1) and (As) on viscosity solutions:

(A1) The initial data (pg(x),up(x)) is small;

(A2) The viscosity solutions (p*(x,t), m®(x,t)) of the Cauchy prob-
lem (8.0.15)-(8.0.16) have an a priori estimate p°(z,t) > c(t) > 0,
where ¢(t) is independent of ¢, but could tend to zero as ¢ tends to
infinity.

Remark 8.0.2 The condition (A1) ensures that the viscosity solutions
are small and so the support sets of the Young measures introduced in
Theorem 2.2.1 are also small. The condition (As) is remarked in [LPS],
p. 629.
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8.1 Existence of Viscosity Solutions
To prove the existence of smooth viscosity solutions (p°(z,t), m®(z,t))

for the Cauchy problem (8.0.15), (8.0.16), by Theorem 1.0.2, we only
need to prove the a priori estimates given in (8.0.21).

23

FIGURE 8.1

We multiply (8.0.15) by (w,,wn,) and (z,, zm), respectively, to ob-
tain

Wy + AWy
8.1.1)
_ 2e € / 1"\ 2 (
= EWgy + ;pxwz - m(zp + IOP )p:ca
and
Zt + )\125,;
5 . (8.1.2)
= 2y + —ppig + ————(2P' + pP")p2.
Tx P Pxrx 2p2 P’(p)( P )pz

Then the assumptions on P(p) yield

2¢e
Wy + Aowy < EWyy + ?pxwx (8.1.3)
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and

2e
2+ N2y > €240 + ?pngg. (8.1.4)

If we consider (8.1.3) and (8.1.4) as inequalities about the variables w
and z, then we can get the estimates w(p®, m®) < M, z(p*,m*) > —M
by applying the maximum principle to (8.1.3) and (8.1.4). This shows
that the region (see Figure 8.1)

S5 = {(p,m) : w(p,m) < M, 2(p,m) > —M}

is an invariant region. Thus we obtain the estimates 0 < p* < Ms and

|uf]| < Mj for a suitable constant My, since [ —Vlz(p)dp = oo and

foc —Vlz(p)dp < oo for any constant ¢ > 0.

Since u is uniformly bounded, the last part of Theorem 1.0.2 gives
the positive lower bound of p.

Therefore we get the proof of the existence of smooth viscosity
solutions for the Cauchy problem (8.0.15) and (8.0.16).

8.2 Weak Entropies and l;cl Compactness
In this section, we shall first construct the weak entropy-entropy flux

pairs (1, q) of system (8.0.1) for the polytropic case P(p) = cp” with
(=17
4y
pactness of n(p°,m®); + q(p°,m®), in H,,'(R x RT), with respect to
the viscosity approximated solutions (p(x,t), m®(x,t)) of the Cauchy

problem (8.0.15) and (8.0.16).

Rewriting the second equation in (8.0.1) as

the exponent v > 1 and ¢ = k? = , and then prove the com-

pru+ pur + (pu)zu + puuy, + P(p), =0 (8.2.1)

and substituting the first equation in (8.0.1) into (8.2.1), we get the
following new system:

(8.2.2)
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If solutions have shock-waves, system (8.0.1) and system (8.2.2) are
different. In Chapter 9 and Chapter 10, we shall study the weak solu-
tions for the Cauchy problem (8.2.2) with bounded measurable initial
data.

However, for smooth solutions, system (8.2.2) is equivalent to sys-
tem (8.0.1), and particularly, both systems have the same entropy-
entropy flux pairs. Thus any entropy-entropy flux pair (1(p, m), q(p,m))
of system (8.0.1) satisfies the additional system

(Gps qu) = (Mps ) - (ﬁ Z) ; (8.2.3)
p
or equivalently
qp = un, + Pip) Nur  Gu = Pllp + UNy- (8.2.4)
Eliminating the ¢ from (8.2.4), we have
Nop = %nuu' (8.2.5)

An entropy 7(p, u) of system (8.0.1) is called a weak entropy if (0, u) =
0, that is, a solution of Equation (8.2.5) with the special initial condi-
tions:

77(/) =0, 'LL) =0, 77,0(/7 =0, 'LL) = g(u), (826)

where g(u) is an arbitrary given function. The solution of (8.2.5)-(8.2.6)
is given by the following lemma:

Lemma 8.2.1 For p > 0,u,w € R, let

_ 3—7

Glp,w)= (' —w?, N=—"—"", 8.2.7
where the notation x4 = sup(0,x). Then the solution of (8.2.5)-(8.2.6)
is given by the formula

nw2) = [l =9 - Pal)s
(8.2.8)

2

1
— (w—2)3 /O (1 - 7)Pg(w — (w — 2)7)dr
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or

n(pu) = /R 9()G(p.€ — u)dt
(8.2.9)

2

1
=257 [ (= )Pyt + o - 20"7)dr
0

and the weak entropy fluz q of system (8.0.1) associated with 1 is

o) = [ a(€)10E + (1= 0o, — u)i, (8:2.10)
where 0 = 77_1 Moreover, if the initial data g(u) € C1(R), then the
weak entropy n satisfies the following estimates:
where M depends only on the L bound My of (p,u).

Proof. Exactly analogous to (6.2.6), the entropy of system (8.0.1) also
satisfies the following equation:

+ >\2z _ >\1w
TNwz )\2 — )\1 Thw )\2 — )\1

where A\i, A2, w, z are given by (8.0.12)-(8.0.13).

By simple calculations, we have

. =0, (8.2.12)

oy +1 3—7

3= v+1
A= Y + YR A2 Y + 1 (8.2.13)
3 - -1
A2z = Ay = 0 L T Vi 5 (w = 2), (8.2.14)
and

77,0(/)7 'LL) = 9/)6_1(77(1072)11; _n(waz)z)

. (8.2.15)
= 0( ) (n(w, 2)w — n(w, 2).),

where b = :Yy—:i’ Therefore the entropy equation (8.2.12) is reduced to
the following Darboux-Euler-Poisson equation:

A
Moz + ——— (N = 112) ( )
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The weak entropy n satisfies the conditions

lim w, z) =0, 8.2.17
L aw.2) (8.2.17)

and
i O T w2y — w,2):) = glw). (3:2.18)

Therefore, by the theory of Darboux-Euler-Poisson equation (cf. [Bi]),
we get that the weak entropy is of the representation formula (8.2.8),
which is in the form (8.2.9) if we consider it to be the function of (p, u).

Using the second equation in (8.2.4) and the weak solution formula
(8.2.9), we have

1
Qu =n+ 272—19/ [r(1 =) g (u+ p? —2077)(1 — 27)pHLdr
0
1
+2W21u/ (1 =1 g (u+ p’ = 2p%7)dr.
0
(8.2.19)

Since

u
/ ug' (u+ p? — 2p°7)du

u
ug(u+ p” — 2p%7) — / g(u+p” = 2p°7)du,

we get from (8.2.19) that
q :/ ndu—l—n—/ ndu

1
+2W2—19/0 [7(1 — )P glu+ p? —20%7)(1 = 27)pHdr

= [ lw = s)(s = 2P0~ Out 5)g(s)ds,
: (8.2.20)

and hence the proof of (8.2.10).
Noticing the last part in (8.2.9), we get the boundedness of V7 and
hence, the proof of Lemma 8.2.1. m



94 CHAPTER 8. SYSTEM OF POLYTROPIC GAS DYNAMICS

Lemma 8.2.2 For any weak entropy n(p,m) of system (8.0.1),
e(ps,m3) - V2n(p®,m%) - (p5,m5)" (8.2.21)
is bounded in L (R x RY), where

V277(P€,m€) = <77pp(/7€7m€) npm(p

,m°)
Ump(pg,ma) nmm(P > . (8.2.22)

Proof. For simplicity, we omit the superscript € in the viscosity solu-
tions (p®, m?).
It is easy to check that system (8.0.1) has a convex entropy

m?2 k

B % v—1
and hence the boundedness of

e(payma) - V20 (p,m) - (pg,ma)” (8.2.24)
in L1

Le(R x RT) can be obtained by using the same technique as given
in (6.3.2) or (7.3.1). Then it follows that

*

Ui

o, (8.2.23)

(8.2.25)

is bounded in L} (R x R").

Since
7200+ 1 g = = e ), (5220
we get the boundedness of
P ooy el = mal?, eplun)? (3227)

in L}OC(R x RT).
By simple calculations, for a weak entropy 71 represented by (8.2.9),

we have that

1 m
o) = /0 R e

+ [ =y

<% +0° - 2&)(—% + (1 —2r)0p%)dr,

(8.2.28)
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1 m
mlpm) = [ =PG5 2y (3229
0

npp(Pa m)

-/ - PG (2 4 = 201 = 270 + 6%)"
0

1 m m
+ [ =D 2P ol + (- 2000 P
0

=1L+ 1+ I3+ Iy,
(8.2.30)

where

_ / N ( ¢ Ty o0 — 207, (8.2.31)
1
I = 92p29—1/ [r(1— T)])‘g//(% + 0 —20%7)(1 — 27)%dr, (8.2.32)
0

1
Iy = (6 + 62" /0 [r(1= D= 20)g (5 4 4 = 27,
(8.2.33)

1
I = 20up?~! / [r(1— )1 - 27')9"(% + 0% —20%7)dr;  (8.2.34)
0

Npm (p, ™M)

1 " .
:/0 [7'(1—7-)]/\9//(;4_;) —2p%7)(— P +(1—27')9p9_1)d7'

=I5 + I,
(8.2.35)

where

1
Is = —@2/ [r(1 - T)]Ag”(% +p” = 2°7)dr, (8.2.36)
0
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1
Is = 0p°! / F(1— PP — 27)9"(% + o — 20y (8.2.37)
0

and

1
o (1) =+ / r(1 = P (2 4 0 — 2°7)dr = . (8.2.38)
P Jo p
Since 20 — 1 = v — 2, then using (8.2.27), we have that ely(p,)?
bounded in LlOC(R X RT).
Let I(t) = [y[s(1 — s)]*(1 — 2s)ds. Then it is easy to see that
1(0)=1(1 ) = 0 and hence

1 m
P [ =P 2ng (B g = 2y

. (8.2.39)
=2p%"! / 17)g" (2 + o — 2 r)dr,
0 P
! A
7 [P - 2ng (2 - 2P
0 . p (8.2.40)
mo9 0
= 2p29_1/ Ur)g"(— + p” —2p"7)dr.
0 P
Therefore, el3(p,)? and el4(p;)? are bounded in L}, (R x RT).
About Ig, we have
_ 2
elgpam, = eulg(pr)” + elsppriiy. (8.2.41)

From (8.2.27), it is easy to see that the first term in the right-hand side
of (8.2.41) is bounded in L} (R x RT), and the second is also bounded

loc
1 +
in L;,.(R x R"), since

el ppatis]
1 m
=6 [ (L= D= 20)g" (5 4~ 2 T
0 p
< e0(p* 1 (pe)? + p(uz)?)

><|/ (1—7))M1-27)g "( + 0% —2p%7)dr|.
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Moreover
E(Il (pz)2 + 215pzmz + [7(777,5,;)2)

is clearly bounded in L}, (R x RT) from the second estimate in (8.2.27).
Thus we get the proof of Lemma 8.2.2. m

Lemma 8.2.3

// (epS)?dzdt — 0 as e — 0,
K

where K is any bounded set in R x R .

Proof. We omit the superindex . Let Oy = {(z,t) € Rx R" : p < 4}
and Qo = {(z,t) € RxR* : p > §}. Then for a fixed constant § € (0,1),
) is an open set in R x R*. Let K; be any compact set in 7 and
choose ¢ € Cg(Ql) with a compact support set S C €7 and ¢ = 1 on
Ki,0<¢<1

Multiplying the first equation in (8.0.15) by 2p, we have

(p*)i + 2(p°u)z — 2pupy = £(p?)ze — 26(px)?. (8.2.42)

Multiplying (8.2.42) by the function ¢ and then integrating in R x R™,
we get

/000 /_Z 2e(pe ) pdadt

= / / (P>t + 2up° b + £p° Gua + 2puppd)dadt  (8.2.43)
0 —00

< 052+05(/ / (px)2¢dxdt>§,
0 —00

where C is a suitable positive constant independent of ¢, 6.
Thus from (8.2.43) we have

/ / (pr)?pdxdt = / / (pz)?pdxdt < C52, (8.2.44)
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or
// e2(py)?dzdt < C5°. (8.2.45)
K;

Since ep7%(p;)? s bounded in L} (R x RT), then for fixed &, we have

// (epS)?dzdt — 0 as e — 0, (8.2.46)
Ks

where K is any bounded set in 23. Combining (8.2.45) and (8.2.46)
yields the proof of Lemma 8.2.3. ®

Theorem 8.2.4 For any weak entropy pair (n,q) of system (8.0.1),
n(p®,m)e +q(p°,m), is compact in Hy, (R x RT), with respect to the
viscosity solutions (p(x,t), m®(x,t)).

Proof. Multiplying system (8.0.15) by (1, 7m), we have

n(p®,m®)e +q(p°,m®),
= en(p®,m®)ue — e(pf,m3) - V20 (pf,m®) - (pf,m5)T  (8.2.47)
= I + .
By the boundedness of the viscosity solutions (p®,u°), the left-hand

side of (8.2.47) is bounded in W ~1*°; by Lemma 8.2.2, I5 is bounded
in L}, (R x R") and by Lemma 8.2.3, I; is compact in H,,}(R x R")

loc
since

1
n(p,m)e| = |77ppw + Nmme| < C(|pe| + (p) 2 [uz).

Therefore, the proof of Theorem 8.2.4 is completed by Theorem 2.3.2.
|

8.3 The Case of v > 3

Theorem 8.3.1 Let v > 3 and p®,u® be viscosity solutions given by
(8.0.15)-(8.0.16). Then a subsequence of p° (still labelled p®) converges
pointwisely to p, and (a subsequence of ) u® converges pointwisely to u
on the set {p(xz,t) > 0}. In particular, p*u® converges pointwisely to

pu.
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Proof. Taking two smooth functions g(&1),h(&2) in (8.2.9)-(8.2.10)
and using Theorem 2.1.4 and Theorem 2.3.2, we get

/ o(61)GE e / W) 06 + (1 - D)ulG(&)de

- / W62 ClER) dés / 9(€) P& T (1~ Ol (E)de,
(8.3.1)

— / 9(E0)(E)CEN0E + (1 — )]G (&) de1des

- / 9(6)h(62) CEN PG T (1 B)ulC (&) dé e,

The last equality holds for arbitrary functions g, h, and this yields

G(&1) (062 + (1 = 0)u]G(&2) — G(&2) (061 + (1 — 0)u]G(&1)

= G(E)[0& + (1 = 0)u]G(&2) — G(&2)[061 + (1 — O)u]G(&1)

=0(& — &)G(6)G(&).
(8.3.2)

Here and below we use the overbar to indicate the usual integration
with respect to the Young measure; for instance

G = / G(pyu — E)dvmo(p, ).

We may rewrite (8.3.2) as

0
1-46

uG(&)  uG(&)
G(&2) G(&1)

. (83.3)

a@&@_qz !
D) &H-6

for £1,& € ¢, where ( is any open connected component in the union
of the open intervals (u — p?,u + p%), for which (p,u) € supp v.

The first step of the proof is to show that for v > 3,

uG(§)

— is a nonincreasing function of £ € (. (8.3.4)

G(6)
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We let fo(§) abbreviate fo(§) = %&?ﬁ’ so that (8.3.3) takes the

equivalent form

0 —— 1 [uGE) uGE)
g o€ o(&2) = s [ %) GG ] (8.3.5)
Sending &3 to & = € in (8.3.5), we should end up with
0 ——=_ 0 uG()
Ijgﬁ@%—%(—gjy (8.3.6)

and (8.3.4) follows, since

0 v—1

T 7
1-6 3-4

and hence the left-hand side of (8.3.6) is nonpositive for v > 3.

Notice that there is no difficulty passing to the limit on the right-
hand side of (8.3.5) in the sense of distributions since G(&) does not
vanish on (. In order to pass to the limit on the left-hand side in L?, (¢),

we require fo(€) and hence G(€) € L?(R¢); but since ||G(§)||%2(R€) =

5=

p 2 f_ll(l — 72)2Adr, this requirement of L?(Rg)-integrability restricts
the range of v with v < 5. To extend the statement of (8.3.4) for all
v > 3, we first mollify both sides of (8.3.5) with a unit mass mollifier,
Yo (&) > 0, and denote f, = fo * 1. Then we have

uG(&)  uG(&)
G(&2) G(&1)

0 ———— 1

mfa(gl)fa(£2) = 52 — 51

* ¢a(£1) * ¢a(£2)'
(8.3.7)

Thanks to the boundedness of the left-hand side and the smoothness
of the right-hand side, we may now take & = & = &, to find out that

uG(&)  uG(&)
G(&2) G(&1)

0
5 T2

B 1
CH-&

Yo (61) * Va(€2) lgyme, = -
(8.3.8)

If we now let « tend to zero, then the left-hand side of (8.3.8) yields a
negative measure since 1 — 6 < 0, whereas the right-hand side tends to

9 uG(9)
85( G©) )
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which recovers the desired (8.3.4).

To complete the proof of Theorem 8.3.1, we need the following two
necessary lemmas. The first one is about the construction of the set :

Lemma 8.3.2 Let the set ¢ be the union of all open intervals (u; —
o ui + p?) for all points (pi,u;) € suppv. Then ¢ must be open and
connected.

The connection in Lemma 8.3.2 is not obvious. For instance, if the
support set of v contains only two points (p1,u1) and (p2, ug) satisfying

U1+P?<U2—Pg,

then clearly ¢ consists of two disjoint open intervals (u; — pf, u1 + p?)
and (u — p§, uz + pf).

Proof of Lemma 8.3.2. To prove Lemma 8.3.2, let the support set
S of the Young measure v determined by the sequence of viscosity
solutions to the Cauchy problem (8.0.15), (8.0.16) be contained in the
smallest characteristic triangle:

Sy ={(p,u) : w < wo,z > z9,p > 0}.

Then clearly zp < z < w < wy (see Figure 8.2).

If the support set .S of v is not wholly contained in the vacuum line
p = 0, then we now show that the intersection point Fy of the lines
w = wy and z = zp must be in 5, i.e.,

Py € supp v. (8.3.9)

If this is done, then ¢ must be the open interval (zg, wp).

For the polytropic case P(p) = c¢p” with the exponent v > 1 and
c= %, the entropy equation (8.2.5) is reduced to

Top = 07 Nuu. (8.3.10)

If k denotes a positive constant, then the function n = h(p)e*" solves
(8.3.10) provided that

B (p) = k*p73h. (8.3.11)
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z
=0

/P

w
Y4=0

—~ (?,U(), Z(]) z =2

w = W

FIGURE 8.2

Let a(p) = pi(?’_”, 5= f—_’flp%(“/_l). Then h = a(p)¢(s) solves (8.3.11)
if and only if ¢ satisfies the standard Fuchsian equation

" — (14 ps®)p =0, (8.3.12)
where p = % < 0.

The second equation in (8.2.4) is
Gu = PNp + Uy (8.3.13)
If
= h(p)e™, (8.3.14)

then
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and hence one entropy flux corresponding to 7 is

qr = uh(p)ekt + (ph’ — h)er [k

L1\ o (8.3.15)
=i (u+p27D S — 2,
If
-k = h(p)e ™™, (8.3.16)
then
(G_)u = ph' (p)e ¥ — kuh(p)e™*
and hence one entropy flux corresponding to n_y, is
g = uh(p)e™™ + (h — ph')e " /k
(8.3.17)

= ni(u—p2070g 4 2L,

Then two progressing waves of system (8.0.1) for the case of P(p) =
%p” are provided by (8.3.14)-(8.3.15) and (8.3.16)-(8.3.17).

We may use the method of Frobenius again to obtain a series solu-
tion of Equation (8.3.12) as follows:

[ee]
¢=s Z ens’, (8.3.18)
n=0
where ey can be any positive constant, j = ('Y%l) > 0 is the larger root

of the equation j(j — 1) = p and e,, satisfy
€n—1

T 2n+)n+j-1) -

It is easy to check that ¢(s) > 0 and ¢'(s) > 0
Let n, = a(p)p(s)e*™. Then using Lemma 6.2.1, we have

, forn > 1. (8.3.19)
i

e = alp)(s)e e = F(alp) +0(;) (5.3.20)

on p > 0 as k approaches infinity and the corresponding flux function
is of the form

1 1 ’ )
w = G

. _’7+1
= k(A2 P +O(k: )

(8.3.21)
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on p > 0.
Similarly let n_j = a(p)é(s)e *". Then

—s —kz —kz 1
1k = alp)dls)e e = e (a(p) + 0(7) (8.3.22)
on p > 0 and the corresponding flux function

¢k = T]_k<u e pé(’y—l)((i;((j)) 4 74_4];1>

— o+ o)

(8.3.23)

on p > 0. It is clear that the entropies 74 given in (8.3.20) and
(8.3.22) are weak entropies, since they are zero at the vacuum line
p = 0. Using these two positive progressing entropy pairs (8.3.20)-
(8.3.21) and (8.3.22)-(8.3.23), we can complete the proof of (8.3.9). We
shall argue by a contradiction. Suppose that the vertex Py does not lie
in supp v. Using (9+k, g+r) to the measure equation (6.4.2), we have

<V,q—f > . <V,qr > <V Nkq—k — N—kqk >
<vngp > <vp > <unp >< v >

(8.3.24)

Notice that
Mk~ kg = OO0 = Aalp) + O (83.25)
and (wo, z0) ¢ S. Then we have
| < v Gk — -k > | < ageFom0m00) (8.3.26)

for appropriate positive constants ag,dy and sufficiently large k. On
the other hand,
k(wo—20)

5
| <v,mp > | > are | <v,n_p>|> age F0+3) (8.3.27)

for appropriate positive constants a1, as since S is minimal. Therefore

<V, MeG—k — N—kGk > ~ko
DOk — ke 7| o 90 =50 L0 koo (8.3.28)

<V ><v,mp> 17 aiag

Similar to Section 6.4, we introduce two new probability measures u,f
on S defined by

< pE h>=<v, by > | < v, neg > (8.3.29)
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where h = h(u,v) denotes an arbitrary continuous function. Clearly
,u; and p;- both are uniformly bounded with respect to k. Then as a
consequence of weak-star compactness, there exist probability measures
pwt on S such that

< pF h>= Jim < il h >, (8.3.30)
—00

after the selection of an appropriate subsequence.

Moreover, the measures u+, = are respectively concentrated on the
boundary sections of S associated with w and z, i.e.,

supp put = Sﬂ{(p, u)rw=wp} (8.3.31)
and
supp p- = Sﬂ{(p,u) tzZ2 =120} (8.3.32)

Then for the left-hand side of (8.3.24), there holds

<V,q—f > <V, Qi >
<V,N-f > <V,M >

—S< T, > —<put e > as k— oo.
(8.3.33)

But 3
Alw:AzzzT”>o,

which implies that
)\Q(wo, Z) > )\Q(wo, Zo) > )\1(w0, Zo) > )\1(’[0, Zo)

and hence
<p T A > —<pt > <0,

which is in contradiction with (8.3.24) and (8.3.28). This completes
the proof of (8.3.9) and hence that of Lemma 8.3.2. m

The second lemma is stated as:

Lemma 8.3.3 Let ( = (zg,wp) stand for the open connected compo-
nent in Lemma 8.3.2, and let ug = (2o + wg)/2. Then

lim %) > up, lim %) < up. (8.3.34)

w0 G(e) &% G(e)
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Proof. According to (8.3.4), uG/G is a monotone function on ¢, and
we turn to consider its one-side limits as £ — wy and £ — 2. The
values of (p,u) such that G(£) > 0 in an interval (wg — e, wq) satisfy

u—l—p92w0—5,

and therefore, since wy < u — p? for these (p,u) values, we have

G
im %) > min{u; (p,u) € suppv,u + p? = wp}
e—wo G(E) . (8.3.35)
2 wo 5 ZO.

A similar argument holds for zg, thus we finish the proof of Lemma
8.3.3. m

Now we are in the position to complete the proof of Theorem 8.3.1.

Combining (8.3.34) with (8.3.35) we obtain that uG(§)/G(§) is a
constant, which in turn tells us, by (8.3.8), that f2(§) = 0. Hence,
fa(&) vanishes on the support of v and in particular, by letting o« — 0,

so does fy(£):

fo(§) = G(%@_é) —1=0, (p,u) € suppvr. (8.3.36)

This shows that on the set {p > 0}, the Young measure v is reduced
to a Dirac mass and the conclusion holds as usual. This completes the
proof of Theorem 8.3.1. m

8.4 The Caseof 1 < v <3

From the entropy-entropy flux equations (8.2.3) of system (8.0.1) and
by simple calculations, we have the following four weak pairs of entropy-
entropy flux to system (8.0.1):

(771, QI) = (pv m)v (8'4'1)

2

(12, q2) = (m, m? + P(p)), (8.4.2)
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m? S m3 S
(3, q3) = (% +p/p Ps(2)d57 ﬁ + (Pi)p) + /p Ps(2)d5)m)a
(8.4.3)

mA

2 [P P(s) 2
F—I—?)( 2 +;/ 2 ds)m (8.4.4)

+6(P(p) /p P(;)ds—/p P2$>ds>).

S

(N4, q4) = (p—; + 6m / 8—;d8,
P(p)

Let
2

v = (p7m)7 f(U) = (m7m7+P(p))T’

v=(p,m)=(<v,p><v,m>), u=m/p

and

{ Qn=n(v) —n(v) - (.45

v) — An(v)(v — )
Q*q = q(v) — q(v) — An(

v)(f(v) = f(0)).

Then (Qn;, Q*q;)(i = 1,2,3,4) are also the entropy-entropy flux pairs
of system (8.0.1) and satisfy the measure equation

v, Qni Q%qi
Qn; Q%qj

_ <V>Q77i> <V7Q*Qi> . . .
>_‘<V7an> <1 > (1,5 = 1,2,3,4;1 # j),
(8.4.6)

for the polytropic gas, i.e., if P takes the special form P(p) = cp?,
where v > 1.

For fixed (z,t), v is a scalar vector, thus it is clear that

Qm=p—p, Q'q=m-—m, (8.4.7)

Qe =m—m, Q*q = pu®+ P(p) — pua’ — P(p) (8.4.8)

are also entropy-entropy flux pairs of system (8.0.1).
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By simple calculations from (8.4.5), there hold:
1

1 1
Qn3 ==§pu2—-§ﬁa2+-§a

[P P(s
—p

2o—p)—atm—m)+p [ L5as

)

+ %(p )

(8.4.9)
Q'as = ym(u =12+ (u - w)(P(p) - P(p)

_ (8.4.10)
vt [ Ehas - T8 ),
Qm—ﬁm/ P s + pu ) *(u-+20) = ZP() o~ )

(8.4.11)
P P(s P P2(s
Q*qx = (6u’p+ 6P(p))/ﬁ 3(2 )ds — 6/{3 sg )ds o
+3P(p)(u? — u?) + up(u — )2 (u + 2a) — 6uP_(p) (m —m).
(8.4.12)
It follows from (8.4.6) that
<v,mQ*q — QmQ*q1 >
=<v,(P(p) = P(p))(p = p) — (u—1u)’pp > (8.4.13)
—0
and
<v,QmQ*q3 — Q3@ q1 >
P(s) 1_ —\3

P
=<v,(u—u)(p—p)Plp) —pplu—1u
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<v,QmQ*qs — QmQ*q1 >

—< 1,3(p — )(2Q2 + (u? — @) P(p)) — pplu — @) (u + 20)

PP
—6ppu(u — ) / (;)ds >
5 S
= 0,
(8.4.15)
where
pp p p2
Oy = P(p)/ (;)ds—/ gs)ds. (8.4.16)
p S p S
Calculate (8.4.15) — 6u x (8.4.14). We have
<v,3(p — p)(2Q2 + (u — U)QP( ) — pp(u —u)*
P
It follows from (8.4.14) that
<v,3pp(u—u)? >
_ _ _ . [P P(s (8.4.18)
<wv, u—1u)(p—p)P(p) — pp(u— U)/ S(Q)ds >
p
Using this and the measure equation
< v, QneQ*q3 — Qn3Q*q2 >
(8.4.19)
=< VaQUQ >< V,Q*QZ% > =< VvQT]3 >< VvQ*QQ >,
we have
rp
<v, pu? — pu? >< v, %p(u—u)2+/ (s)ds>
P

52
+<v,P(p) ><v,Q1 > — <v,P(p)Q1 >
+% <v,P(p) >< v, p(u—1u)? > —% <v,pP(p)(u —u)? >
+<w,p(u—1a)*(P(p) — P(p)) >

=0,

(8.4.20)
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where
P P(s P(p B
Q1 ZP/ —(g)ds——g )(p—p)-
p
By assumption p > pg > 0, then p > pg > 0 also. Define:

0;; =< v,0((u —u)"(p — p)’) >, where O denotes an L> bound.

By simple calculations, there hold

s  P'(p)

Qn3 = %ﬁ(u —a)” + 2% (p—p)? + O21 + Ogs, (8.4.21)

+3up(u — w)* + Oa1 4 O30 + O12 + Ogs.

AP,
Qas = P'(p)u—w)(p —p) + —52 (p—p)? (8.4.23)

+—"(u — @)% + Og1 + O12 + O3p + Op3

| §

and

cm-(%w L)y — gy
+6aP (p) + Ly p)
+3(pu? + P(p))(u — )2 + O30 + Oa21 + O12 + Ops.

P'(p)

(8.4.24)

It follows from (8.4.17) that

(= = 1(5))2 (o )
2p (p)P(P;;r (P'(p))~ 2P (ggP(P))(p )t
H2EOPO gy — 2w~ 3Pl - 02— ) >

+005 + O41 + O23 = 0,

v, (

(8.4.25)
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and from (8.4.20) that

P P pia)) < vn(p - p? >< v u— ) >

( 2 4
w2 P e < (o - >
LI T LB

+%ﬁP’(ﬁ) <v,(p—p)u—u)?>— <v,(p—p)*>

(P'(p))?
2p

+021020 + 020003 + Op2003 + 021002 + Ops + O23

= 0.
(8.4.26)

6P(p)
Calculate (8.4.25) + (8.4.26) x 557(7)+ Lhen

1=\\2 N\ DI = /(= —
(2(P (p)) 2;(@13 (p) P (p;f(p)) <v.lp—p)>

OO (< oo >p
3P() | 3P()P"()

+( F + 2P (5) W< v, (p—p)? ><v,(u—1u)?>

F<vp—pRu—a)?>)+ 31[33((5) (< v, (u— )2 >)?

=p? <v,(u—1u)" > +0p5 + Og1 + Oo3

+021020 + 021002 + 020003 + O20p3.
(8.4.27)
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By simple calculations,

1
< v, QnsQ*qs — QmuQrqs >=<v, 5pP(p)(u — )

? P2(s)
2

LpP(p)(u— 1) + 6Q1 Qs — 3p(u — 1) / s

p

~optu—07P(p) [ Zds 360 - p)u— 0P T () >
p

3PP (D)’

257 (p— p)* + Os1 + Oa3 + Oos.

(8.4.28)
Then from (8.4.21)-(8.4.24) and the following measure equation:
< v, Qn3Q*qs — QmQ*qs >

=< VvQTB >< VvQ*q4 > =< VaQn4 >< VaQ*qfi >,

we have
<, gﬁP(ﬁ)(u — oyt - %fp/(ﬁ)(u —a)2(p— p)?
+3P(ﬁ)2(ﬁp3/(ﬁ))2 (p— ) >
= gﬁP(ﬁ)(< v, (u—a)?>)? + %ﬁfﬂmk v, (p—p)* >)?
+w <v,(p—p?><v,(u—1u)?>
6P (p)P(p)

———— =< v (p—p)(u—1u)>+Error,

he)

(8.4.29)
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where Error is the higher order error given by

Error = O41 + O23 + Ops + O20030 + 020021 + 020012
+020003 + Op2030 + Op2021 + 02012
+00p2003 + 011021 + 011012 + 011039 + O1100p3.

At this moment, let P(p) = k?p” for 1 < v < 3. Then we have from
(8.4.27) and (8.4.29) that

2
V=Y 42y _ 3 oy _
5k <vi(p = p)t > 5 (P = NPT (< v (p - ) >)?
3
+5( DR TH(< v (p = p)? >< v (u—w)* >

3
+<v,(p—p)>(u—a)?>)+ ;ﬁ2<< v, (u—a)* >)?
=p> <v,(u—1u)*>+005 + O41 + Oo3

+021029 + 021002 4+ O20003 + 02003
(8.4.30)

and
3 5 _ o _ _
<v SR = a)t = 39k 2w — ) (p — p)?
3 3
= SR (< v (u— 1) >) + Sk (< v (p - ) > )P
+3vk1p 2 < v, (p— p)? >< v, (u—u)? >

3
—6vk4 7 < v, (p = p)(u — ) > +5K? PP (p— )t >

+Error.
(8.4.31)
Calculate (8.4.30) x 222" | (8.4.31). We have
y+1
3 _
0 +le 2ot < v, (u—u)t >
Y 3
o) KT <l -t >
+73§3 —) k2o (< v, (u —u)? >)?
2§’y +1)" u—u (8.4.32)
3(y — 3% g _
+m’}’2k6037 “(<v(p—p)>?>)

+67k* 0272 (< v, (u — w)(p — p) >)? + Error
=0.
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If 1 < v < 3, and noticing that

2

(<v(p=p° > < <v,(p—p)>,

we have from (8.4.32) that

3= 12 441 —\4
2(7+1)kp <v,(u—u)*>
4ivy=1) , 6 =37—5 _\4
+ﬁ7k‘p <v,(p—p) >
(8.4.33)
3B —=7) 2 =
2 2+l _ )2 2
TEER L (<v,(u—u)*>)
+69k* 0272 (< v, (u — @) (p — p) >)? + Error
<0,
which implies that
Cr<v,(u—u)>+Cy<v,(p—p)*><0, (8.4.34)

for two suitable positive constants C7 and Co, which depend only on
k,p,v when the support of the v is small. Thus v is a Dirac measure
and the support point is (u, p).

If v = 3, first it follows from (8.4.33) that v is concentrated on the
line p = p and then it is reduced to the point (@, p) since we have from
(8.4.13) that

<v(u—1)?>=k*p"3 < v, (p—p)? > +09 + Op3.  (8.4.35)
This completes the reduction of the Young measure to be a Dirac mea-

sure in the case of 1 < v < 3.

8.5 Application on Extended River Flow Sys-
tem

In this section, we shall use the compactness framework introduced in
the previous sections to study the river flow equations, a shallow-water
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model describing the vertical depth p and mean velocity u by

{ pt + (pu):c =0,

(8.5.1)
(pu)e + (pu® + P(p))s + a(x)p + cpulu| =0,

with bounded measurable initial data

(p(a:,O),u(:c,O)) = (po(l‘),Uo(ZL‘)), pO(x) >0, (8'5'2)

where the function a(x) corresponds physically to the slope of the
topography, cplu| to a friction term and ¢ is a nonnegative constant.

Consider the Cauchy problem for the related parabolic system

{ pr + (pu)e = Epae, (8.5.3)

(pu)e + (pu® + P(p))a + a(x)p + cpulul = e(ptt)ea,

with initial data

(0" (2,0), (p*u”)(,0)) = (p5(x), po(x)up (), (8.5.4)

where (p§(x), p§(x)ug(z)) are given by (8.0.17), hence satisfy (8.0.18),
(8.0.20).

Similar to Theorem 8.0.1, we have the main result in this section:

Theorem 8.5.1 Let

(1) la(z)| < M and M be a nonnegative constant;

(2) the initial data (po(x),uo(x)) be bounded measurable and po(x) >
0;

(3) P(p) € C*(0,00), P'(p) > 0,2P'(p) + pP"(p) > 0 for p > 0 and

[T, . [T
d p 0 p

dp < oo, Vd>O0.

Then for fixred ¢ > 0, the smooth wviscosity solution (p®,p°u®) of the
Cauchy problem (8.5.3), (8.5.4) exists and satisfies

0 < cle,t) < p(x,t) < Ma(t), |uf(z,t)|| < Ma(t), (8.5.5)

where Ms(t) is a positive finite function of t € (0,00), being independent
of g, and c(g,t) is a positive function, which could tend to zero as e
tends to zero or t tends to infinity.
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Moreover, for the case of P(p) = k*p7,~y > 1, there exists a subse-
quence (still labelled) (p°(z,t), p°(z,t)u(x,t)) which converges almost
everywhere on any bounded and open set 8 C R x R*:

(o (@, 1), p™ (z, t)u" (2, 1)) — (p(x, 1), p(x, t)u(z, 1)), ase | 0T, (8.5.6)

where the limit pair of functions (p(x,t), p(x,t)u(x,t)) is a weak solu-
tion of the Cauchy problem (8.5.1), (8.5.2).

Proof. Exactly analogous to the proof of Theorem 8.0.1 given in Sec-
tions 8.1-8.4, we can prove Theorem 8.5.1 if we have the L> estimates
(8.5.5).

Multiplying system (8.5.3) by (w,,wy,) and (Z,, Zn ), respectively,

where w, z (Z = —z) are two Riemann invariants given in (8.0.9), we
have
clu
wy + Aowy + a(z) + u(w —Z)
e €
= EWgy + — Pally — ———=——=(2P" + pP")p? 8.5.7
2e
< EWgg + —PaWs
p
and
clu
Zt+ Mz —a(z) + #(Z —w)
2e 3
= €Zpy — — PuZy — ———=(2P" + pP")p? 8.5.8
Sy P,(p)( pP")p; (8.5.8)

_ 2
< €Zpy — —PzZz-

Making a transformation
w =X+ Mt, zZ=Y + Mt,
where M is the bound of a(x), we have from (8.5.7)-(8.5.8) that

2
Xi+ XX, + @(X - Y) <eXgr+ _Esz:ca
clul 9" (8.5.9)
Yi + )\1Yz + T(Y - X) < EYzz - _prxa
p
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with
Xli=0 = wlt=0 < M1, Y=o = Z|s=0 < M, (8.5.10)

where M is a positive constant depending only on the bound of the
initial data of po(z), ug(z).

In the following we use the maximum principle to (8.5.9)-(8.5.10)
to get the estimates

X(z,t) < My, Y (z,t) < M, for (z,t) € Rx[0,T], (85.11)
which implies
w < My + Mt, z > —M; — Mt, for (z,t) € Rx [0,T] (8.5.12)

and hence, the upper bound estimates of p* and u®.

To prove (8.5.11), we make the following transformation:

N(z? 4+ CLe")

X=X-M - 2 ,

8.5.13)
_ N 2 Lt (
Yzy_Ml_(a:%C’e)’

where C, L are positive constants and N is the upper bound of X, Y
on R x [0,T] (by local solution, N exists). From (8.5.9), it is easy to
see that functions X and Y satisfy the inequalities

c|u\ 4e N

Xi+ XX, + —(X =Y) + (CLe! + 2\qz — 26 — ;pxm)ﬁ

— 2
<eXgr+ ;mew

(8.5.14)
and
_ _ _ - 4 N
i+ MY, + %U‘(Y — X) + (CLe! + 2M\1x — 2e + ;Epmx)ﬁ
_ 2 _
< €Yy — _Epmyw
p
(8.5.15)
Moreover,
_ CLN
Xo(:L‘) = Xo(l‘) - M1 - L2 0,
B CLN (8.5.16)
Yo(x) = Yo(z) — My — <0
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and

X(£L,t) <0, Y(£L,t)<0 (8.5.17)

since N is the upper bound of X,Y .
We have from (8.5.14)-(8.5.17) that

X(x,t) <0, Y(z,t) <0, on (—L,L)x (0,T). (8.5.18)

We argue by assuming that (8.5.18) is violated for X (or Y) at a point
(x,t) in (=L,L) x (0,T). Let t be the least upper bound of values of
t at which X < 0. Then by the continuity we see that X =0, ¥ <0
at some points (7,t) € (—L,L) x (0,7). So X; > 0, X, = 0 and
— Xz >0 at (z,1), ie.,

_ _ _ 2 _
X+ MoX, — eXpp — fpxxx >0 at (z,1). (8.5.19)

But from the behaviors of local solution p®, we can choose C large
enough so that

4
CLe' + 2Xpx — 2 — fpxx >0, on (~L,L) x (0,T),  (8.5.20)
or

4
CLet + 2\z — 2 + fpxx >0, on (—L,L) x (0,T).  (8.5.21)

(8.5.19) and (8.5.20) yield a conclusion contradicting (8.5.14). So
(8.5.18) is proved. Therefore for any point (zg,tp) in (—L, L) x (0,7T),

N(z% + CLe™)

L2 ’
.5.22
N(22 + CLeb) (8:522)

L? '

X(xo,to) < My +

Y(l‘o,to) < M1 +

which yields the desired estimates in (8.5.11) if we let L T oo in (8.5.22),
and hence completes the proof of Theorem 8.5.1. m
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8.6 Related Results

The study of the existence of global weak solutions for the Cauchy
problem (8.0.1), (8.0.2) has a long history. For the polytropic gas, the
first large data existence theorem with locally finite total variation, for
~v = 1 was obtained by Nishida [Ni], and for v € (1,1 + ¢), ¢ small,
obtained by Smoller and Nishida [NS]. The method used in [Ni, NS] is
called the Glimm’s scheme method (cf. [Gl]).

Using the compensated compactness ideas developed by Tartar and
Murat [Ta, Mu], DiPerna [Di2] established a global existence theorem
fory =1+ %, N > 5 odd, with the aid of the viscosity method. Ding,
Chen, and Luo [DCL1] and Chen [Ch1] proved the convergence of the
Lax-Friedrichs scheme and the existence of global solutions with L
large initial data with adiabatic exponent v € (1, g] Lions, Perthame
and Tadmor [LPT] proved the global existence of a weak solution for
v > 3 by applying the kinetic formulation coupled with the compen-
sated compactness method. Finally, the method in [LPT] was success-
fully extended by Lions, Perthame and Souganidis [LPS] to fill up the
gap v € (g, 3) as well as a new proof for whole v > 1. So the existence
of a generalized solution for the Cauchy problem (8.0.1), (8.0.2) was
completely resolved for the case of a polytropic gas.

The global smooth solution of the Cauchy problem (8.0.1), (8.0.2)
for a class of smooth initial data with the vacuum for a general pressure
P(p) was obtained in [Lub].

The global existence of L* entropy solutions for system (8.0.1)
with a special pressure P(p) and arbitrarily large L initial data was
established in [CLJ.

In this chapter, the proof for the case of v > 3 comes from [LPT].
However, to avoid the use of many knotty mathematical formulas, we
have not introduced the proofs given in [Di2, DCL1, Chl, LPS]| for
the case of v € (1,3]. Instead, in Section 8.4 we adopted another
proof given by [CL2], although it needs some extra assumptions on the
viscosity solutions.

The proof of Theorem 8.5.1 is from [KL2]|. The related results about
system (8.0.1) with inhomogeneous terms can be found in [DCL2, CG].






Chapter 9

Two Special Systems of
Euler Equations

In this chapter, we consider the existence of global weak solutions for
the following nonlinear hyperbolic systems:

p+ (pu)z =0
P(s) (9.0.1)
up + (3u* + [ —2ds), =0,
with bounded measurable initial data
(p(a,0), u(x,0)) = (po(w), uo(@)), polz) >0.  (9.0.2)

For smooth solutions, system (9.0.1) is equivalent to the isentropic
equations of gas dynamics (8.0.1), but these two systems are different
for solutions with shock waves.

System (9.0.1) was first derived by S. Earnshaw for isentropic flow
(cf. [Ea], [Wh]) and is also called the Euler equations of one-dimensional,
compressible fluid flow (cf. [KM]). It is a scaling limit system of a
Newtonian dynamics with long-range interaction for a continuous dis-
tribution of mass in R (cf. [Oel, Oe2]) and also a hydrodynamic limit
for the Vlasov equation (cf. [CEMP]).

Using the method introduced in Chapters 6 and 7, in this chapter,
we shall study two special cases for P(p):

p p
P(p) = / s?e®ds, and P(p) = / 82(8 + d)ﬁ’_3d5’, (9.0.3)
0 0

121
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where v > 3.

When P(p f 2e%ds, let ' be the mapping from R? into R?
defined by

1 p
F:(p,u) — (pu, §u2 +/ 868d8>.
0
Then two eigenvalues of dF' are

4
2

Al =u—pe Ao = u+ pe?, (9.0.4)

and the corresponding right eigenvectors are

=(1,—-e9)T, ro=(1,¢%)T. (9.0.5)
By simple calculations,
VA - = —2e5 — g 5 <0, for p>0, (9.0.6)
and
Vg1 = 2eb + ge% >0, for p > 0. (9.0.7)

Therefore, it follows from (9.0.4) that A\; = A9 at the line p = 0 at which
the strict hyperbolicity fails to hold, and from (9.0.6)-(9.0.7) that both
characteristic fields are genuinely nonlinear in the range p>0.

Two Riemann invariants of system (9.0.1) for P(p f 2e3ds are
r=u—2e?, w=u+2e?. (9.0.8)
Then
w+z w—ZzZ, WwW—=z w+z w—2zZ, w—=z
(9.0.9)
and
M = (P E) Ay = -t (M2 (9.0.10)
1w = D) n 1 5 2z = 5 n 1 . 0.

Just as given in (6.2.6) or (8.2.16), the entropies for any 2 x 2 hyperbolic
conservation laws satisfy the equation

+ )\22 _ )\lw
wz N — Mg Tho N — Mg Nz

" = 0. (9.0.11)
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Then the entropy equation of system (9.0.1) for the case of P(p) =
J§ s?e*ds is reduced to

1 . 1
2(w — z)nw 2(w — z)
We recall that the entropies for the system of isentropic gas dynamics
(8.0.1) satisfy

C

C
Nwz + w_znw_ w_an :Oa (9013)

where ¢ = % So in a sense, the case of P(p) = [} s*e*ds is

corresponding to the case of v = oo.

When P(p) = [ s*(s+d)7"3ds, v > 3, let F be the mapping from
R? into R? defined by

F:(p,u) — (pu, %u2 + /Ops(s +d)73ds).
Then two eigenvalues of dF are
M =u—plp+ d)%(”’_g’), X =u+p(p+ d)%('y_?’) (9.0.14)
with corresponding right eigenvectors
r=(1,-(p+d)z20NT =1 (p+d)z0NT.  (9.0.15)

The two corresponding Riemann invariants for this case are

w=ut g =D+ I, 2= us Ly =)o+ i,
(9.0.16)

By simple calculations,

[NIES

VAL - =—2(p+d)2073) — %(7 —3)plp+ d)%(V_S) <0, for p >0,

(9.0.17)

and

1
Vg -1y =2(p+ d)%('y_?’) + 5(7 —3)pp+ d)%(7_5) >0, for p > 0.
(9.0.18)
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Therefore, it follows from (9.0.14) that A\; = Ay at the line p = 0 at
which the strict hyperbolicity fails to hold, and from (9.0.17)-(9.0.18)
that both characteristic fields are genuinely nonlinear in the range p >
0.

Consider the Cauchy problem for the related parabolic system

{ pt+ (pu):c = EPxx (9019)

ut+ u2+pr(s ds)m = EUgyg,

with initial data (9.0.2), where P(p) is given in (9.0.3).

We have the main result in this chapter:

Theorem 9.0.1 Let the initial data (po(x),ug(x)) be bounded measur-
P p

able and po(xz) > 0. Let P(p) = / s’e¢*ds or P(p) = / s%(s +
0 0

d)?73ds, v > 3. Then for fized € > 0, the unique smooth viscosity so-
lution (p°(z,t),u®(x,t)) of the Cauchy problem (9.0.19), (9.0.2) exists
and satisfies

0< pf(a,t) <M, |lul(z,t)] < M, (9.0.20)

where M is a positive constant, being independent of €. Moreover, there
exists a subsequence (still labelled) (p®(x,t),u®(x,t)) which converges
almost everywhere on any bounded and open set Q C R x R*:

(p°(z,t),u(z,t)) — (p(x,t),u(z,t)), ase | 07, (9.0.21)

where the limit pair of functions (p(x,t),u(z,t)) is a weak solution of
the Cauchy problem (9.0.1), (9.0.2).

In Section 9.1, we shall first prove the L>° estimates (9.0.20) and hence
the existence of viscosity solutions for the Cauchy problem (9.0.19),
(9.0.2). From the constructions of entropy-entropy flux pair of Lax
type obtained in Sections 9.2-9.3, we can see that all these entropy
functions are regular in the range p > 0, although they are nonstrictly
hyperbolic on the vacuum line p = 0. So the pointwise convergence of
the viscosity solutions as € tends to zero follows immediately from the
same fashion as in Theorem 6.0.1 or Theorem 7.0.1.
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9.1 Existence of Viscosity Solutions

In this section we consider the existence of viscosity solutions for the
Cauchy problem (9.0.19), (9.0.2). By Theorem 1.0.2, it is sufficient to
prove the L estimates given in (9.0.20).

When P(p) = [} s*e*ds, we multiply system (9.0.19) by the vectors
(wp,wy) and (z,, zy), respectively, where w,z are given by (9.0.8), to
obtain

P
2

Wy + AWy = EWgy — —€ pi < EWgy (9.1.1)

N ™

and
g P 2
2+ N2y = €240 + §e2px > c2pn- (9.1.2)

Therefore applying the maximum principle to (9.1.1) and (9.1.2), re-
spectively, we have w(p®,u®) < M and z(p®,u) > —M for a suitable
large constant depending only on L° bound of the initial data. The
nonnegativity of p° > 0 is obvious from pg(x) > 0. Thus we have that

Y5 = {(pvu) : w(p7u) < M,z(p,u) >—-M,p> 0}
is an invariant region (see Figure 9.1), where w = u + 265,2 = u—2¢?

and hence, the boundedness of (p(x,t), u®(z,t)).

When P(p) = [ s*(s +d)7"?ds, v > 3, exactly the same as the
above case, we multiply system (9.0.19) by the vectors (w,,w,) and
(2p, zu), respectively, where w, z are given by (9.0.16), to obtain

e(y —3) =

Wy + AWy, = Wy — 5 (p+ d)Tg)p?c < EWgy, (9.1.3)

and
E(,YT_B)(p + d)%pi > €Zyg- (9.1.4)

Therefore to apply the maximum principle to (9.1.3) and (9.1.4), re-

2t + N2y = €240 +

spectively, we have that
Dy ={(p,u) : w(p,u) < M,z(p,u) > —M,p >0}

is an invariant region, which has a similar figure as 35 in Figure 9.1,
and hence complete the proof of (9.0.20). m
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U
w=M
25
p
z=—N
FIGURE 9.1

9.2 Lax Entropy for P(p) = [/ s’e*ds

In this section, we shall prove the second part of Theorem 9.0.1 for
the case of P(p) = Op s?eds, namely the pointwise convergence of
the viscosity solutions (p®(x,t),u®(x,t)) as € tends to zero. Exactly
the same as the proof of Theorem 6.0.1, it is enough to construct four
families of Lax entropy-entropy flux pairs and to prove the compactness
of n(p®(x,t),u(x,t))t+q(p°(x,t),u(x,t)), in VVl;cl’z(Rx R™T), for these
entropy-entropy flux pairs, with respect to the sequence of viscosity
solutions (p°(z,t), u®(z,t)).
A pair (n,q) of real-valued maps is an entropy-entropy flux pair of
system (9.0.1) if
/
(9p: qu) = (un, + #% Pl + i) (9.2.1)

If P(p) = fop s2e%ds, the above system of equations is reduced to

(@5 qu) = (unp + PNy, p1p + uny). (9.2.2)
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Eliminating the ¢ from (9.2.2), we have

Nop = € Nuu- (9.2.3)
If k& denotes a positive constant, then the function n = h(p)e*"

solves (9.2.3) provided that
n"(p) = k*e’h. (9.2.4)

Let a(p) = e~ 17,1 = 2ke2” and h(p) = a(p)é(r). Then ¢ satisfies a
standard Fuchsian equation
1
"—(1--=5)p=0. 9.2.5
§ (- g6 (9.25)

Exactly the same as what we did in Chapters 6 and 7, we have a series
solution of Equation (9.2.5) as follows:

o0
¢1=r" 1+ car™), (9.2.6)
n=1
where
1 1 Ca(n—1) 1
l - 57 Coy = 2_27 Con—1 = 07 Con = (2”)2 - 22n(n')2 for n 2 2

(9.2.7)

Let another independent solution ¢9 of (9.2.5) satisfy ¢o = ¢1Q. Then
Q solves

Q" + 2;43’1@, =0. (9.2.8)
1

Thus
Q =—(¢) 2 =—(rg’(r) ", (9.2.9)

where
g(r) =14 conr™. (9.2.10)

n=1
Let

Q= /Oo(rgz(r))_ldr. (9.2.11)
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Then

1

pa =129(r) /m(rg2(r))_1dr. (9.2.12)

Using (9.2.2), we have

Qu = PNp + UMy (9.2.13)

and two progressing waves of system (9.0.1) are provided by

=h ku
{ e = hlee (9.2.14)
qx = ung + (ph’ — h)ek [k
and
k= h(p)e kv
{ -k = hle)e (9.2.15)
gk = un—p + (h— ph')e " /L.
Since h(p) = a(p)o(r),alp) = e~1” and r = 2ke2”, then
0@ 4
qx = (u+ pe2 Z((:)) - %)nk (9.2.16)
and
o ¢ 4
q_r = (u— pe2 i((:)) + %)n_k. (9.2.17)
Let 71 = a(p)¢1(r)ekt. Then using Lemma 6.2.1, we have
1
m, = alp)ér(r)e”" e = e"(a(p) + O(1)) (9-2.18)

on p > 0 as k approaches infinity and the corresponding flux function
is of the form

gh = nh (et pes (ST — 1) — H2)

(9.2.19)
=i (he — L+ O(3))

on p > 0. Similarly let n', = a(p)p: (r)e~*". Then

M= alpor (e e =T alp) +0(0)  (9.2.20)
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on p > 0 and the corresponding flux function

B o () d+p
'y =n (M —Ze (¢1(T) -+ 4k ) (9.2.21)
_|_
= nl_k()\l + Tp + O(ﬁ))

on p > 0. The entropy-entropy flux pairs (12, q3), (n*,,q? ) satisfy

1
e = a(p)a(r)e™ = e (a(p) + O() (9-2.22)
on p > 0;
4 1
G = (M — % + O(ﬁ)) (9.2.23)
on p > 0;
1
= a(p)ga(r)e ™ = e (alp) + 0(1)) (9.2.24)
on p > 0;
4 1
¢y =200 + % +0(23)) (9.2.25)

on p > 0 respectively.
Furthermore, we have from (9.2.18)-(9.2.25) that

b = ol — (L)t k4 O(T))

R G LA N
@ = M} —ekZ((4;p)e—%ﬂ/k+0(k—12)), B
2y = dor + e (L Lyedo k1 O()

on p > 0.

It is easy to check that system (9.0.1) for the case P(p) = [ s?e*ds
has a strictly convex entropy

1
n = §u2 + e
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and the corresponding entropy flux

1
q = gu + pue’.

From this strictly entropy-entropy flux pair and the method given in
Chapters 6 and 7, we deduce that

E%Gmpe, £20,u°  are uniformly bounded in L (R x RT). (9.2.27)

Noticing that all entropy-entropy flux pairs constructed above are
smooth in the range p > 0, we have the following lemma, which combin-
ing with the compensated compactness method given in Chapters 6 and
7 completes the proof of Theorem 9.0.1 for the case P(p f P s2esds.

Lemma 9.2.1 For any entropy-entropy fluz pair (n(p,u), q¢(p,u)) given
in (9.2.18)-(9.2.25),

n(p°,u)e + q(p°,uf), is compact in H;,'(R x RT) (9.2.28)

with respect to the sequence of viscosity solutions (p°, u®).

9.3 Lax Entropy for P(p) = [/ s*(s + d)"*ds

In this section, we construct four families of the entropy-entropy flux
pair of Lax type and prove the compactness of n(p®(z,t),u®(z,t)); +
q(p° (. 1), uf (x, 1)), in W, "*(R x RT) for the case of P(p) = 7 s%(s+

loc

d)'~3ds in system (9.0.1).
If P(p) = JJ s*(s+d)'~3ds, v > 3, system (9.2.1) is reduced to
(@p+ @u) = (unp + plp +d) " 1u, p1jp + un). (9.3.1)
Eliminating the ¢ from (9.3.1), we have

op = (p+d)7 1y (9.3.2)

ku

If k denotes a positive constant, then the function n = h(p)e*™ solves

(9.3.2) provided that

B (p) = k*(p+ d)">h. (9.3.3)
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Let a(p) = (p+d)i™) s = 2 (p+d)20~D. Then h = a(p)é(s)
solves (9.3.3) if and only if ¢ satisfies the standard Fuchsian equation

¢" — (14 ps*)¢ =0, (9.3.4)
A-(y=1)? 1
DT > I
From (9.3.1), we have

where p =

Qu = PNp + Uny. (9.3.5)
If
e = h(p)e*, (9.3.6)

then
(qk)u = ph (p)e™™ + kuh(p)e"

and hence one entropy flux corresponding to 7y is

qx = uh(p)e** + (ph' — h)ek" /k

= (u+ p(p+ d)é(v—i%)% _ —(74412(;&2)46[). 50
If
n-x = h(p)e ", (9.3.8)
then
(q_k)u = ph'(p)e™ ™ — kuh(p)e™*"
and hence one entropy flux corresponding to n_y, is
q_r = uh(p)e ¥4 + (h — ph')e kU /k
(9.3.9)

¢ (y+Dp+ 4d)
o 4k(p +d)

Then two progressing waves of system (9.0.1) for the case of P(p) =
Op 52(s + d)7~3ds are provided by (9.3.6)-(9.3.7) and (9.3.8)-(9.3.9).

We may use the method of Frobenius again to obtain a series solu-
tion of Equation (9.3.4) as follows:

=k (u—p(p+d)z0

[e.9]
¢1 = s Z ens"”, (9.3.10)
n=0
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where ey can be any positive constant, 7 > 0 is any one root of the
equation j(j — 1) = u, and e, satisfy
€n—1
e, = - . for n > 1. 9.3.11
T @2n+)@2n+—1) —p ( )
Let another independent solution ¢9 of (9.3.4) satisfy ¢o = ¢1@Q. Then
Q solves

Q"+ ﬁ@’ = 0. (9.3.12)
®1

Thus
Q' = (1) =—(s79(s) 2, (9.3.13)

where
g(s) = Z ens’. (9.3.14)

n=0
Let

Q= Oo(sjg(s))_st. (9.3.15)

Then
B2 = s7g(s) /Oo(sjg(s))_st. (9.3.16)

It is easy to check that ¢1(s) > 0, ¢} (s) > 0,¢2(s) > 0 and ¢h(s) <

Let ni = a(p)¢1(s)ek. Then using Lemma 6.2.1, we have

1k = alp)én(s)e e = M (a(p) + O(1)) (9.3.17)

on p > 0 as k approaches infinity and the corresponding flux function
is of the form

ai =t (u+plp+a)s0=?

)%(7—3)(%(8) - (v + 1)P+4d>

+p(p+d 51(5) 1 d) (9.3.18)
d
= ok (- DA o)
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on p > 0. Similarly let ', a(p)é1(s)e **. Then
—se—kz —kz 1
nty, = alp)r(s)e” e = e (alp) + O(;)) (9.3.19)

on p > 0 and the corresponding flux function

(v=3)

[NIES

¢, = nl_k<u —plp+d)

1(y—3), $1(s) (y+1)p+4d
—p(p+d)20~ (¢1(8) 1 W) (9.3.20)
4d
=L+ TP o)

on p > 0. The entropy-entropy flux pairs (7],%,, q,%), (n%k, 7 i) satisfy

e = a(p)ga(s)e" = a(p)pz(s)e’e™ = e**(a(p) + 0(%)) (9-3.21)

on p > 0;
+1)p +4d 1

g =me(M — (74k(p)ﬁ— 7 +0(53)) (9.3.22)

on p > 0;
n2y = a(p)da(s)e ™ = e F(a(p) + O(%)) (9.3.23)

on p > 0;

+1)p+4d 1

qzk = 773143 ()\2 + % + O(ﬁ)) (9.3.24)

on p > 0 respectively.

It is easy to check that system (9.0.1) for the case of P(p) =

7 s%(s + d)7"3ds has a strictly convex entropy

* 1 -1 1u2
U e e MG A L

Then we have the following lemma:;:
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Lemma 9.3.1

s%azue, z—:%&cp6 are uniformly bounded in L?, (R x (0,00)). (9.3.25)

Noticing that all entropy-entropy flux pairs constructed above are
smooth in the range p > 0, we have the following lemma, which com-
bining with the compensated compactness method given in Chapters
6 and 7 completes the proof of Theorem 9.0.1 for the case P(p) =

7 s*(s+d) " ds, v > 3.

Lemma 9.3.2 For any entropy-entropy fluz pair (n(p,u), q¢(p,u)) given
in (9.8.17)-(9.3.24),

n(p%,uf)t + q(p°, u¥)y is compact in H;,' (R x RY). (9.3.26)

9.4 Related Results

FIGURE 9.2

The large data existence theorem of global weak solutions with
locally finite total variation for the Cauchy problem (9.0.1), (9.0.2)
was established by DiPerna [Dil] for general pressure function P(p)
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satisfying suitable conditions, for instance, P(p) = k?p?,v € (1,3),
such that the invariant region

Y6 ={(p,u) : w(p,u) < M, z(p,u) > M} (9.4.1)

is away from the vacuum line p = 0 as given in Figure 9.2.

For this class of functions P(p), the Glimm method works well since
system (9.0.1) is strictly hyperbolic and two eigenvalues are distant in
the range Yg. The uniqueness of the weak solution for this case was
recently obtained by Bressan [Br].

However, for the case of v > 3 or more general pressure function
P(p) given in the next chapter, the Glimm method does not work
because the invariant region always includes the nonstrictly hyperbolic
line p = 0 as graphed in Figure 9.1 for P(p) = fop s2esds or P(p) =

7 s (s +d) 3ds.

The proofs in this chapter are from [Lu8] for the case P(p) =

J¢ s?e*ds and from [Lu2] for the case of P(p) = [ s*(s + d)7~3ds.






Chapter 10

General Euler Equations of
Compressible Fluid Flow

In this chapter, we consider the existence of global weak solutions for
the following nonlinear hyperbolic systems:

{ up + (3u* + f(v)z =0

10.0.1
ve + (v + g(v)), =0, ( )

with bounded measurable initial data

(u(x,0),v(z,0)) = (ug(z),vo(x)). (10.0.2)

When g(v) = 0, system (10.0.1) is the same as system (9.0.1) with v in
(10.0.1) instead of p in (9.0.1).

In Chapters 6, 7 and 9, we apply the compensated compactness
method to the system of quadratic flux, Le Roux system and two spe-
cial systems of Euler equations. From these applications, we can see
that because of the explicit constructions of flux functions in these
systems, we can make some suitable transformations of variables to
construct explicit entropy-entropy flux pairs of Lax type via the so-
lutions of Fuchsian equations, and hence obtain necessary estimates
about these function pairs. Then based on these estimates and using
some developed ideas from the theory of compensated compactness, we
can prove the large data existence theorem of global weak solutions for
these systems. In Chapter 8, the explicit flux function P(p) = k?p7
in the system of gas dynamics also helps much to obtain the explicit
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expression of weak entropies, which is clearly the crux to establish the
compactness of the sequence of viscosity solutions and hence the exis-
tence of weak solutions.

However, system (10.0.1) is in a different situation from systems
we considered in the above chapters, in which the flux functions are
nonlinear and in implicit forms.

Entropy-entropy flux pairs to more general strictly hyperbolic sys-
tems or systems in the strictly hyperbolic domains were well analyzed
by Lax ([La2, La3]). However, to apply the compensated compactness
method to some nonstrictly hyperbolic systems just as given in the form
of system (10.0.1), some new techniques to construct entropy-entropy
flux pairs must be investigated.

One new idea in this chapter is to find entropy-entropy flux pairs
to system (10.0.1) in the following special form:

k= ) + 20 gl = ey ) 4 DL
M= e ae) + 2O g2 oy ) 4 OB,
M = e (ay(w) + B gt = o) + B,

= e aaw) + LB g ey ) 4 B,

where w,z are the Riemann invariants of system (10.0.1) given by
(10.1.1). Notice that all the unknown functions a;, b;(i = 1,2,3,4)
are only of a single variable v. This special simple construction yields
an ordinary differential equation of second order with a singular coef-
ficient 1/k before the term of the second order derivative. Then the
necessary estimates for functions a;(v), b;(v, k) are obtained by the use
of the singular perturbation theory of ordinary differential equations.

For system (10.0.1), our assumptions about g(v), f(v) and initial
data are as follows:

(A1) f,g € C3[0,00) and f1 = (f'/v) € C?[0,00),91 = (¢'/v) €
C?[0,0), satisfy fi > d and

2f1 + gi(s1 +g1) >0, for v >0,



139

2f1 + ¢\ (s1 — g1) > 0, for v >0,

where d is a fixed positive constant, and s; = «/g% +4f1.

(A3) ug,vg are bounded measurable and vy > 0.

Example 10.0.1 Besides the general Euler equations of compressible
fluid flow (9.0.1), there are many other function pairs (f, g) which
satisfy the condition (Ay). For example, we can specially choose f; =
(v+d)t g1 = k(v+e)™, where d,e,m,l are positive constants, k is a
non-negative constant and e > d,l > m. Then it is easy to check that
(Ay) is satisfied.

By simple calculations, two eigenvalues of system (10.0.1) are

~ 2u+vg(v) —vs ~ 2u+vg1(v) + sy

A A 10.0.3
! 2 ’ 2 2 ( )
with corresponding right eigenvectors
ri=(=2f1,51—g1)", r2o=2f,51+9)" (10.0.4)
So, using the assumption (A;) we have
v +g1—s1 v(gigy +2f]
VAi-rm ==2fi+(s1 —q1)[ gH+gi=s _ v fl)]
1 2 281
= £—4f181 + (s1 = g1)[s1(vgh + g1) — 81 — vgrgh — 2vf]]
1
< E[—‘lflsl + (51— g1) (5101 — 57)]
1
= 5(—4f1 —(s1—g1)*) <0
(10.0.5)

and

vg + g1+ 51 N v(g19] + 2f1)

) 2 251 (10.0.6)
> S(4fi+ (s14+91)%) > 0.

VAy-re =2f1 4 (s1+ag1)]

Therefore, it follows from (10.0.3) that \; = A2 at the line v = 0, in
which the strict hyperbolicity for system (10.0.1) fails to hold. How-

ever, both characteristic fields are genuinely nonlinear from (10.0.5)
and (10.0.6).
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We add small, positive perturbation terms to system (10.0.1) and
consider the Cauchy problem for the following system:

{ w4+ (3u? + f(0)s = ey,

(10.0.7)
v+ (uwv + g(v))y = EVgg,

with initial data (10.0.2).

Then we have the main result in this chapter as follows:

Theorem 10.0.2 Let the assumptions (Ay),(As) hold. Then, for any
fized € > 0, the Cauchy problem (10.0.7), (10.0.2) has a unique global
smooth solution (u®(z,t),v°(x,t)) satisfying

|uf(x,t)| < M, 0<v(z,t) <M, (10.0.8)

where M is a positive constant, independent of e.

Moreover, there ezists a subsequence (still labelled) (u®(x,t),v®(z,t))
such that

(u(z,t), v (z,t)) — (u(z,t),v(z,t)), a.e. on 2, (10.0.9)

where Q C R x RT is any bounded and open set, the limit pair of
functions (u(z,t),v(x,t)) being a weak solution of the Cauchy problem
(10.0.1), (10.0.2).

The existence of viscosity solutions for the Cauchy problem (10.0.7),
(10.0.2) is given in Section 10.1. In Section 10.2, we shall construct
entropy-entropy flux pairs of system (10.0.1) and obtain necessary es-
timates. In Section 10.3, these estimates will yield the existence of
weak solutions for the Cauchy problem (10.0.1)-(10.0.2) when coupled
with the method to deal with nonstrictly hyperbolic systems given in
Chapters 6, 7 and 9.

10.1 Existence of Viscosity Solutions

In this section, we shall prove the first part of Theorem 10.0.2, namely
the existence of smooth viscosity solutions (u®, v®) for the Cauchy prob-
lem (10.0.7), (10.0.2).

By Theorem 1.0.2, the unique thing is to obtain the a priori L™
estimate (10.0.8).
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By simple calculations, two Riemann invariants of system (10.0.1)
are

v v _
w:u—l—/ gl+sldv, z:u—l—/ A (10.1.1)
o 2 o 2

Along the line of w = M, we have from assumption (A;) that

du g1+ s1 d*u 2f1 +91(g1 + 51

27— <0, — = <0 >0

dv 2 = dv? 251 =5 av=t
and along the line of z = — M, we have from assumption (A4;) that

du  —g1+s1 <0 d?*u B 2f1 +g1(g1 — s

1
B = >0 > 0.
dv 2 =77 dv? 251 = A=

So by the theory of invariant regions introduced in Theorem 4.2.1, it is
easy to get that

Dy = {(u,v) :w(u,v) <M, z(u,v)>-M, v>0}

is an invariant region, which has a similar figure as D7 or X5 given in
Figure 9.1, where M is a suitable large positive constant.

This invariant region Ds yields the L* bound (10.0.8) and hence
the proof of existence of viscosity solutions.

10.2 Lax Entropy and Related Estimates

To prove the existence of weak solutions in the second part of Theorem
10.0.2, in this section, we shall construct the entropy-entropy flux pairs
of Lax type for system (10.0.1) and give the required estimates by
means of the theory of singular perturbation.

We recall that a pair (7, ¢) of real-valued maps is an entropy-entropy
flux pair of (10.0.1) if all smooth solutions satisfy

(uny + vny, f/77u + (u + g,)nv) = (qu> v)- (10.2.1)

Eliminating the ¢ from (10.2.1), we have

f/nuu + g/nuv — UMyw = 0. (1022)
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Substituting entropies ni = € (a1 (v) + b1 (v,k)/k) into (10.2.2), we
obtain that

g1(g1 + s1) + 2f]
al]

k /
[S]_al + 281
gilgi+s) +2ff, b (10.2.3)
+al + 510 + 2 %, Loy + El
=0.
Let
/ 2 /
s+ QLTSRN (10.2.4)
281
and
/ 2 / b//
a&/_‘_slb&_'_gl(gl"i_sl)—i_ f1b1+_1 :0 (1025)
281 k
Then
v / 2 /
ay = exp(—/ 91 (91 +28§) 211 4y > 0 for v > 0. (10.2.6)
0 51

The existence of b; and its uniform bound with respect to k can be
obtained by the following lemma (cf. [Kal):

Lemma 10.2.1 Let Y(x) € C?[0,h] be the solution of the equation
F(x,Y,Y') =0,

and functions f(x,y,z,\), F(xz,y,2) be continuous on the regions 0 <
< h,ly=Y(2)] <l(x), ]z =Y ()| <m(x) for some positive functions
l(xz),m(z) and Ao > X\ > 0. In addition,

|f($>yaza>\) —F(ZE,y,Z)| g &,
|F(a:,y2,z) —F(l',yl,Z” < M|y2 _y1|7

F($7y7z2) —F(i‘,y, Zl)
Z9 — 21

>L

for some positive constants £, M and L.
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If y(x) = y(x, \) is a solution of the following ordinary differential
equation of second order:

N+ flzy, v, A) =0,

with y(0) = Y (0) and y'(0) being arbitrary, then for sufficiently small
A>0,e >0 and P =y (0) = Y'(0)|, y(z) exists for all 0 < x < h and
satisfies

(. X) ~ V@) < [+ A + 1) ean(“p),

where N = max |Y(x)|.
0<z<h
Furthermore, we can use Lemma 10.2.1 again to obtain the bound

of b} with respect to k if we differentiate Equation (10.2.5) with respect
to v.

Using (10.2.1), we have

Qu =y + 00, G = fnu+(utg)m.
Then a progressing wave of system (10.0.1) is provided by

bl (Uv k)
k

vay —ay  vby — by

k s
(10.2.7)

n = (a1 (v) + )y @b = damp + €F(

In a similar way, we can obtain another entropy-entropy flux pair of
Lax type as follows:

ba (v, k
1y = e (o) + 200
0 — va b — vb (10.2.8)
q%k = )\277%k + e—kzw( 2 2 + 2 5 2),
k k
where ag(v) = a;(v) and by (v, k) satisfies
/ 2 / b//
1€ ek VT TR S (10.2.9)
281 k
bs(v, k
i = = (as(e) + 20
(10.2.10)

/ /
vas —ag  vbh — bs
3 3

kz( 2 = )’

G =M +e
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where
/ _ 2 /
s1a + A 281) 2N, 0 (10.2.11)
S1
and
/ o 9/ b
ol — syp, — A1 221) T2 2 =0 (10.2.12)
1
ba(v, k
= (o) + A0E))
. k ot b ol (10.2.13)
_ 4 — 4 —
ahp = Al + e (=),
where a4(v) = asg(v) and by(v, k) satisfies
/ o 9 ¢! B!
R ] ek VY S YL ) (10.2.14)

281 k
From (10.2.11), we have

v o/ /
ay = az = eXp(—/ 91(91 = Sé) 25 dv) >0 for v > 0. (10.2.15)
0 251
Using the argument in Lemma 10.2.1 in Equation (10.2.14), we can get
the existence of by and the uniform bounded estimates of by, b with
respect to k. If making an independent transformation vy = v — M to
Equations (10.2.9) and (10.2.12), where M is the upper bound of v, we
also obtain the existence of by, b3 and the uniform bounded estimates
of by, bz, by and b by Lemma 10.2.1 again.
Noticing the assumptions (A;), (Az), we have that a; — va,i =
1,2,3,4 are all positive for v > 0.

10.3 Existence of Weak Solutions

In Section 10.2, four families of entropy-entropy flux pairs of Lax type
for system (10.0.1) are constructed. Noticing the estimates about func-
tions a;(v),a; — va,i =1,2,3,4, and the forms of these function pairs
given by (10.2.7), (10.2.8), (10.2.10) and (10.2.13), we can use the same
method given in Chapters 6, 7 and 9 to deduce that all the Young mea-
sures v determined by the sequence of viscosity solutions of the Cauchy
problem (10.0.7), (10.0.2) are Dirac measures if the following lemma is
true.
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Lemma 10.3.1 For any entropy-entropy fluz pair (n(u,v),q(u,v)) of
system (10.0.1) given by (10.2.7), (10.2.8), (10.2.10) and (10.2.13),

n(us,v%) + q(u®,v%), is compact in H;;'(R x R) (10.3.1)

with respect to the wiscosity solutions (u®,v®) of the Cauchy problem
(10.0.7), (10.0.2).

Proof. It is easy to check that system (10.0.1) has a strictly convex

entropy
1 v y gl
n* = =u? +/ / &dsdy. (10.3.2)
2 0 0 S

Then using this convex entropy, we can prove that
z—:%azua, £30,0° are uniformly bounded in L7, (R x R"). (10.3.3)

Notice that all entropy-entropy flux pairs given in (10.2.7), (10.2.8),
(10.2.10) and (10.2.13) are smooth in the range v > 0. Thus we com-
plete the proof of Lemma 10.2.2 by using Theorem 2.3.2.

10.4 Related Results

The proof in this chapter is from the paper [Lu6]. The ideas to con-
struct entropy-entropy flux pairs to nonstrictly hyperbolic systems by
means of the singular perturbation theory of ordinary differential equa-
tions of second order were extended in [KL2| to study some hyperbolic
systems with inhomogeneous terms.






Chapter 11

Extended Systems of
Elasticity

In this chapter, we consider the existence of global weak solutions for
the following extended nonlinear hyperbolic systems of elasticity:

{ u + (cu+ f(v), =0 (11.0.1)
v+ (u+g(v)), =0,
with bounded measurable initial data

(u(zx,0),v(z,0)) = (uo(x),vo(x)), (11.0.2)

where ¢ is a constant.

When g(v) =0 and ¢ =0, (11.0.1) is the system of one-dimensional
nonlinear elasticity in Lagrangian coordinates which describes the bal-
ance of mass and linear momentum, where v denotes the strain, f(v)
is the stress and u the velocity.

For the more general system (11.0.1), our assumptions about g(v)
and f(v) are as follows:

(A) f,g € C3 satisfy f' > d for v € R, and

2f" +g"(s+ g —¢) >0, for v >0,
2"+ 4" (s+4¢ —c¢) <0, forv <0,

2f" + 4" (g —c—5) >0, for v >0,
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2f" +¢" (g —c—s) <0, forv <0,
where s = \/(g' — )2 + 4f".

Example 11.0.1 Besides the system of elasticity, there are many other
function pairs (f, g) which satisfy the condition (A). For instance, if
we choose f'(v) = (V2 +d)!, ¢ (v) —c = k(v? +e)™, where d,e,m,l are
positive constants, k is a non-negative constant and e > d,l > m, then
it is easy to check that (A) is satisfied.

By simple calculations, the two eigenvalues of system (11.0.1) are

c+4g — s c+4g + s

A= 5 , A= 5 (11.0.3)
with corresponding right eigenvectors
=9 —c+s2,-2)7, rg=(4 —c—s9,-2)". (11.0.4)
So
S e U OS]
N oy g,,fgz ey} (11.0.5)

52

Thus, by the assumption (A), the system (11.0.1) is strictly hyperbolic,
but both characteristic fields are linearly degenerate on the line v = 0.

Similar to system (10.0.1), the nonlinear flux functions in (11.0.1)
are also in implicit forms. We may use the same fashion as given
in Chapter 10 to construct the entropy-entropy flux pairs of system
(11.0.1) in the following special form:

ne = ™ (a1 (v) + by (1];’ k) ), q = e"(ci(v) + 4w, k) (Z’ k) );
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b4(2}, k‘) d4(2}, k‘)

n = e (as(v) + ) G = " (ca(v) + —% )

where w, z are the Riemann invariants of system (11.0.1), i.e.,

v ol I
w=u+ / wdv, z=u+ / Y (11.0.6)
0 2 0 2

The necessary estimates for functions a;(v), b; (v, k) can be also obtained
by the use of the singular perturbation theory of ordinary differential
equations of second order (see Lemma 10.2.1). However, a big differ-
ence between system (11.0.1) and system (10.0.1) is that the terms
va,(v) — a;(v),i = 1,2,3,4 could change signs when passing the lin-
early degenerate line v = 0. From the proof in Section 6.4, we can
see that some new difficulties will arise from this linear degeneration.
The system of quadratic flux given in (6.0.1) is also linearly degener-
ate, but the common degenerative domain for two characteristic fields
is only at the unique point (u,v) = (0,0). Using the transformation
of variable (su? + v?), we can deduce the Young measure, determined
by the sequence of viscosity solutions of system (6.0.1), to be a Dirac
measure with another support point supposing it is not concentrated in
s = 0. But to deal with the measure on the line v = 0 is more difficult.
Some new ideas are introduced in Section 11.3 to reduce the Young to
a Dirac measure, and hence to prove the existence of weak solutions to
the Cauchy problem (11.0.1), (11.0.2).

We add small, positive perturbation terms to system (11.0.1) and
consider the Cauchy problem for the following systems:

(11.0.7)

{ Ut + (CU + f(U))m = EUgg,
vt + (’LL + g(v))w = EVgyg,

with the initial data (11.0.2).

We have the main result in this chapter as follows:

Theorem 11.0.2 If the initial data (ug(zx),vo(z)) is bounded mea-
surable and the assumption (A) holds, then for any fived € > 0, the
Cauchy problem (11.0.7), (11.0.2) has a unique global smooth solution
(uf(z,t),v°(z,t)) satisfying

[u(z,t)| < M, [v°(z,1)] < M, (11.0.8)
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where M is a positive constant, independent of ¢.

Moreover, there exists a subsequence (still labelled) (u®(x,t), ve(z,t))
such that

(u®(x,t),v° (2, 1)) — (u(z,t),v(x,t), a.e. on €, (11.0.9)

where Q C R x R is any bounded and open set, (u(x,t),v(x,t)) being
a weak solution of the Cauchy problem (11.0.1), (11.0.2).

In Section 11.1, we shall prove the existence of viscosity solutions
to the Cauchy problem (11.0.7), (11.0.2). In Section 11.2, the method
given in Chapter 10 is used to construct the entropy-entropy flux pairs
of Lax type, which we shall use in Section 11.2 to prove the existence
of weak solutions to the Cauchy problem (11.0.1), (11.0.2).

11.1 Existence of Viscosity Solutions

In this section, we prove the first part in Theorem 11.0.2, namely the
existence of global smooth viscosity solutions (u®,v®).

By Theorem 1.0.2, the unique thing is to get the L°° estimate
(11.0.8).

By the expressions of Riemann invariants of system (11.0.1) given
in (11.0.6) and the assumption (A), along the curves in the (u, v)-plane,
determined by the equations w = N,w = —N,z= N and z = —N, we
have the following estimates: On w = N, for v > 0, there hold

du g —c+ s9
h_ gt ®m
dv 2

and

d2u B 2f”+g”(g’—c—|—32) “0
dv? 259 ’

On w = —N, for v < 0, there hold

du g —c+ s9
o977y
dv 2

and

d2u B _2f”—|—g”(g/—c—|-82)

dv? 259

> 0;
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v
/Z =—-N
z=N
\ u
5 A
—w=—M
FIGURE 11.1
On z = N, for v > 0, there hold
du g —c— sy
—=———=>0
dv 2
and
d2 91 "o
Pu_ 2 o)
dv? 259
On z = —N, for v > 0, there hold
du g —c— s
— =——">0,
dv 2
and
d2 9 "o
Pu_ 2"+ e g
dv? 259
Therefore

S7={(w,v):w<N, w>-N, z<N, z>-N}
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is an invariant region (see Figure 11.1), which implies the L™ estimate
(11.0.8) and hence the existence of the viscosity solutions to the Cauchy
problem (11.0.7), (11.0.2).

11.2 Entropy-Entropy Flux Pairs of Lax Type

To prove the second part in Theorem 11.0.2, in this section, we shall
construct the entropy-entropy flux pairs of Lax type to system (11.0.1).

From the definition about entropy-entropy flux pair given in Chap-
ter 4, a pair (7, q) of real-valued maps is an entropy-entropy flux pair
of system (11.0.1) if all smooth solutions satisfy

(e A+ 105 £+ 9'10) = (qus @0)- (11.2.1)

Eliminating the ¢ from (11.2.1), we have

SN+ (9" = )Nuv — Moo = 0. (11.2.2)

Similar to Chapter 10, we can construct four sets of Lax entropy pairs
as follows:

bl(’[),k) a_ll bll(vak) .

= (ar(0) + =), g = damp + (S + S5,
(11.2.3)
—kw ba(v, k w0y bh(vk
= o) + 2O gz e, ey R,
(11.2.4)
bs(v, k L ah bh(vk
7 = (o) + 2B g = x g y BLED),
(11.2.5)
ks by(v, k s aly b (v k
nty = e " (as(v) + 4(k )), ¢ty =Mty —e " (?4—1— 4(k:2 )),
(11.2.6)
where a;(v), b;i(v,k)(i = 1,2, 3,4) satisfy
"o 9l
soal + gy et ) £2) a; =0, az(v)=a(v), (11.2.7)

282
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g//(g/ —c— 82) +2f//a

soal + 5% 3=0, as(v)=az(v), (11.2.8)
and
ner o 9 1! b
al + sob) + gl 628252) 2/ by + ?1 =0; (11.2.9)
/! !/ 2 " b//
o — sotty — U 0;8282) A, =0 (11.2.10)
e QI B!
ol — sobly — 99 025282) T2 =0 (11.2.11)
"o 9! B!
a4 oty 4 LW ZCr )R, LU (11.2.12)

282 k
From (11.2.7) and (11.2.8) we have that

v 9 1!
a; = az = exp (—/ gy — et s) +2] dv) > 0 for v € [-M, M],
0

28%
(11.2.13)
and
v 9 f!
a3 = as = exp (—/ gy —c 282)+ f dv) > 0 for v € [-M, M].
0 253
(11.2.14)

Using the arguments in Lemma 10.2.1 in Equations (11.2.9)-(11.2.12),
we can get the existence of a;(i = 1,2,3,4) and the uniform bounded
estimates of b;, b, with respect to k. Noticing the assumption (A), al(i =
1,2,3,4) all have only one zero point at v = 0.

11.3 Existence of Weak Solutions

In this section, we shall use the entropy-entropy flux pairs of Lax type of
system (11.0.1) constructed in Section 11.2 to deduce that the Young
measures are Dirac ones, and hence to prove the existence of weak
solutions given in the second part of Theorem 11.0.2.
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It is easy to check that system (11.0.1) has a strictly convex entropy

*_—u +/ f(s (11.3.1)

Then in a same fashion as Lemma 10.3.1, we can prove the following
lemma:

Lemma 11.3.1 For any entropy-entropy fluz pair (n(u,v),q(u,v)) of
system (11.0.1) given by (11.2.3)-(11.5.6),

n(u®,v%); + q(u®,v%), is compact in H;,'(R x RY), (11.3.2)

with respect to the wviscosity solutions (u®,v°) of the Cauchy problem
(11.0.7), (11.0.2).

Lemma 11.3.1 guarantees the measure equation to be true, namely
<vn ><v,¢*>—<v,n?><v, ¢ ><v,n'¢® —n?¢ > (11.3.3)

for any entropy-entropy flux pairs (n',¢*)(i = 1,2) of system (11.0.1),
which satisfy that 7' (u®,v%); + ¢*(uf, v¥), is compact in H, } (R x RT).

Since a; > 0 for all v € [—M, M], then clearly < v,n}, > > 0 and
<wv,ni, > >0.

Let Q denote the smallest characteristic rectangle:
Q={(u,v):w_ <w<wy, z_<z<z}

We introduce four new probability measures ,u;, s 9; and ¢, on
Q defined by

<pi h>=<uv,hnp >/ <uvonp >, (11.3.4)
<pp h>=<v,hy > ) <wvon?y >, (11.3.5)
<O h>=<v,hnp >/ <v,n > (11.3.6)

and

<0, h>=<v,hnl, >/ <v,ni, >, (11.3.7)
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where h = h(u,v) denotes an arbitrary continuous function. Clearly
,u:, oy s 9; and 6, all are uniformly bounded with respect to k. Then as
a consequence of weak-star compactness, there exist probability mea-
sures u* and 6 on Q such that

< pE b >= Jim < e h > (11.3.8)
and
< 0% h>= Jim < 05, h > (11.3.9)

after the selection of an appropriate subsequence.

Moreover, similar to the proof in (6.4.8), we have that the measures
wt, =, 07,0 are respectively concentrated on the boundary sections
of Q associated with w and z, i.e.,

supp ut = Qﬂ{(u,v) cw=wy} =1}, (11.3.10)

supp - = Qﬂ{(u,v) Tw=w_}=1I,, (11.3.11)

supp 01 = Qﬂ{(u,v) cz=z =11, (11.3.12)
and

supp 0~ = Qm{(u,v) rz=z_}=1]. (11.3.13)

Similar to the proof of (6.4.15), we have

<ut,g—Don>< p,q— om > (11.3.14)
and

<0, q—Mn><0",q— \n > (11.3.15)

for any (n, q) satisfying that 7 + ¢, is compact in H, l_oi(R X RT).

Now we are in the position to prove that the Young measure v is
the Dirac measure.

Let the line v = 0 in the (u, v)-plane be I, i.e,

I'={(u,v) :v =0} ={(w,2) :w =z}
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Step 1. If any one of two points Pt = [l NI} and P~ =1, NI
does not lie on I', then it is easy to deduce that the Young measure is
a Dirac measure.

In fact, in this case, at least one of the boundary arcs I}, I, I, I,
is contained in the component of I'¢, i.e., in an open set where both of
the characteristic fields are genuinely nonlinear, or all a}(v),7 = 1,2, 3,4
are not zero. For example, if PT lies in T'°, then either I.) C ' or
If cre

If I] € I'°, we may use the same method given in the proof of
(6.4.16) and (6.4.17) to deduce that w™ = w™ if we go by (n},qi)
instead of (n,q) in (11.3.14).

Then the support of v is reduced to the line I = I}, = I/, where
both of the characteristic fields are genuinely nonlinear. Thus we can
apply the entropy-entropy flux pair (2, ¢7) instead of (n,¢) in (11.3.15)
to deduce 2T = 2.

Step 2. If the points PT = I} NI and P~ = I, N I, both lie
on I', we observe that the restriction of a}(v),i = 1,2 to I} vanishes
at only one point, namely PT, while the restriction of a}(v),i = 1,2
to I, vanishes at only one point, namely P~. Thus, the support of
the boundary measures y* and p~ are contained within arcs I} and
I, along which a}(v),i = 1,2 maintain one sign. Then, p and p~
both are Dirac measures and the supports are contained at P* and
P~ respectively.

In fact, we argue that if besides the point PT, the support of mea-
sure 7 has another point in I, then we can again apply (1}, q})
instead of (1,q) in (11.3.14) to deduce that w™ = w™, and hence
P* = P~. This is a contradiction.

Similarly we can prove that 7 and 6§~ both are also Dirac measures
and the supports are concentrated at P™ and P, respectively.

Therefore
supp u~ = supp 07 =P,  supppu” = supp @ = P~. (11.3.16)
Noticing (11.3.14) and (11.3.15), we have
a(PY) = N(PD(PY) = g(P7) = N(P)n(P7),  (11.3.17)

for i =1 and i = 2 and for all pairs (7, q).
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Let PT = (u*,0), P~ = (u,0). Then especially choosing (1, q) =
(v,u + g(v)), we have

ut 4+ g(0) =u™ + g(0)

and hence u™ = u~. Thus the Young measure v is a Dirac measure,
which implies the existence of weak solutions to the Cauchy problem
(11.0.1), (11.0.2). m

11.4 Related Results

The large data existence theorem of global L°° weak solutions for the
Cauchy problem (11.0.1), (11.0.2) was first established by DiPerna
[Di3] for the system of elasticity, namely g(v) = ¢ = 0 in system
(11.0.1). This is also the first application of the compensated com-
pactness method on hyperbolic systems of two equations. In DiPerna’s
original paper, the idea to use the entropy-entropy flux pairs of Lax
type to reduce the Young measure to be a Dirac measure was first in-
troduced to this strictly hyperbolic system of elasticity. The proof in
this chapter for more general systems (11.0.1) is from [Lu6].






Chapter 12

LP Case to Systems of
Elasticity

In the last chapter, we studied the extended systems of one-dimensional
nonlinear elasticity in Lagrangian coordinates

ur+ f(v)y =0
e+ 1) (12.0.1)
vy + Uy = 0,
with bounded measurable initial data
(U(;L‘,O),’U(l‘,())) = (UO(‘Z‘)»UO(Q:))» (1202)

where v is the strain, f(v) the stress, and u the velocity. The basic
assumptions on the nonlinear function f(v) are as follows:

(a) f'(v) >e¢>0, (b)v-f"(v)>0VYv#0.

The condition (a) ensures the hyperbolicity of the system, which
is essential for all existence results we have had up to now for the
system of elasticity; and the condition (b) ensures that the system is
linearly degenerate only on the line v = 0 as well as the L™ estimate
of solution, which makes the construction of entropy-entropy flux pairs
and the reduction of the Young measure to be a Dirac measure much
easier. However, if the condition (b) does not hold, in this case, the
simplest situation is if the second derivative has still one zero point,
namely v - f”(v) < 0V v # 0, then system (12.0.1) no longer has the
L°° estimate although it is still linearly degenerate only on the same

159
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line v = 0. In this case, only the LP(1 < p < o0) a priori estimate is
available (cf. [Dal]).

As shown in Chapter 3, for the scalar equation, we can easily extend
the compensated compactness method from L space to LP space since
any smooth function is an entropy for the scalar equation. However,
for systems of two or more equations, there are many difficulties in the
case of LP space, such as how to construct suitable entropy-entropy
flux pairs (7, ¢) such that the compactness of 1;(s'(z,t)) 4+ g (s (z, t) in
I/Vlgcl 2 (R x R™) holds with respect to a suitable sequence of approxi-
mated solutions s'; how to reduce the corresponding Young measures,
having unbounded support sets, to be Dirac measures and so on. It is
very important both in mathematics and in physics to prove the exis-
tence of LP solutions for hyperbolic systems. Unfortunately, until now,
the existence of LP solutions was obtained only for the above physical
model - the system of elasticity. (See [FS1, FS2] for some mathematical
systems.)

It is interesting that for the above system of elasticity, at almost
the same time, there are two different proofs obtained by Lin [Lin] and
Shearer [Sh] independently.

In this chapter, we shall introduce these proofs as well as an appli-
cation of Shearer’s proof on an extended system of elasticity of three
equations (12.3.1).

12.1 Lin’s Proof for Artificial Viscosity

In this section, we shall introduce a proof of LP weak solution existence
to the Cauchy problem (12.0.1), (12.0.2), which was obtained by Lin
by the compensated compactness method coupled with the artificial
viscosity approximation.

The artificial viscosity solutions to the Cauchy problem (12.0.1),
(12.0.2) satisfy the following singular parabolic systems:

{ Ut + f(U)w = EUgy

Vg + Uy = EVgy,

(12.1.1)

with the initial data (12.0.2).

Our basic assumptions are as follows:
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(A1) There exist positive constants M, M; such that

f0) € CHR), ()M (@) < M, Vo€ RE=2,3,4

and (f’(v))_% is concave for v > Mj, convex for v < —M; for a large
constant M.

(Az) There is a constant ¢ > 0 such that f'(v) > ¢, Vv € R.
(A3) v- f"(v) <0, Yv € R—{0}.
(A4) There exist real numbers u, v, w’, 2° and w® > 20 such that

ug(z) —a € L*(R), wo(x) —v € L*(R),

w(ug(x),vo(x)) > w®,  z(up(z),vo(z)) < 2° VxR,

where w and z are two Riemann invariants of system (12.0.1),

wlw) =ut [[(F)s, su) =u— [ (7(s)bds
0 0
Then we have the following theorem:

Theorem 12.1.1 (P.X. Lin) If the assumptions (A1) —(Ay) hold, then
for any fized € > 0, the global smooth solution (uf(z,t),v°(z,t)) of
the Cauchy problem (12.1.1), (12.0.2) exists. Furthermore, there ex-
ist a subsequence (still labelled) (u®(z,t),v*(x,t)) and u(x,t),v(z,t) €
L>([0,00), L*(R)) such that

(u®(z,t),v°(z,t)) — (u(z,t),v(x,t)), ae. inQ, (12.1.2)

where Q € Rx R™ is any open and bounded set. Therefore the limit pair
of functions (u(x,t),v(x,t)) is a weak solution of the Cauchy problem
(12.0.1), (12.0.2).

Outline of the proof of Theorem 12.1.1. Using the theory of
invariant region, we can prove that

w(uf (x,t),v°(x, 1) > w’ > 20 > 2(uf(x,t),v°(z,1)). (12.1.3)

Then we may construct four families of entropy-entropy flux pairs of
Lax type as follows:

Ner(w, 2) = e (Ag + Ay (£k) ™) + Py
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qar(w, 2) = e (B 4+ By (k) ™Y) + Qux;
Nk (w, 2) = e (ag + a1 (£k) 1) + pa;
Gar(w, 2) = K (b 4 by (£k)71) + qur,

where Ag(w, 2), Aj(w, z), Bo(w, z), B1(w,z) are functions having com-
pact support sets on z € [z
w”

—,z%], 27 and 2zt are constants, 2T <
i ag(w, 2), ay(w,z), bp(w,z), by(w,z) are functions having com-
pact support sets on w € [w™,w"], w~ and w* are constants, wt >
20, Moreover Pip(w,2), Qir(w,z2), pir(w,2), qir(w, z) have suitable
bounds such that the entropies 1 and corresponding entropy fluxes ¢
satisfy

\Vzn\ <C, |Vn <CO+ |ul*+ v (12.1.4)
and
In| < CO+ |ul®+[v]*), gl < C(1+ |u]* + |v]¥), (12.1.5)

for0 < a<1.
Noticing that system (12.0.1) has a strictly convex entropy

*——u +/f

and a corresponding entropy flux
¢ =uf(v),
we have that
E%&Cua, 20,07  are uniformly bounded in L7 (R x R"). (12.1.6)

Because of the growth conditions (12.1.4)-(12.1.5) on the entropy-
entropy flux pairs (7, q), we can apply Theorem 2.3.2 to prove the com-
pactness of 7, (u®,v°) + ¢, (u®, v°) in W, "*(R x R*) with respect to the
artificial viscosity approximation (u®(z,t),v®(z,t)). Finally, combining
some basic ideas given by DiPerna in the L* space (see Section 11.2)
with these entropy-entropy flux pairs, through a complicated analy-
sis, we can prove the compactness (12.1.2) and hence the existence of a
weak solution of the Cauchy problem (12.0.1), (12.0.2). This completes

the proof of Theorem 12.1.1. m

More details about the proof of Theorem 12.1.1 can be found in
[Lin].
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12.2 Shearer’s Proof for Physical Viscosity

As shown in the last section, in the proof of Theorem 12.1.1, one ba-
sic technical restriction is that the artificial viscosity solutions satisfy
the invariant region (12.1.3), which forces us to use artificial viscosity
exactly as in (12.1.1).

However, as a physical model, the following physical viscosity ap-
proximation to the system of elasticity (12.0.1) is of more interest:

{ Ut + f(U)w = EUgy

(12.2.1)
vy +uy, =0,

in which the invariant region (12.1.3), generally speaking, does not
hold.

At almost the same time, independent of Lin’s proof, J.W. Shearer
(cf. [Sh]) considered the LP solution for the same system of elasticity
(12.0.1) also with the artificial viscosity approximation (12.1.3), but
using different entropy-entropy flux pairs, which were extended late by
Serre and Shearer to study the compactness of the physical viscosity
approximation (12.2.1).

Roughly speaking, Shearer constructed two classes of entropy and
entropy flux pairs to system (12.0.1). One class is the Fourier entropy
and the other is the half plane supported entropy. Both classes of
entropy-entropy flux pairs (7, q) satisfy the following estimates:

n(uv) = (F(1))710(1), q(u,v) = (f'(v)10(1),
nu(u,0) = (f () 710(1),  ny(u,v) = (f/(v)10(1),
Mua(,0) = (F/(0))710(1),  nu(u,v) = (f/(0))10(1),
[ o (,0) = (f/(0))10(1

where O(1) denotes a bounded function.

(12.2.2)

Shearer’s result is given in the following theorem:
Theorem 12.2.1 (J.W. Shearer) If
fllv)=e>0, f'(v)#0

and
f"(v) e LN L®(R), f"(v) € L™(R),



164 CHAPTER 12. L¥ CASE TO SYSTEMS OF ELASTICITY

then there exists a subsequence (still labelled) (u®(xz,t),v(x,t)) of the
artificial wviscosity solutions (u®(x,t),v*(x,t)) of the Cauchy problem
(12.1.1), (12.0.2) and u(x,t),v(z,t) € L>=([0,00), L?>(R)) such that

(u(x,t),v°(z, 1)) — (u(z,t),v(z,t)), a.e. inQ, (12.2.3)

where Q0 € Rx R is any open and bounded set. Therefore the limit pair
of functions (u(x,t),v(x,t)) is a weak solution of the Cauchy problem
(12.0.1), (12.0.2).

Remark 12.2.2 The existence result in Theorem 12.2.1 is almost the
same as that in Theorem 12.1.1, but the two classes of entropy pairs
constructed by Shearer are more flexible and could be applied to study
many different problems as follows:

(1) The compactness of physical viscosity solutions of the Cauchy
problem (12.2.1) with the initial data (12.0.2);

(2) The existence of global LP weak solutions for the system of adi-
abatic gas flow through porous media (12.3.1), in which there are three
conservation laws;

(3) The relaxation problem to hyperbolic systems with more than
two equations.

The application of Shearer’s proof on (2) in Remark 12.2.2 is given
in the next section and the details about the application on (3) can be
found in Chapter 16.

The following is about the application of Shearer’s proof on (1) in
Remark 12.2.2.

Consider the physical viscosity approximation, that is, when system
(12.0.1) is approximated by its singular perturbation, the Cauchy prob-
lem of system (12.2.1) with the initial data (12.0.2). Then we have the
following compact result obtained by Serre and Shearer (unpublished,

cf. [Sh]):
Theorem 12.2.3 (Serre and Shearer) If
f(v)y>e>0, v-f"(v)<0, VveR~-{0}

and
f'(v) e LN L®(R), f"(v) € L™(R),
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then there exists a subsequence (still labelled) (u®(x,t),v*(x,t)) of the
Cauchy problem (12.2.1), (12.0.2) and u, v € L*=(]0,00), L?>(R)) such
that

(u®(z,t),v°(z, 1)) — (u(z,t),v(x,t)), ae. in Q. (12.2.4)

Therefore the limit pair of functions (u(x,t),v(x,t)) is a weak solution
of the Cauchy problem (12.0.1), (12.0.2).

12.3 System of Adiabatic Gas Flow

In this section, we are concerned with the existence of weak solutions
of the Cauchy problem for the nonlinear system of three equations:

UVt — Uy = 07

ur — o (v, )y + au =0, (12.3.1)

St = 07
with L? bounded initial data
(U(l‘, 0)7 U(ZL‘, 0)7 8($7 0)) = (U0($)7 Uo(ZL‘), SO(£))7 (1232)

where a > 0 is a constant. System (12.3.1) can be used to model the
adiabatic gas flow through porous media, where v is specific volume,
u denotes velocity, s stands for entropy, and o denotes pressure. Its
form in Eulerian coordinates is also a model of isothermal unsteady
two-phase flow in pipelines (cf. [LLL]).

In dealing with the Cauchy problem (12.3.1), (12.3.2), one basic
difficulty is the a priori estimate of the viscosity solutions, independent
of € in a suitable L space (p > 1), of the following parabolic system:

Vp — Uy = EVgy
up — o(v,8)y + QU = ey, (12.3.3)

St = ESzx,

with the initial data

(v5(, 0), ug (2, 0), s6(x, 0)) = (vg(x), ug(x), s6(x))- (12.3.4)
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Since system (12.3.1), in general, cannot be diagonalized by Rie-
mann invariants method, it is not to be expected that viscosity solutions
(v%, u, s%) of the Cauchy problem (12.3.3), (12.3.4) will be bounded in
L space, uniformly in ¢, by using the invariant region principle [CCS].
We have to search for solutions of system (12.3.1) in LP space. In some
sense, the a priori estimate of the solutions of the Cauchy problem
(12.3.3), (12.3.4) in L? space is easy to get, if we can find a strictly
convex entropy for system (12.3.1). However, a new difficulty arises
when considering the compactness of the viscosity solutions in L space
by trying to use the compensated compactness method. Shearer’s work
given in Section 12.2 provided us with an ideal framework to deal with
system (12.3.1) with three conservation laws.

In this section, we shall study the global generalized solution for
the Cauchy problem (12.3.1), (12.3.2) by the compensated compactness
method combined with the entropy pairs constructed by Shearer.

We make the assumptions about the nonlinear function o (v, s) and
the initial data as follows:

(1) o(v,s) = a(v)g(s) — cs,g(s) € C3, and o(v) satisfies
(a) o(v) € C3(R),a(0) = 0,0'(v) > d > c?, for a constant d;
(b) ¢”(0) =0, and o”(v) # 0 for v # 0;

(c) o"(v), 0" (v) € L* N L™,

(2) (vo(w),up(x),s0(z)) are all bounded in L? and tend to zero as
|z| — oo sufficiently fast such that

G (05(), up (@), s5(x) = (0,0,0), (12.3.5)
Jm (RIS =000, (239

where (v§(z), ug(z), s
the initial data (vo(z),uo(z), so(x)) with a mollifier, satisfying

lim (vg (), ug(x), sg(x))(vo(x), uo(x), so(z)), a.e., (12.3.7)

e—0

§(x)) are smooth and obtained by smoothing
); uo(z

[05(@)ll 2 < llvo(@)ll 2 < M, o)l (r) < M(e), (12.3.8)
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lug(@)llz < lluo(@)l2 < M, lug(@)|| g2 (r) < M(e), (12.3.9)

[s5(2)ll2 < l[so(2)]|2 < M,

(12.3.10)
ls6(@) [ m(ry < lso(@)llm(ry < M
and
divs(z) diug(z) disg(z) ,
, , —| <M =0,1,2
|y Ry Iy < ey, =012,

(12.3.11)

where M is a positive constant independent of e, and M () a
positive constant, but dependent on e.

We have the main result in the following theorem:

Theorem 12.3.1 Let the conditions in (1) and (2) hold. Then for
any fized €, there is a global solution (v¢,u®,s%) of the Cauchy problem
(12.3.3), (12.3.4) such that the following estimates hold:

[Vl zerurtys Nt CoDl2rurtys 185G a (RxRY) < M.
(12.3.12)

Moreover, there exists a subsequence (v¢,u®, s) (still labelled (v¢, uf, s%))
such that

(v%,u®,s%) — (v,u,s) ase—0, (12.3.13)

the limit pair of functions (v,u,s) is bounded in L*(R x RT) and there
is a weak solution of the Cauchy problem (12.3.1), (12.3.2).

Proof. To prove the existence of viscosity solutions (v¢,u®,s%), it is
enough to get the following L estimate, although the bound M (e, T')
could tend to infinity as € tends to zero or the time 7" tends to infinity:

[0l < M(e,T), |lu'll < M(e,T), [Is°| <M(e,T). (12.3.14)

We multiply the first equation in (12.3.3) by o(v)g(s) — ¢s, the second
equation by w, the third equation by ¢'(s) fOU o(v)dv — cv + s, then
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add the result to obtain

2 2

(% + /Ov o(v)dvg(s) — csv + %)t

+(csu — a(v)g(s)u)y + au?

2 v 2
— g(u_ + / o(v)dvg(s) — esv + %)m (12.3.15)
0

2
—e(0’(v)g(s)v +2(0(v)g' (s) — €)sovs + u

—I-/ J(v)dvg”(s)si—l—vsi),
0

where v is a large positive constant.

By the condition

”30(33)“1{;06(3) <M, lim sg(x) =0,

r—+0o0o

we get the uniform boundedness of so(z) in L>°(R). So the functions
sg(z) satisfy

1
|so()lree < M, |e2sp, (@)L < M, [esg, (2)[Le < M
and hence the third equation in (12.3.3) yields the estimates

5% (2, 8) || oo < M, |2 85 (z,8)| 1 < M,
(12.3.16)
esial@ )l < M, 558 gy (ry < M.

Thus ¢(s),¢’'(s) and ¢”(s) in (12.3.15) all are bounded. Moreover, since
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| [ o(v)dv] < Mv?, we have by integrating (12.3.15) in R x [0, T] that,

/OO (u; + /OU o(v)dvg(s) — esv + 7782)(:&

—00

T e’}
—I-s/ / 102 +ul 4 cos2 + audxdt
0 —00

(12.3.17)
[e%) 2 V0 2
< / (@ + / o(v)dvg(sg) — csovg + ﬂ)dm
o2 2
T froo T froo
+/ / Muv?dzdt < M, +M2/ / vidadt,
0 -0 0 —00
for some positive constants ¢1, co, My, My and M.
Since
! vs® 2 2
o(v)dvg(s) — esv + - > c3(v” + s7) (12.3.18)
0

for a positive constant c3, we get by applying the Bellman inequality
to (12.3.17) that

/ v2dx < M(T), / u?de < M(T), / sidx < M(T),
(12.3.19)

and
T 0o
s/ / v2 4wl + s2drdt < M(T). (12.3.20)
0 —00

Differentiating the first equation in (12.3.3) with respect to x, then
multiplying the result by 2v,, we get
(V)% = 2(Vpts)p + 2UgVpy + 2602, = £(V2) e (12.3.21)

Integrating (12.3.21) in R x [0, 7T, we have that

0o T 00
/ v2dx + / / ev? drdt < M(e,T). (12.3.22)
—00 0 —00
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Similarly we can get

00 T froo
/ ul + s2dx + / / e(ul, + 52, )dzdt < M(e,T). (12.3.23)
—00 0 —00

Now we have the L™ estimates given in (12.3.14), and hence the ex-
istence of viscosity solutions to the Cauchy problem (12.3.3), (12.3.4).
For instance,

1)2:/ (02)xdm§/ vzdm—k/ UidﬂﬂﬁM(E’T)'

To prove the existence of weak solutions in Theorem 12.3.1, we let
s be fixed as a constant and construct the entropy-entropy flux pairs
for the following system:

{ o e =0 (12.3.24)
ut — (g(5)o(0))a = .

We make the transformation

z=v/g(s)y, t=t v=v, u=+/g(s)w, (12.3.25)

and so system (12.3.24) is rewritten as follows:

vy — wy, = 0,
{ o Uy(v)y . (12.3.26)
We may apply Shearer’s method to construct the same two classes of
entropy-entropy flux pairs (7(v,w),g(v,w)) for the system (12.3.26),
one being the Fourier entropy and the other being the half plane sup-
ported entropy. Both classes of entropy-entropy flux pairs satisfy the
estimates in (12.2.2). Thus we can get the function pairs

(77(’07% 8)7Q(v7u7 8)) = (ﬁ(v7w)76(v7w)) = (77(21, g(s))aq(v7 \/‘@))

to system (12.3.1) satisfying the estimates

n(v,u,s) = (0'(v))"10(1), q(v,u,s) = (o' (v))1O(1),
Nu(v,u,s) = (0'(v)710(1),  nu(v,u,s) = (0'(v))10(1),
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and
(v, 5) = (o' (1)) TO(1),
Nou(v,u,8) = (o (v))10(1), (12.3.29)
oo (0,1, 5) = (0 (1)) 10(1),
where O(1) denotes a bounded function. Since
(Gos Gu) = (=" (V) T, —70), (12.3.30)

we have (consider here s as a variable)

Qu(v, 1, 5) = =0 (0)3/g(s)1u (v, u, 5),
q (’UU.S):—#77 (’UU.S)
(v,u, )7 8_w\/_g(?u<#), _ug'(s) (0,05 (12.3.31)
s T(n)w W) gls) MBI
— ) v,U,S).
qs(v,u,s) - g(s) QU( 5 Uy )

Multiplying system (12.3.3) by (s, 7u, s ), and using (12.3.31), we have
EMyVzx + ENulUzy + ENsSax
= MVt + Nult + 1sS¢
—Mwuz — Nu(9(5)0(v))z + cnuse + auny
= 0+ qu\/9(8) s + Nuse + quny
+1u(g(s)0” (V)vg + o (v)g (5)s2) (12.3.32)
=1+ /9(s) (qutiz + guvz)
—0(v)g' (8)NuSz + cNuse + aumny,
=1+ (V9(5)a)z — /9()a55: — (1/9(5))aq
—0(v)g' (8)1usz + CNuse + aun,.
The left-hand side of (12.3.32),
ENMVzx + ENulUzy + ENsSax
= e(Muvs)s + e(Mutie)s + €(MsSz)s (12.3.33)
—&(NowVZ + Nuati2 + 1ss52)
—& (2N Valas + 2NosVaSe + 2MustizSz ).



172 CHAPTER 12. L¥ CASE TO SYSTEMS OF ELASTICITY

It follows from (12.3.16), (12.3.19) and (12.3.20) that
\U(U)g/(s)ﬂusz|L}OC(RxR+) < M|’U|L§OC(RxR+)‘3x|L§OC(RxR+) < M(T),

(12.3.34)

elsssaliy (rurt) S EMIU*sE L (mepey < Milu’|py (pupey < M(T)
(12.3.35)

and

E‘nvsvxsz + nusuI8I|Llloc(R><R+)
< eM(luvgse| + |U3zu:c‘)Llloc(R><R+)

< Mi(Wlnr rurey telilny ruore) +eluiln (rert)

< M(T),
(12.3.36)
for some positive constants M, My, M(T).
Therefore we have
(v,u,8) + (Vg(s)q(v,u,8))e = I + Lo, (12.3.37)

where

I = e(yvg)s + £(Mutiy)s + (1)s82)2 is compact in H) '(R x RY),

(12.3.38)
and
Iy = (/9(5)zq +/9(5)qs5: + o (v)g' (8)Muse
—CNy Sz — QU — E(muvg + nuuug% + 77585925) (12339)

_E(znvuvzuz + 27]’USUCCSI + 27]usu:c5z)

is bounded in L} (R x R') and hence compact in VVl Ocl k(R X R+)
for a constant k € (1,2). However, n:(v,u,s) + (1/g(s)q(v,u,s)), is
bounded in W, ’p(R x RT) for p > 2 by the estlmates in (12 3.28), thus
ne (v, u, 8) + (/9(8)q(v,u, 8)), is compact in Hy, ! (R x RT) by Theorem

2.3.2.
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From (12.3.16), we have the pointwise convergence of the sequence
{s°(z,t)}. Then the compact support of Young measures v(,y), de-
termined by the viscosity solutions (v®(x,t),u®(x,t),s%(x,t)) to the
Cauchy problem (12.3.3), (12.3.4) is reduced to the (v, u)-plane, and
the following measure equations are satisfied for any entropy-entropy
flux pairs (n;(v,u,s), ¢ (v,u,s)) constructed above:

<v, 771(2)67“67 8) V g(S)q2(2)57u€7 8) - 772(1)6711’67 8) \V/ g(S)ql('l)e,'U,E, 8) >
=<, 771(2}57u878) >< U,y g(s)q2(va7u878) >
— <V, 772(U87u878) >< U,y g(s)QI(U€7u878) >,
(12.3.40)

or equivalently

<v, nl(vgvu578)q2(va7u878) - 772(U57u578)q1(’087u878) >
=<v,n (v, uf,s) >< v, q2(ve,u, s) >

— < v,mp(vi,uf,s) ><v,q (v, uf,s) >
(12.3.41)

since g(s) > d > 0.

Now consider s to be a constant in (12.3.41). Then the compact-
ness framework in Theorem 12.2.1 or Theorem 12.2.3 deduces that all
the Young measures v are Dirac measures, which implies the proof of
Theorem 12.3.1. m

12.4 Related Results

Besides the physical model (12.0.1), the existence of LP weak solutions
is also obtained by Frid and Santos [FS1, FS2] for the following math-
ematical system of two equations:

2—(2),=0, 1<y<2, (12.4.1)

where z = u + v € C.

System (12.3.1) is more or less similar to system (12.0.1), but it is
the unique system of three equations for which we can obtain LP weak
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solutions until now. System (12.3.1) and the system of chromatogra-
phy (7.5.1) are only two applications of the compensated compactness
method on hyperbolic systems of more than two equations.

The proof of Theorem 12.3.1 is from the paper [LK1].



Chapter 13

Preliminaries in Relaxation
Singularity

We are concerned with the system of partial differential equation in the
form

Uz, t), + F(U)s + %R(U) U, (13.0.1)

Here U = U(z,t), which takes on value in RN represents the density
vector of basic physical variables over the space variable z, the quan-
tity 7 is the relaxation time, which is small in many physical situations.
In the kinetic theory it is the mean free path, in elasticity the dura-
tion of memory. ¢ is the artificial viscosity parameter, or the diffusion
coefficient.

When € = 0, and the corresponding systems
Uz, t)y + F(U), =0 (13.0.2)

are hyperbolic, that is, the N x N matrix VF(U) has N real eigenvalues,
the relaxation systems

1
U(z,t)+ F(U),+-R(U)=0 (13.0.3)

T
in the level of hyperbolic equations arise in many physical situations,
such as combustion theory [Lu3, Lu7, Ma], multiphase and phase tran-

sition [ChL], chromatography [RAA1, Wh], viscoelasticity [CLL, Na],
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kinetic theory [BR, Ca, Cel, river flows [KL2, Wh| and traffic flows
[Sc, Wh].

Given a system in the form of (13.0.1), an interesting thing both in
physics and mathematics is the limit behavior of the solutions U™ (x, t)
of system (13.0.1) as the relaxation time and the viscosity € go to zero.

As an illustrative 2 x 2 model, consider the following system of two

equations:
Ut — Vg = EUgyg,
vh(w) (13.0.4)
V¢ — Clgy + —F— = €V,

where ¢ is a constant and h(u) is the equilibrium value for v. System
(13.0.4) could be the simplest model of systems in the form (13.0.1).
For system (13.0.4), we shall see that if ¢ = 0 and the system

U — vy = 0,
(13.0.5)
vy — cuy = 0,

is hyperbolic, i.e., ¢ > 0, the basic condition
—Ve < W (u) < e, (13.0.6)

so called the subcharacteristic condition (cf. [Liu]), is necessary to
ensure the stability of solutions (u”,v") of the following system:

U — vy = 0, ( )
13.0.7
v — ey + A —

as 7 — 0. However if ¢ = 0 and ¢ < 0, system (13.0.4) or system
(13.0.7) is ill posed; if € > 0 and 7 = o(e), that is, 7 is smaller than e,
then the solutions (u™%,v™%) of system (13.0.4) are always stable.
These can be seen through an asymptotic expansion of the Chapman-
Enskog type.
Let
v = h(u) + Tv; + O(7%). (13.0.8)
Then from the second equation in (13.0.4) we obtain
V] = EVgp — Ut + cuy + O(T)
= vy — N (w)uy + cuy + O(7)
o y (13.0.9)
= Uy — R (W) ugy — W (w)vy, + cuy + O(7)
= eVpy — el (W)tge — (B (1)) %ug + cug + O(T).
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Substituting (13.0.9) into the first equation in (13.0.4), we have
ug — h(u), = €Uzy + 701, + O(T2)

= ((z—: +7(c— h’(u)2))um)x +0(7%) + O(7e).
(13.0.10)

xT

Thus if e = 0,¢ > h'*(u) or ¢ > 0 and 7 = o(e), in the latter case,
e > 7(W*(u) — ¢), Equation (13.0.10) is well posed since the coefficient
of the diffusion term is positive. Unfortunately if € = 0 and ¢ < 0, we
have the following system:

Ut — Vg = 07
(13.0.11)
vy + Uy =0,

and hence system (13.0.7) is ill posed as we proceed to show.

By the first equation in (13.0.7) there must exist a function w such
that

Wy =U, W =0. (13.0.12)

Thus the second equation in (13.0.7) can be put in the form
1
Wt — CWyp + ;(wt — h(wx)) = 0. (13013)

This is an elliptic equation and its Dirichlet problem in the domain
t > 0 can be solved with the data

w(z,0) = /Or ug(s)ds. (13.0.14)

But then vp(x) cannot be chosen independently of ug(z) since in this
case we must have vg(z) = w(0,z) and w depends on ug(z).

The above analysis illustrates that, besides the subcharacteristic
condition (13.0.6) for the stability of solutions of hyperbolic system
(13.0.7), viscosity € in (13.0.1) is not only of mathematical expedience
when acting together with relaxation but may also be another necessary
stability mechanism.

In Chapter 14, we are concerned with singular limits of stiff relax-
ation and dominant diffusion for general 2 x 2 nonlinear systems of
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conservation laws, that is, the relaxation time 7 tends to zero faster
than the diffusion parameter €, 7 = o(¢),e — 0. Some compactness
frameworks without the subcharacteristic condition are established.

In Chapter 15, we shall study the limiting behavior of some special
hyperbolic systems of two equations with stiff relaxation terms, where
all compact results are based on the subcharacteristic condition.

In Chapter 16, relaxation problems for some special hyperbolic sys-
tems of three equations are studied.



Chapter 14

Stiff Relaxation and
Dominant Diffusion

In this chapter, we are concerned with singular limits of stiff relax-
ation and dominant diffusion for general 2 x 2 nonlinear systems of
conservation laws, that is, the relaxation time 7 tends to zero faster
than the diffusion parameter ¢, 7 = o(€),e — 0. We establish the
following general framework: If there exists an a priori uniform L
bound with respect to e for the solutions of a system, then the solution
sequence converges to the corresponding equilibrium solution of this
system. Our results indicate that the convergent behavior of such a
limit is independent of either the stability criterion or the hyperbolic-
ity of the corresponding inviscid quasilinear systems, which is not the
case for other types of limits in Chapter 15 for relaxation limits without
viscosity. This framework applies to some important nonlinear systems
with relaxation terms, such as the system of elasticity, the system of
isentropic fluid dynamics in Fulerian coordinates, and the extended
models of traffic flows. The singular limits are also considered for some
physical models, without L* bounded estimates, including the system
of isentropic fluid dynamics in Lagrangian coordinates and the models
of traffic flows with stiff relaxation terms. The convergence of solu-
tions in LP to the equilibrium solutions of these systems is established,
provided that the relaxation time 7 tends to zero faster than .
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14.1 Compactness Results

We are concerned with singular limits of stiff relaxation and dominant
diffusion for the Cauchy problem of general 2 x 2 quasilinear conserva-
tion laws with relaxation and diffusion:

{ vt + f(Uyu)w = EVgx,
(14.1.1)
u + g(v,u)y + La(v,u)(u — h(v)) = etg,,
with initial data
(v,u)|t=0 = (vo(z), uo(x)). (14.1.2)

The second equation in (14.1.1) contains a relaxation mechanism, with
h(v) as the equilibrium value for w, 7 the relaxation time, a(v,u) >
0, and ¢ is the diffusion coefficient. The relaxation term serves as a
damping in some suitable system coordinates.

The singular limit problem for (14.1.1) can be considered as a sin-
gular perturbation problem as 7 tends to zero.

When 7 = ¢, the relaxation systems have been studied for some
typical models (cf. [ES, Fi, RSK] and the references cited therein).

The relaxation systems will be studied in Chapter 15 in the case
where £ = o(7) and the corresponding 2 x 2 systems

{ 'Ut‘i'f(vvu)w :07

(14.1.3)
U + g(v,u)m =0,

are hyperbolic.

In this section, we consider the case of stiff relaxation and dominant
diffusion, that is, 7 = o(e€), as € — 0.

When the solutions of the Cauchy problem (14.1.1), (14.1.2) are
uniformly bounded in L*°, we show that the limit is always stable and
no oscillation arises for any C'! flux functions f and g.

Theorem 14.1.1 Let f,g € CY(R?), h € C*(R) and ap < o € C(R?)
for a positive constant ap. Let 7 = o(e) as € — 0. If the solutions
(v%,u) = (V57 WS of the Cauchy problem (14.1.1), (14.1.2) have
an a priori L°° bound:

[(v,u®)(x, t)| < M(T), (x,t) € Rx[0,T], (14.1.4)
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for any given time T, where M(T') is independent of €, then there exists
a subsequence (vk, ufk) converging strongly to the functions (v,u) as
er — 0, which are the equilibrium states uniquely determined by (Eq)-
(E2):

(E1) u(z,t) = h(v(z,t)), for almost all (x,t) € R x (0,T);

(E2) v(z,t) is the L entropy solution of the Cauchy problem

ve+ f(u,h(v)e =0,  v|=o = vo(x). (14.1.5)

If the solutions of the Cauchy problem (14.1.1)-(14.1.2) have no a
priori L°° estimate, we can prove that the limit is also stable, provided
that the functions f, g, and « satisfy certain growth conditions.

Assume

(vo(x) — v,up(x) —u) € L°NLP(R), u=hw), 1<p<oco.
(14.1.6)

Also assume the following conditions:
(B1) |f(v,u)l +g(v,w)] < 1 + eav]? + |ul?), ¢ €[1,3),
Vouf (v, )] + [Voug(v,u)] < s+ calo[T! + [ul?™1);
(B2) 0 <cs+cs(|v]"+u|") < a(v,u) < crtces(|v]"+u|™), 0<r<4;
(Bs) |h(v)] < co+crolvf, k=1,

where ¢q,7,k,c;, 1 < i <10, are positive constants.

Theorem 14.1.2 (1) Assume conditions (By)-(Bs) are satisfied, and
there exists a strictly convez function p(v,u) in the range of solutions
of the Cauchy problem (14.1.1), (14.1.2) with initial data (vo, ug) sat-
isfying (14.1.6) such that

ﬁu(vﬂ u) =P1 (1)7 u)(u - h(v))a ]5(’0, u) = 77(”: u) + p(”? u),

where py(v,u) > co > 0, p(v,u) is a smooth function whose second order
derivatives are bounded, and n(v,u) is an entropy of system (14.1.3).
Then, if 2k(q — 1) < r and Myt < e for some large constant M,
for fized e, 7, the Cauchy problem (14.1.1), (14.1.2) with initial data
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(vo, ug) satisfying (14.1.6) has a unique smooth solution (v=7,u*") sat-
18fying

(057, us ) (2, )] < Cle, 7), (14.1.7)

for some constant C(e,7) > 0 depending on £ and T.

(11) If the conditions of (I) are satisfied and 2k(q—1)+p—2 <,
then |[v>7 —v|, < M.

(II1) If the conditions of (II) are satisfied, p > maz{l,q,qk},
and T = o(e) as € — 0, then there exists a subsequence (v°k, uk) of
(0%, uf) = (v57), uSTE), converging pointwisely almost everywhere:

(v, uF) — (v,u), as e — 0, (14.1.8)

where the limit functions (v,u) satisfy (F1)-(F»):
(F1) u(x,t) = h(v(z,t)), for almost all (x,t) € R x (0,T];
(Fy) v(z,t) is the unique LP entropy solution of the Cauchy problem:

v+ f(v,h(v)y =0, v|=o = vo(z). (14.1.9)

Remark 14.1.3 If 2k(q — 1) < r, then from (By) — (B3), we have
(Ba) {fu(v,8)” + gu(v, 8)” + f'(v, h(v))? + ¢ (v, h(v))* } (v, u) < M,
where [ takes a value between u and h(v).

This inequality will be used to prove Theorem 14.1.2 in Section 14.4.

The proof of Theorem 14.1 is given in Section 14.2. Its applications
to the system of elasticity, the system of isentropic gas dynamics in
Fulerian coordinates, and the extended models of traffic flows with
stiff relaxation terms will be given in Section 14.3.

The proof of Theorem 14.1.2 is given in Section 13.4, whose appli-
cations to the system of isentropic gas dynamics in Lagrangian coor-
dinates and the models of traffic flows with stiff relaxation terms are
given in Section 14.5.
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14.2 Proof of Theorem 14.1.1

Throughout this Chapter, we denote Ri = RxRt = (—o00,00)x(0,0),
and M(T) and M are generic constants independent of € and 7, which
may be different at each occurrence. Before proving Theorem 14.1.1,
we first introduce two lemmas.

First, we have the following global existence result about the Cauchy
problem (14.1.1), (14.1.2):

Lemma 14.2.1 If the solutions of (14.1.1), (14.1.2) have an a priori
L bound (14.1.7), then, for any fixed € and T, the Cauchy problem
(14.1.1), (14.1.2) has a unique smooth solution (v=7,u*T) on Rx(0,T].

The local existence and regularity of solutions for ¢ > 0 of the
Cauchy problem (14.1.1), (14.1.2) can be obtained by applying the
Banach contraction mapping theorem to an integral representation of
(14.1.1), where the local time depends only on €, 7, the L* norm of the
initial data. The global existence is based on the local existence and
the a priori L estimate (14.1.7).

Second, we have the following estimates:

Lemma 14.2.2 If the solutions of (14.1.1)-(14.1.2) have an a priori
L™ bound (14.1.7) and f,g € CY(R?),h € C*(R), then
2 (u—h(v))?

I(ev7, eus, —————)1

- loc(Ri) S M, (1421)

provided that Mym < € for some large constant My > 0.

Proof. Since (v, u) is bounded, we can choose a large constant C such
. 2 2 .
that the function p(v,u) = % — h(v)u + 012” satisfies

Poo(V, )02+ 2P0 (U, W)Vt + Puu (v, w)u? > Co(v2 +u2),  (14.2.2)

for some constant Cy > 0.
Multiplying system (14.1.1) by (py, pu), we have from (14.2.2) that

p('l), u)t + pv(vy u)f("U, U)x + pu(v, U)g(’l), u)x
+a(v, u)w + eCy(v2 + u?) (14.2.3)

< epya(v,u).
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Notice that

Po(v,u) f (v, 0)z = (po(v,0)(f (v, u) = f(v,h(v))))z
+po (v, 1(v)) f (0, h(v))2
—Pua (v, u)(f (v, 0) = [ (v, h(v)))
+(po(v, 1) = pu(v, h(0))) f (0, h(V))a
= (po(v,u)(f (v, u) = [ (v, h(v))))x

v

+ / po(s, () F' (5, h(s))ds)a
_(pvu(va U)uz +pw(v, U)vx)fU(va Bl)(u - h(v))
pou(v, o) — h(0)) f' (0, h(v)) g

v, U

VU
(14.2.4)

and
Pulv,0)a(v, w)a = (pulv, u) (90, w) — (v, h(v))))s
([ puls, h(s))g 5. b)), 1125
_(puu(va u)uw + pvu(vy U)Ur)gu(va ﬁ?;)(u - h(’U))
+Puu (v, Ba)(u — h(v))g' (v, h(v)) v,
where
po(.h(0) = oo W)uny: F(0.A(w) = LLAD)

and ;,1 < i < 4, take values between u and h(v).
It follows from (14.2.2)—(14.2.5) that

—h 2
p(”? u)t + Q('U, u)z + COW + ECQ (’U:% + U?C)
—7C3(v2 + u2) (14.2.6)
S pr‘x(v7u)7

for a function ¢ and positive constants ¢y and C3 depending on the
bounds of second derivatives of p and first derivatives of f and g.

Multiplying (14.2.6) by a suitable nonnegative test function and
then integrating by parts on R?, we get the estimates in (14.2.1) pro-
vided that 27C5 < (5.
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Proof of Theorem 14.1.1. To prove Theorem 14.1.1, we rewrite the
first equation in (14.1.1) as follows:

v+ f(0,h(V))z = eVg + (f(v, h(v)) — f(v,u))m. (14.2.7)
Let n(v) be any entropy of the scalar equation
ve + f(v,h(v))y =0.
Multiplying (14.2.7) by 7'(v), we have
N +q)e = —1'()(f(v,u) = f(v,h(v)))e + &N (V)20
= —('(0)(f(v,u) = f(v, h(v))))z + EN(V)ea
+(f(v,u) = fo, b)) (v)vy — en(v)vg  (14.2.8)
—(1'(v) fulv, B1) (1 = h(v)))e + (V) 2w
+fulv, B2)n" (V) (u = h(v))vs —en’ (v)vZ,

where 3;,i = 1,2, take values between u and h(v).

It follows from the estimates in (14.2.1) that, on any compact 2 C
Ri, there hold

/ | fun () (u — h(v))vy|dadt
Q

o) 1 1 (14.2.9)
<M (/Q m%dxdt) 2 (/Q m2da;dt> 2 o,
and
| [ @) fuu = hw))eodeat]
_ / 0)fuls — (o)) (14.2.10)
< M( / ré2dudt)? ( /Q dedt)% 0

as ¢ — 0. Moreover, since e’ (v)v? is bounded in L}, . and en(v)ze — 0
in the sense of distributions, the right-hand side of (14.2.7) is compact
in VVl;C1 1 for a constant ¢ € (1,2). Noticing the left-hand side of
(14.2.7) is bounded in W1 we have that

n(v%)s + q(v%),  is compact in I/Vl;C12
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for any entropy 7, with respect to the viscosity solutions v*. Therefore
the strong convergence of v follows from the compactness framework
about the scalar equation given in Chapter 3, which implies the strong
convergence of u® by the third estimate in (14.2.1). This completes the
proof of Theorem 14.1.1. m

Remark 14.2.3 In Theorem 14.1.1, the condition (3.1.6) on the non-
linear flux function f(v,h(v)) is not assumed to ensure the strong con-
vergence of v¢. In fact, this condition is removed by Szepessy [Sz] as
shown in the last part of Section 3.3 (see [Lu9] for the details).

14.3 Applications of Theorem 14.1.1

In this section we apply Theorem 14.1.1 to some important physical
models such as the system of elasticity, the isentropic system of gas
dynamics in Eulerian coordinates, and the extended models of traffic
flows with relaxation terms.

14.3.1. The System of Elasticity

The system of elasticity is given by

vy + Uy = 0,
' (14.3.1)
ug + o(v), =0,

which describes the balance of mass and momentum. The existence of
L™ weak solutions for system (14.3.1) with large bounded initial data
is obtained in Chapter 11 for the case of ¢”(v)v > 0, for all v € R\{0},
and the LP weak solutions are introduced in Chapter 12 for the case of
o’ (v)v < 0, for all v € R\{0}.

Consider the viscosity solutions for the system of elasticity with a
relaxation term:

{ VUt + Uy = EVgy, (1432)

u—h(v)

ug +o(v)y + = EUgy,

with bounded initial data (vo(x),ug(x)).

The zero relaxation and dissipation limits for system (14.3.1) was
first studied by Chen, Levermore and Liu ([CLL]). By applying the
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invariant region arguments, they first obtained the L*° estimate of
solutions (v=7,u*7") for the Cauchy problem (14.3.2) with the initial
data (vo(x),uo(z)) satisfying following assumptions:

(C1) o€ C? o' (v)>0forallve R; vo”(v) >0 for all v € R\{0};

(C5) o and h satisfy the stability condition |h/(v)| < /0’ (v);

(C3) h € Ct, h(v) = h (h a constant), as |v| > My for a suitable
large constant M.

In fact, assumption (C3) can be removed by applying the compar-
ison principle (cf. [Na]). And condition (C}) can be weakened, by the
same method as in the proof of Theorem 7.1 in [Nal, to the following:

(C1) o € C?,0'(v) > 0, but meas{v : ¢'(v) = 0} = 0;v5”"(v) > 0
for all v € R\{0}.

When considering the convergence of (v=7,u*") as 7 and ¢ tend to
zero, the following two assumptions are used both in [CLL] and [Naj:

(C4) h € C! and there is no interval in which h(v) is affine;

(C5) |(vo, up)(x)| < Ny, for a suitable constant Ny. However, there
is no rate restriction between 7 and e, and oscillatory initial data are
allowed.

Using Theorem 14.1.1 and the boundedness estimate from assump-
tions (C7) and (Csy), we have the following theorem:

Theorem 14.3.1 If h, o satisfy assumptions (C1) and (C3), then there
exists a subsequence (v<k, u*) of global smooth solutions (v¢,u®) for the
Cauchy problem (14.3.2) with the bounded initial data (14.1.2), that
converges strongly to the equilibrium state functions (v,u), determined
uniquely by h(v) and vo(x) (see (E1)-(E2) of Theorem 14.1.1).

14.3.2. The System of Isentropic Gas Dynamics in Eulerian
Coordinates

The system of isentropic gas dynamics in Eulerian coordinates is
described by

(pu)t + (pu* 4 P(p))2 = 0,

where p,m = pu and P are the density, the mass and the pressure,
respectively. For the case of a polytropic gas P(p) = kp?, k > 0, where



188 CHAPTER 14. RELAXATION WITH DIFFUSION

~ is the adiabatic exponent, the existence of global weak solutions with
L™ large initial data for this system with general adiabatic exponent
~v > 1 is given in Chapter 8.

Adding a relaxation term to system (14.3.3), we get the following
system:

(pu)e + (pu® + P(p)), + 22 =0,
which arises in many physical situations such as the flood flows with

friction or the river equations (cf. [CLL, Chern, Wh]).

Consider the viscosity solutions of system (14.3.4):

{ Pt + My = EPgy,

. (14.3.5)
my+ (22 + P(p))a + “em,,

with bounded initial data:
(b7, m=™0)|1—g = (ph(x), m§(x)) = (po(x) + 6, po(x)uo(z)),

0<po(x), |2 < My < oo

(14.3.6)

Applying the invariant region principle, Lattanzio and Marcati ob-
tained the a priori L estimate of solutions of the Cauchy problem
(14.3.5), (14.3.6) for h(p) = p(1 — p) (cf. [LM]). They also consid-
ered the zero relaxation limit for system (14.3.4) in the domain of the
density away from vacuum.

Fortunately, since only L°° estimate uniformly in the relaxation
time and the dissipation parameter is required in Theorem 14.1.1, we
can obtain the convergence of solutions, including the vacuum, of the
Cauchy problem (14.3.5), (14.3.6) for more general cases.

Theorem 14.3.2 Let P(p) € C?(0,00), P'(p) > 0, 2P'(p) + pP"(p) >
0 for p >0 and

[E, . [V
c p 0 p

dp < o0, Ve>0.

Suppose that there exists a region

28:{([),771) ngN,ZZ—L},
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for some N, L, such that the curve m = h(p) and the initial data
(pS(z),md(x)) are inside the region X, and m = h(p) passes the two
intersection points (p,m) = (0,0) and (p,m) = (p,m),p > 0, of the
curves w = N and z = —L (see Figure 14.1).

m
m = h(p)
/ w = N
[,
28
\(m, P)
\z =L
FIGURE 14.1

Then, for any fized e, 7 and d, the Cauchy problem (14.8.5), (14.5.6)
has a unique smooth solution (,oe’T"s,ue’T"s) satisfying

0<c(te,d) <po™ <M, [u&™ <M, (14.3.7)

where c(t,e,0) is a positive constant. Moreover, there exists a subse-
quence, still denoted (p=™°,us™0%), that converges pointwisely almost
everywhere:

(pe,T,J’ pz-:,T,&ue,T,é) N (p7 m)

as 6,e | 07 with 7 = o(e), where the limit functions (p,m) are the
equilibrium state functions determined uniquely by h(p) and po(x) (see
(E1)-(E2) of Theorem 14.1.1).
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Proof. To prove the estimates in (14.3.7), we multiply (14.3.5) by
(Wp, Wyy) and (2,, 2m ), respectively, to obtain

u—h 2e
W + Aow, + pi(p) = EWgqy + — P2 Wy
TP P
g
- (2P 4+ pP" 2,
NI (p)( pP")p:
u—h 2¢
2t + AMzg + pi(p) = E€2zp + — P22
TP P
2P’ + pP")p2.

g
TP

Then the assumptions on P(p) yield

u—h 2e
wi + Aowy + pTip(p) < EWgy + ;pxwﬂm
=100 ” (14.3.8)
2+ Mzg + ———= > €240 + — Pzl
TP P

If the curve m = h(p) passes the two intersection points (0,0), (p, m)
of curves w = N,z = —L and is above the curve z = —L and below
the curve w = N as 0 < p < p, then it is easy to check that the region
Ys={(p,m) : w < N,z > —L} is an invariant region. Thus we obtain
the estimates 0 < pE’T"S < M and |u5777‘$| < M for a suitable constant
M, since [ —VF;,(p)dp = oo and [; —”Iz(p)dp < oo for any constant
c>0.

The positive lower bound of p in (14.3.7) can be obtained by the
last part of Theorem 1.0.2. Thus Theorem 14.3.2 follows from Theorem
14.1.1. m

14.3.3. Extended Models of Traffic Flows: L*° Solutions

Consider the viscosity solutions to the extended model of traffic
flows:

pt + (pU)e = €pzas
(14.3.9)

ug + (% +9(p))e + 22 — oy,

T

with bounded initial data

(P, w)lt=0 = (po(x), uo(x)),  po(z) = 0. (14.3.10)
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The existence of weak solutions to the corresponding hyperbolic
system of (14.3.9),

{ oot (o) =0, (14.3.11)

ur+ (% +g(p))a =0,

is obtained in Chapters 9 and 10.

The study of the zero relaxation limit for system (14.3.11) with a
singular relaxation term,

{ pr + (pu)e =0,

. (14.3.12)
w ot (% +9(p)a + = =0,

was started by Schochet in [Sc]. System (14.3.12) was derived for car
traffic flows (cf. [Wh]) and its existence of classical solutions for all
time was obtained in [Sc] for the case f(p) = &log p, provided that 7
is sufficiently small and 7 < p3+®, a > 0.

Using Theorem 14.1.1, we have the following theorem:

Theorem 14.3.3 Let ¢'(p) > 0, and ¢'(p)/p be a nondecreasing func-
tion. Suppose that there exist two constants N, L such that the curve
u = h(p) passes the unique intersection point (p,u) of curves w =
N,z = —L; the curve uw = h(p) and the initial data (po(x),up(x)) are
in the region

Y9 ={(p,u) :w < N,z>—L,p>0}

as 0 < p < p (see Figure 14.2). Then, for any fized ¢ and T, the Cauchy
problem (14.3.9), (14.3.10) has a unique smooth solution (p=7,u"")
satisfying

0<pT <M, 7| <M. (14.3.13)

Moreover, there exists a subsequence of (p=7,u*T) that converges point-
wisely to (p,u), as € tend to zero with T = o(e), where (p,u) are the
equilibrium state functions, determined uniquely by h(p) and po(z) (see
(E1)-(E2) of Theorem 14.1.1).

Proof. Noticing the conclusions in Theorem 14.1.1, the crux to prove
Theorem 14.3.3 is still the boundedness estimates in (14.3.13).
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Y w=N

FIGURE 14.2

Multiplying (14.3.9) by (w,, w,,) and (2,, 2, ), respectively, where w
and z are Riemann invariants of system (14.3.11), we have

wi + Aowg + 1 (u = h(p))ewss — (v/9'/p) P < eWaa,

ze+ Aze + %(u — h(p))ezze + (v 9/0) 0 > ez
From the assumptions, there exist two constants N, L such that the
curve u = h(p) passes the unique intersection point (p, @) of curves w =
N,z = —L, and the curve u = h(p) and the initial data (po(z),uo(z))
are in the region X9 = {(p,u) : w < N,z > —-L,p>0}tas0<p<p
(see Figure 14.2). Then ¢ must be an invariant region. This completes
the proof of Theorem 14.3.3. m

14.4 Proof of Theorem 14.1.2

In this section we prove Theorem 14.1.2 in several steps.
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Proof of (I). The local existence and regularity of solutions for ¢t €
(0,t9) for the Cauchy problem (14.1.1), (14.1.2) can be obtained by
applying the Banach contraction mapping theorem to an integral rep-
resentation of (14.1.1), where the local time depends only on €, 7, and
the L' N L> norm of the initial data (vo — ¥,up — %). The global
existence is based on the local existence and the global a priori L™
estimate (14.1.7) proved below. Set

]3(1)7 u) = ]5(2), u) - ﬁ(@ ﬂ’) - ﬁv(®7 ﬂ)(v - 17) - ﬁu(@ ﬂ)(u - ﬂ)7

and similarly 77(v,u) and p(v,u).

i(
Since p(v, u) is strictly convex, then

Do (0, 0)02 4 2, (U, W) Vg + Py (v, w)u2 > Co (v +u2),  (14.4.1)

for some constant Cy > 0.

Since 7(v,u) is an entropy of (14.1.3), we set the corresponding en-
tropy flux by Q(v,w). Observing p(v,u) = n(v,u)+p(v,u), we multiply
system (14.1.1) by (p,,p,) to obtain

Py(v,u) + Qu(v, u) + Pu f (v, )z + Pug(v, u)s
+3p1(v, w)a(v, u)(u — h(v))? + eCy(v2 + u2) (14.4.2)
< ;ﬁm(v, w).
Noticing (14.2.4)-(14.2.5) and the conditions of (Bj)-(Ba4), we have
Pol0,10) + Qu(0,) + L eoalv,u) (u — h(v))?
+(eCy — C37)(v2 + u2) (14.4.3)
< Dy (v, ),

for a suitable function Q(v,u) and a constant C3 depending on the
bounds of second derivatives of p. Therefore, we have the following
estimates:

1w, t) = 0,ult) = @)l 2wy + (€0, eud)ll 1 r2y < M,
Ha(v,u)(u — h(v))?

ILirz) < M,
(14.4.4)

provided that eCy > 2C5T.
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Multiplying the first equation in (14.1.1) by v,, and the second by
Uz, adding the outcome, and then integrating by parts on R%r, we have

1 o0
5/ (02 +u? da:—l—s// v2, + u2,)dxdt
:—f (v2 +u?) dea:+// F(0,0) 2V (14.4.5)

+Hg(v,u)e + La(v,u)(u — <v>>]um}dmt

Then it follows from (14.4.5), the estimates in (14.4.4) and the
growth conditions (B;)-(B2) that

/ (W2 +u)dz < cole,)(1+ [0 + [u2f 4 a(v,u)]0)

< cole, )(1 4[24 Joln + Julz).

(14.4.6)
Since
xT
24+l = (v2 + uz)xdx < 20v|alvg |2 + 2|ul2|ug]o
— 00
< e1(e,m) (14 [P0 a2V 4 ol + ul)?,
(14.4.7)

where 2(¢ — 1) < 4 and r < 4, then
(v, u)(z, t)] < Cle,7), >0,

for some constant C'(g,7) > 0. Thus (/) is proved.

Proof of (II). Multiplying the first equation in (14.1.1) by plv —
v|P~2(v — v), we have

(o = 0P)e + P(v,u)e — plp — D(f (v, 0) = f (v, h(v))) v — 0P,

= e(jv = 0P)ae — ep(p — v — 0[P~202,

(14.4.8)

where P(v,u) = plv — 0[P 2(v — 0)(f(v,u) — f(v,h(v))) + /Up|v —
B[P 2(v — 0) f'(v, h(v))dw.
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Since [f(v,u) — f(v, h(v))| = |fu(v, p)(u — h(v))], where 1 takes a
value between u and h(v), it follows from (14.4.8) that

(lv = 9|P)e + P(v,u)z + ep(p — 1)|v — 0[P~203
a(v,u)(u — h(v))?

<e(lv—0P)ge +

-1 _ 5lp—2 2
P i Y T OV
a(v,u)

a(v,u)(u — h(v))?

T

<e(jv —0[P)ge +

€ p—
+ 517(1) —1)jv —v[P~ 202,
(14.4.9)

provided that 27p(p — 1)M < e, where

plp = Dlv = 0P| fulv, p)|”
a(v,u)

<M

from the condition 2k(q — 1) +p — 2 < r. Integrating (14.4.9) by parts
on R x [0,t], we have the estimate ||v — ||, < M. Thus (IT) is proved.
Proof of (III). Since |f(v,h(v))| < c1 + ca(|v]? + |h(v)]9) < M(1 +
[v|? 4 |v]|9*) and p > maz{l,q, ¢k}, then (F}) and (Fy) in (ITI) can be
proved directly by (14.1.8) and the estimate ||v — ||, < M.

We can use a similar method as in the proof of Lemma 3.2.4 to
prove (14.1.8). This completes the proof of Theorem 14.1.2. m

Remark 14.4.1 For the simplicity of proof, in Chapter 3, we need the
technical condition (3.1.6) and the growth condition

f(v)| <er+eafvl?, 2¢=p

on the nonlinear flux function f(v) to prove the strong convergence
of the wviscosity solutions in LP space. In Theorem 14.1.2, the condi-
tion (3.1.6) is removed and the growth condition on nonlinear function

f(v,h(v)) is weakened to
[f (v, h(v))] < e+ ealol?s g <p.

The details can be found in [Sz, Lu9].
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14.5 Applications of Theorem 14.1.2

In this section we are concerned with the zero relaxation and dissipation
limits for some physical models, without bounded L* estimates, such
as the system of isentropic gas dynamics in Lagrangian coordinates,
the system of elasticity in the case of ¢”(v) - v < 0, for all v € R\{0}
and the models of traffic flows with stiff relaxation terms.

14.5.1. System of Isentropic Gas Dynamics in Lagrangian
Coordinates

Consider the viscosity solutions of the system of isentropic gas dy-
namics with relaxation terms in Lagrangian coordinates:

V¢ — Uy = EVgyg,

1 (14.5.1)
e+ g(0)a + ~a(v,w)(u = h(v)) = etz
with initial data

(v, u)lt=0 = (vo(x), uo()), (14.5.2)

where ¢'(v) < 0,¢"(v) > 0 as v > 0. The two eigenvalues of the
corresponding hyperbolic system of (14.5.1) are

)‘1 = - _g/(v)a )‘2 = _gl(v)a

and the corresponding two Riemann invariants are
v v
z=u —I—/ V=9 )dv, w=u-— / V=g (v)dv,
V1 v1

for a constant vy > 0.
Let (vo(z),up(z)) be in the open region X19 = {(v,u) : z > 0,w <
0} and (vo(z) — ¥, ug(x) —u) € L' N LP, where © > vy, u = h(v).

Theorem 14.5.1 (1) If

_/:\/T@)dugh(v)g/:mdv,
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(h’(v)2 + ¢ (v)? + |h"(v)|/ \/—g’(v)dv) Ja(v,u) is bounded,
vo
and
0<ag<avu) <c(l+ "+ u"), rel0,4), asv >,

then, for fized € and T satisfying MqiT < € for a suitable large constant
M, the Cauchy problem (14.5.1)-(14.5.2) has a unique smooth solution
(v=7,usT) satisfying

v <O < Cle,7), |uoT| <Cle,T), (14.5.3)

for some positive constant C(e,T) depending on £ and T.

(II) Let the conditions of (I) be satisfied and |v — v|P~2/a(v,u) be
finite as v > vy. Then |[v=7 —o||, < M.

(III) Let the conditions of (I) and (I1) be satisfied, |h(v)| < e3(1+
[v|*) and p > k. Then there exists a subsequence of (v5,usT) converg-
ing pointwisely almost everywhere to (v,u), as € — 0 with T = o(e),
where (v,u) are the equilibrium state functions, determined uniquely by
h(v) and vo(x) (see (F1)-(F2) of Theorem 14.1.2).

Proof. We only give the proof of some estimates similar to those in
(14.4.4). The remaining can be completed similarly as in the proof of
Theorem 14.1.2.

Multiplying (14.5.1) by (wy, wy,) and (2, 2y ), respectively, we have
Wy + Aowy + La(v,u)(u — h(v)) = ewgy + (/=g () V2 < eWyy,

2+ Mzg + 2a(v,u)(u — h(v)) = e250 — e(y/—9' (V)02 < €240
(14.5.4)

If — fvvl V=g (v)dv < h(v) < fvvl /=g (v)dv as v > vy, then the curve

u = h(v) is inside the region 3¢ (see Figure 14.3).

Thus we can get directly from inequalities (14.5.4) that 3¢ is an
invariant region. From this we have the estimates

v>vr, |l §/ V=g (v)dv. (14.5.5)
v1
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FIGURE 14.3
Let
2
p(v,u) =% — h(v)u
4 (|h”(m)| —g'(n)dn + h'(m)? + 1)dmds,
v J U1 U1

(14.5.6)

and

]5(21, u) = p(v, u) - p(@v ﬂ) - pv(@a ﬂ)(v - 6) - pu(aa ﬂ)(u - ﬂ)
(14.5.7)

Multiplying system (14.5.1) by (py, py), we have from (14.2.4)-(14.2.5)
that

Pe(v,u) + Ze(v,u) + (=1 (V) + Pou (v, w)vz) (u — h(v))
1 (0)* (u = h(v))ve + g’ (v) (w = h(v))vg + za(v,u)(u — h(v))?

= Eﬁxx(vy u) - E(ﬁvv (U, U)U?g + 2]3vu(va u)vxux + ﬁuu(vy u)”?g)»
(14.5.8)
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where

d(v,u) = —py(v,u)(u — h(v)) — /U Do(s, h(s))h (s)ds

U1

+ / " (s, h(s))g (3)ds.

v1

It follows from (14.5.6)-(14.5.7) and the second estimate in (14.5.5)
that

Pow (V, 0)02 4 2Py (0, W) VUL + Py (V, w) U2

v 14.5.9
> Cof (|n"(v)| / V=g (s)ds + h'(v)* + )07 +uz}, | )

for some constant Cy > 0. Thus it follows from (14.5.8) and the condi-
tions in (I) that

(v, u) + gz (v, u) + %a(v,u)(u — h(v))?
+(eCo = MT){ (W' (0)] [, /=g (5)ds + ()2 + )02 + u2 }

< ePaa(v, 1),
(14.5.10)
which yields that
_ _ a(v,uw)(u — h(v))?
1) = B0, ) = ) gy + | SOy <

le{([n" (v)] / V=g (s)ds + ' (v)* + 1)v; + w3l rz) < M,
(14.5.11)

provided that 2M 71 < eCs. Therefore, the proof can be similarly com-
pleted as in the proof of Theorem 14.1.2. m

14.5.2. Models of Traffic Flows: LP Solutions

We consider the viscosity solutions of the models of traffic flows
with relaxation terms

{ pr+ (pu)z = €pua,

2 14.5.12
ur+ (%5 +9(p))a + 0o, u)(u — h(p)) = Etaa, ( |
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with initial data

(P, U)|t:0 - (PO; 'U,O), (14513)
where (po,ug) satisfies
(po(x) — pyug(x) —a) € L'NLP, 1<p< oo, (14.5.14)

with constants (p,u),p > 0, and u = h(p).
For the model of traffic flow, g(p) = logp. If ¢'(p)/p is a nonin-
creasing function, system (14.5.12) generally does not have an a priori

L™ estimate. We study the compactness of solutions (p=7,u*7) of the
Cauchy problem (14.5.12), (14.5.13) in LP.

Two eigenvalues of the corresponding hyperbolic system (14.3.11)
of (14.5.12) are

M =u—/pg(p), Xo=u+/pg(p)

and the corresponding two Riemann invariants are

z:u—/ojmds, w:u—l—/plp\/mds,

where 0 < p; < p is a constant.
Let

(D1) g'(p) >0, (g'(p)/p) <0, asp=>piy;
(D) 0<ap<alp,u) <cr+ecalp]”+u"), 0<r<4;
(Ph' (p))* + h(p)* + g (p)* + p* + w? + P (p)| [1 /' () /sds
is bounded when |u| < f; \/g’((zij)/lds;
(Ds)  P/alp.u) < M:
(Ds)  |h(p)| < 3+ calp|*.

(Ds)

Theorem 14.5.2 (1) Let conditions (D1)-(D3) be satisfied, and the
initial data (14.5.13) be in the region ¥ = {(p,u) : w > 0,z < 0}.

Suppose
/ o (5) ds < hip) / o (5) sds,
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as p > p1. Then, for fized e, 7 satisfying M1 < € for a suitable large
constant My, the Cauchy problem (14.5.12), (14.5.13) has a unique
smooth solution (p=7,u®") satisfying

p1 < po7 < Cle,7), |uT| <Cle,T), (14.5.15)

for some constant C(e,T) depending on e, T.

(II) Let the conditions of (I) and (Dy4) be satisfied. Then ||p=™ —
ll, < M.

(I11) Let the conditions of (I),(1I) and (Ds) be satisfied and p > 1+
k. Then there ezists a subsequence of (p=7,u®") converging pointwisely
almost everywhere to (p,u), as € — 0 with T = o(e), where the limit
functions (p,u) are the equilibrium states, determined uniquely by h(p)

and po(x) (see (F1)-(Fy) of Theorem 14.1.2).

Proof. Similar to the proof of Theorem 14.5.1, we can prove that X is
an invariant region. Hence we have the following estimates:

p
p>p1,  ul §/ V§'(s)/sds. (14.5.16)
P1

Choose

2

plp,u) = % — h(p)u

+4/ / (|R" (m)|\/ ¢ (n)/ndn + (h')*(m) + 1)dmds,
P1 Y p1

and let

ﬁ(pau) = p(p,U) - p(ﬁ? ﬂ) - pp(ﬁa ﬂ)(p - ﬁ) - pu(ﬁa ﬂ’)(u - u)

Multiplying system (14.5.12) by (pp,pu), we can obtain the following
estimates from (Ds3) and the second estimate in (14.5.16):

a(p, u)(u — h(p))*

1(p(-5 1) — ﬁ,U(',t) = @)llr2(r) + ||

le{(1n" (p) v (s)/sds + 1 (p)* + 1)p% + 1z}l 1 (rz) < M.
(14.5.17)

lLir2) < M;
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Using (D1)-(D2) and the estimates in (14.5.17), we can get the esti-
mates in (14.5.15). Then (I) is proved.

Since f, = p, the proof of (1) follows from (14.4.8) and (Da).

Since p?/a(p,u) is bounded, similar to the proof of Theorem 14.1.2,
we can complete the proof of (I11). This completes the proof of The-
orem 14.5.2. m

14.6 Related Results

The nonlinear stability of weak, smooth travelling waves and rarefac-
tion waves for hyperbolic systems of conservation laws with relaxation
were first analyzed by T.-P. Liu (cf. [Liu]), in which it is indicated that
the effect of relaxation is closely related to a viscous effect when the
solution is near a constant equilibrium state (also see [Chern]). By in-
troducing the theory of the compensated compactness, a simple model
of combustion (3.3.3) with infinite reaction rate k (whose reciprocal is
related to the zero relaxation) was first studied in [Lu7]. Later, the zero
relaxation limit of solutions with large oscillation, for hyperbolic con-
servation laws with relaxation terms containing both damping and sink
mechanisms, was systematically studied in Chen-Liu [ChL] and Chen-
Levermore-Liu [CLL] also by the compensated compactness method.
All the results in this chapter are from [Lu9].



Chapter 15

Hyperbolic Systems with
Stiff Relaxation

In this chapter, we are concerned with singular limits of relaxation
approximated solutions (v™,u”) to the Cauchy problem of general 2 x 2
system of quasilinear conservation laws over a one-dimensional spatial
domain in the form

{ vt S, w)s =0, (15.0.1)
u + g(v,u); + L(u— h(v)) =0,
with initial data

(v,u) =0 = (vo(x), up(x)). (15.0.2)

The eigenvalues of system (15.0.1) satisfy the following characteristic
equation:

>‘2 - (fv + gu)/\ + fvgu - gvfu = 0. (15'0'3)

System (15.0.1) is assumed to be hyperbolic (it is not necessary to be
strictly hyperbolic), that is, the two eigenvalues or characteristic speeds

)\1 = (fv + Gu — \/(fv - gu)2 + 4gvfu) (15’0’4)

N |

and

Ao = 5 (fot gu+V(fo = 9u)? + 490 ) (15.0.5)

N |

203
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are real.

Formally, when the relaxation time 7 — 0, we have from the second
equation in (15.0.1) that u = h(v), which implies, from the first equa-
tion in (15.0.1), the local equilibrium equation just as the following
scalar conservation law:

ve + f(v,h(v)), = 0. (15.0.6)

In the Chapman-Enskog expansion one seeks to identify the effective
response of the relaxation process as it approaches the line of local
equilibria w = h(v). It is postulated that the relaxing variable u” can
be described in an asymptotic expansion that involves only the local
macroscopic values v and its derivatives, i.e.,

u” = h(vT) 4+ 75" (0", U, T, ul, - ) 4+ O(T2). (15.0.7)

To calculate the form of s7, we use system (15.0.1) to get (for simplicity,
we omit the superscript 7)

0 :Ut+f(v7u)x
= v+ f(v, h(v) + 78 + O(72))s (15.0.8)
= vt + f(0,h(0)z + T(sful(v; h(v)))a + O(7?)

and

S

(u—h(v))

)z + 5+ O(7) (15.0.9)

dg(v, h(v))
dv

Use (15.0.8) to eliminate v; in (15.0.9) and obtain

—s = h()(=f(v,h(v)e + (%:(v))

- (ORW) OB, o

From (15.0.8) and (15.0.10), on u = h(v), we have
vt (0, h(v))a = —T(sfu(v, h(v)))a + O(7?)
— T((dg(va h('l))) _ h,(’U) df(”? h(’l))) )fu('U, h(’U))Uw)

dv dv
= 7(fulgo + (gu = fo)W' (V) = fu(W (0))*)vs) -

0 = —I—Q(U,U)r +
= h(v)t + g(”) h(’U

~—

= ' (v)v + ( Jvz + 5+ O(T).

Jvz + O(T)
(15.0.10)

xT

(15.0.11)
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Let

$(v) = fulgo + (gu — o) (v) = fu(l'(0))?) on u = h(v).

Then it is easy to prove that

¢(v) = (A2(v, h(v)) = A(V))(A(v) = Ar(v, A(v))), (15.0.12)

where A(v) = & (vc’lz(v)) is the eigenvalue of the equilibrium equation
(15.0.6).

In fact, on u = h(v), we have
(A2 (v. h(0)) = A@)A®) = M1 (0, h(v)))
= (%(fv + gu+ V(fo = 9u)? + 490 fu) — fo— fuh’(v))
x(fo+ Sl @) = $(fo+ 90 = Vo — 07 + 4001 )
= (AT =07 T gufu — (3o — 9u) + Fult ()
x (%\/(fv —gu)2 +4gufu+ (3(fo —gu) + fuh’(v)))
= Fulgs + (90 = FIN () = full (0))%).

(15.0.13)

Therefore, Equation (15.0.11) is a stable degenerate parabolic equation
if the following subcharacteristic condition is satisfied:

A1(v, h(v)) < A(v) < Aa(v, h(v)). (15.0.14)

Now we give the definition of entropy-entropy flux pair (n(v, ), (v, u))
for the relaxation system (15.0.1) as follows:

Definition 15.0.1 A pair of functions (n(v,u),q(v,u)) is called an
entropy-entropy fluz pair of (15.0.1) if

(61) (q”U? QU)(fv'rlv + GvNu, funv + gunu);
(e2) Mu(v, h(v)) = 0.

An entropy n(v,u) is called convez if

(€3) Nopa® + 20puab + Nub? > c(v,u)(a® + b%) for any vector (a,b) #
(0,0) in R? and a nonnegative function c(v,u).
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(eq) If c(v,u) > co > 0, for a constant cy, the entropy is said to be
strictly conver.

Use the entropy-entropy flux equations in (e;) to eliminate ¢, and ob-
tain the following entropy equation of system (15.0.1):

GoTuu — funvv + (fv - gu)T}yu =0. (15015)

If fu, g, and f, — g, have a common zero factor Z(v,u), then we delete
this factor from (15.0.15) and consider entropies of system (15.0.1) to
be solutions of the following equation:

Gv N — fu n +fv_gu
Z(w,u) ™ Z(v,u) " Z(v,u)

o = 0. (15.0.16)

For instance, consider the relaxation problem for the extended model
of traffic flows:

{ pr+ (pu)z =0,

. (15.0.17)
us + (% + p(p)), + 20 — g,

which is nonstrictly hyperbolic on the line p = 0. One common zero
fact of fu(p,u) = p, gp(p,u) = p'(p) and fy(p,u) — gu(p,u) = 0is p.
In Section 15.1, we shall prove a general compactness framework to
the singular limits of the general 2 x 2 system (15.0.1) with the stiff
relaxation term, and in Section 15.2, an application of this compactness

framework on the nonstrictly hyperbolic system of extended traffic flow
(15.0.17) is obtained.

15.1 Relaxation Limits for 2 x 2 Systems

Before we introduce the compactness framework to the singular limits
of the general 2 x 2 relaxation system (15.0.1) (Theorem 15.1.3), we
first prove two basic lemmas.

Lemma 15.1.1 Let (n,q) be a strictly convez entropy-entropy fluz pair
of (15.0.1) as defined by (e1) — (es) above. Then the local equilibrium
equation (15.0.6) has the strictly convex entropy l(v) = n(v, h(v)) with
the corresponding entropy flux L(v) = q(v, h(v)).
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Proof. The function [(v) is clearly an entropy of (15.0.6) since it is a
scalar equation. By simple calculations,

l”(’U) = o (’U, h(’U)) + vau(va h(’U))h,(’U) + nuu(va h(v))(h,(v))z
> (1 + (H(0)?) > co > 0,
(15.1.1)
and hence [(v) is strictly convex.

To prove L(v) = q(v,h(v)) to be the corresponding entropy flux,
we use the equations in (e;) and the condition in (ez) to obtain

qu(v, h(v)) = 10 (v, h(v)) fo (v, h(v)),

(15.1.2)
qu(v, h(v)) = 1o (v, h(v)) fu (v, h(v))

Therefore

L'(v) = qu(v, h(v)) + qu(v, h(v))W' (v)
= 100 (v, () fo (v, () + 70 (0, A () fu (v, (V) (V)
)

= (0, ) LD,

(15.1.3)

and hence L(v) is the entropy flux corresponding to [(v). m

Lemma 15.1.2 Let l(v) be a strictly convezr entropy for the local equi-
librium equation (15.0.6). Assume that the stability criterion (15.0.14)
holds on uw = h(v). If

(A2(v, h(v)) = A(©))(A(v) — A1 (v, h(v)) fulv,u)
Z(v,u)

> 0, £0, (15.1.4)

where Z(v,u) is a zero factor as given in (15.0.16), then there exists

a strictly convex entropy n(v,u) for system (15.0.1) over an open set
D; C R? containing the local equilibria curve u = h(v), along which it

satisfies n(v, h(v)) = l(v).

Proof. If n(v,u) is a strictly convex entropy of system (15.0.1), then
it must satisfy
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v fu fv — Ju _
Z(v,u) M = Z(v,u) Mo + Z(v,u) Mow =0,
(E2) nu(v,u)(u—h(v)) =0,

(E3) Nuw > €1, Mooluw — (Mou)? > c2, for two positive constants ¢y, cs.

(En)

The characteristic curve u = e(v) of Equation (Fj) satisfies the
following characteristic equation:

v fv_.gue/v . fu e/v 2:
Zww T 2w W (¢'(v)* =0. (15.1.5)

Therefore, if the conditions (15.1.5) in Lemma 15.1.2 are satisfied, then

9o S Iuy(y) - L)

Z(v,u)  Z(v,u) Z(v,
_ (A0, h(v)) = AMv))(A(v ) - Al(v h(v)) Z(v,u) 40
Z(v,u)? fulv,uw) T
(15.1.6)

and hence, the curve u = h(v) is not a characteristic curve. Thus the
classical Cauchy-Kowalewsky local existence theory ensures that the
Cauchy problem for the second-order linear hyperbolic equation (F7)
with the following initial data:

n(v,h(v)) =1(v), nu(v,h(v)) =0 (15.1.7)

has a local solution 7n(v,u) over an open domain D; containing the
initial curve or the local equilibria curve u = h(v).

(E5) can be easily obtained by (FEs3). In fact, if (F3) is true, then

Mu(v, 1) (u = h(v)) = Nua(v, @) (u = h(v))* 20,

where a(u, h(v)) takes a value between u and h(v).

If the strict convexity conditions in (F3) are satisfied along the
local equilibria curve, then by continuity they will also be satisfied in
the open domain D; (possibly smaller).

Differentiating the Cauchy data (15.1.7) with respect to v leads to
the identities

I'(v) = no(v, A(v)) + 1u(v, A(V)) R (v) = 10 (v, h(v)). (15.1.8)
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Notice that in the second part of (15.1.7), there hold
1"(v) = 1o (v, h(0)) + Nou (v, (V)1 (v), (15.1.9)
and
Nuw(V, (V) + Nuw (v, (V)R (v) = 0. (15.1.10)
From (15.1.10) and (15.1.9), we have
Mo (V; 7(v)) = =1 (v, (V)1 (v)

and
oo (v, (V) = 1"(0) = nou (v, R(V)) W (v)
= 1"() + 1w (v, R(v)) (W (v))?,

which combining with the entropy equation (E;) yields that on u =
h(v), there holds

—

0 = E(Qvnuu — fulow + (fo — gu)nvu)
= 2 (90— (o= 9H(W) — Fulk )2~ 2217 (0),

(15.1.11)

N

or equivalently

? (1)) = % (fu (gvnuu = Julw + (fv - gu)nvu)nuu>
_ (alw ) - 20DO0) - 2h)

Z(v,u)?
(15.1.12)

and hence, 1,,(v, h(v)) > 0 from the conditions in (15.1.4).
To obtain the second part in (E3), from (15.1.10), and

(fv - gu)nvu = funvv — v,

there holds
) — _ MoV 1(v)
M) = 0, (@)
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Substituting it into the identity (15.0.12), from the entropy equation
(15.0.15), we obtain on u = h(v) that

(A2(v, h(v)) = A(0))(A(v) = Ar(v, h(v)
= fu(.gv + (gu - fv)h/(v) - fu(h/(v)

)

)
)?)

vu vu \ 2
_ qu(gv ~(gu = ) - u(%) ) (15.1.13)
= UfT:L (nuumv - (nuv)2).
Therefore
Nuulloo — (Muw)” > 0 on u = h(v), (15.1.14)

which completes the proof of Lemma 15.1.2. m

Now we are in the position to give the main result in this section.
Suppose that (v™¢, ™) € D; are solutions of the Cauchy problem

{ vt F e = Ve, (15.1.15)
ug + g(v,u)y + %(u — h(v)) = gy,
with bounded initial data
(v,u)|t=0 = (vo(x),up(z)) € Dy, (15.1.16)
where D is given in Lemma 15.1.2 and
(W u") = (vT,u7)  ae. ase — 0, (15.1.17)

and the limit (v™,u") is a weak solution of the Cauchy problem (15.0.1)-
(15.0.2) in the domain D;. Then we have the main result in this section
given by the following theorem:

Theorem 15.1.3 If the conditions in Lemma 15.1.2 are satisfied and
meas{v : A(v) =0} =0,

then there exists a subsequence (still denoted) (v, u”) such that
(W, u") = (v,u) a.e.,

and the limit functions (v,u) satisfy

(i) u(x,t) = h(v(x,t)) a.e., fort > 0;

(i) v(z,t) is the weak solution of the Cauchy problem (15.0.6) with
the initial data v(x,0) = vo(x).
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Proof. Let n(v,u) be the strictly convex entropy of system (15.0.1)
constructed in Lemma 15.1.2, and ¢(v, u) be the corresponding entropy
flux. Then

Nov@® + 20y ab + Nuyb® > co(a2 + b2) (15.1.18)

for any vector (a,b) # (0,0) and a positive constant cy.

Since My (v, u) > di > 0 and 7, (v, h(v)) = 0, then in D;, we have

(v, w)(u = h(v)) = Nua(v, a(u, h(v)(u = h(v))* = di(u— h(v))%,

(15.1.19)

where a(u, h(v)) denotes a value between u and h(v).

Multiplying system (15.0.1) by (17, 7.), we obtain

Mt g+ 2 (= h(v))
(15.1.20)
= Nz — €(Mow V2 + 2NpuVaty + Muul).
Use (15.1.18) and (15.1.19) to obtain
d

M+ Gz + ?l(u — h(v))* + eco (vg + u?c) < Ny (15.1.21)

Multiplying (15.1.21) by a suitable test function and then integrating
in R x R", we have that

e((v7°) + (up®)?) e LL.(Rx R") (15.1.22)
and
%(W —h(v™))? € LL.(RxR"). (15.1.23)
Let ¢ tend to zero in (15.1.23) to obtain
%(uT —h(v"))? € LL.(RxR"). (15.1.24)

Let l1(v) = v,l2(v) = f(v,h(v)) = f(v) and related corresponding
fluxes of the equilibrium equation (15.0.6) be Li(v), La(v). Let the
entropies of system (15.0.1) with initial data I(v) = l1(v),{(v) = l2(v)
be 11 (v, u), n2 (v, u) with corresponding entropy fluxes ¢; (v, u), g2 (v, u),
respectively.
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Multiplying system (15.0.1) by (94, 7iu),% = 1,2 , we obtain

n; (,UT,E, ur,a)t + i (,UT,E’ uT,&‘)m + ThTu (ur,a o h(’UT’E)>

T TE T 7,6\ 2
= EMNigax — € (nivv ('Um7 ) + 2Ny Vs €Um < + Nivau (uwﬁ) ) .
(15.1.25)

Then
(V%) + Li(07F),
— (li(vte —mi (v, u7’5)>t * (Li(vn6 —q(v™, UT’€)>
X T,€
(70 (e ) i

T
T, T,E

—€ (nivv (’U; ) + 2NV’ Uz + Niuu (U;’€)2> >

xT

(15.1.26)

where o takes a value between u™° and h(vm).

From (15.1.22), eniza (vT’e,uT’E) tends to zero in the sense of dis-
tributions as e tends to zero. Then letting ¢ — 0 in (15.1.26), we
have

L)+ Li(vT ) = I + I + L5 + 1, (15.1.27)

in the sense of distributions, where I75, I7, are weak limits of

£

B Niuu (7)7—7

70‘) (uT,a _ h(vr,a))2

-
and

(777,1111( ) + 27]zuva6 z +77wu( 76)2)

as € — 0, being bounded in L}, (R x RT) from (15.1.22)-(15.1.23) and
hence, compact in VVl;cl P(R x RT) for 1 < p < 2. Moreover

VAl = supgem | / [ (6n) = (o)) et

< Cllu - rLzucmuLz (15.1.28)
< \/7_'C’||gbt||H1 —0,as7—0
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and

[I5]l = sup I// (v, u ))tqbdxdt\

peH}
= sup |//<qi(vT7h(vT)) —ai(v707)) édadt] (15,1 2)
0
< Cllu™ = h(v7)l 21 fe 12
< VTClgulm — 0, as 7 — 0.

These imply that I7}, ], are compact in W, . 2(R x RT), and hence

loc
Li(w™)e+ Li(v")y

is compact in I/Vl;cl P(Rx RT) for 1 < p < 2. From the boundedness of
(vT,u"), we conclude that

Li(v™)e+ Li(v")y

is bounded in W,_">°(R x R"), and hence

loc
li (UT)t + LZ (’UT)I

is compact in W,__ '2(R x R") from Theorem 2.3.2.

Therefore the compactness framework given in Chapter 3 shows the
strong convergence v” — v, a.e., which implies also the strong conver-
gence u” — wu,a.e. from (15.1.24). So we get the proof of Theorem
15.1.3. m

15.2 System of Extended Traffic Flows

In this section, we shall introduce an application of Theorem 15.1.3
on the relaxation problem for the nonstrictly hyperbolic system of ex-
tended traffic flows (15.0.17) with the initial data

(p(z,0),u(z,0)) = (po(x),uo(x)) (po(x) = 0). (15.2.1)

Two eigenvalues of system (15.0.17) are

A =u—pp'(p) Aa=u+pp(p),
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and the first-order relaxation correction corresponding to (15.0.11) is

pt + (ph(p))e = 7(¢(P)pz) (15.2.2)

where ¢(p) = pz(&p’)) — (W(p))?), and hence the condition in (15.0.14)
is reduced to

pli)p) — (W (p))? > 0. (15.2.3)

The entropy equation of system (15.0.17) is

?'(p)

Thuu — Tpp = 0 (1524)

since fu(p,u) = p, gp(p,u) = p'(p) and fy(p,u) — gu(p,u) = 0 have
a common zero factor p if we assume o) > d > 0. Therefore com-
bining Theorem 15.1.3, Theorem 10.0.2 and Theorem 14.3.3 yields the
following theorem:

Theorem 15.2.1 Let pi(p) = &pp) >d > (W(p))? for a positive con-
stant d and py(p) > 0. Suppose that there exist two small constants
N, L such that the curve u = h(p) passes the unique intersection point
(p,u) of curves w = N,z = —L; the curve u = h(p) and the initial data
(po(x),up(x)) are in the region X9 = {(p,u) : w < N,z > —L,p > 0}
as 0 < p < p (see Figure 14.2). Then, for any fized T, the global
weak solution (p™,u”) of the Cauchy problem (15.0.17), (15.2.1) exists.
Moreover, if
meas {p : (ph(p))" = 0} =0,

then there exists a subsequence (still denoted) (p™,u”) such that

(p7,u") = (p,u)  ae.,

and the limit functions (p,u) satisfy
(i)  u(z,t) =h(p(x,t)),a.e., fort>0;

(i)  p(z,t) is the unique weak solution of the Cauchy problem to
the scalar equation

pt+ (ph(p))z =0
with the initial data
pl,0) = po().
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15.3 Related Results

The general compactness framework to the singular limits of the gen-
eral 2 x 2 strictly hyperbolic system (15.0.1) with the stiff relaxation
term is established in [CLL], where an application on singular limits
of relaxation approximated solutions to the system of elasticity is also
obtained.

The extension, Theorem 15.1.3 of Chen-Levermore-Liu’s framework
to nonstrictly hyperbolic systems of two equations with a relaxation
term, and its application on the extended model of traffic flow (15.0.17)
both are established by Lu [Lul0].






Chapter 16

Relaxation for 3 x 3
Systems

In this chapter, we study the singular limit for the following nonlinear
systems of three equations:

vy — Uy = 0,

ut = 0(v,8)z =0, (16.0.1)
—h
St + 184 + 587(,0) = O,
T
with initial data
(’U,U, 8)|t:0 = (U0>u0780)7 (1602)

where 3, 7 and ¢q are nonnegative constants. When 3 = 0, the existence
of L? global weak solution for the Cauchy problem (16.0.1), (16.0.2) is
obtained in Section 12.3.

In the case of 3 # 0, for instance, § = 1, when written in Eulerian
coordinates, system (16.0.1) can be used to model the chemically re-
acting flow (cf. [LLL]). Here v is specific volume, u denotes velocity, s
is the mass fraction of one mode of the two-mode gas and h(v) is the
given equilibrium distribution in v. In this case, 7 denotes the reaction
time or relaxation time.

System (16.0.1) arises also in many physical situations, such as the
system of adiabatic gas flow through porous media, the variant system

217
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of Broadwell model [LK2] and the system of isothermal motions of a
viscoelastic material [LWu, Tz].

Formally, when the relaxation time 7 — 0, it yields the system of
elasticity or equations of isothermal elastodynamics,

vy — Uy = 0,
(16.0.3)
ur — o (v, h(v))y =0.

The three eigenvalues of system (16.0.1) are
M= —Vou(v,8), Xa=+ou,(v,8), A3=c1 (16.0.4)

and two eigenvalues of system (16.0.3) are

Y ELCIC)) ”h N LACLIC)) ”h (16.0.5)

In Section 16.1, we are interested in comblnlng the zero relaxation
with the zero dissipation limit of the Cauchy problem

UVt — Uy = EVgy,

up — o(v,8)y = gy, (16.0.6)

h
st + 15y + 02 — g5,

with the initial data (16.0.2).

When 7 < 57, with M a suitable large constant which depends only
on the initial data, and e goes to zero, the convergence of the solutions
(v57,u"T,547) to the Cauchy problem (16.0.6), (16.0.2) is obtained
for very general o(v,s) even if (16.0.1) is a elliptic-hyperbolic mixed
system, that is, oy, (v, s) # 0.

In Section 16.2, we consider the relaxation limit for the following
special case of system (16.0.1) without introducing the viscosity:

vy — Uy = 0,
ug — (v —cs), =0, (16.0.7)
st + = ( ) = 0,

with the initial data (16.0.2), Where c is a positive constant, but the
nonlinear function h(v) must satisfy the subcharacteristic condition

1
0<dy <h(w)<dy< - (16.0.8)

for positive constants d; and ds.
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16.1 Dominant Diffusion and Stiff Relaxation

In this section, we shall study the singular limits of stiff relaxation and
dominant diffusion for the Cauchy problem of (16.0.6), (16.0.2), that is,
the relaxation time 7 tends to zero faster than the diffusion parameter
e, 7 = o(e),e — 0. We establish the following general compactness
framework:

Theorem 16.1.1 A: If the initial data (vo,uo,so) are smooth func-
tions satisfying the following condition:
(Cl) ‘UO’UO’SO‘L2OL°°(R) < M
lim <di’l)0 din diSQ
|z|—+oo \ dx? " dxt’ dxt
(c2) h(v) = cv, o(v,s) satisfies the following condition:

) =0.0,0), =05

los(v,8)| < Ma, &'(v) >d > max{0,c* —c+

0%+ 12

where (v) = o (v, cv), then for fized €, T satisfying T(Ma + 1)? < ¢, the
solutions (u,v,s) € C? of the Cauchy problem (16.0.6), (16.0.2) exist
in (—o00,00) x [0,T] for any given T > 0 and satisfy

lo(z,t)], |u(z,t)], |s(z,t)] < M(eT,T), (16.1.1)
ol GOl sCOm <M, (16.12)

(s — cv)?| L1 (pxpt) < TM,
(16.1.3)
V2l (rxrt)s  EUB L (Rx ), |ESElL1(RxR) < M.
B: If 5(v) = o(v,cv) satisfies the following condition:
(c3) &"(vo) = 0 and " (v) # 0 for v # vy, &, 3" € L?> N L™, then
there exist a subsequence (still denoted by)(vE’T,u€7T,SE’T) of the solu-

tions to the Cauchy problem (16.0.6), (16.0.2) and L? bounded func-
tions (v,u,s) such that

(UE,T’uE,T,SE,T) N (’U,U, 8) a.e.(fc,t), (16.1.4)

where (v,u, s) satisfies s = h(v) and (v,u) is an entropy solution of the
equilibrium system (16.0.3) with the initial data (vo(z),uo(z)).
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Remark 16.1.2 In Theorem 16.1.1, the condition h(v) = cv is for
avoiding the technical details. We shall see from the proof of Theorem
16.1.1 below that all the steps work just as well for a more general
function h(v) which satisfies h'(v) > di > 0. In fact, we only need to
write the term s — h(v) as a different form:

s —h(v) =K (h(s) —v) (16.1.5)

where h™' is the inverse function of h and 0 takes a value between
h=Y(s) and v.

Proof of Theorem 16.1.1. To prove part A, we use the following
local existence lemma and the L™ estimates given in (16.1.1).

Lemma 16.1.3 (Local existence) If the initial data satisfies condi-
tion (c1) in Theorem 16.1.1, then for any fized € and T > 0, the
Cauchy problem (16.0.6), (16.0.2) admits a unique smooth local so-
lution (u,v,s) which satisfies

Ot d'u s

(5o + 5|+ 551 < M6, ) < 400 i=0,1,2 (16.1.6)

where M(t1,€,7) is a positive constant that depends only on t1,€, 7 and
t1 depends on |vg|ree, [ug|re, [so| Lo

Moreover

div diu d's

i (G5 ) = (000, i=0.1 (16.1.7)

uniformly in t € [0,t1].

Proof. Lemma 16.1.2 can be proved by applying the Banach contrac-
tion mapping theorem to an integral representation of (16.0.6). For
details see Theorem 1.0.2. m

To derive the crucial estimates given in (16.1.1), we need the nec-
essary condition 7(Ms + 1)? < ¢ and condition (cz) in Theorem 16.1.1.
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Multiplying the first equation in (16.0.6) by &(v) + cv — cs, the
second by w and the third by s — cv and adding the result, we have

v 2 2
</ 5(v)+cvdv—|—u——csv+s—)
0 t

2 ) 2
+<cus —u(a(v) + cv) + %)
€T
)2
—CClLVUSy — u(a(v, s)+s— (a(v,cy) + cv)) + M
T T
v 2 2
:5</ 5(v)+cvdv+u——csv—|—8—)
) 2 2 ) aa
—e(0/(v) + ¢)v2 — eu? — es2 + 2ces, v,
(16.1.8)

For the third and fourth terms on the left-hand side of (16.1.8), we
have the estimate
—cc1vsy —u(o(v,s) + s — (o(v, cv) + ev))

0102 2

= (Tv - ccws)m — (u(a(v, s) +s— (o(v,cv) + cv)))
+ug (05(v, ) + 1) (s — cv) + cervg(s — cv)

xT

(16.1.9)

where a takes a value between s and cv. The last two terms in (16.1.9)
have the upper bound

(s — 2 M. 1 2,,2
(s—cv)f [ T+ Dy | 222 (16.1.10)
4T 2
by the first condition in (cg).

Combining (16.1.8), (16.1.9) and (16.1.10), we get the following
inequality:

v 'LL2 82
</ a(v) + cvdv + — —csv+—>
0 2 2/t
_ C1 o 6102 2
+<cus —u(o(v) + ) + =s ) - <cclvs - — >
2 z 22 x
—(u(a(v, s) + s — (o(v,cv) + c))> + (s )
T 47
v ’LL2 82 5
< E(/O ((v) 4+ cv)dv + 5 —osut E)zz —e(a'(v) + ¢)v
T(My +1)?
—e52 + 2ces,vy + A2 TvE — (6 — %)u%

(16.1.11)
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Noticing the second condition in (cz) we know that

v u2 82
/ (G(v) +cv)dv+ — —csv+ —
. 2 2
is a strictly convex function. If the condition 7(Ms + 1)2 < e is satisfied,
noticing (16.1.7), we immediately get the estimates (16.1.2), (16.1.3)
by integrating (16.1.11) on R x [0, 7.
Differentiating the first equation in (16.0.6) with respect to z, we
get

(v2), = Uae = (V) - (16.1.12)
Multiplying (16.1.12)by v, yields
v? v2
(?w)t — (vxux)x + UpVgy = E(?r)m — Evgz. (16.1.13)

Integrating (16.1.13) in R x [0, 7] and noticing |u2|1(pxp+) < M(e),
we obtain the bound [v3(-,t)[;1(r) < M(€), where M(e) is a constant
depending on e. Therefore

|/ )zdx| </ v2d:17—|—/ v2dr < M(e).

Similarly, we can get |s2(-,t)|11 gy < M(e) and |[u2(-,)] 1 (r) < M(e)
from the second and third equatlons in (16.0.6). So we get the estimates
in (16.1.1) and hence the proof of (A) in Theorem 16.1.1.

From the estimates in (16.1.2) and (16 1.3), it is easy to prove the
compactness of 7(v5");+q(vS7), in H L (Rx RT), where (v57,u"") are
the solutions of the Cauchy problem (16 0.6), (16.0.2) and (7, ¢) is any
entropy-entropy flux pair of Shearer type constructed in Section 12.2.
Then the convergence of (v97,u“") follows. From the first estimate in
(16.1.3), we obtain the convergence s“7 — s. So Theorem 16.1.1 is
proved. ®

16.2 A Model System for Reacting Flow

In this section we shall consider the stiff relaxation limit of solutions
for the system of chemically reacting flow (16.0.7) with the initial data
(16.0.2).

We establish the following theorem:



16.2. A MODEL SYSTEM FOR REACTING FLOW 223

Theorem 16.2.1 Let the condition (16.0.8) hold. Then, for any fized
T, the Cauchy problem (16.0.7), (16.0.2) has a unique global smooth
solution (v™,u”,s™). Furthermore, suppose the initial data satisfy

/ Vg + ud + sidr < M, 7‘2/ va, +ud, + st de < M, (16.2.1)
R R

and

h"(vo) =0, R (v) #0 for v # v, (16.2.2)

R'(v) € L*(R)NL®(R), h"(v) € L*(R) N L>®(R). (16.2.3)
Then, along a subsequence if necessary,
(v, u”,8T) = (v,u,8)  ae. (z,1), (16.2.4)

where (v,u, s) satisfies s = h(v) and (v,u) is an entropy solution of the
equilibrium system

{1%_uw:0’ (16.2.5)
us — (v —ch(v)), =0, o

with the initial data (vo(z),uo(x)).

The right side of condition (16.0.8) ensures the equilibrium system
(16.2.5) is strictly hyperbolic since in this case, w =1-ch'(v) >
0; and the left side of (16.0.8) is equivalent to the strictly subcharac-

teristic condition
A <A< A< g < As, (16.2.6)

where A\; = —1, A9 = 0, A\3 = 1 are three eigenvalues of system (16.0.7),

and
A = —/1—ch'(v), Aa=+/1—ch(v)

are two eigenvalues of equilibrium system (16.2.5).

We now show through an asymptotic expansion of the Chapman-
Enskog type that condition (16.0.8) is necessary to ensure the stabil-
ity of the relaxation approximated solutions (v”,u", s™) of the Cauchy
problem (16.0.7), (16.0.2).
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Let s = h(v™) +7g(v™,u",vL,ul,...) + O(1?).

To calculate the form of g, we use system (16.0.7),
vf —ul =0,
ul — (V" — ch(v"))y = —7gs + O(72), (16.2.7)
h(v"): +O(7) = =g+ O(7).

Substituting g from the third equation of (16.2.7) into the second and
noticing that v; = ul from the first equation, we have

vf —ul =0,
16.2.8
{ uf — (v = ch(v7))e = 7(I' (vT)uf)s + O(72), -

which is a stable hyperbolic-parabolic mixed system, or the so-called
Navier-Stokes equations if h'(v) > d; > 0.

For fixed 7 > 0, the existence of the unique global smooth solution
(v7,u7,s7) in Theorem 16.2.1 is obvious since the growth order of the
unique nonlinear function h(v) is given by (16.0.8).

We shall prove the compactness (16.2.4) in Theorem 16.2.1 in sev-
eral steps by several lemmas.

Lemma 16.2.2 Under condition (16.0.8), there holds

/(v +u? + §%)dr + — //8— )2dadt
TC

<C [ (6 +f + ).
R

(16.2.9)

for some C independent of T and t.

Proof. Let the inverse function of h be h='. Then (1) = & €
[d—, d—] and hence h~1(s)—v = (h™!)'(a)(s—h(v)) for a value o between
s and h(v).

Multiplying the first equation in (16.0.7) by (v —¢s), the second by
u and the third by c(h~1(s) — v), we get

s

(02 +u? —2cvs +2¢ | h7l(s)ds); — 2((v — cs)u),

L 0 (16.2.10)
2o ) () 71) @ (s~ h(w))2 = 0.
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Since ZCfOS h=Y(s)ds > cs? min{%} > % > %52, then integrating
(16.2.10) in R x [0,¢], we get the proof of Lemma 16.2.2. m

Using the second and third equations in (16.0.7), we have
ug — (v —ch(v)), = —c(s—h(v)),
t— ( (v)) ( (v)) (16.2.11)
= CSgt = (Uz - Ut)t = T(Um - Utt)y
and hence the following system:
vy — Uy = 0,
(16.2.12)
g — g(v)z = T(Uge — Uge),

where g(v) = v — ch(v).

Lemma 16.2.3 Suppose the initial data satisfy (16.2.1). Then solu-
tions (v,u,s) of (16.0.7) satisfy the T independent estimates

t
7/ / (v2 + u? + s2)dwdt < M. (16.2.13)
0 JR

Proof. Multiplying the first equation in (16.2.12) by g(v), the second
by u, we have

v 'LL2 'LL2 u2
(/0 glv)do + E)t ~ (ug(v))s = T(E)m - Tug — 7(7)tt + 7,
(16.2.14)

or equivalently

v ’LL2
(/0 g(v)dv + -t Tuwy), — (ug(v))z + 7(u2 — u?) = 7(uy),.
(16.2.15)
The problem is that the term w2 — u? is not positive definite. To
compensate for that, we first multiply the second equation in (16.2.12)
by u; to obtain

u% +u?
ui — g (v)vgvy = T<(utum)z - (Tt)t) (16.2.16)

and, in turn

2 (ui + utz)t + 27 (u? — ¢ (V) vpuy) = 272 (ugtiy )z (16.2.17)
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Using the second equation in (16.2.12) again, we have

g () = v(u+Tup)r — TUL Uy
= ((u 4 Tup)t)r — V(U + TUL)tr — TUL ULy
= (v(u 4 7)) e — (vp(u 4 TU) ) p — TUL ULy
(16.2.18)
+op(u 4 Tup)y — (v(u + TUL) 2 )1

= —(vs(u + Tup))e + (Ve (u+ Tup));
+ug(u+ TUu)y — T(%)t’

where u, = v; is used in the last term Tv 4.
(16.2.18) yields

U2
- ?w)t — 7(vz(u + Tug)) + T(g/(l))’l)% - ugzg) (16.2.19)

—T(’Ut(u + Tut))x.

72(

oS

Adding (16.2.15),(16.2.17) and (16.2.19), we obtain that

(2

(%(u +Tup — TUg)? + %TQ(th +u2) + /0 g(’u)dv)t
—(ug(v))s + T(u? — 2¢'(v)vus + ¢ (v)v2) (16.2.20)

= 72 (uptiy) -

Using condition (16.0.8) again, we have ¢’(v) = 1—ch/(v) € [1—cdy,1—
cdq] and hence

ui — 2¢' (V)vgug + g (V)02 > ¢ (uf + v2) (16.2.21)

for a positive constant ¢ .

Therefore, integrating (16.2.19) in R x [0, ¢] and noticing (16.2.21),
we have

t
7'/ / u? + vidrdt < M, 7‘2/ u? +ulde < M. (16.2.22)
0 JR R

Integrating (16.2.15) in R x [0,¢] and using the estimates (16.2.9) and
(16.2.22), we have

t
T/ /uida;dth. (16.2.23)
0 YR
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Rewriting the third equation in (16.0.7), then differentiating it with
respect to x, we get

7(8¢) 28z + (82 — W (v)vy)s, = 0. (16.2.24)

Integrating (16.2.24) in R x [0,¢] and using the estimate about v in
(16.2.22), we get

t t
72/ side < M, 7'/ /s?cdacdt < M, (16.2.25)
0 0 JR
and hence, the proof of Lemma 16.2.3. m

Proof of Theorem 16.2.1. Let (n(v,u),q(v,u)) be any entropy-
entropy flux pair of Shearer type constructed in Chapter 12 for the
equilibrium system (16.2.5).

Multiplying system (16.2.12) by (7, 1,,) and noticing the first equal-
ity in (16.2.11), we have

n(v,u)t + q(v,u)e = eny(h(v) = s)
= C(T]v(h('l)) — 3)):0 - C(nvvvx + nvuu:c)(h’(v) - S)

=1 + Is.
(16.2.26)
Clearly from the estimates in Lemma 16.2.2,
1 (h(v) —s
1 = cln(h) = 9)), = e(rin =),
T2
is compact in I/Vlgcl 2 and
1 h(v) —s
Iy = —c(Nuyve + Muutiz) (h(v) — 5) = —cT2 (Nyyvs + muux)Ll)
T2

is bounded in Llloc, and hence compact in VVlgcl “ for a constant o €
(1,2). Thus we have that n(v™,u")i+q(v™,u"), is compact in VVl;cl’z(Rx
R*). Then Shearer’s compactness framework in Chapter 12 shows the
convergence

(v, u") = (v,u),a.e.,

which implies the convergence s™ — s, a.e. by the estimate given in the
second part of the left-hand side of (16.2.9). This completes the proof
of Theorem 16.2.1. m
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16.3 Related Results

The proof of Theorem 16.1.1 for general system (16.0.1) is from [Lul2].
Before it, two special systems in the form (16.0.1) are studied by Lu-
Klingenberg in [LK1, LK2].

About the relaxation limits for system (16.0.7), an equivalent sys-
tem in the following form:

vy — Uy = 0,

ur = 8z =0, (16.3.1)

—h

(s—cv)t—l—si(v) =0,

T
was first studied by I.-S. Liu and Y.-M. Wu [LWu] for smooth relax-
ation approximated solutions. Later, the general singular limits for L?
solutions were obtained by Tzavaras [Tz] by Shearer’s basic framework

coupled some ideas given in [LK1, LK2].
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